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(history reference)

Readers are invited to the fifth issue of scientific papers "Problems of
Theoretical Physics". This project began to be implemented at the beginning of
the second decade of this century by professors of V. N. Karazin’s Kharkiv
National University V. A. Buts, V. V. Yanovsky, V. I. Karas and V. M. Kuklin,
which was the initiator of this project. The formation of this series of scientific
works was supported by the directors of the two largest institutes of theoretical
physics in Ukraine, academicians A. G. Zagorodny and N. F. Shulga, who took
on the work of the general editorial of this series of issues. The first issue of
scientific papers was presented to the scientific community in 2014 and was
dedicated to the two hundredth anniversary of the establishment of the
Kharkov Classical University of Eastern Europe. The second issue was
published in 2017, the editor of these two issues was V. M. Kuklin, the third
issue was published in 2019, V. V. Yanovsky took over the editing and
compilation of the issue. The fourth issue was presented in 2020, the editor of
this issue was V.I. Karas, who, unfortunately, did not manage to see it during
his lifetime. A special feature of the fifth issue, which was edited by V. A. Buts,
is the fact that it is published in English. Since many scientists in Ukraine and
the countries of the former USSR are not in the English-speaking environment,
at the end of each collection, annotations and extended abstracts of review
papers are traditionally presented in three languages: English, Ukrainian and
Russian. Therefore, each interested reader can first get acquainted with the
content of the abstract in a language convenient for the reader. All issues of
scientific papers of the series "Problems of Theoretical and Mathematical
Physics" under the general editorship of A. G. Zagorodny, N. F. Shulga are
placed in the collection of the Scientific Library of V. N. Karazin Kharkiv
National University and are placed in researchgate. For example:
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FROM THE SERIES EDITORS

The issues of scientific papers publish reviews of scientific results in the
field of theoretical and mathematical physics, which were obtained by
Ukrainian scientists and their foreign colleagues. It should be said that by now
the number of works in the field of theoretical and mathematical physics is
growing almost exponentially. It's not bad. The scientific community largely
lives under the slogan - "There is nothing more practical than a good theory."
Indeed, theoretical and mathematical physics create the base, the foundation
on which our understanding of the world around us is built. On this basis, on
this foundation, new technologies are being created, the building of the Science
of Nature is being built. Over time, it is difficult to capture the entire volume of
rapidly growing information. Therefore, review papers are very useful, which
are largely based on experiments that stimulate and confirm theoretical
developments. These review papers cover a large amount of information,
focusing on the most interesting results and the most important directions in
the development of physics. Such reviews are a generalization and quintessence
of our understanding of the world around us. They are well thought out,
conclusions and generalizations have been formulated for many years, and are
the result of numerous publications, reports and discussions at conferences and
seminars. Undoubtedly, these collections of scientific works pave the way for all
those who want to understand any direction of physical research.

The issue contains six reviews. The collection opens with a review by
Buts V.A. and Zagorodny A.G. ‘Features of the dynamics of charged particles in
electromagnetic fields’. This review is devoted to the features of the interaction
of electromagnetic waves with charged particles. Both elementary processes of
such interaction and collective ones are considered. Particular attention is paid
to the analysis of resonances, the analysis of the regular and chaotic dynamics
of charged particles both in regular fields and in random fields. In particular, it
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is shown that multiplicative fluctuations that act on charged particles lead to
fluctuation instability. The development of this instability is characterized by
the fact that the higher moments grow faster than the lower moments.
Moreover, it turned out that such a feature is also characteristic of regimes with
dynamic chaos at cyclotron resonances. This means that the usual Fokker-
Planck type equations cannot be used to describe such processes. An equation is
given that is a generalization of such equations (higher moments are taken into
account). The review gives a description of the new resonances. These new
resonances take into account the essential role of the wave field strength in the
interaction of charged particles with regular electromagnetic waves. The
mechanism of practically unlimited acceleration of charged particles in a
vacuum without a magnetic field is described. A new mechanism for the
emergence of chaotic dynamics is also described. This mechanism allows chaotic
dynamics to exist in systems with one degree of freedom or even in fully
integrable systems.

Review O. Averkov, Yu. V. Prokopenko, and V. M Yakovenko ‘Excitation
of electromagnetic radiation during the interaction of charged particles with
dielectric and plasma-like solid media’ describes the mechanisms of excitation
of electromagnetic oscillations both by individual particles and by streams of
nonrelativistic charged particles that move along dielectric and plasma-like
(including artificial) environments. The mechanisms of nonlinear stabilization
of emerging instabilities are also described. In the electrostatic approximation,
the electron energy losses due to the excitation of surface magnetoplasmons are
calculated. The interaction between a tubular beam of charged particles and
a dispersive metamaterial of cylindrical configuration has been investigated
theoretically. Of particular interest is the case when the metamaterial is
characterized by negative permittivity and magnetic permeability. This interest
is due to the possibility of absolute instability. In this case, the metamaterial
can be used as a delaying medium in electromagnetic radiation oscillators
without the need to provide an additional feedback in the system, as is
required, for example, in a backward-wave tube.

Review by O. Yu. Slyusarenko, Yu.V. Slyusarenko, A.G. Zagorodny ‘The
reduced description method in the kinetic theory of complex systems of identical
particles’ is based on the approaches proposed by M. M. Bogolyubov in 1946 in
his famous book ‘Problems of Dynamical Theory in Statistical Physics’. For
quantum systems of many particles, the method required significant
generalizations and modifications, the main of which were proposed by
S.V. Peletminsky and set out in the book (also very famous) ‘Methods of
Statistical Physics’ in collaboration with A.I. Akhiezer. The material presented
in this review demonstrates the effectiveness of the reduced description
method, which is modified to consider nonequilibrium processes in complex
systems of identical particles, in particular, at the kinetic stage of evolution. In
the review, the term "complex" unites some selected systems of many identical
compound particles with a complex internal structure. Such systems are non-
linear, open. They demonstrate new properties of dynamics. In particular, they
demonstrate the properties of self-organization. As an example of such systems,
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dissipative media are considered, which are under the influence of an external
random field. In particular, low-temperature gases of hydrogen-like atoms in an
external electromagnetic field. The systems are specially selected in such a way
as to cover the cases of both classical and quantum complex systems. For
systems of this kind, recipes for constructing microscopic approaches to
describing their evolution, in particular, its kinetic stages, are proposed. The
approaches are constructed in such a way that the noted internal construction
of the structural units of the system does not affect the possibilities of
considering these composite particles as point objects. It is observed that
microscopic approaches to the description of evolutionary processes in enzymes
are being developed in the future, either completely or insufficiently developed.
Within the scope of the approaches, a procedure for revealing kinetic features
for all mentioned systems is described in the case of a weak interaction between
particles and a small pronounced external field. A number of revenues received,
in particular, for the purpose of application development, are analyzed.

In the review Kuklin V. M., Priymak A. V., Yanovsky V. V. ‘A world of
strategies with memory’ discusses the evolution of the strategy population with
memory. It should be noted that consistent microscopic approaches to the
description an iterated prisoner's dilemma, gaining evolutionary advantage
points according to the payoff matrix. The review focuses on collective
characteristics such as memory, the level of aggressiveness (the proportion of
non-cooperation), the complexity of strategies. Different scenarios of evolution
appear when using different selection rules for strategies intended for removal
in the corresponding generation. The cases of resetting points of evolutionary
advantages after each cycle (or generation) and summation (inheritance) of
points of previous cycles are considered. At the first (primitive) stage of
evolution, all simple strategies exist, aggressiveness grows at the second stage
of the developed community, as a result of increased competition, complex
strategies with a large memory depth win. If successful strategies are
artificially removed, only aggressive counterparts remain. It has been
empirically found that in the process of population evolution, a universal
relationship between general aggressiveness and evolutionary advantages is
preserved. In open societies that are injected with complex strategies with large
memory (replacing the remote losers), complex strategies with large memory
depth and less aggressive ones dominate. Penetration in this way of primitive
strategies leads to their dominance, while complex strategies with a greater
depth of memory in the population is preserved. The case of interaction of
50 thousand objects, each of which uses 50 strategies, is considered. In
interaction, the losing strategy is replaced by the winning strategy. On average,
subjects retain a third of the strategies, and complex ones dominate, with a
large memory depth.

The review by I. O. Girka Fine structure of the local Alfven resonances in
cylindrical plasmas with axial periodic inhomogeneity describes the structure of
Alfven resonances (AR). In particular, the fine structure of these resonances
has been studied. Low-frequency waves in a magnetoactive plasma are Alfvén
(A), fast magnetosonic (FMSV) have great potential for use in applications.
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First of all, we have in mind the use of these waves for high-frequency heating
in CTS installations. These waves can also be used to create drag currents.
Alfvén resonances (ARs) are interesting in that a significant part of the high-
frequency power is absorbed in the vicinity of local ARs. As the plasma density
increases, the region of these resonances moves towards the plasma boundary.
This is undesirable. The review describes these features, and also describes the
methods of combating this withdrawal of the AR to the border. In particular, it
is shown that as the frequency and longitudinal wave vector decrease, the local
AR region moves deep into the plasma. The results described in the review can
be useful in planning experiments on plasma heating, as well as in geophysical
experiments.

Review Fesenko V.I., Vavriv D.M. ‘Electromagnetic waves in artificial
composite media’ is devoted to the study of the influence of the molecular
structure of materials on their dispersion properties. It is noted that some
particular cases of modification of the electrodynamic properties of natural
media have been studied for a very long time. However, explosive interest in
such media appeared after the advent of new technologies that allowed the
creation of inclusions (in natural environments), in particular, it is possible
to create an IC in which both the permittivity and magnetic permeability
are negative. This review describes the simplest and most interesting
properties of such artificial media. Surfaces of isofrequency are described
(the surface of wave vectors at a fixed frequency). The properties of
hyperbolic metamaterials are also discussed. These are materials that are
layered structures of ferrite semiconductors in an external magnetic field or
thin wires embedded in a natural environment (matrix). The name
hyperbolic media comes from the fact that the isofrequency surface of such
materials is a hyperboloid of revolution. Thus, this review can be called a
review of the electrodynamics of metamaterials.

Academician A. G. Zagorodny
Academician M. F. Shulga



CHAPTER I

FEATURES OF THE DYNAMICS
OF CHARGED PARTICLES
IN ELECTROMAGNETIC FIELDS
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of Sciences of Ukraine, 61108 Kharkov, Ukraine.
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his review describes some important features of the interaction of

charged particles with electromagnetic waves. Both regular

regimes and chaotic regimes of such interaction are described. The

mechanisms of the transition of the regular motion of particles (and

waves) to stochastic regimes are described. The role of additive and
multiplicative fluctuations on the dynamics of individual particles and on their
collective dynamics is described. It 1s shown that in many regimes the chaotic
dynamics is such that the highest moments turn out to be much larger than the
lowest moments. Such regimes must be described by kinetic equations, in which
the role of higher moments is significantly reflected. Note that the FKinstein-
Fokker-Planck equations contain only the first two moments. The equations that
take into account the higher moments are formulated in the review. Particular
attention in this review is paid to resonances. In particular, the review describes
new cyclotron resonances. The conditions of these new resonances difter from the
known ones In that they substantially take into account the influence of the field
strength of the wave with which the particles interact. The dynamics of particles
under the conditions of these new resonances is described. New resonances in the
Interaction of charged particles with waves in vacuum are also described. The
presence of such resonances leads to practically unilimited acceleration of charged
particles by fields of electromagnetic waves (lasers) in a vacuum. The review also
discusses and describes new mechanisms for the emergence of regimes with
dynamic chaos. In particular, when waves are excited by an electron beam in a
constant magnetic field, regimes with dynamic chaos arise as a result of a rapid,
qualitative and periodic change in the form of the phase portrait. Regimes with
dynamic chaos under the conditions of new cyclotron resonances arise as a result
of the passage of phase trajectories through regions in which the uniqueness
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theorem 1is violated. Such regimes can arise even in systems with one degree of
freedom.

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos,
additive and multiplicative fluctuations, beam-plasma interaction, acceleration,
synchronization.

PACS numbers: 05.45.Ac s 05.45.Xt; 41.75.Jv; 52.25.Gy; 52.36.Mw; 62.50.Sw

INTRODUCTION

The processes that take place in plasma, as well as in beam systems,
are traditionally divided into two classes of processes. The first class is
processes of the wave-particle interaction, the second class is the interaction
of the wave-wave. This division is rather arbitrary. However useful. In the
first class, the emphasis is on the dynamics of particles in external or even
in self-consistent electromagnetic fields. Wave-to-wave processes describe
the dynamics of waves in parametric and nonlinear processes [1,2].

In this review, we consider processes of the wave-particle type. Special
attention is paid to the emergence of various instabilities, as well as the
emergence of complex chaotic particle dynamics. The features of particle
dynamics in the presence of random fields are also described. In particular,
the conditions for the appearance of superdiffusion at cyclotron resonances
are determined. New resonance conditions for wave-particle interactions are
described.

These new resonances are generalizations of known cyclotron resonances.
This generalization consists in the fact that the resonance conditions include
the intensity of the electromagnetic wave with which the particles interact.
Note that the conditions of known cyclotron resonances include only the
dispersion characteristics of the wave (frequency and wave vector of the wave),
as well as the strength of the external magnetic field. The magnitude of the
electric field of the wave is not included in these conditions.

Regimes with dynamic chaos play an important role in the dynamics of
particles and waves. This review describes some new mechanisms with complex
chaotic dynamics, i.e. modes with dynamic chaos. New modes are also
described, which are called modes with piecewise deterministic dynamics. The
appearance of such regimes is due to the presence of either specific regions or
specific points in the phase space in which the uniqueness theorem is not
satisfied.

The appearance of chaotic dynamics of plasma particles or particles of
beams of charged particles leads, in turn, to the appearance of chaotic
(random) fields. The influence of such fields on the dynamics of individual
particles and on the dynamics of some collective processes is also described
in the review. Note that a special role in determining the conditions for the
appearance of regimes with dynamic chaos is played by the criteria for the
appearance of such regimes.

The most famous of them are the Melnikov criterion [3-5], the
criterion for overlapping homoclinic trajectories in the phase space, and the
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Chirikov criterion [6]. Note that the Melnikov criterion is the most stringent
criterion. But it is difficult in specific applications. On the contrary,
Chirikov's criterion is a phenomenological criterion. It is extremely useful
when considering a huge number of physical processes. The review indicates
situations when the Chirikov criterion can lead to incorrect conclusions.

The overview 1s divided into seven sections. In the first section, a
fairly general formulation of the problem is formulated and the basic
equations are written out that describe the dynamics of charged particles at
cyclotron resonances. Various special cases are considered. Among the new
ones, we note - obtaining a general analytical solution to the problem of the
dynamics of charged particles for the case when the external
electromagnetic wave propagates strictly along the direction of the external
magnetic field. In this solution, only one cyclotron resonance is clearly
visible, which corresponds to the autoresonant acceleration of particles. The
disadvantage of this solution is its implicit time dependence. In the
considered case, the width of the nonlinear cyclotron resonance tends to
infinity. Therefore, there is no overlap of nonlinear cyclotron resonances.
The dynamics are regular. In the second subsection, the situation is
considered when an external electromagnetic wave propagates strictly
perpendicular to the external magnetic field. This configuration of the field
1s typical for some high-frequency devices of the gyrotron type. In this case,
there are a large number of cyclotron resonances. They can overlap. This
gives rise to a regime with dynamic chaos. Further (in the third subsection)
these and other special cases are generalized. For this, new variables were
used, which made it possible to explicitly distinguish single cyclotron
resonances. The widths of nonlinear cyclotron resonances and the distances
between these resonances are determined. Under the condition when
nonlinear resonances overlap (homoclinic trajectories intersect) regimes
with dynamic chaos arise. These conditions correspond to the Melnikov-
Chirikov criterion for the emergence of chaotic dynamics.

In the last subsection of this section, attention is drawn to the fact
that the criteria obtained for the onset of dynamic chaos may turn out to be
untenable. Note that the criterion for the emergence of dynamic chaos is an
expression for the amplitude of the external electromagnetic wave, which
must be greater than a certain expression. This expression depends both on
the characteristics of the wave itself (frequency, wave vector) and on the
characteristics of particles that are accelerated (from longitudinal and
transverse impulses).

The peculiarity of the obtained inequality lies in the fact that the
strength of the external field of the wave must be greater than the
expression, in the denominator of which 1s the Bessel function. The
argument of the Bessel function includes the transverse momentum of the
particle. As soon as the momentum of the particle acquires a value that
corresponds to the root of the Bessel function, then the amplitude of the
external wave, which is necessary for the development of dynamic chaos,
tends to infinity.
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Therefore, one might expect that in this case the particle would cease
to acquire energy from the wave. Numerical calculations show that such
stabilization of energy gain does not occur. The reasons for this, at first
glance, discrepancy are discussed. It turns out that only the fact that the
Chirikov criterion must be used with caution is clear.

In the second section, we analyze the effect of additive and
multiplicative fluctuations on the particle dynamics at cyclotron resonances.
The most important result of this section is the result that, under conditions
close to those of autoresonance, additive fluctuations have an anomalously
large effect on particle dynamics. This anomaly is expressed in the fact that
in the equation for the phase of the particle, the numerator contains the
magnitude of the additive fluctuation, and the denominator contains an
expression that tends to zero with parameters that tend to autoresonance.

