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Paccmorpiv MHOkecTBO Hoy, YHKIINT aHAINTIYECKHIX B eIUHITYHOM Kpyre
D = {z€C, |z| < 1} c HopMmoi

1 flles = sup | f(2)];
z€D

&)=Y at VaeD, Sif)=3 s
k=0 k=0

Eme B 1916 roay Jlanaay BBEIYHCIIT HOPMY OllepaTopa YaCTHBIX CyMM psga Terr-
Jopa sl GYHKIMIT aHAJNTIUECKUX B €IITHITUHOM KpyTe:

213 (2m-1)\? "1
su Shy b, =gy Gy= ( ) ~ —Inn.
||f||°°p51 I1Sn (Ol kg W™ -

C.B. Creuxus [4] peumur 3a1a4y 06 acCIMITOTIKEe NPUOIIKEHIS YaCTHBIMU CyM-
mamu psana Tefurtopa mrs kracca B(Y) ¢ynkmmnt aHaIiTHUecknx B Kpyre I yiao-
Baeropsonnix ycaosmio ||| < 1, rme f() — r—sg npomssomnas byHkmm

| i
SABGRIT
legl()r) If = Sn(lee = T (n+1) dC <(n s 1)T> '

IMycrs {¢(k)}$° — nocienoBaTeqbHOCTh KOMIUIEKCHBIX UIICe] TaKas, YTO

lim ¥(k)=0, w(k)#0, YkeN.

k—oo
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O6osnaumv uepes HY kracc byrkmmit u3 Hyo, 1158 KOTOPBIX Pl

(e}

azk:wz
Zw(k)k ¥(z)

apisiercst pstom Teittopa dyrkmm f¥ (1 - npomssomsas”) u || f¥|eo < 1. Brep-
Bble ToM06HEIT Ki1acc 6b11 BBeneH Illefikom (Scheick) B paGore [3].
Bynem ucnonb3oBath caenywoue o603HaueHN:

E.(f)so — Hamryuuee mpubiamkerne GbyHKII [ ajrebpairdecKIMII TOJITHO-
MaMII CTeTIeHII He BBIlle 7.

V(o f vraisup |¢(u)|dt, rae ¢ — nOKaJBbHO aBCOJIOTHO HellpepbiBHA Ha
u>t
[a, 00),
c b
V2(9) = [ vraisup |6/ (wldi + [ vraisup.gucdd ()l
c2u>t 7 i
a (o]

Iie ¢ = 9_-2Lb I ¢ — abBCOIIOTHO HellpephIBHA Ha [a, b].

Yenosue V.2 (¢) < oo mast yHKINI ¢ IIpeAcTaBIseT coboit 6otee craboe orpa-
HIYEHIIe, YeM BBHIMYKJIOCTh ¢ Ha [a,00), HO Gojlee CILIBHOE, YeM OrpaHIrdeHHOCTh
H3MeHeHUs ¢ Ha [a, 00).

C — abcomoTHAS TONOKITETbHAS KOHCTAHTA, BO3MOYKHO pPa3Has B Pa3IMYHbIX
YacTAX paboThl.

Teopema 1. ITycms n € N, 9 : (0,+00) — C aoxaavno abcoaromno nenpe-
puiena Ha [n+ 1, 00), xli__ngo P(z) =0 u (k) #0,Vk €N, a V., (¥) < oo.

Tozda

IS = Salllee _ 8 o = |w(k + n)| ;
f:fswuellloo En(fw)oo " fs;;?go 1f = 5n(f) T zz: n+l( ')

2de |0] < C, a dpobu euda g NPUNUCLLEAEM HYAEB0E 3HAYEHUE.
3ameuanue. Qopmyaa 6 meopeme 1 A6AAEMCA ACUMNMOMUNECKOU €CAU,
nanpumep, Re, Im ¢ svinyxae na [n+ 1,00) u

et Dl _
P 4 (p)]

O1meriv, uTO B HelaBHell paGore [2] MMeercsi HeKas OUEHKA CBepXy IIPH I0-
TIOJHIITEIBHBIX yCIOBISAX Ha POCT (PYHKIIII .

Cuenyomas TeopeMa yKa3blBaeT aClIMIITOTHKY MPUOJIIIKEHIs aHAJIITIYeCKIIX
dbynkmuit kracca HY, cpefHIMI JOCTATOUHO OBIIEro BILIA.

Teopema 2. (npubauocenue ¢-cpednumu). Ilycme n € N, ¢ ydosaemeo-
paem ycaosuam meopemul 1. dymnxyus ¢ : [0,1] — C, ¢ — abcoaromno ne-
npepwiena na [0,1], #(0) =1, ¢(1) =0 u V3 ((1 = o(-))¢¥((n + 1)) < oc.
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Tozda ot
k
sup su 2= A =
l’f|(1—¢(1—ﬁ))w(n+1—k)—¢(k+n+1)l+
7rk=l »

V() + 05 (1= 6()¥(n+1))), (6 <C, i=1,2).

Teopema 3. (Hepasencmeo muna Beprnwmetina d0as Y-npouseodnoti ana-
aumuveckur noaunomos.) Iyemv n € N, ¢ : (0,00) — C abcoarommno ne-
npepviena na [1,n] u ¥(k) # 0, Vk € {1,2...n}, Re —1117, Im% 6bINYKAbL 66€PT U
so3pacmaiom Ha [1,n].

Toz0a
S k
sup | . -7makz
sup ZED1E=1 (k) e g 1
{o im0 ssupd S apak |%(n)]
z€D |k=0

(dsycmoponee nepasencmeo ¢ ABCOAINMHBIMU NOAOACUNEALHBLMU KOHCMAH-
mamu,).

OBpatinics K BOIPOCY O HAILTydlneM Mpubamxerin GpyHKIm kracca HY mo-
JIHOMaMII CTeIleHII He Bblmle n. [Ipi ycJOBIN BBIIYKJIOCTH % 3TOT BOIPOC ObLI
pemer B ctathe [3]. (Ha camoMm zene, B pabote [3] mpeamonaraercs moxoxKiuTelb-
HOCTb HEKOTODBIX ITHTETPAJbHBIX CyMM, UTO SIBIsSeTcs Oojee CIabbIM yCJIOBIEM,
yeM BBITYK.I0cTh.) IloapobHbIT 0630p mo 3Toll mpobieMe, a Takxke 0BOOIIeHIe
pesyabraToB pabots! (3], cm. B [1].

Teopema 4. [Tycmb n € N, pynxyua ¥ ydosaemsopaem Yycaosuam meo-
pemol 1. Ecau x momy oce Re ¥, Im ¢ evinyxant na [n+ 1,00), mo

—_— En - = :
R B (9o B EnlF o [

Teopema 5. Pesyabmameol, anaaozuunbie meopemam 1-4, ocmaromes
cnpasedauebimu npu 3amene mempuxu Lo, na mempuxy L.

B aroit pabote 6yayT mpIBeeHB! JOKa3aTeabCTBa TeopeM 1,2 n 5, foKa3artemrs-
CTBa OCTAJbHBIX TEOPEM aBTOP IIpelrofaraeT H3JI0XKUTh B IPYTOIl CTaThe.

JloKa3aTeqbCTBO BCEX TeopeM IIPOBOAUTHCS METOIOM MyJIbTUIINKATOPOB, pa3-
BUTHIM B padorax [6], [8]. Jus 1oka3aTeabcTBa MOHALOBSTCS IBE JTE€MMBI.

Jlemma 1. ITycms g : R — C ecmb dynxyus ozpanuvennoll sapuayuu na
R ulimg(z) = 0 npu |z| — oc. Tozda Ve > 0, Vp € [1,+00), 30 € (-1,1):

T & p
(/ Z g(ek)e™**| dz

k=-—00
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P
Vorer / |g(z)|Pdz | + 47OV (9).

(

Cm. crenctBue 2 B [7], mokasaHHOe, 0 cyTH, paHee nHaue 9.C. BeamHckuM, kak
oTMedeHO B [7].
JlemmMma 2.

L ITyems f aoxaavro abconomno nenpepbisna na [0,00) u pasna nyaio ene,
lim f(z) = 0 npuz — oo u V§°(f) < oo. Toz0a

WeR\{0) fo)=-2f (5) +0Fw)

20e F ydosaemeopaem ycaoeuio
o0
[ IFoie< =), 1e1<c.
—o0

II. ITyems f abcoaromno nenpepviena na [a,b] u pasna nyawo ene [a,b], c =
(a+b)/2 u VX(f) < 0o. Toz0a

bk [_bfa’b:ra] f(y):é[f(b—ﬁ) s

AT

20e F ydosaemeopsem ycaoeuio

[F)ldt < 72(f), 18 <C.
|tl>b—u
Cum. [6, Teopema 5].

Joxasameavcmeo meopemur 1. IIpoBepnm cHayala, 4TO HepaBeHCTBa || f —
Sa(llce € PE(f¥)oo 1 ||f = Sn(f)lloo £ P||f¥||oo, Tie KOHCTaHT2 P He 3aBHCHT

or f, skBuBaJeHTHBbI. J[lis 3TOro H0CTaTO4HO yuecTh, 4T0 En(f)oo < ||flleo 1
Sn(f = Tn) = Sn(f) — Ty. CremoBatensHO, JOKa3aTeIbCTBO TEOPEMbl CBOIUTCA K

HaXOJXKJEHITI0 HallMeHbIIell KOHCTaHThl P B HepaBeHCTBe

Hf 5™ Sn(f)”oo S P“fw”ooy

KOTOpOe [IOKHO BBIONHATBCS AIS BCeX (yHKmmit f, Takux uto f¥ € Hoo
JlaHHBIIT OllepaTop, OIpeaelseMblil OCaeI0BATENBHOCTBI0 { Ak }:

A =0, 1<k<n, /\k=¢(k), k>n+1,
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JefICTByeT Ha KJacce aHAJNTHYeCKHX (yHkiml, mis kortopsix f(0) = 0 (re.
¢bynxmmnt co cnektpoM B (0, +00) ).

JlJ1s. BBIYIICJIEHIISE HOPMBI 3TOT'O OIlepaTOpa-MyJIbTHILIHKATOPA IIPOIOJIKIIM €ro
Ha Bcé R ¢ coxpaHennem HopMbl. Kak m3BecTHO, cM., Hamp., [5, Teopema 2], Ta-
Koe IIpoJoJkeHIle cymecTByeT. OG03HAUIM ITOC/Ie I0BATENBbHOCTD, OIIPeaeSIOLLY 10
3TOT OIIepPaTop, Yepes {X k}- JL7s OlleHKH CBepXy HOPMBI MYJIbTUILINKATOPA MOAKHO
BHIOpaTh JM1000€ MIPONOIKEHHE.

ITycTs mpozoJKeHNe OIpenensieTcs CIeAyIolell IOCaeI0BaTeNAbHOCTBIO { ik }:

pe=0, |kl<n+1,
ik = B(H), K € (=00, ~2m = 2] U[n + 1, +00)
k
it (—+ Tt 1) w(lk), k€ [-2n~2 —n— 1]

Ouesnno, uto ||{Ae}]] < [{ux}||- Ho bopmyre Hams (cu., Hanp., [9])

I!{uk}ll— - Z Hkek e

k=—o00

s atk — €

[TpmmensieM gemMy 1, mosaras € = =it

A, D
g(z)=0 mpu ze€(-1,1),
9(z)=9((n+1)z]) mpu =z € (—o00,-2]U[1,+00),
9(z) = (lz| = 1)¢((n + 1)|z|) mpu z € [-2,-1].
3amceiBaeM

m(n+1)

1 ;
il / §()|dy + 0.V, (%).
\/2—7‘_ ( |g(y)l y+ 1 +l(¢)

—m(n+1)

ug

400
el = 5= [
k=

Z g(k_e)eikt

Teneps npivensiem gemmy 2(I), yuntsiBas yciaoBus Ha .
Nmeem, Vy # 0

2 (o]
Varg(y) = / (¢ = 1)¢((n+ 1)z)eVdz + / Y((n+ 1)z)e "V dz+

/ ¥((n + 1)z)eVdz = / (z — 2)%((n + 1)z)e™Vdz—

;e"y , ((n+ 1) (1 + 21y1)> —eww ((n+ 1) (1 AT ‘>) +@1(y) =
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/2 (z — 2)y((n+ 1)z)e¥dz — 25Lny¢ <(n +1) (1 + ‘2l——l>) + @1(y),

raoe
400
[ 1By < ez ).

Hcronp3yst HepaBeHCTBO

sup [9(z)l = sup lim [4(z) - ()| S VP(9) < VR(¥) (1)

alzr<oo a<z<oo

1L T0, 4T0 siny = by mpu |y| < 7 (|6;] < 1), mmeem

[9(y)| < CV3,(¥) mas Beex |y| < .

[Toatomy
1 - m(n+1)
== | [ BWlay+ [ lawldy | + 673, 0).
2
1y —m(n+1) ™

IIpu |y| > 7 k unTerpaxy

/ (z - 2)((n + 1)z)e™dz

MOJKHO IIPIIMEHIITh BTOPO€E yTBEp:KIEHIe JeMMbI 2.

H\N

(@ = 90((n + Ve =~ (1) (2- 70 ) e

; <%yl - 1) ¥ <(n +1) (1 - m)) e + @y(y),

rie ®, ynosierBopsier ycaomio

[ 1#:wldy < CVu().

[y[>m

Orcrona monyuaem, uro

Varaw) =~ ((n+ 1) (14 57 ) + 8400)

roe

[ 1#awldy < CT(9)

ly[>m
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s Beex Y, |y| > w. 3Hauur, nmeem

m(n+1)

n+1)(1+4+ 3= L
[PATEERY B ida sk LWAVR XN

™

Jlenas 3aMeHy IepeMeHHbIX B HHTerpaJe, IIPIXOANM K BhIPayKeHITIo

M e 17 ()]
S YL dt+04 o_?_l(d;):; / dt+o5 n+1(¢)

n+3/2 nt1

OcraJjJoch TOJBKO HepeI'ITII OT HHTerpaJia K CyMMe, HCIIOJb3ys1 OUYEeBHJIHOE HeEDpaBeH-

CTBO
(o¢]

[ @z -3 o(k)

0 k=1

< V(9), (2)

II IOJIYYNM TpeDyeMylo OLIEHKY CBepXy.
Ilepeiizem k ouenke cumsy HopMsl ||{Az}||. PaccMorpmv omepatop-MyabTim-
amkatop {7 }1% :
=0, k¢l0,2n+2]

Tk=2—% k€ [n+1,2n+ 2],
k
LV Sovng k€ [0,n+1],

I{me}l = 1.

Torma mias omepaTopa Vi = Tk - Ak IIMeeM

v = 1€k - X< I I = I3

Takiv o6pa3oM, AIs IOKa3aTelbCTBA OLEHKII CHI3Y JTOCTATOYHO OLEHHTh HOPMY
MyJIbTHILIHKAaTOpa {Vk }

ve=0, k¢[n+1,2n+2], Vk:(2—;lTI:_—]_->¢(k)’ ke€[n+1,2n+ 2]

ITo dpopmyne Hans ona paBHa

Z Vkex

k=—00

i) IS
[Tpumensiem gemmy 1, nmosaras € = o P=1lm

g(z) =0, =¢[L,2], g(z)=(2-2)Y((n+ 1), ze€lL,2],
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roJydaeMm
m(n+1)

meps ;
Iadl=—= [ By + 66V (v),
—m(n+1)

2
Varg(y) = [ (2~ 2)b((n + 1)2)eda.

IIpu |y| > © npumensiem aemmy 2(1I), mveem

B e 5

2[yly  2[y]

% (1 ~ -Q-I%l) ¥ ((n +1) (1 + ﬁ)) e + By(y),

rae ¢4 yIOBIeTBOPSIET YCIOBIIO
[ 124wldy < cVz,(w).
ly| 2=

A mpn |y| < 7, ncnoas3yst HepaBeHcTBO (1), BHIBOMIM UTO

19()| < CV21(¥).
Or1cwoma gemaeM BBIBOI, YTO

m(n+1) +1)|

m(n . 1M1 3
== [ Gwiy=L [ O,

Y

V2r

—m(n+1)

B mmrerpane neraem 3aMeHy nepeMeHHBIX t = (n + 1) (1 + 5";) U TIOJIy4JaeM

: 3/2(n+1) |1/)(t)] ) 2n+1|¢(t)|
: | Seeretmw = [ Elareimw).
n+3/2 n+1

(2 = 2)¢((n + 1)z)e *¥dz = _im_ ((n +1) (2 m )) ei2y_

y+ b7 ~n°-<{>-1(¢)'

,IIJIH 3aBE€pIIEHIIsI OJOKa3aTeJbCTBa OLIEHKII CHII3Y CilenyeT IIGPEI.ITH K CyMMe IIpl

nomoum HepaBeHcTBa (2). Teopema 1 nokasana.

oxazameabcmeo meopemsl 2. JI0Ka3aTeqbCTBO AHAJIOIHYHO JOKA3aTeIbCTBY
Teopembl 1. 31ech IMeeM JeJIO C OIIepaTopoM, AefICTBYIOIMM Ha KJIacce aHaJINTH-
gecknx ¢yHkmmI, nug kotopsix f(0) = 0, 11 onpesensieMblM cienyioulell mMoceIo-

BaTeJbHOCTHIO

/\k=(1—¢>( : ))w(k), Qoerk- MY, \\ et ere el

7
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Jlnst oueHKI cBepXy BHIGHpaeTCs MPOAONXKEHHe, Olpe/IeJsiolieecs ITOCaeI0BaTe b
HOCTBIO {fk} :

pk = Y(|kl), |kl €[0,2n+2],

pe=(1- ) (1-6 (B5)) vk, ket-n-10,

we=(1-9(2)) ¥4, kelon+1,

k
B (nl-}-ll e 1) Y(lk|), k€[-2n-2,—n—1];

a VIS OLIEHKM CHH3y — MYJbTHILIHKATOD {V}:

vi =0 k¢[0,2n+ 2], uk:<2—n—§_—1>¢(k) ken+1,2n+2]

e ;% (1—¢(nf_1)>¢(k) ke0,n+1).

B ocraipHOM IOKa3aTelbCTBO IIOBTOpPseT OOKa3aTeJbCTBO Te€OPEMBI Ik

Joxaszameavcmeo meopemst 5. CoraacHo caenctsuio 2 pabotsl [5], mis Jio-
6oro S C Z u moboro p € [1,+00]

I{ e I (s) < I{ARHIm(s)

rze || {Ae}|a,(s) — HOpMa MyasTHILTHKATOPa {Af} B IpOCTpaHCTBe L, Ha ClleKTpe
S.

3HayuT, Bce OIIEHKN CBePXY, KOTOPbIe CIIPaBelINBhI 1151 HOPM MYJIbTHILIIKATO-
poB B C min L, cipaBe1IBe! I B MeTpuKe Lq. TouHOCTS ke OLIeHOK JocTuraercs,
KaK MOJKHO IIPOBEPUTH Ha (bYHKIIIII

n+1 k ) 2n+1 k ,
fo= Y e RE 4 30 (2o —) wket

k=0 k=n+2 ntl

Teopema 5 noka3saHa.
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Extremal Solutions of the Generalized Nevanlinna-Pick
Problem

Yu. M. Dyukarev

Kharkov National University, Ukraine

In this work a generalized Nevanlinna-Pick problem in a special subclass
of Nevanlinna functions are considered. Explicit formulas for the extremal
solutions of this problem are obtained.

1. Introduction

This paper substantially expands on the work [1], the central results of
which in a somewhat modified form are presented here. In section 2 we pose a
Generalized Nevanlinna-Pick Problem in the Stieltjes Class. The latter contains
the problem in section 1 as a special case. In section 3 the solvability of the
generalized interpolation problem is proved. Here we show that two remarkable
solutions can be decided: a minimal and a maximal. These solutions are related
to the minimal and maximal extensions of the operators [2]. In this paper we
shall adopt the approach to solving interpolation problems elucidated by V.P.
Potapov [3], [4].

