Ministry of Education and Science of Ukraine
V. N. Karazin Kharkiv National University
School of Mathematics and Computer Science

Department of Theoretical and Applied Informatics

Qualification work

Master

On the topic: Study of Properties of Percolation Processes on Lattices

Done by: 2-th year student, group MCS-64
specialty - Computer Sciences and
Information Technologies,

educational program: "Informatics"

Li Haibo

Supervisor: prof. Svetlana Ignatovich
Reviewer: Volodymyr Khalturin,

PhD, Associate Professor of Department of
Mathematical Modelling and Artificial
Intelligence, National Aerospace University

"Kharkiv Aviation Institute"

Kharkiv, 2024



Abstract

Percolation theory is a pivotal framework in statistical physics that
examines connectivity in random and disordered systems. This paper provides
an overview of key concepts, including percolation models, lattice structures,
mathematical formulations, and simulation techniques. It highlights the
universal principles of phase transitions and scaling laws derived from
percolation studies. The applications of percolation theory extend beyond
physics to fields such as epidemiology, where it models disease spread and
informs intervention strategies; network theory, where it assesses the
robustness of complex networks against failures and attacks; and
environmental science, including forest fire dynamics and fluid flow in
porous media. Additionally, the theory contributes to urban planning and
wireless communication by enhancing connectivity and resilience in
infrastructure and communication systems. The paper concludes by
discussing future research directions, such as dynamic percolation models,
heterogeneous systems, and the integration of machine learning to predict
critical thresholds and emergent behaviors. By advancing both its theoretical
foundations and practical applications, percolation theory continues to be
essential for interdisciplinary research and addressing contemporary global
challenges.

Keywords: Percolation Theory, Phase Transitions, Network Robustness,
Epidemiology, Porous Media
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1. INTRODUCTION

Percolation theory, as a fundamental branch of statistical physics,
provides a powerful framework for understanding the connectivity and phase
transitions that occur in a wide variety of systems. At its core, percolation
examines how local interactions within a network lead to the emergence of
large-scale, system-wide behavior, often modeled using lattice structures.
These lattices, composed of nodes and bonds, offer a simplified yet effective
way to represent complex systems, from physical materials to abstract
networks. Despite its apparent simplicity, percolation theory reveals intricate
patterns and behaviors, particularly as systems approach critical thresholds
where small changes can result in significant transformations. This study aims
to explore the challenges, motivations, and goals inherent in understanding
percolation processes, with a focus on lattice structures and their broader

implications.

Understanding Percolation on Different Lattice Structures:

Lattices. Lattice structures serve as the foundation for modeling
percolation processes, offering a grid-like representation of interconnected
points (nodes) and their relationships (bonds). These structures vary in
geometry, with common examples including square, triangular, and
hexagonal lattices. The arrangement and connectivity of these lattices
significantly influence the behavior of percolation processes. For instance,
square lattices have four direct neighbors per node, while triangular lattices,
with six neighbors per node, exhibit a higher degree of connectivity. These
differences lead to distinct critical thresholds and patterns of cluster

formation, where a cluster represents a group of connected nodes or bonds.



Determining Thresholds and Patterns:

A central challenge in percolation theory is the determination of the
percolation threshold p., a critical value of site or bond occupation probability
p at which a giant connected cluster first emerges within the system. This
threshold marks the transition from a state where most nodes or bonds are
isolated to one where large-scale connectivity dominates. For certain lattice
types, such as the triangular lattice, p.can be determined exactly (e.g., p=0.5
for site percolation). However, for most lattices, p. must be approximated
numerically through simulations, often requiring significant computational
effort and mathematical rigor.

In addition to determining p., percolation theory investigates the
patterns and properties that emerge near this critical point. These include the
size and distribution of clusters, the fractal dimensions of connected regions,
and the scaling laws governing system behavior. For example, as a system
approaches the percolation threshold, clusters exhibit self-similar fractal
properties, providing insights into the universal nature of critical phenomena.
These patterns are not merely abstract; they reveal fundamental principles
about how connectivity changes at critical points, offering a deeper
understanding of systems ranging from porous materials to social networks.

Identifying these thresholds and patterns provides insights into critical
phenomena, revealing how small changes in connectivity lead to dramatic

shifts in system behavior.

Exploring Applications in Physical and Real-World Systems:
Beyond theoretical interest, percolation models have profound
applications. In physics, percolation is a fundamental model for conductivity

in disordered materials, flow through porous media, and network robustness.



