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CTex-

i Ie- Ilpusesen 0630p 3KCHEPUMEHTAILHBIX U TEOPETUYECKUX DPE3YJIbTATOB, IMO-

reTa, CBANIEHHLIX AOCOMIOTHOM ¥ KOHBEKTHBHON HEYCTOWYMBOCTH TEUEHUI B3-
KOH KMAKOCTH y 1edOPMUPYIONINXCS NIOBEPXHOCTEH, B TpyDax M KaHajax
C NOJATIUBBIMU CTeHKaMHu. HeyCcTORYMBOCTD NMpPOSABISETCS B CXJIONBIBAHUM

YHO- | TPyOKH, CHHIKEHHH PACXO[a, OCIMIISLUUSIX CTEHKH, PeHepaluu LIyMOB H,

MKa. | B KOHEYHOM HTOTre, pa3pylleHuu cucreMmbl. IIpeicraBnensr pe3ynbTaThl UC-

CI€IOBAHHUSA yCTOWYIUBOCTH TE€YEHUN >XKUJKOCTH B MHOTOCJIONHBIX M30TPOI-
HBIX M @HU30TPONHBIX BA3KOYNPYI'UX TPYOKaX IIPH PA3IAYHBIX YCIOBUAX HA
itial BHenIHeil moBepxHOCTH. [loKa3aHO, YTO NP Pa3HbLIX 3HAYEHUSX MapaMeT-
POB UMEETCsI OHA HJIM HECKOJILKO abCOIIOTHO HEYCTONIUBBIX YKHIKOCTHBIX
moa. 3a cyer moadopa BSBKUX U yHpyrux Ko3GhUUHMEHTOB U TOMIIUH OT-
tes. JIEJIBHBIX CJIOEB MOKHO IMOBBICHTHL YCTOWYMBOCTH Haubosee HeycTONW4YnBON
MOZBI ¥ CTabMIM3UPOBaTH cucTeMy. B nmpuMeneHun K TpyOKaM TeXHHICCKHX
YCTPOMCTB 9TO JAET BO3MOXKHOCTD U30€:KaTh MOTePb YHEPIUHU, CXJIONBIBAHUA

the TpyOKM M FeHepalluy HeXKeJaTeJbHbIX IyMOB. B mpuMeHeHuu K KpPOBEHOC-
78 HbIM COCYZaM IMPEJIOXKEHHBIE MOJENH JIAI0T BO3MOXKHOCTD IIPOBOAMTH GUO-

MEXaHUYECKYI0 WHTEPIPETALU0 1apaMeTPOB 3BYKOB M KOIeDaHH CTEHOK,
tial PErHCTPUPYEMbIX B apTEpUAX U BEHAX.

2000 Mathematics Subject Classification 76D33, 76205, 74F10, 92C35.
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L~ - Bsepneunwue.
[Tpu Tevenun >KUAKOCTH y AeDOPMUPYIOMIUAXCS TOBEPXHOCTEl TerIoMaccoob-
MEHHBIX YCTAHOBOK, B KaHAJAX U TPYOKaX TEXHAUYECKUX YCTPOMCTB U B IIPUPOJAHBIX
pyciax HabIIOMAITCS pa3iudHble (pU3nYecKue sIBIeHusi, 00yCIIOBICHHBIE B3aUMO-
IS JieficTBeM. TIOTOKA C MOBEPXHOCTHIO. Kak HM3BECTHO, JaMHUHAPHOE TeYeHHE >KU-
KOCTH C YBEJIMYEHUEM CKOPOCTH TEYEHHs TepsieT YCTOMIUBOCTH IO OTHOIIEHMIO
K MajibiM BO3MylueHusiM. IIpum 3TOM mepexoi OT JaMHHAPHOrO K TypOyjaeHTHO-
MY TEUEHWIO OIPEeJIeNISIeTCsT YHCIOM PeifHosbAca ¥ IIPOUCXOIUT MIPH TIPEBBIIIEHUI
HEKOTOPOr0 KPUTHYECKOTO 3HadeHusi duciaa Peitnonpaca Re > Re*. Ilpu Teue-
Hb HIM JKHUIKOCTH B KECTKOM JUTMHHOM TPyOKe KPYTrOBOI'O CeYeHns HUXKHee 3HaYeHHe
Re* ~ 2000 [9], nna Tpybxu ¢ 50% cyxenuem mpocsera Re* = 100 — 200 (8], a
A7l MCKpUBJIeHHBbIX TPYGOoK Re* ~ 6000 [48].
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Ilpu Teyenun >KHIKOCTH y NOAATIMBLIX (IOBEPXHOCTEH B3AMMOIEHCTBHE TI0!
TOKa C MOBEPXHOCTHIO NMPUBOJUT K ee AedOpMalMaM U MEPEMEeIIeHUsAM, a TaK ke
K M3MEHEHUSM [1apaMeTPOB TeYeHMd 3a cdeT oOMeHa IHeprueil Ha IpaHuIle pad
Aesia XUJAKOCTh-CTeHKA. JKCIEePHUMEHTAJILHbIE MCCIEJ0BAHUS TedeHuil B TpyOKal
C BHYTPEHHUM TI'€JIEBBIM IOKPBITHEM IOKa3aju, uto Re* ~ 600, mpuyem 3HaYE
Hue Re* 3aBUCHT OT IapaMeTpoB MaTepuasa CTeHKH W TMOKDBITHS ¥ BSI3KOCTH
xuzakocru [43]. Ha yuacrkax, rae nasnenne B Tpybke 6/IM3KO K 3HAYEHHAM [aB:
JIEHUsI B OKpYy»Kaiomeli cpefie Py, CHCTEMa CTAHOBUTCS HEYCTOWYMBON M TPYOK:
HAYUHAET CXJ/IONBIBATHCA. B pe3ysbraTe pa3sBUTHS HEYCTOWYMBOCTH ITOSBJIAIOTCH
¥ HapacTalOT BbICOKOYACTOTHBIE OCIM/UIALNMA CTEHKH, YTO BeJET K 0Opa30BaHUK).
LIy MOB, PEX/A€BPEMEHHOMY H3HOCY ITOBEPXHOCTEH U, BO3MOXKHO, K Pa3pyILEeHHN
YCTPOUCTBA.

Paznuunbie mposiB/ieHns HEyCTONYMBOCTEH UMEIOTCS U B XKMBOH MPHUPOJE, Ha-
NpUMED, IPH TJIaBAHUU BOJHBIX XKUBOTHBIX. B cepun sxcnepumenTos Kpamepa mo
ob6TekaHMIO Tesa AeabguHa HabEralmuM II0TOKOM ObLIa MOKa3aHa BO3MOMKHOCTh
CHHKEHUS CONPOTHUBJIEHHSI 33 CYET yMEHBIICHHsI HAIIPSI)KEHUs! TPEHHUs, 3aTsIU-
BaHUsl OTPBIBA JIMHUH TOKa M TypOy/JM3anuy TEYEHUs 3 CUET CBOHCTB KOXKHO-
ro nokposa nenbduna [44], [45]. Kpamep npegmonoxui, uto, nogbupas BA3KO-
YIpyrue CBOMCTBa CTEHKHU TaKuM 06pa3oM, 4Tobbl koaddurpenT gemndupoBasus
COOTBETCTBOBaJ YacToTe Haubosee HeycTodunBoit Bosubl TosuiMuna-ITTnuxrusra,
MOXHO JOOHTHCs MO KpajiHelt Mepe 4acTHYHON AMCCHIALMN STHX BOJH, 3aTATH-
Bas T€M CaMbIM nepexoj] K TypOy/eHTHOMY TedeHuio. BrnociecTBun sra runoress.
Obl1a moATBepXKJeHa B Cepuu TeopeTndeckux pabor [12], [19], [47]. Uccneposanus.
NJ1aBaHUs! Aeb(UHOB NMPUBENH K Pa3paboTKe CrenuaibHBIX BA3KOYIPYTHX MO-
KPBITHH, KOTOPBIE AMATHPYIOT CTPOGHHE KOXKH Aeib(uHa U CIOCO6CTBYIOT CyIie-
CTBEHHOMY CHH>KEHMIO CONPOTHBJIeHHs obTekaemoro Tena. Kpamep Mozpemuposal
BSI3KOYNPYroe MOKPBITHe HAOOpOM MapaJsuleIbHO COeUHEHHBIX YIPYTUX U JeMI-
dupyromux snemenros (Kramer-type coating) [22], [23], [33]. B nepsoit xe cepun
IKCIIEPUMEHTOB HCIOIb30BAHKE NPEIIOKEHHOIO MM TOKDPBITHHA, KMUTHPYIOIIET0
KOXY JenbduHa, IPUBEIO K CHIXKEHHMIO CONpoTHB/eHus Ha 57% mnpu AABHKCHAI
B MOPCKOIi Boje co ckopocThio 18 m/c [44], [45].

B 1966 r. 6111 OnyGIMKOBAHBI PE3Y/ILTATHI SKCIIEPUMEHTOB, TI0TBEPK 1AK0-
WMX BO3MOXKHOCTB CYIIECTBEHHO CHU3WTH TPEHHE B TypOYJIEHTHOM IIOI'DAHCIIOE
npu 00TEKaHUM IOTOKOM BO3/lyXa »KECTKHUX [OBEPXHOCTEH, NOKPBITHIX CJIOEM Je-
dopmupyemoro marepnasna. OgHaKO B XOj€ LEJION CEPHHM NIPOBEPOK ITH JIaHHBIE
He MOATBePAMJIACH, ¥ IPUHIUIAAIBHBIN BOIIPOC 0 BO3MOYKHOCTH pa3paboTKu crie-
I[MAJIbHBIX NMOJAT/IMBBIX MOKPBITHI JJisl UCIIOJb30BAHUA B @9POKOCMHUYECKUX IIPH-
JIOXKEHUAX JIOJITO OCTABAJICH OTKPBITHIM, K TOMY »Ke TeOpeTH4YeCKHe OIEeHKH Mapa-
MeTpPOB HEOOXOIUMBIX MOKPBITHI, IIOJIyYyaeMble Ha OCHOBE IPeJIaraeMbIX aBTOpa-
MU Mojeltelf, 3a4aCTy0 He COTBETCTBOBAJIM PeaIbHBIM TEXHHYECKHUM MaTepuaiaM
[31]. Cirenyer ormeruTs, 9TO NEpBBIE OLEHKH M THMOTE3bl OTHOCUJIUCH JIMIIb K BOS-
MOXKHOCTH 3aTSIHYyTh NEPexoj K TypOyJeHTHOMY OOTEeKaHMIO U NPAKTUYECKU HE
paccMaTpUBAIM BO3MOXKHOCTH CHUXKEHHS TPEHHsl B TypPOYJeHTHOM IOTPAHCIIOL,
KOTOPOT'O0 MOXKHO J0OHUTHCS TakKe 3a cuyeT mojadopa BA3KOYNPYTHX HapaMeTrpoB
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YeToHYHBOCTL TEYEHUS KUIKOCTH

CTeHKH, 4TO GBLIO MOKa3aHOo mosxe [14].

[lepBrie ycnexu B MCCIIEZOBAHUY 3aKOHOMEPHOCTElH TeyeHuit y nedpopMupyio-
IUXCS CTEHOK NPHUBEIM K JIABHHE KCIEPHMEHTAJIbHBIX U TEOPeTHYecKux pabor
[0 MCCJIEOBAHUIO YyCTOMYMBOCTH TEYEHHI YKUIKOCTeH B TpyOKax, BK/IOYAs TYp-
Oy/leHTHBIE TeYeHHs, eTaJbHble YMCJIEHHbIE PACYEeThl [JIsl PA3HOM reoMeTpuu, B
CYKAIOIUXCs, PACITUPSAIONIMXCS U M30THYThIX Tpy6Okax. Boum uccienopans! yco-
BUs BOSHUKHOBEHHs aOCOIIOTHO U KOHBEKTHBHON HEYCTONYNBOCTH, BO3MOXKHOCTH
NepeBeCTH abCOMIOTHYIO HEYCTONYMBOCTE B KOHBEKTUBHYO, IaPAMETPHYECKH B3a-
MMOJEHCTBYIOLIME BOJHBI 1 KoaJecneHIus Mo, [lockonbKy KOHBEKTHBHO HEyCTOM-
4uBas CcUCTeMa MOXKeT ObITh HCIOIb30BaHA B KayeCTBE YCHJIHTEJNs, a abCcomoT-
HO HEYCTOWYMBas — B Ka4eCTBe I'eHepaTopa, TO MCC/IeJ0BaHUe YCIOBUN Pa3BUTHS
HeyCTOHYMBOCTH NMEPCIEKTHBHO IS pa3paboTKK HOBBIX BUAOB BOJTHOBOJOB U yCH-
JIATEJIeH, Iy MOTIOTVIOMIAIONIMX TOKPBITHM, /1JIsi NOHHMAaHUs IPOLECCOB aKyCTHde-
CKOM CHI'HAJIM3allMM y »KHUBOTHBIX. Bce ke, HECMOTDsI Ha O4YeBHIHBIN IIPOrpecc B
9T0¥ 06/1aCTH, MHOTHE SABJIEHUS OCTAIOTCS HEAOCTATOYHO M3ydeHHbIMU. B gamHOI
pabore mpejCTaBI€H KPaTKHi 0630p SKCIHEPHMEHTAJbHBIX JAHHBIX M OCHOBHBIX
TEOPETHYECKUX Pe3yJ/IbTATOB IO YCTONYUBOCTH TEYEHUIN KUAKOCTH Y AeOpMHUDY-
IOIIMXCS TOBEPXHOCTEH, MX NEPCHEKTUBHBIX NMPUJIOXKEHUH ¥ HalpaBJeHu Jajb-
HE{IMX NCCIeI0BaHuil, CBA3aHHBIX C MHOTOCJIOMHBIMYU BSI3KOYTIPYTUMHU MOBEPXHO-
CTAMH, BKTI0Yas (DYHKIHOHAJIbHBIE rpagupoBanuble MOKpbiTus (functional graded
coatings).

1. Teuenus y necdphopMupyrommxcs nosBepxHocTeit

1.1. 9KcnepuMeHTAJIbHbIC OaHHbIE.

JetanbHble IKCIEPHUMEHTAJIbHbIE HCC/IEA0BAHNSI 3aKOHOMEPHOCTEH 0OTeKaHHs
TeJT HOTOKOM >KHJKOCTH M IePeXoAa K TYpOYyJIeHTHOMY TEUEHUIO, BKJII0YAs BU3ya-
JIM3AIMIO TeYeHUH, U3MEPEHNsl JAaBJIEHHI U CKOPOCTEll OTOKA, TPEHUs Ha CTEHKE
akTHBHO npoBoamiucek B 1960-1980 rr. (cm. 0630p sureparypsi B [30], [31]). U3y-
YaJIMCh 3aKOHOMEDPHOCTH IeHEPALHK BOJIH HA JedOPMUPYIOIMXCH MOBEPXHOCTSIX
[49], B3ammoaelicTBIE TIOTOKA CO CTEHKOM M BJAMSHUE BA3KOYIPYIWX CBOHCTB CTEH-
KH DU pa3BATOM TypOyeHTHOM TedeHuu [60], jyia Teyenuit, reHepUPYEMBIX Bpa-
MAKMEMCA JUCKOM MM TypOuHOit [21], npn HanMYun BTOPHYHBIX T€YEHUH B UC-
KpuBJIeHHBIX TPyOKax [33] u apyrue 3agaun. JKCIepUMEHTANBHbIE UCCIEIOBAHUS
NPOBO/IMJIACH C LEJIbIO OTBETUTH HA BOIPOC: MOXKHO JIH IpHU OoIbmnx yuciax Peii-
HOMBJICA 33 CYET MUCUONB30BaHUs MOJATIMBOIO CIOS 3aTAHYTh TYypOyJU3aLMIO Te-
YeHWs WM 3aMEeTHO YMEeHbUINTh TpeHre B TypOysienTHOM norpancioe? [lockonbky
B3aMMOZEIICTBHE ITIOTOKA C TOBEPXHOCTHIO MPUBOAKUT K AedopMaIusaM NOCIeHel,
Obl pa3paboTaHbl SKCIEPUMEHTANbHBIE METOIbl OPUEHTHPOBAHHbIE HA U3MEpe-

- HEe JebopManuit yIpyrux OBEpPXHOCTER NMPH AWHAMHYECKUX U UMITYJIbCHBIX BO3-
geiicrusix. [Ipsimble uamepenus gasienuit B noroke [26], perncrpanus nepemerne-
Al J1a3ePHOrO JIydYa B CTENUabHO Pa3pabOTAHHBIX ONTHYECKMX cucTeMax [29],
[59], dororpadmueckas perucrpauust uameneHuit KoabdUIMEHTA IPETOMIICHNUS
CBETOBOIO JIyya Ha Y4YacTKaX C Pa3/MYHbIMH ILUIOTHOCTSIMH IOKpbiTusi {shlieren
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apparatus) HCIIOTb30BaNCh NPU MCCIEI0BaHUN JehOpPMaIuil Pe3HHOBLIX, MO/
MEPHBIX U reJIeBbIX NOKPBHITHI B TYpOYJIEHTHOM MOTOKE YKMAKOCTH U Ta3a.

1.2. Teoperuyeckue MoAeJIHN. ;

B pa6ore [13] 6b1a npeanokena KiaaccuduKaIUa BOJTH B 3aBUCHAMOCTH OT CO-
OTHOIIEHUST MEXK/y IIOJIHO# IIOJIHO¥M SHepruein E/ BO3MYIIIEHHO! CUCTEMBI U JHEDP-
rueit ' cucreMbl B MCXOHOM (HEBO3MYIIEHHOM) cocrosiuuu. [lis BOIH Kiacca A
BbImOIHEHO cootnomenne B/ < F u auccunanys SHEpruy B CTEHKE AeCTabuInsm:
pyeT cHUcTeMy, a HeoOpaTUMBIH IEPEHOC SHEPTHH OT IMOTOKA K CTEeHKE — CTabu/Ii-
supyer. s Bosm knacca B: E/ > E u cucrema JecTabuan3upyeTcs Ipu nepeaa—%
4Ye IHEPIUH OT JKUAKOCTH K CTEHKe U CTAOUIM3MPYeTCs 3a CUeT AeMIQUPYOLux
CcBOHCTB OBaHMsI MarepuaioM creHkd. Hakowen, mns o kiacca C: B/ = E u
OHM OTHOCHTEJIbHO HE3aBUCHMBbI OT HAIIPABJIEHHS LEepPeJayvd SHEePrHH Ha IDAHHULE.
JKMJKOCTh-cTeHKa. [lia kimaccoB A u B ociuuisinuu CT@HKH MOTYT MMeTh MOCTO-
AHHYIO aMIUITUTYy OPU OTCYTCTBUM JUCCHITAIIMMA SHEPIUH U JPYTHX HEOOPATHMBIX
IIPOIECCOB [13]. Bousnbl kiacca A npeacrasisior BosHbl Tommmuna-IILnuxunra,
a BOJIHBI Kiacca B — meycroitumsocTu Tuma duarrepa Geryumx sosns (travelling
wave flatter). Oba ky1acca BOJIH SBJIAKOTCH KOHBEKTHBHO HEYCTOHYMBBIMH, & KJIAC-
ca C — abCcom0THO HEYCTOWYUBBLIMH.

Baxxuble Teopermueckue pe3yJbTaThi MOAYYEHbl NPU HCCICJOBAHUM TIOBEPX-
HOCTHBIX BOJIH B 0€3rpaHMYHOM IIOCKOM CJIO€ YIpyrogedopMUpPyeMOro MaTepua-
J1a, TPUKPENJIeHHOTo K ykeCTKoMy 1010 [30]. [ToBepxHOCTHBIE BOJIHBI pacCMaTpH-
BaJINCh KaK JMHEHHas KOMOMHAUMsI MPOAOJBHBIX M IOINEPEYHBIX IepeMelleHHuil
TOYeK c1og. B nekapToBoit cucTeMe KOOpAMHAT, CIMTASA, YTO OCb Z PACIOJIOKEHA
NEePNeHJIUKY/IAPHO K IOBEPXHOCTH, YPABHEHHE JBUXKEHHUII CTEHKH €CTh BOJHOBOE
ypaBHeHMe JJIsi BeKTopa nepemerieHuit 4 [7]: :

Qz_ﬂ = c? (_Qi_ 3_2> i (1)
ot? 0z2 ° Oy?
e C — CKOPOCTh PAclpOCTPAHEHHs! BOJIH, IPUYEM JJIsi [IOMEPEYHBIX U IPOOIBHBIX
BONH ¢ = ¢ = \/G/pu c = ¢ = +/(A+2G)/p cooTBETCTBEHHO, p — IJIOTHOCTH,
A u G - koaddunumenTts Jlame.

Jlns uccnenoBaHnst AMCIEPCUM MOBEPXHOCTHBIX BOJH DEIeHUs BHIA

ug = (Ash (ay) + Beh (ay)) k2=
uy = (Csh (ay) + Dch (ay)) eitks=wt)

NOACTABIAMUCH B (1) U U3 ywIOBHIA OTCYTCTBUS HOPMAJILHBIX U KaCATeJbHBIX Ha-
NpsiXKeHUl Ha BHEIIHel oBepxHOCTH Y = 0 M OTCYTCTBUS NepeMelneHui Ha HIX-
Heil MoBepxHOCTH Y = —h gedopMHUpPyeMOro Cjiosi MOJIyY€eHO JUCIIEPCUOHHOE COOT-
HOLIIEHME, PelleHne KOToporo gaer 3asucumoctu ( (kh) mexay Ge3pasmepHbIME
nepeMeHHbIMH ( = ¢s/c¢; 1 kh, rae ¢; — CKOPOCTb PACIPOCTPAHEHHUs ITOBEPXHOCT-
HBIX BOJH, k — BostHOBOE uncio [30]. Basucumoctn ¢ (kh) MoHOTOHHO yObIBaOLKE
¥ TOJILKO OJIHA W3 HUX JOCTUraer 3Hadenuit ( < 1 mpu A0CTATOYHO DONBIIMX BEJIH-
ynHax kh, a UMEHHO kiz_r)n ¢ = 0.956. Ilpu aTom ¢ < ¢, YTO COOTBETCTBYET MOZE
oo
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Panesi qyis ynpyroro mosybeckoHeusoro ciosi. Ilpu sio6oM 3aaHHOM 3HAYEHUN
kh no Mepe yBesudeHusi ¢ CTENeHb B3aUMO/EHCTBUs IOTOKA CO CTEHKON yBeJINdIH-
paercsi. Ecitu cCKOpOCTh Tedenus KUIKOCTH Y CTEHKH v << Cr, TO B3aUMO/IEiCTBHE
Ha TIOBEPXHOCTH Pa3fieia XKMAKOCTb-CTEHKA MPAKTUYECKH HE IPOSiBIAETCs, & IPH
CKOPOCTAX ¥ >>> C; OHO CYIIECTBEHHO.

O6o6uienne 3anaun (1) Ha Caydait ABYXCJIOWHOIO ympyroro MOKPBITHs NpeJ-
crasiieso B [27]. PaccmarpuBasics cirydail, KOraa BHYTPEHHUI CJI0# (KOHTaKTHPY-
IOLIH# ¢ TIOTOKOM 2KUJKOCTH) UMEET Ha TOPSJIOK MEHBUIYIO TOJIIMHY W Ha JIBa I10-
psijika GOMBIUMI MOMLYJIb YIIPYTOCTK, YeM BHEMIHMHN CJI0# (pacIoIOyKEeHHBIR MeX 1y
BHYTPEHHUM CJIoeM u HegedopMupyeMmoii moginoxkoi). JucrepcuonHble KpUBBIe
JJUIS TOTO CJIy4Yasi OTVIMIAIOTCS OT COOTBETCTBYIOIUX KPHUBBIX AJIsI OJHOCIOMHOIO
NOKpbITHS. BHYTpeHHMiT XKecTKuit cioit paboTaerT Kak IJIOCKAsl MOBEPXHOCTh HA
YIPYroM OCHOBAHHM W JJisl Kaxk0i u3 3aBucumocreit ¢ (kh) usrubusie nedopma-
MM BHYTPEHHEr'O CJIOSl HAKJIAJBIBAIOTCH HA COOTBETCTBYIOUIME 3ABUCHMOCTH [JId
ynpyrozedopmupyemoro Bemsero cios [30]. Hasmuue Bsiskoctu y Marepuasia
NOKPBITHsI CYI[ECTBEHHO BJIMSIET HA PACIPOCTPAaHEHUWE BO3MYIEHHI B CHCTEME U
onpejensiercs: 6eapasmepHbIM napamerpoM T¢/h, e ¢ — CKOPOCTh CIABHUIOBBIX
BOJIH, T — BpeMsl peJjlakcanuu Martepuasa [27].

2. TEYEHHN A B KAHAJIAX 1 TPYBAX.

2.1. 9KCIepUMeEHTaJIbHbIE JAaHHBIE.

