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AHoTanil

Caparria P.B. Po3noain BiacHux 3HaYeHb 3arajibHoOro gaedopmo-

BaHOro ancamMosiro 2Kuniopa.

Posrisinemo marpuiio n X n X, = A, + H,, ne A,, — marpurs n X n (je-
TepMiHicTHYHA ab0 BUNAJIKOBA), a H, — Marpuist n X n, He3ajeKHa Bl A,
B3siTa 3 KOMILJIEKCHOTO aHcamO/it0 2KuHiopa. B poboTi 1oc/iizKyeThcsl TpaHu-
JqHUIT PO3MOJILT BiIacHuX 3HadeHb X,,. B [29] Oyi0 mokazano, 1o po3mno/ii Bia-
CHUX 3Ha4YeHb X, 30iraeTbcs 110 JesdKol JgerepMinicTuanol mipu. s mipa Oyia
Bizoma jutst Bunaaky A, = 0. 3a jgesgkux sarajgbHUX yMOB 30iKHOCTI Ha A,, B
it podoTi JoBeIeHO (POPMYIIY JIJIsk TYCTUHU I'PAHIYHOI Mipu. TakoxK oTpruMaHo
OIIHKY Ha MIBUIKICTH 301>KHOCTI po310/1ij1y. Bukopucranmii miaxig rpyHTyeTbCst

Ha CyIIepCUMETPUYHOMY IHTEI'DyBaHHI.

Sarapin R.V. Limiting eigenvalue distribution of the general de-

formed Ginibre ensemble.

Consider the n x n matrix X,, = A, + H,,, where A,, is a n X n matrix
(either deterministic or random) and H,, is a n X n matrix independent from
A, drawn from complex Ginibre ensemble. We study the limiting eigenvalue
distribution of X,. In [29] it was shown that the eigenvalue distribution
of X,, converges to some deterministic measure. This measure was known
for the case A, = 0. Under some general convergence conditions on A, we
prove a formula for the density of the limiting measure. We also obtain an
estimation on the rate of convergence of the distribution. The approach used

here is based on supersymmetric integration.
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Introduction

(General information

Let H, be a n X n random matrix be ii.d. complex random entries h;;

satisfying E{h;;} = 0 and E{|h;;|*} = 1/n. Consider a random n x n matrix
Xy = An + Hn;

where A, is either deterministic or random n X n matrix with entries
independent of h;;. The matrices X, form the so called deformed Ginibre
ensemble. Matrices of such form play a significant role in communication theory;,
where A,, and H,, are considered to be the signal matrix and the noise matrix
respectively. For the purposes of that theory, the behaviour of the smallest
singular value o1(X,) = A\ (X, X)) of X, has been extensively studied.

This paper is concerned with the limiting eigenvalue distribution of X,,.
The problem of deriving the limiting distribution of eigenvalues for different
random matrix ensembles is one of the fundamental problems in Random
Matrix Theory. The first result on this way was obtained by Wigner [30] for
n X n hermitian matrices with i.i.d. gaussian random entries. This result was
later generalized for the case of arbitrary i.i.d. entries with mean 0 and vari-
ance 1/n (see [21]). The first conjecture on the eigenvalue distribution for non-
hermitian matrices, known as Circular Law Conjecture, was posed in 1950’s.
The conjecture stated that for n x n matrices with i.i.d. random entries with

mean 0 and variance 1/n, the limiting eigenvalue distribution on the complex



plane is given by the following density:

i.e. the eigenvalues are distributed uniformly on the unit disk. The case of
complex gaussian entries was obtained by Mehta [19] in 1967. However, it turned
out to be much harder to generalize the result for an arbitrary distribution
of the entries. In certain partial cases, Circular Law Conjecture was verified
n [10], [14,15], [1,2], [16,17], [20], [28], and was finally proven by Tao, Vu,
Krishnapur in [29] in 2010.

Deformed Ginibre ensemble is in fact a generalisation of the non-hermitian
ensemble mentioned above. In case of deterministic A,,, Tao, Vu, Krishnapur
proved that the limiting eigenvalue distribution exists (see |29, Theorem 1.23])
and that it does not depend on the distribution of h;; (see [29, Theorem 1.7]).
The limiting distribution has been studied using free probability theory. Sniady
[27] showed that if A, converges in x-moments to some operator xg, then the
limiting measure of X, is equal to the Brown measure of xy + ¢, where c is
Voiculescu’s circular operator which is x-free from xy. This Brown measure was
obtained in particular cases of self-adjoint or unitary ¢y (see [18]), normal ¢
(see |5]), and for the general case in the recent preprint [31].

In this paper we obtain the density of the limiting distribution under di-
fferent conditions on A,,. We use another approach based on supersymmetric
integration. Supersymmetry techniques have been successfully applied to di-
fferent problems in Random Matrix Theory, see [3], [8], [9], [24], [25], [26], [11],
23], [6] for the details.



Basic notations and main results

Set X,, = A, + H,, where H, is a random n X n matrix with i.i.d. complex

gaussian entries {hij}ijl satisfying the following conditions:
E{h;} =0, E{rj}=0, E{[n;’} =1/n,

and A,, is n X n matrix which is either deterministic or random with entries
{aij}i ;= independent of h;;. Denote

Yo(2) = (An — 2)(An — 2)" Y(2) = (Xn — 2)(Xn — 2)7, (0.1)

~

Yo(2) = (Au = 2) (A — 2), V(2) = (X — 2)" (X0 — 2).

1

Also we denote tr,B = —Tr B for any n X n matrix B. Our goal is to find
n

the limit of normalised counting measure (NCM) of X,,. In order to be able to

derive the result, we put the following constraints on A,:

(C1) The NCM v, . of Yj(2) converges weakly to some deterministic measure v,

for almost all z € C.

(C2) There exists some M > 0 such that for some d > 0 and

O ={weQ|n > |ayl> < M}

1,7=1

we have Prob{Q®} > 1—n"179, Here and below Q2 stands for the probabi-

lity space with respect to A,,.

(C3) Denote 09 = {z | 0 € supp v,,.}. Let o, be the e-neighbourhood of oy and
le,zn ={we | iélf dist(0, supp v, ) > K},

0%, = {w e Q| sup|tr,Y; ' (2) - / AL dz/z()\)‘ < Cn~ %)

z¢0,
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for some dy > 0. Then for some d > 0 and for all € > 0 there exist

k(e) > 0, C(e) > 0 satisfying

Prob{Q()) N Q% }>1-Cn '

(C4) There exist d; > 0, 09, €g > 0 such that if

QOB ={we Q| inf tr,(Yo(z) +02) ' > 1+d;}

26060

then Prob{Q®1 > 1 — Cn~'=? for some C' > 0,d > 0.

(C5) There exist functions T1(z, z) and T5(z, x) such that
lim tr, (A4, — 2)(Yo(2) + 2)? = Ti(2,2) and
n—oo

lim tr,,(Yo(2) + 2) " (Yo(z) + )~ ! = Th(z, z) almost surely for all z > 0,

n—oo

z e C.

Remark 0.1. In case when A, is deterministic, in (C2), (C3), (C4) we
assume that the inequalities in the definitions of QO o) QS()M,Q,(E) hold

n %R

for large enough n.

Remark 0.2. Notice that Borel-Cantelli lemma together with (C1)—(C5)

implies that

Prob{3ny: w € QY U le U Q(% UQ® vn >ng} = 1.

e,,n

This allows us to consider only the case w € Q¥ UQWL U QEQ()M uQ®.

i

Denote 1, x, the NCM of X,,. In case if A, is deterministic, according to
|29, Theorem 1.23|, there exists some deterministic measure p such that u, x,
converges to p weakly. If A,, is random, we may fix w € € (i.e. fix some sequence
of A, asn € N) and conclude that there exists some deterministic (with respect

to H,) measure p,, such that u, g, converges to p,, weakly.



Consider the set
D=0yU{ze€C\oyp: /)\_1 dv.(\) > 1}. (0.2)

According to [4], the additional assumption supppu, = {z | 0 € suppn.},
where 7, is the limit of NCM of Y (2) = (X,, — 2)(X,, — 2)", guarantees that
supp i, = D. However, we will not require the assumption above to conclude
that supp u, = D.

Observe that (C4) implies o, C D. Moreover, due to (C3), /)\_1 dv,(A\) =

lim tr,Yy(z) ! for z € C\ o, is a smooth function in z, which means that
n—oo

9D = [z € C: /)\‘1 dv.(\) =1} 0.3)
and consists of several curves enclosing oy.

We are ready to formulate the main result of the paper.

Theorem 0.1. Suppose that X,, = A, + H, defined as above satisfies
(C1)—(C5). Set

1 ’T1(27$%)|2 2 2
— + a5 - To(z,25)), 2z € IntD;

p(Z) _ ) (f()\ + x%)_2 dVZ()\) 0 0 ) (0'4)
0, z2e€C\ D,

with g = x¢(2) > 0 satisfying the equation /()\ + 23 dv.(\) = 1. Then,

for any w € Q and for any smooth compactly supported function h(z) we have

[ 1@ ) = [ ot d

The above result yields that u, does not actually depend on w. In other
words, there is a deterministic measure p given by its density p(z) defined in

(0.4) which is a limit of NCM of X,,. More precisely,
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Corollary 0.2. Suppose that X,, = A, + H, defined as above satisfies
(C1)—-(C5). Then the normalised counting measure of X,, converges weakly to
the measure p with density p(z) defined in (0.4).

We also obtain an estimation on the rate of weak convergence of NCM.
Naturally, we need some additional assumptions on the rate of the convergence
of v, .

(C6) For k > 0, C' > 0 denote

dv. ()

Q/(:lg?n - {w € Q ‘ sSup tl"n(Yb(Z) + x)il — / ‘ < Cn*1/5};
T ze€D, x>k A + x
_ dv,(\) B
Q¥ —fweQl| su tr,(Yo(z) + 2—/—2 ’<C’n /5.
o = | zED,,Ezm (Yo(2) +2) (A + 2)?2 }

Q(G)C’n ={weQ| sup |trn(An — 2)(Yo(2) + )%=

F;’ﬂ
ze€D, x>k
— T1(27$)‘ < C”_1/5}§

O ={weQ| sup |lim tr,(Yo(z)+a) ' (Yo(z) +2) '~
T z€D, x>k VTR

— D(z,z)| < Cn~ 1Y,

Then for some d > 0 and for all K > 0 there exists C'(x) > 0 satisfying

7
Prob{m Q/(«UJ)C(@) n} >1—Cn 11

j=4
We get the following result:

Theorem 0.3. Suppose that X,, = A, + H, defined as above satisfies
(C1)—(C6). Let 2, . .., z, be the eigenvalues of X,, and h(z) be a smooth functi-
on on C with a compact support E such that dist(E,0D) > d > 0. Then

‘E{%zn:h(zj)} — /h(z)p(z) dz‘ < Cn15,
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Structure of the paper

The paper is organised as follows. In Chapter 1 we introduce

1 2
Penw(z) = RA EHn{log det(Y(2) 4+ ¢ )}

and show that it is sufficient to compute p. ,(2) = 7}1_)1{.10 Penw(z) and py(z) =
(lgi_r}ré p=(%) to obtain the density p,(z) of p,. In Chapter 2 we derive the integral
representation of p.,,(z). In Chapter 3 we perform asymptotic analysis of
penw(2) using its integral representation. In Chapter 4 we get the final expressi-
on for p,(z). Chapter 5 consists of the proof of some technical proposition from
Section 2. Finally, in Chapter 6 we derive the rate of convergency for NCM
of X,,.



Chapter 1
Strategy for computation of the

limiting density
Let z1,..., z, be the eigenvalues of X,,. According to the standard poten-

tial theory,

1 1 "

is the density of NCM p, x, of X,, i.e.

/h(z) : ﬁAIog det Y (z)d%z = %Z h(zj) = /h(z) ditn x, (1.1)

for an arbitrary smooth function h(z) with compact support, where Y (2) is
defined in (0.1), A is a two-dimensional Laplacian on C and d*z is a standard
two-dimensional Lebesgue measure on C. The idea of this paper is to compute
some ‘regularisation’ of this density and then take the limit as n — oo.

