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A note on zero sets of absolutely monotonic functions

0. M. Katkova, A. M. Vishnyakova
Kharkov National University, Ukraine

A new necessary condition for a set to be the zero set of an absolutely
monotonic function is given. If A C {z : Re 2 < 0} is the zero set of
an absolutely monotonic function then for any 8 € (0, 7/2) there exists a
nonnegative continuous function hg, hg € L!(—o0, —1], such that

Z (_x—_l"a)_z < hp(z).

aEA n{a:| arga—7|<p}

It is shown that this condition is not a consequence of conditions known
before.
1991 Mathematics Subject Classification 30D50, 44A10.

A function f € C*®°(—00,0] is said to be absolutely monotonic if
f®)(z) >0, VkeN[(J{0}, Vz e (-o0,0] (1)

The notion of absolutely monotonic function was introduced by S. Bernstein
[1]. By the well-known S. Bernstein’s theorem (see [2]) the class of absolutely
monotonic functions coincides with the class of functions representable in the

form
o0

f@)= [ePldu), =€ (-,0] @
0

where P is a nonnegative finite Borel measure on [0,00). (2) shows that any
absolutely monotonic function f is analytic in Co := {z : Re z < 0}, continuous
in {z:Re 2 <0}, and

2} = /ez”P(du), Re 2 <0, (3)

where the integral converges absolutely for each z. Absolutely monotonic
functions are bounded in the half-plane:

|7(2)l < £(0), Rez<0. (4)
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There is a natural problem to characterize the class of subsets of Cy which
can serve as zero sets of absolutely monotonic functions. Let us mention some
known properties of such zero sets. It is obvious that if A C Cy is the zero set
of an absolutely monotonic function then A is at most countable set without
accumulation points in Cy and

A(lR=0, acAsacA, (5)

(multiplicities of @ and @ are equal). Condition (4) implies that A satisfies the
well-known Blaschke condition for a half-plane:

Re a
Z la2 +1 < . (6)

The following necessary condition not depending on the previous ones was
mentioned in [3]:
dist(z, A) —» 400, = — —00. (7)

L.V. Ostrovskii showed (oral communication) that the following independent
condition is also necessary:

1
Tl—a

(Va € (0,7/2)): ) Re

a€Aq

—-05 @ h-upd; (8)

where
Ay = A[{z:|argz — 7| < a}.

In [3] it was proved that any finite set satisfying (5) can serve as the zero
set of an absolutely monotonic function (even of an entire absolutely monotonic
function). We can show that if there exists a € (0,7/2)) : A, = 0 and A does
not have finite accumulation points then (5) and (6) are sufficient conditions for
a set A to be the zero set of an entire absolutely monotonic function (to appear).
The aim of this note is to obtain one new necessary condition for zero sets of
absolutely monotonic functions, to show that this condition is not a consequence
of known before ones and to discuss some examples.

Theorem 1. Let A C Cy without finite accumulation points is the zero set of
absolutely monotonic function f(z). Let B(z) be the Blaschke product:

B(z):5 H

a€A

QN

1=
1+ £ )

[STEY

Then there ezists a nonnegative function g € C(—o0,—1](L}(—00, —1] such that

(log B(z))" > —g(a). (10)
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Proof. Without loss of generality we can assume f(0) = 1. So f(z) is analytic in
Co and continuous in {2z : Re z < 0} (since A has no finite accumulation points).
Condition (4) shows that |f(z)| < 1. We shall use the well-known representation
for a function bounded in a half-plane (see, for example [4], chapt. 6):

B Bl hesn (kz+ / log | (it)| ( l;tz) dt) (11)
(3) implies the ridge condition for f(z):
|f(2)] < f(Re 2). (12)

The ridge condition implies (see [5], chapt. 2) that log f(z) is a convex
function on (—00,0], so (log f(z))" > 0 for < 0. From (11) we have for z < 0:

(log f(2))" = (10g B(=))" + = / log (i) 7= 5s- (13)
Since |f(it)] = | f(—it)| < 1 we obtain from (log f(z))" > 0:
(g B(=))" 2 = [(~loglf(it))Re (=55 ) . (14)
0

That is why

log B(e))! 2 L2 /( g £()) oy st =i ~g(@). (1)

It is easy to see that g(z) > 0, g € C(—00,0] and

=1

[ stz =2 / (~1og i)} et < o

—00

Theorem 2. The statement of Theorem 1 can be written in equivalent form:
for any B € (0,7/2) there exists a nonnegative continuous function hg ,hg €
L}(—o0,—1], such that

A a)2 < hp(z). (16)

a€Ag
Proof. We have

BN

a€A
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Let us show that

51:= )3 ((:z: _:;1)2 g _la)z) € L'(~00,0].

a€A n{a:ﬁ5| arga—m|<7/2}

We obtain by elementary calculations

—4zRea+4iRealm a
|51 < Z l TIPSR | <
aEAn{a:ﬂSIarga_ﬂ|<ﬂ./2}
Z 4|z||Re a| + 4|Re a||Im a|
e 12 =
aEAn{a:ﬁSIarga—ﬂ—K,r/z} |-’13 a| |;1; + al
¥, 4|z||Re a| + 4|Re q||Im al
2 — 2)2 2 9 =
aEAﬂ{a:ﬁQarga rl<n/2} (-T Ial ) +4z (Im a)
4|z||Re a| + 4|Re a||Im a
. - Slie rge(z), V4 (¥

2 2)2
aEAn{a:,B5|arga—1r|<ﬂ-/2} (1? - |a| )

where Cp is a positive constant depending only on 3. Let us show that g; €

L'(—00,0]
r 7 4y|Re a| + 4|Re al|T
R
— a€A( {a:B<|arga—n|<w/2} 0 y
T 4]a||Re a|t + 4|Re a||Im a
Z I ” |a||4(1 +l t2)2 ” |la|dt <
a€A[{a:B<|arga—n|<7/2} 0
©
Z 4Real [ (t+1) Nt Ly (18)

2 1 t2 2
a€Aﬂ{a:ﬂ5|arga—1r|<7r/2} Ial 0 ( iy )

(see (6)). To obtain (16) it remains to show that
Z € L}(~o0,-1].
a€Ap ( + a)2

We have

/ Zz2+(Rea)2—ZRea/1+t2 (19)

(we use condition (6) for the case |arga— 7| < 3 ). Taking into account (18) and
(19) we conclude that the statement of Theorem 1 is equivalent (16).
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Statement 1. Let {ax}32, and {8}, be two sequences of positive num-
bers, ay — +00, Br — 400, and

-5 KO0, ﬂk = O(Qk), z S =t
k=1 %k k=1 Pr
Assume that there exists A > 1 such that

ok + ABk < aky1 — Brtr, kEN. (20)
Then A := {—ax % i} does not satisfy condition (16).
Proof. Since A is symmetric with respect to the real axis (16) can be written
in the form: there exists a nonnegative continuous function h, h € L!(—00,0],
such that

3 Be e e = 2k (21)
a€A
For any k
2442
Re 1 by (23 + ak) :Blc S 0’ = (-—-00, —ap — ,Bk) U(—ak + ﬁk, OO)

(z-a)?  ((z+ak)? +B})?

Let us denote I := |J (—ak41 + Br+1, —ak — Bk) (by (20) this intervals do
k=1

not intersect). So

(z + )2 — B2 (z+ a;)? - B2
2 ((z + k) + B})? et gy )

The last estimation and (20) ) imply

o € =051 #6j41, —aj — B5). (22)
a€EA

—ak—Pk
Craf-g , & (2 + 1)’ = B}
'/aEZA ((:v + a[)2 2 ﬁl2)2 ¥o kz=;_ak+1/+.ﬁk+1 ((:z: o ak)2 3 ﬁk)z i
i ak+ABk (:l: i ak): ﬂk 2dx o
27, (O o

ﬂk/(w+ﬁydu_C%U§:

Example. Using Statement we obtain that A, := {—k” £ ik}, k € N can
not serve as the zero set of an absolutely monotonic function for v > 2, but A,
satisfies (5), (6) and (7). By direct calculation one can see that A, satisfies (8).

Remark. Taking into account (8) we can rewrite (16) in the form: for any

pe(0,7/2)

1
L'(-o0,—1].
B ooy C - te, ]
aEAn{a:|arga—1r|<,3}
This investigation is partially supported by INTAS-99-00089.
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O6 omHOM KJIacce OTBYMEPHBIX TPUTOHOMETPHUECKIX
J08; 1 ():}

0. !. Kysnenosa

Hucmumym npuxaadnoli mamemamuxu u mezanuxu HAH Yxpaunol, Yxpauna

IlonyyeHa BepXHAA oleHKa p-cuibHHX cpeaHux (1 < p < 2) mo kpyraM aus
panoB Oypbe OrpaHMYEHHHX MOYTH BCIOAY Ha ABYMEPHOM TOpe (DyHKIMI.
JIns TPUrOHOMETPUYECKHUX DSAOB CIENMAJbHOTO BHIA HOKa3aH aHAJOT XO-
POIIO M3BECTHON OJHOMEDPHON TeopeMH PoMUHA.
1991 Mathematics Subject Classification 42B08.

1. BBenenue

Ilycts V-3aMkHyTass orpaHH4YeHHas oOJacTb B RN, 0 ¢ imtV, aV =
{z '3 ik z/n € V} — romorer V, ZN — nenouncirennas pemerka 8 RNV, A, —

II0CJTeIOBATEIbHOCTD AeficTBUTe b HbIX wicet. Ha N-meprom tope TV = [—x, 7))V
3aJlaH TPUTOHOMETPHYECKHIT P

o+ N Y ot (1)

I=1 kelV\(I-1)V

rae B nanpHefmueM k € ZN, kz = kyzy + ... + knzN.
IIycts
n
Sw@=dotI N X &

I=1  kelV\(I-1)V
— n-as gacTiuHasg cyMMa paga (1). B memom psze pabor (cm., Hamp., [8], [11],
[12]) mafizens! ycaoBus Ha K03(HIMEHTH! Ap, IPH BBHIIOJIHEHH! KOTOPBIX PSl
(1) cxomurcs B mpoctpanctBe L(T N), re. cymecrsyer bymkms f € L(TVN),
Ha3blBaeMas CyMMOIT psila, OISt KOTOPOI

lim [ 15:(2) - f(z)ldz = 0.
TN

DTH yCJOBHS CyIIECTBEHHO 3aBUCAT oT obaactn V, ompenensiomedt psax (1). B
OJHOMEpHOM cilydae mis KocuHyc-psna (V — orpesok [-1, 1))

(o]
Ao + Z Ajcoslz (2)
i=1
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JerKo mposepsemble ycaoBus gaHel I.A.QomvumsM B [12] (mpiBeeM mamub 9acThb
yrBepsxaerms u3 [12], kacalomytocs cxommmocti B L(T) ). Ilomoxmm AN =
Aj = Ajyr.

Teopema A. Ecau cywecmeyem Oeticmeumeavnoe wucao p > 1 maxoe,
wmo

o) 2l+1_1 l/p
Y 2R IAMIP ] T < oo,
=0 j=2'

mo pad (2) czodumca 6 L(T) mozda u moavko mozda, xozda
lim A,lnn =0.
n—oo
Ecmm V — xovmaxkTHbI mommaap B RV, Goree o6t pe3yasrat, Comep Kammit
aHaJor TeopeMsl A, noka3aH B [8] (cM. Takke [7]). Ileabio 1aHHOI CTaThl ABISETCS
JIOKa3aTeJbCTBO HEKOTOPOI'O aHAJIOra TeopeMbl A Iis exuHuYHOro kpyra |z| <1
B R2.
2. ®opMyJIMPOBKH OCHOBHLIX Pe3yJbTaTOB

Paccmotpim Ha tope T2 = [—m, w)? TpuroHOMeTpIYecKIt pax

MEF A D B (3)

I=1  I-1<|k|<!

I1e A\, — IOCTeI0BaTeNbHOCTh HeftcTBHTeNbHBIX wucer, |k| = (k% + k3)1/2.
Teopema 1. Ecau npu nexomopom q > 2 xoagdpuyuenmul pada (3) ydo-
8A€MBOPAIOM YCAOBUIO

e ol+1_q 1/q
STVIFT [20HED 5 AN <o, (4)
=0 j=2l

mo pad (3) czodumca 6 L(T?) mozda u moavko mozda, xoz20a

lim A,n'/? = 0. (5)

n—oo

[IpenersHsi ciaydail (¢ = 00) TeopeMsl 1 eCTh aHAJIOT IJIsi €IHMHIYIHOTO KPyra
omHOMepHoIl Teopembl Cunona-Texskosckoro [11]. Ero moka3aTenbcTBO IaHO B
8].

3ameuanue 1. [Ipu evinoanenuu ycaosul (4), (5) meopemer 1 pad (3)
ecmb pad Qypve ceoetll cymmul.

B nansmefmem c, ¢y, €2, ... — abBCOMIOTHEIE TIOJOXKHUTEIbHEIE IOCTOSHHBIE, Pa3-
JITYHBIe B Pa3HBIX TE€OPEMaXx.



78 0. U. Kysuenosa

[ycts Loo(T?) — mpoCTpaHCTBO N3MEPUMBIX OTPaHMYEHHBIX IOYTH BCIOMY Ha

T? byuxmuit ¢ HopMoll || f||eo = vraisup|f(z)|. B ocHoBe mokasareanctBa Teo-
z€T?
peMsl 1 JeXKHT OLIEHKa p-CHJIBHBIX CPEeJHIX KPYTOBBIX YacCTHYHBIX cyMM Qypbe

Sa(fiz) = Y f(k)e™*

lkl<n

ysxumit 13 Loo(T?) (3mech f(k) = (27)~2 [ f(u)e~**du — k-Toiit Koaum-
T2
ent Oypre pyHKIIH f).

Teopema 2. Jas awboti ynxyuu f € Loo(T?) npu arwbom p,1 < p < 2,
cnpasedauso Hepasercmeo

1/p
(n o Z 155(; 0)1”) < eyfin(n + 1) fllo- (6)

IIpu p = 1 Teopema 2 noka3saHa B [6]. O6o3naumM uepe3 Dy, (z) sapo Jupuxie
IS e IUHITYHOrO Kpyra:
Dn( .’L‘) 2. Z etkz‘

Jk|<n

CiaencrBue. /Jas 2106020 Habopa 0eUCmMEUMEAbRBIT YUCEA G, U 2100020

g2

T

ZG‘J‘D (z)

1/q
1 n
dz < cl\/ln(n+1 (mzlajlq) ] (7)
J=0

IIpu q¢ = oo HepaBeHCTBO (7), MMeloLIee BUI

n+1 / dEi< Ggfiagil) daelal, (7)

T2
nokaszaHo B [8]. 3amernM, uto Bmepsble HepaBeHctso (7'), 6e3 \/In(n + 1) B
TIpaBofl YaCTH, B OJHOMEPHOM Cilydae HokazaHo CuuzoxoM [10].

ZG’J‘D (z)

Jj=0

3. doxa3areancTBa

Jloxasameabcmeo meopemsr 2. Meron HOKa3aTeabCTBa TOT XKe, YTO M VIS
p =18 [6]. OGo3HawM

% 1/p
In(#) = 2" sup (,%H > 1850 O)Ip) .
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ITockoxpky npu Bo3pacTarm p I,,(p) He yGbIBaeT, JOCTATOYHO JIOKA3aTh HEpABEH-
crBo (6) mpu p = 2. Tak kak

Su(f;0) = (27)2 / Fo)D. tldu;
T2

st I, (2) mveem

ifjsj(f;O)

3=0

L(2) = (n+1)"? sup sup
g1 .

/ zn:stj(u) du,

(n41)"2sup
¢ 12 |3=0

n
rae supremum Gepercss Imo BceM HabopaM £ = {sj};.‘zo c ycrosuem ) €2 < 1.
i=0

n
Ioxaraem \; = (n + 1)~1/2 Xl gj upu 0 <1 < n, Apy1 = 0. Torza
J:

1.47) = dnb / S (M=) 3 ek du =
¢ 2 |1=0 [k|<1
n .
sup/ )\0+Z)\1 Z ek | du.
(1
T2

I=1  I-1<|k|<I

Wcxons u3 Habopa A;, IOCTPOINM IOCJIeI0BaTeIbHOCTh HellpephIBHBIX Ha [0, 1]
bysrmmt A,(t), An(1) = 0, caenyrounm odpasoMm. Ilycts ¢,(t) — HempepbiBHas
Ha orpeske [0, n+ 1] dyskms Takas, 910 0, (0) = Ao, ¢n(1l) = A1, @n(t) = A; npH
-1+ 5(71—14—_1—) <t<1,2<1<n+1, uuHellHas Ha OCTaBIINXCS IIPOMEXKYTKAX.
[oxaraem Torma A, (nt?) = oaft], 0 <2 <841

[Iycts A, — pamuajbHas QyHKINS, 3aJaHHas Ha Kpyre |z| < 1 paBeHCTBOM

An(z) = An(|z|) 1 paBHas HyJI0 BHe 3TOro Kpyra. 3aMeTHM, YTO eCIH TOYKa
k € Z? npmmannesxur koapny | < |z] <1+ 1u1<1<n, 10

Il 1

— > :
Ikl =1> 2k 2 2t D)

910 03HawaeT, yTO B KaxkaoM kouse | < |z| < 1+ 2—(:?, 1 < I < n, HeT TOYeK
m3 Z?2. Tlostomy

In(2) = sup
&€

T2

du. (8)

k tku
2 A"<n+1)e

[k|<n+1

I i e R e o
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ITokasxem, uto

e
@emizs Lbigaer! AP o

JleficTBITENBHO, 3TOT MHTETPAJ He IIPEBOCXOJUT

o, (o n (T £, 2 G2

Mg% I=11-1<|k|<I

X /2
Ik + u[) ]2}1/2 €2 el \'

5 < <1.

