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1.Abstract 

In various fields of mathematics and engineering, matrices play a crucial role in 

modeling and solving real-world problems. Among the diverse types of matrices, 

interval matrices have gained significant attention due to their ability to handle 

uncertainty and variability in data. This essay will delve into the concept of interval 

matrices, focusing on finding the inverse matrix, eigenvalues, and eigenvectors. We 

will reference the works of Shalaby and Rohn, exploring their contributions to the 

understanding and application of interval matrices in different domains. 

 

2. Understanding Interval Matrices 

An interval matrix is defined as a matrix whose elements are intervals rather than 

precise values. Each element of the matrix is represented as [a,b][a, b][a,b], where a 

and b are real numbers with a≤b. This representation allows for the inclusion of 

uncertainty in the data. Interval matrices are particularly useful in applications where 

exact values are either unknown or subject to variation. 

For example, consider the interval matrix: 

 

 

In this matrix, the element in the first row and first column is in the interval [1,2], 

indicating that its value could be any number within that range. 
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3. Eigenvalues of Interval Matrices 

Eigenvalues are fundamental concepts in linear algebra, providing insight into the 

properties of matrices. For a square matrix A, an eigenvalue λ  and its corresponding 

eigenvector v satisfy the equation: 

 

In the context of interval matrices, determining eigenvalues involves examining the 

behavior of the matrix as a whole rather than focusing on individual entries. The 

eigenvalue problem for interval matrices can be formulated similarly to that of 

constant matrices, although the inherent uncertainty complicates the process. 

4. The Interval Eigenvalue Problem 

In Shalaby's article, the interval eigenvalue problem is discussed in detail. The main 

challenge lies in the fact that the eigenvalues of an interval matrix are not always 

intervals themselves, but rather can be sets of values. Therefore, the first step in 

solving the interval eigenvalue problem is to compute the eigenvalues of constant 

matrices. 

4.1 Eigenvalues of Constant Matrices 

For a constant matrix, the eigenvalues can be found by solving the characteristic 

polynomial: 

det(A−λI)=0 

where III is the identity matrix. The roots of this polynomial give the eigenvalues of 

the matrix. For example, consider the constant matrix: 
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The characteristic polynomial is: 

 

Solving this equation provides the eigenvalues of matrix B. 

4.2 Eigenvalues of Interval Matrices 

 

For interval matrices, the process becomes more complex. The eigenvalue problem 

can be approached by considering the bounds of the matrix entries. Various methods 

exist to handle the interval eigenvalue problem, including: 

• Interval arithmetic: Using intervals to compute eigenvalues while accounting 

for their ranges. 

• Numerical methods: Applying algorithms designed for interval matrices to 

approximate eigenvalues and eigenvectors. 

4.3 Types of Interval Matrices 

In this essay, we will explore several types of interval matrices, including: 

• Symmetric interval matrices: These matrices are symmetric in structure, 

which allows certain properties, such as real eigenvalues. 

• Hermitian interval matrices: These matrices are a generalization of 

symmetric matrices, retaining the property of having real eigenvalues. 

Each type of matrix has its own set of methods for computing eigenvalues and 

inverses, which we will discuss in detail in the following sections. 

5. Finding the Inverse of Interval Matrices 

The inverse of a matrix A is defined such that: 
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For interval matrices, finding the inverse can be more challenging due to the 

uncertainty in the matrix elements. In Rohn's work, particularly in Chapter 3.5, the 

concept of the inverse interval matrix is explored. 

5.1 Conditions for Invertibility 

The invertibility of interval matrices is a complex topic due to the nature of intervals 

and the uncertainty they represent. Here are some key conditions and concepts related 

to the invertibility of interval matrices: 

5.1.1 Definition of Invertibility 

An interval matrix A is considered invertible if there exists another interval matrix B 

such that: 

 

where I is the identity matrix. For an interval matrix, this means that all elements in 

AB should be equal to the corresponding elements in the identity matrix, within the 

bounds defined by the intervals. 

5.1.2. Necessary Conditions for Invertibility 

• Non-zero Determinant: A necessary condition for the invertibility of a square 

interval matrix is that its interval determinant (the interval formed by the 

determinants of all possible realizations of the matrix) does not include zero. 

This means that there exists at least one realization of the matrix whose 

determinant is non-zero. 
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5.1.3. Sufficient Conditions for Invertibility 

Positive Definiteness: If an interval matrix is positive definite, it is guaranteed 

to be invertible. This can be established by ensuring that all leading principal 

minors of the matrix are positive. This property ensures that the matrix can be 

inverted without ambiguity. 

