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Introduction

This paper is devoted to the problem of characterization of the class of subsets of C' which can serve as zero
sets of entire absolutely monotonic functions. This problem was posed in [1] and has been solved for finite
sets there. Here we give the

By the definition, an entire absolutely monotonic function f is an entire function representable in the
form

£(z) = /0 e P(du), (0.1)

where P is a nonnegative finite Borel measure on RT and the integral converges absolutely for each z € C.
By the well-known S. Bernstein’s theorem [2], the class of such functions can be defined as the class of entire
functions f such that

f®(z) >0, vkeN|J{0}, V2 € R. (0.2)

Entire absolutely monotonic functions form a proper subclass of the class of entire functions representable
in the form

£(z) = / 7 e P(du), (0.3)

—0o
where P is a finite non-negative Borel measure on R and the integral converges absolutely on C. The zero
sets corresponding to the class described by (0.3) were completely characterized in [3]. This characterization
is the following:

Theorem A ([3]). A set E C C without finite accumulation points is the zero set of a function of the form
(0.3) iff the following conditions are satisfied:

(a)

E(JR=0, beE&beE (0.4)
(multiplicities of b and b are equal);
(b) for every H >0
logn(r,H) = o(r), r — o0, (0.5)
holds, where
n(r,H) :=#{z:z¢€ E,|Imz| <r,|Rez| < H} (0.6)

(points of E are counted with their multiplicities).

Sure, zero sets of entire absolutely monotonic functions form a subclass of sets described in the above
theorem. On the other hand, it is evident that entire absolutely monotonic functions form a subclass of the
class of entire functions bounded in each half-plane of the kind

Cyo:={2:Rez<w}, weR (0.7)

Therefore the characterization of the zero sets of entire functions bounded in each half-plane C\,, is of interest.
We give a complete characterization of these sets:
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Theorem 1 A set E = {b;}?2, C C without finite accumulation points is the zero set of an entire function
bounded in C,, YVw € R, iff

< oo, YwéER. 0.8
TR 0.8)

bkEEﬂ Cu

Note that the necessity of the condition (0.8) is an easy consequence of the well-known Blaschke condition
for a half-plane. It can be easily shown that the condition (0.8) implies (b) in Theorem A.

It turned out that, if we add (0.8) to the conditions of Theorem A, we do not obtain the complete
charactreization of zero sets of entire absolutely monotonic functions. In [1] it was mentioned the following
necessary condition not depending on all previous ones:

dist(z, E) — 400, = — —00. (0.9)

I.V. Ostrovskii showed (oral communication) that the following independent condition is also necessary:

1
x—bk

(3a € (0,7/2)) : > Re —0, x— —oo0. (0.10)

bp€E ({z:| arg z—m|<a}

At the moment we do not know whether or not the set of conditions: (0.4), (0.8), (0.9), (0.10) gives a
complete characterization of zero sets of entire absolutely monotonic functions.
The main result of the paper is the following characterization of zero sets situated in the right half-plane:

Theorem 2 Let E = {b;}72, C {z: Rez > 0} be a set without finite accumulation points. The set E is the
zero set of an entire absolutely monotonic function iff the conditions (0.4) and (0.8) are satisfied.

The necessity of these conditions is obvious. Note that in our case the conditions (0.9) and (0.10) are
satisfied automatically.
1 Main steps of the proof of Theorem 2

The first step of the proof of Theorem 2 is that of Theorem 1. This proof is contained in Sec. 3.
The second step is the proof of the following theorem which will be proved on the base of Theorem 1 in
Sec. 4.

Theorem 3 Let E = {b;}72, C {z : Rez > 0} be a set without finite accumulation points and satisfying
conditions (0.4) and (0.8). There exists an entire function 11(z) with zero set E representable by the
absolutely convergent in C' integral

o0
P1(z) = /0 e“p1(x)dx (1.1)
where p1 is a real continuous on R™ function positive on an interval (0,x1), 1 > 0.

The third step is the proof of the following theorem in Sec. 5.

Theorem 4 Let 1(z) be an entire function bounded in C,, Yw € R and 1p(u) > 0,u € R. There exists an
entire absolutely monotonic function x(z) without zeros such that the product v - x is representable by the
absolutely convergent in C' integral

valz) i= W) = [ e pala)ds, (12)

where ps is a real continuous on R™ function positive on a half-ray [x2,+00), w3 > 0.



Sec. 6 is devoted to proofs of two technical lemmas. The fourth step of the proof of Theorem 2 is that
of the following theorem in Sec. 7.

Theorem 5 Let p: RT — R be a continuous function such that

(a) the following integral is absolutely convergent in C':
v(z) = [ e pa)da (1.3)

(b) Y(u) >0, Vu € R;
(c) there exist numbers x1,x2, 0 < x1 < 2 < 00 such that p(xz) > 0 for z € (0,z1) J(z2, +00).

Then (Jeg > 0)(Ve € (0,£0])(FNo > 0)(VA > Ao) the function
Ure(2) i= ¢(2) - exp(Ae”) (1.4)

admits the representation

Pre(z) = /O wy, o () dz (1.5)
where wy . (x) >0 for all z € RT.

Note that Theorem 5 is of the same character as the results of Diamond and Essén [4].

2 Deduction of Theorem 2 from Theorems 3, 4, 5

Let E be a set satisfying the conditions of Theorem 2. By Theorem 3 there exists an entire function 1 (2)
with the zero set F admitting the representation (1.1) where pi(z) is a real continuous function positive on
an interval (0,x1), x1 > 0. Let us show that ;(z) satisfies the conditions of Theorem 4.

Evidently, ©;(z) is an entire function bounded in C,,, Yw € R. Moreover, ¥;(u) € R for u € R. Since
ENR =0, we have 91 (u) # 0 for v € R. Since pi(x) > 0 for z € (0,21), we have ¢ (u) > 0 for all u < 0
with |u| being large enough. Therefore 11 (u) > 0, Yu € R, and the conditions of Theorem 4 are satisfied.

By Theorem 4, there exists an entire absolutely monotonic function x(z) without zeros admitting the
representation (1.2) where pa(x) is a real continuous function positive for z > zo > 0. Since x(u) > 0, Yu €
R, we have ¢s(u) > 0, Yu € R. Since x(z) does not vanish, the zero set of 12(z) coincides with E. Being
an entire absolutely monotonic function, x(z) admits the representation

x() = [T e Q) 1)

0

where Q is a finite nonnegative Borel measure on R™. Hence
xT
pa(a) = b1+ Q@) = | male - Q). 22)

Hence pa(z) > 0 for = € (0,21) because pi(x) > 0 for x € (0,21). Therefore ps(x) satisfies the conditions of
Theorem 5.

By Theorem 5, for some € > 0, A > 0, the function (1.4) admits the representation (1.5) where wy .(z) >
0 for all z € R™. Evidently, the zero set of ¥ .(z) coincides with E.