If the autoresonance condition is strictly fulfilled, this expression cannot
be used. However, in this case it is possible to obtain a rigorous analytical
expression for the mean square of the particle energy. This expression indicates
that the dynamics of particles is characterized by a superdiffusion process. The
influence of multiplicative fluctuations turns out to be even more destructive for
regular particle dynamics. It turns out that in this case the moments, starting
from the second moment, grow exponentially. The so-called stochastic
instability develops.

An important feature of this instability is the fact that the higher
moments grow faster than the previous moments. This feature of the
behavior of the moments indicates that the well-known kinetic equations
such as the Einstein-Fokker-Planck equation cannot be used to describe
such processes. Indeed, such equations are obtained taking into account
only the second moments. Higher moments were not taken into account. The
general form of the kinetic equation is given, in which all higher moments
are taken into account.

The third section describes new cyclotron resonances. This section is
the most interesting. All results in this section are new. The main feature of
this section is that it is shown that it is necessary to take into account the
amplitude of the external electromagnetic wave in the known cyclotron
resonances. Note that the known cyclotron resonances contain only the
dispersion characteristics of the wave (frequency and wave vector) and the
strength of only the external magnetic field. The intensity of the external
electromagnetic wave is not included in these conditions. Such a limitation
can be justified only in the case of low intensities of the external wave.

Considering the advances in laser and high-frequency technologies,
this is far from the case. These tensions can be significant. In addition, as it
turned out, taking into account the strength of the external electromagnetic
wave can be essential even in the case of low fields. We note two significant
features of the particle dynamics under the conditions of these new
resonances.

The first feature is that the dynamics of particles is stepwise in the
dependence of momenta on time. On the steps themselves, the dynamics
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turns out to be regular. Only the transitions from step to step are irregular.
The steps themselves correspond to the conditions of the new resonances.
Moreover, the neighborhood of the new resonances is described by the Adler
equation. Note that Adler's equation is an ordinary differential equation of
the first order. It is much simpler than the equation of a mathematical
pendulum, which describes the dynamics of particles in the vicinity of the
known cyclotron resonances

The second feature is that the dynamics of particles in a cross section
is described by trajectories, which can be topologically represented as circles
with different radii. The most important thing is that all these circles have
one common point. Thus, in its dynamics, a particle falls into the vicinity of
this common point and can accidentally jump from one circle to another.
Note that the uniqueness theorem is violated at this common point. A
mathematical model has been built that describes such dynamics. As a
result, the mechanism of occurrence of randomness in particle dynamics
resembles throwing a die with an unlimited number of faces. This dynamics
was called piecewise deterministic dynamics.

The previous sections was devoted the dynamics of individual
particles. In particular, the dynamics of individual particles in the presence
of fluctuations. In the fourth section, the role of spatial and temporal
fluctuations on the dynamics of a collective of particles is considered. As an
example, the influence of fluctuations on the well-studied regular dynamics
of plasma-beam interaction is considered. If a beam of charged particles
propagates in plasma with a random spatial inhomogeneity, then, as a
result, not only the regular component of the wave grows, but also the
random one. Using the methods of functional analysis (variational
(functional) derivatives), it was possible to obtain an explicit expression for
any moments of particle dynamics. It turned out that, both in the presence
of spatially inhomogeneous fluctuations and fluctuations that depend on
time, the higher moments grow faster than the lower moments. This means
that the regular excitation of oscillations by a beam of charged particles in
plasma can develop only during a limited time interval or in a limited
spatial interval. Analytical expressions for these intervals are obtained.

The fifth section also examines the role of collective processes in the
excitation of chaotic oscillations. In this case, a model of an electron beam was
chosen, which 1s under conditions close to those of autoresonance. In this case,
as noted in the first section, the width of the nonlinear cyclotron resonance in
this case tends to infinity. There is no overlap of nonlinear cyclotron resonances.
It could be assumed that the dynamics of excited oscillations by a flow of
charged particles in a magnetic field, as well as the dynamics of particles, will
be regular. Numerical studies show that the dynamics at the initial stage of
instability development turns out to be really regular. However, when a certain
value of the intensity of the excited wave is reached, this dynamics becomes
chaotic. The mechanism of occurrence of chaotic dynamics does not fit into the
known mechanisms. It is shown that the reason for the appearance of complex
chaotic dynamics is a periodic, qualitative change in the form of the phase
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portrait of particle motion. The appearance of this portrait resembles the phase
portrait of the Duffing oscillator.

The dynamics of individual particles in the field of one regular
electromagnetic wave and some features of the collective dynamics of
particles were considered above. However, real electromagnetic waves are a
packet of waves. The question arises: What is the difference between the
dynamics of particles in the field of one regular wave from the dynamics of
particles in a packet of waves? When can be used the approximation of one
regular wave and when the dynamics of particles in a wave packet is
qualitatively different from the dynamics in the field of one regular wave?

These questions are answered in section six. It is shown that if the
phase velocity is close to the group velocity of the wave packet, then the
dynamics of particles in such wave packet practically does not differ from
the dynamics of particles in one regular wave. If the phase and group
velocities differ significantly from each other, then the dynamics of particles
in the wave packet becomes chaotic. In this case, it is impossible to describe
the wave packet by one regular wave.

The seventh section is devoted to the description of the discovered
new resonances in the interaction of transverse electromagnetic waves with
charged particles in vacuum. The conditions and mechanisms for the
emergence of these new resonances are described. These resonances allow
practically unlimited acceleration of electrons by fields of transverse
electromagnetic waves in a vacuum. For example, by fields of laser
radiation. It is shown that there is an analogy regarding the appearance of
these new resonances with the appearance of cyclotron resonances. Indeed,
these new resonances and cyclotron resonances arise only when the waves
have nonzero transverse components of the wave vector.

SECTION 1. FEATURES OF PARTICLE DYNAMICS
AT CYCLOTRON RESONANCES

This section was written based on materials from [7-10]
1.1. Problem statement and basic equations

Consider a charged particle that moves in an external constant
magnetic field directed along the axis Zand in the field of a plane
electromagnetic wave, which in generally has the following components:

e=Re(Eexp(iat —ikr)), H= Re(g[kE]exp(ia)t—ikr)j,
w

where E=Ey0, 0= {Otx, iay,az} - 1s the wave polarization vector.
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Equation motion charged particles:

dp_ .. 8P
E_&+C[7(HO+H)]. (1.1)

Without loss of generality, one can choose a coordinate system in
which the wave vector of the wave has only two components k _and k,. It is

also convenient to use the following dimensionless dependent and

independent variables: p—>p/nc, —oak, r _>2r . Also it’s usefully to
C

take into account such formula: [p[ks]] =k (p . 8) -g(k- p) )

The equations of motion in these variables will be as follows:

@:[1_@J Re(gé"’)+w—H[ph]+5Re[(S'D)GW:I,

dr 4 /4 4
(1.2)
g O P, dv k.
dr y dr 14

where h=H/H,, o, =eH,/mco, e=c0, & =(eE,/mcw), y=7-Kr, k
unit vector in the direction of the wave vector, y =(1+ p?)"? dimensionless
particle energy (measured in units mc?), p - particle momentum. Multiplying
the first equation of system (1.2) by p, we obtain a useful equation that
describes the change in the energy of a particle:

% = Re(vgei'/’) . (1.3
dr

The system of equations (1.2) and (1.3) have well-known integrals:

p+Re(ige” ) -, [rh]—ky =p, —ky, + Re(ige" ) -, [r;h] =const

(1.4)
Index "0" denotes the values of the initial variables.
Note that the system of equations (1.1) — (1.4) practically coincides
with the system of equations, which was studied in [7-10].
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1.2. Common solution of the system of equations (1.1) - (1.3).

(Implicit form of decisions)

We firstly consider the case of wave propagation along an external
magnetic field Rz{O, 0, kz};ﬁo | z . Then the vector equation (1.2) and

equation (1.3) can be conveniently rewritten in the following form:
px =l/}8XCOSI//+CUH (py/y)l

b, = v, Sy~ o, (p,/7) .9

o1 .
% =;( P&, COSY — P&, siny ),

where ¢, =a,&,, £, =a,&.
Note that the value 17 =C 1is an integral. Then the equations for the

transverse components of the particle pulse can be issued separately in
closed form:
p, = &, cosy +Qp,

p; =—8y§nW—pr

(1.6)

here p,:(;j_p; Q=(a, I 1y).
v

Solution of the system of equations (1.6) provided that = const it
can be found in analytical form. For this, it is convenient to represent the
system of equations in the form of a system of oscillators:

p+Q°p =—gsiny 5 pl+Q°p, =—¢,008p, 1.7

where & =¢,+Qe; ¢&,=¢,+Q¢,.
It is easy to see that the system of equations (1.7) has resonances
when the condition Q=1 is fulfilled. This condition is an autoresonance

condition. In the general case, it is convenient to represent solutions of the
system of equations (1.7) in the form:

p,=AsinQy + BcosQy + sny,

81
(1-e)
&

, (1.8

p, =CsinQy + D cosQy + cosy
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where

A=p,,SNQy,+ P, cosz/0+sty/OS|m//0 1+ cosQy, COS!//O—

B =P, COSQy, — P, SINQy, +coszxosinz//OQf—ll—sian//o 0031//09‘29—21
C=-B,D=A; =6+Q¢; &=¢,+Q¢,

Using equation (1.2) and (1.5), as well as solution (1.8), as well as the
fact that the expression 7 =C is an integral, it is easy to find analytical

expressions for the longitudinal momentum and for the particle energy:

1
P = o o P By = (Pl + Po) |+ Py (1.9)
"= 271 [ 0+ 05 (Pl + PJo) ]+ 76 (1.10)

1.3. Autoresonance

Of particular interest is the form of the solution in the case of
autoresonance (Q =1 ). To solve the problem in this case, it is convenient to
use a slightly different way of solving system (1.5). Namely, it is convenient
to rewrite system (1.5) using complex functions:

D' +id = f () (1.11)

where ®=p, +ip,; f(y) =(£X COSl//—iSySinl//)
Using the solution of equation (1.11), it is easy to find expressions for
the transverse momenta (for p, and for py). General formulas are rather

cumbersome. Therefore, as an example, we give expressions for the case
when the wave has circular polarization:

B=e(v-vy)oosy+p (0 p,=-c(y-y)sny+p,0 (1.12)

Solution (1.12) is presented in an implicit form, therefore, from this form
of the solution it is difficult to see the laws of change in momenta and energy
from time (or from coordinate). However, it is easy to estimate such temporal
dynamics at large values of time, and, accordingly, at large values of energy.
For such estimation, we will be use expression for integral yy7=y—p =C. As

result one can get such expression for transverse momenta:

p, ={2/C (1.13)
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Let’s use the equation for energy. For simplicity, consider a wave with
linear polarization ( g, =¢; g,=0 ). Then:

d}/ 2 pL 2 (1 14)
& ; (cosy )

We substitute the expressions for the transverse momentum into
these equations, carry out averaging over the phases, and integrate this
equation. As a result, we obtain the following asymptotic estimate for the
particle energy:

y~e* ()" (1.15)

Thus, we have obtained a general solution to the dynamics of particles
in the wave field and in a constant magnetic field (1.8) - (1.10), (1.12). Pay
attention to the fact that the solution is presented implicitly. It's very
simple. Seeming simplicity. ... In this case, only one resonance is clearly
(analytically) visible - autoresonance. Other (cyclotron) resonances in this
form of the solution cannot be seen. These resonances are hidden in the
implicit form of decisions. We also note that in the form of the solutions
obtained, there are no explicit modes with dynamic chaos.

1.4. The emergence of chaotic dynamics

In this subsection, we will show that despite the simple expressions of
the equations (1.5) themselves, as well as their solutions at k,=1, the

dynamics of particles can be of a complex chaotic nature. To prove this fact,
it is most simple to use numerical methods for solving the system of
equations (1.5). The appearance of chaotic dynamics is associated with the
appearance of a nonzero transverse component of the wave vector of the
wave. Below, for definiteness, we will consider the case when the wave

vector of the wave has only one transverse component (IZz{l, 0,0}). This

case 1s interesting not only because regimes with dynamic chaos will appear,
but this case is also a model of particle dynamics in such a well-known
device as a gyrotron [11]. Below are the results of numerical calculations of

the system of equations (1.5) at K= {l, 0, 0} .

The equations of motion for this case have the form:
X: px/j/’ y: py/y

b =(p,/7)(~&SnWw)+a,) (1.16)
b, =—&,8SnW)+(p,/7)(&SnW) - awy).
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Figure 1.1 shows solutions to the system of equations (1.16) at
£ =510", p, (0)=0, P,(0) =0 Figure 1.1a shows a pulse p,, Figure 1.1b

shows its spectral density of power and Figure 1.1c shows its correlation
function. It can be seen from these figures that for the given values of the
parameters, the dynamics of particles is regular. In this case, the dynamics
of particles is regular for all initial phases of particles in the interval

0< (%, Yp) < 27.

[
i 8 b
B
LT LI ]
1K=
i
1F= I
L] ] e L 1
1} L] |

lan ELo

Fig.1.1. Particle momentum ), (a), its spectral density of power (b) and
. E 4
correlation function () at £,=5-10", p,, =0, p,=0.%,=0, y,=0

As the field strength increases to values of the order of magnitude
& =0.1, more intense beatings of the momentum amplitudes occur.

However, the particle dynamics remains regular. The spectrum consists of
narrow peaks, the correlation function does not decrease (see Figure 1.2).
In this case, the dynamics of particles also remains regular over the

entire range of the initial phases of particles 0< {XD, yo} <2r.
With an increase in the field strength higher ¢,=0.15,
P.,(0=0 p,(0)=0 a qualitative change in dynamics occurs (see

Figures 1.3). It should be noted that this field strength is lower than that
required to satisfy the resonance overlap condition (see next section).

The overlap criterion of nonlinear cyclotron resonances (1.34) is not
met (at zero pulse values). The obtained result can be explained as follows.
At the beginning, and during a certain period of time, the dynamics of
particles is really regular, the particles are in cyclotron resonance, and gain
energy.
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2 *\”“Wh =11

Fig. 1.2, Particle momentum (a), its spectral density of the power (b) and
correlation function (c) at &,=0.1, Py = 0, p,=0.%x,=0, y,=0

Fig. 1.3. Momentum P, ofa particle (a), its spectral density of the power (b) and
correlation function (c) at & =019 , px,y(o) =0, P, 0)=0, % =0, ¥%=0

In this time interval, in accordance with criterion (1.34), the dynamics
of particles is regular. Upon reaching a certain value of the transverse
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momentum, the overlap criterion (1.34) begins to be met. The dynamics are
becoming chaotic. Figure 1.3 shows solutions to the system of equations
(1.5). Figure 1.3a shows the pulse, Figure 1.3b - its spectral density of the
power, and Figure 1.3c - the correlation function. It can be seen from these
figures that, for the given values of the parameters, the dynamics of
particles becomes irregular. Note that insignificant changes in the initial
coordinates of a particle, its dynamics change significantly. This means that
there is local instability.

In the next section, we will point out a way that will allow us to
explicitly detect cyclotron resonances and also detect regimes with dynamic
chaos.

1.5. New variables. Cyclotron resonances

To see other features (besides autoresonance at Rz{O, O,l} ) and to

understand the reasons for the appearance of regimes with dynamic chaos
at k= {l 0, 0}, it is convenient to go to new dimensionless variables:

p,,p,.0,& and 5 These variables will make it possible to explicitly detect

cyclotron resonances, and also allow to explicitly describe the dynamics of
particles in the vicinity of nonlinear cyclotron resonances, and also make it
possible to find the conditions for the occurrence of local instability (overlap
of nonlinear cyclotron resonances). These conditions make it possible to
determine the parameters of the system under which a regime with dynamic
chaos arises. Let's define these new variables using the following
expressions:

px:pLCOSG; py:pLs.ne; pj_lepf"'p;; pz:g\;
x=§—&sin9; y=77+&oose . (1.17)

, @,

Let us substitute these variables into the vector equation (1.2). Let us
expand the right-hand sides of the equations in a series in Bessel functions.
As a result, we obtain the following equation, which describes the dynamics
of the transverse momentum of particles:

+00

% =& |:(1_ kzvz) Z.O (aXEJ” +aer’1jCOS(.9n) +azkxvz Z ﬂJn COS(HH):| ,

N=—o0 N=—c0

(1.18

where u=Kk.p /o, 0, =kz+kK&-7-n8, I, =3, (), I, =0, (w)/du,.

n
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Similarly, we obtain the equation for the remaining dependent

variables, i.e. for p,, 7, 9, f, 1, é’n

dp,
dr % ZZ(

N=—w0

]Jn COS0, + £V, D [axﬂ J,+ aer’]Joosen ,(1.19)

v H

N=—0

_SOZ[O{V —J,+a N J +a,v,] jcosen, (1.20)

N=—0

49 _ s (1-kv.) 3 (aXJ; +ay£\]njsin(9n)+
dr P, = U

, (1.21)
K&y Z (e, 3; —a,v, 3, )sin(g,) -2
pJ_ N=—00 7
& £ &
=2 =" 1-kyv, )+a kv, — | snd,, (1.22)
dt o, n;@[ay( z ) @ kx ,Llj
£ & ,
o n;O( (1=K ) 3, 4k (v, 3+ ay, n))cose , (1.23)
dx_p.cosd) dy_p.sin@®) dz_p, (1.24)

dt ¥ Codt ¥ "t y

When obtaining formulas (1.18) - (1.24), they were used to expand
functions in a series in terms of Bessel functions (see, for example, [8-10, 22]):

exp(ipsing) = 3 J, (1) explzing),

N=—o0

here J =J (u) Bessel functions first kind , u=k p, /a,,
6,=t-kK,z-Kks&+nd

Formulas (1.17) - (1.23) are difficult to analyze. Therefore, in what
follows, we will leave on the right-hand side only those terms whose phases

practically do not change. This condition for the stationarity of the phases
will be the condition for cyclotron resonances:

J, =dd (w)/du,

0 = const én:AnEkzvz+na)_H_1:0 a)=IZ\7+an . (1.25)
V4 e
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1.6. Conditions for overlapping nonlinear cyclotron resonances.

