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1 Âñòóï

Ó äàíié ðîáîòi ìè äîñëiäæó¹ìî êîððåêòíó ðîçâ'ÿçíiñòü çàäà÷i äèíàìi-

êè áàëêè, ÿêà ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí: îäíà ÷àñòèíà äåìïôîâàíà ñòðó-

êóðíèì äåìïiíãîì, òîäi ÿê äðóãà � íi. Ìàòåìàòè÷íà ìîäåëü, ðîçðîáëåíà äëÿ

îïèñó öi¹¨ çàäà÷i, íàçèâà¹òüñÿ çàäà÷åþ êîíòàêòó. Âîíà çàäà¹òüñÿ ñèñòåìîþ

äèôåðåíöiàëüíèõ ðiâíÿíü ç ÷àñòèííèìè ïîõiäíèìè, øóêàíîþ ôóíêöi¹þ â

ÿêié ¹ ïîïåðå÷íå âiäõèëåííÿ áàëêè. Îñíîâíèì ïèòàííÿì, ÿêå ìè ðîçãëÿ-

íåìî, áóäå êîðåêòíà ðîçâ'ÿçíiñòü â çàëåæíîñòi âiä õàðàêòåðó äåìïiíãó â

ïåðøié ÷àñòèíi áàëêè, òà íåëiíiéíîñòåé, à òàêîæ ÷èñåëüíå ìîäåëþâàííÿ

ðîçâ'ÿçêiâ.

Ïîäiáíi çàäà÷i âèâ÷àëèñÿ ç òî÷êè çîðó íàÿâíîñòi åêñïîíåíöiàëüíî¨ øâèäêî-

ñòi ñïàäàííÿ åíåðãi¨ äî íóëÿ, äèâ. [4], [10]. Íåëiíiéíi âàðiàíòè îäíîâèìiðíèõ

çàäà÷ öüîãî êëàñó ðîçãëÿíóòî ó [15], [11]. Ó ðîáîòàõ [7], [8] âiäíàéäåíî, ùî ó

âèïàäêó äâîâèìiðíèõ ïëàñòèí ðåçóëüòàò çáåðiãà¹òüñÿ, òîáòî åíåðãiÿ ñïàäà¹

åêñïîíåíöiéíî çà ÷àñîì, ùî ïðÿìó¹ äî íåñêií÷åííîñòi. Ó íàéïiçíiøèõ ñòàò-

òÿõ [12], [13] ðîçãëÿíóòî ëiíiéíi çàäà÷i êîíòàêòó äëÿ áàëîê ç òåðìîïðóæíîþ

òà â'ÿçêîïðóæíîþ ÷àñòèíàìè âiäïîâiäíî; ïîêàçàíî åêñïîíåíöiéíó ñòàáiëi-

çàöiþ ðîçâ'ÿçêiâ ç ëîêàëiçîâíèì äåìïiíãîì. Öi ðåçóëüòàòè ñòàëè óçàãàëüíå-

ííÿì [5], [9] â ÿêèõ ñòàáiëiçàöiÿ áóëà äîâåäåíà äëÿ áiëüø ñïåöèôi÷íèõ ãðà-

íè÷íèõ óìîâ i âèäiâ äåìïiíãó. Íàøà öiëü ó ïîòî÷íié ðîáîòi � íå òiëüêè ïîêà-

çàòè iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ íåëiíiéíî¨ çàäà÷i êîíòàêòó äëÿ áàëêè
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Êiðõãîôà çi ñòðóêóðíèì äåìïiíãîì, àëå é ÷èñåëüíî çìîäåëþâàòè ¨õíié âè-

ãëÿä íà êîíêðåòíèõ ïðèêëàäàõ. Äîñi ïèòàííÿ ïðî êîíêðåòíó ðîçâ'ÿçíiñòü

òàêèõ çàäà÷ íå âèâ÷àëèñÿ; êðiì òîãî, íàÿâíiñòü ãðàíè÷íèõ óìîâ êîíòàêòó

ñóòò¹âî óñêëàäíþ¹ ÷èñåëüíå ìîäåëþâàííÿ ðîçâ'ÿçêiâ.
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2 Çàäà÷à ç ñëàáêèì äåìïiíãîì.

2.1 Ïîñòàíîâêà çàäà÷i.

Ðîçãëÿäà¹òüñÿ ñèñòåìà ðiâíÿíü äèíàìiêè ïðóæíî¨ áàëêè

α1utt + β1uxxxx + γut + f1(u) = 0, x ∈ (0, L0), t > 0 (1)

α2vtt + β2vxxxx + f2(v) = 0, x ∈ (L0, L), t > 0 (2)

ç ãðàíè÷íèìè óìîâàìè íà êiíöÿõ

u(0, t) = uxx(0, t) = 0, (3)

v(L, t) = vxx(L, t) = 0, (4)

ãðàíè÷íèìè óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (5)

ux(L0, t) = vx(L0, t), (6)

β1uxx(L0, t) = β2vxx(L0, t), (7)

β1uxxx(L0, t) = β2vxxx(L0, t), (8)

òà ïî÷àòêîâèìè óìîâàìè

u(x, 0) = u0(x), ut(x, 0) = u1(x), (9)

v(x, 0) = v0(x), vt(x, 0) = v1(x), (10)

äå αi, βi, γ, ai, bi � äîäàòíi êîíñòàíòè.

Ñèñòåìà îïèñó¹ äèíàìiêó áàëêè, ùî ñêëàäà¹òüñÿ ç äâîõ ÷àñòèí ç ðiçíèìè

âëàñòèâîñòÿìè ìàòåðiàëiâ.
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2.2 Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ.

Îçíà÷åííÿ 1. Íåõàé U ∈ Rn � âiäêðèòà ìíîæèíà, k ∈ N, p ∈ N∪{+∞}.

Ïðîñòîðîì Ñîáîë¹âà W k
p (U) íàçèâàþòü ôóíêöiîíàëüíèé ïðîñòið, ùî

ñêëàäà¹òüñÿ ç ôóíêöié iç ïðîñòîðó Ëåáåãà Lp(Q), ÿêi ìàþòü ñëàáêi ïîõi-

äíi äî k-ãî ïîðÿäêó âêëþ÷íî ç Lp(Q).

Ïðè p = 2: W k
p (U) := Hk(U).

Ïîçíà÷èìî w := (u, v) ∈ H4(0, L0)×H4(L0, L) òà f̃(w) := (f1(u), f2(v))
T ,

òà âèçíà÷èìî ïðîñòîðè

H = L2(0, L0)× L2(L0, L) (11)

çi ñêàëÿðíèì äîáóòêîì

(w1, w2)H = (w1, w2) = α1

L0∫
0

u1u2 dx+ α2

L∫
L0

v1v2 dx (12)

òà

HA = {(u, v) ∈ H2(0, L0)×H2(L0, L)|u(0) = 0, v(L) = 0,

u(L0) = v(L0), ux(L0) = vx(L0)} (13)

çi ñêàëÿðíèì äîáóòêîì

[w1, w2]A = β1

L0∫
0

u1xxu2xx dx+ β2

L∫
L0

v1xxv2xx dx. (14)

Îñêiëüêè â ðàìêàõ öi¹¨ ðîáîòè ìè áóäåìî ñêàëÿðíî ìíîæèòè ôóíêöi¨ ïåðå-

âàæíî â H, äëÿ ñêîðî÷åííÿ ïîçíà÷åíü íàäàëi (w1, w2) := (w1, w2)H , ÿêùî
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íå îáãîâîðåíî iíøå. Òîäi ðiâíÿííÿ (1), (2) ìîæíà ïåðåïèñàòè ó âèãëÿäi

C
∂2w

∂t2
+D

∂w

∂t
+Bw + f̃(w) = 0, (15)

äå

C =

α1 · id 0

0 α2 · id

 ;B =

β1∂xxxx 0

0 β2∂xxxx

 ;D =

γ · id 0

0 0

 .

Òîáòî îòðèìó¹ìî ãiïåðáîëi÷íå ðiâíÿííÿ:

∂2w

∂t2
+G

∂w

∂t
+ Aw + f(w) = 0, (16)

äå

A := C−1B =

β1

α1
∂xxxx 0

0 β2

α2
∂xxxx

 ;G := C−1D

 γ
α1

· id 0

0 0

 ,

Îáëàñòi âèçíà÷åííÿ îïåðàòîðiâ:

D(A) = {(u, v) ∈ H4(0, L0)×H4(L0, L)|u(0) = 0, v(L) = 0, u(L0) = v(L0),

ux(L0) = vx(L0), β1uxx(L0, t) = β2vxx(L0, t), β1uxxx(L0, t) = β2vxxx(L0, t)},

D(G) = H,

f(w) := ( 1
α1
f1(u),

1
α2
f2(v))

T .

Ðiâíÿííÿ (16) ðîçãëÿäà¹òüñÿ ç ïî÷àòêîâèìè óìîâàìè

w(x, 0) = (u0(x), v0(x)) =: w0(x), (17)

wt(x, 0) = (u1(x), v1(x)) =: w1(x). (18)
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Îçíà÷åííÿ 2. Ôóíêöiþ w ∈ L∞(0, T ;HA) òàêó, ùî wt ∈ L∞(0, T ;H)

íàçèâàþòü ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (16) ç ïî÷àòêîâèìè óìîâàìè

(17)�(21), ÿêùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ φ ∈ L2(0, T ;HA), òàêî¨, ùî φt ∈

L2(0, T ;H) âèêîíó¹òüñÿ ðiâíiñòü

−
T∫

0

(wt, φt) dt+

T∫
0

(Gwt, φ) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

T∫
0

(f(w), φ) dt =

= (w1, φt(0)) (19)

òà w(x, 0) = w0(x).

Òåîðåìà 1. Íåõàé (u0, v0) ∈ HA, (u1, v1) ∈ H òà ôóíêöi¨ f1, f2 : R → R ¹

ëîêàëüíî ëiïøèöåâèìè òà òàêèìè, ùî iñíó¹ êîíñòàíòà C > 0 òàêà, ùî

F1(s) ≥ −C,F2(s) ≥ −C, s ∈ R, Fi(s) =
s∫
0

fi(ξ) dξ, i = 1, 2. (20)

Òîäi íà áóäü-ÿêîìó âiäðiçêó [0, T ] iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê çàäà÷i

(16)�(21) (u, v) ∈ C(0, T ;HA) òàêèé, ùî (ut, vt) ∈ C(0, T ;H).