Definition 1. A matrix-valued function s(z) holomorphic in the complex
plane with a cut along the semi-axis [0, 400) (denoted by C~ = C \ [0,+00)) is
called a Stieltjes function if

1. (s(2) —s*(2))/(z—2) >0, Imz # 0.
2.8(z})20,2<0.

The class of all matrix-valued Stieltjes functions is denoted by S.
Definition 2. A pair [p(z), ¢(z)] of matrix-valued function meromorphic in
C~ is called a Stieltjes pair if

1. det{p(2)p*(2) + ¢(2)q*(2)} £ 0.

2. [p(z%q(z)]i(;_ = [’;8] >0, Imz #0.
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3. [zp(z).q(z)]i(z—izj [Z:(S‘))l e T 0.

i 0

We introduce an equivalence relation on the set of Stieltjes pairs: a pair
[p(2).q(2)] is said to be equivalent to the pairs [p;(z),q1(z)] if there exists a
matrix-valued function Q(z), det@(z) # 0 meromorphic in C~ and such that
p1(2) = Q(2)p(z) and ¢1(2) = Q(2)g(z). The set of Stieltjes pairs thus breaks up
into equivalence classes which we denote by S .

Let us consider Nevanlinna-Pick problem in the class S. Given the complex
numbers 2y....,2n, Imz; > 0, z; # 2k, j # k (interpolation points) and m X m
matrices $j, ..., 8, (interpolation values). Find s(z) € S such that

= [O _ZI] , where I is the identity matrix.

8z;)=8;, 1€ jEn, (1)

and to describe the set of all solutions.

Theorem 1. A matriz-valued function s(z) € S is a solution of the interpolation

problem (1) in the class S if and only if s(z) satisfies the system of Fundamental
Matriz Inequalities (FMI)

K.|R(2%)[Tu - vzs*(2)]

K|R(2)[u—vs*(2)]
s(z) = s*(z) >, l zs(z) — zs7(2) 2 0. 1)
* —_— * _
g z2—2
Here
81:—=\87 SPP=5r
: _1 1 _n 21.[ 0 0
TORURE WO e S el S
I\ = E .', : ) T: . . )
Sp — 8] Sp — S;, L AU ot 11
— .. o 08 0. e,z
Zn — 21 Zn — 2n
2181 — 2187 2181 — 2,8,
1°1 _1 i 1°1 _n n 81 I
il 41 = “n S2 T
K, = . : s =1 ToYeflUFK =l (2
ZnSn — 2187 ZnSn — ZpS, : !
= = Sn, I
Zn — 21 Zn — Zp

R(z) = (T — zI)™! denotes the resolvent of the operator T.
Proof this theorem see [1].

Note that the spectrum of the operator T coincides with the interpolation
angles i.e. interpolation is defined on the spectrum of the operator T.
Problem (1) is termed nondegenerate if K’ > 0 and K, > 0.
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Theorem 2. The linear fractional transformation

s(2) = [p(2)B(2) + 9(2)8(2)] " [p(2)e(2) + q(2)7(2)] (3)

gives a one to one map from S = to the set of all the solutions of the interpolation
problem (1).

The matriz of the linear fractional transformation (3) can be represented in
the form

a(z) B(z)| _ [I-v"K7'R(z)Tu|-2v"K;'R(2)v (@)
v(z) 8(2) | wKTR(z)u [T+ uw K 'R(2)v|

Proof this theorem see [1].

In order to prove this theorem we shall exploit the following identities

TK - KT* = uwv* — vu*, (5)
TK, ~ K" = Fue’ wow™ T, (6)
K,=TK + vu™. (7)

These identities in conjunction with inequalities (2) will be adopted as the
basis of the generalized interpolation problem.

Among the class of solutions of problem (1) we can clearly distinguish two
remarkable extremal solutions

s*(2) = 671(2)7(z) - the minimal solution (8)

sM(z) = 87(2)a(z) - the maximal solution. (9)
These solutions can easily be obtained if we set [p(z), ¢(z)] in formula (3) to
be equal to [0, ] and [I, 0], respectively.
Theorem 3. The extremal solutions allow a representation in the form

s*(2) = u*(K, — 2 K) u, (10)

sM(2)=[v(K, = 2 ' TKT") ]2 (11)
Proof.

$(2) = 67 (2)(2)
= (I +u K 'R(2)v) 'K~ 'R(2)u
= (I +uw K 'R(2)v)" (v K 'R(2)(-zK + TK
~TK + K,)(K, — 2K)™'u)
=T+ v K 'R)w) (K R(2)(R}(2)K + vu™)(K, — zK) 'u
=(I4+w K 'R(z)v) (v + v K 'R(z)vu™)(K, — 2K)™!u
= u*(K, - zK)u.
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Formula (10) is thus proved. Further

(M(2)) = a~}(2)8(2)
= (I - v K'R(2)Tu) " (-2zv" K] R(2)v)
= (I - v"K'R(2)Tu) "v*K;1R(2)
X(TKT* - 2K,)(K, — 2" 'TKT™) v
= (I -v"K'R(2)Tu) v K;1R(2)
X(T(K; — uv*) — 2K,)(K, — 2 'TKT*) v
= (I - v"K'R(2)Tu) " "w*K1R(2)
X(R™'(2) = Tuv™)(K, — 2 'TKT*) v
= (I - v"K;'R(2)Tu) Y (v" = v*K;'R(2)Tuv")
X(K; =z 'TKT") v = v"(K, < 2" 'TKT*) 0.
Hence
M) =V K o352 TR T o] 7

We have now proved theorem (3).
Remark. It can be shown that following inequality holds for an arbitrary
solution s(z) of problem (1)

s#(2) < s(z) < sM(x), z < 0.

2. The Generalized Nevanlinna-Pick Interpolation Problem in
the class S(, 5 (GNPIPS)

We treat the generalization of the Nevanlinna-Pick interpolation problem in
the class S in two aspects.

Firstly, interpolation will be carried out on the spectrum of an arbitrary
operator T.

Secondly, we assume that the interval (e, 3) C R does not intercept with the
spectrum of the operator T.

In this context we now pose the following GNPIPS. It is convenient to
introduce the following notation

X — a Hilbert space
K = K~ € L(X) — a Hermitian operator in X
T € L(X) — am operator in X
H — a Hilbert space
u,v € L(H,X) — lineal operators from H to X
(a,B8) — a finite interval in R
P
0 = e

— a Nevanlinna function



222 Yu. M. Dyukarev

R(z) = (T — zI)~" — the resolvent of the operator T,
which is considered to be holomorphic
within a neighbourhood of the points
a and 8
= ¢(T)K + R(a)vu"R™(a) — an operator in X. (12)

Let these objects be linked by the following identity

TK — KT" = uwv* — vu™. (13)

Theorem 4. The operator K, is Hermitian and satisfies the fundamental
identity

TK, - K,T" = ¢o(T)uv* — vu*¢*(T) (14)
Proof. Initially we shall show that the following identity takes place
o(T)K — K¢™(T)) = R(a)(uv™ — vu™)R*(a). (15)
In fact LA
Consequently
$(T)K - K¢™(T))
= R KR (@) - B @KR (B)R (@)
= (1 - (I - @) - (T - KT - HIR ()

= R(a)(TK — KT")R*(a) = R(a)(uv™ — vu")R™(a).
We now show that K, is Hermitian.
K,—- K," = ¢(T)K + R(a)vu"R*(a) - K¢™(T) — R(a)uv™"R™(a) = 0.

We now focus on the validity of (14)

TK,- K,T*
=T[e(T)K + R(a)vu*R™(a)] — [¢(T)K + R(a)vu™R™(a)|T"
= (,o(T)(TIx - KT")+ TR(a)vu™R*(a) — R(a)vu"R*(a)T™
o(T)(uv™ — vu™) + II"R(a)vu*R’“(a) — R(a)vu"R™(a)T"
@(T)uv* — (aﬂ)ff a(ﬁ)

xvu" + TR(a)vu"R™(a) — R(a)vu™R*(a)T™
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= * px—1
R (B)vu f (o) + Tvu™ — vu*T*|R*(a)

= o(T)uv™ + R(a)[- =

= oD + LR (BB a)
+(8 - a)Tvu —vu"T™(B - a)|R™(a)
= (T)w" + e T2 [=(T - Bou’(T" - a) + (8 - o)Tvu"
= (8= a)ou” T ]R*( )
R(a)

= o(T)uv™ + ﬁ—[ (T - a)ou™T™ + (T — a)Bvu™|R™(a)

= @(T)uv" + -ﬁ—;—a[—vu*T" + Bvu*|R* (@) =

= ¢(

VU
G IT" = BIR"(@) = p(T)uv” - vu¢"(T).
Theorem (4) is thus fully proved.

The discussions presented in the above sections are valid in the case of
Hermitian operators. We now require the nonnegativ of these operators.

Y, RS, (16)

Furthermore we impose spectral type conditions on the primary objects,
namely the functions

(Kp - @(2)K)™" and (K, - o7 (2)o(T)K@™(T))™ (17)

should be holomorphic in C \ ((—o0,a] U [8, +o0)).
Definition 3. An operator-valued function s(z) holomorphic in

C\ ((=00,0]U 8, +00))
is called a Stieltjes function if
L. (s(2) = s7(2))/(2 = 2) 2 0, Im z # 0;
2. s(z) >0, z € (a, B).

The class of all operator-valued Stieltjes functions is denoted by S, g).

Definition 4. A function s(z) € S(, ) is a solution of the Generalized
Nevanlinna-Pick Interpolation Problem if it satisfies the following system of
Fundamental Matrix-Inequalities (FMI)

K|R(2) [u—vs™(2)] K, |R(2) [@(T)u - vg(2)s*(2)]
| PRI 42 Sl PRI (g2 o)

z—z zZ—z
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3. Extremal Solutions of the Generalized Nevanlinna-Pick
Interpolation Problem in the S (, g class

Theorem 5. The following inequality is valid

sH(z) — s#*(2)

gty = u R*(e)(K, — ¢(2)K)™! g aK
Xt a(l\"w - p(2)K)"V " R(a)u, (19)
R(2)(u = vs**(2)) = K——(K,, — o(2)E)~""R(a)u, (20)

zZ—«

AHe) = ) | oty — 1)1 Gl

x(¢7(2)K, — K) " R(a)u, (21)
RE)ATIu = v(:)s(2)) = K S5 (K~ )V R, (22)
sM(z) — sM™(, Z56)

B MR @)K, - o @D () 22

XP(T)K ()55 (K ~ o7 (2)p(T) K@ (D) Rla)os™" (), (23)
R(2)(u = vsM"(2)) = Ko= 4" (T)(K, - 7 ()T Ko*(T)) ™

x R(a)vsM™(z2), (24)
2(2)s(2) = §(2)sM"(2)

= cp(z)sM(z)v'R'(a)(go(z)I\"w - o(T)K £(T))™! y i aKwE i a((p(z)

XK, — ¢(T)E (1) ™ R(a)og(2)sM" (2), (25)
R()(#(T)u = v@(2)s™"(2)) = Kyzm—(2(2)K, = p(T)K o™ (T)) ™"

X R(a)v@(z)sM™(z). (26)

The proof of this theorem will be given below. Now we proceed to prove a
fundamental theorem.

Theorem 6. The Generalized Nevanlinna-Pick Interpolation Problem in the
class S, p) is solvable. Moreover, its solutions are the extremal functions

s*(z) = w"R*(e)(K, — ¢(2) K)"'R(a)u, (27)

sM(2) = ("R ()(K, — 97 (2)p(T) K ¢™(T)) " R(a)v] ™. (28)




Extremal Solutions of the Generalized Nevanlinna-Pick Problem 225

Proof. The spectral condition (17) yields s#(z) and sM(z) are correctly
defined. Thus, since K > 0 and K, > 0 we obtain s*(z), sM(z) € S(4)-
We now substitute s#(z) into inequality (18) and taking into consideration

(19-22) we obtain
1] ¢ I K|K
0|u*R*(a)(K, — <p(z)K)‘1z KK

a
1| 0
3 [0‘ - _1 —(K, - ¢(2)K) ™" R(a)u

Il 0 K, |K
;o el
0lu"R*(a)(¢~ Y (2)K, - K )‘1 —3 ] [lel(q,]

1| 0
[l" e K, - )R (a)u] B o

Evidently these inequalities are satisfied since X > 0 and K, > 0. Consequently,
s#(z) is a solution of the interpolation problem.

We now substitute s™(z) into inequality (18) and taking into consideration
(23-26) we obtain

I| 0 T : [I( K]
0¥ (2)v"R*(a)(Ky — ¢~ (2)p(T) K™ (T)) ' ——5o(T) | | K|K

1] 0 :
X[0*vf‘(T)z:g(I\’w—v-‘(z)cp(T)A’sa'(T))-l‘R(a)st*<z) 2y (31)

1] : K, |K
i§ ¥ 4
0[p(2)5M (2)0" R*(@)(0(2) s = o(T) K" (T)) ' ——— [KJKJ

1| 0
i [“lz—%z(w(zm—w(T)Kso‘(T»-"R(a>v¢(z)sM*<z>] e 07

Evidently these inequalities are satisfied since K > 0 and K, > 0. Consequently,
sM(z) is a solution of the interpolation problem. Theorem 6 is proved.

Remark. We have presented two solutions of the generalized interpolation
problem. There can be only two cases.

a) s#(z) = sM(2). In this case the solution of the interpolation problem is the
only one.

s*(2) # sM(2). In this case there exists an infinite class of solutions of the

interpolation problem.

>0, (29)

o

Q
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Proof of theorem 5.
First, we show that the following identity holds

R(Z)R™!(a)(o(T) - ¢(2)]) = ——. (33)

Z— o
We have

R(Z)B™ (@)(A(T) - #()1)
WYy e OB L
)

e 0~ (- oyz b))

= —-———R(E — Z = o)l= =)z —
[ R(z) B ey 2 S S I
i (ﬁ" a)(z_ a){T(IB a) (/3 a)] 7 —a

Identity (33) has been proved.
Now we shall prove identity (19).

s(z) — *7(2)

i E[U*R‘(a)(lfga d QD(Z)K)_lR(a)u — u’“R*(a)(](q) &2 QD(Z)K)_I‘R(a)u]
= L R (@)K~ K, - K

K, - $(2)K](K,y + ¢(2)K) " R(a)u
= u"R™(a)(K, - go(z)lf)'lL()I\ (K, — ¢(2)K) V" R(a)u

&2

1
K

& -

= w"R™(a)(K, - ¢(2)K) ™!

3 _1 3 (K, — ¢(2)K)"V " R(a)u.

Identity (19) has been proved.
Now we shall prove identity (20).

R(z)(u — vs*™(2))

= R(%)(u — vu"R*(a)(K, — (2) K)™Y R(a)u)

= R(2)(R™(a)(K, — ¢(z )Ix)—vU*R*(a))(Ix"w-so(z)lf)‘”R(a)u

= R(Z)R}(a)(K, — @(2)K — R(a)vu*R*(a))(K, — ¢(2)K) ™" R(a)u
= R(Z)R& 1(a)(I ?(2)K + o(T)K — K,)(K, — (z)K)_l*R(a)u
= R(2)R™(a)(o(T ) @(2))K (Ky - 9(2)K)™ " R(a)u

= K ==—(Ky — 9(2)K) ™ R(a)u.

N

Identity (20) has been proved.
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Now we shall prove identity (21).

P(2)9"(2) — @(2)s"(2)

= - ~ (v (o)(¢7" (2)K, — K) T R(a)u
—u"R*(o)(¢7(2)Ky — K)7 R(a)u)
Tz i EU*R*(O‘)(“’—I(Z)I‘% ~-K)y Y (g~ (2)K, - K

¢l (2) Ky + K)o (2)K, - K) ™" R(a)u

= v R (e)(e (K, - k) G g
x(p~ N 2)K, — K)"V" R(a)u
= R (@) (K, - )M S KL S

0 Y (2)K, — K)"V"R(a)u.

Identity (21) has been proved.
Now we shall prove identity (22).

R(2)(o(T)u — vp(2)s"7(2))

= R(2)(¢(T)u — v@(2)u"R*(a)(Ky — ¢(2) K) ™" R(a)u)

= R(2)(p(T)R™(a)(¢™(2)Ky — K)*

—vu*R*(a)) (¢ (2)K, — K)"V R(a)u

= R(2)R™'(a)(¢™ ! (2)p(T)K,
( )K — R(a)vu™R*(a)) (¢~} (2)K, — K)™ R(a)u
R(2)R™Y(a)(¢7(2)p(T) Ky = Ko) (¢~ (2)Ky — K) ™V R(a)u

= R(E) Ha)(@(T) - @(2))7~ (2)Ko(¢ 7! (2) K, — K) ™V R(a)u

= =T () KeleT (2)Ey — K)V R(a)u

zZ -
=K -’G—ﬂ( “Y(2)K, - K)"Y R(a)u.

Identity (22) has been proved.
Now we shall prove identity (23).

sM( ) M4

Naz _( 5) [v*R™(a)(Ky — ¢~ (2)o(T)K@*(T))™" R(a)v
~v R (a)(Ky ~ o7 (2)o(T) K o™(T)) ™ R(e)v]s™(2)
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sM(z
( _) v*R*(a)(Ky, — ¢ (2)p(T)K ™(T)) !

X[K, — ¢ (2)p(T)K@*(T) - Ky + ¢ (2)p(T) K o™(T)]
X(Ky — o7 (2)p(T)K @*(T)) ™" R(a)vs™’(2)

5~1(2) — o~ 1(z
= M()o" B (@) (K, ~ g7 (2)(T) K (1)) £ L= 2 (2)
XSS(T)I\’W(T)(I\% - ¢ 1 (2)p(T)K*(T))™" R(a)vs™’(2)
=s (Z)v R (a )(Iw '1(2)99(1’1)Kw"(T))'1
<P(T)1HP ( ﬁ
<A¢ AT (T))‘l*R(amM*(z).

Identity (23) has been proved.
Now we shall prove identity (24).

0
=

R(Z)(u — vsM7(2))
= R(3)(wo R (0)(Ky — 9" ()o(T)Kg"(T)) ™" R)w — )sM™(2)
= R(3)R(@)(R()ur* BY(a) — (K, — 3 (2)p(T) K ¢™(T)))
X(K,y - 97 (2)p(T)K " (T)) ™ R(@)os™" (2)
= RER(@)(~K¢"(T) + ¢~} (2)o(T)K¢"(T))
X(Ky — ¢~ (2)p(T)E@*(T)) ™ R(a)us™(2)
= R(E)R(a)(~1 + ™ (:)p(T)) K *(T) ,
x(K, - 7 (DK (D) ™ Rlaus™ (2) = D k(1)

X (K, - o™ (2)p(T)K (1)) R(a)vs™"(2)

- k2° 50" (K, = ¢ ()e(T)K (1) Rlayos(2)

Identity (24) has been proved.
Now we shall prove identity (25).

2(2)sM (2) - §(2)sM"(2)

z2—2Zz

= PO Go1(4)M 7 (3) - 71 (2)sM ()p(2)sM ()

- -3

2 SM 2 *
= PO (o () (), - 0T (T) ™ ()
v R (a)(@(2)K, — o(T)K ™ (T)  R(a))3()sM"(2)
_ oM i 8, L L)
R*(a)(¢(2)Ky — o(T)K¢™(T))

zZ—2z
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X(¢(2)Ky — 9(T)K@™(T) = p(2) Ky + o(T)K ™(T))

X(#(2)K o — p(T)K o™ () R(a)op(2)s™ " (2)

()5 (2)0" B (@) () — () (D) PP e
x(¢(2)Ky — o(T)K¢"(T)) " R(a)v@(2)s™(2)

= p(2)sM (2o R(@)(9(2) K, — o(T) K" (T))™"

Ko (#(2) Ky — o)K@ "(T) ™ Ra)ug(2)sM"(2)

Identity (25) has been proved.
Now we shall prove identity (26).