Caution at using the Chirikov test

Let us find the conditions for the overlap of nonlinear cyclotron
resonances. For this, we will assume that the particle energy changes little as a

result of interaction with the electromagnetic wave ( V=7t }7), ¥ <<¥,, and

resonance condition (1.25) is exactly satisfied for a particle with energy Vo

As(yo)zlgvzo+sﬂ—1=0. (1.26)

0

Then, performing the expansion AS(]/) near y,, from the system of

equations (1.18) - (1.24) we obtain the following shortened system of
equations:

p, = i(1— kv, )W, - &, cosb;;

P,

1
h, = —KkW.g, cosl.;
pz 7/ z" "'s“0 s (127)

6.=A, =kv,+sH 1
v

V= ﬁV\/S~cos¢9s;
/e

here Ws = axpii‘Js_ay pJ_‘]s, +azpz‘Js' ,Ll = kx pJ_ /a)H '
y2

The last two equations of system (1.27) make it possible to obtain a
closed system of two equations for determining 6, and  :

~ 2
97 _ 2oy cosg, %K1y (1.28)
dr 7, dr Yo

Equations (1.28) represent the equations of a mathematical
pendulum. From them we find the width of the nonlinear resonance:

AD, =4k ~L)e, W,/ 75 . (1.29)

It is convenient to express the width of the nonlinear resonance in
energy units
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A7, =4 JeW (K2 -1). (1.30)

To find the distance between resonances, we write down resonance
conditions (1.26) and averaged conservation law (1.4) for two adjacent
resonances

K,Poy+(S+) @y — 700 =0,  Veu—Palk =C. (1.31)
k,p,+sw, -7.=0, y.—p/k,=C. (1.32)

Note that the constant C in integral (1.31) and in integral (1.32) is the
same. From these conditions, we find the following value of the distance
between resonances:

Sy =, /(1—k12) : (1.33)

From expressions (1.30) and (1.33) it follows that when there is

inequality
gy >, /4[\/VVS+ Sﬂ]z (1—k22) , (1.34)

then the sum of the half-widths of nonlinear resonances is greater than the
distance between the resonances and their overlap occurs. In fig. 1.4 for the
case [, <1 shows the direct resonances and one of the straight lines of the

averaged integral of motion, along which the particle moves within the
isolated resonance and according to which the distance between the
resonances is calculated.

V4 Resonance line S+1

p, — k. = const,
Resonance
width

p \ Resonanceline
7 =K,p, + sy,
1 Vibrations near
P (70,5 , sz,s) P,
[ L
Fig. 1.4. Projection onto the Fig.1.5. The same as on Fig.1.4.
plane (;/, HI) of resonance conditions Only kz <1. Additionally one can see
(1.26) and integral (1.4) for the case width of nonlinear resonance

kZ >1. Depicted resonances:
S=+1+2+3
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Expression (1.30) for the width of nonlinear resonance and condition
(1.34), under which a stochastic instability of particle motion arises, are
rather general and describe the most important cases of resonant
interaction of particles with electromagnetic waves.

Indeed, expression (1.30) gives the width of the nonlinear resonance

for the Cherenkov interaction of a particle with the field (S=O), for
cyclotron resonances (kZ=O), for nonlinear resonances on the normal

(S > O) and anomalous (S< O) Doppler effects.

Accordingly, expression (1.34) gives the condition for the onset of
stochastic instability caused by the overlap of the corresponding nonlinear
resonances. Accordingly, expression (34) gives the condition for the onset of
stochastic instability caused by the overlap of the corresponding nonlinear
resonances.

Let us discuss some specific cases of the overlap condition for
nonlinear resonances (1.34).

1. Consider the interaction of a particle with a longitudinal wave in a
constant magnetic field. The criterion for the appearance of chaotic motion
of a charged particle under these conditions for a nonrelativistic particle
was obtained in [12, 13]. In [14], these results were generalized to the
relativistic motion of a particle. Formula (1.34) contains these results.

Indeed, for a longitudinal wave (a, :ﬁ, a, = 0, a, =k, k) with taking in

k
account resonant conditions (Sa)H +k,p, = 7/) we have W,=y-J (u)/k.

Assuming g >>1, from (1.34), we find the following condition for the

occurrence of stochastic instability due to the overlap of Cherenkovsky
(s=0) and neighboring resonances on the normal (s=1 ) and anomalous

(s=-1) Doppler effects:

2
£ >Mi\/z (1.35)
16\ 2

7(1— kzz)

This expression, up to a numerical factor i \/E , coincides with the
16V 2

criterion obtained in [14]. The difference in the numerical coefficient is due
to the fact that in [14] is only an estimation of the width of the nonlinear
resonance was given.

2. Let a transverse electromagnetic wave propagate perpendicular to
the external magnetic field. This case simulates the dynamics of particles in
gyrotrons . In this case, the overlap of resonances is due only to relativistic
effects. For the E-wave (polarization = (0, i, 0), the criterion for resonance
overlap is!
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&>, /16pl0JS, () (1.36)

and does not depend on the longitudinal velocity.
For the H-wave @ =(0,0,1) , formula (1.34) becomes

e>af 116p,,J (1) . (1.37)

In contrast to the case of the E-wave, the amplitude of the H-wave,
required for the development of stochastic instability, depends significantly
on the value of the initial longitudinal impulse.

3. Consider condition (1.34) for the case of motion of a particle in the
field of a plane polarized electromagnetic wave propagating at an angle ¢
to the external magnetic field in a medium with a refractive index n>1 .
To overlap the Cherenkov (S=0) and adjacent cyclotron resonances in the

E-wave field @ = (cos¢,0,sSin¢g) , condition (1.34) is transformed to the form
&>a N, 1163, (1), (L-V2)sng. (1.38)
In the field of the H-wave, this expression takes the form
£>aw Vo 116J (1) p,,(1-V2) - (1.39)

From expressions (1.38) and (1.39) it follows that with an increase in
the longitudinal velocity of the particle, the value of the wave amplitude
required to overlap the resonances increases.

4. The case of longitudinal propagation of an electromagnetic wave in
vacuum (k,=1) should be especially noted. In this case, stochastic

instability does not develop (¢ —). In the case under consideration, the

resonance condition coincides with the integral of motion (see formulas
(1.31) and (1.32)) and the change in the particle energy does not remove it
from resonance. This condition is condition for autoresonance, which was
first studied in [15,16], are satisfied. Thus, it can be claimed that the
stochastic instability of particle motion does not develop under
autoresonance conditions.

5. For the purposes of stochastic acceleration, it is of interest to consider
the case of high energies of a particle (y >>1) that interacts with a plane

electromagnetic E-wave (@ =(0,i,0)) propagating perpendicular to the external
magnetic field (k, = 0). For simplicity, we will assume that the particle has no
longitudinal velocity (p, =0), and the interaction with the wave occurs at high
cyclotron resonances (S>>1). The last condition corresponds to the case of
stochastic acceleration of a particle in the field of a wave whose frequency is
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much higher than the cyclotron frequency (@ >> @,,) . The resonance condition

in the considered case has the form ¢ = S Since P, ~y,then p=s>>1

and you can use the asymptotics of the Bessel functions J () ~0,44/(9)".

Substituting these estimates into formula (1.34), we obtain
£>0,28-w,-s". (1.40)

From formula (1.40) it follows that with an increase in the resonance
number, the wave amplitude required to overlap the resonance increases.

1.7. Caution at using the Chirikov test

The formula (1.34) obtained above indicates the value of those
parameters at which the dynamics of charged particles is in a regime with
dynamic chaos. This formula is a consequence of the Chirikov criterion [6].
We saw above that it can be used over a very wide range of parameters. At
first glance, one gets the impression that criterion (1.34) is satisfied in all
the parameters specified in this formula. In most cases, this turns out to be
true. However, as we will see below, in some cases formula (1.34) gives
incorrect results. Let's consider this case in more detail. We will consider
the particle dynamics for the values of the wave parameters that were used
in Section 4. Using formula (1.34), we define the parameter regions for
which there are regimes with dynamic chaos and the regions where the
dynamics should be regular. It is enough to consider the region of
parameters on the plane (p , &,).

Figure 1.6 shows the space of two main parameters g, and p, .In

addition, this figure shows a curve that divides this space in two. The space
above the curve corresponds to the parameters for which condition (1.34) is
satisfied.
The region below this curve is the region where the conditions for
overlapping resonances are not fulfilled and chaotic dynamics should not arise.
From criterion (1.34), in particular, it follows that when the condition
W, — 0 is fulfilled, the wave amplitude necessary for the occurrence of a

regime with dynamic chaos tends to infinity. Physically, this condition
means that the width of one of the nonlinear cyclotron resonances tends to
zero. In particular, the width of the first nonlinear cyclotron resonance
tends to zero whenJ/ — 0. This condition is easily attained at a certain

value of the transverse momentum p . In this case, it can be expected that

the particle, getting energy from the wave as a result of resonant cyclotron
interaction with the wave, ceases to effectively take energy from the wave.
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Fig. 1.6. Parameter space &, and P, . The region above the curve

corresponds to the regime with dynamic chaos

Our preliminary numerical studies of the particle dynamics under
these conditions show that such a breakdown of the chaotic particle
dynamics does not occur. Therefore, more thorough analytical and
numerical studies of this apparent contradiction have been undertaken.

As follows from works [7-11,17], when nonlinear cyclotron resonances are
overlapped (at sufficient field strength), particles continuously gain energy
(according to the diffusion law). In this case, they must fall into the region with
a transverse momentum of the order of p, =1.8. In accordance with criterion

(1.34), the field strength required for the occurrence of a regime with dynamic
chaos increases sharply in this case. One would expect that at these values of
transverse momenta, the energy level that the particles can get will stabilize.
However, numerical calculations show that there is no stabilization. The
particles continue to gain energy (see Fig. 1.3a).

... This result can be explained by the fact that for these values of the
parameters, the cyclotron resonances that remained unaccounted for in
criterion (1.34) begin to play a decisive role. Thus, the results obtained
above indicate that, under the conditions considered above, cyclotron
resonances not taken into account in criterion (1.34) can play an essential
role. Recall that criterion (1.34) was obtained as a condition for the overlap
of two adjacent nonlinear cyclotron resonances (Chirikov's criterion). Note
that the effect of a large number of nonlinear cyclotron resonances with
which the particle interacts weakly can be simulated by the presence of an
external noise effect. Indeed, as we will see in the next section, the role of
even small external fluctuations can radically change the dynamics of
charged particles at cyclotron resonances. These results can qualitatively
explain the contradictions that have arisen.
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1.8. Conclusion

Here, we formulate and briefly discuss the most important results of
this section:

1. Analytical criteria for the appearance of dynamic chaos are found
both for the general case and for the most physically interesting particular
cases.

2. Criterion (1.34) for the appearance of chaotic dynamical regimes
in the systems with cyclotron resonances should be used with caution. It has
been shown that the formal application of this criterion can lead to incorrect
results for the dynamics of particles. The analysis has shown that
discrepancy between analytical and numerical results appear because
criterion (1.34) was obtained under the assumption that two neighboring
cyclotron resonances that can be synchronous with particles play the main
role in the dynamics of particles. This assumption is well justified in most
cases. However, this assumption is no longer valid if one of the chosen
synchronous resonances ceases to efficiently interact with particles under
certain conditions. One of these conditions is the case where the width of
one of these resonances tends to zero. The role of other cyclotron resonances
disregarded in the analysis becomes decisive under these conditions. Such
an analysis of criterion (1.34) is novel. However, from the general
methodological point of view, it is more instructive than novel. There is the
problem: how can the effect of these resonances on the dynamics of particles
be taken into account? The simplest way is to describe their effect as the
effect of external noise.

3. In addition, as will be seen in the third section, as well as in the
fifth section, other mechanisms can play a significant influence on the
emergence of such regimes.

SECTION 2. EFFECT OF FLUCTUATIONS ON THE DYNAMICS
OF PARTICLES AT CYCLOTRON RESONANCES

2.1. Introduction

An important feature of cyclotron resonances is that the long-term
(up to infinity) effective energy exchange between particles and waves can
be expected under nearly self-resonance conditions because the integrals of
motion of particles under autoresonance conditions coincide with cyclotron
resonance conditions. Such a feature of the dynamics of interaction of
particles with electromagnetic fields is promising for its implementation in
generators and accelerators.

However, attempts to use this fact for the efficient excitation of
oscillations were unsuccessful [18]. The authors of [19] believe that the
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efficiency of interaction is low because of a large number of additional
nonresonance electromagnetic modes (and even improper) that are
disregarded in analytical and numerical studies and always accompany the
excitation of intense electromagnetic waves. In many cases, the effect of a
large number of disregarded modes can be simulated by external noise.
Furthermore, noise components always exist in the processes of interaction
of intense electromagnetic radiation with particles. For this reason, the
effect of external fluctuations on the dynamics of particles is often
necessary. As will be found in this section, the inclusion of this effect is
necessary under nearly self-resonance conditions. Indeed, as was shown in
[17, 19-21], the dynamics of particles under nearly autoresonance conditions
can be anomalously sensitive to external fluctuations. Below, we consider
this problem in more detail for the simplest structure of the field of an
electromagnetic wave propagating along the direction of the field

Hollz, E=Re{E,,0,0}, H={0,H,0}, k={0,0k, =1} (2.1)

We analyze the effect of additive and multiplicative fluctuations in the
most interesting case, i.e., under nearly self-resonance conditions:

R=kuv,+(s®,/7)-1-0 2.2)

2.2. Influence of additive fluctuations on particle dynamics.

Superdiffusion.

We first consider the role of additive fluctuations. Since the field
amplitude is small, g, <<1, the system of equations (1.26) and (1.27) from

first section can be linearized [14]:

G g

=aj+f, (2.3)
dr T

where B=(s0M/2y,)sn6,, 6,=0+0,0<<1, j<<1l, a=(dR,/dy)

Yo ’
y <<y, f =@, , is the additive fluctuation force. In the analytical study, we

assume that A1) is a Gaussian delta-correlated random process with zero
mean:

<f(r)f(r’)>=2D5(r—r’), <f>=0. (2.4)

where D i1s the diffusion coefficient. The parameter a determines the
closeness of conditions to the self-resonance conditions. This parameter is
zero if autoresonance conditions are exactly satisfied. Under these
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conditions, the system of equations (2.3) with relations (2.4) is solved
analytically:

<72>=§D873 (2.5)

Such a time dependence of the average energy squared indicates that
the diffusion of particles in the energy space in this case has a character of
superdiffusion.

We will use the method moments and the method of variational
derivatives to solve system (2.3) in the general case for an arbitrary value

a=(0Ro!0y), -

From equations (2.3) it is easy obtain the system of equations for the
first moments

%?:43(9), %f):d@) (2.6)

For the second moments we will have:

@: ~2B(76),

—B<92>+d<;72>+<f;7>, (2.7)

s
3
Il

d(0°)
=2d(70)+2(f6).
) _20(0) 2(10)
To split the correlations <f}7> and <f<9> we use the method of
variational derivatives (see, for example, [23]). The formula is important for

us-

SR[ f(7)
(fOR[fO]) = ! (f@)f (T)><ﬁ>dr (2.8)

Here R[Z] is an arbitrary functional of Z. Using (2.8), we find that
<f 77> =0 and <f(9> =D. Here D is diffusion coefficient, which is defined in

formula (2.4). Taking into account the obtained relations, the system of
equations (2.7) can be rewritten in the form:

d* {7 .

@+4d8<;/¢9>=—ZBD (2.9)

dr
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The particular solution of equation (2.9), which are interested for us,
is equal to < ;70> =-D/4d. The average square of the energy in this case will

be determined by the formula:

-2\ _ &MD
(7)= 20%0! T (2.10)

According to this expression, particles acquire the energy by a normal
diffusion law. However, the diffusion coefficient becomes anomalously large
when approaching the autoresonance conditions.

It is of interest to find the conditions under which the normal
diffusion law (2.10) changes to the superdiffusion law (2.5). Formula (2.10)
is valid for arbitrary « = 0. To determine the dynamics of particles at o =0,
it is necessary to return to the system of equations (2.3) and putinit ¢ =0.

Then, it is easy to find the mean square of energy as a function of time
under the exact autoresonance condition (¢ = 0),

<772>: B°D7? _ 85 pr(

cosd, )’ 7 (2.11)
3 127 )

In terms of its main characteristics, formula (2.11) coincides with
formula (2.5). It follows from these formulas that, under autoresonance
conditions, additive fluctuations lead to particle dynamics, which is
described by a law much faster than the usual quasilinear diffusion law.
This law (2.11) is called superdiffusion.

