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Анотацiї

Сарапiн Р.В. Розподiл власних значень загального деформо-

ваного ансамблю Жинiбра.

Розглянемо матрицю n × n Xn = An +Hn, де An – матриця n × n (де-

термiнiстична або випадкова), а Hn – матриця n × n, незалежна вiд An,

взята з комплексного ансамблю Жинiбра. В роботi дослiджується грани-

чний розподiл власних значень Xn. В [29] було показано, що розподiл вла-

сних значень Xn збiгається до деякої детермiнiстичної мiри. Ця мiра була

вiдома для випадку An = 0. За деяких загальних умов збiжностi на An, в

цiй роботi доведено формулу для густини граничної мiри. Також отримано

оцiнку на швидкiсть збiжностi розподiлу. Використаний пiдхiд ґрунтується

на суперсиметричному iнтегруваннi.

Sarapin R.V. Limiting eigenvalue distribution of the general de-

formed Ginibre ensemble.

Consider the n × n matrix Xn = An + Hn, where An is a n × n matrix

(either deterministic or random) and Hn is a n× n matrix independent from

An drawn from complex Ginibre ensemble. We study the limiting eigenvalue

distribution of Xn. In [29] it was shown that the eigenvalue distribution

of Xn converges to some deterministic measure. This measure was known

for the case An = 0. Under some general convergence conditions on An we

prove a formula for the density of the limiting measure. We also obtain an

estimation on the rate of convergence of the distribution. The approach used

here is based on supersymmetric integration.
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Introduction

General information

Let Hn be a n × n random matrix be i.i.d. complex random entries hij

satisfying E{hij} = 0 and E{|hij|2} = 1/n. Consider a random n× n matrix

Xn = An +Hn,

where An is either deterministic or random n × n matrix with entries

independent of hij. The matrices Xn form the so called deformed Ginibre

ensemble. Matrices of such form play a significant role in communication theory,

where An and Hn are considered to be the signal matrix and the noise matrix

respectively. For the purposes of that theory, the behaviour of the smallest

singular value σ1(Xn) = λ1(XnX
∗
n) of Xn has been extensively studied.

This paper is concerned with the limiting eigenvalue distribution of Xn.

The problem of deriving the limiting distribution of eigenvalues for different

random matrix ensembles is one of the fundamental problems in Random

Matrix Theory. The first result on this way was obtained by Wigner [30] for

n × n hermitian matrices with i.i.d. gaussian random entries. This result was

later generalized for the case of arbitrary i.i.d. entries with mean 0 and vari-

ance 1/n (see [21]). The first conjecture on the eigenvalue distribution for non-

hermitian matrices, known as Circular Law Conjecture, was posed in 1950’s.

The conjecture stated that for n × n matrices with i.i.d. random entries with

mean 0 and variance 1/n, the limiting eigenvalue distribution on the complex
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plane is given by the following density:

ρ(z) =


1

π
, |z| ≤ 1,

0, |z| > 1,

i.e. the eigenvalues are distributed uniformly on the unit disk. The case of

complex gaussian entries was obtained by Mehta [19] in 1967. However, it turned

out to be much harder to generalize the result for an arbitrary distribution

of the entries. In certain partial cases, Circular Law Conjecture was verified

in [10], [14, 15], [1, 2], [16, 17], [20], [28], and was finally proven by Tao, Vu,

Krishnapur in [29] in 2010.

Deformed Ginibre ensemble is in fact a generalisation of the non-hermitian

ensemble mentioned above. In case of deterministic An, Tao, Vu, Krishnapur

proved that the limiting eigenvalue distribution exists (see [29, Theorem 1.23])

and that it does not depend on the distribution of hij (see [29, Theorem 1.7]).

The limiting distribution has been studied using free probability theory. Śniady

[27] showed that if An converges in ∗-moments to some operator x0, then the

limiting measure of Xn is equal to the Brown measure of x0 + c, where c is

Voiculescu’s circular operator which is ∗-free from x0. This Brown measure was

obtained in particular cases of self-adjoint or unitary c0 (see [18]), normal c0

(see [5]), and for the general case in the recent preprint [31].

In this paper we obtain the density of the limiting distribution under di-

fferent conditions on An. We use another approach based on supersymmetric

integration. Supersymmetry techniques have been successfully applied to di-

fferent problems in Random Matrix Theory, see [3], [8], [9], [24], [25], [26], [11],

[23], [6] for the details.
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Basic notations and main results

Set Xn = An +Hn, where Hn is a random n× n matrix with i.i.d. complex

gaussian entries {hij}ni,j=1 satisfying the following conditions:

E{hij} = 0, E{h2
ij} = 0, E{|hij|2} = 1/n,

and An is n × n matrix which is either deterministic or random with entries

{aij}ni,j=1 independent of hij. Denote

Y0(z) = (An − z)(An − z)∗, Y (z) = (Xn − z)(Xn − z)∗,

Ỹ0(z) = (An − z)∗(An − z), Ỹ (z) = (Xn − z)∗(Xn − z).
(0.1)

Also we denote trnB =
1

n
TrB for any n × n matrix B. Our goal is to find

the limit of normalised counting measure (NCM) of Xn. In order to be able to

derive the result, we put the following constraints on An:

(C1) The NCM νn,z of Y0(z) converges weakly to some deterministic measure νz

for almost all z ∈ C.

(C2) There exists some M > 0 such that for some d > 0 and

Ω(0)
n = {ω ∈ Ω | n−1

n∑
i,j=1

|aij|2 < M}

we have Prob{Ω(0)
n } ≥ 1−n−1−d. Here and below Ω stands for the probabi-

lity space with respect to An.

(C3) Denote σ0 = {z | 0 ∈ supp νn,z}. Let σϵ be the ϵ-neighbourhood of σ0 and

Ω(1)
ϵ,κ,n = {ω ∈ Ω | inf

z /∈σϵ

dist(0, supp νn,z) ≥ κ},

Ω
(2)
ϵ,C,n = {ω ∈ Ω | sup

z /∈σϵ

∣∣∣trnY −1
0 (z)−

∫
λ−1 dνz(λ)

∣∣∣ < Cn−d0}
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for some d0 > 0. Then for some d > 0 and for all ϵ > 0 there exist

κ(ϵ) > 0, C(ϵ) > 0 satisfying

Prob{Ω(1)
ϵ,κ(ϵ),n ∩ Ω

(2)
ϵ,C(ϵ),n} > 1− Cn−1−d.

(C4) There exist d1 > 0, ϱ0, ϵ0 > 0 such that if

Ω(3)
n = {ω ∈ Ω | inf

z∈σϵ0

trn(Y0(z) + ϱ20)
−1 > 1 + d1}

then Prob{Ω(3)
n } > 1− Cn−1−d for some C > 0, d > 0.

(C5) There exist functions T1(z, x) and T2(z, x) such that

lim
n→∞

trn(An − z)(Y0(z) + x)−2 = T1(z, x) and

lim
n→∞

trn(Y0(z) + x)−1(Ỹ0(z) + x)−1 = T2(z, x) almost surely for all x > 0,

z ∈ C.

Remark 0.1. In case when An is deterministic, in (C2), (C3), (C4) we

assume that the inequalities in the definitions of Ω(0)
n ,Ω(1)

ϵ,κ,n,Ω
(2)
ϵ,C,n,Ω

(3)
n hold

for large enough n.

Remark 0.2. Notice that Borel-Cantelli lemma together with (C1)–(C5)

implies that

Prob{∃n0 : ω ∈ Ω(0)
n ∪ Ω(1)

ϵ,κ,n ∪ Ω
(2)
ϵ,C,n ∪ Ω(3)

n ∀n ≥ n0} = 1.

This allows us to consider only the case ω ∈ Ω(0)
n ∪ Ω(1)

ϵ,κ,n ∪ Ω
(2)
ϵ,C,n ∪ Ω(3)

n .

Denote µn,Xn
the NCM of Xn. In case if An is deterministic, according to

[29, Theorem 1.23], there exists some deterministic measure µ such that µn,Xn

converges to µ weakly. If An is random, we may fix ω ∈ Ω (i.e. fix some sequence

of An as n ∈ N) and conclude that there exists some deterministic (with respect

to Hn) measure µω such that µn,Hn
converges to µω weakly.
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Consider the set

D = σ0 ∪ {z ∈ C \ σ0 :
∫

λ−1 dνz(λ) ≥ 1}. (0.2)

According to [4], the additional assumption suppµω = {z | 0 ∈ supp ηz},

where ηz is the limit of NCM of Y (z) = (Xn − z)(Xn − z)∗, guarantees that

suppµω = D. However, we will not require the assumption above to conclude

that suppµω = D.

Observe that (C4) implies σϵ0 ⊂ D. Moreover, due to (C3),
∫

λ−1 dνz(λ) =

lim
n→∞

trnY0(z)
−1 for z ∈ C \ σϵ0 is a smooth function in z, which means that

∂D = {z ∈ C :

∫
λ−1 dνz(λ) = 1} (0.3)

and consists of several curves enclosing σ0.

We are ready to formulate the main result of the paper.

Theorem 0.1. Suppose that Xn = An + Hn defined as above satisfies

(C1)–(C5). Set

ρ(z) =


1

π

( |T1(z, x
2
0)|2∫

(λ+ x20)
−2 dνz(λ)

+ x20 · T2(z, x
2
0)
)
, z ∈ IntD;

0 , z ∈ C \D,

(0.4)

with x0 = x0(z) > 0 satisfying the equation
∫

(λ + x20)
−1 dνz(λ) = 1. Then,

for any ω ∈ Ω and for any smooth compactly supported function h(z) we have∫
h(z) dµω(z) =

∫
h(z)ρ(z) dz.

The above result yields that µω does not actually depend on ω. In other

words, there is a deterministic measure µ given by its density ρ(z) defined in

(0.4) which is a limit of NCM of Xn. More precisely,
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Corollary 0.2. Suppose that Xn = An + Hn defined as above satisfies

(C1)–(C5). Then the normalised counting measure of Xn converges weakly to

the measure µ with density ρ(z) defined in (0.4).

We also obtain an estimation on the rate of weak convergence of NCM.

Naturally, we need some additional assumptions on the rate of the convergence

of νn,z:

(C6) For κ > 0, C > 0 denote

Ω
(4)
κ,C,n = {ω ∈ Ω | sup

z∈D,x≥κ

∣∣∣trn(Y0(z) + x)−1 −
∫

dνz(λ)

λ+ x

∣∣∣ < Cn−1/5};

Ω
(5)
κ,C,n = {ω ∈ Ω | sup

z∈D,,x≥κ

∣∣∣trn(Y0(z) + x)−2 −
∫

dνz(λ)

(λ+ x)2

∣∣∣ < Cn−1/5};

Ω
(6)
κ,C,n = {ω ∈ Ω | sup

z∈D,x≥κ

∣∣trn(An − z)(Y0(z) + x)−2−

− T1(z, x)
∣∣ < Cn−1/5};

Ω
(7)
κ,C,n = {ω ∈ Ω | sup

z∈D,x≥κ

∣∣ lim
n→∞

trn(Y0(z)+x)−1(Ỹ0(z) + x)−1−

− T2(z, x)
∣∣ < Cn−1/5};

Then for some d > 0 and for all κ > 0 there exists C(κ) > 0 satisfying

Prob
{ 7⋂
j=4

Ω
(j)
κ,C(κ),n

}
> 1− Cn−1−d.

We get the following result:

Theorem 0.3. Suppose that Xn = An + Hn defined as above satisfies

(C1)–(C6). Let z1, . . . , zn be the eigenvalues of Xn and h(z) be a smooth functi-

on on C with a compact support E such that dist(E, ∂D) ≥ d > 0. Then

∣∣∣E{1

n

n∑
j=1

h(zj)
}
−

∫
h(z)ρ(z) dz

∣∣∣ ≤ Cn−1/5.
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Structure of the paper

The paper is organised as follows. In Chapter 1 we introduce

ρε,n,ω(z) =
1

4πn
∆EHn

{
log det(Y (z) + ε2)

}
and show that it is sufficient to compute ρε,ω(z) = lim

n→∞
ρε,n,ω(z) and ρω(z) =

lim
ε→0

ρε,ω(z) to obtain the density ρω(z) of µω. In Chapter 2 we derive the integral

representation of ρε,n,ω(z). In Chapter 3 we perform asymptotic analysis of

ρε,n,ω(z) using its integral representation. In Chapter 4 we get the final expressi-

on for ρω(z). Chapter 5 consists of the proof of some technical proposition from

Section 2. Finally, in Chapter 6 we derive the rate of convergency for NCM

of Xn.



Chapter 1

Strategy for computation of the

limiting density
Let z1, . . . , zn be the eigenvalues of Xn. According to the standard poten-

tial theory,

ρn,Xn
(z) =

1

4πn
∆ log detY (z) =

1

4πn
∆

n∑
j=1

log |z − zj|2

is the density of NCM µn,Xn
of Xn, i.e.∫

h(z) · 1

4πn
∆ log detY (z)d2z =

1

n

n∑
j=1

h(zj) =

∫
h(z) dµn,Xn

(1.1)

for an arbitrary smooth function h(z) with compact support, where Y (z) is

defined in (0.1), ∆ is a two-dimensional Laplacian on C and d2z is a standard

two-dimensional Lebesgue measure on C. The idea of this paper is to compute

some ‘regularisation’ of this density and then take the limit as n → ∞.

One can consider ρ̃ε,n,Xn
(z) =

1

4πn

n∑
j=1

∆ log(|z − zj|2 + ε2) and show that

lim
ε→0

∫
h(z)ρ̃ε,n,Xn

(z)d2z =

∫
h(z)ρn,Xn

(z)d2z

uniformly in n, which allows to find the density of the limiting measure µω as

the double limit lim
ε→0
n→∞

ρ̃ε,n,Xn
. This approach is not suitable for our problem

since
n∑

j=1

log(|z − zj|2 + ε2) ̸= log det(Y (z) + ε2) in general and there is no

simple way to express ρ̃ε,n,Xn
in terms of Xn. Instead, we introduce the

11
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following regularisation of EHn
{ρn,Xn

(z)}:

ρε,n,ω(z) =
1

4πn
∆EHn

{
log det(Y (z) + ε2)

}
. (1.2)

It is harder to obtain the uniform convergence of

∫
h(z)ρε,n,ω(z)d

2z. How-

ever, the following result holds:

Proposition 1.1. Suppose that Xn = An +Hn defined as above satisfies

(C1)–(C5). Let z1, . . . , zn be the eigenvalues of Xn and h(z) be a smooth

compactly supported function on C. Then there exists n0 ∈ N such that

lim
ε→0

∫
h(z)ρε,n,ω(z)d

2z = EHn

{1

n

n∑
j=1

h(zj)
}
uniformly in n for n ≥ n0.

This proposition is proven in Chapter 5 using the integral representation

of ∂ε EHn
{log det(Y (z)+ε2)}. It allows to change the order of the limits while

computing the density of µω. More precisely,

Proposition 1.2. Let h(z) be a smooth function on C with a compact

support E. Suppose that for almost all z ∈ E there exists lim
n→∞

ρε,n,ω(z) =

ρε,ω(z) such that |ρε,ω(z)| ≤ C for 0 < ε ≤ ε0 and z ∈ E, and there exists

lim
ε→0

ρε,ω(z) = ρω(z) for z ∈ E. Then

∫
h(z)ρω(z)d

2z =

∫
h(z)dµω(z).

Proof.

Again, let {z1, z2, . . . , zn} be the set of eigenvalues of Xn. Recall that

µn,ω → µω weakly, which means that

∫
h(z) dµn,ω =

1

n

n∑
j=1

h(zj) →∫
h(z) dµω almost surely. Moreover,

∣∣∣1
n

n∑
j=1

h(zj)
∣∣∣ ≤ max

z∈E
|h(z)| < ∞. Then
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dominated convergence theorem gives us

lim
n→∞

EHn

{1

n

n∑
j=1

h(zj)
}
=

∫
h(z) dµω.