. RN
One can consider p. , x, (2) = g E Alog(]z — zj|* + &%) and show that
™m
j=1

e—0

lim [ h(2)penx,(2) d2z:/h(z)pn7xn(z) d*z

uniformly in n, which allows to find the density of the limiting measure p,, as

the double limit lir% Pen.x,- LThis approach is not suitable for our problem
E—

n—oo

n

since Zlog(\z — zj|* + %) # logdet(Y (2) + &%) in general and there is no
j=1

simple way to express p.,x, in terms of X,. Instead, we introduce the

11
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following regularisation of Ex {pn.x,(2)}:

Penw(z) = FA Ey, {log det(Y(2) + 82)}. (1.2)

It is harder to obtain the uniform convergence of / h(2)penw(z)d*z. How-

ever, the following result holds:

Proposition 1.1. Suppose that X,, = A, + H,, defined as above satisfies
(C1)-(C5). Let zi,...,2, be the eigenvalues of X,, and h(z) be a smooth

compactly supported function on C. Then there exists ng € N such that

. 1 . .
&l:li% /h(z)pg’mw(z) d’z = ]EH”{E z; h(zj)} uniformly in n for n > ny.
=

This proposition is proven in Chapter 5 using the integral representation
of 0. Ex {logdet(Y (2)+&?)}. It allows to change the order of the limits while
computing the density of p,. More precisely,

Proposition 1.2. Let h(z) be a smooth function on C with a compact
support E. Suppose that for almost all z € E there exists nll_)I{.lo Penw(2) =
pew(z) such that |p.,(z)| < C for 0 < e < ¢y and z € E, and there exists
lii% pew(2) = pu(z) for z € E. Then

/h(z)pw(z) d?z = /h(z)d,uw(z).

Proof.
Again, let {z1,29,...,2,} be the set of eigenvalues of X,. Recall that

Hnw — Mo weakly, which means that /h( Apbnw = —Zh (z) —

/ h(z) du,, almost surely. Moreover, >
zEe

1 n
—Zh(zj < max |h(z)| < co. Then
n &
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dominated convergence theorem gives us

nh_)rgO]EH {i ih(z])} = /h(z) Aty

1 ~ 1
One can check: p.,.(2) = ;82 EHn{trn(Y(z) -+ 62)*1(Y(z) + €?)” } < —.

This bound together with the assumptions of the theorem give us

e

Hm [ h(2)pepo(z)d®z = /h(z)p&w(z) d?z,

n—oo

lim [ h(2)pen(2)d?z = /h(z)pw(z) d?z.

e—0

Now recall the following fact about interchanging limits of functions known
as Moore-Osgood theorem. Let f(n,¢e), gi(n), g2(¢) be functions such that
1_1>I£Of(n e) = g1(n) uniformly in n for n > ny and nh_g)lo f(n,e) = ga(e) for
all £ € (0,ep). Then there exist limits lim g;(n) and EIEEO g2(¢) and they are

n—oo
equal, i.e.
5, gy S ) = Ligy Jig, 7).
Apply this result to f(n,e) = /h(z)p&n,w( )d?z, g1(n { Zh 2 }

go(e) = /h(z)p&w(z) d?z. Proposition 1.1 together with the convergences

above yield that /h(z)pw(z) d*z = /h(,z) dit,,.
[]

Remark 1.1. Comparing the proposition above with Theorem (0.1, we see

that it is sufficient to prove the following facts:

o there exist limits lim p.,,(2) = p-w(2) and lir% pew(2) = pu(z) for
E—

n—oo

almost all z € C;

® p-.(2) is bounded uniformly in € < ¢y and almost all z: |z| < C;
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e p.(2) = p(z) where p(z) is given by (0.4);

e Proposition 1.1 holds.

Below the formula for p. ,,, is rewritten to be more suitable for supersymmet-
ric integration. We use the trick introduced by Fyodorov, Sommers in [12].
Recall that A = 40:0,, where 0, and 0; are Wirtinger derivatives defined as
0.f(z) = %(@—iﬁy)f(aﬂ—z’y), 0:f(z) = %(8m+i8y)f(x—|—z'y). Straightforward

computation shows that

det(Y (1) + &2)
] 2y _ A
0:0,logdet(Y(2) + ) = 0> (821 etV (2) 22 ) e (1.3)
This identity together with (1.2) implies
1

prnin(2) = —0:((0 2(.22, ) | ) (1.4)

where
B det(Y (21) + €2)
Z(E,El,Z,Zl) _EHn { det(Y(z) +€2) (15)

Remark 1.2. In order to find p. ., (2), we need to compute Z(e, 1, 2, 21)
only for e = €. However, the general formula for arbitrary €,e1 > 0 will be

used to prove Proposition 1.1.



Chapter 2
Integral representations of

Z(€9 €1, =< Zl) and pé‘,n,w(z)
2.1. Representation of Z(e,eq, 2z, 21)

The next theorem gives us an integral representation of Z(e, e, 2, 21) de-

fined in (1.5).

Proposition 2.1. We have

on3 /OO /OO R
Z(e,e1,2,21) = — dR dvduydusds | dt - ————=x
( 1 1) 7T3 0 . 1 2 . ,—U2—|—4R

X gpn(u% + U%, 82 o t27 25 Zl)x
X exp {n(ﬁn(zl, ud 4 u3) — (ug +e1)? — u%)} X

X exp {_n(,cn(z, s — 1)+ (t —ie)* + (R+it +¢)* + evZ) } ,

(2.1)

. . 1
with L := R + €o?, gDn(I',y, <, Zl) - @n,l(%ya <, Zl) - Egpn,Z(x7y7 <, 21)7

On1(,y,2,21) = (1 —trp(An — 21)"G(21,2)G (2, y) (A, — 2)) X
X (1 —tr,G(z1,2)(A, — 21)(A, — 2)"G(z,y)) —

—zy (tr,G(21,7)G(2,9)) <trné(21, 26 y)) | (22)

9071,2(%7 Y, z, Zl) -

=y -tr,[G(21, ) (A — 21)G(2,y)(An — 21)°G (21, 2)G(z, )]+

+ 2 -t [G(21, )G (2, y) (A — 2)G (21, 2) (A — 2)"G (2, )],

15
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where

L,(z,x)= %log det (Yp(z) + z) = %log det((z — Ap)(z — A}) + z),

Glz,z) = (Yo(z)+2) ' = ((z — Ap) (2 — A% + )7, (2.3)

~

Gz,x) = (Yo(2) + )" = (2= A (= = Ay) + )"

Proof. One can prove this similarly to [23, Proposition 2.1]. In fact, the
integral representation of Z(e, ey, 2, z) (which is Z(e,¢;) in [23]) is obtained
there, and then the identity is differentiated with respect to €1 in order to get
T(z,e). One can obtain the representation of Z(e, e, 2, z1) using the same
strategy.

At the final step we make the following change of variables:

:tl—tg t:tl-i—tg
2 2
(ri,me) = (v, R), v=ri—ry, R=riry, veER, Re|0,+00).

(tl,tg) — (S,t), S

seR, tel,

1
(02 + 4R)1/2’

The Jacobians of these changes are J; = 2 and Jy = It is easy

to see that we obtain (2.1).
[]

Remark 2.1. It follows from the proof of [23, Proposition 2.1] that for

z1 = z we have

2
on1(x,y, 2, 2) :<1 — tr,G(2,y) + xtr,G(z, z)G(z, y)) —
— ay(tr,G(z, )G (2,9))%

ono(x,y, 2,2) =(x —y)(tr,G(z, a;‘)G2(z, y) — xtrnGz(z, ZE)G2(Z, Y)).
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2.2. Representation of p. , ., (2)

Now we obtain an integral representation of p.,, using (1.4) and the

representation of Z(e, ey, z, z1). Introduce the functional

(f(uy,u2,t,s,2,21)) / dR/ dvduldugds/dtx

><— Uy, U, b, 8, 2, 21) X (2.4)
Jorag s
x exp{—n((u + e)? +ul + (t — ic)? + (R + it + 5)2 + 51}2)},
We can use it to rewrite (2.1) as
Z(e,e,2,21) = <g0n(z, 2 )emFn(5a) > : (2.5)

where F,(z,21) = Ln(z1,ui + u3) — L,(z,5* — t*) and @,(z, z1) is a short
notation for the function o, (u? 4 u3,s* — ¢, 2, 21) defined in (2.2). Further

we will use the following trivial observation:

<g0n(z, z)eTn(22) > = Z(e,e,2,2) = L. (2.6)
Observe that 85<(az12(5757Z7Z1))‘lez) = ((8 + 05,)0., Z(e,¢, 2 Z1))|Z .
The last identity combined with (1.4) and (2.5) gives us the next result:
Proposition 2.2. Consider the following integrals:
I = <8 1./—"”(2, Zl) ) (85 + 851)(9071(27 21) en}'n(Z,Zl)) > — )
o= (04 900, Fulz2) - pulzm) @500 )|
= (2.7)
Ty i= ( Oon(z21) - (0: + 02) Fo(z,20) - 7))
1
L= n < (0z + 05,0z, 0n(z, 21) - ") > _

1
Then pe pw(2) = %(Il + 1+ 15+ 1y).



Chapter 3

Asymptotic behaviour of pe 5, (2)

In this chapter we perform an asymptotic analysis of Iy, I, I3, I, as
n — oo for some fixed ¢ > 0 and z € C\ 9D, which will give us the
asymptotic behaviour of p. . (2) as n — oo.

Below we will write £,(z), G(z) and G(z) instead of £,(z,z), G(z,z) and

G(z, ) to simplify the notations.

3.1. Preparations for the saddle point
method

We will use the saddle point method to analyse certain integrals. To this
end we study the solutions of some equations which will appear further as
saddle points. Suppose that conditions (C1)—(C5) hold, and consider the

following equations:

1 — tr,G(a?) = 2 (3.1)
1 /()\ + 2 v () = 2 (3.2)
tr,G(z%) = 1, (3.3)
/()\ + 23 Vdr,(\) =1, (3.4)

where € > 0.

Let us fix a compact set E;, satisfying F;,, C Int D. First we study the

18
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solutions of the equations above while z takes values from Ej;,.

Proposition 3.1. The equations (3.2) and (3.4) have exactly one positive
root each for z € Int D. Moreover, there exists nyg = ng(F;,) such that for
n > ng and z € Ey, each of the equations (3.1) and (3.3) has exactly one

positive root.

Further we denote . ,, ., zo, and x, the positive solutions of (3.1), (3.2),

(3.3) and (3.4) correspondingly.

Proposition 3.2. For a given E;,, there exist kg = ko(Fiy,) > 0, np =
n1(E;,) and €y = €o(FEyy,) such that for all z € Ey,, n > ny and € < g the

following inequalities hold:

€
1. Ro S Zo,n S 17 2. Zo.n S Ten S Ton + B
K
0
Also we have limz., = v¢,, lim x, = x9, lim z., = z., limx. = .
e—=0 " n—oo n—oo e—0

Moreover, if (C6) holds, we have |z, — z.| < Cn~Y/% for some C' = C(Ey,).

Now let us fix a compact set F,,; satisfying F,,; C C\ D. We study the

solutions of the equations above while z takes on values from FE,,;.

Proposition 3.3. The equations (3.1) and (3.2) have exactly one positive
root each, while (3.4) has no nonnegative roots for = € C\ D. Moreover,
there exists ng = ng(Fyt) such that for n > ng and z € E,,; the equation

(3.3) has no nonnegative roots.

As before, we denote x.,, z. the positive solutions of (3.1), (3.2) corre-

spondingly.

Proposition 3.4. For a given E,,;, there exist Ky = Ko(Eopt) > 0,59 =
ko(Eout) > 0 and ny = ny(Eyy) such that for all z € E,,; and n > ny the
following inequality holds: e(1 + ko) < ., < (1 + Ky). Also, we have

lim 2., = ..
n—oo
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One can easily show that Propositions 3.1-3.4 follow from the conditions

(C1)—(C5) and Rouché’s theorem.
Now consider a set Epp = {z € C | dist(z,0D) < d} for some small d. We

have the following result:

Proposition 3.5. For any z € Eyp there exists exactly one positive so-
lution x.,, of (3.1) and exactly one positive solution x. of (3.2). Moreover,

one can find C = C(Epp) > 0 and ¢ = ¢(Epp) > 0 such that

ce'/? < Ten < C,  when tr,G(0) > 1;
(14 c)e < ., < CeV3 when tr,G(0) < 1;
'3 <z, <C, when z€ DN Eyp;

(14 c)e <z. < CY3, when z € Epp \ D.

Proof. Suppose that tr,G(0) > 1. The upper bound z., is obvious. Next,

we have
c 1 — trnG(q:gn) < tr,G(0) — trnG(a:gn) = trnG2(§) . :L’zn < Cm?n
xE,’I’L ’ ’ ’ ’

for some £ € (0, x?n), which gives us the lower bound.

Now suppose that tr,G(0) < 1. For the upper bound, observe that

€

=1 —tr,G(22,,) > tr,G(0) — tr,,G(22 ) = tr,G*(§) - 22, > Ca? .