A (n+1 34 n+1+zn+1 sl

=1

1172
} du = 0(1). (9)

ITepefinem B (8) or cymmbl k mpeoGpa3oBanmio Oypbe dynkmm A,(z) (cm. [2],
TeopeMa 1 I ee JOKa3aTeabcTBO). VMmeeM, yunurhiBas (9),
k
A -
" <n + 1)

In(2)§c281:p{ / '[\n(x)ldz+ / [ Z

|z]<n+1 (2r)-172 KIS+l
291/2
A'n. (k + u) ] du} o=
n+1

c2 sup / / An(v)e™ ™ du|dz + O(1).
" el fuist

ITo Teopeme Koum-ITyaccona (4, c. 263]

1
/ An(u)e ™% du = 27r/An(p)pJo(ap)dp,
0

[u|<1

rae a = \/z?2 + 23, Jo — dynkuns Beccens HymreBoro mopsmka. YUHTHIBas 3TO
PaBEHCTBO H IIE€peXoIs BO BHEIIHeM HHTerpaJe K IONSPHBIM KOOPIMHATAM, HOJY-

YaeM
1

/ An(p)pJo(ap)dp

n+1

I,(2) < c3sup / a da := czsup An(€).
{1 0 (4

JanpHefmmre npeo6pa3oBaHis HHTerpaia A, (€) aHaIOrHYHEI IPOIeTaHHbIM B (3,
c. 503]. MnTerpupyem mo 4acTsM BO BHYTPEHHeM HHTerpaJe, HCIOIb3ys PeKyp-
PeHTHOe cooTHomeHne Mus GyHKmit Becceas [5, m. 7.2.8 (50)]

2 e ¥8 diz BT
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Tak kak mo ycaosuio A,(1) =0, a [9, c. 51]
Ji(a) = % +0(a®) npu a — 0,

TO BHEMHTErPAJbHBI WiIeH obpamaercs B HyJdb. IlolydeHHOEe BEIpa)KeHIE pa3o-
ObeM Ha ABa HHTErpaJa
n+1

2= | s |

O6o3naummM g, = m—; ITo moctpoernio dyHkmm A, (t) ee mponssogras Al (t)

1

/ An(p)pJi(ap)dp|da

1
/ An(p)pJi(ap)dp
0

paBHa —¢€pv/n+ 1 Ha  1HTepBale (0, n+1)’ —2¢1(n + 1)3/2 Ha HHTEpBaJe

(#, n—h + qn), 1 <! < n, u Hy 10 Ha CMEXXHBIX HHTEpBaJaX.
Onenrv mepBsiiT nHTErpa’ B An(€).

1
|€ol 1/2 -
—— o (n+ 1), > el | =
0/ C4( n+1 (n ) : l=l|l|

1 n
O( ,___n+1§|€11) =

1

An(p)pdi(ap)dp
0

1

[ Xo)pr(ap)ip|da <
0

Torza
n+1

An(e) = da + O(1).

1

Jas maabHelmmedt omeHKH A,(¢) Bocmoab3yemcs caenyioueit dopmyaoit nis Jq [9,

c. 82]
Ji(z) = \/gsin (:v - %) +0 ( ;/2)

crpaBemruBorlt ipu ¢ > 0. IToacraBmmv 3To BhIpaskeHHe BMecTo dyHKIMH beccens.

OcCTaTOYHBIN YjeH eCcTh
n+1
(/ 3/2/|/\/ iP_l/zdP)

]
n_+l+q"

O+ Yl [ p7%dp+leol | =
=1 1
n¥l

0 (|€0| + lzj: l—%) =0 (Vln(n + 1)) y



82 O. U. Kysuenona

Tak kak
n+1

oy

-1/2 / \ 1/2dd - ( IEOI )

/ J n(p)| p'%dpdea = O T,
st Ay, (€) monygaem

n+1

Aule)= [ / a~1/? / X (p)p'/?sin (ap - —) dp|da+

n+1

0 (Vi +1)). (10)

O6o3naumM yepe3 B,(¢) ocrapumiics maTerpad B (10) m mokakeM, YTO OH

Taxxe ecTs O (\/W)

n+l ar1tin

Bn:(n+1)3/2/ P e ZE‘ / 2 sin (ap—-—)dp da.
1

n+1

3aMeHIM IIOJHHTEr paIbHYyI0 (DYHKIINIO BO BHYTPEHHEM PIHTeI‘pa.JIe ee 3HayeHIeM B
JIEBOM KOHIIe IIPOMEXKYTKa HHTErPIPOBaHHIS. Hpn S gL Pt +1 + qn

1/26in (a - E) — ( : )1/2 sin (a l - 1)
p H 3 nt1 st 4
I 1/2 1 \1/2 1 \¥3. aq,

[ ey g

(n+1+q") (n+1) +(n+1) i B

1/2 1/2
Bl ()]
2 l n+1

II0O3TOMY IIOI'pPEUIHOCTDH TaKOIT 3aMEeHEI eCTh

l(n-;— 1)1/2+a (ni 1)1/2] i i

n+1

cs(n+ 122 [ a7y
1

=1

B urore noxyuaem

n+1
e l T
B, < 1)g, [ a2 1'( )d,
<ce(n+1)g l/a gen/-sm an+1 1 a
ILTH, TIOCHe 3aMeHbl IlepeMeHHoll & — ~37,
1 n
T
B, < c7(n+ 1)_1/2 / oA Zenﬁsin (la - Z) da <

1 =1

n+l
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27

er(n+1)"Y2/In(n + 1) (/
0

% 1/2
[To paBenctBy IlapceBaJs mocienHIT HHTErpaJl paBeH (Z le,2> :
=1

4 . 1/2
Zez\/isin (la - E) da "
l=i 4

TostoyMy B, , a cremoBatensHo, A, u I,(2) me mpesocxomsr cgy/In(n + 1).
Teopema 2 10Ka3aHa.
Jlns 10Ka3aTelbCTBA CIEACTBIS JOCTATOYHO K IIPABOIl YaCTH PABEHCTBA

=
n+1

T2

n

Y _a;Dj(z)

=0

1 n
dz = su E a;S;(f;0
|f|sp1'n+1 e 795 (f;0)

IIPIIMEHNTh HepaBeHCTBO lenbaepa (% + % = 1) u oueHky (6) Teopems 2.

Joxazameabcmeo meopemui 1. Ilokaskem cHauara cxommmocts B L(T?) pana
o0
> AX;Dj(z). (11)
bt

Ilonaras B Hepaserctse (7) n = 241 —1,a; = 0npu 0 < j < 2! mw aj = A}
mpir 2! < j < 21! nomyuaem HepaBeHCTBO

/

T2

2ltl-g

Y. A);Dj(z)

j=2t

2(+l_1 l/q
szC2\/z+1(2<'+1><q-1> o |AA,~19) . (12)

j=2!

113 aTOr0 HepaBeHCTBa I ycioBus (4) crexyeT CXONMMOCTb Psla U3 HOPM

00 2+l
Z/ S A);Dj(z)|da,
I=0T2 j=21

a ClIefoBaTelbHO, B CILIy IIONHOTHl IPOCTPAaHCTBa, cxommMocth B L(T?) psia

oo 211

b Toliy WA, 7 H Y

=0 j=2'

OBo3naumM ero cymmy depes f. IlycTh m — mpousBoibHO, BbiGepeM lo m3
yeaosus 20 < n + 1 < 2+, Tak kax

n 2o+l
/ AND;(z) - f(@)| < [| 3 AAD;(z)|do+
T2 =0 T2 Jj=n+1
) 2i+11
% / S AN Dj(2)|dz
I=lo+1pg | j=2!

- TR
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I IOCKOJBKY ISl IePBOrO CJlaraeMoro TaKyKe BHIIOJHeHa oneHKa (12) (HyxHO B
(7) momosxkuts a; = 0mpu 1 < j < nma; = A\;opun+1< 5 < 2lo+1),
HoJydaeM, 4TO BCA CyMMa CIIpaBa CTPEMHUTCS K HYJIO IIPH 7, a CJIeIOBATENbHO, H
lo cTpemsieMcst k 00. Cxomumocts psiza (11) B cpemHeM HoKa3aHa.

Iokaxem, uto psan (3) mmeer B L(T?) cBoeft cymmoit yHkmmo f Torza u
TOJNBKO TOTJa, KOTAa BBIIOJHEHO yciaoBHe (5). ITo yTBepikIeHHe clelyeT H3 pa-

BeHCTBa
n—l|

Sa(z) = > AX;jDj(z) + AnDy(z)

=0

I JIBYCTOPOHHEII OIeHKH [1]

esnl/? < /|Dn(m)| dz < cqnl/?.
T2

Teopema 1 moxa3aHa.
Jlns moKa3aTeqbCTBa 3aMedaHHsi 1 Hy»KHO Imokaszarb, uTo f(k) = A; mpm
| —1< |k| <. Bubepem n > |k|. Torza mo Teopeme 1

f(k) = (—211r_)"’T/2 gl (2i)2 T[ Sn(2)e™**dz + o(1)

[Pl n — 0O ¥ PABEHCTBO CIEIyeT U3 OPTOroHaTBHHOCTH cucrems! {e'**} ma T2.
3ameuanue 2. Yca06us meopembl 1 HE 2aPARMUPYIOM NOMOYEYHOU CTO-
dumocmu pada (3) x f na T?. Omo caedyem u3 oyenxu [13]

D,(z)

m <c<0 daa awbozo z € T?.
n—oo nl1/2In1/4n
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FapMOI-HFIeCKaH AIIIPOKCHMAIIA B RY Ha KOMIIaKTaX,
JOITIOJHEHISI KOTOPBIX ABISIOTCSA obJsracTsaMu ,H}KOHa

H. A. Jleaxoposa

Hucmumym npuxaadnoti mamemamuxu u mezanuxu HAH Yxpaunwl, Yxpauna

ITony4yeHH OUEHKH CBEpXy CKOPOCTH PaBHOMEPHON ANIpPOKCHMAIUU rapMo-
HUYeCKHMH IOTUHOMaMH yHKIHi, rapMOHMYeCKHX Ha KoMmaktax B R3, xo-
[OJHEHHsI KOTOPHX sABasioTca obnactamu llxona. IlomydeHHEEe pe3yabTaTH
SIBISAIOTCS IPOJOJ JKeHueM uccaenoBanuit Auapuesckoro B.B..

1991 Mathematics Subject Classification 41A25.

1. Beenenue

B nannoft paGoTe ycTaHAaBINBaeTCS IIpsMas TeopeMa IPHOJIIKEHNS TapMOHI-
vecknx dbyHKINNT Ha KoMmakTaX B R3, 1omonHeHie KOTOPHIX SBIsSETCS 0BIACTHIO
JIKOHa, 11 TIOJIyYeHbl OLIEHKII CBEPXY CKOPOCTH TAKOTO IPHOJIMKEHNs, 3aBUCSAIIIe
OT FeOMETPIYECKIX CBOICTB KOMIIAKTa.

PaccmarpuBaemas 3a1aya B INIOCKOM Clydae HMcciaenoBatach B [1]. Ormermm,
4TO IIpIMeHsieMble B 9TOI paboTe METOIB! I MOAXOJbl HCIIOMb3YIOT B 3HAUNTEIbHOL
CTelleHN TeOPHI0 KOH(OPMHBIX 0TOOGpayKeHMIT I He MOIyT GBITh PACIPOCTPaHEHBI
Ha cayualt R™ opu n > 2.

[lonyueHHble B HACTOSINEll CTaThe pe3yJbTaThl JOMOJHSIOT I 00600IIaloT
13BecTHble pe3yibTaTsl B.B. AHIpueBckoro, B KOTOPHIX IOXydYeHbl KOJMIECTBEH-
Hble OIHKH CKOPOCTII IPUOMILKeHNs Ha KoMmakTax B R3, momosHeHme KoTOphix
sBiIseTcs obaacTbio ¢ ycuaosueM o-koHyca ([2], [3]) mam ymoBierBOpsieT ycioBmio
xona ([4]). B mocaemseM ciiydae molydeHHBle pe3yJbTaThl HOCAT CKOpee IIPHH-
IINIIIQJIBHBIN XapaKTep H HY)XKJAlTCSA B JaJbHelIeM yTOUHEHHH C TOYKU 3PeHHs
3aBICIMOCTH BO3MOJKHOI CKOPOCTII IIPHOIMKEHNs OT TeoMeTpru KoMmakra. OTme-
THM Takxke pabory [5], B KOTOpOIT pe3yabTaThl O FAPMOHIMYECKON AIllIPOKCHMAIIITI
PaCIPOCTPAHSIOTCS Ha CIydall IPHOIIKEHNs Ha PIMAHOBBIX MHOI00OOpa3usX.

B ocHOBe IpHBOMINMBIX B JaJbHeIIeM Paccy K IeHUIT JeKaT MeTOIbl, IIpeIo-
xeHHble B (2], [3].

HUrak, nycts K C R3 ecTs KoMITakTHOe MHOeCTBO, AonoaHerue {2 := R3\ K
KOTOPOro CBsi3HO. Bciooy B maibHefmrem GyzeM IpeimofaraTh, YTo obaacTs {2
sBIIsieTCA 06JIaCTBIO ¢ ycaoBieM JlkoHa.
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Caenyst [4], 6ymem rosoputh, uTo ob6iacTh {2 sBIASeTcH obBIacThio JIKOHa,
ecr 00yl Touky = € () MOJYKHO COENVHHTh C @ = OO JXOPJAHOBOI IyToil
Yz = v(z,00) C Q Takoit yTo

d(y,0Q) 2 aly(z,y)l. (1)

ISt 10GOIT TOUKH Y € 7z, rie o € (0,1].
B (1), kak u Bciony B HaubHelmreM, udepes d(z,E) : = 12{3 |z — y| obo3zna-
y

YeHO paccrosiHMe oT Toukn z € R3 no mmoxectsa E C R3, uepes |y(z,v)|
IJIIHA YacCTH 7Yz, 3aKJIIOUYEeHHas MeXAy YKa3aHHBIMH TOYKaMH, a mof |z — y| :=

’ 1/2
(Z |zi — yi|2) , == (z1,%2,23), Y= (¥1,Y2,Y3), [IOHIMAETCS €BKJINIOBO
=1

paccrosHIe B R3.

Yepes ¢, ¢1, ... OymeM obo3HauaTh HOCTATOYHO OOJBIIIE, & Yepe3 €, €1, ...
— JOCTaTOYHO MaJible MOJOKUTE IbHble KOHCTAHThl, B PA3INYHbIX COOTHONIEHUSX,
BooOIIe TOBOPSI, pa3IHdHble I 3aBICSINIE, eClI He OrOBOPEHO 0C060, TOJBKO OT
koMIakTa K mum ApYruX HeCylIeCTBEHHBIX IJIs HHTEPeCyIOINX Hac BOIIPOCOB Be-
mmuuH. CrMBosoMm A Gynem obo3HauaTh omeparop Jlamiaca.

IIycts w(d), 6 > 0 — dyHKIMSA TUIIa MOLYJIS HENPEPHIBHOCTH, TO €CTh IIO-
J0KuTeNbHas, HeybriBatouas dyakmus (w(4+0) = 0), yaoBieTBopsiouas IpHu Bcex
0 > 0,t > 1 HepaBeHCTBY

w(td) < ctw(6).

O6o3xaunm wepes HY(K') Kracc BceX HelpPepHIBHBIX Ha K U rapMOHIYECKHX
Ha MHOJKECTBE €ro BHYTPEHHIX TOYeK AelCTBUTENbHBIX (PyHKIMI f, yIOBIETBOPSI-
IOIIHIX YCJIOBHIO

lf(z) = f(y)| L ew(lz —y|), z,y€ K, c=c(f)=const.

ITycte Takxke H,,n = 0,1, ..., 0D03HaYaeT COBOKYITHOCTH BCEX F'APMOHHYECKHIX
TIOJIIHOMOB CTereHn < m.
w £ 3
Jna dysxmmu f € HY(K) BeIuunHy ee HAMIydIIero paBHOMEPHOTO ITPHOJIH-
JKeHUs B Kiacce H, ompereanM no dopmyae

Ean(f,K) i= jinf max|f(a) - Ha(2)].

ITepen Tem Kak cOPMyIHPOBATH OCHOBHOII pPe3yJbTaT paboThl, BBEIEM B Pac-
CMOTpeHIle JBa OlepaTopa M OTMETHM HEKOTOphble HX CBOICTBA, CYIIECTBEHHO HC-
nosb3yeMble B qaubHelnueM (6osxee moxpo6Ho cM. (8], [9]).

O6o3nauim uepes & = o k ONEpaTOp NMPOJOJKEHHS, KOTOPHII KaXX I0H PyHK-
mm f € H{(K) craBur B coorBercTBue dyHKmo g(z) := (& f) (), 3anannyio,
He[IPEPHIBHYIO U YAOBJIETBOPSIOIULYIO YCIOBHIO

lg(z) — g(¥)| < cw(|z - y|)
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Ha BceM mpoctpanctBe R3, coBmanatomyio ¢ f(z) Ha K 1 uMelonryo KOMIIaKTHBI
HOCHTEb.