One can check: ρε,n,ω(z) =
1

π
ε2 EHn

{
trn(Y (z) + ε2)−1(Ỹ (z) + ε2)−1

}
≤ 1

πε2
.

This bound together with the assumptions of the theorem give us

lim
n→∞

∫
h(z)ρε,n,ω(z)d

2z =

∫
h(z)ρε,ω(z)d

2z,

lim
ε→0

∫
h(z)ρε,ω(z)d

2z =

∫
h(z)ρω(z)d

2z.

Now recall the following fact about interchanging limits of functions known

as Moore-Osgood theorem. Let f(n, ε), g1(n), g2(ε) be functions such that

lim
ε→+0

f(n, ε) = g1(n) uniformly in n for n ≥ n0 and lim
n→∞

f(n, ε) = g2(ε) for

all ε ∈ (0, ε0). Then there exist limits lim
n→∞

g1(n) and lim
ε→+0

g2(ε) and they are

equal, i.e.

lim
n→∞

lim
ε→+0

f(n, ε) = lim
ε→+0

lim
n→∞

f(n, ε).

Apply this result to f(n, ε) =

∫
h(z)ρε,n,ω(z)d

2z, g1(n) = EHn

{1

n

n∑
j=1

h(zj)
}
,

g2(ε) =

∫
h(z)ρε,ω(z)d

2z. Proposition 1.1 together with the convergences

above yield that

∫
h(z)ρω(z)d

2z =

∫
h(z) dµω.

Remark 1.1. Comparing the proposition above with Theorem 0.1, we see

that it is sufficient to prove the following facts:

• there exist limits lim
n→∞

ρε,n,ω(z) = ρε,ω(z) and lim
ε→0

ρε,ω(z) = ρω(z) for

almost all z ∈ C;

• ρε,ω(z) is bounded uniformly in ε ≤ ε0 and almost all z : |z| ≤ C;
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• ρω(z) = ρ(z) where ρ(z) is given by (0.4);

• Proposition 1.1 holds.

Below the formula for ρε,n,ω is rewritten to be more suitable for supersymmet-

ric integration. We use the trick introduced by Fyodorov, Sommers in [12].

Recall that ∆ = 4∂z̄∂z, where ∂z and ∂z̄ are Wirtinger derivatives defined as

∂zf(z) =
1

2
(∂x−i∂y)f(x+iy), ∂z̄f(z) =

1

2
(∂x+i∂y)f(x+iy). Straightforward

computation shows that

∂z̄∂z log det(Y (z) + ε2) = ∂z̄

(
∂z1

det(Y (z1) + ε2)

det(Y (z) + ε2)

)∣∣∣
z1=z

. (1.3)

This identity together with (1.2) implies

ρε,n,ω(z) =
1

πn
∂z̄

((
∂z1Z(ε, ε, z, z1)

)∣∣
z1=z

)
, (1.4)

where

Z(ε, ε1, z, z1) = EHn

{
det(Y (z1) + ε21)

det(Y (z) + ε2)

}
. (1.5)

Remark 1.2. In order to find ρε,n,ω(z), we need to compute Z(ε, ε1, z, z1)

only for ε1 = ε. However, the general formula for arbitrary ε, ε1 > 0 will be

used to prove Proposition 1.1.



Chapter 2

Integral representations of

Z(ε, ε1, z, z1) and ρε,n,ω(z)

2.1. Representation of Z(ε, ε1, z, z1)

The next theorem gives us an integral representation of Z(ε, ε1, z, z1) de-

fined in (1.5).

Proposition 2.1. We have

Z(ε, ε1, z, z1) =
2n3

π3

∫ ∞

0

dR

∫ ∞

−∞
dv du1 du2 ds

∫
L

dt · R√
v2 + 4R

×

× φn(u
2
1 + u22, s

2 − t2, z, z1)×

× exp
{
n
(
Ln(z1, u

2
1 + u22)− (u1 + ε1)

2 − u22

)}
×

× exp
{
−n

(
Ln(z, s

2 − t2) + (t− iε)2 + (R + it+ ε)2 + εv2
)}

,

(2.1)

with L := R+ ε0i, φn(x, y, z, z1) = φn,1(x, y, z, z1)−
1

n
φn,2(x, y, z, z1),

φn,1(x, y, z, z1) = (1− trn(An − z1)
∗G(z1, x)G(z, y)(An − z))×

× (1− trnG(z1, x)(An − z1)(An − z)∗G(z, y))−

− xy (trnG(z1, x)G(z, y))
(
trnG̃(z1, x)G̃(z, y)

)
;

φn,2(x, y, z, z1) =

= y · trn[G(z1, x)(An − z1)G̃(z, y)(An − z1)
∗G(z1, x)G(z, y)]+

+ x · trn[G(z1, x)G(z, y)(An − z)G̃(z1, x)(An − z)∗G(z, y)],

(2.2)

15
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where

Ln(z, x) =
1

n
log det

(
Y0(z) + x

)
=

1

n
log det

(
(z − An)(z̄ − A∗

n) + x
)
,

G(z, x) = (Y0(z) + x)−1 = ((z − An)(z̄ − A∗
n) + x)−1,

G̃(z, x) = (Ỹ0(z) + x)−1 = ((z̄ − A∗
n)(z − An) + x)−1.

(2.3)

Proof. One can prove this similarly to [23, Proposition 2.1]. In fact, the

integral representation of Z(ε, ε1, z, z) (which is Z(ε, ε1) in [23]) is obtained

there, and then the identity is differentiated with respect to ε1 in order to get

T (z, ε). One can obtain the representation of Z(ε, ε1, z, z1) using the same

strategy.

At the final step we make the following change of variables:

(t1, t2) → (s, t), s =
t1 − t2

2
, t =

t1 + t2
2

, s ∈ R, t ∈ L,

(r1, r2) → (v,R), v = r1 − r2, R = r1r2, v ∈ R, R ∈ [0,+∞).

The Jacobians of these changes are J1 = 2 and J2 =
1

(v2 + 4R)1/2
. It is easy

to see that we obtain (2.1).

Remark 2.1. It follows from the proof of [23, Proposition 2.1] that for

z1 = z we have

φn,1(x, y, z, z) =
(
1− trnG(z, y) + xtrnG(z, x)G(z, y)

)2

−

− xy(trnG(z, x)G(z, y))2;

φn,2(x, y, z, z) =(x− y)(trnG(z, x)G2(z, y)− xtrnG
2(z, x)G2(z, y)).
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2.2. Representation of ρε,n,ω(z)

Now we obtain an integral representation of ρε,n,ω using (1.4) and the

representation of Z(ε, ε1, z, z1). Introduce the functional

⟨f(u1, u2, t, s, z, z1)⟩ =
2n3

π3

∫ ∞

0

dR

∫ ∞

−∞
dv du1 du2 ds

∫
L

dt×

× R√
v2 + 4R

· f(u1, u2, t, s, z, z1)×

× exp{−n((u1 + ε)2 + u22 + (t− iε)2 + (R + it+ ε)2 + εv2)},

(2.4)

We can use it to rewrite (2.1) as

Z(ε, ε, z, z1) =
〈
φn(z, z1)e

nFn(z,z1)
〉
, (2.5)

where Fn(z, z1) = Ln(z1, u
2
1 + u22) − Ln(z, s

2 − t2) and φn(z, z1) is a short

notation for the function φn(u
2
1 + u22, s

2 − t2, z, z1) defined in (2.2). Further

we will use the following trivial observation:

〈
φn(z, z)e

nFn(z,z)
〉
= Z(ε, ε, z, z) = 1. (2.6)

Observe that ∂z̄
(
(∂z1Z(ε, ε, z, z1))

∣∣
z1=z

)
=

(
(∂z̄ + ∂z̄1)∂z1Z(ε, ε, z, z1)

)∣∣
z1=z

.

The last identity combined with (1.4) and (2.5) gives us the next result:

Proposition 2.2. Consider the following integrals:

I1 :=
〈
∂z1Fn(z, z1) · (∂z̄ + ∂z̄1)

(
φn(z, z1) e

nFn(z,z1)
) 〉∣∣∣

z1=z
;

I2 :=
〈
(∂z̄ + ∂z̄1)∂z1Fn(z, z1) · φn(z, z1) e

nFn(z,z1)
〉∣∣∣

z1=z
;

I3 :=
〈
∂z1φn(z, z1) · (∂z̄ + ∂z̄1)Fn(z, z1) · enFn(z,z1)

〉∣∣∣
z1=z

;

I4 :=
1

n

〈
(∂z̄ + ∂z̄1)∂z1φn(z, z1) · enFn(z,z1)

〉∣∣∣
z1=z

.

(2.7)

Then ρε,n,ω(z) =
1

π
(I1 + I2 + I3 + I4).



Chapter 3

Asymptotic behaviour of ρε,n,ω(z)

In this chapter we perform an asymptotic analysis of I1, I2, I3, I4 as

n → ∞ for some fixed ε > 0 and z ∈ C \ ∂D, which will give us the

asymptotic behaviour of ρε,n,ω(z) as n → ∞.

Below we will write Ln(x), G(x) and G̃(x) instead of Ln(z, x), G(z, x) and

G̃(z, x) to simplify the notations.

3.1. Preparations for the saddle point

method

We will use the saddle point method to analyse certain integrals. To this

end we study the solutions of some equations which will appear further as

saddle points. Suppose that conditions (C1)–(C5) hold, and consider the

following equations:

1− trnG(x2) =
ε

x
, (3.1)

1−
∫
(λ+ x2)−1 dνz(λ) =

ε

x
, (3.2)

trnG(x2) = 1, (3.3)∫
(λ+ x2)−1 dνz(λ) = 1, (3.4)

where ε > 0.

Let us fix a compact set Ein satisfying Ein ⊂ IntD. First we study the

18
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solutions of the equations above while z takes values from Ein.

Proposition 3.1. The equations (3.2) and (3.4) have exactly one positive

root each for z ∈ IntD. Moreover, there exists n0 = n0(Ein) such that for

n ≥ n0 and z ∈ Ein each of the equations (3.1) and (3.3) has exactly one

positive root.

Further we denote xε,n, xε, x0,n and x0 the positive solutions of (3.1), (3.2),

(3.3) and (3.4) correspondingly.

Proposition 3.2. For a given Ein, there exist κ0 = κ0(Ein) > 0, n1 =

n1(Ein) and ε0 = ε0(Ein) such that for all z ∈ Ein, n ≥ n1 and ε ≤ ε0 the

following inequalities hold:

1. κ0 ≤ x0,n ≤ 1, 2. x0,n ≤ xε,n ≤ x0,n +
ε

κ2
0

.

Also we have lim
ε→0

xε,n = x0,n, lim
n→∞

x0,n = x0, lim
n→∞

xε,n = xε, lim
ε→0

xε = x0.

Moreover, if (C6) holds, we have |xε,n − xε| ≤ Cn−1/5 for some C = C(Ein).

Now let us fix a compact set Eout satisfying Eout ⊂ C \D. We study the

solutions of the equations above while z takes on values from Eout.

Proposition 3.3. The equations (3.1) and (3.2) have exactly one positive

root each, while (3.4) has no nonnegative roots for z ∈ C \ D. Moreover,

there exists n0 = n0(Eout) such that for n ≥ n0 and z ∈ Eout the equation

(3.3) has no nonnegative roots.

As before, we denote xε,n, xε the positive solutions of (3.1), (3.2) corre-

spondingly.

Proposition 3.4. For a given Eout, there exist K0 = K0(Eout) > 0, κ0 =

κ0(Eout) > 0 and n1 = n1(Eout) such that for all z ∈ Eout and n ≥ n1 the

following inequality holds: ε(1 + κ0) ≤ xε,n ≤ ε(1 + K0). Also, we have

lim
n→∞

xε,n = xε.
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One can easily show that Propositions 3.1–3.4 follow from the conditions

(C1)–(C5) and Rouché’s theorem.

Now consider a set E∂D = {z ∈ C | dist(z, ∂D) ≤ d} for some small d. We

have the following result:

Proposition 3.5. For any z ∈ E∂D there exists exactly one positive so-

lution xε,n of (3.1) and exactly one positive solution xε of (3.2). Moreover,

one can find C = C(E∂D) > 0 and c = c(E∂D) > 0 such that

cε1/3 ≤ xε,n ≤ C, when trnG(0) ≥ 1;

(1 + c)ε ≤ xε,n ≤ Cε1/3, when trnG(0) < 1;

cε1/3 ≤ xε ≤ C, when z ∈ D ∩ E∂D;

(1 + c)ε ≤ xε ≤ Cε1/3, when z ∈ E∂D \D.

Proof. Suppose that trnG(0) ≥ 1. The upper bound xε,n is obvious. Next,

we have

ε

xε,n
= 1− trnG(x2ε,n) ≤ trnG(0)− trnG(x2ε,n) = trnG

2(ξ) · x2ε,n ≤ Cx2ε,n

for some ξ ∈ (0, x2ε,n), which gives us the lower bound.

Now suppose that trnG(0) < 1. For the upper bound, observe that

ε

xε,n
= 1− trnG(x2ε,n) > trnG(0)− trnG(x2ε,n) = trnG

2(ξ) · x2ε,n > Cx2ε,n.

For the lower bound, we have
ε

xε,n
= 1− trnG(x2ε,n) < 1− trnG(C2) < 1− κ

for some κ > 0, since xε,n < Cε1/3 < C.
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3.2. Integrals of the form
〈
g · enFn(z,z)

〉
, case

z ∈ IntD

In order to derive the asymptotics of Ik, at first the integrals of more

general form are studied. Set

Ign =
〈
gn(u

2
1 + u22, s

2 − t2)enFn(z,z)
〉
,

where a sequence of complex-valued functions gn(x, y) satisfies the following

conditions:

1. gn(x, y) are analytic in some neighbourhood of (x2ε,n, x
2
ε,n);

2. gn(x, y) are bounded uniformly in n in a neighbourhood of (x2ε,n, x
2
ε,n);

3.
〈
|gn(u21 + u22, s

2 − t2)eN1Fn(z,z)|
〉
≤ C for some fixed N1 and C > 0.

Our goal is to prove that

Ign =
gn(u

2
1 + u22, s

2 − t2)

φ(u21 + u22, s
2 − t2, z, z)

∣∣∣∣∣u1=−xε,n, u2=0,
t=ixε,n, s=0

+O(n−α), (3.5)

where xε,n is the positive root of (3.1) and φn is defined in (2.2).

In this section the case z ∈ IntD is studied. Let us fix some z ∈ IntD

and take Ein := {z}. Then we can take κ0 = κ0(Ein) > 0 and use the result

of Section 3.1. We also fix some ε > 0. Henceforth in this chapter, the

multiplicative constant in expressions of the form O(f(n)) may depend on ε.

Recall the definition (2.4). Make a change of variable r := R+ it+ ε and

denote R(t) = {r : r = it + ε + ρ, ρ ≥ 0}. Notice that the integrand is even

with respect to u2, thus we can leave the integration with respect to u2 over
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[0,+∞) and write a multiplier 2 before the integral. Now observe that

Ln(u
2
1+u22)−(u1+ε)2−u22 = Ln(u

2
1+u22)−

(√
u21 + u22−ε

)2

−2ε
(
u1+

√
u21 + u22

)
.

Since u1 +
√

u21 + u22 ≥ 0, we can make a change (u1, u2) → (u,w)

, u =
√

u21 + u22 ∈ [0,+∞), w =
√
u1 + u ∈ [0,

√
2u]. One can see that

u1 = w2 − u, u2 =
√

u2 − u21 and the Jacobian of this change is equal to

J = − 2u√
2u− w2

.