Len

For the lower bound, we have

=1 —tr,G(2%) <1—1tr,G(C?*) <1—k&
Len '

for some x > 0, since z.,, < Ccel? < . H
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3.2. Integrals of the form <g . e Fn(#2) >, case
zeIntD

In order to derive the asymptotics of I, at first the integrals of more

general form are studied. Set
L, = <gn(U% +uj, 87 — t7)e! ) > ’

where a sequence of complex-valued functions g,(z,y) satisfies the following

conditions:

1. gu(z,y) are analytic in some neighbourhood of (:zsgn, x?n),

2

2. gu(z,y) are bounded uniformly in n in a neighbourhood of (22,22 ,,);

3. < |gn (U2 + u3, 5% — tz)ele”(z’Z)| > < (C for some fixed N; and C > 0.
Our goal is to prove that

gn(u? + u3, s* — %)

I
@(u% + u%u 5% — t27 Z Z)

+O(n™9), (3.5)

UI=—T¢ p, U2=0,
t=1xc n, s=0

On

where ., is the positive root of (3.1) and ¢, is defined in (2.2).

In this section the case z € Int D is studied. Let us fix some z € Int D
and take F;, := {z}. Then we can take ko = ko(E;,) > 0 and use the result
of Section 3.1. We also fix some € > 0. Henceforth in this chapter, the
multiplicative constant in expressions of the form O(f(n)) may depend on €.

Recall the definition (2.4). Make a change of variable r :== R + it + ¢ and
denote R(t) = {r: r =it + ¢+ p,p > 0}. Notice that the integrand is even

with respect to uo, thus we can leave the integration with respect to us over
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[0, +00) and write a multiplier 2 before the integral. Now observe that

2
Ly (ui4ud)—(up+e)*—ui = L, (u3+u3)— (\ [u? + u%—s) —2¢ <u1+\ [u? + u3 )

Since u; + {/u?+u3 > 0, we can make a change (uj,us) — (u,w)
= \Jui+ud € [0,+00), w = Vu; +u € [0,v/2u]. One can see that

u = w? — u, uy = \/u®— “1 and the Jacobian of this change is equal to
2u

V2u — w?
Set x = (u, s,t,r,v,w) and V = [0, +00) x R x Ly x R(t) x R x [0, v2u].

Then

J=—

83
p =5

= | Pax) ") gx
vV

where

Foi(u) = Lo(u?) — (u—e)2,  Fyals,t,r) = — (cn(s2 ) 4 (t—ie)? 7~2),

Fo(x) = Fpi(u) + Foa(s, t,7) — 2ew® — ev?,
r—it—e¢ u

d,(x) = .
(x) Vo2 +4r — 4it — 4 /2u — w?

- gn(uz, s? — t2).

Step 1: analysis of F, ;(u)

Let us find the maximum point of the function F,;(u) for u € [0, +00).
Obviously, 11111 F,1(u) = —o0, hence the maximum point v > 0 exists and
U—>+00

satisfies 9, F), 1(u') = 0. Straightforward computation gives us
OuF1(u) = 2u - tr,G(u?) — 2u + 2¢.

Then v’ = z.,,, where z., is the positive solution of (3.1) defined in Sec-

tion 3.1. We can expand F,, 1(u) for u lying in some neighbourhood of . ,:

Foi(u) = ﬁn(aﬁn) — (@em — £)? — ky(u — xg,n)Q + O(\u — x57n|3), (3.6)
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where
€

+ tr, G*(aZ,,) - 227 (3.7)

R1 — en

Len

Proposition 3.2 implies that k1 > C' > 0 uniformly, thus

Foi(u) < Fui(2.,) — Cntlog?n  when |u — z.,| >n Y?logn, (3.8)

for large n and small ¢, where C' > 0 does not depend on n, €.

Step 2: analysis of F), (s, t,7).

Consider the function h,(t) = — L, (—t*) — (t —ig)?. It is easy to see that h,,(t)

is analytic in the upper halfplane and t = ix., is a stationary point of h, ().

Lemma 3.6. There exist constants 9, o, Cy and a contour L; which con-

nects points iz, + 0 and Cy + i(Cy + ¢€) satisfying the following conditions:
e 0<d< %, o >0, Cy > 0 and log 2C5 > En(xzn) +1;
e ), 0, Cy do not depend on €,n;
o [, C{z|Rz>0,3z— Rz >¢e};

o Rh,(ix., +t) decreases for t € |0,9], and Rh,(t) < Rh,(ix.,) — o for
te L.

Proof. This lemma is similar to [23, Lemma 4.1].

First one can prove that there exist §, 0 > 0 independent of n, ¢ such that
Rh,(iz., + t) decreases for t € [0,0] and Rh,(ixe,, + ) < Rh,(iz.,) — 0.
Set hy(t) = Rhy,(ize, + t), then it follows from the fact that 1 (0) = 0,
E;;(O) = —2k1, where k; defined in (3.7) is bounded from below by some

positive constant, and 7 (t) is bounded uniformly in e, n for small .
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We proceed to a construction of the contour L;. Recall that h,(t) is an
analytic function in the upper halfplane. We are going to study the level line
¢ of Rhy,(t) which passes through ix., + 6.

Let ¢4 = {ir | 7 > 0}. One can see that ix., is the minimum point of
Rh,(t) on ¢1. The inequality Rh,(iz., +0) < Rh,(iz.,, + 1) < Rh,(izen) ,
t € [0,6] implies that the level line ¢ cannot intersect ¢; and [iz.,, ixe, + 6.

Set lo = {t(1+1)+ie, t >0}, b3 = {iMy+t,t > 0}, where My = M + |z|
and M is defined in (C2). Similarly to [23, Lemma 4.1] one can show that
Rh(t) decreases on the contours ¢5 and 5. It means that ¢ can intersect each
of /5 and /3 at most once. The fact that ¢ cannot intersect ¢; implies that /¢
intersect each of /5 and /3 exactly once.

Consider the part ¢ of ¢ which connects iz., with some point on (5, say
to(1+14) +ie. If log 25 > L,(22,,) + 1 then choose ¢ as L. Otherwise, take
some Cy > 0 such that log 2C§ > L,(z2,,) + 1 and choose Ly = ' U [to(1 +
i) +ig, Co(1 4+ i) + ic]. In both cases the inequality RA(t) < Rh(iz., +9) <
Rh(iz.,) — o holds for t € L;.

O

Take Ly to be symmetric to Ly with respect to the imaginary axis, and
Lo := [itep — 0,ixc 4+ 0], Ly :={i(Co+e)£CoE7,7>0}

Then we can move the integration with respect to ¢ to the contour
Ly := LoU Ly ULy UL} U L. Also we deform the r-contour for each t € L;
as follows: R(t) = Ry(t) U Ra(t), where Ry(t) = [it +¢,—6], Ra(t) = {r:
r=—0+ p,p > 0}. Next we prove that (0,iz.,,0) is a ‘good enough’ maxi-
mum point of RE, (s, t,7) when s € R, t € Ly, r € R(t). More precisely:

Proposition 3.7. (0,iz.,,0) is the maximum point of RF, 5(s,t,r) when



25

seR, te L, and r € R(t). Moreover,

RF,2(s,t,7) < RF,2(0,ix.,,0) — Cn 'log’n when 3.9
3.9
max{|s|, [t — izcpl, ||} > n~?logn.

Proof. The statement above is a straightforward consequence of the fol-

lowing inequalities:

RF,2(s,t,1) < RF,2(0,i2.,,0) =1  when t € L ,; (3.10)
RE,2(s,t,1) < RF,2(s,t,0)  when t € Ly 2; (3.11)
RE,2(s,t,0) <RF,2(0,¢,0) when t € Ly o; (3.12)
RE,2(0,t,0) < RE,2(0,i2.,,0) —0  when t € Ly ; (3.13)
RE,2(0,t,0) < RE,2(0,72.,,0)  when t € Ly; (3.14)
RE,2(s,t,0) < RF,2(0,t,0) — Ce* when t € Ly, |t —iz.,| <€, |s| > ¢
(3.15)

RF,2(0,2,0) < RE, (0, iz, 0) — Ce® when t € Lo, [t — iz, > ¢ (3.16)
RF,2(s,t,7) < RF,5(s,t,0) — Ce*  when t € Ly, |r| > e. (3.17)

Let us start from the proof of (3.10). Notice that RF, 2(0,ix.,,0) =
—L,(22,) + (z2p, — £)* > —L,(a2,,). Observe that for ¢ € L] , we have

—RL, (s> —12) = —RL, (>4 (Co+ )2 — (Co+7)2 £ 2i(Cy+ ) (Co+ 7)) =

= —%/bg(()\ + 87+ (Co+€)* — (Co + 7)%)*+
+(2(Co + £)(Coy + T))Q)dVW(A) < —1og2C2 < —Ly(a2,) — 1

(3.18)

Also we have R(—r? — (t —ig)?) < 0. Indeed, for r € R;(t) we have r =
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afit+e)— (1 —a)d, a €[0;1] and t = Cy + 7+ i(Cy + ¢€), thus

R(—r? — (t —ig)?) = —(aCy+ (1 — a)d)* + a*(Co+7)* — (Co + 7)* + C5 <

<(1—a?)(C}—(Ch+71)%) <0;

and for 7 € Ry(t), r = —0 + 7, we have R(—1?) = —r? <0, R(—(t —ic)?) =
C2—(Cy+71)* < 0. Now (3.10) follows from (3.18) and R(—r? — (t — ig)?) < 0.

Next, we prove (3.11). It suffices to prove that ¥ > 0. Set t = ¢, + ito,
then to — |t1] > ¢ > 0 for t € Lyp12. For r € Ro(t) we have r € R, thus

Rr? =12 > 0. For r € Ri(t) we have r = a(—ty + ¢ +it;) — (1 — a)é, thus
Rr? = (—a(ts —e) — (1 —a)d)? — (at1)® > a*((ty —)* — 3) > 0.

Next, we prove (3.12). Set t = t; + ity, then ty — |t1] > € > 0 since
t € LO’LQ. AISO, = t% — t% + 2it1ty, thus

1
RE2(5.1,0) = =5 / log((\ + 15 — 11 + 8%)? + 4tit3) dv,, . (\) — R(t — ie)?

Since t3 — t7 > 0, then RF, 5(s,t,0) decreases for s € [0, +00), which gives
us (3.12).

Notice that RF,2(0,¢t,0) = Rh,(t). The inequalities Rh,(t) <
Rhy(ix. ) — o for t € Lo and Rh,(t) < Rh,(iz.,) for t € Ly imply that
(3.13) and (3.14) hold.

The inequality (3.15) follows from the fact that RF, o(s,t,0) decreases
for s € [0,+00) and 83855)?Fn72(3,t,0)|820 = —2Rtr,G(—t*) < —1 for t
lying in some neighbourhood of iz.,, while (3.16) follows from the fact
that RF,2(0,¢,0) = Rh,(t) decreases when t € [ix.,,iz., + J], and
0;0;Rhy, (12, + T) ‘7:0

Finally, we prove (3.17). It suffices to show that Rr? > Cé.

1
Set t=ix.,+71, |7 < e In case r € Ry(t) we have

= —2/11.
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r=a(—xe, +i7+¢)— (1 —a)d, and

Rr? = (—a(zn —€) = (1= a)d)* = (a7)* > a*((wen — €)* = 79)+

+(1—-a)?*>C >0,

for small 7. In case r € Ry(t), we have Rr? = r? = |r|* > €.

[]

The proposition above will allow us to restrict the integration with respect

to s,t,r to the set
Usp = {(s,t,7) € R x Ly X R(t): |s], |t — izenl, |r| < n~?logn}.

It is easy to check that for (s, t,r) lying in some neighbourhood of (0, iz, 0)

we have
Foo(s t,r) = —L,(22,) + (1c — €)* — k1 (t — ixep)? — K3s® — r°+
’ (3.19)
+O(|sf + |t — iz ),
where k1 defined in (3.7) and
k3 = tr,G(z2,,). (3.20)

Proposition 3.2 implies that k3 > C' > 0 uniformly.

Step 3: restricting the integration domain

Observe that (3.8) and (3.9) together with F,,1(xc,) = —F,2(0,ixc,,0)
give us RF,(x) < —Cn 'log®n when max{|ju — x.,|,|s], |t — iz, |7],

lv|, |w|} > n~/?logn. Thus we can restrict the integration to the set

Uy, ={x € V: |u—zcnl, |s|, |t —izenl, |r], |v], lw| < n~*logn}.
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—1/2~

Make the changes of variables v = z., + n~/“u, s = n_1/2§, t = 1x.y +

1/2~

n Ve =0V =0, w =2

w, use the expansions (3.6), (3.19),
and expand the integral, then

i
I — 2 ’ en
In gn( Le N \/W \/m
8 e e e
x — | eTmTTRP o E TSR gy g 43 dF dv dw + O(n”? logF n),

7T3

n

where U, = {(@,5,t,7,0,@) € R®: ||, [3], |t],|7], 7] < logn, 0 <@ < logn}.
Notice that e~ % —rif*—rs¥* 70?20 . ~Clog’n g5, (W,5,1,7,0,W) € R6\(7n,
thus the integration over R®\ U, contributes as O(e_CIngn). This argument

allows us to integrate over R®. We get

L, = C(e,n,2) - gala2 . 22,) + O(n'1?), (3.21)

—¢
where C'(e,n,z) = ($€’n2 )25175,71_ Notice that C(e,n, z) does not depend

on g, and C(e,n,z) = O(1) for fixed ¢ > 0 as n — oo. Substituting

Gn (Ul 4+ ud, 5% — t*) = o, (u? +u3, s* —t%, 2, 2) in (3.21), we obtain
ISDn(ZaZ) - 0(87 n, Z) gpn( Le s x:fm ) + O( _1/3)
On the other hand, according to (2.5),

Loy = { pu(ud 2 = 2, 2,2)e 79 ) = Z(e,2,2,2) = 1.