IlepBo#t paboToii, MOCBSUIEHHON WCCIEZOBAHUSAM 3aKOHOMEDHOCTell TedYeHusd
JKUJKOCTH uepe3 nedopMupymomuecs Tpy6oku, cautaercs mybsmkanmst 1969 r. [25],
OJHAKO B JIITepaType UMEIOTCsI YIIOMUHAHUS 00 SKCIIepUMEHTAIbHBIX UCCIeN0Ba~
HUSAX Ko1eOaHUil CTEHKH COHHOM apTepuM JIOWIA U U3BECTHBIM aHATOMOM AHTOHHO
Basbcanboii eme B 1824 r. B 1840 r. ¢dppanuysckuit Bpad u mexanuk Kan Jlyn
Mapu [lyaseitsib OTKpBLA M3BECTHBIM 3aKOH, CBSA3bIBAOMI 00beMHbH pacxon Q
u npenas pasienuss 0P = P; — P, npu Te4eHHH XKUAKOCTH HO TpybKe, IpoBoO-
Jisl 9KCIEPUMEHTHI B TOM YHCJIE U C OTPe3KaMU IOAATJIUBBIX KPOBEHOCHBIX COCY-
noB. g dousmosiorun npeacTaBasieT OrpOMHbBIM HHTEpeC UCCIe0BaHNe TeYeHHH B
TOHKOCTEHHBIX TPYOKax, MJIsT KOTOPBIX CYIIECTBYIOT 00JIaCTH O4YeHb MaJIoi yCToH-
YUBOCTH 110 OTHOIIEHWMIO K JedopmauusM creHku. Takwe TpyOku He CrOCOOHBI
COXpaHATH CBOIO (DOPMY ¥ CIUIIOIIMBAIOTCS, eCin AaBieHue Pyi B OKpy»Karouen
Ccpejie NPeBBIAET HEKOTOPOe KPUTHYECKoe 3HadYeHne Py, TaKk 9TO Ha HEKOTOPOM
y4acTKe TpaHCMYypaJbHoe nasnenue Py, = P — Py, rue P — naBnenue B Tpy6-
Ke, CTAHOBHUTCsI OTpUUATENbLHBIM. [Ipu morepe ycroiiumBocTy ceueHue TpyOKu u3
KPYroBOrO0 CTAHOBHUTCS 3JUIMITHYECKUM, 3aT€M CILUIIOIIEHHBIM raHTeJe0OpasHbIM
¥, HAKOHEII, MIOJTHOCTHIO CXJIOMBIBAETCS, NPUYEM KaK JId IIepexofa OT SJIUIITH-
YeCKOro K CILIIOIIEHHOMY CEYEeHUI0, TaK U HAao60pOT, TPeOYIOTCS OTHOCUTEILHO
Hebonpmve u3Menenus FP..; wim nasinedus B Tpybke. Haubonee n3BecTHBIME SIB-
asoTca sxcnepumenthl Crapaunra ¢ coasropamu (1912 r.), 1esibi0 KOTOpBIX 66110
HCCIeIOBAHYE BJMSIHUS COIPOTHBJIEHHS CHCTEMHBIX apTepuil (mOCTHArpy3Ka) Ha
paboTy cepiia B MOMOIIBIO IPOCTOrO HAIIsAHOrO 3Kcrmepumenta [54]. IIpemso-
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JKeHHAs MOJIEJIb [0JTyIrIa HasBaHue pesucropa Crapmara (puc.la). Bayrpu ka-
MepBI Ha JABYX JKECTKAX KOJIbIAX MOHTHDPYETCH OTPe30K KPOBEHOCHOTO COCYa Wil
TOHKOCTEeHHas TPyOKa M3 pe3uHbl, JaTeKCa WM CHJIMKOHA. 3aTeM 4depe3 TpyOKy
3a CYeT mepenaja AasieHud P} — P UPOKAYMBAETCH JKHAKOCTH ¢ KOHTDPOIHpY- X
eMBIM 00beMHBIM pacxozoM Q, a JaBiieHwe BO3jLyXa B Kamepe IOAEPXKHBAeTCs N
Ha HEKOTOPOM ypoBHe Feyi. B skcnepumenrtax Crapaunra jgasinenue P oToxje-
CTBJIAJIOCH C JABJEHUEM Ha BBIXOJE U3 JIEBOI'O JKeNyJ0dYKa Cepila, a yBeJUudeHue
COTNPOTHUBJIEHNS TPYOKH JOCTUTAJIOCH 3a CUET yBeIUdeHUs Peyt.
B xopne sxcnepumenTos ¢ pesucropom Crap/iuHra IpU TeYeHUH KAIKOCTH C 3a-
JaHHbIM 3Ha4Yenuem Re u3 quanasona Re = 102 — 10 nepenas nasnenus 6P yBe-
JINYUBAETCS TyTeM yBeJIMueHusl Py uau ymenbuienust Py, npudeM B 3aBHCHUMOCTH
OT UCIOIB3yeMoro crnocoba HabmoaaTCs ABa heHoMeHa. MOHOTOHHOE yMeHbIIe-
e Py u nopgepxauue Py — P,y = const UpUBOAUT 32 CYET PA3BUTUS HEYCTON M-
BOCTH K HeJIMHeitHO# 3aBucuMocTH Q(0P) U OrpaHnYeHuI0 MAKCUMA/IbHBIX 3HAYE-
HE# (), KOTOpBIE YAAeTCs mosyduTh B xoze skcnepuMenTa (flow limitation). ITlpu
yBesImueHnn P pacxoj HeJMHeHHBIM 00pa3oM Bo3pacraeT M Hab/ogaercst orpa-
HUYeHHe MAaKCUMAJIbHBIX 3HadeHuit P) — Py (pressure drop limitation). Tunuunas
9KCIepuMeHTajbHas 3aBucuMocts d P (Q)) npusesena na puc.16. Ha Bcem npors-
JKeHuu ydacTka | ceyenue Tpybku umeer ranTesieobpasuyto dopmy. [To mepe pocra
0P muromalb MPOCBETa «IAHTEIN» MOHOTOHHO YBEJIMYUBAETCS, CIIOCOOCTBYS BO3-
pacranuio Q. Ha ywacrke II obmacTe cx/onbIBaHMsT UMeETCs Ha HUJKHEM KOHIE
TpybKku (rze gasienue Mmenbine). Ha 91oM yyacTke pacxoj CHEXKAETCA ¢ POCTOM
0P (flow limitation). Ha yuacrke III Tpy6ka pacnpasiena, ee ceqenne umeer opy
Kpyra, a pacxoji MOHOTOHHO PacTeT 10 Mepe yBejuuenus 6P (obmacTs ycToidu-

BOCTH).
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Puc.1. Cxema pesucropa Crapsuura (a) u perucTpupyemasi B SKCIEpUMEHTaX
sasucumocts 0 P(Q) (6).

[Ipu ompejieIeHHBIX PEKMMAX TEYEHHsi BOSHMKAIOT ABTOKOJEOAHUS CTEHKH,
AMILIMTY/Ia ¥ YACTOTa KOTOPBIX 3aBUCAT OT 3HaueHn# Q, Pp, TOMIMHBI U MOJLY/A
FOnra marepuasa crenku [41] u BappUpYyIOT B JHaNa30He OT HECKOJBKHX [0 CO-
ten lepy [16], [17]. Hasmume pasHbIx MOJ, KasK/ad U3 KOTOPBIX 00/1aaeT CBOUM
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YaCTOTHBIM JUAMAa30HOM, U NEPEXOAbl MEXK /Y Pa3/IMIYHbIMU JMHAMUYECKUAM PEXKH-
MaM# BEAyT K CJIO)KHO! HEeIVHEWHO! NUHAMUKE CUCTEMBI.

[Ipn uccnenoBaHMM MeXaHWKYW ABIXAHWS W BIWSHHUS MapaMeTPOB CTEHOK Jbl-
XaTeNbHBIX MyTel Ha 3aBUCHMOCTH JaBJieHue-pacxoj depe3 pesucrop CrapsuHra
npokauusaercs Bo3ayx. [Ipu sToM cymecrBeHHBIM (DAKTOPOM CTAHOBUTCS HMHEP-
uHs CTeHKH, 3PpdeKT orpaHuYeHus IOTOKa COPOBOXKIAETCsI FeHepaueil BHICOKO-
4acTOTHBIX HIyMOB. TakuM 06pa30M, Ha OCHOBE Pe3y/IbTATOB SKCIIEPHMEHTAIbHBIX
HA0JIIOEENIT MOKHO BBIJE/INTh aBTOKO/IEOAHUS — OTHOCHTEIHHO HU3KOYACTOTHbBIE
KoeOaHus CTeHKH, Ha KOTOPBIX IPAKTUYECKM HE CKa3bIBAETCS WHEPIUsA CTEHKH, U
dnarrep — BBICOKOUACTOTHBIE KONEOAHUs CTEHKH, /JIsi KOTOPHIX HHEPUUS MOCIe-
Helf ABJISeTCs ONpeeJIsIomuM napamerpom [32].

Busyanusauuss BUXPEBBIX CTPYKTYP ¥ M3MEPEHHE [1apaMeTPOB IOTOKA >KU/I-
KOCTH 4Yepe3 CXJIONBLIBAIOULYIOCS TPYyOKYy MPOBOAMJINCH METOJaMHU OKpPAlIMBAHUS
CTPyi#f, C MOMOIILI0 TEPMOAHEMOMETPHYECKUX [IEHOK, a Tak»ke JjasepHoit Jlon-
11epoBcKoii duroymerpun [18]. BHU3 10 Te4eHHIO OT CXJIONBIBAIOMIEIOCH y4acTKa
Tpybkn 0OHApy>KEHbI TOHKHE CTPYH, pa3jessoue 00/1acTH BO3BPATHBIX TeYe-
HEl, IPEYeM CTPYKTYpPa TE€YEHHs CUJIbHO 3aBUCUT OT Pezy U MaTepuasa TpyOKn.

Teyenue KpoBHW 1O apTEpPUsM ¥ BEHAM, ABUXKEHHE BO3JyXa B JbIXaTeJbHBIX
HyTSIX U T€YEHUsI MHOTHX IPYIUX OMONIOTMYECKHX KHUJAKOCTeH MO NOAATIHBBIM
cocyJaM IPOUCXOAAT NpPH yclaoBUAX, Koraa P, > Pj ., HanpuMep, B BEHaX, pac-
TI0JI0’KeHHBIX BbIllEe YPOBHS CepAla ¥ BHe uyepenHoit kopobku [20]. CunxpoHHbIe
W3MEepeHUs MaJeHUs JaBJIEHUsS ¥ CKOPOCTH KPOBOTOKA IIOKa3aJIM, YTO CXJIONbIBA-
HUE SIPEMHBIX BEH CrocobcTByeT 3¢hpeKTUBHOMY TPAHCIOPTY KPOBM B 0objacru,
pacnosioykeHHble Bbilie ypoBHsi cepaua. OcobeHHO HAIVISIIHO Ba*KHOCTH CXJIONbI-
BaHWsl BEH /ISl IPOKAYMBAHMs KPOBU MOKa3aHa JiJIsi KDOBOCHAOKEHUA MO3Ta XKH-
BOTHBIX C A/mMHHOM meeit (xkupacdos) [56]. [lo Mepe nmpoABIKEHHsI KPOBU IIPOTUB
HAIPaB/IEHUST CHJIbI TSXKECTH AaBJieHHe B cocyse P yMeHbIIaeTcsl U JOCTHraer
suageHuil P < Peyy, 10C/IE YEr0 COCY HEOCECMMMETPHYHBIM 00pa30M CXJIONbLIBA-
e1Csl 3a CYeT BHEIUHero JaBJIEHHsl, IPUYeM B KpuTuueckoit obsactu Py ~ P npu
NEPHOAUYECKOM TeYEHHHM KPOBH I€HEPUPYIOTCH OCUU/UIALMHE CTEHKH, aMILIATYa
KOTOPBIX MOXKET ObiTh CpaBHHMa C paauycoMm cocyna. Komebanus 3ByKOBO# dHa-
CTOTHI JIEPKO MPOCAYLIMBAIOTCH HEIOCPEICTBEHHO HaJl apTePUsiMU MJIM BEHAMH C
noMombio hoHeHiockona. Bo3uukaionye Ha/{ BEHAMHU IIyMbl IPUHATO Pa3JessaiTh
Ha HEBMHHBIE W I1ATOJIOTWYECKME, OJHAKO JIO CHX IIOp He CyIIeCTBYeT HaJesKHBIX
MEXaHM3MOB MX PACIIO3HABAHMSI.

[Ipu ropu3oHTAJILHOM MOJIOXKEHNH YeJIOBEKa JaBjieHHe B ODIOIIHOM IIOI0CTH
HECKOJILKO BhIIIE aTM0ocepHOro, a B TPY/AHON KJeTKe — HiKe aTMocdepHoro, mo-
3TOMY BEHBI, 110 KOTOPHIM KPOBB ABIKETCH M3 OPIOUIHOro OTJes]a B IPYAHOM, HC-
neithiBatoT Kostanc [10]. ITockonbky JaBiieHne B IPy/IHOIM KJI€TKe HePHOAMYECKH
MEHSIETCS] B XOJI€ [IbIXaTeJIbHbIX ABVXKEHUN, KADTHHA CXJIONBIBAHUS BEH JOBOJILHO
CN0XKHA. BBUIO MOKa3aHO, YTO KOJLIANC CHCTEMHBIX BEH MOXKET CIIOCOOCTBOBATH
YBEJIMYEHUIO TIepernajia JaBJIeHNs W HAIIOJHEHHIO Npeicepauil BO BpeMs Mepuoja
pacciabuierns (amacronsl). JocraBka BEHO3HOM KPOBH K CEpJIYy IO CXJIONbIBA-
JOUIAMCS BEHaM OIpeJesseTcs JaBIeHHeM Ha BepxHeM (KalwJIsSPHOM) KOHIE H
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CTeTeHbIO CXJIONBIBAHUSA U, TAKUM 00pa3oM, He 3aBUCHAT OT AABJEHHUS B I'DYIHON
II0JIOCTH, II0KA OHO OCTaeTcs Ha cybarmocdepHoMm ypoBHe. Ilpu yBenudenun 1as-
JieHds Bble arMocdepHoro P > Pgyy, CXJIONBIBAHME HE IPOUCXOAUT U JIABJICHHE B
B B€HAX PaBHO JIABJIEHHUIO B IPABOM IIPEJICEPJNH, YTO BEJET K CHUKEHUIO BO3BPATA
BEHO3HOW KPOBU B Kameph! cepAara. [lepuoanyueckass KOMIIpeCCHusl BEH HUKHUX KO-
HEYHOCTeHl MCIOJIb3yeTcs B MEeIUIIUHE /ISl IPEeJIOTBPAIle st TpoMb03a my6oxnx]
BEH I10CJIe XUPYPIUYeCKUX ONEpaLnil. ;

Pa3BuTne HEYCTONYMBOCTH M ABTOKOJIEOAHMS CTEHKH MOTYT CIYKHUTh MeXa-
HU3MOB 00pa3oBanus 3ByKoB KOpOTKOBa, KOTOPHIE BOBHUKAIOT B [EPEKATON MaH:
JKEeTOH NJIedeBOif apTepuy NpH ODIIENPHHATOM METOAe H3MEPEHNS apTePHAIbHOI0
nasisienus [11]. CxsionbiBanue MBIIIEYHBIX APTEPHIl IPU IEPHOAMIECKOM COKPALLIE-
HUHM OKPY>KAIOIUX MX MBI ¥ CCHOAHUM CyCTaBOB CHOCOOCTBYET NMPOKAYUBAHUK.
kpoBu. KopoHnapHele apTepnu, PacnosioXKeHHbIe B TOJIILE CEPAEYHON MBINIIBI, Te-
PEXXHMMAIOTCS IPH COKpAIIeHUH cepiua (B CHCTONY) ¥ PACHpaBJSIFOTCs [IPH €ro
pacciabienun (B quacrony), obecneduBasi TaKMM 06pa30M KPOBOCHAGXKEHUE Ca-
MOT0 Cep/Ia B IepUOJl AUACTONNB]. PazBuTre HEYCTONYHBOCTH U CXJIOIBIBAHKE COCY-
JI0B MOXKET UIPaTh Ba’KHYIO POJIb B IIEPEPACIPEEIEHHS] KPOBU K BHYTPEHHUM Op-
ranam (ayroperynsiuusi) [61]. VinaynupoBaHHblil TOTOKOM KOJUIATIC apTEPUH BHU3
110 TEYEHHUIO 33 ATEPOCKIIEPOTHIECKOH OJis1IKOM (YUacTOK CyKeHus: COCy1a) U CBS-
3aHHBbIE C 3THM OosbIne KoebaHusl JaBJeHUsI MOTYT CHOCOOCTBOBATH pa3pyLie-
HHUIO GJIAIIKH, OTPBIBA 00pa3oBaBLIerocst TpoMba ¥ NOCaeAyONIel 3aKyIOPKH Hu-
JKEeJIeXKAIUX MAJIBIX COCY/IOB, YTO OCOOEHHO OIACHO JJIs COCY OB I'OJIOBHOI'O MO3ra
[46], [62].

ITpu dopcupoBaHHOM BBIAOXE PA3BUBAETCH KOJUIAIC IbIXaTEIbHBIX Iy Tel, 0Co-
GeHHO B BepXHHX A0/sX jierkux. HeycroiumBocTu, cBA3aHHbIE C JBUKEHMEM BO3-
JyXa B Tpaxee IPU Pa3jMYHBIX JHAMETPAX I'OJIOCOBOM INEH MPUBOAAT K IeHepa-
[UY 3BYKOB >KMBOTHBIMH H PEYH YEJIOBEKA B BECbMa PA3HBIX AMAIIa30HAX YACTOT, |
HCC/IeIOBAaHNE MEXAaHU3MOB MX IeHEpallMM KpaiiHe BaXKHO JIsl KJIWHUYECKON [ua-
THOCTMKH, MCCJIEIOBAHHH CITOCOO0B KOMMYHHMKAUMHU B COODIIECTBAX, PaspaboTKH
CHHTE3aTOPOB 3BYKOB. HelrocTaToyHO M3yYeHbl NPUYMHBI OCHUIIJIOCTH, TIOTEPH pe-
4H, Xparna, KOPPeKIHs KOTOPHIX TpebyeT IeTanbHOrO MOHUMAHUA COOTBETCTBYIO-
myX PU3MYECKUX MEXAHU3MOB. Pacrno3HaBaHWe XPUIIOB, MPOCIYUIMBAEMBIX DK
JABVXKEHUM BO3JlyXa B JbIXaTEJbHBIX MYTHX, TAKKE COCTABJISET aKTyaJbHYIO 3a-
Jady COBPEMEHHOM MEeIWIMHCKOW AWarHoCTUKU. [0710COBOM ammapaT MOXKET MOo-
JeJIMPOBAThCSA B BHJE CHCTEMb! MOJATIUBBIX TPYOOK, AAaMeTphl KOTOPBIX yIpa-
BJISIIOTCS HANIPS’KEHUEM TOJIOCOBBIX MBI, IleHne nTuil CBA3aHO C OCIUIISIUSAMI
CJIOXKHOM CHCTEMBI MMOJATIMBBIX MEMOpPAH B MOTOKE BO3/yXa, IPHUYEM [1apaMeTphl
PErNCTPUPYEMBIX 3BYKOB ITIOKA3bIBAIOT, YTO I'0OJI0COBOM ammapaT IpOABJIAeT CBOI'&-;
CTBa HEJIMHEWHOM JUHAMHUYECKOW CHUCTEMBI.

CpaBHUTE/ILHO HEJABHO ObLIM OOHAPYKEHBI BOJIHBI JaBJICHHS, KOTOPbIE Dac-
IPOCTPAHSIIOTCS 110 1epeGpPOCITMHATIBHOM JKHIKOCTH BJOIb MO3BOHOYHOTO cTonba
M UIPAIOT BaXKHYIO POJIb B (DYyHKIMOHHPOBAHUM HEPBHOM cucreMbl. Bonna Bo30y-
XKJAeHusl (HEepBHBIA MMIIYJIbC), PACHPOCTPAHSIONIASACS BJIOJb JJUHHOIO OTPOCTKA
HEPBHO# KjeTKu (aKCOHa), COMPOBOXKJAETCsT BOJTHON MeXaHH4ecKoi# qedopmaruy,

aae g Bicans  Wheg
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KOTOpasi IPUBOKT, B YACTHOCTH, K IIePACTAILTHYECKOMY NPOKATHBAHMIO JKUKO-
cri Bjomb akcoHa. Takum 06pa3oM, MPUMEpPbl PaCIPOCTPAHEHMs BOJH B 3alOM-
 HEHHBIX JKUAKOCTBHIO AepopMUpyeMbIX TPyOKax, Ipe/ICTaB/IeHbI B YKHMBO#1 IIpUpOe
HA CAMBIX Pa3HbIX MACIITAOHBIX yPOBHAX.

B pasimuHbIX TEXHHYECKUX YCTPOHCTBAX TaKzkKe HeoOX0IUMO MPOKAYUBATH
BA3KHE U BA3KOYIPYTHUE >KUAKOCTH 1O MOJATIMBbIM TpybKam C 33JaHHOH CKOPO-
CTHIO WM PACXOOM. 3/1€Ch HEYCTONIMBOCTD TEHEHMS TAKKe MOKET NPUBOIUTH K
orpanmuenuio moroxa (flow limitation), OCHM/IANMAM CTEHOK H TIOABJICHHIO HEXKeE-
JaTebHBIX WyMOB. B TpyOKax MaccOOOMEHHBIX yCTPOHCTB, KOTOpbIE HCIIOIB3Y-
FOTCSI JUIst OYMCTKHU , TOMOTI€HU3AIMY HJIH Pa3/ie/IeHHUs cMeceit 1 B3Beceit, a TakXKe B
yeTpoiicTBax, Ha 1eOPMUPYIOUIMXCA CTEHKAX KOTOPBIX IPOTEKAIOT XUMUYECKHEe
peaxiyiu 1M MacCOOOMEH, yMepeHHbIe Kosie6aHusi CTEHKH MOTYT IPUBOAUTD K IIe-
PEMEIIHBAHKIO CMECH M YCKOPEHHIO CKOPOCTH XHMUECKIX peaxuwii, u, Ce10Ba-
TeJbHO, JKEeNATE/bHEI, O/JHAKO B TAKUX CIyYasX aMIUIATY/A U 1acToTa KosebaHuit
JIOJKHBI KOHTPOJIMPOBATHCSH.

Takum 06pa3oM, Pa3BATHE HEYCTOHYMBOCTH, CXJIOTBIBAHNE TpyOOK M IIPOBO-
JAmEX myTeit HAOGTIOAAETCA B CAMbIX Pa3HbIX TEXHHIECKHX H PH3HOIOTUIECKHX
cucremax u Tpebyer TIIATEJLHOrO M3y4eHU. JKCIIEpIMEHTATbHbIE UCCIEJ0BA~
HUsl TeYCHHA B CXJICTIHIBAIOLIAXCS TPYOKaX CBA3aHbI C H3MEPEHUSAMI 3aBICHMOCTH
JaBJIEHHe-PACXOJ, TP PA3JIAIHBIX SHAUEHHAX P, 4, peructpanyeil mocie0BaTe/ b
HbIX U3MEHeHuH (POPMBI CXJIONbIBAOIIEHCs TPYOKH 1 [TapaMeTpos, IpH KOTOPBIX
BOSHUKAIOT BHICOKOYACTOTHBIE OCIUJIISILUE CTEHKH TPYOKH.

2.2. TeopeTudecKue MOIEJIN.

Pa3pa6oTKa HCTOPHYECKH TIEPBBIX MO/E/eH CTAHOHAPHOTO 1 BOJHOBOTO Tede-
HMisi AKHIKOCTH TO TIOATJIMBBLIM TPyOKaM CBSi3aHa C MCC/IEJ0BAHMEM PACIPOCTPa-
HeHus! Ty IbCOBBIX BOJIH B apTepusx. BaxHbIMI BeXaMu CTaJIM MOACIH ITyaseitns u
®parka, KOMOMHAIHA KOTOPBIX JIEXKAT B OCHOBE MPOCTefed nyavmeprotl modeau
reuernst B cxyonbBatonmxcsa TpyOkax. IlocnegoBaresbHOe COEAUHEHAE YKECTKOM
(a), nogarmsoii (b) u emmie OHOM JKECTKOH (c) TpyOKu IPEJIOKEHO B KaueCTBE
wozem: pesucropa Crapmmara [10], [41], [57]. Bakon coxpaHeHusl MacChl i PeoJIo-
[HYECKOe COTHOMEHHe /151 TpyOKy b mmeror Buz (MOJe/Th OpaHKa):

vy dv, - dP,

et Qap — Qb,es o Cb(Pb)'zl't‘ (2)

rae P, = Py — Pegt, Vo u Py — obbeM u JiaByienne, Qup # Qb — IPUTOK U OTTOK
sunkoctu B Tpybke b, Cp = dVj /df’b ~ [I0JIATIIUBOCTb TPYOKH.