3 Proof of Theorem 1

As it was mentioned before, the proof of necessity is trivial. The below proof of sufficiency is based on an
idea of I.V. Ostrovskii.
3.1. Let E be a set satisfying the conditions of Theorem 1. Let

E_ = Eﬂ{z :Rez < 0} = {ar}ie;. (3.1)

There exists a sequence of positive d; T +00,k T 400, such that

> |Reag| - 0k + 6
Z | |ak||2j1 s (3.2)
k=1 k
Note that (3.2) implies
O = o(lax|), k— o0 (3.3)
Set /
e 1—z/ax
Bi(z) := . 3.4
1(2) ,Ell—Z/(ék—&k) (3.4)

By (3.2) the infinite product (3.4) converges and is a meromorphic function. We shall show that Bj(z) is
bounded in C, \ K, Yw € R, where K, is a compact subset of {z : Rez > 0}. We have

s 82 — 2Reay, - 0%, \ ap —z | a ag —z  |?
Bi(2)|? = 14k = F " —| = — 3.5
| ()‘ kl_ll< |ak|2 kl;[l&c—ak—z gék_ak_z ( )
where C7 > 0 does not depend on z. For &, > 2w
In particular, for w = 0 (3.6) holds for any k£ € N, hence
|B1(2)|* < C1, Vze{Rez <0} (3.7)

Since 0 T 400, (3.6) holds for all w > 0 and all sufficiently large k > ko(w). So, Bi(z) is bounded in
Cy\ Ky, Yw > 0, where K,, C {z: Rez > 0} is a compact set including points —ay + 0, k = 1,... ko(w) — 1.
3.2, Let

E, = Eﬂ{z :Rez > 0} = {br}72;. (3.8)
Without loss of generality, 0 ¢ E. From (0.8) it follows
Z % <00, Ywe€ER. (3.9)
||

breCy ﬂ Ey

Hence, for any n € N, there is A,, > 0 such that

3 no 1 (3.10)

2 = 2"
n—1<Reb, <n; [Imby|> A, ‘bk’ "
Set
I, :={z:n—1<Rez <n, [Imz| <A,}, (3.11)
0= U II,, A:={z:Rez>0}\Q. (3.12)

n=1



By (3.10), there exists a sequence 0 < ui T 00, k T 0o, such that

Z Reby, - i + N%

< 00, (3.13)
ey okl
hence
e = o(|bx]), k — +oo. (3.14)
Set _—
By(z) := . (3.15)
b}_e[A 1—z/(bk + 1)

By (3.13) the infinite product converges and is a meromorphic function. By the reasons analogous to those
related to Bi(z) one can show that Bo(z) is bounded in C, \ K., Vw € RT, where K, is a compact set in
{z:Rez > 0}.

3.3. Let V(z) be an entire function with zero set being union of three sets: the set of all poles of Bj(z),
the set of all poles of Ba(z), and the set E (). Let us consider the entire function

fo(z) :== B1(2)Ba(2)V (2). (3.16)

The zero set of fo(z) coincides with E. But fo(z) is not necessary bounded in C,,, Yw € R.
Further we shall need the following theorem being a simple particular case of the well-known theorem
of M.V. Keldysh (see [5]).

Theorem B Let 7(x) > 0 be a continuous non-decreasing function on Rt such that T(x) | 400, = | 400.
Let g(2) be a function analytic in the closed domain

G=C\{z:Rez >0, |Imz| < 7(Rez)}. (3.17)
Then there exists an entire function ®(z) such that
lg(z) —@(2)| <1, Vzed. (3.18)

Evidently, there exists a function 7(z) satisfying the conditions of Theorem B and such that the cor-
responding domain G is free of zeros of V(z). Applying Theorem B to g(z) = log V' (z), we get the entire
function ®(z) such that

|logV(z) —®(2)| <1, Vzed. (3.19)
Evidently,
f(2) := fo(z) exp(=®(2)) = B1(2) B2(2)V (2) exp(—2(2)) (3.20)

is an entire function bounded in C,,, Vw, with zero set E. O

4 Proof of Theorem 3

4.1. Let E be a set satisfying conditions of Theorem 3. Let us construct an entire function f(z) bounded
in C,, Yw € R, by means the method of Sec.3. Since E({z: Rez < 0} = (), the factor B;(z) will be absent
in (3.20) and
f(2) = Ba(2)V(2) exp(—=D(2)). (4.1)
Let
Ay = Aﬂ{z :Imz > 0}. (4.2)

Since FE is symmetric with respect to R,

B = ] <1+2Rebk-,uk+,uz>. 1 (h —2)be—2) 3)
brehs x| pen, (Ok+ k= 2) (0 + i — 2)




From (3.13) and (3.14) it follows that there exists kg € N such that

Reby - p +pic _ 1 <

1
- > ko. 4.4
D E TR o

Without loss of generality we can assume that (4.4) holds for all £k € N and
1
Reb, < X‘Imbk” b, € A. (4.5)

(We enlarge the region €2 if necessary.)
In what follows we shall need estimations of log Ba(—7) and its derivatives. To write them, we introduce
some notations.
Let us fix 0 < B < 1 and set
q(r) = + Z 27 i + Z Ll # (4.6)
r1+/@ bechs (|bg|? +r2)2 bechs |br|  |bg|? + 72

By (3.13) and (3.14) both series in the right-hand side of (4.6) converge uniformly with respect to r on each
compact subset of RT and ¢(r) — 0, as r — oo. Let

Wk Lk <7T )
.4 — F 4 — — arctan — r>1. (4.7)
5t Rt L Tup b

Note that Q(r) | 0, as r T co. Further we shall denote by C' with indices positive constants.

Lemma 1 The following estimations hold:

log Bo(—r) > —CorQ(r), r>1;
|(10g BQ(Z))/|Z=77‘ < CgQ(T), T > 1;
KijgBQ( )) < Cu-jlalryr®™, j=2,3,...,r>1; (4.10)
log(|Ba(—r +1iy)|/Ba(—71)) < C5q(r)y2, yeER, r>1; (4.11)
log(|Ba(—r +1iy)|/Ba(—1)) < Ceqly)y®, ye€ R, 1<r<y/2. (4.12)

The proof of the lemma will be given in Sec. 6.

4.2. Theorem 3 is an immediate corollary of the following result.

Theorem 3'. Let f(z) be the function defined by (4.1). There exists an entire function ¢(z) without
zeros such that the product 11 (2) := f(2)p(z) is representable in the form

P(z) = /Ooo e“py(z)de, (4.13)

where py is a real continuous function on RT positive on some interval (0,x1), x1 > 0.
Let

At) = (“’(t))t? R .

t 148 = (12 + |bg|2)3
K 1 Ji 22
TR TN T e e 2L (4.14)
bzi [bel 2 + [bw? bzﬁ bl (2 + ox[2)?



Lemma 2 The function A(t) posesses the following properties:
(a) A(t) >0, t>1;
(b) [ A(t)dt < oo
(¢) A(t)t — 0, as t — +oo;
(d) A(t)t3 T +oo, ast T +oo;
(e) A(t) <4q(t), t>1.

Proof of Lemma 2 is obvious.

Set
ha(z) = /DA(etZ _ 1)A(t13/t)dt, 0<A<l. (4.15)

Since Lemma 2 (b), the integral in the right-hand side of (4.15) is absolutely convergent and hi(z) is an
entire function. Since

W (z) >0, VkeN|J{0}, vz € R, (4.16)
the function hq(z) is entire absolutely monotonic. It is easy to see that
Rehi(xz +iy) < hi(z), Vz,y € R. (4.17)

Let va(z), a € (0,1), be the entire function defined by

1

valz) = exp/0 (e®t — 1)t~ 1ot (4.18)

Note that log ¢4 (z) is a particular case of hi(z) corresponding to A = A, =t*"2 A =1.
Lemma 3 For a fized w, the following asymptotic equality holds in the half-plane C,,:
108 pa(2) = —Cy|z|e@@82=™) L O(1), (4.19)

w/2 < argz < 3m/2, |z|] — oo, (4.20)

where Cy, > 0 does not depend on z.