Äîâåäåííÿ. 1. Iñíóâàííÿ.

Çàñòîñó¹ìî ìåòîä Ãàëüîðêiíà.

Îñêiëüêè îïåðàòîð A ¹ äîäàòíî âèçíà÷åíèì ñàìîñïðÿæåíèì îïåðàòîðîì ç

äèñêðåòíèì ñïåêòðîì, ìîæíà âèáðàòè {ek} � îðòîíîðìîâàíèé áàçèñ ç âëà-

ñíèõ âåêòîðiâ îïåðàòîðà A (ç âiäïîâiäíèìè âëàñíèìè çíà÷åííÿìè λk). Íå-

õàé wm(t) :=
∑m

k=1 d
m
k (t)ek � íàáëèæåíi ðîçâ'ÿçêè ñèñòåìè. Ïiäñòàâëÿþ÷è
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¨õ ó (16), çàïèøåìî ñèñòåìó Ãàëüîðêiíà:

(w′′
m(t), ek) + (Gw′

m(t), ek) + (A
1
2wm, A

1
2ek)+

+ (f(wm), ek) = 0, k = 1, ..m, (21)

ç ïî÷àòêîâèìè óìîâàìè

(wm(0), ek) = dmk (0) = (w0, ek), k = 1, ..m, (22)

(w′
m(0), ek) = dmk

′(0) = (w1, ek), k = 1, ..m. (23)

Ïîìíîæèìî òåïåð (21) íà dmk
′(t), ïiäñóìó¹ìî âiä 1 äî m òà ïðîiíòåãðó¹ìî

çà s âiä 0 äî t; ïîçíà÷èâøè òàêîæ [wm, w
′
m]A := (A

1
2wm, A

1
2w′

m), ìà¹ìî:

t∫
0

(wm
′′(s), w′

m(s))ds+

t∫
0

(Gwm
′(s), w′

m(s))ds+

+

t∫
0

[wm(s), w
′
m(s)]Ads+

t∫
0

(f(wm), w
′
m(s))ds = 0. (24)

Áåðó÷è äî óâàãè, ùî

(w′′
m, w

′
m) =

1

2

d

dt
∥w′

m∥2, (25)

[wm, w
′
m]A =

1

2

d

dt
∥wm∥2A, (26)

t∫
0

(f(wm), w
′
m(s))ds =

L∫
0

F (wm(t))dx−
L∫

0

F (wm(0))dx (27)
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îòðèìó¹ìî

1

2
∥w′

m(t)∥2 +
1

2
∥wm(t)∥2A +

t∫
0

(Gwm
′(s), w′

m(s))ds+

L∫
0

F (wm(t))dx =

=

L∫
0

F (wm(0))dx+
1

2
∥w′

m(0)∥2 +
1

2
∥wm(0)∥2A.

Êîðèñòóþ÷èñü óìîâîþ (20), îòðèìà¹ìî

1

2
∥w′

m(t)∥2 +
1

2
∥wm(t)∥2A ≤ C +

1

2
∥w′

m(0)∥2 +
1

2
∥wm(0)∥2A +

L∫
0

F (wm(0))dx.

Ïåðåâiðèìî ëîêàëüíó ëiïøèöåâiñòü ôóíêöi¨ F :

|F (u)− F (v)| ≤

∣∣∣∣∣∣
u∫

v

f(s)ds

∣∣∣∣∣∣ ≤ sup
s∈[u,v]

|f(s)||u− v| ≤

≤ sup
s∈[u,v]

|f(s)|max(|u|, |v|). (28)

Çâàæàþ÷è íà ëîêàëüíó ëiïøèöåâiñòü f òà íåïåðåðâíå âêëàäåííÿ(â îäíîâè-

ìiðíîìó âèïàäêó) H2(Ω) ⊂ C(Ω), ìà¹ìî:

L∫
0

F (wm(0))dx ≤
L∫

0

|F (wm(0))− F (0)|dx ≤

≤ sup
s∈[0,wm(0)]

|f(s)| sup |wm(0)| ≤ C(∥w0∥A). (29)

Îòæå, iñíó¹ C > 0 òàêà, ùî

essup
t∈[0,T ]

(
∥w′

m(t)∥2 + ∥wm(t)∥2A
)
≤ C

(
1 + ∥w1∥2 + ∥w0∥2A

)
. (30)
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Òàêèì ÷èíîì, çà ëåìîþ Áîëüöàíî-Âåéåðøòðàñà, iñíó¹ {wml
}∞l=1 � çáiæíà

ïiäïîñëiäîâíiñòü {wm}∞m=1, òà w, ω òàêi, ùî:

wml

w∗−→
L∞(0,T ;HA)

w, (31)

w′
ml

w∗−→
L∞(0,T ;H)

ω. (32)

Ïðè öüîìó äëÿ áóäü-ÿêî¨ φ ∈ C∞
0 (0, T ;H):

⟨w′
ml
, φ⟩ −→

l→+∞
⟨ω, φ⟩, (33)

⟨w′
ml
, φ⟩ = −⟨wml

, φ′⟩ −→
l→+∞

−⟨w,φ′⟩ = ⟨w,φ′⟩. (34)

Òîáòî w′ = ω.

Ïîêàæåìî òàêîæ, ùî ïîäiáíà çáiæíiñòü ìà¹ ìiñöå i äëÿ äðóãèõ ïîõiäíèõ.

Ïîìíîæèìî (21) íà λ−1
k dmk

′′ òà ïiäñóìó¹ìî îòðèìàí¹ çà k âiä 1 äî m:

∥w′′
m∥2H∗

A
≤ C(∥w′

m∥2H + ∥wm∥2A + ∥Pmf(wm)∥2H), (35)

äå HA ⊂ H ⊂ H∗
A, A : HA → H∗

A. Òàê ÿê íîðìè wm, w
′
m îáìåæåíi çà (31)�

(32), à íåëiíiéíiñòü � çàâäÿêè ëîêàëüíié ëiïøèöåâîñòi,

w′′
m

w∗−→
L∞(0,T ;H∗

A)
w′′. (36)

Äîâåäåìî, ùî äëÿ áóäü-ÿêèõ φ1 ∈ L2(0, T ;H
2(0, L0)), φ2 ∈ L2(0, T ;H

2(L0, L)):

|
T∫

0

L0∫
0

(f1(uml
)− f1(u))φ1dxdt| −→

l→∞
0, (37)

|
T∫

0

L0∫
0

(f2(vml
)− f2(v))φ2dxdt| −→

l→∞
0. (38)

Ç (31)�(32) òà òåîðåìè ïðî êîìïàêòíiñòü,
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∥um − u∥L2[0,L0] −→m→∞
0.

Êðiì òîãî, çâàæàþ÷è íà ëîêàëüíó ëiïøèöåâiñòü f1, iñíó¹ êîíñòàíòà L1(K) >

0 òàêà, ùî

|f1(uml
)− f1(u))| ≤ L1(K)|u− uml

|, (39)

äå |u|, |uml
| ≤ K. Òîäi, òàê ÿê

sup
[0,T ]

sup
[0,L0]

|uml
| ≤ sup

[0,T ]

∥uml
∥A ≤ C(T, ∥w0∥A, ∥w1∥),

òî

T∫
0

L0∫
0

|(f1(uml
)− f1(u))|2dxdt ≤

T∫
0

L0∫
0

L2
1(K)|u− uml

|2dxdt ≤

≤ C(T, ∥w0∥A, ∥w1∥)
T∫

0

L0∫
0

|u− uml
|2dxdt −→

l→∞
0.

Òàêèì ÷èíîì,

|
T∫

0

L0∫
0

(f1(uml
)− f1(u))φ1dxdt|2 ≤

≤ C

T∫
0

L0∫
0

|(f1(uml
)− f1(u))|2dxdt

T∫
0

∥φ1∥2dt −→
l→∞

0.

Äëÿ f2(v) ìiðêóâàííÿ àíàëîãi÷íi.

Äëÿ òîãî, ùîá äîâåñòè, ùî w äiéñíî ¹ ñëàáêèì ðîçâ'ÿçêîì (16)-(21), ïîìíî-

æèìî (21) íà φk, äå φ =
∑∞

i=1 φk(t)ek, ïiäñóìó¹ìî îòðèìàíå âiä 1 äî ∞ òà
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ïðîiíòåãðó¹ìî çà t âiä 0 äî T :

T∫
0

(w′′
m, φ) dt+

T∫
0

(Gwm
′, φ)dt+

T∫
0

[wm, φ]A dt+

T∫
0

(Pmf(w), φ) dt = 0,

äå Pm � îðòîïðîåêòîð íà Lin {ei}mi=1. Iíòåãðóþ÷è ÷àñòèíàìè ïåðøèé äîäà-

íîê òà ïåðåõîäÿ÷i äî ãðàíèöi çà m, ìà¹ìî

−
T∫

0

(w′, φ′) dt+

T∫
0

(Gw′, φ) dt+

T∫
0

[w,φ]A dt+

T∫
0

(f(w), φ)dt =

= (w1, φ).

Êîðèñòóþ÷èñü ñëàáêîþ çáiæíiñòþ (31)�(32), ç òåîðåìè ïðî êîìïàêòíiñòü

îòðèìó¹ìî

wml
(t)

s−→
C(0,T ;H)

w(t).

Çîêðåìà,

wml
(0)

s−→
l→∞

w(0),

à îòæå w(0) = w0.

2. Åíåðãåòè÷íà îöiíêà.

Ââåäåìî îïåðàòîð

Dhw =
w(t+ h)− w(t− h)

2h
. (40)

Äëÿ êîððåêòíîãî âèçíà÷åííÿ íà [0, T ] ïðîäîâæèìî w(t) íàñòóïíèì ÷èíîì:

w(t) =


w(T ), t > T

w(0), t < 0.