In epidemiology, it models the spread of diseases, while in computer science
and telecommunications, it explains connectivity in networks. Each
application introduces unique challenges, such as adapting the basic
percolation model to account for weighted connections, dynamic systems, or
irregular geometries.

Each of these applications introduces unique challenges, often requiring
modifications to the basic percolation model. For example, real-world
systems may involve weighted connections (where the strength of a bond
varies), dynamic elements (where nodes or bonds change over time), or
irregular geometries (such as networks with non-uniform structures).
Adapting percolation theory to these complexities is crucial for its practical

applicability.

Motivation

The study of percolation is deeply rooted in its significance to multiple
disciplines. As a model of critical phenomena, percolation helps explain how
macroscopic properties emerge from microscopic interactions, making it a
cornerstone of statistical mechanics.

The motivation for studying percolation theory stems from its
foundational role in understanding critical phenomena and its relevance
across multiple disciplines. Percolation is not merely a theoretical construct; it
is a lens through which we can analyze and predict the behavior of complex

systems under changing conditions.

A Foundational Model Across Sciences
Percolation theory occupies a unique position as one of the simplest
models for studying phase transitions, a phenomenon observed in many

physical systems, including magnetism, fluid flow, and material deformation.



The binary nature of percolation—where sites or bonds are either occupied or
unoccupied—makes it an intuitive starting point for investigating how local
interactions can lead to global system changes. Its simplicity, however, belies

a rich complexity that has captivated researchers for decades.

Insights into Connectivity and Emergent Behavior

At its heart, percolation theory provides a mathematical framework for
studying connectivity in networks, from physical systems like transportation
grids to abstract systems like social networks. By understanding the
percolation threshold in a given system, we can predict when it will transition
from a disconnected state to a fully connected one. These insights are
invaluable for designing resilient networks, whether they involve

transportation, communication, or biological systems.

Relevance to Modern Problems

In an increasingly interconnected world, understanding the dynamics of
connectivity and resilience is more important than ever. Percolation theory
offers powerful tools for analyzing vulnerabilities and strengths in systems
ranging from global supply chains to digital networks. For example, it has
been used to study the robustness of power grids, the spread of
misinformation in social media, and the diffusion of innovation in

collaborative networks.

Goals

The primary aim of this study is to comprehensively investigate the
properties and behaviors of percolation processes on lattice structures,
combining analytical approaches with simulation-based methods. This dual

approach ensures both theoretical rigor and practical relevance, enabling a



detailed understanding of how local interactions lead to global connectivity
and phase transitions. By focusing on lattice structures, this study aims to
uncover the fundamental principles governing percolation and its implications

for both scientific research and real-world applications.

To begin, this research seeks to define and explore percolation on
different lattice geometries, such as square, triangular, and hexagonal lattices.
These lattices form the foundation for modeling percolation, and their
structural variations significantly influence the system’s behavior.
Understanding how connectivity differs across these geometries is essential
for grasping the broader implications of percolation theory. This involves
studying both site and bond percolation models, which represent distinct ways
of assigning occupancy to the lattice. By examining the behavior of clusters—
groups of interconnected sites or bonds—this study aims to analyze how their
size, shape, and distribution change as the system approaches the percolation
threshold. These investigations provide critical insights into the universal
features of percolation processes, such as scaling laws and fractal dimensions,

which are especially pronounced near the critical point.

A significant part of this research involves the use of computational
simulations to complement and extend analytical findings. While exact
solutions for the percolation threshold p. exist for specific cases, such as site
percolation on triangular lattices, most thresholds are known only through
numerical approximations. This study will use simulations to estimate p. for
various lattice types, including those for which analytical solutions are
unavailable. Additionally, simulations will be employed to explore properties
near p., such as the emergence of a giant spanning cluster that connects the

lattice, the size distribution of clusters, and the fractal geometry of clusters.



These properties not only offer a deeper understanding of the dynamics of

percolation but also provide a way to test and verify theoretical predictions.

Beyond theoretical investigations, this study emphasizes the practical
relevance of percolation models. Percolation theory has profound applications
across a wide range of disciplines, including physics, biology, computer
science, and network science. In physics, percolation models describe
phenomena such as fluid flow through porous media and -electrical
conductivity in disordered materials. In epidemiology, they provide a
framework for understanding the spread of diseases, while in
telecommunications, they help analyze the robustness of wireless networks.
This research will adapt the basic percolation model to address real-world
complexities, such as weighted bonds, dynamic systems, and irregular
geometries, making the findings applicable to practical scenarios.
Furthermore, the study will explore interdisciplinary applications, including
the role of percolation in network resilience, disease modeling, and even

social phenomena like the diffusion of innovation or information.