=

.(\

X
z

R(E)(@(T)u = v@(2)sM(2))

= R(2)(¢(T)uv"R(a) - R~ (a)(¢(2)K,

(D) K™ (T)))@(2) K, — o(T)E @™ (T)) ™ R(a)v@(z)sM ™ (2)

= R(5)R™\(a)(¢(T)R(a)uv"R*(a) - @)K,

+ATK g (DNe(2)K, — oADK (D)™ Rle)op()sM"(2)
R(Z)R™(0)(@(T)K, - o(T)K@"(T) - 3(2)E,

(T)(@()E, - o(T)E @™ (T))™ R(e)v@(2)s" " (2)
= ()R (a)(¢(T) - ¢(2)) Koy
x(9(2) K — o(T)E 9" (T))™" R(a)v@(z)sM"(2)

() Ky ~ (T)Ko™(T)) ™ Rla)op(2)s™ " (2).

+¢(T)1x (T

=Ko Z
Identity (26) has been proved. Theorem 5 is proved.
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Boundary equations in two main dynamic problems for
thermoelastic media

I. Y. Chudinovich, O. A. Dumina

Kharkov National University, Ukraine

Two mixed boundary value problems for thermoelastic media are under
consideration. Their solutions are represented by the dynamic analogues of
thermoelastic single and double-layer potentials. These representations lead
to systems of nonstationary boundary equations. The unique solvability of
these systems is proved in one-parameter scale of Sobolev type function
spaces.

1. Introduction

The foundations of the potential theory in classical dynamic elasticity problems
are established in [1-4]. The goal of the paper is to study boundary equations in
two main dynamic problems for thermoelastic media by the methods developed
in [2-4]. We begin with the statement of the problem.

Let T of class C? be a closed surface that divides R® on the domains Q7
(interior) and Q~ (exterior). We denote by u(z,t) = (u1(z,1), uz(z,t),us(z,t)) a
displacement at a point z = (2,2, z3) at the moment t. By 6(z,t) the difference
between present and initial 7o > 0 medium temperature is denoted. Let Q% or
2~ be occupied by homogeneous elastic medium with elastic coefficients a;;x,
1,7,k,l = 1,2,3. It is known that the elastic coefficients satisfy the symmetry
condition a;jxi = @ajirr = a;jx for each value of the indices and the elliptic
condition a;;ximijnk > ao”i;Mij, Vni; = mj;i € R with a positive ag. Here and
later on the summation over repeated Latin indices is used. We denote by 3,
1,7 = 1,2,3 the coefficients of the symmetric heat stress tensor. If volume
forces and outer heat sources are absent, then the displacement field and the
temperature U = (u,0) in Gt =Qt x Ry or G~ = Q™ x Ry, Ry = (0,00) are
the solution of

{ pO}u; — 9 (aijuduk) + 8; (Bi;6) =0, i=1,2,3,

+
ce0t8 — Ok (Ak;0;0) + Br;jTo0;0rux = 0, 34)\s G (1)

(1,5] where ¢, > 0 is the constant specific heat of the medium, p is the constant
density of the medium and {);;}3._, are the positive definite symmetric tensor.
JJi,y=1 P
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The first main problem I* with zero initial data consists in finding the solution
of (1) that satisfies zero initial conditions and boundary conditions of the first
kind on £+t =T x Ry:

u(z,0) = Osu(z,0)=60(z,0)=0, T € QF,
Ut (z,1) = Fi(z;t), (z,t) € Tt.

The boundary conditions in the second main problem II* take the form
(TU): (z,t) = G(z,t), (z,t)ezt

(@ijrOkui — Bij0) nj (2),1i=1,2,3,
(Mij0;0) mi(z), i = 4,

on the superscripts + denote limiting values of corresponding functions when
(z,t) —» Lt from inside G*, respectively. The assumption of homogeneity of the
equations and the initial conditions does not restrict the generality of the problem
essentially since one can transfer existing nonhomogeneities to the boundary
conditions. We remark that both the problems are stated formally, their correct
formulation will be given after introducing the necessary functional spaces.

where (TU); = z € T. Here and later

2. Function spaces

To simplify notations we use the same symbols for spaces of vector and scalar
functions and for their norms, it will not lead to any misunderstandings.
Moreover, we use the same symbol U for functions U (z,t) in spaces of originals
and U(z,p) = LU(z,t) for their Laplace transformations with respect to ¢, where
L is the Laplace transformation operator. Let H,,(R3), m € R be the standard
Sobolev spaces [6,7]. For each p € C, m € R we introduce the spaces H, ,(R?)
coinciding with H,,(R?®) as sets with their norms

lull, = [ (14161 + lpPYmi(e) Pae
R3

where %(€) is the distributional Fourier transformation of u(z). Let 7% be the
restriction operators from R? to Q%. By H,,(2%) and H,, ,(Q2*) we denote the
spaces of restrictions to Q% of elements of H,,(R®) and H,, ,(R?), respectively,
with the norms:

u = inf v, , u lod = inf v

” ”m'Qi vEHm(R3):rtv=u ” “m ” “'m,p,Qi uEHm(R.s):»;riv=u” ”‘m,p
where |[|v||,, is the norm of H,(R3®). The spaces H,,(I') and Hp,(T) are
introduced by the standard scheme using the resolution of identity and the
corresponding local coordinates [6]. Norms in these spaces we denote by ||ul|,,.r

and ||ul| respectively.  Finally, we introduce the spaces Hm,(Q%) =

m,p;l"
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Honp(QF) X Hp(9F) and Hon p(T) = Hypn p(T) X Hin(T) of four-component vector
functions U = (u,6) whose first three components u belong to H,, (%) or
H.np,(T) and the last component 6 belongs to H,,(2%) or H,, (T'), respectively.

For each k > 0.we denote by Mz mk:x(2%), m,k € R the spaces of four-
component vector functions U (z,p),z € 9%, pe C, = {p€ C:Rep=0 > &}
that set a holomorphic map from C, into the space of four-component vector
functions H,,(Q%) with the finite norms defined by

2 2k 2 :
1k e = sup [ (L4 B VI paz dr, P =i
R

Similarly the spaces Hg m k;x(I') of four-component vector functions defined on
the boundary surface I' are introduced with the norms

k :
16 ke = 530 [ (L +1PD* G dr, P =0 +ir
R

Finally, we introduce the spaces Hr.mxx(GE) and Hymix(E), formed by
inverse Laplace transformations of elements of Hr m k.« (%) and Hz i k< (T) with
their norms

||U“m,k,r<;G'i = ”EU”m,k,n;Qi ’ ”Ullm,k,n;2+ = “‘CU“m,k,K;F ’

respectively. Let 4% be the trace operators mapping the spaces Hy.m kx(GF)
onto H,.m—1/2,k,x(ET) continuously for m > 3 and k € R.
Now we give the correct formulations of the problems I* and II*. An element
U = (u,0) € Hya0x(G%) is a solution of the problem I* if y*U = F and the
equality
Gfi(—,oatuiat”i + aijr101ur0;v; + B;;0:0v; — c.00:n+

/\kjajaak’r] - ﬁijoatukajn)dzdt =103

holds for any finite four-component vector function V (z,t) = (v(z,t),n(z,t)) €
o3 (ﬁ) ,suppV C Q% xR,. The solution of II* is an element U € H,.1 0..(G¥)
that satisfies the equality

[ (=p0iui01v; + a;jki01uk0;v; + B;;0;0v; — c.00:m + Ax;0;00kn—
G
ﬂijoatukajn)dz‘dt =+ [ (Givi + G4n)dsdt

DI g

for any function V (z,t) € C* (ﬁ) with a compact support.
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3. Thermoelastic potentials

Denote by 7 the 4x4 matrix differential operator of the theory of thermoelasticity.
Let ®(z,t) be the fundamental solution for 7 which is equal to zero as ¢ < 0.
® (z,t) is the 4 x 4 matrix, satisfying

{:rcp(xt)z( I, (z,t) € R,
®(z,t)=0 zeR3t<0

where é (z,t) is the Dirac function and 7 is the unit 4 x4 matrix. We introduce the
thermoelastic single-layer potential with defined on ¥ = I' x R four-component
density a(z,t) by

Va)(z,t) = /(I> (z -y, t—1)a(y,7)ds,dr.
z

The thermoelastic double-layer potential with a density 3 (z,t) is defined by

(WB) (z,t) = /T (z —y,t —7)3(y,7)dsydr
3

- I
where T (z —y,t —7) = [TyQT (z —y,t— 7')] , “T™” is the symbol of transposition
and Ty is the boundary differential operation

- (@ijriOkvr + ToBij0im) nj (z), i =
= !
( )i { (Aijdim) i (), i

with respect to the variable y. The properties of the single and double-layer
potentials are studied in [5]. It was shown there that at least for smooth and
finite on ¥ densities both the potentials satisfy the homogeneous thermoelastic
equation outside I'. Moreover, if the densities are equal to zero when ¢ < 0, then
also they satisfy zero initial data. The single-layer potential is continuous in the
whole space. The double-layer potential has a jump when a point passes through
the boundary surface:

(WB)* (2,1) = F58(2, 0+ (WHP (2.),  (z.1)€ S,
(TWB)* (z,1) = (TWB)™ (z,8),  (2,) €T

where (W3)° (z,1), is the direct value of the corresponding integral.
Representing the solution of the problems I* in a form

U(z;t) ={Va)(z,7), (z,t) € G*, (2)
one comes to the system of boundary equations which we write as

Va = F. (3)
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The representation of the solution to the same problem in the form
Ul(z,t)= (Wp)(z,t), (z,t)€G*E (4)
leads to the system
Wi =F. (5)

The analogous representations of the solution to the problems II* yield the
systems of equations
K*a =G, (6)
JD %L, (7)
respectively. The goal of the article is to study the unique solvability of these
systems.

After the transition to the Laplace transformation with respect to the time
variable the single and double-layer potentials take the form

(Vpa) (z,p) = /<I>(ﬂc —¥,p)a(y,p)dsy,
i

(WpB) (z,p) = /T(w - 4,p)B(y,p)dsy
| B

where ® (z,p) is the fundamental solution for the operator 7, that arises from the
[ T
operator 7 after the Laplace transformation: T (z — y,p) = {TMQT (z - y,p)]

and T}, is the boundary differential operation

(5,v) = { (@uden+ Tobipmyn; ()i = 1,2,3,
P4 (Mij0im) i (z), @ = 4

with respect to the variable y.
We introduce the operators V,, Wpi, IC:: and F, acting on smooth densities
by
Voa = (V0) (2,0),  WiB = (W,B)* (3,p),
IC;,Ea = (TVpa)™ (z,p), FpB = (TW,0)(z,p),
where after transition to the Laplace transformation the superscripts + denote

the limiting values of the corresponding functions as z — T from inside Q%
respectively.

zeTl

4. Properties of the boundary operators

Accomplishing the Laplace transformation in (1) and in the boundary conditions
we obtain the problems I¥ and IIf that consist in seeking U (z,p) = (u(z,p),
0 (z,p)) € Hi1,p (QF) that satisfies

ppu; — 0j (aijkidiuk) + 0; (8;;0) =0, i= 1,23, e ot (8)
cepl — Ok (Ak;0;0) + Br;jTopdjux = 0,
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and U#* (z,p) = F(z,p) or (TU)* (z,p) = G(z,p), = € T, respectively.

The solvability of the elliptic problems I;F and II?,: is proved easily by the
standard methods. Denote by (-,-)g 0%, || - |[lo.o+ the inner product and the norm
of the space L=(Q%), by (+,-)or and || - ||or the inner product and the norm of
the space L%(T'), respectively. By (TU), we denote the first three components of
the boundary differential expression TU and by (TU); the last one. From (8) it
follows that

pp? [ullg gz + Ex (u,u) = (8, 805w qu = + (TU)E ,u*) 5
ee |63 o= + As (6,0) + Top (6, B0, u)g s = £ (6%, (TU))

where

Ey(u,v) = (aijudeu, 0;v:i)o 0+, Ax(8,7) = (AkjOkb,0im)0 a-

Multiplying the first equation in (9) by To|p|~?p? and the second by |p|~2p, and
adding the resulting relations one obtains

pTo|pl” lullg s + ToFx (u,u) + ce [|8]13 g+ + 0~ A% (6,6) = -
M 1 —~ nt ,+ + =
dito Re{Top (T0)E u), + (6%, T0)E) }

o,I"

We denote by the same letter ¢ any positive constant arising in estimates that
does not depend on parameter p € C.. Note that the constants ¢ may depend
on £.Using the Corn inequality [6] and ellipticity of the tensors {aijkl}?,j,k,lzl and
{Xij}?,=; we obtain the estimate

1012 e < e {IpI|(@0)E B)or] + (o, 00), [} v

for each p € C,.

Let U = (u,0) € Hyp(QF) be the solution of the (8) where F = (f,€) €
Hij2(0), ¥ = (¥,() € Hij2p(T), V = (v,7) € Hyp(QF) is an extension of ¥
into QF, that is, y*V = ¥ where 4% are the trace operators mapping continuously
Hi ,(2%) onto Hy2,p(T). Poincaré-Steklov operators acting on F' € Hy/;,(T') are
introduced by

(W F ), = ((VF),08), o+ (W), ) o
1 ((A'piF)e,z[z)OI = pp? (4, v)g g+ + Ex (u,v) — (8, B:j05vi)g s »
£ ((NF), ’<>o,1‘ = ccp ()00 + As (6, ) + Top (8:;0;ui, Mo s -

Lemma 1. For each p € C,, k > 0 the operators Npi are isomorphisms from
Hyja,p(T) to H_y/2,(T). The estimates

2
INEF|| 120 < €lpl* I1Flly /2,1

(12)
1FNy 250 < e lPHIN=FI|_y 2 pir
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hold.
Proof. From the definition of the Poincaré-Steklov operators it follows that

- -
‘((NP F)e ’¢)0,P‘ e {““”Lp;ﬂ* ol i+ + 1181 0 ||U||1,p;9i} &
g ”U“l,p;ni ”vul.p:Q* )

\((Np*F)t ,c)O,J < c{Ipl 1011y 0 1l 0% + Tolpl lully pqx il os } <

< elpl U1l pax NIl 2

or
“ (NPiF)e -1/2,p;T = HU“LP;Q* ; ” (NpiF)t”—l/Z,p;l" se |p| ”Ulll"’;ﬂi : (13)
It follows from (10) and (13) that
101 pias < elll [(MEF) |, oWz + U€hya | (M F) |, <
< e {Ipl1Ully o 1l 2 r + LN i 1€ i}
hence,
”U“Lp;ni < clpl ||F||1/2,p;1‘v
H (N;tF)e -1/2,pT < clel 1l /2,p:0» ” (N;tp)t”—l/%l" < elpl 11 /20 »
thatis, [VGEF| | <elpl*Flljopr-
The second inequality follows from the trace theorem and (10):
1FI o < el (W F) |, oWl + Wl | (NEF) [, 00 <
< elpl1F1 j2,pr “NpiF"_U“T ;
that is, ||Flly /3,0 < clp| HNI’iF“—l/z o To complete the proof it is sufficient

to verify that the ranges of the operators Npi are dense in the space H_; /5 ,(T).
If it is not true we find a nonzero element ¥ = (%,() € Hy/3,(L) such that

(NiF, w)o‘r = 0 for each F € Hyp,(T). We take F = (Topy,() € Hy/zp(T)
and construct the solution of (8) U € My, (2F). From (10) it follows that U = 0.
hence F = 0 and ¥ = 0. This contradiction completes the proof.

Now we start studying properties of the operator V, generated by the single-
layer potential (V,a)(z,p).
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Lemma 2. For each p € C,, K > 0 the operator V, can be extended by
continuity to the isomorphism between the spaces H_y /5 ,(I') and Hyjp ,(T'). For
eac: a € H_y/;,(T') the estimates

HVpaHl/z,p;p < clplllell-y /250
2
||a||_1/2,p;p < clp| ”vpaul/i’,p;f‘

(14)

hold.

Proof. Let a be a smooth four-component vector function defined on T'. It
was shown in [5] that one of the jump formulas for thermoelastic potentials has
a form

(TVa)* (z,t) = :t%a (z,t) + (TVa)®(z,1), (z,t)e X (15)

where (TV ) (z,1) is the direct value of the corresponding integral. Subtracting
the second equality in (15) from the first one we obtain after Laplace transformation
the equality

N Voo — Ny Vpa = o (16)

Let U (z,p) = (Vya)(z,p), z € R>. From the trace theorem it follows that

IVeal? 0 < NI e + U1 s } -

From (10) and (16) we have [|[Vyall} /5 .0 < clpl [Voally /5 pir llall 12, and the
validity of the first inequality in (14) is proved. This inequality allows us to extend
by continuity the operators V, from the dense sets to the spaces H_y/;,(T).

Equality (16) proves that V, is injective. Since V; ! = At — A with the
help of the first inequality in (12) we obtain the second inequality in (14). The
density of the ranges of V, is verified as in Lemma 1.

Going over to studying properties of the operators Wpi we note that just as
in the classical elasticity theory the following easily checked equalities

(V,,Np‘ﬂ) (2, p)7 "o efity

(WpB) (z,p) = { (VoN6) (z.9), = €0

hold at least for smooth densities 3. Hence, for smooth densities 3 the equalities
WIEB = VN B. (17)

are valid. The next statement is the obvious consequence of (17) and Lemmas 1
and 2.

Lemma 3. For each p € C, k > 0 the operators W;,t can be extended by
continuity to the isomorphisms of Hy /5 (T'). For each 8 € Hyjy5(T') the estimates

[wes],,, .o < el 1802

1/2,p;0 —

18111 /2,ir < €lp® "wpig“ (18)

1/2,p;T
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hold.
Consider now the boundary operators K and Fp:
K = NFV,
P p Vps

Fp= Fi = NEWE (19)

and the inverse ones
-1 -1
= = =1 +
(<) = (V) % (20)

(Fy = (FE) 7 = (wE)T (WE) T

Lemma 4. For each p € C,, K > 0 the operators IC;,b can be extended
by continuity to the isomorphisms of H_y/; ,(T'). For each a € H_y;,(T) the
estimates

s 3
HICP aH—1/2,p:F < c|p| ”a”—l/Z,p;F ’

lell_y 2 pir < €l H’Cf“” (21)

-1/2,p;T
hold.

Evidently this statement follows from Lemmas 1,2 and (19), (20).

Lemma 5. For each p € C., > 0 the operator F, can be extended by
continuity to the isomorphism between Hy/; o(T') and H_y/3,(T). For each 3 €
H12,p(T) the estimates

“]:pﬁ”_l/gyp;r <c lpls “16”1/2,;7;["

22
182z < €10 1FSBIL_y (22)

hold.

Proof. The first part of the Lemma is the corollary of Lemmas 1,3 and (19),
(20). The second inequality in (22) is proved just as in Lemma 2 by means of the
jump formulas for thermoelastic potentials [3]

(WB)* (z,1) = q:éﬁ(m,t) + (WB)Y° (z,t), (z,t)eX

where (W) (z,1) is the direct value of the corresponding integral.

5. The solvability of the systems of boundary equations

Theorem 1. Systems (3), (5)-(7) are uniquely solvable for any vector
functions F € H,1/2kx(EY), G € Hym1/2,6(21), k € R, & > 0. Their solving
operators are continuous in the following spaces

v—l : 7€r;1/2,k,n(2+) = Hr;—1/2,k—2,n(z+)’
(Wi)- : Hr;1/2,k,n(2+) T Hr;l/2,k—3,n(2+)a

(Ki)—l : Hr;—l/2,k,'<'(2+) T Hr;—l/Z,k-3.n(2+)a
3 :HT;—1/2,k,n(2T) e 7-[r;l/"z,k-l,rt(z-i-)
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foranyk € R, K > 0.

Proof. After transition to the Laplace transformation system (3) takes the
form V,a = F. The solvability of this system for each p € C, was proved in
Lemma 2. Using the scheme developed in [2-4] one can make sure that if F'(z, p)
is a holomorphic map from C, to Hy5(T'), then @ = V~!F is a holomorphic map
from C, to H_y/5(T). Finally, from the second inequality in (14) it follows that
for a(z,t) = L7'a(z, p) the inequalities

o (@ OlZs 242 mme = 532 [ (L4 1D lla (@, P12 o i d <
< csup [ (L4 [pD™ IF (@ 2)l 2 0 d7 = I1F (2 ) 2 0 e

hold. This yields the validity of the statement concerned system (3).