ITycts Takxe Us, § > 0, obo3HaUaeT omepaTop ycperHeHHs
95(2) = (Usg) (2) = [ g(z +89)K(s)dy, = € R?,
R3
rae

K(y) = {S:exp {lyl?/ (y*-1)}, 0< m ; i

a KOHCTaHTa ¢ BhIOpaHa TaKuUM oO6pa3oM, UTO

/I((y)dy = 1.
R3

Herpymso ybemutsesi, uro byHkuus gs(z) Geckoneuno muddgepeHIpyeMa B
R?® u, kpoMe TOro, CIIpaBelIUBEI OLIEHKH:

l95(z) - 9(2)| < e10(6), = € R;
|Ags(2)] < e2w(8)/82, = € R
gs(z) = f(z), z€ K\K°,

B kotopsix K¢ := {z:z € K, d(z,12) < §}.

OTMeTIIM TakiKe, YTO gs SBJIsSETCS (PUHUTHON PyHKIMeN.

[Iycts, naxee, Ha cdepe S (zg, R) := 0B (zo, R) 3aaHa HenpepbiBHaA QyHK-
ms F(R,0,¢), e B(zo,R) :={z : |z — zo| < R}, R > 0,a 7,0, p — cdepuue-
CKIle KOOpIIHATHI C IIEHTPOM B TOouke To € R3.

CoraacHo dopmyie Jamnaca (cM., Hanp., [8]), pemenne 3axaun Jupuxie

AF = 0;

FlS(zo,R) - F(R)e, 90)

MO3KeT GbITh IIPeJCTaBIeHO B BILIE:
s mapa B (zo, R) —

> (5) e @
F 7’,0, = ey Y, » ] 2
(r,6,9) :L:B z) %(6:9)
nas ero nonoanerus R\ B (zq, R) —
o k+1
Fro0=3 (T) %l6.9) (3)

k=0
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rie
2 T
2k + 1 / / . / / /
Y0 p) = Yu(6, 0, F) = == [ [ F(R,0,¢) Pi (cosy)sin #'de'dip
00

— cepuyeckne rapMOHHKH, YIOBIETBOPSIONINE HEPABEHCTBY

Yi(0,0)| < c(k+1 Flz)l, E=101,...,
1Ye(6, #)| < e(k + el B CH 0,1 (4)
Py(z),k =0,1,...,— nomuHoms! JIesxaHapa, ¥ — yroa Mexxay Bekropamu (7, 0, ¢)

u (R,0,¢).
2. ®OopMyJIHMPOBKHA OCHOBHEIX pPe3yJbTaTOB

CdopmynupyeM OCHOBHOII pe3yiabTaT HaHHOI paboTel. C 3Toll meabio BBeaeM
B paccMOTpeHIe (YHKIIMIO

1(t) = sup {

t
ln—}, 0<t< 1.
<7<t T

l—-171
Kak ormeueno B (2] ata dyHruus He yGwBaer Ha (0,1), t/e < (1) < t m
lim () = 1.

Teopema. ITycmb obaacms §2 ydosaemeopsem ycaosuio Jocona. Jas ao-

boti pynxyuu f € HX(K), npoussosvro Puxcuposannozo € > 0 u npu ecex
n=1,2,... cnpasedausa oyenxa

Ean(f,K) < c(f,e)w (n™7(@)4e) (5)

CdopMmyianpyeM HECKOJBKO BCIIOMOTATeNbHBIX pe3yJbTaToB. llepBhle IBe
JeMMBI TI03BOJSIIOT AIMIPOKCIMIPOBaTh (MyHKIMIO ¢(z) dyHKIMe, SBISIOLecs
rapMoHmJeckort B §- okpectHoctn K : = {z:d(z,K) < 6}, § > 0, ucxogHoro
KOMITIaKTa.

Jlemma 1. Jas atboti mouxu y € K4U(2N Ky5), 0 < § < €, cywecmeyrom
moura § € R3\ K45 u 2apmonunecxasn ene amoti mouxu gynxyua Q(z,y) co
cAe0YIUWUMU C80UCMEAMU:

Q= vl < 5, z € Kas (6)

C263

llz —y™' - Q(zay)| < m, |z — y| > cad. (7)

Jemma 2. ITyemo f € HY(K), g := & f. Cywecmsyem zapmonuveckas 6
K35, 0 < § < €, pynxyua hs(z), 0aa xomopol cnpasedauso repasencmeo

|hs(z) — g(z)| < ew(6), z € Kas. (8)
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Curemyoum nrar COCTONT B OCYIECTBICHHN ~rapMOHMYECKOro BapuaHTa” Ipo-
Iexypsl BhiBoga moocoB M.B. Kexnpmra (cum., Hamp., [7, c. 21-27]), momudum-
POBAHHOTO K PaCCMaTpUBaeMBIM 3aJadaM B [2].

Jlemma 3. Ilyemv K C B(0,R), R > 0. [Jasa awbuz ¢ > 0,
0<d<e uy€ B(0,3R)\ K cywecmsyem zapmonuvecxas 6 B (0,3R) pynx-
yua Qy 4(), ydosnemeopawuwas nepasencmsam

||w ¥ Qy,d(-’lf')‘ <d)’ ze X

sup |Qy,d(x)l < exp {C] In c—2p_ ‘Yzal)—t } ’
z€B(0,3R) pd

2de p :=d(y,K) < €3.
3. okxa3zareancTBa

Hoxasameabcmeo aemmul 1. Jljas HOKa3aTeabCTBa JeMMBI 1 3adHKCHpyeM
TaKylo TOUKy z € {2, uro |y — z| < 26. 3amermm, uro d (2, K) < 56. Bribepem Ha
KPHBOII v, onpezeasiemMol yciosueM Jl»xoHa, Touky ¥, nus koropoit d (¥, K) = 56.
Torna, ucnons3ys ycaosue (1), meem

3 d(y,K 56
rap < 280 N
a o
CienoBaTeasHO,
|z — 9| < cqé

1
ly—9l <ly—zl+ 17 (29 < (2+c4) b

Oymkmms |z — y|~! rapmonnuna Ha MHOMectBe R3\ B (7, ¢56), ¢5 := 2(ca + 2), 1
B cuny (3) mMeeM

v 8Li el g YL
e-ii=Y (=) B

k=0 Il' g

[IpIYeM, COTVIAcHO (4)

k
IYk(eva)I < CS(k Sis 1) max Ix — y‘-l < C7( s 1)'
-‘L‘ES(y,cg,b') 6

IIOCKOJIBKY : y
2 o 5 5
|z -yl 2|z =9 = -9l 2 e = 58 = 6.

2 k+1
Oyuxmus Q(z,y) := ( 5 > Yx(0, @) sBAseTcsa MCKOMOII.
y Q(z,y) k§0 ]’;i‘ﬂ k(0,9)
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HefictBurensHo, mpu z € K35, oueBuano, |z — §| > 26

2 k+1
Qi< E (2) M) <

k=0
2
SEBAP kNG

Hamnee, pu |z — y| > ¢36, c3 := 3¢5, UMeeM

e E+1
—y|"1 = Q(z,y)| < & °5) k41) <
Iz - o Wis# S (12) G+
<g(2) § +4) <
<3 (=) E@ G+
< 8l

HOCKOJIbe HpII yxa3am1mx 3HaYeHNIX T 1 Bmﬁope C3
lz -3 > |z —y| - |y — 7] > 3=6;
|z — 5] > |z —y| - 2548 = Bz — ).

Jemma 1 moka3aHa.
3ameuanue. /13 coobparkenuil HerrpepbiBHOCTH GyHKIH |z — y|~! 1m0 y BHE
TOUKM Z MOYKHO CUHMTaTh, 4T0 PyHKIHS ((z,y) H3MepnMa 110 Y IPH BCeX Z.
Hoxazameavcmeo aemmul 2. O6o3nawi gs := Usg. U nus Hee crpasenamBo
lgs(z) — g(z)| < cw(8). CoraacHo dopmyie I'puna (8, c. 151] bynkuus gs Moxer
OBITH IIpeCTaBIE€HA B BHIE

s dy 3
glz) = ine / Agé(y)h: Ll z € R”.
QUKS

[TokaskeM, moab3ysich cooTHouteHusME (6) u (7), yto yHKINIsA

hle) 1= = [ AsswQe - = [ dast
s

2\K 35

rie Q(z,y) — dynxms u3 semvnr 1, Ils := K% U (2N K5), aBasercs uckoMoft.
JlefiCTBUTEIBHO,

lgs(z) — hs(z)| < 4‘—,,Hf |Ags(¥)| ||z — y|™! = Q(z,y)|dy <
< ol ( [ llz=9™' = Q(z,v)|dy+

IIsNB (.‘L‘,ca 5)

4o f o =gl —Q(z,y)ldy) =220 (I, + ).

M5\ B(z,c36)
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Ilepexons K MONAPHBIM KOOpIMHATAM M MCIOJAB3ys (6), MOXydUNM ClieLylouLyio
omeHKy I I:
hf Wi i 1Q(z,y)|dy <
B(z,c36) B(z C36) ’

(9)
< cg6? + —7l‘ (636) < 61052
Ipn y € 15\ B (z, c36), oueBnmHo,|z—y| > c36, n npumensis ouenky (7), moryuaem
d
I < ¢38° ﬁ < e 82 (10)
Is\B(z,c36)

N3 (9) u (10) morygaem

w(6)

l95(2) = hs()] < es 2

(6‘1052 + 01152) < cpw(6).
Takmm obpasom,

lhs(z) — g(2)| = |hs(z) £ gs(2) — g(2)| <
S clgw(é) + 013(.0(6) S c14w(6).

JleMma 2 moxa3aHa.

Jloka3aTerabcTBO JeMMBI 3 cM. B [6].

Joxazameavcmeo meopems. Ilycts hs(z), z € K5, — DyHKINIS U3 TeMMBI 2,
e n JOCTaTOYHO  BeJHKO, a  BBIOOpD  NOCTATOYHO  MAJOro
6 = 6(n) Bymer yka3aH HUXKe.

ITyctb wp,(t) — Moxmyns HenpepsBHOCTH yHKIMK hs. CoraacHo cooTHOMIe-

’ Ihs(z) — hs(2)] = |he(z) + g(z) - ha(t)  g(t)] <
< cw(8) 4 cow(|z — t]).

CIIpaBe BBl HEpABEHCTBA

whg (|2 — 1) < caw(8) + caw(|z - 1),
why(6) < esw(6).

Paccmorpim dyHKInNIO
ps(z) := Us, z-hs ().

Torma, ocTaBUB 32 IIPOJOJKEHHOI (pyHKIMeN hs TO ke 0OO3HAYeHNUe, U3 oIlpee-
JIeHHsI OIlepaTopa yCPeTHEeHUs CJIenyeT

|ps(z) — hs(z)] Skfa |hs (z + 6y) — hs(z)| K (y)dy <
< csw(6).
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[IprvenmM, naiee, k byt ps(z) dopmyry Ipuna.

- 1994 dy 3
@)= -5 [ A ceR
R3\Ks

0O603Ha4IM

Qs(z) := —5 | Aps(y)Qy.a(z)dy - -5 | Apg(y)h—d_%[,

B(0,3R)\K R3\B(0,3R)
z € B(0,3R),

rae GyHKINA Qy ¢(Z) B3SATa U3 JeMMBI 3.

IIpu z € K nmeem

e
B(0,3R)\K

@)=l < g [ 1ps(w)l[le - 817 - Quae)|dy.

Herpynso Bumers, 4To

|Aps(z)| = Lfs hs (z + 6y) AK (y)dy

=3 [ (hs(t)- hs(z)) AK (}55)|dt <

[t—z|<6 (11)
<& [ wn(t-al)|AK (55)]di <

|t—z|<6

[onaras B eMMe 3 d := §2, Haxomm

lps(z) — Qs(z)| < ngg)d = cqw(6).

YuureiBass (11) u HepasenctBo d(y,K) > 6, copaBemmmBoe IIpu
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y € B(0,3R)\ K}, Haxoqum

max |Qs(z)| < max L(

J AP&(ﬂ)Qy,d(z)dYJ‘ +

+€B(0,2R) 2€B(0.2R) *" \ |5 (03R)\K;
+ Aps(y |—L[d_ ) 5
R3\3{0,3R) ( )z :

2 clo%gl exp {611 In %j—p‘l/’Y(a)—El} <
< exp {613111 %6‘1/‘7(0)—51} <

< exp {6145—1/(7(«:)-52)} i

B cuxny (2) u (4) npu z € B(0,2R)

oo

Qs(z) =) (Q—Zty)k Yi(6, ¢);

k=0

1
< “A(a)-¢
(0,9)| < eas(k+1)_max | Q(a)] < exsll+ Dexp {c146 T } .

Jlaree, pacCMOTPHM I'apMOHIUYECKHIT TIOJIIHOM

n

Hn(z) = ﬁn(’l‘,g,Lp) - Z (L>kYk(0a‘P)'
= \2R

IIpu z € K u moaxoxsiueM BBIOOpE €17, MIOJOXKHUB § = crrn~"(@)+e2 gaxomm
v 1 o0 1 i
|Qs(z) — Hp(z)| < c15exp {cM& Te)=¢; } ) Y () (k+1)<
=n+1

2 (1) k+1)<

< cigexp {e3n}
k=n+1

< c189% exp {ean} < cigexp {—eqn}

Takxum o6pa3oM, OKOHUATEIHLHO MeeM

|f(z) — Hn(z)| < (|f — 95| + |gs — hs| + |hs — ps| + |ps — Qs| +
+ |Qs — Hal) (z) < crgexp {—e4n} + cow(d) <

< eq1w(6) < cqow (n"'("')"'”) =c(f,e)w (n“’("‘)"") ;

Teopema moxa3aHa.
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Summary. This article is a review of main results from §§ 5, 6 of the
author’s preprint (1998). Analytical proximate orders generated by entire
or meromorphic functions are studied. Asymptotics of associated with
them ”gamma-functions” and ”exponents” , i.e. analogs of Mittag-Leffler
functions, are investigated. The generalized indicator of the ”exponent”
of order p € (1/2,1) and of order 1 and minimal type was shown to be
trigonometric on the interval [—, 7]. It is demonstrated two applications
of these results.
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1. Introduction

Let v € (0,7]; L(y,R) = {z = re?® € C:|6] < v; r > R} be the angle on the
plane C with rejected circular sector; L(y) = {z € C: |arg z| < 7}; p(r), r > ¢
be a positive function such that p(r) — p as 7 — oo. The function p(r)is called an
analytical prozimate order if the function V(r) = r?("), r > ¢ has an analytical
continuation V/(z) into the domain containing the set L(y, R) as certain 7y, R > 0
and satisfies the condition:

lim [V()]'V(t2) = 2, V= € L(v)

and moreover the convergence to the limit is uniform on every compact set in
L(7). Here and everywhere below the symbol 2” is understood in the sense of its
main meaning: z° = rPe*?’ where z = re'® € C.

Analytical proximate order p(r), 7 > c is a proximate order [2].

We consider a special class of analytical proximate orders generated by
logarithms of entire or meromorphic functions. This class is nonempty set because
the following assertions are true.
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Theorem 1 (see [3, p. 88]). Let f(z) = H E(z/ak;p) be the Weierstrass

canonical product of the genus p with positive zeroes {ar}$°; n(r) be a sum of
orders of zcroes of the function f in the circle S(r)={z € C:|z|<r};p<p<
p+1; p(r) be a prozimate order such that p(r) — p asr — 00; 0 < A < 0. If

n(r) ~ ArP() a5 1 o0, e Tlggor P(Mp(r) =

then f is the entire function of order p and of prozimate order p(r) satisfying the
condition

lim In f(—re'?) eip9

r—co  pp(r) T sinmp

, l0l<m; Inf(0)=0

and moreover convergence to the limit here is uniform with respect to the variable
0 on every segment e, 3] C (-7, 7).
Theorem 2 (see [4]). Let p(r) be a prozimate order,

p(r)— peN; L(r) =177 A€ (0,00).

If L(r) | 0 as 7 — oo then there ezists a prozimate order p,(r) — p and entire
function f of order p(r) with positive zeroes such that (see theorem 1)

£(2) & ﬁ E(z/ag;p—1); n(r) ~ Ars(),

k=1

Besides, the entire function g(z) = f(—2z) satisfies the condition.

16
lim In g(re )
T—00 rP(T)

—Ae?™0) 19| < 7, Ing(0)=0, (1.1)

and convergence to the limit is uniform with respect to the variable 6 on every
segment [a,b] C (-7, ).

If L(r) 1 oo as v — o0, then the assertion remains valid with the only
difference that the genus of the function f is equal to p and for g(z) the formula
(1), in the right-hand side of which it is necessary to remove —, is valid.

Let C_ ={z=1r%€C:r>0; |6 <n}; p>1/2; p(r) be the proximate
order such that p(r) — p as 7 — oo;

B(p(r)) = {V(r) = "},

where po(r) is an analytical proximate order equivalent to p(r), be the class of
functions with the following properties.
1) The function V(r) allows analytical continuation in C_, satisfying the
condition
V(rz)

r—*rgo V(’I‘) a1 ZGC_,
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and moreover the convergence to the limit is uniform on every compact set K C
C_;

2) the function V complex conjugate to V satisfies the equality V@ =V(z)
for all z € C_, where the number Z is the complex conjugate number to =.