2.3. Numerical analysis of the transition of particle dynamics

with ordinary diffusion to superdiffusion

It is of interest to clarify the law of transformation of ordinary
diffusion (2.10) to superdiffusion (2.11). To answer this question we will use
numericall methods. We numerically study the time dynamics of charged
particles in the cases close to self-resonance. The numerical calculations
were performed with the parameter B~ 0.033. The parameters a and Bcan
be obtained under the corresponding initial conditions for particles and at
the external field parameter ¢, =0.1. The parameter a was varied in the

range of 107 < a < 101, Fluctuations were described by a random variable
uniformly distributed in the interval (-A@,, Aw,,) A®, =0.1 The initial

conditions for addition of the energy and phase were taken in the form

7(0)=0, and 9(0) =7 /60, respectively.
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The average energy gain squared <7/2> was calculated by averaging

over an ensemble of 40 realizations. In each realization, a random number
generator generated a sequence of random numbers in the interval
(—Aa)H, Aw, ). The dimensionless time t = #7 was measured in units of the

period. The results of the numerical analysis of the time dependence of the
average energy squared of the particle for various parameters o are
presented in Fig. 2.1, where the solid lines show the numerical results for
the average energy squared over the ensemble of 40 realizations and the
points present their least squares approximations by a power-law function
F(r)=D-r* (Dis a constant). The parameters for fields and particles, as
well as initial conditions for the time addition to the energy and phase, did
not change.

U™
kLt

P L o b

= B
[ 1is b ] e i . e ™ e -

Fig. 2.1. Dependence of the mean square particle energy on time for
a) a=0.01, b) a=.0001

As 1s seen in Fig. 2.1a, the time dependence of the average energy
squared is almost linear, <;/2> ~D-7r. This corresponds to the well-known

diffusion law <7> ~D-7"%. When the parameter o is reduced to a = 5 X104,

the time dependence of the average energy square changes insignificantly:
<7/2> ~D-7** (Fig. 2.1b), and the diffusion coefficient increases. This

variation of the average energy squared is in qualitative agreement with Eq.
(2.10). A further decrease in the parameter a to a = 105 results in a
qualitative change in the time dependence of the average energy squared.
The parameter v increases significantly (v =~ 2.4):.

The average square of the energy is proportional <;/2>z D-z**. An

1llustration of such a change in energy is shown in the graph in Fig. 2.2a.
When the parameter a is reduced from 105 to 107, the diffusion
coefficient increases insignificantly and the exponent increases to v =3. The
data for ¢ =10" are shown in Fig. 2.2b. As follows from this figure, there is
a fairly good agreement between the numerical calculation and the
approximation using a power function D- 13.
. These results show that the presence of additive fluctuations even
with very small amplitudes indeed leads to the appearance of
superdiffusion. However, as is seen in Figs. 2.2a—2.2b, this occurs only in an
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extremely small vicinity of the exact autoresonance conditions. In real
experiments (in almost all experiments), the autoresonance conditions
cannot be satisfied with the required accuracy. Consequently, Eq. (2.10)
rather than Eq. (2.5) or Eq. (2.11) should be used.

e
e T &
Tl

- 4 1§ __-"'.
0 _f-—"-- ] .--_r-"-..

0 j e e, O TR | L I e W  EE

Fig. 2.2. Time dependence of the average square of the particle energy
fora) a=10°,5h) a=10"

2.4. Influence of multiplicative fluctuations on particle dynamics

We now consider consequences of the presence of multiplicative
fluctuations. Such fluctuations appear, e.g., in the presence of fluctuations
of the wave amplitude in which the particle moves. The dynamics of the
particle located near a “center-type” singular point, rather than near a
“saddle” point is of the most interest because the distance between particles
near the saddle point increases exponentially even under the action of
regular forces. The equations for the time dynamics of particles near the
center-type points of a mathematical pendulum can be represented in this
case in the convenient form [21]

du do
1+ f ~_u (2.12)
O 1+ f ()0, O u

Here, r =@ t- |a . B| is the new dimensionless time and the relation

between the energy of the particle and the angle 7 =¢. |B / a| . Equations

(2.12) with the initial conditions u(0) = 0 and 6(0) = n/60 were numerically
analyzed. Fluctuations #t) are also described by a random variable
uniformly distributed in the interval (-Af Af with the amplitude of
fluctuations Af = 0.1. The numerically calculated time dependence of the

average energy squared <;/2> 1s shown by the solid line in Fig. 2.3 in
comparison with its approximation by the function F, ()= D-exp(dr),

which depicted by the dots. The exponential time dependence of the average
energy squared is clearly seen in Fig. 2.3.
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Fig.2.3. Time dependence of the average energy squared of the particle

2.5. Role of moments on the dynamics of particles

It was shown in [20] that the presence of multiplicative fluctuations
under the self-resonance conditions (nonlinear cyclotron resonances do not
overlap) leads to fluctuation instability. This instability results in an
exponential increase in moments. It is known that an unlimited increase in the
second moments corresponds to Levy flights [21, 24]. Because of such a
singularity in moments, normal diffusion kinetic equations cannot be used to
describe the dynamics of particles under these conditions. Either integral
equations or equations with fractional derivatives should be used instead of
these equations [17]. The method of moments is also a possible alternative [17].
This method was used in [21] to analyze the dynamics of particles under the
cyclotron autoresonance conditions. The analysis of moments at overlapping of
cyclotron resonances shows that higher moments in this case are larger than
lower moments under certain conditions. It is important that such property of
moments exists in the absence of fluctuations. This result is illustrated in
Fig. 2.4, which shows the number dependence of the magnitude of moments
divided by the factorial of their number m!. It is seen in Fig. 2.4 that, at a quite
low strength of the external field (€0 =e£A/ma» = 0.1), moments decrease rapidly
with an increase in their number (Fig. 2.4a). However, at high strengths
(at &, =0.19), higher moments are larger than lower moments. It is seen in

Fig. 2.4b that moments increase with the number up to m = 6.

Since even moments are much larger than odd moments, the
distribution of the momentum px in the momentum space is symmetric.
However, since the quantities shown in Fig. 2.4 are moments divided by the
factorial of their number, which is a rapidly increasing function, these
quantities corresponding to moments higher than sixth moment decrease
rapidly. This property of moments also requires the modification of
equations for the description of the kinetics of particles.
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Fig. 2.4. Time dependences of the moments p, divided by the factorial of their
number m! for the field amplitudes (a) & =010 0.10and b) & =019

2.6. Kinetic equations that take into account the role of higher moments

For such modification, we write the relation of the density of particles
at the time t + At to the density of particles at the time <

n(p,z+Az)= T[n(p— P, 7)]f(p")dp’ (2.13)

Relation (2.13) mathematically means that the density of particles
having the momentum p at the time t + At is determined by all other
particles (with different energies), which acquire the momentum p' with the
probability Ap) in the time interval At. It is convenient to rewrite Eq. (2.13)
in the form

n(p,z+Az)—n(p,z) = T [n(v-p',7)-n(p,7)]f(p")dp’ (2.14)

If the moments are finite, retaining the terms up to the second
moments in the expansion of the integrands in Eq. (2.14) in small
displacements, we obtain the normal diffusion equation for the density of

particles with the diffusion coefficient D = < p2>/ 2:

2
2_”: D% (2.15)
T p

If the moments do not decrease, it is necessary to use the more
general equation
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;s m=2j; j={123.. (2.16)
m!  op” m=2J: | {l }

For the case shown in Fig. 8b, it is necessary to take into account four
or five terms in the sum in Eq. (2.16). It is noteworthy that diffusion kinetic
equations are often used to describe the dynamics of particles at cyclotron
resonances (see, e.g., [47,48] and references therein).

Note that the equation (2.16) describes the dynamics of particles in
one-dimensional momentum space. It is easy to generalize it to a three-
dimensional case. In many important cases, it is sufficient to consider the
diffusion of particles in a scalar energy space. In this case, the evolution of
particles in the energy space will not differ from the equation (2.16).In it, it
is only necessary to replace the impulse with energy.

2.7. Conclusion

Here, we formulate and briefly discuss the most important results:

1. For the study of cyclotron resonances, conditions under which the
integrals of motion of particles coincide with resonance lines are of particular
interest. These are the autoresonance conditions. When conditions approach
the autoresonance conditions, the distance between cyclotron resonances
increases rapidly. These resonances do not overlap in this limit. Conventional
chaotic dynamical regimes (caused by the overlapping of resonances) do not
occur. However, as was shown in [20, 21,17], the dynamics of particles under
the autoresonance conditions is anomalously sensitive to external fluctuations.
In this case, the analysis of conditions under which the diffusion dynamics of
particles in the presence of fluctuations becomes superdiffusion is of particular
interest. This analysis can be performed only numerically. This numerical
analysis has been performed and the results have been presented abowe. It
appeared that the autoresonance conditions in the presence of additive
fluctuations should be satisfied with an accuracy of 107 for the transition of
normal diffusion to superdiffusion. This means that, in the presence of additive
fluctuations, the superdiffusion regime cannot be really reached. These results
supplement the results reported in [20,21,17].

2. The presence of multiplicative fluctuations leads to the development
of stochastic instability. A feature of this instability is the fact that the higher
moments grow faster than the lower moments. In this case, the moments
increase exponentially with the time. The dispersion becomes asymptotically
unlimited. As is known, this is the condition for the appearance of Levy flights
or “strange” kinetics [24]. Such kinetics has been numerically studied in this
work. This study has indicated that the average energy squared of particles
increases exponentially (see Fig. 2.2).

3. When the higher moments turn out to be larger than the previous
moments, the well-known kinetic equations of the Einstein-Foker-Planck type
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are already insufficient to describe the processes. New kinetic equations are
needed that take into account the influence not only of the first and second
moments, but also the influence of higher moments. Such equations have been
obtained.

SECTION 3. NEW CYCLOTRON RESONANCES

3.1. Introduction

The acceleration of charged particles in a vacuum is a tempting
prospect. There are a large number of works (both theoretical and
experimental) devoted to this problem (see, for example, [10, 18, 25]). See
also [56]. These works indicate the advantages of such acceleration and the
problems that one has to face when solving such problems.

In the presence of a constant magnetic field, the situation changes

qualitatively. Cyclotron resonances (w= R\7+a)H /y) appear. When using

them, effective interaction of waves and particles is possible. The
autoresonan acceleration scheme is especially attractive. However, to
implement this scheme when using laser radiation fields, anomalously large
external magnetic fields are required.

It should be noted that only the strength of the external magnetic
field (a)H ) is included in the conditions of cyclotron resonances. There is no

wave field strength under these conditions. This is due to the fact that the
theory of cyclotron resonances was developed when the parameter of the
wave strength (¢ = eE / mcw ) was almost always small.

Therefore, there was no need to take it into account. The wave
intensity appeared only when studying nonlinear cyclotron resonances.
With the advent of lasers, the situation could change. As indicated above,
the use of cyclotron resonances seemed simply impossible.

In addition to lasers, sources of intense electromagnetic radiation,
such as MCR, have appeared. However, all the same, only the usual
conditions of cyclotron resonances were used (see above). It is clear that
when the force parameter becomes significant, the usual conditions of
cyclotron resonance must be modernized.

In this condition, both the strength of the external magnetic field and
the strength of the fields with which the particles interact must be present.

This is especially true in the case of laser fields, when the cyclotron
frequency turns out to be significantly lower than the laser radiation
frequency (@, / @ <<1). This section is devoted to the analysis of the use of

both the usual conditions of cyclotron resonance and new modernized
conditions.
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3.2. Formulation of conditions for new resonances

The initial equations for finding the conditions for the emergence of
new resonances will be equations (1.18) - (1.24). The system of equations
(1.27) will also be useful. One should also pay attention to formula (1.26),
which is a condition for the appearance of the known cyclotron resonances.
Such equations were studied in sufficient detail in [10,18, 25]. These
equations are convenient for analysis when the parameter £ is small.

In this case, the averaging method was used to analyze this system.
However, system (1.18) - (1.24) is strictly valid for any parameter value.
Also, small parameters can be, in particular, Bessel functions for large
parameter values & . We will be interested in the dynamics of particles in
laser fields. It means that in real conditions the dimensionless cyclotron
frequency will also be a small parameter (@, <<1). In addition, in most
cases, we will be interested in the dynamics of relativistic particles (y >>1).

In general case, the resonance conditions are conditions:
0, =kv, +kE-1-nf=0. (3.1)

Note that condition (3.1) takes into account the dynamics of the
leading center, which substantially depends on the electric field strength of
the laser radiation. In the special case (£ =0), conditions (3.1) contain the

well-known conditions of cyclotron resonance. We consider some particular
new resonance conditions:
1. The simplest case is when the parameters of the fields and particles
satisfy the following relations
n=0 k,=0,k, =1 o, <<l ¢ =¢,=0. (3.2)

Then condition (3.1) can be represented as:

g—ycos[&_ngngo :_\/E . (33)
@y Py o, 4 2

It can be seen that the resonance condition substantially depends on
the wave strength parameter ( & ).

2. If parameters of fields and particles satisfy relation:
n=0k, >1 Kk, <<1, o, <<1 ¢,=¢,=0

then the expression for cyclotron resonance takes the form:
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ke
v, +—%
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Using resonance conditions (3.1), as well as equations from system
(1.18) - (1.24), we can obtain the following equation for describing the phase
dynamics in the vicinity of resonance:

&KV,
2y

éo + cos@o =0. (3.5)

Equation (3.5) is the equation of a mathematical pendulum. Analysis of
such equations and consequence of a similar analysis can be found in [7-10]. It
should be noted that, under the condition, the known cyclotron resonances are
absent. So conditions (3.3) and (3.4) are conditions for new resonances that do
not go over into known resonances.

3. The interesting case is when the parameters of the wave and
particles satisfy the conditions:

n=u>>1 K >1k ~(1/7*)<<1; o, <<1; &, =¢,=0 (3.6)

The importance of this case is due to the fact that it allows us to
analyze the resonance at large values of number (n >>1). Besides, this case
corresponds to the situation when the number of the Bessel function is equal
to the argument of the Bessel function. In this case, as is known, the Bessel
function decreases most slowly with the growth of its number and argument

(J,(n)~1/ In). The resonance condition for this case has the form:

nw;, —2¢,k:p,J,siné,

on

0, =kE-nd= =A, A(y)=0. (3.7

7, 1s value of energy at which the exact resonance condition is satisfied

(A(y,)=0). To describe the dynamics of the phase, we can derive the

equation:
9n+QZCOSHnS.n0n_QfCOSHn =O7 (38)
2 212
where - (2 =M ; 912 — r‘MoHVL‘gan .
Yoy 72

Equation (3.8) is also the equation of a nonlinear pendulum and has
the integral:
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2 2
%”Jr% in’g —Q?sing, = C = const (3.9)

Analysis of this integral shows that the maximum phase velocity can
be estimated by @, ~Q. Using this estimate, it is easy to determine the

value of addition to the particle energy that they obtain when interacting
with the wave under resonance conditions:

60004 (2] & (=)@ 1) =0 3oy @10
7 70 )

Comparing this additive with those obtained under conditions of
known cyclotron resonances, we can see that it can be more significant.

3.3. Numerical analysis

Above, in Section 1, we found analytical solutions of equations
(1.5, 1.6) for the momenta and coordinates of a particle in implicit form as a
function of phase. These solutions were found for a wave propagating
strictly along the direction of the external magnetic field. When the wave
propagates at an angle to the external magnetic field (k, =k #0), the

integral 7 =C 1is destroyed. In this case, the analysis is difficult

Therefore, a numerical analysis of equations (1.2) was carried out to
investigate the dynamics of charged particles in the field of the plane
electromagnetic wave and in the external constant magnetic field H,

directed along the axis Z. The cases of linear and circular polarization of
the wave field are considered. Since we are mainly interested in particle
acceleration, we consider this process at sufficiently large initial values of
the longitudinal momentum of the particles and small values of the
transverse momentum (for small values of the transverse momentum, the
parameter u <<1).

The analysis was carried out at the initial values of the longitudinal
momentum p,, =10; the transverse momenta were chosen equal to
P = Pyo =0.1. The initial values of the transverse coordinates are selected
in accordance with the values of the transverse momenta and the external
constant magnetic field, the initial coordinate z, = z(t =0) =0. The accuracy

of the calculations was controlled using the integral (1.4). In all the
numerical studies, the value of the integral was preserved with a sufficient
degree of accuracy: the value of deviation from the integral did not exceed

the values 107 —10° for the coordinates and momenta of charged particles
of the order 10°.
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As follows from the above formulas, the value of the longitudinal
momentum p, >> p, therefore the value p, practically coincides with the
energy value y .

If the initial values of the momenta of the charged particles are such
that the condition is satisfied C=y—Pp,, where C=pp=const is the
integral of particle motion, a scheme of autoresonant interaction of particles
with laser fields at @y =¥ can be realized.

Figure 3.1, 3.2 shows graphs of the dependence of the longitudinal
and transverse pulses, as well as the longitudinal and transverse
coordinates of the particles on time under conditions of autoresonance for a

wave with circular polarization ¢, =¢, =&, &, =0 for the field amplitude

£,=0.75 and @, = oW, = 0.5087.
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Fig. 3.1. Dependences of the longitudinal P, and transverse momenta
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Fig.3.2 Dependences of the longitudinal Z and transverse coordinates X, y

ontime T =t | 2z . Circular polarization

In the case of linear polarization &, =&, =0, &, =&, the graphs of the

dependence of the longitudinal and transverse pulses, as well as the
longitudinal and transverse coordinates of the particles on time under
conditions of autoresonance are shown in Fig. 3.4.