Existence of a Full-Rank Realization: If there exists a realization of the 

interval matrix (i.e., replacing the interval entries with specific values) that is 

full rank (rank equal to the size of the matrix), then the interval matrix is 

invertible. 

 

The invertibility of interval matrices is characterized by their determinant and 

eigenvalues, with conditions emphasizing the need for non-zero bounds and full-rank 

realizations. Due to the complexity of intervals, a combination of theoretical and 

numerical approaches is often necessary to evaluate invertibility in practical 

applications. 

5.2 Methods for Finding Inverses 

Several methods can be employed to find the inverse of interval matrices: 

• Analytical methods: These involve direct computation based on the properties 

of interval arithmetic. 

• Numerical methods: Iterative algorithms can be used to approximate the 

inverse, considering the intervals involved. 

6. Applications of Interval Matrices 

Interval matrices have a range of applications across various fields due to their ability 

to handle uncertainty and variability. Here are some detailed applications of interval 

matrices: 
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 6.1. Control Systems 

 Robust Control: In control theory, interval matrices are used to model systems with 

uncertain parameters. They help in designing controllers that can maintain stability 

and performance under these uncertainties. 

 Stability Analysis: Interval matrices facilitate the analysis of system stability by 

allowing the examination of how variations in system parameters affect stability 

conditions. 

 

 6.2. Numerical Analysis 

 Error Analysis: Interval matrices are employed to assess the accuracy of numerical 

solutions. They can provide bounds on the errors introduced by numerical methods, 

thus ensuring the reliability of the results. 

 Interval Arithmetic: They are used in interval arithmetic, which allows computations 

with intervals to manage uncertainties in data effectively. 

 

 6.3. Optimization Problems 

 Interval Linear Programming: Interval matrices are integral to solving optimization 

problems where constraints are represented as intervals. They help find solutions that 

satisfy all constraints despite variations in parameters. 

 Robust Optimization: In robust optimization, interval matrices help formulate 

problems that need to account for variations and uncertainties in input data, leading to 

solutions that remain feasible under these variations. 
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 6.4. Engineering Applications 

 Structural Engineering: Interval matrices are used to model structural systems where 

material properties, loads, or geometric dimensions are uncertain. This helps 

engineers design safer and more resilient structures. 

 Vibration Analysis: They are employed in analyzing mechanical systems to account 

for uncertainties in material properties or boundary conditions, ensuring accurate 

predictions of system behavior. 

 

 6.5. Economics and Finance 

 Risk Assessment: In finance, interval matrices can model the uncertainty in financial 

parameters (like interest rates, stock prices) and assess risks associated with 

investment portfolios. 

 Economic Modeling: They help represent uncertain economic data, allowing for 

more flexible and robust economic models. 

 

 6.6. Computer Science and Artificial Intelligence 

 Data Mining: In machine learning and data mining, interval matrices are used to 

represent uncertain data, enabling more robust learning algorithms. 

 Robustness in Algorithms: They help evaluate the robustness of algorithms in the 

presence of uncertain inputs, leading to more reliable software systems. 

 

 6.7. Health and Medical Applications 

 Medical DecisionMaking: Interval matrices can represent uncertainties in medical 

data (like patient responses to treatments) and aid in decisionmaking processes for 

treatments and interventions. 

 Queue Management in Healthcare: They can model uncertainties in patient arrival 

times and service durations in hospital settings, helping optimize resource allocation. 
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 6.8. Telecommunications 

 Network Reliability: Interval matrices are used to analyze network reliability under 

uncertain conditions, enabling the design of robust communication systems that can 

handle variations in data transmission. 

 

 6.9. Physics and Robotics 

 Robotics Navigation: Interval matrices help in navigation algorithms that account for 

uncertainties in sensor readings, allowing for more reliable movement and 

decisionmaking in robots. 

 Quantum Mechanics: They are used to model systems with inherent uncertainties, 

providing insights into the behavior of quantum systems. 

 

6.10 Atomic Physics 

In atomic physics, interval matrices can be used to represent uncertainties in 

measurements and properties of atomic systems. By modeling these uncertainties, 

researchers can gain insights into the behavior of atoms under various conditions. 

6.11 Vibrations 

In mechanical systems, interval matrices can help analyze the vibrations of structures 

subject to variable loads. The ability to account for uncertainties in material 

properties and external forces allows engineers to design more robust systems. 