Set x = (u, s, t, r, v, w) and V = [0,+∞)× R× Lt ×R(t)× R× [0,
√
2u].

Then

Ign =
8n3

π3

∫
V
Φn(x) e

nFn(x) dx,

where

Fn,1(u) = Ln(u
2)− (u− ε)2, Fn,2(s, t, r) = −

(
Ln(s

2 − t2) + (t− iε)2 + r2
)
,

Fn(x) = Fn,1(u) + Fn,2(s, t, r)− 2εw2 − εv2,

Φn(x) =
r − it− ε√

v2 + 4r − 4it− 4ε
· u√

2u− w2
· gn(u2, s2 − t2).

Step 1: analysis of Fn,1(u)

Let us find the maximum point of the function Fn,1(u) for u ∈ [0,+∞).

Obviously, lim
u→+∞

Fn,1(u) = −∞, hence the maximum point u′ ≥ 0 exists and

satisfies ∂uFn,1(u
′) = 0. Straightforward computation gives us

∂uFn,1(u) = 2u · trnG(u2)− 2u+ 2ε.

Then u′ = xε,n, where xε,n is the positive solution of (3.1) defined in Sec-

tion 3.1. We can expand Fn,1(u) for u lying in some neighbourhood of xε,n:

Fn,1(u) = Ln(x
2
ε,n)− (xε,n − ε)2 − κ1(u− xε,n)

2 +O
(
|u− xε,n|3

)
, (3.6)
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where

κ1 =
ε

xε,n
+ trnG

2(x2ε,n) · 2x2ε,n. (3.7)

Proposition 3.2 implies that κ1 ≥ C > 0 uniformly, thus

Fn,1(u) ≤ Fn,1(xε,n)− Cn−1 log2 n when |u− xε,n| > n−1/2 log n, (3.8)

for large n and small ε, where C > 0 does not depend on n, ε.

Step 2: analysis of Fn,2(s, t, r).

Consider the function hn(t) = −Ln(−t2)−(t−iε)2. It is easy to see that hn(t)

is analytic in the upper halfplane and t = ixε,n is a stationary point of hn(t).

Lemma 3.6. There exist constants δ, σ, C0 and a contour L1 which con-

nects points ixε,n + δ and C0 + i(C0 + ε) satisfying the following conditions:

• 0 < δ <
κ0

2
, σ > 0, C0 > 0 and log 2C2

0 > Ln(x
2
ε,n) + 1;

• δ, σ, C0 do not depend on ε, n;

• L1 ⊂ {z | ℜz > 0,ℑz −ℜz ≥ ε};

• ℜhn(ixε,n + t) decreases for t ∈ [0, δ], and ℜhn(t) ≤ ℜhn(ixε,n) − σ for

t ∈ L1.

Proof. This lemma is similar to [23, Lemma 4.1].

First one can prove that there exist δ, σ > 0 independent of n, ε such that

ℜhn(ixε,n + t) decreases for t ∈ [0, δ] and ℜhn(ixε,n + δ) ≤ ℜhn(ixε,n) − σ.

Set h̃n(t) = ℜhn(ixε,n + t), then it follows from the fact that h̃′
n(0) = 0,

h̃′′
n(0) = −2κ1, where κ1 defined in (3.7) is bounded from below by some

positive constant, and h̃′′′
n (t) is bounded uniformly in ε, n for small t.
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We proceed to a construction of the contour L1. Recall that hn(t) is an

analytic function in the upper halfplane. We are going to study the level line

ℓ of ℜhn(t) which passes through ixε,n + δ.

Let ℓ1 = {iτ | τ > 0}. One can see that ixε,n is the minimum point of

ℜhn(t) on ℓ1. The inequality ℜhn(ixε,n + δ) < ℜhn(ixε,n + t) < ℜhn(ixε,n) ,

t ∈ [0, δ] implies that the level line ℓ cannot intersect ℓ1 and [ixε,n, ixε,n + δ].

Set ℓ2 = {t(1 + i) + iε, t > 0}, ℓ3 = {iM1 + t, t > 0}, where M1 = M + |z|

and M is defined in (C2). Similarly to [23, Lemma 4.1] one can show that

ℜh(t) decreases on the contours ℓ2 and ℓ3. It means that ℓ can intersect each

of ℓ2 and ℓ3 at most once. The fact that ℓ cannot intersect ℓ1 implies that ℓ

intersect each of ℓ2 and ℓ3 exactly once.

Consider the part ℓ′ of ℓ which connects ixε,n with some point on ℓ2, say

t0(1 + i) + iε. If log 2t20 > Ln(x
2
ε,n) + 1 then choose ℓ′ as L1. Otherwise, take

some C0 > 0 such that log 2C2
0 > Ln(x

2
ε,n) + 1 and choose L1 = ℓ′ ∪ [t0(1 +

i) + iε, C0(1 + i) + iε]. In both cases the inequality ℜh(t) ≤ ℜh(ixε,n + δ) ≤

ℜh(ixε,n)− σ holds for t ∈ L1.

Take L2 to be symmetric to L1 with respect to the imaginary axis, and

L0 := [ixε,n − δ, ixε,n + δ], L′
1,2 := {i(C0 + ε)± C0 ± τ, τ > 0}

Then we can move the integration with respect to t to the contour

Lt := L0 ∪ L1 ∪ L2 ∪ L′
1 ∪ L′

2. Also we deform the r-contour for each t ∈ Lt

as follows: R̃(t) = R1(t) ∪ R2(t), where R1(t) = [it + ε,−δ], R2(t) = {r :

r = −δ + ρ, ρ ≥ 0}. Next we prove that (0, ixε,n, 0) is a ‘good enough’ maxi-

mum point of ℜFn,2(s, t, r) when s ∈ R, t ∈ Lt, r ∈ R̃(t). More precisely:

Proposition 3.7. (0, ixε,n, 0) is the maximum point of ℜFn,2(s, t, r) when
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s ∈ R, t ∈ Lt and r ∈ R̃(t). Moreover,

ℜFn,2(s, t, r) ≤ ℜFn,2(0, ixε,n, 0)− Cn−1 log2 n when

max{|s|, |t− ixε,n|, |r|} > n−1/2 log n.
(3.9)

Proof. The statement above is a straightforward consequence of the fol-

lowing inequalities:

ℜFn,2(s, t, r) ≤ ℜFn,2(0, ixε,n, 0)− 1 when t ∈ L′
1,2; (3.10)

ℜFn,2(s, t, r) ≤ ℜFn,2(s, t, 0) when t ∈ L0,1,2; (3.11)

ℜFn,2(s, t, 0) ≤ ℜFn,2(0, t, 0) when t ∈ L0,1,2; (3.12)

ℜFn,2(0, t, 0) ≤ ℜFn,2(0, ixε,n, 0)− σ when t ∈ L1,2; (3.13)

ℜFn,2(0, t, 0) ≤ ℜFn,2(0, ixε,n, 0) when t ∈ L0; (3.14)

ℜFn,2(s, t, 0) ≤ ℜFn,2(0, t, 0)− Cϵ2 when t ∈ L0, |t− ixε,n| < ϵ, |s| > ϵ;

(3.15)

ℜFn,2(0, t, 0) ≤ ℜFn,2(0, ixε,n, 0)− Cϵ2 when t ∈ L0, |t− ixε,n| > ϵ; (3.16)

ℜFn,2(s, t, r) ≤ ℜFn,2(s, t, 0)− Cϵ2 when t ∈ L0, |r| > ϵ. (3.17)

Let us start from the proof of (3.10). Notice that ℜFn,2(0, ixε,n, 0) =

−Ln(x
2
ε,n) + (xε,n − ε)2 ≥ −Ln(x

2
ε,n). Observe that for t ∈ L′

1,2 we have

−ℜLn(s
2 − t2) = −ℜLn(s

2 + (C0 + ε)2 − (C0 + τ)2 ± 2i(C0 + ε)(C0 + τ)) =

= −1

2

∫
log

(
(λ+ s2 + (C0 + ε)2 − (C0 + τ)2)2+

+ (2(C0 + ε)(C0 + τ))2
)
dνn,z(λ) ≤ − log 2C2

0 ≤ −Ln(x
2
ε,n)− 1

(3.18)

Also we have ℜ(−r2 − (t − iε)2) ≤ 0. Indeed, for r ∈ R1(t) we have r =
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α(it+ ε)− (1− α)δ, α ∈ [0; 1] and t = C0 + τ + i(C0 + ε), thus

ℜ(−r2 − (t− iε)2) = −(αC0 + (1− α)δ)2 + α2(C0 + τ)2 − (C0 + τ)2 + C2
0 ≤

≤ (1− α2)(C2
0 − (C0 + τ)2) ≤ 0;

and for r ∈ R2(t), r = −δ + τ , we have ℜ(−r2) = −r2 ≤ 0, ℜ(−(t− iε)2) =

C2
0−(C0+τ)2 ≤ 0. Now (3.10) follows from (3.18) and ℜ(−r2 − (t− iε)2) ≤ 0.

Next, we prove (3.11). It suffices to prove that ℜr2 ≥ 0. Set t = t1 + it2,

then t2 − |t1| ≥ ε > 0 for t ∈ L0,1,2. For r ∈ R2(t) we have r ∈ R, thus

ℜr2 = r2 ≥ 0. For r ∈ R1(t) we have r = α(−t2 + ε+ it1)− (1− α)δ, thus

ℜr2 = (−α(t2 − ε)− (1− α)δ)2 − (αt1)
2 ≥ α2((t2 − ε)2 − t21) ≥ 0.

Next, we prove (3.12). Set t = t1 + it2, then t2 − |t1| ≥ ε > 0 since

t ∈ L0,1,2. Also, t
2 = t21 − t22 + 2it1t2, thus

ℜFn,2(s, t, 0) = −1

2

∫
log((λ+ t22 − t21 + s2)2 + 4t21t

2
2) dνn,z(λ)−ℜ(t− iε)2

Since t22 − t21 > 0, then ℜFn,2(s, t, 0) decreases for s ∈ [0,+∞), which gives

us (3.12).

Notice that ℜFn,2(0, t, 0) = ℜhn(t). The inequalities ℜhn(t) ≤

ℜhn(ixε,n) − σ for t ∈ L1,2 and ℜhn(t) ≤ ℜhn(ixε,n) for t ∈ L0 imply that

(3.13) and (3.14) hold.

The inequality (3.15) follows from the fact that ℜFn,2(s, t, 0) decreases

for s ∈ [0,+∞) and ∂s∂sℜFn,2(s, t, 0)
∣∣
s=0

= −2ℜtrnG(−t2) < −1 for t

lying in some neighbourhood of ixε,n, while (3.16) follows from the fact

that ℜFn,2(0, t, 0) = ℜhn(t) decreases when t ∈ [ixε,n, ixε,n + δ], and

∂τ∂τℜhn(ixε,n + τ)
∣∣
τ=0

= −2κ1.

Finally, we prove (3.17). It suffices to show that ℜr2 ≥ Cϵ2.

Set t = ixε,n + τ , |τ | <
1

2
xε,n. In case r ∈ R1(t) we have
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r = α(−xε,n + iτ + ε)− (1− α)δ, and

ℜr2 = (−α(xε,n − ε)− (1− α)δ)2 − (ατ)2 ≥ α2((xε,n − ε)2 − τ 2)+

+ (1− α)2δ2 ≥ C > 0,

for small τ . In case r ∈ R2(t), we have ℜr2 = r2 = |r|2 ≥ ϵ2.

The proposition above will allow us to restrict the integration with respect

to s, t, r to the set

U2,n = {(s, t, r) ∈ R× Lt × R̃(t) : |s|, |t− ixε,n|, |r| < n−1/2 log n}.

It is easy to check that for (s, t, r) lying in some neighbourhood of (0, ixε,n, 0)

we have

Fn,2(s, t, r) = −Ln(x
2
ε,n) + (xε,n − ε)2 − κ1(t− ixε,n)

2 − κ3s
2 − r2+

+O(|s|3 + |t− ixε,n|3),
(3.19)

where κ1 defined in (3.7) and

κ3 = trnG(x2ε,n). (3.20)

Proposition 3.2 implies that κ3 ≥ C > 0 uniformly.

Step 3: restricting the integration domain

Observe that (3.8) and (3.9) together with Fn,1(xε,n) = −Fn,2(0, ixε,n, 0)

give us ℜFn(x) ≤ −Cn−1 log2 n when max{|u − xε,n|, |s|, |t − ixε,n|, |r|,

|v|, |w|} > n−1/2 log n. Thus we can restrict the integration to the set

Un = {x ∈ Ṽ : |u− xε,n|, |s|, |t− ixε,n|, |r|, |v|, |w| < n−1/2 log n}.
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Make the changes of variables u = xε,n + n−1/2ũ, s = n−1/2s̃, t = ixε,n +

n−1/2t̃, r = n−1/2r̃, v = n−1/2ṽ, w = n−1/2w̃, use the expansions (3.6), (3.19),

and expand the integral, then

Ign = gn(x
2
ε,n, x

2
ε,n) ·

xε,n − ε√
4xε,n − 4ε

· xε,n√
2xε,n

×

× 8

π3

∫
Ũn

e−κ1ũ
2−κ1t̃

2−κ3s̃
2−r̃2−εṽ2−2εw̃2

dũ dt̃ ds̃ dr̃ dṽ dw̃ +O(n−1/2 logk n),

where Ũn = {(ũ, s̃, t̃, r̃, ṽ, w̃) ∈ R6 : |ũ|, |s̃|, |t̃|, |r̃|, |ṽ| < log n, 0 ≤ w̃ < log n}.

Notice that e−κ1ũ
2−κ1t̃

2−κ3s̃
2−r̃2−εṽ2−2εw̃2

< e−C log2 n for (ũ, s̃, t̃, r̃, ṽ, w̃) ∈ R6\Ũn,

thus the integration over R6 \ Ũn contributes as O(e−C log2 n). This argument

allows us to integrate over R6. We get

Ign = C(ε, n, z) · gn(x2ε,n, x2ε,n) +O(n−1/3), (3.21)

where C(ε, n, z) =

√
(xε,n − ε)xε,n

κ2
1κ3ε2

. Notice that C(ε, n, z) does not depend

on gn and C(ε, n, z) = O(1) for fixed ε > 0 as n → ∞. Substituting

gn(u
2
1 + u22, s

2 − t2) = φn(u
2
1 + u22, s

2 − t2, z, z) in (3.21), we obtain

Iφn(z,z) = C(ε, n, z) · φn(x
2
ε,n, x

2
ε,n, z, z) +O(n−1/3)

On the other hand, according to (2.5),

Iφn(z,z) =
〈
φn(u

2
1 + u22, s

2 − t2, z, z)enFn(z,z)
〉
= Z(ε, ε, z, z) = 1.

Therefore,

Ign =
Ign

Iφn(z,z)
=

gn(x
2
ε,n, x

2
ε,n)

φn(x2ε,n, x
2
ε,n, z, z)

+O(n−1/3),

which gives us (3.5) in case z ∈ IntD.
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3.3. Integrals of the form
〈
g · enFn(z,z)

〉
, case

z ∈ C \D

We derive the same asymptotic formula for Ign =
〈
gn(u1, u2, t, s)e

nFn(z,z)
〉

as in the previous section, but for z ∈ C \D. Recall (2.4), make a change of

variable r := R + it+ ε and denote R(t) = {r : r = it+ ε+ ρ, ρ ≥ 0}. Then

Ign =
2n3

π3

∫
V
Φn(x)e

nFn(x) dx,

where

x = (u1, u2, s, t, r, v), V = R2 × R× Lt ×R(t)× R,

Fn,1(u1, u2) = Ln(u
2
1 + u22)− (u1 + ε)2 − u22,

Fn,2(s, t, r) = −
(
Ln(s

2 − t2) + (t− iε)2 + r2
)
,

Fn(x) = Fn,1(u1, u2) + Fn,2(s, t, r)− εv2,

Φn(x) =
r − it− ε√

v2 + 4r − 4it− 4ε
· gn(u1, u2, t, s).