Finally, this research aims to synthesize analytical insights and
simulation results to provide a comprehensive and cohesive view of
percolation theory. By integrating these two approaches, the study will
highlight the strengths of each and offer a unified perspective on percolation
processes. Detailed visualizations of percolation phenomena will be
developed to make the findings accessible to a broad audience, including
those from non-technical backgrounds. These visualizations will illustrate key
concepts, such as the growth of clusters and the transition from disconnected
to connected states, helping readers intuitively grasp the dynamics of

percolation.



In summary, this study’s goals encompass defining percolation on
lattice structures, investigating critical properties through simulations,
extending the theory to real-world applications, and synthesizing findings into
a cohesive understanding of percolation processes. By addressing these
objectives, the research not only advances the theoretical foundation of
percolation theory but also highlights its relevance and utility in addressing

contemporary scientific and technological challenges.

Overview of the Study

This study embarks on a systematic exploration of percolation theory by
first introducing its fundamental concepts and the role of lattice geometries in
modeling these processes. The initial sections lay the theoretical groundwork,
explaining the principles of percolation and how they manifest in different
lattice structures. These lattices, such as square, triangular, and hexagonal
grids, provide simplified yet powerful frameworks for examining how
connectivity emerges in complex systems. By establishing a clear
understanding of these basic concepts, the study sets the stage for a deeper
investigation into the dynamic and critical behaviors of percolation processes.

Following this theoretical introduction, the focus shifts to an in-depth
examination of site and bond percolation models, starting with square lattices
as a foundational case. These two models—site percolation, where nodes are
randomly occupied, and bond percolation, where edges are randomly
occupied—offer distinct perspectives on how connectivity evolves in a
system. By analyzing the differences in their behavior, the study highlights
the importance of lattice geometry and connection rules in determining
percolation thresholds and cluster properties. This detailed discussion

provides a robust starting point for expanding the analysis to more complex
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lattice structures and higher dimensions.

A critical component of the study involves the use of Python-based
simulations to explore percolation processes in greater detail. Computational
simulations allow for the estimation of percolation thresholds p.across
different lattice geometries and provide insights into the properties of clusters
near the critical point. These properties include the formation and growth of a
spanning cluster—a giant cluster that connects opposite sides of the lattice—
as well as the size distribution and fractal nature of clusters. By simulating
these phenomena, the study not only validates known theoretical results but
also extends the analysis to lattice types and dimensions that have been less
thoroughly explored in previous research.

The scope of the study is then broadened to encompass other lattice
geometries, such as triangular, hexagonal, and higher-dimensional lattices.
Each geometry introduces unique structural characteristics and challenges,
making the comparative analysis an essential part of understanding the
universality and variability of percolation processes. This extension allows for
a more comprehensive view of how lattice structure influences critical
thresholds, cluster behavior, and overall connectivity.

Beyond theoretical exploration, the study delves into practical
applications of percolation models, demonstrating their relevance in a variety
of scientific and technological contexts. In physics, percolation theory is
applied to phenomena such as fluid flow through porous media and electrical
conductivity in disordered materials. In network science, it helps explain
connectivity and robustness in communication networks, transportation grids,
and social systems. The study also touches on interdisciplinary applications,
such as modeling the spread of diseases in epidemiology and understanding
the resilience of ecosystems or power grids. By bridging theoretical models

with real-world problems, the research underscores the practical significance
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of percolation theory and its potential for addressing contemporary
challenges.

The final sections of the study synthesize the findings from both
analytical and simulation-based investigations, presenting a cohesive and
accessible view of percolation processes. Theoretical insights are integrated
with numerical data to provide a holistic understanding of the topic, while
visualizations are used to illustrate key phenomena, such as the formation of
clusters and the transition from a disconnected to a connected system. These
visualizations make complex concepts more intuitive, ensuring that the study
is approachable for readers from diverse academic backgrounds.