Therefore,

I n 5n7:€gn
Ign - - - J ( ’ ) +O(n_1/3)7

ISDn(%Z) gpn( Enﬂxgnvzaz)

which gives us (3.5) in case z € Int D.
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3.3. Integrals of the form <g . e Fn(#2) >, case
zeC\D

We derive the same asymptotic formula for I, = < Gn(u1, uz, t, s)enf"(z’z) >
as in the previous section, but for z € C\ D. Recall (2.4), make a change of
variable r := R + it + ¢ and denote R(t) = {r: r =it +¢e+ p,p > 0}. Then

on3
9n — 3

I O, (x)e" ™) gx,

7T3 V
where

x = (uy, up, s,t,r,v), V=R *xRx L x R(t) xR,
Foi(ur,ug) = L (uf +u3) — (ug + €)% — uj,
Foo(s,t,r) = — <£n(32 —tH) 4 (t —ie)* + 7“2>,

Fo(x) = Fni1(u1,u2) + Fho(s,t,r) — ev?,

r—ait —e¢

d,(x) =
(x) VU2 + 4r — 4it — 4de

) gn(uh Uz, ta 3)

Fix some z € C\ D. We will use the results of Section 3.1 for E,,; = {z}.
First we study F), 1(u, u2). The maximum point (u},u5) of F, 1 must be

a solution of the following system:
aan,l(u/la UIQ) = au2Fn,1(u/17 UIQ) =0,

which is equivalent to uy = 0 and (—uy)’ is a solution of (3.1). According to
Proposition 3.3, the equation (3.1) has exactly one positive root z., and no
negative roots, thus (uj, u) = (—xc,, 0) is the maximum point of F,, 1 (u1, us).

Now we can obtain the same expansion for F},; in the neighbourhood of
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(—%zn,0) as in previous section:

_ 2 2 2 2 3 3
Foa(ur, ug) = Ln(22,) = (@2 —€)" = R1(utxep)” — koua +O(Jur +ae |+ |ua]”),
where k1 defined in (3.7) and

© (3.22)

Ro =
Len

Proposition 3.4 gives us k12 > C' > 0, hence
Fpi(ug, ug) < Foi(=220,0)—Cn tlog?n  when
max{|u; + e/, [us|} > n"?logn,

for large n and small e, where C' > 0 does not depend on ¢ and n.
Next we study Fj,»(s,t,7). Again, consider h,(t) = —L,(—t?) — (t — ig)*.

First we prove a lemma similar to Lemma 3.6 in the case z € C\ D.

Lemma 3.8. There exist constants 0, 0, Cy and a contour L; which con-
nects points ixe,, + 0(1 +i(1 + ¢ — z.,)) and Cy + i(Cy + ¢) satistying the

following conditions:
¢« 0<d<1,0>0,Cy>0andlog2Ci > L,(a2,,) + 1;
e ), 0, Cy do not depend on €,n;
e Ly C{z|R2>0,8z—Rz>¢e};

o Rhy, (i + (1 +i(1+¢e—x.,))) decreases for t € [0,6], and Rh,(t) <
Rh,(ixe,) — o for t € L.

Proof.
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Set fon (1) = Rhy (ien+7(1+i(14+e—2-,))). One can check that i/, (0) = 0,

4e

Ten

RI0) = ——— (2 — €) + O(e?),  hI(0) = —24a., - tr,G*(22,) + O(?),

~

RIV)(0) = —48 - tr,G*(22,,) + O(e), hV)(0) = 768z, - tr,G*(22,,) + O(?).

n

Observe that A”(0) < 0, h"”(0) < 0 for small &, [h{)(0)] is bounded and
—h)(0) > 1 ase — 0, n — oo. This shows that there exist d,0 > 0
independent of n,e such that h,(r) decreases for 7 € [0,6] and hy(6) <
11, (0) — 0.

The rest of the proof is the same as in Lemma 3.6. ]
Now we change the t-contour and r-contour as follows. Let Ly be a contour
symmetric to Li; with respect to imaginary axis, and set

Ly = [, 120+ 0 (£1+i(1+e—20 )], L), = {(i(Co+e)£CoxT, 7 > 0}

Then we can move the integration with respect to ¢ to the following contour:
L, := L{ UL; UL; ULy ULj UL;. Also we can move the integration with
respect to 7 to the contour R(t) = Ry (t) URs(t), where Ry(t) = [it + ¢, —4],
Ro(t) = {r:r=—0+p,p > 0}. One can show that for (s,t,7) lying in some
neighbourhood of (0,ix.,,0), t =iz, + 7(£1 + (1 + € — 2.,)) we have

Foa(s, t,r) = _‘C"(xg,n) + (Ten — £)? — (k38® + Kyt +1%) + O(Js> + 77),

where k1, k3 are defined in (3.7), (3.20) and

,@4:( © —|—2x§)n-trnG2(l‘g,n))'(:|:22'-|—2(12|:2')(x57n—8)+($g,n—5)2)- (3.23)

Ten

One can check that Rry > Ce for small ¢ and some C' > 0 independent of

n,e. Using the expansion above and the estimations similar to the ones from
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the previous section, one can show that

RE,2(s,t, 1) < RF,2(0,ix.,,0) — Cen™! loan when (3.24)
3.2
max{|s|, |r|, [t —izcn|} > n~1/2 log n.

Now consider the set

Uy = {x € V: [uy + xel, |ual, |s], [t —izenl, |r], [v] < n?logn}.

The estimations above show that RF,(x) < Cn~'log?n for x € V\ U, and a
fixed € > 0, which allows us restrict the integration to U,,. Make the following

change of variables:

u =n 20, ue=n"", s=n"Y%5 r=n"Y% ov=nY%,

t=izen, +n V(1 +i(1+¢—x.,)) forte LT

Set Uy = { (i1, 2, 3,1,7,0) € R®: @], [@al, [3], |7, [v] < logn,0 < fu < logn}.

Expanding the integrand, we obtain

Cl?E,n - 6 2 2 2 / ~ ~ T o~ g~ g~
I, = cgp(xt L xt ) — duy dus dt+ ds dr dv x
9n 4(1'5,71 — 6) g ( e,n 5,71) 773 _ +

n

X exp{—FK1Ts — Rolls — K35 — kyts — T° — €02 }+

+O0(n 2 log"n) = C(e,n, 2) - gala?,, 22,) + O(n 7).

where C'(g, n, z) does not depend on g,. Again, C(e,n,z) = O(1) as n — o
for some fixed € > 0. Taking g,(z,y) = ¢n(z,y, 2z, z) and using the relation
Z(e,e,2z,z) =1 as in the previous section, we obtain

gn(xg,m x?,n)

Qpn(xg,m x?,n? 2 Z)

Ign = + O(n_1/3)7

which gives us (3.5) for z € C\ D.
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3.4. Asymptotic behaviour of I; and p., . (?)

Using the formula (3.5), we can now easily obtain the following result.

Proposition 3.9. For I, 13,1, defined in (2.7) and z ¢ 0D we have

L = x?,n ) tI’nG($§’n)é($g’n) + O(n_a)7 I; = O(n_a)7 I = O(n_l)'
(3.25)

Proof. Take ¢, = ((85 + 05,)0., Fn(z, 21) - gon(z,zl))
that

. One can show

Z1=z

gn,g(u% + u%, s? — t2) = (u% + u%) : trnG(u% + u%)é(uf + u%) X

2, .2 2 42
X pn(u] + uz, s° —t7, 2, 2).

Applying (3.5), we obtain
I =1, = 22, - tr,G(a2,)G(aZ,) + O(n™")

. Note that

1=z

Next, we take gn3 = (821g0n(2, Zl) ) (82 + 851).Fn(2, Zl))

((85 + 0z, ) Fu(z, 21)) = tr, (2 — A,)G(u? + u3) —tr, (z — A,)G(s* — t7),

1=z

thus g, 3(x2,,22,) = 0. Applying (3.5) we get Iy = I, , = O(n™®).
1
Finally, take g,4 =((0: + 05,)0:,¢n(, 21)) . Then I = EI =O(n™).
]

9n,4
21

Next, we are going to find an asymptotic formula for I;. If we set

In,1 = azlfn(z7 Z) (az + 8751) <§0n<27 Zl) en}—"(z’zl)> . e—n]:n(z,z)

then we cannot apply (3.5) for g, = g,1 since g, 1 is not bounded as n — oo.

However, we will implement a method similar to the one in Section 3.2 and
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Section 3.3.

Proposition 3.10. For I; defined in (2.7) and z ¢ 0D we have

2
‘trn(An - Z)GQ(xg,n)
T, G2(a2,) +¢/(243,)

I, +0(n™%). (3.26)

Proof. Notice that 0.,F,(z,2) = tr,((z — A%)G(u] + u3)). Denote
pi(z) = tr, ((2 — A5)G(2)), po(x) = tr,((z — Ay)G(x)). We have:

I, = pl(:z;?n) < (85 + 851> (apn(z, 21) e”F"(Z’Zl)) > +
o (3.27)
+( (i +ud) = pr(a2,)) (0 + 05 ) (ulzoz0) T ) )]
Recall that Z(e, ¢, z,2) = 1, hence (0; + 05,) Z(e, ¢, 2, 1) = 0. The last
identity can be rewritten as
< (@ + 321) (son(z,zl) e”anl)) > =0 (3.28)

Combining (3.27) and (3.28), we get

L= ( (pu(d + ud) = pa(a2,)) (05 + 02, ) (pule, m) e520) )

zZ1=Zz

One can check that

L = n ((po(u) + uz) — pa(a2,,) (p2(ui + uz) — pa(s” =) + O(n7))

X oz, 2)enPl=))

First consider the case z € Int D. We can move contours, restrict the integra-

tion and change the variables as in Section 3.2. After the change of variables
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we get
I, =n / du dt d3 dr dv dw (pi(u®) — p1(22,,)) x
x ((pa(w?) = pa(a2,) = (pa(s* = 12) = pa(a2,)) ) @u(u, s, 1,7, 0, w) x
X exp{ —ril2 — K33° — K1t? — T2 — €02 — 2ew” 4+ O(n Y2 logh n)}
Note that pi(u?) — pi(22,,), p2(u?) — pa(aZ,,) and pa(s® — %) — pa(aZ,,) have

zeros of the first order at the saddle point, thus the multiplier n before the

integral will vanish. Taking into account that
pi(u?) = pj(a2,) = n~" 55 + O(n~ log" n);
pa(s® —t2) — pg(:z:gvn) = —n_l/Qi’yg?—I— O(n™* log" n),
where v; = —2x.,, - tr, (2 — A;;)GQ(xin), Yo = —2Xe - trp(2 — An)GQ(:Ug’n), we

obtain

I, =®,(2.0,0, i2c,,0,0,0) - / du dt ds dr dv dw (11792 - W2 + i1y - t) X

X exp{—r1U° — K33° — K t2 — T2 — e — 2ew?} + O(n~ Y% logh n).

(3.29)

Since the gaussian integral / 2" H dp equals to zero for odd n, we can

omit the summand iv;7, - ut. Now recall that (2.6) holds and we can write
1= (a2, 2)e" 7)) = (2,0, 2,0,0,0) %
X /dﬂd?dgd?dﬂd@ exp{ —k1U> — K35° — kt? — T2 — €0° — 26w’} +

+O(n"Y%1og"n).
(3.30)
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Dividing (3.29) by (3.30), we obtain

e J W exp{—riu’} Y N Th" 1
I o - — —
1 T expl—ri} +O(n="7) o +O(n=77)
B tr, (A, — z)*GQ(azgn) trp (A, — z)GQ(xgn)
N tI’nGQ(ZEg’n) + 5/(21‘27”)

+O(n~ 3.

Taking into account tr, (A, — 2)*G*(22,,) = tr,(4, — 2)G*(22,,), we obtain
the formula for I;.