(41)
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Îñêiëüêè äëÿ òåñòîâî¨ ôóíêöi¨ φ ∈ L2(0, T ;HA) âèêîíó¹òüñÿ φt ∈ L2(0, T ;H),

çà Òåîðåìîþ 2 ç [3] (c.286) ìà¹ìî φ ∈ C(0, T ;H). Òîäi, çâàæàþ÷è íà õà-

ðàêòåð çáiæíîñòi ó ïðîñòîði òåñòîâèõ ôóíêöié, ìîæåìî ïðîäîâæèòè (19)

íà êëàññ ôóíêöié φ ∈ L2(0, T ;HA), φt ∈ L2(0, T ;H) áåç ãðàíè÷íî¨ óìîâè

φ(T ) = 0. Áóäåìî ìàòè

−
T∫

0

(w′, φ′) dt+

T∫
0

(Gw′, φ) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

T∫
0

(f(w), φ) dt =

= (w1, φ(0))− (wt(T ), φ(T )). (42)

Ïiäñòàâëÿþ÷è â ÿêîñòi φ ââåäåíó ôóíêöiþ Dhw, îòðèìà¹ìî

−
T∫

0

(wt, Dhwt) dt+

T∫
0

(Gwt, Dhw) dt+

T∫
0

(A
1
2w,A

1
2Dhw) dt+

+

T∫
0

(f(w), Dhw) dt = (wt(0), Dhw(0))− (wt(T ), Dhw(T )). (43)

Îçíà÷åííÿ 3. Ôóíêöiþ h : [0, T ] → X íàçèâàþòü ñëàáêî íåïåðåðâíîþ

íà [0, T ] (h ∈ Cw(0, T ;X)) ÿêùî âiäîáðàæåííÿ t 7→ ⟨h(t), y⟩ ¹ íåïåðåðâíèì

äëÿ áóäü-ÿêîãî y ∈ X∗.

Îñêiëüêè w ∈ L∞(0, T ;HA) òà wt ∈ L∞(0, T ;H), çà Òåîðåìîþ 2 ç [3]

(c.286) îòðèìó¹ìî w ∈ C(0, T ;H). Òîäi, êîð÷èñòóþ÷èñü Ëåìîþ 8.1 ç [6],

ìà¹ìî w ∈ Cw(0, T ;HA). Çâàæàþ÷è íà òå, ùî wt ∈ L∞(0, T ;H) òà wtt ∈

L∞(0, T ;H∗
A) (35), àíàëîãi÷íî wt ∈ Cw(0, T ;H).
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Iíòåãðóþ÷è ÷àñòèíàìè, îòðèìó¹ìî

T∫
0

(wtt, Dhw) dt =

= (wt(T ), Dhw(T ))− (wt(0), Dhw(0))−
T∫

0

(wt, Dhwt) dt. (44)

Âèêîðèñòà¹ìî âèãëÿä ôóíêöi¨ Dhw, òà çðîáèìî çàìiíó ó äðóãîìó iíòåãðàëi:

−
T∫

0

(wt, Dhwt) dt = − 1

2h

T∫
0

(wt, wt(t+ h)) dt+
1

2h

T∫
0

(wt, wt(t− h)) dt =

= [s := t− h] = − 1

2h

T∫
0

(wt, wt(t+ h)) dt+
1

2h

T−h∫
−h

(wt, wt(t+ h)) dt =

=
1

2h

0∫
−h

(wt, wt(t+ h)) dt− 1

2h

T∫
T−h

(wt, wt(t+ h)) dt. (45)

Çâàæàþ÷è íà äîâèçíà÷åííÿ ôóíêöi¨ w(t) (41), öåé âèðàç äîðiâíþ¹ 0. Ðîç-

ãëÿíåìî òåïåð ïîçàiíòåãðàëüíi äîäàíêè:

lim
h→0

[(wt(0), Dhw(0))−(wt(T ), Dhw(T ))] = lim
h→0

1

2h
[(wt(0), (w(h)−w(−h)))−

− (wt(T ), (w(T + h)− w(T − h)))] = lim
h→0

1

2h
[(wt(0), (w(h)− w(0)))−

− (wt(T ), (w(T )− w(T − h)))] =
1

2
∥wt(0)∥2 −

1

2
∥wt(T )∥2. (46)
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Ðîçãëÿíåìî òðåòié äîäàíîê â (43):

T∫
0

(A
1
2w,A

1
2Dhw) dt = − 1

2h

0∫
−h

(A
1
2w(t), A

1
2w(t+ h)) dt+

+
1

2h

T∫
T−h

(A
1
2w(t), A

1
2w(t+ h)) dt. (47)

Çàâäÿêè (41), îòðèìàíi âèðàçè ìîæëèâî ïåðåïèñàòè íàñòóïíèì ÷èíîì:

1

2h

0∫
−h

(A
1
2w(t), A

1
2w(t+ h)) dt =

1

2h

0∫
−h

(A
1
2w(0), A

1
2 (w(t+ h)− w(t))) dt+

+
1

2h

0∫
−h

(A
1
2w(0), A

1
2w(0)) dt (48)

òà

1

2h

T∫
T−h

(A
1
2w(t), A

1
2w(t+ h)) dt =

1

2h

T+h∫
T

(A
1
2 (w(t− h)−w(t)), A

1
2w(T )) dt+

+
1

2h

T+h∫
T

(A
1
2w(T ), A

1
2w(T )) dt. (49)

Òîäi

lim
h→0

T∫
0

(A
1
2w,A

1
2Dhw) dt =

1
2∥w(T )∥

2
A − 1

2∥w(0)∥
2
A.
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Äëÿ äîäàíêó ç íåëiíiéíiñòþ:

T∫
0

L∫
0

f(w)Dhwdxdt −→
h→0

T∫
0

L∫
0

f(w)w′dxdt =

T∫
0

L∫
0

d

dt
F (w)dxdt =

=

L∫
0

F (w(t))dx−
L∫

0

F (w(0))dx. (50)

Ïåðåõîäÿ÷è äî ãðàíèöi ó äîäàíêó
T∫
0

(Gwt, Dhw) dt, îòðèìà¹ìî

lim
h→0

T∫
0

(Gwt, Dhw) dt = γ
T∫
0

∥u′(t)∥2dt.

Ïðèõîäèìî äî åíåðãåòè÷íî¨ ðiâíîñòi:

E(T ) + γ
T∫
0

∥u′(t)∥2dt = E(0),

äå

E(t) := 1
2∥w

′(t)∥2 + 1
2∥w(t)∥

2
A +

L∫
0

F (w(t))dx.

Ç åíåðãåòè÷íî¨ ðiâíîñòi âèïëèâà¹ îöiíêà

E(T ) ≤ E(0),

òîìó

∥w′(t)∥2 + ∥w(t)∥2A ≤ E(0) + C =: K.

Òîäi ç åíåðãåòè÷íî¨ ðiâíîñòi òà ñëàáêî¨ íåïåðåðâíîñòi w,wt âèïëèâà¹ (äèâ.
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[6], Òåîðåìà 8.2, ñ.307), ùî

w ∈ C(0, T ;HA),

wt ∈ C(0, T ;H).

3. �äèíiñòü.

Âèçíà÷èìî äëÿ s ∈ [0, T ] ôóíêöiþ

hs(t) =


−

s∫
t

w(τ)dτ, t < s

0, s ≤ t ≤ T,

äå w := w1 − w2 - ðiçíèöÿ ñëàáêèõ ðîçâ'ÿçêiâ çàäà÷i òà ïîêàæåìî, ùî âîíà

íàëåæèòü äî ïðîñòîðó òåñòîâèõ ôóíêöié:

T∫
0

∥hs(t)∥2Adt =
T∫

0

∥∥∥∥∥∥
s∫

t

w(τ)dτ

∥∥∥∥∥∥
2

A

dt ≤
T∫

0

L∫
0

 T∫
0

wxx(τ)dτ

2

dxdt ≤

≤ CT

L∫
0

 T∫
0

wxx(τ)dτ

2

dx ≤ CT 2

L∫
0

T∫
0

|wxx(τ)|2dτdx ≤ CT 2∥w∥2A. (51)

Ïðèíàëåæíiñòü (hs)
′
t ∈ L2(0, T ;H) î÷åâèäíà. Òîäi, çà âèçíà÷åííÿì ñëàáêîãî

ðîçâ'ÿçêó ìà¹ìî

−
T∫

0

(w′(t) +Gw(t), h′
s(t)) dt+

T∫
0

[w, hs(t)]A dt+

+

T∫
0

(f(w1)− f(w2), hs(t))dt = 0. (52)
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Çâàæàþ÷è íà (27) òà ñòðóêòóðó ôóíêöi¨ hs(t), îòðèìà¹ìî

1

2
∥w(s)∥2 + 1

2
∥hs(0)∥2A + γ

s∫
0

∥u(t)∥2dt =
s∫

0

(f(w1)− f(w2), hs(t))dt. (53)

Òàêîæ çà âèçíà÷åííÿì hs(t) (òà çà àääèòèâíiñòþ iíòåãðàëà),

hs(t) = hs(0)− ht(0), t < s, (54)

òîáòî

|
s∫

0

(f(w1)− f(w2), hs(t))dt| ≤
s∫

0

|(f(w1)− f(w2), hs(0))|dt+

+

s∫
0

|(f(w1)− f(w2), ht(0))|dt ≤ ∥hs(0)∥
s∫

0

∥f(w1)− f(w2)∥dt+

+

s∫
0

∥f(w1)− f(w2)∥∥ht(0)∥dt ≤
1

4
∥hs(0)∥2+

+

 s∫
0

∥f(w1)− f(w2)∥dt

2

+

s∫
0

∥f(w1)− f(w2)∥∥ht(0)∥dt. (55)

Ç ëîêàëüíî¨ ëiïøèöåâîñòi ôóíêöi¨ f òà âêëàäåííÿ H1(0, L) ⊂ C(0, L) âè-

ïëèâà¹, ùî

∥f(w1)− f(w2)∥ ≤ C(∥w1∥H1, ∥w2∥H1)∥w∥.
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Îòæå, îòðèìó¹ìî

|
s∫

0

(f(w1)−f(w2), hs(t))dt| ≤
1

4
∥hs(0)∥2+

 s∫
0

C(∥w1∥H1, ∥w2∥H1)∥w∥dt

2

+

+
1

4

s∫
0

∥ht(0)∥2dt+
s∫

0

C(∥w1∥H1, ∥w2∥H1)∥w∥2dt ≤ 1

4
∥hs(0)∥2+

+
1

4

s∫
0

∥ht(0)∥2dt+ C(∥w1∥L∞(0,T ;H1), ∥w2∥L∞(0,T ;H1))

s∫
0

∥w∥2dt+

+ C(∥w1∥L∞(0,T ;H1), ∥w2∥L∞(0,T ;H1))

s∫
0

dt ·
s∫

0

∥w∥2dt ≤

≤ 1

4
∥hs(0)∥2 +

1

4

s∫
0

∥ht(0)∥2dt+ C(s+ 1)

s∫
0

∥w∥2dt. (56)

Òàêèì ÷èíîì, ïiäñòàâëÿþ÷è â (53), ìà¹ìî

∥w(s)∥2 + ∥hs(0)∥2A ≤ C

s∫
0

∥w∥2dt. (57)

Çà ëåìîþ Ãðîíóîëà, w(t) ≡ 0.