The statements concerned systems (5)-(7) are proved similarly.

Boundary equations (3), (5)-(7) being solved, we construct single and double-
layer potentials with founded densities by (2), (4), respectively.

Theorem 2. Let F(z,t) € Hy1/24x(2F), k€ R, £ >0, a(z,t) and B(z,1)
be the solutions of (3) and (5), respectively. Then vector functions U(z,t) =
(Va)(z,t) and U(z,t) = (WP)(z,t) are elements of Hy.1 k—1,x(G*) and they are
the solutions of I* when k > 1.

Proof. From the inequality ||U(z,p)|l1p0t < clp|||F(z,p)|l1/2pr it follows
that

10 D1 s ige = 532 L (L4 B0 (2P s dr <

<sup [ (1+[p)* |F (2, P)II3 /5 p0 @7 = 1F (@, )12 )5 4 it -
o’>)€R

This inequality and the easily verified statement that U(z,p) is a holomorphic
map from C, to H;(2%) complete the proof.

Theorem 3. Let G (z,t) € Hy,_1/244(X1), k €R, £ >0, a(z,t) and B(z,1)
be the solutions of (6) and (7), respectively. Then vector functions U(z,t) =
(Va)(z,t) and U(z,t) = (W) (z,t) are elements of H,.1 k-1,x(G*) and they are
the solutions of I1* when k > 1.

This Theorem is proved similarly to the previous one.

REFERENCES

1. Kupradze V.D., Gegelia T.G., Bashelejshvily M.O., Burchuladze T.V. Three-
dimensional problems of the mathematical elasticity and thermoelasticity
theory. - M.: Nauka, 1976. — 664 p. (In Russian)

2. Chudinovich I.Yu. Boundary equation method in the dynamic problems for
elastic media. — Kharkov: Kharkov State University Press, 1991. — 135 p. (In
Russian)



240 I. Yu. Chudinovich, O. A. Dumina

3. Chudinovich I.Yu. The boundary equation method in the third initial
boundary value problem of the theory of elasticity. 1. Existence theorems //
Math. Methods Appl. Sci. — 1993. - 16. - P. 203-215.

4. Chudinovich I.Yu. Methods of potential theory in the dynamics of elastic media
// Russian J. Math. Phys. — 1993. - 1. - P. 427-446.

5. Ugodchikov A.G., Khutoryanskiy N.M. Boundary element method in the
mechanics of a deformed solid. — Kasan’: Kasan’ State University Press, 1986.
- 295 p. (In Russian)

6. Duvaut G., Lions J.-L. Les inéquations en mécanique et en physique. — Paris:
Dunod, 1972. - 384 p.

7. Agranovich M.S., Vishik M.L. Elliptic problems with a parameter and
parabolic problems of general form // Uspekhi matematicheskih nauk, - 1964.
-V.3,19. - P. 53-161. (In Russian)



241

BicHuk XapKiBChKOTO HalllOHAJIBHOTO YHIBEPCUTETY
Cepis “MatemaTuKa, NIpUKIaAHa MaTeMaTHKa 1 MexaHika”
YK 517.9:535.4 Ne 475, 2000, c. 241-249

O yvacTyHOM OGP&IIIGHI-‘II-I OIlI€paTopa 3a a4l
mlcbpaxmm IIOJIsI PELIETKH BEPTHKAJIBHBIX MAaIrHIITHBIX
JITIONEI Ha 9KPaHIPOBAHHOM IIape

C. B. Ky3bmenko, B. A. Pesyrenko

Xapvxosckull nayuoraabublli ynusepcumem, Yxpauna

OBpauieHreM HHTErpajJbHOrO onepaTopa Tuia AGelsi U YaCTUYHKEIM oBpalle-
HHeM MapHBIX CYMMAaTODHBIX YPaBHEHHII BHIIOJHEHA peryJspu3alus 3aJadu
IdPAKIUH MOJS PelleTKH BEePTUKAJIbHHIX MAarHUTHBIX QUIOJEH Ha 9KpaHU-
POBAaHHOM lLiape U MoJydeHa cucTeMa ajarebpamveckux ypasHenwuii II poxa c
KOMITAKTHHIM B £2 ONepaTopoM, UMelollas BEICOKYIO BRIYMCIHTENbHYIO yCTOil-
YHBOCTh.

1. Pabora [1] sBiitach OZHOI U3 IEPBHIX, MOJOKUBIINX HAYAIO YCIEUHOMY
Pa3BUTHIO YICJIEHHO-aHaJHTHYEeCKHIX METONOB pelIeHHs 3aJad MaTeMaTHYecKOIl
u3uKN, BO3HIKAIONNIX B MEXaHIIKe, 3JeKTPOAUHAMIKE, aHTeHHOIT TeXHIIKe U IpY-
rux obaactsx [2, 3]. B HacTosiiee BpeMs IIpeCTaBISIOT HHTEPEC MIpsiMble I 06pal-
Hble 3aJa4ll JHQPAKIII BOIH Ha ChepIYecKIX MOBEPXHOCTX (4, 5]. DTu 3amaun
KaK IPABILIO CBOJATCS K YNCJIEHHOMY PEIIEHHIO CHCTEeM aJrebpamyecKNX ypaBHe-
Huil | poma GOJBIINX TOPSAKOB ILTH HHTEr paabHbIX ypaBHeHm [ u II pona co ciaox-
HBIMII I TPOMO3JKIIMII siIpaMu, IMerounvu ocobennoctu [6]. B manzoil pabote ¢
IICIIOJTh30BAHIIEM HHTET PAJBHOr0 ITpeobpa3oBaHils Tima A6ess BbIIIOJTHEHA pery.Jis-
pH3amus 3a1a4yl A pPaKIII OIS PelIeTKH BepTHKAJbHBIX MAarHUTHBIX AUIIOJEl
Ha JI3JEKTPIYeCKOM Iiape, 3KPAHHPOBAHHOM c¢epoll ¢ KPYroBbIM OTBEDCTHEM.
B utore noayuena cucreMa ajarebpairdeckux ypaBHeHuiI II poma ¢ KOMIaKTHBIM B
npocrpaHcTBe {2 MaTpPIYHBIM ONepaTOpoM, 06JaJalomias BICOKON BBIUIICIITENb-
HOII yCTOIUIBOCTHIO [7].

2. Ilycth HayaJO MEKapTOBOIT I CepHdecKoll CHCTEM KOOPIMHAT COBMEIIEHO
C IeHTpOM cdephl padiyca a; ¢ KPYrOBBIM OTBEPCTHEM TaK, uTo ock OZ sBiasercs
0ChbI0 cuMMeTpuIl cepbl U OTBepCTHe B cdepe U3MepsieTcs MOJSPHBIM yriaoM 6,
rae 0 € (6p,7]. BuyTpb cdepsl ¢ oTBepcTHeM moMecTuM Inap pamyca ai(a; <
a3), IEHTP KOTOPOTO COBMEIEH C HAYAJOM CHCTeMbl KoopamHaT. IlonaraeM map
- IN3JeKTPITYeCKIM, €1,[l1,01 - MapaMeTphl 3amnodHsoulell map cpembl. Ilycts
cdepa ¢ 0TBepCTIEM - TOHKAS HI€aJbHO IIPOBOISNIAs, ap I cepa HaXxoAITCH B
BakyyMe (¢ = 1,p=1,0 = 0).
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ITycts s1ekTpomarsmTHoe moxe £(©), H(0) ycrounnka cosmaercs cremmaibHof
cucTeMOIT (peleTKoll) 113 TpeX BepTHKAJbHBIX MAarHHTHBIX IUIIOJell, pa3MelleH-
HbIX Ha ocit OZ, mo ogHOMy B Tpex OBJAcTsX MPOCTPAHCTBA: BHYTPH LIapa,
Mesk1y IIapoM II cdepoll ¢ oTBepcTHeM H BHe cdepbl C OTBepCTHEM TaK, YTO
by < a; < by < ap < b3, rae b; paccrosHue j-TOro AUIIOJS IO Hayala CHCTEMBI KO-
opmHart, j = 1,2, 3. IIpi 3TOM IONOJHUTENLHO yUNTHIBaeM HaIlpaBJIeHIe MOMEHTa
M; KajKJIOro MIIIOJA: IoJaraeM m; = || B ciy4ae OpHEHTHPOBKU MOMEHTa Iil-
0 B MOJOXKIITeIbHOM Hanpabienmu ocu OZ, m; = —|m;| - ecin mumous opu-
eHTIPOBaH B OTpINIaTeIbHOM HampabieHmn ocut OZ, monraraem m; = 0 B ciyuae
U3DBATHSA MIOIONS II3 pelleTKH. Tpebyercss HalITH BTOpPHUUYHBIE A parnpoBaHHbIE
moas EW, (W p = 1,...,4 mumoJelt Bo Bcex Tpex oBJaacTsX mpocTpaHcTBa RS,

Paccymorpiy 3amauy midpakiim Kak KpaeByw 3aJady sl ypaBHeHulT Makc-
BeJLIa

phik p.9p yemny wgh
rotE:———-a—, rotH:—--a—, (1)
¢ ot a4
div B = 0, div D = 4xp, (2)
B=ypH, .D=¢k, , j=0oF (3)

OTHOCHTeIbHO HOIHBIX modelt £ = E©) 4 E("), H=HO 4 H®™ n= [

B (1)-(3) mpimHsTH CcTaHIapTHBe 0603HaueHns: D, B - BeKTOpHI aJeKTpirde-
CKOIT I MarHITHOIT HHIYKIMII, ¢ - CKOPOCTh CBeTa, t - BpeMs, p - INIOTHOCTh 3apsi-
JIOB, ft 1 £ - MarHITHAs 0 AH3JeKTPHYECKas [POHMIAeMOCTb, 0 - IIPOBOIIMOCTb
Cpelbl, ] - TOK IPOBOMIIMOCTI. 3aBHCHMOCTh OT BPEMEHH IIOJaraeM rapMOHIYe-
cKoIT e~*! ¢ KpyroBoll YacToTolT w.

Bektops! E, H 1017HbI yIOBI€TBOPSTD: a)TPaHIYHBIM YCJIOBHSM : Ha IIOBEpX-
HOCTHI IIapa I 0TBepCTIIA B Chepe BeKTOpH L n H HelpephBHBI, Ha OBEPXHOCTII
cephl ¢ OTBepCTIeM TaHTeHIMIATbHASL COCTABIIAIONAs BeKTopa L paBHa HY.IIO; 6)
YCJIOBITI0O KOHEUHOCTII ITHTerpaJia 3HepTHH 110 Jioboll orpaHirdeHHoll obxacti V' B
R3 B ToM unicie obnactir, comepixalieit pe6po cdepsl ¢ OTBepCcTHEM I He cojep-
JKaurel IICTOYHIIKOB

/(552+uﬁ2) dV < oo, (4)
1%
31ech nHTerpaJ Jlebera;
B) YCJIOBILSIM II31ydeHIs Ha 6eCKOHEUHOCTH Tllrrgo T (%—’T‘ - iku) = @1 rl_i_)rgc u =0,

rie u - Jwodas KomroHeHTa noias E, H; r) uMers TpeDyeMylo HEHHTEIPHPYyeMYlo
0CODEHHOCTh B TOUKAX pa3MeElleHIs JUIIOJMElT.

YcIoBIIS YHKTOB a)-T) 00ecleunBaioT CyleCTBOBaHIE I eJITHCTBEHHOCTh pe-
LIeHIIs KpaeBoll 3aJaull 1is ypaBHeHnit Makcsemnna [8].

st pellleHIIs 3a1a41l CHavyaIa IPIMEHIIM MeTO pa3JeseHIs repeMeHHbIX Qy-
phe, TaK KaK [IOBEPXHOCTII Cephl C OTBEPCTUEM H IIapa ABJIAIOTCSA KOODANHATHBIMII
) 7O
b

(0
11 KommakTHEIMII B R, CHauaja IOJIyunmM IpeicTaBiIeHIe TOJs E]( i~ - 1GE0

mmoust (j = 1,2,3) B Bune pszo Oypre-Beccens.
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0
Ilose MarHHITHOrO AMIIONS IIO OIlpenesyIeHNI0 IIMeeT HYJeByI KOMIIOHEHTY E-(r )

I1 He 3aBIICHT, B CILTY OPHEHTHPOBKI MOMEeHTa IUIOJSA BHoJab ocu O Z, OT KOOpIH-
HatThl ©. Bocronb3yemcs ativu cBoficTBamu mous qunoasi. V3 ypasrenmit (1),(3)
noJjar:s €,p,0 KOHCTaHTaMH, IIOJy4daeM: OBe OTINYHBIE OT HYJSI KOMITOHEHTHI
(0) }1(0) E©)_f(0)
ryHy ' mons . JUIIOJSI BBIPAXKAIOTCS Yyepe3 e IMHCTBEHHY 0 KOMIIOHEHTY

0
E‘E, ), KOTopas yIOBJeTBOpseT MiddepeHIIaJIbHOMY yPaBHEHIIO

BB - s 3 %59
%. . Obg (0) Pt iy E(O) 2 E(U)
r  Oré (TE‘P ) 1-2 a6 (s1n0 80(Sm0 )) [ (5)

(0

Bsenem MarHuTHBI1 noTeHumal [lebas v; ', 4epe3 KOTOPHIfT BbIPa3NM OTTHYHbIE OT
HyJIs1 KOMIIOHEHTSH!I ImoJist qumoas (9, 10]:

(0)
7O _ 0*(rv;)

0 _ 1 ‘92(’"”]('0)) ©) _ ko 3(”]('0))
i = "ot (e 2 e, -

(0) g @)
i (rv ), Hip = T 000r ' ¥ T 06

(6)
(©0) _ Yn(kjr) - En(kjbj), b > 1,
0 ¥ b2 Z Fj(n)(2n + 1)Py(cos ) {fn(kjjr)'i,!ln(k;b;), b; i (7)

rae Yn(z), &n() - ccbepxmecrme dyrxumm Beccens u Xaukens 1-ro pona, Pp(cos 6)
- noJuHOMB! JIeskaH/Ipa HyJIeBOro IOpSIKa CTeleHN n, kobduuent F;(n) paBen
1 B ciryyae pa3memleHns j-ro mumoxs Ha ocu OZ seuue Touku (0,0,0) u Fj(n) =
(—1)™ nmpu pa3memrernn j-ro mumots Ha ocu OZ ke toukn (0,0,0), 7 = 1,2,3;
ko = k3 = k B ciydae pa3MelleHIIs INIOJS B BaKyyMme, k, # k B ciydae pa3mele-
HILSL JUIIOJIs B I3JeKTPUYECKOM Liape, Hanpumep, ky = k,/€jfi1.

Beenem moremmanst JdeGas v(1) — v(4) proprnumsix momefr. Tak kak cdepa
C OTBEpCTHEM H IIap 00JaJaloT CIMMETPHell OTHOCHTENHHO ITOBOPOTa Ha JI00OIT
yTOJI ¢ B BBIOpAHHOIT CHCTeMe KOOPIIHAT I HX HEeHTPHl OCTAIOTCS HEIO IBIKHBIMII,
TO BTOPHYHBIE ITOJIS TaKXKe NMeIoT TPH OTINYHBIE OT HyJsSI KOMIIOHEHTBI, KOTOphIe
BEIpa3NM uepe3 noTermaisl v) amarormano (6), a cavm v9) mpencraBiM B TaKOM
BILIE

1 [e.e]
o) = k?,; A (ki) Po(cos 6), 0<r<a. (8)
v(2) By, - &a(kr),
B En%:l P, (cos @) e 2 a, < r < as. 9)
) = —}— Z bn&n(kr)Py(cosf), T > ay. (10)

W3 ycaoBus (4) i ypaBHeHI1 (1)—(3) crienyet, 4T0 KoadbdumenTs! An, Bn, an, by
psia0B (8)-(10) HeobXomIMO HCKATh B IILTLEEPTOBOM MPOCTPaHCTBE £? KOMILTEKC-
HO3HAUHBIX I10CJI€eI0BATEILHOCTEll C HEKOTOPEIM BecoM. Hamprmep, mis koaddu-
tmenToB b, psiza (10) mpoctpaHcTBo £2 OmpenenseM Tak:

{{b Jaz €C: Zlb 1*|¢n(kaz)[*n® < 00} (11)

n=1
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3. 113 rpaHIYHBIX YCIOBUIT MJIS ITOJENl MPUXOANM K FPAHITYHBIM YCIOBUAM IS
notenimatos Jledas (7)-(10):

H1Va = UVp, % [T (va 3 'Ub)] =0, r=a, NS [O?W]a (12)
= arve=0, r=a, 0€[0,0), (13)

0? 0
W[T(vc—vb)]= ﬁ[vc—vb]=0, T = ay,0 € (fo, 7], (14)
riae

Vo = viO) +9V) g = vgo) + 0@ 440 o, = v§4) + v:(;o)'

13 (12)-(14) Hafizem cBs3p must koaddurmentos psaos (8)-(10), ucnoas3ys,
B YaCTHOCTH, OPTOrOHAJIBHOCTH Ha [0, 7| ¢ BecoM sin @ mpucoeIMHEHHBIX (YHKIIIT
Jlexanzapa P} (cos#) nepsoro poma nepBoro nopsika CTeleHIl n, 3HadeHIle Bpor-
cknaHa cdepuyeckux dyuruuit W(y,(kaz),&n(kaz)) = i. B pesyaprate momy-
qaeM 1715 K03 duimenToB Ay, By, ap, b, psaos (8)-(10) cucteMy Tpex JIHEMHbIX
YPABHEHINT ¢ OTIMYHBIMII OT HyJs MHHODAMH TPeThero Mmopsiaka (s KayKIOoro
n=1,2,...). B kaxzmoll u3 3TUX cHCTeM UCKIW4aeM A,, B,,a, 1 BeIpaxkaeM HX
yepe3 K03 dUIEHTS! by, IMes [1eJbl0 TOCTPONTh AJTOPUTM OTHICKaHUS K03ddi-
mmeHToB by(n = 1,2,...) pana (10).

Paccmorpum paBerctBa B (14). Mckimouaem u3 HuHX KO3(UINIEHTH! [IOTEH-
mraroB vV, v(2), v(®) u nas xosddummerntos b, (10) moryyaem crcTeMy mapHBIX
CYMMATOPHBIX (DYHKIIIOHAJIBHBIX YPaBHEHII

Y bnbn(kaz)Pa(cos8) = S F(n)P(cosf), 0<6<b, (15)
n=l n=1

oo A(l) [ee] !

nz;:bn e P}(cos8) = ; A (n)P)(cosh), 6o <0<, (16)

rage

Ap = Pa(kag)AQ) — Eq(kaz) AP, (17)
AW = (ki)™ [kprn(krar)en(kay) — kypibn (krar)n(kay)]
AL = —(kik) ™! [k ba(kr01)¥p(kar) = ks (krar)n(kar)]
W)(n) = ~4iF{") (n)(kaz) ™ n(kaz)en(kbs); Fy*(n) = m;b;2(2n + 1)F;(n),
FO(n) = A7 (F (n)n(kba) {AD) [€a(ka2)pp(kas) + &, (kaz)un(kaz)|

~2A0, (kaz)én(kaz) } + iFS) (n)En(kbs) [A0) — AY)]
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+FO () (k)AL = i FO ()b (bib))
1

4. Bplme MBI CBeJII IICXOJHYI0 KpaeBYIo 330a4y K CHICTeMe CYMMaTOPHBIX (byHK-
LIOH. 1oHBIX YPaBHEHIIT IIepBOTO poJa IO MpHCOoeqHHeHHbIM GyHKImAM JlexaH-
npa Pl(cosf). KoaddmmenTs! psioB MoIydeHHON CHCTEMbI CJIOKHBIM 06pa3oM
3aBircaT ot byskmmt Beccens n Xankens dbuUKcipoBaHHBIX apryMeHTOB. Ilpume-
HEeH!I2 IIPSAMBIX YICJIEHHBIX METOIOB s PeIleHIIs TAKOI CUCTeMBI SBISETCS HeKOp-
pekTHBIM. OOIIero Meroma pelIeHIs TAaKNIX CHCTeM (QYHKIIOHAJbHBIX ypaBHEHI
Het. Cucrema TpebyeT cBOero IaJbHelmnuero npeobpasobanus (3, 7).

