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Berynwi ciosa.  Hapasi BBazKaeMo, 10 CayXadi MaloTh ysSBY IPO KiJbIlsd, 30Kpe-
Ma, TIPO KiJIbIle Z IMIINX 9uce] 1 Kinblie Z, KJIaciB JUIIKIB 38 MOJIyJIeM N, e 1 —
HATypaJibHE YHCJI0, 110 Oibie abo jtopiBHIOE 2. Li KijIbI KOMyTaTUBHI, TOOTO



XY = Yy Ajs1 OyJIb-IKIX CBOIX €JIEMEHTIB X, ¥, 1 B HUX € OJIMHUIIA. TaKoyK BBazKa-
€MO, 1110 CJIyXadl MaloTh YsIBY IIPO II0JIsd, 30KpeMa, 1Ipo noje R aiiicHux duce,
nosie (Q panionanabHuUX duces, Hose Zy, Ae p — 1IpocTe HaTypaJble ducio. Bu-
3HAYEHHS KiJIbllsl, HAHIIPOCTIIII BJIaCTUBOCTI orepalliil B Kijiblii, 1mijg0ipKa 3a/1a4,
1[0 CTOCYIOTHCST HAMITPOCTIIIIX pedeil B KibIll, MOYKHA 3HANTH B KadepabHii
MeTo 4 Hii po3podii “Kinbis”

[IpoTrsirom poboTu 1acTo OyAyTh BUHMKATH CYMH, [0 MalOTh YU HECKIHUEHHO
barato JOJAHKIB, 9i MPOCTO Oarato (BCl BUIHCATH HEMOXKJIMBO), UM JIOJAHKIB
3MIHHA KIJTbKICTh. B Takmx BuIajkax BUKOPUCTOBYEMO 3HAK ITi/ICyMOBYBAHHS
> . Takum annom,

n o
:L“o—l—xl—l—...—l—xn:in:in, :z:o—l—xl—l—...—l—xn—l—...:in.
i=0 i=0

0<i<n

3riIH0 BUKJIAIAILKOI TpauIlil, TexXHiKa POOOTH 13 3HAKOM CyMU He IOsICHIOE-
ThCH.

BractuBocTi mificHUX 4nceal — KOMYTATHBHICTD J0jaBalsd Ta MHOXKEHHS,
icHyBaHHsI 0OEPHEHOTO JI0 KOYKHOT'O HEHYJILOBOI'O YHUCJIa, PO3IOJILIbHI 3aKOHU
JUI JIOJIaBaHHSI Ta, MHOYKEHsI BBAXKalOThCs BIJIOMUMU 1 BUKOPUCTOBYIOTHCS 0€3
JIOJIATKOBOT'O Hara IyBaHHSI.

Konn B TekcTi #eThed Tpo 9mucyia, TO MAIOThCA Ha yBas3l eleMeHTH KOMYTa-
TUBHOTO Kijibllst R 3 ojununero (a.b € R = ab = ba,1 € R) i 6e3 jlibHUKIB
wyis (a,b € R,ya,b# 0= ab # 0), au noJjs, sike

e a00 YITKO BKa3aHe;
e 200 BrajyeThCsl i3 MOBHOIO OTOYCHHS;

e a00 2K He NPUHIUIIOBO, 3 SIKOIO caMe KiJbId IIi 1uc/ia 0epyThes.

1 MHuoro4jenu Bia oJHiET 3MiHHOI
1.1 BusHa4deHHsi psiJiB, MHOTOYJIEHIB i Aiii 3 HUMU

Buznauenns 1.1 Qopmanrvrum cmenenesum padom 610 3minHoi x 3 Koedi-
uienmumu i3 Kiavus R (abo, tHwumu caosamu, wad kiarvuem R, nad Kiavuyem



xoegiyienmis R) € eupas suzandy
oo
a0+a1$+a2x2—|—...:2aixz, a; € R, 1=0,1,....
i=0

Yucna a; € R nazmBaioTh Koedirientamu psy. KoedirienT ay Ha3zmBaioTh
BIJILHIM 9JIEHOM. 3a JIOMOBJIeHICTb BBaskaeTbes 20 = 1,  agz’ = aq.

JBa psiau 30iraloThest Ol 1 TIABKM TOJI (38 BH3HAYEHHSIM), KO y HUX
OJIHAKOBI BIJIITOBIAHI KOEeDIII€HTH.

Jomanku psjga 3 HYJIbOBUMHU KoedillieHTaMu MOXKHa He IucaTu. fKIno Bci

KoeIIEHTH JIOPIBHIOIOTH HYJIIO, TO Psij MTO3HAYAIOTH CUMBOJIOM (.

IMpuknazg 1.1 3anuc (supas)
(0]
2 + 3z + 4a? + 527 + ... :Z(n—|—2)x”
n=0
€ POPMANLHUM CTNENEHEBUM PAJOM 3 BiabHUM Ysenom 2. Koediuienmom npu
24
x* e 20.

IMpuknamg 1.2 3anuc (supa3s)
(0.9]
2+3x+42>+023 4021 ... = Zanx”, ay=2,a1 =3,a0=4, a,=0npun>3
n=0
€ PoPpMaNLHUM CMENEHESUM PAJOM 3 BIALHUM YUACHOM 2 | AUWE MPLOMAL He-
HYADOBUMU D00AHKAMAU.

Busnavenust 1.2 [losinomamu (v MHO20UAEHAMU) HA3UBAIOMD HOPMANLHI
cmenenesi padu, UL MaAMb AUWE CKINYEHHY KIALKICMD HEHYAbOBUL 00aHKIE
(Koediuienmis ).

Mmnozounen f(x)

n
2
f(x) =apy+ax+ax”+...+a,z" = E apx”, ag,ai,...,a, € R, a,#0
i=0
MGE BIALHUL YAEH g, CMapwull YieH a,x", cmapwul xoediyienm a, # 0 i

cmeniny deg f = n. Cmenenem HYyab06020 MHO20MAEHA 66ANCAIOML —OO —
mak 3pyuro Yy ba2amvoxr unadkar.



Crenensmu nominomis z, 22 + 1, —5 + 2210, Binmosinno, € uncra 1,2,10.
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Hopanku ag, a1x, asx”, . .., a,r" HA3UBAIOTH OJHOUYICHAMU a0 MOHOMAMMU.

IIpuknaan 1.3 Bupas3
o0
1+ 5z + 2507 + 12527 + ...+ 5"a" + ... =) 5
i=0

€ CMeneHesuM pAadom Had KiAbUM ULAULT YUCEA 3 BLAbHUM Yaenom 1. Ileti psad
HE € MHO20UAEHOM, OCKIALKU 8 HbOMY HECKIHYEHHO 6a2amo HeHYAbosuxr Jodat-

wie. 12523 € odnum i3 odnounenie yvozo pady.
Pso
22 — 723 — 1227

€ MHO20YAEHOM HAO KINDUEM ULAUT YUCEA CENeHs T 3 HYAbOBUM GLALHUM
YAEHOM, CINAPUIUM UAECHOM (MOHOMOM, 00noUACHOM, dodankom) —12x7 i cmap-
wum Koepiuiernmonm -12.

1.2 Jlii 3 pajilaMmu Ta MHOTOYJIEHAMU

Ha MuoxK1HI popMaIbHIX CTEIIeHEeBUMX PsiJIiB HaJI KiJIblleM BU3HAYEH] oepariil
JIOTaBaHHs Ta MHOXKEHHS HACTYIIHUM YNHOM:

i=0 i=0 i=0
iaixi f:bixi = i Z ab; " (2)
i=0 i=0 k=0 \i+j=k

Teopema 1.1 (mpo BJIACTUBOCTI [I0/laBaHHsI TAa MHOYKEHHsI psijiiB) Heral
€ Komymamuene Kiavue 3 odunuyero R. Dopmanvri cmenenesi padu nad R 3
OnePayiaMU d00aABaAHHA Ma MHONACEHHA, WO BUu3HAYeHT 3a donomozoro (1), (2)
Ymeoprormy  Komymamushe Kiavue 3 odunuuero. Mrozousernu ymeoproomo
niodKiNvUe Kiavbusa palie.



oBenennsi. B 1boMy 1epekoHyeMocst IpsiMoto nepeBipkoro. OTke, moTpi-
OHO yMITH TepeBipATH acOIlaTUBHICTh MHOXKEHHS Ta JI0JIaBaHHS PsiJIiB, KOMY-
TaTUBHICTH J0JIaBaHHA Ta MHOYKEHHs, ITOTPIOHO yMiTH mepeBipsTH, 1o psija 0
€ HyJieM (HefiTpaJbHIM eJIeMEHTOM 3a JIOJaBaHHsAM), Pl 1 € onuHuIero, Heii-
TPaJIbHUM €JIEMEHTOM 3a MHOXKEHHSAM, IMOTPIOHO yMITH JOBOJUTH iCHYBaHH
HPOTHJIEYKHOIO psijiy. TaKoxK MOTPIOHO yMITH JOBOAUTH, 110 TaK BU3HAUYEHI JI0-
JlaBaHHA Ta MHOYKEHHS PATIB HiJIKOPAIOTHCS AUCTPHOYTUBHOMY 3akKony. Ilpm
JIOBEJIEHHI 1TOTPIOHO BUKOPUCTOBYBaTH BUKOHAHHS BIJIIOBIJHUX aKCIOM B KiJib-
11l KoepilieHTiB.

Ha icriuti moTpibHO BMITH JOIOAUTH YCi aKCIOMU KiJIbIS B KiJabIll psijaiB. Ha
JIEKITIT HABOJIMMO TPUKJIAIN TIEPEBIPKU TIJIbKN KiJIbKOX.

[TepeBipsiemo axciomy icHyBaHHs psjia, 10 TPOTHIEKHII TAHOMY.

Bepemo nosibauit psi f = > o0 a;z" 1 posragmaemo psin g = Y oo (—a;)x’.
Esiementn —a; icayiorb B R Tomy, 1o R — KiJblie, a B KiJIbIl JjI0 KOXKHOI'O
eJeMenTa € nporuaexknmii. Jdasi momaemo

o0 o0
f+g= Z(ai + (—a;))z' = ZOazi = 0.
i=0 i=0
Orxke g = —f 1 JoBejieHHsl ICHYBaHHA TTPOTUJIEZKHOIO Psijla MU JIOBEJN (KOH-

CTPYKTHBHO, MU TOYHO BKA3aJIH 1€ TTPOTHIEKHUI Psijt).
[IepeBipsieMo acomiaTUBHICT, MHOXKeHHS psagiB. Hexait € Tpu psian

o0 o0 o0
f= g a;x’, g= g bix', h = E cix’,
=0 i=0 i=0

[Torpibro mosecru pieuicrs (fg)h = f(gh). Hosnauumo fg = U, gh =
V., S=Uh, T=fVi

(0.9] (0. 9] o0 o0
U:E u;x’, V:E vix', Szg s;x’, ng t;x’,
i=0 i=0 i=0 i=0

JBa psiin 30iraloThest TOJI 1 TLIBKE TOJ, KO Y HUX OJJHAKOBI KoedinieHTn (3a
Bu3HadeHnsiM). O1ke, HaM TOTPIOHO JoBecTH piBHicTL T' = S 1 MU 1€ J10BEIEMO,
KOJII II€PEeBIPUMO PIiBHICTH t; = §; jjist Oyab-sikoro ¢ = 0,1,2, .. ..



Bepemo neBne HarypaJsbhae ducyo gu (), o3HagaeMo Horo depes ¢ i 00UncIio-
€MO (3HAIOYN BU3HAYEHHST MHOXKEHHs PsiiB) KoedilieHTH S;, t;.

s, = E UeCry, t, = g A Vs.

e+y=i o+o=i
[TomibHuM YnHOM
U = E anbg, V5= E bscy,
a+p=e B+~=6

Tenep migcTaB/isieMoO 3HAYEHHSI Us Ta Vs Y BUpa3u s S;, 1.

Si = Z ( Z aabg)cy = Z (aabg)cy, b = Z o Z bscy) = Z aa(bscy)

e+y=i a+f=¢ a+pB+y=i a+d=i B+y=0 atf+y=i

Jlayi KopucTyemMocss TUM, IO B KiJIbIll KoedillieHTIB MHOXKEHHSI acoIliaTUBHE i
npu OyJIb-sIKUX <, 3,y BUKOHYETHCSA PIBHICTD

(aabp)cy = aa(bpcy).

Otke, BCi JIOJAHKKM B CyMi Jis §; 30iraroThCs 13 BiIIIOBIIHUMU JIOJAaHKAMU B
cymi jiist t;, cymu 30irafoThCsl 1 JIOBEJICHHSI PIBHOCTI s; = t; 3akiHdueHe. Tomy
3aKiHYeHe TaKoxK JOBeJeHHs acollaTUBHOCTI MHOXKEHHS PSIJIIB.

IIpukiaan 1.4 Bisvmemo paou

f= in, g= Z(—l)iazi, h = 2(22 — 3)a’
i=0 ' /
i obvucaumo f2, fq,gh, fgh.
P=0+z+2"+. )(1l+z+a"+.. )=1+22+3"+...=> (i+1)a"

1=0

1

fh= Z air’, o= (2p=3) =Y (2p—3) = i(i+1)-3(i+1) = i*~2i—3.

p+q=ti p=0
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gh=> B’ Bi= Y (2p=3)(=1)"=> (2p=3)(—=1)"" = (=1)' Y _(2p—3)(—1)" = i+]
i=0 ptq=i p=0 p=0
gh=> (i—1—(=1)"-2)'
i=0

felghy =3 ', 0= (p=1-2-(=1)) =} (p—1-2-(=1)),

Ockinvru
i

Zp = %i(i—i—l), Z(—l) = —1(i+1), Z(_2>.(_1)p _ { 0, arxwo 1 napne,

s s —2, AaKwo 1 nenapne,
6 = %@(i +1)—(i+1) — (1+(=1)",
mMmobmo o
/- (gh) = Z(%i(i +1) = (i +1) = (1+(=1)))a" (3)
i=0

Zlas nepesipku nposedenur 06MuUCAEHD NIOPATYEMO O; NPU MAAUT SHAYEHAT T —

nanpuxaad, npu i = 0,1,2, dsoma cnocobamu. Odun cnocib nam dae popmy.ia

(8) dns obuucaenns 6;, a Opyauti cnocib - ye npame NEPeEMHOHCAHHA PAJI6 6e3
BUKOPUCTNAHHA 3HAKIE CYMU.

Omotce 3a nepwum cnocobom

So=—3, 0 =—1, 0y=—2.

3a dpyeum cnocobom

f=l+a+a*+..., g=l—a+a*+... h

= 3—x+a2+...

gh=—-3+4+2z—2*+ ... flgh) = =3 —x —22° + ...



Busnauenns 1.3 /[sa esemernmu KoMymamueHozo Kiavus 3 00UHUYEN HA3U-
BANMBCA B3AEMHO 00epHeHUMY (0beprenumy 0dur do dpy2020), Akuo iz doby-
mox dopieroe 0duHUYL.

Jledki psijin B KUJIBII PSAJIiB MaloTh obepHeHuit psji. Hampukia,
I+z+2?+2° 4+ 42"+ ) (1—-2)=1
i ps 1 — @ ra Y0 2" B3aeMHO obepHeHi.

Teopema 1.2 (mpo icHyBaHHsi 06epHEHOTO psify) . Pad mae obeprenuti mo-
dt 1 MiavkU Modi, KoAUu U020 6iALHUL YAeH MGE 0DEPHEHUT 68 KiAbUL Koedii-
EHMIG.

Hosenenns. Hexait € pay f(z) =Y o0y a;z' 3 Koedinienramn i3 kinbis R:
aE€R, i=01,2,...

SIxmo pan g(x) = Y oo bz’ obeprenmuii no psina f(z), Tooro f(z)-g(z) =1,
1, BIIIIOBIIHO,

aobo = 1,
agbr + a1by = 0,
aogbs + a1b1 + asby = 0,

CL()bn + albn_l + agbn_g + ...+ anbo = 0,

TO eJIeMeHTHU ag, by B3aeMHO obepHeHl B Kijbii. OT:ke ag Mae obepHeHMil ejie-
MEHTB KiJIbIll KOediIlieHTiB.

AKINOo K eJleMeHT ag Mae 0OepHEHUIT eJIeMEeHT B KiJIbIl KOeMiIieHTiB, TO BUIIU-
caHa CUCTeMa PIBHSIHD JIJTs 3HAXO/[2KeHHsT KoeinieHTiB psijia g(x) Mae po3s’si30K
1, BIIIIOBIJIHO, psiJi Ma€ 0OepHEHMIl.

Teopema noBeseHa MOBHICTIO.

Bix psijiiB MoykHa OpaTu HOXiJIHY.



Busnauenns 1.4 [loxidnorw 6id pada f(x) = Y ax’ 3 Koediyienmamu i3
kiavuysa R:a; € R, 1=0,1,2,... nasusaromo pad f'(x) = > aiy1(i+1)x'.
THoxiont 6invw sucokur Nopadkie BU3HAYAIOMBCA THOYKMUBHO.

[TorpibHo Mmaru Ha yBasi, 10 KoJu a, € R, 1 k — HaTypaJibHe YUCJIO, TO I
00y TKOM k - @, pO3yMIIOTH CyMy k JOJIAHKIB, KOXKEH 3 SIKUX JIOPIBHIOE @,. TOMY
]{/‘ * an E R.

IMpuknamg 1.5 Jlasa npurasady eizomemo muozouaenu fi(x) = x + 222 + 2° +
220 + 27, fo(x) = 2 nad nosem Zz. B noai Zy 1 +1+1=0. Tomy

fl@) =144z +5a* +120° + a0 =1+ x4+ 22 +25  fj=0.
[Toxijna Bijg psiIiB Ma€ Ti 2K BJIACTUBOCTI, 110 1 OXigHa BiJI (pYHKILT J1iiicHOTO
apryMeHTa:

Teopema 1.3
(f+9)=f+d, (fo)=rag+dgf

JoBenennsi. /loBejienHs 311fICHIOETbCs IPSIMOIO IIEPEBIPKOIO 1 JINIIAETHCS
JIJIsT CAMOCTIHHOT poOOTH.
n
Kisbrie MHOTOWIEHIB HAJT KiblieM R Bif 3miHHOI o Oymemo mosnadat R[z|.
Kinbue dpopMmaibHIX cTelleHeBUX PsIAiB HaJ KijblieM R Bij 3MiHHOI x OyleMo
noznadatn R[[z]].

1.3 JIBi TeopemMu Hpo cTemneHi MHOT'OYJIEHiB

Teopema 1.4 (mpo cremniab J00YTKY) Hrwo kiavue Koediyienmic e Mmae
DNLHUKIG HYAA (MOOMO JoOYMOK HEHYALOBUT HUCEs HE DO PIBHIOE HYAI0), MO
CMENIHYL d0OYMKY MHO204AEHIB JOPIBHIOE CYMI CMENEHLE MHONCHUKIE.

JloBegeHHsl.
TBepzKenHsl TeopeMu BUILIBA€E 3 Toro, mo Ko f(z) = agz™ + ajz™ ! +
ot ap, g(x) = box™ + ba™ 1 + ... + by, aBa MHorouwnenu i agby # 0, Toi

fg = aghox™ ™ 4 (aghy + aiby)x™ " 4+ ...+ a,by,.



ITpuknamx 1.6 Had xinvuem 7 :

r*—lr+ '+ —lor+35)=10x"—-Yr —olzx" + r°— T+ 0o0.
(52? = Tx+11)(22° + 2% — 132+ 8) = 102° —92* — 50 2% + 142 2% — 199 2 + 88
Had xiavuem Zs -

223 +24+2) 2 + 2P +2? +2) ="+ 220 + P + 2P + 22 20+ 227 + 1

B kb Zg nobyTok 2 - 3 nopisuioe nysio. Tomy 3acrocoByBatu TeopeMy 1
JIJIS MHOT'O'JIEHIB Ha 1M KiJIbIleM He MaeMo IipaBa. Hapejiemo npukJiaji, KoJim
JIOOYTOK JBOX MHOTOWICHIB HaJl KLJIbIEeM Zg MAa€ MEHIIUIl CTEMiHb, HiXK CyMa
CTeNeHIB MHOYKHUKIB:

Ilpuknang 1.7
(222 + 52 4+4)(32° + 20 +5) =42° + 222 + 32 + 32 + 2.

Teopema 1.5 (mpo cremidb cyMu JBOX MHOTOWIEHIB) Cmanins cymu abo
dopi61oe OLALWOMY 13 cmenenis d00aHKI8, ab0 MEHWE HbO20.

oBenennsi. T'BepipKeHHsT TeOPEMH BUILIMBAE 3 TOIO, IO JjIsi MHOI'OYJICHIB
f(x) = ap+az+...+apx”, g(x) = bo+bix+...+bp2™, h(z) = f(z)+g(x) =
co+ c1x + cex® + ... ipu k > n > m 6yue ¢, = 0.

ITpuknan 1.8 Had xinvuem 7 -
(522 — 7w +11) + (22° +2* — 132+ 8) = 22° + 62° — 202 + 19.
Haod xinvuem Zs :
22+ +2)+ 2 +2* + 22 +2) =22 + 22 + 2 + 1.

B HaBejieHNX MPUKJIaax CTEMiHb CYMHU JIOPIBHIOE OLJIBIIOMY i3 CTEIEHIB J0-
JaHKiB. AJie KOJIi cTeleHl J0JaHKIB OJIHAKOBI, TO/II cTapiili KoedillieHT MOXKYTh
CKOPOTUTHUCH.

Ilpukmaan 1.9

f = 3x2—3,degf - 279 - —3$2+$—7, degg - 27 f+g - x—lO,deg(erg) =1
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1.4 ,Z[i.HeHHﬂ MHOro1JieHa Ha MHOI'O4YJI€H 3 OCTa4e€elo

Konu posrispaloTh AiIeHHS MHOIOYJIEHIB, TO 3apaHi 3BY»KYIOTb KiJIbIle KOe-
dimientis. Kisble € 3aBxkau 1mosem. Tomy 3aBxKiau J00yTOK HEHYJIBOBUX KO-
eilieHTIB BIJIPI3HAETHCA BiJl HYJ/Id, 3aB¥XK/N CTEMiHBb JOOYTKY JOPIBHIOE CyMi
CcTelleHIB MHOYKHUKIB.

Busnauenns 1.5 Hexatl sadani dsa mmozousenu f(x) i g(x), npuvomy g(x) #
0. Posdiaumu f(x) na g(x) 3 ocmauer o3navae snatimu dea muozounrenu q(x)
(tioeo nasusaroms wacmroro 6id dinenna f(x) na g(x) ) i r(x) (doeo nasusa-
1omv ocmavero 6id dinenna f(x) na g(x) ), axi 3adososvHaomb 061 YMOGU

o f(z) = g(x) - q(z) +r(z);
o degr(z) < degg(x).

BusnaueHHs JIiJIeHHs 3 OCTa4yero B KiJIbIll ITOJIIHOMIB KOPEKTHE, TOOTO CIIPaB/Ii
IOJIIHOMI HaJ HOJIEM MOyKHa JIINTH 3 OocTadelo 1 JI0 TOTO K €IUMHUM YHNHOM.
Toumnime, npaBUIbHOIO € HACTYIIHA TeOopeMa.

Teopema 1.6 (mpo aijenusi 3 ocrauero) . Axuwo g(x) — HENYALOBUL NOAT-
nom, mo Oaa 6ydv-axozo noaimoma f(x) icnyroms dsa noainomu q(x) i r(z),
ONA AKUL BUKOHYIOMBCA 081 YMOBU

f(z) = g(z)q(z) +r(x) (4)
degr(z) < degg(x). (5)

Ioninomu q(z) @ r(z),wo susnauaromovcs ymosamu (4), (5), eduni, mobmo
Koau das deaxux noainomie qi(x) 1 ri(x) maxoor

f(z) =g(@)q(z) +r1(x), degri(z) < degg(x), (6)
modi q(r) = qi(v), r(z)=ri(r).

JloBegeHHs.
CriouaTKy JOBOIMMO icHYBaHHsI MOJHOMIB ¢(x) 1 r(x), sKi 3310BOJILHSIOTE
yMmoBy (4). JoBopanmo KOHCTPYKTHBHO, TOOTO BKasyemo ix — q(x) = 0,r(z) =

f(z).
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Haui cepen muorowienis q(x) i r(z), ki 38/10BONBHAIOTH YMOBY (4), Bubnpa-
€MO Taky mapy, B skiii creninb deg r(x) naiimenmmii. Taka mapa icaye, Tomy 110
CTelleHi Ile HaTypaJIbHI 9rcia, HyJIb a00 —00. AKINO iCHY€e HYJILOBUIT MHOTOYJIEH
r(z) (ifforo crenidb 3a JOMOBJIEHICTIO JOPIBHIOE —00), TO BUOUPAEMO caMe il
MOJIIHOM, {KIIO K HYJBOBOI'O MHOIOWJIEHA HEMA€E, TO CTENeHi € HeMOPOKHBOIO
I IMHOKIHOIO POBIITIPEHOTO HATYPAJTBHOTO DAY (HATYDAJIbHI TUCIa 3 HyJIeM),
a Taka HEMOPOXKHs MHOXKIHA Ma€ HaWMEHINil eJeMeHT (3a MPUHIUIOM Haii-
MEHIIIOTO YUC/TIA).

TakumM auHOM MU OOTPYHTYBAJIH, 10 MOYKJINBO BUOPATH T1Apy MOJIHOMIB ¢()
i r(z), y akux creninb MHOTOUIEeHA () HaliMeHIIa (cepej] TUX IO 3a0BOJIb-
Hs1t0Th YMOBY (4)). OT Mu Taky napy i BUOpaJi.

Jlasi MeTo[oM BiJl IPOTUJIEZKHOTO JIOBOJANMO, IO Tak BHOpaHa mapa q(x) i
r(x) Takoxk 3azoBosibHse ymMoBy (5). [Ipumyckaemo, mo ymosa (5) mopyiiena,
o610 degr(z) = m > n = degg(x), i Mu MoxKeMO 3arucaTu

g9(x) = an@” + an12" 4 ag, () = bpa™ + apaz™ T+ by,

an # 0,0, # 0, m > n.
Toui, 3 ogHOr0 OOKY, MHOIMOUJIEH
bim

r=r(e) = gla) - 2 -a

Ma€ CTelliHb, MeHImii, Hixk 7(x), a 3 Apyroi — BiH i3 MHOTOYWIEHOM ¢1(x) =
q(z) 4 2= - 2™~ sasosonbuste ymosy f(z) = g(x)qi(z) + r1(x). Mu ogepras
CynepeqﬁiCTb i3 ymMoBOIO Bubopy: r(xr) — Ieil MHOrOWIEH TOBUHEH OyB MaTH
HafIMEHINU cTeninb, a MU 3HARIIM MHOMOYICH 3 MEHIIUM CTEIICHEM.

Mu 3akiHamam J0BeJeHHsT TOro, TO MHOrOWIeHu ¢(x) 1 r(x), sKi 38/10BOJIb-
Hs1I0Tb yMOBH (4), (5), ICHYIOTb.

[IepexoamMo 10 TOBeJIEHHST TOrO, IO TaKi moiHoMu €auHi. JloBojanmo meTo-
JIOM Bij mpoTusieskHoro. OTKe MpUITyCKaeMO, 10 € JIBi ITapu HOJAHOMIB ¢, q1, T, T'1,
K1 33710BOJIBHAIOTE yMoBH (4), (5), (6). 3 1UX YMOB 0/1epKYEeMO PIBHAHHS

g9(x) - (q(z) = q(2)) = ri(z) —r(z). (7)

OCKIJIBKY MU JILTIMO BUKJIIOYHO Ha HEHYJIbOBI MHOTOUJIEHH 1, BimoBiHO, g(z) #
0, To Oyab-sika i3 HepiBHOCTEl ¢ # q1, r 7 1 IPU3BOIUTDH JIO TOrO, IO CTEIiHb
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JiBol yacTuau piBHsHH:A (7) cTPOro OLIbIe CTeleHs MPaBol YaCTUHN DIBHSIHHSI.
Mu BukopucTaan TeopeMu Ipo CTEliHb JOOYTKY Ta CTeIiHb CyMU JIBOX IOJIIHO-
MiB.

IMpukman 1.10 Hexad, daa npur.aady, nompiono pozdiaumu muozouien f(x) =
23 + 322 — 1 na mmnozounen g(x) = 3x% + 6z. Jiaumo cmpawud waern mmo-
eounena f(x) na cmapwud wien g(x) — odeporcyemo %x Pisnuuysa fi(z) =
f(x) — 52 g(z) = 2> — 1 mae cmeniny 2 — menwud, niowe deg f(x). Jani di-
AUMO cmpawudl waen mruozousena fi(x) na cmapwud waen g(x) — odeporcyemo
5. Pisnuya fo(z) = fi(z) —5-g(x) = —20—1 mae cmenine 1 — menwud, wisw
deg f(z). Ockinvru deg fo < deg g, npouec dinerHs NPUNUHAEMO i NEPETOIUMO
00 0hOPMAEHHA PESYNLMATNY:

1

f—gfc-g =fo=f= %$9+f2; fo= %g+(—2x—1) = f=g (%x + é)ﬂ—?w—l)-

Omoice 6idnosiddio byde: wacmxoro 610 dinenns f 1na g 6yde %x—i—% , G 0CNAYEeI0

byde —2x — 1.