Teuerme o ykecTKuM TpyOkam a u ¢ cuutaercs [lyase#ieBCKUM, TaK TO Be-
qannbl Qg p M Qb,c BHIPAKAIOTCA YEPE3 MEPENA/ibl nasiennit Py, — P i P — Pout
c00TBeTCTBEHHO, T1€ Pip 1 Poyt — AaBJIEHMsT HA BXO/1€ U BBIXO/IE U3 cucremsl. U3 (2)
[ocIe ToACTaHOBKH B JuddepeHnuasbHoe ypaBHEHHe BCEX 3aBUCAMOCTEH MOXK-
HO NOJIy4HMTh HEJIMHEHOe ypaBHeHUe, ONHCHIBAIOIIEe ocumLIsian o6bema Tpy6-
ki V3. B mureparype npejiCTaBJIeHbl MOJEIH, KOTOPbIE CBOAATCA K HEJMHEHHBIM
ypasrenusam 2-3-ro [15], [25], [63] u 5-ro [41] mopsAKOB M ONACHIBAIOT CIIOKHBIE
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PeXHUMBbI CBA3AHHBIX OCUMJUIALMI JaBJICHNS, PACX0O4a W IUIOMIAAN CeYyeHusi Tpyl

ku. [Togbopom napameTpos ynaercs H06UThCS Ka4eCTBEHHOTO COOTBETCTBUS ANH

MHYECKHUX PEXXUMOB CHCTEMBI JAaHHBIM 3KCIHEPUMEHTOB, OOHAKO KOJUYECTBEHHbE

OIIEHKH IIPHUBOJAAT 3a4aCTYI0 K CyIIECTBEHHBIM IIOTI'PEIHHOCTAM. KpOMe TOT'0, HYJIb:

MEPHbIE MOJEJIM HE OIMUCBHIBAIOT PACIPOCTPaHEHHWE BOJH U HE MOT'YT IIPOSACHUTH

MEXaHU3Mbl PAa3BUTHUS HEYCTOWINBOCTEM.
Odnomephasn modeav jij1sl HCCIEIOBAHUS YCTONUMBOCTH TEUEHHI BSI3KOH KU
KoCcTH 4epe3 Jedopmupyiontyiocs TpyOKy Oblia Bhepsslie npejioxkeHa B [53]

YpaBHeHux MOZEJIN BKIIOYAIOT 3aKOH COXPAaHEHUA MACChl 1 UMITYJILCOB JJIsI OCPeJ:

HEHHBIX II0 CeYeHUI0 TPYOKM 3Ha4YeHUi nponosbHO ckopocru U u nasnenus P i
JKUIKOCTH:

o el sl 2

rZie T — BA3KOe HANpPsKeHue Ha CTeHKe TPYOKH Ha eAMHUILY JJIMHBI, O f — IJIOTHOCTE
x)uakoctu. Paccmarpusanucs ciayyaun, Koraa

8s  a(sU) <6U 6U) oP

T =1(S,U) (4
qTO0 COOTBeTCTByeT AUCCUTIALUU 32 CYET TpEHHﬂ Ha CTEeHKe pr6KH, a TakK>kKe
oU
= (x - 1)pU — 5
T=(x—-1)p v ()

YTO OTBEYAeT NOTePSAM Ha TPeHHe B 00JIaCTH cemapauyd MOTOKa, mpudyeM x = |
B obsacTy, rue Tedenue pa3Buro, u 0 < x < 1 u 9U/dz < 0 — Ha yuacTKe 32
CXJIONHYBIIEHCcs TPYOKO#, e uMeeTcs: 06/1aCTh BTOPHYHBIX TedeHu [24].

3amsbikatoiiee cooTHouenue st 3ama4u (3) P = P (S) onpexesnsiercst Ha 0CHO-
Be JAHHBIX SKCIIEPUMEHTOB, HApUMep, B Buze [53]:

Gho (so>2
s sn it T2
Rotetpt

rae G - moayns casura mMarepuana, R, S u h — BHyTpennmii paauyc, niomajb
MPOCBETa W TOJIIIMHA CTEHKH TPyOKM, a mHAeKC () OTHOCHUTCA K COCTOSIHHIO, KO-
riaa Py, = 0. B obmem ciygae peonoruveckoe coorrnomenue P = P (S) npescra-
BJISIETCS HEJIMHEWHON 3aBUCHMOCTBIO UM OIMCHIBAET CUTyalwu, Korja S > So mpi
P> P uS < Syupu P < Py st KPOBEHOCHBIX COCYIOB alIIPOKCHMAlUs
3KCIEPUMEHTATbHBIX KPUBBIX JaeT 3aBUCUMOCTS [57]:

P(S) =k (1_(%(1)3/2) nan<SOP(S)=k2(§SE'—1) npu S > Sp

rae k12 — smmmpndeckue kKoabduuwentel. Ha ydacrke, rae Tpybka crajaercs,
dS/dz mensier 3nak. Ha ygactke cxsonbiBanust TpyOka dakTuuecku o6pasosa:
Ha JBYyMsl IUIOCKMMH HaTSHYTHIME MeMOpaHaMH, KPUBU3HA KOTOPbIX MPONOPIHO-

—_ T (3 :
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Tpy6-

AAHA-

eHHbIE
HYyJIb-
[CHUTh

KU~
3 [53].
CpeI-
1 P B

HanbHa d°S/dz?, u cooTBeTCTBYIOmAsA H06aBKa K JABJIEHUIO MOXKeET ObITH yuTeHa
B Buze [57]:

d?S

P=PFe+P(5)-T—

CB#A3b JaBJIEHAS U OKPYKHOrO HaTsi>KeHWsi T BBOAWJIACH TaKXKe B BHUJE JIU-
ueitnoit 3aBucumoctu T = PR [53]. s ciydasi NpOAOIBHOTO 3aKpenyieHns Ha-
PYXKHO# CTEHKM TPYOKHM K OKpY’Kalolleil cpeje, 9TO COOTBETCTBYET DPeasIbHbIM
YCIOBASIM B APTEPUSAX U BEHAX, MMEeTCsl 3KCIIEPUMEHTAIbHAs 3aBUCHMOCTbD, CIipa-
BeJUINBAS JJIS CTy9aeB KaK MAJIbIX, TAK U KOHEYHBIX jgedopmaimit crenku [53]:

Ry R

B peosioruyeckoe COOTHOLIEHHE MOTYT ObITh TAKXKe BKJIOYEHbI CJIaraeMble,
0TBEYAIOIHE 33 BS3KOYNPYroCTh MaTepHasia, U3rHOHYIO JKEeCTKOCTb M MHEePIHIO
CTEHKH, KOTOPbI€ OKa3bIBAIOT CYIECTBEHHOE BIIMSIHME Ha YCTOMYMBOCTH TEYEHWUS
[32]. Ipu T = 0 ypaBreHus (3) cOBIaJaOT C ypaBHEHUAMH TEYEHHI CKMMAEMOrO
ra3a ¥ MeJKO#l BOJBI, I09TOMY M3BECTHBIE Il HUX OCOOEHHOCTH paclpoCTpaHe-
HUsl BOJH MAJIOH aMIUIMTYJbI, IEPEXOJbl OT cy0- K HAJAKPHTHYECKUM PEXHUMaM,
onpejesisieMble [IaApAMeTPAMU CTEHKH U 3HAYEHHUSIMH Peg¢, OyayT NposaBIATHCA U
B TEYEHWSIX 110 MOJATIMBBIM TPyOKaM.

B koHeyHOM HTOre KBa3MOAHOMEDHAs 3aja4a, MPeACTaB/IeHHAs 3aKOHAMHU CO-
xpanenusi (3) u 3ambikaromum coornowenveMm P = P (S, T (S)) npeacrabisier ru-
nepboIMYecKyi0 CUCTEMY, U PellleHne ee MOXeT ObITh HAiiIeHO B BUJe CyNepno3u-
uun Geryumx BoJIH, a yCTOHYNBOCTD M3y4eHa I[yTeM HCC/IeJ0BaHus 0cobeHHOCTelH
PaCHpoOCTPaHEHUS MaJIbiX BO3MYIIEHHMH cranuoHaproro pemenus [10], [53], [57].
B pesyinraTe Takux uccienoBaHuit ObUIO MOKA3aHO, YTO BA3KOCTH MIPaeT Cylle-
CTBEHHYI0 POJIb B Da3BUTHH HEYCTOMYMUBOCTH KaK JJIsi JAMMHAPHOTO, TaK M JJIst
Typ6y/IEHTHOTO TeyeHuit, a HeauHedHble 3(dEKTh!, CBsi3aHHBIE ¢ OONMbIIOH aM-
IATY0# KoIeOaHUil CTEHKH, He HACTOJbKO BAaXKHbI JJIs TEYEHHUH B I10JaT/IUBBIX
TpybKax, KaK B CJIydae aHAJOTMYHBIX 33/(a4 Ta30BOif JMHAMUKH U ypaBHEHHH MeJl-
Koit Boap! [53]. Beenenue npogonbHoro HatskeHust I' B (3) N03BOJISET HCIIOIB30-
BaTh BCe YeThlpe PPAHMYHBIX YCJIOBHs (/15 IUIOMa/ell IPOCBETa U CKOPOCTeit) Ha
kouuax Tpybku. Beenenune puccunanuu B Buge (4) miu (5) 103BOJISET OIYHYHTH
pelieHns B BHJe aBTOKOJeOaHUil B IIMPOKOM AMAIIa30HE YaCTOT. ¥Y4YeT MpOJOJib-
HBIX M OKDY2KHBIX HATSPKEHHU MPUBOAUT K IOABJIEHHIO HOBOU JJIMHHOBO/HOBOM
dnarreproit Moapl [65].

Hopmastsabie Mol 3axa4 (3), (4) u (3), (5) xapakTepu3yrOTCs AUCKPETHBIM
HabOpOM [JIMH BOJIH Ha CXJIOMHYBINEMCsl Y4YacCTKe C MEepeMeHHO# IUIOIA/bIo ce-

3
T = Ghg 5—-(52)

YeHWsl, a B3aMMOJENCTBYE 3THX MOJ MPOSBJISIETCS B BUIE CIOKHOH JUHAMHUYE-

CKOMl KADTHHBI, KOTOPasi KAYECTBEHHO COOTBETCTBYET MHOTOYHC/ICHHBIM 3KCIEpH-
MenTabHbIM Habmonenusm [16], [24], [32]. IIpu sToM KonHYeCTBEHHOE COOTBET-

CTBHE OJHOMEPHBIX MoOJeiel JaHHBIM 3KCIEePUMEHTOB OCTaeTCA HEy/I0BJIETBOPH-
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TeJIbHBIM, IIOCKOJIbKY pacrpejiejleHie TPEHUsi Ha CTeHKe, 3aBUCHUMOCTD MapaMer
POB IIOTOK& OT MONEPEYHON KOOPAMHATEI, 0OCOGEHHO NPH HAJUYUY Cernapaliy 1o
TOK& B 00/1aCTH 32 CXJIONHYBIIMMCS Y9aCTKOM TPYyOKH, a Takyke 060OIeHHAS 38
Bucumocts P = P (S, T (S)) Mex/y ocpeiHeHHBIME 1O CeYeHHIO TPYyOKH BeHd
HaM# He IO03BOJIAIOT ONUCATh PEAJIbHYIO JUCCHIAIMIO SHEPIUM B CTEHKE U HA II
BEPXHOCTH pa3jie/ia HJKOCTh-CTeHKa, a TakxKe BoaHbl Tommuna-Ilnxraara i
dbnarrep 6erymux Bosn [22], [23], nosTomy, Hauunas ¢ 1980-x, 66111 HCCTEIOBAHN
pa3/In9HbIe IVIOCKHE 3aJa4H. p
Onna u3 Hanbosree M3BECTHBIX JBYMEPHBIT MAMEMAMUYECKUT Modeaeti OblTi
npeaoxena B [55]. Oana crenka miockoro kaHama cuabkena Bcraskoit (DE)

Jmdecknit mpodmie ckopocry (puc.2). Cucrema ypaBHeHuit 321491 ¥ I'DAHUYTHbBIE
ycnoBusi umeror uj [50]:

div(¥) =0, py (% + (7, V) 17) = —-Vp+ pusAv, '
0%,

o912 =KT—0’n”Pe:ct,

4o
=07 o= ;I";I(H——y)y, o)

0<z<Ly=0U(0<z<L,y=HU
Ul + Lo & S Lyy=H)iove =0, vy =0

(LS oS L+ Loy =hita): =90, or=—o0,

2372

tne | AB|=L,|CD|=Ly, | EF |=L3, Lo =L~ Ly — L3, T u k = 8¢/08
— HaTAXKEHUe U KPUBU3HA MeMOpaHbl, S — KOOPIWHATA, OTCYUTHIBAEMAs BI0Jb
MeMOpaHsbl, ¢ — yros, o6pa3oBaHHbIi KacaTeabHOM K MemOpane u ocsio 0X (puc.2),
p = ps/pf, Ps — MIOTHOCTH MeMODAHBI, [if — BSI3KOCTb KUAKOCTH, Op ¥ O -
HOpMaJIbHBbIe U KacaTesbHble HANPSKEHUst Ha MeMOpaHe.

IIpeacraBiennast Moj€e/b NO3BOJIsAET U30EKATH PACYETHBIX TPOOJIEM, BOZHUKA-
IOIIUX U1 AHAJIOTMYHOM 33a49M B TPEXMEPHO# IOCTaHOBKE, U IIPH 9TOM HCCJIE0-
BaTh Pa3Hble PEXKUMbI T€YEHUI, BHI3HIBAIOIIUX IKCIEPHUMEHTATILHO HaO/II0/1aeMbIe
asnesns flow limitation u aBTokonebanus crenku. Pemenne 3anauu (6) npu pas-
HBIX TPAHUYHBIX YCJIOBHAX ¥ HEKOTOPBLIX BApUANUAX yDaBHEHHS HUMIYJbCOB [
MeM6paHbl MPOBOJUIOCH METOJ0M KOHEYHBIX 3yieMeHToB [50]. JeTanbroe KoMITbI-
TepHOe MOJIeJTMPOBAHNIE MOKA3A/I0, YTO OJHO3HAYHON KOPPeasuun Mex 1y sddex-
tom flow limitation u aBrokose6anuaMu memGpansl He cyumecTByer. ITpu ycio-
BUSAX, KOTJAA Qpmar OTPAHUYEHO, MOXKET PeAJIN30BAThCA KaK yCTOMYMBBLIA, TaK i
HEeyCTOWYHUBBIN peXKuMbl TeueHusi. HeycToiduBocTh MapaboMyeckoro craiuoHap-
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Puc.2. Teuenne XUAKOCTH B IIJTOCKOM KaHAJIE CO BCTABKOH B BHJE HATAHYTOU
MeMOpaHHI.

HOI0 TeYEHUs Pa3BUBAETCs IIPH OIIPEJeIeHHbIX Habopax rnapaMeTpoB MeMOpaHBbI.
- Ecin MemGpana BTsiHyTa, HO OrpaHMYEHUS [OTOKA EUIe HET, MOTYT PeaJU30Bbl-

. BarhCs yCTOMYMBBIE TedeHUA. Takmm 06pa3oM, 3a/a4a 06 YCTOMYMBOCTH TE€UEHUSs

B JIByMEDHO#l IIOCTAaHOBKE JIEMOHCTDPUPYET CJIOXKHBIM JUHAMUYECKHN XapaKTep U
HAIAYHe 1eI0r0 Habopa B3aNMOJEHCTBYIONMX HeycToiunBbix Moz [32], [50], [57].
~ Tlonwas mocranoBka 3a1a49u 00 yCTOWYNBOCTH TEYEHUI YKHUKOCTH B CXJIOTILIBA-
jomuxcs TpyOkax BKIovaer B cebsa TpexmepHble ypasHenus Hasoe-Crokca, ypas-
HEHHsI JIJ1si KOHEYHBIX [epeMeIeHnil yrpyroi (BA3KOyIpyroil) CreHKY, yCIOBUS Ha
I'PaHUIlE PA3/IeJIa KUJIKOCTh-CTEHKA, U YCJIOBMS HA BHEIIHEHN MTOBEPXHOCTH TPYOKH.
- Pemerne takoit 3a/1a4u BO3MOXKHO JIMIIb YUCTIEHHBIME METOAAMHU, TpeOyeT 3HAYH-
TeNbHBIX BBIYUCIHUTETHHBIX MOLIHOCTEM U AeTaIbHON HHGOPMALIMK O TeOMETPHHA H
MEXaHMYECKUX CBOWCTBAX MATePHAJa CTeHKH. B CHiIy 3TOr0 OrpoMHOE YUCIO Te-
OpPeTHYECKUX PAabOT MOCBAILIEHO paspaborke Oosiee IPOCTHIX MoJeneil, aJeKBATHO
ONHUCBIBAIONINX (PU3UIECKUE SIBIICHHAS ¥ HE IPOTHBOPEYAIUX SKCIIEPUMEHTAIbHBIM
- ganEbiM. OKa3asioch, 4TO KBa3UOAHOMEPHAs! MOZEJb PACHPOCTPAHEHHUS MJIOCKHUX
BOJIH B HeBs13KOii xxuikocTu (7 = 0) B COBOKYIHOCTH C MOZEJISAMHI Teopuu 0601049eK
- Ui CTEHKH TIO3BOJISIET YAOBJIETBOPUTEIBHO ONMCATh OCHOBHBIE 3aKOHOMEDHOCTHU
pacnpezenesusi 00beMHOr0 KPOBOTOKA ¥ AABJIEHUS, PACIIPOCTPAHEHUS U OTPaXKe-
His BoaH B aprepusix [10], [48], [51], [52], [66]. D10 cBsAzaHO ¢ TeM, ¥TO B HOpME
" P> P.;; u apTepus 0CTAeTCsl PACIIPAB/IEHHOM B TeUEHHE BCEro IMK/Ia CePAeTHOT0
- coxpamiesusi. OQHAKO B [EJIOM psijie NPaKTUYECKUX CIYyYaeB, a TaK¥Ke JJis [1aTo-
~ JIOTHYECKH M3MEHEHHBIX KPOBEHOCHBIX COCY/IOB TpebyeTcst uccieoBaTh 3a/ady B
* TOJIHO¥ TPEXMEPHOI MOCTaHOBKE.

3. Teuenue >KUIKOCTH 110 MHOTOCJIOMHBIM TPYyOKam.

HUcenenoBanie 3Toro Kiacca 3324 TaK)Ke CBSI3AHO C MpoOJIeMaMM yCTONIH-
- BOCTH Te4YeHHsI KPOBHU II0 KPOBEHOCHBIM COCYyJlaM, KOTOPbI€ B JIEeHCTBUTEIBLHOCTH
ABJSIOTCA MHOIOCJIOMHBIME BSIBKOYIIpyruMu Tpybkamu. BHyTpennnit coit cocy-
JIOB ~ 3T0 TOHKMI MOHOCJIOH KJIETOK, 06/1aJal0NINX MEXAHOIYBCTBUTEIBHOCTBIO 1
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CIIOCOGHBIX OTCNIEXKHBATH 3HAUEHHWE CKOPOCTH CJABUra y crTeHKH aprepum. Cpex
HUH cj10it Haubosle TOJICTHIX M COCTOMT, B OCHOBHOM, M3 IVIaKOMBIIIEYHBIX KJI
ToK. Ilpn coxpamieHnu 3TUX KJIETOK NMPOCBET COCY/a YMEHBIIAETCH, a 'ronumn#,
U XKECTKOCTb CTE€HKM yBeaum4uBaioTcs. HapyxHbiit ciioit ob6pa3osan aByMms cemeir
CTBAMU KOJIJIAr€HOBBIX BOJIOKOH, PACIOJIOXKEHHBIX [I0J] ONIPE/IeIeHHBIM YIJIOM Iyl [
K JIDYTY ¥ NPENsITCTBYIONUX U30BITOYHOMY PACIIMPEHAIO APTEPUHM MO, AeHCTBHEN
BHYTPEHHErO JaBjIeHus. AHAJIOTMYHBIE CIOM MMEIOTCH ¥ B BEHAX, TOJIBKO HX Bbi
PaK€HHOCTb ¥ COOTHOIIEHWEe TOMINUH pa3jiyubl. [Ipu narosoruax (runepronus, |
THIEPIUNUAEMHUs, aTEPOCKIIEPO3 | JP.) MOI'YT U3MEHSATHCS TOJIIAHBI, XKECTKOCTS
U mI0THOCTH cinoeB. ITockonbKy ucciiejoBaHue BO3MOXKHOCTH CXJIONBIBAHUA COCY-
JI0B, MEXaHM3MOB I'eHepalliil HOPMAaJbHBIX ¥ MATOJIOTMYECKUX IIYMOB H OHMOMexa:
HHYeCKas HHTePIPeTaust KPUBBIX OCHMLIANMY IpocseTa S(t) wim auamerpa D(t)‘
cocy/ia KpaiHe BayKHbI JJIf PaHHEH JUATHOCTHKHU CEpJeYHO-COCYIUCTHIX NATOJ0
TUif, TO MaTeMaTHYEeCKOMY MOIEJIUPOBAHHUIO MHOTOCJIOWHONU COCYJHUCTON CTEHKI
yaensiercs Gosbioe Buumanne (28], [38], [39], [40], [58], [64], [67].