The study concludes by summarizing the key results and their
implications, while also identifying future directions for research in
percolation theory. Potential avenues include exploring percolation in non-
regular or random networks, studying time-dependent or dynamic percolation
processes, and developing new models to account for real-world complexities
such as weighted bonds or irregular geometries. By emphasizing both the
theoretical and practical aspects of percolation, this work aims to make a
meaningful contribution to the field, inspiring further research and fostering
interdisciplinary applications.

In essence, this study adopts a balanced approach that combines
theoretical rigor with practical insights, ensuring a comprehensive exploration
of percolation processes. By systematically addressing the fundamental
principles, computational methods, and real-world relevance of percolation
theory, the study provides a valuable resource for researchers, educators, and

practitioners seeking to understand and apply this powerful framework.
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2. MAIN CONCEPTS
2.1 Percolation Models

Percolation models represent a foundational framework for studying
connectivity and phase transitions in random systems. These models explore
how local randomness, such as the random occupation of sites or bonds in a
lattice, influences global connectivity within the system. They provide a
bridge between microscopic interactions and macroscopic behavior, shedding
light on critical phenomena and offering insights into diverse applied fields,
such as network resilience, material science, and epidemiology. By examining
how random occupation propagates into large-scale patterns, percolation
models reveal the dynamics of how systems transition from disconnected to
connected states.

Among the various types of percolation models, site percolation stands
out as one of the most widely studied and intuitive approaches. In site
percolation, the lattice nodes (sites) are assigned a probability p, representing
the likelihood of each site being "occupied." Occupied sites form clusters
when they are connected to adjacent occupied sites according to the lattice
geometry. For instance, in a square lattice, a site is considered connected to its
four nearest neighbors if they are also occupied. This process of cluster
formation underpins the key questions of site percolation: how clusters grow,
interact, and eventually span the entire system as p increases.

One of the most critical aspects of site percolation is the emergence of a
spanning cluster—a giant connected cluster that bridges opposite boundaries
of the lattice. The probability p., known as the percolation threshold, marks
the point at which such a spanning cluster first appears. Below p,, the system
remains in a disconnected phase, where clusters are finite and isolated. As
papproaches p., clusters grow larger and begin to exhibit critical behavior,

characterized by diverging cluster sizes and fractal-like structures. At p., the
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system undergoes a phase transition: the sudden emergence of a spanning
cluster marks the transition from a disconnected state to a globally connected
state. Above p., the spanning cluster dominates the lattice, while smaller
finite clusters become increasingly rare.

The behavior of the system near and above p. is of particular interest in
understanding critical phenomena. One important parameter is the percolation
probability P(p), which represents the fraction of sites that belong to the
spanning cluster. Below p., P(p) is zero because no spanning cluster exists.
However, as p crosses p., P(p) rapidly increases from zero and eventually
approaches one as p approaches full occupation (p=1). This transition in P(p)
reflects the system's shift from having only finite, localized clusters to being
almost entirely dominated by the spanning cluster.

Another key feature of site percolation is the distribution and growth of
finite clusters. Below p., clusters exhibit a characteristic size that grows with
increasing p, but they remain finite and isolated. The system is dominated by
small and medium-sized clusters, and the size distribution follows a power-
law behavior near p., reflecting the critical nature of the transition point. At
the percolation threshold, the system reaches a critical state, where cluster
sizes exhibit fractal properties and the system becomes self-similar at
different scales. Above p., finite clusters persist but are overshadowed by the
presence of the spanning cluster.

Site percolation models have wide-ranging applications due to their
ability to describe connectivity in random systems. In physical systems, they
are used to study the behavior of electrical networks, where nodes represent
conducting particles, and the emergence of a spanning cluster corresponds to
the onset of electrical conductivity. In network science, site percolation is
applied to understand the resilience of communication and transportation

networks, where the failure of nodes corresponds to a decrease in p. As the
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network approaches p., the system's robustness is compromised, and critical
points for failure or recovery can be identified. Similarly, in epidemiology,
site percolation models are used to study disease spread, where occupied sites
represent infected individuals, and the formation of a spanning cluster
signifies the onset of a large-scale outbreak.