IIpeobpasyem cucreMy yHKIIOHAJIBHBIX ypaBHeHmil (15),(16) k cucreme
YPaBHEHHIT II0 TPHTOHOMETPHYECKIM (DYHKIIISIM:

o n(n + 1) ( 1) %
;bnfn(kag) on BR sin n-}-2 wi=

o i F(l)(m)m(m+ 1)

1
- = 1
S sxn(m+2)50,99 € [0, 6o), (18)

a0 Ak ) = 1 1

;::1 b"_A—n sin(n—i-E) = 5;:1 F®)(m) sin<m+§><p + Cosin 2P 9 € (60, 7]. (19
Jlis atoro mpounTerpupyeM (16) mouneno, Tak kKak {b,}°%, € £2, Pl(cosf) =
— 4 P, (cos §), momyqaem

) (1) IS
> bnAA—nPn(COSG) =Y FP(n)Py(cos 8) + CoPo(cosf), 6o < 8 < m, (20)

B=1 i n=1

rae Py(cos#) = 1 nu Co-KOHCTAHTA HHTErPIIPOBAHI.
B (15), (20) Bmecto P,(cos®) u P}(cos #) noacraBum ux mHTErpaJbHbe TIpe-
crasaenns Mexepa- Jupuxie [11]

\/‘ sin )
P,(cosf) = / \/—Wd

n(n+1) 242 sm( )cpsm<pd
2n+1 7rsm00 \/cos ¢ — cos §

[TomeHsieM TOpSAKI CyMMHpPOBaHHs I HHTerpuposanus B (15), (20), Tak Kak
{b,}22, € £2. Tlonyunm ypaBHenus tuma A6eus [4, 12] - 01HOPOIHEIe HHTErpaJIb-
Hble ypaBHeHHs Boabsreppa I - ro poxa co craboit ocobeHHOCTBIO B fape

P}(cosf) =

/f(go)(coscp — cos8)"Y%sin pdp = 0, 0< 6 < by, (21a)
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g

/h(cp)(cosO —cos ) M?dp =0, <0<, (21b)
8
rae

= 3 [putathon) - FO@] LD infu o, pe 0,0, (220)
n=1

co (1)
An 1 1
h(p) =Y [bn e F(? (n)} sm(n+2) ¢ = Cosin S, @ € (6o, 7). (22b)

=1

ITokaskeM, uto B (21a) dyrkuns f(¢) obpauaercs B Hyab mist ¢ € [0,60p). das
3TOr0 PACCMOTPIIM BCIIOMaraTelbHOe ypaBHeHIe

6

[ fi@)cosio - cost) 2 dio = g(6),  9(0) =0, (23)
0

rae g(0)— abcomoTHO HerpepbiBHas GyHKuus Ha [0, 7]. O6paTiM HHTErpaIbHBII
onepatop Boabreppa A : L1(0,7) — AC([0, 7)), coorBerctByiommmit (23). Crektp
oreparopa A coctout u3 Touku {0}, ypaBHeHnue (23) nMeeT e IIHCTBEHHOE PelLIeHIe
(13, 14]. Haifizem 310 pelleHue, HCIIOAb3ys CIEIYIOUIYI0 KOMIIO3UIIIIO

0
sin s f file)de o g(s)sins _g(s)sins
J \/coss—cosﬁo \/Cos p — cos s w/Coss—cos

(24)

B seBoil wacTu (24) M3MeHIIM OPSIKH HHTErPUPOBAHNS (HCMOIb3ys TeopeMmy Dy-
6unn). B (24) noxyuaem caenyoliee siapo:

sin sds

K(p,8) = ;
((¢,6) /(cos s — cos B)(cos ¢ — cos s)

Boruncoim naTerpat B A (¢, @), IpIMEHNB ITOICTAHOBKY COS ¢ — €0s 8 = y(cos ¢ —
cos @) :

d(2y - 1)

: _1 Ay
k0= | i = A -

3uaunr, siapo K (¢, 0) B (24) sBisiercst koHCTaHTOlT U paBHO 7. [Inddepenmpyem
obe wactu (24) mo U HaXOMIM pellleHIe BCIOMOTaTelbHOro ypaBHeHns (23):

= arcsin(2y — 1)|y AR BRR

6
fl(e %._di/ g(S)Sms ds. (26)

b COS s —cosf
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B (26) monoxmum g(s) = 0,s € [0,6p) 11 moxyyaem HCKOMOe pellleHIle ypaBHEHIS
(23) f1(8) = 0 u yparenus (21a): f(6) = 0,6 € [0, ).

Anagormraro (21a) paccmorpiM (216) u moayunmm h(p) = 0, ¢ € (6o, 7). U3
(21a),(21b) cremyror (18),(19).

5. Cucrema dynkmIoHaIbHBIX ypaBHeHm (18),(19)- cucrema mepsoro poma
10 3.JeMeHTApHBIM (YHKINISIM, SBISETCS HEKOPPEKTHOI, HO OHa JONyCKaeT CBe-
JleHIle IIyTeM YacCTITYHOIO oOpallleHHsA K OeCKOHEeuHOI cHCTeMe JIMHENHBIX aJre-
opairgecknx ypasHerml II poxa (CJIAY II) ¢ BrmosiHe HempephIBHBIM MaTPIYHBIM
onepatopoM B £2 [3, 7).

eficTBITeIPHO, BBIAEIIM AaHAJNTIYECKH oOpallaeMylo 4acTh cucrems! (18),
(19). a5 3TOro BBOMIIM 0DO3HAUEHUS

R
Ay

n(n+1)

(@)
. o T 1

160 FB = () (p)

41

II TapaMeTp MaJocTH (IIpeIBapHTeNbHO yMHOKHB (18) Ha (e

4i n(n+1) A

g P, PR
“n ka2 2n + 1

§> En(kay). (27)

B pesyasrarte u3 (18),(19) moxyvaem

oo

Z z sin (n + %) Q=

Z s el sm(m +3)e+ f: F,(nl)sin(m +3)p, 0 < ¢ < bo,
= - (28)
z Fm sm(m+%)ap+Cosin %go, o< <.
m=1
B paserctse (28) 1eByio 11 mpaByio 9acTi cocTaBasioT paasl Oypse B L2(0,7) mo
cicteMe yHKIMI y,(z) = \/g sin(n + )z. Qynkmum y, obpasyior basic, Tak
KaK SBISIOTCS COOCTBEHHBIMII (PYHKIMSMI CaMOCOIPSKEHHOro oreparopa Ly =
-y". y(0) =y (r)=0; L: H*O0,7) — L%*(0,7) c mickpeTHsM criekTpoM [9, 15].
Cunras mpaBylo 4acTh B (28) m3BecTHOIT (dyHKIUIeN, a JeBYI0 9acTh PSIOM
Oypre at0il dyHKINNI, obpaitaeM JdeByio dacTs (1, 3]. B pesyabrare momyuaem
uckomyio CJIAY II poxa:

) = §1z<2> i i; (FOuimm + FD [bnm — winml) 17, (29)
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sin(n — m)fp  sin(n + m + 1)6
n-—m n+m+1

5n,n = 176n,m = Owan,m = ] , N # m.

6. Cricremy (29) mpeacraBuM B cTaHIapTHOM MaTpuaroil hopme (I -T)X () =
Z, rae I - emmamrasst onepatop, T' - MaTpuunsil omepatop B £2, X (2) - croaberr
HeH3BeCTHBIX, Z - npaBslil cToaben. [lokasxkeMm, 4o MaTpuuHsbll onepatop 7' cu-
crembl (29) sBasercs koMuakTHeM B £2. [lefictBuTensHo [16],

(oo}
Z |8£,‘:)|2|wn'm|2m2n_2<oo, 1Z]lz < oo.
nm=1

HepaBenctBa mis T u Z moaydaem, HCIONB3ysi aCHMIITOTHYECKIE OLIEHKH J1s
dyuxmnt Beccens ¥, (z) n Xaukens &, (z) (z— durcuposan, n — 00) [9] u ouenkn

m
Bl < 2o <27, oW < 4G ()7, mo o,
m as
rae nusi GUKCHPOBAHHBIX kaq, kay mmeem 0 < Cq,Cy < 00.

Marpirgsble a1eMeHTHI crcTeMb! (29) He HMeIOT OCOGEHHOCTEll, OHH C OZM-
HaKOBO OBICTPOIT CKOPOCTBIO CTPEMATCS K HyJI0 IO CTPOKaM N I CTOXGHaM m
(n,m — 00), BEJHYNHbI Wy, ;, CIMMETPIYHBI 110 n,m. IloaydyeHHas cucrema obia-
JaeT BBICOKOIT BBIYICJIHITENBHOI yCTOMMYIBOCTIO, B TOM UHCJIe Ha CUETHOM HIITIe
He IUIOTHOM MHOJKeCTBe KopHell ¢yHkumt Beccens ¥,(z) = 0 (n=1,2,3...) [17].
OTH KODHHU CBS3aHBI C PE30HAHCAMH ICCIELyeMBIX 33124 IUQPAKIIIIL I SBISIOTCSA
KODHSMII oIlpeJenuTens cucreMs! (29) B mpenensHoM caydae 0p = 0,kaq = 0. Cu-
CTeMa pa3pellIMa YICJIeHHO ¢ J100oll Halepes 3aJaHHOI TOYHOCTBIO IS JMI0GBIX
3HAUeHINT TapaMeTPOB 3aJadll, HallpuMep, MeTOJOM PeIyKIMH, I aHAJHTHYeCKII,
HAaIpiMep, MeTOIOM IOCJIeI0BATE bHbIX IPUOJIIKEHNTT 11 MAJIbIX 3HaueHult 6y 1
T 00.
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Boundary Equations in Basic Dynamic Problems for
Thin Elastic Plates

I. Yu. Chudinovich, Yu. S. Gassan
Kharkov National University, Ukraine

The basic dynamic problems for thin elastic plates in Kirchhoff model are
under consideration. The representation of the solutions to the problems by
the dynamic analogs of the single- and double layer potentials with respect
to their unknow densities. The solvability of these systems is proved in
one-parameter scale of Sobolev-type function spaces.

1. Introduction

Thin elastic plates are elements of numerous constructions being used in
aerocosmic and electronic engineering and many other industries. That is why
the development of the methods for a calculation of strains arising in a plate
is a very important problem. In the article a variant of the potential theory
method is proposed that makes it possible to reduce the problems to the systems
of nonstationary boundary equations. The method of the research based on the
scheme developed in [1 — 4] for the problems of elastodynamics and in [5 — 7] for
the transient diffraction problems for acoustic and electromagnetic waves.

Consider a thin elastic plate occupying a domain Q x [—%, 2] where Q C R?
is bounded by a closed C2-curve I' and with its thickness A = const. From the
standard Kirchhoff hypotheses it follows that the displacement vector at (z,z3)
where z = (z1,2;) has a form (—z30,u(z,t), —z302u(z,t), u(z,t)) where u(z,t)
is the displacement of the middle plane of the plate, 9; = 9/0z;, « = 1,2. For
the sake of simplicity we consider only the homogeneous case, that is, the case
with zero loading forces and zero initial data. This does not lead to a loss of
generality since the existing non-homogeneities can be transfered to the boundary
conditions. The function u(z,t) satisfies the equation [8]

phd?u(z,t) + DA%u(z,t) = 0, R e L W e g AT T
the initial conditions

u(z,0) = ¢(z),
{atu(z,()) e 9(2)o07. - K
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and the boundary conditions

Tl [ (Qu)(=) = gi(a, 1),
I'{%Maﬂ=bu¢»” ”"{bwmxn=gxam(“”€FXR+

where

Qu = —(D/ph)(8,Au + (1 — v)8;[n1n2(82u — 8%u) + (n? — n3)0,0:u]),
Mu = —(D/ph)(Au+ (1 = v)(2n1n28182u — n20%u — n202u))

are the operations that correspond to the generalized cutting force and the
bending moment, d; = d/0t, 0, is the normal derivative, n(z) = (n1(z), na(z)) is
a unit outward normal to I', p is the surface density of the plate, D is its cylindrical
stiffness, 07 is the tangent derivative to I and unit vector 7 is obtained by turning
n on the angle 7/2 against the hour-hand.

Later on we consider simultaneously interior It, II* and exterior 1=, I~
problems in interior and exterior domains Q* = Q and Q- = R2\Q*F,
respectively. The correct formulations of these problems will be given after
introducing the necessary function spaces.

2. Function spaces

We introduce the function spaces by the scheme used in [9]. For any p € C and
m € R the spaces H,, ,(R?) coincide as sets with the standard Sobolev spaces
H,.(R?) [8]. Their norms are defined by

lull = [ (14161 + lolla(e) e
R2

where () is the distributional Fourier transformation of u(z). For an arbitrary

domain Q C R? the spaces ;Im,p (Q) are the subspaces in H,, ,(R?) that consist
of elements u(z) having suppu C Q. The spaces H,, () consist of restrictions
of elements of H., ,(R?) to Q. The norms in these spaces are introduced by

l ] \ 3

lullmp2 = ﬁeHm,pE?{f?):ﬁln=u lléllm,p-
The spaces Hp, p(I') are introduced by the standard way that uses resolution of
identity and the corresponding local coordinates [8].

We choose and fix k > 0. Denote C, = {p € C: Rep > k}. Let Hr.;m x,x()
and Hp.m kx(T') be the spaces of functions U(p) = u(z,p), z € 2, p € C, and
F(p) = f(z,p), z € T, p € C,, respectively, that are homeomorphisms from C,
to Hp(Q) and H,,(T) with their finite norms

o
lull? ke = sup [ (14 [p)*{|ull?, j0dr,
ODK -0

) p =0 +1iT.
A3 ke = sup [ (1 + [ 1I2, pirdTs
OD>K—00
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Let G = @ xRy, £t =T x Ry and let L be the Laplace transformation
operator . The spaces H,.mkx(G) and Hyr.mix( L) consist of the inverse
Laplace transformations u(z,t) = L™ u(z, p) and f(z,t) = L~! f(z, p) of elements
u(z,p) € Hr.m k x(Q) and f(z,p) € Hr.m kx(T), respectively. The norms of these
spaces are defined by

llullm km:6 = [ LU|lm km:05 ”f“m,k,n;):+ = ||L fl|m kx;r-

Let G* = Q% x R,. Denote by §* the trace operators that are continuous
from Hrm kx(GE) 10 Hrm—1/2,4x( ZF) X Hyim—3/2,k,6( ) for m > 3/2, k € R.
The element ¥%u is the couple consisting of the traces of u(z,t) and d,u on L.
We say that u € H,.50,.(G¥) is the solution of I¥ if v% = f and the variational
equation

/ai(u,v)dt— /Btuat_vdzdtz 0 (1)
0 (i 4

holds for an arbitrary v(z,t) € C®(G¥%) with the compact support lying in
Q* xRy. In (1) ax(u,v) = (D/ph) [ (312116%11+8§u8§v+u(812u322v+8§u83v)+
(9F

2(1- u)8182u6182v) dz where v is a Poisson’s ratio of the plate.

The solution of the problems II* is the element u(z,t) € Hy;20,(G*) that
satisfies

(o e] o0
/ iy / B,uTododt =& / < A Dot 2)
0 Gt 0

for an arbitrary v(z,t) € C*°(G%) with the compact support. In (2) § = (g1,92)
and (g, 7v)op is the inner L?(T)-product.

Theorem 1. For any f= (f1, f2) € Hr3/2..4( A Sy T+) and
G=1(91,92) € Hr_3)26x( ) X Hy_1/2 5 x( EY) the problems I= and II* have
the unique solutions u € H,.9 k1 <(G%) for all k > 1, k > 0.The estimates

llull2k-1,06¢ < clllfillsjzens+ + 1 f2ll1j2,0m24)s

”1'1’”2,1:—1,:{;6"i < c(||91”—3/2,k,n;2+ i ||g2H—1/2,k,n;2+)

hold where ¢ is some positive constant.
To prove the theorem we make a transition to the Laplace transformation
with respect to t and obtain for I* and II* the elliptic problems

p*u(z,p) + (D/ph)A%u(z,p) = 0, & €O,
Yrulz,p) = FlB, P " rET,

p*u(z,p) + (D/ph)A%u(z,p) = 0, z € Q*,
{(QU)(I) = gl(zvp)v (I,t) eIt (4)

(3)

(=Mu)(z) = ga(z, p),
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respectively. In (3) 7% is the trace operator that is continuous (uniformly with
respect to p € Cy) from Hj,(QF) to Hyp ,(T) x Hy/3(T'). For the solutions of
problems (3) and (4) the estimates

“u”2.p:91' = c(”-fl|I3/2,P;F+l|f2”1/2,p;r)) “u”2,p;Qi < C(||91”-3/2,p;1“+”92”—1/2,p;r)

hold, respectively. Here and later on we denote by the same symbol ¢ all
constants arising in various estimates that are independent on the functions in
these estimates and also from the Laplace transformation parameter p € C.
Note that the constants ¢ may depend on «.

It is easy to verify that if F(p) = (fi(z,p), fo(z,p)) and
G(p) = (91(z,p), g2z, p)) are holomorphic from C, to H3/9(T) x Hyjp(T) and
H_3/5(T) x H_y5(T), respectively, then the solutions of the problems (3) and (4)
U(p) = u(z,p) are holomorphic from C, to Ho(Q%). Returning to the space of
originals we obtain the statements of the theorem.

3. The dynamic single and double layer potentials

Let ®(z,t) be the fundamental solution to the equation of oscillations that
satisfies

02®(z,t) + (D/ph)A2®(z,t) = §(z,1),

®(z,t) =0, t<0

where é(z,7) is the Dirac function.
It is easy to verify that

Y P
*=9) = o7 o)

where si(z) = — TSi"T“du and 6(t) is the characteristic function of (0,00). The

z
dynamic single layer potential with a defined on ¥ = I' x R two-component
density @(z.t) is introduced by

(‘5)(1‘1) i /{@(.’E T yat ST T)al(ya T) ap an,ytp(x =2 y7t G T)a2(y7T)}dsydT
X

where 0y 4 is the normal derivative with respect to y. The dynamic double layer
potential with a two-component density §(z,t) is defined by

(W3)(z,t) = /{Qy@(z -y, t—=7)0(y,7) — My®(z — y,t — 7)B2(y, 7) }ds,dT
z

where @, and M, act with respect to y.
Obviously at least for the smooth finite densities on ¥ both the potentials
satisfy in R? \ T the homogeneous oscillation equation. If the densities vanish
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as t < 0, then both the potentials satisfy the zero initial data. The single layer
potential and its first derivatives are continuous when a point goes across the
boundary curve. The jump formulae for the single and double layer potentials
have a form

(WB)*(z,t) = ¢% 1(z,1) + (Wﬂ)"(xlt),
(QVa) (2,1) = i%al(z 0+ (QV6)°(z,t), ’
(—MVa)*(z t) = £505(z,t) + (-MVa)°(z, 1),

where the superscripts "+” denote the limiting value of the corresponding
functions when (z,t) tends to £t from inside G*, respectively, and the
superscript ”0” denotes the direct value of the corresponding integral.