6.12 Robotics 

In robotics, interval matrices are used to model the uncertainties in sensor readings 

and control inputs. By incorporating these uncertainties into the robot's decision-

making algorithms, more reliable and adaptive behavior can be achieved. 
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7. Comparison of Algorithms 

Calculating eigenvalues and inverses of interval matrices involves several algorithms, 

each with its strengths and weaknesses. Here's a detailed overview: 

 

 Algorithms for Calculating Eigenvalues of Interval Matrices 

 

7.1. Interval Matrix Characteristic Polynomial 

   Description: This method extends the characteristic polynomial of a matrix to the 

interval case. It involves substituting the interval values into the polynomial and 

determining the eigenvalues by finding the roots. 

   Advantages:  

     Provides a direct approach for finding eigenvalues. 

     Can handle intervals explicitly, making it intuitive. 

   Disadvantages:  

     Computationally intensive for higher dimensions. 

     Roots of polynomials can be difficult to find accurately. 

7.2. Interval Bisection Method 

   Description: This method involves iteratively refining intervals that contain 

eigenvalues by checking the sign of the characteristic polynomial at specific points. 

   Advantages:  

     Guarantees convergence to an eigenvalue if it exists within the interval. 

     Simple implementation. 

   Disadvantages:  
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     Can be slow, especially for complex eigenvalue structures. 

     Requires a good initial interval guess. 

7.3. Krawczyk's Method 

   Description: An iterative method that combines interval arithmetic with Newton's 

method. It refines intervals based on function evaluations and derivatives. 

   Advantages:  

     Faster convergence compared to bisection. 

     Can handle non-linear cases effectively. 

   Disadvantages:  

     More complex to implement. 

     May fail if the initial interval is not chosen well. 

 

7.4. The QR Algorithm 

   Description: An iterative method that decomposes a matrix into orthogonal and 

upper triangular matrices. It can be adapted for interval matrices. 

   Advantages:  

     Generally very efficient for large matrices. 

     Well-established and widely used. 

   Disadvantages:  

     Adapting it to interval matrices can complicate calculations. 

     May require sophisticated numerical techniques for stability. 

 

 Algorithms for Calculating Inverses of Interval Matrices 

7.4.1. Moore-Penrose Pseudoinverse 

   Description: This method finds a generalized inverse that minimizes the error for 

interval matrices. The pseudoinverse can be computed using singular value 

decomposition (SVD). 



 11 

   Advantages:  

     Robust for handling non-square or singular matrices. 

     Provides a good approximation in many cases. 

   Disadvantages:  

     Computationally expensive due to SVD. 

     May not yield exact inverses for all interval matrices. 

 

7.4.2. Interval Arithmetic 

   Description: Directly applies interval arithmetic operations to compute the inverse, 

maintaining bounds on errors throughout the calculations. 

   Advantages:  

     Provides rigorous bounds on the result. 

     Can handle a wide range of interval matrices. 

   Disadvantages:  

     May lead to overestimation of the bounds (dependency problem). 

     Computationally intensive for larger matrices. 

 

7.4.3. Iterative Methods 

   Description: Methods such as the Gauss-Seidel or Jacobi iterations can be adapted 

for interval matrices, starting from an initial guess for the inverse. 

   Advantages:  

     Can converge to the inverse with fewer computations. 

     Flexible and easy to implement. 

   Disadvantages:  

     Convergence is not guaranteed, especially for ill-conditioned matrices. 

     Requires careful selection of initial conditions. 

 

 Comparison of Methods 

 



 12 

 

 

8. Conclusion 

In conclusion, interval matrices provide a powerful framework for handling 

uncertainty in mathematical modeling. By understanding how to find eigenvalues, 

eigenvectors, and inverses, researchers can leverage these tools in various 

applications, from atomic physics to robotics. The contributions of Shalaby and Rohn 

have paved the way for further exploration in this field, offering insights into both 

theoretical and practical aspects of interval matrices. 
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10.APPENDIX  

10.1Finding the Inverse Matrix 

For an interval matrix A, its inverse matrix   is a matrix that satisfies:  

 

where I is the identity matrix. The inverse matrix exists if the determinant of A is non-zero  
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10.2.Steps to Find the Inverse Matrix: 

1. Check if the Matrix is Invertible: Compute the determinant of  if 

   , the matrix is not invertible. 

2. Compute the Conjugate Matrix: The Conjugate matrix is the transpose of the cofactor matrix of A. 

3. Find the Inverse Matrix: The inverse matrix is obtained by dividing the Conjugate matrix by the 

determinant of   

 

10.3.Finding Eigenvalues 

The eigenvalues λ of an interval matrix A are the solutions to the characteristic equation: det(A−λI)=0 

10.4.Steps to Find Eigenvalues: 

1. Construct the Characteristic Polynomial: Subtract λ from each diagonal element of A and then take the 

determinant. 