Proof of Lemma 3. Setting z = w + pe??, 7/2 < § < 37/2, we obtain (4.19) from the following
calculations:

P 10 1 o 0 1
log ¢a(2) = p* / (€7 exp(e™t) — 1)t~ dt = p° / (exp(e't) — 1)t~ 17dt—
0 0

[e’¢) X P .
po‘/ (exp(e®t) — 1)t~ 17 %dt + ,00‘/ exp(et)(e¥tP — 1)t~ dt =
p 0

ple =0 /Oo(e*s —1)s717%s + O(1), p— o0. (4.21)
0
O
4.3. Set
Ui(z) = f(2)exp[M(hi(z) — hi(0))]pa(z) =
By(2)V(2)e~®@) exp[M (h1(2) — h1(0))]pal2), (4.22)

where the constant M > 0 will be choosen later. Let

p(2) := exp[M (h1(z) = h1(0))]pa(z). (4.23)



Evidently, ¢(z) is an entire absolutely monotonic function. Let

1 [ .
o e "y (in)dn, n € R. (4.24)

Taking into account boundedness of f(z) in C,, Yw € R, and (4.17), (4.19), we see that the integral in the
right-hand side of (4.24) converges absolutely and uniformly with respect to z € R. Using (4.17), (4.19), we
can transfer the integration in (4.24) to the line {z : Imz = £}, V¢ € R. Noting that

pi(x) =

(¥1(x) € R, Yo € R) = (¥1(E +in) = ¢1(§ —in), & € R), (4.25)
we get ¢ ‘
pi(x) = e;frl(g)/o Re (e_imw> dn, VEeR. (4.26)
Hence pi(x) € R for x € R and
signp; (z) = sign /Ooo Re (em"W) dn, V&€ R. (4.27)

Using (4.17) and (4.19) and putting £ — —oo in (4.26), we conclude that p;(z) = 0 for 2 < 0. Taking
sufficiently large positive £ in (4.26), we get

pi(x) = 0(e %), = — 400, VC > 0. (4.28)

Hence, by the Fourier inversion formula,

i (2) = /0 ¥ ety (2)dz, Vze C. (4.29)

We are going to show that p;(xz) > 0 on some interval (0, x1), 1 > 0. For this, we represent the integral
in the right-hand side of (4.27) in the form

(/ +/ +/ )Re( ””W) dn=:1 + Iz + I3, (4.30)

where 1 = £1(§), g2 = £2(§) will be choosen later.
We shall estimate [; from below, |I3| and |I3]| from above and are going to show that I; > 0 and
I > |Iz| + |I3] for |£| being large enough.

4.4.
Lemma 4 Let -
0(r) == g(r) + / Q(uu)du. (4.31)
The following estimations hold:
mE > g@(!&\); (4.32)
W© > ale (4.3
G |:A<u>du+csa<|s|>|s|; (4.34)
0<n(€) = Cor0e). j =23 (4.35)
(log ea(€)) = Cuol¢|*™" (4.36)
(log pa(€))” > Culél* % (4.37)
@i ,
0< ggloseal) < O™, j=12.., (4.38)

where £ < & < 0.



Proof of Lemma 4. Differentiating (4.15), we get for || > 1/A:

fﬁ@zf“'%A@“ﬁ>1“Aww. (4.39)
0 I€]

Using (4.14) and (4.7), we obtain (4.32).
The validity of (4.33) follows from the calculation:

(€)= /OA e‘t'g'A(,lg/t)dt > /1/|s| 20 > 1/00 = =

0 13 e u

i/“(—“”)ﬁdu:immnziﬁwu (4.40)

¢l u
By (4.15)

(4) _ 4 —t|¢] i—3 3, L/l A —tl¢] i—3 74 _
WDe) = /0 e EIA (L)1) dt-(/o +/1/£| N
Ly +L3&), j=12,.... (4.41)

As it was mentioned in (4.16) , hgj)(f) >0, j=1,2,.... Further,

1/1¢l . 00 )
L I=3dt = 1=j | =
Lie) < /0 AP = [ a@t T, =12, (4.42)
Li() < K|AWMw (4.43)
> A(u) du 1 > A(u) ,
! < / < / = .
L;(§) o u W S g e, j =23, (4.44)
Integrating (4.44) by parts as in (4.40), we get
Lj(¢) < o€, j=23,.... (4.45)

€ I’ €2
Using Lemma 2 (d), we obtain

2 - 4 —t[¢] A(1/t) 3 —t|¢] 44
%K)—(@Ke o2 < ageplep [ e tian <

< A=, d=12,.... (4.46)

€ \] 2
For 7 =1 we derive (4.34) from (4.43) and (4.46). Further, for j = 2,3, ..., (4.45) and (4.46) yield

h () < (B(1€]) + A(IED). (4.47)

l
€ |J 2
Using Lemma 2 (e) and the definition of §(r), we get the right-hand 31de of (4.35

Since log v (z) is a particular case of hy(z) (for A(u) = Ag(u) =u*"=, A=
(4.37), (4.38) follow. O

4.5. Since the function log(V (¢ + z)e~®(+2)) is analytic in the disc {z : |z| < |¢|/2} for € < 0 and
(3.19) holds, Caushy’s inequality implies

).
1), the estimations (4.36),

2j

‘ ik (4.48)



Set

bi (&) = log ¥1(€) = log Ba(€) + log pa(&) + M (I (&) — 71 (0)) + log(V (§)e™ ).

Since f(§ + z) # 0 for |z| < [¢], £ < 0, we have for |n| < |£]/2

g1 tin) = M ()
g {7 1@ j o+ 2 =€),

By (4.9),(4.32), (4.36) and (4.48),

’

bi(§) = (10g32(§))/+(10g80a(§))l+Mh/1(§)+[log(V({)e“I’(@)]lz

M
~CHQU€D + Cuolel™ + 2 Q) —

Further we shall assume M > eC3. Then, for [£] > 1,
b1(€) = CsQ(IE]) + Cualg*™" > 0.
On the other hand, (4.9), (4.34), (4.38) and (4.48) imply
2

by (€) < C5QUIE]) + Cralé]* ! + /: Awdu-+ CAE)IE +

Taking into account Lemma 2 (b) and (c), we conclude that
by(€) =0, as &— —oo.
Moreover, (4.10), (4.33), (4.37) and (4.48) imply

bi(€) = (g Ba&)) + (o5 pal©)” + M () + [log (V(€)e )] >

M 8
~2Caq(I¢]) + Cnlg|* ™ + —all)) - e

Assuming M > 4Cye, we shall have
by (€) = 2C1q(€]) + Cuslé* 2, 1€ > 1.
From (4.52), (4.54), (4.56) we conclude that b} (¢) | 0 as & | —oo. Therefore the equation
bi() ==
has a unique solution £(x) for every z, 0 < x < xg, such that
&(x) | —oo, as =z |0.
Substituting £ = £(z) into (4.50), we get

Lagr(E i) b(©)
IOg{e K wl(g) }__ 12 772—1_7_1(5777)7

where

e =3 W00 ).
=3 7
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(4.49)

(4.50)

(4.51)

(4.52)

(4.53)

(4.54)

(4.55)

(4.56)

(4.57)

(4.58)

(4.59)

(4.60)



By (4.10), (4.38), (4.35) and (4.48),

B9 ()] < [(log Ba(€))D] + (log wa(£))9) + MAY(€) + v

[1og<v<s> )"

Cujla(|EDIEP™ + Crzjl||*™ + CrogllEP70(€]) + j!

|€V
whence, using the definition of 0(r), we get
. J
) < Cua Ol + 1) (1) - T=280
For |n| < [£|/4, (4.63) implies
o~ (2l &) +1¢1*~2
&l < (el + 167 3 (1) < 0 UL
7j=3
We choose 1/
™ €l )
g1=¢ = . :
=== (575 gy +
Then, for |n| < &1, the inequality holds
7r
’7_1(57 )’ < g
Using this and (4.59), we obtain
€1 b// 1 €1 b//
I = /0 exp {155)772 + Ren(f,n)} cos(Imy (&,m))dn > 56_”/3/0 exp (155)772> dn.