3 Çàäà÷à ç ñèëüíèì äåìïiíãîì

3.1 Ïîñòàíîâêà çàäà÷i

Ðîçãëÿäà¹òüñÿ ñèñòåìà ðiâíÿíü äèíàìiêè ïðóæíî¨ áàëêè

α1utt + β1uxxxx − γutxx + f1(u) = 0, x ∈ (0, L0), t > 0 (58)

α2vtt + β2vxxxx + f2(v) = 0, x ∈ (L0, L), t > 0 (59)
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ç ãðàíè÷íèìè óìîâàìè íà êiíöÿõ

u(0, t) = uxx(0, t) = 0, (60)

v(L, t) = vxx(L, t) = 0, (61)

ãðàíè÷íèìè óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (62)

ux(L0, t) = vx(L0, t), (63)

β1uxx(L0, t) = β2vxx(L0, t), (64)

β1uxxx(L0, t)− γutx(L0, t) = β2vxxx(L0, t), (65)

òà ïî÷àòêîâèìè óìîâàìè

u(x, 0) = u0(x), ut(x, 0) = u1(x), (66)

v(x, 0) = v0(x), vt(x, 0) = v1(x), (67)

äå αi, βi, γ, ai, bi � äîäàòíi êîíñòàíòè.

3.2 Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

Ïîçíà÷èìî w, f̃(w) ÿê âèùå, òîäi ðiâíÿííÿ (58), (59) ìîæíà ïåðåïèñàòè ó

âèãëÿäi

C
∂2w

∂t2
+D

∂w

∂t
+Bw + f̃(w) = 0, (68)
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äå òåïåð

C =

α1 · id 0

0 α2 · id

 ;B =

β1∂xxxx 0

0 β2∂xxxx

 ;D =

−γ · ∂xx 0

0 0

 .

Òîáòî îòðèìó¹ìî ãiïåðáîëi÷íå ðiâíÿííÿ:

∂2w

∂t2
+G

∂w

∂t
+ Aw + f(w) = 0, (69)

äå

A := C−1B =

β1

α1
∂xxxx 0

0 β2

α2
∂xxxx

 ;G := C−1D

− γ
α1

· ∂xx 0

0 0

 .

f(w) := ( 1
α1
f1(u),

1
α2
f2(v))

T .

Ðiâíÿííÿ (16) ðîçãëÿäà¹òüñÿ ç ïî÷àòêîâèìè óìîâàìè

w(x, 0) = (u0(x), v0(x)) =: w0(x), (70)

wt(x, 0) = (u1(x), v1(x)) =: w1(x). (71)

Îçíà÷åííÿ 4. Ôóíêöiþ w ∈ L∞(0, T ;HA) òàêó, ùî wt ∈ L∞(0, T ;H), ut ∈

L2(0, T ;H
1(0, L0)) òà ut(0) = 0 íàçèâàþòü ñëàáêèì ðîçâ'ÿçêîì ðiâíÿ-

ííÿ (69) ç ïî÷àòêîâèìè óìîâàìè (70)�(74), ÿêùî äëÿ áóäü-ÿêî¨ ôóíêöi¨

φ = (φ1, φ2) ∈ L2(0, T ;HA), òàêî¨, ùî φt ∈ L2(0, T ;H), òà φ1t(0) = 0

âèêîíó¹òüñÿ ðiâíiñòü

−
T∫

0

(wt, φt) dt+ γ

T∫
0

(utx, φ1x) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

T∫
0

(f(w), φ) dt =

= (w1, φ(0)) (72)
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òà w(x, 0) = w0(x).

Òåîðåìà 2. Íåõàé (u0, v0) ∈ HA, (u1, v1) ∈ H òà ôóíêöi¨ f1, f2 : R → R ¹

ëîêàëüíî ëiïøèöåâèìè òà òàêèìè, ùî iñíó¹ êîíñòàíòà C > 0 òàêà, ùî

F1(s) ≥ −C,F2(s) ≥ −C, s ∈ R, Fi(s) =
s∫
0

fi(ξ) dξ, i = 1, 2. (73)

Òîäi íà áóäü-ÿêîìó âiäðiçêó [0, T ] iñíó¹ ¹äèíèé ñëàáêèé ðîçâ'ÿçîê çàäà÷i

(69)�(74) (u, v) ∈ C(0, T ;HA) òàêèé, ùî (ut, vt) ∈ C(0, T ;H).

Äîâåäåííÿ. 1. Iñíóâàííÿ.

Çàñòîñó¹ìî ìåòîä Ãàëüîðêiíà. Âïðîäîâæ äîâåäåííÿ â öiëÿõ ñïðîùåííÿ ïî-

çíà÷åíü ïiä f ′ áóäåìî ìàòè íà óâàçi ïîõiäíó ôóíêöi¨ f çà ÷àñîì.

Íåõàé {ek} � îðòîíîðìîâàíèé áàçèñ ç âëàñíèõ âåêòîðiâ îïåðàòîðà A (ç âiä-

ïîâiäíèìè âëàñíèìè çíà÷åííÿìè λk), òà wm(t) :=
∑m

k=1 d
m
k (t)ek � íàáëèæåíi

ðîçâ'ÿçêè. Ïiäñòàâëÿþ÷è ¨õ ó (69), çàïèøåìî ñèñòåìó Ãàëüîðêiíà:

(w′′
m(t), ek)− γ(u′mxx(t), ek) + (A

1
2wm, A

1
2ek)+

+ (f(wm), ek) = 0, k = 1, ..m, (74)

ç ïî÷àòêîâèìè óìîâàìè

(wm(0), ek) = dmk (0) = (w0, ek), k = 1, ..m, (75)

(w′
m(0), ek) = dmk

′(0) = (w1, ek), k = 1, ..m. (76)

Ïîìíîæèìî òåïåð (74) íà dmk
′(t), ïiäñóìó¹ìî âiä 1 äî m òà ïðîiíòåãðó¹ìî
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çà s âiä 0 äî t; ïîçíà÷èâøè [wm, ek]A := (A
1
2wm, A

1
2ek), ìà¹ìî:

t∫
0

(wm
′′(s), w′

m(s))ds+ γ

t∫
0

(umx
′(s), u′mx(s))ds+

+

t∫
0

[wm(s), w
′
m(s)]Ads+

t∫
0

(f(wm), w
′
m(s))ds = 0. (77)

Áåðó÷è äî óâàãè (27), îòðèìó¹ìî

1

2
∥w′

m(t)∥2 +
1

2
∥wm(t)∥2A + γ

t∫
0

∥u′mx(s)∥
2
ds+

L∫
0

F (wm(t))dx =

=

L∫
0

F (wm(0))dx+
1

2
∥w′

m(0)∥2 +
1

2
∥wm(0)∥2A.

Êîðèñòóþ÷èñü óìîâîþ (73), îòðèìà¹ìî

1

2
∥w′

m(t)∥2 +
1

2
∥wm(t)∥2A + γ

t∫
0

∥u′mx(s)∥
2
ds ≤

≤ C +
1

2
∥w′

m(0)∥2 +
1

2
∥wm(0)∥2A +

L∫
0

F (wm(0))dx.

Òîäi, àíàëîãi÷íî (30), iñíó¹ C > 0 òàêà, ùî

essup
t∈[0,T ]

∥w′
m(t)∥2 + ∥wm(t)∥2A +

t∫
0

∥u′mx(s)∥
2
ds

 ≤ C
(
1 + ∥w1∥2 + ∥w0∥2A

)
.

Òàêèì ÷èíîì, çà ëåìîþ Áîëüöàíî-Âåéåðøòðàñà, iñíó¹ {wml
}∞l=1 � çáiæíà
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ïiäïîñëiäîâíiñòü {wm}∞m=1, òà w, ω òàêi, ùî:

wml

w∗−→
L∞(0,T ;HA)

w, (78)

w′
ml

w∗−→
L∞(0,T ;H)

ω, (79)

u′ml

w−→
L2(0,T ;H1[0,L0])

η. (80)

Ïðè öüîìó äëÿ áóäü-ÿêî¨ φ ∈ C∞
0 (0, T ;H):

⟨w′
ml
, φ⟩ −→

l→+∞
⟨ω, φ⟩,

⟨w′
ml
, φ⟩ = −⟨wml

, φ′⟩ −→
l→+∞

−⟨w,φ′⟩ = ⟨w,φ′⟩.

Òîáòî w′ = ω, àíàëîãi÷íî η = u′.

Ïîêàæåìî òàêîæ, ùî ïîäiáíà çáiæíiñòü ìà¹ ìiñöå i äëÿ äðóãèõ ïîõiäíèõ.

Çàçíà÷èìî, ùî íîðìà ∥wmx∥2 åêâiâàëåíòíà ∥A 1
4wm∥2, äå

D(A
1
4 ) = {(u, v) ∈ H1(0, L0)×H1(L0, L)|u(0) = 0, v(L) = 0,

u(L0) = v(L0), ux(L0) = vx(L0)}.

Òîìó ìà¹ ìiñöå îöiíêà

∥(A−1wm)
′′
x∥ ≤ C∥A

1
4 (A−1wm)

′′∥ ≤ C∥(A− 1
2wm)

′′∥ ≤ C∥w′′
m∥H∗

A
.