Fix some z ∈ C \D. We will use the results of Section 3.1 for Eout = {z}.

First we study Fn,1(u1, u2). The maximum point (u′1, u
′
2) of Fn,1 must be

a solution of the following system:

∂u1
Fn,1(u

′
1, u

′
2) = ∂u2

Fn,1(u
′
1, u

′
2) = 0,

which is equivalent to u′2 = 0 and (−u1)
′ is a solution of (3.1). According to

Proposition 3.3, the equation (3.1) has exactly one positive root xε,n and no

negative roots, thus (u′1, u
′
2) = (−xε,n, 0) is the maximum point of Fn,1(u1, u2).

Now we can obtain the same expansion for Fn,1 in the neighbourhood of
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(−xε,n, 0) as in previous section:

Fn,1(u1, u2) = Ln(x
2
ε,n)−(xε,n−ε)2−κ1(u+xε,n)

2−κ2u
2
2+O(|u1+xε,n|3+|u2|3),

where κ1 defined in (3.7) and

κ2 =
ε

xε,n
. (3.22)

Proposition 3.4 gives us κ1,2 ≥ C > 0, hence

Fn,1(u1, u2) ≤ Fn,1(−xε,n, 0)−Cn−1 log2 n when

max{|u1 + xε,n|, |u2|} > n−1/2 log n,

for large n and small ε, where C > 0 does not depend on ε and n.

Next we study Fn,2(s, t, r). Again, consider hn(t) = −Ln(−t2)− (t− iε)2.

First we prove a lemma similar to Lemma 3.6 in the case z ∈ C \D.

Lemma 3.8. There exist constants δ, σ, C0 and a contour L1 which con-

nects points ixε,n + δ(1 + i(1 + ε − xε,n)) and C0 + i(C0 + ε) satisfying the

following conditions:

• 0 < δ < 1, σ > 0, C0 > 0 and log 2C2
0 > Ln(x

2
ε,n) + 1;

• δ, σ, C0 do not depend on ε, n;

• L1 ⊂ {z | ℜz > 0,ℑz −ℜz ≥ ε};

• ℜhn

(
ixε,n + t(1 + i(1 + ε− xε,n))

)
decreases for t ∈ [0, δ], and ℜhn(t) ≤

ℜhn(ixε,n)− σ for t ∈ L1.

Proof.
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Set h̃n(τ) = ℜhn(ixε,n+τ(1+i(1+ε−xε,n))). One can check that h̃′
n(0) = 0,

h̃′′
n(0) = − 4ε

xε,n
(xε,n − ε) +O(ε2), h̃′′′

n (0) = −24xε,n · trnG2(x2ε,n) +O(ε2),

h̃(IV )
n (0) = −48 · trnG2(x2ε,n) +O(ε), h̃(V )

n (0) = 768xε,n · trnG3(x2ε,n) +O(ε2).

Observe that h̃′′
n(0) < 0, h̃′′′

n (0) < 0 for small ε, |h̃(V )
n (0)| is bounded and

−h̃(IV )
n (0) ≫ 1 as ε → 0, n → ∞. This shows that there exist δ, σ > 0

independent of n, ε such that h̃n(τ) decreases for τ ∈ [0, δ] and h̃n(δ) ≤

h̃n(0)− σ.

The rest of the proof is the same as in Lemma 3.6.

Now we change the t-contour and r-contour as follows. Let L2 be a contour

symmetric to L1 with respect to imaginary axis, and set

L±
0 := [ixε,n, ixε,n+δ

(
±1+i(1+ε−xε,n)

)
], L′

1,2 := {(i(C0+ε)±C0±τ, τ > 0}

Then we can move the integration with respect to t to the following contour:

Lt := L+
0 ∪ L−

0 ∪ L1 ∪ L2 ∪ L′
1 ∪ L′

2. Also we can move the integration with

respect to r to the contour R̃(t) = R1(t)∪R2(t), where R1(t) = [it+ ε,−δ],

R2(t) = {r : r = −δ + ρ, ρ ≥ 0}. One can show that for (s, t, r) lying in some

neighbourhood of (0, ixε,n, 0), t = ixε,n + τ(±1 + i(1 + ε− xε,n)) we have

Fn,2(s, t, r) = −Ln(x
2
ε,n) + (xε,n − ε)2 − (κ3s

2 + κ4τ
2 + r2) +O(|s|3 + τ 3),

where κ1, κ3 are defined in (3.7), (3.20) and

κ4 =
( ε

xε,n
+2x2ε,n ·trnG2(x2ε,n)

)
·(±2i+2(1∓i)(xε,n−ε)+(xε,n−ε)2). (3.23)

One can check that ℜκ4 ≥ Cε for small ε and some C > 0 independent of

n, ε. Using the expansion above and the estimations similar to the ones from



32

the previous section, one can show that

ℜFn,2(s, t, r) ≤ ℜFn,2(0, ixε,n,0)− Cεn−1 log2 n when

max{|s|, |r|, |t− ixε,n|} > n−1/2 log n.
(3.24)

Now consider the set

Un = {x ∈ Ṽ : |u1 + xε,n|, |u2|, |s|, |t− ixε,n|, |r|, |v| < n−1/2 log n}.

The estimations above show that ℜFn(x) ≤ Cn−1 log2 n for x ∈ Ṽ \Un and a

fixed ε > 0, which allows us restrict the integration to Un. Make the following

change of variables:

u1 = n−1/2ũ1, u2 = n−1/2ũ2, s = n−1/2s̃, r = n−1/2r̃, v = n−1/2ṽ,

t = ixε,n + n−1/2t̃±(±1 + i(1 + ε− xε,n)) for t ∈ L±
0 .

Set Ũn = {(ũ1, ũ2, s̃, t̃, r̃, ṽ) ∈ R6 : |ũ1|, |ũ2|, |s̃|, |r̃|, |v| < log n, 0 ≤ t̃± < log n}.

Expanding the integrand, we obtain

Ign =
xε,n − ε√
4(xε,n − ε)

· gn(x2ε,n, x2ε,n) ·
2

π3

∫
Ũn

dũ1 dũ2 dt̃± ds̃ dr̃ dṽ×

× exp{−κ1ũ
2
1 − κ̃2ũ

2
2 − κ3s̃

2 − κ4t̃
2
± − r̃2 − εṽ2}+

+O(n−1/2 logk n) = C(ε, n, z) · gn(x2ε,n, x2ε,n) +O(n−1/3),

where C(ε, n, z) does not depend on gn. Again, C(ε, n, z) = O(1) as n → ∞

for some fixed ε > 0. Taking gn(x, y) = φn(x, y, z, z) and using the relation

Z(ε, ε, z, z) = 1 as in the previous section, we obtain

Ign =
gn(x

2
ε,n, x

2
ε,n)

φn(x2ε,n, x
2
ε,n, z, z)

+O(n−1/3),

which gives us (3.5) for z ∈ C \D.
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3.4. Asymptotic behaviour of Ik and ρε,n,ω(z)

Using the formula (3.5), we can now easily obtain the following result.

Proposition 3.9. For I2, I3, I4 defined in (2.7) and z /∈ ∂D we have

I2 = x2ε,n · trnG(x2ε,n)G̃(x2ε,n) +O(n−α), I3 = O(n−α), I4 = O(n−1).

(3.25)

Proof. Take gn,2 =
(
(∂z̄ + ∂z̄1)∂z1Fn(z, z1) · φn(z, z1)

)∣∣∣
z1=z

. One can show

that

gn,2(u
2
1 + u22, s

2 − t2) = (u21 + u22) · trnG(u21 + u22)G̃(u21 + u22)×

× φn(u
2
1 + u22, s

2 − t2, z, z).

Applying (3.5), we obtain

I2 = Ign,2 = x2ε,n · trnG(x2ε,n)G̃(x2ε,n) +O(n−α)

Next, we take gn,3 =
(
∂z1φn(z, z1) · (∂z̄ + ∂z̄1)Fn(z, z1)

)∣∣∣
z1=z

. Note that

(
(∂z̄ + ∂z̄1)Fn(z, z1)

)∣∣∣
z1=z

= trn (z − An)G(u21 + u22)− trn (z − An)G(s2 − t2),

thus gn,3(x
2
ε,n, x

2
ε,n) = 0. Applying (3.5) we get I3 = Ign,3 = O(n−α).

Finally, take gn,4 =
(
(∂z̄ + ∂z̄1)∂z1φn(z, z1)

)∣∣∣
z1=z

. Then I4 =
1

n
Ign,4 = O(n−1).

Next, we are going to find an asymptotic formula for I1. If we set

gn,1 = ∂z1Fn(z, z)
(
∂z̄ + ∂z̄1

)(
φn(z, z1) e

nFn(z,z1)
)
· e−nFn(z,z)

then we cannot apply (3.5) for gn = gn,1 since gn,1 is not bounded as n → ∞.

However, we will implement a method similar to the one in Section 3.2 and
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Section 3.3.

Proposition 3.10. For I1 defined in (2.7) and z /∈ ∂D we have

I1 =

∣∣∣trn(An − z)G2(x2ε,n)
∣∣∣2

trnG2(x2ε,n) + ε/(2x3ε,n)
+O(n−α). (3.26)

Proof. Notice that ∂z1Fn(z, z) = trn
(
(z̄ − A∗

n)G(u21 + u22)
)
. Denote

p1(x) = trn
(
(z̄ − A∗

n)G(x)
)
, p2(x) = trn

(
(z − An)G(x)

)
. We have:

I1 = p1(x
2
ε,n)

〈(
∂z̄ + ∂z̄1

)(
φn(z, z1) e

nFn(z,z1)
)〉∣∣∣

z1=z
+

+
〈 (

p1(u
2
1 + u22)− p1(x

2
ε,n)

)(
∂z̄ + ∂z̄1

)(
φn(z, z1) e

nFn(z,z1)
)〉∣∣∣

z1=z

(3.27)

Recall that Z(ε, ε, z, z) = 1, hence (∂z̄ + ∂z̄1)Z(ε, ε, z, z1)
∣∣∣
z=z1

= 0. The last

identity can be rewritten as

〈(
∂z̄ + ∂z̄1

)(
φn(z, z1) e

nFn(z,z1)
)〉∣∣∣

z1=z
= 0. (3.28)

Combining (3.27) and (3.28), we get

I1 =
〈 (

p1(u
2
1 + u22)− p1(x

2
ε,n)

)(
∂z̄ + ∂z̄1

)(
φn(z, z1) e

nFn(z,z1)
)〉∣∣∣

z1=z

One can check that

I1 = n
〈(
p1(u

2
1 + u22)− p1(x

2
ε,n)

) (
p2(u

2
1 + u22)− p2(s

2−t2) +O(n−1)
)
×

× φn(z, z)e
nFn(z,z)

〉
First consider the case z ∈ IntD. We can move contours, restrict the integra-

tion and change the variables as in Section 3.2. After the change of variables
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we get

I1 =n

∫
dũ dt̃ ds̃ dr̃ dṽ dw̃ (p1(u

2)− p1(x
2
ε,n)

)
×

×
((

p2(u
2)− p2(x

2
ε,n)

)
−

(
p2(s

2 − t2)− p2(x
2
ε,n)

))
Φn(u, s, t, r, v, w)×

× exp{−κ1ũ
2 − κ3s̃

2 − κ1t̃
2 − r̃2 − εṽ2 − 2εw̃2 +O(n−1/2 logk n)}

Note that p1(u
2) − p1(x

2
ε,n), p2(u

2) − p2(x
2
ε,n) and p2(s

2 − t2) − p2(x
2
ε,n) have

zeros of the first order at the saddle point, thus the multiplier n before the

integral will vanish. Taking into account that

pj(u
2)− pj(x

2
ε,n) = n−1/2γjũ+O(n−1 logk n);

p2(s
2 − t2)− p2(x

2
ε,n) = −n−1/2iγ2t̃+O(n−1 logk n),

where γ1 = −2xε,n · trn(z̄−A∗
n)G

2(x2ε,n), γ2 = −2xε,n · trn(z−An)G
2(x2ε,n), we

obtain

I1 =Φn(xε,n, 0, ixε,n, 0, 0, 0) ·
∫

dũ dt̃ ds̃ dr̃ dṽ dw̃ (γ1γ2 · ũ2 + iγ1γ2 · ũt̃)×

× exp{−κ1ũ
2 − κ3s̃

2 − κ1t̃
2 − r̃2 − εṽ2 − 2εw̃2}+O(n−1/2 logk n).

(3.29)

Since the gaussian integral

∫
xne−kx2

dx equals to zero for odd n, we can

omit the summand iγ1γ2 · ũt̃. Now recall that (2.6) holds and we can write

1 =
〈
φn(z, z)e

nFn(z,z)
〉
= Φn(xε,n, 0, ixε,n, 0, 0, 0)×

×
∫

dũ dt̃ ds̃ dr̃ dṽ dw̃ exp{−κ1ũ
2 − κ3s̃

2 − κ1t̃
2 − r̃2 − εṽ2 − 2εw̃2}+

+O(n−1/2 logk n).

(3.30)
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Dividing (3.29) by (3.30), we obtain

I1 =
γ1γ2

∫
ũ2 exp{−κ1ũ

2}∫
exp{−κ1ũ2}

+O(n−1/3) =
γ1γ2
2κ1

+O(n−1/3) =

=
trn(An − z)∗G2(x2ε,n) · trn(An − z)G2(x2ε,n)

trnG2(x2ε,n) + ε/(2x3ε,n)
+O(n−1/3).

Taking into account trn(An − z)∗G2(x2ε,n) = trn(An − z)G2(x2ε,n), we obtain

the formula for I1.

In the case z ∈ C \D, we can move contours, restrict the integration and

change the variables as in Section 3.3. Making similar computations as above

and using the fact that

∫
ũ1 exp{−κ1ũ

2
1} dũ1 = 0, we will obtain the same

result.

Substituting (3.25) and (3.26) into the formula from Proposition 2.2, we

obtain

π · ρε,n,ω(z) =

∣∣∣trn(An − z)G2(x2ε,n)
∣∣∣2

trnG2(x2ε,n) + ε/(2x3ε,n)
+ x2ε,n · trnG(x2ε,n)G̃(x2ε,n) +

β(ε, n)

nα
,

(3.31)

where |β(ε, n)| ≤ C(ε) as n → ∞.
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Final formula for ρω(z)

Using asymptotic formula for ρε,n,ω(z), we complete the proof of Theo-

rem 0.1 by following the plan described in Remark 1.1.

4.1. Case z ∈ IntD

We are going to take the limit in (3.31) as n → ∞ for fixed ε ∈ (0, ε0) and

z ∈ IntD. First we show that

lim
n→∞

trn(An − z)G2(x2ε,n) = T1(z, x
2
ε). (4.1)

Denote fn(x) = trn(An − z)G2(x2), f(x) = T1(z, x
2). Observe that

|fn(xε,n)− f(xε)| ≤ |f ′
n(ξn)| · |xε,n − xε|+ |fn(xε)− f(xε)|. (4.2)

One can show that |f ′
n(x)| is bounded. Now Proposition 3.2 and (C5) imply

that fn(xε,n) → f(xε) as n → ∞. Similarly one can prove the relations

lim
n→∞

trnG(x2ε,n)G̃(x2ε,n) = T2(z, x
2
ε),

lim
n→∞

trnG
2(x2ε,n) =

∫
(λ+ x2ε)

−2 dνz(λ).