Hence, by (4.63),

L >

(O(1ED+lg[*2)1/2er )
/ exp(—Cigu”)du.

eO(1€]) + [¢[* )2 ;

N)\H

Note that (4.65) implies
(O(1€]) + |€]°72) 261 = Crol€|3(0(1€]) + [€]272)Y6 > Croe|*/6 — 00, as € — —oc.

Thus, (4.68) implies
I > Coo(B(18]) + [¢]*%) /2 = 00, as € — —o0,
4.6. Set
g2 = e2(§) = 2[¢|.
Evidently,
e1(§) = O(l¢'™%) < ex(€)

for sufficiently large |£|. We have

£2
L] < /
€1

Bz({—l—in)“

@a(& + 1) ‘ . ‘ V(€ + in)etErm)

Ba(€) al(8) V(§)e ®©
For sufficiently large [£],
1/1¢|
0

11

exp{M (Reh1 (£ +in) — h1(§))}dn.

(4.61)

(4.62)

(4.63)

(4.64)

(4.65)

(4.66)

(4.67)

(4.68)

(4.69)

(4.70)
(4.71)

(4.72)

(4.73)

(4.74)



Since tn/2 < n/(2¢]) <1 < 7/2 for n < 2|£|, we have

2 Vgl 1. .d
Reha(€+in) —ln(€) <~ [ AT

Integrating by parts as in (4.40), we get

Reh (€ + in) — ha(€) < ——iP0(€]).
eTm

Substituting A = A, = u®~?2 into (4.75), we obtain

) 2 vk o o
log (¢ + in)| — log pa(§) < ——5n? [ ¢ 7dt = — e,

em?(2 — a)
From (4.11), (3.19), (4.76), (4.77), we derive

log [11(¢ + in)| —log ¥1(§) = (log |Ba(& + in)| — log B2(€)) + (log pa(§ + in)|—
log ¢a(€)) + M (Rehy (& + in) — hi(€)) + [log [V (¢ + in)e™*E+M| — log (V(€)e™ @)

2 2 2ela—2 2 409
CoallEDT” — oy =y I = g MoPH(ED + Cor

Assuming M > Csen?, we get

log [1 (& + in)| —log (&) < —Caa(0(I€]) + 1£]*~*)n* + Car.

Since n > €1, (4.65) implies

log [t1(€ + in)| — log ¥1(€) < —Caz(0(|€]) + 1£]* %)t + Ca1 <
—Cos|E2(0(1€]) + €172 4 o = —Ca3(0(1€))IE* + €] + Con.

Hence
|Io] < 2921 [¢] exp[—Cos(0(1€])|€I* + €]*)/3] — 0, as & — —oc.

4.7. We have

Il < /oo By (€ + 2'77)‘ palé+ in)‘ . ‘V(g +in)e—®(E+in)
=~ €2 B2(§) (pa(g) V(f)(i_q)(f)

For |£] > 1/(2A), we have n > 2|¢| > 1/A, therefore

A t 1. dt 1/n t 1. dt
Rehy (€ +in) — hi(€) = —2/ e lsin? TA(S)T < —2/ el gin2 A E
0 2 "ttt 0 9 T\

Since tn/2 <1/2 < 7w/2 for 0 <t <1/2,

2 1/n 2 00
Rehy (€ +in) — hi (&) < —2"6—5'/’7/ A(l)@ < — 21 / A(u)dﬁ.
w2 0 t’t 2 n

Integrating by parts as in (4.40), we obtain

7Tf\@@(n)ﬁ-

Reh1 (€ +in) — hi(§) < -
Since [¢] < n/2, we derive from (4.12)

log|Ba(¢ + in)| — og B(€) < Coaln)n® < Cebl(mn®, 1< [¢] < .

12

exp{M (Reh1 (£ +in) — h1(§))}dn.

(4.75)

(4.76)

(4.77)

(4.78)

(4.79)

(4.80)

(4.81)

(4.82)

(4.83)

(4.84)

(4.85)

(4.86)



Using (4.82), (4.85), (3.19) and the inequality

lpa(€ +in)| < palf)

(which is a particular case of (4.17)), we get

B () PR V(€)e @
exp{M(Rehs (€ + in) — h1(€))} < Caexp {060<n>

‘¢1 £ +in) ‘ _ ’32(5 + in) ‘ . ’goa(g +in) ’ _ |V(g +in)e- e+ |

2M
N
Assuming M > 72Cgy/e and using (4.31), (4.6), we obtain

‘1#1 §+Z77)‘

Thus,

[ee]
|13 < Cay / exp(—Cen'P)dn — 0, as [¢] = .
2[¢|

Substituting (4.70), (4.81), (4.90) into (4.30), we conclude that

/OOO Re <eixn¢1(5+m)) dn >0, for £<& <0.

P1(8)
Hence (4.27) and (4.58) imply that p1(z) > 0 for 0 < x < xg.

5 Proof of Theorem 4

5.1.

P, 2l << oo

< Coy exp(—Cs0(n)n?) < Cagexp(—Coq(n)n?) < Coyexp(—Cent =P

(4.87)

(4.88)

(4.89)

(4.90)

(4.91)

Lemma 5 Let g(r) > 1 be a continuous nondecreasing function on RY, let 3 > 0. There exists an entire

function of the form
= Z am@?(’z): am > 0,
where po(2) is defined by (4.18), such that:
(a) h(r) = g(r), vr=0;
(b) h(r+h=B(r)) < 2h(r), Vr>r.

We postpone the proof to Sec. 6.
5.2. Let 9¥(2) be a function satisfying the conditions of Theorem 4. Set

F(2) := ¢(2)@a(2).

By Lemma 3

|F(2)| < K2exp(—K3|2|%), VzeC,, Yw€ER,

holds, where K2 and K2 are positive constants not depending on z.

13
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Since F(x) > 0, Vo € R, there exists a continuous function d(r) > 0 on R such that F(z) does not

vanish in {z: |z — €| < d(&)}. Let

0<E<r

- 2. —8. "
g(r) = maX{lJrr, max (9(¢)) ,Orgggr‘(logF(é)) 0<d2X

3 guas |1og F©) ;s [~ ’W’dn}

0<é<rJ—oo

This choice of g(r) will be justified in process of proof.
Taking this g(r), 8 = 1/8, let us consider the entire function of Lemma 5. Set

Ya(z) = F(z)exph(z) = ¥(2)pa(z) exp h(z),
X(2) = @a(z)exph(z).