3) V(r) is a positive on the positive half-axis increasing strictly convex
function with respect to In 7 and moreover V(0) = 0.

Definition 1. An entire function g of a prozimate order p(r) — p > 1/2 we
call a generator of an analytical prozimate order po(r), equivalent to p(r) and a
generator of the function V(r) = r#(") if V is a function of the class B(p(r))
such that either V(r) =Ing(r), or V(r) =1In1/g(r) as r > 0.

The object under study in this paper is the subclass 2(p(r)) = {V} of the
class B(p(r)), such that generator of every function V' € 2(p(r)) is a certain entire
function g = g(V) of proximate order p(r), which is the Weierstrass canonical
product having described in the formulations of theorems 1, 2. Specifically, the
zeros of this function are lying on the negative half-axis only. When p(r) = p € N,
by definition we consider that the only representative of the class 2(p(r)) is the
function exp{z”}. Results presented below are trivial in this case.

1°. Structure of functions of the class 2(p(r)). Let us get sure that
the class 2(p(r)) is nonempty, whatever is the proximate order p(r) — p €
(0, 00). We'll restrict ourselves with the case when L(r) = r?(")=7 is a monotonous
function, if p € N, taking into account theorem 2 and the following modification
of one result from the article [5] (see theorem 1.4’ in [1]).

Theorem 3. Let f be an entire function of order p € (0,00). If moreover the
function f is of minimal (mazimal) type, then it has the prozimate order p(r)
such that L(r) | 0 (L(r) 1 o) as r — oo, where L(r) = %), 4(r) = p(r) — p.

Theorem 4. 1. There ezists an equivalent to p(r) analytical prozimate order
po(r) such that V(r) := r7(") € A(p(r)), and the generator g of the function V
satisfies the equality V(r) = In g(r), provided one of the following conditions is
fulfilled:

a)p=2n+1,n=0,1,...; L(r) | 0;

N A PR AR TR R

¢) p is a noninteger and p € (2n,2n+ 1), n=10,1,....

2. In the same notations an analogous assertion is valid with the substitution
of the property V(r) =1lng(r) for V(r) =1In1/g(r) if

a)p=2n,n=12 dirhif;

b)p=2n+1,n=0,1,..; L(r) T oo;

c) p is a noninteger and p € (2n — 1,2n), n = 1,2, ....

The differentiation operation remains the property of entire function to be
the generator of analytical proximate order.

Theorem 5. If the entire function g of prozimate order p(r) — p > 1/2 is
a generator of the analytical prozimate order po(r), then its derivative g’ has the
same property with respect to the equivalent p(r) and po(r) to a certain analytical
prozimate order p1(r). In addition, g, g’ are entire functions of completly regular
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growth.

2°.  ”Gamma-functions” associated with the functions of class

Ap(r))-
Definition 2. Let V € B(p(r)). The function

AN = A\ V) = p/t’\_l exp{~V(t)}dt, RA> 0; (1.2)

is called V. — gamma-function or “gamma-function” associated with V.
The function 1/A(X) allows analytical continuation in C (see [1], theorem 3.1).
Let us examine the properties of the analog of the gamma-function if V' € (p(r)).
Theorem 6. Let V € A(p(r)), where p(r) — p > 1/2 is a prozimate order; g
is an entire function — generator of the function V;; A(A) is V —gamma-function;
Aa is the totality of all poles of its meromorphic continuation A in C; Z_ =
{0,-1,-2,...} is the set of all nonpositive integers. Then

AN = A (A ) =p / -1/g(t)dt, RA> 0, (1.3)
0
if V(r)=1ng(r), r > 0, and
AN = A,(A;g) = p/g(t)t’\'ldt, RA > 0,

if V(r) = —=1Ing(r), r > 0. In addition, the following assertions are valid:

1) every element of the set Ap is a simple pole of the function A, and in
addition Ay C Z_;

2) Aan{-1,-2,...,—p} =0, if g is an entire function of the genus p > 0;

3) if V(r) =Ilng(r), r > 0, where g is an entire function of order p € (1/2,1]
and as p = 1 of minimal type ! then Ap = Z_, and moreover

k!
s k g - &
Ak +1) = p/t /9(t)dt = TE() k=0,1,2,..
0

Assertion 1) of this theorem for a more general situation was proved by
M. A. Yevgrafov in [6].

3°. ”Exponents”, associated with the functions of class A(p(r)).
V. Bernstein [7] studied asymptotic properties of the function

(3 W)_Zo( 2 €C e(c).—_/e-w(‘)tC, RC> 1.
0

T.e. as n = 0 either the condition 1 a), or 1 c) of theorem 4 holds (see theorem 3).
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where W (2) is a function analytical in the angle | Arg 2| < 7/p and satisfying the
asymptotic equality W(re*) = W(r)e??’[140(1)] as r — oo uniform with respect
to 6 € [—-4,6], where § < m/p, and moreover po(r) = In W(r)/Inr is proximate
order equivalent to the prescribed one. If W(r) = r?, then p~1E(;W)=E, is a
Mittag-Leffler function.

Definition 3. Let V € B(p(r)); A be V — gamma-function (see definition
2). The function

E 3 ¥ )& zeC

Z A(k +1)
is called V — exponent or “exponent” associated with V.

Other generalization of gamma-function and exponent was investigated in [8].
The function E,(+; V') performs fundamental role in integral transforms of entire
functions of proximate order (see § 4 in [1]). Let us examine specifics of Taylor
coefficients of V-exponent E,(-; V') and peculiarities of its asymptotics.

Theorem 7. Let p(r) — p € (1/2,1] be a prozimate order and besides
L(r) = r?()=2 | 0 when p = 1; V € AU(p(r)), V(r) = lng(r), where g is the
generator of the function V (see theorem 4). Then

E,(z;9):= E)(2;V)=g4'(2), z€C,

and the following asymptotic estimate uniform in the variable @ on every segment
[a,b] C (-7, ) as T — oo is valid:

In E,(re'%; g) = V(r)e’[1 4+ o(1)], 18] <,

So in the cases under consideration the asymptotics of the function E,(-; V)
is totally defined by the asymptotics of the generator g of the function V. In other
cases the asymptotic properties E,(-; V') are described by another theorem.

Theorem 8. Let p(r) — p € [1,00] be a prozimate order; L(r) = rP()=# 1 oo
when p = 1; V € A(p(r)), g be an entire function of genus p, which is the
generator of the function V. Then the following uniform with respect to argz
asymptotic estimate of the function E,(z;V) as |z| — oo is valid:

E,(zV)=F'(2)+0 (| |2) |arg 2| < ;—p +e

and

1 iy
EfaV)=0(r5), g+eslama<n,

where 0 < pe < mmin{1/2,p—1/2}; F = g, if V(r) = Ing(r); F = 1/g, if
V(r) = —=Ing(r);

o (5r) = () - Lo

k
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Here as a certain § > 0 and as k = 1,2,...,p (see (3))

') (o)
1 i ok t=k-1

Now we have all information necessary to define the generalized indicator hg
of the function E,(-,V) (and not its nonnegative cutoff by zero only h}) with
respect to the proximate order p(r) — p for the case when V € 2(p(r)). The
following theorem describes cases in which the indicator hg can take negative
values, too.

Theorem 9. In the above notations the following assertions are valid:

1. Let p € (0,1] and besides L(r) = r?(")=# | 0 when p = 1. Then the indicator
of the function E,(-, V') with respect to p(r) is a 2w-periodic continuation in R of
the function hg(0) = cos pf, |0] < .

2. Let p € [1,00) and in addition L(r) = r*("~? 1 oo if p = 1. Then hg(f) =
o,(e?), 6¢€[-m, 7). where

iy _ ) |2|Pcos(pargz), |argz| < 1,; 3
. )—{0, 0,251 %SIGTQZIPSW- T /40

So the generalized indicator of the "exponent” of order p € (1/2,1) and of
order 1 and minimal type is trigonometric on the interval [—7, 7]. The first such
example was announced by M. A. Yevgrafov in [6].

4°. Indicator and conjugate diagrams of entire function of order
1 and minimal type. One of applications of previous results is a proof of the
complete analog of theorem by Polya on relation between indicator and conjugate
diagrams of an entire function of exponential type for an entire functions of order
1 and minimal type with any generalized indicator.

Let p > 0; p(r) — p be an proximate order; V € B(p(r)); M,(V) = {f} be a
class of entire functions in C such that as certain M = M(f), m = m(f) > 0 the
following unequality is true:

|/(2)l < M exp{mV(|z])} VzeC.

Let us consider an generalized Borel transform associated with V.
Definition 4. Let A be V-gamma-function (see (2))

oo k
Tizhe D v et 5 & O
. E%A(k+1)

be an entire function of the class 9t,(V). By its V-Borel transform we call the

funciton N
af
F(p)= ) 1
k=0 r
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It is the analytic function in a vicinity of co such that F(co) = 0.

We consider an integral representation of entire function of proximate order
and analog of Polya theorem. The following integral formula connecting the
function f from 9M,(V') and its V-Borel transform F is valid

£6) = 55 [ BGBVIF@) 5y zeC (14)
r

where T is a closed positively oriented Jordan contour which is the boundary of
the domain containing the peculiarities of F;; E,(w;V) is the V-exponent (see
definition 3; [1, § 4]).

Let P, be a class of finite 2r—periodic trigonometrically convex functions
defined in R; h € P,

Xn={peC: Rpe'® <h(d) V6cR]}.

If h = hy is an indicator of the function f, then theset I = {w =9: p € X3}
is called indicator diagram of the function f.

The following analogue of mentioned theorem by Polya for the entire function
of order 1 and minimal type is true.

Theorem 10. Let f be an entire function of order 1 and minimal type;
p(r) be its prozimate order; h = hy be its generalized indicator; V € A(p(r));
V(r) = lng(r), where g is the generator of the function V; K is the conjugate
diagram of the function f, i.e. the least convexr compact set onto the exterior of
which the V -Borel transform of the function f continues analytically. Then the
set K coincides with the ”indicator diagram” X}, of the function f (see Definition
4).

Its proof is based on formula (4), theorems 6, 9.

5°.  On expansion of the meromorphic function into simplest
fractions. We ”ll study properties of expansion of the meromorphic function
into partial fractions 1/g and its derivative into partial fractions , where g is an
entire function of order 1 and maximal type which is the generator of the function
V from the class 2(p(r)) (see definition 1). At first we’ll consider the following
elementary convergence criterion of the series of the principal parts of Loran
expansion of the meromorphic function and its expansion into partial fractions.

Theorem 11. Let ® be a meromorphic function in C; A = {bx}{° be a
convergent to oo sequence of all its poles nondecreasing modulo;

Fy = = Ak,n 2 =
k(Z) = Z m saki= 1,2,...

be the sequence of principal parts of Loran ezpansion of the function ® in the

o0
vicinity of its poles. Then the series Y ®x(z) converges at all z € C\ A if and
k=1
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only if the series

R() =3 reg Uw,z), 2€C\A; U(w,2)= 2

k=1"" L e

converges and moreover
(o]
Oi(z) = - res U(w,z), z€C\A; keN; R(2)=- Z Oi(2).
w=0k k:l

If the series R(z) converges uniformly on every compact set in C\ A, then a(z) =
o0

®(z) — Y Pi(2) is an entire function coinciding with the total sum of residues
k=1

of the fur_zction U(w, z) in the variable w.
Definition 5. We say that the meromorpic function ® ezpands into partial
fractions, if in the notations of theorem 11 the formula

8(:)= Y u() +a(s), zeC\A, (15)
k=1

where the series converges uniformly on every compact set in C\ A is valid.

This criterion is used to expand into partial fractions a meromorphic function
of the form 1/g, where g is the generator of analytical proximate order p(r) such
that p(r) = 1, L(r) = r?(0~1 1 00 as r — oo.

Theorem 12. Let V(r) = (") = —Ing(r); Z, = {b1,ba,...,} be a sequence
of all zeros of the function g such that 0 > by > by > .... Then the function
® = 1/g and its derivative ®' ezpand into partial fractions, i.e. the equality (5)
where A = Z,, and the formula derived from it by termwise differentiation hold.
Here a, o' are entire functions of prozimate order p(r) such that their generalized
indicator is equal to max{0,cos@}, 6 € R, and moreover o/(z) = E,(2;V), z€ C
where E,(z;V) is V—ezponent.

The work has been done with the aid of the support grant for leading scientific
schools of the Russian Fundamental Research Fund 00-15-96-140.
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Bicruk XapKiBCHKOro HaI[iOHAJBHOT'O YHIBEPCHTETY
Cepis “MareMaTuka, NIpUKIaAHA MAaTEMATHKa 1 MeXaHika”
YK 517.547 Ne 475, 2000, c. 105-112

Psanmer @ypre 11 NCTUHHO-CyOrapMOHITYECKIEe (DYHKIM
KOHEYHOTI'0 Y-TUIIa

K. I Mamorun, C. B. Koxomuery

Yxpaunckasa axademus 6anxoscxozo deaa, 2. Cymul, Yxpauna

IIycts 4(r) — dbyHKIUa pocTra, TO €CTh CIPOrO NMOJNOMKUTENbHAsA, HEIPEPHIB-
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1. BBenenue

CyliecTByI0T pa3inyHble ONpeaeNeHIs TOPSaKa (PYHKIIT, ToIOMOP(MHBIX I
cybrapmonmyeckux B moxymiockoctn C; = {z : Sz > 0}. YkaxxeM Ha ompeze-
aenne nopsaka B cmsicaie H. B. TosopoBa m E. Turumapuia [1], onpeznererue
dbopmabHOro U Moy PopMaTLHOrO NOpPsAAKoB B cMbicae A. @. I'pmmma [2] u ap.!
[Ipu 3TOM B KadecTBe IIKaJbl POCTa, KaK IIPAaBMJIO, BHIOMpaeTcs ILIKaJa, OIpene-
ademas dbyskumeir 7 (r > 0), rme p — PUKCHPOBAHHOE IOJIOXKITENBHOE UHCIO
(mHOTZA p 3aMeHsieTCS yTOYHEHHBIM mopsinkoM [4]). B Hacrosmelt paGore MBI pac-
CMaTpUBaeM LIKaJy, KOTOpas OIpelelsieTcs IIPON3BOJIbHOMN dyHKImel pocTa (7).
Hamre ompenenenue mo ayxy OGamsko k ompeneneHuio, BBegenHomy JI. 1. Pomn-
kuebIM [3]. Ilocie Toro xak BrIGpaHa IIKaJa POCTa M BBEIEHO COOTBETCTBYIONIEE
ompejesieHNe MOpsAaKa (PYHKINIH, BO3HHKAET IpobieMa HaXOXIEHNsS KPHUTEpIeB
[IPHHA JTEeKHOCTH CyOrapMOHITYECKON (PYHKIIMU JaHHOMY KJIACCy. JTH KPHTEPHI
GbOpMyINPYIOTCSA B TEPMIHAX PHCCOBCKOI MephI, OIpeIeisieMol 3Toll (yHKIHelT,
IIH B RaKHX-JIu60 OpYruX, HallpuMmep, B TepMuHaX Koaddimmentos Pypoe [6],
[7]. Haum xpureprm Mbl Takke ITOJy4aeM B TepMHHax KoaddiumreHToB Pyphe
cybrapMOHITYeCKIX (pyHKIII.

2. Knaccn dysxuun 8 C,

Yepes C(a, r) 6ynem 0603HaUaTh OTKPHITHII KPYT PaAyca T C IIEHTPOM B TOUKe
a, yepes (), mepeceuenne MHOXKecTBa () ¢ moaymiaockoctsio Cp: Q4 = QN Cy.

Tlo noBoxy pasIHYHHX ONpeAedeHuit mopsnka dpyunkuui, roromopduux B C;, cm. Taxxke [3].
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Caexys A. ®. I'pmummy [8], 6yaem HaswBath cybrapmonudeckyio B C; GyHK-
IO U UCTNUKKO-CYO2aAPMOHUNECKOU, €CIH E v(z) < 0 zns ar06oro yncra ¢ € R.
Kunacc ucrurno-cybrapmornyecknx dynkmmt B Cy obo3naunm gepes JS. Ilycts
SK - kracc cybrapmonmuecknx ¢yHkmml B Cy, HIMEIOUINX MTOJOKHUTEIbHYIO Iap-
MOHITYECKYI0 Ma)XOPaHTY B J106011 orpanrdensoit obaactu B C; . OyHKINM Kiaacca
SK o6xamator cremyroummu cBoiictBamu [8]: ecan v(z) € SK, To

a) v(z) MMeeT HeKacaTeXbHBII Ipenel v(t) MOYTH BCIOLY Ha BELECTBEHHOIT OCH,
v(t) € Ljoe(—00,00);

b) Ha BeleCTBEHHOIT IPSIMOIT CYLIECTBYeT 3HAKOIIEpeMeHHAs Mepa ¥ TaKas, 4To

b
yl_ig_lo/v(t + 1y) dt = v([a, b]) - %V({a}) - %V({b})

Mepa v Ha3pIBaeTcs epanuynol mepol Gynxyuu v;

¢) dv(t) = v(t)dt + do(t), rme o—cuHTyIsSpHas Mepa OTHOCHTEIbHO Mephl Jle-
Gera.