[Iporiec mijieHHsT 9acTo 3alUCYIOTh Y BULJIsA Il TaOJINII, 110 10110Ha /10 TaOIUIT
“TMiIeHHs HaTypaJIbHUX JHCe/T y CTOBIYNK . SAIUIIeMO y CTOBIYNK  ITPOBEJIEHE
minenns f Ha g:

23 +3x2 +0x — 1322 + 62
3 4 222
z? 4 Oz

22+ 2x
—2x —1

B nakeri cumBosibHIX o0uncieHb Maple € KomaH 11, 1110 JI03BOJISIOTH 3HANTH

YaCTKY 1 ocTady BiJl JIIJIEHHS OJIHOIO MHOrO4JIeHa Ha Jpyruii. Komania
> rem(f,g, ‘q);

BUBOJIUTHL HAa €KpaH OCTady BiJl JiJeHHS MHOrOYJIeHa f Ha MHOTOYJICH ¢ i
30epirae I iMeHeM ¢ 9acTKy Bix jijgenuast f Ha g.

13



Komama
> quo(f,g,‘re);

BUBO/IUTH Ha €KpaH YaCcTKY BiJ| JJICHHd MHOrodjeHa [ Ha MHOIOWIEH ¢ i
30epirae i1 iMeneM 7 ocTady BiJ jgiieHHdA [ Ha g.

Busnauenns 1.6 Koau ocmava dopienioe nyato, modi KaHcymy, w0 MHO20-
wnen fdiaumopes ma mHoz20uAeH G, DO MHO204AEH § € LALHUKOM MHO20YAEHA

f.

Busnavuenns 1.7 kw0 mro20uien Hemodcasuso posxaacmu y 0odymox 060x
MHO204NEHIE MAK, U0 00UD6A MHONCHUKY He OYAU KOHCTNAHMAMU, Modi Ma-
KUl MHO2OUAEH HA3UBAIOMYH HEPOSKAGOHUM (HE36I0HUM,).

Cxema T'opnepa. IIpu pinenni muorounena f(z) = agz" + ajz™ 1+ ... +
an, ag# 0 crenens n Ha T — ¢ ojlep:KyeMo 4acTKy q(x) = box" 1 + bya™ 2 +
oo+ b,_q crenienss n — 1 1 ocrauy r = b,,. JliJleHHs B CTOBIYUK IIOKA3Y€E, IO
koedimientn b;, i =0,1,2,...,n 00UNCTIOIOTHCS PETYJISIPHUM 9HHOM (3T11HO
OJIHOTO TIPABIJIA):

b():ao, bH_l:CLZ'-FbZ"C, 7;:0,1,2,...%—1. (8)

Aximo giernst MmaorouieHa f(x) Ha T — ¢ BiIOYyBa€TbCA 3 BUKOPUCTAHHSIM Ta-

OJINUKU
‘ao‘al‘...‘an_l‘ Qyp,

clbo|br]. . [bur|by=r"
B gkiit unciaa b;, 0 < i < n 06YUCTIOITHCs 3a JI0MoMOror dopmyi (8), To

KayKyTh, IO JIJIeHHs BigOyJiocs 3a cxemoro ['opHepa.
[TokazkeMo Ha IpUKJIaJIl, 9K BiJOyBaeThes JijieHHd 3a cxemoro ['opaepa. He-

xait moTpibno posaimtu muorodnen f(r) = 5x%—112° +22*+32% — 622 + 242
Ha T — 2. 3all0BHIOEMO TAOJINIIIO
5[ -11]2[3] 6]
2[5] —1]0[3[ 0 |
3a TabJIMYKOIO CKJIAJIAEMO BIIIIOBIIIb:

f=(x—-2)52° —2" +32° +1)+ 4

14



abo
g=52"—a'+327+1, r=4

Jl1st camoriepeBipKN MOKHA BUKOPUCTATH BIPAaBHU, B SIKUX HOTPIOHO PO3Ii-
qutn f Ha T — C:

1. f = —22° — 10x* — 823 + 922 + 46 x + 47, ¢ = —4. Bignosigb: ¢ =
—22* — 223 4+ 92+ 10, r = 7.

2. f = —22° —122* — 102 + 922 + 552 + 57, ¢ = —5. Bignosigs ¢ =
—2x* =223 + 92 4+ 10, r=7T.

3. f= 22 —a*—3izt+1lix -2+ 223 +ix” + 922+ 30— 222 —3+13 14,
c=1—1. Bignosins ¢ = (=2 + i)zt — 223 + (9 — 2i)x + 10, r =7+ 3.

4. f =32 —=b2* + 223+ 922+ 2 — 7, c = 1.. Bignosins ¢ = 32* — 223 +
9x + 10, r = 3.

5. f =32 —92% —22* + 623 — 922 + 372 — 29, ¢ = 3. Binnosins ¢ =
325 — 223 — 92 + 10, r=1.

Posknanenns 3a crenensaMu (.TC — C).

Hexait 3a1an0 muorowsien f i gpousier x—c. Posnisimmo f Ha x—c i ojepKumo
qacTKy f1 1 ocrauy rg. ani posmisiumo fi; HA & — ¢ 1 OJEPKUMO YACTKY fo
i ocrady ry. 3HOBY PO3ILINMO fo HA T — € 1 OJIEPKUMO JaCTKy f3 1 ocrady
r9. IIpoioB:KuMO 11€it 11pOTiec, HACKLIBKY BiH MOXKJ/IUBUI. TakuM IuHOM MaeMo
3aI1CH

f=fh=@—c)fi+r, fi=@—-c)fot+r, fr=@—c)fs+ry...

[TigxcraBuBim 3Havents f;q B f; 1 = 0,1,2,... o1epKIMO 3aIIuC
f=ro+ri(z—c)+ryr—c) +r3(x—c)+... (9)

[IpescraBienns Muorowiena y Bursii (9) HA3UBAIOTh PO3KJIaIeHHsIM f 3a cTe-
IIEHSIMU & — C.

3BUYANHO Yy MPAKTUIHOMY BUKOPHUCTAHHI JIJEHHS HA T — C 31HCHIOETHCA
3a JlonoMororo cxemu [opHepa 1 KijibKa cxeM 00 €THYIOThCA It 3PYIHOCTI B
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oy tabsuiio. [logcuumo ckazane npukiagom. Hexait moTpibmno poskiactu
MHOTOUJIEH
f(z) =32 —282° + 962 — 1332 + 66
3a crernersvmu (T — 2)
3aloBHIOEMO BiIIIOBIIHY TabJINIITO

3 28 | 96 | —133 | 66 |
2] 3 —22 52 —29 [8=ryp|
2| 3 ~16 | 20 |1l=r
2| 3 —10 [0=ry
2 3 —4:’/“3
2 327“4

3a TabJINIeIo MHUIIEeMO BlIIOBIIH
f(2)=3(x—2)" —4(x —2)® + 11(z — 2) + 8.
[ToibHe po3KJIaieHHS 3pyUHe, KOJIH PO3IISIAETHCs APi0, 3HAMEHHIKOM SIKO-
ro € CTellHb JBOYJIeHA.

st camoriepeBipKy MOXKHA BUKOPUCTATH BIIPABH, B IKUX MOTPIOHO pO3KJIa-
ctu f 3a CTENeHsSIMUI T — C:

1. f=—-22*—202% —722% — 1012 — 34, c = —2. Bignosins f = —2(x +
2)t — 4(z +2)* + 11(z + 2) + 8.

2. f = —22* —8ixd + 1222+ 8ix + 6+ 157 — 423 — 1242° + 237, ¢ = —i.
Bijmosine f = —2(x + i)' — 4(x + 1) + 11(z +4) + 8.

3. f=4x%—ix®—21 22 +18ix* + 352 —58ix —10+594, ¢ = 2 —4. Binnosinp
(4—i)(x+i—22+ 11 —i)(x+i—2)+8.

4. f=a34+122%* + 492 + 76, c = —4. Bignosias (x +4)3 + (x +4) + 8
5. f = 2°+5 2 410 23410 2246 2410, ¢ = —1. Bianosias (+1)7+(2+1)+8.

1.5 IlosinomiasibHi (pyHKIIT, KOpEeHi MHOro4JieHa

YHUKHEMO TOYHOTO BU3HAUYEHHS, 0 Take (PYHKIA — Ie HeB/isg4uHna podoTa. by-
JIEMO KOPUCTYBATHCS 1HTYITUBHUM Po3yMiHHAM (yHKII. AJje /1Bl BJIacTHBOCTI
yHKIIH MU BiJI3ZHATIMO:

16



e DyHKINA CTAaBUTL y BIAMOBLAHICTL ducay x dncao y. [Ipu npomy uncnio x
HA3WBAIOTH apryMeHTOM, & Y 3HaueHHAM (PYHKIII Ha T;

e {ximo € Bi PyHKINI, AKI KOXKHOMY apryMeHTy CTaB/sTh y BiJIMOBIIHICTH
OJIHE IT Te »K YMCJIO, TO Il 1Bl PYHKIIIT 30iratoThes - 11e 0JiHa 1 Ta K (PYHKILIS.

Axuxoch ycKaa/iHeHb B 3B’ 13Ky 3 BIJICYTHICTIO TOYHOTO BU3HAYEHHS (DYHKITIT
y Hac He BUHUKHE y 3B'S3KY 3 THUM, 110 MU OyJIeMO BUKOPHUCTOBYBATU JOCUTDH
1IPOCTi (PYHKIIT B JIOCUTH IPOCTUX CUTYAIlISIX, AT AKIX IHTYITUBHOIO PO3YMIiHs,
BIJIITPaIbOBAHOTO B IKOJI, JIOCUTD.

Buznadenns 1.8 Hexaii R — xomymamusne xiavue 3 odunuuero. Dynxuyiro
[+ R — R na36emo nosiHoMiasbHol, AKW0 icrye noainom Y o a;x’ nad R
makud, wo 3navenns f(c) das xoocnoeo ¢ € R obuucmoemvea 3a 0onomozoio

popmyau

n
fle) = Z a;c’,
i=0
Moomo nidcmasaawu 3havernna ¢ € R 6 MHo204AEH.

TaxuMm YnHOM, KOXKHHI ITOJIIHOM 3a/4a€ HOJIHOMIAJAbHY (PYHKIIO. AKIIO Po3-
IS IAI0ThCS TTOJIIHOMU HaJl HECKIHYEHHUM I10JIeM, TO IOoJIiHOMIiaJibHa (DYHKIIid
3a/14€ThCS €MHUM TIOJIHOMOM. | B TaKOMY BHUIIQJKY MizK MTOJIHOMAMHU 1 TTOJIIHO-
MiaJIbHUME (DYHKI[SAME iICHY€ TIPUPOJIHA, BCIM 3pO3yMijia (SIK KayKyTh, KAHOHI-
9HA) B3AEMHO OJIHO3HAYHA BiamosignicTs. Llg KaHOHIUHA B3a€MHO OJHO3HAYHA
BI/IIIOBLJIHICTD JI03BOJIsIE€ HE 3BepTaTH yBalry Ha Te, 3 YUM MU MaEMO CIIpaBY B
SIKOMYCh KOHKPETHOMY BHIJIKy — 3 IIOJIHOMOM YU 3 TOJIHOMiaJbHOIO (DyH-
KIIEIO.

Ao XK nmose cKiHdeHHe, TO Pi3HI TOJIHOMHI MOYKYTH 3aJ[aBATH OJIHY 1 TY K
nostinomianbay ¢ynxiuio. Tax naj nogem Zs muorowienu 14+ x + 2211+ 22+
ot sazaTh oany i TY K QYHKIIIO, 10 IPH BCIX 3HAYEHHAX 3MIiHHOI HpHiiMae
3HauYeHHsd 1.

B npaxTuuniit pobori 3BuuaiiHo He epeifiMaloTbCsl IPU30TOI0 100 TOUHO-
o BU3HAYEHHd IIOJIIHOMIB 1 nosiiHoMiabHux pyHKIii. [losinom i 3a1any HuM
pyHKIII0 MO3HAYAIOTH OJIHUM 1 TUM Ke CUMBOJIOM. [Ipn oMy 3710poBuMii TI1y3/1
1 MOBHE OTOYEHHSI TOYHO BKa3yIOTh, [IPO 1110 BJIaCHE fJIeThCs B JIAaHOMY KOHKDe-
THOMY BHUIIQJIKy 1 HEIIOPO3YMiHb HE BUHUKAE.
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LM mIssxoM migemMo 1 MH.
@opmMaJibHi CTEIeHEeBl psi/i TaKOXK 3a/1al0Th (DYHKIIII, KON iICHY€E JOMOBJIE-
HICTb IIPO T€, 9K PO3YyMITU 3HAUYEHHS

Tak B Oy/ib-AKOMY KiJbIli R BBarKaeThCs, 110
o
£0) =" a0’ = ap.
i=0

Ha1 mostem piiicHux gucelr

o0 n
fle) = E a;c’ = lim E a;c'.
n—oo
1=0 =0

[lizcTaBiasaTu B psiji sikeCh HEHYJIbOBE 3HAUYEeHHsI 3MIHHOI ITOTPIOHO BKpail obe-
pexxno. [Ipukiaiom HenpueMuocTeil, 9Ki MOXKYTh BUHUKHYTH ITiJ] 9ac IIi/ICTaB-
JITHH, € HACTYIHUN

ITpuknan 1.11 /s padis
flx)=14+z+2"+ ..., g(x) =1—uzx, h(z) =1

suronyemuves pisnicms f(x)-g(x) = h(zx). A nidemasasrouu 3amicmod T 4ucio
2 maemo g(2) = —1, h(2) =1, f(2) ne icnye.

Teopema 1.7 (Teopema Besy) Ilpu direnni mmozounena f(x) na dsounen
xr — ¢ ocmauero 6yde f(c).

Koxken MHOro4JIeH 3aj1a€ MOJiHOMIaIbLHY (DYHKIIO, TOMY € 3PO3yMIJINM 3a-
e f(c) — 1e 3HAUEHHST BiIOBIIHOT HOJTiHOMIAIbHOT (DYHKIT B TOUII C.

Hosenenns. Ockinbku deg(x —c¢) = 1, crenenem ocradi € 0 abo —o0, T06TO
octada € uncaoMm. OT:ke MaeMo

f(x)=(x—c)-q(x)+r, r=const, f(c)=(c—c)lc)+r, r=7f(c).

Teopema nopejieHa.
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Kopeni mHoro4/ieHis

Busnadenns 1.9 Yucao xg € R (i3 xiavua, 36idku 6epymues koedivicrmau,)
noainoma f(x) nasusacmoca xopenem nosinoma, axuwo f(xg) = 0.

Tl IpuKJIaLy, 9UCI0 3 € KOpeHeM MHorodieHa x° — 27, a 4mcio 2 He €
KOPEHEM IILOI'0 MHOT'OUJICHA.

Teopema 1.8 (ymoBa mOAiJILHOCTI MHOTOUYIEHA HA T — ¢) Mnozouren mae
YUCAO C KOPEHEM MOJL T MIALKY MO0L, KOAU UET MHO204NAEH IAUMBCA HA T — C.

Hosenenns. Teopema (1.8) e mpsivnm Hacsi koM Teopemu besy.
m

Busnadenns 1.10 Yucao ¢ € R € xopenem xpamnocmi k, k € {0,1,2,...},

AKW0 MmHozousen diaumvca na (x — ¢)F i ne dirumoves na (xz — )L,

3 teopemu (1.8) BuiLmBae, mo 4ncjio ¢ € R € KopeHeM KparHOCTI k MHO-
roatera f(x) Toml i TIABKK TOAL, KON st JesTKOro MHOTOUIeHa f1(2) MOXKHA
3alucaTi

f@)=filz) (z =0 file) #0.

Hacsinkom teopemu (1.8) € HacTymHa ToepeMa.

Teopema 1.9 (mpo KijbKicTh KOpeHIiB MHOTOWIEHA) MHozouieH n—20 cme-
news (n > 0,) nad Kisvyem 6€3 diNvHUKIE HYAA MAE T OO MEHWE KOPEHIE 13
6PATYEAHAM KPAMHOCTIVE, MOOMO AKWLO X1, Ty, . .., Ty — 6CL PI3HL KOPENT, 1, 610-
noeiono, ki, ks, ..., k, ix kpamnocmi, mo ky +ky 4+ ... +k, < n.

JoBenennsi. Teopemy MOKHA JJOBECTH METOJOM IIOBHOI MaTeMaTHUYIHOl iH-
JIYKIII.

Basa injaykmii: PosrisiHemo Muorodsien repimoro crenenst ax + b, a # 0.
[leit MHOrOWIEH HE MOXKE MATHU JIBa Pi3HI KOPEHi X1 # X9 TOMY IO

ar1+b=axrs+b=0= a(x; — ) =0.

A B HAIOMY KiJIBII JOOYTOK JIBOX HEHYJIBLOBUX €JIEMEHTIB @, 1 — T2 (3a JOMOB-
JIEHICTIO KiJIbIIe HE MAa€ JIJIbHUKIB HYJIs1) HE MOXKe JOPIBHIOBATH HYJ0. TakoxK
HEe MOKe MaTH KOPiHb OlJIbIIOI KPATHOCTI HizK 1, TOMY III0 MHOTOYJIEH IIEPIIOrO
CTeIeHs He MOyKe JIJINTUCS Ha MHOTOUJIEH OLIBIT BHCOKOT'O CTEIEHS.
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[arykTuBHe punyiienns: [Ipumycrumo, HaM BijomMo, 110 MHOTOWIEH 12— 1-TO
crerens n > 2 Mae He OiIbIlle HiXK . — 1 KOpPiHb.

[naykruBHuit nepexin. Posrustmemo muorowten f(x) cremenst m, n > 2
fxmo muorownen f(x) He Mae KOpeHIB, TO JIJIi HBOIO TEOPEMa BUKOHYETHCSI
— 0 < n.. Y Bunajky, Koju MHOTOWIeH f(x) Mae KOpiHb ¢, Ieil MHOTOYJIeH
JTUThCA Ha T — ¢ (3rijgmno Teopemnu 1.8)

f(x) = (x = c)g(x), degg(x) =n—1.

B KiJibIli, HaJl SKUM MU PO3IJISIIAEMO MHOI'OUJIEHH, JIIJIbHUKIB HYJIsSI HEMaE, TOOTO

JIOOYTOK JIBOX HEHYJIbOBUX YHUCEJ 3HOBY € HEHYJILOBUM dYnc/IOM. Tomy KOxKeH

KOpiHb MHOrOWwieHa f(z) mopiBHIOE ¢ ab0o € Kopenem Muorowiena g(x). Tomy

KIJIBKICTh KOpeHiB MHOTOUIeHa f () HA OMMHUINO OLIbINA Bl KITHKOCTI KOPEHIB

mmorowrena ¢(z). 3rigmno teopemu 1.9 KiibKicTh KOpeHisB Muorotwiena ¢(z) me

nepesuiiye n — 1. Tomy KijbkicTh KopeHiB MHOTOUWIeHA f () He TIEPEBUIILYE M.
]

ITpuknan 1.12 B xavui Zg € dinvhuku nyss — 6 uyvomy kiavyt 2-3 = 0. i
mrozounena f(x) = x? 4+ 3x + 2 dpyeozo cmenena Had YUM KIALUEM MEeOPeMa
ne surxonyemoca. Llet mmuozounen mae womupu xopewi 1,2,4,5, ockiavku 2 +
3r+2=(x+1)(x+2)=(v+4)(z+5).

Hacninkom Teopemn 1.9 €

Teopema 1.10 (ymoBa TOro, 1[0 MHOTOYJIEH € HYJIBOBUM) K40 6idomo,
wo muoeousen f(x) = apx" +arz" 1 4.. . 4a,, n >0 nad wirvuem bes diav-
HUKLE HYAA NPULMAE 3HAYEHHA HYAL NPu 1 + 1 pIBHUT 3HAYEHHAT 3MIHHOIL,
Mo ue HYAbOBUT MHO20MAEH — 6CT 11020 Koediulenmu Jopi8HINMb HYAK.

Hosenennsi. /liiicuo, uexait f(x) # 0, 0 < degf < n. dkuo deg f =
0, f = ag # 0, TO MaeMO CyIepedHiTh 3 TUM, MO [eil MHOMOWIEH Ma€ KOPIiHb.
Axmo xk deg f > 0, To 3a Teopemoro 1.9 1eii MHOro4IeH Mae k KOpeHiB

0<k<degf<n<n+1,

IO CyllepevYuTh YMOBI.
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Teopema 1.11 (nmpo kanoHidHHit i3oMopdizm) Hrwo dea mHozouseHU
fl@)=ay+az+...+az”,  gx)=by+bx+...4+bx", (n>0)

HA0 HECKIHYEHHUM Kiavuem 0e3 AbHUKIE HYAA NPULMAOMb 00HE | ME iC
BHAMEHHA NPU BCIT ZHAMEHHAT 3MINNO0L (Mobmo 3adaromyv 00Ny i my e Noai-
nomiaavHy Pynryito) mo a; = b; npu eciz i =0,1,2,...n.

oBenenHsi. [1s1 10BeIeHHs TOCUTD PO3NVISHYTH PI3HUIIO f — g 1 3aCTOCYBATH
Teopemy 1.9.
u

CroBo “KaHOHIUHUIT® Oo3HA4Ya€ NMPUPOJHUIL, eauHuil, BciM 3po3ymiiuit. Crio-
BO “i30MOpP(di3M* 03HaYAE B3a€MHO OJHO3HAYHY BiJIIOBIJIHICTD 13 y3I0JXKEHHSIM
orepalliii i BijiHomeHb. TakuM ynHoM, Teopema 1.11 mokasye, 1o npupojHe 3a-
JIaHHsI MHOTOYIEHOM (DPYHKIIII BCTAHOBJIIOE B3AEMHO OJHO3HAYHY BiJIIIOBIIHICTD
MiK TIOJIIHOMAMHU 1 TTOJTIHOMIAJILHIMEI (DYHKITSAMI Y BUMAJKY, KOJIA KLJIbIE KO-
edilieHTiB HecKiHYEeHHE 1 He Ma€ JJIbHUKIB Hysd. [lojis He MaloTh JTiJIbHUKIB
HyJid. ToMy MiXK MOJTIHOMAM® 1 MOJIIHOMIAJIEHUMEI (PYHKITIIMI HaJT HECKIHYEeH-
HUMU TIOJIAME € KaHOHIHU 130MOpi3M, KUl J03BOJISIE MaJIOo 3BepTaTu yBary
Ha Te, 10 Hapa3i pO3IJIAJAEThCA — IOJIHOM YM HMOJiHOMIaJIbHA (DYHKILIS.

B moJii, B sKOMy cyMa JIBOX, TPhOX 1 OLIBINOT KIJTLKOCTI OJIMHUIb HE JJOPIBHIOE
HYJIIO, TIpaBUJIbHA HACTYITHA TEOPEMA.

Teopema 1.12 (mpo 3MeHIIIEHHs TTOXiTHOIO KPATHOCTI KOpeHs ) Hxuo ¢
¢ Kopenem mmozousena f(x) kpamnocmi k > 0, mo ¢ € Kopenem MHo20uAEHA
f'(x) (noxionoi 6id mroeounrena) xpammocmi k — 1.

Hosenennsi. Hexaiif(x) = fi(x) - (x — )%,  fi(c) #0, k> 0. Toxi
(@) = [i@)(@ =) + filo)k(e — ) = (file)(@ = o) + k(@)

TOOTO

k—1
fll@)= (=) falz), folz) = filz)(z—c)+kfi(z), falc) = k- fi(c) # 0.
OcratHi 3aMmcn 03HAYAI0Th, 1110 ¢ € KopereM Muorowiena f’(x) kparaocti k—1.
u
o moninoMiB HaJ KiIbIleM Zg TEOpeMy 3acTOCOBYBaTH He MoxKHa. Harmpu-
KJIaJl, B IIbOMY K1JIbIIl 1TOX1/THA BIJI ITOJIIHOMA % —1e HYJIbOBUM MHOT'OYJIEHOM.
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Teopema 1.13 (Teopema Biera) Hexaii mmozounen f(x) = 2™ + ajz™ ! +
a2 + ...+ a, MaE KOPEME T1,Ta, ..., T, (KOJCEH KOPIHL NePeparosanul
CMIABKU Pa3is, AKa 1020 KPAmMHicms), mobmo

flx)=a"4+a 2" P Fax" 2+ .. Fa,=(x—21)(x —22) - ...+ (T — ).
Todi
X1 +To+ ... +xT, = Z T = —an,
1<i<n
1Ty + 13+ ...+ Tp_ 1Ty = Z T;T; = Qg
1<i<j<n

LiyLiy o+ - Ty, = (—1) ag
1<i1<19<13<...<1:<n

19 ...Tpn — (—1)"an

Hosejsennsi. Teopema JTOBOIUTHCSA TPOCTUM PO3KPUBAHHAM JIYKOK.
]
st jermiol ygBU PO POSKPUBAHHS JTY2KOK MOXKHA 3/1IICHUTH Iie B KOHKpe-
THOMY BUIJIKy — Koim n = 3. Hexait

f(z) = (# —21) (2 — 22)(x — 23).
Toumi
(22— (z14x2)x+2120) (T —23) = 2°— (214+-To+x3) 22+ (2120421 T3+ ToT3) T— 21 Lo 25 =
= 13 + a1x2 + a2x + as.
[IpupiBHIOIOUYN BiAOBIIHI KOeillIEHTH OJIEPXKYEMO PIBHOCTI
a; = —(x1 + x9 + x3), 9 = T1T9 + T1X3 + Tox3, a3 = —T1T9T3.

Teopema Biera 103BosIsie cKazaTH, 1o cyMa KOpPeHIiB MHorouseHa zr* — 1723 —
1822 4 192 + 2 nopisHIoe 17, 106yTOK yCiX KOpeHiB A0piBHIOE 2.

B posyminni Teopemu Bieta € neni Tonkori. [To-mepiire, kopeni Mmuoro4iena
(K110 BOHM B3araJsi icHYIOTh!) MOXKYTDH He HaJeyKaTn Kijibiio Koedimientis. [To-
JIpyre, MOXKYTh BUHUKHYTU IIPOOJIEMHU 13 cTapiminuM KoedillieHTOM — B yMOBI
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TeopeMmu Biera BiH JOPIBHIOE OAWHUII, & B 3araJilbHOMY BHUIIQJIKY HEBIJIOMO, UM
€ y HbOI0o ObepHeHMit. 3BUYaiiHnii BUIAJIOK, KOJIM BUKOPUCTOBYETChSI TEOPEMA
Bieta, — MHOro4JIeHN PO3TJIAIAIOTHCS HaJ ITOJIeEM KOMILIEKCHUX 4dncesi. Tam Bci
HEHYJIbOBI 4McJia MaloTh obepHeni. ToMy Ha crapiiuii KoedimieHT MHOIroO4JIeH
MOYKHA TOIINTU. | 10 TOTO 2K, B IBOMY II0JII BCI MHOTOYJIEHN HEHYJIHOBOI'O
CTelleHs MalOTh KOpPEeHi.

Taku uunom ;LJIH MHOFoqﬂeHa f(x) = 32? — x + 8 Gyayemo MHOrOUJICH

g(z) = 3 f(x) = 2® — 32+ 3, saKuit Mae Ti x Kopeni i 3 Tieo K KpaTHICTIO, 1O i
MHOTOYJIEH ¢, 1 BXKe JI0 MHoroqﬂeHa g HaJl HOﬂeM KOMILJIEKCHIX YNCEJT 3aCTOCO-
Bye€MO Teopemy Biera: cyma KOpeHiB JIOPIBHIOE g, L 106yToK KopeHiB JopiBHIOE %
Mu obunciimim i cymy KOpeHiB i1 JJoOyTOK KOPEHIB MHOrOYJIeHa, X049 BOHHU 1 He
icHYIOI0TH B TOJIL fAificnnx ducesi. Kopeni y 1boro MHorodjena JjiexkaTh B 110/
KOMILJIEKCHUX YUCE.

Posruisinemo muorouwsen 2x? +x+1 = f(x) nag nosem Zs. B nogi Zg unciio 2
Mae obepHeHe - BOHO caMo J10 cebe obepHene. Tomy MOYKEMO PO3IIIUTH MHOIO-
qen f Ha 2 i oJepyKaTu HOBHII MHOTOWICH ¢ = 22+ 22 +2 3 THMH K KOPCHSIMIL.
[ nasi 3acTocoByeMo TeopeMy Biera y:ke j10 MHOTOUJIEHA § — CyMa KOPEHIB J0-
piBHIOE -2=1, a M00yTOK JopiBHIOE 2. Mu 3HOBY 00YUCIUIN CyMYy 1 J00YTOK
KOpeHiB, aJjie B 10Ji KoedilleHTIB MUX KOPEeHIB HeMaE€ — BOHU 3HAXO/STbCsl B
IIEBHOMY PO3IIMPEHHI 110JIs1 KoeDillieHTiB.