As can be seen from these graphs, the maximum values of the
longitudinal and transverse momenta with circular polarization are
approximately two times higher than their values with linear polarization. The
dependence of the longitudinal coordinate on time, as expected ( B, = c), has not
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practically changed. The oscillation period of the transverse coordinates and

momenta 1s approximately two times large than in the case of linear
polarization.
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Fig. 3.3. Dependences of the longitudinal P, and transverse momenta

ontimeT =t | 2x . Linear polarization
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Fig.3.4. Dependences of the longitudinal Z and transverse coordinates X, y

ontimeT =1 |2z . Linear polarization

In the case of oblique propagation (kX =0.075) of the linearly
polarized wave &, =¢,=0, £, =&, the dependences of the longitudinal and

transverse coordinates and momenta of the particle for cyclotron frequency
o, = y,W,and parameter values are shown in Fig.3.5, 3.6.
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Fig. 3.5. Dependences of the longitudinal P, and transverse momenta

ontimeT =t | 2 . Linear polarization
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Fig.3.6. Dependences of the parameter y and transverse coordinates X, Y
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From the graphs in Fig. 3.5, 3.6 it is seen that the interaction of a
charged particle with a field is resonant character. The time intervals at
which the parameter ; oscillates around a certain average value are

clearly distinguished. In accordance with the change in the parameter 4 ,
the average energy of the oscillations of the energy of the charged particle

also changes. At the same time, contribution to the energy increment gives
not only one harmonic with a fixed number N, but also adjacent harmonics

n-1 n+1:

n+1

Ay(n)=e, Z J (e, (3.11)

k=n-1

Fig. 3.7. Dependences of particle energy on time T =t/ 2 for different regions
change of parameter 1t =N . The curves in each of these figures that have a large

amplitude were obtained using formula (3.11). Curves with smaller amplitudes were
obtained as a result of solving the original system of equations (1.2)
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As can be seen from the graphs in Fig. 3.7, we can speak of a sufficiently
good qualitative agreement between the results of the numerical calculation of
the system of equations (1.2) and the results of evaluation by formula (3.11)

Some Conclusion

Let’s state the most important results of this subsection.

1. It is shown that the well-known conditions of cyclotron resonance
should be generalized. The generalization is that these conditions include
both the strength of the external magnetic fields and the field strength of
the electromagnetic waves with which the particles interact. The use of
these new resonant conditions makes possible to implement a scheme of
resonant interaction of particles even with laser radiation fields in vacuum.

2. If the initial parameters of charged particles are such that the
condition C=y - p, =, , whereC =y =cond is satisfied, then a scheme

of autoresonant interaction of particles with laser fields in vacuum can be
implemented.

3. Conducted numerical studies confirm qualitatively and quantitatively
the key results of analytical studies within the framework of this model.

3.4. Stepped structure of the dynamics

of energy exchange between a wave and particles

Figure 3.5 shows the characteristic time dependence of the
longitudinal pulse. One of the most characteristic new features of particle
dynamics is visible, namely, its "stepwise" character of the dependence of
momenta and energy on time. Note that such a feature of the particle
dynamics is already visible in Figures 3.5 and 3.6. With an increase in the
field amplitude, this feature of the dynamics is manifested most clearly.
Below we will try to give a qualitative explanation of this dependence.

Let us recall the characteristic dynamics of charged particles at low
values of the wave intensity (sz<<1) under conditions of cyclotron
resonances. Under these conditions, as is known (see, for example [8, 9]), the
dynamics of particles can be described by the equation of a mathematical
pendulum. In this case, the width of the nonlinear resonance turns out to be
directly proportional to the square root of the wave force parameter and
inversely proportional to the square root of the deviation of the longitudinal

wave number from unity:
Ay~ el 1=K (3.12)

The distance between nonlinear cyclotron resonances is determined by
the formula:

oy ~ {a)H /|l— kZ

} (3.13)
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Fig.3.8. Time dependence of the
longitudinal momentum of a particle in
the presence of the influence on its
dynamics of both the wave field and the
external magnetic field. The parameter
values are far from the values that
correspond to autoresonance-
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In this case, the phase dynamics is determined by the equation:

6, =A={(1— kzvz)—nw—“] (3.14)
/4

In this equation, the dependence on the wave field strength is
implicitly contained only in the particle energy (5 ). Therefore, to describe

the dynamics of particles, it is necessary to add to Eq. (3.14) an equation
that describes the dependence of the particle energy on time:

dy

—==¢g,v,J! cosé, . (3.15)
dr

The system of equations (3.14) and (3.15) with small changes in
energy (its change is proportional to a small parameter of the wave force) is
equivalent to the equation of a mathematical pendulum. The regular and
chaotic dynamics of particles at cyclotron resonances within the framework
of these models was studied (see, for example, [9,17]). If the field strength
turns out to be large enough, then the particle dynamics can change
qualitatively. Indeed, taking into account the wave force parameter,
equation (3.14) for the phase acquires an additional term:
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nk,,

6, =A-2g,—=J, sing,- (3.16)

In this equation, the explicit dependence of the phase on the wave
force parameter is already visible.

Therefore, when this additional term turns out to be greater than the
addition that associated with the change in energy, then namely Eq. (3.16)
will describe the phase dynamics. It is important to note that in Eq. (3.16)
(with a sufficiently large parameter of the wave force) the values of the
impulses and energy can be considered as slowly varying functions. Under
these conditions, equation (3.16) practically coincides with the Adler
equation. This equation is widely known in synchronization theory. To see
that in equation (3.16) the value of energy and momenta can be considered
as slow functions, let us return to system equations (1.27), which describe
the dynamics of these variables. For definiteness, we will study the
dynamics of additional acceleration of particles under conditions close to
autoresonance (k,_<<1, y ~ p, >>1). Under these conditions, the system of

equations (1.27) can be simplified:

d /
dLlegO(l_ k,v,)(J;)cos(6,) (3.17)
dpz !
4 g.k,v, J! coso, (3.18)
dr_ &V, J cosb, 3.19)
T

It can be seen from these equations that at a stationary value of the
phase (Hn =0), each of them has stationary points, which are determined by

the condition:
J'(1)=0. (3.20)

It is seen that when condition (3.20) is satisfied, both the energy and
the longitudinal momentum do not change. Thus, equation (3.16) really can
be considered as the well-known Adler equation (see, for example, [26, 27]).
In this case, the synchronization condition (the condition for the phase
stationarity) will be presented as:

25, 3 S A (3.21)

e

Thus, for sufficiently high field strengths, the dynamics of charged
particles will be described not by the equation of a mathematical pendulum,
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but by the Adler equation. The steps in the dependence of momenta and
energy on time are determined by the zeros of the derivative of the Bessel
function (formula (3.20)). Of course, this is a rather crude picture of
dynamics. There does not reflect the oscillatory nature of the dependence of
the impulses on the "steps" themselves. Note that condition (3.21)
corresponds to the "capture" of particles in the main Arnold tongue. Such
tongues have been studied in detail in the theory of synchronization (see, for
example, [27]).

3.5. Mechanism of occurrence of local instability

and regimes with dynamic chaos

Regimes with dynamic chaos when the conditions of the usual cyclotron
resonances are realized are due to the overlap of nonlinear cyclotron resonances
(Chirikov's criterion). This is due to the fact that the dynamics of particles at
isolated cyclotron resonances is described by the equation of a mathematical
pendulum. It is well-known that a mathematical pendulum, in addition to
singular points of the "saddle" type, also has a homoclinic trajectory
(separatrix). These singular points (saddles) and this particular trajectory
(separatrix) have the property that small deviations from these points or from
this trajectory lead to qualitatively different particle dynamics.

It was seen above that the phase which characterizing the interaction
of particles with a wave at sufficiently high wave field strengths obeys not
the usual conditions of cyclotron resonances, but the Adler equation (3.16).
Moreover, this equation already contains the parameter of the wave force in
an explicit form, and the moments and energy of the particle in this
equation can be considered as constants. Thus, it is enough for us to analyze
not the equation of the mathematical pendulum, but the equation of Adler.
Formally, this equation is much simpler (first order nonlinear equation)
compared to the mathematical pendulum equation (second order nonlinear
equation). It does not contain saddle singular points and singular
trajectories (separatrices) like the equation of a mathematical pendulum. Its
dynamics should be simpler and more regular. In general, it turns out to be
so. However, despite this simplicity, it can be seen that in many cases (see,
for example, Figure 3.10), the overall dynamics, with taking into account the
transitions between the steps, may be irregular. In this case, the usual
mechanisms for the appearance of dynamic chaos do not work, since there
are no homoclinic trajectories and saddle points. The mechanism for the
emergence of dynamic chaos should be different. To understand this
mechanism, one should look at the figure 3.11, which shows the projection of
the particle dynamics onto the coordinates (x, y). This figure shows that
topologically all trajectories are circles. An important feature of these circles
is that they all pass near the zero point. Therefore, small perturbations
(regular or random) can lead to a trajectory jump from one circle to another.
This process can be random. We will show below that it can indeed be
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random. Thus, the chaos that occurs in the particle dynamics we are
studying is analogous to the chaos that occurs when throwing dice with a
large number of edges. The element of probability appear when trajectory
passing the area of the point (x = y = 0). Any trajectory can jump (randomly)
to another trajectory (circle). This mechanism of occurrence of randomness
is very similar to the mechanism described in works [28-30]. In these works,
the modes in which such a mechanism is implemented are called modes
with piecewise deterministic dynamics. It seems that such a name is more
in line with the dynamics that are being implemented. Therefore, below we
will call such regimes modes with piecewise deterministic dynamics
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Fig. 3.10. Dependence of the longitudinal
momentum of a particle on time in the
presence of the influence on its dynamics

Fig. 3.11. A typical view of the projection
of the trajectory of particles on the plane
(x, y). Conditions close to autoresonance

of both the wave field and the external
magnetic field. Conditions are the same
as on the figure 8
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=123 p,(0)=14; p,(0)=0
o, =1/20 p,(0)=10, k,=0.99~
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To confirm the possibility of such a mechanism for the occurrence of
randomness and a regime with piecewise deterministic dynamics, we construct
a simple model of the system, the dynamics of which corresponds to figure 3.8.
This system describes the dynamics of the representing point, which moves in a
circle with a certain radius. Moreover, as in Figure 3.8, all circles have a
common point. For example, point (x =y = 0). It is easy to see that the equation
that describes such circles can be written in the following form:

p=(x-R)" +y' R =0 (3.22)

Equation (3.22) describes circles whose centers are located on the
y = 0 axis, and the radius of each of these circles can be arbitrary. All these
circles have a common point. It is necessary to find a differential equation
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that would describe the dynamics of the representing point along these
circles. Moreover, the parameters of this equation should not contain the
radius of these circles. Assuming that expression (3.22) is integral, then
using the well-known algorithm of inverse problems of mechanics (see, for
example, [28]), one can write a system of ordinary differential equations
that describes the dynamics of particles along such circles. In particular,
such a system of equations will be the system:

X=y

y:(zj_o_sx . (3.23)
2X

System (3.23) is equivalent to the equation of an oscillator with
nonlinear friction:

x—(ljmo.s- x=0. (3.24)
2X

Moreover, the parameter R (radius of circles) is excluded from these
equations. It can take arbitrary values. The phase portrait of system (3.23)
is shown 1in figure 3.9. The integral curves in this case are circles. Moreover,
the centers of the circles are located on the axis y =0, and the radii of these

circles are equal to the distance of these centers to the zero point
(x=0;y=0). This point is common to all circles. Moreover, this point is a

special solution to system (3.23) (see below). Looking at the integral of
equation (3.24), it is difficult to imagine that the dynamics of system (3.23)
or (3.24) can be irregular. Really, this system has only one degree of
freedom. However, numerical calculations show that it is irregular. Indeed,
figure 3.13 shows the time dependence of the variable. It is seen that the
phase trajectory after passing the point of the singular solution (x=0;y=0)

can jump from one circle to another circle. Moreover, these jumps are
random. Almost any change in the counting accuracy changes the temporal
dynamics of the system. In addition, the spectral analysis of the dynamics of
system (3.23) shows that the spectra of this dynamics are wide, and the
correlation function decreases rather quickly (see Fig. 3.14). The irregularity
is due to the fact that all trajectories of system (3.23) pass through the zero
point, at which the uniqueness theorem is violated. This point is a singular
solution to system (3.23). Note that in the numerical analysis of the
dynamics of a pendulum with nonlinear friction (3.24), the value of
nonlinear friction (the second term in Eq. (3.24)) should be reduced. If this is
not done, then very quickly the dynamics of the nonlinear pendulum will be
going up on a circle, the radius of which significantly exceeds the radius of
all other circles. Such dynamics are difficult to represent graphically. In
particular, Figures 3.13 and 3.14 were obtained for the case when the
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nonlinear friction in equation (3.24) was reduced by a factor of 10. Let us
now show that the zero point is a singular solution to system (3.23). In this
case, by a singular solution we mean those solutions at the points of which
the uniqueness theorem is violated. Point X=0;y=0 belongs to the family

of circles (3.22). The same circles are integral curves of system (3.23). It is
convenient to rewrite these integral curves in the form: y*/x+x=2R. It

follows from these integral curves that the Lipschitz conditions for system
(3.23) are violated in the vicinity of the zero point. Indeed, the Lipschitz
condition for system (3.23) can be written in the form:

&2 2
y _ ¥y <L(x=x+|y- V) (3.25)
X X

where L - 1s a positive constant.
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Fig. 3.12. Phase portrait of the system Fig. 3.13. Time dependence of a variable
(3.24) X=X, . The transitions of the

representing point from one circle to
another are visible
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Fig. 3.14. Correlation function Fig. 3.15. Dependence of the transverse
of variable X momentum on time. The same steps are
visible as for the longitudinal impulse
(see figures 3.6 - 3.10)
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In a neighborhood of zero, the left-hand side of inequality (3.25) can be
estimated by the quantity(‘f{— R‘), where R and R are the radii of two

arbitrary circles. In general, the difference between these radii can be
arbitrary big. Thus, the Lipschitz condition is not satisfied at the zero point,
i.e. the conditions of the uniqueness theorem for system (3.25) are violated.

3.6. Discussion and conclusion

Thus, the results obtained above show that the dynamics of particles,
undertaking into account the high intensity of the wave field, has significant
features. Let's note the most important of them:

1. If the field strength of the wave is large enough, so that inequality
(3.21) is satisfied, then the conditions for the stationary of the phase
(conditions for resonance interaction) and the nature of the energy exchange
between the particles and the wave change qualitative. In particular, the
dynamics of particles in the vicinity of the stationary phase (in the vicinity
of resonances) changes. Indeed, at ordinary cyclotron resonances, this
dynamics is described by the equation of a mathematical pendulum. This is
a second-order nonlinear equation that has singular points of the "saddle"
type, as well as a special homoclinic trajectory - a separatrix. The presence
of these singular points and a special trajectory essentially determines the
dynamics of particles in the vicinity of resonances. It was seen above that
taking into account the wave field strength when inequality (3.21) is
satisfied leads to a description of the particle dynamics in the vicinity of
resonances not to the equation of a mathematical pendulum, but to the
Adler equation. This is an ordinary first order differential equation. It is
nonlinear, but much simpler than the equation of a mathematical
pendulum. It has no singular points of the saddle type and no homoclinic
trajectories. It has only alternating stable and unstable points. As a result,
the trajectory of the particle is quickly grouped in the vicinity of stable
points. Under these conditions, the energy and momenta of the particles do
not change. Note that the Adler equation is used to analyze synchronization
processes [26, 27]. Using the analogy with the synchronization process, we
can say that when condition (3.21) is satisfied, the particles are captured by
the main tongue of Arnold [27]. The result of such dynamics of particles in
the vicinity of resonances is the stepwise nature of the energy exchange of
particles with the wave.

2. As follows from the previous point, the dynamics of particles with
accounting strength of the wave field can become more regular than it is
under conditions of ordinary cyclotron resonances. In most cases, it is so.
However, as it can be seen in Figure 3.10, the processes of transition from
one step to another step can be random. The reason for this random particle
dynamics is the fact that, all particle trajectories pass near the zero point
(as it follows from Figures 3.11, 3.12). This point is a common point for all
trajectories of the particles. The particle, getting in the vicinity of this point,
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under the influence of arbitrarily small fluctuations (perturbations), can
randomly cross over to other trajectories. Such a mechanism for the
emergence of chaotic dynamics is described, for example, in [32, 33, 54].

It is also similar to the mechanism that has been studied in a series of
works, which can be defined as Continuous ‘chaotic’ dynamics in two
dimensions, or Piecewise deterministic dynamics (see, for example [29-31] and
the literature cited there). It should be said that, strictly mathematically, there
are significant differences in the systems studied in these works and in the one
considered in our work. We will only point out the main difference. In the
models considered in these works, the singular point is the singular point of the
“saddle” type. The trajectories can never reach this point (the time of reaching
tends to infinity). In the models that we have considered, the singular point is
not a saddle point. In it, as in the saddle point, the uniqueness theorem is
violated. However, trajectories (all trajectories) can pass through this point.
The travel time of the vicinity of this point and the point itself is quite finite.
Note also that the singularities of such points, as well as similar trajectories
(envelopes of trajectories), in which the uniqueness theorem is violated, were
studied by V.A. Steklov in 1927 [34]. However, Steklov himself, analyzing such
solutions, pointed out that, apparently, such solutions do not describe the
dynamics of real physical systems ... ..

3. An important result obtained above (see Figure 3.5) is the fact that
the joint accounting of the wave field under resonant conditions can
significantly increase the efficiency of energy exchange between particles
and the wave.

4. It should be noted that the above model of analysis of particle
dynamics is rather limited. It allowed revealing some important features of
particle dynamics. However, analytical consideration within the framework
of this model does not allow convincing answers to many questions that
appear in numerical analysis. As an example, we can cite the difficulties
that arise when analyzing jumps from one step to another step. It seems
that in the general case, these transitions are also random. In particular,
using equations (3.17)-- (3.19), it is easy to find (asymptotically for large x )
that the distance between adjacent stable steps is order of /2. However,
as can be seen from Figure 3.12 and similar figures, this distance varies
randomly. Some steps are skipped. Perhaps these and other questions that
arise can be answered if we take as a basis not cyclotron resonances (as was
done in this work), but the dynamics of particles in the field of an intense
wave without a magnetic field.