Ins dbyskuumn v € SK onpenennM, caenys (8], noanyio mepy A kak

AK) = 2r / SCdu(C) - v(K),

K4

e j — PUCCOBCKAs Mepa (YHKIIH v.

3amermM, yto JS C SK. Kpome Toro, nonnas mepa dyHkmmm v € JS sBisercs
[IOJIOJKUTENBHOIT Mepoll, YeM 1 0GOCHOBaH TepPMHH ’HCTHHHO-CyOrapMOHHYeCKas
dyuxmms”. s 3a1aHHON Mephl A 0603HAUNM

Din6) = LT AN (€ = 7€), Am(r) = A (CTOT),

rae s:‘:;" = m npu ¢ = 0, 7 (onpenensercs 1o HeIPepPLIBHOCTH).

Crenyromas dopmyra mis bysakumm v € SK — ato dopmyna Kapaemana B
obo3nauernsax A.Q. ['pumma:

™ ™
ik/v re sm kodp = /t);i(fl) dt + — /v(roei“’) sin kp dop, (2.1)
0 "

B yacTHOCTH, (mpu k = 1)

- /v('re“") sinpdp = //\(t) dt + — /v(roe““’) sin @ dep. (2.2)
T
0

IJIs1 BCeX T > To.
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OrMmerM €IlI€ TI0JIE3HOE HEepaBEeHCTBO:

| =| [ 0] = | [ St ano)| <

sin ¢

c(o,r) C(O,r)
i // =1 GIA(C) € mrm A ((r). (2.3)
c(o,r)

O6o3naumm uepe3 Dy (Ry, Ry) = C4(0, R2)\C+(0, Ry), Ry < Ry. Hus bysk-
mit v € SK crnpaBemiuBo ImpencraBieHile B monykoasle z € Dy(Ry, Ry):

o) = - (/ i KEOBO+; By [ 86 Bt (g, ) g
D+ " 0
or /% v(R1e'%) do, (2.4)

rae G(z,() — dyskuus I'pixa noxykoasua, % — 03HayaeT [IPOM3BOJHYIO IIO BHY-
tperHeil HopMaaH, K (z,() = G(2,()/S¢ npu ¢ € D4 (Ry, R2) u npomoixkeHa 1o
HEI[IPepHIBHOCTH Ha BelllecTBeHHYI0 ochk mpu Ry < [t| < R,.

Hcronb3yst TeOpHIO 3JIHITHYECKHX PYHKUMIT (cM., Hanpumep, [9]) MoxHO mo-
JY4HTh Pa3ioxKeHUs siapa B dopmyte (2.4) mpu R; = gR, R, = R/q, ¢ € (0,1),
z=re', ( = re':

G(z,¢) =
m 2m ,.2m 2m p2m
T q“mr ™R ; )
2 E 4m) ( ) (1 R T Ay ) (1 SRR = ) sin m# sin me,

gR<7<r<R/q, (2.5)

20 1 r\m q2mR2m q2mT2m ; )
2 Z— p T (;) (1 S 1- o sin m# sin me,

gR<r<7<R/q (2.6)

G (zApuR- 1 t\™ g™ R?m g@mrm |
= - E _— - = i /]
on i o | m(l - q4'm) (T) (1 t2m 1 R2m sin muo,

gR<|t| <7< R/q, (2.7)

8G(z, t) i 2 00 1 (,’.)m q2mt2m quRZm y
_—— 2 m(l—-¢*m) \t : RA™ . pam ) 50 i

gR <r <|t| < R/q, (2.8)

PO CEE T P e SRl P |
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4 o | gR\™ g o g B ;
<R "2 1= ¢m (T) (1 o mb sin me, (2.9)
1
oG (z, ¢ Re'® of
on o
4 0 1 m 2mR2m
—-Rg- Z T g (%) (1 - QTT) sin m@ sin me, (2.10)
m=1

3. Koadbdbunuents ®ypre pyuxmuit kiacca SK

Koaddmments: Oypre dbyHximmm v u3 kiracca SK omnpenensiorcs oObIYHBIM
o6pasom [10]

(1Y) = %/v(rem) sinkfdf, k€ N.
0

13 dopmyas (2.1) momyumm caelylouime BhIpa)keHHS IS Ko3gduimeHTOB
®ypbe Ipu 7 > To:

ork Ak()
ci(r,0) = oxr® + —/ edt, keN, (3.1)

To

rme o = rakck(ro,v).
[Ipimvenss popMyay MHTErpHPOBAHIUS [0 YaCTAM K HHTerpaty B (3.1), mouy-

g
epe 7 // Smk"’ r* dA(C)+

cx(r,v) = apr* +

K wis SAN S A3

sin sinke sinkg

1rk // ch\C " rkrk // ¢ RreeN K523
Dy (ro,r) C+(0,r)

rme ( = €.

YrBepsxnenue 1. Koadpuyuenmur Pypve ck(r,v) Pynxyuu v xaacca SK
AGAAIOMCA HENPEPLLEHLLMU PYHKYUAMU O T.

9To BEITEKaeT M3 TOTO, YTO IIpaBble YaCTH COOTHOUEHM (3.1) ABasgloTCA He-
[pepHIBHBIMI B KaJ)KIOI TOUKe 7 QyHKIIAMI.

4. CybrapMmoHuuyeckue (pyHKIINHA KOHEYHOTO Y-THUIIa

CTporo moJOXKHTeJbHas, HelpephIBHAS, BO3PACTaloUas M HeorpaHIYeHHAs
dyskums v(r), onpenenennas Ha [0, 00), HasbiBaeTcs Pynryued pocma [11].

O6o3HauM yepes
™

O(r,v) = /|v(re")|sincpd<p.
0

- . a o a a -




Pann @ypre u ncturHO-cybrapMonnyeckue pyHKIHN 109

Oyurmms v € JS HaspBaeTcs QYHKIMEN KOHeuH020 Y-Mmuna, eI CyIecTBYIOT
nocrosHEble A 1 B > 0 Takume, 4To

®(r,v) < Ay(Br), (4.1)

v(re®) < Ay(Br), (4.2)

s Bcex T > 0.

Huxe uepes A, B, ... Mbl GyzeM 0603Ha4yaTh IIOJOXKITENbHbIE KOHCTAHTHI,
KOTOpBle MOTYT H3MeHAThCS Ha IPOTsykKeHHMH cTaThi. Kiacc mctuHHO-cyGrapmo-
HITYeCKHX (YHKINT KOHEYHOro y-THIa obo3HaumM yepe3 JS(v(r)).

Teopema 4.1. ITycmb vy - pynxyua pocma, v € JS. Caedyrowue déa ymsep-
HCOEHUA IKEUBAAEHTNBL:

1) v € IS(y(r));

2) npu nexomopviz noaodcumeavuuiz A, B u ecez r > 0 evinoansemcsa He-
pasencmeo:

lex(r,v)| < Ay(Br), k€N, (4.3)

Hoxa3sareascrBo. Ilycts v € JS(y(r)). Torma
|ex(r,v)| < k®(r,v) < kAy(Br), keN. (4.4)

113 dopmyas! (2.2) moxyuaem
8 7 A(t)
2
A(r) < T / b

8 ,[1 1
- - = < : :
3" [2T(I>(2r, v)+ T<I>(r, v)] < Ary(Br) (4.5)
Orciozma 11 u3 HepaBeHCTBa (2.3) MMeeM
[Am(7)] € mr™=A(r) < Amr™y(Br). (4.6)

IIprvenss dopmyay (2.1) u ucnonssys (4.4), (4.6), moxydmm

2r
k Ak(t
jatr,0)| < eleacor, |+ [ B0 ar <

T

2r
Ak dt
—27"/(2.87‘) el AkT‘k’)’(2BT)/ t_k+—1 < A”Y(B,’I‘).

Tem cambM IMIUIHKAIHS 1) => 2) DoKa3aHa.
[Iycts Terepb BHINOJNHEHO YCJIOBHE 2) TeOpPEMSI. N3 HepaseHCcTBa
ley(r,v)| < Av(Br) u dopmyast (2.2) TeMu ke pacCykKIEHHSAMH, YTO H BBIIIe
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nouay4aeM HepaBeHCTBO (4.5). VMcnons3ys pasnoxxerue B psx Pypse (2.9), (2.10),
mpu ¢ = 1/2, R = r, noxyunm:

r [ 0G (z,2re®) T WaG —re“’ .
;0/———311 v(2 EO/ v(ire )dcps

c (L 'v)
m 2,

U3 atoro HepaBeHcTBa u opMmyus! (2.4) npu Ry = r/2, Ry = 2r, monyyaem:

o= o 4™

} < Ay(Br).

pEI <5 [f K@D+ arBD).

D4 ( -;-T,ZT)

Tenepsb, NCIONL3Ys OPTOrOHAJIBHOCTh CHCTeMBl moauHoMoB {sin k6}, k = 1,2, ...,
Ha orpeske [0, 7], u3 dopmyx (2.5), (2.6), (2.7), (2.8) moxygaem

™

é(r,v)s% / // h // K(z,¢0) () § sin 6.d8 + 247(Br) <

0 Di(r/2,r) © Di(r,2r)

S () word ] 52 1 45) avor

Dy(r/2,r) Dy (r,2r)
24 B)<3/r e /1 ik 17 S
V(Br) < & 3] Mg + T 42 =
/2
2 7 27(2
241(Br) < = / d\(T) + 2A(Br) < 5(T’) +247(Br). (4.7)
/2

Ot1ciona cielyer BHIIOJHEHNe HepaBeHCTBa (4.1).
Hauee u3 (2.4) 1 HEOTPHIIATEIPHOCTH MEPHI A HIMeeM

v(2) < —aG(zafzeiw)

0

T 0G(z, R1e™%)

(R2ei‘°) d‘P+ 2 on

v(R1e) dep,
st Becex Ry < |z| < R,. [lanee, Kak M IIpU JOKa3aTelbCTBe HepaBeHCTBa (4.7),
noaydaeM BhimonHeHue yciaoBus (4.2). TeopeMa MOJHOCTBIO NOKa3aHa.

5. ITpumep

B monoxsenne k TeopeMe 4.1 moKajkeM, YTO U3 yCJIOBHS 1) He ClexyeT Takoe

yCuieHue 2): lck(r)l < exy(Br), roe € — 0 mpu k — 00. ITO IOKa3bIBaeT
CJIe Ly IOIIHIT
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ITpumep. PaccMoTpiM HemosoKHTeNbHYI0, FapMoHHUeckylo B C; dyHKImIO

v(z) = - %2(p+1)k
= =,
ons. S 2

0<p< 1.

QyHKIIISL v yAOBJIETBOPSeT cOoTHoueHmo v(2z) = 2°v(z). [eficTBuTENbHO,

o(p+1)k 1 k=2 o(p+1)k k=co  o(p+1)k
v(2z) = Z(\ _§kZC\ 2k1"2pkz "Z_Qk
=—00 ——00

O1croma moaydaeM
Cir? < ®(r,v) < Caor?,

roe

x kg
&, ey /@ )sinf8d8),Cz = 2° sup /v ) sin0.dé).
<r<L2 2 1<r<2 )

Iycts z = re?, 250 < 7 < 2%+l U3 pasnoxenus

2mk sin(m + 1) >, 7™ sin m#é
I B Dtard Surcess Bl e ol e oD

2k<r 2k>r m=1

HerocCpeaCcTBeHHbIM ITOACYETOM y6ex<1xaeMcx B CIIpaBeJINBOCTH COOTHOIIIEHIIT

en(r,v) = —— Z y b e} i Z gk(p=n) —

2"<r 2k>r
k n k -
E 2k(p+n) Z Qk(p TL) Sigeen 2 0(/"(*'-: ) T"'2( 0+1)(P 71)
n n a4 -n
o bk 1 o | =2 \P 1-2-

B cry vTBep:KIEHHS 1 3TH COOTHOLIEHIS MMeI0T MeCTO U IpH 7 = 7o = 2k

1 9ko(p+n) ko 9(ko+1)(p—n)
o T_attm 2 1_2em

cn(ro,v) = —

vl 2°r8
1—2-(p4n) 2n(1 — 2°0-7)’

O1kyna moxydyaeM HepaBeHCTBO

cn(ro,v)i >rg, ne€N.

Tak Kak wiciao rg = 20 MokeT GBITH BHIOPaHO KaK yroaHo 60JbLINM, TO IO-
clle/Hee HEPABEHCTBO IOKa3blBaeT HEBO3MOXKHOCTh yCUJIeHNs TeopeMsl 4.1.
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Me1 By zem ICIonb30BaTh CTaH JapTHHIE 0003HAUEHIIS HEBAaHIMHHOBCKON TEOPHH
pacIpeIeseHIs 3HadeHINT MepoMopdubIx dyrkmmi: T(r, f), m(r,a, f), N(r,a, f),
A(a, f) (1], [2]. B 1969 roxy B paborax B.II. Ilerpenko [3] 6112 3am03KeHa TeOpHS
pocta MepoMopdHEIX dyHKImI. B Teopun IlerpeHko B oINUmM OT HEBaHIITHHOB-
CKOIT TEOPIM OTKJIOHEHIe MepoMOpGHOI (PYHKINH pacCMaTPHUBAETCS B paBHOMEp-
HOIl METPHKE :

r,a —1— T + 2
L(r,a,f) = rgglog T =al’ L(r, 00, f) = mlaxlog | f(z) 1.
Bemruima E( /)
(a f) r—»oo T(’I‘ jf)

Ha3bIBAETCS BEJIMUIHON OTKJIOHEHUs MepoMopdHo dyHKmn f(z) OTHOCHTEIFHO

jHaveHis a. J{uas MepoMoOpdHBIX B INIOCKOCTH (DYHKINIT KOHEYHOTO HUYKHErO II0-

psaka A := lim log T(r, f)/logr B.II. Ilerperko [3] moayumn TOYHYIO OLIEHKY
T—00

JUIS. 3TOIT BEJIYMHBI :

ey 06IRg o\ & 2,
ecan )\2

ﬂ(a f) < { sinm

B pabote (4] mosyueH aHAJIOr COOTHOIIEHNS Ae(EKTOB IJIA BENHIIH OTKIOHe-

HIIH

B =00 =
. -

Sres,ecm A<
%,B(a f) < {2;/\ ecIn A >
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B cnyuae MepoMopdHBEIX B Kpyre (yHKINIT KOHEYHOrO HUXKHEro MOPSIKa

Ao Ji 08T(r f)

r—1 ].Og IITT

BemrunHa ((a, f) Moxer GbITh paBHa 00. B cBs3u ¢ atum, A.B. Kpritos [5] BBex
B PacCMOTpeHUe BeJIJIHYy

VR (1) < (1 %)
b~ 100

U TOJYYIJI HEKOTOPYIO OLIEHKY IS 3TOI BEeJIYNHBI Yepe3 HIDKHUII MOPSIOK A U
BAJIIPOHOBCKMIT Te(eKT :

Bla, ) < C(A +1)/A(a, f).

B pabore [4] monmyuena TouHas omeHka Mis Berwduss! [(a, f) 1 aHATOT COOT-
HOlleHNs Ne¢eKTOB NI 3TUX BEJHYIH :

3 < e VT AR
B(a, f) < wAcos 011
. In(1-7) _
Ecan lj_rpl TCF) = 0, To
58 < IEEA URRY
B(a, f) < 27w cos S0+

(a)

Jlns MepoMOpPGHEIX B INIOCKOCTH (YHKIMIT 6€CKOHEUHOro MOPS KA BeIIMYIHa
OTKJIOHEHHS MOXeT GbITh paBHa 00. [[09TOMYy B 9TOM Cllydae HHTEPECEH pe3yJbTaT
B. Beprsaitrepa u I'. Boka [6]:

Imlc"_mxlog+ | £(2) |

i <
L A C ) I

rae T’ (r, f) — 7€BOCTOPOHHSS MPON3BOJHAS HEBAHIMHHOBCKOI XapaKTePUCTHKI.
B 1997 rony A. EpeMeHKO BBel HOBYIO BEINUIHY
it 8. 1)

WAk o

U3 pesyabrata B. Beprsafinepa u I'. Boka cpa3y crenyer, uro mus MmepoMopd-
HBIX YHKINIT 6€CKOHEUHOro IOpPSIKa

ba, f) < 7.

A. Epemenxko [7] moxyunn coorHourerue nedextos mis Bexunuud b(a, f):

Zb(a,f) < 2r.
(a)
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B paGote [8] moxyuens omenkn mas BemwuuH b(a, f), Y b(a, f) coorser-
aFoo
CTBEHHO Yepe3 BaJupoHOBcKue nedektsl A(a, f), A(0, f). .

B namefi paGore MBI paccMaTpuBaeM aHaJoru BexwdnH b(a, f) mus dbyHKI,
MepoMmopdHBIX B Kpyre. Ilycts f(z) — MepomopdHas B equHIYHOM Kpyre QyHK-
. [lomoxxum :

L(r,a, f)

oo )= e 7y

Teopema 1. ITycmb f(z) — mepomopdras 6 xpyze Pynxyus beckoneurozo
nuocrezo nopadxa. Tozda 0as xaxcdozo a € C umeem

b(a, f) < 7\/A(a, )2 - Ala, f)).

CaencrBue 1. Jasa mepomopprnot gynxyuu f(z) becxoneunozo nuocrezo
nopadxa

{a:b(a, f)>0} C Ey(f) = {a: A(a, f) > 0}.

CnencrBue 2. ITycmb f(2) — mepomopgraa 6 xpyze Pynxyus beckoren-
020 HudcHezo nopadxa u a € C. Tozda

b(a, f) < 7.