Ñêîðèñòà¹ìîñÿ íåþ ó íàñòóïíèé ñïîñiá: ïîìíîæèìî (74) íà λ−1
k dmk

′′, ïiäñó-

ìó¹ìî îòðèìàí¹ çà k âiä 1 äî m òà ïðîiíòåãðó¹ìî çà t âiä 0 äî T . Ìà¹ìî:

∥w′′
m∥2H∗

A
≤ |(G̃w′

mx, (A
−1wm)

′′
x)|+|(wm, (A

−1wm)
′′)|+|(f(wm), (A

−1wm)
′′)| ≤

≤ C(γ∥u′mx∥∥w′′
m∥H∗

A
+ ∥wm∥HA

∥w′′
m∥H∗

A
+ ∥f(wm)∥∥w′′

m∥H∗
A
),
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äå

G̃ :=

γ 0

0 0

 .

Òàêèì ÷èíîì,

w′′
m

w−→
L2(0,T ;HA∗)

w′′. (81)

Êðiì òîãî, àíàëîãi÷íî äî ïîïåðåäíüîãî âèïàäêó (38) ìà¹ìî, ùî äëÿ áóäü-

ÿêèõ φ1 ∈ L2(0, T ;H
2(0, L0)), φ2 ∈ L2(0, T ;H

2(L0, L)):

|
T∫

0

L0∫
0

(f1(uml
)− f1(u))φ1dxdt| −→

l→∞
0,

|
T∫

0

L0∫
0

(f2(vml
)− f2(v))φ2dxdt| −→

l→∞
0.

Äëÿ òîãî, ùîá äîâåñòè, ùî w äiéñíî ¹ ñëàáêèì ðîçâ'ÿçêîì (69)-(74), ïîìíî-

æèìî (74) íà φk, äå φ =
∑∞

i=1 φk(t)ek, ïiäñóìó¹ìî îòðèìàíå âiä 1 äî j < m

òà ïðîiíòåãðó¹ìî çà t âiä 0 äî T :

T∫
0

(w′′
m, φ

j) dt+ γ

T∫
0

(wmx
′, φj

1x)dt+

T∫
0

[wm, φ
j]A dt+

T∫
0

(
Pmf(w), φ

j
)
dt = 0,

äå φj =
∑j

i=1 φk(t)ek, Pm � îðòîïðîåêòîð íà Lin {ei}mi=1. Iíòåãðóþ÷è ÷àñòè-

íàìè ïåðøèé äîäàíîê òà ïåðåõîäÿ÷i äî ãðàíèöi çà m, ìà¹ìî

−
T∫

0

(w′, φj ′) dt+ γ

T∫
0

(w′
x, φ

j
1x) dt+

T∫
0

[w,φj]A dt+

T∫
0

(f(w), φj)dt =

= (w1, φ
j(0)).
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Ïåðåõîäÿ÷è äî ãðàíèöi òåïåð çà j, îòðèìó¹ìî (72).

Êîðèñòóþ÷èñü ñëàáêîþ çáiæíiñòþ (78)�(79), òàêîæ îòðèìó¹ìî

wml
(0)

s−→
l→∞

w(0),

à îòæå w(0) = w0.

2. Åíåðãåòè÷íà îöiíêà.

Ñêîðèñòà¹ìîñÿ îçíà÷åííÿìè ç (40)�(41) áåç çìiíè ïîçíà÷åíü, òà àíàëîãi÷íî

ïðîäîâæèìî (72) íà êëàññ ôóíêöié φ ∈ L2(0, T ;HA), φt ∈ L2(0, T ;H) áåç

ãðàíè÷íî¨ óìîâè φ(T ) = 0. Áóäåìî ìàòè

−
T∫

0

(w′, φ′) dt+ γ

T∫
0

(u′x, φx) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

T∫
0

(f(w), φ) dt =

= (w1, φ(0))− (wt(T ), φ(T )). (82)

Ïiäñòàâëÿþ÷è â ÿêîñòi φ ôóíêöiþ Dhw, îòðèìà¹ìî

−
T∫

0

(wt, Dhwt) dt+ γ

T∫
0

(u′x, Dhwx) dt+

T∫
0

(A
1
2w,A

1
2Dhw) dt+

+

T∫
0

(f(w), Dhw) dt = (wt(0), Dhw(0))− (wt(T ), Dhw(T )). (83)

Òîäi ïåðåòâîðåííÿ (44)�(50) ìîæíà äîñëiâíî ïîâòîðèòè, à ó äîäàíêó

γ
T∫
0

(u′x, Dhux) dt ïåðåéòè äî ãðàíèöi íàñòóïíèì ÷èíîì:

lim
h→0

γ
T∫
0

(u′x, Dhux) dt = γ
T∫
0

∥u′x(t)∥2dt.

Ïðèõîäèìî äî åíåðãåòè÷íî¨ ðiâíîñòi:
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E(T ) + γ
T∫
0

∥u′x(t)∥2dt = E(0),

äå

E(t) := 1
2∥w

′(t)∥2 + 1
2∥w(t)∥

2
A +

L∫
0

F (w(t))dx.

Ç åíåðãåòè÷íî¨ ðiâíîñòi âèïëèâà¹ îöiíêà

E(T ) ≤ E(0),

òîìó

∥w′(t)∥2 + ∥w(t)∥2A ≤ E(0) + C =: K.

Àíàëîãi÷íî äî ïîïåðåäíüîãî âèïàäêà, îòðèìó¹ìî íåïåðåðâíiñòü

w ∈ C(0, T ;HA),

wt ∈ C(0, T ;H).

3. �äèíiñòü.

Ïîâòîðþþ÷è ìiðêóâàííÿ ç âiäïîâiäíîãî ðîçäiëó, íàâåäåíîãî âèùå, áà÷èìî,

ùî (52) ïåðåéäå ó

−
T∫

0

(w′(t), h′
s(t)) dt+ γ

T∫
0

(ux(t), h
′
sx(t)) dt+

+

T∫
0

[w(t), hs(t)]A dt+

T∫
0

(f(w1)− f(w2), hs(t))dt = 0. (84)
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Àíàëîãi÷íî äî (53),

1

2
∥w(s)∥2 + 1

2
∥hs(0)∥2A + γ

s∫
0

∥ux(t)∥2dt =
s∫

0

(f(w1)− f(w2), hs(t))dt. (85)

Çàñòîñîâóþ÷è îöiíêó íà íåëiíiéíiñòü (56) òà ëåìó Ãðîíóîëà, îòðèìó¹ìî

¹äèíiñòü.

4 Çàäà÷à ç ïðóæíîþ îñíîâîþ

4.1 Ïîñòàíîâêà çàäà÷i

Ðîçãëÿäà¹òüñÿ ñèñòåìà

α1utt + β1uxxxx − γutxx + f1(u, ux) (86)

−∂xg1(u, ux) = 0, x ∈ (0, L0), t > 0 (87)

α2vtt + β2vxxxx + f2(v, vx)− ∂xg2(v, vx) = 0, x ∈ (L0, L), t > 0 (88)

ç ãðàíè÷íèìè óìîâàìè íà êiíöÿõ

u(0, t) = uxx(0, t) = 0, (89)

v(L, t) = vxx(L, t) = 0, (90)

ãðàíè÷íèìè óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (91)

ux(L0, t) = vx(L0, t), (92)

β1uxx(L0, t) = β2vxx(L0, t), (93)

(β1uxxx − γutx − g1(u, ux))(L0, t) = (β2vxxx(L0, t)− g2(v, vx))(L0, t), (94)
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òà ïî÷àòêîâèìè óìîâàìè

u(x, 0) = u0(x), ut(x, 0) = u1(x), (95)

v(x, 0) = v0(x), vt(x, 0) = v1(x), (96)

äå αi, βi, γ, ai, bi � äîäàòíi êîíñòàíòè.

4.2 Iñíóâàííÿ òà ¹äèíiñòü ðîçâ'ÿçêiâ

Ïîçíà÷èìî w := (u, v) ∈ H4(0, L0) × H4(L0, L) òà f̃(w,wx) := (f1(u, ux),

f2(v, vx))
T , g̃(w,wx) := (g1(u, ux), g2(v, vx))

T , òîäi ðiâíÿííÿ (86), (88) ìîæíà

ïåðåïèñàòè ó âèãëÿäi

C
∂2w

∂t2
+D

∂w

∂t
+Bw + f̃(w,wx)− ∂xg̃(w,wx) = 0, (97)

äå

C =

α1 · id 0

0 α2 · id

 ;B =

β1∂xxxx 0

0 β2∂xxxx

 ;D =

−γ∂xx 0

0 0

 .

Òîáòî îòðèìó¹ìî ðiâíÿííÿ:

∂2w

∂t2
+G

∂w

∂t
+ Aw + f(w,wx)− ∂xg(w,wx) = 0, (98)

äå

A := C−1B =

β1

α1
∂xxxx 0

0 β2

α2
∂xxxx

 ;G := C−1D

− γ
α1
∂xx 0

0 0

 .

f(w,wx) := ( 1
α1
f̃1(u, ux),

1
α2
f̃2(v, vx))

T , g(w,wx) := ( 1
α1
g̃1(u, ux),

1
α2
g̃2(v, vx))

T .
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Ðiâíÿííÿ (98) ðîçãëÿäà¹òüñÿ ç ïî÷àòêîâèìè óìîâàìè

w(x, 0) = (u0(x), v0(x)) =: w0(x) (99)

wt(x, 0) = (u1(x), v1(x)) =: w1(x). (100)

Îçíà÷åííÿ 5. Ôóíêöiþ w ∈ L∞(0, T ;HA) òàêó, ùî wt ∈ L∞(0, T ;H)

íàçèâàþòü ñëàáêèì ðîçâ'ÿçêîì ðiâíÿííÿ (98) ç ïî÷àòêîâèìè óìîâàìè

(99)�(102), ÿêùî äëÿ áóäü-ÿêî¨ ôóíêöi¨ φ ∈ L2(0, T ;HA), òàêî¨, ùî φt ∈

L2(0, T ;H) âèêîíó¹òüñÿ ðiâíiñòü

−
T∫

0

(wt, φt) dt+

T∫
0

(Gwt, φ) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

+

T∫
0

(f(w,wx), φ) dt+

T∫
0

(g(w,wx), φx) dt = (w1, φt(0)) (101)

òà w(x, 0) = w0(x).

Òåîðåìà 3. Íåõàé (u0, v0) ∈ HA, (u1, v1) ∈ H òà ôóíêöi¨ f1, f2, g1, g2 : R →

R ¹ ëîêàëüíî ëiïøèöåâèìè òà òàêèìè, ùî iñíó¹ êîíñòàíòà C > 0 òàêà,

ùî

1. ∇Fi(s, r) = (fi, gi)(s, r), i = 1, 2.