Posrusinemo muorousien 2z% +x+1 = f(x) naj kinbuem Zg. B oMy Kijabii
2 -3 =0, Tomy umcso 2 He Mae obepHeHoro. OTxKe 10 3aJ]aHON0 MHOI'OUJIEHA,
B3araJii HeMOXKJIMBO 3aCTOCYBaTH TeopeMy BieTa.

Teopema 1.14 (OcnoBHa Teopema BUILOL ajaredpu) Koowcen mnozouien He-
HYADOB020 CMENEHA HAO NOAEM KOMNAEKCHUT YUCEA MAE KOPIHD.

Teopemy j1aemo 6e3 J10Be/I€HHS.

2 IloainbHICTH

B oMy posijii KiJiblle, HaJl SKUM PO3TJIAIAI0THCI MHOTOUIEHU, € TIOJIEM.
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2.1 HaiibGiapmmii coinpauii JiJIbHUK

Hemnysboi nostinomu f(x), g(x) Haj mosem MaroTh HAlOLIbIINI CIiIBHUI [T1Tb-
auk HCJI( f, ¢) i naiimentie crisibre kpatae HCK( £, ). 3a usnauennsam, HCI( f, g)
e TaKuil JIBHUK TTOJIiHOMIB f, g, sikuil giuTbest Ha Bei inmii. [ToTpibno BmiTh
JIOBOJIUTH ICHYBaHH 1 €IMHICTD (3 TouHicTIO 10 crasoro muoxkunka) HCII(f, g).

Teopema 2.1 (mpo icHyBaHHSI HAiiGIJIBIIIOTO CHIJIBHOTO MiJIbHUKA) . Bydo-
AKL 0804 HEHYALOBT MHO20UAEHU HAOD NOAEM MAOMB HATOLALWUL CNEALHUL JlAb-
HUK.

OcCKJIBKH JIIJIeHHSI MHOIOWJIEHIB 3 OCTAUEI0 PO3IJISIIAETHCSI JIKIIE JIJIsI MHOI'O-
YJIeHIB HaJI HOJIAMU, TO 1 HAWOLIbIINI CHIIbHUN IIJIBHUK IIYKAIOTH JIMIIE JIJId
MHOI'OYJIeHIB, Uil KOeMIIieHTH JIe2KaTh B IOJI.

HoBenennsi. Hexaii € nBa Henysbosi muorowienu f(x) i g(x). Posrismaemo
MHOXKIHY HEHYJILOBUX MHOTOUIEHIB d(x), siKi MOYKHA 3aIUCATH y BULJIsII

d=f-M+g-N, (10)

[Is1 MHOXKUHA HE TIOPOXKHSA — B Hiff € HeHyJIbOBHIT MHOTOTUEH f(X), OCKITBKN
ifioro moxkua 3anucaru y Burysiai f(x) = f(z) - 14 g(x) - 0. B niit MmHOXKE-
Hi BUOMpPaEMO MHOTOYJIEH HAMEHIIIOro CTeleHs — BiH ICHY€, OCKLJILKU CTeleni
€ HATYpAJbHUMK YUCJTAMU 9 HYJIEM, a B Oy/Ib-sKiil HEMOPOXKHIH i IMHOMKIHI
HATYpaJbHIX YHCET 3 HyJeM € HafiMeHine 9uc/io (MPUHIUIT HAHMEHIIOro Ju-
cia). Ot oreit MHOTOMTYeH d(x) 1 Oyie HAROLIBIM CILIBHIM JLTbHUKOM. J]7s1
3aKiHYeHHsI JOBeJIeHHsI HaM ITOTPIOHO JI0BECTH /Bl pedi:

e d(z) e mbrukom i f 1 g ;
e d(x) minurhes Ha Oynb-sikuii iHIMi AiTbHUK d MHOrOWIEHIB f Ta g.

[leprre TBepKenHs JOBOIUMO METOJOM Bij mpoTuiexknoro. IIpumycrmmo,
o d(x) we € cuiibHuM AiibHEKOM f 1 ¢. [l BusHaueHocTi Oy/1eMo BBAyKATH,
1o d He € AiabHIKOM [, ToOTO 1pu JineHHi [ Ha d 3 ocTadero

f=dq+r, degr < degd
ocTada T He JIOpiBHIOE HyJ0. B TakoMmy BUIIAJIKY

f=(M+gN)qg+r=r=[f—fMqg—gNqg= f(1-Mgq)+g(—Nq),
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TobTo 1 Mae 3anuc y Buriisii (10) i Mae creninb MeHmii, HiK d. A 1ie cynepe-
YUTH NPUITYIIEHHIO, 10 d Ma€ HafiMEHIIT MOXKJIMBUI CTEMHbL cepell HeHYTHOBIX
MHOTOUJIEHIB, siKi MOXKyTb OyTH 3anucani y surisii (10). Takum ausoM mepiie
TBEP/I2KEHHS JTOBEJIEHE.

[Tepexomumo jo apyroro teepizkenns. Hexait d' axuii-neOyap inmmii ciiin-
Huil JinbHNK MHOroWwIeHiB f 1 g. Tomi jjst Aesskuit MHOrOW/IeHIB f1, g1 MOYKHA
sammcaru f = f1d', g = g1d’. Toni

d=d fiM+daN=d(fiM+ ¢gN),

1 d e nbHEKOM MHOro4eHa d.
IcnyBaHHA HaNOLIBIIOrNO CIIJIBHOTO JLIBHUKA JBOX MHOI'OYJICHIB JOBEJICHE.
|

Teopema 2.2 (mpo €auHiCTh HAWGIIBIIIOrO CIJIBHUTO MJIbHUKA) . He-
xatll € dsa Hatlibiavuwy cniavhl diavHuky di, ds mrozounrenis f,q. Todi xoorcen
i3 HUX 00epHCYEMBCA 13 OPY2020 MHONCEHHAM HA YUCAO.

HosenenHsi. OckiJbKI HAROLIBIINI CILILHII JIIBHUK JIJINTHCS Ha BCI T1Ihb-
HUKU, TO dy JIIUTHCA Ha dy 1 dy JIUThes Ha do, TOOTO JJIsl JesIKIX MHOIOUJIEHIB

h17 h2
dl = dghl, d2 = dlhg, deg dl = deg d2 + deg hl, deg dg = deg d1 + deg hg.

Hepisuocti degdy < degd,, degdy < degd; MOXKYTb BUKOHYBATHUCS JIUIIE Y
Bunajky degd; = degds, degh; = deghy = 0, Koau KoykeH i3 HalOLIBIIIX
CHLIBHUX JILIBHUKIB OJIEPXKYETHCS 13 JIPYTOrO0 MHOXKEHHSIM Ha YHUCJIO.

B raxiit curyanil KaxKyTb, 10 “HafOLIbIMMI CHIJIBHAN TIJILHUK JIBOX MHOT'O-
WICHIB €IUHNUIl 3 TOYHICTIO JI0 CTAJIOr0 MHOYKHHUKA.

m

fK1mo He ckazaHe iHie (3a HeJOMOBJIEHICTIO ), TO HAWOLIBINNIT CTILTEHAN [TiTh-

HUK JIBOX MHOIOYJIEHIB CTAPIIIM KOeMIIiEHTOM MA€ OJIMHUILIO.

Buznauenns 2.1 /[ea nenyavo6i MHO204AEHU HA3UBAIOMD B3AEMHO NPOCTU-
MU, AKULO 1T HAUOIAWUT CNIALHUT DIABHUK € CMAA0I0 (MAE HYALOSUTL Cme-
niMy).

Hami gacTo 0y/1IeMO KOPUCTYBATHCA HACTYITHOIO T€OPEMOIO:
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Teopema 2.3 (npo npedcmasaenns HCJ). Hatibirvwut cnisonut disvrnur d
MHo020MAeHI6 [, g Mmooicha 3anucamu y sueasdi (10), de mrozounenu M, N 3a-
dOBONLHAIOMD YMOBY

deg M < degg, deg N < deg f. (11)

HoBenennsi. Te, 1m0 /s HAMOLIBIIOrO CHIJIBHOIO JiJIbHUKA d ICHYIOTH MHO-
roaenn M, N, ski 3a/10BOJIbHAIOTE YMOBY (10), HaM y2Ke BIJIoMO i3 J10Be/IeHHs
TeopeMHU PO ICHYBaHHSA HaHOLIBINOTO CHIILHOTO JTJIHLHUKA.

Hosenemo, mo icayioThb Taki muorowienn M, N, 9Ki 3a10BOJBHAIOTH YMO-
By (11). Bepemo Oy/1b-siki muorowrern M, N, ski 3a10BosibHsTIOTH yMOBY (10).
Hani gimumo M wa g i N f 3 ocradero:

M =gq + My, degM; <degg, N =fq+ N, degN; <deg]f.
Tenep Mu MoxKeMO 3alucaTi

d= f(gq + M) + g(fqo + No)

d— (fMi+gNi) = fg(ar + @).
Axmmo d — (f My + gNy) # 0, TO MU Ma€MO CyTIepedHICTb:

deg(d — (fMy+gNy)) < deg f +degg,  deg(fg(q +q)) > deg f +degg.

Orxke
d—(fMi+gNy) =0, d= fMi+gN;, degM; <degg, degN; <deg]f.

JloBejieHHsT TeopeMu 3aKiHUeHe.
n
Teopema nipo npejacrapiaennss HCJI po3Bouisie nepedopMy/ioBaTi BU3HAYEH-
Hsl B3a€MHOI IIPOCTOTHU JIBOX MHOI'OYJIEHIB:

Buznadenns 2.2 /[ea nenyavost muozounseny f,q 63aemmo npocmi modi i
miAvku modi, xoau oaa deaxux muozouserie M, N moocHa sanucamu pis-
HICTND

fM+gN =1. (12)
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Teopema 2.4 (mpo aijgeHust HOOYTKY) SAxwo dobymox 060T MHO204u.AEHIE
dinumuvcs na mpemit i 00UH MHONCHUK B3AEMHO NPOCMUTL 3 MPEMIM MHO-
204NEHOM, MO OPY2ULE MHOHCHUK JTAUMDBCA 1A Uel MPEMIT MHO20YUAEN.

Teopema 11po jiijieHHsT JOOYTKY B CUMBOJIBHOMY BHIVIsI/I 3aIIUCYETHCS TaK:

Hexait fi, fo — naBa muorousenu, g = fifo 1 MHOrOUJICH g JUJIUTHCSA HA MHO-
rowieH h, ToOTO JjIsi JIesIKOrO MHOI'OYJIEHa ¢ MOXKHa 3ammcaru ¢ = hqp. Y
sunia iky, Koau HCJI(fi, h) = 1, muorowien fy mimmurbes wa h, T0OTO j1j1s J1e-
SIKOI'O MHOT'OUJICHA o MOYKHA HarmcaTn fo = hqs.

HoBenennsi. Hexait maemo muorousienu fi, fo, g, h, q1, JJisi SKIX BUKOHYIO-
ThCA PIBHOCTI

g= fif:s g=hqa, HCA(fi,h)=1
Bukopucrosyroun (12) moxkua 11 jgeskux muorowienis M, N samnucarn pis-
HICTD:

fiM +hN = 1. (13)
Homuoxkumo (13) wHa fo. Ogeprximo
JifoM + hfaN = fo.
3Bijicn
gM + hfsN = fo, hgiM + hfaN = fo, h(giM + faN) = fa,

10010 fo = hqo, e g2 = 1M + foN. Ilum 3akindyeTbCst JOBEJIEHHST TOrO, M0
fo minmurbes Ha h.
Teopema noBeneHa.
]

Teopema 2.5 (mpo eauuicts npeacrasaendas HCI) Sxwo mrozouiveru

f,g e3aemmno npocmi, modi mnozounenu M, N, axi 3ado60avHAIOMb YMOSY
(11), edumi.

JoBenennsi. Hexair
1= fM+gN = fMi4+gN;, degM,degM; < degg, degN,degN; < deg f.
Tomi f(M — M) = g(N1— N), i norpioro gosecru, mo M — M; = Ny — N = 0.
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Hiiicuo, ockinbku g(N1 — N) ginurees Ha f, 1 HCI(f, g)=1, To 3a Teopemoro
PO TOJIbHICTE H00yTKY MHOTOWIeH N1 — N moBuHeH gimTuca Ha f. A 1e
HEMOZKJTIBO, ocKimbKN deg(Ny — N) < deg f.

Teopema 1po eaunicts npejacrasiaenas HC/ noseaena.

Metoa HeBM3HaYeHNX KoedillieHTiB

Teopema 1po eaunicts npencrapiaennss HCJI jgosBossie st 3ajaHIX MHO-
rousienis f, g mykaru muorowienu M, N, mo 3a0Bo/IbHIOTH YMOBI (12), Tak
3BaHNM 'MeToj0M HeBm3HadYeHHX KoedimienTis". Lleit meTon mossirae B HaCTY-
nHomy. 1 3a1aHuX MHOTOYJIEHIB

f = apz"+a1z" .. 4a,, a9 #0, g = box"+b1x" . 4b,, by #0,
muorousern M, N 3amucyiorTh 3 HEBIJIOMUMU KoedillieHTaMu
M = Of()l'm_l + Oéll'm_2 +...+tay1, N= Boxn_l + 61:1:”_2 + ...+ Bt

[TlincraBnsiemo f, g, M.N B (12). Ogepxyemo

(apcio+boBo) ™™ -(agar +ayan+boBi+b1 Bo) ™ )+ A (a1 00+ a0 +by 181D,
+ (an@m_1 + bmfp_1) = 0- 2™ 140 2™ 2 4 4 0-24+1. (14)

JIBa MHOrO4WJIeHn 306iraloThbCsl TOJI 1 TLILKM TOJII, KOJU Yy HUX OJHAKOBI KOe-
itienTr pu ojiHAKOBUX cTerneHstx 3MiHHOl. Tomy pisHsiabsg (14) piBHOCH/IBHE
cucremi

apo + bpfSy = 0,
apo; + ayag + boBr 4 015y = 0,

Ap—100 + ApQy—2 + bm—lﬁn—l + bmﬁn—Q - O>
pOm—1 + bmﬁn—l = 1.

Buznaunaunk Bumnmcanol JHIHHOI cucTeMn PiBHAHD 3 HEBIJOMUMMH

o, A1,y ..., Q1 /807 ﬁl) S 671—1
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HA3WBalOTh Pe3yJbTaHTOM MHOrowieHiB f, g i nosnauaiors Res(f,g). Pesyinb-
TAHTY MPUCBIIYETHCST OKPEMa JIEKITisI.

[Tokazkemo, sIKHil BUIJISIT BCe CKa3aHe Ma€ B KOHKPETHOMY, UNCIOBOMY BH-
LTSI,

Hexait f =23 —Tx+2, ¢ = 2+ 5z — 3. lllykaemo HeBioMi MHOrOWICHN
M = ogr + a1, N = Byx® + fiz + [, 119 FKNX BHKOHYETHCS PIBHICTE
fM 4+ gN = 1. JIng uporo muieMo piBHSHHS

(z° — T2 4 2)(apz + ay) + (22 + 5z — 3)(Box? + Brx + Bo) — 1 =0,
(oo + Bo)x* + (e + 5B + B1)x + (=Tag — 38y + 5P1 + Bo)x*+
+(—7041 + 209 + 552 — 361)%‘ + (20&1 — 352 — 1) =0,

1 cucreMy pPIBHSIHb

g + Bo =0,

a1+ 55 + 1 =0,

—Tag — 300+ 561 + P2 = 0,
—Tay + 200 + 562 — 381 = 0,

2001 — 309 = 1.
Matpureio cucremu €
1 0 1 0 0 ]
o 1 5 1 0
A= -7 0 -3 5 1
2 =7 0 =3 5
| 0 2 0 0 -3]

Busnaunuk marpuii A
Res(f, g) = det(A) = 211 # 0.

OcKiJIbKM BU3HAYHUK CHCTEMHU He HYJIbOBHIl, TO cHCTeMa Ma€ i JI0 TOro K
€IMHII pO3B’s130K. 3BiJCH BUILINBAE, 1[0 MHOTOYJIEHH B3aE€MHO IIPOCTI.
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Pposp’st3yemo cuctemy THM 9# IHIIM criocoOoM. OmeprKyeMo

2 L | N 149
W= "o MT o PO T o PYTor PP oTorn
Bajiada po3B’sa3aHa. Biamnosimo e
21 118 21 13 149
M(z)=——x— —, N(x) = —a*+ —1 — —.
2117~ 211 2117 Tao11t T 211

Pobumo mepeBipKy:

21 118 21 13 149
3 2 2
— S = — = — —1
(27 —Tx+2) ( 511 * 211)+(JJ +5x —3) <211x —l—211x 211)

2.2 3HwuIleHHs ippalioHaJbHOCTI B 3HAMEHHUKY. AJireOpaidHe Ta TpaHCIIeH1eH-
THE PO3MIMPEHHS I10JIs.

Hexait f(x),deg f > 1 — uesBiguuit Muorouten waj nojem F. I mexait o —
floro Kopib B gKOMych Oiabmiomy mosi Fy, Fy D F, Hi>K 1oJie KoedillieHTiB
F' (nampukiaj, KoedimieHTn MHOrOW/IeHa PalioHaIbHI Y1c/a, a KOPiHb He pa-
nionasbumit). Takum anaom, f(a) = 0. CrBepizKyeMo, MO /s OYb-sIKOTO
HeHy 1b0BOr0 MHOTOWeHa ¢(x), deg f > degg nax F' moxHa mimibparu MHO-
roated h(x) wajg F Taxuii, M0 BUKOHYETHCS PIBHICTH

—— = h(a). (15)

[To6ymoBy Muorowtena h(x) 3a samanumvn Muorowienamu f(x), g(x), axuit 3a-
JOBOJTbHsIE piBHOCTI (15), HA3UBAIOTD “3HUIIEHHAM ippPAIlOHAJIBHOCT] B 3HAMEH-
HUKY".

CrangapTHUil MpUioM 3HUIIEHHS 1PPaliOHAJIBLHOCTI B 3HAMEHHHUKY TaKUIl.
Ockisbku MuOrorwieH f () He3BiAHMI, & MHOrOUIEH ¢(Z) Ma€ CTeleHb MEHIIHIT
Hixk f(x), To MmuOrOwIeHN f, g B3aemuo mpocti. Tomy it HUX MOXKHA 1M IOpaTn
muorowrenu M, N, nist sikuit BukonyeTbes pisuicts f(z) M (x)+g(z)N(z) = 1.
[TigcraBusnmn « 3amictsb z 1 srajgasin, mo f(«) = 0, MaeMo piBHICTH

g(a) - N(a) = 1.
Ogneprkyemo Bimnosias — h(z) = N(z).
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[Tokaxkemo, fK 11e pOOUTHCA Ha MPUKJIAJ].
Hexait o — gKmiich KOpiHb MHOTOU/IEHA

f(z) = 2* — 82 + 122 — 62 + 2,

tooto f(a) = 0. Ilorpi6no npi6 29/(« + 1) 3anucat y BUIIsii MHOTOYICHA
BiJl o, TOOTO 3HaiiTH MHOTOWIeH N (o) Takmii, 1o

29
a+1

= N(a), N(a)(a+1) =29 (16)

Hexait g(x) = x+1. Ha nepuiomy kporii 3ammiucyemo jsa maorowienu M (x), N(x),
deg M (z) < degg(x) =1, deg N(x) < deg f(x) = 4 3 HeBimomumu KoedilieH-
TaMU:

N(x) = az® + bx* + cx + d, M(x) = e.

Ha npyromy xpori 3anucyemo piBicts f - M + g - N = 29:
(2 — 8% + 1222 — 62 4+ 2)e + (. + 1)(az® + ba® + cx + d) = 29.

PoskpuBaemo J1yKKM 1 TPUPIBHIOEMO KOEMIIIEHTH NPU BIJIOBIIHIX CTEIEHSIX T
B JIBIii 1 B IpaBiil acTuHax 3ammcanol piBHocTi. O/epKyeMo CucTeMy PiBHSIHD

e+a=0,
—8e+b+a =0,
12¢ +c+b=0, (17)
—6e+d+c=0,

2e +d = 29.

TperiMm KPOKOM PO3B’A3yEMO 0JIepzKaHy CUCTEMY PIBHSHD

a=—-1,b=9,c=-21,d=27,e=1.

YerBepTrM KPOKOM 3aBEpINYEMO BIIpaBy: B ToToXKHICTh f(x) - M(x) + g(x) -
N(x) = 29 igcraB/sieMo 3aMiCThb T YUCIO (v, IPU [IOMY T1aM’graemMo, mo f(a) =
0. O1epKyeMO TOTOYKHOCTI

29
(—a® +9a% — 21a + 27)(a + 1) = 29, parie —a® 4+ 9a? — 21la + 27.
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fkimo npu poss’s3yBani cucremu (17) 3'cyerbest, 1m0 15 CHCTEMa HECYyMiCHA,
TO Ie O3HAYAE, IO JaHui MHOTOWIeH f () He € HEe3BITHNM, BiH PO3KJIAIAEThCs
B JI00yTOK, ckaxkemo, f = f1 - fo,deg f1 > 0,deg fo > 0. 1 uncjio a € Koperem
OJIHOT'O 13 MHOYKHUKIB, cKaykemo, f1. B TakoMy BuIa Ky 3HUIIICHHS ippallioHa/b-
HOCTI MOXKH& IPOJIOBXKUTH, 3aMmiHuBim f Ha fi. ToMy Ipu BUKOHAHHI BIpaBU
MU He HepeBipsiIn He3BIIHICTE MHOTMOUIeHa, f, sTKa rapaHTye CYMiCHICTH CHCTe-
vu (17).

J1151 BUKOHAHHS caMOCTIHHIX BIIpaB 3aIIPOIMOHYEMO 3HUIIUTH iPPaIiOHATbHCTD
B 3HAMEHHUKY B HACTYITHUX BHPa3ax (3HOBY YHCJIO (v — SIKUIICh KOPIHb MHOTO-
wiena f(x) = 2t — 823 + 1222 — 62 + 2.)

13204213 . 1420+ 213 , )
Tao — 1 Tao — 1 2427 1267
7361 7361
3 4 3 4
1 222 Bignosias S = —15/20% + 5802 — T4a + 21,
« «

Mu posristHy/In BUIIQJIOK, KOJIU B 3HAMEHHUKY JIPOOY CTOITH MHOI'OYJIEH BiJl
KOpPEHsI BiJIOMOro HaM MHOrowIeHa. /laJi po3riasgHeMo BAIAI0K, KON Ieil MHO-
ro4JieH He B1JIOMUIL.

B npocrtux Bunajgkax, HaIpUKIad B Ipobax

2/2 — 7 /4
3v2+9 142

3pO3YyMI1JIO, KOPEHEM $IKOI'0O MHOI'O4YJIEHA € 1ppallloHa/bHe YUCJI0: YUCJO V2 e
3
KOpPEHEM MHOTOWIeHa T2 — 2, & IHC/I0 v/2 € KOpeHeM MHOrowiena r° — 2.

[TokazkeMo, sIK B JIesIKUX BHUIIAIKaX MOYKHA 3HAUTU MHOI'OUJIEH, KOPEHEM SIKO-
ro € JlaHe YUCJIO.

Hexait mam ngame unciao r = /2 + /5. [MIykaemo cremeHi HbOro 4uCIa i
poOyemo MigibpaT KoedilieHTn Tak, 1mod cyMa CTeNeHiB Yucja 3 IMUMU KOe-
dimienramu (hakTHIHO, MHOTOUIEH Bijl IbOTO 1YHCIa) JopiBHIOBaIA HYM0. OO6-
YUCJTIOEMO:
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2% = V4 4+ 2V2V5 + 5, 2% = 2 + 3V4V5 + 15v/2 + 55,
2t =22+ 85 +30V4 + 2025 + 25,
2® = 2V/4 4 10V/2v/5 + 100 + 50 V45 + 125 v/2 + 25 /5,
2% = 129 + 1245 + 150 V2 + 200 V5 + 375 v/4 4 150 v/2/5.

3ammcyeMo piBHICTH
2% 4+ yia® + yort + Y32’ + yar® + ysz + yo = 0, (18)
i HamMaraemocs IijgidbpaTu KoeilieHT Yy, Y2, Y3, Y4, Y5, Y¢ TaK, 100 BOHA CTAJIA
ToroxHicTIO. /151 1150T0 B piBHOCTI (18) MimcTaBisieMo NOTPIOHI HAM 3HAYEHHSI.
O 1epKyeMo HOBY PiBHICTD
129 + 12 2%3/5 4+ 150 V2 4+ 200 V/5 + 375 2%/ + 150 v2v/5+
4yl (2 2213 110 ¥/2v/5 + 100 + 50 223/5 + 125 /2 + 25 \/5) +

+y2 (2{7§+8\/3+3022/3+20§3/§\/5+25)+y3 <2+322/3\/5+15§7§+5\/3>+
Sy (22/3+2€/§\/5+5)+y5 (6/5+\/5)+y6:0.

PoskpuBaemo JIyKKH1 1 TPYIYEMO JIOJTAHKH:
(129 4 11100 + Y225 + y32 + yab5 + y6) + (150 + 11125 + 492 + 4315 + y5)V2+
(150 + 1125 + yo2 + 4315 + ys5 ) VA+
+(200 4 25y + 8ya + 5y3 + y5) V5 4+ (150 + 10y; + 20y2 + 2u4)V2v/5+
+(12 + 50y1 + 3y3)V4V/5.

[IpupiBHioeMO BUpasm B JIy:KKaxX JIO HYJId 1 OJIEPKYEMO CHUCTEMY JIHIAHUX
PIBHSIHD

129 4 41100 + 4225 4 y32 + y45 4+ y¢ = O,
150 + 41125 4+ 492 + y315 + y5 = 0,

+150 + 91125 + 322 4+ y315 + y5; = 0,

200 + 25y + 8y2 + dys + y5 = 0,

150 4 10y; + 20y, + 2y4 = O,

12 + 50y + 3y3 = 0.
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Po3B’3yeMO cTBOpeHy cHCTEMY PiBHAHB, OJIEPKYEMO
Y1 =0,y2 = —15,y3 = —4,y4 = 75,y5 = —060, yg = —121.
TaKI/IM YHUHOM, 3aJaH€ 9MCJIO € KOPDEHEM MHOT'OYJIEHa
28 — 152% — 423 + 7522 — 60z — 121.

Mu posristHy M JiBa, BUIIAIKN — KOJIM YUCJI0 € KOPEHEM BiJIOMOIO MHOTOYJIC-
Ha, 1 KO 9HUCJIO € KOpeHeM MHOrodJieHa, aje MU He 3HaeMO, SKOro came. B
000X BUIIKAX Ma€ThCA Ha yBa3i, MO MU 3HAEMO, IO TaKe UNCJIO.

Ante € mieit it Tperiit BUIIAIOK, KOJIM MU BBOJIUMO HOBHUI CHMBOJI, HA3UBaE-
MO Tieff CHMBOJI YHCJIOM, 1 BUMaraeMo (3HOBY K TaKW 3a BH3HAYEHHsIM), 1100
neit cuMBOJT OYB KOpeHeM He3BiJIHOTO MHOTo4/IeHa. TakK YMHATH Mpu MOOYI0BI
110JIs1 KOMILJIEKCHUX 9HCeJI — BBBOJIUTBHCSI CUMBOJI ¢, SIKUH 3a BU3HAYCHHSIM €
kopeneMm Muorodaena 2 + 1. [Tosie KOMIJIEKCHUX 4HCeT MICTHTL y cobi 1oe
JIiCHUX Ynces, ToMy Horo MOyKHa, Ha3BaTU POMINPEHHAM I10JIS JIIHCHIX Yncel.
3a Ii€l0 CXeMO 3a JIOIMOMOIo Oy/ib-sIKOI'O HE3BIIHOIO HaJl 3aJ@HUM I10JIeM
muorouiena f(x),deg f(x) > 2 moxkna mobyjyBaTu posuupents mojs. st
1O0OY/IOBM HOBOT'O T10JIsI BBOJMMO HOBHIT CUMBOJI ¢, STKUil 38 BU3HAYEHHSM € KO-
perem Muorowiena f(x) rooro f(i) = 0. Exementamn HOBOTO 10JIst € MHOTOIIE-
o g(i),deg g < deg f. nogaroThest Taki MHOTOWIEHN 3BHYaiHIM drHOM. [Ipn
MHOKeHHI MHOTOUIeHIB BpaxoByeThest, mo f(i) = 0. Tomy Oyib-sikuit MHOTO-
<JIeH BiJ[ ¢ JTOPIBHIOE 3UJIMINKY BiJ jiiJieHHsI 1Iboro MHOrO4IeHa Ha f(7). HacTka
B1JI JIlJIEHHS MHOT'OYJIeHa Ha MHOTOYJIEH 3HAXOAUTHCSI METOI0M 3HUINEHH 1ppa-
IIOHAJILHOCTI B 3HaMeHHUKY. Tak 1mo0yjioBeHe I10Jie Ha3UBAIOTH ajreOpaldHuM
POBIIUPEHHSIM T10J1s1, 00 PO3IMIMPEHHSM 32 JIOTIOMOTOI0 HE3B1THOIO MHOTOUJICHA.