Evidently, x(z) is an entire absolutely monotonic function. Let

1 [ _; .
p@) = o [ ety we R

:%700

Using reasonings analogous to those of Sec. 4, we show that

p2(x) =0 for z <O po(z) = 0(e™ %), 2 — +o0, YC > 0.

By the Fourier inversion formula,
[e.e]
Po((z) = /0 e“*po(z)dx.

As in Sec. 4, the integration can be transferred to any line {z : Imz = ¢}, and we get

_ e (9 [ iag Y2(§ £ i)
pa(z) = 27r/0 Re<€ £M>dﬁ,

signpa(z) = sign /Ooo Re (e—imw?ié;n)) dn.

; 3|log( max |F<s+m>|) ;

(5.10)

(5.11)

We are going to show that pa(z) > 0 on some interval (x2,00), x2 > 0. To do this, we represent the

integral staying in the right-hand side of (5.11) in the form

(/063 +/:O> Re GMW) dp =: TV 4 13

(5.12)

where €3 = 3(£) will be choosen later. Let us estimate I(!) from below and |[I?)| from above to show that

IM >0 and IM > |1®)| for ¢ being large enough.
5.3. Set
ba(§) := log () = log F(§) + h(&),

K(€) == min(3(|¢]), B 8(I€])).

Lemma 6 The following inequalities hold

b(E) > S(E+1), €>0:

by($) > 0, &> 0;

by(§) > 0, &> 0;

B O] < Cosjl2 (5(E)TRE), €>& >0, =1,2,....

14



Proof of Lemma 6. By (5.13) and (5.4),

ba(€) = og () + h(€) = ~30(€) +h(€) 2 Sh(€) = 5 (€2 + 1), (519)

and (5.15) follows. Using (5.4) and Lemma 5 (a)
bo(6) = (og F(O)) +h () 2 —g7—5h(E) + H(©); (5.20)
by(€) = (logF(£)" +h"(€) = —h(€) + 1" (). (5.21)

From (5.1) and (4.18) we have
W©e = we [ et > (o) (5.22)
2

R > h(g){( /0 1 eﬁuu—adu> + /0 1 eﬁuul—adu} > h(g). (5.23)

Substituting (5.22) and (5.23) into (5.20) and (5.21) respectively, we get (5.16) and (5.17).
To prove (5.18) we need
Lemma ([6, Ch.I]) Let v(2), |v(0)| > 1, be an entire function non-vanishing in {z : |z| < p}. Then

d7
| (dzﬂ 10gV(Z)> 2=0

The function v(z) = 12(& + 2) is non-vanishing in {z : |z — £| < k(§)/2} by virtue of (5.14). Moreover,
(5.13) and (5.14) imply

< Cosjlp™ max log* [v(pe”)], j=1,2,... (5:24)

v(0) = 1ha(€) = expba(€) > e*/* > 1. (5.25)
Applying the above lemma, we get
(€)= Cargt2i (o €) ms tog v (64 TELe?) |, =12, (5.26)
Using (5.13), (5.16) and the evident inequality |h(x + iy)| < h(x), we get
log™ |1 (5 + “(z‘g)ei@) <log" |F (5 + “(f)ei@) + ’h (g + “(2’989) <
4 K(§) 4 K(§)
Whence, by (5.14) and Lemma 5 (b),
og [ua (6+ 522e)| < Snie), €20, (528)

Substituting this into (5.26), we get (5.18). O
5.4. The function 12(z) does not vanish in {z : |z — {| < k(&) }. Therefore

iz ¥2(€ + i) i s M ) . )
log{e P2(§) }_ ’7+jz::1 i by’ (&), lin — & < K(E). (5.29)

From (5.15), (5.16), (5.17) we derive that

by(€) T oo, as &1 +oo. (5.30)

15



Hence the equation
by(§) =
has a unique solution & = () for all © > xg > 0. It is evident that

&(x) T 400, as =z 7T 4oo.

Substituting £ = £(x) into (5.29), we obtain

Cag2(E i)\ by(9)
log(e T ® )‘ 2

772 + 7—2(57 77)7

=3 7

From (5.18) it follows that

I2(&,m)| < C2sh(§ i 277) = Cash(§) (/3(2)>3 (1 - HQ(Z))_I.

Assuming 0 < n < k() /4, we get
|m2(&,m)| < Cash(€)(r(€)) %’

Let us choose

T 1 \3
=0 = (36 7)) ©

[T2(&m)| <

Then
, for 0<n<es.

wm

Hence by (5.33)

1"

I = /083 exp {—1)22(5)772 + Rems (&, 77)} cos(Imy(&,m))dn > e

N |
3
~
w

S—
w
@

i
go]
/|\
S

N

N |~
in
SN—
3
N

~
=Y

3

Taking into account (5.17) and (5.18), we obtain

—m/3 = <p | — 2& _1 —m/3 _MS) ’i( ) 83\/@/’%(5) o 9
e /0 e p( Caon (H(f))Q)dn_ 5¢ OGR! exp(—Cagu?)du

Evidently, (5.37) implies

esr/h(§)/k(§) = Cso(h 1/6—>oo7 as & — oo.

Hence

1M > C516(8) 1/ h(9).
By (5.14) and (5.4), k(&) > h=Y/8(¢). Thus

1M > Cyy (h(€)) /5.

5.5. Evidently, (5.12) and (5.5) imply

112 < /6 (;(42;77)

exp{Reh(€ + i) — h(€) }dn.

16

(5.31)

(5.32)

(5.33)

(5.34)

(5.35)

(5.36)

(5.37)

(5.38)

(5.39)

(5.40)

(5.41)

(5.42)

(5.43)

(5.44)



Lemma 7 There exists o > 0 such that, for all £ > &, n > e3(&),
Reh(¢ + in) — h(€) < ~Csh(§)5(6). (5.45)

Proof of Lemma 7. We get

Reh(§ +in) — h(§) =

o0

1 ‘ 1
Re Z am, {exp (m/ (el&Fimt _ 1)t1°‘dt) — exp (m/ (¥t — l)tlo‘dt>} <
0 0

m=0

o0 1 1
Z Ay, €XP (m/ (et — 1)t_1_°‘dt) {exp (/ et (cosnt — 1)t_1_°‘dt> - 1] .
m=0 0 0

Taking into account that £ > 0 and 7 < e3(§),

Reh(€ 4+ in) — h(&) < —h(§) {1 — exp (—2770‘ /077 sin? g u_l_o‘du)} <

e3(§) U
—h(§) [1 — exp (—2(63(5))a/ ‘ sin? 5 u_l_o‘duﬂ .