Pesyabrars! gerajibHBIX HCCIEIOBAHUM YCTOWYUBOCTUA TEYCHUN KUJKOCTHU
TPEXC/IOMHBIX BS3KOYNPYTMX TPyOKaxX NpW pasHBIX IPAHMYHBIX YCTOBUAX TP
Benennl B [2]-[6], [36], [37]|, [42]. PaccmarpuBasioch ocecHMMETPUHYHOE TEYeHH
BSI3KOM HECXKMMaeMO#l »XUJIKOCTH MO TOJICTOCTEHHOM TPYOKE KPYroBOIO CEYeHHUs,
Buyrpennnit paguyc u aauna tpybku R w L, a Tommuebl CiioeB hy o3, npuye
h1+hg+hz = h, a Hymepauus c10eB HalpaBjieHa OT BHYTPEHHEr0 K HApPy KHOMY.
Marepran CTEHKH CYUTAJICS JIMHEHHO BA3KOYNpPYruM HecKumaeMbiM. OCHOBHaf
CHUCTEMA YPaBHEHHMH IpejCTaBJIeHa YCIOBUAMM HECXKUMAaeMOCTH U yDaBHEHHUSAMI
JBVDKEHHUS YKUJKOCTH U OT/EJIbHBIX CJIOEB:

V.8=0, p;(%zti+ﬁ-V17>=—Vp+V-& (7
18 924 : jou
V'UJ=0, pg-a—-t—é—-=—Vp7+Vo~' (8) &

rae v u @ — CKOPOCTb JBHMIKEHHs KHUJAKOCTH M IepeMeIeHre j-TO CJI0sl CTEeHKH,
pf ¥ Pi — IIOTHOCTH XKUIKOCTH W j-TO CJIOSI CTEHKH, P M P’ — PHAPOCTATHYECKHE
JaBJIeHHsI, § ¥ &9 — TeH30Pbl BA3KAX HAIPSKEHHH YKUKOCTH ¥ CTEHKH, j = 1 —3,

Pemenust 3ama4 (7) u (8) cBsizaHbl MOCPEACTBOM IPAHKYHBIX YCJIOBHI Ha I10-
BEPXHOCTHU pasjesia >KUIKOCTh-CTeHKa. ['panuunbie yenoeus nis (7) u (8) BKIIO-
YalT YCJIOBHS OCEBOH CMMMETPUHU M OrDAaHMYEHHOCTH CKOPOCTH Ha OCH TPYOKH,
YCJIOBHSI HEIPEPLIBHOCTH HOPMAaJIbHOM W TAHMEeHIHAJBHON KOMIIOHEHT CKOPOCTH
U HaNpsKEHWM HA BHYTPEHHEH MOBEPXHOCTH TPYOKH; U yCJIOBUS HENPEPbIBHOCTH
nepeMeneHnii U HapsKEeHUt Ha MOBEPXHOCTAX pa3jiesa CJI0eB CTEHKH COOTBeT-

CTBEHHO:
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r=R+h +hy: @@= 62=53, 42=563 (11)

Ha mapy»Hoit moBepXHOCTH TPYOKH PacCMaTpHUBAJIOCH yCIOBUE 3aKpPer/eHnst

(36];

r=R+h: @=0 (12)

| WM yCJIoBHe HeHarpyskenust [37:

re=R+h;: 6)=0,07=0 (13)

s crenku npuanManach Momenb PoifxTa BsS3KOYIPYroro TBEpPAOTO aHU30-
TponHoro marepuasa [36]:

&=A E’+p,s 5'-" (14)

Pﬂe 7 = (9rr,000,022,002,0r2,0r9) — BEKTOD HanmeeHni&

= (8’."’ €08, €2z, €025 Erz, Erg) — BEKTOP JAedopMalluii, At MaTpHUIa yIpy-

1 TrOCTH, [l.% — BA3BKOCTH MaT€PUAJIOB CJIOEB.

[Tocko/IbKY CTEHKH KPOBEHOCHBIX COCYAO0B 00J1alal0T TAHCBEPCAJIBLHONU U30TPO-

 nMeli, MpUYeM IUIOCKOCTh M30TPONMU €CTh IUIOCKOCTh 20, a 3HaYeHHs MOKyJsen

ynpyrocr#, capura u kosddunuenrtos Ilyaccona kak CTEHOK apTepuil U BeH, Tak
H MX OTAEIbHBIX CJIOEB M3MEPSAJIUCh B 9KCIIEPUMEHTAX U IPHBEJIEHBI B INTEPAType
(em., nanpumep, [28], [38], [40], [64], [67]), To uccrenoBanca ciywait Korga

fostboniGls o3 B (@ 0. )

| 5 B B QULETIRTIS, )
b ; - - 1
I -1 __ R S el R
P sot g gy Boonlaceh
0 0 0 2] (1) 0
0 0 0 0 267 (1)
» \ 0 0 0 0 0 267 )
- Cayvait u30TpONHOrO MaTepuaia EJ =El=F, J = v =v,G,=G)=
G, G = E7/2/(1 + ) paccmaTpuBajica B [3] Kpowme 3roro, ucc.nep;oaa.na.cs

~ obobmennas monens Kenppuna-Poiixra (2], [4]:

[
"

0% s Y a
(1 + Z'\lk(jtk) (pgw - vp]) =267 (1 - ZA2k6 k) AT (15)

"’me '\1k1 /\2k peosornyeckue kKoadpdunmentsr. B arom ciyuae yciosue 3akpern-
' :memm (12) coxpamsier cBoto dopmy, a ycioBue Henarpyxenus (13) npunumaer
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mi k m2 k 3
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Uccneposanack 3a1a4a 0 pacipoCTPAHEHNN MaJIbIX BO3MYIIEHUH B MHOTOC/ION

Holt Tpy6Ke (2], [3]. AHasU3 AUCTIEPCHMOHHOrO ypaBHeHHS 1TOKA3AJ, YTO J/IA MHC
roC/IONHO# TPYOKH MOXKHO BBIJEIUTH JBE ME/JICHHBbIE XUAKOCTHBIE U Psij| 6oiee
OwicTpbIx cTeHoYHbIX MoJ, (Mozs! FOura u Jlamba coorsercrsento) [5]. Baaumoeit

CTBUE€ KHUJAKOCTH C MHOT'OCJIOMHON CTEHKOH NPHUBOAUT K CI0XKHOUW BOJIHOBOM Kap

tiHe. C OIHOM CTOPOHBI, 9TO 3aTPYAHSET AHAIU3 NAPAMETPOB BOJIH JIABJICHHS,
PErucTpUpyeMbIX B KPOBEHOCHBIX COCYZaX, a C JPYroil CTOPOHBI JAeT BO3MOX

HOCTBb CO3/jaBaTh TPYOKHU ¢ TpebyeMbIMH AeMI(UPYIOMMMU CBOACTBAME 33 CHel

BbIGOpA BA3KOYNPYIUX MAapaMETPOB MATEPHAJIOB CJIOEB. YCTOHYMBOCTL PA3BATON)
CTalMOHapHOro TedyeHus (rTeuenus I[lyazeiisisi) mo MHOrocsIOUHOH TpyOkKe HCCie

nosaJyiack B [36],%[37]. Pemenue 3amau (7)—(10) u (7)-(9), (11) pasbickupa/iocs b

BH/IE

e d e d — — rd ] ]

v=v,,+v/, p=p,,+p/, i=1l, Pfs:P;/ (17)
I/ie MHIEKC P OTHOCHTCA K TeveHuto [lyaseiins, a mrpuxom 0603HAYEHBI MaJlble
BO3MYILEHUS, KOTOPble BBOJU/IUCH B BUJI€ HOPMAJIbHLIX MOJ:

(,vj,p )est+ikz+in(),
p] ) st+ikz+inf

rae vj, u;', p}, Py’ — amIHTYyABl COOTBETCTBYIOUIMX BO3MYIIEHMH, § = S, + is;,
k = k,+ik;, s; — yacrora, k, — BOTHOBOE YHCIIO, 8, U k; — HHKPEMEHTHI abCOJIIOTHOI
U KOHBEKTHBHOM HEyCTOWYUBOCTH, KOTOPBIE ONPEAEIISIIOT HAPACTAHUe aMILIUTY/Ibl

BO3MYILIEHNd CO BPEMEHEM U II0 Mepe pacIpOoCTpaHEHUd BOJIHbI BBEPX U BHU3 M0

TE€YEHHIO COOTBETCTBEHHO.
ITocne moxcranosku (17)-(18) B (7)-(10) u (7)—(9), (11) momyumm cucre-
My OOBIKHOBEHHbIX [ depeHunaibHbIX YPaBHEHUH Il aMILUIUTY ] BO3MY LIEHHH,
pellenre KOTOpoi ObLIO HaleHO JJs Cydas OCECHMMETPHYHBIX BO3MYIUEHHU:
n =0, vy =0, u)’ = 0 npu ycroBuu 3akperienus [36] u ycioBun HeHarpy KeHus
[37] Brewmne#t noBepxHocTH TPY6KM. /1A TPAHCBEPCATLHO U30TPOIIHOIO MaTepHa-
JIa pellleHue 3a1a4H ONpeJeIsioCh cne,ayroumm Habopom 6e3pa:3mepm>xx BEJIUYHH;
j=hj/R,p = Pg/P.f’NJ = ps/pg, B 21 E12/G F] % Ry G12/G 1,2:d = 13,
Re = 0sVB/ s, A 5 (OpVE NVG? = Vipaa[Vii¥o (G/pf)1/2 ~ XapaKTepHas
CKOpOCTh, G — XapakTepHOe 3HAYEHNe MOAYJIA CABUTA, Vingz — CKOPOCTDb JKiJIKOCTH
Ha ocu TpyOkm ans IlyaseitsieBckoro reyenus.
IMockosbKy 00Iee YuCa0 pa3iu4YHbIX KOMOMHAIMM yKa3aHHBIX [apameTpos
OrPOMHO, OT/EIbHO HCCIEA0BAJIOCH BIMSAHEE MOAYJIel ynpyrocTH, BA3KOCTH, TOM-
IIMH cIoeB, yncna PeitHonbaca u Ge3pa3mepHOro mapamerpa A, KOTOpbIH paBeH
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OTHOMICHUIO CUJI MHEPUHMH JXUIKOCTH U YNPYTHX CHJI B CTEHKE M, TaKHM 006pasom

- 06pa3oM, onpejiesisieT CTeleHb B3auMOAeCTBUs XK UAKOCTb-cTeHKa. [Ipn pacyerax
ACIOIB30BAIMCH 3HAYEHN S TJIOTHOCTEH , TO/IIINH, BA3KUX U yIIPYTUX Koaddunuen-
TOB MaTepHasa CJI0eB, KOTOPbIe COOTBETCTBOBAJIM CTEHKAM KPOBEHOCHBIX COCY/I0B,
a TaK)Xe HEKOTOPBIM TE€XHUYECKHM MaTepuajaM (DPE3HHBI, TeJid, KOMIO3HTHI).

4. Yero#iuMBOCTh CTAIMOHAPHOrO TEYEHWs >KUJIKOCTH B MHOI'OCJION-
HOY TpyOKe Npy yCJIOBUM 3aKpenJieHUsi CTEeHKH.

PesyibTaThl pacyeToB COOCTBEHHBIX 3HAYEHMIt 331491 B IUIOCKOCTAX (Sy, 8i) U
(ki, kr) (nmockoctn Jlamnaca n ®ypee) npeacrasienbl Ha puc.da,0 Ais cpaBHe-
HUA NOBEJEHUST M30TPOIHON U TPAHCBEPCAJILHO H30TPOITHON TPEXCIOHHON CTEeHKH.
Mojibl, pacrosiozkeHnbie BOAM3N JeHCTBUTENBHON OCH Sy, SABJIAIOTCA YKUJIKOCTHBI-
MH, & BJOJIb MHMMOM OCH §; — CTeHOYHBbIMU. Eciin paccMoTpeTs pemeHue 3aja4u
00 yCTOMYMBOCTH IMJIMHAPUYECKOro crosiba xuakoctu npu Re << 1 ¢ ycnosuem
NPUIMNAHNA K HENOJBUKHOM MOBEPXHOCTH HA TPAHMIE, TO Ha PHUC.3a OCTAHYTCs
TONBKO YCTOMYUBbIE XKHUAKOCTHBIE MOJBI ¢ 8; = 0, s, < 0, a peurenue 3aja4u 06
YCTOWYIMBOCTH ITyCTON LHJIMHADPUYECKON 0O60I0YKH JACT CTEHOYHbIE MOJBI, PACIo-
JOXKEHAbIE B0 MHUMOH ocH (S, = () ¥ COOTBETCTBYIOIIHE IIMPOKOMY JUANa30Hy
yactor [1]. KoimuecTBo M MUIOTHOCTH pacnpeeseHnst MOJ Ha IUIOCKOCTH (S, Si)
sapucar or nmapamerpos A u Re. Ilpu Hanuyuum B3auMoJeHCTBUA XKUJAKOCTH CO
CTEHKOM MOJbI PACIIOJIAralOTCs BCe JaJiblIe OT ocelt s, u 8;. B coorsercTum ¢ (18)

. MOJIBI, PACIIOJIOXKEeHHBIe B BepXHeil u HuKHeit gacTax mwiockoctu Pypee (k; > 0 u
ki < 0), COOTBETCTBYIOT BO3MYIIEHUSIM, PACIPOCTPAHAIOIIAMCSA BHU3 U BBEPX M0
 TeYHMIO OT UCTOYHUKA BO3MYIIEHUA.

Jlnst u3oTponHoit TpyOKH uMeercd onHa abCOMIOTHO HEyCTOHIMBAs JKUIKOCT-
HAs MOAAa M JBa CeMelCTBa YCTOMYMBLIX CTEHOYHBIX MOJ (00O3HAYEHLI 3HA-
koM "-+"wa puc.3a). Ilpu ysesmvenuu moxynst FOura marepmana B pajuasib-
HOM HAIIPABJIEHUN HEYCTONYMBAs KUAKOCTHASI MOJA COXPAHSETCS, HO HHKPEMeHT
HEYCTONYABOCTH HECKOJIbKO yMeHbInaeTcsi. IIpu 9TOM MOSBIISIOTCS HECKOIBKO J10-

. [OJHATEJIBbHBIX HEyCTOWYMBHIX CTEHOYHBIX MO/ C OYEHb MAaJIBIMH HHKPEMEHTaMu
~ HeycroitunBoCcTH. VIHTEpeCHO OTMETHTDb, YTO MOJIbl, COOTBETCTBYIOIIME yBeIHe-
Huo Moaysist FOHra B OKpYy’>XHOM M B PaMajIbHOM HAIIPaBJIEHUAX, TPAKTHYECKH
| COBNAJAIOT, i Ha M3MEHEHHe MapaMeTPOB MO/] BJUSIET YBEJIUYEHNE KeCTKOCTH Ma-
Tepuaia B I€JI0M, BHE 3aBUCHMOCTH OT HAINIPaBJIEHHH, 110 KpaiiHeil Mepe, B HCCIIe-
JIOBAHHOM /[MaIla30He 3HAYEHUH MapaMeTpoB.
- Ha nsnockoctu (k;, k,) cobcrBenHble 3Ha4YeHUsi CHUCTEMBbl 00pas3yioT s H30-
TponHOl TpyOKM dernipe BeTBH (oTMedeHbl 3HakoM "+4'"), IBe M3 KOTOPBIX CO-
| OTBETCTBYIOT JUIMHHBIM (MeHblume 3Hadenus k), a JBe Apyrue — OTHOCUTENLHO
- koporkuM (6osbiiue 3uavenus k) soaHam (puc.36). B ciyuae TpancBepcalbHO
W30TpOMHOM TPY6KM BCe BeTBHM (OTMedYeHbl 3HAKOM O Ha puc.36) CABHIAIOTCH IT0
HANDABJICHMIO K OG/IACTH KOPOTKHX BOJH. B peasbHBIX yCIOBHUSX TPYOKH HMe-
10T KOHEYHYO JUIMHY ¥ 3aKpeIUleHbl Ha KOHIAX, YTO HAKJIaJblBaeT OrpaHUYCHUS
'HA PACIPOCTDAHEHMe JTMHHBIX BOJH, MO3TOMY MOAbI ¢ kr — 0 B KPOBEHOCHBIX
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cocygax ¥ TpyOKaX TeXHHYECKHX YCTPOMCTB HEBO3MOYKHEIL.
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Puc.3. Pacnpenesnenue 3unauennit (sy, s;) (a) u (ki, k.) (6) ans: Tpexcioiisoit
TpyOKH u3 u30TpOnHOro Marepmana mpu {H;, Hy, H3} = {0.02,0.04, 0.04},
pl.=1,Re=10,Ti=1, ZJ =2 (+) ® 19 TPAHCBEPCATLHO W30TPOITHOTO

marepuasa npu = = 209, 27 = 201V, IV = 0.1, u{,2 =0.1 (®).

Ha puc.4a,6 npexacraBnens pe3yabTaThl PACYyeTOB, BBIIOJHEHHBIX JJIsI TpPeX-
CJI0iHO# TPYOKHU, COCTOSIIEN U3 UBOTPOMHBIX CJIOEB C PA3HBIMU MOIYJISAMHA YIIPY-
TOCTH. YBeJIMYEHHE JKeCTKOCTH BHYTPEHHEr0 CJIOS BEJAET IPU AOCTATOYHO MaJibiX
3HaveHnsx Re K crabwimszanuu cucTeMbl (eAMHCTBeHHAs aBCO/IIOTHO HEyCTOHYH-
Basl XKUJAKOCTHAS MO/A CTAHOBUTCH yCTOW4mMBOH). [lya BCcex ciydaeB Ha TIIOCKO-
cti (S, 8;) UMEIOTCs [Ba CeMeHCTBA YCTOWYMBBIX CTEHOYHBIX MOJ, OIHAKO IPH
YBEJIMYEHUH KECTKOCTH HAPYKHOIO CJI0S IPU HAJMYUHM JOCTATOYHO IOAATIMBBIX
BHYTPEHHETO U CPEIIHEr0 CJIOEB TMOSBIAIOTCS JBE HEYCTONIMBBIE CTEHOYHbIE MOIbI
¢ MaJIbIMK 3HaYenusaMu S, (puc.4a). Ha mrockocru (ki, ky) Tak»ke npucyTCTBYIOT
YeThIPe BETBH, IIPUYEM yBEJNYEHHe XKEeCTKOCTH JI000ro u3 c0eB TPYOKH mpuBo-
JINT K CABUTY 9THX BeTBell B 00/1aCTh JJIMHHOBOIHOBBIX MOZA. OCOGEHHO 3aMeTeH
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CIBUT TIPY YBEJIMYEHUH JKECTKOCTH HApyKHOro citosi. Takum obpasom, myrem
160pa TUIA AHM30TPOIUK ¥ BA3KOYNPYIruX Ko3bdunueHTos MaTepuasa ClIOes
KHO CTA0MJIM3UPOBATEH HEYCTOUYNBYIO 2KUIKOCTHYIO MOl ¥ CIBUHYTH JOUYCTH-
CHCTEMOIT MOABI B 00JIACTH JIMHHBIX BOJIH, HANPHUMEp, 0 3HaYeHH# A\ > L,
rOpbIe NIPU yCJIOBHM 3aKpelieHus TPYOKM Ha KOHLAX HE/OyCTUMbIL.
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uc.4. Pacnpesenenne 3navenuit (s,,s;) (a) u (ki, k) (6) ana cayuas Tpybku us
] OJHOPOAHOIO M30TPOIHOrO YIPYroro MarepyaJa IIpH
pex- ‘1,H2,H3} {0.02,0.04,0.04}, =1 Re 11}, {I‘1 pe F3} = {111} (+
npy- : 120,1,1} (%), {1, 20, 1} 1.41.3,20) (B,
JIbIX
ok ﬂ,na HCCJICAOBAHUA BO3MOXKHOCTH CTAOH/IM3AI[MA CUCTEMbl 3a CYET aJeKBar-
o ‘BBIOOpa CBOMCTB MaTepuasia CTEHKH PAaCUYUTHIBAIICH TaKxke Ge3pasmepHas
s ITI0Bast CKOPOCTh Vg U UHKPEMEHT S, CAMOM HEyCTONYHBOM MO/IbI (MompI, KOTO-
R PH JAHHBIX apaMeTpax CHCTEeMbI MMeeT HauboJbllee HOJOXKUTEIbHOE 3Ha-
o 8p). Pacuersr mokaszasin, 9TO M3MEHEHHe BA3KOCTH MAaTepHaja OJHOIO W3
3’]?  BEJeT K M3MEHEHUsM 3HAYeHH# S, u Vj caMoil HeyCTOHYMBON MOZBI. st
MNBO-

il OIfHOIT H30TPONHOM TPYOKH U3MEHEeHNe BA3KOCTH MaTepuaia BHY TPEHHEro
TE€H
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¥ HapyKHOTO CJIOEB HE IIPUBOAUT K CTabMn3auuu B GONLIIOM IUala3oHe 3Hade SF
uuit u'3, eciu BHyTpeHHUI cI100 ocTaeTCS ynpyrum. JIist yupyroro BHyTpEHHEro i 3

BHEIIHEro CJI0sl ¥ BA3KOYNPYroro BHYTPEHHEr0 MOXKHO CTabH/IM3UPOBAThL HEYCTOl:
YUBYIO MOZY YK€ IIPU OTHOCHUTEHLHO HEOONIBIINX 3HAYEHUAX BSA3KOCTH BHYTDEH
Hero cios (puc.5a), Ipu4YeM 3HAYEHHAE S, OCTAETCH TIOJOXKUTETLHBIM C POCTOM L1

CyuiecTBeHHble H3MEHEHUS ¢ POCTOM BA3KOCTHM BHYTPEHHErO CJIOS MCHBITHIBAET I

rpynoBasi CKopocts (puc.56). P
=
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Puc.5. Basucumoctn sy (u?) (a) n Vy(u?) (6) ANSL A30TPONHO# TPYOKH 1Py
{H1, H3, H3} = {0.02,0.04,0.04}, p’ = 1,14 , =0, Re=1, T3 = 1.

AHajiorudHble Pe3ysIbTAaThl MOMYYEHBI TAKXKE JAJIs TPAHCBEPCAJIHHO H30TPOT-
HOM TPyOKH. Y BeJmueHHe BA3KOCTH BHYTPEHHErO CJIOsi BEJIET K POCTY 8,. BsazkocTs
HApY2KHOTO CJI0A CYLIECTBEHHO HE BJIMSIET HA 3HAYEHHE Sp, B TO BPEMHA KAK OTHO-
CHTEJIbHO HeDOOJIBIIoe yBeInYeHue BI3KOCTH BHYTPEHHEro CJIOsi BeJeT K CTabu/iu-
3anuM Haubosiee HeycTONYMBOM MOAb! (puc.6a). VI3Menenus rpymnmnosoit cKOpocTH
IIPY 9TOM aHAJIOTMYHB! CJ1y4Yar0 M30TPOIHON CTEHKH, OJHAKO IOJIOXKEHHe nuKa Vj
orpejieasercs napaMeTrpaMi MaTepraJia CTeHKU. Y Ka3aHHble 3&KOHOMepHOCTH 6b1-
/U BHIABJIEHBI IPY IIMPOKOY Bapuamuy 3uavennit H; = h;/R, V] 12, Blo=E],/G
B MCCIEOBAHHBLIX Juana3onax [36).

YBemueHre MOAYJsl yIpyroCTH MaTepuasa BHYTPEHHErO W CPEJHEro CJIoeB
[PH HEU3MEHHOM BA3KOCTH (KaK JUIs yIPYIHUX, TaK ¥ JJIsl YIPYTOBA3KUX MaTepU-
ajIoB) BeJeT K CTabWJIM3aI[Mi CHCTEMBI, IPHYeM Haubojiee CyIeCTBEHHbIE H3Me-
HEHUsI POUCXOAAT IIPH YBEJIMYEHUHN JKECTKOCTH BHYTPEHHEro cjios (puc.7a), Tax
KaK [IPH 3TOM B3aUMOJENHCTBHE YKUIKOCTU CO CTEHKOW Ha BHYTPEHHeH NIOBEPXHO-
CTH yMeHbIIAeTcs u mpu &) — inf 3a7ada COOTBETCTBYET TEUEHHIO B KECTKOI
TpyOKe, KOTOPO€ MpHU JOCTATOYHO MaJbIX uuciaax PeliHosnbaca ycToiuuBo. YBeiu-
YeHHe JKECTKOCTU BHEIIHEero CJiosi, HaobopoT, yBeIMYHBaeT HEYCTONYMBOCThL Hau-
MEeHee YCTOWYUBOM MOJBI, IPUUIEM 3TOT (PaKT BBISBJIEH U JJI8 TPAHCBEPCATBHO
M30TPOIHON CTEHKHM B NIMPOKOM [MAalla30HEe 3HAYEHUil TTapaMeTpoB MaTepHaJioB
cioeB (puc.76). ITockonsKy passuTHe HEYCTOMYHBOCTU U BO3HUKAIOUIME IIPU ITOM
OCI[UJUISAIUA CTEHKU CBSI3aHBI C 0OMEHOM 9Heprueil Mexxay KHUIKOCTbIO U CTEH-
Koit [34], [35], To yBesmUeHME XKECTKOCTH HAPYIKHOI'O CJIOH, KOTOPBIM B CUJTY yCIIO-
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Puc.6. Basucumocru s, (/) (a) u Vy(p?) (6) ana rpancBepcabHO H30TPONHOMN

- TpybKum npu l/j2 =i(:1; u2 = p® = 0 (cnnomnas mEusa), p! = u® =0
(mrpm(onax munust), pt = p? = 0 (mysxrapras guawus). 3HaKoM + 0603HAYCHBI
snauenns npu B = 2G7, B) = 2067, a 3maxom x - npu B} = 20G’, E} = 2G7.