B posmupenomMy 3a J0MOMOT0I0 MHOTOUIEHA 0T TIefl MHOTOUJIeH Ma€ KOPiHb.
Tomy Oyjib-IKUiT MHOrOYJIEH B IIEBHOMY PO3NIUPEHHI TO0JId KOedIIlieHTIB Mae
KOPIHb.

Pozmupennst moJiiB Ma€, KpiM TEOPETUIHOT0, TAKOXK MPAKTUIHE 3HAYCHHS —
BOHO BUKOPHUCTOBYETHCSI B KaHaJaX 3B’g3KY, PN KOJAYBAHHI Ta MUQpPyBaHHi.

Kpim anredpalaHoro po3mmupeHHs Mo, MOXKHa Oy/IyBaTH 1 TpaHCIIeHIeHTHe
POBIIUPEHHS. 3YIMHIMOCS Ha 1IbOMY MTHTaHHI.

Mu maemo ocnoBre nosie F', xinpre F[[z]] dopMambunx cremeneBux psijis
ma 1 mosteM F i xinbue F [z] muorowienis ma moem F.
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YTBOproeMo hopMaJIbHi JIpobu

f (=)
@7 f($)7g(x) EF[I’], g(x) 7&0

Bouu dhopmasibHi B TOMY PO3yMiHHI, IO Iie He (PYHKIII, a IPOocTO 11030aB/IeH]
3MICTY BUPA3HU.

Ha muoxkuni popmasibHIX Jpo0OiB BUBHAYAEMO BiIHOIIEHHSI €KBIBAJIEHTHOCTI
= HACTYIITHUM YUHOM:

f_p
=== fqg=0pyg.
g q

OckinibKI J100YTOK MHOIOYJIEHIB MU BMIEMO IIPaxoByBaTH, 1 3HAEMO, KOJII
JIBa, MHOT'OYJIEHU PiBHI, TO MU 3HAEMO, KOJIU JiBa JIOOYTKH fq Ta pg 30iraiorThes.

Hara taemo, 1110 BiTHOIIIEHHSI €KBiBaJIEHTHOCTI 11e pedieKCHBHE, TPaH3UTHBHE
i cuMmeTpuyHne BijiHomeHHs. Beil 11l BjaacTuBocTi morpibHo nepesipaTu. s rnpu-
KJIa 1y, IepeBipKa pedIeKCHBHOCT] BiIHOIIEHHSI €KBIBAJEHTHOCTI Ha MHOXKUHI
dopMaIbHIX JIPOOIB IIPOBOAUTHCS TAK

fg=fg;5£=£-
g 9

CHUMeTpUYHICTD I TPAaH3UTUBHICTD HEPEBIPSIIOTHCST TaK Ke IPOCTO.
Ha muoxkuni ¢opmaibHIX Jpo0iB BBOAUMO OIEpaliil J0JaBaHHs Ta MHOKe-
HHS HACTYITHUM YHUHOM

f . p_ fatpyg fop

9 q 9¢ 9 4 9q
Teopema 2.6 (Ipo KOPEKTHICTh BU3HAYEHHS orepariii 3 apobamu) . Bse-

deri onepauti dodasarmna ma MHOHCEHHA OpobI6 Y320004CEHT 13 GUSHAYEHHAM
pieHocmi dpodis y Momy POo3YMIHHI, U0

—=— = =4+ ===+ —, —.
a q

g 9 494 @ g 494 G 4
oBenennsi.. Hexait

f_h p_m_ fop_H m fp_hHh m
’ 9 q

hop_m
917 q q1
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TOOTO
for= fig, pa = pig.

[ToTpibHO MOBecTH, 1O BUKOHYIOTHCA PIBHOCTI

fop_hoom [op_hop
g 49 9 @ g qg g q

O06unc/0eMo, 3a BUSHAYEHHSIM J0aBaHHsI IPO0iB, cyMu
A
g9 (9 g Q1

f.p_ fa+pg Lo hatpg
9 q 99 = @1 @ gq

[I1o6 soBecTn piBHICTH

fa+ry _ ha+pg

99 g1q1
HOTPIOHO IEPEBIPUTHU PIBHICTH

Y

(fa+p9)(g1q1) = (frqr + p191)(99),

TOOTO
fagqi +pggiqs = fiq19q9 + p1g19q

A ocrtanHs piBHICTH BHILINBAE i3 BIJIOMUX HAM PiBHOCTEI

fa1 = fig, pq1 = piq.

[3 mux piBHOCTE! BUIINBAE TaKOXK PIBHICTD

fpgiqn = fip1gq,

sKa JIOBOJUTH PIBHICTH

g1 Ch'

Q |

b 1 P
q

]

YTBOPIOEMO HOBY MHO:KUHY F'(), eJleMeHTaMu sIKOI € KJIacu PiBHUX JIPOOIB.
Ha 11iit MHOXKIHI BUSHAUAIOTHCSI OIePAallil 10/ IaBaHHsI Ta MHOXKEHHS KJIACIB - 11100
JIOJIATH JIBa KJIACH UM IEePEMHOXKUTU IX MOTPIOHO B3ATH IPEJCTABHUKA KJIACy
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(omuu 11pib i3 KJ1acy piBHUX) B KOXKHOMY KJIacCl, BAKOHATH Bi/IIIOBIIHY ONEPAIO
HaJ| [IUMU [peJCTaBHUKAMM, a IOTIM B3$THU TOI KJlac, KyJIM IOlaB pe3yjbTaT
aii. Omeit HOBHiT Kj1ac 1 € pe3yJbTaToM BUKOHAHHS Jil. Hampukia, Bizbmemo
JIBa KJIacU, OJINH MICTUTD %, a JIpyruil MiCTUTD j—f PesynbraToMm mojiaBanms

IUX KJaciB Oyjie KJac, sikiii MicTUThb Jpiod

z(1+ x) + 2
3 '

Mmuozkuna KjaaciB i3 BBeJIEHUMU OIePAIisIMI JIOJaBaHHs Ta MHOXKEHHS YTBO-
pIoe T10JIe, siKe TakoXK noznadaemo F(x). € kanonidne BKjaJenus mosst F B
nosie F'(z):

2
a+0x +0x*+ ...
a€F— 5 € F(x).
14+0x+0x+...

HasBHicTb 3ra/laHOro KAHOHITHOTO BKJIA I€HHSI J103BOJIsIe Hazatu F'(x) posmiu-

pertgam o F. ose F(z) € HaiiMeHIIIM 1M0JIeM, Mo MICTHTD B cobi 1 mose F
i enrement x ¢ F| gkuil He € KOpeHeM HIIKOIO MHOTOUJIeHa 13 KoedirieHTaMu
i3 o F'. Taki ejeMeHTH HAa3WBAIOTh TPAHCIEHJACHTHUMU. ToMy I1OOyI0BaHe
nosie F'(z) HABUBAIOTH TPAHCIIEHTEHTHUM PO3IIHPEHHSM 10Jist F.

2.3 Adgaropurm EBkiina

Anroputm EBKiijia 11e ajaropuTM 3HaXOKEeHHsT HAHOL/IbIIOIO CIiJIBHOIO JIiJIb-
HIKa JBOX MHOI'OYWIEHIB 3a JIOIOMOIOIO JIJIEHHS 3 OCTavero.
Hexaii € jgBa HeHy/1b0BI MHOTOUWIeHN f, g. ByjyemMo noc/iijjoBHiCTh

f7g7/rl7/’n].7/r37"'7/rn (19)

TaK, 110 KOKEeH HACTYITHUN YJIeH, TOYUHAIOYN 3 TPEThOT'0, € OCTAYEIO BiJl JiICHHS
JIBOX IIOIIEPEJIHIX, TOOTO

f=9q+r, g=riqgg+ryri="oq3+73, ..., Tn-2="Tn_1qn + Tp.

Ocranniit neny/poBuit esement d mocstioBrocTi (19) € HaifibibImii CriibHuit
JUJIBHUK MHOTO4JIEHIB f, g.

osenenns Toro, 1o d € JIBHUKOM, TPYHTYETBCA Ha TOMY, 110 KOJIN JiJIeHe
i TUIBHUK JIATHCS, CKazkeMo, Ha h(x), Tozi i octada mimurbes Ha h(x).
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A nosesientst Toro, 1o d(x), ATUTbCs Ha Oyib-AKUil 1HIINN JLTEHUK MHOTO-
4YjIeHiB f, g TPYHTYETbCS Ha TOMY, IO KOJIM OCTada 1 JIJIbHUK JLIATbCs, CKayKe-
Mo, Ha h(z), Tomi i ainene gimurbesa Ha h(x).

ITpukiazn. Hexait norpiono snaiitu HC/ mHorouienin

f=62"—2% —662° — 112* + 111 2% — 309 2% + 284 2 + 84,
g= 228 — 2% — 212 + 23 + 3622 — 109z + 118.
BukoHyeMo 10C/IiI0BHE JI1J1€HHS:
f=gpn+mr, g=3c+1, rn=-22"+72"+223—182>+39z — 34
g=T1q+7T2, =—-x—3, ro=2z"—112%+212%—26z+ 16,
rL="oq3+ T3, (q3=—T — 2, T3:x3—2x2+3x—2,
ro=rsq+ry, @=2x-7, T =2"—-1+2
r3=Trags, (s =z — 1.
Asropurm EBKJlizia 3aKiHIyeTbCsI, KOJIM BigOyJsIoCcs JiijieHHs: Oe3 ocTadi. Y Hac
6e3 ocTaul PO3JLJINBCA MHOTOYJIEH 13 Ha MHOrowieH r4. OcraHHsS HEHYJIHOBA

ocTada B ajropuTMmi EBKIIijia € HAMOLILIINM CIIJIBHUM JLJILHUKOM. ¥ Hac OCTa-
HHsI HEeHY/IboBa, ocTada — 4. OTKe

d=HCA(f,g) =14 = 2> — 2+ 2.
Austropurym EBkitia no3Bouisie 3aaiiTu muorowienn M, N, siKi 38/ 10BOJILHSIIOTD
ymoBy (10). TTokaxkemo, sk 11e pOOUTHCsT HA MPOBEJIEHUX OOUNC/ICHHSIX.
CrouaTKy BUpPazKaeMO HACTYIIHI ocTadi depes IoIepeIHi:
d=ry=ry—1r3qs, d=19—13(27—7);
T3 =711 —Taq3, T3 =711 —ra(—1 —2);
Ty =g —"1q2, T2=(9—7ri(—7—3));
r=f—-gqn, mn=(f-9@Br+1)),

Tenep MokKHa HaICATH

d = ry=(ri—ry(=2=-2))(22=7) = (g=r1(=2-3))=(r—(g—r(=2-3))(-2-2))(22-7)
9= (f=9@Ba+1))(-2-3))(—2=2))(22-7).

(9= (f=9Bz+1))(—2—3))—((f—g(3z+1))—
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JlaJii po3KpUBAEMO JIYZKKH 1 13 9acTUHH JI0JIaHKIB BUHOCUMO 3a JyKKH f a i3
YACTUHU BUHOCHUMO ¢. TaKuM YMHOM OJIEPIKYEMO

d=f(222 452 —22° — 32%) + g(—37 — 652% — 1752 + 62" + 11 2%).
Hacamkinenp, 3anmcyeMo BiJIITOBIIb:
M=22x+52—22>-32% N=-37—6522—175z+ 62"+ 112>
st BripaB mMorkHa BukopucTtaTu 3apjanis — 3uaittu HC/I muorousenis f i
g:

1. f=22%—-23244+212% -5, ¢g=22°—232°+112z+ 62— 3.
Bimmosins d = 222 — 1.

2. f=a% =223 — 112+ 2722 - 10, g=2"—-32°+2x +32%—6.
Binnosins d = 22 — 2.

3. f=a%—11224+5, g=2a%—2+3.
Bignosigs d = 1.

4. f=a* =423 772> +52+35, g=a*—92%—222%+5z+ 10.
Bimmnosins 23 — 1122 4 5.

5. f=@—13%2?+2+2)(x+3), g=(z—1)(2*+2+2)5%x+ 3)%
Bignosias d = (z — 1)(2* + z + 2)(z + 3)%

B Maple € xomanja gcd — ckopouennsi Bij greatest common divisor. g ko-
MaH, 18 3HAXOUThH HAMOLILIIN CIIIBHUN JIILHAK JBOX MHOTOYJIEHIB.

[ HaitOiabIINi CHiIbHUHN TIIBHUK, 1 aJropuT™M EBKJIiIa ICHYIOTH TAKOXK B KiJlb-
i 1miimx guces. [Ipo yzaraabnenns ajaropurmy EBKIIijIa MOYKHA TPOYNTATH B

K.A.Pogocckuit “Anropurm Epkianaga“, M: Hayka, 1988.

2.4 BiagineHHsi KpaTHUX KOPEHIB.
Hexait € muorounen f(z). [lorpibro mobymyBaTu MuOrOWIEH ¢(2) TaKuii, Mo
1. KoxKeH KOpiHb MHOTOYJIeHa f € KOpeHeM MHOTOYJIeHa ¢,

2. KOyKeH KOPiHb MHOT'OU/IeHA ¢ € KOPeHeM MHOIouJieHa f,
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3. BCl KOpeHl MHOT'O4JIeHa ¢ MalOTh KpaTHICTH 1.

[Iponec 3HaXOMKEHHST TAKOTO MHOTOUIEHa ¢ HA3WBAIOTH “BIJIIJIEHHAM Kpa-
THUX KOPEHIB".

Teopema 2.7 (mpo BijijienHs KpaTHUX KOPeHiB) MnozouieHom g, AKul
ou 3a00604vHAG YMOBY 1-3 0Af 30001020 MHO20UAEHA [ MOIHCHA B3AMU HACTIY-
nHu: s

90) = Fegr)

Hosenennsi. Teopema 2.7 € nacyijgkom Teopemu 1.12.

2.5 HesBignictb.He3BigHi MHOro4jieHn Hajg IIoJjieM OificHUX i HaJ IIojJieM KOM-
MJIEKCHUX YHCeJI.

B npoMmy posiii MaeMo crpaBy 3 MHOTOUJIECHAMU HaJ, JOBLILHUM IIOJIEM.

Busnauenust 2.3 Mruozounren f(x) nazusaromv poskaadHum, Axuwo 020 Mo-
orcna npedemasumu y 6uzaadi dobymry (poskaacmu 6 dobymox) f(x) = g(x) -
h(z) max, wob obudsa mrosicnuru maiu dodamnii cmeniny: deg g, degh > 0.
HArxwo otc make po3xaadenms Hemodtcause, mo ueth MHo20uAeH f HA3UBAIOMD
HEPOZKAAIHUM, GO0 He3610HUM.

Omorce nenyavosuti mnozouser f(x) € nessionum, axuwo 6 6ydv-aKomy pos-
kaadenni f(x) = g(x) - h(x) 0dun iz mmoscrukie e cmanoo.

PoskitamaicTh 1 HE3BIIHICTH MHOIOUWIEHA 3aJ€XKUTH BiJl TOrO, HAJI SIKIM II0-
JieM 11efl MHOT'OYJIeH POIJISITa€ThCS.

Mpukian 2.1 Muozousen 23+ 1 € poskaadnum, Momy o MOHCHE 3ANUCAMU
B +1=(2>—z+1)(x+1).

Mnozounen 2% + 1 € poskaadnum 1ad nosem KomnaekcHux wuces: >+ 1 =
(x +1i)(x — 1), are yed mrozousen € He36idHuM Had noaem JIUCHUT Yucen.

Jaa dosedenma neseionocmi mmozouaena f(x) = 22 4+ 1 nad nosem xom-
NAEKCHULT YUCEN CNOYAMEKY 36EPHEMO YBG2Y, U0 HAMYPAALHE YUCAO 2 EOUHUM
YUHOM MOACHE NOOAMU Y 8U2AADL CYMU 080T HAMYPANHUT Yucen — 2= 1+1.
Tomy 6 poskaadenni x> + 1 = g(x) - h(x), de degg(z),degh(x) > 0 6yde
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degg(z) = 1,9(x) = a(x — ag), degh(x) = 1,h(x) = b(x — by). A ye nemo-
orcau6o, ockinvku g(ag) =0 a f(ag) > 1, f(ag) # 0.

Teopema 2.8 (mpo dakTOpiajbHICTh KijibIlsi MHOTOYJIEHIB HA/I TOJIEM )
Byodv-axut mnozouaen f(x),deg f > 0 moorcna sanucamu i do mozo orc edurum
YUHOM Y BUA801 DoOYMEKY

flx)=p"-py?-...-ppF, k>1,
depi(x)(i =1,2,..., k) — neseidni noainomu dodammnvozo cmenens, HOA(p;, p;) =
1(1 <i<j<k.) €Edunicmo posymicmo mak: Axkuo0 € 064 MAKi PO3KAGIEHHA
fle)=p'py*-opts fl@)=a @ (20)

Mo M = 7T 1 MHOACHUKU MOIHCHA POZMAWYBAMU MaK, Wo p; = «; - ¢;, deg a; =
0,n; =m; ona scizxi=1,2,...,k.

oBejsienHnsi. B j1oBejienni Oy/1eMO KOPUCTYBATHUCA HACTYITHOIO JIEMOIO.

Jlema 2.1 (mpo HC/I, iBOX MHOTrO4JI€HIB, OJUH i3 IKUX € HEe3BiHUM )
Hexait d — HCJ] dsox mmozounenis f,qg, odun i3 axux (cxasicemo, f) € me-
geionum. Todi abo d e cmanoto (d = 1), abo das dearoi cmanoi o modrcHa
HANUCAMU

d=a- f.

oBenenHsi. [IpaBuibHICTD JIeMU BUILINBAE 3 TOrO, MO d € JUJbHUKOM 1 f i
g (3a Bu3HAUEHHSIM HANOLIBIIOrO CHIJIBHOIO JLIHLHUKA), & MHOrOWIeH f He Mae
JNUIBHUKIB A Takux, 1o

deg f > degh > 0

(3a Bu3HAUEHHSIM HE3BIIHOCTI).
u
Hasi TeopeMy OyaeMoO JIOBOJUTH 3a JIOIIOMOIOI0 MAaTEeMaTHYHOI 1HJIYKIII 3a
crerieHeM MHorowiena f, sammcanoro y surisii (20).
Baza inykiil — deg f = 1.. dxmo deg f = 1, To B po3kiajienti f y 100yToK
OJINH MHOYKHUK Ma€ HYJBbOBHUIl CTeNinb, a Apyruit Mae creminb 1. [le BumninBae
3 TOT'O, IO TPU MHOYKEHHI MHOT'OYJIEHIB CTeleH] JI0JIal0ThCsd, a Yucja0 1 MHOXKHA
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MPEeJICTABUTU Y BUIVISAL CyMU HEBiJI' €MHUX IJINX YKUCEJ €IMHUM IUHOM — 1=
1+0. Orxke, xosin deg f = 1, Toji

f=a-pr=0"pa
Takum unnom y Bunajgxky deg f = 1 TeopemMa ClpaB/IzKy€eThC.
[aaykTusne npunyinenns. Ilpunyckaemo, mo deg f = n > 1 i teopema

CIPaBJIKYETHCA JIJIs1 BCIX MHOT'OUJIEHIB, IO MalOTh CTEIHb MEHINN HiXK Nn.
[nykTuBHIt epexig. Maemo

f)=pi-py*opts f@) =" gt g
Ockinbku f niymThes Ha pi i, BIATOBIIHO, 100YTOK
~1 .
Ch'(qgnl ‘Q?Q'---'q?)
JUINTBCA Ha Py, TO i3 HE3BIJIHOCTI P 3a TEOPEMOIO PO MOJLIbHICTL J00YTKY
Gyze abo qy,a60 ¢t - gy ...+ q," ALINTbCS HA Py

B nepmomy Bunajky (KoJau ¢ JJIATHCA HA P1) 3a JOBEJEHOI JIEMOIO (g
BIJIPI3HSAETHCS BiJl P CTAJTUM MHOXKHUHKOM: ¢ = Q1 - P1. Lomy

ni—1 ) ng mi—1 mo my
pl 'p2'...‘pk —&1'q1 'QQ '...'qk.
OcranHe piBHsIHS JIO3BOJISIE CKOPUCTATUCS 1H/LYKTUBHUM IPHUITyIeHHsiM. [ Teo-
peMa B IbOMY BHUIIaAKY JOBEICHA.

AKIo XK ¢ He IIINTHCA Ha P1, TO KOPUCTYEMOCS 1HIYKTUBHUM ITPUITY IITEHHAM
CTOCOBHO MHOI'OYJIEHA

mi—1 mo my
a; “dy "Gy,
3IJIHO SKOT'O OJIMH 13 MHOXKHUKIB (9, (3, * * * , Gk JLJIUTHCI HA P1 1 TeOpeMa 3BOJIU-

ThCs 10 Hepioro Bunaaky. OTKe, i B IbOMY BHUIIQJIKY TeOpeMa, CIIPaBIZKYEThCS.
[

HespignuMu MHOrOWI€HAMEW HaJl MOJIEM KOMILIEKCHUX YUCET € BUKJIOYHO
MHOTOYJIEHN TIEPIIOTO CTeNenHd - JiHiliai Mmuorowienn. [le Bunimsae i3 ocHOBHOT
TeopeMi BUITOT ajreOpn (KOKEeH MHOTOWIEH HEHYJIBOBOTO CTeleHs Mae Oojail
OJINH KOpiHb) i Teopemu Besy.

HespignmMmu MHOro4IeHaMK HaJI IIOJIEM JIICHUX duces1, KpiM JIHIAHIX, € Ta-
KOYK MHOI'OYJIEHU JIPYT'OT'O CTeleHs i3 Bij eMHuM auckpuminanTom. [le BrmmBae
3 TOrO, IO
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1. Ko/t MHOTOWIEH 13 AificHuMu KoedillleHTaMi Ma€ KOMILIEKCHUN KOPiHb, TO
CIIpsizKeHe YNCJIO JIO KOPeHs TaKOXK € KOpEHeM;

2. kpajiparnuii Tpuuien (z — c¢)(x —¢) = 2® — (¢ + €)x + ¢ mae jiiichi
KoeIIieHTH, — OT>Ke KOJIU JIfiCHIIT MHOTOU/IeH f Mae KOMILIEKCHUI KOPiHb
¢, Tojli BiH JinuThea Ha jificauit Tpuuien x2 — (¢ + ¢)x + ce.

3 PamionanbHi, AificHI 1 KOMILJIEKCHI KOpPEHI

B 1iboMy po3/iijii oJjieM, HaJl KM PO3KJISIal0ThCs MHOTOYJICHH, € TI0J1e JIIHCHIX
quceJl.

B mporonoBanOMY pO3iJIi i/ 9UCIaMU PO3YMIeMO lificHi dmcia. bymemo
IIYKaTH Ti BJIACTUBOCTI KOediIiEHTIB MHOTOYJIEHA, SIKi JIO3BOJIAIOTH IOCH CKa-
3aTHU PO KLIBKICTB MIfICHUX KOPEHIB y MHOTOUJIeHa 3 JIIHCHIMEI KoedilieHTaMu
4y TO Ha BCiit JiificHiit ocl, Y1 Ha [IeBHOMY 1HTEpBAaJIi.

Busnavenus: 3.1 Hexat sadana nocaidoswicms a = {ay, ag, ..., a,}, (n > 1)
HeHYAbosUL ditichux wucea. Bydemo wazamu, wo npu nepexodi 6id i-20 ene-
menma nocaidosrocmi do i + l-z0 (1 < i < n) eidoysacmves 3mina 3naKa
(MAEMO 3HAKO3MINY), Koau a; - ;1 < 0. Beastcaemo, wo Kiavkicmo 3Mmin 3Ha-
Ka (3HAKO3MIN) 6 00HOEACMEHMHIT NOCAIO8HOCTE JOPIBHIOE HYAK).

st mpuKIa 1y, MOCTIOBHICTD 2,-3, -4, 1 Ma€ JIBl 3MiHU 3HAKa — IIPU IIePEeX0/ii
B1J[ [IEPIIOTO JIO JIPYT'OT'O 1 IPU [ePEXO/Il BLJ] TPETHOI'O JI0 YETBEPTOI'O €JIEMEHTIB
noctiosHOCTI. [Ipw mizpaxoByBanHl KiJTbKOCTI 3HAKO3MIH MOXKHA BUINCYBATH
He caMi eJIeMEHTH MOCIIIOBHOCTI, a TLIIbKN 3HaKH. TaK 3aMiCcThb IOCJiI0BHOCTI
2,-3, -4, 1 Mmoxkna nucatu + — —+.

BkakeMo JJocuThb OUeBUIHI BJIACTUBOCTI KIJIBKOCTI 3HAKO3MIH B ITOCJIIJJOBHO-
CT1

1. dkmo sMmiHnTH BCl 3HAKU €JIEMEHTIB IIOCJIIJOBHOCTI Ha IIPOTUICYKHI, TO
KLJIbKICTh 3HAKO3MIH HE 3MIHUTBHCS.

2. SIKIo 1epejt IepImM eJIeMeHTOM TOCILIOBHOCTI JIOINCATH OJHe HEeHYJIbOBE
YUCJI0, TO KIJIBKICTh 3HAKO3MIH a00 JIMIIUTHCS OIIEPEIHBOI0, a00 301/IbIIIN-
ThCsT Ha OJTHY.
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3. dxmo Mmixk JBOMa eJIeMeHTaMU IIOCJIiJOBHOCTI BIMCATH YHUCJIO, TO B HOBIil
IIOCJIIJIOBHOCT] KLJIBKICTH 3HAKO3MIH OyJle ab0 TaKoIo K, sIK 1 B ITOYATKOBIII,
ab0 30LJILIINTHCS Ha 2.

4. ZK11o 3MIHUTH 3HAK TIEPIIOTO eJIeMEHTa ITOCIJOBHOCTI, TO KIJIBKITH 3HAKO-
3MiH a00 3LIBIINTHCS Ha 1 aD0 3MEHINThCs Ha 1.

5. ZAKmo mepmmuii eleMeHT MOCTiIOBHOCTI Ma€ TOil »Ke 3HaK, IO 1 OCTaHHIIf,
TO KUJIBKICTh 3HAKO3MIH Yy II1ii MTOCJI1JIOBHOCT] TIapHA.

Hexait f(z) = apx™ + ap_ 12" 1 + ...+ a,, ag,a, # 0, — muorowen. Toxi
KIJIbKICTb 3MIH 3HaKa B IIOCJIIOBHOCTI HOr0 HEHYIHOBUX KOEMIIIEHTIB ITO3HAYA~
emo upe3 L(f). st BusHaueHOCTI MOYKHA BBAXKATH, 1110 KOEMDIIIEHTH MHIITY ThCsI
1I0YMHAIOUN i3 cTapiioro wiena. Tax, skimo f(x) = 112° — 3x — 2, To MaeMo 110-
caioBuicts 11, —3, —2 iforo HeHy/JIbOBUX KOeMiIiEHTIB, TOC/IiIOBHICTDL 3HAKIB
+, —, —. B miit nocigoBHocTi € ofHa 3Hakosmina. Tomy L(f) = 1.

Teopema 3.1 (mpaBmiio 3HakiB dekapra) Kisvkicmo dodammix kopenie mHo-
eounena f(x), (f(0) # 0) dopisnioe L(f), abo menwwe L(f) na napne wucao.

Bumie mu sigmituan, mo L(f) = 1 aua muorounena f(x) = 112° — 3z — 2,
Tomy 3a npasuioM 3HakiB Jlekapra KiNbKICTh JIOAATHIX KOPEHIB IIHOTO MHOI'O-
wieHa JIOPIBHIOE 1 — MHOro4jieH Mae €IMHNil J10J1aTHIil KOPIHb.

JoBenennsi. Teopema JOBOINTLCA 3 BUKOPUCTAHHSIM HACTYIIHOI JIEMU.

Jlema 3.1 Hexat f(x) — mnozounsen , f(0) #0 ic>0. Todi
L((x —¢)- f(z)) = L(f(x)) + 25 + 1
0 0eAk020 U4IN020 HeBL) EMMHO020 S.

Hosenewnns. /{osejients mpoBOANMO IH/IYKITI€IO 3a cTerneneM MHorodieHa f(x).
Basza impyxkiil. Hexait deg f = 0, f(x) = a # 0. Toxui

L(f)=0, (z=0¢)-fle)=ar—ca,  L{(x—c)f(r)) =1

[lepeBipka 6a3u iHIYKII] 3aKiHIEHA.
[nykTuBne npumynienns. Hexait Bijiomo, 1o jema npaBuibHa /I BCIX MHO-
rowreniB f(x) taknx, mo deg f(z) < n npu geskomy n > 1.
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[naykTuBHUit mpexina. losegemo, 1Mo JeMa ICTUHHA JJId BCIX MHOTOYJICHIB

f(x) rakux, mo deg f(z) = n.
Bisbmemo muorowien f(x),deg f(z) = n, f(0) # 0,

f(x) =apz" +...+ay, ag#0,

ic>0.Ockimbku L(f) = L(—f), (muB. BractuBicTh 1 KiIBKOCTI 3HAKO3MIH),
TO MOYKHA BBayKaTu a, > 0.
[IpencraBumo muorowien f(z) y Burjsi

f(2) = a,a" +g(z), degg(x)=k<n, k>0, g(x)=aa"+. . . +ap.
3a IHJIYKTUBHUM IIPHUIYIIEHHSIM, JIJIsSI JIesIKONO HEBiJI' €MHOI'O IIiJI0r0 S
L((z — 0)g()) = L(g(x)) + 25 + 1.