0

Since €3(&) < 7/2 for £ being large enough, we get the statement of Lemma 7 by the following way:

™

e3(§)
Reh(& + in) — h(€) < —h(&) [1 —exp (—2@3(5))“ [ 12u1_0‘du>] -

~h(€) [1 - exp(~Ciae3(€))| < ~Carh(€)e}(). O
Substituting (5.45) into (5.44) and taking into account (5.4), we obtain

F(& + 1)

[I?] < exp(~Caah()e3(6)) / ) 6 ]dn < h(€) exp(~Cs2h(€)5(€)).) (5.46)
Noting that (5.34), (5.14), and (5.4) imply
Caah(£)£3(§) = Caa/h(€)(5(£))* > Cas (h(£)/12, (5.47)
we finally get from (5.46)
1P| < h(8) exp(—Cis(h(£))7/). (5.48)

Joining (5.48), (5.43), (5.12) and (5.11), we complete the proof of Theorem 4. O

6 Proof of Lemmas 1 and 5

6.1. Proof of Lemma 1. First we are going to show the validity of (4.8).
By (4.3)

by, + 7|2 (13 + 2Rebg g + 2457
log Bo(—r) = log Csg + log —————— =log Css + log1— 6.1
g Ba(—7) = log U6 bEGA 8 o+ 72 08 Co bEEA g O + s + 7P (6.1)
k + k +

From (4.4) we conclude that for all b € A4

13 + 2Rebp i + 2407 < 2Rebkuk + Ui Lo Mk |bg |7

<
e N T

1
5"

17



Using the inequality
log(l1 —z) > —(2log2)z, 0<z<1/2 (6.3)

we get

2 + 2Reb 2
log Bo(—r) > logCss — 2log?2 Z Pip T 2ReDkfle + 2T

brchs b + pr + 72
Rebgpir, + Mk
1 —4log?2 6.4
0g036 0g Z ’b ‘2 +r Z |bk‘2+?"2 ( )
breAy breAy
Hence by (3.13) and (4.7), we obtain (4.8):
log Ba(—r) > —Car —|— Z b ‘2 + 5 | = —CarQ(r), r>1. (6.5)
brehy ORITTT
Let us prove (4.10). From (4.3) it follows
@’ 1 1 1
—log B =(j—1! {— - — -+ -+ 6.6
(d 7 log Ba(2 )>Z:T (=1 bk§+ e+ (ot (ntpnt 1) 00
! } ]122Re( ! ! ) 2> o
Y EEE— — - — -] = —7!- ks
(b + pg + 1) bech, b +r 4 i) (b +1) bechs
where
/ "R ! d (6.7)
= e —du. .
TR Jo e+ u)itL
First we estimate oy for j > 3:
UET ri—3 1 Qi 1
< . , - — C—. 6.8
7S Do+ (P e 97 72 = o+ 2 72 o
Using (4.6), (6.6), (6.7), we get (4.10) for j > 3.
Now we consider j = 2:
onl = /uk (Reby + 7 + u)((Rebg + 7 + u)? — 3(Imby)?) dul <
|br + 7 + ul6
Reby + 7+ pp _ 3 uxRebg + 13 LT
<. . 6.9
R e e B N R (TN R L o)
Using (4.6), (3.13), (6.6), (6.7), we get (4.10):
" 2
‘(log Bs(2)) ‘ <204 | 5+ Z 2”” 5 <2C4q(r), r>1. (6.10)
i peens bkl +7%)2
Let us prove (4.9). Substituting j = 1 into (6.6) and (6.7), we get
o 2 — (Imby)? & |bg|? 4+ 2Reb 2
o] / (Reby, + 7 + u) imbk) dug/ |br|” + ek(r+u):—(r+u) du—
by, + 7+ ul 0 b + 7+ ul
#e by + 1+ ul?
il 6.11
/() |br, + 7 + ul* ( )

18



Then we have
(6.12)

Using (4.7), (6.6), (6.7), we obtain (4.9).
Let us prove (4.11) and (4.12). Substituting z = —r + iy, by = ap +ifk (r > 0, ax >0, B > 0, y > 0)
into (4.3), we get

2log [Ba2(2)| _ T <log( (rtan)’+@—F)° | ta)’+ 5 >+

0og
Ba(=r) &, Tt ak +pe)® + (Y — Br)? (r+ o + ) + 07

(r+an)’+ W+ 6)° 0 (r+ar)®+ 57 _
7“+Oék + px)? + (y + Br)? (r + o + pi)? + B2

< (r+ ow)® + (y — Br)? ) (T+Oék+uk)2+(y—ﬂk)2>

o + 6.13
(r+ ag)? + 67 (r + ag + pg)? + 52 (6.13)

2 2
log TR+ W G (ot an )+ (v + B) >: S (0 +42),

(0]
(r + ag)? + B2 (r + o + pi)? + B2 rrll

where

2 2 2 2
W e (1 2Py —Y e (1 2Py —yt o (r o)+ Gy
T Og( Cran2+8) B T v+ ot m)2+ 5 )

2 2 2 2
D e (1o 2wy N (e 2wty (et 5 »
Vi og( (r+ ag)? + (62 og a3 G tantmPZti) (6.14)

We shall obtain the estimates for v,(:) and 7,(62) with help of the following elementary inequalities:

log(l —u) —log(1 —au) < auu— 1(1 —a), for 0<u, a<l; (6.15)
log(1+4 u) —log(l +au) < aulfl— 1(1 —a), for u>0,0<a<]l. (6.16)

Let us consider fyk, . If B > y/2, then

0< 2By — y? :ﬁi—(y—ﬁk)2< B2
(r+ap)?+06; (r+ap)?+p6E~ (r+ap)?+ 5}

<1, (6.17)

and we use (6.15) with
_ =28l e+
(r+aw)? + B} (r + ag + p)? + B¢

If B, < /2, then y? — 2Bxy > 0, and we use (6.16) with u and a defined by (6.18). In both cases we obtain

(6.18)

(1) o 20k + 2uck + [ y2 — 284y 1
F= a2+ 82 (r+ap+ )2+ (y— B2 (6.19)

k kTt Y — Br)

To estimate (2) i
v, we use (6.16) with
_ 2y ty’ _ (rta)’+ 5 6.20
S a2 4T k. (6.20)
(r+ ag)? + B; (r + ag, + up)? + 32
We obtain ) )

(2) o 20k + 20k + i y2 + 284y .
Tk = (r+ap)?2+82 (r+ap+u)?+( 2 (6.21)

i K+ [k Y+ Bk)
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Joining (6.21), (6.19) and (6.13), we get

| Bo (z J? 2/%7" + 2,uk04k + p3
lo Dy,
® By(—r 2 (r+ ar)? + 6}

b €A+

(r+ o + p)® +y* — 36;
[(r + o+ pr)? + (v — Br)?[(r + ap + pe)? + (y + Br)?]

Dy, =

Set
M :={k:b,e Ay, (r+ap+m)? +y>—38 >0},
Then (6.22) can be rewritten in the form

| Ba(2) 2T + 2up0u + P2
1 Dy..
8 B2 ) Z 7"2 + ’bk|2

keM

Lemma 8 . For each k € M the following estimations hold

1
Dy < — . >0, y > 0;
ES aye for r> 0

Cy? y
D, < —————=, for y>0,1<r<=.
ES Gy mpE Y 2

Proof. Evidently,

(r? + a2 + B)[(r + cu, + pg)? + y? — 3587

(T + ’bk| D [(T+ak+/~tk) + (y — Br)?[(r + o + pi)® + (y + Br)?]

Denoting xy :=r + ay, + ug, we get

(3 + BR) (2} +v* — 367)
= [2f + (v = Br)?lxg + (v + Br)?]

(’1”2 + ‘bk|2)D

To get (6.26), it suffices to show that

(@R + B @R+ =360
[ + (y — Br)?[af + (v + B)?] —

This inequality is equivalent to

(W +480) + (= BY)? = Br(y® — BY) + 264 > 0.

The last inequality follows from the calculation:

zh(y® +460) + (2 — BR)? — Br(y® — 6;3) +284 > (v2 - B — Br(y* — B) + 2B =

2 _ 42\ 2
ﬂ,ﬁ((y ﬁk) _ ﬁk+2)>o for x>0,y >0, B >0.