The representation of the solutions to the problems I* by the single layer
potential u(z,t) = (V&)(z,t), (z,t) € G* leads to the system of boundary
equations

{(gm(x D=hAED, e
or in a symbolic form
@1(52 = f (‘5)

The representation of the solutions to the same problems in a form u(x,t)'=
(WB)(z,t), (z,t) € G* leads to the systems

(WH)(z,1) = filz,1), A
{(anWﬁ)i(x,t) =1f2(z,t), (z,t) €=t “or O30 = 7. (6)

The representation of the solutions to II* by the single layer potential yields the
systems

Qz

), (z,t)€Zt or O3

(QVa)*(z,t) = gi(z, 5
{ = gle D) =7, (7)

(-MVa)*(z,t)

and finally if u(z,t) = (WB)(z,1), (z,t) € GE ,then we have the systems

(QWB)%(x,t) = gi(z, 1), . S
(@reissed ez w od=r @

The aim of the article is to prove the unique solvability of (5)—(8).
We remark that after transition to the Laplace transformations the single and
double layer potentials take the forms

(Vpd)(z, f{‘P(z - y,p)a1(y,p) + O,y ®(z — y, p)aa(y,p)} dsy,
(W,0)(z P) f{Qy (z - y,p)B1(y,p) — My®(z — y,p)B2(y,p)} dsy
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where ®(z,p) is the fundamental solution for the operator p?I + A2, that is,

A 37 11D S K¢ NE
e =S (o)

keig(t) = SmKo(V/it), Ko(t) is the Macdonald’s function [10].

4. The properties of the boundary operators in the spaces with a
parameter

In this section we study the properties of the analogs of the Poincaré—Steklov
operators and also the properties of the basic boundary operators generated by
the single and double layer potentials in the spaces with a parameter.

Let f = (f1, f2) € Hjz/o(T') X Hyjpp(T') and let u(z,p) be the solution of (3).

We introduce the analogs of the Poincaré—Steklov operators ]\7;';‘: by

(VEF, @or = £ {p*(v,0)002 + ax(u,v)} (9)

where @ = (¢1,¢2) € Hzj2p(I') X Hy/,(T') and v(z,p) is an arbitrary element of
H2‘P(Qi) such that ’Yiv = 95 In (9) (ga f)O,F B (glafl)O,F rii (!]2, f2)0,F) (U, v)O,Qi
and (f,g)or denote the inner products in L2(Q*) and L?(T), respectively. It is
easy to check that definition (9) does not depend on the choice of the extension
v of . We denote the norm of Hp, 5(T') X Hip(T') by || - ||m,1,pr-
Theorem 2. Forallp € C,, k > 0 the operators ﬁ;b set the homeomorphisms
N} : H3/2,p(r) X H1/2,p(r) e H-—3/2,p(r) X H—l/2,p(r)'

The estimates

“N.;:ﬂl—3/2,—1/2,p;l" < ClPl||ﬂ|3/2,1/2,p;r7 ||ﬂ|3/2,1/2,p;r < C|P|||N;;if]|—3/2,—1/2,p;r

hold.
Proof. Taking in (9) v = u and separating the real and imagine parts one
easily obtains

pPllullg ax + ax(u,u) = 207 Re{B(NF f, flor},  p=o+ir (10)

From (10) it follows that [|ull2 o+ < clpl|(NZES, florl. If we take in (9) v = I*§
where [* are the extension operators mapping continuously Hgjs 5(T') X Hy/2,(T)
to Hz (%), then we obtain

|(N::fa 6)0,1“' < c||u“2,p;935”v“2,p;ﬂi < c”””Z,p;Qi”‘5”3/2,1/2,;);[’-

Hence .V,?fe H_3/35(T) x H_y/3,(T) and ||N';f”||2_3/2'_1/2'p;r < cllull? g <
C|P||(A_;pif, or|. Therefore

| NZ fll-3/2,-1/2p1 < clplll flla2,1 /20
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On the other hand, from the trace theorem it follows that

I flla/2,1/2p < cllullapaz < clplINE fll=a/2,-1/250 1 fll3/2,1 /251

therefore
||f||3/2.1/2,p;r < C|P|”N;hf”—a/z,—l/z,p;r-

P b
f = 0. This contradiction shows that the ranges of the operator
in the space H_3z/; ,(T') X H_y/3,(I'). This completes the proof.

-

)
all G € Hajpp(I') X Hyjgp(T), then taking @ = f one obtains (N*f, Hor =0and
=+

=

We denote by Vpd’ = 7*tV,& = y7V,a the boundary operator generated by
the single layer potential defined on smooth densities &

Theorem 3. The operator Vp can be extended by continuity to the operator
that set a homeomorphism from H_gz3 ,(T') x H_y 3 ,(T) to Hzj3 ,(T') X H1/2,p(r)'
forallp e C., k >0, k € R. The estimates

“VP&”3/2,1/2,]J;F < C‘P|||5“—3/2,—1/2,p;ra ||5||-3/2,—1/2,p;1“ 5 C|P|||Vp5||3/2,1/2,p;r
hold.

Proof. Let u(z,p) = (V,@)(z,p), z € R%. Using the trace theorem and (10)
we obtain the estimates

||VP6‘|§/2,1/2,p;F <c (”u”%p;ﬂ‘+ & Hu||§,p;ﬂ-) s Clp”((N; =¥ Np—)VPd" Vpa)o'[‘|.
From the jump formula (f; - ]\‘;)Vp&' = a it follows that
”Vpdug/u/z,p;r < clpll{(@, Vpa)o,r|-

Hence vaid.”f}/ll/?.p:r < c|plll@ll-3/2,-1/2,p;0- The inequality ||@[|_3/2,—1/2,p:r <
c|p|||17pid’||3/2‘1/2,p;1- follows from the equality Vp‘l = ]\7;;" — NP“ and from the
previous theorem.

The density of the range of the operator Vp in the space Hzjp ,(T') X Hy/z (1)
is proved as in Theorem 2.

Theorem 4. The operators Wf can be extended by continuity to the operators
Wpi that are homeomorphisms from Hgjy ,(T) x Hy /3 p(T') to Hzjp 5(I') X Hy 2 5(T)
forallp € Cx, k >0, k € R. The estimates

oo = i oy
||Wfﬂ||3/2,1/2,p;r < C|P|31|3||3/2,1/2,p;1“7 ||5||3/2,1/2,p;r % C|P|||Wp ﬁ||3/2,1/2,p;1“

hold.
The proof of the theorem follows from the easily checked formulae _’]j’:ﬂ &

VPNITE and also from the statements of Theorems 2 and 3.

Now we consider the properties of the operator F, = N*+3+W, = N=3~W,.
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Theorem 5. The operator Fp is a homeomorphism from Hz ;g (') X Hy /3 5(T)
to H_3/3p(T') X H_y/2,(T) for all p € C,, k >0, k € R The estimates

”FP/B”—3/2,—1/2,p;F < C|P|3||5||3/2.1/2,p;1‘, ||ﬂ||3/2,1/2,p;1“ < C|P[|lfpﬁl|—3/2,—1/2,p;r

hold.
Proof. The first statement and the first inequality follow from the properties
of N and W . To prove the second inequality we construct the function u(z) =

(Wfﬁ)(z), z € Q% and remark that from the jump formula § = W;E— W;ﬁ
and from the trace theorem it follows that

“5”%/2'1/2,,,;[* . C(”W;ﬂng/Z,I/Z.p;l‘ ¥ “W;ﬁllg/zl/lv;l‘)
< ellull o+ + l1ull3 40-)-

Taking into account the estimate in Theorem 2 we have

||5||§/2,1/2,p;r < C|P||(Fp5, ﬁ)|o,1‘ < Clpl”E:E“—3/2,—1/2,p;F||E||3/2,1/2,p;r

from which the required inequality follows.

5. The solvability of the systems of boundary equations

Passing in the systems (5) — (8) to the Laplace transformations we obtain the
systems

O\Vaé=f, ([@)Wip=Ff (i)NZV,da=g, (iv)NEWZB=4g.
The unique solvability of these systems and the estimates for their solutions

(i) ]| -3/2,-1/2,r < clplll fll3/2,1/2,p1>

(ii) ||B||3/2,1/2,p;r < C|P|2”f||3/2,1/2,p;1“,

(iii) ||C:’:||—3/2.—1/2,p;r < c|p?llgll-3/2,-1/2,p:1>
(iv) 1Blla/2,1 /2.0 < clplllgll=3/2,-1/2,pT

follow from Theorems 3 — 6. It is easy to check that if f(z,p) and §(z,p) are
holomorphic from C, to Hz/o(T')x Hyo(T') and H_3/5(T)x H_y/2(T), respestively,
then @(z,p) and B(z,p) are holomorphic from C, to H_3/5(T) x H_y/5(T) and
H35(T) x Hy/o(T). Finally, returning to the spaces of the originals we obtain the
following statement.

Theorem 6. For all f € H,3/3xx(5%) X Hpaj2kx(E*) and § €
Hyo_3/2kx(Z7) X Hei_1724x(EF) , 6 > 0, k € R systems (5) — (8) have the
unique solutions. Their solving operators

(Ol)—l : Hr;%,k,n(z+) X Hr;%,k,x(z+) wrie Hr;—%,k—l,n(2+) X Hr;—%,k—l,n(z-l-)’

(92)—1 : Hr;%,k.n(z-*-) X Hr;%,k,n(z+) == Hr;%,k—2.rc(2+) X Hr;%,k—2,~(2+)’
(63)_1 : Hr;—%,k,n(2+) X Hr;—%,k,n(z+) = Hr;—%,k—2,rc(z+) X Hr;—%.k—-2,n(2+)’
(04)—1 . Hr;—%,k,n(2+) X Hr;—%,k,n(z+) = Hr;%,k—l,n(2+) X Hr;%,k—l,n(2+)
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are continuous.

Having solved boundary equations (5) — (8) we construct the single- and

double layer potentials with obtained densities.

Theorem 7. For all f € H,3/25x(E57) X Hppokx(31) and

GEH, 33k x(EZ%) X Hy_1/2kx(E1), £ > 0, k > 1 the potentials (V&)(z,t) and

(W3)(z,t) with densities & and (3 that are the solutions of (5) — (8), respectively,
are the solutions u € Hy.2 k—1,x(G*) of the problems I* and II*.

Ot

The proof follows from the estimates obtained in Theorem 1.

REFERENCES

. Chudinovich I. Yu. The boundary equation method in the third initial

boundary value problem of the theory of elasticity. 1. Existence theorems //
Math. Methods Appl. Sci., — 1993. — 16. — P. 203-215.

. Chudinovich I. Yu. The boundary equation method in the third initial

boundary value problem of the theory of elasticity. 2. Methods for approximate
solutions // Math. Methods Appl. Sci., - 1993. - 16. — P. 217-227.

. Chudinovich I. Yu. Methods of potential theory in the dynamics of elastic

media // Russian J. Math. Phys., - 1993. — 1. — P. 427-446.

. Chudinovich I. Yu. On the solution of the boundary equations in problems of

elastic wave diffraction on the spatial cracks // Differencial’'nye uravneniya, -
1993. - 29. - P. 1648-1651. (In Russian)

. Chudinovich I. Yu., Dieng S. Potential theory methods in diffraction problems

for acoustic waves. // C.R. Acad. Sci. Paris. -1995. — 320. —P. 885-889.

. Chudinovich I. Yu., Dieng S. The solvability of the boundary equations of the

transient diffraction of acoustic waves on manifolds having a boundary //C.R.
Acad. Sci. Paris. - 1995. - 320. - P. 1019-1023.

Chudinovich I. Yu. The solvability of boundary equations in mixed problems
for nonstationary Maxwell system // Math. Methods Appl. Sci. — 1997. - 20.
— P. 425-448.

. Duvaut G., Lions J.-L. Les inéquations en mécanique et en physique. — Paris:

Dunod, - 1972. - 384 p.

. Agranovich M. S., Vishik M. L. Elliptic problems with a parameter and

parabolic problems of general form // Uspekhi matematicheskih nauk, — 1964.
-V.3.,19. - P. 53-161. (In Russian)

10. Abramowitz M., Stegun I., Handbook of mathematical functions. - New York:

Dover, — 1964.



259

BicHuk XapKiBCHKOTO HAIIOHAIBLHOTO YHIBEPCUTETY
Cepis “MatemaTuka, NpUKJIaAHA MaTeMaTHKa i MexaHika’

YK 517.956 Ne 475, 2000, c. 259-265

Kpaesas 3amaua mis cucrem ricesnomicbdepeHImaIbHbIX
yPaBHeHIII B O1cIoe

A. A. Maxkapos

Xapvxoscxull nayuonaardbuvlll ynueepcumem, Yxpauna

B craTthe momyueH KpuTepuil KOPPEKTHOCTH KpaeBoil 3ajauu B Guciaoe U Jo-
Ka3aHO CyIIeCTBOBaHHEe KODPEKTHON KpaeBOM! 3aJaud IJs J1000i CHCTEMBI
ncesroauddepeHIuaIbHEX ypaBHEHUA. BHIACHEHO Takke NI KaKAX CH-
CTeM CYILIeCTBYIOT mapaboauyeckue KpaeBHE 3aJauu.

B paborax [1] - [3] paccmaTpuBasach KpaeBas 3amada mas cuctem audde-
PEHIMAJBHBIX I IceBaomiddepeHINaIbHbIX yPAaBHEHINT B C10e. BBIIN MoIydeHs!
YCJOBISI KODPEKTHOCTH TAKOIl 33Jaul B PAa3iNUYHBIX IPOCTPAHCTBaX (DYHKINHIT,
yCJIOBIIS TapaboIIIHOCTII I CBOIICTBA PEIIeHHIT TapaboaryecKoil KpaeBoll 3a Aa4ll.
Bruro Takke DoKa3aHO, YTO MJIs J1060IT CHCTeMB! M depeHIaIbHbIX yPaBHEHHUIT
C ITOCTOSTHHBIMHI K03 HINIeHTaMI CyLUIecTByeT KOPPEeKTHAs IByXTOUeUHas 3a1ada
I BBISICHEHB! YCJIOBHS CyLIECTBOBAHIS MapaboidecKoll 3a1aUil B CJIOE.

ITeapro maHHON PabOTHI SBIASETCS MOJyUeHNE aHAJOTHUHBIX Pe3yIbTaTOB IJIS
KpaeBoIl 3a1a4ll B B1Icaoe.

'M =14 (182) u(z,t) Xt (1)
8"8“;’” = A, (T%) u(z,t) c<t<b; (2)
u(z,c—0) = u(z,c+ 0); (3)

| B (zar) u(z,a)+ D (m) u(z,c)+ C (%) u(z,bd) = ¢(z). (4)

3mechy Ag (,31) Wb (%) oo, (;g;) ,D (%) - niceB o depeHIaIbHbIE Olepa-
TOPBI C CHMBOJIAMI U3 IIPOCTPAHCTBa GeckoHeuHO auddepeHImpyeMbIx GyHKINI
crenenHoro pocra C%,_, a uepes u(z, ¢) 06o3HaueH oBIIIT JeBbI I IIPABHIIT IIpe el
dbysxmumn u(z,t) npu t — c.
Paccmotpenite 6ynem Bectn B mpoctpaHcTBax ¢dyHkimni CobomneBa-Cirobonenko-
ro H® u H{, a Takxe B X IIPOEKTHBHBIX mpeferax H® =N H*u § = H}.
s
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IToHa mOGATCA TaK¥Ke MPOCTPAHCTBA:

cf([a,bJ,HS):{u(z,t):nun: sup ||u{(z,t)n<s><oo}.

li1<j,a<t<h

Onpenenenue 1. 3adava (1) - (4) Ha3viéaemca KOPPEKTHO pa3pellu-
Mo¥ u3 npocmpancmea H®' & npocmpancmso C ([a,b], H®2), ecau Yo(z) €
H* 3'u(z,t) € C([a,b], H??) maxas, wmo ||u(z,t)|| < C|l¢||-

IIpeobpa3zosanne Pypre mepesoaut npocrpadctso H® B mpocrpaHctBo Hy =
(14 |23)~2L3, a FE® = H.. =N T,

MuosxecTBOM MyJILTI-mJIImaTopo; B ripocTpaHcTBe H o, ABISETCS IPOCTPAHCTBO
JIOKAJIBHO HHTerpupyeMbIX (yHKIIII TakixX, uto vrai sup|e(o)|(1+ |o])P < C nas
HekoToporo p (cm. [4]).

PaccMOTpuM ABOIICTBEHHYIO KPaeByIo 3a1ady:

(2Ued) — 4 (0)i(o,1) a<t<c (5)

Bued) = Ay(o)i(o,t) c<t<b; (6)
j i(a,c - 0) = @(0,c+ 0); (7)
| B(o)i(o,a) + D(o)i(o,c)+ C(o)i(a,b) = @¢(z), (8)

rre i(o,t) = Fyu(z,t),$(0) = Fo(z), Ax(o), B(a),C(c) 1 D(0) - cumoas! co-
orserctByloumx II1/10.
Byzem uckars pemrerue 3aznauin (5) - (8) B BiLIe

i e(t-—c)/il(d)é(a) ast<c
(o, t) = {e(t_c)"iz(”)é(a) a<t<b.

[loacrasisisi B ycaoBus (8), moxydim
(B(o)e®=9%) + D(o) + C(0)elt=42()) ¢(a) = ¢(o).
Ecan 3 (B(a)e(“‘c)’il(”) + D(o) + C’(U)e(b‘c)"i2(”))_1 , TO
é(o) = (B(a)e(“'c)’il(”) + D(o) + C~'(a)e(b‘°)’§2(")>—1 (o),
a u(o,t) = Q(o,t)p(0), roe

elt=c)As (B(a)e(““c)‘il(") + D(o) + C.'(a)e("'c)"h("))—l t € [a,c);

i) = soudicir 4 _ " o i
Q(e:1) e(t—c)Az (B(a.)e(a—c)Ax(a) + D(o) + C(a)e(b—c)Az(a)) p t € (c,b].
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Yrobw i(o,t) € C([a,b]; Ho) mpu aioboit ¢ € Hy He06X0IMMO I AOCTATOUHO,
urobbl Q(0,t) € H_o.
TakuM 06pa3oM IOKa3aHa Clelyollas TeopeMa

Teopema 1. Heobrodumbist u 00CTRAMONHBIM YCA0BUEM KOPPEKMHOU
paspewiumocmu 3adavu (1) - (4) u3 npocmpancmea H* e npocmpancmeo
C([a,b]; H®) aseasemca ycaosue

3e>0 I [Qo,t)ll < (14 o]

3ameyaHUe. Yca06ue meopembl 06€CNeNUBAEM MAKACE KOPPEXMHYIO Pa3-
pewumocmsb u3 npocmparcmea H; e npocmpancmsa C([a,b]; H*™P).

JokaskeM Tereps, 4To Aus Jio6bix cucteM I1/1Y Bcerma cymecTByeT KOppeKT-
Has KpaeBas 3aJada yKa3aHHOTO BIIIA.

Teopema 2. Jas awboiz Ai(0),Ay(o) € C2, cywecmeyiom B(o),C(0) u
D(0) € C=_, wmo xpaesas 3adava (1) - (4) xoppexmuno paspewuma us H® 6
C([a,b]; H*).

Joxasameabcmeo. Joka3aTeabCTBO 3TOI TeopeMsl IIPOBELEM 10 CXeMe JOKa-
3aTeJbCTBA TeopeMsl 3 13 pabotsl [1].

IIpexncrasimv Matpumbl exp(a — ¢)A; u exp(a — ¢)A; B moasproM Buze exp(a —
¢)A; = Uy(0)H,(0),exp(a — ¢)Ay = Uy(0)Hy(0), tae Ux(o) - yHuTApHBIE Ma-
tpuipl, a H(o) - caMocompsiKeHHbIe, IIOJOKUTENLHO ONpeleleHHble MaTpPHIIBI,
npuueM Hi(o) € H_o, Tk. ||Uk|| = 1.

Bossmem B(o) = Up(o),C(0) = Us(0),a D(o) = E. Torna

=941 (E + Hy(0) + Hy(o))™ t € [a,c);

Q(o,t) = { e(t=42 (E 4 H\(0) + Hoo))™ t € (¢, b].

Ho B pabote [1] 6bl10 n0Ka3aHO, uto ||e4(E + H)™Y|| < ¢(1+ |o|)P, t € [0,T].
IToaTomy y
(nad ¥ 258 S ) il
et (B 4+ Hy) ™ ||| (B + H) (B -+ By + Ha)™ | < 1+ o],

k. |(E+ Hy)(E + Hy + Hy) 7' || = || (E + H3) ™' || < 1,13e H3 = Hy (E + Hy)™'
- MIOJIOXKNTENBHO OIpeleNeHHas MaTpIIIa. g
Amnasorigso onennaercs Matpima ||e(t=942 (E + Hy + Hy) 7' || < ¢(1+]o])?.