B npuitHATIX TO3HaYeHHIX

(z — o) f(x) = apz™™! — capa” + (z — ¢)g(x). (21)

JInmmiocs po3r/IsiHyTH Pi3HI MOXKJIMBOCTI JIjIsT CTAPIINX KOeilieHTiB MHOTO-
wiena (x — ¢) f(x).

[Tepmmit Bunajok: k < n — 1. Hexait a; > 0. Toxi L(f) = L(g) i piBaicTs
(21) mokasye, 1110

L((xz—c)f(z)) = 24+L((z—c)g(x)) = 2+2s+1+L(g(x)) = L(f(x)+2(s+1)+1,

i mema npasubha. Hexait a, < 0. Toxi L(f) = L(g)+1 1 piBricts (21) mokasye,
110

Li(x—c)f(z)) =14+ L((x—c)g(z)) = 14+25s+1+ L(g(x)) = L(f(z) +2s+1,

1 JleMa MpaBUJIbHA.
Hpyruit Bunajok: k =n — 1,

(z — ) f(z) = apz™™ + (a,_1 — apc)2™ + h(z), 0 < deg(h(z)) <n—1.
[Ipunycrumo, 1o a,_1 — a,c > 0. Tojai 06oB’s13K0BO a,_1 > 0,

L(f) = L(g), L{x—c)f) = Ll(x — c)g) = Llg) + 25+ 1 = L(f) + 25 + 1,
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1 JJeMa JJoBeJieHa.
[Ipunycrumo, mo a,,—1 — a,c = 0. Toxal 3H0By 000B’I13K0BO a,,_1 > 0 1 MOXKHA
? n n n
3alncaTu

(x—c)f = apa"™ +h(z), (v—c)g=a, 12"+ h(z),
L(f) = L(g), L((x —c)f) = L{(x = c)9)L(g) +2s + 1 = L(f) + 25 + 1,

1 JileMa J0BejIeHa.
Hacamxinerb, npuirycTumo, o a, 1 — a,c¢ < 0. 3HOBY II03HAYNMO

(z — o) f(x) = apz™™ 4 (an_1 — anc)a™ + h(z), 0<deg(h(z)) <n—1,
1, BIJIIIOBIJIHO,
(x —c)g(z) = ap_12" + h(x).

Crapmmit koedirient muorodnena h(x) nosnaanmo depes b. Ckirajgemo Tabim-
YKY MOZKJIMBUX BIJIHOIIEHb MK KIJILKOCTSIMU 3HAKO3MIH IIPU PI3HUX MOKJIMBUX
3HaKaX ,_1 Ta b

a1 | b | L{(x = c)f) | L((x — c)g) L((z —¢)f)
L2 | L) LW r2=L{(x—c)g) +2=1L(g) + 25+ L+ 2 = L(f
+ | —| L(h)+1 | L(h)+1 Lh)+1=L({(x—c¢c)g)=L(g)+2s+1
|l L) +2 | L)+l L) +2=L((z—c)g) +1=L(g) + 25 +1+1 = L(f
~ o] L) +1 L(h) L) +1=L((x—c)g)+1=L(g)+2s+1+1=L(f

Ocranmiit crosmunk Tabmumi nokasye, mo L((x — ¢)f) — L(f) — nenapue
HATypaJbHe 91C10. TOMY Y BCIX POSIVISHEHHX BUIAJKAX JIeMa ICTUHHA.
JloBeeHHd JIeMH 3aKiHUeHE.
m
[Tepexonumo, BiacHe, 10 JI0BeJIEHHST TeOpeMI Jijis 3aganoro Muorodiena f(x), f(0) #
0. Hexait ¢ — 1,¢ — 2,...¢, k > 0 < Bci nogarui kopeni muorowiena f(x),
TOOTO,

flr)=(r—c)(r—c2) ... (= ex)g(w),
i MHOTOWIeH ¢(x) He Mae mMojaTHix KopeHi. Crammit koedinieHT 1 BlIbHMIT

JIeH MHOTOWIeHa (&) MAIOTh OJHAKOBI 3HAKH — B IPOTUJIEKHOMY BHIIAJIKY
i3 MIpKyBaHb HEIepPepBHOCTI BHUILIMBAJIO O, IO Ieii MHOIOYJIEH Ma€ JOJaTHIi
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KOpiHb. I3 ToT0, 1110 CTamuii KoediienT i BUIbHUI WieH MHOroYIeHa §(X) MAIOTh
OJIHAKOBI 3HAKW, BUILIUBAE, MO L(g) € TapHUM YHCIIOM.
a1 posrisilaéMo IOC/II0BHICTH MHOI'OYJICHIB

fo(z) = g(2), fi(z) = (x — c1) fo(®), fo(2) = (2 — c2) fi(2), . . .,
Je(z) = (x — c) fr1(x) = f(2).

Y BIIIOBIJIHOCTI 3 JIEMOIO, KIJIBKICTh 3HAKO3MIH Y KOXKHOMY HACTYIIHOMY MHO-
rovujieHl Ha HelmapHy KUIbKICTB OiibIlla, HiXK Y TOINepeIHboMY. ToMy KiTbKICTb
3HAKO3MiH y MHOrouwIeHa f(z) abo MOPIBHIOE KLIBKOCTI KOpeHiB, abo Ha mapHy
KLJIBKICTD O1/IbINA BiJl KIIBKOCTI KOPEHiB.

Teopema, goBejieHa.

u

[IpaBuio 3HakiB JlekapTa [103BOJISIE OMIHUTHU 1 KIJIBKICTH BiJ'€MHUX KOPEHIB
muorouieHa f(x) — mpocto moTpibHo po3riaHyTH MHOrOWIeH ¢(x) = f(—x)
OCKLJTBKHI JIOJIATHI KOpeHi MHOrO4/IeHa ¢ () € BiI'éeMHUMU KOPEHSIME MHOTOU/Ie-
na f(z). dnsa npukiany, ko f(x) = —3z"+22%—2°+1, Tomi g(z) = f(—x) =
327+ 225 + 2° + 1 L(g) = 0 i muorousnen f(z) e Mae BiJ'eMHIX KOpeHiB.

BupaBu — omiHuTH KiJBbKICTH J0JATHIX KOPEHIB MHOIOYJICHA.

1. f(z) = =72+ 2104+ 2% — 525 + 2+ 23 — 15. Bignosiap: noaTHix Kopenis
4,2, abo 0.

2. f(x) = —6213 4+ 29 — hz® — 2* — 2% — 15. Bignosinp: noxaTHIX KopeHis 2
abo 0.

3. f(x) = =TzB+ 210+ 2" — 52° + 2* + 2% + 15. Bignosins: nonarnix Kopenis
3 abo 1.

3.1 PamionanbHi KOpeHi

B 1mbomy po3jijii MaeMo CcIipaBy 3 MHOTIOYJIEHAMH HaJ| MOJIeM pPallioHAJbHUX
quceJl.

Teopema 3.2 (mpo parmionasbHi KopeHi) [punycmumo, wo neckopomme pa-
UIOHANDHE YUCAO

'r():ga p?éO, 7q>0
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€ KOPEHEM MHO20UNEHA
f(z) = aps" + arz" t + ...+ ay,
AKUT 300080NDHAE HACTYNHE YMOBU
a; € Z,i=0,1,...n, agp,a, #0, HCH(ay,as,...,a,) =1.
Todi p € dinvhuxkom a,, a q € dABHUKOM ay.

Hosenennsi. [Ipunycrino, mo zo = £ € kopenem muorowena f(x). Jpi6 g

q
BBaKAEThCs HeckopoTauM, Too6to HCI(p, ¢)=1.
Taxum quHOM

B app”  arp™! ap—1p B
f(xg) =0, o + o +... 4 . +a,=0
1
agp” + a1p" g+ agp" 7+ . 4 ap1pg" ! + ang” = 0. (22)

[Tounemo 3 J10BeIeHHS TOTO, IO ¢ € JIILHUKOM a.
B piBasiani (22) jiuimmMo 371iBa JIie Tepiimii JoJaHoK, a PEIITY [epeHeceMo
HAIIPaBo, 1 BUHECEMO CIIPaBa 3a JIyKKHU MHOKHUK ¢. O1epKIMO PiBHsSIHHS

ap" = —q (alpn_l +agp" g+ .+ apipg" T+ anqn_l) : (23)

PiBusinust (23) nokasye, 1o g00yToK agp” AlIuTbes Ha ¢. Byaemo kopucrysaT-
e, SIK BIJIOMHIM, TUM (DAKTOM, 10 KOJIK JOOYTOK X - Y JIBOX HATYPAJbHUX UKICEJI
T,y JUINTHCS HA TPETe HaTypaJsibHe YNCIIO0 Z, 1 OJINH i3 MHOKHUKIB (CKayKeMo 1)
B3aE€MHO 1IPOCTHii 13 1M Tperim qucsioM z (tobro HC/(y, z)=1), Toai apyruii
MHOXKHUK (B HAIIIOMY BUIAJKY ) JUINTHCS Ha 2. 3 MBOr0 (akTy, a TAKOXK i3
toro, mo HC/I(p, q)=HC(p", q)=1, onepKyemo oTpibHe — aq JIINTHCS Ha q.

JL1s1 ToBeJieHHsT TOTO, IO G, JAUIATHCS Ha P, B piBHsIHHI (22) ocTanHiii 1014~
HOK 3J1iBa IepeHeceMo HallpaBo, 1 3J1iBa BUHOCUMO 3a JIy»KKN p. Taxum dunHoM
JIOBOJIUThHCsI, 1110 JIOOYTOK a,q" JiinThbcs Ha p. Terep i3 B3a€MHOI IPOCTOTU
Yuces P, q BUILIUBAE, 110 A, JLIATHCI Ha P.

BesmnocepeaaiM Hac/IiIKOM i3 Teopemu 3.2 €

48



Hacaimok 3.1 fxwo cmapwud koediuienm MmHo204AEHG 3 UIAUMU KOEPDILi-
enmamu dopieHIoe 1, mo 6ci PaUioHANbHE KOPEHT Ub020 MHO20YUNEHA € ULAUMU.

Hage,te npukJsiajin 3acTocyBaHHsI Te€OPEMHU PO pallioHaIbHI KOPEHi.

ITpuknam 3.1 [Ipunycmumo, wo Ham nompioro 3nalimu payionaibHi KOPeH
DIGHAHHA

o' — 82" —82% +62° - 82 — 82 — 92 — 14 =0. (24)

3a nacaidom 13 meopemu 3.2 8Ci pauionasbHI KOPEHT Ub020 PIGHAHHA € ULAU-
MU wucaamu. o mozo o¢ 60HU € ULAUMU JLALHUKAMU YUcAa 14. ironuramu
wucaa 14 € £1,£2, £7, £14. Ilo wepsi nidcmasanemo y mnozourer (24) eiomi-

YeHT YUCAA | 00EPHCYEMO, UL0 KOPEHAMU UbO20 MHO20UAEHA OYdymb -1, 2 ma
-7.

Ipuknan 3.2 Hexati nam nompibno dosecmu, wo muozouaer x4+ 53 4+ 22 +
2x + 1 ne mae payionasvrux xopenis. Josederms mnposooumo 3 uKOPUCMa-
HHAM meopemu 3.2: Axou ueth MHO204AEH MGG PAUIOHANDHL KOPEHT, TO BOHU
nasestcanu 6 mnoorcuni {—1,1} . Ilidemasaarowu 6 naw mHozouier nocaidos-
Ho 1 1 -1 nepexonyemoca, wo Ui Yucsa He € 1020 xopernamu. Tomy mro2o4.ien
6302aA1 HE MAE PAUIOHANOHUL KOPEHIE.

Bopasa 3.1 3uatimu pauionasvhi Kopert MHO204AEHIE

1. 627 +712%+2022° —62* +92° + 922 — 372 — 14;
92" +902% +2332° + 5324 + 7323 + 3822 — 112 — 5;
42" +32° + 172 + 2723 + 12254+ 722 — 72 — 3;
2t +62% — 422 — 54z — 45;
vt 4+ 8%+ 142% — 8w — 15.

S v o

%x5+%x4—|—%x3—|—%a}2+2x—15.
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3.2 MHoro4djieHu MaJinxX CTEIICeHIB

B npoMy posiil posrigjiaeMo MHOTOWIEHH IIepHIOro , APYyroro, TPeTboro Ta
9eTBEPTOro CTeneHiB (Tak 3BaHI MHOTOUJIEHN MAJIUX CTEIEeHIB) HaJl MOJIeM KOM-
IIJICKCHUX 1HUCeJI.

OCKITbKI MHOTOYJIEHN HIEPIIOTrO CTelleHs ar + b 1 MHOTOYJIEHN JPYyroro cTe-
nenst ax® + bx + ¢ PO3LIIAIOTHLCA B IIKOJ, TO 30CEPeIMO yBary Juiie Ha
MHOTO4YJIEHaX TPEThOI'0 Ta YeTBEPTOro cTeleHIB. KopeHi TaKmx MHOIOJIYCHIB
MHOKHa IPEeJCTaBUTU y BUIVIAJl BUPa3iB, 110 BUKOPUCTOBYIOTH JIAIIE 3HAKU
J0laBaHHd, BiIHIMaHH:, MHOYKEHHS, JIIJIEHHS Ta J100yBaHHsA KopeHiB. KaxyTs,

* B pajukasiax’. MoxkHa joBecTH, IIo

[0 I MHOT'OWIEHN MOKHa, PO3B’si3aTh
JUIS 3araJlbHOIO MHOIOYJIEHA O-I'0 CTelleHs TaKUX BUpPa3lB He ICHYE.
®opmyaa Kapgano.
Hexaii moTpibHO po3B’sizaTu KyOivuHe PiBHSIHHS

2+ ar?+cxr+d=0. (25)
Bamina r =y — g
(=3 Faly =5 +ely—3) +d=
:y3+<%2_2?az+c>y+(—;—;+%3—cg+d> —0,

IPUBOJIUTE JI0 KYOIYHOT'O PIBHSIHHS, B IKOMY KOeIIIEHT IIPU KBaAPaTi 3MiHHOI
nopisaiotoe 0. Tomy dopmyity Jij1st KOpeHiB KyOIYHOTO PIBHSHHS MOXKHA ITYKaTH
JIMIIE Y BUIAJKY, KO KoedinienT npu KBajpari 3minHol jgopishioe 0. OTxe,
Ma€EMO PIBHSAHHS

2° +pr+q=0. (26)

Po3B’130K HIyKaeMO y BUTJIsA CyMy
r=a+p. (27)
[Tigcraisiemo 1o cymy y piBHsiHHsT (26) 1 0J1ep:KyeMO pe3yJibTart:
(a+8)>3+pla+B)+q=0, o>+3a26+3aB>+ 3 +pa+pB+q=0. (28)
['pynyemo nojganku:
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o’ +3aB(a+ B) + 5 + plaB) +q =0,
o’ + 3+ (Baf +p)(a+ ) +q=0. (29)
Piustanst (29) npu ymosi 3a5 + p = 0 Mae BUIIIsI]
@b+ B2+ q=0.
Takum ynroM, piBHsiHHsI (26) 3BOJAUTHCSA IO CUCTEMU DIBHSAHD
o’ +3°=—q, 3af=-p (30)

[Tignecemo JiBy 1 mpaBy 4YacTUHU DPIBHSIHHSI 3 = —p JI0 TPETHOTO CTEIeHsI
(IIpu IBOMY MOYKYTb 3’SIBUTHCSI 3aiiBl KOpEHi), MO3HATIMO

21 = 053a Z9 = 537
p3
21+t 20=—q, Z2122= o7 (31)
Yucna 21, 2o MYKaEMO SIK KOPEH1 PIBHIHHS
3
2 p
——=0.
25 +qz 97
Maemo
/ 3
L 2 T 22V 4 o7
/ 3
2 2 — 2 2V 4 o7

Tenep a5t o,  MaeMo Bupasu:

(32)



Dopmyita (32) i € dopmyioro Kapjano st Kopeti Kybiunoro piBasitast (26).
[Tin kopeHem kBajipaTHEUM y gopmysai KapjgaHo po3ymieTbesi ojiHe, TOBLIBHO
BHOpaHe 3HAYEHHST KBAPATHOIO KOPEHsI (B MO/ KOMILIEKCHIX THCe IX JBa). A
3HAUEHHsT KYOIYHIX KOPEHIB (B MOJI KOMILIEKCHUX YUCEJT IX TPH) Y3r0ZKYEThCs
13 yMOBOIO

__P
aff = 3

s npukaany 3acrocyBanag hopMyan KapaHo posriisineMo piBHSAHHS
2? — 122 — 8 = 0.
Tyt
p=-12, ¢=-8 g:—4, L _16, L = ¢,

1 BIJIIIOBIJIHO,

x:\3/4+\/——48+\3/4+\/——48.

JItst KOpeHst KBAIPATHOro BUOUpasMo 3uaderns v/ —48 = 4iv/3. Kommiekcri
qnciia 4 £ 4iv/3 epeBoauMo ¥ TPHIOHOMETPHUHY (hOpMY

4—|—4i\/§:8<cosg—|—ising>, 4—4iv/3 =28 (COS%W—I—iSin%W).

O6umCII0eMO MOYKJINBI 3HAUEHHS KyOITHIX KOPEHIB

c 2( 7T+,,7r>2 77r+,, 7T 5 137r+,, 137
— in — — n — — n—
Q Cos9 1S 9) Cos 9 1S e COS 5 1S 5 :

gels —7r+_, —Tr 5 57r+__ 5% 5 117r+_. 117
CcOS — + 7 8in — COS — + ¢sin — cOS — + 28in ——
9 9 )’ 9 9 )’ 9 9 ’

OckibKHn
T .. T —T .. —T
2 <COS§ +zsm§> 2 (COS? +zsm7> =
2 (cosﬁ +iSin7—7T> 2 (COSH—W —|—z'sin11—7r) =
9 9 9 9

1307 . . 13« St . . 5T
2| cos— +isin— | 2| cos— +1sin— | =4,
9 9 9 9
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TO

2( 7T+, . 7T>+2 —7T+, . — 7T 4 T
r1 = COS — 7 S111 — COS — 7 S111 —— = COS —
! 9 9 9 9 9’

5 77T+, T 49 117T+, 1w 1 s
€To = COS — 7S1nN — COS — 7SIl — = 4 COS —
2 9 9 9 9 9’

130 . 13«7 om . . bm 137
rg=2|cos— +isin— | +2 | cos— 4+ isin— ) =4 cos—.
9 9 9 9 9

Meton ®Pepapi.

[IpononyeThest 0JINH METOJI, PO3B’si3yBaHHs PIBHSIHDb Y€TBEPTOrO CTEIEeHs Hal
110J1eM KOMILIEKCHUX 4uncesi. Po3oBigaodn mpo et MeTo/1, opsij i3 3araabHuM
MHOI'OWIEHOM OyIeMo, I NPUKJIaLy, OpaTi KOHKPEeTHHII MHOTOUJIEH.

OT:xe, HEXAll MAEMO PIBHSIHHS 4-T0 CTEIeHSI:

o 4+ az® + br* +cx +d =0, ot —32% + 42 +x — 15=0. (33)

[Lran po3B’ga3yBanns Taknii: BBOAUMO B PiBHAHHA HOBUII TapaMeTp Tak, 1100
JiBa YACTHHA DIBHSHHS (MHOTOUJIEH 4-TO CTEIEHs1) 3aIlNCaBCs siK PI3HUIS KBa-
npatiB. PisHuIio KBaipaTiB po3KiIalaeMo B JIOOYTOK, a jaJii KOXKeH MHOYKHUK
(a 1me KBaJpaTHI TPUUJICHN) TPUPIBHIOEMO JIO HYJIS 1 PO3B’sI3yeMO KBaJIpaTHi
PIBHHSHHS SK 11€ POOMJIOCH B TITKOJI,

1 kpok B meTojii Pepapi mojsdrae B TOMY, 110 BBOAMMO HOBHUI mapameTp ¥
HACTYITHUM YNHOM

CL2

x4+ax3:(x2+g:v+y)2—2x2y—z— 2 — ay,

3 9
ot — 323 = (2® — 57 +y)? — 22%y — sz —y* 4 3zy.

Tenep nepenucyemo piHsiHHs (33) i3 BBEJIEHIM TAPAMETPOM:
2

(w2+%x+y)2—2x2y—%x2—y2—ay9&—|—bx2+cx—|—d20,

53



3 9
(2" =S+ y)" =207y — 20" =y’ + 3wy + 42 + 2 — 15 = 0.

OcranHi pIBHAHHSA 3allUCYEMO Y BUTJISII

3
(22 + g:p +yP=fi=0, (@ =Sr+y)P-fi=0, (34)
Je fi — KBaJpaTHUil TpUUJIeH:
a? 2 2 7\ 5 2
fi = Qy—b+—)z*+H(ay—c)o+(y"—d),  fi = 2y——)r"+(—1-3y)z+(y"+15).

4 4

[lepmnii Kpok — IITYy4YHE BBEJEHHsI IIapaMeTpa ¥, 3PO0JIeHUIl.

Hpyruit Kpok — migbip napameTpa y, Ipu AKOMY KBaJpaTHUl TpudieH fi €
KBa/[paToM JiBowieHa. TpudieH fi € KBaJpaToM JIBOUJIEHA TOJII 1 TIHKHU TO/I,
KOJIN BiH Ma€ JIBa OJIHAKOBI KOpeHi, TOOTO KOJIM HOTO JUCKPUMIHAHT JOPIBHIOE
HYJTI0. 3 i€l YMOBU — PIBHICTDb HYJIIO JUCKPUMIHAHTA, 1 MTYKAEMO Y.

O6un10eMO JTUCKPpUMIHAHT f1:

2

D(f1)=(ay—0)2—4(2y—b+az> (y> — d) =

—8y® +4by® + (—2ac+8d)y + (¢ — 4bd + a*d),

D(f1)=(1+3y)> +4 (y*+15) (7/4 — 2y) = 106 — 114y + 16y — 81>,

[lykaemo kopiub y = yo piBasiaas D(f1) = 0.

B npomy Micii noTpiOHO 3poOuUTH IBa 3ayBasKeHHs.

[lepmie 3ayBakenns. Kopinb HIyKaeTbcsd JIMINE OJUH, SKUH-HEOYIH, OyiIb-
KM criocoboMm. Kopinb MokHa MiionpaT, BraJlyBaTl Ui KOPUCTYBATUCHA STKO-
10Cb (POPMYJIOIO.

Hpyre 3ayBazkenns. PiBHIHHS /1T 3HAXO/KEHHS KOPEHST Y = Yo € PIBHSIH-
HSIM TPEThOr'O CTeleHsI, JiIsi po3B’s13KiB sikoro € dopmysaun Kapgano. Orxke 1
MOXKHA 3allUCATU Y BUTVIS/ BUPa3y, B AKOMY BUKOPUCTaHI JIMIIEe 3HAKU JOJIa-
BaHHsI, BIJIHIMaHHSI, MHOYKEHHSsI, JJIEHHsI, Ta JI00yBaHHs KopeHs. KopoTie 1po
neit pakT KaxKyTh CJI0BAMU “PIBHSHHS PO3B’A3YETHCS B PaJINKaIax

1t HAIIIOTO KOHKPETHOI'O BUIIAJIKY KOPiHb Yo = 1 pPiBHSIHHS

106 — 114y + 16y° — 84> =0
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[IPOCTO BraJiaJiu.

Tperiit kpok B Merojii Pepapi — poOUMO 3aMiHy BBEJIEHOIO apaMeTpa ¥
Ha 3HailJleHe 3HaYeHHS Yy 1 NepelnucyeMo 3aJaHe PIBHAHHS Y BUIJIS/l PI3HUIILL
KBa/JIPaTIB.

1 1
fi=(az+ 0 fi=2"—do+16= (5o — 4%

(z* + S+ yo)? — (ax + B)* =0, (2% — §a: +1)% - (lx —4)*=0.
2 2 2
I ocranniii, yerBepTnii Kpok B MeTo i Pepapi € 0CTATOUHUM PO3B’SI3yBaHIM:
PISHUINIO KBAJIPATIB PO3KIAIAEMO ¥ J00YTOK, MHOKHUKH (BOHU € KBAIPATHIMU
TpUIJIeHAME) TPUPIBHIOEMO JI0 HYyJIsl, 1 PO3B’SI3YEMO JIBa KBAJIpATHI TPHUIIEHH,
sKi HaJl TT0JIeM KOMILIEKCHIX YHCea J1alyTh YOTUPHU KOPEHI IT0YaTKOBOTO PiBHSI-

HHs. BukonaeM 110 podory.

a a
<(x2 + % +yo) — (o + 5)) ((a:2 + % + o) + (ax + /3’)) =0,
2 4 2 4
((x +§x+yo) — (04:13+6)) =0, ((x —|—§x+yo)+(ozx—|—ﬁ)) =0,
2, (@ 2, (@
T +(§—oz):c+(yo—5):(), x +(§+oz)a:+(yo+6):0.
OiepzkaHi KBaJipaTHI PIBHSIHHS B 3aralbHOMY BUTJISI/I HE PO3B’sI3yIOTH 1 hop-
MYJIy I KOPEHIB PiBHSHHSI 9EeTBEPTOrO CTEIeHsl He BUIUCYIOTh. Tomy Hemae
dopmysn Depapi, a € Tiibku MeTo Pepapi.
B HammoMmy KOHKpeTHOMY ITPUKJIa/l pO3B'3yBaHH JIOBEJIEMO JI0 KiHIIs 1 KOpeHi
3HAIEMO SIBHO.

((g;2 — ;x+ 1) — (%:1:—4)) <(x2 — gx+ 1)+ (%:—4)) =0,

3 1 3 1
x2—§x—|—1—§x+4:0 x2—§x—|—1+§x—420,

2 —2r+5=0 2> —x—3=0.
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[lepme piBuganug jgae jaBa KoMmIieKcHi koperi 1 + 2¢,1 — 2¢, a jpyre jae JBa
iiicni kopenil/2 — 1/2 - 13(1/2),1/2 4 1/2 - 13(1/2). Taxknm uunowm, 3aamne
MIOYATKOBE PIBHHS PO3B’sd3aHe, HOro KOpeHIMU € JUCa

1+2, 1-—2i, +

w

N | —

w

| —

3.3 KinbkicTh JilficHux KOopeHiB Ha iHTepBaJii

B mpomy po3ii Joci Ky I0ThCs MHOro4IeHn JlonaTHboro cremeHst 3 JiiCHIMI
KoedilienTamMu, 9Ki He MaloTh KPATHUX KOPEHIB — KPATHICTH KOXKHOT'O KOPEHs
nopisaioe 1 (k1o kopewi €). [l Takux MHOTOWIEHIB JTOBEIEMO T€OpeMy —
teopeMy LITypma, sika J103BOJII€ OOUNCINTH KIJIBKICTH KOPEHIB MOTOUJIeHa HA
3a/IlaHOMY 1HTepBaJIl.

Busnauennst 3.2 [locaidoswicmio [lImypma das 3adanoeo mmozounena f(x)
deg f > 0 6e3 xpamHur Kopenis Ha3usaoms NOCAIIOBHICMD MHO20YAEHIE

f()afl;---afn

w0 nobydo6aHa HACTYNHUM YUHOM:

folx) = f(x);

fi(z) = f(x) — noxidna 6id mHozourena f(x);

ors 1 = 2,3,...n MHO20MAEH f; € OCMAYEID 3 NPOMUNEHCHUM 3HAKOM 610
dinenns fi_o(x) na fi_1(x), moomo

fico(x) = fis1(z)q(w) — fi(x), degf; < deg fi_1. (35)

Muorounenn B nocsioBrnocti [ITypma BipisHAI0OTHCS Biji MOCTIIOBHOCTI
ocTad B ajropuTmi EBKIijia, MO 3aCTOCOBAHMWII /10 MHOTOYJIEHA Ta Oro Io-
XiJTHOT, JINIIe 3HAKAMM, - 1Ie BIJIHO i3 piBHOCTI (35). Mu 3Haemo, 1110 KpaTHIiCTh
KOpeHs MHOTOYJIeHa Ha OJIMHUIIIO OiTbIITa BiJT KPATHOCTI KOpeHs moxiaHol. I ko
KpaTHUX KOPEHIB y MHOIOYJ/IeHa HeEMa€E, TO BIH B3a€EMHO ITPOCTHI 3 OXI1THOIO —
HaHOLIbIIN CHIIbHUN JLIBHIK MHOTOUIEHA 1 TOX1THOT JIOPIBHIOE cTaJIiil. 3Bijacu
BUILJINBAE
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[Tepma BiacTuBicTh mocaioBaocTi [HITypma: ocTtanmiit MHOTOYIEH B MOCJTI-
nosrocti [ITypma € crastoro.

Axbu nBa cycigni MHOrOWIEHN B 1TocioBHOCTI [TITypMa Main ciiibaIi KO-
PiHb, TO IIi JIBA MHOIOYJIEHN MaJ/ii O HAHOLIBbIINUI CIIJIbHUI IIJIbHUK HEHYJIbOBO-
I'o CTEIeHs 1 OCTaHHI MHOTOYJIEH Y IIiil Toc/IiJ0BHOCTI He OYB 61 cTaJsion. Tomy
Ma€EMO ITe OJHY BJACTUBICTD mocioBHocTi [ITypwma.