Bk Bk

This completes the proof of (6.26).
Let us prove (6.27). For r < y/2, B, > /2/3y, (4.4) implies

7 21
(r+ak+uk)2+y2—3ﬁz§3r2+3ai—|—3,uk+y2—3ﬁ,fgzyf—gﬁz§O.

20

(6.22)

(6.23)

(6.24)

(6.25)

(6.26)

(6.27)

(6.28)

(6.29)

(6.30)

(6.31)

(6.32)

(6.33)



Hence M C {k: Or < /2/3y}. Therefore, for each k € M,

(y—ﬂk)2_1 2(y/Br) >1_2 3/2

W_ WALl Z T T =: C37 > 0. (6.34)
Hence
{(7“ +oap+ )’ + (y + /3k)2] {(7“ +oag )’ + (y - /3k)2] >
2+ + 82 (o +w-m)? > Caly®+ 8D (6.35)

Using (6.33) and (6.23), we get

(7/9y* = 2L/8)8; _  (7/4)y?
Csr(y> + 58  — COsr(y® + 67)*

This completes the proof of (6.27) and Lemma 8. O
6.2. To complete proof of (4.11) we substitute (6.26) into (6.25) and use (3.13) and (4.6). Then we get
(4.11) from the following calculation:

Dy, < (6.36)

| Ba2(2)] 2 2y 201 Reby + pij
log < P et Y e | <
By(—r) i (P be?)? S (2 4 [be]?)?

2T 1
2 S LA 2q(r). .
C3sy (b;%i CEADE + TQ) < Cssy~q(r) (6.37)

To complete proof of (4.12), we substitute (6.27) into (6.25) and use (3.13) and (4.6). We get (4.12)
from the following calculation:

| Ba(2)] > ph + 2Rebgpy y? 247 s
log < Csoy ' + : <
By(-r) i bl (R [be?)? ,%;4 r?2+bg|? (y? + |bk[?)?
Caoy® % + ) LBy % < Caoy*q(y). (6.38)
v' o len, okl y? (b

6.3. Proof of Lemma 5. We need the following result.
Lemma [3]. Let s(r) > 1 be a continuous nondecreasing function on RT. For any given § > 0 and
Ky > 1, there exists an entire function y(z) with nonnegative Taylor coefficients such that

y(r) > s(r), for r>0; (6.39)
y(r+y7°(r) < Koy(r), for r>ro. (6.40)

Let y(z) be an entire function of Lemma with

g

s(r) = max{g(r), [pa(r)e" /(1 — a)]Q/ﬁ}, 0= 5 Ky =2. (6.41)

Set
h(z) = y(va(2))- (6.42)

To check Lemma 5 for this A one needs just elementary estimations.
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7 Proof of Theorem 5

7.1. We shall reduce the proof to a proposition related to positivity of a system of polynomials on RT.
First we shall deduce Theorem 5 from the following proposition.

Proposition 1 Let p: [a,b] — R be a continuous function satisfying the following conditions:
(a) .
Y(u) = / e p(x)de >0, Vue€ R; (7.1)
(b)
p(a) >0, p(b) > 0. (7.2)

Then (Jeg > 0) (Ve € (0,e0]) (Ao > 0) (VA > o) the function

Y e(2) = Y(z) exp(Ae®?) (7.3)
admits the representation by the absolutely convergent integral
Ure(z) = /0 wy o () d, (7.4)
where wyc(x) > 0 for z > 0.
7.2. Set "
V() = / ¢“p(a)dr, R>0, (7.5)
1/R

where p(x) is a function satisfying the conditions of Theorem 5. To deduce Theorem 5 from Proposition 1,
we need the following lemma:

Lemma 9 .
There exists Ry > max(xa,1/x1) such that Yr(u) > 0 for R > Ry and u € R.

Proof of Lemma 9. First we show that there exist M > 0 and R; > 0 such that ¢¥p(u) > 0 for
|lu| > M, R> Ry.

Let p > 0 be a number such that p(u) > 0 for u € (0,1/p)U(p, ). Fix R; > p. Evidently, for all
R>R;

R
Yr(u) > g, (u) = / e“p(z)de, ue€ R. (7.6)
1/R1
For sufficiently large u > 0
Ry p 9
Y, (u) > / " p(x)dx —/ e |p(x)|dx > CypePTIWZ _ Cypert > 0. (7.7)
(p+R1)/2 1/R1
For sufficiently large |u|, u <0,
[(A/RO)+A/P)/2 L
Y, (u) > / e“p(z)dr — / e“*|p(z)|dz >0 (7.8)
1R 1/p

From (7.6), (7.7) and (7.8) we conclude that there exists a constant M > 0 not depending on R such that

Yr(u) >0, for |u|>M, R> R;. (7.9)
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It remains to prove that there exists Ry > Ry such that, for all R > Ry, |u| < M, we have ¢¥g(u) > 0.
From (a) of Theorem it follows that

i () = b(w) = [ e pa)ds, (7.10)
—00 0
where the limit is uniform on any compact subset of R. From (b) of Theorem 5 and (7.10) it follows that
there exists Ro > 0 such that ¢r(u) > 0 for R > Rs, |u| < M. Hence ¢¥g(u) >0 forallu € R, R > Ry :=
max (R, Re). O

7.3. Let us deduce Theorem 5 from Proposition 1 with help of Lemma 9. Let

p(z) =: p1(x) + p2(x) + p3(z), (7.11)
where
1
pi(x) = 0 for z€ (—,00); (7.12)
Ry
() = 0 for z€(0 i)U(R 00); (7.13)
p2 - ) RO 07 ) *
ps(x) = 0 for x € (0,Rp). (7.14)
Evidently,
pi(x) >0, p3(z)>0, for z>0. (7.15)
Let us write
EXT = AkeEkx > ru
xp0) = 3 = | e (w. (7.16)

where @) .(u) is a nondecreasing jump function. Then the function

Uae(u) = P(u) exp(re™) (7.17)
admits the representation
relw) = [ e un (a)de, (7.18)
where
Wxe(@) = (P* Prc)(@) = (1% Pre)(@) + (P2 % Do) (@) + (p3 + Poe) (). (7.19)
Evidently, (7.16) implies
(p1*®Pre)(x) >0, (p3*xPr.)(z) >0, VzreR. (7.20)

To prove Theorem 5, it suffices to show that
(Feo > 0)(Ve € (0,e0])(3Ao > 0)(VA > Xg) (Vo € R)((p2 * Pag)(x)) > 0). (7.21)

Lemma 9 shows that ps(z) satisfies conditions of Proposition 1. Therefore (7.21) is an immediate corollary
of Proposition 1. Thus, the deduction of Theorem 5 from Proposition 1 is completed. O
7.4. Let us start with the proof of Proposition 1. Without loss of generality, we assume that [a, b] = [0, 1].
The condition (b) of Proposition 1 and the continuity of p(z) imply that there are {,v0 < ( < 1/4, 3/4 <
v < 1, such that
p(t) >0, for te[0,¢]Jly, 1. (7.22)
We have ~
Ure() = v(w)exp(re) = [ e un o (a)dr, (7.2
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where

wxe(x) = (p* Pic) (@) (7.24)
(we set p(t) = 0 for t € (—o0,0) J(1,00)). Further

wnew) = [ pte =it = [ ple i) (7.25)

where as usually a™ := max(a,0). Since @, .(¢t) = 0 for ¢ < 0,

, for x<0; (7.26)
, for x€(0,(]. (7.27)

wye(z) =

wre(z) >
We need some additional notations:
(a) m:=max{k: ke Zx—ke >0}
(b) §:=x —me
(c) n :={ the number of integers k such that ke € [(x — 1)*,z]}.