3ameuanue. FEcau emecmo ycaosus (4) paccmampusams 08yrmoveuHoe
Kpaegoe ycaogue

B (;g—m) WY, (;g;) b i,

mo ama 3adaua modcem 6cezda Gblmb HEXOPPEKMHOU OAA HEKOMOPBLIT CUCMEM.
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ITokaxkeMm cHa4aJa, YTO MOJeNbHAs KpaeBas 3alada, IOCTPOEHHAas NpH JIOKa-
3aTebCTBE TeOpeMbl 2, HeKoppekTHa B mpoctpancTBax Cobonesa-Cioborerkoro,
ecmn Re Ay > 0,Re Ay < 0,Vo € R™, TpIrdem Re A >0 Heorpammeﬂm

Torna mpu B(o) = e~i(e~ C)ImAl(”), C(o) = e~ib-9ImA2(9) (v orpammrumves
CKAJISIPHBIM CJydaeM) MOIy4IM

lt=941 (gla-9Reds 4 (b-o)Reds) ™ t<c

a, b= i oy e
Qo 2)] e(t—c) Az (e(a—c)ReA1 +e(b—c)ReA2) } T

Honyctim (a—c)ReA; > (b—c)ReA; Ha HeKOTOPOM HEOIPAHMYEHHOM MHOJKECTBe
G € R™. Torma Ha 3TOM MHOecTBe 1pu t < c,

- - 1 -

IQ(U,t)l > e(t—c)ReA;(2e(a—-c)ReA1 )—1 pi 5e(t—a)ReAl -3 C(l o |0.])p Vp.
Ecmir (a —¢)ReA; < (b—c¢)ReA; Ha HeKOTOpPOM HeorpaHIYeHHOM MHOKecTBe G €
R™, To Ha 3TOM MHOXecTBe ipu t > ¢ |Q(o,1)| > %e(““)Re““ > c(1+ |o])P VYp.

Taknm obpa3oyM maHHAsS 3amada HEKOPPEKTHa B IIpoCcTpaHCTBax H°.

Yo ke KacaeTcs OCTAJIbHBIX KPAaeBBIX 3a/a4 YKa3aHHOIO BIAA, TO B |Q (0, t)| =

-1

(B(a) (a-c)Reds | C(g)elt- C)ReA?) Il IIepBOe II BTOpOe cJaraemsle ObICTPO

yObIBaIOT Ha OGeCKOHEYHOCTH, O3TOMy Ipu J106bIX HeHyJleBelx B(o),C(o) €
C=, Q(o,t) pacter GBICTpee JMI0OOIT CTEleHN 0.

Onpenenenue 2. 3adava (1) - (4) nasvisaemea napaboauvecxoti 6 bucaoe,
ecau pyndamenmanvrana mampuya Q(o,t) ydosaremsopaem oyerxe

_ [ Ci(1 + [o]ypremtamn 1™ <o
|Q(Gat)l = {02(1 % !Ul)pze—lzpz(t)|”|k2 g >ie.

2de p1(t) = min{(t — a), (¢ — a)}, p2(t) = min{(b - t), (¢t — ¢)}, a Ck, lx, hi > 0.
BbIsicHIIM IIpII KaKIX ycJIoBHAX Ha Ag(0) cyuecTByI0T mapaboJrdecKiie Kpae-
BBl 3aJay4ll B BIIcI0e.

Teopema 3. Ecau Ci, by, hi > 0, umo min|Re/\§(O’)| > Cilo)™ — by, (k =
3
1,2)Vo € R™, 20e /\f - cobcmeennbie 3navenus mampuywvt Ag(o), mo cywe-
cmeyem napaboauveckas xpaesaa 3adada (1) - (4).

Jloxazameabemso. Tlycts xak u B Teopeme 2 B(o) = Uy (o), C(0) = U;(0),
a D(o) = E. Torza Kak Mbl BILIEJIN IIPH JOKa3aTeJbCTBe TeopeMsl 2

0.1y = [N (E+ H(0)+ Ha(0) t€la,o)
elt=942 (E + Hy(0) + Hy(0))™ t € (c,b].
Ho B paGore [2] Ghuto nokasamo, uto Q(o,t) = e'4(E+ H)™' nomyckaer

ouerky [|Q(o,t)|| < ¢(1 + |o|)Pexp{—bp(t) min |Re);|}. ITosTomy mpu t < ¢,
3
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Qe t)lI < [le*=942 (E + Hy) ™" (E + Ha) ™" || < C1(1 + |o])™ exp{~bp(t)|o|"},
rne H3 = Ho(E+ H 1)'1 - TIOJIOKIITEJBHO OllpeNeleHHas MaTpHIa. AHAJOTIYHO
onennBaercst Q(o,t) mpu t > c. 3Hauur 3a1ava napaboaryeckas, uTo u TpeboBa-
JIOCh IOKa3aTh.

Teopema 4. Ecau cobcmeennsie snavenus stampuy Ag(o) ydosaemesopsiom
ycaosuam meopembvr 3 u xpaesaa 3adava (1) - (4) paspewuma us npocmpan-
cmea H* e npocmpancmeo C([a,b], H*®), mo ama xpaesas 3adava napaboau-
veckan u 0as aw6ol o(z) € L? cywecmeyem pewenue u(z,t) becxonenno dug-
pepenyupyemoe no z, Vt € (a,c) U (c,b).

oxaszameabcmeo. IIpex e Bcero mokasxem, 4ro Ja106asi KOppeKTHas KpaeBast
3agava Biaa (1) - (4) sKBHBaJIeHTHa MOJEIBHOI KpaeBoll 3a1aye.

Jlemma. Jlwbas xoppexmnas xpaesaa 3adava (1) - (4) sxeusarenmma mo-
deavrol xpaesol 3adave, 20e

Bo(0) = T(0)Ui(0), Colo) = T(0)Us(0), Do(o) = T(o)

¢ nexomopot T(o) € H_q,, npuvesm T~ (o) € H_.

Zoxaszameavcmeo. [leflCTBUTENBHO,

et=Ai1(0)G-1(q) t € [a,c);

Q(o,t) = { et=94(0)G-1(¢) t € (c,b].

rze G(o) = (B(a)e(“‘c)’il(") + D(o) + C(a)e(b‘c)’i2(")). A dyrzameHTaIbHASA
MaTpINa MOJEIbHOI 3a1aull

Onelod) = { (941 (E 4 Hy(0) + Ho(0) ' (o) t€ ayc)

3 elt=c)42 (E+ Hy(o) + Ha(o))” T'l(a) t € (c,b].
Buaunr T(0) = G(o)(E + Hyi(o) + Hz(O’))_l . ITokaxxewm, uto T(0) € H_o. Ho
T(0) = G(0) (E + Hi(0) + Ha(0))™" = B(o)eleI4() (B + Hi(0) + Ha(o)) ™+

D(0)(E + H1(0) + H3(0))™! + C(0)et=9%20) (E + Hy(0) + Hy(0))™" € H-oo,
T.K. BCe CJIaraeMble 3TOIl CyMMbl IIpIIHAJIeKaT MPOCTpaHCcTBY H_, UTO cirexyer
II3 KOPPeKTHOCTI MOJeJbHOIT 3ajaull n BkIovueHns CX € H_.. AHajgorumyso
nokassiaercs, uto T~ (o) = (E + Hy(o) + Ha(0))G(0)™! € H_w.

Bepremcs k nokasateabcTBy Teopembl. T.k. Q(o,t) = Qap(o,t), TOo 1o Teo-
peMe 3 BepHa OLIEHKa

1Q(e, O)ll < C1(1 + |o])P* exp{=bpx(t)|o]™},

T.e. 3a1a4a Byaer nmapaboinueckoil. CienoBartensto, u(o,t) = Q(o,t)p(0) € Huo,
T.K. ybbiBaer GbicTpee J106oit cremenu (mpu ¢ # ¢). 3uauur u(z,t) € H®, t €
(a,c)U (e, b), T.e. GeckoHeuro muiddepeHIIIpyeMa 1o X.

ITokaxkeM, YTO yCJIOBIe HEOTPAHITUEHHOCTH COOCTBEHBIX 3HAYEHHII SBISETCS
HEOOXOMIIMBIM IS ITapabOoJITIHOCTII CKAJISPHOIT KpaeBoll 3aJaull B Oicioe.
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Teopema 5. Ecau 30, € R" : |0,| —» o0 u | Re Ax(0,)| < M daa nexomo-
pozo k, mo ne cywecmeyem napaboauxecxol xpaesol 3adavwu 6 bucaoe.

oxaszameavcmso. IlpeanonoxuM, 9To cylecTByeT napabosraeckas KpaeBas
3amava. Torma 1o seMMe OHa 3KBHBAJEHTHA MOJEIBHOI KpaeBoil 3agade. Ho

|Qnm(o,t)| = |e(t—c) Re Ai(0v) (1 + ela—9) Re A;(0v) + e(0=9) Re fiz(a.,))_l | >

: e—lt—cIM (1 P4 emax(]a—c|;|b"cl)) - > M.

3HauNT He BHIITOJHEHO YCJIOBIE IapabOoJITIHOCTIH.

MoskHO JOKa3aTh HEOGXOMMMOCTh YCJOBUII TeOpeMbl 2 ISl CHCTeMBbl miidde-
PeHIMAJbHBIX ypaBHeHm! (cM. [2]), Takke Heo6X0aMMOCTh GeckoHeuHOI mrdde-
PEHIIIPYEeMOCTH peIleHNs 10 IPOCTPAHCTBEHHBIM IlepeMeHHBIM [ IapabosIdHo-
cru 3amaun (1) - (4).

B 3akiioueHme mpuBeneM IpUMep, KOTAa IIPH CTHIKOBKE IBYX HEKODPPEKTHBIX
3aJa4 MOXKeT IOJYUHNTCS KOppPeKTHasd KpaeBas 3alayda.

PaccmoTpumM ciienyonryio KpaeBylo 3a1ady:

au(x t) 3”(1' t) + Bua(r it) -T<t<0;
u(x 7L uagr 29 _"ai_ﬂﬁ) 0 < 1< TS
191y 1072 Ay

u(z,— ) = u(z,+0);
u(z,-T)+ u(z,0) + u(z,T) = ¢(z).

OynaaMeHTa bHAS (PYHKINS JAHHOI KPaeBOIl 3a1ayll IIMeeT BIJ

elortio2) ( T(o1t+io2) 4 1 4 ¢ (°1+w?))  § t <0

) —
Q(o,t) elo1—ia2) (e—-T(01+i02) 414 eT(01+ig2)) -1 55,

Jlerko yBuaers, uto @(o,t) yaoBreTBopsier cilelyioulell oleHKe
Creto it
1Q(0,1)| < #__ < Céltl T)los| te (-7,

CTO'I—l—

T.e. KOPPEKTHAa, XOTS He KOPPEKTHH! KpaeBble 3aJaull

{ 8u((9:1t:,t) 8:/.8(5 1) ¥ ’Lau(:' it) o LR
yu(z,0) + Bu(z,T) = ¢(a).

I

at 101, oz,

yu(z,0)+ Bu(z,T) = ¢(z).

npu J06six v 1 3 (cM. [1])

{ du(zt) _ du(zt) _ ;Bu(z,t) 0<t<T;
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Bicunk XapKiBChbKOTO HalliOHAJIBHOTO YHIBEPCHTETY
Cepia “MareMaryKa, NIpUKIaHa MaTeMaTHKa 1 MexaHika’

YK 512.54 Ne 475, 2000, c. 266-272

O BrIOKeHMI IPYIMIBl (DUHUTHBIX IIepPeCTaHOBOK

M. C. Boiixo, C. JI. Tedrep

Xapvroscxull nayuonaavnbllii ynusepcumem, Yxpauna

B pabote usyuaercs Bompoc o BIOkKeHHM IPYNNH Sy DUHUTHBIX IepecTa-
HOBOK CUETHOI'O MHOJECTBa B JIOKaJbHO KOMIIAKTHHE rpynnel. JlokasaHo,
4TO rpynny S; Helb3s BIOMKHUTb B MOYTH CBA3HYIO JOKAJbHO KOMIAKTHYIO
CPYIIY ¥ MOJHO INIOTHO BJOXXHTh B HENPEPHIBHYIO BIIOJHE HECBS3HYIO JO-
KaJbHO KOMITAKTHYIO TPYIIIY.

B 1967 rony E. [I. Tayan [9] mokasax, uro Ha rpymme S(N) Bcex mepecta-
HOBOK CUETHOT'O MHOJKeCTBa Helb3s BBECTH TOIIOJOruio, npespamatomyio S(N) B
HeIIpephIBHYIO JOKaJbHO KOMIIAKTHYIO Tpymimy. TeM caMbM OBLI JaH OTBeT Ha
Boripoc C. Yaama [5, ctp. 71]. B Hacrosmefll pabore n3ydaercs BOIPOC O BJIO-
JKeHIII IPYMIBl Sy (PuHUMHBLT TIePeCTAHOBOK CUETHOTO MHOJKECTBAa B JIOKAJbHO
KoMITaKTHble rpynmsl. B §1 mokasamo, urto rpymma Sy He MOKeT ObITh BIOXKEHa B
TTOYTH CBSA3HYIO (I, B YaCTHOCTH, B CBSA3HYI0) JOKAJbHO KOMIIAKTHYIO TpyIny (cM.
crenctsue 1.3). 9TOT pesyabTaT BHIBOANTCA 13 0bIell TeopeMbl 1.2, B KOTOpOIl
JIOKa3blBaeTCss HEBO3MOXKHOCTDb BJIOXKEHIISI IIPOCTOI HEJNITHEITHOI T'PYIIbl B [IOYTII
CBSI3HY 10 JIOKAJbHO KOMIIaKTHY10 rpynmy. Bo Bropom naparpade mokasaso, uto Sy
MO3JKHO INIOTHO BJIOXKHTD B HEIIPEPBIBHY 10 BIIOJHE HECBA3HY IO JOKAJIBHO KOMITATHY 10
rpymmy (cM. cieacrue 2.5). JIJIs IOCTPOEHIS TaKOTO BIOXKeHHe Ha Ipymme S
BBOJUTCS HeIICKPeTHas JOKAJbHO OrpaHNYeHHas TOHMOXOrHs (cM. Teopemy 2.4).

B namrsnefmreM rpymma (HHITHBIX MepecTaHOBOK CUETHOIO MHOKeCTBa Oyaer
paccMaTpHBaThCS KaK BO3pacTaiolllee OObedITHEHIEe KOHEUHBIX CHMMETPITYecKIIX

o0
rpymr: Sy = U1 s
n=

1. B aTom pa3zene 6yzeT pacCMOTpPEeH BOIIPOC O BO3MOXKHOCTII BJIOYKEHIIS I'DYIIIIb]
Sy B IIOYTH CBA3HYIO JOKAJIHHO KOMIIAKTHYIO I'DYIIILY.

ITycts G — Tomosoriyeckas rpymma, a Go — €@ CBA3Has KOMIIOHEHTa el-
HIIIIBI.

Onpenenenue 1.1. Bydem zosopums, umo zpynna G noumu c6A3na, ecau
gaxmopepynna G |Gy xomnaxmua.

Teopema 1.2. [Tycmbs npocmas duckpemuas epynna I' ne asasemeca au-
netinotl zpynnot nad noaem C (m. e. ne moocem 6bimb 6./40CEHA HU 6 KAKYIO



O BrOKeHHHN Ipynnsl (PUHUTHBIX IEPECTAHOBOK 267

epynny GL(n,C)). TozdaT neab3s nrodcumb 6 noYmMu C6A3HYI0 NOKAALHO KOM-
naxmuyio zpynny.

/loxazameabcmeo IpoBeieM B HECKOJIBKO 3TAIIOB.

(1) Tokaskem, uro rpymma I' He MOXKeT ObITH BIOXK€EHA B KOMIIAKTHYIO IPYIIILY.
Ilycts G — KoMIaKTHas TOIOJOTHYecKas rpymma, a ¢ : I' — G — BiIOo)eHle.
CorstacHo Teopeme Ilerepa - Beifins (8, ctp. 438], must v € T', v # e cyumecTtByer
Takoil romomopdmsm ¢ : G — U(n), uro ¥ (¢(7)) # I. MoxHO cunTaTh, 4TO
v:G — GL(n,C). Paccmorpum romomopdmsm 4 = poep : I' — GL(n,C).
Torma ¥(v) # I. 3nauur, Kerd # I'. Ho Ker9 < T u I' — mpocras rpynmna.
CaemoBatensHo, Kerd = {e}, . e. ¥ : I — GL(n,C) — HEBEKTUBHBII
roMoMopdu3M. ITO MPOTHBOPEUNT IIPEAIIONOKEHNII0 O HEIHHeTHOCTH Ipymmsl I
Hag C.

(2) IIpoBepmmM, uro I' Heab3s BIOXKHTH B cBsi3Hylo rpymmy Jln. Ilpeamoao-
&M, uto ¢ : ' — G — rakoe Bioxenue. Ilycts Adg : G — GL(g)
— IIplICOeIITHEHHOe MpeicTaBieHne rpynmsl G, rie g — aarebpa Jlu rpymmer G
(dimg < oo). Torma, cornacHo (6, ctp. 138], Ker Adg = Z, rne Z — ILeHTp
rpymmsl G. Moskno cumrats, uro Adg : G — GL(n,C). Paccmorpim roo-
vopdisym ¥4 = Adgop : ' — GL(n,C). Tak xkak ' — mpocras rpymmna, 10
Kerd = {e} wm Ker? = I'. Ho rpymma I' He siBisiercs anHeltHO Hax moxey C.
Suaunt. Kerd =T, 1. e. o(I') C Ker Adg = Z. IlocKoJbKY (¢ — HHbeKIUs, 113
BBIIIECTOSIIErO BKIIOUEHHs BhITeKaeT, uto I' — abeseBa rpynma. IIporiBopeulre.

(3) Jokaskem Temepb, uTo I' He MOKeT OBITH BIOXKEHa B CBA3HYIHO JOKaJIbHO
KOMIIaKTHyI0 rpymiy. IlpemmososkuM, 4to ¢ : ' — G — Bioxkenue, a G —
CBsA3Has JOKaJbHO KoMmakTHas rpyrma. Ilycts U — KoMIaKTHas OKPeCTHOCThb
emmamsl rpymubl G. Torma, cormacuo [3, crp. 138], cymecTByeT 3aMKHYTHII
HOpMa.IbHEI JemuTens N C U rtakofr, wto G /N — cpsasmas rpymma Jlu. Tak
kak U KoMmakTHa, To0 N — KommaxtHas rpymma. Hycts 7 : G — G/N —
ecTecTBeHHas mpoekmus. PaccmorpuM ¥ = top, 9 : I' — G/N. Kak nu s
nyHkTe (2) moxydaem, uro Kerd = {e} mm Kerd = I'. Ecin Kerd = {e}. 10
V:T — G /N — Broxenne I' B cBsa3Hylo rpymmy Jlu, 4To OPOTHBOPEYNT MyHKTY
(2). Ecn e Kerd =T, 10 (T) C N. Torma ¢ : I' — N — Baoxenue [' B
KOMIAKTHYI0 TPYIIIY, YTO MPOTHBOPEYNT IyHKTY (1).

(4) Ilycts, HakoHew, G — mOUTIH CBS3HaA rpymna, a ¢ : I' — G — BIOXKeHIIe.
PaccMoTpiy ectecTBeHHOoe oTobpakerne m : G — G /G, Iycrs ¥ = 7o o,
:T — G/G,. Ecn Ker 9 = {e}, o ¥ — Brosxenne I' B KOMIAaKTHY0 IPYIILY,
yto mpotmBopeunt nyHKTy (1). Ecan xxe Kerd = T, 1o ¢(I') C Go. 3naur,
s : ' — Gg — Bioxenne I' B CBS3HYI JOKAJbHO KOMIIAKTHYIO TPYIIy, 4YTO
[POTHBOpPEYNT MyHKTY (3).