In the case z € C\ D, we can move contours, restrict the integration and
change the variables as in Section 3.3. Making similar computations as above
and using the fact that / Uy exp{—k1u2} dii; = 0, we will obtain the same

result.

]

Substituting (3.25) and (3.26) into the formula from Proposition 2.2, we

obtain

2
trn(An — Z)G2($g n) " 5(5 n)
. p— ’ 2 . 2 2 —’
Tl S ) e, e O

where |B(e,n)| < C(g) as n — oc.



Chapter 4

Final formula for p,,(2)

Using asymptotic formula for p.,.(2), we complete the proof of Theo-

rem (.1 by following the plan described in Remark 1.1.

4.1. Case z € IntD

We are going to take the limit in (3.31) as n — oo for fixed € € (0, ¢¢) and
z € Int D. First we show that

lim tr, (A, — z)GQ(xgn) = Ty(z,2%). (4.1)

n—oo

Denote f,,(x) = tr, (A, — 2)G*(2?), f(z) = Ti(z,2%). Observe that

[f(@en) = )| S 1fuGn)l - |en — 2 + [ fulwe) — fla2)]. (4.2)

One can show that |f) (z)| is bounded. Now Proposition 3.2 and (C5) imply

that f,(x.,) — f(z-.) as n — oco. Similarly one can prove the relations

~

lim trnG(xg’n)G(xén) = Ty(z,22),

n—oo

lim tr,G*(22,) = /()\ + 2B 2 dv.()).

n—oo

Thus, for p.(2) = lim p.,.(2) we obtain the following expression:
n—oo
Ty (2, 22))

™ eele) = T R e T e (49)

37
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We are left to find the limit p,(z) = lin% pew(2). According to Proposition 3.2,
£—

e—0

Now consider T(z,z%). Since the derivative of f,(x) = tr,(A4, — 2)G?*(z?)

lim x. = xy. Clearly, the function / (A + 2?)"%dv.(\) is continuous for z > 0.

is bounded uniformly in > kg, which shows that f,(z) are equicontinuous
uniformly for z > k. Recall that a pointwise convergent sequence of uni-
formly equicontinuous functions on a metric space converges to a continuous
function (it is an immediate consequence of Arzela-Ascoli theorem). Apply-
ing this observation to the sequence f,,(z), we get that 77 (z, 2*) is continuous
in 2 for z > kg. Similarly, T5(z, 2?) is continuous in x for x > ky. Thus

Ty (2, 25)
J A+ )2 dvo(N)

T pu(z) = + a3 - To(z, 23), (4.4)

which shows that p,(z) is equal to p(z) defined in (0.4) for z € Int D.
Also we need to check that p.,(z) is bounded uniformly in ¢ < gy and
z € IntD. To estimate Tj(z,22,), it is enough to obtain upper

'y emn

bounds on tr,(A, — 2)G*(zZ,) and tr,G(z? )G(z2,).  Observe that

en en
dist(o, dD) > 0, where o is defined in (C3). Now one can easily obtain up-
per bounds on tr,(4, — 2)G*(22,,), trnG(azgn)é(wgn) and a lower bound on

/()\ + )" *dv.()\), using (C2), Proposition 3.2 for z € o, (taking E;, = o)
and (C3) for z ¢ o..

4.2. Case € C\ D

Similarly to the case z € Int D we obtain

_ | Th (2, 22)? 2 2
T = T i) e T B
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To find the limit p,(z) = lir% p=w(%), use the bound
E—

T3 (2, 22)?

Te
- pé‘,w(z> = 8/(233?) +5Eg ) TQ(Z,.I?) - |T1<Z7x§)|2 ) 2:6&2: ) ? +$&2? ) TQ(Zaer:)'

(4.5)

According to Proposition 3.4, x. < (1 + Ky)e for a fixed z € C\ D. Using

condition (C3) one can show that |T12(z, 2?)| are bounded uniformly in e.
Then (4.5) gives us

pel2)] < C&2 (16)

for some C' > 0, which shows that p,(z) = }:12% pew(z) =0, and p,(2) is equal
to p(z) defined in (0.4) for z € C\ D.

Again, we need to prove that p.,(z) is bounded uniformly in ¢ < g
and z € C\ D: |z| < C. Proposition 3.4 and Proposition 3.5 imply that
x. < Ce'®for 2 ¢ D, |z| < C. We obtain a bound

T3 (2, 22)[?

T peal?) S et Tz al) < Tz, o) P+ O 0Tz, 22). (47)

3

The fact that |T;(z,22)| are uniformly bounded follows from (C3) and (C2).



Chapter 5

Proof of Proposition 1.1

Recall that we have a random matrix X,, = A, + H, with eigenvalues
21, ., 2p and Y(2) = (X, — 2)(X,, — 2)". Also, we have a smooth func-

tion h(z) on C with a compact support E. In Chapter 1 we noted that
1 1 o
/h(z) : 4—A10g det Y (2)d?z = = Z h(z;). Thus it suffices to prove that
n

™ ,
j=1

1
lim [ h(z) —

A]EHH{Iog det(Y (2) + 52)} a2 =

— /Eh(z) - %AEHn{log det Y(z)} d?z

™

uniformly in n for n > ng, which is equivalent to the fact that

1 2y 12| _
lg%m]EHn{/EAh(z) logdet(Y(z) +¢*)d z} =

_ LEH{/ Ah(2) - log det V(=) d%} o

4n

uniformly in n for n > ny.

One can check that for a fixed n we have ll_I}IlO logdet(Y(2) + &%) =
log det Y (z) and estimate log det(Y (z) 4+ &%) by some integrable over £ func-
tion with finite H,-expectation. Then dominated convergence theorem im-
plies that (5.1) holds for each n. We are left to prove that convergence (5.1)
is uniform in n.

1
It suffices to prove that ®(e,n,z) = — EHn{log det(Y(2) + 82)} converges
n

40
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uniformly for n > ng and z € E as ¢ — 0. Set

T(e,n,z):=0.9(e,n,z) = EHn{2s tr,(Y(2) + 52)_1}.

Y
g1=¢

where Z(g,¢1, 2, z) is defined in (1.5). By differentiating (2.1) with respect

1
Similarly to (1.4) one can prove that T'(e,n,z) = —(8512(8,81,2,2))
n

to €1, we obtain the following integral representation:

A3 [ > R
TEen z)=—— dR/ dvduydusds | dt - ————=x
( ) 3 /0 — 0 P L V2 + 4R

212 2,2)  (ug +e)x

X exp {n(ﬁn(u% +uj) — (ug +e)? — ug)} X

x exp{—n(Lu(s? ) 4 (t i) 4 (Rt +) +207) ),

X gp(uf + Uy, S (5.2)

C

l—«
€
a,C' > 0. Then, for g1 < g9 < gy we have

“2 2 de c .
/ T(s,n,z)de‘gC/ 51—O‘§E€2’

€1 €1

Suppose that T(e,n,z) <

for e < ey, n > ng, z € E and some fixed

|D(e9,m, 2) — P(eg,n, 2)| =

which means that ®(e,n, z) converges uniformly for n > ng, z € E as € — 0.

It suffices to prove the following facts:

Theorem 5.1. Fix an arbitrary d > 0 and set E; = {z € E |
dist(z,0D) > d}. Then there exist ny, ¢g > 0 and C > 0 such that

eV T(e,n, 2)| < C forn >ng, 0 <e <epandz € Ey.

Theorem 5.2. There exist d > 0, ng, ¢g > 0 and C > 0 such that

53/4|T(5,n,z)| <Cforn>ng, 0<e<eyandze E\ Ey.

We split the proofs of the theorems above into several parts depending on

the size of £ with respect to n and the location of z.
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5.1. Case € < a/n

We start with the following result:

Proposition 5.3. Fix an arbitrary a > 0, d > 0, and set
Ejim ={2z € E| z € D, dist(z2,0D) > d}. Then there exist nyp € N and

C' > 0 such that €'/? |T(e,n,2)] < C forn >ngy, 0 < e < % and z € Eqin.
n

Proof. Since E;;, is a compact subset of Int D, we can use the results of
Section 3.1 for Ejy, = Eqp.

Set € := ne, then 0 < € < a. Make a change of variables (uq,u2) — (u,0)
where u; = ucosf, uy = usinf, u € [0,00), 6 € [0,2x]. The jacobian of this
change J = u. Also we can make a change r = R + it € R(t), where R(t) =
{—it + 7, 7 > 0} and integrate with respect to #, then

_ 8n?? — it
e2T(e,n, 2) n / du/ dvds/dt/ dr - J 2T 42 t
v 4(r —1

X pp(u?, s> — 12, 2, 2) - (u?1,(28u) — EUI()(Z‘:“U)) VEe T x
n

x exp { —28(r — it) — 52/71} exp {n(ﬁn(u2) —ut = L,(s* —t*) —1* — 7‘2>} :

1 2m 1 2m
where [y(z) = —/ e?s0dp, I, (z) = 2—/ cos(0)e?**?dh are modified
0 0

27 s
Bessel functions.

Now we change the ¢-contour and r-contour to L; and ﬁ(t) respectively,

which are deﬁned further in (5.7). We will see that R(r — it) > 0 for r €
- — it Jr —
R(t), thus ‘ ! Vr il

\/v2 + 4(r — zt)‘

. After integrating with respect to

v we obtain

eV T(e,n, 2)| < Cn5/2/<1>n(x) ") gy (5.3)
v
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where
x = (u,s,t,r), V=10,+00) xR x L, x R(¢),
Foi(u) = En(u2) — U2, Foo(s,t,r) = —L'n(s2 — t2) — 12— (5.4
5.4
Fo.(x) = Foi1(u) + Foa(s,t,r), ©(u,s,t) = gpn(uQ, s2— 12, 2, 2),

O, (u,s,t,7) = /|r —it| - [@n(u, t,5)| - (u’I1(2au) +gulo(2au)).
n

We can study F,; and F), » as in Section 3.2.
Notice that F, (u) = 2u(tr,G(u”) — 1) has exactly one positive root
Ton, thus u = 20, is the maximum point of F,,1(u). For u lying in some

neighbourhood of zy, we have

Fn,l(u) = ’Cn(xg,n) - 37(2) — Ky (u— xO,n)2 + O(lu — $0,n‘3),

,n

where

Ky =25, - troG*(a3,,). (5.5)

Proposition 3.2 shows that K; > C' > 0 uniformly in €,n and z € E,;,, thus

Fo1(u) < Fui(won) — Cn~tog*n  when |u — zq,| > n ?logn  (5.6)

For F), o(s,t,r) we can prove the analogue of Lemma 3.6: there exist constants
9, 0, Cy and a contour L; which connects points iz ,,+9 and Cy+iC) satistying

the following conditions:
e 0 <0< %, o >0, Cy > 0 and log 2CF > L, (z7,,) + 1;
e ), 0, Cy do not depend on n and z € F,
e [; C{w|Rw > 0,3w > Rw};

o Rh,(izg, + t) decreases for t € [0,6], and Rh,(t) < Rh,(ixg,) — o for
te L.
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Now take Lo to be symmetric to L; with respect to the imaginary axis,

and change t-contour and r-contour to the following contours:

Lt :LO U Ll U LQ U Lll U L/27 where L() = [Z'SU()’n - 5, Z'SC(),n + 5],

L/1,2 ={(iCy £ Cy £ 7,7 > 0};

R(t) =Ru(t) URs(t), where Ri(t) = [it, —d], >0
Ra(t) ={r:r=—0+p,p=0}
As in Section 3.2 we can show that
RE,2(s,t,7) < RF,2(0,ix0,,0) — Cn~tlog’n when (5.

max{|s|, [t — izo|, |7|} > nY*logn,

and we can also expand F), s(s,t,r) in some neighbourhood of (0, iz, 0):

Foo(s,t,r) = —ﬁn(x%,n)—kx%’n — Kl(t—ixo7n)2—32—r2 + O(|t—ia:07n\3—|—\s|3),

where K7 is defined in (5.5). The estimations (5.6) and (5.8) together with
the fact that (5.3) does not depend on £ allows us to restrict the integration to
a neighbourhood of (¢, 0, iz, 0). After the following change of variables:

1/2 1/2

u==xoy,+un ', s=sn /7, t:ix07n+tn_1/2, r=rn"?

, we obtain

4n1/2

81/2 ‘T(e,n,z)| < W

/ (o + an~'? 50, 10, + tn~1/2, 'fn_m) X
Un
X exp{— K T* — K12 — 32 — 7 + O(n Y2 log* n)} + O(e Clog'm),

where U, = {(4,5,t,7) € R*: |al, |3], |t|, |F] < logn}. The multiplier n'/?
before the integral will vanish since ®,, has a root at the saddle point. More
precisely, the identity in Remark 2.1 implies that 3, (o, 0,i7g,) = O(n™"),
thus | (2o, + an 25072 ixg, + tn V2| < |oul|uln Y2 + |¢y|itlnV? +

O(n™* log? n), where ¢, = 0,@n(To.n,0,1i%01), ¢ = OrPn(Tom, 0,ix0,), and the
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other multipliers in ®,, are bounded in the neighbourhood of (xg, 0, iz, 0).