Hpyra BractusicTs nocsigosaocti [Typma. Ao uncio € Kopenem oHOTO
MHOTro4JIeHa B mocaigoBuocTi [Typma, To me 4umcio He € KOpeHeM CyCiIHiX
MHOT'OUJIEHIB.

I3 piBHOCTI (35) BUILIMBAE e OjiHA BiaacTuBicTh mocsigosaocti [ITypwma.

Tpera BractusicTs nocyizoacoTii Itypma. Akimo uncsio a € KopeneM MHO-
rouiera f;(x) B nocaigosrocti Hlrypma pu gesikomy ¢ = 1,2, ..., n—1, To cy-
CiJTHI MHOTOWIEHN B Miif T4l mpuitMatoTh pisui 3uaku, To6To f;_1(a)- fir1(a) <
0.

[Ile ogHuM BU3HAYEHHSIM, IOTPIOHUM JIJIsi (DOPMYJIFOBAHHSI TEOPEMH, € IIOHSI-
TTS KiJIbKOCTI 3HAKO3MiH Y 1oc/igosHocTi HITypma B 3a1amiit Todrri.

Busnauenust 3.3 Hexat f(x) — mmozounren dodamnvozo cmenena 6e3 kpa-
muuk xopenis i fo(x), fi(x), ..., fulx) — Gozo nocaidosnicmo HImypma. Cra-
otcemo, wo dsa cycioni mroz2ounsenu f;, fir1, 0 <1 <n—1 ymeoproromo 3Ha-
Ko3miny 6 mouyi a, axuwo fi(a) - firi(a) < 0. Kiavkicmo ycix snakosmin 6
nocaidosnocmi [Imypma 6 mowuyi a noznavumo wepes L(a).

Teopema 3.3 (Iltypm) Hezat f(x) — ditichuti muozouaen dodammnvbozo cme-
nena 0e3 kpamnux xopenis, a < b — dea diticni wucaa, f(a), f(b) # 0. Kiav-
Kicmo kopenis k mmozounena f(x) wa inmepsani (a,b) dopisHioe Kiavkocmi
empam 3Haxko3min 6 nocaidosnocmi LIImypma npu nepexodi 6id a do b, mobmo

k = L(a) — L(b).

IMpuknazng 3.3 Hexat f(x) = x — 4. Todi nocaidosnicms HImypma craadae-
mucsa i3 deox mmozousenie fo(r) = x —4 1 fi(x) = 1. 6 mowuyi 0 1 6 mouyi 3
MAEMO 00HL 3HAKO3MINY, @ 6 Mouui & maemo 0 3axo3min. Tomy wa inmepsant
(0,3) mrozounen Kopenie He Mae, a Ha thmepsani (3,5) muozousen mae 0dun
KOPIHD.
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Posrasinemo cknaamimumii npukiaag. Hexaii
flz)=—-2+42+312*—80a — 122° + 2% 4 50 2%,

i Bignosigno, fo = f.
Toui
fl(x) =4+ 622 — 240 2> — 60 2* + 62° 4+ 200 2°,

i, Biguosigno, f1 = f’.

OckiabKu
1 178 80
f=rf- (%—§> —2/3—|—24x—7x2—|—§x3—10/3x4
, TO
1 2 1
fo = —(—2/34+24 18 2, 80 2—10/32%) = 224 L xQ—@x%m/g .
3 3 3 3 3
OckiabKu
18 32 128 84 14
— i 9 5 - s o= e 2 - 3
TO
f 32 128 +84 5 14 32+128 84 2_|_14 3
= |--—z4+ -z —2 | =——F+ —z— —z°+ —22°.
’ 5 5 5 5 5 5 5 5
OcklabKn

25 50 102 312 8
h=1s (‘“‘)*(‘7*7“735)’

TO 102 312 8 102 312 8
f4:_(—7 733—733):7—7517—1—723.
OcklabKT
49 98 12 6
fa=fu- (19537_ 195> i (E_Ex)
TO

o (26 \_ 12,6
5= \13 137~ v
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OckijibK1

169 338
fa=f5- (7$—7> — 30,

TO Jg — 30.

[Tobymosa nocrigosrocti Typma, To6To muorownenis fy, f1, fo, f3, f1, f5, f6
3aKIHYEeHA.

Tertep o6uncIMMO 3HAUEHHS OJIEPYKAHIX MHOT'OYJIEHIB IIPU BUOPAHUX 3HAUE-
HHSIX 3MIHHOI (3 TOYHICTIO 70 2 3HAKIB Icjst KOMH) 1 MipaxyemMo KiTbKiCTh
3HAKO3MIH L B X TouKax. Pe3ysbraTn podOTH 3BEJIEMO B TaOJIUIIIO

a | fola) | fila) | f2(a) | fs(a) | fa(a) | f5(a) | fe(a) | L(a)
—258 | 492 18

-1} 168 | =564 | 114 |——| — | —— | 30 6
5 7 13
2 32 | 102 12
) 4 Z 2= 2

0 3 o} 7 13 30 °

4.5(17.26 11593 |31.04 | 23.75 139.64| 1.15 | 30 0

[To6ynosana rtabmung mokasye, mo L(—1) — L(0) = 1, (kaxkemo, 1mo mpn
nepexo/i Bij -1 g0 0 BTpadaerbes ojnHa 3HaKO3MiHA). OTyKe MHOTOYJIEH 3a
teopemoro [rypma wa inrepsasii (—1,0) mae piBHO ojuH KOpiHb. Pizuniia
L(0) — L(4.5) = 5 nokasye, 1110 MHOTOWIEH Mae 5 KopeHis Ha inrepsasi (0, 4.5).

JloBeneHHsI.

VABJISIEMO, 110 TOYKA @, B sIKili O0OUNC/IIOETHCS KiJIbKICTh 3HAKO3MIH Y ITOCJTi-
nosrocTi [IITypma, pyxaeTbcs Bijl JIIBONO KiHIE iHTepBaJa JI0 MpaBoro. fKImo
IPOTSINOM PYXY 2KOJIEH MHOI'OUJIEH HEe MaB @ KOPEHEeM, TO BCi MHOI'OUJIEHH 30e-
peryiu CBiii 3HaK 1 KIJIBKICTh 3HAKO3MIH JIMIIIIacsd He3MiHHO. OcTaHHil MHO-
rowieH B nociaioBHocTi IITypma € crajioro, KOpeHiB HEe Ma€, TOYKa He ITOXO0-
JINTH 4Yepe3 KOPIHb OCTAaHHBOI'O MHOTOWIeHA. KO TOYKa MPOXOJIUTH KOPIHbL
CPEHBOTO MHOTOUJIeHA (HEe MEpINoro i He OCTaHHBOIO), TO KIJIbKICTh 3aKO3MiH
JINIITUTHCS TIOIEePE/IHBOI0, OCKIJIBKI CYClJIHI MHOT'OYJIEHU B OKOJII KOPEHs MalOTh
PI3HI 3HAKHU.

st toBeeHHsT TeOpeMU JIMIITNIOCA IIEePEKOHATUCS, 0 IIPU IePexol Jepes
KODPIHB T1epIToro (3a7aHoro) MHOrOWIeHa ot oBHicTs LIITypMa BTpatae ommy
3nako3miny. /lificno, Kojim MHOTOYJIEH 3POCTaB B TOYIN a, 1110 € HOTro KOpeHeM,
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TO BiH OYB BiJI'€MHIM JI0 KOPEHs 1 JIOJATHIM IIC/Isi KOPEHs, a IOXiJIHa BeCh 4ac
Oysa jgomaranoo. OTKe B TAKOMY BHIIQJIKY IPU [IEPEXOJIl Uepe3 @ IOCJIiT0B-
nicrb LTypMma BTpaTmia ogHy 3HaKO3MIHY. ZIKIINO »K MHOIOYJIEH MaB B TOYII
@ BiJI'€MHY IIOXiJIHY, TO IlepeJi KOpeHeM BiH OyB JIOJIaTHIM, a IICJIsi KOPeHsI —
Bij'emHnM. OT:Ke 3HOBY BTpaTmjiacs ojHa 3HaKo3MiHa. OCKIJIBKH MHOTOYJIEH
He Ma€ KpaTHUX KOPEeHIB, TO MHOT'OYJIEH 1 MOro IoxijiHa He MOXKYTb B OJIHIN 1
Tiit ke TouIl JopiBHioBaTH (.
Teopema moBejieHA.

4 IaTeproadniiitHi MHOIOYJIEHN

[Ipumycrnmo, 1mo Mu MaemMo MHorowieH. Jljis mpukiay, MaemMo
P(x) = 22° — Ta* — 2% + 122 + 5.

Mu moxkeMo OOYMCINTH 3HAYEHHS ITHOTO MHOTOUIeHa B 6 Toukax. Jlms mpu-
KJIaJy, obuameanmo 3Hadenusd P(x) B Toukax x = —2,x = 0,z = l,xz =
2.7 = 3,1 =4 P(—2) = —187,P(0) = 5, P(1) = 11, P(2) = —27, P(3) =
—67, P(4) = 245. Pesyapratu o6unc/ieHb MOYKHA 3BECTH B TaOJIUINO, JIe 3HATE-
HHsI apr'yMeHTa PO3TaIllOBaHI B MOPSIAKY 3POCTAHHS:

x | =2 00/1] 2| 3|4
P(z)| —187|5 |11 | —27 | —67 | 245

(36)

TyT Mu MaemMo psaMy 3aJiady - € (QyHKIIid, TOTPIOHO MO0y yBaTH TaOIHUIO 11
3HAYEHb B IIEBHUX TOUKUX. 3a/a4a, SKiil IIpUCBsSIeHnil po3/iiji, 3BOPOTHA — 10
3aJ1aHiil Tabsunl 36 mo0yyBaT MHOI'OYJIEH HAWMEHIIIOrO CTEeIeHs, JIJIg SIKOI'O
111 TaOJ/INIS € TabJINICI0 3HAYCHD.
Ot2Ke, B 3araJibHOMY BHUIVISI PO3B’sI3YyE€ThCA HACTYIIHA 3a/a4a; 3a TabJINIe0
3HAYEHD
xo‘xl“xn
voly| | yn
3 YMOBOIO & > j = x; > xj HOOyjyBaTH MHOIOYJIEH HallMEHIIOIro cTeleHsd

(37)

P(z) maxwuit, mo P(x;) = y; upu i = 0,1,...n Takuil MHOrOUIEH HA3BHBAECTHC
IHTePIIOJIAIIITHIM.
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4.1 Inrepnonsaiiiinuii MHOTOWIEH y dopmMmi Jlarpauxxka i y ¢popmi Herorona

Teopema 4.1 /Tan (37) ichye @ edunuti mmozouwaen P(x) = > 0 a;x’, wo 3a-
dosoavrae ymosi P(x;) = y;.

3BepHEMO yBary, Mo CTeliHb IHTEepPIOJISIITHOr0 MHOIMOUIEHa CTPOTO MEHIIIe
KIJIbKOCTI TOYOK, B SIKUX IHPOBOJISITHCS OOYHMCJIEHHSI I[OI'O MOIOYJIeHa — TakK
3BaHUX BY3JI1B IHTEPIIOJIAILI.

HoBenenns. Icuysanns i eunicts Muorowiena P(x) BuimmBae 3 Toro, Imo
BIIIIOBI/IHA CHCTEeMa PIBHSHD JIJ1s1 KOeIIIEHTIB Mae CBOEIO MaTPHUIICIO MATPHILIO
Banjgepmonia i, BiJIIOBIIHO, Mae €quHUil po3B’30K. TyT MU HocHIaeMOCS Ha
3HAHHS BLIIIOBLJIHOIO MaTepiaJy 13 cucTeM JIHIMHUX PIBHSHbD.

u

[ToBepremocsi /10 Hamoro npukjay. [lo tabsuri (36) 3amucyemo HeBigomuit

MHOTOYJIEH
P(2) = ap + a1x + asx® + asz® + ayz? + asa®.

Koedimnientn ag, a1, as, as, a4, az MyKaeMO K PO3B’sI30K CUCTEMU PIBHAHD

(ap + al(—2) + CLQ(—Q)Z + a3(—2)3 + a4(—2)4 + CL5(—2>5 = —187
ay = 5

< apg+ay +as+ag+ag+a; = 11
ap + a2 + a92? 4+ az23 + ay2* +as2® = 27

ap+ a13 + a3 + a33® + a3t + a53° = —67

L ap + a1 + asd® 4 asd3 + a4t + as4® = 245

BunucyemMo MaTpuIlio oJepKaHol CUCTEMH PIBHSHb 1 Oa4nMO, 10 1€ MaTPHUIlsd
BanjgepMona.

[Tommyx iHTEPIONAIIHOTO MHOTOUIEHA Y 3araIbHOMY BUTJIS/I 38 JIOMTOMOTOIO
CUCTEeMW PIBHAHDb 3PyUHUN JIJIs1 JJOBEIeHHS ICHYBAaHHS Ta €JINHOCTI TAKOTO MHO-
roujieHa, IpoTe JId MPAKTUKN TaKUH TIIAX, K MOKa3y€e JIOCBIJI, HE3PYUIHUIL.
Posrignemo gBa 01761 TPAKTUIHI CIIOCOON TOIITYKY 1HTEPIOAIIRHOI0 MHOTO-
YjIeHa. 3BUYAHO, BCl CIIOCOOM JIal0Th OJIMH 1 TOil »Ke pe3y/ibTar.

[aTeprionsuiiinuit Muorowien y ¢gpopmi Jlarpanxa e L = yoLo+ ... +yn,Ln,
e
(x —x)(x —29) ... (x — )

LO - (Z’o — Zl?l)(fb‘o — .I‘Q) RN (5170 — $n)’
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I — (x —z0)...(r —xp-1)(x — Tppi1 ... (T — ) F—19 n1
(e —x0) .. (p — 1) (p — Tp1) -+ () — ) Y ’

(x —xo)(x —21) ... (x — H1)

(x —zo)(x—21) ... (T — Tpq)

e pificHO IHTEPIOJAIIIHII MHOTOWIEH, OCKIIbKH

] 1 gxkmo =},
LZ(%)_{O AKIO 1 7 J.

L, =

[lepeBara imTepriosdiiiinoro Muoro4aena y ¢gopwmi Jlarpamxka y Tomy, 1Mo BiH
Jla€ KiHIeBUIT pe3yJsIbTaT, He IOTPIOHO pO3B’si3yBaTH JI0AATKOBO SIKiCh PIBHSIHHSI.
OcobJiMBO 3pyYHO HIYKATU IHTEPHOJIAIiiiHNiT MHOro4IeH y cdopmi Jlarpamxka
TOJIi, KOJIN TPUXOUTHCS IMTyKATH 0AraTo pasiB TakKi IHTEePHOIAIITHI MHOTOU/IEHN
IIpU OJHUX 1 TUX Ke 3HAUYEHHSIX apryMeHTa.

Posrganemo mamt npukiia. CriodaTKy BHIICYEMO MHOTOUIEHN

x(r—1)(x —2)(x — 3)(x — 4)

b= oy 2 =)
—z(x—1)(z—2)(z —3) B I T 5 5 45 1
720 ($—4)——ﬁx +§:U T’ +ix —%:1:
[, @2 D -2 -3z -4 _
2(=1)(=2)(=3)(—4)
(x+2)(z—1)(z—=2)(z—-3)(z—4) 1 o 1 5 4 s 19
13 T —6364+E:13 +Ex —Eerl.

(x+2)x(x —2)(x — 3)(x — 4) _
(1+2)1(1—2)(1 —3)(1 —4)

Ly =

14
~1/18 (z +2)x (z — 2) (x — 3) (v — 4) = —1/18 x5+1—78 z*—4/9 3;3—5 ?+8/3x

B (x+2)x(x — 1)(z — 3)(z — 4) B
C(242)22-1)2-3)(2—4)

1/16 (x +2)x (z — 1) (x — 3) (x — 4) = 1/162°—3/8 x*+3/16 a:3—|—§ 1’ —3/2
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L. — (x+2)x(x — 1)(z —2)(z —4) _
T B3+23B-1)(B-2)(3-4)

—1/30 (z4+2)2z(z—1)(z —2) (x —4) = —1/302° + 1/6 2" —2/3:162—1—%95

I — (x+2)x(x — 1)(z — 2)(z — 3) _
T 4+ 244 -1)(4—-2)(4—-3)

—1/30 (z4+2)z(z—1)(z —2) (x —4) = —1/302° + 1/6 2* —2/3x2+%a7

Tenep Mmu Maemo KiHIleBUil, TOTPIOHWIT HAM IHTEPHOJIATIITHUN MHOTOYJIEH

L(z) = —187Lo+5L1+11Ly —27L3 —67Ly+245L5 = 22° — 7o' — 2 + 122 +5.
[aTeprionsuiiinuit MHOro4IeH y dpopmi HbroTona:
P(t) = apgtai(x—xp)+as(x—x0)(z—21)+. . . +ap(x—x0)(x—21) ... (T—21_1).

B dopmi Herorona inTepriosiiitauit MHOMOWIeH MOTPIOHO TIyKaT. AJie MoIryK
OoCUTh TIpocTuii. [ToBepHeMocs 10 HAIIOTO MPUKJ/IATY, 1 MOKayKeMO K ITPOBO-
NATHCA HEOOX1HI 00UMC/ICHHS.

Maemo

P(x) = ag + ai1(z — xo) + as(x — x0)(x — 21) + asz(x — zo)(z — 1) (x — x2)+
+ay(z—x0)(x—21)(T—22) (x—23)+a5(z—x0) (x—21) (x—22) (x—23) (T—14) =
=ag+ a(z+2) 4+ az(z + 2)x + az(z + 2)x(z — 1)+
+ aq(z + 2)x(x — 1)(x — 2) + as(x + 2)x(z — 1)(z — 2)(z — 3).

KoedinienTn ag, ai, as, ag, a4 NyKa€MO IiJICTABIAIOYN 3aMICTh 3MiHHOT 3HAYEH-
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HA o, X1, X2, T3, T4, T5:

ay = —187,
ap+2a; = 5,
a0+3a1+3a2 = 11,
ap + 4@1 + 8@2 + 8@3 = —27,
ao + 5a; + 15a9 + 30ag 4+ 30ay = —67,

ag + 6ay + 24as 4 72a3 + 144a4 + 144a; = 245

4.2 IIpocrTopoBi nmoJjiiHoMiajiIbHI KpuBi

Kpusa JiokasbHO € HeriepepsHuM obpasoM inTepsasia (0,1) abo mpsimoi.
Y mpocTopi JIOBLILHOI BUMIPHOCTI TOJiHOMIAIbHA KPUBa 3aJIa€THCA BEKTOP-

dyHkItieo

n

P(t)=> at’, te(0,1), aeR, P{t)= (..., z)€R
0
SarajbHa 3aja4a MOJIHOMIAJIBLHOT IHTEPIIOJISI]l Y [—BUMIDHOMY ITPOCTOPI —
1100y, 1yBaTH IOJIHOMIaJIbHY KPHUBY, IO IPOXOAUThsI depe3 3aaHi TOUKH, 3BOJIM-
ThCS JI0 JIBOBUMIpHOI 3aj1a4i. [l npukiaty, mooyoBa moiHOMiaJbHOT KPpUBOT
Ha, IJIOI[MHI 110 TaOJIIII

to|t1]...|Tn
To| L1 |- | Ty (38>
YolYr|---|Yn

3BOJIUTDHCS JI0 JIBOX JBOBUMIDHUX, 1100 3a0€3[IeYUTH YMOBY 3POCTaHHs IapaMe-
Tpa.

4.3 Kpusi Be3be

Buznagenns 4.1 Kpusa, wo 3adara eupasom 6uzisdy
n
r(t) =Y BCit'(1—t)""
i=0

64



Hasusaecmuvea kpusoto bez’e cmenenan. Tym B; — padiyc-eexmopu npocmopy,
C!, — binommni xoedryienmau, diticrutl napamemp t BMIHIOEMBCA MIHC HYAEM TG
oduruyer.

Baactuocti
e KpuBa npoxoanTh depes mepiy Ta OCTAHHIO TOUKY.

o [loxinni B movaTKOBiil Ta KIiHIEBINT TOUYKaX HAIPSIMJIEHI IO BEKTOPax BiJ
1epiiol 0 JPyrol Ta BiJl IepeIOCTaAaHHHBOI JI0 OCTaHHBOI TOYOK

e KpuBa 3HaAXOIUTbCsI BCEPEIMHI OIYKJIOI0 OaraTOKyTHHKA, 10 YTBOPEHMI
3a/laHUMU TOYKaMU

Busnauenns: 4.2 Qynwuyii J,,; — CHt'(1 — )" nasusaromo basucom Bes’e,
abo bazucom Beprwmetina, abo anpoxcumyrovumu GyHKULAMU.

BiractuBocTi 6asucy Bepnrmreitna
e Kokna (pyHKIIisT Ma€ TOPSIJIOK N;

et — 1 — t neperBopioe dyHkIiii B cebe (migcranoska dyHkiiil. B npomy
PO3yMIHHI BOHU CUMETPUYHI.
® MaKCHUMyM ¢—O0i (DYHKILI JOCATa€ThCs B TOUI -
: ‘i \n—i
i Ji'(n—1)

nn

. + + :

KTEX 2cramastoBaB KpuBl bes’e HACTYTHIMEI KOMaHIaMu

\begin{picture}(150,100) \put (10,0){\vector(0,1){100}} \put(0,10){\vector(1,0)
\gbezier{(10,10),(22,100), (100,10)} \put(10,10){\circlex{5}} \put(22,100){\c

\put (100, 10){\circle*{5}}\end{picture}\begin{picture} (150, 100)
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\put (10,0) {\vector(0,1){100}} \put(0,10){\vector(1,0){100}}
\gbezier{(10,10),(90,90), (100,10)} \put(10,10){\circlex{5}}\put(90,90){\circ
\put (100,10){\circle*{5}}\end{picture}
\begin{picture} (100, 100)\put(10,0){\vector(0,1){100}} \put(0,10){\vector(1,0)
\gbezier{(10,10),(100,100), (100,100} \put(10,10){\circle*{5}}\put(100,100){
\put (100,10){\circle*{5}}\end{picture}

5 MHoro4jeHn BiJ KiJIbKOX 3MIHHHX
5.1 MHorowieHun BiJ KiJIbKOX 3MIHHIUX

Buznadenns 5.1 Bushauents mMHo20uAeHa 610 KIAVKOT 3MIHHUT tHOYKMUG-
He:

e basa thdyxkmuerozo susnavenmns. Busnavenns mrozousena 610 00Hi€el 3:Mmi-
HOT Had KOMYMAMUBHUM KINGUEM 3 00UHUUEI KINDUEM — BOHO YIHCE 6i-
dome.

o [ndyxmusre npunyuierts. IIpunyckaemo, wo 6USHAYEHHA KIADUSL NONTHO-
Mi6 610 n — 1-i 3minnoi yorce gidome.

o [ndykmuenutl nepexid. Kiavuem mHoz20useni6 610 . 3MIHHUL HA3UBAEMO
KiAvlue MHO20UACHIE 610 00Hiel (n—i 3MIHHOT) HAO KIADUEM MHO20YAEHIE
610 n — 1-i' aminHoi.

3BYaliHoO, AKINO KOeMIIIEHTH € MHOIOUJIEHAME BiJl 3MIHHOI X, TO 3MIHHY MHO-
rodjieHa IOTPIOHO IO3HAYATH iHINOK OYKBOIO — IIe IiJIKA3y€ 310POBUIl TUIy3/I.
310pOBOTO TUIy3/1y B Iiii HapuHi JocTarabo. [Ipu pisHUX MO3HAYEHHAX JI/Is1 3MiH-
HUX MU OJIEPXKYEMO pi3Hi, ajie "KaHoHIYHO i30MopdHi" KiIbIIs.

Otke 10JIiIHOM BiJI JIBOX 3MIHHUX T,y Iie (hOpMaJIbHUil CTelleHeBUil Psij

o0
i 2
ai(z)y’ = ao(x) + a1()y + az(x)y” + ...
i=0
B sikoMmy a;(x), ¢ =0,1,... — MHOTOUJIEHN BiJ| O/Hi€l 3MIHHOT X, i cepe IIX
MHOI'OYJIEHIB JINIIe CKIHYeHHa KiJIbKICTh HEHYJIHOBUX. BialmoBigHo, MHOroOdYIe-
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HaMmu BT n + 1-1 3MinHOT € popMasibHI cTereHneBi psiau

o0
Z @i (1, T2, Tn)Tppyq =

i=0
2
ao(1, T2, ..., Tn) + a1(x1, o, . .., Tp) Tt + a2(x1, o, ..o, Tp)Tp g + -
B IKOMY @; (21, X9, ..., x,), ©=0,1,...— MHOrOWIECHU B/l N 3MIHHUX Z1, T, . . . , Tp,

1 cepeJl X MHOI'OYJIEHIB JIMIIEe CKIHYEHHA KIJIbKICTb HEHYJILOBUX. PO3KpuBIIN
JIY?KKH B (??) MU MOYKEMO 3allCaTH 1eil Ke MHOT'OYJIEH Y BULJISIII

E .o . z'1 Z'2 Z.n+1
alllglg...ln+1$1 $2 . e $n+1.

(ivi9i5..ins1)

Y Bunmcaniit cymi jlogaBaHHs BiJIOYBaETbCA 3a BCIMa MOXKJIUBUME HabOpaMu
(419983 . . . ipt1), ajIe JMIIE CKiHUYEHHA KLIBKICTH 4uces (eJeMeHTIB OCHOBHOTO
KIBIS) Qi iyisg...i, ., HE JOPIBHIOIOTD HyJI0. JlomanKi B cyMi Ha3HBAIOTH OJIHOMIE-
HaMmu abo moHomamu. Ha MHOXKMHI MOHOMIB MOYKHA& BBECTH JIHIHHUIT TTOPSIIOK
1 BUKOpuCTOBYBaTHu fioro npu 3ammci cymu. [lopsgok Ha3nBaOTh JIEKCHKOTPa-
diannm. OrkKe st OyIb-IKUX JIBOX JOJAHKIB MOXKHA CKa3aTH, sIKHi 3 HUX €

JIEKCUKOI'PAMIIHO CTapIINM.

Busnauennst 5.2 Hezxat € dea monomu A = iy, i T1T5 ...xn 1 B =
bjyjnis..in X1 @Y o xlr. lykaemo natimenwe namypasvre wucao k make, wo
ik # Jr. Monwom A esasicacmuvea sexcuroepadivno cmapwum 6id B xoau

1 > Ji- Llopienioromuves suuie HEHYALOBL MOHOMU.

[Ipuknaan. zy nexcuxorpadiuno crapmmit Big zy'%, Tomy mo i; = 2 >
n = 1.

OckKiJIbKM JIOJIAHKIB y MHOI'OU/IeHA CKIHYeHHA, KIJIbKICTh, TO cepeji MOHOMIB €
HalicTapImii, HOro HaA3WBAIOTH JIEKCHKOTPAPITHO CTAPIIIM TJICHOM.

Teopema 5.1 (IIpo nekcukorpadidyuo craprinumii wien qo0yTKYy) . Jlexcu-
Koepapiurno cmapwut waen dobymry 080T MHO204AEHIE DOPiBHIOE JOOYMEKY Ae-
KCUK02PAPIIHO CMAPULUT YAEHIE MHOACHUKIG.

JloBegeHHsI.
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Bepemo j100yTok h = fg MHOrOWWIEHIB f Ta ¢ i3 cTallUMK YJIeHAMU

A J . i b 102 J
A - alllQZS...an]_ a:2 LI xnn’ B - b]1‘7213_._]nx1 332 “e e :Unn
BijnoBiaHo. [lo3Haunmo
__ P1,.D2 2 _ ) q1 .92 q
C = Qpipops..pn L1 Lo - - 'xnnu D = bqugqg...qn)x1 Ly .. -QUn"

— BIANOBIIHO JIOBUIBHI J0JaHKK MHOrodieHis f, g. Toml 10oBiIbHMIT T0ZaHOK
JIOOYTKY 1 JI0OYTOK JIEKCUKOTPaidHO CTAPIINX YJIEHIB BIJIIIOBIIHO MAaIOTh BU-
LIS

+q1 pat i1 iati .,
U=z T0gh?™ 2 | gbetin Vo= Bt B £ 0.

B nux nosnavyeHHsIX HaM MIOTPIOHO JoBeCcTH, 110 V' jIeKCuKorpadiuHo cTapiinii
qjieH J00yTKy, TooTo V' jekcukorpadiuno crapiie U.

[Ilykaemo HaiimeHIIe k JJisT IKOTO 1) # Pg abo jr # qi. st mporo k OymayTh
BUKOHYBATUCS HEPIBHOCTI 1 > Pk, Jk = k. 1omy i + Jr > pr +qr 1V €
JleKcukorpadiano crapmmum Bixk U

n

Ha cropinmi 86 Bunucannit muorodsen Bij 4 sminnux. IIpornonyerbea camo-

CTIITHO 3HAWTU B HbOMY JIEKCUKOTPaidHO CTAPIIUil YJIcH.