BHil 3aKPEINJICHUsI OCTAETCsl HENOABUXKHBIM, BEJIET K YMEHbIIEHUIO OTHOCUTEIHLHOIO
ObeMa MOAATINBOM YaCTH CTEHKM M, TAaKUM 00pa30M, K YBEIMYEHHIO TUIOTHOCTH
e/laBaeMoii SHEPrUyu Ha eAUHHUIy 0ObeMa CTEHKH, YTO CIHOCOOCTBYeT yBesnye-
A0 AMIUTHTY bl KosleDauuii CTeHKH ¥ abCoIIOTHOM HeycToituuBocTH. VI3meHeHue
koadbdunpenta ITyaccona Majio Biuser Ha 3Ha4enus s, u Vg [36).
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Puc.7. Bapucumocts s,(I'V) aaa u3oTponHoit (a) M TPAHCBEPCATBHO M30TPOIHOM
{g)'rpy6xnnpn{H1,H2,H3} {0.04,0.04,0.02}, p’ =1, ) = 1) =0, Re = 5,
N, = _.1 o/2 =T. Kpussie j=1,2,3 COOTBETCTBYIOT C/IydYasiM, KOI/Ia 3HAYCHHE IJ

pU-
Me- ~ COOTBETCTBYIOIIETO CJIOS U3MEHSIeTCsl, a [l JABYX OCTaJIbHbIX CJIOEB M=1.
TaK 8

HO- - Ha puc.8 npejicras/iena 3aBHCHMOCTb MHKPEMEHTa HEyCTOHYMBOCTH (CILIOII-
<Ok e JMEVH) 1 6e3pa3MepHOil TPYNIOBOil CKOPOCTH (NyHKTHPHBIE JIMHKK) OT BOJI-
T oro yucia k. s MHOroC/IOMHONH aHU30TPONHON TPYOKH CIIEKTP BO3MOXKHBIX
an KoJiebanuit BeCbMa CJIOXKEH, [I09TOMY CTabuIn3auus KOPOTKO- U JJIMHHOBOTHOBBIX
% OHYMBBIX MOJ[ TpeJACTaBIseT coboit HempocTyio 3agady. HexkoTopbie mosbl
10B ercsi CTAOUJIM3UPOBATH [IyTEM yBEJIWYEHUs BA3KOCTH WJIM JKECTKOCTH MaTepu-
OM JIa OTJAEJLHBIX CJIOEB, HO NIPH 9TOM MOTYT CTaTh HEyCTONYUBBIMU paHee yCTOM-
eH- Bbie Mozibl. Takum 0Opa3zom, BOIpoC O moabope napaMeTpoB TpyOKu, KOTOpbIE

puBeAyT K cTabuim3auuu (Win AecTabu/iM3alue) CACTEMb, IO/KeH PacCMaTpH-
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BaThCs OTJEJBHO JI/I KaXK/I0i KOHKpeTHO# 3aja4uu. [Ins Tpybok, cBoifcTBa KOTO
PBIX COOTBETCTBYIOT KPOBEHOCHBIM COCY[aM, 9TOT BONPOC MCCIEI0BAH IOCTATOY:
HO JeTaJIbHO, U Pe3y/IbTaThl YKA3bIBAIOT HA BO3MOXKHOCTH CTAOMIM3ALMU 3a Cyel
YBEJINYEHUS YKECTKOCTH BHYTPEHHEro CjIost M Bs3koctu cpeasero [36]. ITockoss
Ky TOJIIIMHBI, YKECTKOCTH, BA3KOCTH U IUIOTHOCTH OT/JEJIbHBIX CJI0EB apTepuil i
BeH CyIIECTBEHHO MEHAIOTCS NPU PA3BUTHH PA3IUYHBIX MATOJOTUN W BO3PACTHBIX
M3MeHeHH# (IMIepTOHUs, MUIEPIININ/IEMUs, ATEPOCKIepO3), IPAYeM I0sSBIICHNUE
TAKUX U3MEHEHUIl BeJeT K Pa3BUTHIO CEPbE3HBIX CEPAEYHO-COCYAMUCTBIX HEIOCTa
TOYHOCTEH, MCCIEIOBAHME YCTOMYMBOCTY TE€YEHUI KPOBH B COCYyZAxX C HU3MEHEH-
HBIMHU CBOMCTBaMM OT/IEJIbHBIX CJIOEB fBJISIETCSI BeCbMa aKTyasbHbIM. [Ljist Tpy6oK
TeXHUYECKUX YCTPOMCTB NPOBEJEHbl aHAJOIMYHBIE PACUETHI, KOTOPLIE TaKXKe M0
Ka3a/i¥ BO3MOKHOCTb CTaOM/IN3allMK CUCTEMBI NIPH PA3IUYHBIX PDEXKUMAaX TeYEHH
a cpoicTBax creHku [37]. DddexTuBHBIM MeTOmOM BHIGOpA CTpaTErmu BO3/Iei-
CTBUS HA YCTOWYUBOCTH ABJIAETCA OLECHKA M3MEHEHHH TpyIoBoit ckopoctu Vj i
MHKDeMeHTa s, Haubosiee HeycToiumBoi mozs! [36], [37], [42].

V, 5.4
2

-1

Puc.8. 3aBucumocru s,(k,) (cromssie munun) u Vy(ky) (urrpuxosble juHmm)
JJIst M30TpOTHOM crenku npu {Hy, Hy, H3} = {0.08,0.14,0.18}, p’ = 1, Re = 10,
A =10, ,=0, % = 2[Y u ana vabopos suavennst {I',2, T3} = {1,1,1} (+),

: {5,1,1} (x), {1,5,1} (), {1,1,5} (D).

5. YCcTOMYMBOCTD CTALMOHAPHOI'O TEYEHUS YKUJAKOCTA B MHOIOCJIONH-
HOU TpyOKe IIpu yCJIOBUM HEHArpy>KeHusd.

B ciyuae HeHArpy»keHHO# CTEHKH HPHU OIPEAeI€HHOM Iepenaje JaBJieHui
P — P,;; TpybKa HauMHAET CXJIOMBIBATHCS, JedOpMalldy ee CTEHOK IpU 3TOM He
Masbl u) ~ R, nostomy suneapusosanHas 3aa4a (7)—(9), (11) ans Tpy6ku Kpy-
TOBOIO CEYEHWs] MOXKET ObITh HCIIOJb30BAHA TOJIBKO IPHU JOCTATOYHO OOJIBLIMX
3HAYCHUAK Py WIK HA HAYAJBHBIX CTAAUAX CXJIONBIBAHMS, KOTJA CedeHue TpyOKu
" eme ocTaeTCs KPyroBbiM (10 3HaueHuit Py, , KOTOpPble 0TBEYAIOT TaK Ha3bIBAEMbIM
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TBa KOTO- & pacnpasisiommM AasiaesusM P = P,;;). B srom ciyuae anamms ycroitausocTy
1OCTATOY- B gyereMpl MOXKeET GbITH IPOBEJICH B PaMKaX W3J0xeHHoit bune Teopuu [37). Yuc-
M 3a CHT B nempple pacyeThl, MPOBEJEHHBIE C HCIIOIb30BAHMEM IfAPAMETPOB CTEHOK apTepHil
Iockone- By pey koropsie pacrososxensi TI0OBEPXHOCTHO W TPHKPEIIEHbI TOJIBKO K TOHKHM
Prepuil 18 oy coeMHUTENLHOM TKAHN, KOTOPHIE MOXKHO PACCMATPUBATH B KAUeCTBE Ha-

SPACTHESS - PYKHOTO LISt MHOTOCTIONHO# TPYGKH, IIOKA3a/IH, YTO HEyCTONYHUBBIE MOJIBI ¥ Iy TH

OABNICHUE B crafumsaliy TedeHnii 10 TpYOKaM ¢ 3aKPeIUICHHBIMH X He3aKPEIIeHHbIMU CTeH-
HEAOCS KaMH pa3/IAYHBbI.

:?;e;g:l; Ha puc. 92,6 npejcrasyieHbl COOCTBEHHBIE 3HAYEHUS 3aJa4d B IJIOCKOCTSIX

i (8r,8i) u (ki, k). Ilepemeruenns He3akpewieHHON CTeHKH B Gosblueil crerneHu

| | ONPEAENSIIOTCS ABUKEHMEM >KHIKOCTH U €e B3aMMOJEHCTBHEM CO CTEHKOMU, To-

- TEICHNA B 510My GOBIIMECTBO MO CACTEMbI SIBJISIIOTCS KMAKOCTHEIME (pHC. 92) B OT/THYHe

b osa}ei:x- 0T Clydas 3aKpersieHHo# crenkn (puc. 3a). Bo Bcex mcciesoBaHHBIX Cilydasx

cri Vo # B pveercs: xors 6ol oAHa HeyCcTOW4MBasi XKUAKOCTHAsS MOJAa C S, > (, MHOXKeCTBO

YCTOMYMBBIX KAAKOCTHBIX M HECKOJIBKO YCTORYMBBIX CTEHOUHBIX MOJ, IPAYEM yKa-

3aHHAs 3AKOHOMEDPHOCTb HAOJII0AAeTcss U JYisi HEOCECHMMETPUYHBIX BO3MYIICHHM

(mo kpaiineit mepe 1o n = 1 — 4). Ha muockocru (ki, ky) cobcrBenHbie 3HaYEHMA

TaKxKe 00pa3yoT HEeCKOJLKO cemeiicT (puc. 96), ogHAKO CreKTp KosnebaHmit me-

. Hee CI0JKeH 10 CPaBHEeHHUIO CO CJIy4YaeM 3akperuieHHoi crenku (puc. 36). meerca

 MHOKECTBO JIMHHOBOJIHOBBIX MOA (k, ~ 0), MHOrHe M3 KOTOPBIX He IPOABJIAIOT-

¢ B TpyOKax, JJIMHBI KOTOPBIX COOTBETCTBYIOT JJIMHAM KPOBEHOCHBIX COCY/IOB,

nosromy 6osiee 3HAYUMBIMHE JIst OMOMEUUUHCKUX NPUJIOXKEHUH SBIAIOTCA MOJIbI,

PACIIONIOKEHHBIE B TOPU30HTAIBHBIX BETBSIX M COOTBETCIBYIOILIWE OTHOCHUTEIBHO

L - koporkny Bosaam (k, = 10 — 20). Kaxue u3 mMox ABASIOTCS abCOMIOTHO yCTOM-

YUBBIMHU, 3aBHCHT OT CBOMCTB CTEHKHM M OT pexxuMma redeHns xuaxoctu. Ilpu ma-
é JIBIX uMeIax PefiHob/ica uMeeTcsi 00IbIIoe YUC/I0 HEYCTOMYMBBIX MO, BKJIIOYasd
koporkue BoiHb! (prc.10a). C yBenudennem uucia PeitHosbaca HEyCTONIMBBIMU
CTAHOBSITCS BCe Hostee NJIMHHOBOTHOBBIE MOJAbI. Takum obpa3om, st obecriedeHuns
YCTOWYMBOCTH TEYHHIl B He3aKPEIUIEHHBIX TPYOKax BeIGOD JAMana3cHa 3HaYeHUi

IMHUW ) yucia Re gomken onpeaensaTecsi AJIMHON TPYyOKH.
te = 108 ~ VBeqmueHue BSI3KOCTH BHYTPEHHErO CJIOsl BeJET K HEKOTOPOMY YBEJIMYEHHUIO,
1} (+), a CPEAHEro W HAPYKHOTO CJIOEB - K HE3HAYUTEJbHOMY YMEHBILIEHHIO S;, OJAHAKO

Hanbosiee HEyCTONYMBAsT MOJIa MO-IIPEXKHEMY OCTaeTcsi abCOJIOTHO HEYCTOHYMBOM.

3amernM, YTO yBEJIMYEHHE BA3KOCTH BHYTPEHHEI'O CJIOSl HECKOJIBKO yBEeJIMYHBAET

5, TAKJKe U B CIydae ycIoBuit 3akperienust (puc.6a). Busisinue Moyis ynpyrocTu

"OCTI0- Marepuasia CJIoeB Ha MHKPEMEHT HeyCTONYMBOCTH B JAHHOM CIydae HEeOJHO3HA4-
H0. Jlns HekoTophix HAGOPOB MapaMeTpoB YAAIOCH CTAOH/IM3UPOBATL TEYEHHE 32

| CYeT YBeJMYEHUs JKECTKOCTH BHYTPEHHErO CJIOs, a B IPYIHX CIydasX - Hapy»KHO-

\BJICH U 10 cios [37]. Takum 06pa3oM, yBesdd4eHHe MOJIYJIsi yIPYTOCTH BHYTPEHHErO CJIOS
STOM HE Cc16um3npyeT CuCTeMy W NPM YCJIOBUM 3aKPEIUIeHUs, U IPA YCJIOBHH HEHArpyxKe-
Ki Kpy- B st (o kpaiieeii Mepe, I0Ka cedeHne TpyOKu ocTaeTcs KpyroeiM). B otmdne or
OTbIINX Glydas 3aKpeIyIeHHOM CTEHKHM, NPH yCJIOBUM HEHArpy KeHHusi CHCTeMy MOXKHO CTa-
TpyOKH  OMIM3APOBATH IyTEeM YBEJHYEHHsI MOJAYJIs CABUra MaTepuaJia Hapy»KHOro CJIosd.

33€MBIM Jlisi aHU30TPONIHOrO MaTepuasa CTeHKH NPH HEKOTOPBIX 3HAYCHHUAX Fi,‘za rpyIIo-
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Puc.9. Pacnipenesnenve snavenuit (s,,s;) npu k = 2.5 (a) u (ki, kr) npu s = 21 (6)

npu Re =100, A =1, 5{2 =2, =2l p/ =1,
{Hy, Hy, H3} = {0.02,0.04,0.04}, ¢/ =0, v , = 0.4, n = 0.

Basi CKOPOCTb PaBHa HYJIIO, YTO COOTBETCTBYeT abCOMOTHON HeycTohunsocTy [36],
[37]. Tlony4ennsle pe3ysbTAaTHI TIO3BOJIAIOT JAJISA 33/aHHON N€OMETPUH M YCJIOBHMil
Te4eHus NMoJobpaTh PeXKUM TEUEeHHUs, COCTAB W CTPYKTYPY MHOI'OC/IOWHON CTeH-
KM, 94TOOBI 00€CIeYnTh YCTOMYMBOCTD MJIM TPeOyeMYI0 HEYCTONYMBOCTH CHUCTEMBI
(ecsmm KOHTpOIUPYEMBbIE OCUMJUISIMA CTEHKU CIOCOGCTBYIOT NE€PeMElnBAHMUIO, Ha-
CBILIEHHIO, XUMHUYECKUM PEAKLUUAM B XKUAKOCTH).

3akJroueHue

YCTOWYMBOCTh TeYeHMH >KUAKOCTEW U ra3oB B JedOpMHUPYIOMUXCH TPyOKax
COCTaBJIET IIPEAMET WHTEHCUBHBIX SKCIEPUMEHTAIbHBIX U TEOPETUYECKUX HCCIIe-
JOBaHM Ha MPOTSDKEHUN OoJiee IOJIyBEKa, U MHTEPEC K TeMe CBA3aH, B IIEPBYI0
oYepelnb, C BAXKHOCTBHIO CBSI3AHHBIX C MOTEpel yCTOi4MBOCTH (PeHOMEHOB B u-
3UOJIOTHYECKUX TEUYEHHSIX, a TAKXKe C BO3MOXKHOCTBIO TEXHHYECKUX IPHUJIOKEHH
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Puc.10. 3aBucumocts s, (k) ATt H30TPONHOM CTEHKH NpH
{HliHZ,Hs} = {0.02,0.04,0.04}7 p7 = 1) Re = 10’ A — 10, V{,2 — O,
8/ = 21V = 2. Kpussie 1-4 cooTsercTByloT 3HadenusM Re = 1;10;100;800.

¥ KOHTPOJISi 32 YCTONYMBOCTHIO TedeHuil. MHOrne BaKHellne acleKThl Pa3BH-
THsl HEYCTOWYIMBOCTH, BO3MOXKHOCTH CTAaOMJIM3ALUHM CHCTEMBbl, CHU2KEHHUS TOTePb
SHEPIUU HA TPEHWe U 3aTATUBAHHS Nepexofa K TypOy/eHTHOMY TedeHHiOo Obuin
HCCAEJ0BaHbI, a Pe3y/ibTaThl HALLIM BOIUIOUIEHHE B OHOMEIUIMHCKMX M TEeXHH-
YeCKUX NPUJIOXKeHuAX. B cuiay CioXKHOCTH 331a4vu OOJBIIMHCTBO UCCIeI0BaHUM
BBINOJIHEHO HA PEIYIMPOBAHHBIX OJHO- M JABYMEDHBIX MOJENAX IIyTe€M YUC/IEH-
HBIX PACYETOB WK ACUMITOTUYECKHMHU METOAAMMU U, TAKMM 00pa3oM, OXBAThIBAET
JIMIIh HEKOTOPBIN Y3KUl AWAla30H PEXXUMOB TEYEHUH M MapaMeTpOB CHCTEMBI.
Hampuvep, /711 MHOTOCJIORHBIX QHU30TPOIHBIX BA3KOYNPYI'UX MATEPUAJIOB 9UCIIO
' HabOpOB mapaMeTpoOB MOXKeT JOCTHUIATh IOIYCOTHH.

Heobxogumpbl maJiblieiime UCCAeL0BaHus, B NEPBYI0 O4Yepelb TPEeXMEPHbIX
iaa.uaq 00 obTeKaHMM TeJ C 33JaHHOM reoMeTpHeil U Te4eHHH B CXJIONBbIBAIOIIMX-
¢l TPyOKax M KaHaJlax [ePeMEHHOr0 CeYeHHs C HEOJHOPOAHbIMH CTEHKAMH, 4TO

iggﬁ}; 0CODEHHO BAsKHO /ISl aHA/IM3a (DU3MOJIOTUYECKUX TEeYEHHH B 11ATOJIOTMYECKH W3-

' crerd MeseHHbIX cocyqax. CylmecrBeHHbI mporpecc B 6MOMEeIMIUHCKON M3MEpHUTEb-

CTEeMEl HO# TexuuKe (MArHMTOPE30HAHCHAsI KOMOBIOTEPHAsi ToMorpadus, yjbTpa3ByKo-

10, Ha- BoE CKaHMPOBAHKE) MO3BOJISET MPOBOAUTH BU3YAJIN3AI[MI0 TPEXMEPHbIX TeYeHMI
KPOBH II0 COCYJ1aM M APYTUX OMOXKHAKOCTEH IO MPOBOAAIIUM Iy TAM, PETUCTPUPO-
BaTh CMEIIEHUs CTEHOK COCYJ0B M BO3HUKAIOIIME IIPY PA3BUTUH HEYCTONIMBOCTEM
IIYMBI.

HUcnonp30BaHre MHOTOCTOUHBIX BA3KOYIPYTHX ITOKPBITHH JA€T BO3MOXKHOCTH
yOKax cTabuIM3MpOBATH CHCTEMY [P pa3HbIX pexkuMmax Tedenus. Ilo xpaiineii mepe,
uccie- 9T0 yJaeTcs CJIeJIaTh JJisi MATEPHAJIOB, CBOMCTBA KOTOPBIX ONM3KK K CBOUWCTBAM
epBYI0 CTEHOK KPOBEHOCHBIX cocy10B. IlocKOIbKY HCKYCCTBEHHbBIE MaTEPHAJIbI A1 CO3/1a-
B du- HIsl 3AMEHATEEN COCYI0B Pa3pabOTaHbl U IIMPOKO UCIOAL3YIOTCS B MEAALUHE, TO

CO3JIaHKNe U3 HUX COOTBETCTBYIOUINX MHOT'OC/IOMHBIX KOHCprKHHﬁ He npeacraBiid-
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er 3arpyanenunit. Obobmenue 3anaun Ha ciy4ait 60JBIIEr0 YU TOHKHUX CIIO¢
IIO3BOJIUT CO3JaBaTh IMOKPBLITHUA, MEXaHHYECKHE CBONCTBA KOTOPBIX HU3MEHSIOT(
HENPEepbIBHbIM 06pa3oM, obecrieyrBasi CrVIQXKUBAHUE XAPAKTEPUCTUK IBUZKEHI
(nepemerenmuii, CKOPOCTEH) Ha y4YaCTKAX MeXKJy MOBEPXHOCTAMH C Pa3/iddH:
MU CBOMCTBaMH ((PYHKIMOHAIBHBIE IPAINPOBAHHbIE HOKpbITHs). Vcnonb30BaHi
IPEeIJTOXKEHHOr0 MOAX0Ja JJIA TeYeHH B TpyOKaxXx TeXHHYECKUX YCTPOUCTB TP
GyeT YMC/IEHHBIX OLEHOK COOTBETCTBYIOLIMX MApaMeTPOB OTAENbHO Ui KAk
IIOCTaBJIEHHOH! 3a/1a4H.
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Bl i IIpu nomonu merona JIuummurenra-Ilyankape nomydeH CrieKTp aHrapMOHU-
toul YECKOro OCLUMJUIATOPA YETBEPTOil, IIECTOR M BOCHMOM CTENeHH HeJMHEeHHO-
Rl cru. na pemenus 3Toro 3aganus paspaboraHa KOMIbIOTEPHAA IPOrPAMMA.

[Monyuennas popmyJia CIEKTPa OCUUIIISITOPA Y€TBEPTON CTeNeHH HeJTMHE-
/ i ] HOCTH MOJTHOCTBIO COBNAJIAET € aHAJIOHYHOM HOPMYJIOif, N0y YeHHOH MeTOo-
optics JIOM KBAHTOBBIX HOPMAaJIbHBIX (hOpM.

bulent 2000 Mathematics Subject Classification 42A70.
J. L. g '

’ Muorue 3a/1a9u B aATOMHOM, MOJIEKYJISIDHON ¥ siiepHOM (DU3MKe JIONYCKAKOT J10-
CTATOYHO TOYHOE, HO MeHee TPY/I0eMKO€e DellleHue IPH OMUCAHUH UX YyPaBHEHUSIMHU
KJIACCHYECKON MeXaHWK¥ ¢ nocieayromuM kpantosanuem [1]. K rakuM 3amadam
| OTHOCSITCSI, HAIPMMED, CTOJIKHOBEHHSI ATOMOB M MOJIeKy.I [2, 3], puxbeprosckue co-
CTOAHMSI ATOMOB ¥ MOJIEKYJI, PACCessHUe TSIXKeJIBIX MOHOB, fjepHble Mojenu (4, 5].
910T MOXO0J HOCUT Ha3BaHKE IOJIYKJ/JIACCHIECKOrO B OTVIMYME OT KBa3UKJIACCHYIe-
ckoro wim BKB-npubirkenunsi, KoTopoe TakKe IPHBOAUT K KJIACCAYECKUM ypPaB-
gerusiM, nexoast u3 ypasrerna 1lpegunrepa. B cBA3M ¢ HATHYMEM AHHAMUIECKO-
T0 Xaoca B KJIacCHYecKux cucremax [6] B mocienHee BpeMst BO3POJUIICA HHTEPEC
K npobjieMe MX KBAHTOBAHHSA. DTO NMPUBOAUT K HEOOXOJMMOCTH OJHOBPEMEHHO-
T0 UCCIIEOBAHUS KJIACCHMYECKOr0 IMaMWJIGTOHMAHA U ero KBAaHTOBOro aHasora. B
HacTosell paboTe pacCMaTPUBAETCs OJHO M3 ypaBHeHuit, koropbie B 1918 r. GbI-
Ju npeyioskersl JroddrHroM, H MomyYnin MUPOKOe PACPOCTPAHEHUE KaK TeCT
JUISi IPOBEPKH PA3/IMYHBIX MPHOIMIKEHHBIX METOOB [7], a Tak:Ke HMEIT CaMoCTO-
SATENBHOE 3HAYEHHE MIPY OIMCAHUHA HEKOTOPHIX CHCTEM B KBAHTOBOH MeXaHMKe.
uct. -8 B pafore craBmTCA 3ajaYa HAMTH aHAJIATHYECKOE DEIIeHHe yDaBHEHHS
Jlioddunra B BHAe PSAOB 10 CTENEHAM IapaMeTpa HEeJNHeHHOCTH MeTO[0M
Juagmrenra-Ilyankape (8] u Ha OCHOBe HAMZEHHBIX PeNICHHE MOJYYUTH IPU-
Gamkennyio GOpMyITy [UIsl CIIEKTPA €ro KBAHTOBOTO AHAJIOTA, a TAKXKe CPABHUTH
TOMyYEHHBIE PE3YIbTAThI C UMEIOIIUMUCS B JIATEPATYpe.
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re r — IPOCTPAHCTBEHHAsi KOOpAMHATA, ¢ — MaJjblit mapamerp (a < 1), pu

creneHb HenuueitHocTH (u = 4,6, 8). .

Crasurcs 3ama4a HaitTi coGcTBeHHbIe 3HaueHus onepaTopa (1), T.e. BCe 3K

4eHus nocrosinHoil E, ynosnersopsiromume ypasaenuio [[Ipenunrepa: e

Ay = By, i

i

)

B KOTOpoM % (x) — cobcTBennsle dyHkuun oneparopa (1), jexkamue B mpocTpak

crBe Log.

[TocraBnennyio 3ana4y 6yaem pemaTs B HOTYKJIACCHYECKOM TIOAXO/IE: PAce

TPUM KJIACCUYECKHii aHajor oneparopa (1) — raMuisTOHOBY byHKIHIO:

2~ V. 4
H(m,p)=%—+%—+am“. (3

YpaBHeHHUsT JBUKEHUS CUCTeMBI (3) JIerko cBecTH K ofHOMY auddepernual
HOMY yPaBHEHHIO BTOPOI'O IOPSIKa:

" +z+pozt1=0 z"(r)= s (4
T + pazt~" =0, =3
Pemenue ypaBuenus (4) maxogum meronom Jlungurreara-Ilyankape, npeis
PUTEIBLHO BBeJsd HOBYIO BPEMEHHYIO IEepeMeHHYI0 t o dopmyiie:

7= (1+aw +w + ...+ wy + .. )t, (3

TIe Wy, w2, ...,Wn,... — IOCTOSHHBIE, BHIOPAB KOTOPbIE COOTBETCTBYIOMINM OOp:

30M, MOYKHO MCKJIIOUUTH M3 PEIIEHUs] CeKyJsipHble 4ieHbl. [Ipu 3ToM camo peme
HY€ HIIETCS B BUJE CTENEHHOrO PA3JIOXKEHHs 110 MaJIOMY MapaMeTpy

z(1) = 2o(7) + az1 (1) + Pxa(T) + ... + "z (7) + ... (6

Cnenas 3ameny (5) B ypaBuennu (4), mopcrasus B Hero pasioxenue (6),1

NPHUPABHAB KO3 UIUMEHTHI DU OJJMHAKOBBIX CTEIEHAX NapaMeTpa ¢, HaIPUME)
s p = 4 nmostyquM cucreMy audepeHInaTbHbIX yPaBHEHUH

Zo + zo =0,

T1 + 71 = —2w Ty — 4z, a
Ty + Ty = — 2w &) — (w? — 2wo)Tp — 12232,

&3 + T3 = —2w Ty — (W} + 2wp)E) — 2(ws + wiwsz)Zo — 12(zx? + T5z2).