Thus, for ρε,ω(z) = lim
n→∞

ρε,n,ω(z) we obtain the following expression:

π · ρε,ω(z) =
|T1(z, x

2
ε)|2∫

(λ+ x2ε)
−2 dνz(λ) + ε/(2x3ε)

+ x2ε · T2(z, x
2
ε). (4.3)

37
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We are left to find the limit ρω(z) = lim
ε→0

ρε,ω(z). According to Proposition 3.2,

lim
ε→0

xε = x0. Clearly, the function

∫
(λ+ x2)−2 dνz(λ) is continuous for x > 0.

Now consider T1(z, x
2). Since the derivative of fn(x) = trn(An − z)G2(x2)

is bounded uniformly in x ≥ κ0, which shows that fn(x) are equicontinuous

uniformly for x ≥ κ0. Recall that a pointwise convergent sequence of uni-

formly equicontinuous functions on a metric space converges to a continuous

function (it is an immediate consequence of Arzelà-Ascoli theorem). Apply-

ing this observation to the sequence fn(x), we get that T1(z, x
2) is continuous

in x for x ≥ κ0. Similarly, T2(z, x
2) is continuous in x for x ≥ κ0. Thus

π · ρω(z) =
|T1(z, x

2
0)|2∫

(λ+ x20)
−2 dνz(λ)

+ x20 · T2(z, x
2
0), (4.4)

which shows that ρω(z) is equal to ρ(z) defined in (0.4) for z ∈ IntD.

Also we need to check that ρε,ω(z) is bounded uniformly in ε ≤ ε0 and

z ∈ IntD. To estimate Tj(z, x
2
ε,n), it is enough to obtain upper

bounds on trn(An − z)G2(x2ε,n) and trnG(x2ε,n)G̃(x2ε,n). Observe that

dist(σϵ, ∂D) > 0, where σϵ is defined in (C3). Now one can easily obtain up-

per bounds on trn(An − z)G2(x2ε,n), trnG(x2ε,n)G̃(x2ε,n) and a lower bound on∫
(λ+ x2ε)

−2 dνz(λ), using (C2), Proposition 3.2 for z ∈ σϵ (taking Ein = σϵ)

and (C3) for z /∈ σϵ.

4.2. Case z ∈ C \D

Similarly to the case z ∈ IntD we obtain

π · ρε,ω(z) =
|T1(z, x

2
ε)|2∫

(λ+ x2ε)
−2 dνz(λ) + ε/(2x3ε)

+ x2ε · T2(z, x
2
ε).



39

To find the limit ρω(z) = lim
ε→0

ρε,ω(z), use the bound

π · ρε,ω(z) ≤
|T1(z, x

2
ε)|2

ε/(2x3ε)
+ x2ε · T2(z, x

2
ε) = |T1(z, x

2
ε)|2 · 2x2ε ·

xε
ε
+ x2ε · T2(z, x

2
ε).

(4.5)

According to Proposition 3.4, xε ≤ (1 + K0)ε for a fixed z ∈ C \ D. Using

condition (C3) one can show that |T1,2(z, x
2
ε)| are bounded uniformly in ε.

Then (4.5) gives us

|ρε,ω(z)| ≤ Cε2 (4.6)

for some C > 0, which shows that ρω(z) = lim
ε→0

ρε,ω(z) = 0, and ρω(z) is equal

to ρ(z) defined in (0.4) for z ∈ C \D.

Again, we need to prove that ρε,ω(z) is bounded uniformly in ε ≤ ε0

and z ∈ C \ D : |z| ≤ C. Proposition 3.4 and Proposition 3.5 imply that

xε ≤ Cε1/3 for z /∈ D, |z| ≤ C. We obtain a bound

π ·ρε,ω(z) ≤
|T1(z, x

2
ε)|2

ε/(2x3ε)
+x2ε ·T2(z, x

2
ε) ≤ C|T1(z, x

2
ε)|2+Cε2/3T2(z, x

2
ε). (4.7)

The fact that |Tj(z, x
2
ε)| are uniformly bounded follows from (C3) and (C2).



Chapter 5

Proof of Proposition 1.1

Recall that we have a random matrix Xn = An + Hn with eigenvalues

z1, . . . , zn and Y (z) = (Xn − z)(Xn − z)∗. Also, we have a smooth func-

tion h(z) on C with a compact support E. In Chapter 1 we noted that∫
h(z) · 1

4πn
∆ log detY (z)d2z =

1

n

n∑
j=1

h(zj). Thus it suffices to prove that

lim
ε→0

∫
E

h(z) · 1

4πn
∆EHn

{
log det(Y (z) + ε2)

}
d2z =

=

∫
E

h(z) · 1

4πn
∆EHn

{
log detY (z)

}
d2z

uniformly in n for n ≥ n0, which is equivalent to the fact that

lim
ε→0

1

4πn
EHn

{∫
E

∆h(z) · log det(Y (z) + ε2)d2z
}
=

=
1

4πn
EHn

{∫
E

∆h(z) · log detY (z)d2z
} (5.1)

uniformly in n for n ≥ n0.

One can check that for a fixed n we have lim
ε→0

log det(Y (z) + ε2) =

log detY (z) and estimate log det(Y (z) + ε2) by some integrable over E func-

tion with finite Hn-expectation. Then dominated convergence theorem im-

plies that (5.1) holds for each n. We are left to prove that convergence (5.1)

is uniform in n.

It suffices to prove that Φ(ε, n, z) =
1

n
EHn

{
log det(Y (z) + ε2)

}
converges

40
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uniformly for n ≥ n0 and z ∈ E as ε → 0. Set

T (ε, n, z) := ∂εΦ(ε, n, z) = EHn

{
2ε · trn(Y (z) + ε2)−1

}
.

Similarly to (1.4) one can prove that T (ε, n, z) =
1

n

(
∂ε1Z(ε, ε1, z, z)

)∣∣∣
ε1=ε

,

where Z(ε, ε1, z, z) is defined in (1.5). By differentiating (2.1) with respect

to ε1, we obtain the following integral representation:

T (ε, n, z) = −4n3

π3

∫ ∞

0

dR

∫ ∞

−∞
dv du1 du2 ds

∫
L

dt · R√
v2 + 4R

×

× φ(u21 + u2, s
2 − t2, z, z) · (u1 + ε)×

× exp
{
n
(
Ln(u

2
1 + u22)− (u1 + ε)2 − u22

)}
×

× exp
{
−n

(
Ln(s

2 − t2) + (t− iε)2 + (R + it+ ε)2 + εv2
)}

,

(5.2)

Suppose that T (ε, n, z) ≤ C

ε1−α
for ε ≤ ε0, n ≥ n0, z ∈ E and some fixed

α,C > 0. Then, for ε1 < ε2 ≤ ε0 we have

|Φ(ε2, n, z)− Φ(ε1, n, z)| =
∣∣∣∫ ε2

ε1

T (ε, n, z) dε
∣∣∣ ≤ C

∫ ε2

ε1

dε

ε1−α
≤ C

α
εα2 ,

which means that Φ(ε, n, z) converges uniformly for n ≥ n0, z ∈ E as ε → 0.

It suffices to prove the following facts:

Theorem 5.1. Fix an arbitrary d > 0 and set Ed := {z ∈ E |

dist(z, ∂D) ≥ d}. Then there exist n0, ε0 > 0 and C > 0 such that

ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0, 0 < ε ≤ ε0 and z ∈ Ed.

Theorem 5.2. There exist d > 0, n0, ε0 > 0 and C > 0 such that

ε3/4 |T (ε, n, z)| ≤ C for n ≥ n0, 0 < ε ≤ ε0 and z ∈ E \ Ed.

We split the proofs of the theorems above into several parts depending on

the size of ε with respect to n and the location of z.
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5.1. Case ε < a/n

We start with the following result:

Proposition 5.3. Fix an arbitrary a > 0, d > 0, and set

Ed,in := {z ∈ E | z ∈ D, dist(z, ∂D) ≥ d}. Then there exist n0 ∈ N and

C > 0 such that ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0, 0 < ε <
a

n
and z ∈ Ed,in.

Proof. Since Ed,in is a compact subset of IntD, we can use the results of

Section 3.1 for Ein = Ed,in.

Set ε̂ := nε, then 0 < ε̂ < a. Make a change of variables (u1, u2) → (u, θ)

where u1 = u cos θ, u2 = u sin θ, u ∈ [0,∞), θ ∈ [0, 2π]. The jacobian of this

change J = u. Also we can make a change r = R + it ∈ R(t), where R(t) =

{−it+ τ, τ > 0} and integrate with respect to θ, then

ε1/2 T (ε, n, z) =
8n5/2

π2

∫ ∞

0

du

∫ ∞

−∞
dv ds

∫
L

dt

∫
R(t)

dr · r − it√
v2 + 4(r − it)

×

× φn(u
2, s2 − t2, z, z) · (u2I1(2ε̂u)−

ε̂

n
uI0(2ε̂u)) ·

√
ε̂ e−ε̂v2×

× exp
{
−2ε̂(r − it)− ε̂2/n

}
exp

{
n
(
Ln(u

2)− u2 − Ln(s
2 − t2)− t2 − r2

)}
,

where I0(x) =
1

2π

∫ 2π

0

ex cos θdθ, I1(x) =
1

2π

∫ 2π

0

cos(θ)ex cos θdθ are modified

Bessel functions.

Now we change the t-contour and r-contour to Lt and R̃(t) respectively,

which are defined further in (5.7). We will see that ℜ(r − it) ≥ 0 for r ∈

R̃(t), thus
∣∣∣ r − it√

v2 + 4(r − it)

∣∣∣ ≤ |
√
r − it|
2

. After integrating with respect to

v we obtain

ε1/2 |T (ε, n, z)| ≤ Cn5/2

∫
V
Φn(x) e

nℜFn(x) dx, (5.3)
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where

x = (u, s, t, r), V = [0,+∞)× R× Lt × R̃(t),

Fn,1(u) = Ln(u
2)− u2, Fn,2(s, t, r) = −Ln(s

2 − t2)− t2 − r2,

Fn(x) = Fn,1(u) + Fn,2(s, t, r), φ̃(u, s, t) = φn(u
2, s2 − t2, z, z),

Φn(u, s, t, r) =
√
|r − it| · |φ̃n(u, t, s)| · (u2I1(2au) +

a

n
uI0(2au)).

(5.4)

We can study Fn,1 and Fn,2 as in Section 3.2.

Notice that F ′
n,1(u) = 2u (trnG(u2) − 1) has exactly one positive root

x0,n, thus u = x0,n is the maximum point of Fn,1(u). For u lying in some

neighbourhood of x0,n we have

Fn,1(u) = Ln(x
2
0,n)− x20,n −K1(u− x0,n)

2 +O(|u− x0,n|3),

where

K1 = 2x20,n · trnG2(x20,n). (5.5)

Proposition 3.2 shows that K1 ≥ C > 0 uniformly in ε, n and z ∈ Ed,in, thus

Fn,1(u) ≤ Fn,1(x0,n)− Cn−1 log2 n when |u− x0,n| > n−1/2 log n (5.6)

For Fn,2(s, t, r) we can prove the analogue of Lemma 3.6: there exist constants

δ, σ, C0 and a contour L1 which connects points ix0,n+δ and C0+iC0 satisfying

the following conditions:

• 0 < δ <
κ0

2
, σ > 0, C0 > 0 and log 2C2

0 > Ln(x
2
0,n) + 1;

• δ, σ, C0 do not depend on n and z ∈ E;

• L1 ⊂ {w | ℜw > 0,ℑw ≥ ℜw};

• ℜhn(ix0,n + t) decreases for t ∈ [0, δ], and ℜhn(t) ≤ ℜhn(ix0,n) − σ for

t ∈ L1.
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Now take L2 to be symmetric to L1 with respect to the imaginary axis,

and change t-contour and r-contour to the following contours:

Lt =L0 ∪ L1 ∪ L2 ∪ L′
1 ∪ L′

2, where L0 = [ix0,n − δ, ix0,n + δ],

L′
1,2 = {(iC0 ± C0 ± τ, τ > 0};

R̃(t) =R1(t) ∪R2(t), where R1(t) = [it,−δ],

R2(t) = {r : r = −δ + ρ, ρ ≥ 0}.

(5.7)

As in Section 3.2 we can show that

ℜFn,2(s, t, r) ≤ ℜFn,2(0, ix0,n, 0)− Cn−1 log2 n when

max{|s|, |t− ix0,n|, |r|} > n−1/2 log n,
(5.8)

and we can also expand Fn,2(s, t, r) in some neighbourhood of (0, ix0,n, 0):

Fn,2(s, t, r) = −Ln(x
2
0,n)+x20,n −K1(t−ix0,n)

2−s2−r2 +O(|t−ix0,n|3+|s|3),

where K1 is defined in (5.5). The estimations (5.6) and (5.8) together with

the fact that (5.3) does not depend on ε̂ allows us to restrict the integration to

a neighbourhood of (x0,n, 0, ix0,n, 0). After the following change of variables:

u = x0,n + ũn−1/2, s = s̃n−1/2, t = ix0,n + t̃n−1/2, r = r̃n−1/2, we obtain

ε1/2 |T (ε,n, z)| ≤ 4n1/2

π3/2

∫
Un

Φn(x0,n + ũn−1/2, s̃n−1/2, ix0,n + t̃n−1/2, r̃n−1/2)×

× exp{−K1ũ
2 −K1t̃

2 − s̃2 − r̃2 +O(n−1/2 log3 n)}+O(e−C log2 n),

where Un = {(ũ, s̃, t̃, r̃) ∈ R4 : |ũ|, |s̃|, |t̃|, |r̃| < log n}. The multiplier n1/2

before the integral will vanish since Φn has a root at the saddle point. More

precisely, the identity in Remark 2.1 implies that φ̃n(x0,n, 0, ix0,n) = O(n−1),

thus |φ̃n(x0,n + ũn−1/2, s̃n−1/2, ix0,n + t̃n−1/2)| ≤ |ϕu||ũ|n−1/2 + |ϕt||it̃|n−1/2 +

O(n−1 log2 n), where ϕu = ∂uφ̃n(x0,n, 0, ix0,n), ϕt = ∂tφ̃n(x0,n, 0, ix0,n), and the
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other multipliers in Φn are bounded in the neighbourhood of (x0,n, 0, ix0,n, 0).

We obtain:

ε1/2 |T (ε, n, z)| ≤C

∫
Ũn

(|ϕu||ũ|+ |ϕt||t̃|) · e−K1ũ
2−K1t̃

2−s̃2−r̃2 dũ dt̃ ds̃ dr̃

and it is easy to check that the integral above is bounded.

A similar result holds for z ∈ E lying outside of D far enough from ∂D.

More precisely,

Proposition 5.4. Fix an arbitrary a > 0, d > 0, and set

Ed,out := {z ∈ E | z /∈ D, dist(z, ∂D) ≥ d}. Then there exist n0 ∈ N and

C > 0 such that ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0, 0 < ε <
a

n
and z ∈ Ed,out.

Proof. Since Ed,out is a compact subset of C \D, we can use the results of

Section 3.1 for Eout = Ed,out.