5. It is obvious that with an increasing wave force parameter (with
an increase in the wave field strength) its influence on the particle dynamics
will increase. The following question arises. Are the above-described
features of the particle dynamics preserved at lower values of this
parameter? The answer to this question is to some extent contained in
Figures 3.13, 3.14. These figures show the dependence of the longitudinal
momentum of particles on time for a sufficiently small parameter of the
wave force (¢ = 0.1).
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Figure 3.13 shows this dependence under conditions close to
autoresonance, and Figure 3.14 - under conditions far from autoresonance.
These figures show the "rudiments" of the stepwise structure of particle
dynamics.
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6. The results obtained above correspond to the parameters that are
convenient to choose for the purpose of additional acceleration of relativistic
charged particles. A situation where the wave vector of an external
electromagnetic wave is directed perpendicular to the external magnetic field
may have a considerable interest too. Such a configuration corresponds, for
example, to the configuration of fields in gyrotrons. The analysis of the
dynamics of particles in this case is in many respects similar to the dynamics
considered above: there is a rather efficient transfer of wave energy into the
energy of particles, a similar stepped structure of energy collection by particles
appears; the mechanism of the appearance of piecewise deterministic dynamic
is similar too.

SECTION 4. INFLUENCE OF PLASMA DENSITY FLUCTUATIONS
ON PLASMA - BEAM INTERACTION

4.1. Introduction

The interaction of a beam of charged particles with plasma has now been
studied in sufficient detail. A theory has been developed for the interaction of a
beam with both homogeneous and regularly inhomogeneous plasma (see, for
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example, [35]). When the beam interacts with the plasma, instabilities arise,
which can lead to signal amplification. Along with this, there is an increase in
the fluctuations that are always present in the plasma. Using the plasma-beam
instability to amplify signals or to heat the plasma, it is necessary to know the
relationship between the growth rates of the regular signal component and
fluctuations. In [36, 37], the plasma-beam interaction was studied when the
plasma density varied along the coordinate according to a random law. In them,
the analysis was limited to the correlation theory of stability, i.e. the dynamics
of changes in the first and second moments was investigated.

In this section, the instability of a beam moving in plasma is
investigated, the density of which varies according to a random law in space or
time. When changing the plasma density in space, in contrast to [37], a system
of equations for moments of arbitrary order was obtained and investigated. It is
shown that each subsequent moment grows faster than the previous one.

The result of this dependence of the increment on the moment number
is the intermittent nature of the development of instability [38], as well as
the appearance of a certain critical length of the interaction region, where
the amplification of the regular signal is still possible. The last conclusion is
related to the fact that the growth rate of the second moments is more than
twice the growth rate of the regular part of the signal.

For plasma, the density of which randomly depends on time, equations
are obtained that determine the dynamics of the behavior of the first and
second moments, the growth rates of their growth are found, and the maximum
time for which the signal is destroyed by fluctuations is calculated.

4.2. Basic Equations

Let a compensated electron beam with a density n, move in the
plasma in the direction of the x axis with velocit v,. The perturbations of

the densit A and velocity O, of the beam satisfy the equation of motion
~ e
2 5= 2 E(x). ®
m

where E(X,t) is the electric field strength,
and the continuity equation

_ 0, ~
n, +5(noub+noub) =0. (4.2)

The perturbations of the plasma velocity Dp and density ﬁp satisfy

the equations
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o~ 0

Enp +5<npup):0, (4.3
o ~ e

EU o= —?n E(X,t) , (4.4)

Where n, is the unperturbed plasma density, which is a random

function of time or coordinates. The statistical characteristics of this
function are specified. The electric field strength is connected with changes
in the plasma and beam density by Maxwell's equation:

o ~ -
PV E(xt) = —47ze(np + no) . (4.5)

4.3. Spatially — inhomogeneous plasma

Let the dependence of all unknown quantities on time have the form
exp(—ia)t), and the plasma will be considered spatially inhomogeneous:
n,=n,(x). Having made the necessary transformations and choosing the

boundary conditions so that the integration constant vanishes, we obtain
from (4.1) - (4.5) the equation for the frequency Fourier components of the
electric field:

2
(ia)+ubij &(X)E, +w’E, =0, (4.6)
OX
2 2
10) , 4ren (X) 4re?n
(b i B 2 A€,
0] m m

Substituting E(X) from D(w,x)=¢ (w,x)E,, (X) exp(ia)x/un) into
(4.6), we obtain an equation for a spatial oscillator with a randomly varying
frequency ®,” / v,” & (X), similar to (4.3):

d’D o}

+ D=0. 4.7
dx>  vle(x)

Let's take a case, for the sake of clarity, ¢ < 0. Let us assume that the
plasma density fluctuations have the form n=n,(+z(x) and z is

a stationary Gaussian random process with zero mean. Assuming the
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amplitude of fluctuations to be small ZEZl(X)a)sO / (a)zé‘p)«l; introduce

a2 [ 2 2 _, 2\ . ) _ .
Lo S O /a) , a)po=<a)p>, changing variables z'=a)bX/ Ly |Sp0|, D=u, we

obtain a system of equations of the first order:

D=-u,
u=-(1+z(z))D. (4.8)

From equations (4.8), one can obtain a system of equations for the
moments of any order (m). For this, multiplying the left and right sides of

the first equation of system (4.8) by u™"D"!, and the second by
D"u™ "', adding these equations and averaging over the ensemble of

realizations, we obtain for the finding moments of the nth order following
system:

(Wm"D"Y. =—nu™ "t D"y —(m=n){(1+z)D"u™ ") (4.9)

To decouple the correlations (zD""'u™" "), we use the method of
variational derivatives [23] and the following from this method the relation:

(ZAORZOD j(z(t)z( )>< 5‘;[?(;)]>dr, (4.10)

where HZ is an arbitrary functional of Z. Z - is a Gaussian random

process with zero mean. Using (4.10) in (4.9) and calculating the
corresponding variational derivatives, we find:

<um—nDn>rT - _ n<um—n+an+l> _ (m_ n)<(1+ Z)Dn+lum—n—l> +

B (4.11),
5 (m=n-1)(m-n)u™"?D"?)
B. <um—n—2 Dn+2>EJ' dT<Z(t) Z(T)><Um_n_2 Dn+2>z0§ I,0<um—n—2Dn+2>
t
Where O'S — variance; r, — dimensionless correlation radius of

a random process.
To analyze stability (4.11), we choose all moments proportional to

exp(/lt). The determinant of the resulting system, calculated using the

Routh algorithm, gives the following recurrence relation for the coefficients
of the characteristic equation:
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Det,(2)= A}(2)=0

m_i m | ﬂ_ m | ﬂ_ E m
A=A, [n_l 1JA12 [n_z 1J(rrH1+1)2A13,

(4.12)
A=, A"=22-m, A2m=%(/12—m)—/1(m—])—m(m—l)g, A0, VYn<m

In particular, for m = 1 (first moments), the characteristic equation
takes the form:

A%2-1=0, (4.13)
And for m = 2 (second moments):

A3-44-2B=0. (4.14)

Obviously, the increment of the second moments is more than twice
the increment of the first. Similarly to [37], we introduce the dimensionless
variance:

o (D)=(D)’

DY (4.15)

To amplify the signal, it is necessary that this value must be much
less than unity; otherwise the signal is diffused by fluctuations. Substituting
into (4.15) the growth rates of the first and second moments found from
(4.13) and (4.14), and returning to dimensional variables, we obtain from
the condition the following expression for the critical length at which
amplification of the regular signal is still possible:

4. 2
40"V, (4.16)

XK= oy
WD Wy |€ 10|01 Iy

o?Z,r, — variance and correlation radius of a random process z(x).

Setting the amplitude of the fluctuations equal to zero (B = 0) and
using the recurrence relations for the coefficients, one can make sure that

and Detm(m)=o and A=m is the maximum root of equation (4.12)

(see Appendix). Therefore, even if the amplitude of fluctuations can be
neglected, the difference between the increments of the next and previous
moments is equal to unity.

Subsequent moments grow faster than the previous ones, but the
dimensionless variance does not increase in this case. The presence of
a nonzero amplitude of fluctuations leads to an additional increase in the
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difference between the increments and, consequently, to an increase in
variance (see Attachment ). As shown in [38], such a feature of the growth of
the moments indicates the intermittent nature of the oscillator motion. Note
that the advanced growth of the higher moments is also characteristic of
systems described by the first-order Langevin equations [23,39]; therefore,
in accordance with [38], such systems should also have intermittency.

4.4 Plasma with a density which is fluctuating in time

Let us consider the case when the plasma density is a random function of
timen, =N, (l+ Zt )) , where Zz(t) is a random Gaussian process with zero

mean. Due to the fact that the resulting expressions are very cumbersome, we
restrict ourselves to the study by the correlation approximation. Assuming all

unknown quantities are depend on the coordinate x as e '**; passing to
dimensionless variables r =ko,t, a Ek_po’ p= ka)b ; and eliminating the
Uy by

variable E using (4.5), we obtain from (4.1) - (4.5) the system of equations for
the spatial Fourier components of the density and velocity perturbations of the
beam and plasma:

@Hﬁﬁiﬁbzo (4.17)
70y +iD,+i B, +ia? A, =0 (4.18)
é;f” +i0,(1+2(7))=0 (4.19)
BTP +ia?f,+ip2A,=0 (4.20)

After averaging (4.17)-(4.20) over the ensemble of realizations,
splitting the correlation using (4.10) and choosing all variables proportional

to e '** analyze the stability of the obtained expressions, we obtain for the
first moments of density and velocity perturbations a system of fourth-order
algebraic equations, the determinant of which gives the classical dispersion
equation of the system beam-plasma:

A A=a’ B2,

A, =1’—a? (4.21)

A, =(1-) 2_ﬂ2,
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having an unstable solution near the points of intersection of the resonances
of the plasma (A 0= 00 and beam (A = 0) oscillators

1
(A1=1+6,a¢=1) with the maximum increment }, :(% ﬂzﬁ (under natural
assumption @ )@, ).

Having obtained from (4.17) - (4.20) the system of equations for the
second moments and use the operations described above, we obtain two
matrix equations of the third order:

—/;+1 1 0 (n?) 0

B> —a+2 1 | (nwy |=a? (n,ny) (4.22)
0o B %ﬂ ) (N,04)
SRR 0

@’ <A 1|, =A% NN (4.23)
0 a —% ") Ny )

for the second moments of density and velocity perturbations of the plasma
and beam oscillators (B:—ikuba§r0/2;a§,r0 variance and dimensionless

correlation radius of a random process), and a matrix equation of the fourth
order for their mutual correlations:

“2+1 1 1 0 \({n,ny) 0
g -i+1 0 AU a*(n)
o2 0 141 1 (nbup) ﬂ2<n2b>
0 a’ B:  —2+V (v v,) a’(nyv,)+ fXn,v,)

(4.24)

Systems (4.22) - (4.24) correspond to the characteristic equation of the
tenth degree
Det,(1)=0.
Detz(ﬂ')EAs_Fﬂ“*z(ZAbl-‘_zA pl_A pZAb2)+22'* (AX+A pz(a 2_Abl)_|-Ab2 (ﬂ Z_A pl))+

+2(a*=p2)(A pl_Ab1)+(A AT )Z_Ax(A p2Ap2 )-
(4.25)
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where 2 * =1-1, A - determinant of system (4.24),

A=A (@), Ay Aﬂ(zmzlaj

p

2=t L 8), 2, =28 [——j

p
p p 2

A, = _a*p? A =a ﬁz[(ijZL_{i_ljZi} (4.26)
A, 2) A, \2 ) A,

p

A, m A, — determinants of the systems (4.23) u (4.24) respectively

A5 A
A, =—2 [4—0{ ]+a B, Abz—(l—Z)[[z—) ay j.<4.27>

To analyze (4.25), we choose the field structure at which the
instability of the first moments (kv , =@ ) is observed. In this case, the

maximum increment of the second moments is localized in the region close
to 1 =2. Expanding (4.25) in small parameters s (A1=2+6) and S, we

obtain the following expression for the increment of the second moments:

e = X2 (4.28)

where o, —variance , 7, — correlation time random processes z(7).
0 R

ATTACHMENT

Let us denote S |- the maximum root of the polynomial A ' defined
by (4.12). Let us prove that 1 =S m=m- the maximum root of the equation
Det ,(41)=0 at B=0 and the addition B)0 S increases.

Let's suppose that

An(m=AT. (m){—legn_l(m) (A1)

At n =1 , relation (A1) turns into (4.12). Let it be valid for any certain
n. Then, using (4.12) one have
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A?\—n:mAm—n—l{m_lJArr:—n—Z (A2)
m-n m-n-1
Substituting (A2) into (A1), we obtain
A;:=A21M{ - —1}%2 (a3
m-n-1

Those (A1) is also true for N+1. For n=m+1 is checked directly by
substitution A j(m)and A, (m)in (Al). The presence B)O leads to an

increase in this root. Indeed, recurrence relation (4.12) can be rewritten as

A

A$1(1)=( 2B
m

1| A" + == (m-1)A" (A4)
j m-2 m 2( ) m-3

_m
m-1

At B =0 relation (A4) was performed at 4 = m. If the condition

S'>SL>S, (A5)

is satisfied, then the coefficient at on the right-hand side of B equality
(A4) is positive. Then for fulfill (A4) it is necessary to increase i . (When
A Ym the left side (A4) grows faster than the right one, since the maximum
m+1 m-1

A , and on the right A .
(m+21)! (m=-D!(m-21)

Proof of (A5) is carried out by induction. For n=0,1,2 value S is,
respectively, 0, v/m, /4m—-1+6 (B) (& (B) is a positive addition associated

with the influence of noise). If (A5) holds for n (S))S™")S.",), then at A —+w

degree A on the left is

and A )S7, the second and third terms on the right-hand side of (4.12) tend
to —oo proportionally 4 "' and A "? accordingly. But as soon as A )S|’
the first term tends to + « and grows faster (proportionally 4 "**).

When these terms are equal, the polynomial A&Ta has one more

(maximum) root, which is larger S . Relation (A5) is proved.

Let us prove that m is the maximal root of (4.12) for B = 0. Let
S$=m+5 , where § 1s a positive addition. Then

m-2

AQ(SQ):O:maASH{ m 1JAm (A6)
m m-1
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Successively applying relations (4.12) to (A6), we finally obtain:
s L (a7
S|+ AMN(S™)— |=0. AT
wEazen

Due to the fact that ST)S! for any n<m-1, all terms in (A7) are

positive and the equality holds only for & =0. Expand (4.12) in a series in

powers of B and limit ourselves to the linear term of the expansion. Then using
(A7) we obtain an addition to the increment due to the nonzero noise amplitude:

m-1
m(m-1)+ > (m- n)(m—lj AM,
B e n-1
5 =E m-1 1 '
I+ Al
HZ::O " n+1

(A8)

This addition is always positive and, apparently, grows with
increasing m.

4.5. Conclusion

The main point of this section is the conclusion that one should pay
attention to the presence of fluctuations (spatial or temporal). Such
fluctuations can significantly disrupt the regular dynamics of the processes
under study.

SECTION 5. SELF-CONSISTENT THEORY OF EXCITATION OF WAVES
BY BEAMS OF OSCILLATORS UNDER THE CONDITIONS
OF ISOLATED CYCLOTRON RESONANCE

5.1. Introduction

We have considered above the criterion of appearance of chaotic
dynamical regimes in the case of overlapping of nonlinear cyclotron resonances
and have analyzed the effect of additive and multiplicative fluctuations under
nearly self-resonance conditions (cyclotron resonances do not overlap). If the
amplitudes of excited waves are not too large and criterion (1.34) for the
appearance of local instability is not satisfied, and the dynamics of particles and
fields can be simulated by the dynamics in a single isolated nonlinear cyclotron
resonance. Our preliminary studies indicate that chaotic dynamical regimes
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also appear. In addition, the development of stochastic instability stabilizes the
level of excited fields as in the case of the overlapping of cyclotron resonances.
Below, we analyze this problem and reveal a mechanism responsible for the
development of stochastic instability. We consider the simplest model that
allows answering these questions.

5.2. Problem statement and basic equations

We consider the problem of excitation of the electromagnetic field by a
monoenergetic beam of oscillators with the distribution function:

N
fo= 2”; S(P, — P)(A) - (5.1)

L

where p, and n are the momentum components perpendicular and
parallel to the z axis, respectively, and N, is the equilibrium density of the

beam. We consider the excitation of a wave propagating in the direction
perpendicular to the external magnetic field. The complete nonlinear self-
consistent system of equations that describes the dynamics of particles and
fields consists of Maxwell’s equations and equations of motion of particles.
This system was presented in [40,41]. We write the truncated system of
equations describing the dynamics of particles and fields in the s+th isolated
cyclotron resonance:

P i3 (e .
dr
2
%2&—1+i(l_s_2j Re(\]s(ﬂ)eigsg) , (52)
dr  y @, u
dg 2 2n

a)b pi ’ —i0.
£ =i%h [do, LIl (u)e™
dT 272"'; sO 7/ S(/’l)

where: pL:pJ_/mC, U= pila)H, }/:‘,1+'L{2wH2’ a)H:eHolmca),
af =4ren, Imae’ , s = eE I mco .