We obtain:

eV |T(e,n, )| <C / (|dul@] + [4][F]) - e FTW =557 gy qi d5 dF
Un

and it is easy to check that the integral above is bounded.

[]

A similar result holds for z € E lying outside of D far enough from 9D.

More precisely,

Proposition 5.4. Fix an arbitrary a > 0, d > 0, and set
Eijou ={2 € E | z ¢ D, dist(z,0D) > d}. Then there exist ny € N and

C' > 0 such that /2 T(e,n,z)| <C forn>ny 0<e< & and 2 € Eqout-
n

Proof. Since Eq,, is a compact subset of C \5, we can use the results of
Section 3.1 for Ey = Eq ou-
Similarly to the proof of Proposition 5.3 we obtain that

eV?|T(e,n,2)| < C’n5/2/<1>n(x) e g
V

with the same notations as in (5.4). We also change the ¢-contour and r-

contour as follows:

L, =LUL,UL{ UL}, where Ljs={((x£1+1i)7,0<7<C},

L), ={(£1+i)C,£7,7>0};
12 = 1( )Ch } (5.9

~

R(t) = Ri(t) URs(t), where Ry(t) = [it,—I],
Ro(t)={r:r=—=0+p,p>0}

The contour L; here is built similar to t-contour in Section 3.3, but for ¢ =
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0. One can check that for small u, s,t,r we have

Foi(u) = L,(0) — Kyu® + O(u4);
Foo(s,t,r) =—L,(0) — K3s® — iK2|t\2 — K4|t\4 —r? 4+ O(|s]3 + |t\6);

where

1
Ky =1—1tr,G(0), Kj=tr,G(0), K,;= 5tlfnG?(O). (5.10)

Obviously, K, K3, K4 > C > 0 uniformly in n, hence

Foi(u) < L£,(0) — Cn™t log2 n, when |u| > n~1/2 log n;
RF,2(s,t,7) < —L£,(0) — Cn~'log?n, when max{|s|,|r|} > n ?logn

—1/4

or [t| > n Y*log!/?n,

which shows that we can restrict the integration to |u|, |s|, |r| < n™?logn,

1/2

It| < n~ /4 logl/2 n. After a change of variables u = n™"/“u, s = n_1/2§,

r=n Y%t =n Y4(£1 + i)ty we obtain:

eV?|T(e,n,2)| < Cn3/4/dﬂd§d’fi dr @, (x)x

x exp{—Kyi? — K33° — 4K,tt — 7+ O0(n™log" n)} + O(e_CIOgQ”),

It is easy to see that @, (n 2w, n Y23, n Y41 +4)7,nV/?F) < Cn~"' since it
has a multiplier v*I;(2au) + ﬁuIO(Qau), thus the integral above is bounded.
n

]

Next, we study the case when z is close to the boundary 0D.

Proposition 5.5. Fix an arbitrary a > 0. Then there exist d > 0, ng € N
a
and C' > 0 such that e/?|T(e,n,z)| < C forn > ny, 0 < e < — and z €

n
Eq 9, where Eq 9 = {2z € E | dist(z,0D) < d}.

Proof. Again, we have £¥/2|T'(g,n, z)| < C’n5/2/<l>n(x) ") gx with
v
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the same notations as in (5.4). We split the proof into four cases:

Case 1. 1 — tr,G(0) > n~Y/2. In this case change t-contour and r-contour

as in (5.9), then for small u,t, s, we have

Foi(u) = £,(0) — Kou? + O(u');
Fn,g(s, t, T) = —En(O) - K382 - 2K2|t‘2 — K4|t‘4 - 7”2 + O(|S‘3 + |t‘6);

where Ky 34 are defined in (5.10). We have Ky > n 2 Ky, Ky > C > 0.
Thus the following inequalities hold:

nF,1(u) <nLl,(0) — Clog?(Kon), when u > (Kyn) /?log(Kon);

nRF, 5(s,t,7) < —nL,(0) — Clog’n, when max{|s|,|r|} > n **logn or

~1/4

t] > n"Y*log? n.

Since Kyn > n/ 2. the above bounds allow to restrict the integration to the
neighbourhood of the saddle point (0,0, 0,0) with the error term of the order

O(e_dogzn). Make a change v = (Kon) Y20, t = n~V4(+1+0)te, s = n~ V%3,
3/4

r=n"1 27, then the multiplier before the integral becomes Estimate

K
the multipliers in ®,(x) as follows: \/|r — it| = O(n"/®1og" n);
Gl 5,1) = $,(0,0,0) + O(n 12 1ogk n) + O((Kyn) ogh (Kyn)) =
— K2+ 0(n ?1og" n);
w?l (2au) + %u[o(Qau) = O((Kyn) Hogh(Kyn))+

+O(n - (Kon) Y2 logh (Kyn)) = O((Kon) tlogh n).

Thus ®,(x) = O(n_l/g log"n - (Kon™' + n_3/2K2_1)). We obtain that
log® n

178 (K21/2n_1/4 + K;g/zn_3/4), which is bounded since

eV T(e,n,2)| < C

n 1?2 < K, <C.
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Case 2. 0 < 1 —tr,G(0) < n Y2 In this case change t-contour and

r-contour as in (5.9), then for small u,t, s, we have

Fpi(u) = £,(0) — Kou? — Kyu* + O(u®) < L,(0) — Kyu* + O(u®);
Fa(s,t,1) = —L£,(0) — K35° — i Ks|t]* — Ky|t|* — r* + O(|s|® + [t|%);

Since K34 > C > 0, the following inequalities hold:

nF, 1 (u) <nL,(0) — Clog’n, when u > n""*log"?n;

nRE, o(s,t,7) < —nL,(0) — Clog?n, when max{|s|, |r|} > n *logn or
it] > n"*log"?n.

We can restrict the integration to the neighbourhood of the saddle point

(0,0,0,0), make a change v = n V4%, t = n V4(+1 + i)ty, s = n V75,

r = n~ Y27, then the multiplier before the integral is Cn. Estimate the

multipliers in ®,(x) as follows: \/|r — it| = O(n"*log" n),

Gnlu, s, t) = K2+ 0(nY?loghn) = O(n™?1og" n);

w?l (2au) + gu]o(Zau) = O(n"Y%log"n) + O(n™Y) = O(n"Y%1og" n).
n

Hence, ®,(X) < O(n Y8loghn - n7Y) and YT (e, n,2)| < Cn~Y8loghn,
which is bounded.

Case 3. tr,G(0) > 1, 29, > n~'/*. Here we use the fact that equation (3.3)
has exactly one positive root g, if tr,G(0) > 1. Set h,(t) = —L,(—1?) — t2.
Similarly to Lemma 3.8, one can check that there exist constants 9, o, Cy and
a contour L; which connects points izg, + 6(1 +i(1 — z¢,)) and Cy + iCy

satisfying the following conditions:
e0<d<1,0>0,Cy>0andlog2Cs > En(a:an) + 1;

e 0, 0, Cy do not depend on n;
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e L, C{z|Rz>0,3z> RNz},

o Rh, (izg, + t(1 + i(1 — x0,))) decreases for ¢ € [0,0], and Rh,(t) <
Rh, (ixo,) — o for t € Ly.

Let Ly be a contour symmetric to L; with respect to imaginary axis. We
change t-contour and r-contour as follows: L; = L UL; UL; ULy UL] UL,
where Ly = [izo ., io, + 6 (1 +i(1 —20,))], Lio = {(iCo £ Co £ 7,7 > 0};
ﬁ(t) = R1(t)UR4(t), where Ry(t) = [it, =], Ra(t) = {r:r= -5+ p,p > 0}.
For (u,t,s,r) lying in a neighbourhood of (x¢,,ix0.,0,0) and t = izg,, +

(£144(1 — x0,))7 we have

Fn,l(u) = En(xg,n) - x(2) — Ki(u— ZEO,n)2 + O(lu — xO,n’3)5

Foao(s,t,r) = —Lo(a5,,) + x5, — Ki(t — izop)” — s — '+
+O(|s]’ + |t — izonl’) = =La(5,) + 25, — K120 — 25, + (.. )77

— s =+ O(|s]* + 7°)

where Kj is defined in (5.5). Since K; > caj, and for small enough d

R((2x0,, — xan +i(...)) > cxop, the following inequalities hold:

n(Foi(w) = Fua(zon)) < —Clog?(nag,,),  |u— o] > (nag,,) "V log(nag,,);

n(RE,2(s,t, 1) — F,2(0,i20,,0)) < —ClogQ(n:CS,n),

[t — izg| > (naf,,) " log(naf,);

n(RF,(s,t,7) — F,2(0,iz0,,0)) < —Clog?n, max{|s|,|r|} > n/*logn.

4

The inequalities nscan > nl/?, nxg’n > n'/* imply that we can restrict the

integration to the neighbourhood of the saddle point v = xg,, t = gy,

s =0, r = 0, make a change u = ¢, + (nazan)_l/zﬂ, t =1z, + (najgm)_m-

(£1 + i(1 — zop))ts, s = n %5, r = n Y27 then the multiplier be-
1/2

fore the integral is Next we estimate the multipliers in &, (x)

5/2 °
xO,n
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in the neighbourhood. Obviously, +/|r —it| < C. For p(u,s,t) we
have &(z9,0,ix0,) = 0, 0u@ (T, 0,i205) = O(x,), 0P(Tom,0,iz0,) =
O(x},), 0u0u@(00,0,im00) = O(x3,,), 0u0ip(T0,,0,ix0,) = O(xf,),
010rp(To.m, 0,10,) = O(ZL‘O ). Thus

~
~

( u t+
"\(naf, ) 17

- ) -
| (nag,,)~'/?
~2 ) ~3 73 ’§2

t u 14
e () * ant) ) S
T,y " e, ) T g ) G, P )

< C(n‘l/%gf +n a0 3/2 T, 2/ )P (T, 1+, 3),

where P(U,t+,5) is a polynomial in %, t.,3. Next, since I;(2au) < Cu,

Iy(2au) < C for small u and (n:r:an)_l/2 < n Y* < 1, we have
u?l (2au) + %ulo(Qau) < C’xan(l + ).

This shows that @, (x) < C(n _1/2x8/§+n s +n_3/2:r:0 3/2) P(u,t.,3), thus

1
61/2|T(5,n,z)| < C(xan +

~1/4
n1/2:c1/2 + n:vg’n) '

is bounded since xg, > n

Case 4. tr,G(0) > 1, 29, < n Y4 We change t-contour and r-contour as
in case 3. Denote aj = trnG(a:’S’n). Observe that a; > Cp. > 0 for each k

uniformly in n and

Foi(u) = £n(u2> —u’ = ﬁn(x(%,n) - 93(2),71 - 2a2x%7n(u - xO,n)2_

— (2a220,, — %agxg’n)(u—xo,n)?’ — (%ag + O(avo,n))(u—xo,n)4 + O(\u—xom\‘r’).

Studying the cases 0 < u < xq,, and 2y, < u < C one can easily show that

Foa(u) < La(x,) — @5, — (302 + Oz00)) (u — 20,0)" + O(|u — 20.0]"),

when 0 < v < C and g, is small enough (which is true when d is amsll
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enough). For ¢ = ixg, + (£1 + i(1 — x0,))7 we have

RE,2(s,t,1) = (a: n) — xo n 2a233(2)’n(2x0,n + O(mg,n))TQ—
— (4agzon + O(xO ) 5 — (2ay + O(xy, T = =T 0> + 5P <

< E (Q?On) — (QCLQ—I—O(xQ’n))TA‘—?—?’Q—FO(TS—F|§|3).
Since as > C' > 0, then the following inequalities hold:

n(F, 1 (u)—F,1(z0,)) < —Clog*n, when lu — iz ] > o 1/4 log1/2 n
n(%Fn,Q(Sa tﬂn) - Fn,g(o, il’o’n, 0)) < - 10g2 n, when

max{|s|, |[r|} > n"Y?logn or |t —izg,| > n Y log!/*n

We can restrict the integration to the neighbourhood of the saddle point,

make a change u = zg, + n Y4, t = 1o + n*1/4(:|:1 + (1 — xom))?b

~123 r = n Y27, then the multiplier before the integral is Cn. Estimate

the multipliers in ®,,(x) as follows: /|r — it| < C;

S=N

Gnlu, s,t) < C(n Y40+ n Vi, + 0713,

w’ly(2au) + ~ul(2au) < Cla n+n1/4ﬂ>3+%<xo,n+n V) < Cn AP ().