2. Fi(s, r) ≥ −C, s, r ∈ R, i = 1, 2.

Òîäi íà áóäü-ÿêîìó âiäðiçêó [0, T ] iñíó¹ ñëàáêèé ðîçâ'ÿçîê çàäà÷i (98)�(102)

(u, v) ∈ C(0, T ;HA) òàêèé, ùî (ut, vt) ∈ C(0, T ;H). ßêùî g2 = 0, òî

ðîçâ'ÿçîê ¹äèíèé.
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Äîâåäåííÿ. 1. Iñíóâàííÿ.

Çàñòîñó¹ìî ìåòîä Ãàëüîðêiíà. Âïðîäîâæ äîâåäåííÿ â öiëÿõ ñïðîùåííÿ ïî-

çíà÷åíü ïiä f ′ áóäåìî ìàòè íà óâàçi ïîõiäíó ôóíêöi¨ f çà ÷àñîì.

Íåõàé {ek} � îðòîíîðìîâàíèé áàçèñ ç âëàñíèõ âåêòîðiâ îïåðàòîðà A (ç âiä-

ïîâiäíèìè âëàñíèìè çíà÷åííÿìè λk), òà wm(t) :=
∑m

k=1 d
m
k (t)ek � íàáëèæåíi

ðîçâ'ÿçêè. Ïiäñòàâëÿþ÷è ¨õ ó (98), çàïèøåìî ñèñòåìó Ãàëüîðêiíà:

(w′′
m(t), ek) + (Gw′

m(t), ek) + (A
1
2wm, A

1
2ek)+

+ (f(wm, wmx), ek) + (g(wm, wmx), ekx) = 0, k = 1, ..m, (102)

ç ïî÷àòêîâèìè óìîâàìè

(wm(0), ek) = dmk (0) = (w0, ek), k = 1, ..m, (103)

(w′
m(0), ek) = dmk

′(0) = (w1, ek), k = 1, ..m. (104)

Ïîìíîæèìî òåïåð (102) íà dmk
′(t), ïiäñóìó¹ìî âiä 1 äî m òà ïðîiíòåãðó¹ìî

çà s âiä 0 äî t; ïîçíà÷èâøè [wm, ek]A := (A
1
2wm, A

1
2ek), ìà¹ìî:

t∫
0

(wm
′′(s), w′

m(s))ds+

t∫
0

(Gwm
′(s), w′

m(s))ds+

t∫
0

[wm(s), w
′
m(s)]Ads+

+

t∫
0

(f(wm, wmx), w
′
m(s))ds+

t∫
0

(g(wm, wmx), w
′
mx(s))ds = 0. (105)

Áåðó÷è äî óâàãè (25), (26), òà ïîçíà÷àþ÷è

Fi(y, z) =

y∫
0

fi(s, z)ds+

z∫
0

gi(y, s)ds+ C, i = 1, 2,
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L∫
0

F (w,wx)dx =

L0∫
0

F1(w,wx)dx+

L∫
L0

F2(w,wx)dx

îòðèìó¹ìî

t∫
0

(f(wm, wmx), w
′
m(s))ds+

t∫
0

(g(wm, wmx), w
′
mx(s))ds =

=

L∫
0

F (wm(t), wmx(t))dx−
L∫

0

F (wm(0), wmx(0))dx. (106)

Òàêèì ÷èíîì,

1

2
∥w′

m(t)∥2+
1

2
∥wm(t)∥2A+

t∫
0

(Gwm
′(s), w′

m(s))ds+

L∫
0

F (wm(t), wmx(t))dx =

=

L∫
0

F (wm(0), wmx(0))dx+
1

2
∥w′

m(0)∥2 +
1

2
∥wm(0)∥2A.

Êîðèñòóþ÷èñü óìîâîþ (3), îòðèìà¹ìî

1

2
∥w′

m(t)∥2+
1

2
∥wm(t)∥2A ≤ C+

1

2
∥w′

m(0)∥2+
1

2
∥wm(0)∥2A+

L∫
0

F (wm(0), wmx(0))dx.

Ïåðåâiðèìî ëîêàëüíó ëiïøèöåâiñòü ôóíêöié Fi ïîêîîðäèíàòíî:

|Fi(ω1, ω1x)− Fi(ω2, ω2x)| ≤

∣∣∣∣∣∣
ω2∫

ω1

fi(s, t)ds+

ω2x∫
ω1x

gi(s, t)dt

∣∣∣∣∣∣ ≤
≤ sup

s∈[ω1,ω2]

|fi(s, t)||ω1 − ω2|+ sup
t∈[ω1x,ω2x]

|gi(s, t)||ω1x − ω2x| ≤

≤ C

(
sup

s∈[ω1,ω2]

|fi(s, t)|+ sup
t∈[ω1x,ω2x]

|gi(s, t)|

)
|(ω1, ω1x)− (ω2, ω2x)|, i = 1, 2.
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Çâàæàþ÷è íà ëîêàëüíó ëiïøèöåâiñòü fi, gi, ìà¹ìî:

L∫
0

F (wm(0), wmx(0))dx ≤
L∫

0

|F (wm(0), wmx(0))− F (0, 0)|dx ≤

≤ ( sup
s∈[0,wm(0)]

|f(s, t)|+ sup
t∈[0,wmx(0)]

|g(s, t)|)(sup |wm(0)|+ sup |wmx(0)|) ≤

≤ C(∥w0∥A)

Îòæå, iñíó¹ C > 0 òàêà, ùî

essup
t∈[0,T ]

(
∥w′

m(t)∥2 + ∥wm(t)∥2A
)
≤ C (∥w1∥, ∥w0∥A) .

Òàêèì ÷èíîì, çà ëåìîþ Áîëüöàíî-Âåéåðøòðàñà, iñíó¹ {wml
}∞l=1 � çáiæíà

ïiäïîñëiäîâíiñòü {wm}∞m=1, òà w, ω òàêi, ùî:

wml

w∗−→
L∞(0,T ;HA)

w, (107)

w′
ml

w∗−→
L∞(0,T ;H)

w′. (108)

u′ml

w−→
L2(0,T ;H1)

u′, (109)

Àíàëîãi÷íî äî (36)

w′′
m

w∗−→
L∞(0,T ;H∗

A)
w′′.

Êðiì òîãî, àíàëîãi÷íî (38) ìà¹ìî, ùî äëÿ áóäü-ÿêèõ φ1 ∈ L2(0, T ;H
2(0, L0)), φ2 ∈
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L2(0, T ;H
2(L0, L)):

|
T∫

0

L0∫
0

(f1(uml
, umlx)− f1(u, ux))φ1dxdt| −→

l→∞
0, (110)

|
T∫

0

L∫
L0

(f2(vml
, vmlx)− f2(v, vx))φ2dxdt| −→

l→∞
0, (111)

|
T∫

0

L0∫
0

(g1(uml
, umlx)− g1(u, ux))φ1xdxdt| −→

l→∞
0, (112)

|
T∫

0

L∫
L0

(g2(vml
, vmlx)− g2(v, vx))φ2xdxdt| −→

l→∞
0. (113)

Äëÿ òîãî, ùîá äîâåñòè, ùî w äiéñíî ¹ ñëàáêèì ðîçâ'ÿçêîì (98)-(102), ïî-

ìíîæèìî (21) íà φk, äå φ =
∑∞

i=1 φk(t)ek, ïiäñóìó¹ìî îòðèìàíå âiä 1 äî ∞

òà ïðîiíòåãðó¹ìî çà t âiä 0 äî T :

T∫
0

(w′′
m, φ) dt+

T∫
0

(Gwm
′, φ)dt+

T∫
0

[wm, φ]A dt+

+

T∫
0

(Pmf(wm, wmx), φ) dt+

T∫
0

(Pmg(wm, wmx), φx) dt = 0, (114)

äå Pm � îðòîïðîåêòîð íà Lin {ei}mi=1. Iíòåãðóþ÷è ÷àñòèíàìè ïåðøèé äîäà-

íîê òà ïåðåõîäÿ÷i äî ãðàíèöi çà m, ìà¹ìî

−
T∫

0

(w′, φ′) dt+

T∫
0

(Gw′, φ) dt+

T∫
0

[w,φ]A dt+

+

T∫
0

(f(w,wx), φ)dt+

T∫
0

(g(w,wx), φx)dt = (w1, φ). (115)
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Êîðèñòóþ÷èñü ñëàáêîþ çáiæíiñòþ (107)�(108), òàêîæ îòðèìó¹ìî

wml
(0)

s−→
l→∞

w(0),

à îòæå w(0) = w0.

2. Åíåðãåòè÷íà îöiíêà

Ñêîðèñòà¹ìîñÿ îçíà÷åííÿìè ç (40)�(41) áåç çìiíè ïîçíà÷åíü, òà àíàëîãi÷íî

ïðîäîâæèìî (101) íà êëàññ ôóíêöié φ ∈ L2(0, T ;HA), φt ∈ L2(0, T ;H) áåç

ãðàíè÷íî¨ óìîâè φ(T ) = 0. Áóäåìî ìàòè

−
T∫

0

(w′, φ′) dt+

T∫
0

(Gw′, φ) dt+

T∫
0

(A
1
2w,A

1
2φ) dt+

T∫
0

(f(w,wx), φ) dt+

+

T∫
0

(g(w,wx), φx) dt = (w1, φ(0))− (wt(T ), φ(T )).

Ïiäñòàâëÿþ÷è â ÿêîñòi φ ââåäåíó ôóíêöiþ Dhw, îòðèìà¹ìî

−
T∫

0

(wt, Dhwt) dt+

T∫
0

(Gwt, Dhw) dt+

T∫
0

(A
1
2w,A

1
2Dhw) dt+

+

T∫
0

(f(w,wx), Dhw) dt+

T∫
0

(g(w,wx), (Dhw)x) dt =

= (wt(0), Dhw(0))− (wt(T ), Dhw(T )). (116)

Òîäi ïåðåòâîðåííÿ (44)�(50) ìîæíà äîñëiâíî ïîâòîðèòè, à ó äîäàíêó ç
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íåëiíiéíiñòþ ïåðåéòè äî ãðàíèöi íàñòóïíèì ÷èíîì:

T∫
0

L∫
0

f(w,wx)Dhwdxdt+

T∫
0

L∫
0

g(w,wx)(Dhw)xdxdt+

−→
h→0

T∫
0

L∫
0

f(w,wx)w
′dxdt+

T∫
0

L∫
0

g(w,wx)w
′
xdxdt =

=

L∫
0

F (w(T ), wx(T ))dx−
L∫

0

F (w(0), wx(0))dx.