In summary, site percolation offers a robust and versatile framework for
understanding connectivity and phase transitions in random systems. By
analyzing the emergence of spanning clusters, the behavior of finite clusters,
and the percolation probability, researchers gain insights into how local
randomness gives rise to large-scale phenomena. Its applications extend far
beyond theoretical physics, making it a powerful tool for addressing problems
in diverse disciplines, from network resilience to material conductivity and

public health.

import numpy as np
import matplotlib.pyplot as plt

from scipy.ndimage import label

def simulate_site percolation(L, p):
lattice = np.random.rand(L, L) <p
clusters, num_clusters = label(lattice)

return lattice, clusters, num_clusters

def visualize site percolation(clusters, L, p):
plt.figure(figsize=(6, 6))

plt.imshow(clusters, cmap="rainbow", origin="upper")
plt.title(f"Site Percolation (p={p}, L={L})")
plt.colorbar(label="Cluster ID")
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plt.show()

L =50 # Lattice size
p = 0.6 # Site occupation probability
lattice, clusters, num_clusters = simulate_site percolation(L, p)

visualize site percolation(clusters, L, p)

Bond Percolation

Definition and Key Parameters: Bond percolation focuses on the
occupation of bonds (connections) between lattice sites. Bonds are
independently occupied with probability p. Clusters are formed when
occupied bonds connect adjacent sites. A spanning cluster appears when
clusters link opposite boundaries of the lattice.

Key Features:

Critical Threshold p.: The bond percolation threshold is generally lower
than the site percolation threshold for the same lattice geometry, reflecting the
different mechanisms of connectivity.

Finite Clusters: As with site percolation, clusters below p. remain finite
and disconnected.

Spanning Clusters: Above p., large spanning clusters dominate.

Applications: Bond percolation models are relevant for studying the
connectivity of communication and transportation networks, where edges

represent connections rather than nodes.

import networkx as nx

def simulate_bond percolation(L, p):
G =nx.grid 2d graph(L, L)
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edges = list(G.edges())
occupied edges = [e for e in edges if np.random.rand() < p]
G.clear_edges()
G.add _edges from(occupied edges)

return G

def visualize bond percolation(G, L, p):
pos = dict((n, n) for n in G.nodes())
plt.figure(figsize=(6, 6))
nx.draw(G, pos, node size=10, width=0.5, edge color="blue")
plt.title(f'Bond Percolation (p={p}, L={L})")
plt.show()

L =20 # Lattice size

p = 0.5 # Bond occupation probability
G = simulate_bond_percolation(L, p)
visualize bond percolation(G, L, p)

2.2 Lattice Structures

Lattice geometry plays a critical role in determining percolation
properties. Different lattice structures influence connectivity, thresholds, and
cluster shapes.

Square Lattice:
A 2D lattice where each site connects to four neighbors. It is the most widely
studied due to its simplicity and availability of exact analytical results. Site
and bond percolation thresholds are p,~0.5927 and p.=0.5, respectively.

Triangular Lattice:
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A 2D lattice with six neighbors per site, providing higher connectivity. The
site percolation threshold is exactly p.=0.5, and clusters exhibit denser
connectivity compared to square lattices.

Hexagonal Lattice:
A honeycomb-like lattice with three neighbors per site. Its lower connectivity
leads to a higher critical threshold (p.~0.697).

3D Lattices:
In a cubic lattice, each site connects to six neighbors. Such lattices are
relevant for modeling physical systems, such as porous materials, where
three-dimensional connectivity is crucial.

Hierarchical Lattices:
Recursive lattices used for theoretical analysis, allowing exact solutions for

scaling behavior and critical thresholds.

def generate lattice(lattice type, L):
if lattice _type == "square":
return nx.grid 2d graph(L, L)
eliflattice_type == "triangular":
G =nx.triangular_lattice_graph(L, L)
return nx.convert node labels to integers(G)
eliflattice_type == "hexagonal":
G =nx.hexagonal lattice graph(L, L)
return nx.convert node labels to integers(G)
else:

raise ValueError("Unsupported lattice type")

# Example usage

L=10
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lattice type = "triangular"

G = generate lattice(lattice type, L)

plt.figure(figsize=(6, 6))

nx.draw(G, node_size=10, width=0.5)

plt.title(f" {lattice type.capitalize()} Lattice (L={L})")
plt.show()

2.3 Mathematical Formulation

Percolation is characterized by several mathematical properties:

Percolation Probability P(p):
P(p)=lim__.PL(p),

where PL(p) is the probability of observing a spanning cluster in a finite
lattice of size L.

Cluster Size Distribution: Near the percolation threshold p., the number
of clusters of size s follows a power-law distribution:

n(s)~s—t, where tis a critical exponent.
Scaling Behavior: As p approaches p., the correlation length
&P = pel =V,

where vis the correlation length critical exponent.