Nurerpupys nocnenoBaTenbHo cucremy (7), HaiijeM Heu3secTHbIe (yHKIH
paznoxenus (6). Hanpumep, peuienue B TpeTbeM MOPAKe 110 & JUIst Clydasn j =!




)7/-""

€ 3Ha-

(2)

TPaH-

.CCMO-

(3)

NaJIb-

(4)

e1Ba-
6pa-
ere-

(6)

6), u
Mep,

(7).

KUK
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HMEET BUL

a(t) = Acos(t — tg) + o (Acos(t — to) + £ A% cos(3(t — 10))) +

o (ACOS(t Y (—?1,45 + §A3) cos(3(t - to))) +

471
512

(8)

+a3(Acos(t—to)+( —— A7 - 105A5+ A3) cos(3(t — to))+

+ ( 3 AT 654A5) cos(5(¢ — t0)) + = AT cos(7(t — ).

512 512
[Ipu aTom mocrosiaabIe W;, T = 1,2,... paBHEI
g L 3
w = §A2a, wy = 7 6A2 a’(5A% — 16), w3y = £§A2 3(41A* — 16042 + 192).

(9)

HOCKOJ'Ibe peleHne HIeTCd B BUJAe psiia, BOSHUKAECT €CTECTBEHHBIN BOIIpOC O

~ ero cxoguMocTd. MOXKHO MOKa3aTh, 9TO psaibl Buga (6), a Takxke pAlpl, NOIyYeH-

nble quddepentmposanuem (6) (B TOM 4YuCIe W HEOZHOKPAHTHIM), CXOAATCH ab-
COMOTHO M PABHOMEPHO HA HEKOTOPOM OTPE3Ke, eClId Ha 9TOM OTpe3Ke (DyHKIUU
zo(7), 21(7), 22(7), ..., 2n(7),... HEOPEPBIBHBI, UMEIOT HENpepbIBHbIE IPOU3BO/I-
HBlE (0 HEKOTOPOTO 1OpsiaKka) U 0Opa3yr0T MOHOTOHHYIO MOC/IEZO0BATETbHOCTD.
QueBujHO, psifi ¢ YACTUYHON CymMMmo#t (8) yZoBIeTrBOpsieT BCeM NepevnC/IeHHbIM
YCJIOBHSIM.

pousBosbHbIe IocTOsiHABIE A 1 g, BXOAsmue B peurenne (8), umeror dusn-
geckmii cMpicT: A — ammumTyna kosebanuit cucremsl (1), to — HadasbHasi dasa,
1031oMy 6e3 orpaHudeHusi OBIIHOCTH MOXHO HOJIOXKHUTB to = 0.

AMIIMTYy MOXKHO BbIPa3uTh Yepe3 F — nosinyio sHepruio cucreMbl. B Toukax
0BOPOTa KMHETUYECKAS SHEPTUsi CUCTEMbl PABHA HYJIIO, [I09TOMY €€ IMOJIHAA SHep-
rua Gyger paBHa noreHnuasbHOM. [IpupaBHSB MOTEHUNATBHYIO (DYHKIMIO CHCTE-
MBI K II0JIHOHM 3Hepruu F, ¥ pa3peumys noyry4eHHOe ypaBHeHHe MEeTOI0OM UTepalyi,
NOJTY 9UM

A=2E—a(4E+9E?) +? (2 B+ 18E2+ 623 Ea) (9 i 623 8 66908 E4>
(10)

Jlnsa naxoxkaeHust crnekTpa omneparopa (1), Bocrosb3yeMcs M3BECTHBIM YCJIO-
BUEM KBAHTOBAaHMS, KOTOPOE 3aIMINEM B BHIE:

P 1
—/“ (@'(r)%dr =n + =, (11)
T Jo 2
rie T — nepuos apvxkenus cucremsl, n = 0,1,2,....
[oacrasnsas B (11) pewenue (8), nmpeaBapuTeIbHO BEPHYB €ro K CTapoi Iie-
DEMEHHO# T, MOyYUM YPaBHEHHE, U3 KOTOPOro BhIpasuM E UTepalOHHBIM CIIO-
cobom. B cempbMoM mopsiike o mapamMerpy o s ClIydasi j = 4 NoJyYeH CHeKTp
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omeparopa (1) B Buge dopmy.isl

1443
E,,=n+—+--oz(n2+n+l)—5—1042 <§n3+n2+ln+§)+

) 4 8 2 ¢ 4
N G el b U e A
— 2 Nt = | - 2
+16a(n+n+2n+16 20480(3n + 48n*+
87549 262647 1313235
3 2 5 6 5 4
+ 48n°+24n°+6n+1) +o (———64 el vy a el - L

n7+

137745 ;1313235 , 262647 87549\ (3132309
128 1024 1024 " 4096 256

| 21926793 o 65780379 . 100633965 , 109633965
ST 1022 " 2048 4096

65780379 , 21926793 3132399 . (238225077 4
8192 16384 32768 = 2048

P 238225977 , 1667581839 , 1667581839 5 8337909195 ,

3 2048 " tTo0a8 " T 16384
1667581830 5 1667581839 , | 238225077 238225077
8192 32768 32768 | 524288

Jlns pemieHus MOCTaBJAEHHON 33a49y OMUCAHHBIM BBIIIE METOAOM OblyIa Hal
CaHa KOMNbIOTEPHAsl IPOrpaMMa, KOTOpast MO3BOJISET [O/IyYaTh BhIPAXKEHHUE CI
Tpa oneparopa (1) ¢ yro6oit CTeneHbI0 HEJMHERHOCTH U B POU3BOILHOM MODA/
110 MAJIOMy IapaMerTpy a.

ITosryuenHbie pe3yIbTaThl XOPOLIO COIVIACYIOTCS C MMEIOIIMMHUCH B JIATEPATY]
Dopmyna (12) nonrocTsio coBnagaet (1o KpaitHelt Mepe J0 CeALMOTO TOPSIKA I
Q' BKJIIOUHTENILHO) C aHAJIOrUYHON hopmyJioit, npusesentoi B [13] u mosyueHxs
MeTOJOM KBaHTOBBIX HOpMaJbHBIX dopM. Kpowme toro, B pabore [14] sta 3a1a:
pelajiach 9YUCIEHHO.

CpaBHeHHE pPe3y/IbTaTOB PUBEJEHO B CIELYIONMX Tab/IUIAX.

Ta6nuua 1. (u = 4, a = 0.001)

Ne E (12) ity % Ne E (12) Eezact %

0 | 1.000748940 | 1.000748692 | 0.000025 | 6 | 13.12449936 | 13.06316358 | 0.467338
1 | 3.006721550 | 3.003739748 | 0.099171 | 7 | 15.16531238 | 15.08358659 | 0.538899
2 | 5.018619018 | 5.009711872 | 0.177482 | 8 | 17.21177462 | 17.10745779 | 0.606078
3 | 7.036392596 | 7.018652592 | 0.252118 | 9 | 19.26384411 | 19.13395549 | 0.674261
4 | 9.059994656 | 9.030549566 | 0.325001 | 10 | 21.32147996 | 21.16333811 | 0.741702
5 | 11.08937870 | 11.04539059 | 0.396669 !
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(12)

Yo

7338
8899
6078
4261
11702

Tabauua 2. (u = 6,8, a = 0.001)

E(12),p=6

Eezact

%

Ne

E (12),n=8

Eezact

1.000747570
3.006684820
5.018450144
7.03532388

1.001848815
3.012780960
5.044799925
7.110092855

1.000748941
3.006721546
5.018618986

1.005857514
3.047977747
5.190981366

B nepBoM cronbue ykazan HOMep COOCTBEHHOT'O 3HAYEHHUs, BO BTOPOM — COOT-
BETCTBYIOLIEE 3HAYEHHe, MosydenHoe 110 ¢opmyse (12), B TpeTbeM — 3HaUYeHHe U3
pabotsi [14], B yeTBepTOM — OTHOCHTE/IBHOE OTKJIOHEHHE B mponeHTax. Kak Buano
u3 Tabinu, HabIIOZAeTCs XOpOoLIee COIIaCHe Pe3yJIbTaToB, 10 KpaitHeil mepe, JJis

| HIKAAUIEX yPOBHEH.

B pamno#t paboTe mosy4eHo K.laccuveckoe pemenue ypaBHeHus Jlroddunra

| B aHAJIMTHYECKOM BHJe Ha ocHOBe Mertoxa Jlummmrenra-Ilyankape mnas mpous-
* BOJILHOTO MOPSIKA [0 IAPAMETPY HEJIMHEHHOCTH C IMOMOIIBI0 pa3paboTaHHON /s
310# e KomobrorepHoit nporpamMMsel LINDA. C nomomipio 3T0it »Ke nporpam-

MBI IIPOBEIEHO KBaHTOBaHMe ypaBHeHusi Jioddunra n nomydeHa aHaIuTHYeCKas
~opmyJ1a ISl CIIEKTPa, KOTOPasi YAOBJIETBOPHTEILHO COIVIACYETCS C YHMCIeHHBIMH
HAUEHHsIMM SHEPI'MH, NpUBEAEHHbIMYU B pabore [14]. MHTepecHo oTMeTHTh, 4TO
 PEAJMBOBAHHBIN IIOAX0J AAET TOYHO TaKylo ke (POPMYJIy [Jis SHEPreTHIeCKOro
CIIEeKTPa, KAK ¥ MeTOJ{ KBAaHTOBBIX HOpMaJbHEIX (hopMm [13], mo kpaiineii mepe 10
CE/IbMOr0 TOPSAKA 110 MAPAMETPY BKJIIOYHUTETHHO.
~ [IpenMymecTsa NMpeIoKeHHOTO METO/Ia Hepe] APYTHMHE COCTOAT B TOM, UTO

| OH N03BOJISIET IIOJyYHTh PellleHye ypaBHeHHA (4) B BUIE paja, CXOAMMOCTbH KO-

TOPOTO JIETKO IM0Ka3aTh. IIpu 9TOM MOTrpPEIIHOCTh, AONyCKaeMas IIPU 3aMeHe psjla
€r0 YaCTUYHON CyMMOMH, He NPEeBOCXOAUT HepBoro orOpoireHHoro 4dieHa. Kpowme

- TOro, ONMUCAHHBIN TOAXOL JIOIIyCKaeT NPOTrPaMMHY0 DeaIn3alliio, 4YTO IO3BOJIAECT

TI0yYaTh AHAJTUTHIECKYI0 POPMYJTy JJIsI CIeKTpa C J1i000# 33JaHRON TOYHOCTHIO,

| OPPAHUYMBAACH BO3MOXKHOCTSIMU KoMmbiorepa. JlaHHbIN MeToy obsiafaeT Takxke
| YHHBEPCAJIbHOCTBIO: CTENeHb HeJIMHEHHOCTH, TOYHOCTh DEIIEHUs ¥ Majblii mnapa-

METp SABJISAIOTCS BXOJHBIMH [TapaMeTpaMM MPOrpPaMMbl, MEHssl KOTOPbIe MOXHO C
JIEPKOCTBIO TIOJIy4aTh PEIIeHNs] APYTUX aHAJOIHYHbIX 334a4. B nanpneitmem mia-
HUpyeTcst MOAMGUUUPOBATE NPEIJIOKEHHBII TOAX0A JJIs MOTEHIHAJIOB C ABYMS
| MHHEMYMaMH.
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il Generalized coordinate-free triangular form: global
' controllability and feedback triangulation
S.S. Pavlichkov
V.N. Karazin Kharkov National University
ypasB-
nonic We investigate a new class of nonlinear control systems of O.D.E. which
are not feedback linearizable in general. Our class is a generalization of the
well-known feedback linearizable systems (the Jakubczyk-Respondek-Hunt-
rencd Su-Meyer critérion), and moreover it is a generalization of the triangular
137 (or pure-feedback) forms studied before. We describe our "generalized
triangular form"in coordinate-free terms of certain nested integrable
distributions. Furthermore, our conditions are the global analog of the
» fall Jakubczyk-Respondek-Hunt-Su-Meyer conditions. Therefore, the problem

_ of the feedback equivalence of a system to our generalized triangular form

139, is solved globally in the whole state space by the definition of our class. We

apply a specific procedure, which can be called "backstepping" (following

the terminology of the standard adaptive control theory for strict-feedback

NaEs forms), and solve the problem of global controllability for our class. Our

lassy | 3 "backstepping algorithm", in turn, is based on the construction of a

certain discontinuous feedback law. We propose to treat our class as a

new canonical form which is a nonlinear global analog of the Brunovsky

hys.— canonical form on the one hand, and which is a global and coordinate-free
generalization of the triangular form on the other hand.

Soc. 2000 Mathematics Subject Classification 93C10, 93B10, 93B11, 93B05,
93B52.

1. Introduction

One of the most important problems in the nonlinear control theory is the
problem of classification of nonlinear control systems of O.D.E., i.e., that of finding

~ the transformation of a nonlinear control system into its simplest canonical form
along with finding such canonical forms by using some invariants which do not
depend on the choice of local coordinates. Beginning with [6],[5], a complete theory
of feedback linearization was created — [2], [3], [15], [18] etc. However, even some
simple mechanical systems do not necessarily satisfy the Respondek-Jakubczyk-
Hunt-Su-Meyer conditions; in addition, the concept of feedback linearization is

89
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essentially local. This inspired many authors to further investigations and {
attempts to generalize the feedback linearization theory.

One possible approach, which is is very popular and has various application
is the concept of differential flatness [4]. However, this notion is as local as thi
of feedback linearization, and moreover no general criterion of differential flatne
like that of feedback linearization has been obtained.

Another way is to deal with the triangular, or pure-feedback form instead
the linear canonical forms [1, 2, 8, 11, 12, 16, 17, 19, 22, 23]. Triangular systen
were introduced (Korobov) in [8] as early as 1973 (i.e., even before [6],[5]) as
first example of nonlinear systems which are feedback linearizable. Nevertheles
a triangular system

{ RSy, SN = =)
Z‘n = fn(zl, seey Zn,v);

is feedback linearizable only in the so-called "regular'case, i.e., when tk
conditions of regularity IE-%%#O, i=1, ..., n hold; otherwise (the "singular case"
the system does not satisfy the Respondek-Jakubczyk-Hunt-Su-Meyer condition
and, therefore, is not feedback linearizable. The singular case was investigated |
Respondek in 1986 (see [17]), and by Celikovsky and Nijmeijer in 1996 (see [
In these works, the triangular systems are studied under the assumption that tk
set of the regular points is open and dense in the whole state space, however. T
is not true even for some simple examples (see, for instance system (10) from tl
current paper).

That is why, we want to find and to investigate a generalization, ¢
the triangular form, which contains all the previous triangular forms studie
before (including the singular case) on the one hand, and which can b
investigated globally (including the problems of controllability, stabilization
feedback equivalence, etc.) on the other hand. We offered such a generalizatio
in [13] (see also [16]), and solved completely the problem of global robus
controllability for this class (moreover, the controls constructed were actua
closed-loop to some extent). However, the problem of global equivalence of
control system to a system from [13] remained open. In this work, we introduce
generalization of the triangular systems considered in [13], in global coordinate
free terms. The main goal of the current paper is to prove that our generalize
triangular form is globally controllable.

In the future, we want to investigate in more detail the relationship betwea
the triangular form from [13] and the class from the current paper. As we can s8
from example 3.1, the class of "generalized triangular form"is wider than that fron
[13]. On the other hand, the construction of example 3.1 is based on triangula
system (10). To what extent our generalized triangular form can be reduced
the triangular form in the singular case remains an open question.
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* vector fields v;(-) such that, for every 1 = 1,..., N, and every z € D,, we have h
i

~ recall that, if v(+), and w(-) are smooth vector fields defined on some open subset

Generalized coordinate-free triangular form: global controllability

2. Notation and Preliminaries

Let M be a smooth manifold of dimension n, and z—v(z) be a smooth vector
field on M. In general, v(-) can be defined on some open subset of M only; next
we denote this subset by D,. Let z be in M. By I3t —» ®!(z°) we denote the
(maximal) integral curve t—z(t) of 2=v(z) with z(0)=1z°. Of course, for each tf
the map 2+ ®! () is (at least) a diffeomorphism of some neighborhood of z° onto
some neighborhood of ®¢(z°) (and, if, for some s€l, ®(z) is well-defined for all
7€D,, then z — ®3(z) is a global diffeomorphism of D, onto D,)

For every fixed t € I, every z in a neighborhood of z°, and every ¢ € TM, by
(@f), ¢ we denote the image of £ under the tangent map of the diffeomorphism
y— 9! (y) at point z. (Actually, (®%), £ depends on two arguments § and z, and
we should write (<I>f,)* (z,€), in general, but in our case it will be always clear at
which point z € M we consider the tangent map, which is why we write (®!).&
without any ambiguity.) . ‘.

In addition, if V is a vector space, then, for A C V, and B C V, we denote by |
A+ Btheset {z+y| z € A, y € B} (in our situation V will be TM, for some ;
smooth manifold M and some z € M). |

If A() is a smooth integrable distribution on M, (which means that the
dimension dim A(z) equals k<n for some fixed k=1, ...,n, and for all z€M, and i
A() is involutive at each point €M) then, for each z°€M, we can consider its '
orbit (see [21]) , or the maximal integral manifold Ma (z°) defined as the set of
all points yeM given by [

y=(®% 0 @2 0.0 ®IN) (2°) (1)

with arbitrary N > 1, arbitrary ¢; € R, ¢ = 1,..., N, and arbitrary smooth

vi(z) € A(z). Also we will use a more brief form of (1):

y=<I>f(z0) with T' = (tlv"'atN)) W= (’Ul,...,’UN)- (2)
By ®;7(-) we denote the inverse diffeomorphism, i.e. (@;:IN aBigilish o...o<I>;1‘1) ()

We write by definition v(-) € A(:) iff v(z) € A(z) for each z€D,. Let us

DCM, then by [v,w](-) we denote their Lie bracket defined (in any coordinates)

as [v, w](m)z%v—%w. Finally, for ACM, we denote by A the closure of A in M.

3. Main Result

We consider a control system
& = a(z) + B(z, u)b(z) 3) |

with states z € M, and controls u € R!, where M is a simply connected, smooth,
n—dimensional manifold, a(-), b(-), are smooth vector fields (of class C"*! at
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least) on M, and f(-,-) is a smooth (of class C™*!) scalar function on M of class

C*. Next we suppose that M = R™ just to make the arguments clearer, however
| our technique works for arbitrary simply connected manifold M. We assume that
| a(-), b(-), and B(-,-) satisfy the following conditions

(A) For each z € M, we have b(z) # 0, and B(z,R!) = R!. In other words
the set Ag(z) := {B(z,u)b(z) | u € R'} is a 1-dimensional subspace of TM,=R"
for each z € M.

(Of course, the distribution z +— Ag(z) is integrable in the whole M, and,
for each z°€M, the corresponding maximal integral manifold of Ag(-) is the
(maximal) trajectory ¢ — ®f(z?)).

(B) Letk bein {1,...,n—1}. Assume that the disiribution M3z—Ag_;(z) C
TM,=R" is already constructed: for k=1, see condition (A), for k>1, we define
Ag(-) by induction as below. Then:

(B1) We require that x — Ag_1(z) is of rank k for every zeM, and i
involutive at each xeM.

(B2) Given z°eM, by Ax(z®) denote the set

Ar(z0) = Ap_1(2%) + {(®])sa(®;7 (2°) — a(z®) | YN>1 VT=(t1,...,tn)

| Yo(-)=(v1(:),...,on(-)) such that v;(z)€Ak_1(z) for all z€D,,, i=1,...,N} (4

We require that, for each z°€M, the set Ay (z°) is a (k+1) - dimensional subspact
of TMyo = R"™ and that the distribution z — Ai(z) is involutive (for all k =
0,...,n — 1, as we mentioned before)

We emphasize that, for each fixed 2%, we obtain Ag(z°) in (4) by taking al’
admissible v;() from Aj_; (i.e., along the maximal integral manifold Ma, _, (')
defined in (1)).

Let us remark that conditions (A), (Bl), (B2) are global analog of the
Jakubczyk-Respondek-Hunt-Su-Meyer the conditions from [5], [6].

If a smooth system & = f(z,u) is locally feedback equivalent to the triangular
form, then (see [9]) f(:,-) have (locally!) the form (3): f(z,u) = a(z)+ B(z, u)b(a]
with some smooth vector fields a(-), b(-), such that b(z) # 0 and with some
smooth scalar function B(:,-), regardless of whether this triangular form satisfies
the regularity conditions [B%"‘—l-l # 0, or we deal with the singular case.

Furthermore, any trianguiar system

Z; = f‘i(xlv ey 1.'1'.'.1), 1=1,.,n—-1 (5) :
Tp = f'n(xl,'--axn7u); &L= (CCl,...,l'n)T € Rn7 u € R!

such that f; are smooth, and fi(zy,...,z;,R}) = R!, for all 4 = 1,...,n and al
(z1,...,z;) € R (see [10, 13]) satisfies our conditions (A),(B1),(B2)

Conversely, assume that system (3) satisfies (A),(B1),(B2). Pick any 2eMB
and let ¢=p(z) : U@E®)cM — V(p(z%)CR" ((i=pi(z), i=1,..,n) be d
diffeomorphism of a neighborhood U(z%) of z° onto a neighborhood V (i(z°)F
of p(z°).
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Definition 3.1 We say that coordinates (; are canonmical for system
(3), or the map z—(=p(z) defines canonical coordinates for system (3) (or
~ canonical coordinates for the corresponding sequence of nested regular integrable
distributions Aq(-), ..., An_1(-)) in U(z°), iff, for each k = 0,...,n—2, the set
‘ 0 !(Dy) with

(A
= {(¢1,.-,¢n) € V(p(z®) | ¢ =const, i=1,..,n—k—1}

is an integral manifold of A in U(z?).
In other words, coordinates y;=;(z) i = 1, ...,n, are canonical for system (3)
in U(z°) with small enough U(z?), iff

B(E) = {¢eTM,.=R" | < Vpi(z),£ >=0, i=l,...,n—k-1}, k=0,1,...,n-2.

_ Remark 3.1 It is easy to prove that, if coordinates {;=¢;(z) are canonical for

nd s (3) in a neighborhood of some z°€M, then, (locally!) in some neighborhood of

& 2¥ this change of coordinates (;=¢;(z) brings the dynamics of (3) to the following
 triangular from

efine

v) .. ¢ f1(61,¢2) 0

(4) C:n—-z = fn—2(C1'7'-:-aCn—)1) + B¢, u) 0 (6)
\ ‘ C_n—l fn—l((la---,Cn 0
il 2 ATy )

where g,,(();éO in some neighborhood of ¢(z%) (but, of course the conditions of

8 2‘1)11 regularity | o | # 0 do not hold, in general). However, this is true only locally,
(«”) as we can learn from the following example.

- Example 3. 1 Consider the vector fields vy (1) and ’U2 ) in R? given by v;(z) =

(cosxl,—sm:zl) , and va(z) = (sinz;,cosz;)” . Put a: = (wN,0) € R? for all

. N € Z For ea,c¥1 N € Z, the map given by R2 3 (21,22) (@22 o ®21) ()

. is a diffeoomorphism of R? onto ]Jn(N — 1), n(N + 1)[xR (we do not solve the

[b(a:)’ corresponding differetial equations explicitly just because the solution can not be
fofx‘n e‘ written out as a combination of standard functions). Fix any z; > 0. Denote by
- A(z1) € R? the intersection of the trajectory zp — (922 o ®21)(z]) with {3} X R;
then from the symmetry of the curve z; + (272071 )(:c%’) w.r.t. {5} xR we obtain
that there is a unique solution (22(21),z1(21)) of (<I>22(z‘) o ®21)(z)) = in(z‘ (z9)
o w.rt. (Z2(21), Z1(21));
" £2(:1)

A=z )= (07 083 ) () ™

dal B

~and there is a unique solution (23(z1),27(21)) of the nonlinear equation
M B (0 0 031) (29) = 251 () wrt (55(21), 7i (1)), an

B 0 ey S A(z1)=(<1>v22 o¢>f,:)(x‘f>; (®)
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(in addition, the image of the curve R 3 zp — (®22 o ®2!)(2?) coincides with th
image of R 3 25 — (922 0 21)(z))).
Similarly, for any fixed z; < 0, there is a unique solution (£2(21), £1(21)) ¢
the equation (®2(1) o P21)(x]) = ) (20 ) wrt. (22,%) and
2(z) =25 Za(z) = Z2(—21) (9

(Of course, for z; < 0, and for the left half-plane, we could write the equalitie
which are similar to (8), but we omit that). '
By definition, we put

22(21) if 21 <0
P(z1) = ¢ +oo ifz; =0 : R —]0,+o00[
22(21) if.z1:>.0
and consider the triangular system
# = filz,22), #2=u (105

with states (z1,22) € R? and controls u € R!, where f;(z1,22) is given by

23 sin 2o if 2 <0
fi(z1,22) = ¢ O if 0 < 23 < 9(21)
(z2—1(21))° sin(zo—(z1))  if 22 > ¥(21)

for all (21, 22)€R? (if 2;=0, then t(21)= + 0o, and f1(0, 22)=0 for all 25>0, b
definition). By definition, put

f(z) e [fl(zlaz2)’ O]T’ g(z) s [O’ I]T’

¢n(2)= (8320 @71) (zYy), forall z=(z1,2)€R?,

and, in |-, 71[xR C R2, define the vector fields A(-) and B(-) by A = (¢o).f
B = (¢0)xg- Then the system

z = A(z) + B(z)u (11

is well-defined in ]—m, n[xR, and satisfies conditions (A), (B1), (B2). Finallj
using the maps ¢;(-), ¢_1(-), and the above-mentioned symmetry (see (7),(8),(9))
we can easily extend vector fields A(-) and B(-) onto |27, +27[xR, then ont
]-3m, +3n[xR, and eventually onto R x R so that (A), (B1), (B2) hold in R
Of course, system (11) is not globally feedback equivalent to a triangular systen
of form (6) in the whole R? (for instance, because it is globally equivalent to (105
in ] — m,7[xR?). On the other hand, system (11) satisfies conditions (A), (BIF"
(B2) in the whole R? by the construction. Our main result is as follows. ‘

Theorem 3.1 Assume that vector fields a(-), b(-) and function B(:,-) are¢
class C™t1, and satisfy conditions (A),(B1),(B2). Then system (3) is globall
controllable (in the whole M) in any time [to, T'.