Ouenka B caenctBuu 2 siBasiercss TouHoil. OHa gocturaercs Ha (yHKIHN
fo(z) = Eo(3%2), rae Eo(z) — nenas ¢ynkuus u3 paborsr [9], c. 126. Jlerko
BILAETH, UTO IIPH 7 — 1 CIIpaBeINBbl COOTHOLICHNS :

T(r, fo) = 5-(1 = ™)™ (14 o(1)), T'(r, fo) = —e™7(1+ o(1)),

log M(r, fo) = €7= (1 + o(1)).

Takum obpasom, b(co, fo) = .
ITo-BuauMoOMy U OIleHKa B Teopeme 1 SBJISIeTCS TOYHOIL.
Cuenyroumt pe3yabTaT SBASETCS aHAJIOTOM COOTHOLICHHS Ae(EKTOB IJIs BeIU-

amm b(a, f).

Teopema 2. ITycmb f(z) — mepomopprasn 8 xpyze Ppynxyua becxoneunozo
nuacnezo nopadxa. Tozda

3 Ka, f) < 27\ /A0, £)(2 - A0, ).

aFoo

CaencrBue 3. Jas mepomopduur 6 edunuunom xpyze Pynxyul becxo-
HEYHO20 HUNCHE20 NOPAJKA
3 b(a, f) < 2r.
(a)
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BcniomorarennbHBle pe3yabraThl. B pabore [6] Gslin BBeJeHBI IOCIeNO-
BaTeJBHOCTIH, KOTOPhIe ABJIAIOTCA 0bobmernamu mikoB IToama mnsa dyskmm Gec-
KOHEYHOro HIDKHero mopsigka. Ilycts T)(r) — HenpephiBHas MOHOTOHHO BO3pa-
cratomas Ha (1,400), cTpeMsmascst K +00 IpH 7 — 00 QYHKINA 6eCKOHeYHOro
HIDKHero nopsika. Torza cyuecTBYIOT NOCTeNOBAaTeNbHOCTH p; — 00, f; — 00,
€; — 01 M; — oo Takue, 4TO 115 BCeX T, yAOBJIETBOPAIOUINX HEPABEHCTBY

|log(r/p;)| < M;/p;
BBIIIOJIHAETCA:

Ti(r) < (1+¢5) (%) JT1(Pj)- (1)

ITocnenoBatemsHOCTH Lj, M; 1 p; MOKHO BEIOpPATh TaK, YTOOHI:

pj = o(log®* Ty(p;), M; = O(logTu(p;)) (i — o).

B aToM ciydae mocienoBaTeIbHOCTD p; Ha3bIBaeTCsA MOCIeJ0BATEIbHOCTHIO 06-
obuleHHBIX IMKOB [losma.
ITomosximM

My My

Pi=pje *i, Qj=pjei.

Torna HepaBercTBo (1) BhImoaHseTcs 1as Beex € [P, Q5]
PaccMoTpum MHOMKecTBa [6]:

Aj= {T € [p;,Q;] : Tu(r) < : (pl) ; Tx(Pj)},

] J

S

J g

1 r\"¥
B; = {T € [Pj,p5] : Ta(r) £ i (p—) Tl(pj)}'
ITonoxxmm

;. fs min A;j,ecm  A; # 0, ;
e ecn Aj =0,

<.

_ JmaxBj,ectm  B; #0,
oy & e Bj =0,

£18 =4
S5 = ¢ T RGSP=E MR,
Jlerko BuIeTh, 4TO
< pi< Fy < S5; <'R; (§ = o0),
IlefictButensHo, ecin A; # 0, To

LOGaRL -
Tl(Rj)=\/——M—7<p—j) T1(p;)-
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Tax xax R; > p; u T1(R;) > T1(p;), TO BHIIONHSETCA HEPABEHCTBO :

1 (Rj)uj
— > 1.
VM; \ pj

e log M;
B, o T i
j e PiEs Pt L.

O1croa monyyaeM :

[ToaTomy

log MZ-—l

ap =
Rie! “al> pie= *
Tax xax M; — oo, To M; > e (j — 00). Takmm obpa3som npu j > jo
1

PR TR,

Ecmr Aj = (), To 9T0 HepaBEHCTBO TaKJKe BHIIOJIHSIETCS.
B pabore [6] mokasaHo, uTo

F
Ti(R;) = Thi(tj Ti(r ;
IR‘.‘J'J) ;g};) E.0-1 4ts / T:J(H)dr (j = ). (2)
J J ts

Jlemma 1. ITycms f(2) — mepomopdnan gynxyus 6eckoneurnozo HuICHeZO
nopadxa u T(r) — ee nesanaunnoscxraa rapaxmepucmuxra. Tozda 0aa Kadicdozo
Ppurcuposannozo wucaa B > 1 cywecmsyiom nocaedosameavrocmu {V;} u
{K;}, saseucawue om B, maxue, wmo lim V; = lim K; = lim K;/V; = 0 u

J—00 J—o0 J—00
BbLMOAHAEMCA PABEHCITNBO

vi\ V"’ K;\ K}’
T(l__l>_i_+T(1__J.>_J_=
B/ p; B/ uj
v;
0 /T(l Z gl ) (3)
(G

Joxazamenvcmeo aemmer 1. B paBencrse (2) nomoxxim Ty(r) =T (1 - ﬁ) :
a mociuenosateasHoctn {V;} n {K;} Beibepem Tak, uto V; = (Bt;)7!, K; =
(BF;)~!. Torza moxyuaem :

Hj - o7
T (1 . ﬁ) 2t +T( . 1_) e W LT e § \LE VAL
] Kj B“Jﬂjt;‘J B“J,qu;‘J P

B

e Pty o ~EbR) ) ghe p b7y =RHR;, P o
. BH Hy ‘g —2 pHy = . BH; Hj Hj Vi
/l] g t] € RJ l-l'] J t] R]

~
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F, F;

e? Ti(r, f) 1 1 1\ #i+
ij"J'o [LJ/ s dr| =0 -BTJ/T(I_E)<;) dr | =

ty t;
Vi

0 /T(l —t)thi " dt

¥

Jlexma 1 noka3aHa.

Tak kak dyHkmus f(z) — MepoMopdHas B e [UHIYHOM KpyTe, TO OHa IIpeCTa-
BJSIETCS B BILJe OTHOLIEHISI JBYX IOJIOMODPGHEIX B Kpyre dyHkmmt fi(z) u fa(z2).
[loaTomy  dymrmus  u(z) = Int | f(2)| = max{log | f1(2)|,
log | f2(2)|} —log | f2(2)| sBAsteTcst §-cyBrapmoHITyecKoll B e fuHIYHOM Kpyre. [laiee
HaM noHazoburcs onpeznenenue 1™ —dyrkiuu Beprcreima [10].

s mpomsBoasHeIx uncern 7 € (0,1), 8 € [0, 7] momoxmm :

mi(r, 0. 12 sup [ log* | f(re*)|de,
|E|=29 27rE

T*(r,0, f) = T*(re'’) = m*(r,0, f) + N(r, 00, f),

rae cympeMmyM Oepercs IO BCeM M3MEPHMBIM ITOAMHOXKECTBAM €IMHITYHOI OKpY K-
HocTH Jeberosolt Meps! 260, N (1,00, f) — HeBaHIUHHOBCKAs CYUTAIOMAS BDYHKINS
noxtocoB f(z).

Ilns xaxaoro t, —oo <t < 400, pacCMOTPUM

Fy = {re’® : log® | f(re'?)| > t}, wu*(re'?) =sup{t:re’® € F},

rae F; = {re? : 0 < r < 1,|¢| < $mes{F;\{z :|2z| = r}}} — cimmerpirgeckas
nepectpolika MHoxkectBa Fy [11].

OTMeTHM OCHOBHBIE cBoficTBa bymEKIMT u*(2) = u*(re’?) m T*(z), KotopHle
HaM 1oTpebylorcs B HaibHefmrem [10], [11]

1) u*(re'¥) — HeoTprmaTeabHas HeBo3pacTaomas Ha [0, 7] geTHas BYHKIUS OT
¢, paBHON3MepIIMas IIpH KaxIoM dukcupoBarHoM 7, 0 < 7 < 1, ¢ log® | f(re®)|,
1 BBITIOJHEHB! CJIeIyIOlUe COOTHOLICHIS:

[}
(r,0) = maxlog* [f(2)], m(r,6,) =+ 0/ u*(r, p)dy:

2) T*(re'?) — cybrapmonmveckas bymkmus 8 K+(0,1) = {re’? : 0 < r <
1, 0 < 0 < r}, nenpepuiBras B K*(0,1)J(—1,0) (0, 1), torapudmirdeckn Bbl-
NyKJas 10 T IpH KaxaoM ¢ukcupoBaHHoM ¢ € [0, 7], BorHyTas QyHKIHA 1O ¢
npu KaxaoM r, 0 < r < 1, u, Kpome TOTO,

T:(%0)= Nir,=,%), T(r,f) =TU(Rx)= Jpax T*(re'),
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iT*( ,0)="2 (’ % 0<8<m, (4)

rie T(r, f) — HeBaHIHMHHOBCKas XapaKTepucInka GyHkmm f(z).
Obo3HaumM
T(R,¢) = T*(1 - Re™*) = T*(r,9),

mez=re? =1-W=1-Re ™. Takkak z = 1 — @ (w = Re'¥) — anrm-
roromopdHas ¢yskmsa B C, To B cuny cybrapmorudHocTH dyHKmm 7*(z) cre-
JiyeT cybrapMOHIYHOCTH (DYHKIIII T(w) = T(R, ¢) B moxykpyre {w :|w — 1| <
1,Imw > 0}.

PaccmorpuM, crenys [12], [13], dyHkumzo

oi(B) = [ T(R,¢) cosps(ip + ¥)dep.
0

Byzem cumrarh, 4yro BeamuumHBl @, U R ymoBieTBOpsioT cooTHomeHmsM : 0 <

s us . 3 o 2
a < 5 2u <Y< T~ @ R € [K;,V;], rne nocrenoBareasroctun Kj, V;
orpefejeHbl B JeMMe 1.

Jlemma 2. Jlaa xaxncdozo guxcuposannozo € > 0 npu j > jo(e) vinoansa-
emca HepasenCmeo:

VI o (V)| + KoK + iV oi(Vi) + i K1 0j(KG) <

v,
il / T(1- R, f)R*~'dR.

K’]

Jlemma 3. Jas xaxncdozo € > 0 npu j > jo(€) evinoansemca nepasencmeo

]
/ T(|1 - Re=**|, f)R*"YdR < cos#} / T(1- R, f)R*~'dR.
K; K;
Jlemmel 2, 3 IOKa3bIBAIOTCS TOYHO TaK JKe Kak JeMMbl 4, 5 m3 pabotsl [4], ¢
JICTIOJIb30BaHNEM BBIIeJOKa3aHHOIT JeMMBI 1.

Hoxa3zareabcTBo TeopeMmbl 1. Teopemy 1 mokaxkem mias a = oo. Ecanm
a # 0o, HeobXoIMMO paccMoTpeTh dyHKuHI F(2) = f(zlﬁ IIpoBenem moka-

3JATeTBCTBO TeopeMbl 1 IIpI [OTOMHNTEISHOM IpeimonoxeHum, 9to 1(R, @) —
JIBayKIbl HelpephblBHO middepentmpyemas ¢ynkus. B [4] paccmaTpuBaics ciy-
yall KOHEYHOr'0 HIKHEro Mopsaka. TaM IpHBeIeHbl PacCy K AEHNs, I03BOJISIONIIe
IepeXoJUTh OT TJIAJKOro CIydas K obueMmy. B HameM ciydae 3Ti paccyXIeHHS
MOYKHO TIOBTOPHTb.
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IIpmmeriv muddepeHImaIbHEIT onepaTop L = RE%R% K bysxkmm oj(R) n
ncrons3yeM cybrapmormanocts dyskmm T(R, ) (te. LT(R, @)+ %T(R, ) >
0), a Takyke opMyJy MHTETPHPOBAHMUS IIO YACTSAM :

d

RE(

Roi(R)) = [ LT (R, ) cosps(i + ¥)dp >
0

a S
- / 52 L (B, @) cospj(p + Y)dp =
) Op

g3 o ot .
~ 5oL (B, p)cospi(p+9)| —uj / 35 (R, @) sin (o + ¥)de =
W 0 3 2

0 ~ g & ] a
—%T(R, @) cos (o + %) A piT(R, @) sinp;(p +¥)| + pioi(R) =
0
9 ~ f &
—a—(P-T(R, a)cospj(a+¥)+ %T(R, 0) cos pjp—
i T(R, @) sin pj(e + ¥) + p;T(R,0) sin pj9 + pjo;(R) =
h(R) + plo;(R).
TaxkmM obpa3oM, #
R=(Rol(R)) > h(R) + plo;(R). (5)

Ymuox1v HepasercTBo (5) Ha R* ! u mpounterpupyem ero o R or K; no V; :

Y 1/ /)

1
/ h(R)R*~'dR + i? / o;(R)R»1dR < / R ¥ Roj(R)AR =
K; K; K;
V; Y;
V,
R**104(R) Afj —(p; +1) [ oi(R)R*dR < R**10)(R)| -
K; K;
v, Y AAT
pi [y RRSAR = ROV - wioy(R)| + 4 [ o (R)RWIAR,
K, K, X, K;
CienoBaTeIbHO,

vy v
/h(R)Ruj—ldR = / {—%T(R,a) cospj(a+ )+
K, K;

S T(R,0) cos s~ TR, a)sinpa + )+
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uiT(R,0)sinp;p} RW1R < R#¥10) — wo;(R)|
3
BribepeM 1) = 57— — @ 1 BOCIIOIBb3yeMCS JIEMMOIT 2 :
7 0
/ {%T(R, 0)sinpja — p; T(R, ) + u;T(R,0) cosuja} R“~1dR <
I\’J
®s
cus [ T(1 - R HRSTAR (> o). (6)
I\'-J
Tak kak re' = 1 — Re™%%, 10
R 6 * a *
——T(R @)= ——T (r,0) cos(8 + ¢) + r———T (R,0)sin(f + ¢).
ITosTomy 2 5
L R \
Orciona u (6) crexyer, uro
v
R (9 * . % -l
/ ———R%T (r,0)sinpjo — p;T*(1 — Re™", f)+

$;

J
uT*(1 = R, f) cospja} R*~1dR < ep; /T(l _R,f)R%dR (j — o).
K;

Hcnoas3ys (4) u gemMmy 3, molydaeM:

J e wa
/{1 _.RRU (1 WR’O) Sin/j,Ja‘*'”JN(’I‘,oo,f) COS[I,JQ} R#J—ldR S

=
J

1+¢
costi o

v
/T(l ~R,f)R%™'dR (j — o0). (7)

R-J

iy

Hamomunm oIripeneseHIle BaJHIpOHOBCKOI'O ,lIe(bGKTa,:

" . N(r,o,f)
=TT T

Orcroma mpu r > ro(€) moayuaem

N(r,00, f) > (1= A(o0, f) —€)T(r, f).
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IToncrasmm 3T0 HepaBeHCTBO B cooTHoIeHue (7) :

4]
R u*(l_R7O) . e
{I—R Slnp,ja}R#J 1dR<

K;

Vi
{1¥® ‘ #)T
il (cos“i a e cos#]a)}{ T(1- R, f)RY0R, (8)

j

rze A = A(oo, f).
Wcnons3ys opMyy HHTErpHPOBAaHUS 10 YACTSM M JeMMy 1, nMeeM

v, Vior %
i / T(1- R, f)R*™'dR = T(1- R, f)R*| + /TL(1 — R, f)R*dR =
K K

J K; J
v, v,
. pj/T(l—R,f)R“J"ldR +/TL(1—R,f)R“J’dR.
K K;

J

Orcroma

' Vs
" / T(1- R, f)R*~'dR = (1 + o(1)) / T'(1- R, f)R*dR.  (9)
K; K;

B cuxy (8), (9) cymectsyer R; € [K;, V;] takoe, uto mpu j > jo(€)

Rj~ u*(1 - R;,0) i <
1-R; 7r

cost a

( e - (1 —A—e)cos,u.ja) Ti(l—ﬁjaf)ﬁj‘

CaenoBarensHo, Ipu j > jo(e)

u*(1 - R;,0) 13 (14 €)

1 2 !
fY \ek ] — It 10
l—RJ' Sinﬂja ( (1 A1)Cosp]a) T—(l RJ’f)a ( )

cost o

roe Ay = - °§";rf5+25. Jlerko BuIeTh, YTO MUHIMYM IIPABOIl YAaCTH JOCTUTAETCS B

TOYKe Qq, I Qg — HANMEHBIINI II0JOXKUTEIbHBIN KOPeHb YPaBHEHUs
y = gy py+1
cos(pj + 1)ag = (1 1) cos ap.
Tak xak pj — 0o a < 3,-, 70 ag — 0 mpu j — oo. CienoBaressHO,
J

cos pjag = (1 — Ay)cos" ag + o(1) (j — o0).
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Kpome Toro,

3]
cos® ag = e (220~ 1(1 4 (1)) = e (1 +0(1)) (4 — o0).

Ho ap ymoBierBopsier HepaBeHCTBY 0 < @ < 5’;—1_, noatoMy pjod — 0 (G-
o0). Torma
cos’? ag =1+ 0(1) (j— o0).