Hence, ®,(X) < Cn '"P(@,1+,5), and £"/?|T(e, n, z)| is bounded.

5.2. Case e >a/n

Proposition 5.6. Fix an arbitrary d > 0, and set Eq;, = {z € E | z € D,
dist(z,0D) > d}. Then there exist ngp € N, a > 0 and C > 0 such that

a
gl/? T (e,n,z)| < C forn > ny, " <e<egpand z € Eyjy.

Proof. Since Eg;, is a compact subset of Int D, we can use the results of

Section 3.1 for By, = F44,. We want to prove that €¥/2|T'(e,n, z)| = O(1) as
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n — oo and ne — 00.

Make the same change of variables as in Section 3.2: »r = R+t +¢ €
R(t), where R(t) = {—it —e+7, 7 > 0}, u = (Ju?+u3 € [0,+00),
w = v/u; + u € [0,v2u]. We obtain

1om 3\/5 /V ®,,(x) exp{n F,(x)} dx,

V2T (e n,z) =
s

where

x = (u,s,t,r,v,w), VYV =[0,400) xR x L xR(t) xR x [0,V2u],
Fo(x) = Fpi(u) + Foo(s, t, 1) — ev® — 2z0?,

Foi(u) = L, (u?)—(u—e)?, Foa(s,t,r) = —,Cn(52—752)—(t—ig)2 —r? (5.11)

QZH(Uﬁ S7t) = Qon(U’Qv 82 - t27 Zn 2)7
r—it—e¢ U

B \/112+4(7°—it—5)'\/2u—w2-

d,(x) Gn(u, s,t) - (u—w? —¢).

As in Section 3.2, we can change t-contour, r-contour and expand £}, ; and

F, 5 as follows:

Foi(u) = /Ln(xgn) — (Tep — £)? — Iil(u—l'g’n)z + O((u — :1357“)3),
Foa(s,t,r) = —En(a:g,n) + (e — &) — K1t —izep)? — K3s® — P+ (5.12)
+ O(|t — iz + |5]%),

where k13 are defined in (3.7), (3.20). Proposition 3.2 shows that

k1, k3 > C' > 0, then we can make the following estimations:

Fo1(u) < Fui(ze,) —Cn tog’n  when |u — z.,,| > n~?logn;
RE,o(s,t,1) < RF,5(0,ix.,,0) — Cn tlog*n  when (5.13)

max{|s|, [t — izc,|, 7]} > n Y*logn.
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Now split the integration area into three parts:

i} =V, UV, U Vs,
V)= {x ¢ V: 0], [w| < (ne)"Y2log(ne), |ul,|s|, |t],|r| < n~*logn},
Vo i ={x € V: max{|v|, |w|} > (ne)"Y2log(ne), |ul,|s|, [t],|r] < n~*logn},

Vii={x € V: max{|ul, |s], |t], |r|} > n~1/2 logn}

Then we can write
Cn?(ne) Cn?(ne)
1/2 _ 3 nk, (x)
e T(e,n, z) = (—51/2 /V1 +—€1/2 /v +Cn’+/e v3> a(x)e dx.

Integration over V3. Note that for n > 2ny we have

3 3
‘471 Ve < 4n’ /e . eCloan/ |<I>n(x)\en°§RF”(X) dx
i}

3 - 3
T Vs T

One can check that the integral above is bounded uniformly in n, €.

—1/2@7

Integration over V,. Make a change of variables v = z., + n
s =n Y25 t =iz, + n V%, r = n" V2. Notice that —(ne)v? — 2(ne)w? <
—v? — 2uw? — C'log?(ne) when max{|v],|w|} > (ne)"Y?log(ne) and ne > 2,

thus

TL€ C’log ne)
81/2 /’— 51/2 /|CI)

x exp{n(F1(u) + RF,(s,t, 1)) —v* — 2w?} du ds dt dF dv dw.

Recall the definition of ®,, and the inequality 0 < w? < 2u, then

x)| < Cy/|r —it —¢] -

(u + 5) ’ ‘@n(ua Sy t)‘

V2 u—w2
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Using this estimation and integrating over v, w, we obtain

TLE Clog ne)
61/2 /‘_ 51/2 /\/|T—Zt—8 u(u +¢) - e Iy (2u) x

X |Bn(u, 8,)| - exp{n(F,1(u) + Fua(s, t,r)} dudsdt dr <

Clog ne)
C(n€)€1/2 /|gpn u, s,t)| exp{n(F,1(u) + Fna(s,t, 7))} duds dt d7

Next we expand ¢, (u, s,t) in the neighbourhood of (z.,,0,iz.,):
Pty 5,1) = Pr(Ten, 0,i%0) + 1 (Gl + ¢yt) + O(n~'log’n),  (5.14)

where ¢, = 0y,0n(Tcn,0,i20), ¢ = Opn(Ten,0,iz.,) are bounded. Re-
2
+2ex, - tr,G*(22,,) = O(e). Finally,

mark 2.1 gives us @, (2., 0,i2.,) =
)
using expansion (5.12), we obtain

C 2 2 ~ g~ T g~
‘—”157;5) / ‘ < C(ne)e Cloalne) . o172 / da d3 dt dF
9
dullt] + ||t oy Lp e 5.15
< (0fe) + AL L | 1102 o570 - (519

= Cne) e @09 (0(12) + O((ne) 1)),

which is bounded uniformly in € < gy, n > ng, ne > a.

Integration over V;. Make a change of variables v = z., + Y 2,
1/2 ~ —1/2

, T =7Tn —1/2

t = ize, +in V2 s =30 , v ="0v(ne)” % w=w(ne)"

According to Section 3.1, z., > ko > 0, thus V2u —w? > C > 0 in the
neighbourhood. Then |®,(x)| < C - |¢n(u, s,t)| and we can expand @, as
n (5.14). We obtain

Cn?(ne)
’ e )y,

Flos Klp K3

x e 20 ST s A dE dv dw = O(eY?) + O((ne)~?)

<= [(0() +n (6l + o) + Ofn log? )

which is bounded uniformly in € < &g, n > ng, ne > a.
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[]
Proposition 5.7. Fix an arbitrary d > 0, and set Eqou :={2 € £ | 2 ¢

D, dist(z,0D) > d}. Then there exist ng € N, a > 0 and C' > 0 such that

a
gl/? T (e,n,z)| < C forn > ny, - <e<egpand z € Eqou.

Proof. Introduce the averaging:

<<f(U1 / dR/ dv duy dus ds dt v2 — - fup)x
X on(uitul, s* — 17,2, 2) - exp {n(ﬁn(u1+u2) — (uy 4+ €)% — u%)} « (5.16)

X exp {_n(gn(SQ —tH 4+ (t —ie)* + (R+it +e)* + ev2> } :

Then
e2T(e,n,z2) = 281/2<<u +e) = 2642 (0, — e){(1)) — 251/2<<u1 )

Identity (2.1) implies that <<1>> = Z(e,e,2,2) = 1, hence it suffices to prove
that 51/2‘ <<u1 + xm» { is bounded. Having 51/2<<u1 + $5n>> one can change

t-contour and r-contour as in Section 3.3. For ¢ € Ly, r € R(t) we have

r—it—e¢ 1 : , _
’ VRS ‘ < E\/ |r — it — ¢|. Next we integrate with respect to v
ve+4(r—wt—¢

and obtain 51/2|<<u1 + 2o )| < Cn5/2/ ®,(x) exp{n F,(x)} dx, where
%

Fi(uy,ug) = Ly(uf +u3) — (ug +¢)* — uj,

Foas,t,r) = = (La(s? = ) + (t—ie)? +72),

(x) = Fua(u1,ug) + Fa(s, t,7), (5.17)

o)

S’b/n(uh Uz, S7t) = @n(u% + U%, 82 - t2> 2 Z)?

D, (x) = |us + Ten|V|r—it — | - |on(ur, ug, s, t))|.
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We have the following expansions:

Fo(t1,102) = L(a2,)— (20—) s (b i + O 4+ )
Foa(s,t,7) = =La(22,,) + (e — )7 — (k3" + Kam + k5T + KgT" +77)+
+O(s” + ),

where t = ix.,, + (£1 4+ (1 + € — x.,))T, K1, Ko, K3, ka are defined in (3.7),
(3.22), (3.20), (3.23), and

Rics = dwep - tr,G7(22,,) + O(a2,), ke =2-tr,G*(a2,) + O(aZ,). (5.18)

Proposition 3.4 shows that K123 > C > 0, kg5 > Ce > 0, kg > C > 0. We

obtain the following inequalities:

~1/2

Fpi(ug, ug) <Fpi(—20,,0)—Cn tog® n, max{|ui—z. .|, |us|} > n ?logn;

RE,2(s,t,7) < F,2(0,i2.,,0) — Cn~tlog’n, when

1/2

max{|s|, |r|} > n"Y%logn or |t — iz.,| > n "Y1 log?n

This shows that we can restrict the integration to the neighbourhood. Make

~1/2 ~1/2~ 1/2~

a change w3 = —z., +n U, up = n_1/2ﬂ2, s =mn %S, r =n "/,

t =iz, +n Y41 +i(14e—2.,))tx and notice that the multiplier |u; 4 z..,|

~1/2

in @, is equal to n a1, thus

’C’n5/2 / D, (x) exp{nF,(x)} dx| < Cn~\/*
/ U] exp{—4Lu} — 205 — 5% — —t4 — 72} duy duy d3 dit . dF dv,
and the integral is bounded. ]

Proposition 5.8. There exist d > 0, np € N, a > 0 and C' > 0 such
that e¥*|T(e,n,z)| < C for n > ny, o< c < e and z € Egp, where
n
Eq9={z € F | dist(z,0D) < d}.
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Proof. We split the proof into two cases:

Case 1. tr,G(0) > 1. Let z., be the positive root of (3.1). According to
Section 3.1, we have ce'/? < ze, < Cfor some ¢, C > 0. Asin Proposition 5.6

1613 3/4
671—6/ ®,,(x) exp{n F,(x)} dx, with the same
%

we obtain 34T (e,n, z) = 2
m

notations as in (5.11). Change t-contour and r-contour as in Section 3.3 and

) r—it—e ‘<W U
r—it—¢|; —— -
\/v2—|—47“—2t—5) B V2u — w?

(u—w*—¢) <ulute)- ﬁ Now we can integrate with respect to v,
u—w

make the estimations:

w. One can show that

V2u —2n£w
et gy = \ / / \/m 7;62"5“10(271514),

where Iy(x) is a modified Bessel function. Asymptotic formulas for Iy(x)

C
imply that e *Iy(x) < ﬁ for all x > 0 and some C > 0. We can apply the

to obtain

C
VvV 2neu

inequality e 2"*“I(2neu) <
4 T(e,n, 2)| < Cn25_1/4/ D, (x) exp{n F,(x)} dx, (5.19)
%
where
x = (u,s,t,r), V=1[0,400) xR x L x R(t),
Foi(u) = L,(u?) — (u—¢)?  Fua(s,t,r) = —L,(s* —t?) — (t —ie)* — 1%,
ﬁn(x) = Fua(u) + Fua(s t,r),  on(u,s,t) = gon(UQ, s — 1%, 2, z),

— \/m \/ﬁ(u-l—é) ' |§5n(u737t)|'

Consider the following subcases:

Subcase 1a. Suppose e'/* < Ten < C. For (u,t,s,r) lying in a neighbour-
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hood of (z¢,i%c5,0,0) and t = iz, + (X1 + (1 + ¢ — 2z.,,))7 we have

Fui(u) = Lo(22,) = (wen — ) = w1(u = 2c0)” + O((u — 2:)%);
Foo(s,t,r) = —L,(22,) + (zey — €)* — KaT> — ksT° — KeT" — K38” — r’+
+ O(Js]? + |t — iwen]”).
where k1, Ko, k3, k4 are defined in (3.7), (3.22), (3.20), (3.23) and ks, k¢ satisty
(5.18). It is easy to see that xy > Cwa m K3 > C, kg > C’x?’n. Thus the

following inequalities hold:

nFn1(u) < nFoi(zen)—Clog*(na?,), |u—zc,| > (na?,) " ?log(na?,);
nRE, 2(s,t, 1) < nFp2(0, iz, 0) — ClogQ(nxin),
|t T i$57n| > (nxg,n)—l/Q IOg(TLLL‘jn);
nRE, 2(s,t, 1) < nFp2(0, iz, 0) — Clog*n, max{|s|,|r|} > n?logn.
Since mc n = nel/? > en'/? and n:c o > ned/4 > cn1/4 the above bounds

allow to restrict the integration to the neighbourhood of the saddle point.