Similarly to the proof of Proposition 5.3 we obtain that

ε1/2 |T (ε, n, z)| ≤ Cn5/2

∫
V
Φn(x) e

nℜFn(x) dx,

with the same notations as in (5.4). We also change the t-contour and r-

contour as follows:

Lt = L1 ∪ L2 ∪ L′
1 ∪ L′

2, where L1,2 = {((±1 + i)τ, 0 ≤ τ < C1},

L′
1,2 = {(±1 + i)C1 ± τ, τ > 0};

R̃(t) = R1(t) ∪R2(t), where R1(t) = [it,−δ],

R2(t) = {r : r = −δ + ρ, ρ ≥ 0}

(5.9)

The contour Lt here is built similar to t-contour in Section 3.3, but for ε =
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0. One can check that for small u, s, t, r we have

Fn,1(u) = Ln(0)−K2u
2 +O(u4);

Fn,2(s, t, r) = −Ln(0)−K3s
2 − iK2|t|2 −K4|t|4 − r2 +O(|s|3 + |t|6);

where

K2 = 1− trnG(0), K3 = trnG(0), K4 =
1

2
trnG

2(0). (5.10)

Obviously, K2, K3, K4 ≥ C > 0 uniformly in n, hence

Fn,1(u) ≤ Ln(0)− Cn−1 log2 n, when |u| > n−1/2 log n;

ℜFn,2(s, t, r) ≤ −Ln(0)− Cn−1 log2 n, when max{|s|, |r|} > n−1/2 log n

or |t| > n−1/4 log1/2 n,

which shows that we can restrict the integration to |u|, |s|, |r| < n−1/2 log n,

|t| < n−1/4 log1/2 n. After a change of variables u = n−1/2ũ, s = n−1/2s̃,

r = n−1/2r̃, t = n−1/4(±1 + i)t̃± we obtain:

ε1/2 |T (ε, n, z)| ≤ Cn3/4

∫
dũ ds̃ dt̃± dr̃ Φn(x̃)×

× exp{−K2ũ
2 −K3s̃

2 − 4K4t̃
4
± − r̃2 +O(n−1/2 logk n)} +O(e−C log2 n),

It is easy to see that Φn(n
−1/2ũ, n−1/2s̃, n−1/4(1+ i)τ̃ , n−1/2r̃) ≤ Cn−1 since it

has a multiplier u2I1(2au) +
a

n
uI0(2au), thus the integral above is bounded.

Next, we study the case when z is close to the boundary ∂D.

Proposition 5.5. Fix an arbitrary a > 0. Then there exist d > 0, n0 ∈ N

and C > 0 such that ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0, 0 < ε <
a

n
and z ∈

Ed, ∂, where Ed, ∂ = {z ∈ E | dist(z, ∂D) ≤ d}.

Proof. Again, we have ε1/2 |T (ε, n, z)| ≤ Cn5/2

∫
V
Φn(x) e

nℜFn(x) dx, with
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the same notations as in (5.4). We split the proof into four cases:

Case 1. 1 − trnG(0) ≥ n−1/2. In this case change t-contour and r-contour

as in (5.9), then for small u, t, s, r we have

Fn,1(u) = Ln(0)−K2u
2 +O(u4);

Fn,2(s, t, r) = −Ln(0)−K3s
2 − iK2|t|2 −K4|t|4 − r2 +O(|s|3 + |t|6);

where K2,3,4 are defined in (5.10). We have K2 ≥ n−1/2, K3, K4 ≥ C > 0.

Thus the following inequalities hold:

nFn,1(u) ≤ nLn(0)− C log2(K2n), when u > (K2n)
−1/2 log(K2n);

nℜFn,2(s, t, r) ≤ −nLn(0)− C log2 n, when max{|s|, |r|} > n−1/2 log n or

|t| > n−1/4 log1/2 n.

Since K2n ≥ n1/2, the above bounds allow to restrict the integration to the

neighbourhood of the saddle point (0, 0, 0, 0) with the error term of the order

O(e−c log2 n). Make a change u = (K2n)
−1/2ũ, t = n−1/4(±1+ i)t̃±, s = n−1/2s̃,

r = n−1/2r̃, then the multiplier before the integral becomes
Cn3/4

K
1/2
2

. Estimate

the multipliers in Φn(x) as follows:
√

|r − it| = O(n−1/8 logk n);

φ̃n(u, s, t) = φ̃n(0, 0, 0) +O(n−1/2 logk n) +O((K2n)
−1 logk(K2n)) =

= K2
2 +O(n−1/2 logk n);

u2I1(2au) +
a

n
uI0(2au) = O((K2n)

−1 logk(K2n))+

+O(n−1 · (K2n)
−1/2 logk(K2n)) = O((K2n)

−1 logk n).

Thus Φn(x) = O
(
n−1/8 logk n · (K2n

−1 + n−3/2K−1
2 )

)
. We obtain that

ε1/2|T (ε, n, z)| ≤ C
logk n

n1/8
(K

1/2
2 n−1/4 + K

−3/2
2 n−3/4), which is bounded since

n−1/2 ≤ K2 ≤ C.
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Case 2. 0 ≤ 1 − trnG(0) ≤ n−1/2. In this case change t-contour and

r-contour as in (5.9), then for small u, t, s, r we have

Fn,1(u) = Ln(0)−K2u
2 −K4u

4 +O(u6) ≤ Ln(0)−K4u
4 +O(u6);

Fn,2(s, t, r) = −Ln(0)−K3s
2 − iK2|t|2 −K4|t|4 − r2 +O(|s|3 + |t|6);

Since K3,4 ≥ C > 0, the following inequalities hold:

nFn,1(u) ≤ nLn(0)− C log2 n, when u > n−1/4 log1/2 n;

nℜFn,2(s, t, r) ≤ −nLn(0)− C log2 n, when max{|s|, |r|} > n−1/2 log n or

|t| > n−1/4 log1/2 n.

We can restrict the integration to the neighbourhood of the saddle point

(0, 0, 0, 0), make a change u = n−1/4ũ, t = n−1/4(±1 + i)t̃±, s = n−1/2s̃,

r = n−1/2r̃, then the multiplier before the integral is Cn. Estimate the

multipliers in Φn(x) as follows:
√

|r − it| = O(n−1/8 logk n),

φ̃n(u, s, t) = K2
2 +O(n−1/2 logk n) = O(n−1/2 logk n);

u2I1(2au) +
a

n
uI0(2au) = O(n−1/2 logk n) +O(n−1) = O(n−1/2 logk n).

Hence, Φn(x̃) ≤ O(n−1/8 logk n · n−1) and ε1/2|T (ε, n, z)| ≤ Cn−1/8 logk n,

which is bounded.

Case 3. trnG(0) ≥ 1, x0,n ≥ n−1/4. Here we use the fact that equation (3.3)

has exactly one positive root x0,n if trnG(0) ≥ 1. Set hn(t) = −Ln(−t2)− t2.

Similarly to Lemma 3.8, one can check that there exist constants δ, σ, C0 and

a contour L1 which connects points ix0,n + δ(1 + i(1 − x0,n)) and C0 + iC0

satisfying the following conditions:

• 0 < δ < 1, σ > 0, C0 > 0 and log 2C2
0 > Ln(x

2
0,n) + 1;

• δ, σ, C0 do not depend on n;
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• L1 ⊂ {z | ℜz > 0,ℑz ≥ ℜz};

• ℜhn

(
ix0,n + t(1 + i(1 − x0,n))

)
decreases for t ∈ [0, δ], and ℜhn(t) ≤

ℜhn(ix0,n)− σ for t ∈ L1.

Let L2 be a contour symmetric to L1 with respect to imaginary axis. We

change t-contour and r-contour as follows: Lt = L+
0 ∪ L−

0 ∪ L1 ∪ L2 ∪ L′
1 ∪ L′

2,

where L±
0 = [ix0,n, ix0,n+ δ

(
±1+ i(1−x0,n)

)
], L′

1,2 = {(iC0 ± C0 ± τ, τ > 0};

R̃(t) = R1(t)∪R2(t), whereR1(t) = [it,−δ], R2(t) = {r : r = −δ + ρ, ρ ≥ 0}.

For (u, t, s, r) lying in a neighbourhood of (x0,n, ix0,n, 0, 0) and t = ix0,n +

(±1 + i(1− x0,n))τ we have

Fn,1(u) = Ln(x
2
0,n)− x20,n −K1(u− x0,n)

2 +O(|u− x0,n|3);

Fn,2(s, t, r) = −Ln(x
2
0,n) + x20,n −K1(t− ix0,n)

2 − s2 − r2+

+O(|s|3 + |t− ix0,n|3) = −Ln(x
2
0,n) + x20,n −K1(2x0,n − x20,n + i(. . .))τ 2−

− s2 − r2 +O(|s|3 + τ 3)

where K1 is defined in (5.5). Since K1 ≥ cx20,n and for small enough d

ℜ((2x0,n − x20,n + i(. . .)) ≥ cx0,n, the following inequalities hold:

n(Fn,1(u)− Fn,1(x0,n)) ≤ −C log2(nx20,n), |u− x0,n| > (nx20,n)
−1/2 log(nx20,n);

n(ℜFn,2(s, t, r)− Fn,2(0, ix0,n, 0)) ≤ −C log2(nx30,n),

|t− ix0,n| > (nx30,n)
−1/2 log(nx30,n);

n(ℜFn,2(s, t, r)− Fn,2(0, ix0,n, 0)) ≤ −C log2 n, max{|s|, |r|} > n−1/2 log n.

The inequalities nx20,n ≥ n1/2, nx30,n ≥ n1/4 imply that we can restrict the

integration to the neighbourhood of the saddle point u = x0,n, t = ix0,n,

s = 0, r = 0, make a change u = x0,n + (nx20,n)
−1/2ũ, t = ix0,n + (nx30,n)

−1/2·

(±1 + i(1 − x0,n))t̃±, s = n−1/2s̃, r = n−1/2r̃, then the multiplier be-

fore the integral is
Cn1/2

x
5/2
0,n

. Next we estimate the multipliers in Φn(x)
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in the neighbourhood. Obviously,
√

|r − it| ≤ C. For φ̃(u, s, t) we

have φ̃(x0,n, 0, ix0,n) = 0, ∂uφ̃(x0,n, 0, ix0,n) = O(x30,n), ∂tφ̃(x0,n, 0, ix0,n) =

O(x30,n), ∂u∂uφ̃(x0,n, 0, ix0,n) = O(x20,n), ∂u∂tφ̃(x0,n, 0, ix0,n) = O(x20,n),

∂t∂tφ̃(x0,n, 0, ix0,n) = O(x20,n). Thus

|φ̃(u, s, t)| ≤ Cx30,n

( ũ

(nx20,n)
−1/2

+
t̃±

(nx30,n)
−1/2

)
+

+ Cx20,n

( ũ2

(nx20,n)
+

t̃2±
(nx30,n)

)
+ C

( ũ3

(nx20,n)
3/2

+
t̃3±

(nx30,n)
3/2

+
s̃2

n

)
≤

≤ C(n−1/2x
3/2
0,n + n−1x−1

0,n + n−3/2x
−9/2
0,n )P(ũ, t̃±, s̃),

where P(ũ, t̃±, s̃) is a polynomial in ũ, t̃±, s̃. Next, since I1(2au) ≤ Cu,

I0(2au) ≤ C for small u and (nx20,n)
−1/2 ≤ n−1/4 ≤ x0,n, we have

u2I1(2au) +
a

n
uI0(2au) ≤ Cx30,n(1 + ũ3).

This shows that Φn(x̃) ≤ C(n−1/2x
9/2
0,n +n−1x20,n+n−3/2x

−3/2
0,n ) P̃(ũ, t̃±, s̃), thus

ε1/2|T (ε, n, z)| ≤ C
(
x20,n +

1

n1/2x
1/2
0,n

+
1

nx40,n

)
is bounded since x0,n ≥ n−1/4.

Case 4. trnG(0) ≥ 1, x0,n ≤ n−1/4. We change t-contour and r-contour as

in case 3. Denote ak := trnG(xk0,n). Observe that ak ≥ Ck > 0 for each k

uniformly in n and

Fn,1(u) = Ln(u
2)− u2 = Ln(x

2
0,n)− x20,n − 2a2x

2
0,n(u− x0,n)

2−

− (2a2x0,n − 8
3a3x

3
0,n)(u−x0,n)

3 − (12a2 +O(x0,n))(u−x0,n)
4 +O(|u−x0,n|5).

Studying the cases 0 ≤ u ≤ x0,n and x0,n ≤ u ≤ C one can easily show that

Fn,1(u) ≤ Ln(x
2
0,n)− x20,n − (12a2 +O(x0,n))(u− x0,n)

4 +O(|u− x0,n|5),

when 0 ≤ u ≤ C and x0,n is small enough (which is true when d is amsll
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enough). For t = ix0,n + (±1 + i(1− x0,n))τ we have

ℜFn,2(s, t, r) = Ln(x
2
0,n)− x20,n − 2a2x

2
0,n(2x0,n +O(x20,n))τ

2−

− (4a2x0,n +O(x20,n))τ
3 − (2a2 +O(x0,n))τ

4 − s̃2 − r̃2 +O(τ 5 + |s̃|3) ≤

≤ Ln(x
2
0,n)− x20,n − (2a2 +O(x0,n))τ

4 − s̃2 − r̃2 +O(τ 5 + |s̃|3).

Since a2 ≥ C > 0, then the following inequalities hold:

n(Fn,1(u)−Fn,1(x0,n)) ≤ −C log2 n, when |u− ix0,n| > n−1/4 log1/2 n;

n(ℜFn,2(s, t,r)− Fn,2(0, ix0,n, 0)) ≤ −C log2 n, when

max{|s|, |r|} > n−1/2 log n or |t− ix0,n| > n−1/4 log1/2 n.

We can restrict the integration to the neighbourhood of the saddle point,

make a change u = x0,n + n−1/4ũ, t = ix0,n + n−1/4(±1 + i(1 − x0,n))t̃±,

s = n−1/2s̃, r = n−1/2r̃, then the multiplier before the integral is Cn. Estimate

the multipliers in Φn(x) as follows:
√

|r − it| ≤ C;

φ̃n(u, s, t) ≤ C(n−1/4ũ+ n−1/4t̃± + n−1s̃2);

u2I1(2au) +
a

n
uI0(2au) ≤ C(x0,n+n−1/4ũ)3 +

C

n
(x0,n+n−1/4ũ) ≤ Cn−3/4P(ũ).

Hence, Φn(x̃) ≤ Cn−1P̃(ũ, t̃±, s̃), and ε1/2|T (ε, n, z)| is bounded.

5.2. Case ε > a/n

Proposition 5.6. Fix an arbitrary d > 0, and set Ed,in = {z ∈ E | z ∈ D,

dist(z, ∂D) ≥ d}. Then there exist n0 ∈ N, a > 0 and C > 0 such that

ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0,
a

n
< ε < ε0 and z ∈ Ed,in.

Proof. Since Ed,in is a compact subset of IntD, we can use the results of

Section 3.1 for Ein = Ed,in. We want to prove that ε1/2 |T (ε, n, z)| = O(1) as
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n → ∞ and nε → ∞.

Make the same change of variables as in Section 3.2: r = R + it+ ε ∈

R(t), where R(t) = {−it − ε + τ, τ > 0}, u =
√

u21 + u22 ∈ [0,+∞),

w =
√
u1 + u ∈ [0,

√
2u]. We obtain

ε1/2T (ε, n, z) =
16n3

√
ε

π3

∫
V
Φn(x) exp{nFn(x)} dx,

where

x = (u, s, t, r, v, w), V = [0,+∞)× R× L×R(t)× R× [0,
√
2u],

Fn(x) = Fn,1(u) + Fn,2(s, t, r)− εv2 − 2εw2,

Fn,1(u) = Ln(u
2)−(u−ε)2, Fn,2(s, t, r) = −Ln(s

2−t2)−(t−iε)2 − r2,

φ̃n(u, s, t) = φn(u
2, s2 − t2, z, z),

Φn(x) =
r − it− ε√

v2 + 4(r − it− ε)
· u√

2u− w2
· φ̃n(u, s, t) · (u− w2 − ε).