13 mosyueHHBIX aCHMIITOTIYECKIX (OPMYJ CIeLyeT, YTO
cospjag=1—A1+0(1) (j— o0).
Takum obpa3soM, cooTHourerue (10) maer

u*(1 - R;,0) ¢ m(1+¢)

1-R; V1= (1-241+0(1))?

b(0o, f) < (1 + €)y/A1(2 - Ay).
[lepexons k npeneny npu € — 0, mMeeM
b(oo, f) < /A0, £)(2 = A(eo, f).

Teopema 1 moxa3aHa.
Hamernm xox oka3aTeabctBa Teopemsl 2. Ilycts {ax}}_, — HaGop pasmird-
HBIX KOMILIEKCHBIX UICeJ TaKoll, YTO

b(ag, f) >0, c¢=min{|a; —a;j|:i# 5} (¢>2)

Jlns Kaxmoro pUKCHPOBAHHOIO &, 0 < £ < 1, momoxxnyM, cirenys(4],

(1= (1= A)HTL(L - R;, f).

Orcroma

2K ; A
Gj0e {z €K (1 -2V;,1- %) :In|f'(2)] < =2¢T (1 - _8|ﬂ’f>} £
rme Kj, V; — mocieoBaTelbHOCTH, OIpeleleHHble B JemMme 1, Gjr — MHOXe-

c1Ba, 06pa30BaHHbIE TeMU CBSI3HBIMH KOMIIOHEHTaMI MHOKecTBa Gj, B KayK IO 13
KOTODBIX HaflJeTcs TOuka 2z; Takas, 4to |f(z1) — ax| < c¢/4. MuoxectBa Gji
NONapHO He IepeceKaloTcsi mpH pas3HbX k (cM.[4], ¢.23).

Paccmorpim [4]

: o max{ln ]%{,45T (1—1—'——lfl,f)},ecm-xzeG-k,
Sk { 4T (1 —fl—(-gﬁz'l,f) ) ; ecan z ¢ G;-k.

[IpiMenss paccysJeHns, IpoBeeHHbIe IIPH IOKa3aTeJlbCTBe TeopeMbl 3 u3 [4], n
JTeMMy 3, TIOydaeM clemylolllee HEpaBeHCTBO :

v

R sinpja M ( 1)
S dith - (1— N.A N 1 2Rl -
K/{I—R T ,gu]k( o cost o 1 R’f’ e
J
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1
uiN (r oo,f ) cos i }R“J YdR < pje /T(l — R, f)R*™1dR. (11)

Wcnoas3ys mokaszarenscTBo demMsl 9 u3 [4] (A = pj) U JeMMy 1, IpuxXomM K cie-
IyiollleMy BapHaHTY JeMMBI O JIOrapu(hMITJecKoll IPOM3BOJHOM Ak MepoMophHOI
B eIHITYHOM Kpyre (yHKINN GeCKOHEYHOro HIKHErO HOPSIKa.

Jlemma 4. ITycms f(z2) — mepomopdras 6 edunuunom xpyze Pynxyus bec-
KoHeuno20 Huxcnezo nopadxa. Tozda dasn xaxcdozo € > 0 npu j > jo(€) evinoa-
HAEMNCA HEPABEHCTMEO :

7 £2)
k/ max_log™t ‘7(5

v,
max, R*dR < ep; /T(l —R,f)R*"'dR,  (12)
.

2de K;, V;, p; onpedesenst 6 nemme 1.

Ecan Bocnone3oBarbes coorHomrenmsmu (9), (11), (12), onpenenennem Bajn-
poHoBckoro nedekta A(0, f'), a Takke paccyxzerusmu u3 [4], To moxydnm

v

!

J

{ slnHJ Z u(l- R, 0)} R*~14R <

costi a

vj
( 2+¢ - (1= A(0, —g)cos,uja) /Ti(l — R, f)R“dR.
K;

[laree, paccysxas aHAJIOTMYHO KaK IIPH JIOKa3aTelbCTBe TeopeMsl 3 u3 [4] u Teo-
peMBl 1, IPHXOINM K yTBEPIKICHUIO T€OPEMBI 2.
9710 HCCIeOBaHIe YaCTUYHO HoanepkuBaercs rpaaTom INTAS-99-00089.
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HoBas Teopema Tima Mopepsl B e IUHITUHOM KpyTre

II. A. Mamapos

[Joneyxull zocydapcmeennvlii ynusepcumem, Yxpaura

ITonyueHo HOBOe yTOYHEHHE KIACCHUECKOH TeopeMH MOpEepH B €IHHUYHOM
Kpyre. IIHTerpaal paccMaTpHBAIOTCS IO TPaHUIAM CEKTOPOB, KOHTDY3HT-
HHX JaHHOMY.
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1. Beenenue

Pasiirgsbie yTOUHEHNsT KIacCHYecKoll TeopeMbl Mopephl HCCIeIOBAIICh BO
MHorux paborax (cm. [1]-[3]). Boubuwort mHTepec mpeicTaBiseT ciydail, Koraa
B KauecTBe KOHTYPOB 7, 10 KOTOPBEIM BeJeTcsl HHTerpUpOBaHNe, paCcCMaTPIUBAIOTCS
KpHBbIe, KOHI'Dy?HTHbIe JaHHOI (cM. [4]-([8]).

B mHacTosmIelt cTaThe H3y4YaeTcs BOIPOC O TOJOMOP(HOCTH HellpephslBHOII B D =
{z € C: |z| < 1} dysxmmm f ¢ paBHBIMM HyJI0 MHTerpaJaMi [0 I'PaHHIAM
KOHI'DY3HTHBIX CEKTOPOB.

ITycts 1S0O(2) — rpymma eBKIMIOBBIX ABMKeHMII miockoctu C,

S(r,a) = {z € C: |2] < r,|argz| < a/2} — cekrop pamiyca r U yIIOBOIl MephI
a(r>0,0< a<2r). Bciogy B naisHeleM IpenosaraeTcsi, 470 MHOXKECTBO
A(r,a) = {0 € ISO(2) : 0S(r,a) C D} He mycro. OCHOBHBIM pe3yIbTATOM
paboTh! ABISgETCA

Teopema 1.1. ITyems f € C(D) u

f(2)dz=0 Vo € A(r,a). (1.1)
3(oS(r,a))

Toz0a ecau 6binoaHeHO 00HO U3 Ycaosul

) A A arccos"g, s %;

2) arccos% <S5 T < 2cosa;
3) F<a<2ma#w r<l;

4) a=m, r<Z,

mo f zonomopgpra 6 D.
B xaxcdom u3 caedyowur cayvaes
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5) 0< a<arccoss, > %;

6) arccosi <a< &1 1.3 28080,
il E<axs, r > 1
8) =] r> %,
cywecmeyem nezonomoppras f € C*(D), ydosremsopaowasn (1.1).

OTmeriM, yTO B cIydae @ = 7 yTBepikIeHue TeopeMbl 1.1 GBLIO M3BeCTHO
panee (cM. [9]).

2. BcrmoMmorarenbHbIE yYTBEepIXKIOeHnud

Bciony B nansHelmieM Touka (z,y) € R? 0TOXIECTBISETCS C KOMILIEKCHBIM
ancaoM z = = + 1y = pe'?(p = |2|, -7 < ¢ < 7). Obosnawmm M, , — MHOXKECTBO
KOMILIEKCHO3HaUHBIX byHKImI f € C*°(D), 115 KoTOphIX

f(z,y)dzdy =0 Vo € A(r, ). (2.1)
oS(r,a)

Oycts Ky, = {z € C: XA < |z] < p}. Paccmorpum muddepenimaibabie
OMepaTophI:

D —cosgi—{-singi D —cosg 9 ing-(Z
1= "9 62 DOy Y TET ST B ¥ 2 0y

0 0 0 0 0? 0?
Di=(z-8)=—-(y-n7—, Dy=2—-y—, A=—+—.
3 (.'E €) ay (y 77) am 4 z ay yam’ azz + ayz
Jas mob6oro wncita w € C u MuOoxkectBa @ C C monoxumm Q +w = {z € C:
z—w € Q}. CmmBoxamu C, ¢y, ¢y, ... OyaeM 0603HaYaTh IOCTOSIHHbIE, B Pa3HBIX

CIyJasx, BooOlle roBOpsi, pa3HbIe.

JemMma 2.1. ITyemo f € M, . Tozda
1) sce wacmnvie npoussodnsie om f npunadaexncam M, o; f € M, o (wepma
03HANAETN KOMNAEKCHOE CONPAANCEHUE);
2) Daf € M o;
3) xaxcdoe caazaemoe pada Dypve f(pe'?) = Ezfn(p)ei"“’ DRI ICHY,
ne

doonpedenenroe 6 mouxe z = 0 no nHenpepviénocmu, npunadaexcum M; o;
4) 0as awbozo n € Z dynxyuu (f}(p) £ %fn(p))e‘(”*l)“’, doonpedeaennvie 6
mouxe z = 0 no nenpepvienocmu, npunadaexcam M; o;
5) [ f(2)dz=0 Vo€ A(r,a).
d(eS(r,a))
Hoxaszameavcmeo. Ilyctb o € A(r,a). Torma mx1a mocraTouHo MaJgoro ¢ > 0

[ f(zcosp — ysing; zsing + ycosp)dzdy = 0. Juddepermupys moryyeHHoe
oS(r,a)
PaBeHCTBO IO (@ W mojaras ¢ = 0, moxywnM yrBepikieHue 2). Jloka3aTeabCTBO

0CTaJBHBIX yTBEp K IeHHII 1006Hb aHAJIOTMIHEIM B [6].
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Jlemma 2.2. ITycmo 2y = £+ in € C, 23 = 21 + re™'%/2, z3 = 2 + rei@/?,
S=8(r,a)+ 2z u f € C3S). Tozda

| DsDiD3f(z, y)dzdy =
S

(D} — Di1f(z1) + [D} — rDiDs)f(2) + [rD1Dj — D3)f(25).  (2.2)
Jloxazameavcmeo. B uHTerpaie, cTosmeM ciaesa B (2.2), mepexommM K OBTOp-
HOMY HHTerpalty (31ech Heo6X0IUMO yuecTs, uto caydan 0 < a <t u 7w < a < 27
paccMaTpHBaloTCA OTAeNbHO). [lamee ncnomssys dopmyiy Heroroma-Jlefibmuma,
nocjie CTaHIapPTHBIX 3aMeH U IIPHBeIeHNs I0J06HBIX MOLydaeM MHTerpaJsl 110 pa-
miycaMm cektopa. Ilocle mx mMHTerpmpoBaHHs ¢ yderoM ompeneienus D; u Do,
Haxomm (2.2).
CanencrBue. ITyems f € M, o u S(r,a)+ 23 C D. Tozda

[D} - D}1f(21) + [D} = rD}Ds)f(22) + [rD1D} — D3] f(23) = 0. (2.3)

Joxasameabcmeo cienyer us (2.2) u yrBepxxaenuit 1), 2) semmsr 2.1.
s noKasaTeJbCTBa CIeAYIOLINX JeMM BBeJeM HeKOTOphle oGo3HaueHus. [lo-
JOKIM

Q(r,a)={z€C:S(r,a)- |z| C D},
Qy(r,@) = {z = (t + +7e*/?)e** : t € R, S(r, @) + t C D},
Q(r,@) = {z = (z1 + re */?)e* : 2y € C, 4 + S(r,a) C D},
Qr,a) = Q(r,a) U Qy(r, ).

Jlemma 2.3. ITyemo f(2) = fo(|2]) € M;o. Tozda 3 n € N maxoe, wmo
dynxyuu f,Af,...,A"f — aunetino 3asucumul 8 Q(r,a).

Hoxazameavcmso. Yn € N,Var € C, k= 0,...,n GyHKIHA

F(z) = F0(|z|) —- z": akAkf0(|z|) € Mr,a-
k=0

PaccmoTpiM
2

(1) = Folal) u(s) = = 52 = ayh(j=P)

rae h(|z|?) = 4¢"(|2]?), v(2) = Au(z) = zy[12h'(|2|?)+4|2|2h"(|2|?)]. [loacraBrss
noouepenHo B (2.3) BMecto f(2) dymkmm u(z) u v(z), mpu 27 = 71 € R nmoxyumm
BBIpaJKeHHs BHI

h(z) + 223 (2]) =

h(|22|*) + k'(|122]*) Pa(22) + h"(|22]?) Ps(22) + B""(|22]*) Pa(22), (2.4)
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12R'(z2) + 3622h"(22) + 8z A" (2?) = 12h/(|22|?)+
h"(|z2|?)[4]22]? + Pa(2)] + h"'(|2]?)[4] 22)* Pa(22) + 20 P3(z2)]+
WY (|25|%)[4] 22|2 Pa(z2) + 24 Py(z2)] + 4| 22| 2 Pa(z2)RY (| 22)?), (2.5)

rie Pj(z) — MHOrOWIeHb! CTEIIeHH He BBIIIE j.
YuureBas, 4To Ty = T3 4 rcos, u3 (2.4) u (2.5) monydaeM BhIpajKeHIe BILIA

0 = 24(2sina — 1)A'(|z2|?) + [(352sina + 24)z3 + Q1(z2)]A"(|22]?)+

Qa(z2)h"(|1221*) + Qe(z2)h (|22]*) + Q(z2)hY (|22]*)+
8(zs — rcos%)zg(zg — |22|?) Pa(z2)RY 1 (| z2]2), (2.6)

rie j(z) — MHOTOUJIEHBI CTelleHI! He BBILIE j.
[IpexmonoxinM Temeps, yro Vn € N dbymxkmm f,Af,...,A™f — xunelHO
HesaBuciMbl B Q(r,a). Ilycts 27 > 0 takoe, uro —z] + S(r,a) C D u (z3 -
o = * ¥ P ] -1 2
rcos$)a3Py(z3) # 0, rae z3 = Rez}, a 23 = —z} + pe~**/2. Torma cymectsyior
n€ Nuax € C, k =0,n, He Bce paBHble HyJII0, TAaKHe, 4YTO BEPHBI PaBEHCTBA

NI = gl =0, (2.7)
9(131%) = ¢'(I51*) = 0, (2.8)
h(z3%) =0, (2.9)
h(|231%) = h'(1251%) = B"(|23]) = A"(|23]%) =
KV (1251%) = RV (|25%) = 0. (2.10)

ITo TeopeMe eMIHCTBEHHOCTH I pemeHns 3anaun Komm, u3 (2.6), (2.10) cae-
ayer, uto h(|z|?) = 0 B Qa(r, @). oxcrasass B (2.4), yanrsBas (2.9), nonydaem
h(|z]?) = 08 (7, ), otkyna, yunrsiBas (2.7) u (2.8), noayyaem F = 08 Q(r, a),
YTO [POTIBOPEYNT JuHeltHol Hesasucumoctn f, Af,...,A"f B Q(r, a).

Creacrsue. ITycms 0 < a < %%, f(2) = fo(|z|) € Mrq. Tozda $ynxyuu
[ Af, ..., A" f — aunetino 3a6ucumbr 6 Q3(r, ).

Noxazameabcmeo. PaccmorpnM mocTpoeHHyw B aemme 2.3 pyHKImmo F(z) =
08 Q(r,a). Tak kak F(z) € M, 4, To 115 Hee BepHO (2.3). BriGepem 2z; TakmM
obpasom, utobsl F(z1) = F(23) = 0. ITockoasky F' = 0 B Q(r, ), U3 mosyueHHOro
b deperimaibHoro ypaBHenus, mmeeM F' = 0 B Q3(r, a).

Jdemma 2.4. ITyems F(z) = Fo(|2]) € M, o, u stinoaneno o0no u3 ycaosudi:

1) 0<ax arccos%, r< %, F =08 Q3(r,a);
2) arccost <a<3, r < 2cosa, F =0 6Q3(r,a);
8)okcaw2n;a# ¥, (Ur <] F=06Q(ra)

mozda F =0 6 D.
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Hoxazameascmeo. Caydalt § < a < %", r < 1 paccMaTpuBaTh He HYJKHO,
Tak Kak 31ech 3(r,a) = D

IIycts 2 € Cu §(z) = 5 +S(r,a)e‘°‘/2 C D. Ilockoxsky F(z) n %—I; €M, ,,
HMeeM

rsina 21+y/r2-y?

) Afes@R 0F(z,y) , _
0= / e dzdy—/dy / 52 ar =

S(21) 0 z1+yctga
rsina
[ [FGu+ /2 = 4) = Fa + yetgen)dy
0
YuursiBas, yto ayra cekropa {z € C: |z — 2| = r,0 < (z — z1) < o} Aexur B
obxactu HyJeil F', norygaem

rsina

/ F(z, + yctga,y)dy = 0, (2.11)
0

| F@dz =

L(z1)

sina

rae L(z;) — OTpe3ok, COeIMHSIONNNT 21 U 21 + re'e,

Jlanee paccMoTpuM oTaenpHO caydan 0 < a < § 12 <a<2r,a#m.

Ipu 0 < a < 5 m3 (2.11), moxaras F(z) = 0 npn |z| > 1, noxygaem, uTo
npeobpasosanue Pagona dbyrakmm F (cM., Hanpimep, [10]) paBHO HylIio Ha Bcex
npsambix. Otciona F =08 D (cm. [10]).

IIycts 332 < a < 2r, o # w Yuurssasg, uro F = 0 B Q(r, ), u3 (2.11),

noxydaem, uro 3¢ > 0 : F(z) = 0;

V1-z2

/ F(J22 + y?)dy =0 Vz € (0,¢).