Remembering the definition (7.16) of ®) ., we can rewrite (7.25) in the following form:

Am m—1
Am7n+1 AT m
PO+ (n— UE)m = [P(0) +p(d+e) + (7.28)

m

k (T_§)+...+p<a+<n_1>g>f(T_i)...(?;_";?)].

Let us introduce the following polynomials in y:

p(6 + 2¢)

Qn(y, 1, B) = p(p) +p(p+e)y +p(p+2e)y(y—B) +...+plp+(n—1)e)y(y —B) - (y — (n—2)8), (7.29)

Taking into account the definition of n(e, ), we can rewrite (7.28) in the following form:

Am )
wre(®) = 2@ (’: 5, A) . (7.30)

That is why Proposition 1 follows from
Proposition 2 Forn=mn(e,pu) = [(1 — p)/e] +1
(320 € (0,1))(Ve € (0,20])(F00 > 0)(VB € [0, Bo]) (Vi € [0,€))(Vy = 0)(Qn(y, 1, B) > 0). (7.31)

7.5. Set
Quly, 1) = plp) + p(+ )y + p(p + 289> + ...+ plu+ (n— 1e)y" L. (7.32)

Proposition 3 There exist positive £y,vy such that for all e € (0,5, p € [0,¢], y > 0, the following
iequality holds

Qn(y, p) = vo >0, (7.33)
where n = n(e,pu) = [(1 — pn)/e] + 1.
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Let us deduce Proposition 2 from Proposition 3. Let g := min{&g, (1 —v)/4)}, where ~ is taken from
(7.22). We fix arbitrary ¢ € (0,g9]. Evidently, degrees of polynomials (7.29) are uniformly bounded (by
1+ 1/e). Let us show that, for fixed € € (0, g¢], positive zeros of the polynomials Qn have a common upper
bound not depending on p € [0,¢] and 3 € [0,1]. We use the following (well-known)

Lemma. Let

P(z)=ap+aiz+...+anz", an#0, (7.34)
be a polynomial. Then
1
|P(2)] >0, for |z|>M:=1+ |a—max{|aj| 1<j<n—-1} (7.35)

The senior coefficient of Q,(y, p, 3) equals p(u + (n — 1)e), and p+ (n — 1)e € [, 1].
p(p+ (n—1)e) > min{p(t) : t € [y,1]} > 0. (7.36)

The coefficients of @, (y, u, ) are bounded from above by a constant depending only on €. By the last

Lemma,
Qn(y, 1, 8) >0, for y>DMye), 0<pu<e 0<B<1. (7.37)

By (7.29) and n <1+ 1/e, )
Jim Qn(y: 1, 8) = Qn(y, 1), (7.38)

and the limit is uniform with respect to (y, u) € K x [0, 1], where K is any compact subset of C. Hence by
(7.33) we conclude that there exists fy(e) € (0,1) such that

Quly. ) = 5 for 0<B<Fo 0<p<1 0<y < Mole). (7.39)

The deduction of Proposition 2 from Proposition 3 is completed.
7.6. It remains to prove Proposition 3. To this end we need the following Lemma.

Lemma 10 Let
F(t)=ao+a1z+...+a,_ 12" (7.40)

be a polynomial with real coefficients. Assume there is ¢ € N, ¢ < n, n < 2q such that

ag >0, agy1 >0, ..., ap—1 > 0. (7.41)

Assume, moreover,
max{|aj|:0<j<¢g—1} <B, min{gj:¢<j<n—1}>0b. (7.42)

Then
Fit)>0 f 1 ( Ba )an) (7.43)
t) > or t>maxsl,|— . .
- b(n —q)
Proof. We have
=11 -1

F)>b(" L4t 24 4t =B L 449724 +1) = b—— (tq — Btn_q_1> : (7.44)

For ¢ satisfying the conditions of Lemma 10,

t1—1
e q t2q_”, for t>1. (7.45)
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Hence

-1 Bgq 2_)
Fit)>b——— (t1— ————t=9™" A4
(t)= t—1 < b(n — q) >0 (7.46)

under condition (7.43).
Proof of Proposition 3. Let

B := max{|p(t)]:0<t <1} (7.47)
b = min{p(t): t € [0, UM, 1} (7.48)
e® = min <i 1;”) . (7.49)
We are going to apply Lemma 10 to
— N b _ . n-1(A 1 B é
Fi(t) = Qnly, ) — 5, F2(t) =y (Qn(y,u) 2) : (7.50)

with e € (0,e™M).

Let us estimate n and ¢ for F;(¢) in Lemma 10. Note that n is the total number of coefficients of Fy(t)
and n — ¢ is the number of positive senior ones, ¢ is the number of other ones. The coefficients of Qn(y, )
have the form p(u + ke). Therefore (7.22) shows that senior coefficients of Q,,(y, 1) are positive if k is such
that v < u+ ke < 1. Hence, n —q > (1 —~)/e — 1. Analogously, ¢ <~y/e+1landn<1/e+1

Applying Lemma 10 to Fj(y), we get

-1
2B(v/e + 1) >((1—’Y)/5—1)
F f > 1 . .51
1(y) >0 for y_max{’<b((1—7)/5—1) (7.51)
Hence there exists a positive constant Cy5 not depending on € and p such that
~ b
Qn(y, ) > 2 for y > exp(Cys¢). (7.52)

Applying Lemma 10 to F»(y), we get analogously that there exists a positive constant Cys not depending
on € and such that

~ b
Qn(y,p) > 2 for 0 <y <exp(—Cyee). (7.53)

It remains to prove the boundedness of Q,,(y, 1) from below for exp(—Cjge) < y < exp(Ciyse). Set
Gn (U, 1) = Qn (€™, 1) = p(p) + p(p+ )€™ +p(p + 26)e™ + ...+ p(p + (n — De)e" V. (7.54)

By (7.52) and (7.53),

b
qn(u,,u) > 5, for ]u\ > 047 = max(C45,C46), (7.55)

where constant Cy7 does not depend on € and p.
Let us consider g, (u, u) for |u| < Cy7. From Proposition 1 (a) it follows that there exists positive constant
Cys such that

v = [ p@de = Cu, Tor u] < Cir (7.56)
Note that
eexp(up)gn(u,p) = e(p(p)e™ + p(u+)e V) 4 p(p + 2e)e" 2 4
plp + (n— 1)e)etn=12)y _, /01 e p(x)dr, as €—0 (7.57)
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uniformly with respect to u € [—Cy7, Cy7]. We conclude that there exists () > 0 such that for all e € (0,£(?)

eexp(up)qn(u, p) > Cyg/2, for |u| < Cy7, u€0,e]. (7.58)
Thus @)
—C
Gn(u, 1) > 048M, for |u| < Cyy. (7.59)
2:(2)
Setting

(7.60)

_ (2)
€0 = min(a(l),5(2)), Yy = min <b eXp(C47€)> :

2’ 2:(2)
we deduce Proposition 3 from (7.54), (7.55) and (7.59). O
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