2.4 Simulation Approach
Simulations are indispensable in percolation studies for estimating
thresholds, exploring cluster properties, and validating analytical results.
Monte Carlo Simulation Steps:
Generate a lattice and randomly occupy sites or bonds with probability p.
Identify connected clusters using algorithms like depth-first search (DFS).

Determine whether a spanning cluster exists.
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Repeat for multiple p values to estimate p..

def estimate site percolation_threshold(L, trials=100):
thresholds = []
for _in range(trials):
for p in np.linspace(0, 1, 100):
lattice = np.random.rand(L, L) <p
clusters, = label(lattice)
if np.any(np.intersectld(clusters[O0, :], clusters[-1, :])):
thresholds.append(p)
break

return np.mean(thresholds)

L=50
trials = 20
estimated pc = estimate site percolation threshold(L, trials)

print(f"Estimated Site Percolation Threshold: {estimated pc:.4f}")

2.5 Results from Literature
Known Percolation Thresholds:
Square lattice (site): p.~0.5927
Square lattice (bond): p.=0.5
Triangular lattice (site): p.=0.5
Hexagonal lattice (site): p.~0.697
Cubic lattice (site): p.~0.3116
Simulation vs. Analytical Results:
Simulations closely match analytical predictions for regular lattices.

Discrepancies may arise for complex geometries or due to finite-size effects.
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As an example, we run experiments for site percolation threshold and

square lattice. We choose trials=20 and try various values of L:

L estimated pc (Estimated Site Percolation Threshold
(lattice Experiment 1 | Experiment 2 | Experiment 3 | Experiment 4
size)

20 0.5278 0.5444 0.5359 0.5621

50 0.5798 0.5808 0.5818 0.5692

100 0.5924 0.5924 0.5859 0.5894

150 0.5939 0.5944 0.5955 0.5929

We see that, for a larger lattice size, the estimated threshold approaches the

limit value.
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3. APPLICATIONS

Percolation theory is a versatile and fundamental model in statistical
physics that has far-reaching implications across various scientific and
practical domains. By studying the behavior of connectivity in random
systems through site and bond percolation models, researchers can uncover
universal principles of phase transitions, scaling laws, and emergent
phenomena. This work emphasizes the importance of percolation theory in
understanding real-world systems and its broad applicability in diverse fields,

including physics, epidemiology, network theory, and beyond.

3.1 Percolation in Physical Systems
In the physical sciences, percolation models are used to describe
processes involving connectivity and flow through random or disordered

structures. Below, we summarize key applications:

Conductivity in Materials

Percolation plays a pivotal role in understanding the electrical and
thermal conductivity of composite materials, particularly those containing a
mixture of conductive and insulating components. For instance, when small
particles of conductive material (e.g., metal or carbon) are dispersed within an
insulating matrix, the system exhibits a phase transition at a critical
concentration of conductive particles. This is modeled as a site percolation
problem, where occupied sites represent conductive particles.

Threshold Behavior: Below the percolation threshold, conductive
particles form isolated clusters, and the material acts as an insulator. At the
threshold, a spanning cluster emerges, allowing electrical current to flow
through the material.

Critical Exponents: The scaling behavior of conductivity near the

22



percolation threshold is characterized by critical exponents that are universal
for a given dimensionality.

This approach has practical applications in designing efficient
conductive composites, optimizing material properties, and studying transport
phenomena in disordered systems.

Flow Through Porous Media

The study of fluid flow through porous materials, such as rocks, soil,
and membranes, is another prominent application of percolation theory. Here,
the structure of the medium is represented as a lattice, with sites or bonds
occupied based on the presence of open pores or pathways.

Percolation Threshold: The percolation threshold determines whether a
fluid can traverse the medium. Below the threshold, flow is blocked due to
disconnected pathways; above the threshold, a spanning cluster of pores
allows fluid transport.

Applications: This concept 1is critical in fields like petroleum
engineering (modeling oil recovery), hydrogeology (groundwater movement),
and filtration technologies.

In both conductivity and flow models, percolation provides a framework
for predicting macroscopic properties based on microscopic randomness,

bridging the gap between microstructure and bulk behavior.

3.2 Percolation in Epidemiology

Epidemiology leverages percolation models to study the spread of
infectious diseases, particularly in scenarios where transmission depends on
contact between individuals. In these models, a lattice represents a population,
and nodes or edges correspond to individuals and potential interactions.