0

13 nocrensero pasencrsa 1pn z € (0, 5), meem

/ Ft)\/____ }:[2’2"2:)" / tgz)dt} =0.

2 / 2
e LS 2+‘_
Té+ 1 4 1

1
Orcroma [ %(f;ldt =0 Vk € Z,, cregoBareasro, F' =0 D.

2
v OO -y
1:+4

Jlemma 2.5. ITycms f(z) € C(D) ydosaemsopaem (2.1) u evinoaneno 00no
u3 ycaosuu:

1) 0<a<arccos§, Y %,‘

2) (11"ccos5 <af3 r < 2cosa;

3) %<ag2r, a#nr<l
Tozoa f = 0 e D.

‘_—_..—.—.-—ﬁ—-—@
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Joxasameavcmeo. IIprMeHss cTaHIapTHBIN Ipoliecc craaxusanus (cum. [10]),
BIINM, 4TO JeMMy 2.5 HOCTaTO4HO NoKa3ath mig f € M,,. Ilo memme 2.1,
fa(p)e™® € M, o Vn € Z. Tlycts n = 0. U3 xemm 2.3, 2.4 caenyer, uro Im € N

L aan m
11 neryesoft Habop ax € C,k = 0, m Taxoft, uro Y. arA¥ fo(|z|) = 0 B D. Iycts
k=0

m
bi,...,bm — KopHH MHOrOWTeHa p(2) = Y. aj2z*. OGo3mawM
k=0

ﬁ(A — bk)

k=3

9i(2) = gi(l2]) = fo(lzl), 7 =2,m.

Oyukmus gz(z) € M, o u ynosierBopser B D muddepeHunaisHoMy ypaBHEHHIO
Agy — bygs = 0. Ero obiee peureHne mmeer BT

g2(|2]) = CrJo(V=b1|2]) + CaNo(vV/=b1|2]), mpu by #0

92(|z|]) = C3 + Cqln|z|, mpu b, =0.

ITockoabKy g, HernpephiBHa B z = 0, mmeeM Cy = Cy = 0. & = Jo(v/—b1]z]) —
BellleCTBEHHO- aHAINTIYeCKas, [I0aToMy 1is Hee u3 (2.1) ciexyer

[ C19(z,y)dzdy=0 Vo € 1SO(2).
aS(r,a)

Tak Kak ceKTop siBIsieTcs MHOkecTBoM Ilommefnio B R? (cm. [11]), mveem C; = 0.
I3 (2.1) Takxke caenyer C3 = 0, otkyzna g = 0B D.

Paccyxmas mocienoBaTelbHO TaKHM ke caMmbiM obpasoM mias gs(|z]),...,
gm(|21), fo(|z|), momysaem fo B D.

JlokaxxeMm Tereps mHAyKImel mo n = 1,2,..., uro f_,(p) = 0 8 D. Ilycrs
n = 1. W3 yrBepxnerus 4) aemmsl 2.1 cirenyer, 4ro (f’_l(p) + %f_l(p) € M, .
ITo mokasanHoMy Bbue, f’,(p) + %f_.l (p) = 0 B D, crexoBatensHo, f_1(p) = %—
8 D. Tak kak f_1(p) € C(D), 10 C = 0, 3Haunt f_;(p) =038 D.

[IpeanonosxuM, 4YTO yTBep KIeHIle BepHO PN HEKoTopoM n > 1, IOKa-
#em ero mas n + 1. Ilo memve 2.1, mmeeMm f_,_;(p)e "tV ¢ M,, u
(f’_n_l(p) + ﬁp’—lf_n..l(p)) "™ € M,,. Ilo NHIYKTUBHOMY IIpeZIION0XKEeHUIO
of n1(p) = —(n+1)fon1(p), oTRyTa fon1(p) = Cp~""} 3D 1 C = 0. Hrax,
Vn € N f_.(p) = 0 8 D. I3 yrBepskaeHus 1) memmsl 2.1 cilexyeT, 4TO 3TO Xe
BepHO Ipu Beex weablx n # 0. Takim obpasom, f = 0 B D.

3. Joka3aTeJbCTBO OCHOBHOIO pe3yJbTaTa

Joxasameavcmeo Teopems 1.1.

IIycrs BhIMONHEHO OMHO U3 ycioBiil 1) — 3) Teopemsl. He orpammumBas obm-
HocTH, MoskHO cuntath f € C1(D) (obmmi ciryqall cienyer OTCio1a IpIMeHeHreM
CTaHJapTHOrO mpolecca criaaxusaHus). Torma 3 dopmyas! I'puna cienyer, uro
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inito %% mMeeT Mecto (2.1). Orcroza u3 aemmel 2.5 moaydaem %% = 0, 9TO O3Hayaer
roxoMopdHocTh f B D.

IIycts BEIMONHEHO OXHO M3 ycaoBmT 5) — 7). Toraa HoCTaTOYHO MOKA3aTh, YTO
cyurectByeT HeHyJIeBas f € C°(D). Umeem mBe curyarmm
1) 3¢ > 0: VYo € A(r,a) B, C 0S(r,a). Torga B kauectBe f(2) cremyer B3sTh
Takyw, yto [ f(z)dz =0, f(z) = 0 mpm |2| > €.
B,
2) B ocrampHBIX cay4asx BbiOmpaeMm Takywo f(z) = f(|z]), 406 f = 0 B

Q3(r,a) = K5, n npeobpasosarne Pagona Rs(p) =0mpu 0 < p <4/1— 2 U He

4
PaBHO HyJI0 Iipu /1 — % <p<é.
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On the Cauchy Transform of Weighted Bergman Spaces

S. Merenkov
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The problem of describing the range of a Bergman space B2(G) under the
Cauchy transform K for a Jordan domain G was solved by Napalkov (Jr)
and Yulmukhametov. It turned out that K(B3(G)) = B3(CG) if and only
if G is a quasidisk; here B}(CG) is a Dirichlet space of the complement
of G. The description of K(B3(G)) for an integrable Jordan domain is
given by the author earlier. In the present paper we give a description of
K(B2(G,w)) for a weighted Bergman space B2(G,w) with a weight w which
is constant on level lines of the Green function of G. In case G = D, the unit
disk, and under some additional conditions on the weight w, K(B2(D,w)) =
B}(CD,w™1), a weighted analogy of a Dirichlet space.

1991 Mathematics Subject Classification 30H05.

1. Introduction

Let G be a bounded domain in the complex plane C whose boundary is a
rectifiable Jordan curve and let ¢ be a conformal map of the unit disk D onto G.
Let w(t) be a positive measurable function on (0, 1] that is called a weight. We
consider weights w for which the integral

J [ = (D) dmaz) (1)

converges, where 1 is the inverse function of ¢ and dm; is the Lebesgue area
measure.
Introduce a weighted Bergman space:

By(G,w) = {9(2) € Hol(G), |lglls, =

(//G l9(2)w(1 - |¢(z)|)dm2(z))% < oo}.

Consider the weighted Cauchy transform K of functions from the space

By (G,w):

(Kg)(¢) = %//G g(z)w(;__cw(z)l) dmy(z), (€ CG, g€ By(G,w), (1.2)
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where CG means the complement of G. The integrability of g(z)w(1 — |¢(2)|)
follows from the convergence of (1.1).

The problem of describing the range of By(G,w) under the Cauchy transform
for w = 1 and different domains was studied in [5], [6] and in the work
V.V. Napalkov, R.S. Yulmukhametov. A criterion of surjectivity of Cauchy
transform operator on a Bergman space which will printed in Entire Functions in
Modern Analysis, Isr. Math. Conf. Proc.. In the present paper we are concerned
with studying the same question for weighted spaces. The main result of the
paper is a theorem describing the range in terms of spaces W,,(0,27) which are
introduced in §2. The method of proof of the main theorem is similar to the one
in [5], but here we use the approximation of functions insted of the domain G
when describing K (By(G,w)).

2. More Spaces

To state the theorem of this paper we need to introduce some more spaces,
but first we give an example.

(o]
Example. Let g € By(D,w), g(2) = Y axz*F. Taking as a conformal map of
0
o0
D onto itself ¢(z) = z we can easily calculate the norm ||g||p, = (7 Y |ak|?wk)'/?,
0

1
where {wy = 2 [ r?**1w(1 —r) dr}y° which is a positive decreasing sequence. Also
0

we can compute the Cauchy transform Kg:

(Kg)(¢) = // g(z |2| Z ——:— where by = —Gr_1wk_1.
1

So K is an isometry between By(D,w) and the space

(] N £e ™ S5 % b_k =7 e |bk|2 %
BY(CBw) = {1(0) € Bo(CD), 5(0) = 2 ks Iy = (L o) < oo}

Now we introduce the spaces W, (0,2x) and W,(0,2r):

W,(0,27) = { f(e®®) € L}(0,27), f(e®) ~ fj e

k=—00

( Z L= [” ) } (2.1)

k=1 “k-1
Let {G,}{° be a sequence of domains approximating the domain G from the
= o0
inside, thatis a) G, C Gn41 C G, n € N;b) | Gr, = G. We say that a function
n=1

~v(¢) analytic in CG belongs to W,,(0, 2r) if for some sequence of domains {Gr}{°
approximating the domain G from the inside there exists a sequence of functions
{71n}5° satisfying the following conditions:
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(1) 7, is analytic in CGp;
(2) 7n converges to 4 uniformly on every compact K C CG;

(3) sup p(yn © ) < 00, where o means composition.
n

The space W,(0,27) is a kind of closure of the system of functions v analytic
in CG with v o ¢ € W,(0,27), but the closure is in the topology of uniform
convergence on compact sets of CG.

In order to prove the theorem of this paper we need to impose an additional
condition on the weight w. Let P;(G,w) be the closure of all analytic polynomials
in B3(G,w). Throughout the paper we assume that w is chosen in such a way
that

PQ(G,w) = Bz(G,w). (22)

In connection with (2.2) see, for example, [1], [2], [7]. One condition that
guarantees that w satisfies (2.2) is (see [7])

tlogl/w(t) T +o0, as t]O0,
[ loglog 1/w(t)dt = oo.
0

3. The Main Theorem

Theorem. Let G be a bounded domain in C whose boundary is a rectifiable
Jordan curve, and let w(t) be a positive measurable function on (0,1] such that
integral (1.1) converges and condition (2.2) is satisfied. Then a function vy
analytic in CG belongs to K(By(G,w)) if and only if v € W, (0,27), i.e.

K(By(G,w)) = W,(0,2r).

Proof. Suppose that v € W,,(0,27). This means that there exists a sequence
of domains {G,}{° approximating the domain G from the inside and a sequence
of functions {7,}{° with

(1) 9, analytic in ) (Al
(2) 4n — 7 uniformly on every compact set K C CG;

(3) sup p(yn © ¢) < o0, where p is from (2.1).
n

For every n € N consider the linear functional F, on functions A € Hol(G)
given by

Fa(h) = 5 [ m(Oh(E)de. (3.1)
G
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We are going to prove that F, is a bounded linear functional in the norm of
the space By(G,w).
If we make the change of variables £ = ¢(e?) in the integral in (3.1) we get

2m
57 [ (PN do.
0

Since the boundary 8 G is a rectifiable curve, the function h(¢(e?))@j(e*) is
the restriction of the function h;(z)zi on the unit circumference, where hy(2) =
h(¢(2))¢'(2) [3, p- 405]. Thus, the last integral is equal to

2m
1 . e
—5- [ m(e(e)ha(e?)eds.
0

The operator ® : h — h; is an isometry between the spaces By(G,w) and
B3(D,w), that is

lIP1llB, = [|Al|5,- (32)

. o) " (o}
Let 1m(e(e) v 5 e, h(z) = 32 o, then
=00 =0

o [ (MO dE =~ 3 Eunyon

8G ¥=0

Applying the Cauchy-Schwarz inequality we get

i < (3 N (zwkw) = —p(mo@)lblles, (33

where we used (3.2).

Since polynomials are dense in By(G,w) the functional F, is uniquely
extended to a bounded linear functional, which we also call F,, on B3(G,w)
with [|Fal| < 70(7n 0 ).

The space By(G,w) is a Hilbert space, hence for every n € N there exists a
function g, € By(G,w), such that

Fa(b) = 5 [ [ B3 = [9(2)) dma(2).
Moreover,

llgnllB, = lIFnl|. (34)

From (3.3), (3.4), condition (3) for the sequence {7,}{° and applying the Banach-
Alaoglu theorem we conclude that there exists a bounded linear functional F on
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By(G,w) such that some subsequence {F,)}32; of {F,}32; converges to F in
the weak-star topology. Let g € By(G,w) be a function such that

F(h) = % / [ h(2)gGho(1 - [9(2))dma(z), b € By(G,w)

and ||g||B, = ||F||. Computing the value of F,, at h(z) = 1/(z - (), ¢ € CG we

get geeT
(@) = Fa(725) = 1 [ [ 281 - piaima).

z

Letting n = n(k) tend to infinity and using condition (2) for the sequence {7,}{°
reveals that

0=1 [[ =B, cecT,

ie. 7(¢) = (Kg)({).
To prove the converse, take any function v € K(B;(G,w)), i.e., by (1.2),

C) = %// g(z)w(zl:cld’(z)l)dmz(z), Ce C@,

g € By(G,w). We shall now prove that 4 belongs to W,,(0, 27).
For any n € N consider a function a, such that

(1) oy is continuous on [0,1], 0 < an(t) < 1;

(2) an(t) =0, t€[0,1/n]; an(t) =1, t € [2/n,1].

() = %//('; g(Z)W(Zl:CW(Z)I)an(l — |¥(2)]) dma(2). (3.5)

First, it is evident that if we take G, = {z € G : [¢¥(2)| < 1 —1/n} then 7, is
analytic in CG,. Next we prove that 7, — v uniformly on a compact K C CG.

[ (1 =90,

Set

Iy (¢) - %(C)I— an(1 - [$(2)])) dma(z)| <

K gz /G (1 - ea(1 = [$(2)])Y(1 - w(z)ndmz(z))%,

where the constant Cx depends on the compact set K. The last integral, after
changing variables, becomes

// ¢/ ()1 = |2 dmaf2).
1-2/n<|z|<1

Hence sup |7(¢) — 72(¢)] = 0 as n — oo.
.
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Finally, it remains to prove that sup p(y, © ¢) < 400, where 7, is defined
: 00 .
by (3.5). For f € L'(OD), f(e"®) ~ Y. fre’*® the corresponding Cauchy type
-0
integral
o L 5G) =
F(¢) = 27”,34 dt, (eCD

has the Taylor expansion F({) = § f-k/C¢*, ¢ € CD. With this in mind,
k=1
consider

Ful) = / #L L ‘P(t)dt ¢ e CD. (3.6)

27rz

If we substitute (3.5) in (3.6), using ( = ¢(t), t € D, change the order of
integration, and compute the inner integral, we get

s 3 T T RN
B0 = [ [ G awtaynt ~ ) dmal).

Make the change of variable w = 9(2) to obtain

Fa(0) = // g(cp(w))cp’(w)w(l |w|)an(1 P |w|) dm2(w) =

<k+1 [ TNl — w1 - ful) dma(w).

As was noted above, g(¢(2))¢'(z) € B2(D,w). Let g(p(2))¥'(2) = § a;zl.
k=0
o) 1
Then F,(¢) = Y b7/¢*, where b} = @x_12 [ r2*"1(anw)(1 — 7) dr. We need to
= 0

00
check that sup(m ) |b’,§|2/wk_1)% < 0o. Since 0 < oy L1,
n k=!

b 2
@ < |ak—1]*wk-1.

Wi—-1
Hence
= Nk =0\
sup (7r D w: ) < (” 0 |ak|2wk) = |lgllB.-
k=1 -1 k=0

Thus the theorem is proved.
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4. Description of W, (0,27)

Let f € L'(AD), that is f(e®) € L'(0,2r), f(e?®) ~ §°j fre*?. The

Cauchy-type integral F corresponding to f is F({) = — Z: f_k/ C" ¢ € CD. We
prove that under some condition on the weight w, f € Ww(O 27) if and only if
F € B}(CD,w™1), where

BY(CB,w™) = {f(o € Hol(CD), F(co) =0,

171 = (/ [ 17O dngl)d))%}

Proposition. Assume that w satisfies the following condition:

1 1
sup{(k + 1)2/r2k+1w(1 - ) dr/rzk“L} < C <00, (4.1)
k . J w(l-r)

Then f € W,(0,27) if and only if F € B}(CD,w™).

Proof. First we show that

1 1
dr

- 2 [ 264101 _ 2k+1 >

ngf{(k +1) O/T w(l-r) dro/r T r)} > ¢, (4.2)

where c is some positive constant:

y 1 ! Gt 1 d
10 2k+1 P B 2k+1 :
11 (0/1' dr) _0/1' w(l r)dro/r W

which is (4.2) with ¢ = 1/4. Now we are ready to prove the proposition.

PP im0 = 7 i
//_l (C)Iz —1/1<D 2”2k2|f-k| / 2k+1w(1 1/7‘)—

k=1

kld 0
2w2k2|f.12£ 4 2

where @ < b means that there exist two positive constants m, M such that
ma < b < Ma; here we used (4.1), (4.2). This proves the proposition.
Remark. The condition (4.1) is similar to the Mackenhaupt condition [4,

p. 254)].
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