Busnauenns 5.3 Cmenenem mornoma A = axi'xy ... xk nasusaromo deg A =
1+t .

Otxe crerneneM orowtena 2x22t3 € 6.

Busnauenust 5.4 Muozounen f(x1, za, . .. x,) Ha3usaromv 00nopionum (00Ho-
pidnum cmenena k), axuwo oas deaxozo k = 0,1,2, ... 6in 3a00604vHA€ YMOBY

f(tay, tay, .. tay) = tFf(z1, T, . .. ).

JocuThb 04eBHIHO, IO MHOIOYJIeH Oy1e OJHOPIAHUM TOJI 1 TLIBKHM TOI, KOJIN
BCl IOTO JIOJJAHKN MA€Th OJIMH 1 TOIl Ke CTeIliHb

Muorowien z+y— 7z oJHOpiAHuil Ieporo crenens. Muorouen z2+y?—7zy
€ OJIHOPIJHUM CTelleHs 2.
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5.2 PezgyabTaHT

Buznauennst 5.5 Mampuuero Cusveecmpa 080T MHO204AEHIB

n

f(@) =apz" + az" ' +ax" P+ .. 4 a, = Z a;x"", > 1;

i=0
i m
g(x) = boz™ + b F o™ 4+ by = Z a;z™ "l om>1
i=0
HA3UBAEMBCA MATNPUUA
/ ag a; as az ... O 0 \
0 a) a; ao ... O 0
0 0 ag aq 0 0
B 0O 0 0 O ap—1 Qp
SYIV(f, g) - bO bl b2 b3 0 0
0 by by by 0 0
0 0 by b 0 0

\'(.)' 00 0 ... byt by )

CkazkeMo TouHillle, fIK BUIMCYIOTbCA e1eMeHnTn r;; MaTpuli CuibsecTpa.

[To-nieprre, MaTputist Mae n + m psAJKiB 1 n 4+ m croBnuukKiB. Ilepmi m psji-
KiB 3aII0BHIOIOTHCSI 3 JOIOMOIOI0 HYJIB Ta eJeMeHTIB IIepIIoro MHOro4wieHa f.
OcraHHI N psiJIKiB 3alI0BHIOIOTHCS 38 JIOIIOMOIOI0 HYJIIB Ta KOeMIilieHTiB Ipyroro
MHOT'O4JIEHA §.

st epiroro psijaka Marpuili CribBecTpa MOXKHA HAIIUCATH

i @j—1, SIKIIO 1< <n+1,
L= 0, gkmo n+2<j7<n+m.

st 1pyroro psiika MaTpPUIl MOXKHA HaIlUCATH

(j_9, SIKIIO 2<73<n+2,
Tro1 = O, ro; = .
0, gaxkmo n+3<7<n+m.
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JLst TpeThoro psgKa MaTPHUINl MOYKHA, HAITHCATH

aj—3, HAKHIIO 3 < ] <n-+ 37

ra1 =0, rg2 =0, T?’j:{ 0, saxkmo n+3<j3<n+m.

st poBibHOrO k-ro psijika, 1 < k < m, marpuni CuibBecTpa MOXKHA

HAIIICATH
0, 4K 1< <k—-1,

Thi = § @j—k, AKIIO E<j<n+k,
0, gakmo n+k+1<73<n+m.
Mu zanucaim, sKUM 9MHOM 3aIIOBHIOIOTHCS TepIii m psijkiB Marpuili Cuib-
Becrpa. OcTaHHI N PAJIKIB 3alI0BHIOIOTHCS MOMIOHIM TIHOM.
g m + 1-To pajgka MaTpuili MOYKHa HAITUCATH

. o bj—1, SAKIIO 1<5<m+1,
mtly 0, gxkmo m+2<j53<n+m.

st m + 2-1o psijika MaTpUIll MOXKHA HaIlUCATH

. 0 . o bj—27 AKIIO 2§]§m+27
m+2,1 — Y, m+2,5 — 0, AKIIO m+3§]§n—|—m

st m + 3-10 psijika MaTPUIl MOXKHA HaIlUCATH

bj_3, axmo m+3 < j<m+ 3,

Tmy31 = 0, Tmt32 = 0, 7“m+3,j:{ 0 ko m+3<j7<n+m
, <9< .

st nosinbaOro m + k-ro psijaka, 1 < k < n, marpuii CunbBecTpa MOXKHA
HalmcaTu

0, gKIo 1 <5 <k—-1,
Tmtkj = § bj—k, AKIIO E<j<m+k,
0, gaxkmo m+k+1<j7<n+m.

Busnauennsa 5.6 Pesyavmanmom 0601 MHO204AEHIE HAZUBAEMBCA GUSHAMHUK
mamput Cuabeecmpa Uur MHO20YAEHIE:

Res(f, g) = det(Sylv(f, g)).
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Taxum dnuHOM, It MHOTOUJIEHIB f = agx + a1, g = bpx + by pe3yjbraHTOM

oye
apgp aq
R ,q) =
es(f9) =1, o,

Jlns Muorounenis f = agx? + a1z + as, g = byx + by pesynbranTom Gye

apgp a1 as
Res(f,g)=|by b1 O
0 by b

Jlnst muorounenis f(z) = agr? + a1z + az Ta g(x) = boa® + bra® + box + by
pe3yJIbTaHTOM Oy/1e

apgp aip a 0 0
0 apgp a1 as 0
Res(f,g) =1 0 0 a9 a1 ag
bp by by b3 O
0 by by by b3

AKIo oauH 13 MHOTOWJIEHIB € CTaJI0I0 BEJINUNHOIO, TO Pe3yAbTaHT IUX MHO-
rOYJICHIB HE BU3HAYEHUIT, IOr0 HEe OOYUCITIOIOTD.

[3 BU3HAUYEHHS BUJIHO, 1110 PE3YJILTAHT JIBOX MHOTOU/IEHIB MOYKHA I/ Ipax0oBY-
BaTH y BUIAJIKY, KON KOeIIIEHTH HaJIeXKaTh KOMYTATUBHOMY KiJIbIIIO 3 OJIMHI-
11e10, — 30KPeMa, Y BUIIAIKaX, KON KOeIIIEHTH € IIJIUMI IUCIaMI,a00 MHOIO-
yinenamu. [Ipore naia yBara 0OyJie 3ocepe/izKeHa Ha BUIIAJIKY, KON KoedileHTn
HaJlezKaTh [IEBHOMY II0JIIO.

Teopema 5.2 Peszyavmanm 080x MHO20UAEHIG

f@) =apa" + amz" '+ a4 ta, =Y @™ n>1

g(x) =box" + byz" 4 b P+ A by = Y @™, m>1
Ha0 nosem JopiBHIE HYAt Y 060X BUNAOKAL
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1) MHO20HYNEHU HE G63AEMHO npocmz':
2) ayg = b() = 0.
B imwux sunadxax pe3yavmarin He &OpiSH?O€ HYAM0.

Ko ag = by = 0, pe3y/ibraHT JOPIBHIOE HYJ/IIO, OCKLJIBKU EPIIHil CTOBIYNK
maTpuili CuibBecTpa JIOPiBHIOE HYJIIO.

Hexait Terep xou ommH i3 KoedilieHTIB ag, by He JOPIBHIOE HYJIIO i MHOT'O-
wieHn f Ta g He B3a€MHO IIPOCTi, TOOTO BOHM MAIOTDH CHIIBHUHA MHOXKHUK h(x)
HEHYJILOBI'O CTeIleHs:

f(x) = flx)-Wz),  g(z) = gi(z)-h(z),  degh(z)>0.

Toumi
deg fi < deg f, degg: < degy, (39)
1
J-o—9g- /i =hoah— figth=0. (40)
Hepisrocti (39) 103BOJISAIOTE CKA3ATH, IO PH JIEIKUX Co, C1, - -« 5 Cy—1, Ao, d, - - -

i3 110151 KOediIlI€HTIB MOXKHA, 3aIINCATU
_ n—1 n—2 o d m—1 d m—2 d
f1 = CoT + i + ...+ Ccp-1, g1 = apgx + dix = ...+t dpy-1.

Ockinbku f - g1 — g - f1 € HYJTbOBUM MHOTI'OYJIEHOM, TO BCi #oro Koedirien-

0 ,.1 m+n—1

THOPU T, T, ...,T JIOPiBHIOIOTH HYJIIO. Burmmemo Bci 111 KoedirienTn i

3alllIleMo, [0 BOHU JIOPIBHIOIOTH HYJIIO:

> adi— Y bi;=0, k=0,1,2,....m+n-1. (41)
i+j=Fk i+j=Fk

Maemo cucremy m + n JHITHIX OJHOPIAHUX PIBHAHD 3 M + N HEBIJIOMUMU.
[ls1 cucrema Mae HEHYJIbOBUIT PO3B'I30K TOJI 1 TIIBKU TOJI, KOJIM BUM3HAYHUK
1T MaTpUIll JIOPIBHIOE HY.JIIO.

Bukonaemo 3rajani il B KOHKPETHOMY BHIAJKY - KO N = 2 1 m = 3,
TO6TO 11 MHOTOWIeHiB f(x) = agx® + a1z + as Ta g(x) = box® + by + b +
bs, i, Bianosinno, fi(x) = coxr + c1, i g1 = dox® + dix + do. 5 koedinienris
co, 1, dg, di, do € HeBitomumu. PiBnicts f - g1 — g - f1 = 0 Mae Bursia

(aox? + a1z + as) - (dox® + dyx + dy) — (box® + b1z 4 box + b3) - (cox +¢1) = 0.

72



Poskpuemo Jiy»kku i 30epeMo KoedillieHTn IIpu OJJHAKOBUX CTEIeHAX 3MIHHOI:
(Cbodo—bOCO)$4+(aod1+a1d0—boC1—blco)flfg-l-(a0d2+a1d1+a2d0—5101—5202)1’24—
(a1d2 + a2d1 — bgCl — bgCo)ZC + (agdg — bgcl) = 0.

MHuoroujieH JIOpiBHIOE HYJIIO, KON BC1 KoeiIll€HTH JOPIBHIOIOTH HYJ/II0. ToMy
HPUPIBHIOEMO BCl KOeMIIIEHTH HYJIIO 1 OJIEPYKYEMO CUCTEMY JIHIHUX OJHOPI-
JIHUX PIBHSAHB

aopri + OSCQ + 0563 — boSL‘4 + 03?5 = 0,
a1r1 + agxro + 0.%3 — b1$4 — b0$5 = O,

{ @211 + a1re + apxrz — bary — birs = 0,
0z + asxs + a1xrg — bgry — boxs = 0,

. 05[!1 + OIQ + asx3 + 0$4 — b3$5 = 0

3 HEBIJJOMUMU
vy =dy, x2=dy, w3=dy, T4=Cy, T5=c1.

Cucrema Mae HEHYJILOBUIT PO3B'30K B TOMY 1 TITbKH TOMY BUITQJIKY, KOJIN
BU3HAYHUK 11 MATPUIll JIOPIBHIOE HYJIIO, TOOTO KOJIN

agp 0 O —b() 0 apg a1 a9 0 O
ar Qo 0 —bl —b() 0 ayg ap as 0
as a; ag —by —by |=|0 0 a9 a1 ay | =Res(f,g9)=0.
0 as ap —bg —bg bo bl bQ b3 0
0 O a9 0 —bg 0 bo bl bQ b3

[ToBepremocst 10 3arabHOTO BUIAIKY — J0 cucreMu piBHsAHB (41). [Tosnadnmo
HEeBIJIOM1 3py4HiIe

Ty =do, T2 =dyi,..., Ty =dp_1,Tp1 = —C0, T2 = —Cl, .., Tmyn = Cp1.

[ nasi peresbauM (1 PPOMI3IKIM) BUIMCYBAHHSIM €JIEMEHTIB MATPHI CHCTEMU
IEPEKOHYEMOCST, 0 BU3HATHIUK CUCTEMHE € Pe3yJIbTaHTOM 38 [aHIX MHOTOUJIEHIB.

Omxe, cucrema (41) Mae HeHy/IBOBUIT PO3B’s130K (i BIIOBIIHO, iCHYIOTH He-
HYJIbOBI MHOTOUJIEHU f1, g1, 110 33/10BOJIbHSIIOTH YMOBY (40)), Tosi i TijibKu Toj,
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kot Res(f,g) = 0. Takum amHOM, 3aKiHU€HE JOBEJEHHS TOTO, 10 KOJIH JIBa
MHOI'OYJIEHU MalOTh CHIJIbHUII MHOXKHUK HEHYJILOBOT'O CTEIIEHs, TO Pe3yJIbTaHT
X MHOTI'OYJIEHIB JIOPIBHIOE HYJIIO.

Jai BBazKaeMo, 1110

e 200 ag # 0, abo by # 0,
® iCHYIOTh HEHYJIbOBI MHOTOWIEHN f1, g1, IO 3aJI0BOJILHAIOTE YMOBY f - g1 =
g+ fi =0 (mus. (40)).

i, Binnosinnosinno, Res(f,g) = 0. . Ilepekonaemocs, 1o B TakoMy BUITAJKY
MHOTOYJIEHN f 1 ¢ MAIOTh CHIJILHWI MHOYKHUK HEHYJIHLOBOTO CTEIeHs. 3POOUMO
1€ METOJIOM BiJ IPOTUJIEZKHOTO.

[Ipunycrumo, 1mo Muoro4eHu f i g B3AEMHO IPOCTI,

frog—9- =0,
i abo deg f1 < deg f, abo degg; < degg. (CrBepKyBaTn, 1Mo BUKOHYIOTHCS
00uIBI HEPIBHOCTI MU HE MOXKEMO, OCKIJIbKU OJMH 13 cTapIiux KoedillieHTiB

MHOTOWIEHIB f, g MOxKe jopiBHIOBATH HYJ/0). [l BU3HAYEHOCTI MPUITYCTIMO
deg f1 < deg f. B Takomy BUIIaJIKy YMOBU

froo=g fi, HCIA(fg9)=1

MMOKA3YOTh, 0 MHOTOWIEH f1 JALIUTbCA Ha MHOrOWIeH f (nuB. Teopemy 2.4), a

11e HeMOYKJ/IMBO 13-3a HepiBHOCTI deg f1 < deg f. Ojepxkana cylepedHicThb J10BO-

JINTh, 1110 MHOTOYIeHN f 1 ¢ MarOTh CHIJIbHUI MHOXKHUK HEHYJIbOBOT'O CTEIeHs.
Teopema noBesieHa TOBHICTIO.

Busnauenust 5.7 Juckpuminanmom mrozounena
f(z) =apx" + arxz" P+ .. 4 a, = ao(zx — z1)(x —x9) ... (x — )
HA3UBAOMD YUCAO
D(f) = Wicj(a; — x;).
Bijomo (mpuiimenmo tedi akT Ha Bipy, 6€3 J0BeIeHHS), 110
n(n —1) .
D(f)=(=1) 2 —Res(f, ). (42)

ao
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[TakeTn cUMBOJIbHUX OOYMC/IEHH MAalOTh KOMaH/U JJIsi OOUYUCJICHHS Pe3YJib-
TaHTa 1 JUCKpUMiHAaHTa MHOrowwieHa. Tax B mnakerax Maple st 110poJizKeHHSI
Marpuii CruibBecTpa BUKOPHCTOBYETbCsSI KOMaH1a sylvester; st oOunciieHHs
pe3yJIbTaHTa BUKOPUCTOBYIThCsI KOMaH/1a resultant; a st o0unc/ieH st JIUCKpH-
MiHaHTa 3a Gopmysion (42) BUKOPUCTOBYEThCsT KoMaH1a discrim.

JI1st mIpaXTUYHUX II0TPed YacTO BUKOPUCTOBYIOTH CIIPOIIEHE BU3HAUCHHSI JTIC-
KpUMiHaHTa — JUCKPUMIHAHTOM MHOTIOYJIeHa Ha3UBalOTh Pe3yJIbTaHT MHOI'O-
qjieHa Ta ioro 1moxijgHol. CrpolleHe BU3HAUEHHsT BPAXOBY€ BUIIAJIOK, KOJIU CTap-
it KoedinienT popiBHioe Hy/110. CHpolleHe BH3HAUEHHsT BiJIPI3HAETLCS Bijl
PABUJIBHOTO (OPTOJOKCATBLHOTO) MHOYKHUKOM

n(n—1)
1) 2 L
ao

[3 70BeIeHOT TeopeMu BUILIUBAE, 110 JUCKPUMIHAHT (1 y IPABUJILHOMY BH-
3HAYEHH] 1 y CIPOIIEHOMY ) MHOTOYJIEHA 3 HEHYJIBOBUM CTAPIINM KoeillieHToM
JIOPIBHIOE HYJIIO TOJII 1 TIIBKKM TOJIi, KOJM MHOI'OYJIEH Ma€ KpaTHI KOpeHi. 3a
CIIPOIIEHNM BU3HAUYEHHAM JUCKPUMIHAHT MHOTOYJIEHA 13 HYJILOBUM CTAPITUM
KoedinieHToOM JIopiBHIOE HYJIIO. [IpaBuibHe BusHayeHHs JJIg TaKOI'O MHOI'OYJIe-
Ha BigcyTHe. 11 MHOTOUYIEHA TEPIIOTO CTEIeHs 1 JIjIsd CTaJoro MHOTOUJICHA
JUCKPUMIHAHT HE BU3HAYAETHCSI.

JIcKpUMiHAHTOM KBaJIPaTHOTO TpudjieHa axr’ + bx + ¢ byue (3a crporreHnM

BU3HAUCHHSM )
a b c
2a b 0| =ab®—2ab* + cda® = —a(b? — 4ac).
0 2a b

A 3a IpaBUILHNM BHU3HAUYEHHsM Bin fopisnioe b> — 4ac.

Po3B’ss3yBaHHs cucTeMu JIBOX ajireOpaidHmX piBHAHL 3 JIBOMa He-
BlIOMUMMU.

AnrebpaldyHuMu HA3UBAIOThL PIBHSIHHSI, B AKUX 3HAKOM PIBHOCTI 3’€IHYIOTDH
JIB& MHOT'OYJIEHM.

OT2Ke MAaeMO CHUCTEMY i3 JIBOX PIBHIHHB

ag(y)z"™ + al(y)x”_l +...Fay(y) = 0,
bo(y)z™ + bl(y):rzm_1 + ...+ bu(y) = 0.
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CriouaTky MIyKaeMo BCl Ti 3HaAYEHHs 3MIHHOT Y = Yo, /IS TKIX Y MHOTOUJIEHIB

{ ao(yo)x" + al(yo)x”_l + ...+ ax(y) = 0,
bo(y)z™ + bl(y)a:m_1 + ...+ bn(yy) = 0.

€ CIJIBHUI JIJIBHUK J0JI@THBOIO cTereHs. /[j1s Iboro 00Unc/II0eThesl pe3yIbTaHT
X MHOT'OYJIEHIB, K MHOI'OYJIEHIB BLJI OJIHIET 3MIHHOI & Ha/l KLJIbIleM MHOT'OYJIe-
HIB BijJ 3MmiHHOI y. Pe3ynpranT Oyae MHOro4IeHoM Bijg y. Kopeni pesyiabranTa
i € nmorpibHi 3HavYeHHs 1y. lligcTaBiasseMo 3HalijieHl 3HAUEHHsT § = Yo Y 3aJaHi
MHOTOUJICHH, MIYKAEMO HAROLIBINNI CILIBHUN JJIbHUK (HAIIPUKJIA, METOJIOM
Eskitiga) mux muorowienis. Hacamkinenns IykKaeMo KOpeHI 3HANIEHOTO Haii-
OLIBIIOrO CIUIBHOTO ALTBHUKA — o = xg. 1lapu (xg,yy) 1 € KopeHsIMu 3a1aHOT
CHUCTEMU PIBHAHD.

36ipuuk 3aaa 3 anrebpu i pegakimicio A.l.Kocrpukina (Coopauk 3a1a1d
o asrebpe. - [og peg. A.M.Kocrpuknna. - M.: Hayka, 1987) nporonye sorupu
BripaBu Ha Temy "Pesyibrant i guckpuminant" (cTop. 88,89)

7.4.1 3naiiTi BCl 3HAYEHHS ITapaMeTpa A, IPH SIKUX MHOTOWIEHHN f, ¢ MalOTh
CIILIbHUIT KOPIHb:

1) f(z) = 23—z +2, g(z) = 2*+ Az +2. (Bignosiap — A =3, = —1.)

2) flz) = 2% + X% — 9, g(x) = 23 + Xz — 3. (Bignosigp — X =
+iv2, A= £2i/3)

7.4.2 Buksountn x i3 cucremu pisusub f(x,y) = 0, g(x,y) = 0.

1) f(x,y) =2 —ay+y* -3 =0, g(z,y) = 2*y + y*r — 6 = 0.

Binmosins 4° — 4y* + 3y? — 12y + 12 = 0.

2) 2 —xy — 1y +y =0, > +x—yP—1=0.

Bigmosins 5y° — Ty* + 6% — 2y —y — 1 = 0.

7.4.3 Obuncg TN JUCKPUMIHAHT MHOTOYJIEHIB (BUKOPUCTATH CIIPOIIEHE BH-
3HAYEHHsT JIMCKPUMIHAHTA )

1) f(x) = ax® + bz + ¢; Bignosias —a(b® — 4ac).

2) f(x) = 23 + px + q. Bignosins 4p® + 27¢

7.4.4 3uaiiTu BCl 3HAUEHHST A\, IPU SIKUX MHOTO'WIEH f(x) Mae KpaTHi KOpeHi.

1) 23 — 3z + \. Bignosigp 4-2.

2) ot — 4z + A Bimosis {3,3 (~3 £i) }.

76



[Ipukiaa. Hexait moTpibHo 3HAMTH BCi i1l PO3B'3KU CHCTEMU PiBHSIHD

(y—2)x2+(y2—3)x+3y+320,
(2y—1)x2+(3y2+y—1)az—y—1:O.

Posp’szyBannst. Ckiajiaemo marpuiiio CibBecTpa

[y —2 y? —3 3y+3 0 ]
Ao 0 y— 2 y?—3 3y+3

2y—1 3y +y—1 —y-—1 0

0 2y—1 3y’ +y—1 —y—1

Hajii 009YncII0eMO BU3HAYHUK I€] MaTPHUI — pPe3y/JbTaHT MHOTOYJIEHIB, IO
BXO/Iglb JIO PIBHSHHS:

det(A) = 10y° — 279° + 24 y* + 63y® — 649* — 35y + 31

MozknuBumu mismmu kKopensimu piBugnnst det(A) = 0 € minpaukn ancra 31
— 10010 £1,£31. [lepeBipka mux duces mokasye, 110 -1 JiliCHO € PO3B’SI3KOM
piBmsmms det(A) =0 .

[lincraBingemo 3Haiigene 3HaYeHHs /I ¢ B 3aJaHy CUCTEMY 1 OJIEPXKYEMO
cucremy f(z) = 0, g(z) = 0, ge f(z) = =32% — 2z, g(x) = —32% + z,
JUIsl 3HaXOJKeHHs1 x. HaiiOinbimmil cuijibHuil AiJIbHUK JIJIs MHOTOYJIEHIB f, g
nopiBaioe z. OTKe €uHUM 1M po3B’si3kom cuctemn € (0, —1).

5.3 CumeTrpu4dHi MHOro4JIeHU
Busnagenus 5.8 Mnozounen
L. . 11 .02 in+1
E , CL212213---2n+1$1 $2 e 'xn—H
(i1i9i3.ins1)

HA3UBAEMBCA CUMEMPUUHUM, KOAU OAL OYIb-AK0T NIdCMano8KU

o 1 2 ... n
~\o(l) o2) ... a(n)
BUKOHYEMDCA PLEHICTIIL
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D iy i BT =Y Gty i T )Ty - T
(13983 int1) (14983 int1)

Hanpukmaj, muorodsen x + 2xy He CAMETPUYHHIIN, TOMY IO MIC/Id 3aMiHA T
Ha Y 1Y Ha T MU OJIEPzKMMO MHOT'OYJIEH Y+ 2y, AKUil He JJOPIBHIOE IOYATKOBOMY,
3a]aHOMYy MHOTOWIeHy T + 2xy. A Muorowien zy + x%y? cumerpudanmii, ToMy
110

Ty + x2y2 =yxr + y2x2.

Buznadenns 5.9 Cumempuunuti MHo20MAEH HA3UBAEMBCA 00HOTOPOOHCEHUM
(060 monozennum), Axwo 6¢i 020 A0danKU 00ePAHCYIOMBEA 13 00H020 Nepe-
CMABAAHHAM THOCKCIE.

MHoro4en 23wy +23r1 € OHONOPOIZKeHIM, OCKIILKI JAPYTHil I0JaHOK O1ep-
JKYEThCS 13 MePIIOro 3aMiHo0 1HAeKciB 1 Ha 21 2 Ha 1.

Muoroujen x‘I’ + x% + :1:%:132 + x%xl HE € OJHOIOPOJIZKCHUM, OCKIIbKY HepInnii
Ta OCTAHHIN JOJJaHKI HEe MOXKYTh OYyTH OJeprKaHi i3 OJHOT0 JI0/JaHKa 3aMiHOIO
1HJIEKCIB.

O IHOTIOPOJIZKEHU T MHOTI'OUJIEH MOYKHA 3a/IaBATH JIUIIE OJIHUM JIOJIAHKOM, KO-
JIN KUIBKICTh 3MIHHUX 3PO3yMiJjia i3 MOBHOI'O OTOYEHHsI, ab0 I KiJbKiCTb He
Mag 3HadeHHd. B oHOnopopKeHoMYy MHOTOYJIEHI BUMMUCYIOTH 3BUYAITHO JINIIIE
JIeKCUKOIpadigHo cTapInii JogaHoK. Taxk 3ammc 23 4 ... o3Hauae x% + 9:‘;’ + x%,
SKITO KOHTEKCT CTOCYETbCsl MHOIOWIEHIB BiJl TPHOX 3MIHHUX, I O3HAYAE » . ;,
KOJIN KIJIBKICTh 3MIHHUX € HEBIJJOMHUM IIapaMeTpPOM 7.

Muorowren f = xzxgxgm%% + ... BIJ] JIeCATH 3MIHHUX Mag€

10-9 7-6-5

C%-8-C3 = ——.8- ——— = 12600
10 12 1-2-3
nonankis. Bigmosigno, f(1,1,...,1) = 12600. I[ligpaxyemo 3HaUeHHST MHOTO-
wiena f(xy,...,%10) y BUDAJKY, KO T3 = 2,03 = Ty = ... = T19 = 1. s

IIHOT'O TIEPENUIIEMO 3a/IaHIil MHOTOYJIEH B 3PYYHOMY BUIVISIL

fxy, ..., 210) = o] (whadzizswe+. . ) +ab(vixiviwsze+. . )4y (vhriaSesve+ldots)+(ziaxiaba
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[To3HaIMMO MHOTOUIEHN, IO CTOATH B JIy’KKaX, BIIIIOBITHO Uepes g1 (Ta, - . ., T10), go(Ta, . . .

B npuitgaTux mosHaueHHIX MHOTOUIEH f 3alUIeTbes Y BUTISI

[ = fzgl + x?g2 + 2193 + g4.

Muorounenn g, gs, g3, g4 — CAMETPUIHI OJTHOTIOPO/PKEH] MHOTOMIEHH BiJT 9 3MiH-
HUX. 3HaliJeMO KUJIbKICTh JIOJAHKIB B IIMX MHOro4aeHaX. MHOrodjaeH ¢, Mae
9.8 C% = 2520 nojankis, mHorousen go Mae Cg - C3 = 1260 jo1aHKiB, MHO-
rousien gz Mae 3 - 7+ C2 = 3780 nojankis, muorousen gq mae CZ -7+ Cg = 5040
JIOAAHKIB. Tomy

f(2,1,1,---,1) =27.2520 + 2°- 1260 + 2 - 3780 4 5040 = 415800.

Cepes cUMETPUYHUX MHOTOYJIEHIB BiJl 1 3MIHHUX BUJILIAIOTH eJeMeHTapHI
CUMETPUYIHI MHOTOUJIEHN

o1(T1,. .., Tp) =21+ T2+ ... F g x;,
0921, ..., Tn) = 2172 + 2123 + - +xn 1=y ay,
1<i<j<n
03(331, - ,xn) = 11T9x3 + T1X9T4 + ... + 1N — 20012, = g TiT T,

1<i<g<k<n

O'k;(iL'l,...,ZEn) = E iy Lig o+« Tjys
1<i1<19<...<1:<n
On(T1,. .., Tp) = T 1T ... Tpy.

Ta CTEIeHEeBl CyMU

n
Sp(x1, ..., xy) = fo
i=1

[ eremenTapni cuMeTpUYHi MHOTOUJIEHHW 1 CTENEHeBl CyMHU € OJHOPIIHUMUI
MHOTOYJIEHaAM.

®opmyan HboTOHA - 3B’30K MiXK CTEIIEeHEBUMU CyMaMM Ta eJIeMeH-
TaApHUMHU CUMETPUYHUMU MHOTOYJIEHAMMU.
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3a dopmysioro Bieta
(x—x1) - (x—23) ... (=) =2" — @ L+ 092" 2+ ...+ (=1)"0,.