Site Percolation and Disease Spread

In site percolation models, nodes represent individuals, and occupation
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probability p corresponds to the likelihood of an individual being infected.
Clusters of occupied nodes represent groups of infected individuals.

Critical Threshold: The percolation threshold determines the point at
which an outbreak transitions from localized clusters to a widespread
epidemic, forming a spanning cluster of infections.

Applications: These models are used to estimate critical vaccination
thresholds, predict outbreak sizes, and evaluate the effectiveness of
containment strategies.

Network-Based Models

In network epidemiology, percolation theory extends to irregular graph
structures representing social or contact networks. Bond percolation models
are particularly relevant, as edges represent potential transmission pathways.

Network Robustness: Percolation thresholds in networks help identify
critical points for intervention, such as breaking transmission pathways or
isolating nodes (individuals).

Applications: These models have been applied to real-world epidemics,
such as COVID-19, to simulate the impact of lockdowns, vaccination
campaigns, and social distancing measures.

Percolation theory thus provides a quantitative framework for

understanding and mitigating the spread of diseases in structured populations.

3.3 Percolation in Network Theory

Network theory studies the robustness and connectivity of complex
systems, such as transportation networks, communication systems, and the
internet. Percolation models are central to understanding how networks
respond to random failures or targeted attacks.

Percolation as a Model for Network Robustness

Random Failures: In many real-world networks, nodes or edges may fail

24



randomly due to external factors. Percolation theory models these failures as
the random removal of nodes or edges, examining the conditions under which
the network remains connected.

Critical Threshold: The percolation threshold corresponds to the fraction
of nodes or edges that can be removed before the network disintegrates into
isolated components.

Applications to Communication Networks

Communication networks, such as the internet and cellular networks,
rely on robust connectivity to function effectively. Percolation theory is used
to model the impact of disruptions, such as server failures or cable cuts, on
the overall performance of the network.

Optimization: By identifying critical nodes or links, network designers
can enhance resilience through redundancy or prioritization of key
components.

Resilience Testing: Simulations based on percolation models help test
network robustness under various scenarios, such as cyberattacks or natural
disasters.

Urban and Transportation Networks

Percolation models also apply to urban planning and transportation
systems, where the focus is on maintaining connectivity under random
failures or targeted disruptions.

Urban Planning: Percolation thresholds indicate the point at which cities
become disconnected due to infrastructure failure, informing decisions about
road design, public transit, and emergency services.

Transportation Systems: In air, rail, and road networks, percolation

analysis identifies vulnerabilities, ensuring efficient and reliable operation.

3.4 Percolation in Other Fields
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Beyond physics, epidemiology, and network theory, percolation models
have been applied to various other domains, demonstrating their versatility.

Forest Fires

Percolation theory models the spread of forest fires by representing trees
as sites on a lattice. Occupied sites correspond to burning trees, and bonds
represent potential fire spread.

Critical Threshold: Below the percolation threshold, fires remain
localized; above the threshold, fires can spread across the forest, forming a
spanning cluster.

Applications: These models are used in ecological studies to understand
wildfire dynamics and in environmental planning to design firebreaks.

Communication Networks

Wireless communication systems depend on percolation principles to
ensure reliable data transmission. Nodes represent devices, and connections
depend on the distance and signal strength.

Threshold Behavior: Percolation thresholds determine the minimum
node density required for effective communication.

Applications: This concept informs the design of ad hoc networks, such
as those used in disaster recovery and military operations.

Urban Planning

Percolation theory aids in urban development by modeling connectivity
and resilience in city infrastructure.

Critical Connectivity: Site and bond percolation models identify
thresholds for maintaining connectivity in transportation networks, utilities,
and communication systems.

Applications: Urban planners use these insights to design robust cities
capable of withstanding natural disasters, population growth, and

infrastructure failures.
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4. SUMMARY AND OUTLOOK

Percolation theory provides a unifying framework for understanding
connectivity and phase transitions across a wide array of systems. Its
applications range from fundamental physics to real-world challenges in
health, infrastructure, and the environment. The insights gained from
percolation studies are not only of theoretical interest but also of practical
significance, guiding interventions, optimizing designs, and enhancing
resilience in complex systems.

Future directions in percolation research may focus on:

Extending percolation models to dynamic and evolving systems, such as
time-dependent networks.

Investigating weighted and heterogeneous systems where site or bond
occupation probabilities vary.