The goal of this paper is to prove theorem 3.1.




with the

(21)) 9?

(9)

qualities
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4. The reduction of the main result to a
"backstepping' procedure

As we see from example 3.1, system (3) is not globally feedback equivalent to
a system from [13] in general, which is why the technique developed in [16] and
in [12],[13] should be at least revised essentially. However, if we want to follow
this pattern, we must first pick a point (z*,u*) € M x R! around which system

| (3) is regular, and (locally!) feedback linearizable. Using conditions (A), and (B),

we easily get the existence of a point z* € M such that

{b(z). [a, b)(z), ..., (ad’~'b) (z)} is a basis of A;_y(z) for all zeW (z*), 1<i<n
(12)

~ for some neighborhood W(z*) of z* in M.

Pick any t; €]to, T'[. In order to prove theorem 3.1, it suffices to show that we

~ can steer any initial state z° into z* in time J := [to, ], and that we can steer

(10)

¢* into any terminal state z7 in time I := [t;,7] w.r.t.(3). Next, we prove the
second statement only, the proof of the first one being similar. This statement, in
turn, follows from the following theorem 4.1, which can be considered as a certain
"backstepping algorithm".

Theorem 4.1 Let p be in {1,...,n—1}. Assume that for every zTeM, there
exists a curve t—z(t) of class C1(I; M), and there ezists a map (t,z) — p(t,z) =
(1(t,Z), ..., Pn(t, 2))ER™ of class C' defined in some neighborhood ECIxM of

- the curve {(t, 2(t))eIxM | tel} such that:

ZZOa by

(¢0)*fr

(1) F

Finally,
8),(9));
en onto
| in R
system
to (10)
), (B1),

) are of
globally

1) for each fized tel, the map x—>(p1(t,z),...,on(t,z)) defines canonical
coordinates for system (8) in the corresponding neighborhood
Ey={zeM | (t,z)€E} of z(t)eM.

2) 2(+), and (-, ) satisfy the equalities

.6901'(;,:'(1‘/))5“) L 3%(2,;(1&)) a(z(t)), hictigem lesganai oy ¢
g_<p_,~(t,_z(t_)l=0, =l Lignpe (13)

dt
(For p=1, the first group of equalitites is empty by definition, i.e., (13) has the
form 22628) — o =1,...,n,te])

3) 2(tr) = z*, 2(T)=a¥, and 322 (t1,2*)2(t1) = %2 (t1,2*)a(z*).

Then, for every zT € M, there ezist a curve t > y(t) of class C'(I, M), and
a map (t,z) — Y(t,z)=(1(t,z),...,¥n(t,x))ER™ of class C' defined in some
neighborhood GCIxM of the curve {(t,y(t))€IxM | tEl} such that

4) For each fized t€l, the map z—(1(t, ), ..., ¢Yn(t, z)) defines canonical
coordinates for system (3) in the neighborhood Gy:={zeM | (t,z)€G} of y(t)eM.

5) y(-) and Y(-,-) satisfy the equalities

y(t)z%—%’f—(i)—)a(y(t)), §sd detapyl el

ai(t;y(t))
oz
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M=O, 4 =0k SR L ek (14)

dt

6) y(tr) = o*, y(T)=a, and 2 (t1,2")y(tr) = T2 (tr, 2")a(a")

Let us show that theorem 4.1 implies theorem 3.1. Indeed, for p = 1, the
construction of z(-), and ¢(-, -) such that conditions 1),2),3) of theorem 4.1 hold is
straightforward. Let (=¢(z) ((;=@i(z), 1 = 1,...,n) be any canonical coordinates
for system (3) in a neighborhood of z*, and let (6) be the dynamics of (3) in the
coordinates (Ci,...,(n). Given an arbitrary 7€M, pick any z(-)€C(I; M) such
that z(¢t;) = z*, 2(T) = z”. Since the definition of the Lie derivative does not}
depend on local coordinates, the condition %%‘—(tl,m*)é(tl) = %‘%‘—(tl,x*)a(x*) is
equivalent to the equality i(t1) = fl(ff,fg) (where ((t) = @(z(t)), Ci(t) =
@i(z(t)), f:‘ = @i(z*), + = 1,..,n), and does not depend on the choice of
canonical coordinates around z*. Therefore, we can easily choose z(-) € C*(I; M)
such that the condition %‘%‘—(tl,x*)i(tl) = %%(tl,m*)a(m*) holds along with
the equalities z(t;)=x*, 2(T)=xT from the very beginning. Then z(-) satisfies
condition 3) with p=1 for every function (t,z) — ¢(t,z) € R" defined in af
neighborhood of {(¢,2(t)) | te€l}, and satisfying conditions 1),2) of theorem
4.1. In order to construct ¢(-,-), consider vector fields vy(-),...,vn(-) on M
such that A;(z) = span{v,—i(z), Vn—i+1(Z), ..., n(z)} for all zeM, i=0,...,n—L
(Since M is simply connected, it is orientable as well as A;(-), ¢ = 0,...,n—1,
and such vector fields do exist). Then, for each (€M, the map (¢1,...,tn) —

(@f}; 0o®to...0 <I>f,11) (¢) is a diffeomorphism of some (small) neighborhoods

Be(0) and U(€) of 0€R™ and £€M respectively. Let = — ¢(§,z) (6 = ¢:i(£, ),
i=1,...,n) be the inverse diffeomorphism of U(£) onto B¢(0). For any fixed®
(£, ...,£9), the map (i1, ..., tn) — (@3; 0dlr o 0@kt oo 0 <1>2f§) (€)
defines the integral manifold of the distribution A,_;_1(-) in U(§), i=1,...,n—L
Therefore, for every fixed £EM, the map = +— ¢(&,2z) (t; = ¢i(€, z), i=1,...,n)
defines canonical coordinates (1, ..., t,) for system (3) in some neighborhood U (¢)
of £. Taking into account that ¢(¢,£) = 0 for all zeM, we obtain that the map
z — @(t, ) defined by @(t, )=¢(z(t), z) in some neighborhood of {(t, z(t)) | t€l}
and the curve z(-) € C'(I;M) satisfy conditions 1), 2), 3) of theorem 4.1 with
p=l1.

Then, using theorem 4.1, and induction over p = 1,2,...,n—1, we get the
existence of a curve y(-)€C?(I; M) and a map z—¢(t, z)=(41(t, ), ..., ¥n(t, x)) €5
R" of class C! in a neighborhood G C I x M of {(t,y(t)) | t€l} such that
conditions 4), 5), 6) of theorem 4.1 hold with p=n—1, which implies, in particular
that y(t,)=z*, y(T)=xT, and

2l - Wby sy, i=1,.n-1, ter 5

Since (1 (t,+), .., ¥n(t,+)) are canonical coordinates in some neighborhood of y(t)
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(14) for each t€1, we obtain from condition (A):

____a:/;,(;;y(t)) b(y(t))=0, 1§i5n-1, and W@b(y(t)#& for all tel
the =
Id is
ates
the

Therefore, (15) implies that

HlLv®) 54y = PGID) (440)) + Bly(e), u®NBw), tET

such
nok = 1.1, for each u(:) € Loo(T; RY)
) is Then using a modification of the well-known Filippov lemma, condition (A),

and (16) (a similar argument can be found in [10]), we get the existence of

eN?)f u()€Leo(I; R!) such that

;V.. ‘ n\" : . 6 n\l,y

vich B Anlbyt)) yp) - XV 00 )1 py ), u)bw®)),  a-eon 1,
ul which yields

E Wt y(t) . .\ _ 0Pt y(t
O WO - V) (o) 400, u)b®),  aeon T
=1
=" Since the Jakoby matrix a—ﬂ%ﬂz is invertible for every t€l, the last equality is
ods equivalent to
> i(t) = a(u(®) + B u®P(®), aeon I
(€) Therefore, u(-) steers z* into z7 in time I = [t;,T] w.r.t (3). The proof of the
—1 fact that z° can be steered into z* in time J = [to, ;] is similar. Thus our main
,n) goal is to prove theorem 4.1.
/ (&)
IEI?I}’ 5. Proof of theorem 4.1
vith Next we always treat M as R™, and always write R" instead of M just to
simplify the notation, and to make the arguments clearer. For each >0, each
the (€R?, and each z€R™, we denote by Bc(¢), and Q¢ (z) the open balls in R? and in
) € R respectively given by B.(¢):={C€R? | [(—(|<e}; Qe(z):={FZER™ | [T—z|<e},
hat where | - | is the standard norm generated by the standard scalar products of R?
ilar and R™ respectively.
~ Take an arbitrary pe{l,..,n—1}, and an arbitrary zT€R™. Assume that
a curve z(-)€CY(I;R™), and a map (t,z) — ¢(t,z)=(p1(t,2),....,n(t,z)) €
15) R", which is of class C' in some neighborhood E C I x R"™ of the set
| {(t,2(t ))EI xR" | tel}, satisfy conditions 1),2),3) of theorem 4.1. Let (=¢(z)

(G=¢i(z), =1, ...,n) be some fixed canonical coordinates for system (3) in some
small nelghborhood U(z*)CW (z*) of z*, where W (z*) is defined in (12) (for
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instance, we may put ¢(z) := ¢(t1,z) - see conditions 1), 3) of theorem 4.1)

and let (6) be the dynamics of (3) in the local coordinates (Cy,...,(n) (in th _

neighborhood U(z*). Choose & > 0 (¢ < T'—t;) such that z(t)€U(z*) for

t € [t1,t1+7), and put by definition D := ¢(U(z*)); ¢* := $(z*); & = ¢i(a*)}

=1, ...,n; (*(t) 1= @(2(t)), ¢F(2) := ¢i(2(t)), i=1,...,n, for all t € [t1,t;+7].
Without loss of generality, we assume that

D={(C1,.--,¢n)ER™ | |G| < 0%, k=1,...,n}

with some o3>0, k=1,...,n, and that every integral manifold of each A(
(=0, ...,n—2) in D = ¢(U(z*)) is equal to

{(C1y s Gn)ER™ | =P, k=1,...,n—i—1; |Ck| < ok, k=n—i,...,n}

with some (P, k=1, ...,n—i—1 such that I <oy
By the construction (see conditions 2), and 3) of theorem 4.1), we have

(i) = 6hi = La sl mndGtisdp (G g Sid).
In addition (see (12)),

i

dfp
p+1

Therefore, there is 0€]0,7[ and w(-)€C([t1, t1+0]; R!) such that w(t;)=(,,; and

[W()|<Tp1s 102y (GFE)s ey G () 0(E)y Coyat), s Go(£)ED for all te[tl,nm)

(Cra 4% ’(;’C;+1) # 0.

and .
G (8) = fp(CT(8), ., G (8), w(t)), t € [t1, t1+0] (1§
For any fp+1(-)60([t1,t1 + o]; R!) such that

Cp+1(8)|<0p11, i€, {(C1yeenr Gpr Cpt1 (8, Gpaa(B), -y G (R))IGERY,i=1, ..., p}NDH

for all ¢ € [t;,t,+0], we denote by ¢ > 7(t,(pr1(-)) the (maximal) trajectory d
the p - dimensional control system

C.l(t) =f‘l(<1(t)’1<z+1(t))’ 1= 117p9 te [tl,t1+0] (19]

(with states ((, .. ,(p)) with the control Cp+1(-)=fp+1(-), and with the initia
condition C,étl) =7, 1=1,.
Since | -|#0, i=1,...,n in D (see (12)), the linearization of (19) around

(€ ()s - ,Cp(), w(-)) givenby

i+1 6f ;
Z 84; (CE(#)s s Gl @)X (@), i =1,...p5 tE [t1,E1+0] (20)
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with states (xi,..., xp)ERP and controls xp+1€R! is completely controllable;
therefore there exist p controls w;(-) € C'([t1, t1+0]; R'), i=1,..., p such that
(C1) wi(t) = wi(t1) = wi(ti+o) = wi(ti+o) =0, i =1,...,p;
(Cy) Each control w;(-) steers CER? into e; = (0,...,0,1,0,...,0)ER? (the i-th
unit vector of the standard basis in RP) in time I w.r.t. (20).

4.1),
1 the
or all

(z*),

P
For every A=(A1,..., \p)ER?, we define wy(-) by wx(t):=w(t)+ > Aw;(?),
i=1

telt1, t1+0]. Then wx(-)r=o=w(-); n(t, w(-))=(¢} (t), ..., (5 (t)), for all t€(ty, t1+0],
and, therefore, the trajectory t—n(t,wy(-)) is well-defined on [t;,%,40] for all A
from some small neighborhood of 0€R?; (n(t, wx(-)), wa(t), (5 ia(t), ..., ¢ (t))ED
for all t€[t;,#;+0], and all X in this neighborhood of 0€RP?; and the map A—F(A)
given by F(\):=n(t1+0,wx(+)) is well-defined in this neighborhood of A=0€R?.

Furthermore, from (C3), we get: %%(0)=(0, ,0,1,0, ....,00T€RP (the i-th unit
vector of the standard canonical basis in R?); then, there is €>0 such that the map
A—F()) is a well-defined diffeomorphism of B, (0) onto some open neighborhood
of n(t1+o, w(-))=(¢] (t14+0), ..., {5 (t1+0)). Then there is £1>0 such that

Be, (n(ti+o,w(-))) C F(B:(0)) and Qg (¢C*(t1+0)) C D.

Without loss of generality, we may assume that £>0, and ;>0 are small enough
and satisfy the condition:

laly i1 (8)+H(1—a)wx () +E€p+1]<op1, whenever | <e, 0<a<l, ,‘

pr+1l<€1, tE[tl,t1+0'] (21)

Fix any €2 > 0 such that

(18) Q.,(2(t)) CE; foralltel, (22)

where E; was defined in condition 1) of theorem 4.1, and

$(Qe,(2(t140))) C Qe (CF(t1+0)) (23)

Lemma 5.1 There are a curve y(-) € C*([t1+0,T],R"), and a map (t,z) —
U(t,x)=(1(t, ), ..., 00n (¢, 2))ER™ of class C' defined in some neighborhood
GClti+0,T] x R™ of the curve {(t,z)€[ti+0, T|XxR" | = = y(t), t€[ti+0,T]} !
such that #

1) For each fized t€[ti+0,T], the map z—(1(t,),...,Yn(t,z)) defines
canonical coordinates for system (8) in the neighborhood Gy := {z € R" | (t,z) €
G} of y(2).

2) y(-) and ¢(-,-) satisfy the equalities

(19)
itial

und

o Hlby@) gy - WVD) o), i=1,.0p, tEftrto, T |

oz oz
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d"pi (tvy(t))

dt
3) y(T) = 2T, and y(t1+0) € Qe, (2(t1 + 0)).
The proof of lemma 5.1 is given below in section 6. (Of course, it is based on{
condition (B), and on definition 3.1).
Let us assume that lemma 5.1 is already proved. This allows us to complete
the proof of theorem 4.1 as follows. Put

(1) = gy®), GO =), i=1,,n, tE€[ti+o,t1+d], (24)l

where 6€)o,5] is such that y(t) € U(z*), whenever t€[t;+o,t;+5). Then, we
obtain from (23) and from condition 3) of lemma 5.1

{(tr +0) € Qg (¢ (t1+0)). (25

=0, i=1,..,n, t€[t+o,T);

Using (21), and the standard argument based on the Gronwall-Bellmann lemma,
and on the Brouwer fixed point theorem - see [14] (and [12], [13] for our case|
we get the existence of a control (- ) of class C'([t1,t1+0];RY), (Jw(t)|<op+i
t€[ty,t1+o], whereas the norm || @w(-)~w(-)llz,(, t1+0m1) Should be smal
enough) such that '

(C3) w A(tl)_C;H, 40 (t))=fp41(C I 68 G LT i W(ty+0)=Cpi1(t1+0)
9 () +g) = Lot () 1),
P
(Cs4) The map A = F()) := n(t1+0,d(-)+ 3 Ajw;(+)) is well-defined for all
i=1

X € B:(0), and Be (n(ti+0,w())) C F(B:(0)).

Then we obtain from condition (C4) and from (25) (see [12],[13]) that there
exists \* = (A7, ..., Ay) in B¢(0) such that (Cl(t1+a) ,Cp(tﬁ—a)) n(t1+0, W« ()

where Wy« (+) is given by Wy« (t):=w(t)+ Z Njw;(t), t € [t1,t1+0]. Let us define '
=1

y(t), and ((t) := ¢(y(t)) on [t1,t;+0] as follows: by definition, put

(Zl (t)a sety Cp(t)) = 77(75, W ())7 Zp-f—l(t) = Wye (t)’ te [tl’ t1+0]; (26)

in addition, let Zp +2(")y +Cn(*) be any functions from C*([t1, 1 +0]; R!) such that

Zi(t1+a) = é‘i(tl +U)a dctz (t1+0) Ct (t1+0'), i= p+25 ey Ty (27)
mm=q,i=mzmm (28

and such that

IC;(V)<ai, i=p+2,....,n, ie., (Zl(t),...,zn(t))ED for all t€[ty, t1+0], (29

and then put:
C(t) == (C1(8), Ca®)),  y():=¢7'(C(#)), forall t€[tr,ti+ol (30
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Thus, we have constructed y(-) of class C1(I; R!) such that conditions 4), 5), 6) of
theorem 4.1 hold with every canonical coordinate functions ¢;(¢,y), j = 1,...,n
Indeed, the inclusion y(-) € C'(I;R™) follows from (24), from (30), and from

sed on (27),(26) (in addition, we take into account that

nplete Cp+1(t1+0) (p+1(t1+a) CPH (t1+0o) = Cp+1(f +0)

(24) by (Cy), (C3), and by (26), and that

d(,( ro) = fi(Ci(t1+0), ..., G (t1+0)) = filC1 (t1+0), .oy Ciga (B140)) =

n, we
dt

_ 4 <l
83 (t1+0), = T

~ by the construction). Conditions 4), and 5) of theorem 4.1 follow from conditions

mma, § ! { :
case) 1), and 2) of lemma 5.1 respectively (by the construction, (14) is true for all
. t € [ti,t;+0], and we can easily construct the appropriate (¢, z) for all t € I
.Op+1 Y PP

M following the argument from section 4). The equality y(T) = 27 follows from

small
condition 3) of lemma, 5.1; the equality y(t1) = z* follows from the definition of

((-) : indeed, by the definition of n(t,v(-)), we have
(El(tl), 1Zp(t1)) = "I(tl,w)\*(')) = (Ci: '745)1

conditions (C3), and (C) yield {1 (t1)=tx- (t1)=C;,; taking into account (28),
we obtain {(t1)=((},..,(3)=¢*, which yields: y(t;)=¢""(((t1))=¢"'(¢*)=2".
Finally, we obtain from (C3), and from (C;)

1+0),

for all

there
A ())1

lefine

dw,\-

(tl) fp+l(<,lk7---a C;aC;+11<;+‘2),

which yields: j"—(th *)y(tl)—a'/’ +1 (¢, x*)a(z*) (because the definition of the
Lie derivative does not depend on coordmates) Therefore, y(-), and 9(:,-) satisfy
condition 6) of theorem 4.1 as well. The proof of theorem 4.1 is complete.

(26)

) that 6. Proof of lemma 5.1

Consider the following control system of ordinary differential equations

(27) ZI;‘;( z(t) )a:(t e —a—l(t z(t))a(z(t)), 9=1,....p—-1, tel,' (t,z) € E;
(28) e (t,2(t) + G2 éax )&(t) = v(t); tel, (t,z)€E
%‘?( () + -5%’- (t :l:(t)):z:(t) =% O j=p+1,..,n, t€l, (t,z) € E;
(31)

(If p = 1, then the first row is empty by deﬁmtlon) with states zeR", ({,z)€E,
and controls v€R!. Since the Jakoby matrix 52 (¢, ) is invertible for all (t,z)EE
(see condition 1) of theorem 4.1), we can rewrite (31) in its standard form

@(t) = F (¢, 2(t),v(t)), tel, (t,z)€E, (32)

(29)
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where F(-,-,) is given by

)
a‘pt"’]— v O

F(t,z,v) = (33)

\ '—%&(t)iv) /
Given (7,%) € E and v(-)€ Loo(I; R!), denote by t—z(t, 7, %, v(+)) the maximal
trajectory of system (31) with the control v(-) and with the initial condition’
z(r,7,Z,v(:)) = Z (of course, (t,z(t,7,Z,v(:))) € E for all admissible t). I
addition, if v = v(¢, z) is a feedback control, which can be time-varying, and even
discontinuous, defined in some open subset E C E, in general, and if (7,%) € E. .
then we denote by t — z(t, 7,Z,v(:,-)) the (maximal) trajectory of (31) such that
z(7,7,Z,v(+,)) = Z as well (if this trajectory is well-defined). From conditions 2
and 3) of theorem 4.1, it follows that

2(t) = z(t, T, 27 ,v(-)) forall tel, (34)

with
vo(t) := 0, tel, (35)

and then, using the Gronwall-Bellmann lemma, we get the existence of 6>0 such '

that the trajectory t +— z(t, T, zT,v(-)) of system (32) is well-defined for all t€l,

and #
t,z(t,T,z7,0(-)) € E and |z(t,T,27,v()) - 2(t)| < =

2
for all tel, whenever || v(-) —vo ()l (1) < d (36)
for every v(-) € Loo(I; R') where €5 > 0 was defined in (23).
By definition, put:
T:={(t,z) e I x R" | tel; |z—z(t)| < e2}. (37)

Lemma 6.1 There exist a curve z(-)€C(I;R™), a finite sequence of opent
sets {T; },_1 of the form T; =|ri— a,,7,+a,[x95,(:r,) with some (T,,ar:,) e T
i = 1,..,N, a finite sequence of numbers 7} in [t;,T], i = 1,...,N+1, N
finite sequences of vector fields vi={vE(- )} w_, each of which belongs to An_p-1(]
(i e. vE(- )EA —p-1("), k=1,..., ki, i=1,...,N), and N finite sequences of numbers

={uF}5 . u¥>0, k=1,..., ki, i=1,..., N, such that

N
1) Qﬂ'.(xi) & 91/-1’ ko=l Sk U Tt g lan st

g =1
2) T=T>13>..>TN>Ty =t z(T)=2z"; and (t,z(t)) € Ti, whenever
te[rr, 77, i=1,..,N
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maximal
ondition
le ¢t). In
and even
&) € By
uch that
itions 2)

(34)

(35)

>0 such
all tel,

(36)

(37)

of open
i) € "T’
V+1, N
n—p-1(")
numbers

henever

: proof of lemma. 5.1 clearer, we a.ssume that ks =11 ="1§

3) For every i=1,...,N, and every t €|7% ,,7;[, ©(t) is well-defined, and

0, T o ; SR 90,
'é%(t,x(t))z( ) = (P] (t z(t))a(z(t)), Jj=1,..,p—1, te]Ti+l’Ti [, =1,...,N,
(38)
3‘PP a‘pp . * * .
—(%—(t,m(t)) + %‘;(t,fl?(t))x(t) = v;(t, z(t)), t €l 1=1,.., N,
X (39)
a“;f( z(t)) + ( (t))&(t) = j=p+l,.,n, telrhn, 7l i=1,..., N,
(40) .
where vi(t,z), 1 = 1,..., N are given by
e P 6‘/’11 pi —pi NET. el
v,(t,x)—?t—(t,x) (t z) (%), a(®,F(x)) for all (t,2)€T;, i=1,..,N
(41)
and satisfy the conditions
lvi(t,z)| < & Joreach (.2)ET;, .. t=l,...N (42)

with 0 defined in (36).
(According to the deﬁmtlon of the dlffeomorphlsms ®Li(-) and &,/ (:) for
finite sequences 1/,—{1/ )}k k & m={pk },c 1 Wthh was given in section 2, we

have: ‘I>,,"'-<I> ”‘ o.. o<I> ;<I> —<I>”;o o<I>“ )