(5.11)

As in Section 3.2, we can change t-contour, r-contour and expand Fn,1 and

Fn,2 as follows:

Fn,1(u) = Ln(x
2
ε,n)− (xε,n − ε)2 − κ1(u−xε,n)

2 +O
(
(u− xε,n)

3
)
,

Fn,2(s, t, r) = −Ln(x
2
ε,n) + (xε,n − ε)2 − κ1(t− ixε,n)

2 − κ3s
2 − r2+

+O(|t− ixε,n|3 + |s|3),

(5.12)

where κ1,3 are defined in (3.7), (3.20). Proposition 3.2 shows that

κ1, κ3 ≥ C > 0, then we can make the following estimations:

Fn,1(u) ≤ Fn,1(xε,n)− Cn−1 log2 n when |u− xε,n| > n−1/2 log n;

ℜFn,2(s, t, r) ≤ ℜFn,2(0, ixε,n,0)− Cn−1 log2 n when

max{|s|, |t− ixε,n|, |r|} > n−1/2 log n.

(5.13)
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Now split the integration area into three parts:

Ṽ = V1 ⊔ V2 ⊔ V3,

V1 := {x ∈ Ṽ : |v|, |w| < (nε)−1/2 log(nε), |u|, |s|, |t|, |r| < n−1/2 log n},

V2 := {x ∈ Ṽ : max{|v|, |w|} > (nε)−1/2 log(nε), |u|, |s|, |t|, |r| < n−1/2 log n},

V3 := {x ∈ Ṽ : max{|u|, |s|, |t|, |r|} > n−1/2 log n}

Then we can write

ε1/2T (ε, n, z) =
(Cn2(nε)

ε1/2

∫
V1

+
Cn2(nε)

ε1/2

∫
V2

+Cn3
√
ε

∫
V3

)
Φn(x) e

nFn(x) dx.

Integration over V3. Note that for n ≥ 2n0 we have∣∣∣4n3
√
ε

π3

∫
V3

∣∣∣ ≤ 4n3
√
ε

π3
· e−C log2 n

∫
Ṽ
|Φn(x)|en0ℜFn(x) dx.

One can check that the integral above is bounded uniformly in n, ε.

Integration over V2. Make a change of variables u = xε,n + n−1/2ũ,

s = n−1/2s̃, t = ixε,n + n−1/2t̃, r = n−1/2r̃. Notice that −(nε)v2 − 2(nε)w2 ≤

−v2 − 2w2 − C log2(nε) when max{|v|, |w|} > (nε)−1/2 log(nε) and nε ≥ 2,

thus∣∣∣Cn2(nε)

ε1/2

∫
V2

∣∣∣ ≤ C(nε) e−C log2(nε)

ε1/2

∫
|Φn(x)|×

× exp{n(Fn,1(u) + ℜFn,2(s, t, r))− v2 − 2w2} dũ ds̃ dt̃ dr̃ dv dw.

Recall the definition of Φn and the inequality 0 ≤ w2 ≤ 2u, then

|Φn(x)| ≤ C
√

|r − it− ε| · u√
2u− w2

· (u+ ε) · |φ̃n(u, s, t)|.
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Using this estimation and integrating over v, w, we obtain

∣∣∣Cn2(nε)

ε1/2

∫
V2

∣∣∣ ≤ C(nε) e−C log2(nε)

ε1/2

∫ √
|r − it− ε| · u(u+ ε) · e−2uI0(2u)×

× |φ̃n(u, s, t)| · exp{n(Fn,1(u) + Fn,2(s, t, r))} dũ ds̃ dt̃ dr̃ ≤

≤C(nε) e−C log2(nε)

ε1/2

∫
|φ̃n(u, s, t)| exp{n(Fn,1(u) + Fn,2(s, t, r))} dũ ds̃ dt̃ dr̃

Next we expand φ̃n(u, s, t) in the neighbourhood of (xε,n, 0, ixε,n):

φ̃n(u, s, t) = φ̃n(xε,n, 0, ixε,n) + n−1/2(ϕuũ+ ϕtt̃) +O(n−1 log2 n), (5.14)

where ϕu = ∂uφ̃n(xε,n, 0, ixε,n), ϕt = ∂tφ̃n(xε,n, 0, ixε,n) are bounded. Re-

mark 2.1 gives us φ̃n(xε,n, 0, ixε,n) =
ε2

x2ε,n
+2εxε,n ·trnG2(x2ε,n) = O(ε). Finally,

using expansion (5.12), we obtain∣∣∣Cn2(nε)

ε1/2

∫
V2

∣∣∣ ≤ C(nε) e−C log2(nε) · ε−1/2

∫
dũ ds̃ dt̃ dr̃×

×
(
O(ε) +

|ϕu||ũ|+ |ϕt||t̃|
n1/2

+O(n−1 log2 n)
)
e−

κ1

2 ũ2−κ1

2 t̃2−κ3

2 s̃2−r̃2 =

= C(nε) e−C log2(nε)
(
O(ε1/2) +O((nε)−1/2)

)
,

(5.15)

which is bounded uniformly in ε ≤ ε0, n ≥ n0, nε ≥ a.

Integration over V1. Make a change of variables u = xε,n + ũ1n
−1/2,

t = ixε,n + t̃n−1/2, s = s̃n−1/2, r = r̃n−1/2, v = ṽ(nε)−1/2, w = w̃(nε)−1/2.

According to Section 3.1, xε,n ≥ κ0 > 0, thus
√
2u− w2 ≥ C > 0 in the

neighbourhood. Then |Φn(x)| ≤ C · |φ̃n(u, s, t)| and we can expand φ̃n as

in (5.14). We obtain∣∣∣Cn2(nε)

ε1/2

∫
V1

∣∣∣ ≤ ε−1/2

∫ (
O(ε) + n−1/2(|ϕu||ũ|+ |ϕt||t̃|) +O(n−1 log2 n)

)
×

× e−
κ1

2 ũ2−κ1

2 t̃2−κ3

2 s̃2−r̃2−ṽ2−2w̃2

dũ ds̃ dt̃ dr̃ dṽ dw̃ = O(ε1/2) +O((nε)−1/2)

which is bounded uniformly in ε ≤ ε0, n ≥ n0, nε ≥ a.
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Proposition 5.7. Fix an arbitrary d > 0, and set Ed,out := {z ∈ E | z /∈

D, dist(z, ∂D) ≥ d}. Then there exist n0 ∈ N, a > 0 and C > 0 such that

ε1/2 |T (ε, n, z)| ≤ C for n ≥ n0,
a

n
< ε < ε0 and z ∈ Ed,out.

Proof. Introduce the averaging:

〈〈
f(u1)

〉〉
=

2n3

π3

∫ ∞

0

dR

∫ ∞

−∞
dv du1 du2 ds

∫
L

dt · R√
v2 + 4R

· f(u1)×

× φn(u
2
1+u22, s

2 − t2, z, z) · exp
{
n
(
Ln(u

2
1+u22)− (u1 + ε)2 − u22

)}
×

× exp
{
−n

(
Ln(s

2 − t2) + (t− iε)2 + (R + it+ ε)2 + εv2
)}

,

(5.16)

Then

ε1/2 T (ε, n, z) = −2ε1/2
〈〈
u1 + ε

〉〉
= 2ε1/2(xε,n − ε)

〈〈
1
〉〉
− 2ε1/2

〈〈
u1 + xε,n

〉〉
Identity (2.1) implies that

〈〈
1
〉〉

= Z(ε, ε, z, z) = 1, hence it suffices to prove

that ε1/2
∣∣ 〈〈u1 + xε,n

〉〉 ∣∣ is bounded. Having ε1/2
〈〈
u1 + xε,n

〉〉
one can change

t-contour and r-contour as in Section 3.3. For t ∈ Lt, r ∈ R̃(t) we have∣∣∣ r − it− ε√
v2 + 4(r − it− ε

∣∣∣ ≤ 1

2

√
|r − it− ε|. Next we integrate with respect to v

and obtain ε1/2
∣∣〈〈u1 + xε,n

〉〉∣∣ ≤ Cn5/2

∫
V
Φ̂n(x) exp{n F̂n(x)} dx, where

Fn,1(u1, u2) = Ln(u
2
1 + u22)− (u1 + ε)2 − u22,

Fn,2(s, t, r) = −
(
Ln(s

2 − t2) + (t− iε)2 + r2
)
,

F̂n(x) = Fn,1(u1, u2) + Fn,2(s, t, r),

φ̃n(u1, u2, s, t) = φn(u
2
1 + u22, s

2 − t2, z, z),

Φ̂n(x) = |u1 + xε,n|
√

|r − it− ε| · |φ̃n(u1, u2, s, t)|.

(5.17)
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We have the following expansions:

Fn,1(u1, u2) = Ln(x
2
ε,n)−(xε,n−ε)2−κ1(u+xε,n)

2−κ2u
2
2 +O(|u1+xε,n|3+|u2|3);

Fn,2(s, t, r) = −Ln(x
2
ε,n) + (xε,n − ε)2 − (κ3s

2 + κ4τ
2 + κ5τ

3 + κ6τ
4 + r2)+

+O(|s|3 + τ 5),

where t = ixε,n + (±1 + i(1 + ε − xε,n))τ , κ1, κ2, κ3, κ4 are defined in (3.7),

(3.22), (3.20), (3.23), and

ℜκ5 = 4xε,n · trnG2(x2ε,n) +O(x2ε,n), κ6 = 2 · trnG2(x2ε,n) +O(x2ε,n). (5.18)

Proposition 3.4 shows that κ1,2,3 ≥ C > 0, κ4,5 ≥ Cε > 0, κ6 ≥ C > 0. We

obtain the following inequalities:

Fn,1(u1, u2) ≤Fn,1(−xε,n, 0)−Cn−1 log2 n, max{|u1−xε,n|, |u2|} > n−1/2 log n;

ℜFn,2(s, t, r) ≤ Fn,2(0, ixε,n, 0)− Cn−1 log2 n, when

max{|s|, |r|} > n−1/2 log n or |t− ixε,n| > n−1/4 log1/2 n.

This shows that we can restrict the integration to the neighbourhood. Make

a change u1 = −xε,n + n−1/2ũ1, u2 = n−1/2ũ2, s = n−1/2s̃, r = n−1/2r̃,

t = ixε,n+n−1/4(1+i(1+ε−xε,n))t̃± and notice that the multiplier |u1 + xε,n|

in Φ̂n is equal to n−1/2|ũ1|, thus∣∣∣Cn5/2

∫
V1

Φ̂n(x) exp{nF̂n(x)} dx
∣∣∣ ≤ Cn−1/4×

×
∫

|ũ1| exp{−κ1

2 ũ
2
1 − κ2

2 ũ
2
2 − κ3

2 s̃
2 − κ6

2 t̃
4
± − r̃2} dũ1 dũ2 ds̃ dt̃± dr̃ dṽ,

and the integral is bounded.

Proposition 5.8. There exist d > 0, n0 ∈ N, a > 0 and C > 0 such

that ε3/4 |T (ε, n, z)| ≤ C for n ≥ n0,
a

n
< ε < ε0 and z ∈ Ed,∂, where

Ed,∂ = {z ∈ E | dist(z, ∂D) ≤ d}.
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Proof. We split the proof into two cases:

Case 1. trnG(0) ≥ 1. Let xε,n be the positive root of (3.1). According to

Section 3.1, we have cε1/3 ≤ xε,n ≤ C for some c, C > 0. As in Proposition 5.6

we obtain ε3/4T (ε, n, z) =
16n3ε3/4

π3

∫
V
Φn(x) exp{nFn(x)} dx, with the same

notations as in (5.11). Change t-contour and r-contour as in Section 3.3 and

make the estimations:
∣∣∣ r − it− ε√

v2 + 4(r − it− ε)

∣∣∣ ≤
√

|r − it− ε|; u√
2u− w2

·

(u−w2 − ε) ≤ u(u+ ε) · 1√
2u− w2

. Now we can integrate with respect to v,

w. One can show that∫
e−nεv2 dv =

√
π

nε
;

∫ √
2u

0

e−2nεw2

√
2u− w2

dw =
π

2
e−2nεuI0(2nεu),

where I0(x) is a modified Bessel function. Asymptotic formulas for I0(x)

imply that e−xI0(x) ≤
C√
x
for all x ≥ 0 and some C > 0. We can apply the

inequality e−2nεuI0(2nεu) ≤
C√
2nεu

to obtain

ε3/4 |T (ε, n, z)| ≤ Cn2ε−1/4

∫
V
Φ̂n(x) exp{n F̂n(x)} dx, (5.19)

where

x = (u, s, t, r), V = [0,+∞)× R× L×R(t),

Fn,1(u) = Ln(u
2)− (u− ε)2, Fn,2(s, t, r) = −Ln(s

2 − t2)− (t− iε)2 − r2,

F̂n(x) = Fn,1(u) + Fn,2(s, t, r), φ̃n(u, s, t) = φn(u
2, s2 − t2, z, z),

Φ̂n(x) =
√

|r − it− ε| ·
√
u(u+ ε) · |φ̃n(u, s, t)|.

Consider the following subcases:

Subcase 1a. Suppose ε1/4 ≤ xε,n ≤ C. For (u, t, s, r) lying in a neighbour-
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hood of (xε,n, ixε,n, 0, 0) and t = ixε,n + (±1 + i(1 + ε− xε,n))τ we have

Fn,1(u) = Ln(x
2
ε,n)− (xε,n − ε)2 − κ1(u− xε,n)

2 +O((u− xε,n)
3);

Fn,2(s, t, r) = −Ln(x
2
ε,n) + (xε,n − ε)2 − κ4τ

2 − κ5τ
3 − κ6τ

4 − κ3s
2 − r2+

+O(|s|3 + |t− ixε,n|5).

where κ1, κ2, κ3, κ4 are defined in (3.7), (3.22), (3.20), (3.23) and κ5, κ6 satisfy

(5.18). It is easy to see that κ1 ≥ Cx2ε,n, κ3 ≥ C, κ4 ≥ Cx3ε,n. Thus the

following inequalities hold:

nFn,1(u) ≤ nFn,1(xε,n)−C log2(nx2ε,n), |u− xε,n| > (nx2ε,n)
−1/2 log(nx2ε,n);

nℜFn,2(s, t, r) ≤ nFn,2(0, ixε,n, 0)− C log2(nx3ε,n),

|t− ixε,n| > (nx3ε,n)
−1/2 log(nx3ε,n);

nℜFn,2(s, t, r) ≤ nFn,2(0, ixε,n, 0)− C log2 n, max{|s|, |r|} > n−1/2 log n.

Since nx2ε,n ≥ nε1/2 ≥ cn1/2 and nx3ε,n ≥ nε3/4 ≥ cn1/4, the above bounds

allow to restrict the integration to the neighbourhood of the saddle point.

Make a change u = xε,n + (nx2ε,n)
−1/2ũ, t = ixε,n + (nx3ε,n)

−1/2(±1 + i(1 +

ε − xε,n))t̃±, s = n−1/2s̃, r = n−1/2r̃, then the multiplier before the integral

is
C

ε1/4x
5/2
ε,n

. One can compute the derivatives of φ̃n(u, t, s) and check that

φ̃n(xε,n, ixε,n, 0) ≤ Cεxε,n, the derivatives of the first order at (xε,n, ixε,n, 0)

are O(x3ε,n), the derivatives of the second order at (xε,n, ixε,n, 0) are O(x2ε,n),

the derivatives of the third order at (xε,n, ixε,n, 0) are O(xε,n) and the deriva-

tives of the fourth order and higher at (xε,n, ixε,n, 0) are O(1). Thus

|φ̃n(u, t, s)| ≤
(
εxε,n +

x3ε,n
(nx3ε,n)

1/2
+

x2ε,n
(nx3ε,n)

+
xε,n

(nx3ε,n)
3/2

+
1

(nx3ε,n)
2
+

1

n1/2

)
×

× P(ũ, t̃±, s̃),
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where P(ũ, t̃±, s̃) is a polynomial. The inequality
1

(nx2ε,n)
1/2

≤ Cε1/2

xε,n
≤ Cxε,n

shows that u = xε,n + (nx2ε,n)
−1/2ũ ≤ Cxε,n(1 + |ũ|). Using the bounds on φ̃,

u and the fact that
a

n
< ε, we obtain:

ε3/4|T (ε, n, z)| ≤ C(ε3/4 + ε1/4x1/2ε,n + ε3/4x−2
ε,n + ε5/4x−9/2

ε,n + ε7/4x−7
ε,n + ε1/4x−1

ε,n),

which is bounded, since ε1/4 ≤ xε,n ≤ C.