Bridging percolation theory with machine learning to predict critical
thresholds and emergent phenomena in complex systems.

By continuing to refine and expand its scope, percolation theory will
remain a cornerstone of interdisciplinary research, addressing some of the

most pressing challenges of our time.
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APPENDIX

import numpy as np
import matplotlib.pyplot as plt
from scipy.ndimage import label

import networkx as nx

# Section 1: Site Percolation
def simulate_site percolation(L, p):
o
Simulates site percolation on an LxL lattice.
:param L: Lattice size (LxL).
:param p: Site occupation probability.
:return: Lattice, labeled clusters, and number of clusters.
o
lattice = np.random.rand(L, L) <p
clusters, num_clusters = label(lattice)

return lattice, clusters, num_clusters

def visualize site percolation(clusters, L, p):
Visualizes site percolation clusters.
:param clusters: Cluster-labeled lattice.
:param L: Lattice size.

:param p: Site occupation probability.
plt.figure(figsize=(6, 6))

plt.imshow(clusters, cmap="rainbow", origin="upper")
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plt.title(f"Site Percolation (p={p}, L={L})")
plt.colorbar(label="Cluster ID")
plt.show()

# Example: Site Percolation Simulation and Visualization

L =50 # Lattice size

p = 0.6 # Site occupation probability

lattice, clusters, num_clusters = simulate_site percolation(L, p)

visualize site percolation(clusters, L, p)

# Section 2: Bond Percolation

def simulate_bond percolation(L, p):
Simulates bond percolation on an LxL lattice.
:param L: Lattice size.
:param p: Bond occupation probability.

:return: Graph representing the bond percolation.

nan

G =nx.grid 2d graph(L, L)

edges = list(G.edges())

occupied edges = [e for e in edges if np.random.rand() < p]
G.clear edges()

G.add edges from(occupied edges)

return G
def visualize_bond percolation(G, L, p):

nmn

Visualizes bond percolation graph.
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:param G: Graph representing bond percolation.

:param L: Lattice size.

:param p: Bond occupation probability.

pos = dict((n, n) for n in G.nodes())

plt.figure(figsize=(6, 6))

nx.draw(G, pos, node size=10, width=0.5, edge color="blue")
plt.title(f"Bond Percolation (p={p}, L={L})")

plt.show()

# Example: Bond Percolation Simulation and Visualization
L =20 # Lattice size

p =0.5 # Bond occupation probability

G = simulate bond percolation(L, p)

visualize bond percolation(G, L, p)

# Section 3: Generate Different Lattice Geometries
def generate lattice(lattice type, L):

o

Generates different lattice geometries.

:param lattice type: Type of lattice ("square", "triangular", "hexagonal").

:param L: Lattice size.

:return: Generated lattice as a graph.

o

if lattice type == "square":

return nx.grid 2d graph(L, L)
eliflattice type == "triangular":

G = nx.triangular lattice graph(L, L)
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return nx.convert node labels to integers(G)
eliflattice type == "hexagonal":

G =nx.hexagonal lattice graph(L, L)

return nx.convert node labels to integers(G)
else:

raise ValueError("Unsupported lattice type")

# Example: Visualizing Different Lattice Geometries
L=10
lattice type = "triangular"

G = generate lattice(lattice type, L)

plt.figure(figsize=(6, 6))

nx.draw(G, node_size=10, width=0.5)

plt.title(f" {lattice type.capitalize()} Lattice (L={L})")
plt.show()

# Section 4: Estimating Percolation Threshold
def estimate_site percolation_threshold(L, trials=100):

o

Estimates the percolation threshold for site percolation using Monte Carlo
simulations.

:param L: Lattice size.

:param trials: Number of trials for averaging.

:return: Estimated percolation threshold.

nan

thresholds =[]

for in range(trials):
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for p in np.linspace(0, 1, 100):
lattice = np.random.rand(L, L) <p
clusters, = label(lattice)
if np.any(np.intersectld(clusters[O0, :], clusters[-1, :])):
thresholds.append(p)
break

return np.mean(thresholds)

# Example: Estimating Site Percolation Threshold

L=50

trials = 20

estimated pc = estimate site percolation threshold(L, trials)

print(f"Estimated Site Percolation Threshold: {estimated pc:.4f}")

Estimated Site Percolation Threshold: 8.5813
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Site Percolation (p=0.6, L=50)
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