2. Solve the Characteristic Equation: Find the roots of the characteristic polynomial to get the eigenvalues. 

10.5.How to Calculate Eigenvalues of the Inverse Matrix 

For a matrix A, the eigenvalues of its inverse matrix   can be calculated as follows: 

10.5.1General Formula 

If λ1,λ2,…,λn are the eigenvalues of A, then the eigenvalues of  then the eigenvalues of  are 

  

10.5.2.Steps 

1. Find the Eigenvalues of A Solve the characteristic equation det(A−λI)=0 to get the eigenvalues λ1,λ2,…,λn  

2. Calculate the Eigenvalues of : The eigenvalues o are  

 

 

10.5.3.Example  

Consider a simple    interval matrix: 
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10.5.3.1Steps to Find Eigenvalues: 

To find the midpoint matrix for an interval matrix, you simply take the average of each corresponding element's lower 

bound and upper bound. For your given interval matrix: 

 
The midpoint matrix M can be found by calculating the midpoint of each interval: 

For the first row, first column element: 

 
For the first row, second column element: 

 
For the second row, first column element: 

 

 
And for the second row, second column element: 

 
So the midpoint matrix Amid would be: 

Amid=  

10.5.4.Finding the Inverse of Amid: 

1. Compute the determinant: det(Amid)=(2)(2)−(1)(1)=4−1=3 

2. Find the Conjugate matrix:  

3. Compute the inverse matrix:  

10.5.5.Finding the Eigenvalues of  Amid: 

Characteristic polynomial:  

 
Solve the characteristic equation 
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10.5.6.Finding the Eigenvalues of   

 

Eigenvalues =  

 

10.6.Python Code Example 

 

 
 

 

 

10.6.1.Method Explanation 

1. Compute Inverse Matrix: Use the numpy.linalg.inv function to compute the inverse of the matrix. 

The numpy.linalg.inv function is used to compute the inverse matrix of a matrix. This function uses the LU 

Decomposition method internally to solve the inverse matrix. LU decomposition is a method of decomposing a matrix 

into a lower triangular matrix L and an upper triangular matrix U, that is 

A=LU。 Through this decomposition, linear equations and inverse matrices can be solved more efficiently. 

Specific steps 

LU decomposition: 

Numpy uses LU decomposition to decompose input matrix A into A=LU, where L is the lower triangular matrix and U 

is the upper triangular matrix. This step is usually completed by the scipy.linalg.lu function, and numpy.linalg.inv 

internally calls a similar function. 

Solving a system of linear equations: 
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Once L and U are obtained, the linear system of equations Ly=b and $Ux=y can be solved through forward 

substitution and backward substitution. Here, (b) is the column vector of the identity matrix I. 

Construct inverse matrix: 

By solving multiple systems of linear equations, the inverse matrix can be gradually constructed 

Bottom level implementation 

The linalg module of numpy relies on underlying linear algebra libraries, typically LAPACK (Linear Algebra 

Package) and BLAS (Basic Linear Algebra Subroutines). LAPACK provides efficient numerical linear algebra 

algorithms, including LU decomposition and methods for solving systems of linear equations. 

 

2. Compute Eigenvalues: Use the numpy.linalg.eigvals function to compute the eigenvalues of the matrix. 

The numpy.linalg.eigvals function is used to calculate the eigenvalues of a matrix. This function uses a QR Algorithm 

based method internally to solve the eigenvalues. The QR algorithm is a highly effective iterative method, particularly 

suitable for solving the eigenvalues of large matrices. 

Overview of QR Algorithm 

The basic idea of the QR algorithm is to repeatedly decompose a matrix into an orthogonal matrix Q and an upper 

triangular matrix R, and then update the matrix to RQ until it converges to an upper triangular or approximately upper 

triangular form. At this point, the diagonal elements of the matrix are its eigenvalues. 

Specific steps 

Initial matrix: 

Given a matrix A, QR decomposition: Decompose matrix A into an orthogonal matrix Q and an upper triangular 

matrix R, i.e. A=QR. 

Update Matrix 

A is RQ, which means A new=RQ. 

Iteration: 

Repeat the above steps until matrix A converges to an upper triangle or approximate upper triangle form. 

Extract feature values: 

After the matrix converges, the elements on its diagonal are the eigenvalues. 