5.3. Analysis of the system of equations (5.2)

Note that the problem we are considering is a Hamiltonian problem.
Due to this, in the expression under the integral in the last equation of
system (5.2) it was possible to use the fact of conservation of the phase
volume and to perform integration only over the initial phases (index 0).

It can be expected that the last term on the right hand side of the
equation for the phase is mainly responsible for the appearance of stochasticity.
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Indeed, if the field amplitude is fixed, the system of equations (5.2) is similar to
the equation of mathematical pendulum subjected to an external periodic force.
The development of stochastic instability in this model was studied in [43],
where, in particular, the criterion for the appearance of local instability was
obtained. However, it will be shown below that fields excited by the beam of
oscillators cannot satisfy this criterion. There is an additional mechanism. To
reveal it and to answer the questions formulated above, we numerically solve
the system of equations (5.2). The results of the numerical calculation are
shown in Fig. 5.1 — 5.6, which demonstrates the following features of the
dynamics of the interaction between particles and fields at cyclotron
resonances. First, it is seen that the level of the excited field increases with the
density of active particles. The dynamics of particles and excited field is regular

up to a)j =0.04 (Fig. 5.1). This is the convenient dynamics of an increase in the
field. The chaotic component appears in the dynamics of the excited field at
a higher beam density, a)s >0.04 0.04 (Fig. 5.2.). The dynamics of the field at

small times is regular and similar to dynamics at low beam densities. In this
case, the field amplitude first increases to values corresponding to the capture
of particles by the field of the excited wave. Then, the field amplitude decreases
chaotically.

Beginning with a beam density of 0.5, the asymptotic value of the
field does not exceed 0.15.

Thus, similar to the case of overlapping of cyclotron resonances (see, for
example, [40]), the appearance of local instability limits the level of the beam-
excited field (Fig. 5.3.). It is noteworthy that the same process of stabilization is
also characteristic of the beam—plasma instability [40 - 42]. Such a dynamics of
the field with an increase in the density of particles remains quite convenient

until the density of particles satisfy the inequality a)DZ <1. With a further

increase in the density of particles, when 6002 >1, it could be expected that

oscillations at the chosen frequencies (@ ~ @,, ) are not excited.

ok
[N L] Eida
[T nE
nEn b ] ' - m '
Fig. 6.1. Field amplitude versus time Fig. 6.2. Field amplitude versus time

at low beam densjtyfa)bz =0.04 at a beam density: a)b2 =0.1
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Fig. 6.3 Field amplitude versus time Fig.5.4. Field amplitude versus time
at a beam density- a)b2 =0.5 at a beam density- wbz =1.5
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Fig. 6.56. Field amplitude versus time Fig.5.6. Field amplitude versus time
at a beam density- a)b2 =4 at a beam density- a)bz =4.6

Indeed, oscillations at the frequencies w=~ @, under the condition

a)o2 >1 are not natural in such medium. Being excited, they decay. As is

seen in Figs. 5.4 — 5.6, oscillations are excited because the beam system is
nonequilibrium at the frequencies @~ w,. However, these oscillations

decay quite rapidly. The regime of relaxation oscillations appears. It exists
in a fairly wide time interval; further, this regime is transformed to the
regime of chaotic oscillations and the excitation of oscillations at these
frequencies ceases. In this case, the amplitude of excited oscillations
decreases with increase in the density of particles. As far as we know, the
excitation of such relaxation oscillations has not yet been described. Such
oscillations can apparently appear in the ionospheric plasma.

5.4. The origin of local instability

In the above model (see Egs. (5.2)), the dynamics of the interaction
between particles with the field of an isolated cyclotron resonance is studied.
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In this case, the mechanism of overlapping of cyclotron resonances is absent.
The analysis of the behavior of the field amplitude in Fig. 5.1 — 5.4 shows
that the mechanism of stabilization is qualitatively the same as at
development of local instability. However, the reason for such instability
should be different. It could be assumed that this mechanism is similar to
the mechanism of appearance of the local instability of the dynamics of
motion of the mathematical pendulum subjected to the external periodic
force. Such a mechanism of appearance of chaotic dynamical regimes was
described in [8].

One — particle approximation

The analysis of the conditions for the appearance of dynamic chaos
through this mechanism shows that forces acting on the particle are
insufficiently strong for the development of dynamic chaos. For this reason,
we additionally analyzed the dynamics of particles in isolated cyclotron
resonance. The simplest model for this case is the model of motion of the
charged particle in the field of the external electromagnetic wave under the
conditions of isolated cyclotron resonance. The wave amplitude can be
assumed as constant. In this case, the system of equations describing the
dynamics of the particle coincides with the system of equations (5.2), where
the third equation can be omitted. As a result, the dynamics of particles is
described by the first two equations. Such a system corresponds to the
Hamiltonian

HE, ) =—y—1+Z 2| i(JS(JZ))cos(es) (5.3)
, o, d

where | =p%/2

The phase portrait of the system with Hamiltonian (5.3) is
topologically similar to the phase portrait of the Duffing oscillator. Indeed,
the (p,, 6,) phase plane generally contains three singular points: (6, =0,

p.=G) (6,=0, p,,=1-G/2) (6,=7, p,=1+G/2) where G=¢/p},,
P.o 1s the initial momentum of the particle. The first point is a saddle

point, whereas two other points are «center» - type points. The phase space
has such a form at small amplitude of the external wave (G « 1). If the
amplitude is fairly large (G > 1), the first two singular points (saddle point
and «center» - type point) merge and disappear. Only one center-type point
remains. All these features of the phase space are similar to the features of
the phase space of the Duffing oscillator. However, it is remarkable that
oscillations of the Duffing oscillator are potential, whereas a potential for
our equations cannot be found. The topology of the phase space of the
system under consideration has an important feature: closed trajectories
near a «center» - type point can be attributed to trapped particles, whereas
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open trajectories that enclose closed trajectories can be attributed to flying
particles. The characteristic forms of the phase portrait at low (G « 1) and
high (G > 1) field strengths of the external wave are shown in Fig. 5.7
and 5.8. Trapped and flying particles are usually separated by separatrices,
i.e. homoclinic or heteroclinic trajectories.

In this case, at G> 1 (Fig. 5.8), it is difficult to find such trajectories. Only
regions for trapped and flying particles are pronounced. As is seen in Fig. 5.7,
the phase plane contains, in complete agreement with the above results, three
singular points: two “center” - type points and one saddle point. With an
increase in the wave amplitude, the saddle point and center-type point at 6, =0

approach each other and disappear (Fig. 5.8). Thus, an increase in the wave
amplitude qualitatively changes the form of the phase portrait describing the
dynamics of motion of particles. Such qualitative change in dynamics can be
responsible for the appearance of the chaotic dynamical regime. In addition, it
is seen that even quantitative characteristics of the appearance of such
qualitative change in dynamics shown in Fig. 5.8 confirm such a possibility.
Indeed, it is seen in this figure that the dynamics of particles becomes irregular
when the amplitude of the excited wave becomes larger than 0.105. With a
further increase in the density of particles and, correspondingly, the strength of
the excited wave, this irregularity becomes more noticeable. Already at the
strength of the excited field at small times, it can exceed 0.2. However, the
dynamics of the particle is such that the field amplitude irregularly oscillating
approaches a value of about 0.15. This field strength is in qualitatively good
agreement with the field strength of the wave at which the phase dynamics of
particles changes qualitatively. Just this mechanism of bifurcation of the form
of the phase portrait is responsible for the chaotic dynamical regime (see also
[43]-[46]). Thus, in the case under consideration (in the case of the interaction
of charged particles with electromagnetic fields under the conditions of isolated
cyclotron resonance), the stabilization of the level of the excited field is
determined by the appearance of dynamic chaos. In contrast to the case of
overlapping of nonlinear cyclotron resonances, the main reason for the
appearance of dynamic chaos in our case is a qualitative change in the phase
portrait at the variation of the field amplitude of excited oscillations.

o p | i, 7] : i,

Pruc.5.7.. Phase trajectories at e = 0.08 Puc.5.8.. Phase trajectories at e =0.105
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5.5. Conclusion

The main result of this section is the fact that in many cases, even
under conditions of isolated resonances, when there are no intersections of
homoclinic or heteroclinic trajectories, when the Melnikov and Chirikov
criteria are not met, regimes with dynamic chaos can appear. In this case,
they appeared as a result of a qualitative quasiperiodic change in the form
of the phase portrait.

SECTION 6. PARTICLE ACCELERATION
BY THE WAVE PACKET FIELD

The dynamics of particles in the field of a wave packet excited in
plasma is considered in this section. The conditions are found under which
such dynamics is regular, and when it becomes chaotic. It was found that
the well-known (phenomenological) criterion for the emergence of dynamic
chaos — the criterion for overlapping Chirikov nonlinear resonances —
requires careful use.

6.1. Introduction

When charged particles are accelerated by electro-magnetic waves, in
particular, when accelerated by laser radiation, electromagnetic fields are
mainly modeled by a coherent electromagnetic wave field. In real conditions,
the fields are limited both in space and in time (for example, long
electromagnetic pulses). Under these conditions, sometimes it is necessary
to model such fields with an electromagnetic packet. The question arises:
“What features of the dynamics of charged particles can arise in this case
and under what conditions is it justified to simulate such a packet by a
coherent electromagnetic wave?”

There are answers on these questions. The motion of particles in a
plasma in the general case obeys random dynamics. This fact is noted when
describing the results of numerous theoretical and experimental works (see,
for example [47 - 52]). A rigorous proof of this fact and the criteria for the
emergence of regimes with dynamic chaos were obtained for cyclotron
resonances (see [53 - 55]). The dynamics of particles in the fields of
numerous waves that are excited in plasma should also be chaotic (in the
absence of cyclotron resonances). Intuitively, this fact is not in doubt.
However, there is apparently no rigorous proof of this fact and the
conditions for the occurrence of such dynamics. Below, using simple
examples, the conditions have been obtained when this statement is true, as
well as the conditions when the particle dynamics left regular.
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6.2. Non - relativistic dynamics of particles in the fields of wave package

It is known that plasma, especially plasma in a magnetic field, has a
rich spectrum of natural wave oscillations. Let us show that plasma
particles in these even regular fields move randomly. To prove this, consider
the movement of charged particles in the field of a wave packet:

2:%ZEsin(lgz—a)it) 6.1)

Let us first consider the dynamics in the field of a single wave. For
such dynamics, from equation (6.1) we can obtain the well-known integral.
To do this, we first transform equation (6.1) (with one wave) into the
equation of the mathematical pendulum:

2
=%(kz)=%(kz“") gz(kz ot)=¢: g+Q*snp=0  (6.1a)

The mathematical pendulum equation (6.1a) has a well-known
integral:

.2
%—Qz cosg = H = const (6.2)
Here p=kz-at, Q° =|dEk/ mw?, ¢p=degldr, r=at,

H= (p(O) - Q? cos[p(0)]

Using the integral (6.2), we find the width of the non-linear
resonance:-

OP= P — Prin® P =205 Gin =—2Q5 59 =4Q (6.3).

To determine the distance between resonances, we note that the
effective interaction of particles with pack-et waves occurs under Cherenkov

resonance conditions(a)k :kv). In this case, it is easy to determine the

distance between the resonances:
.. o, . 09 ow,
A= — +—Ak+ =K Ak =Ak| z2——% (6.4)
¢ ¢k+Ak gok gok ak ak [ 8k :|

Upon receipt of (6.4), it was taken into account that V=V, = ol K



78 PROBLEMS OF THEORETICAL PHYSICS

Using expressions (6.3) and (6.4), we find the conditions for the
occurrence of local instability:

K_4Q_N 40

=S N— T K1 (6.5)
Ap(1-vylvy,)

where V, — group speed; N = w/Aw@ — the number of waves in the package.

By analyzing formulas (6.4) and (6.5), several important conclusions
can be drawn. The first one shows (from formula (6.4)) that if the group
velocity tends to the phase velocity of the wave, then the distance between
the resonances tends to zero. This means that all the waves of the packet
are located in a rectilinear dispersion region. In the phase space, the
resonances of such waves all coincide. For particles, such resonances are
almost indistinguishable. Dynamics should be regular. Second, if the group
wave velocity tends to zero (for example, Langmuir waves in a plasma),
then, as can be seen from formula (6.5) 1< K << N; Q2 <<1. In this case,

as it was the first, apparently, it was noted in [6], the particle dynamics
should be chaotic. We note that the dynamics of particles in a plasma almost
always corresponds to the case () <<1.Indeed, the maximum electric field

strength of a longitudinal wave in a plasma (with complete separation of

charges) is described by the expression: E,. =+47nmc’y

Q%= A= €E o =1 w=0,, k=o,/c, mo>ny
mycw,

If, K> N then the dynamics should be regular. In this case, the
particle does not distinguish the resonances of the individual waves of the
packet. We are used to the fact that as soon as the inequality A> 1 is
fulfilled, the particle dynamics becomes chaotic. It can be seen that this
simple, convenient, and very common criterion requires careful use when it
comes to particle dynamics in wave packets.

6.3. Relativistic dynamics of particles in the fields of wave packages

In the relativistic case, the system of equations (6.1) should be
rewritten:

b= Asny, 6.6)

The following dimensionless dependent and independent variables are
introduced here:
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_p _ ek,
P’ A mce

k,=kc/lo=k /k, k=wlc, p=dp/dr, o,=0,/®

, v, =o,r-kz, t=dk, z=wzlc,

Here @ — maximum frequency of the spectrum of the wave packet.
Multiply the left and right sides of equation (6.6) by p, we obtain a

useful equation for the dimensionless particle energy:

N
7=v-> Asiny, (6.7,
n=1

where v=v/c, y=\1+p°

Below we assume that the momentum of the particle is large
(p>>1). In this case, using equations (6.6) and (6.7), we can obtain the

equation of the mathematical pendulum for the phase of the separately
allocated wave of the wave packet:

g, +Q2e)y, =0 (6.8)

where Q)= A /2p°]

Note that the frequency of the mathematical pendulum, which
describes the capture vibrations of particles in the wave field, is a function
of time. In addition, it is seen that the frequency of these capture vibrations
de-creases with increasing particle momentum. This dependence is quite
obvious, since with increasing momentum the particles become heavier. In
full accordance with the algorithm described in the previous section, we can
determine the condition for the emergence of a regime with dynamic chaos.
This condition can be rep-resented as:

K = 22 (6.9
Ay,

We note that in both the relativistic and nonrelativistic cases we are
talking about Cherenkov resonances. Therefore, the distance between
resonances in the relativistic case does not differ from the distance between
resonances in the nonrelativistic case (Ay, =A@, ).

Finally, the expression for the conditions for the emergence of
dynamic chaos takes the form:

K=—n_ n (6.10)
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Formula (6.10) practically does not differ from formula (6.5). The
difference lies only in the physical content of the numerator. From formula
(6.10), one can see the important result that, with an increase in the energy
of accelerated particles, the particle dynamics is regularized (parameter K
decreases). This result is quite obvious, since with increasing energy the
particles become heavier.

6.4. Numerical analysis of particle dynamics in the field of a wave package

Numerical modeling can show a number of features of particle
dynamics in the fields of wave packets. Using the example of the relativistic
case, we show the dependence of particle dynamics on the ratio of the phase
and group velocities of packet waves. To do this, we rewrite the system of
equations (6.6) in the form:

X

e (6.11)
% :—Aisin{(klﬂ%k)xo —[a)l+iA—’\T)J’t}

i=0

where X, =2z, x, = p, 4 — amplitude of the waves in the packet; k1, o1 —

wave vector and frequency of the initial wave; Ak, Ao — difference between
the wave vectors and the frequencies of the extreme waves of the packet;
N —number of waves in the packet.

Power spec

Fig. 6.1. Particle momentum and its spectrum in the packet field
at v, = 0, N=30, A=0,03
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The initial conditions were chosen so that the particle was in the
center of the resonance. X,=0, X =wl/kl. The wavenumbers of the

extreme waves of the packet are K1 = 2, Kn = 1, and the frequency of the
first wave is also fixed w1l =1. The waves of the packet were evenly
distributed between two fixed waves.

In the case when the group velocity tends to 0, (in this case it is possible
when the frequencies of all waves become the same), then the particle dynamics
in the field of such a packet turns out to be chaotic Fig. 6.1.

In the case when the group velocity tends to the phase velocity, the
particle dynamics in the field of such a packet becomes regular see Fig. 6.2.

Fig 6.2. Particle momentum and its spectrum In the packet field at

v, =V, - N=30, A=0,03.

It is worth noting that a similar dynamics is observed in the
nonrelativistic case.

6.5. Some conclusion

Let’s list the most significant results of the work:
1. The well-known wave strength parameter for waves excited in
a plasma (A = eE / mcoy ) does not exceed unity (A<1).

2. If the group velocity of the wave packet in the plasma tends to zero,
then the particle dynamics in the field of such a packet is chaotic.

3. If the group velocity of the wave packet tends to the phase velocity
of the wave packet, then the dynamics of the particles in the wave packet is
regular.
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4. Analysis of numerical results is in good agreement with analytical
results.

SECTION 7. NEW RESONANCES IN THE INTERACTION
OF CHARGED PARTICLES WITH WAVES IN VACUUM

The conditions for the emergence of new resonances in the interaction
of charged particles with waves in vacuum are described. Some features of
this resonant interaction are also described. In practice, these conditions
mean that charged particles are captured by the field of a transverse
electromagnetic wave and their unlimited acceleration by the field of this
wave in vacuum. The position of new resonances in the general physical
picture of the interaction of waves with particles in a vacuum is also
described. The discovered resonances can play a special role for laser
acceleration of charged particles in vacuum.