Subcase 1b. Suppose that ε > n−1/2. Then the inequality xε,n ≥ cε1/3 >

cn−1/6 shows that nx2ε,n > cn2/3 and nx3ε,n > cn1/2. Then we can restrict the

integration to the same neighbourhood as in Subcase 1a and make the same

change of variables. Moreover,
1

(nx2ε,n)
1/2

≤ Cε

xε,n
≤ Cxε,n. Using ε > n−1/2 ⇔

n−1 < ε2, we get

ε3/4|T (ε, n, z)| ≤ C(ε3/4+ε3/4x1/2ε,n+ε7/4x−2
ε,n+ε11/4x−9/2

ε,n + ε15/4x−7
ε,n + ε3/4x−1

ε,n),

which is bounded since cε1/3 ≤ xε,n ≤ C.

Subcase 1c. Suppose
a

n
< ε <

1

n1/2
, cε1/3 ≤ xε,n ≤ ε1/4. For t = ixε,n +

(±1 + i(1 + ε− xε,n))τ we have

ℜFn,2(s, t, r) ≤ −Ln(x
2
ε,n) + (xε,n − ε)2 −ℜκ6τ

4 − κ3s
2 − r2 +O(|s|3 + τ 5).

Since κ1 ≥ Cx2ε,n, κ3,ℜκ6 ≥ C > 0, then the following inequalities hold:

nFn,1(u) ≤ nFn,1(xε,n)− C log2(nx2ε,n), |u−xε,n| > (nx2ε,n)
−1/2 log(nx2ε,n);

nℜFn,2(s, t, r) ≤ nFn,2 − C log2 n, max{|s|, |r|} > n−1/2 log n or

|t− ixε,n| > n−1/4 log1/2 n.

We have nx2ε,n ≥ nε2/3 ≥ cn1/3, thus the above bounds allow to restrict
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the integration to the neighbourhood of the saddle point. Make a change

u = xε,n + (nx2ε,n)
−1/2ũ, t = ixε,n + n−1/4(±1 + i(1 + ε− xε,n))t̃±, s = n−1/2s̃,

r = n−1/2r̃, then the multiplier before the integral is
Cn1/4

ε1/4xε,n
. An argument

similar to the one in Subcase 1a allows to make the following estimation:

|φ̃n(u, t, s)| ≤ C
(
εxε,n +

x3ε,n
n1/4

+
x2ε,n
n1/2

+
1

n
+

xε,n
n3/4

+
xε,n

(nx2ε,n)
3/2

+
1

(nx2ε,n)
2

)
×

× P(ũ, t̃±, s̃)

where P(ũ, t̃±, s̃) is a polynomial. We also know that
√
u(u + ε) ≤ C for u

lying in the neighbourhood of xε,n. Using
a

n
< ε, we obtain:

ε3/4|T (ε, n, z)| ≤ C
(
n1/4ε3/4 +

x2ε,n
ε1/4

+ xε,n +
ε1/2

xε,n
+ ε1/4 +

ε

x3ε,n
+

ε3/2

x
9/2
ε,n

)
,

which is bounded, since cε1/3 ≤ xε,n ≤ x1/4ε,n and ε <
1

n1/2
⇔ n1/4 <

1

ε1/2
.

Case 2. trnG(0) < 1. Let xε,n be the positive root of (3.1). According to

Proposition 3.5, we have (1+ c)ε ≤ xε,n ≤ Cε1/3 for some c, C > 0. Similarly

to Proposition 5.7 we define
〈〈
f(u1, u2, t, s, R, v)

〉〉
and make the estimation

ε3/4
∣∣〈〈u1 + xε,n

〉〉∣∣ ≤ Cn5/2ε1/4
∫
V
Φ̂n(x) exp{n F̂n(x)} dx,

with the same notations as in (5.17). We have the following expansions:

Fn,1(u1, u2) =Ln(x
2
ε,n)− (xε,n − ε)2 − κ1(u+ xε,n)

2 − κ̃2u
2
2+

+O(|u1 + xε,n|3 + |u2|3);

Fn,2(s, t, r) =− Ln(x
2
ε,n) + (xε,n − ε)2 − (κ3s

2 + κ4τ
2 + κ5τ

3 + κ6τ
4 + r2)+

+O(|s|3 + |τ |5),

where t = ixε,n+(±1+i(1+ε−xε,n))τ , κ1, κ2, κ3, κ4 are defined in (3.7), (3.22),

(3.20), (3.23) and κ5, κ6 satisfy (5.18). It is easy to see that κ1 ≥ Cε/xε,n,
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κ3 ≥ C, ℜκ4,5 > 0, ℜκ6 ≥ C > 0. Thus

nFn,1(u1, u2) ≤ nFn,1(xε,n, 0)− C log2(nε/xε,n),

max{|u1 + xε,n|, |u2|} > (nε/xε,n)
−1/2 log(nε/xε,n),

nℜFn,2(s, t, r) ≤ nFn,2(0, ixε,n, 0)− C log2 n, max{|s|, |r|} > n−1/2 log n,

nℜFn,2(s, t, r) ≤ nFn,2(0, ixε,n, 0)− C log2 n, |t− ixε,n| > n−1/4 log1/2 n.

Since nε/xε,n ≥ cnε2/3 ≥ cn1/3, the above bounds allow to restrict the integra-

tion to the neighbourhood. Make a change u1 = −xε,n+(nε/xε,n)
−1/2ũ1, u2 =

(nε/xε,n)
−1/2ũ2, t = ixε,n+n−1/4(±1+i(1+ε−xε,n))t̃±, s = n−1/2s̃, r = n−1/2r̃,

then the multiplier before the integral is C
n5/2ε1/4

n5/4(nε/xε,n)
. One can com-

pute the derivatives of φ̃n(u1, u2, s, t) and check that φ̃n(−xε,n, 0, 0, ixε,n) ≤

C(ε/xε,n)
2, the derivatives of the first order at (−xε,n, 0, 0, ixε,n) are O(ε),

the derivatives of the second order at (−xε,n, 0, 0, ixε,n) are O(ε/xε,n) and the

derivatives of the third order and higher at (−xε,n, 0, 0, ixε,n) are O(1). Thus

|φ̃n(u1, u2, s, t)| ≤ C
(
ε2x−2

ε,n +
ε

n1/4
+

ε1/2x
1/2
ε,n

n1/2
+

ε

n1/2xε,n
+

1

n3/4
+

x
3/2
ε,n

n3/2ε3/2

)
×

× P(ũ, t̃±, s̃)

where P(ũ, t̃±, s̃) is a polynomial. Observe that |u1 + xε,n| =
|ũ1|

(nε/xε,n)1/2
.

Thus we can write

ε3/4
∣∣〈〈u1 + xε,n

〉〉∣∣ ≤ Cn5/2ε1/4

n5/4( nε
xε,n

)3/2

∫
V
|ũ1| · |φ̃n(u1, u2, t, s)| exp{n F̂n(x̃)} dx ≤

≤ C

(nε)1/4
·
(
εx−1/2

ε,n +
x
3/2
ε,n

n1/4
+

x2ε,n
(nε)1/2

+
x
1/2
ε,n

n1/2
+

x
3/2
ε,n

(nε)3/4ε1/4
+

x3ε,n
(nε)3/2ε

)
,

which is bounded, since (1 + c)ε ≤ xε,n ≤ Cx1/3ε,n and ε >
a

n
.



Chapter 6

Rate of convergence

In this chapter we provide a proof of Theorem 0.3. We split proof into

three parts using the following inequality:

∣∣∣EHn

{1

n

n∑
j=1

h(zj)
}
−
∫

h(z)ρ(z)d2z
∣∣∣ ≤

≤
∣∣∣EHn

{1

n

n∑
j=1

h(zj)
}
−
∫

h(z)ρε,n,ω(z)d
2z
∣∣∣+

+

∫
|h(z)| |ρε,n,ω(z)−ρ̂ε,n,ω(z)|d2z +

∫
|h(z)| |ρ̂ε,n,ω(z)−ρε,ω(z)|d2z+

+

∫
|h(z)| · |ρε,ω(z)− ρ̂ω(z)|d2z

(6.1)

where ρ̂ε,n,ω(z) =
1

π

( |trn(An − z)G2(x2ε,n)|2

trnG2(x2ε,n) + ε/(2x3ε,n)
+ x2ε,n · trnG(x2ε,n)G̃(x2ε,n)

)
.

Take ε = n−2/5. In order to estimate the first summand, observe that

lim
ε→0

∫
h(z)ρε,n,ω(z)d

2z = EHn

{1

n

n∑
j=1

h(zj)
}

uniformly in n according to

Proposition 1.1, and Theorem 5.1 shows that

∣∣∣EHn

{1

n

n∑
j=1

h(zj)
}
−

∫
h(z)ρε,n,ω(z)d

2z
∣∣∣ ≤ Cε1/2 = Cn−1/5.

To estimate |ρε,n,ω(z)− ρ̂ε,n,ω(z)|, we adjust the argument in Section 3.2 and

Proposition 3.10 for ε = n−2/5 instead of fixed ε. As in Section 3.2, we have
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Ign = Cn3

∫
V
Φn(x) e

nFn(x) dx, where

x = (u, s, t, r, v, w), V = [0,+∞)× R× Lt ×R(t)× R× [0,
√
2u],

Fn,1(u) = Ln(u
2)− (u− ε)2, Fn,2(s, t, r) = −

(
Ln(s

2 − t2) + (t− iε)2 + r2
)
,

Fn(x) = Fn,1(u) + Fn,2(s, t, r)− 2εw2 − εv2,

Φn(x) =
r − it− ε√

v2 + 4r − 4it− 4ε
· u√

2u− w2
· gn(u2, s2 − t2).

We can change contours as in Section 3.2, since xε,n ≥ κ0 > 0. It is easy to

check that

nFn,1(u) ≤ nFn,1(xε,n)− C log2 n, |u− xε,n| > n−1/2 log n,

nℜFn,2(s, t, r) ≤ nFn,2(0, ixε,n, 0)−C log2 n,

max{|t− ixε,n|, |s|, |r|} > n−1/2 log n,

−nεv2 − 2nεw2 ≤ C log2(nε), max{|v|, |w|} > (nε)−1/2 log(nε).

Since nε = n3/5, we can restrict the integration to a neighbour-

hood: |u − xε,n|, |s|, |t − ixε,n|, |r| < n−1/2 log n, |v| < (nε)−1/2 log(nε),

0 ≤ w < (nε)−1/2 log(nε). Make a change u = xε,n + n−1/2ũ, s = n−1/2s̃,

t = ixε,n + n−1/2t̃, r = n−1/2r̃, v = (nε)−1/2ṽ, w = (nε)−1/2w̃. Observe that

Φn(x̃) = αn,εgn(x
2
ε,n, x

2
ε,n) + n−1/2P1(ũ, t̃, r̃) + n−1P2(ũ, t̃, r̃, s̃)+

+ (nε)−1Q2(ṽ, w̃) +O((nε)−3/2 log3(nε)),

enFn(x̃) = e−κ1ũ
2−κ1t̃

2−κ3s̃
2−r̃2−εṽ2−2εw̃2 ·

(
1 + n−1/2P3(ũ, t̃, s̃) +O(n−1 log4 n)

)
,

Φn(x̃) e
nFn(x̃) =

(
αn,εgn(x

2
ε,n, x

2
ε,n) + n−1/2(R1(x̃) +R3(x̃))+

+ n−1(R2(x̃) +R4(x̃)) + (nε)−1Q̂2(ṽ, w̃) +O((nε)−3/2 log3(nε))
)
×

× e−κ1ũ
2−κ1t̃

2−κ3s̃
2−r̃2−εṽ2−2εw̃2
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where P1,2,3, R1,2,3,4, Q2, Q̂2 are homogeneous polynomials with bounded co-

efficients, degPk = k, degRk = k, degQ2 = Q̂2 = 2. Taking into account

that

∫
u2k+1e−cu2

du = 0, we obtain

Ign =
C

ε

∫
V
Φn(x̃) e

nFn(x̃) dx̃ =
C

ε

(
βε,ngn(x

2
ε,n, x

2
ε,n) +O((nε)−1)

)
=

= C(ε, n, z)gn(x
2
ε,n, x

2
ε,n) +O(n−1ε−2) = C(ε, n, z)gn(x

2
ε,n, x

2
ε,n) +O(n−1/5)

Taking gn(·) = φn(·, z, z) and applying the same argument as in Section 3.2,

we obtain

Ign =
gn(x

2
ε,n, x

2
ε,n)

φn(x2ε,n, x
2
ε,n, z, z)

+O(n−1/5)

The last identity gives us (3.25) with α = 1/5. We can also adjust the proof

of Proposition 3.10 the same way and obtain (3.26) with α = 1/5. Thus, in

(3.31) we have

ρε,n,ω(z) =
1

π

(|trn(An − z)G2(x2ε,n)|2

trnG2(x2ε,n)+ε/(2x3ε,n)
+ x2ε,n · trnG(x2ε,n)G̃(x2ε,n)

)
+O(n−1/5) =

= ρ̂ε,n,ω(z) +O(n−1/5),

which gives as an estimation of the second summand in (6.1).

Finally, one can use the relations (4.3) and (4.4), condition (C6)

and Proposition 3.2 to obtain that |ρ̂ε,n,ω(z) − ρε,ω(z)| ≤ Cn−1/5 and

|ρε,ω(z)− ρ̂ω(z)| ≤ Cε = Cn−2/5, which finishes the proof.



Conclusions

Evidently, if it is known that the limiting density of Xn can be found as a

double limit

ρ(z) = lim
ε→0

lim
n→∞

1

4πn
∆EHn

{
log det(Y (z) + ε2)

}
(6.2)

then supersymmetric integration method provides a plan of computing

this double limit by deriving an integral representation of Z(ε, ε, z, z1) =

EHn

{
det(Y (z1) + ε21)

det(Y (z) + ε2)

}
. However, the verification of (6.2) turned out to be

a rather complicated problem. It is a usual problem in non-hermitian case,

and the most common way to resolve it is to obtain a bound on the smallest

eigenvalue of Xn. We used another approach.

One can compare the result obtained in this paper with the result of [31].

The first major difference lies in the conditions on An. If one translate the

conditions in [31] into the language of matrices, they roughly mean that the

normalised counting measure of An should converge. In this paper we only

need the normalised counting measure of (An − z)(An − z)∗ to converge in

a ‘nice’ way, with some additional condition (C5) on convergence of non-

hermitian components. The second major difference is that Free Probability

Theory does not allow to estimate the rate of convergence, which is done in

this paper in Section 6.

We got a polynomial estimation on the convergence of NCM of order n−1/5.

This bound does not seem to be the optimal one, since for such ensembles

the right bound is usually of order n−1 or n−1/2. However, there are some

tricks, which allow to stricten the bound (for example, in [22, Section 11.3]).
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