Ïðèõîäèìî äî åíåðãåòè÷íî¨ ðiâíîñòi:

E(T ) + γ
T∫
0

∥u′(t)∥2dt = E(0),

äå

E(t) := 1
2∥w

′(t)∥2 + 1
2∥w(t)∥

2
A +

L∫
0

F (w,wx)dx.

Ç åíåðãåòè÷íî¨ ðiâíîñòi âèïëèâà¹ îöiíêà

E(T ) ≤ E(0),

òîìó

∥w′(t)∥2 + ∥w(t)∥2A ≤ E(0) + C =: K.

Àíàëîãi÷íî äî ïîïåðåäíüîãî âèïàäêà, îòðèìó¹ìî íåïåðåðâíiñòü

w ∈ C(0, T ;HA),

wt ∈ C(0, T ;H).
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3. �äèíiñòü.

Ç (116) âèïëèâà¹ ùî äëÿ ðiçíèöi ðîçâ'ÿçêiâ w = w1 − w2 çà óìîâè g2 = 0

−
T∫

0

(wt, Dhwt) dt+

T∫
0

(Gwt, Dhw) dt+

T∫
0

(A
1
2w,A

1
2Dhw) dt+

+

T∫
0

(f(w1, w1x)− f(w2, w2x), Dhw) dt

+

T∫
0

(g1(u1, u1x)− g2(u2, u2x), (Dhu)x) dt = 0. (117)

Òîäi, ïåðåõîäÿ÷è äî ãðàíèöi h → 0, âðàõîâóþ÷è ëîêàëüíó ëiïøèöåâiñòü

íåëiíiéíîñòåé åíåðãåòè÷íó ðiâíiñòü òà îáìåæåíiñòü çíèçó Fi, ìà¹ìî

∥wt(T )∥2 + ∥w(T )∥2A +

T∫
0

∥utx∥2 dt

≤ C(∥w1(0)∥A, ∥w2(0)∥A)(
T∫

0

∥w(t)∥2A dt+

T∫
0

∥wt(t)∥2 dt)

+
1

2

T∫
0

∥utx∥2 dt. (118)

Çà ëåìîþ Ãðîíóîëà, w(t) ≡ 0.

5 ×èñåëüíèé åêñïåðèìåíò

Äëÿ ÷èñåëüíîãî ðîçâ'ÿçàííÿ ñèñòåìè âèêîðèñòàíî ìåòîä ñêií÷åííèõ ðiçíèöü

ç ÿâíèìè òà íåÿâíèìè ðiçíèöåâèìè ñõåìàìè [1], [14]. Ñóòü öüîãî ìåòîäà ïî-

37



ëÿãà¹ â íàñòóïíîìó:

1. Íà ïðîñòîðîâî-÷àñîâó îáëàñòü [0;L]× [0;T ], â ÿêié ðîçãëÿäà¹òüñÿ çàäà÷à,

íàíîñÿòüñÿ ñêií÷åííî-ðiçíèöåâó ñiòêó ωhτ = {xi = il1, i = 0, n1; t
j = jτ, j =

0,m} ∪ {x̃k = kl2, k = 0, n2; t
j = jτ, j = 0,m}.

Ïiñëÿ ÷îãî îá÷èñëþòüñÿ ñiòêîâi ôóíêöi¨ ïî÷àòêîâèõ óìîâ çàäà÷i:

ui0 = u0(xi), ui1 = u1(xi)τ + ui0,

vk0 = v0(x̃k), vk1 = v1(x̃k)τ + vk0.

Òàêîæ, çà (3) � (4):

u0,j = 0, vn2,j = 0.

2. Ïîõiäíi ôóíêöié àïïðîêñèìóþòüñÿ âiäíîøåííÿìè ñêií÷åííèõ ðiçíèöü

òà ïiäñòàâëÿþòüñÿ ¨õ ó âèõiäíó ñèñòåìó (1) � (2) òà óìîâè êîíòàêòó (5)�(8).

Õàðàêòåð óìîâ êîíòàêòó ó äàíié çàäà÷i ïåðåäáà÷à¹ âèêîðèñòàííÿ ìiøàíî-

ãî òèïó ðiçíèöåâî¨ ñõåìè, à ñàìå: íà âñié îáëàñòi âèçíà÷åííÿ, îêðiì òðüîõ

âóçëîâèõ çíà÷åíü un1−1,j, un1,j = v0,j, v1,j çà ïðîñòîðîì çàñòîñîâó¹ìî ÿâíó

ðiçíèöåâó ñõåìó, ïîáëèçó æ òî÷îê êîíòàêòó � íåÿâíó ðiçíèöåâó ñõåìó. Çà

÷àñîì òèï ñõåìè ¹äèíèé äëÿ âñi¹¨ îáëàñòi, àëå çìiíþ¹òüñÿ â çàëåæíîñòi âiä

ïîðÿäêó ïîõiäíèõ: ó âèïàäêó ëiíiéíèõ óìîâ êîíòàêòó(âèïàäêè (1) - (4) äà-

ëi) çðó÷íiøå âèêîðèñòîâóâàòè ÿâíó ñõåìó, â òîé æå ÷àñ íàÿâíiñòü ìiøàíî¨

ïîõiäíî¨ ó ðiâíÿííi äëÿ u(x, t) òà ââåäåííÿ íåëiíiéíîñòåé â óìîâè êîíòà-

êòó âèìàãà¹ âèêîðèñòàííÿ íåÿâíî¨ ñõåìè � ó ðiçíèöåâîìó âàðiàíòi ðiâíÿííÿ

ëèøå îäíå çíà÷åííÿ ìîæå áóòè íåâiäîìèì, îòæå ïîõiäíà utxx âèðàæà¹òüñÿ

÷åðåç ñiòêîâi çíà÷åííÿ ïîïåðåäüíîãî ÷àñîâîãî øàðó.
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Òàêèì ÷èíîì, ðiçíèöåâà ñõåìà äëÿ u ìà¹ âèãëÿä:

u′x(xi, tj) =
ui,j−ui−1,j

l1
,

u′′xx(xi, tj) =
ui+1,j−2ui,j+ui−1,j

l21
,

u′′′xxx(xi, tj) =
ui+2,j−3ui+1,j+3ui,j−ui−1,j

l31
,

u′′′′xxxx(xi, tj) =
ui+2,j−4ui+1,j+6ui,j−4ui−1,j+ui−2,j

l41
,

u′′t (xi, tj) =
ui,j+1−ui,j

τ ,

u′′tt(xi, tj) =
ui,j+1−2ui,j+ui,j−1

τ2 ,

u′′txx(xi, tj) =
(ui+1,j−2ui,j+ui−1,j)−(ui+1,j−1−2ui,j−1+ui−1,j−1)

τ l21
.

Ðiçíèöåâà ñõåìà äëÿ v ìà¹ âèãëÿä:

v′x(xi, tj) =
vi+1,j−vi,j

l2
,

v′′xx(xi, tj) =
vi+1,j−2vi,j+vi−1,j

l22
,

v′′′xxx(xi, tj) =
vi+2,j−3vi+1,j+3vi,j−vi−1,j

l32
,

v′′′′xxxx(xi, tj) =
vi+2,j−4vi+1,j+6vi,j−4vi−1,j+vi−2,j

l42
,

v′′tt(xi, tj) =
vi,j+1−2vi,j+vi,j−1

τ2 .

Ïiñëÿ ïiäñòàíîâêè áà÷èìî, ùî (1)�(2) � öå ëiíéíi ñïiââiäíîøåííÿ, ó ÿêèõ

çàäiÿíî 7 âóçëîâèõ çíà÷åíü ñiòêîâî¨ ôóíêöi¨. Òàêèì ÷èíîì, çà çíà÷åííÿìè

ui+2,j, ui+1,j, ui,j, ui−1,j, ui−2,j, ui,j−1 çíàõîäèìî ui,j+1(àíàëîãi÷íî äëÿ ôóíêöi¨

vk,j).

Òàêîæ çà (3) � (4): u1,j =
1
2u2,j, vn2−1,j =

1
2vn2−2,j.

Îòðèìàíi æ ç (5)�(8) ëiíiéíi ñèñòåìè 4x4 çàñòîñîâó¹ìî äëÿ òîãî, ùîá çíà-

éòè un1−1,j, un1,j, v0,j, v1,j.

39



Íèæ÷å íàâåäåíî êîä äëÿ ðåàëiçàöi¨ äàíîãî àëãîðèòìó, à òàêîæ ãðàôi÷íî-

ãî çîáðàæåííÿ ðîçâ'ÿçêiâ ó ìîâi ïðîãðàìóâàííÿ Python äëÿ äåêiëüêîõ âà-

ðiàöié ñèñòåìè. Êîíêðåòíi ãðàôiêè ïðåäñòàâëåíi äëÿ ôiêñîâàíîãî íàáîðó

ïàðàìåòðiâ α1 = α2 = β1 = γ = 1, β2 = 4, ïðè x ∈ [0, 10] òà L0 = 4 òà

íàñòóïíèõ ïî÷àòêîâèõ óìîâ:

u0(x) = − 5

618
x3 +

469

1236
, (119)

u1(x) = − 5

48
x2 +

2

3
, (120)

v0(x) =
25

88992
x4 − 145

22248
x3 +

25

927
x2 +

181

11124
x+

2360

2781
, (121)

v1(x) = −1

6
x+

5

3
(122)

äëÿ âèïàäêiâ (1) � (4), òà

u0(x) = − 5

618
x3 +

469

1236
, (123)

u1(x) = − 1

16
x2 +

1

2
x, (124)

v0(x) =
25

88992
x4 − 145

22248
x3 +

25

927
x2 +

181

11124
x+

2360

2781
, (125)

v1(x) = − 1

36
x2 +

2

9
x+

5

9
(126)

äëÿ âèïàäêiâ (5) � (6).

1.