Bottom level implementation 

The linalg module of numpy relies on underlying linear algebra libraries, typically LAPACK (Linear Algebra 

Package) and BLAS (Basic Linear Algebra Subroutines). LAPACK provides efficient numerical linear algebra 

algorithms, including the QR algorithm. 

3. Compute Eigenvalues of Inverse Matrix: Take the reciprocal of the eigenvalues of the original matrix to get 

the eigenvalues of the inverse matrix. 

 

10.6.2.Author Information 
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This code example was written by me, using the numpy library. numpy is a widely used scientific computing library in 

Python, developed and maintained by Travis Oliphant and others. 

10.7.How to handle interval matrices 

10.7.1.Introduction to Interval Matrices 

 

An interval matrix is a special type of matrix where each element is an interval rather than a single value. For example, 

a   interval matrix can be represented as: 

 
 

 10.7.2.Calculating Eigenvalues of Interval Matrices 

10.7.2.1 Method: Endpoint Analysis 
For an interval matrix  A , one method to estimate the range of its eigenvalues is by analyzing the endpoints of intervals. 

Specifically, for each interval element, we can consider both the minimum and maximum values, construct multiple 

deterministic matrices, then compute the eigenvalues of these matrices, and finally merge the results to get the range of 

eigenvalues. 

 10.7.2.2.Example 
Assume we have the following interval matrix: 

 
We can construct four deterministic matrices by using the endpoints: 

 
Next, we use `numpy.linalg.eigvals` to calculate the eigenvalues of each matrix, then find the overall minimum and 

maximum eigenvalues to define the range for the interval matrix's eigenvalues. 
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import numpy as np 

# Define endpoint matrices of the interval matrix 

A1 = np.array([[1, 0], [0, 1]]) 

A2 = np.array([[1, 2], [2, 1]]) 

A3 = np.array([[3, 0], [0, 3]]) 

A4 = np.array([[3, 2], [2, 3]]) 

# Calculate eigenvalues for each endpoint matrix 

eigenvalues_A1 = np.linalg.eigvals(A1) 

eigenvalues_A2 = np.linalg.eigvals(A2) 

eigenvalues_A3 = np.linalg.eigvals(A3) 

eigenvalues_A4 = np.linalg.eigvals(A4) 

# Merge all eigenvalues 

all_eigenvalues = np.concatenate((eigenvalues_A1, eigenvalues_A2, eigenvalues_A3, eigenvalues_A4)) 

# Find the range of eigenvalues 

min_eigenvalue = np.min(all_eigenvalues) 

max_eigenvalue = np.max(all_eigenvalues) 

print("Eigenvalue range for the interval matrix:") 

print(f"Min: {min_eigenvalue}, Max: {max_eigenvalue}") 

 

Output: Eigenvalue range for the interval matrix: 

Min: -0.9999999999999996, Max: 5.0 

 

10.7.3.Calculating the Inverse of Interval Matrices 

 

10.7.3.1. Method: Endpoint Analysis 
 

Similar to eigenvalue calculation, we can estimate the range of elements in the inverse of an interval matrix by 
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analyzing the endpoints. Specifically, we construct multiple deterministic matrices, compute their inverses, and then 

find the minima and maxima of the elements in these inverses to establish the ranges for the interval matrix's inverse. 

 

10.7.3.2. Example 
 

Continuing with the same interval matrix A we construct four deterministic matrices, compute their inverses, and find 

the minima and maxima of the elements in these inverses. 

 

 
# Calculate the inverse for each endpoint matrix 

A1_inv = np.linalg.inv(A1) 

A2_inv = np.linalg.inv(A2) 

A3_inv = np.linalg.inv(A3) 

A4_inv = np.linalg.inv(A4) 

# Merge all elements from the inverses 

all_elements = np.vstack((A1_inv.flatten(), A2_inv.flatten(), A3_inv.flatten(), A4_inv.flatten())) 

# Find the range of elements in the inverse 

min_element = np.min(all_elements, axis=0) 

max_element = np.max(all_elements, axis=0) 

print("Inverse matrix element ranges for the interval matrix:") 

for i in range(4): 

print(f"Element {i}: [{min_element[i]}, {max_element[i]}]") 

 

 

Output: 

Inverse matrix element ranges for the interval matrix: 

Element 0: [0.3333333333333333, 1.0] 

Element 1: [-1.0, -0.3333333333333333] 
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Element 2: [-1.0, -0.3333333333333333] 

Element 3: [0.3333333333333333, 1.0] 
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