Make a change u = @cp + (na?,)” V2, t = dxe, + (na?,)” V2(41 4+ i(1 4

£ — :Ugjn))tl, s=n 1/2§ r=n /2 r, then the multiplier before the integral
¢ -
is gl One can compute the derivatives of @, (u,t,s) and check that
etz

gon(xw,mm, 0) < Cexcp, the derivatives of the first order at (x.,,iz.p,0)
are O(atg”n), the derivatives of the second order at (x.,,iz.,,0) are O(x(f’n),
the derivatives of the third order at (z. ,, iz ,,0) are O(zx.,) and the deriva-

tives of the fourth order and higher at (z.,,iz.,,0) are O(1). Thus

3 2

xé—? n xs n Ten 1 1 )
’ + 7 : + + X

(nad )12 (nad,)  (nal,)¥?  (na,)?  nl/?

X ,P(ﬂ, Zi, g),

nlut, )| < (20 +
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e 1 Cel/?
where P(u,ty, ) is a polynomial. The inequality (a2 )1 < < Cxepy
nr?, Tep

shows that u =z, + (nxg )"V2% < Cx. (14 [1]). Using the bounds on &,

a
u and the fact that — < e, we obtain:
n

3/4|T(5 n,z)| < O(e 3/4 4 /4y 1/2—1—53/4 —|—55/4 9/2_|_€7/4 _l_51/4 )

which is bounded, since e/t < Tep < C

1/2

Subcase 1b. Suppose that € > n~ /. Then the inequality z., > el >

-1/6 1/2

cn shows that nx n > CN 2/3 and na: ., > cn/?. Then we can restrict the

integration to the same neighbourhood as in Subcase 1a and make the same

. 1 Ce :
change of variables. Moreover, < < Cx.p. Using € > n~1/?
(nxg,n)l/Q Len 7

)

=

n ! < 52, we get

53/4|T(€,n,z)| < C(63/4+€3/43};’/3+67/4ﬂ];2+611/4 9/2 4+ 615/4 + 53/4 )
which is bounded since cg!/? <z, <C.

a
Subcase 1c. Suppose - <e< cet/? < Tep < e/t For t = 1Tey +

iz’
(£1+i(1 +¢e —x.,))7 we have

RE,2(s,t,7) < =Ln(22,) + (ton — €)* = Ree7" — ks® —1° + O(|s]> + 7°).

)

Since k1 > Cz? . kg, Rkg > C > 0, then the following inequalities hold:

e,n?

nFy(u) < nFa(zen) — Clogi(nal,),  |u—z.a| > (na?,)"*log(na?,);
nRF, 5(s,t,7) < nFpy — Clog*n, max{|s|,|r|} > n ?*logn or

It —ize,| > n Y og"%n

2/3

We have nxgn > ne > ent/ 3, thus the above bounds allow to restrict
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the integration to the neighbourhood of the saddle point. Make a change

U=, + (nzl,)” V2t =iz, +n Y4 EL+i(1 + € — 200))ts, s = 0~ Y%,
- Cn!/*
r = n~ Y27, then the multiplier before the integral is N An argument

g
similar to the one in Subcase 1a allows to make the following estimation:

3 2
1 = x 1
N _ e en L &n g,n )
Galu.t,8)| < C (e, + o T ezt ez gp)

X 7)(67%;:?@,)

where P (U, t4,3) is a polynomial. We also know that /u(u +¢) < C for u

lying in the neighbourhood of z.,. Using ¢ < €, we obtain:
n

2 £1/2 32
ST (e,n,2)| < C (M4 4+ 22 oy + S 4 1/4+—+_)
gl/4 x 3 9/2
g,n xE?’l
1/3 1/4 1 a1
which is bounded, since ce™/® < z., < z./ and € < — e’ < o5
nl/2 o172

Case 2. tr,G(0) < 1. Let z., be the positive root of (3.1). According to
Proposition 3.5, we have (1+c¢)e < x., < Ce/3 for some c,C' > 0. Similarly

to Proposition 5.7 we define <<f(u1, us, t, s, R, v)>> and make the estimation

g3/ (w1 + 2o )| < Cn5/251/4/ D, (x) exp{n F,(x)} dx,
%

with the same notations as in (5.17). We have the following expansions:

Foa(uy, ug) zﬁn(:c?’n) — (Tem — £)? — ky(u + :zfm)2 — Rous+
+O(Jur + @enl” + |ual’);
_ 2 2 2 2 3 4, 2
Foo(s, t,r) =— ,Cn(xm) + (e — &) — (K3S™ + RaT” + KsT” + KT~ +1°)+
+O(|s]’ + |7,

where t = iz, ,+(£14+i(1+e—x.,))T, K1, K2, K3, k4 are defined in (3.7), (3.22),
(3.20), (3.23) and ks, kg satisfy (5.18). It is easy to see that k1 > Ce/x.p,
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K3 > C, %/434,5 > 0, §R/€6 > (C > 0. Thus

nF,1(ur,ue) < nkFy1(ven,0) — ClogQ(ne/xE,n),
max{lul + xs,nla ‘UZI} > (n‘g/xs,n)—l/Q log(n‘g/xs,n)a
nRE, 2(s,t, 1) < nky,2(0, iz ,, 0) — Clog2 n, max{|s|,|r|} > n=1/2 logn,

nRE, 2(s,t, 1) < nky,2(0, iz ,, 0) — Clog2 n, |t—iz.,|> n /4 logl/zn

2/3 1/3

Since ne/x.,, > cne”” > en'/?, the above bounds allow to restrict the integra-

tion to the neighbourhood. Make a change uy = —x.,+ (ne/z., n)_1/2ﬁ1, Uy =
(ne/xep) V20, t = ize p+n VA (E1+i(14e—2.,))ts, s = n V25, 7 = n~ V27,

nb/2g1/4

then the multiplier before the integral is C' . One can com-
nd/4(ne/x.,)

pute the derivatives of @, (u1,us, s,t) and check that ¢,(—x.,,0,0,iz.,) <

C(g/x.,)?%, the derivatives of the first order at (—z.,,0,0,iz.,) are O(¢),
the derivatives of the second order at (—z.,,0,0,ix.,) are O(¢/z.,) and the

derivatives of the third order and higher at (—x.,,0,0,iz.,) are O(1). Thus

<o 1 € eV € 1 22
‘Spn(ulau%s )‘ Te,t nl/4 nl/2 + n1/2x€,n+n3/4 + n3/2e3/2 X
X P(ﬂ, %vj:,g)
where P(u,t+,3) is a polynomial. Observe that |u; + z.,| = ( /‘ul‘ e
ne/xen,
Thus we can write
» Cnb/2:1/4
1+ )| € i [l (vt exp{n B () dx <
xsn
< C ( 12 azg/f N xgn w;/r% 2/3 n 22, )
= (ne)l/t €Ten n/t T ()2 T iz T (ne)3AcUn T (ne)dize)’

which is bounded, since (1 + ¢)e < z.,, < C’xl/S and & > .
n



Chapter 6

Rate of convergence

In this chapter we provide a proof of Theorem 0.3. We split proof into

three parts using the following inequality:
1 n

En,{ - h~}—/h a2 <

Eu =D hz) (2)p(z) d%| <

S R )y FIE e
+/‘h(z)|‘panW('z)_/P\e,n,W(z)’dQZ‘f—/‘h(Z)‘|ﬁg7n’w(z)—p€,w(2)|d2z—f—
/\h pew(2) = Pulz)| d%2

l( ‘trn(An - Z)G2(ZE'?7”)‘2
m\tr,G2(22,,) +¢/(223 )

(6.1)

where p.,.(2) =

+ad, - G, )GE,)).

Take ¢ = n ?°. In order to estimate the first summand, observe that
m [ h(2)penw(z)d’z = { Zh 2 } uniformly in n according to
e—=0

Proposition 1.1, and Theorem 5.1 shows that

‘EHn{% Jzﬂ; h(zj)} — /h(z)pg,n,w(z) d2z‘ < Cet? = onV.

To estimate |pz (%) — Penw(2)|, we adjust the argument in Section 3.2 and

Proposition 3.10 for ¢ = n~%/° instead of fixed €. As in Section 3.2, we have
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I, =Cn’ / ®,(x) e"™ dx, where
v

x = (u,s,t,r,v,w), V=1[0,+00) x R x L; x R(t) x R x [0, V2u],
Foa(u) = Lo(w?) — (u— €)%, Fra(s,t,r) = — (cn(SQ ) (i) + r2>,
Fn(X) - Fn,l(u) + Fn,2(57 ta 7a) - 2511}2 - 8U27

cp() r—it—e¢ U
nX — . .
VU2 4+ 4r — 4it — de V2u — w?

gn(u2, s? — t2).

We can change contours as in Section 3.2, since x., > ko > 0. It is easy to

check that

nFy,1(u) <nFpi(z.,) — Clog’n, |u—x.,| >n"*logn,
nRE,2(s,t,1) < nky, (0, iz, p, O)—Clog2 n,
max{|t — iz .|, |s|, ||} > n~ /2 log n,

—nev? — 2new? < Clog’(ne), max{|v|, |w|} > (ne)"%log(ne).

Since ne = n*° we can restrict the integration to a neighbour-

~1/2

hood:  |u — x|, ||, [t — iz, || < nY2logn, jv] < (ne) Y%log(ne),

1/2

0 <w< (ng)—1/2 log(ne). Make a change u = x., +n "/*u, s = n—1/2§7

1/2 —1/2~

t =iz, +n V2 r =n V% v = (ne) V%, w = (ne)V?w. Observe that

D, (X) = anegn(al,, 22,) +n PPi(E, 7)) + 0 Pa(W, 8,7, 5)+

+ (ne) 1 Qy (v, w) + O((ne:)_?’/2 log®(ne)),

Fn(®) i Py @20 (1 + n7V2P5(0, t,3) + O(n~ ' log? n)),

2,(%) ) = (agn(a?,, 22, + 0 A(RAR) + Ry(R)+

+ 0 N RY(X) + Ru(X)) + (ne) 1 05(T, @) + O((ne) =3/ logg(ns))> X

7%1&27H1P7H3,5\27?’278%/2726’&72

X e
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where P1 23, Ri234, Q2, @2 are homogeneous polynomials with bounded co-
efficients, deg P, = k, deg Ry = k, deg Qs = Q, = 2. Taking into account
that /u2k+1e_cu2 du = 0, we obtain

:_/ d% = C(ﬁmgn( 22,0a%,) + 0((ne) ™)) =

_C 6 n Z)gn( sn? 5n)+0(n € 2) :C(g7n7 Z)gn( gn? sn)+0( _1/5)

Taking ¢,,(-) = (-, 2, 2) and applying the same argument as in Section 3.2,

we obtain

gn( Lens x?n)

9071( Emwgmz Z)

Ign -

+ O(n_1/5)

The last identity gives us (3.25) with a = 1/5. We can also adjust the proof
of Proposition 3.10 the same way and obtain (3.26) with a = 1/5. Thus, in
(3.31) we have

1 /)tra (A, — 2)G?(22,) 2 ~
pgnw(z):—(| ( )G e + a2, 2 2
o mAtr, G2 (22, ) e/ (222,,) ’

= ﬁs,n,w(z) + O(n_1/5)7

which gives as an estimation of the second summand in (6.1).

Finally, one can use the relations (4.3) and (4.4), condition (C6)
and Proposition 3.2 to obtain that |p.,.(2) — pew(z)] < Cn7Y5 and
|pe(2) — Pu(2)| < Ce = O~ which finishes the proof.



Conclusions

Evidently, if it is known that the limiting density of X,, can be found as a
double limit

p(z) = lim lim LA EHn{log det(Y(2) + 52)} (6.2)

e—=0n—oo 471N

then supersymmetric integration method provides a plan of computing

this double limit by deriving an integral representation of Z(e,¢,z,21) =
det(Y(21) + &7)

" det(Y(2) + 2)

a rather complicated problem. It is a usual problem in non-hermitian case,

}. However, the verification of (6.2) turned out to be

and the most common way to resolve it is to obtain a bound on the smallest
eigenvalue of X,,. We used another approach.

One can compare the result obtained in this paper with the result of [31].
The first major difference lies in the conditions on A,. If one translate the
conditions in [31] into the language of matrices, they roughly mean that the
normalised counting measure of A, should converge. In this paper we only
need the normalised counting measure of (A, — 2)(A, — 2)* to converge in
a ‘nice’ way, with some additional condition (C5) on convergence of non-
hermitian components. The second major difference is that Free Probability
Theory does not allow to estimate the rate of convergence, which is done in
this paper in Section 6.

We got a polynomial estimation on the convergence of NCM of order n1/.
This bound does not seem to be the optimal one, since for such ensembles

1/2

the right bound is usually of order n=! or n~'/2. However, there are some

tricks, which allow to stricten the bound (for example, in [22, Section 11.3]).
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