Mcnoas3ys TeopeMy 1.2, moaydaeM OCHOBHOII pe3yJbTaT 3TOrO pa3jena
CaencrBue 1.3. I'pynna Sy ne moxcem 6bimb 6.4024CEHA 8 NOYMU CEA3HYI0
A0KAABHO KOMNAKMHYIO 2PYNNY.
JloCTaTOYHO MOKa3aTh YTBEpI)KIAEHIe CIeACTBHS M MNOATPYIIIbl YETHBIX IIe-
pectanosBok Ay. OrMernM, yTo rpynma Aj sBIsSeTCSA IPOCTOI KaK BO3pacTalollee
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obbeIHeHIIe IPOCTHIX Ipymn A,, n > 4 (cM. [1, ctp. 189]).

Ocramnock moka3sats, uro Ay HexunefHa Hag C. IIpemmonoxxuM, 4To Mbl BiO-
wmmt Ay B GL(n,C). Torma moarpymmay A, coorBerctByior B GL(n,C) ko-
HeuHble noarpymisl Gp,. Ho, kak ciexyer n3 kiaccuueckolt Teopemsl jKopnana
(cMm. [4, cTp. 404]), kaxnas G, colepkuT abeqeBy HOPMAJIbHYIO IOATPYIITY HH-
nekca < J(n), roe J(n) — HaTypaabHOe WIICIO, 3aBICSUIEe TOJIBKO OT n. Tak Kak
G — TpocTas rpymmna npi m > 4. To Bce, YKa3aHHBIe Bblllle, abeleBbl HOPMa.Th-
Hble MOATPYIIIBI COBIazalor ¢ emmnsirgsoll rpymmoit {/}. Ho mnuexc {I} B G,
paBHseTCs MOPAAKY rpynmsl A, T. e. paseH m!/2 (m > 4). Bribpas wicio m
JOCTATOYHO GOJBIIIM MBI MOYKeM IOBHTBCS Toro, uro m!/2 Gymer Goubute J(n).
[TpuxommM K MpOTHBOpPEUNIO.

C nmomomrsio TeopeMmbl 1.2 MOYKHO MOJYUIITh Pe3yabTaT O HEBO3MOMKHOCTU BJIO-
JKEHIIA B IIOYTH CBSI3HYIO I'PYIILY U 115 HEKOTOPBHIX APYTUX TPYIII.

Cnencrue 1.4. IIycmb I' — npocmasa duckpemnas xonewno nopoxrcioen-
Has Oecxonewnaa zpynna (npumep maxou zpynnvt cm. 6 [7, cmp. 87] u e [10,
cmp. 61]). Toeda T' neab3ds 6noxcumb 6 noumu C6A3HYI0 AOKAALHO KOMNAKMN-
HYW0 2pynny.

JlocTaTouHO MOKa3aTth, yto I’ He1mHelHa Ha g C.

Hycts ¢ : T — GL(n,C) — Broxenne. Toraa ¢(I') — KoHeUHO MOPOK IeH-
Has rpymma u3 GL(n,C). A, 3Hauurt. cornacHo teopeme A. 1. Maubuesa [4, ctp.
408], ¢(I') durnTHO anmmpokciMipyema, T. e. 114 Jwoboro aixementa g € ¢(T),
OTIIIYHOTO OT €IIHIHIIbI, CYIIeCTByeT KOHeuHas rpymma F' 1 Takoll romoMopdusm
YTy — F,uaro ¢¥(g) # e. Ilycts v € T, ¥ # e. Iomoxum g = ¢(v)
II IyCTh 1 — COOTBeTCTBYHUNI ¢ romomopdusy. Paccmorpum romomopdusm
JV=vop:T — F. Torma ¥(7y) = v(g) # e. 3naunt, Kerd #I'. Ho Kerd T
u I' — mpocras rpymma. CaexnosateisHo, Kerd = {e}, T. e. ¥ — HHDBEKTHUBHBII
romomopousm . Ho I' — Geckoneunas rpymma, a ' — koHeuHasi. IIporuBopeure.

2. OueBHIHO, YTO JMI0OYI0 MUICKPETHYIO IPyMIy [ MOXKHO BIOKHTH B HEIIpepHIB-
HYI0 JOKAJbHO KOMIIAKTHYIO IpyIIly (B KauecTBe TaKOIl I'DYIIIBI, MOXKHO B3ATh,
Harpimep, rpymay I' x R). IToatomy B caezctsimr 1.3 ycioBHe IOUTH CBA3HOCTH
0TOpPOCHTH Helb3sl. B 3ToM pa3szmeie Mbl JOKasykeM, YTO TPYIILY S MOYKHO NAOMHO
BJIOJKIITH B HEIIPEPBHIBHYIO BIIOJIHE HECBS3HYI JOKAIbHO KOMIIAKTHYIO TPyIIIy (cM.
crenctBue 2.5). Coruacuo (2, ctp. 26] n pesyabraraM §1 I 3TOro JOCTATOUHO
IIOKa3aTh, YTO Ha S f MOXKHO BBECTII HEIIPEPBIBHY O .JOKAJIbHO OTPAHITYeHHY10 TOIIO-
aorino (cMm. onpernenerie 2.1). Maes noctpoenns tpebyeMoll TOIOJOTIN HaBesHa
paboroil [9], rae IOKa3aHHO, YTO Ha IpyINIle 6Cer IePeCTAHOBOK MHOkecTBa N
TAKOIT TOIOJIOTHII BBECTH Helb3s.

Onpenenenune 2.1. Tonoaozuueckyro zpynny G 6ydem Hasbieamb ao0-
KaAbHO 0zpanuvenHol, ecau cyuwecmeyem oxpecmuocmys edurnuybl Uy, maxas,
umo 0as xaxcdol oxpecmuocmu U eQunuybl MONCHO HATUMU KOHEUHOE “UCAO
anemenmos s;, 0aa xomopuzr Uy C |Js;U.

1
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ITepefineM K IOCTPOEHHIO HCKOMOI TOOJIOTHH Ha Sf.

IIycte M C N — xoneunoe muoxectBo. Ilonmoxmm Ep = {0 € Sy
o(m) =m, m € M}. Kpome Toro, BBeeM cielyiolllee MHOXKeCTBO [1epeCTaHOBOK:
A={o€Ss: o(2n-1)€{2n- 1,2n}, 0(2n) € {2n - 1,2n},n € N }. MHo-
xKecTBO A ynobHO omucaTh Takxke ApyriM crnocoboM. Ilycts 7, € Sy — mepecra-
HOBKa, JefICTBYIOIIasd 10 CIeAyIoleMy PaBHIy: T,(2n—1) = 2n, 7,(2n) = 2n-1,
Ta(m) = m, ectu m ¢ {2n — 1,2n}. Toraa mas mwboro n € N, 7,2 = e
(e — TOXKIeCTBeHHas NepeCTaHOBKA, SBISIOMIAACS eIUHUIel IPYNms! Sy), a s
aobbIx n,k € N, 7,7x = T,7,. Ilycts {@,}32, — mocienoBaTelbHOCTH HaTy-
PAJIbHBIX YIICeN, B KOTOPOIT KOHeuHoe 4uIIcio 1, a octauabHble unciaa — 0. Torma

o)

IIpON3BeIeHIIe H Tna" ITOHIIMAETCA KaK KOMITO3HMIINA KOHEYHOI'O 4ICJaa IIepecTa-
n=1

HOBOK, HpII‘IéM, B CHIy COeJaHHBIX BBIIIE 3ameqamn'1, IIOPAIOK IIepeCTaHOBOK He

CyllIeCTBEHHEH. Tenep}, MHOXKeCTBO A MOKHO 3aJaTh KaK MHOJKEeCTBO IIepeCTaHO-

o0
BOK Briga [[ 7,%".
g=1

Ompenemmm Ay = EMyNA = {a €4S pi000 7 IT rn"‘"}. Bynem
n:{2n—-1,2n}NM=0
IIO OIIpelleleHNI0 CUNTaTh, uTo Ey = Sy 1 Ag = A.

3amamuM crenyuiee ceMeliCTBO MHOYKECTB:

U={Ap:|M|<o0}U{EpM:|M|< o}

Jlemma 2.2. Cucmema muoocecrns {oU}, 20e o npobezaem 6ce anemenmbl
St, a U — sce mnomcecmea cucmemvl U, aeasemcs omxpoimotl 6a3oti mono-
a0zuu na S§, omHocumeabno xomopol Sy A6AAEMCA HENPEPbLEHOU MONnoAo2U-

cxol  Iynnol.

CuauaJia nokaxewm, uro cucrema {oU}, o € Sy, U € U, sBIsAeTCS OTKPHITOI
Hasofl TomoJornu Ha Sf, OTHOCHTEJNBHO KOTOPON Sy SBISETCA TONOJOTHYECKOI
rpynmofi. B cuy (8, ctp. 33] mas 3TOro 4OCTATOYHO NOKA3aTh CaeLylolie CBOII-
cTBa U:

()YUeUIVeU:VECU;

) VUeUIVeU:V-lcU,

(i) VUeUNVo e UV eU:0V CU,;

(iv)VU eUNo € Sy IV el :0Vo™! C U;

VvVo,veUiweu:-wcunV.

JloKaxkeM 3TI CBOIICTBA.

(i) Paccmorpim Ap? mis mekoToporo MHoxkectBa M. C omHOM CTOPOHBI

2

Am? D Am. Ho Ay? = Il " Tnﬂn} =
n:i{2n-1,2n}NM=0 n:{2n-1,2n}NM=0

{ Il Tn°"+ﬁ"} C Ap. 3mauur, Ay’ = Ay
n:{2n—-1,2n}NM=0

Temeps paccmorpim Epy. OueBnmmno Bkmouenne Ej? O Ep. C apyroift cTo-
pounl, Ey? = {00, : 01,09 € Ep}. Ho 0102(m) = 0y(m) = m nas m € M.
3uaunt, 0,02 € Ep. CaemoBatensno, Ey? C Epy. WUrak, Eyp? = Epy. Iomy-
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gaeMm, uro YU € U : U? = U, 1. e. cBoficTBoO (i) BBIIOIHEHO.
(i) Ay~ = {07! : 0 € Ay}. Ho mas moGoro n € N, 7,2 = e. Cuenona-

o
TEILHO, Tn ! =,Tp. TOria I z S = I1 e
n:{2n—1.2n}NM=0 n:{2n—1,2n}NM=0

-1 = ¢. 3naunr, A;,Il = Ap. PaBencrtso

THon, T.ke: VO'E AN 0
n:{2n-1,2n}NM=0
Ejf = Ep BepHo, Tak Kak yciaosns o(m) = m u 0~!(m) = m 3KBUBaJEHTHBI.
Urak, VU € Y : U~ = U. 3nauur, (ii) BeImoaseHo.

(iii) Pacemorpiy U € U. Toraa, coraacuo (i), U2 = U. Ho Vo € U :
oU C U? = U. CuenoBateasso, VU € U Yo € U : oU C U, 1. e. (iii) BepHo.

(iv) 3amermm, uto, eciit M C N C N,|N| < oo, T0 Epp O En, Ay D Ap.
Bossmém o € Sy. Torma 3k € N:o(n) =n, n > k. Ilycts U € U. Tak kak
Apr C Epp, moctatouHo nokasath yrBepixkaenne mas U = Aps. IMomoxkum N =
MU{1,2,3...,k}. Torma N O M, u, snauur, Apy D An. Homoxum V = Ay.
Torna V € U, V C U. Paccvorpiy oVo™! = 0Ano™! = {0107 : 7 € An}.
Hycts n >k, a1 € Ay. Torna 07(n) = n, 1. e. o707}(n) = o7(n). Tax kak
T € AN C Ey, 10 7(n) > k. 3uaunr, o(r(n)) = 7(n). Urak, oro~(n) = 7(n)
nas n > k. Teneps nycts n < k. Toraa 7(n) = n, a 0~1(n) < k. Iloxygaem, uro
707} (n) = 07}(n). Ho toraa oro~}(n) = 007(n) = n = 7(n). CrexosarteasHo,
oro~! =71, 7 € Ay. Ilonyuaem, uro oVo~! = V. Takum obpasom, VU € U Vo €
S;3VeUU:0Ve ! =V CU, 1 e (iv) cupasemmnso.

(v) Iycts U,V € U, mpiruém U = Xp, V = Xn, tae Xy € {Am, Enm},
Xy € {AN,En}. TormaUNV = XyyN Xy D AN AN. lonoxum K = MUN.
Torma |K| < oo. Kpome 10r0, A C Ay 1 A C AN, Tak Kak K D M 1
K D N. Orcona A C AyyN Ay Cc UNV. Monoxum W = Ag. Iloaydaem, uro
VU, VeUIW eU :W CUNV,1 e. cBoficTBO (V) BBIIOIHEHO.

Bynem oGo3HauaTh TOmoIOrMIO Ha S, MOpOXKIeHHYyI0 cucteMoll {oU} depes
7. Tonoxormyeckoe npocTparcTso (Sy, 7) xaycaopdoso. JleficTBUTENBHO, TyCTh
01,02 € S§, 1 k — Takoe, ut0 01(n) = n, 0z(n) = n mpu n > k. Ilomoxum
M ={1,2,3,...,k} u paccyorpuM okpectHocTH 01 Ep 11 09 E ) TIepeCcTaHOBOK 0
11 09, coorBeTcTBeHHO. Toraa oy Ens N oo Epy = 0.

Ocraxoch mokasats, uto (Sy, 7) He ABIseTcS MICKpeTHOI rpymmoit. IIpemmo-
JIOFKIIM, UTO {€} — OTKpbITOe MHOkecTBO. Torma MHOKecTBO {€e} TOJIKHO BXOMITH
B CIICTeMy U, YTO He BBHINOTHEHO. JleMMa IOKa3aHa.

3ameuyanue 2.3. cnoib3ys KOHCTpyKIMIo U3 paborsl [9], MOXKHO IOKa3aTh
caejyiollee yTBep K IeHIIe:

Ecau na Sy 3adana maxas monoaozua T, wmo (Sy, T) — monoaozuveckas
2pynna, mo cAedyowue YcAO6UA IKEUBAAEHMHL:

e (S¢, T) — zaycdopgoeo npocmparcmeo;

e Vn € N, E,, — 3amxnymoe mHoxcecmso;

e Vn € N, F, — omxpeimoe mHoxMCECTNBO.

1O yTBep K IeHIle 00bICHAET, B YACTHOCTH, [TOYeMy HaM IIPHILIOCH B CIICTeMY
U BKIIOUNTH MHOXKeCTBa Biaa Ejys.
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Teopema 2.4. Tonoaozuuecxaa zpynna (Sy, T) asasemca nenpepwviénot
A0KAAbHO 02panuveRHOU 2pynnot.

B cuny memmsr 2.2 B mokasaTenbcTBe HyKIaeTcs TOJBKO JOKaJbHas OrpPaHM-
yeHHOCTh rpyrmbl. B kagectBe Up BriOepem MHOxecTBo A = Ay € U. Hamo
NOKa3aTh, YTO s J100011 okpecTHOCTH exuHHIB! U cyuiecTByer Habop IepecTa-

n
HOBOK 01, 03,...,0, € Sy Takoil, uto A C | o;U. ScHo, uyto MOXxHO cunTath
=1
U € U. Tak xak Ep D Apm, TO DocTatouHo paceMorpers U = Ay, |[M| < oo.
Tak kak M — KOHeYHOe MHOXKECTBO, TO CyUIeCTByeT k Takoe, 4TO MHOXKECTBO
N ={1,2,3,...,2k} D M. Torma Ay C Ap. Paccvmorpum 2* mepecranoBok
k

Buza [] 77, noe 7; — IepecTaHOBKa, ONpeleNeHHas TPH ITIOCTPOEHIH MHOje-
=1
k T
ctBa A, a @; — 0 wm 1. O6o3sHAUMM 04, ,ap,...0p = 1] 7;'. JlOKaikeM, uTO
=1
o0 o
AC U Oay,a0,...ax AN. HefictBurenso, Ay = o0 € Syp:o= [] w*
Q1,002,000 k i=k+1

o0
TormPeR> . 0 DRhyse {a €Sf:o=1] 7", a €{0,1} mpun > k}. Ho ecin
i=1

oo
o € A, 10 0 = [ 7. 3adukcupyem Habop aj, s, ..., 0k, COOTBETCTBYIOLIIIT
gl

o, Il IO HeMy IMOCTPOUM IIePeCTAHOBKY Oq, ay,..ax- J1OTHAA O € Oaya,..0nAN-

3gaunt, A C U Ooy,a2,...ax AN 1 TeOpeMa NOKa3aHa.
O1,02,...,Qk

C momolbio TeopeMsl 2.4 MoJydaeMm

Cnencrsue 2.5. I'pynna Sy moxucem 6bimb NAOMHO 8AOACEHA 6 HENPEPHLE-
HYI0 6NOAHE HECBABHYI NOKAALHO KOMNAKMHYIO 2PYNNY.

113 Teopemsl 2.4 u [2, cTp. 26] BBITEKaeT, YTO Mbl MOXKEM ILIOTHO BJIOXKUTH Sf B
HeKOTOPYIO HellpephIBHYI0 JOKaJbHO KoMIakTHylo rpymny G. Ilyctb ¢ : S — G
— ILIOTHOe BJOXKeHMHe, a Go — CBs3Has KOMIOHeHTa eauHmsl rpynmnsl G. Toraa
rpyma G /G, Bnonse HecBssHa. PaccMorpum ectecTBeHHOe oToBpajkeHme T :
G — G /G, unmonoxm 9 = 7o . Ilokaxeum teneps, uto ¥: 55y — G /Gy —
IIOTHOe BJIOKeHMe, piryéM rpymma G / G, HenpepriBHa. IIycts N = Ker 9N Aj.
Torna N < Ay. Caemosatensro, win N = {e}, mm N = Ay. Ecin N = Ay, 10
@(Af) C Go, 1. e. cyxeHue @ Ha Ay — 3T0 BIOXKeHIe Af B CBA3HYI0 I'DYIIy,
HeBO3MOXXKHOCTb 4Yero ¢aKTHyecKn OblIa JOKa3aHa B cieactsun 1.3. 3Haunt N =
{e}. Iokaxewm, uro KerJ = {e}. SIcHo, uto Ker ¥ Sy. Ho mobas HopMaIbHas
noarpynma H rpymmsl Sy — TpHBHaJbHA, 1160 coBmagaer ¢ Ay. JleficTBUTeIbHO,
HN Ay — s10 mibo Ay, mmbo {e}. Eciu H D Ay, 10, Tak Kak [S;: Af] =2, ToB
atom caydae H = Ay win H = Sy. Ecin ke H N Ay = {e}, Ho H # {e}, 10 n1s
0,7 € H\{e} ummeem o7 € HN Ay. llostomy o7 = e, T.e. 02 =ent=0"! = 0.
Takim obpasom, H = {e,o}. CienoBarteiabHo, BBILY HOpMaJbHOCTH H, Ius BCexX
w € 5, wow™! = 0. 3Haunt, 0 JeKUT B UeHTPe IPynnsl Sf, T. €. 0 = €, I Mbl
IIPIIXOMIIM K IIPOTHBOPEYIO.

Urak, Kerd = {e}, . e. ¥ — Broxenue u ¢(Sf) N Go = {e}. JokaxeM Te-
neps HenpepsBHOcTs Tpymmbl G /Gy. Ecan G /G, mickperna, To Go — oTKphITas
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noarpymma G, 4ro mpoTusopednt paseHcTBY ¢(Sf) N Go = {e}, BBUIY mIOTHOCTH
noarpymis! ¢(Sy) B G. Ocralocs npoBepuTh, YT0 ¥ — ILIOTHOE BIOXKEHHE. ITO
HEIOCPeICTBEHHO CIeIyeT I3 INIOTHOCTH BJIOXKEHIS (9 M CIOPbEKTHBHOCTH HeIlpe-
PBIBHOTO ToMoMop@i3Ma . YTBep K IeHIe MOJTHOCThIO JOKa3aHO.
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