First we assume that lemma 6.11is already proved and prove lemma 5.1. The
proof of lemma 6.1, in turn, is based on condition (B) for system (3) and is given
in Appendix (we point out that it is a modification of the proofs of lemmas 3.4,
and 3.1.1 from [13]; in particular, condition (B) allows us to find v;(¢,z) given
by (41), and satisfying (42)). Let z(-) be a curve from lemma 6.1. To make the
..., N, i.e. each sequence

= {ut) ,c'__l and v; = {vF(")} k' 3 consists of one element only, and then, to
mmpllfy the notation, we put p; := pu}, v;(-) := v}(-) (however, we will explain
how we can adjust our eonstructlon in the general case)

Put v(t) := vi(t,z(t)), t€]r’,, 7], i = 1,..,N. Then, v(-) is a piecewise
continuous open-loop control Combining (42), and (36), and taking into account
(38)-(40), and condition 2) of lemma 6.1, we get

|z(t) — 2(t)] < 523 forallt € I (43)
Let Ny in {1, ..., N} be such that 73, ,, <t1+o <7y, . Without loss of generality,
we assume that 7y, ,,=t140; otherwise, with slight abuse of notation, we put by
definition 73, ,,:=t1+0, whereas 7*, 1=1, ..., N are the same (the terminal point
of the curve y( ) mentioned in lemma 5.1 is t;+0, and, therefore, we should deal
with [t;+0, T instead of [t1,T] in this section).
Take any £3>0 such that £3<%. For any 7<t in [t1+0,T], we define:

I7 ={(s,2) € [, Y] xR" | s€lr, e}y lz—a(®) <es}); T:i=Tiy, (44)
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1
By the construction, (77, ,,z(7%.)) € TiN Ty, i=1,..., No—1; therefore £3 in
10, 22 can be chosen such that I in (44) satisfies the conditions

1’:’0-{—1 '
TI‘V()+1 @ “TNoy (45)

» — y =
o T CTiNTim, i=1,..,No—1; T

No
fel . . (46)
=1

Put 00 := min{T:—_QT;i‘—, 1<i<Np}. Then, there exists M >0 such that, for every
sequence z={o,-}£vz°1+ ! satisfying the conditions 0<o;<0?, i=1, ..., No+1, there are
a smooth time-varying vector field v,(t,-), t€[ti+o,T], and a smooth function
Px(-) € C®([t1+0;T); [0,+o00[) such that

tse(T)=ps(ti+0)=0;  and  p,(t) = pi,
whenever ¢ € [7 1+0i41, T, —03], i=1,...,Np; (47)
Vs(t,") € Ap—p-1(-), whenever t € [t1+0,T]; (48)
Vs(t,z)=vi(z), whenever z€D,,, t€[r+0it1, 73 —0i), i=1,..,No, (49§

and such that the feedback control v,(t,z) given by

d 0 198
va(t,2) = FL(t,2) + Z2(t,3) (a9 al@) i @) (50)

satisfies the condition
max{|F (¢, z,vx(t,z))| | t€[ti+o;T]; €0, (z(t))} < M, (51)
where M is given by

O¢p

M = max{|F (t,z,v)| | v= 5

(t,z)+

204, 2) (08), a(@74(=)), (0) €T, 0Spsi i=L o). 62
For instance, given s={c;} %" with small enough 0;€]0, 0, take any functions
Xi() € C®([t1+0,T);R), i =1, ..., No, and A(-) € C*([t1+0,T); R) such that

Y xt)=1, and X(t) 20, i=1,.,No,  forall t € [t14+0,T);

: T3 x_Ti : =
Ai(t) =1, whenever t € [T:+1+—%—1', 7} —E'], i =2, 00Vl JA100) =

a2

gﬂ’ﬂ}.
2 2

whenever t € [15+—, 71); Ano(t) =1  whenever t € [Th,41) TNe™
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3 in I XD+ i1 (2) = 1, whenever ¢ € [T,-’“_i_l—g—';—l, ,+1+a'2+1], = 1.5 No—1;
No
(45) Aft) =11 whenever t € i_LJl[T,-‘+1+ai+1, 0ok
0<A(t) <1 whenever ¢ € [t1+0,T];
No—1
‘9 A(t) =0 whenever ¢ € H Ti1 03,.1’ :+1+a,_;1 ;
very A(T) = (t1+a) =
> are

tion Then p,(-) and v, (-, ) given by s (t)= Z widi(t)A(t) and v, (t, z)= % Ai(t)vi(z),

1=1
e[ty +0,T), z € D, satisfy (47)-(52).
Let us remark that our vector field v,.(t) is actually time-varying only around

the moments of switching 7, which allows us to construct the smooth feedback
(47) control (50). If each v; were a sequence of vector fields {¥f(: )}¥i |, we would have
(48) | 1o take into account each switching from v*(-) to v¥*1(-). The above-mentioned

convex combinations would become more complicated, but the idea would be the
(49) same.
~ To simplify the notation, put v,(t) := v,(t,-).
Lemma 6.2 There ezists »x={0;},=| No+1 with small enough o, 0<a,<0 :
i=1,..., No+1 such that the corresponding tra]ectory t3,(t):=z(t, T, T, vse(, "))

(50)" -of system (31) with the (smooth) feedback control v,(-,-) given by (50) and with
the "initial"condition ,(T) = zT is well-defined for all t € [t+0,T), and
satisfies the condition

(51) |Z,(t) — z(t)] < €3  for all t € [ti+0,T] (53)

(which implies (t,,(t))) € T, whenever t € [t1+0,T]).
To prove lemma 6.2, we just note that

Ty(t)=2(t, T, 2T, v,(,-)) and z(t)=z(t,T,z",v(-,)), forall t€[ti+0,T)]

No
(52) d vy (t, z) = v(t, z), whenever t€ Ul[ 1} 1+0is1, 770, T € Qg(2(t)), where
i=
s 5
108y Lty x) = vi(t, T), whenever 7%, <t<7, (t,z)€T;, i=1,...,No, (54)

at
with v;(¢,z) defined in (41). In addition,

max{|F (t,z,v,(t, )| | t€[ti+o,T), z € Qey(x(t))} < M;
max{|F (t,z,v(t,z))| | t€[ti+0,T], z € Qey(z(t))} < M;

Therefore, if o; > 0 are small enough, then t—x,.(t) is well-defined on [t;+0, T,
and || 2,.(-)—z(-)ll¢(r;mny is small enough, which can be proved by the standard
gument based on the Gronwall-Bellmann lemma. Lemma 6.2 is proved.
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Finally, we put: u(t):=p,(t), v(t):=v,(t), t€[ti+0, T), with p,.(t), v, (t) from
lemma 6.2, and

y(t) :== @;(’t‘)(t)(a:x(t)), whenever t € [t1+0,T) (55)

Bj(t,9):=0i(t, B (1), j=1,...p, whenever ye@ /" (Qey(a:c(t))). (50

Let us show that y(-) defined by (55) satisfies conditions 1),2),3) of lemma 5.1,
Indeed, since z,(t) = (b"fg)) (y(t)), we obtain from (55), and from (31):

;i (t, 1) (y(t ao"l
e L 50 | W)+ (265) v | =

Bpi (t, @) (w()) ,
= = a@Q W), j=l..p-1, telti+o,7] (5]

By the construction, v(t) € A,_p_1, for all ¢; therefore

Bp; (t, D41 (4)) (6@5&3@))

5 g o LI, TS e (58)

for every admissible y and ¢. In addition, from (A),(B) it follows that
a (@) - (243)_aw®) € Anp(@H (¥(®))
Therefore, we get from (57), (58)

Bi;(t, D4 (y(1))
N ey o ald D) «(t)
j=1,...,p—1, tE€ [ti+0o,T].

Combining this with (58),(31),(50),(55) we obtain that the last equality holds
for j=p as well. On the other hand, by the definition of %;(¢,y), the obtained
equalities

Bpj(t, B (y(1)))
oz (

dp;(t, @9 (y(t))) Bp;(t, 0 (y(1)))
gyl e e
j=1a oy Dy te [t1+U7T]
are equivalent to
; ) —9‘-2’1 ity Cad R0 59
gj-(t,y(t))y(t)— By (t,y(®)a(y(t), j=1,...,p (59)
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Finally, by the construction, p(7")=0, which yields y(7")=® "‘ (T) (T2 2 T
2T, and p(t;+0)=0, which yields: y(t,+0) = @U(‘:f:i;")(x,,(t1+o)) = T,,(t140).

Combining this with (43) and (53), we obtain: y(t;+0) € Qc,(2(t1+0)), which
yields condition 3) of lemma 5.1. Let (t,z)~4(t,z)=(¥1 (¢, z), ..., ¥n(t,z))ER"
be any map of class C! defined in some neighborhood GC[t;+0, T]xR" of the
set {(t,z)€[ti+0o, T)xR™ | z=y(t), t€[ti+0,T]} such that, for every fixed t€l,
we have ¥(t,y(t))=0, and the map z—(¥1(¢,2),...,¥n(t,z)) defines canonical
coordinates for system (3) in the neighborhood Gy := {z € R™ | (t,2)€G} of y(t).
(Since y(-) is already defined, we can easily pick such a map following the same
pattern as that proposed in section 4 when proving theorem 3.1 as a corollary of
theorem 4.1. For this, we should consider the map (¢1,... ) — (Bl o @ﬁ}'n Hib

o ®1 )(y(t)) for each fixed t€[ti+o,T], where w;(-), z—l ,n are any vector
fields on R” such that A;(z) = span{wp—;i(z), wp—i+1(z), ..., wn (w)} for all zeR",
i=0,...,n—1. This map is a local diffeomorphism in some neighborhood of #;=0,
i=1,...,n, and the inverse map z — (t,z) defines canonical coordinates in a
neighborhood of y(t) for every fixed ¢t € [t;+0,T), and satisfies the condition
P(t,y(t)) =0 € R"™, t € [t;+0,T]). Then, since the definition of the Lie derivative
is coordinate-free, we obtain from (59)

dz/),-(fity(t)) g j=1,...,n, telti+o,T]

which yields conditions 1), and 2) of lemma 5.1.
Thus y(-), and (-, -}=(¥1(-, ), .-, ¥n (-, -)) satisfy conditions 1), 2), 3) of lemma
5.1. The proof of lemma 5.1 is complete.

7. Appendix

7.1 Proof of lemma 6.1

>From conditions (A),(B) it follows that for each (¢,z) in T = {(t,z) | tel, |z—
2(t)| < €2} (see (37)) there exist a smooth vector field vy z(-) € Ap—p-1(-), and a

point y = ®,,..* (z) with some p;,>0 such that

%20 1,2) + 922 (1,2) (@l4), a(@724" (@) = .
(Actually, there is a finite sequence vy, of vector fields from A,_,-1(-) and
the corresponding sequence, of nonnegative numbers, which we denote by pt s,
satisfying the above-mentioned equality, as in the formulation of lemma 6.1.
However, to make the arguments clearer, we again assume (without loss of
generality) that each of these sequences consists on one element only, then we
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denote these elements by v4,, and . respectively. The proof for the general
case is the same). Let Ty, be an open set of the form T}, =|t—a,t+a[xQs(z)
with some @>0, >0 such that for its closure fm = [t—a, t+a] x W we get
@,/ (Qp(z)) C Dy, for all pe(0, ), and

0 7] i .
|2 (8,2) + 2 (5,2) (@442), a(@* ()| < 6 forall (s,2) € Tur, (60)
where ¢ is defined in (36). Since TC |J Tiaz, and T is a compact set, there
(t,x)eT
7o
exists a finite open subcovering {T,=T}, 4, };2, such that T C |J 7. To simplify

r=1
the notation, we put by definition:

T =Tt e Ur():=Vt 2, ("), Wri=tt, 2, Yr:=0 0 (z;), r=1,...,70. (61)
Then

% (1,2) + %%E(t,a:) (@tr), a(@; (2)| <6 forall (t,2) €T, (62

ot
By definition, put:
2 1 e ad a¢p(t,$) :
L:= S +1)’ where M := max{ |F(t,z,v)] | v= ) 3

+a‘p;:9(:f:, 2 (Qﬁj.a(@;ﬂ(m)), (t,z) € Trv 0<p<pi, i=1,..,mo} (63)

N
Given any (t,z) in Lj Ty, define 6; ;(-) and 7y 2(-) as follows
r=1

O12(2) :=t+of, — Lz —z|; me(2):=1t- of,+ Lz —z| forall z€R",
where af , > 0 is a small positive number such that for each set
Sz :={(s,2) €I x R" | Tyz(2) < 38 < 012(2)}

there is r=r(t,z)€{1,...,ro} such that S;; C Ty ). Since TC U Stz and T
(t,2)eT

mo
is compact, there is a finite open covering {St, zn}tmey of T: T C U Stzm

m=1
Again, in order to simplify the notation, we put

O () =01 200" P 1= Taiinn ()i, O 1= {(5,2) € IXR" | Ta(2) < s < Om(2)};

Tm = r(m)> Um(") i= Vr(tm,zm)('); BPm = Pr(tm,zm) #m = Lr(tm,zm) (64)

Thus, from now on, we deal with notation (64), and notation (61) is no longer ]
valid. Let us remark that each 6,,,(-) and each 7,(-) satisfy the global Lipschitz
condition Y

VyeR" Vz€R" |r;(y)-73(2)|<Lly—2l; 10;()=0;(2)|<Lly—zl, 3=1,...mo.
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Generalized coordinate-free triangular form: global controllability

Let Z be the system of all the sets given by
Bo()9(), A0, 4s 1= {(5,2) ERXR™ | 9(2) <5< O(2)}\{(s,2) ERXR"| (s=

=9(z), z € Ag) or (s = O(z), z € Ae)} (65)
where ©(-), 9(-) range over the set of all the functions of class C'(R"™; I) such that

1B(y)-O(2)|<Lly—z| and [8(y)—D(z)|<Lly—=2|, forall yeR", z€R", (66)

(with L from (63)) and AgCR", AyCR™, range over the set of all subsets of R".
Note that, if 9;(-), j=1, ..., N, are some functions of R" to R such that

Yy e R" VzeR" 19;(y) —9;(2)| < Lly—=2|, j=1,..N,

~ then, for each yeR"™ and each z€R", we obtain:

9i(y)— < — min 9,(2)|<Lly—
| max 9;(y)- max 0;(z)|<Lly—2| and | min 9;(y)- min 9;(z)I<Lly 7|
Therefore, it is easy to prove that E satisfies the following conditions: (a) 0€E; (b)
for each '€=, and each £"€ZE, we have £'(L” € E; and (c), for every LeZ, and
every X1 €E, if 21C2 then there exists a finite sequence {2 % o C E of sets from

E such that ¥ = U %, and ;NE; = 0 for all i#j, {i,5}C{1,...,q0}. (In other
gt

words, Z is a "semiring"of sets - see [7]). Since every Spm, m=1, ..., my is an element

of 2, we there exists a finite sequence {2;}, ) of sets Xy = Xg,(.),0,(-),40,,49, € =

(see (65), (6 )) such that first, Sy (S = 0 for all ' # 1" in {1,...,lp}; second,
lo
g C U S (= U S,n; and, third, for each l€{1,...,lp} there is m(l)e{1,...,mo}

m=1

such thdt ¥ C Sm(g) l
For each | € {1,...,lp}, we define the feedback control v (t,z) in Tp) as

follows

Ay (t, Op,(t, L r
y(t,z)= sop;t a:)+ (pt')(:z: 2 (q)ﬁm((:)’) a(éyﬁ(,)(')( ))  whenever (t,z) € T,
(67)

and then we define the following (discontinuous!) feedback control v = v(t, ) in

lo
¥:= |J & for system(31)
b ¥ 4

v(t,z) :==v(¢,z) whenever (t,z) € L;, 1 =1,...,0. (68)

Then, the following auxiliary statement holds.

Lemma 7.1 There are a unique trajectory z(-) € C(I;R") of system (31)
with the feedback law v = v(t,z) given by (68), and with the initial condition
#(T) = zT, a unique finite sequence of indices {I; j=1 € {1, ..., lo} and a unique
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sequence T = 70 > 75 > ... > 7 > Th, = t1 such that l; # 1; for all i # j in
{1,..,N} and

1) &(:) is defined and continuous at each t in I\ {73, ey TN} and
(t,z(t)) e T and |v(t,z(t))| < é (69)
forallte 1.
2) For every j=1,...,N we obtain
(t,z(t)) € Zyy;  2(t) = F(t,z(t),v(t,z(t))  for all t€]ri,y, 7] ] (70)

7 =0,((1)) T =94 (a(rf)); 3

where F is defined in (33), and ©y(-), 9;(-) are given in the definition of ;.
Proof of lemma 7.1 To prove lemma 7.1, we need to modify a specific auxiliary
argument proposed in [13, 16]. We will prove the existence and the uniqueness of
z(-) and {El.},_l by the induction on i=1, ..., N. Also, we will prove (by induction
on i=1,...,N) that z(-) and that (¢, x)Hs;(t, z) and (t,z)—(t, z), given by

S[(t,ﬂf) =t_"9l($)a tl(tvz) ik t—el("v)s (t,.’l,') €eRxR" (72)
satisfy the conditions

3(t2— By S S i+ 3(t2_ )

2 it z(t)) —t(7, 2(7)) 2

b~
2
For i=1, define: 7;'=7{=T. At this stage, we have empty set of /;, ¥, and
empty set of equalities (70),(71),(73), j=1,...,i—1, and the algorithm for getting
l1, 3y, and 75 is the same as in the general case ¢>1, which we con51der now.
Assume that, for some i>1, there are a unique sequence {l; }’ (for =1
the sequence is empty - see the previous paragraph) such that l ;élq for all
j#q in {1,...,i—1}, a unique sequence T=7{>75>...>7]>t;, and a trajectory
z(-)eC([r},T); R") such that (69),(73) hold for all t€[7;,T]; and (70),(71) hold
for all j=1,...,i—1; &(-) being well-defined and continuous on [7;*,T]\ {73, ..., 7}
(again, for i=1, we have empty set of equalities (70),(71),(73), and (69) is trivial).
If 77=t,, the proof is complete, therefore assume that 77*>t;. By the induction

lo
hypothesis, (7;*,z(7)) € T; then, since T C int (U 21) by the construction,

> for- 8l ¢ 5ry, T E O P TN L . (73)

there is ag > 0 such that (77 —s,z(7}))€ U ¥, for all s €]0, ap]. Since Ty [V X =

@ for all I' # 1", there are a unique ; E{l ., lo} and a unique T € [t;, 7] such
that |7, 7 [x{z(7})} C &y, and T = ¥, (a:(T*)) ¥ = Oy, (z(7])). Since vy, (-, ) is
well-deﬁned in ‘J'm(,) (see (67)), and (7}, z(7; ))EE; C T, the trajectory
tx(t, 7%, 2(7}),v,(+,)) is well-defined on some maximal |5, 7] such that
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a(t, 75, 2(77), v (-1 +)) € Tn, for all ¢ €]3, 7[. Put: zy,(t):=2(t, 5, 2(7}), v, ()
for t €]s,7}]. Note that from (33),(63), (66) (and from the inclusions ¥,€E,
I=1,...,1p) it follows that, for every I'€{1,...,lg} such that (7", z(7]))€T ) the
trajectory t — zy (t) := z(¢, 77, z(7}'), v (-, ) satisfies the conditions

(t—7)
2

3(t—7)

> si(t,ze(t)) — si(m,ze (7)) 2

3(t2 A, = tl(t zp(t)) — ti(r, zp (1)) 2 (—t—E—Q, baroid- 5 lianl (74)
In particular, (74) holds for I'=l; and for all ¢, 7 in |3, 7", then t—>s;(¢, zy; (t)) and
t—t)(t,z,,(t)) are strictly increasing on ]3, 7;[. By the induction hypothesis (see
(71) for j=1,...,i—1), we obtain: (7}, z(7}))=0, s;(7}", z(7}))>0. Since s;(t, ) >0,
and (¢, :1:)<0 are equivalent to t>9;(z) and t<©;(z) respectively, we obtain that
(t,z(t, 7}, z(7}), v, (-, -))) belongs to &y, for all t€]7; —ayg, 7;[ with some cg>0, and
moreover there is a unique 77, ; €]3, 7' such that ¢, (¢, zy, (t))<0, s, (¢, @y, (t)) >0 for
all t€]r},,, [, and t;,(t, z,(t)) <0, sy,(t, 24, (t)) <0 for all t€]5, 774 [, which yields

(ta wl.’(t)) € Elv .'1'1‘1'. (t) ST F(t,zl,.(t),w,. (t?xli (t))) for all ¢ G] Tit1s (*[ )
75
(t,z,(2)) & 2y, for all t €3, 74| (76)

Taking into account that z;, (7;')=xz(7;") by the construction, we obtain from (75)
and from the induction hypothesis that our l;, &,, 775, and z(t) given by z(¢) :=
z;,(t) for all ¢ € [7},,7]] satlsfy (69)-(71), and (73) for all j =1,...,i—1,¢.

The uniqueness of I;, Xy;, 77, and z(-) on [7],,, 7] such that (75) holds with
some 77, (1, <7}) follows from (74), which is true for each ! in {1,...,lo} such
that (77,2(7;)) € Tm(y. Indeed, if there are I'#l; in {1,...,lo}, "r';+1<*r;, and
() € C([Fr 1, 77, R N CH(T14y, 77 [; R™) such that

z(1})=z(7}); Z(t) € Ly for all ¢ €7, 7|

T(t) = F (8, Z(t),v(t,Z(t)) = F (£, Z(1), v (£, 7(t), tElFi, 7]
Iy (?;+1>§('—f:+1)) = -7—-:+13 (77)

then we get from (74) and from the definition of l; : sy, (¢, Z(t)) > 0, t;,(t,%(¢)) <0
for t €|7,7}[ with some 7 E]TH_I, [, which yields: (¢,Z(t)) € Ty )Xy for
all t €]7,77[. Since Sy S, = 0 for each I' # l;, we obtain that I' = I,

which proves the uniqueness of /; and of X;. This, in turn, implies that
Z(t) = z(t) for all t € [7,7}], where 7 = max{7},,, hLl} The function
s,(t) = t — 9,(¢,z(t)) is strictly increasing on [75 1, 71U +1, 7;]; therefore,
from the equa.htles Y, (Tr 1, Z(Ti 1)) =T, Y (T, +1,x( £+1))=T1y1, it follows that
7=T;,,=T;}1, which proves the uniqueness of 7", ,, and the uniqueness of z(-) on

[r%1, 7). Let us remark that (¢,z(t)) € T for all ¢ € [}, 7], which follows from
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the inclusion (t,z(t)) € T for ¢ € [7}, T (see the induction assumption) and from|
the choice of § (see (36),(60)). Finally, (73), and (74) with I’ = { yield
3(t—1) 3 (t—7) 3t =71)
LV 2

2 si(t, z(t))—si(r, (7))

(t—1)
2
which implies that s, (¢, 2(t))>0>sy, (¢, 2(t)), j=1,...,i—1, and therefore l; # I;
for all j=1,...,4—1; hence l; # I, for all ¢ # j, {q,7} C {1, ...,4}. The construction

of Xy;, 7741, and z(¢), t € [7,,,7]] is complete.

Thus, we obtain by the induction sequences {/;}, {¥;}, 7}, and the trajectory
z(-) of system (31) with the feedback control v=v(t,z) given by (68) such that
z(T)==zT, 7i41<7j; Li#l; for all i#j, and (69)-(71) hold for all j=1,2,... . K
T 1=t1 for some i€N, we put N:=i, and the proof of lemma 7.1 is complete.
Otherwise, sequences {77}, and {/;} are infinite, which is impossible because
{l:i}c{1,...,lo} and l;#l;, whenever i#j. The proof of lemma 7.1. is complete.

Finally, we put T3:=Tp,q,), and v;(t,z):=v,(t,z), for all (t,z)€T;:=Tp,),
1=1,..., N. Then we obtain from lemma 7.1 that our sequences of T; and v;(-,"
satisfy all the conditions of lemma 6.1. The proof of lemma, 6.1. is complete.

2 4(t, 2(t))—ti(1, z(7)) 2

> for gl Ve i r P o T A =1, ...,
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