α1utt + β1uxxxx = 0, x ∈ (0, L0), t > 0 (127)

α2vtt + β2vxxxx = 0, x ∈ (L0, L), t > 0 (128)
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ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (129)

ux(L0, t) = vx(L0, t), (130)

β1uxx(L0, t) = β2vxx(L0, t), (131)

β1uxxx(L0, t) = β2vxxx(L0, t), (132)

Ðèñ. 1: Ðîçâ'ÿçîê ñèñòåìè (127) � (132) íà iíòåðâàëi [0, T ], T = 70

2.

α1utt + β1uxxxx + f1(u) = 0, x ∈ (0, L0), t > 0 (133)

α2vtt + β2vxxxx + f2(v) = 0, x ∈ (L0, L), t > 0 (134)
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äå f1 = 4u3 − 2u, f2 = 4v3 − 2v, ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (135)

ux(L0, t) = vx(L0, t), (136)

β1uxx(L0, t) = β2vxx(L0, t), (137)

β1uxxx(L0, t) = β2vxxx(L0, t), (138)

Ðèñ. 2: Ðîçâ'ÿçîê ñèñòåìè (133) � (138) íà iíòåðâàëi [0, T ], T = 25

3.

α1utt + β1uxxxx + γut = 0, x ∈ (0, L0), t > 0 (139)

α2vtt + β2vxxxx = 0, x ∈ (L0, L), t > 0 (140)
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ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (141)

ux(L0, t) = vx(L0, t), (142)

β1uxx(L0, t) = β2vxx(L0, t), (143)

β1uxxx(L0, t) = β2vxxx(L0, t), (144)

Ðèñ. 3: Ðîçâ'ÿçîê ñèñòåìè (139) � (144) íà iíòåðâàëi [0, T ], T = 50

4.

α1utt + β1uxxxx + γut + f1(u) = 0, x ∈ (0, L0), t > 0 (145)

α2vtt + β2vxxxx + f2(v) = 0, x ∈ (L0, L), t > 0 (146)
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äå f1 = 4u3 − 2u, f2 = 4v3 − 2v, ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (147)

ux(L0, t) = vx(L0, t), (148)

β1uxx(L0, t) = β2vxx(L0, t), (149)

β1uxxx(L0, t) = β2vxxx(L0, t), (150)

Ðèñ. 4: Ðîçâ'ÿçîê ñèñòåìè (145) � (150) íà iíòåðâàëi [0, T ], T = 35

5.

α1utt + β1uxxxx − γutxx = 0, x ∈ (0, L0), t > 0 (151)

α2vtt + β2vxxxx = 0, x ∈ (L0, L), t > 0 (152)
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ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (153)

ux(L0, t) = vx(L0, t), (154)

β1uxx(L0, t) = β2vxx(L0, t), (155)

−γutx + β1uxxx(L0, t) = β2vxxx(L0, t), (156)

Ðèñ. 5: Ðîçâ'ÿçîê ñèñòåìè (151) � (156) íà iíòåðâàëi [0, T ], T = 13

6.

α1utt + β1uxxxx − γutxx + f1(u) = 0, x ∈ (0, L0), t > 0 (157)

α2vtt + β2vxxxx + f2(v) = 0, x ∈ (L0, L), t > 0 (158)
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äå f1 = 4u3 − 2u, f2 = 4v3 − 2v, ç óìîâàìè êîíòàêòó

u(L0, t) = v(L0, t), (159)

ux(L0, t) = vx(L0, t), (160)

β1uxx(L0, t) = β2vxx(L0, t), (161)

−γutx + β1uxxx(L0, t) = β2vxxx(L0, t), (162)

Ðèñ. 6: Ðîçâ'ÿçîê ñèñòåìè (157) � (162) íà iíòåðâàëi [0, T ], T = 10

6 Âèñíîâêè.

Äîâåäåíî êîðåêòíó ðîçâ'ÿçíiñòü çàäà÷ êîíòàêòó ïðóæíî¨ áàëêè ç íåëiíiéíî-

ñòÿìè, ùî çàëåæàòü âiä ïîïåðå÷íèõ ïåðåìiùåíü ñåðåäíüî¨ ïëîùèíè ÷àñòèí

áàëêè ó âèïàäêó ñèëüíîãî òà ñëàáêîãî äåìïiíãó. Ó âèïàäêó íåëiíiéíîñòåé,

ùî çàëåæàòü âiä ïîïåðå÷íîãî ïåðåìiùåííÿ ñåðåäíüî¨ ïëîùèíè ÷àñòèí áàë-
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êè òà êóòà ïîâîðîòó ïîïåðå÷íîãî ïåðåòèíó ó ñèëüíîãî äåìïôîâàíié ÷àñòèíi

òà ëèøå âiä ïîïåðå÷íîãî ïåðåìiùåííÿ ó íåäåìïôîâàíié. Âiäêðèòèì çàëè-

øà¹òüñÿ ïèòàííÿ ïðî ¹äèíiñòü ðîçâ'ÿçêiâ ó âèïàäêó, êîëè i â íåäåìïôîâà-

íié ÷àñòèíi íåëiíiéíîñòi çàëåæàòü âiä êóòà ïîâîðîòó ïîïåðå÷íîãî ïåðåòèíó.

×èñåëüíî çìîäåëüîâàíî ðîçâ'ÿçêè äëÿ îáîõ âèïàäêiâ äåìïiíãó òà íåëiíiéíî-

ñòåé, ùî çàëåæàòü âiä ïîïåðå÷íîãî ïåðåìiùåííÿ, à òàêîæ ëiíiéíèõ çàäà÷.

Äëÿ ëiíiéíèõ çàäà÷ âèäíî ñïàäàííÿ ðîçâ'ÿçêiâ äî íóëÿ. Äëÿ çàäà÷ ç íåëiíié-

íîñòÿìè, ùî çàëåæàòü âiä êóòà ïîâîðîòó ïîïåðå÷íîãî ïåðåòèíó, ÷èñåëüíèé

ïðîöåñ íåñòiéêèé.
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import numpy as np

import scipy as sp

import matplotlib as mpl

import matplotlib.pyplot as plt

from mpl_toolkits.mplot3d import Axes3D

al1 = 1

be1 = 1

al2 = 1

be2 = 4

ga = 1

a = -5/618

c = 469/1236

k1 = 25/88992

l = -145/22248

q = 25/927

r = 181/11124

p = 2360/2781

a1 = -1/16

b = 1/2

c1 = -1/36

d = 2/9

g = 5/9

L = 10

L0 = 4

T = 10

n1 = 5

n2 = 7

m = 90

l1 = L0/(n1-1)

l2 = (L-L0)/(n2-1)

tau = T/(m-1)

def u0(x):
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return a*x**3 + c*x

def v0(x):

return k1*x**4 + l*x**3 + q*x**2 + r*x + p

def u1(x):

return a1*x**2 + b*x

def v1(x):

return c1*x**2 + d*x + g

def f1(u, ux):

return 4*(u + ux)**3 - 2*(u + ux)

def f2(v, vx):

return 4*(v + vx)**3 - 2*(v + vx)

u = sp.zeros([n1, m])

v = sp.zeros([n2, m])

t = sp.zeros(m)

t[0] = 0

for j in range(0,m):

t[j] = tau*j

X1 = sp.zeros(n1)

X1[0] = 0

for i in range(0,n1):

X1[i] = (L0+l1)*i/n1

X2 = sp.zeros(n2)

X2[0] = 0

for i in range(0,n2):

X2[i] = L0 + (L-L0+l2)*i/n2
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X = sp.hstack((X1, X2))

for j in range(0,m-1):

u[0, j] = 0

v[n2-1, j] = 0

for i in range(0,n1):

u[i, 0] = u0(X1[i])

u[i, 1] = u1(X1[i])*tau + u[i, 0]

for k in range(0,n2):

v[k, 0] = v0(X2[k])

v[k, 1] = v1(X2[k])*tau + v[k, 0]

h = sp.zeros([3, 3])

f = sp.zeros(3)

h[0,0] = -1/l1

h[1,0] = -2/l1**2

h[2,0] = -3/l1**3 + ga/(tau*l1)

h[0,1] = 1/l1 + 1/l2

h[1,1] = 1/l1**2 - be2/l2**2

h[2,1] = 1/l1**3 + be2/l2**3 - ga/(tau*l1)

h[0,2] = -1/l2

h[1,2] = 2*be2/l2**2

h[2,2] = -3*be2/l2**3

f[0] = 0

for j in range(1,m-1):

for i in range(2,n1-2):

u[i, j+1] = -((u[i+2, j] - 4*u[i+1, j] + 6*u[i, j] -4*u[i-1, j] + u[i-2, j])/l1**4 -

ga*((u[i+1, j] - 2*u[i, j] + u[i-1, j]) - (u[i+1, j-1] - 2*u[i, j-1] + u[i-1,

j-1]))/(tau*l1**2) + f1(u[i, j], 0) + (- 2*u[i, j] + u[i, j-1])/tau**2)/(al1/tau**2)

for k in range(2,n2-2):

v[k, j+1] = -4*tau**2*(be2*(v[k+2, j] - 4*v[k+1, j] + 6*v[k, j] - 4*v[k-1, j] + v[k-2,

j])/(9*l2**4) + f2(v[k, j], 0)) + (2*v[k, j] - v[k, j-1])

u[1, j+1] = u[2, j+1]/2

v[n2-2, j+1] = v[n2-3, j+1]/2
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f[1] = be2*v[2,j+1]/l2**2 - u[n1-3, j+1]/l1**2

f[2] = be2*(v[3,j+1] - 3*v[2,j+1])/l2**3 + (u[n1-4, j+1] - 3*u[n1-3, j+1])/l1**3 + (u[n1-1, j]

- u[n1-2, j])/(l1*tau)

st = np.linalg.solve(h, f)

u[n1-2, j+1] = st[0]

u[n1-1, j+1] = st[1]

v[0, j+1] = st[1]

v[1, j+1] = st[2]

fig=plt.figure()

ax = Axes3D(fig)

ax.set_xlabel('t')

ax.set_ylabel('X')

ax.set_title('u(t,x)')

Xx,Yy = sp.meshgrid(t, X)

z = sp.vstack((u, v))

surf = ax.plot_surface(Xx, Yy, z, rstride=1, cstride=1, linewidth=0, cmap=mpl.cm.hsv)

fig.colorbar(surf, shrink = 0.75, aspect=15)
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