[lictaBuBImm croan x; 3aMiCTh T OJEPKUMO PIBHICTH

o — ot (=D, =0 i=1,2,...,n. (43)
Cywmoro ojiepzkaHuX piBHOCTE 110 BCix ¢ = 1,2,...,n OyIe
Sp(T1, ..o xn) — Sp1(x1, ..., xp)o1 + Sp_o(x1, . . .,

r)og + .+ (=D " sy (2, 2001 + (—1)"0, = 0. (44)
Bukopucrosytoun pisaicTh (44) moBenemo Teopemy 5.3.

Teopema 5.3 (popmynu Heiorona, konu 3minaux Besmmka) [Ipu ecixn >
k suxonyemvces pieHicMb

sz, ... xy) — Sp—1(x1, ..., xp)o1 + ...
+ (=1 Fsi(xr, - @)oo + (=1 o = 0. (45)

Crouky nosejiemMo Jjiemy H.1.

Jlema 5.1 Hrxwo odnopionuti cumempuyunut mmozouaen f(x1,Ta, ..., Ty) Mae
cmenins k meHwuth Hioie n, © npu Koorcnomy © = 1,2,...,n npu nidcmanosuyl
r; =0 npu sciz i = 1,2,...n, cmae cmenexesor cymoro, mo ueth MHO204AEH
€ CMENENEBOND CYMOIO.

HoBenennsi. CuMeTpuyHUl MHOTOUJIEH, SIKUIT OJIEPyKYEThCsI TICIs 11 CTaB-
ngust ; = 0 B MuHorownen f(wxy,Ts,...,x,) HO3HAYNMO Yepe3 g;. MHorodien
f(x1,z9,...,2,) Mae creniHb MeHIINH HIXK KUIBKICTb 3MIHHEUX, TOMY JI0/IaH-
Ky, sIKiii O MicTUB J0OYTOK yCiX 3MIHHUX, BiH HE MAa€ - B KO)KHOMY JIOJAHKY
HEMAE X04 OJIHI€T 3MIHHOI. 3BiJCH BUILIMBAE, 110 KOXKEH J0JAHOK MHOI'OUJIe-
wa f(x1,%9,...,T,) 30ira€ThCst 3 MEBHUM JOJAHKOM SIKOTOCh MHOTOWJIEHA (.
OcCKJIBKN BCI MHOIOYJIEHHU ¢; MICTATH JIUIIE CTelleHi 3MiHHUX, TO 1 f € cyMoIo
cTelleHiB 3MiHHUX. Pa3oM 3 OJHOPIIHICTIO 16 IIepeKOHy€e Hac B ToMy, 10 f €
CTEIIeHEeBOIO CYMOIO.
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n

[Iepexogumo ByiacHe 10 J0BejleHHsI TeopeMu. JoBoauTu OyaeMo iHIYyKIIE
1o pisnui n — k.

Baza ingykmil: Ilpu n = k npaBuibHiCTh POPMYIIN 3a0€311€9YETHCS JI0BE/Ie-
HOIO (bopMyJT0t0 (44).

[nykrusHe npumnyiierts: Hexait npu gesikux n > k dbopmyina (45) npaBuib-
HA.

[nykTuBHMi nepexija. Byaemo noBoguTu hopmysty

Sy Ty Tpa1) =Skt (T1, oy T o1t A (=1)" sy (2, .. Ty )op1+(=1)"0y = 0.
(46)
[IpaBa wactuna piBHocTi (46) € OMHOPIHUM MHOIOWIEHOM creneHst k. 3a
1HIYKTUBHUM IIPUITYIIIEHHAM IIpaBa YacTUHA € CTEIIEHEBOIO CYyMOIO, SAKIIO B3ATH
x; = 0, npu Oyab-gaxkomy ¢ = 1,2,...,n + 1. Jlema 5.1 3abe3neuye Ham, 110
IpaBa 4acTUHa OyJe CyMOIO k—CTelleHiB 3MIHHUX.
Teopema 5.3 noBejieHa.

Teopema 5.4 (popmysn HeioToHA, KON KIJIBKICT 3MIHHUX MaJja) SKuo
1<n<k, mo

sk(xy, ..o, xn) — Sk—1(T1, ..o )0 + .
+ (=1)" s (21, )0 + (= 1) sp_po, = 0. (47)

st moBefennst TeopeMn 5.4 10CTATHBO JIOMHOKUTH KOXKHY PIBHICTH (43) Ha
:cf_" 1 IOTIM pe3yJIbTaTU CKJIACTHU.

Teopemu 5.3 5.4 J103BOJISIIOTH BUPA3UTH CTEIEHEBI CyMU depe3 ejleMeHTapHi
cuMmerpuani Muorowienu. Hasejiemo npukiiau. 3ayBazkKuMo, M0 3aBXKIU S =

o1. lpunyctumo, mo 3minamx 4. Toxi 3a Teopemoro 5.3:

82—8101+202:O, 52:0'%—20'2;
S3 — 8901 + S109 — 3073, s3 = (07 — 209) - 01 — 0109 + 303 = 03 — 30109 + 303;
Sy — 8301 + 8909 — 5103 + 40y, 84 = (03 — 30109 + 303)01 — (0% — 209)09 + 0103 — 404.
Otke

Sy = O'il — 40%02 + 40103 + 205 —40y.

81



OckiyibKu 3MiHHUX 4, TO JIJIT OOUUCTICHHS Sj TP k > 5 MOTPiOHO KOPUCTYBA-
THCA TeopeMoio 2. Bupasumo s5 depes ejileMeHTapHl CUMETPUIHI MHOTOYJIEHH.
Teopema 5.4 nae HaM pIBHICTH

4 2 p
sy = (0] — 4oio9 + 40103 + 205 — 404)01 — S309 + S903 — S104.

Mu y:xe Bupasmim Sq, So, 83, S4 9epe3 eJeMeHTapHi CUMETPUIHI MHOTOYJIEHN.
Tomy MozKeMO 3amucaTn

s5 = (01 —402 0y 401034205 —404) 01— (07 —30109+303) 09+ (02 —204) 03— 0104

Jlami MoxKHa BUPa3UTH Sg, OCKLJIBKI YK€ BIJIOMI S1, S9, 83, S4, S5.
OcHoBHa TeopeMa Teopil CMMETPUYHIUX MHIOYJICHIB.

Teopema 5.5 (ocHOBHaA TeopeM TeOpil CUMETPUYHUX MHOTOYIeHIB) Hydv-
AKULT CUMEMPUYHULTE MHO20YAEH MOHCHA 6UPA3UMU, 00 M020 JHC € EOUHUM U~
HOM, YEPE3 CAEMEHMAPHT CUMEMPUYHL MHO20YACHY. TOwHIwe, dAs 6YOb-AK020
CUMEMPUYHO20 NOATHOMG [(T1To . .. XTy) iCHYE, T 0 M020 dc €Qunul, MHO20-

waen g(Y1, Yo, - - - Yn) maxudi, wo
flxize ... xy) = go1,09,...,0,).

Jlema 5.2 frxwo A = af'zixs ... xln aekcukoepagivno cmpanwud wien cu-
MEMPUUNO20 NONTHOMA, MO

11 219 213 2> ... > iy

Hosenennsi. JlosejienHst MeTOI0M BijI IpoTHIeKHOrO. [IpumycTumo, 1mo st
nestkoro 1 < k < n BUKOHYETBhCS HEPIBHICTD 1) < tjy1. OCKIJIbBKM MHOIOYJIEH
CUMETPUYHNN, TO BiH MICTUTBL JOJAHOK B, saKuii ogepKyerbes i3 A 3amiHOO
T HA Tpyq 1 Tpyq Ha T, Jdomanok B jexcukorpadiuno craprmmii Big A, A 1e
CyIepeunTh HpHUIyIieHHo, mo A jekcukorpadidHo cTpamunii 4jeH 3a/aHoro
MHOT'OYJICHA.

Jlema joBejeHa.
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Jlema 5.3 fxwo ¢ nocatdosricmsv HEGIO EMHUT YIAUT HUCEN
i1 219 213 2 ... 2 iy,
MO AEKCUK02PAPINHO CMAPUWUM UAEHOM D0OYMKY

_ _d1—ip _ip—1i3 _i3—i4 ln—1—%n 1
f=o0] "0y Pogd o, oy

— el 02,03 i
oyde A = xi{'z5xs .. x

Mu yzke 3Ha€MO, 110 JIEKCHKOTpadiuHO cTapIiuii 4ieH 100y TKY MHOTOUIEHIB
€ JOOYTKOM JIEKCHKOIPaidHO CTapIINX YWIEHIB MHOXKHUKIB. TOMY JIeKCHKOrpa-
diuno cTpaHIIUM WieHOM J00yTKY f Oyie

i—n—1—1, (

T (21 29) 2T (wy2ows) BTN L (21 2g . T) T1Ty ... Ty)" = A.

Jlema 5.3 jioBejieHa.

HoBenennsi. [lepexoaumo BiacHe J1010BeJIeHHS TeopeMu H.4.

Jlemn 5.2, 5.3 3abe3meuyioTh HAM ICHYBaHHA JOOYTKY eJeMeHTapHUX CUMe-
TPUYHUX MHOTOYJIEHIB, sIKMil Ma€ TOil »Ke JIeKCUKOIPapiuHO CTapIIuii dJIeH,
o 1 3aJaHuii cuMeTpudHuii MHorowieH. IlociigoBHo BimHiMaloum Taki g00y-
TKI eJIeMEHTapHUX CUMETPUIHNX MHOTOYJIEHIB 1 3HUIIYIOUM BlJIIIOBITHO JIEKCHU-
Korpadivni cTpali 4jieHn MU OJIePzKUMO IIOC/IIJIOBHICTh MHOTOYJIEHIB, Y SIKUX
JIEKCUKOrpadIivTHO cTapllll WiIeHH CTOSTb y CHaJHOMY Hopsanky. OcKiIbKu cTe-
MiHb MHOIOWIEHA [PU TAKUX JisiX (BigHIMAHHI JOOYTKY eJIeMEeHTApHUX CHMe-
TPUYHIX MHOTOUJIEHIB) He 301/IbIIYEThCA, TO MOOYI0BAHA MOC/ITOBHICTE MHO-
ro4ujieHiB obipBeThest HysaeM. [lo3HaunMo 1Moc1iIoBHICTh 1100y 1I0BAaHUX JI0OYTKIB
eJIEeMEHTAPHUX CUMETPUIHUX MHOIOYJIEHIB 4epe3 g1, §o < ..., gr. 1ol

f—g—g—...—g:=0. f=a+g9p+...+g.

Yactuna Teopemn 5.4, M0 CTOCYETbCs ICHYBaHHS, J0BEIEHA.
[lepeitaemo 10 J10BeJICHHST €IMHOCTI TAKOTO IIPEJICTABICHHSI. 3HOBY CKOPHUCTa~
€MOCd MEeTOJ0M Bij nporuiexkuoro. Hexait € nsa muorouienn a, b taxi, 1mo

flxy,...xp) = aloy,...,00) =blog,...,00).

[TorpibHO J0BECTH, 11O
a’(yla Y2, 7yn) - b(yh Y2, 7yn)
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[Tpunycrumo, mo ¢ = a — b # 0. dosegemo, 110 11e HEMOKTHBO.

Harosiocumo, 1o muorOwIeH ¢ = (Y1, Y2, - - -5 Yn) # 0 — 1€ MHOTOUWIEH Bif
BMIHHUX Y1, Y2, - - - » Yn. JKIIO 2K 3aMICTh 3MIHHUX Y;, ¢ = 1,2, ..., n MijcTaBu-
TH eJIEeMeHTapHI CUMETPUYHI MHOTOYJIEHN BT X;,1 = 1,2,..., 1, TO OJAePKIMO
HYJIbOBUIT MHOTOYJIEH BiJl x;,1 = 1,2,...,n.

HenymnboBuit muorowien ¢ = ¢(y1, Yo, - - - , Yn) MA€ HEHYJIBOBI JOJAHKI BUTJISI-
Ay

A=yl .y

3 meBHUMHI KoedillieHTaMu, siKi Hac 3apa3 He IKaBJsiTh. ZIKIo B MoHOM A
3aMICTb Y1, Y2, - - - , Yn HJICTABUTH 01, 02, . . . , Op, TO MU OJIEPKUMO CUMETPUYHUI
MHOTOYJIEH 3 JIEKCUKOTPAMITHO CTAPIINM UJIEHOM

Ty ...,

e
nw=ki+ko+...+k,,
igzkg—l—]{?g—l—...—‘rk‘n,

2'n—l - kn—l + kn;
iy = k.
3Ha04n 11, i9, . . . , 4, MI MOXKeMO 3HaiTn ki, ko, ..., k,

k1 =11 — 19,

ks

i? - 7;37

kn—1="1n_1— in,
[3 ckazarOrO BUILIMBAE, 110 pi3HI MOHOME A — M0aHKE MHOTOWIEHA (Y1, Y2, - - -
IICJIS MJICTABJIAHHSA 3aMICTh 3MIHHUX €JIEMEHTAPDHUX CUMETPUYHUX IIOJIIHOMIB

JIAI0Th Pi3HI JIeKCHKOrpadiuHO cTapiii 4ieHn. I3 mux JieKCukorpadiqaHo CTPIIIX
leHiB Bubupaemo Haiicrapimii. [leit jgekcukorpadiuno HajicTapiiuil 4ieH Hi
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3 SKUM JIOJIAHKOM (ITiC/Ist T/ICTaB/ISTHHST 3aMICTh 3MIHHUX €JIeMEeHTAPHUX CHMe-
TPUYHIX MHOTOUJIEHIB 1 MiC/IsT PO3KPUTTS JIy?KOK) HE CKOTOPUTHCA. ToMy Tics
POBKPHUTTS JIY2KOK MU OJEPXKIMO HEHYJIbOBUIT MHOTOYJIEH.

[Tosicnumo ckazane npukiaagoMm. Hexait

¢ = 5ytysys — 1147 yay3.

[TigcTaB/iseMo B MHOTOUJIEH € 3aMICTh 3MIHHUX Y1, Yo, Y3 €IeMEHTapHI CUMETPH-
YH1 MHOT'OYJIEH!

01 =1+ X9 + 3, 09 = T1X9 + T1X3 + T2X3, 03 = 1X2X3.
Homanok A; = 5y%y%y§j icJisl 1JICTaBJISIHHS 3aMich 3MIHHUX eJIeMeHTapHUX

CUMETPUYHUX IOJIIHOMIB JIACTh CUMETPUYHNIT MHOIOYJIEH

By = 5282523 + ...

a MoHorowien Ay = —11yjysys micas HijcTaB/IstHHA 3aMich 3MIHHUX eJIeMeH-

TApHUX CUMETPUYHUX IOJIIHOMIB JIaCTh CUMETPUYHUN MHOT'OYJIEH

By = —11afwia; + ...

Honanok 5x%r3x3 nexcuxorpadiuno menmmit sig — 1123z, Tomy

0(01,02,0'3) = Bl + BQ = —11%?.%%17% + ...

TyT KpankaMmy IIO3HAYEHO JIEKCHKOIpaiuHO MEHIII JoJaHKU, siKi HAC He IIi-
KaBJIATL — /JIJIg HAC I'OJIOBHUM € BUIINCATH HEHYJILOBUIl J0/IAHOK, OT MU HOT0 I
BUIIICAJIN.

Mu npuiinm 10 cynepeaHocTi — 3 OJIHi€l CTOPOHH, HEHYIbOBHII MHOT'OYJICH C
BT 3MIHHUX Y1, Y2, - - - , Yp HICJIA MIJCTABISHHS 3aMICTh 3MIHHUX eJIeMeHTapHUX
CUMETPUIHUX MHOTOYJIEHIB I1€ePEeTBOPUBCS B HYJILOBUIT MHOTOYJIEH, & 3 JIPYTOl
CTOPOHH, Take crarucss He Morxke. OJiepKaHa CylepedHiThb JOBOJUTL €INHICTD
IpeacTaBIeHH CUMETPUIHOIO MHOTOUJIeHa Y BUIVISI/II MHOT'O'JIEHa BiJl ejleMeH-
TapHUX CUMETPUIHUX MHOT'OUJIEHIB.

OcHoBHa TeopeMma Teopil CHeTPUIHIX MHOIMOUIEHIB JOBEIEHA.

|

Xo04 JI0BeJIeHHsI 1i€1 TeopeMH IIPOBOJMJIOCA Y INPUIIYINEHH, 10 KoedillieH-

TH HaJIeXKATh [EBHOMY MO0 (3a3BHYail - MOJI0 JIfICHIX duces), ajie TeopeMa
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JINIIAETHCS CIIPABJIE/IMBOIO 1 Y BUIAJIKY, KON KOeIlIEHTH HaJiexKaTh KOMYTa-
TUBHOMY KIJIBIIO 3 OJMHUIIEIO (30KpeMa, KiJIbIO MIJIUX THUCe)).
YacTo ocHOBHa TeopeMa, Teopil CUMETPUYHUX MHOI'OUJIEHIB 3aCTOCOBYETHCS B
napi iz Teopemoro BieTa 11 064UMCIeHHSI CUMETPUYHOIO MHOT'OUJIEHA BiJl KOpe-
HIB 3a/JaHOT0 MHOTOYJIEHa Bijg ojiel 3minHol. Hampukiram, Hexae € MHOro4/eH
Bl OJ1HIET 3MIHHOI
f(z) =2} —112* + 120 — 3
1 IOTpiOHO OOUMC/INTU BUpPa3
g = —5355 :1315x24x3 x43—5355 3715372 $34x43—21840 :1:121'249034:643—5355 x15x24x33x4—

5355 21 w9 w3 04— 7965 21 wo w3 2, — 9385 11 wo w3, 2 — 15076 11 2o w3 1y —
—21840 x14:c24x33x42—5355 z1° 1y :U44:U33—21840 x12x24x44x33—15076 x15x23x43x32—
—21840 x1 o 3152 — 5355 11° w3 14 w93 — 21840 11 25ty tre® —9385 1 P st w2yt —
—21840 21 w3ty 00> — 15076 21 13° 24> 20> — 34065 21 w3 04> 29 — 5355 11 'y 25 147 —
—21840 x14x22x34x43—5355 T :1:25x34:1:43—5355 a:14a:25x33x4—855 x15x24a}34—855 x15x24:1:44—

— 855 21 23wyt — 855 1wy ast — 855 1wy wyt—

855 1 w5 ot — 855 2 w3’ ayt — 855 1y Pyt —

— 85511 wyP w3t — 855 o xstwyt — 855 wotwsPwyt—

855 5132433455634 — 380 5171637245633 — 380 5616562451743 — 380 3316553451723—
— 380 51316[133433‘43 — 380 1’1633443323—
380 x16a:44x33 — 9385 x12x35x44:1322—
— 5355 $13$25$34$4 — 9385 $14$25$32$42—

—15076 213 29° 153142 — 21840 1 192wy 25 — 5355 11 29 14 133 — 15076 213 19° w3 152 —
5355 $14£L’35£L’2 .CL’43 — 95355 1 .1335562455’43 — 5355 5(,’1456353323:134 — 5355 513133335$24$4—
—21840 z1 w3t 2o 14? — 21840 2 w32y 20 — 5355 1y w3724 10> —9385 11 w3’y 2wy ? —
—15076 21323 24200 — 34065 21 w3 043203 — 5355 21 1wy’ 20 237 — 5355 11 24 w0 w37 —

— 34065 x13x43x24x33 — 7965 x14a:44a724x3 — 21840 x13x44:1:24x32—
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—5355 x14x45a:3 195 —5355 11 x45:c34x23—34065 $13£U44$333323—5355 x25333 ryted—
21840 x22x34x44:c13—9385 x25x34x42x12—15076 1?2513335[1433312—5355 T9 x35x44x13—
—9385 x24x35x42x12—5355 :1:249545333 r1°—5355 9 5645:6343313—2572 21925 x33x43—
—1470 :1:163:241‘32:1:4—2572 x16x23x33x4— 1470 x16:€24x3 r,2—4615 :1:163:231‘32:1:42—

— 2572 x16$3 o314 — 1470 :1316:1334:1622904 — 4615 :1316:L'33:E22:L'42—
—4615 x16x43x22x32—9385 x15x22x44x32—7965 x14x34x44x2—9385 x12x25x44x32—
—15076 x13x35x22x43—15076 x12x35x23x43—540 x15x25x33—540 T1° 29 243 —540 x15x35x23—
—540 x15x35x43—540 z1° 2,019 —540 x15x45x33—380 x26x14x33—380 TR TR
— 380 x26:1:34x13 — 380 3326:1:34:1343 — 380 x26x44x13 — 380 :13265644:1333—
— 540 x25:1:35:1:13 — 540 x25x35x43—
540 :L'25:E45:E13 —540 $25:B45x33 — 380 $36x14x23 — 380 x36x14x43 — 380 :L'36:E24:C13—
380 x36x24x43 —380 x36x44x13 —380 x36x44x23 — 540 x35x45x13 — 540 x35x45x23—
380 z4021 2 0® — 380 24021 3% — 380 240 mo ey ® — 380 2,00t g® — 380 405ty 3 —
380 56465634$23 — 2060 z1°x9° 3 x4 — 2060 x15:c35:z;22:z:4—
— 9385 11wy my?w3® — 15076 1104 w9 3% —
9385 x12:1345:1324:1332— 15076 x13x45a:22a:33—15076 :1312:1345:1:23:1533—9385 x12x45:1334:1322—
—7965 93241:341344:1:1 —1470 1:1613345132 242 —1470 51116:1044:102235‘3 —1470 :E16:L‘44x2 3632—
— 2060 z1° w0’ 132wy — 2572 29021 2332, — 1470 29021 522, —
—2572 x26x13x33x4—1470 :U26:U145L’3 42 —4615 x26x13x32x42—2572 x26x3 z3x,—
1470 x26:c34:v12:c4 — 4615 290253112242 — 4615 250031 25—
— 2060 :1:253:353312:1:4 — 2572 x36331 N T
1470 x36x14x22x4 — 2572 :1:36x13x23x4 — 2572 x36x2 xS —
— 1470 x36xg4x12x4 — 4615 x36x42x13x22—
4615 250242212 x9% — 2572 24011 253 25® — 2572 14819 23253 —
— 2572 :(:46563 z13293 — 2060 T1°23° T T4i—
— 2060 21’14 xo2ws — 2060 21° x4 19 13> — 1470 x26$34$1 T,2—
— 1470 :1:263:44x12333 — 1470 :1326x44331 x32—
2060 :I:25:1:35:I:1 42 — 2060 x25x45x12x3 — 2060 z5°14° 11 ZE32—

— 1470 x36x14x2 142 g7 4615 x36x12x43x22—



1470 x36x24x1 x4 — 1470 x36x44x12x2 — 1470 x36x44x1 TyP—
— 2060 1?3556453312562 — 2060 x3°x4° 11 Ty2—

1470 x46x14$22x3 — 1470 2,821 x5 x3? — 4615 24523102252 —
— 4615 :1346:1312:1:23:1:32 — 4615 :1:463:121‘331'22—

1470 $46$24$12£E3— 1470 240254, x32—1470 :E46:E34x12x2—1470 x46x34x1 192 —11 $18x23x32—

— 11 $18$23$42—

11 x18x33x22 — 22 x18x23x3 T4 — DO x18x22x32x4—
— 495 $17$23£L‘32£L’4 — 22 5171855333?2 Ty — 495 561756333322564—
—55 3318[133 [132251342—55 ZL‘183;‘42$2 3;‘32—957 51317ZL'423;‘22$32—22 I28£L"13£1]3 51]4—495 ZL‘27ZL‘13$32I4—

20,2—957 x27x42a}12a}32—

55 1o w421 :E32 — 495 x37x13$22x4 — 22 x38x13x2 T4 — DD x38x12:1:22x4—

55 x28x12a:32a:4—495 x27x33x12x4—22 x28x33x1 T4—DD x28a:3 T

— 495 25 w0311 2y — 22 258093y xy—
957 x37x42x12x22—55 :C38:C42:U12x2—55 x38x42x1 92 —495 x47x13x22x3—495 zy 2131, :C32—

957 56473712213225632 — 495 33‘4733233312323 — 495 517473?23561 3332 — 495 $47$33$12£L‘2—

S92 —11 o113 25% —

12 — 11 23823092 — 11 23825312 —

—495 $47I’33£U1 1’22—55 51348333 513123322——110 ZL'17$24I3 $4—11 $18$4

— 11 28232, — 11 :1328:15331'12 — 11 258243

—11 $48$13$22 —11 $48$23x12 — 55 $17$24$32 — 9595 .%'171'24.%'42 — 59 1’17I34I22—

59 x17x44x22 — 110 x16x25.7;32 — 110 x16x25x42 — 110 x16x35x22 — 110 x16x45x22—

) 5

—110 29%21° 232 =110 29%21 %242 — 110 2352, P 292 — 110 224024

7 7

$22 —55 $14$37$22—

4

55 561456472822 — 55 5614562 51732 — 55 3314552 51742 — 55 562737343312 — 55 5627564 3312—

110 3326:L'35:L‘12 — 110 2o%2,° 212 — 110 x36x253312 — 110 2,%25° 212 — 55 3324:L'37a:12—

71‘12 —121 $17$23

5% x249:4 x33 —121 x17x23x43 —121 x27x13x33 —110 x17x34x2 Ty—
495 x17x43x22x3—495 z1 x ey 51332—220 a:16a:255133 x4—220 x16x35x2 x4—220 :1;263315953 Ty—
220 x36x15x2 r4—110 x14x37a:2 r4—110 x14x27x3 r4—110 x27x34x1 r4—495 x27x43x12x3—
495 x5 2451 51332—220 x26x35:c1 r4—220 x36:c25:z:1 r4—110 ;U24x37x1 r4—495 x37x43x12x2—
495 ZL‘37QZ43$1 3322 — 495 £L‘17£L’23£U3 £L’42 — 495 561756333342332 — 495 ZE27$13£L"3 3342—
— 11 5618$33$42 — 11 $18I43$32—
11 x28x33x42 —11 x28$43x32 —11 x38x13x42 —11 51338:132351142 —11 $38$43x12—

—11 x38x43x228§ 11 x48x13x32—



—11 1‘4856235632 —11 $48I’33$12 —11 $48$33$22 — 55 331737341’42 — 55 ZL‘17ZL‘44$32—
— 110 x16x35x42 — 110 x16x459:32—

110 1:3631:15.7:42 — 110 x46x15x32 — 55 .7:14:1:37x42 — 955 x143:479632 — 955 x27x34x42—
— 55 @y s — 110 29025724 —

110 a:26:c45a:32 — 110 5133%253342 — 110 a:463:25x32 — 55 x24:c37:z:42 — 55 a:24:c47a:32—

451712 — 55 1’37513443322—

— 55 5637334
110 LL‘36ZL‘451L'12 — 110 $36I45I22 —110 $46$35ZL'12 — 110 $46I'35l'22 — 55 ZL‘34ZL‘47$12—

7 3,3

— 955 x34x4 192 — 121 :I:17x3 T4 —

22 1824325 r3 — 495 x27x33x1 z42 — 22 1552, T3—

3.%1 .I42—

— 495 x37x13x2 z4? — 495 3337x2
22 :z:38x43:c1 Ty — 22 x48x13x2 T3 — 59 1?481}121}323}2 — 55 :c48x1 x22x32—
— 22 ZL‘4811323$1 T3 — 22 56481’33331 To—
7.4 6..5 6..5 4.7
11021 ' 24 x93 — 220 21 24 00 3 — 220 24 21° 29 T3 — 110 21 204 19 23—
— 110 :E27:E44:E1 r3 — 220 :L‘26x45x1 T3—

6..5 4.7 7.4 6..5
2204 x9°r1 23 — 11029 04 21 3 — 11023 24 71 29 — 220 23 14 71 T9—
— 220 x46:€35x1 ro — 110 x34x47x1 To—

121 1?27513'133343 — 121 5173733135623 — 121 564756131?23 — 121 3327553351743—

— 121 [1337[1313:1343 — 121 33373}233343 — 121 5134756133333 — 121 33‘47113231’33

BiJI KOpEHiB MHOTOYJICHA f.

[ITykaemo JieKcukorpadiqHo cTapiiuil 4jieH - HuM Oyje II'TUil J0JaHOK B
1epeIocTaHHbOMY PsAKY Ha cropinmi (86) — —11 218w93w3% Leit nonanok Gy-
JIe TaKOK JIEKCUKOI'PadIiuHO CTAPIINM YIEHOM B CHMETPHIHOMY MHOIOYJIEH]
—11070903. Muorounen g1 = g — (—110)0203) mae Jiekcuxorpadiuno crap-

muM wienoM 5abxixd, Toit ke, mo iy MHOrouwena 5oioaos. Illykaemo gy =

g1 — 50%0203. CKLJIbKU go = 0, TO

k23 5_ 2
g = dojo205 — 110709073.
Ockisnbku 3a Teopemoro Bieta o Bij KopeHiB MHOro4/IeHa [ JOPIBHIOE HYIIIO,

TO 1 BECh BUPA3 ¢ BiJl KOPEHIB IIbOT'O MHOTOYJIEHA JIOPIBHIOE HYJIIO.
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