7.1. Introduction

Accelerating charged particles in a vacuum is an attractive option.
This is especially true for laser acceleration schemes. There are many
attempts to find such acceleration schemes. There is a large number of
works that describe various scenarios for such acceleration. One of the last
works in this direction is the work [56] (see also the literature cited therein).
The main difficulty in constructing such schemes, which is noted by almost
all authors, is the transverse (relative to the wave vector of the wave)
dynamics of particles in the field of laser radiation. Therefore, the most
common acceleration schemes contain a complex field structure, in which it
is possible to distinguish the longitudinal (relative to the wave vector of the
wave) component of the wave field with a phase velocity less than the speed
of light. Such structures are created by external material elements (lenses,
lattices, their combinations, and others). Already the presence of such
elements limits the intensity of the laser radiation. As a result, the
efficiency of such acceleration schemes is not high.

Special attention should be paid to the existence of rigorous solutions
of particle dynamics in the field of a transverse electromagnetic wave. After
Volkov D.M. [57] such solutions were obtained and analyzed in works
[58-61]. Based on the solutions obtained, several new acceleration schemes
were proposed. Note that in these rigorous solutions, the particle
momentum components were described by periodic functions of the wave
phase. Therefore, the acceleration process was replaced by the deceleration
process (see below the formulas of system (7)). The impression was that
particles in the field of a transverse electromagnetic wave in a vacuum can
be effectively accelerated only in a limited region of space. The fact of the
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existence of rigorous solutions in which there are no resonances was, in a
sense, a brake for finding such solutions. Our researches have shown that
strict solutions do not contain all solutions. There are other solutions that
contain resonances. Such solutions are described in this section.

In this section, it is shown that the existing exact solutions describing the
dynamics of particles in the field of a transverse electromagnetic wave and
presented in [58-61] do not exhaust all the features of the dynamics of particles
in such fields. There are other solutions as well. These solutions contain new
resonances. When the conditions of these resonances are met, effective and
unlimited acceleration of charged particles by the fields of transverse waves in
vacuum is possible. This section is devoted to the description of the features of
these resonances. It is shown that there is some analogy with the appearance of
new resonances and with the appearance of cyclotron resonances. Below, in the
second subsection, the statement of the problem is formulated and the basic
equations are written out. In the third subsection, it is shown how rigorous
solutions appear to describe the dynamics of particles in the field of a
transverse electromagnetic wave, both without an external magnetic field and
in the presence of an external magnetic field. As a result, the constraints under
which these decisions are valid become visible. In the same section, it is recalled
how, in the presence of an external magnetic field, these restrictions are
removed, and how cyclotron resonances appear. In the fourth subsection, it is
shown how the problem of the motion of particles when the strength of the
external magnetic field tends to zero can be solved, in the general case. This
section is the most important. There are formulates conditions under which
charged particles in the field of a transverse electromagnetic wave can be
effectively (resonantly) accelerated in a vacuum. In the fifth subsection, the
results of a numerical study of the considered processes are presented. Good
qualitative agreement of the obtained numerical results with analytical results
is shown. In the conclusion, the main results are formulated and some of them
are discussed.

7.2. Statement of the problem and basic equations

Consider a charged particle that moves in an external constant magnetic
field directed along the axis z and in the field of a plane electromagnetic wave,
which in the general case has the following components:

E = Re(E, exp(iat —ikr)), H= Re(ﬁ[kE]exp(ia)t —ikr)j
w

Where E,=E,-a, a= {ax, ia,, az} - polarization vector of the wave.

Vector equation of motion of charged particles:

%:eE+E|:E(HO+H):|. (71)
dt c
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Without loss of generality, one can choose a coordinate system in which
the wave vector of the wave has only two components k, and k,. For follows, it

is convenient to use the following dimensionless dependent and independent
variables;,p ->p/mc, 7—>ak, r > wr/c. It is also convenient to use the

expression for the double cross product: [p [ks]] =k(p-€)-g(k-p)-

The equations of motion in these variables will be as follows:

j_s{ _k7ije(se”’)+w7H[ph]+;Re[(3'p)éq’

V:d_r:E ,/;:d_’//:l_k_p (7.2)

where,h=H/H,, o,=eH/mcw, &€=¢&0, c=(eE /mcw), w=7-kr,
k - is the unit vector in the direction of the wave vector, y = (1+ p?)"?is the
dimensionless energy of the particle (measured in units mc?), p-is the

momentum of the particle.
Multiplying the first equation of system (7.2) by p , we obtain a useful

equation that describes the change in the energy of a particle:

d_j/ - RE(VSGW ) (73)
dr

Equations (7.2) and (7.3) have well-known integrals:
p+Re(ige” ) -, [rh]-ky =p, —ky, + Re(ise""0 )—a)H [roh]=const (7.4)
Index "0" denotes the values of the initial variables.
7.3. Precise solutions without external magnetic field

Looking at equation (7.2) at @, =0, it is easy to see that without loss
of generality in this case it is convenient to choose such components of the
particle momentum p = { p”,pL} ., Bk

Let's take into account that (k -8) =0;

(g.p): (gH P t+E, .pL) = (gL .pL); k = {O,O,KI :1} ... Then the system of
equations (7.2) takes the form:
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%lee[(s-p)é"’]

r oy

9. _ (1— k_pj Re(e,6" )=y -, -cosy (7.5)
dr 4

After dividing the left and right sides by the derivative of the wave
phase (l/) =dy /dr ), system (7.5) can be rewritten:

dp, 1 j

— = —Re| (g, -p,)€”

dl// (7.1//) |:( 1 L) J

d

P, — g, -cosy (7.6)
dy

Taking into account that in the case under consideration
( }/l//) =cong =C, we easily find the following solutions for the momentum

components:
pl:pL(Wo)+8L(SinW_SinV/o) (7.7)
dp, 1 dp 1 1
@ " CPay PR e[ -PlO]- () g

Such solutions come from the work of D.M. Volkov [57] and V.I. Ritus
[58]. Within the framework of classical electrodynamics, they are presented
in [59-61]. Such solutions are often referred as exact solutions. It can be
shown that these solutions do not exhaust all solutions of the problem.

There are other solutions. To see this, and to see an analogy between
the emergence of these new solutions and the appearance of cyclotron
resonances, let us take into account the presence of an external magnetic
field and go over to the Cartesian coordinate system. In this system, the

vector equation (7.2) takes the form:
P, = &, (1-kV, —k,v,)cosy +
K, .
+7[(5X P, +&,P,)Cosy —&,p, S|m//]+ w4 P,

py:—ey(l—kaX—kZVz)Sin'/’_a’H Py (7.8
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p, =¢&,(1-kv, —k,v,)cosy +
k .
+5[(6.p,2.p)cosy -, p, s ]

o1 .
7 =;[(5X P +&,P,)cosy —&,p,siny |.

Here p=dp/dr

System of equations (7.8) also has rigorous solutions (7.7). To obtain

these solutions, we remove the external magnetic field (Pn = O). Then it
easily to see that if the wave vector of the wave is directed along one of the
axes of the Cartesian coordinate system, then the solutions of this system
will be solutions that coincide with the exact solutions (7.7). Indeed, let as
an example the wave vector of an electromagnetic wave is directed along the
Z-axis.

The wave vector has no transverse component (k =0; k, =1, &, =0).
Then the system of equations (7.8) turns into the system of equations, which
was considered above (7.5). Thus, the exact solution is accurate only if the
wave vector of the wave coincides with one of the components of the
momentum of the particle and one of the axes of the coordinate system can
be associated with this component. In the general case, such a choice cannot
be made, and there is no simple rigorous solution. It can be seen from the
system of equations (7.8) that the presence of the transverse wave number
of the wave does not allow one to obtain such simple solutions. This is due to
the fact that in the presence of a transverse wave number, the expression
yy 1s no longer an integral.

7.4. Dynamics of particles in a wave field with circular polarization

in the presence of an external magnetic field

We will assume that the wave vector of the electromagnetic wave is
located in the plane {X, Z} , that is k :{ka’IS} . The system of equations
(7.8) at o, #0 describes the dynamics of particles in the field of a wave

with arbitrary polarization. For our purposes, it is useful first to consider
the case when the wave propagates strictly along the external magnetic
field. In this case k, =0; k, =1 ¢,=0.

In this case, all the features (first of all, integrals) can be used in the
same way as was done above for the case of the absence of a magnetic field.

So, for a wave with circular polarization (EX =€y), equations (7.8) can be

rewritten as:
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p, =& cosy +Qp,

Py =—&siny —Qp, (7.9)

P, = [ p,cosy — p,siny |/ (ry7),

Where p' =dp /dy, Q=0 /(]/l/'/), the condition €2 =1corresponds

to the autoresonance condition. Note that in the case under consideration,
the expression yy7 = C =const is an integral. The system of equations (7.9)

has a rigorous analytical solution:

P, =—(Qg_1) {Sinl//+sin[l//o(Q—l)—Qt//]}
P, =—(Qg_1) {Cosy/—cos[l//o(Q—l)—Ql//]}

P, = P,(¥o) +C(£§—22—1){COS[W (Q+1) -y, (Q-1)]-cos(2y,)} .

(7.10)

Here P,(y)= py('//o) =0.
From formula (7.10) in the considered case (kx =0) it can be seen that,

firstly, there is an exact analytical solution, and secondly, there is only one
cyclotron resonance Q=1- this is autoresonance. There are no other
cyclotron resonances.

The question arises under what conditions do many other cyclotron
resonances arise? The answer is known - the transverse wavenumber must
differ from zero (K( #0). Next, the question arises: how can the features of

these cyclotron resonances be investigated analytically? The answer is also
known. It is contained in many works (see, for example, [7]-[10], [62]). It
turns out that for an analytical description of these cyclotron resonances, it
is convenient to introduce new variables:

P, = p, cosd; pyszS-ng; pZ:nl; Xzﬁ—&sinﬁ?

oF

y:n+&cos¢9 . (7.11)

@y

Using these new variables, a large number of important properties of
cyclotron resonances have been discovered. Moreover, new cyclotron
resonances were discovered [10]. In addition to the strength of the external
magnetic field, the conditions of new cyclotron resonances include the
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strength of the wave field. The work [10] is devoted to the study of the
features of new cyclotron resonances.

However, for further purposes, of interest is the case when the
external magnetic field tends to zero (@, — 0). At the same time, it is

incorrect to use new variables (7.11). Therefore, below we will introduce
other new variables:

p,=p cosd, p,=P . SNG, p,=p, p, = p’+ P,

X=§—p—l.5im9, y:77+p—%cos¢9 . (7.12)
44 44

These new variables explicitly take into account the oscillatory
dynamics of particles in the transverse direction. Transverse dynamics and
phase dynamics in these new variables are described by the equations

= p, cosf+p, SN
0 =(p,cosd-p,sind)/ p,
y=(r-kz-ké)-pusnf=a-pusno, (7.13)

Where p=(kp,)/(7-v) .
For what follows, it is convenient to use the expansion formulas
(see, for example, [22])

cosy = cos(a—usind) = i J,(u)cos(a—nd)

siny =sin(a-using) = i J.(w)sin(a—ng).

N=—w

A fairly simple analysis of the dynamics of particles can be carried out
at small values of the transverse component of the wave vector of the wave

(k, <<1, (kz )<<1) It turns out that new results can be obtained by

taking into account the value only in the expressions for the phases. Then
the second equation (the equation for the phases) of the system (7.13) takes
the form:

6’=—g(lpv ZJ (wsin[(z-2)+6-nd]. (7.14)

ai Nn=—

Here u<<1, yw=y-p,=const.
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The main role in the total sum will be played by those members in
which the phase will not change. The conditions for the stationarity of the
phases will be the conditions for resonances. Let the term with n=0 be the
stationary member. Then the equation for phase (7.14) can be replaced by
the equation:

b =(1—vz){1—isin<b] (7.15)

P,

where (D=(Z'—Z)+(9.

The first bracket on the right side of equation (7.15) is positive. We will
consider the relativistic case. In this case, it is small and only decreases with
acceleration. If the transverse energy of the particles does not change, then
Eq. (7.15) resembles the Adler equation in the theory of synchronization (see,
for example, [27]).

Ate > p, there is a stationary state (O =0). If cos®_ >0, then this

stationary state will be stable. However, the dynamics of particles is
described not only by Eq. (7.15), but also by equations for transverse and
longitudinal momentum. They must be taken into account.

So the equation for the longitudinal impulse is:

p, = gL i Jn(u)cos[(r— z)+¢9—n9} (7.16)
Yy —

We leave only the stationary term in the sum of the right-hand side.
We will assume that the phase is stationary atn = 0. Then equation (7.16) is
simplified:

pZ:g&Jo(y)coscbm. (7.17)
e

Taking into account that in the considered approximation x ~Kk, <<1,

we find that the value of the longitudinal impulse depends on time according
to the law, which is characteristic of resonances:

P, 0+ (s-cos, ) -

The magnitude of the transverse momentum is determined by the
equation

b, =2(1-v,) 3. 3, () cos[ (r—2)+ 0 -0 ]. (7.19)

N=—o0
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Similar considerations that were used for the definition p, give:
P, = ‘9(1_ Vz) Jo(1) cos®@, ~

1 (7.20)
~ (Eg-kx -cosd)m}

The magnitude of the transverse momentum also grows linearly with
time. However, the slope of this linear function has a small factor, which is
proportional to the transverse wave number (kX <<1):

p, ~ pl(O)—i-(g-k_ZXCOS(ijr. (7.21)

When  obtaining (7.21), we took into account what
(l—Vz)z(l—&VZ—kaX)>O and what can be estimated the value of this
bracket by the value k, . Note that the numerical calculations are in good

agreement with this estimate (see below).
Thus, asymptotically there are such time dependences
yep,e-7;, P rKe-7. (7.22)

Let us now return to the phase equation (7.15). Taking asymptotics
(7.22) into account, this equation can be rewritten:

dr-(1-v,)r 5~ (7.23)

Thus, asymptotically @, =const. The set of results obtained from the

analysis of equations (7.13) - (7.23) indicate that, within the framework of
the formulated conditions, the resonant acceleration of charged particles
(electrons) by the field of a regular transverse wave in vacuum is realized.

7.5. Numerical analysis of the initial system of equations (2)

The analytical results obtained above are largely of an evaluative and
asymptotic nature. To clarify the conditions under which the resonant
acceleration of particles by the field of a transverse electromagnetic wave in
vacuum is realized, a series of numerical calculations of the system of equations
(7.2) was carried out. We note right away that good qualitative agreement was
obtained between the numerical and analytical results. Typical results of
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numerical calculations are presented in Figures 7.1 — 7.11. The main feature of
the obtained resonance conditions is that the greater the field strength of the
electromagnetic wave and the greater the initial longitudinal velocity of the
particles, the easier the charged particles are captured into resonance. Figures
7.1 — 7.2 show the results of numerical analysis for the values of the initial
conditions and wave parameters that correspond to the onset of particle capture
into resonant acceleration. Unlimited acceleration of charged particles is seen.
The value of the longitudinal impulse grows linearly during the entire counting
time (Figure 7.1). Moreover, the growth rate of the transverse impulse
(Figure 7.2) is in accordance with formula (7.21), that is, it is 10 times less than
the velocity of the longitudinal impulse. This corresponds to the fact that the
transverse wavenumber is 10 times less than the longitudinal wavenumber
k, ~0.1-k,. Comparing formulas (7.18) - (7.22) with the results of numerical

calculation, it can be argued that there is a good qualitative agreement between
them.

The saturation process is not visible in Figures 7.1 — 7.2. To see the
process of transition from unlimited acceleration to a mode in which the
acceleration process is limited, it is sufficient to reduce the value of the
longitudinal initial impulse to 1.07. This process is shown in Figure 7.3. It
can be seen in this figure that the law of variation in the value of the
longitudinal impulse becomes already nonlinear. Some saturation of the
particle acceleration process is observed. Thus, if the parameter of the wave
force is of the order of 2, then at the value of the initial longitudinal impulse
slightly larger than unity, complete capture of particles in unlimited
resonant acceleration does not occur.

The saturation process develops even faster when the value of the
transverse wave vector is reduced by another 10 times (k ~0.01-k,). The

dynamics of particles at these values of the parameters is shown in Figure 7.4.
Disruption of the capture of particles into an unlimited resonant acceleration
will also occur when its transverse momentum is greater than the wave force

parameter (px >8). This situation corresponds to the case when the

synchronization process, which is described by the Adler equation (7.15), does
not have stationary stable points. In this case, the synchronization process,
which help to the capture of particles in an unlimited resonant acceleration,
stops working, and if the second mechanism of particle capture does not come
into play, then the process of resonant unlimited acceleration breaks down (see
Figure 7.5).

A twofold increase in the wave force parameter lead to more than
doubles the maximum value of the longitudinal impulse. This result is
illustrated in Figure 7.6. This figure shows the longitudinal momentum
versus time. All parameters of this case coincide with the parameters of the
case, which is shown in Figure 1, with the exception of the wave strength
parameter, which was doubled (¢ = 4).
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Fig. 7.1. Dependence of the transverse
momentum on time at:

£=2,Ps=2Px=0.5: p=0.1

Fig. 7.3. Dependence of the longitudinal
Impulse on time at < € = 2, Pz=1.07;
Px=0.0; @ =0.1 The growth rate of the
longitudinal impulse decreases

Fig. 7.5. Dependence of the longitudinal
Iimpulse on time at’

£=2;pz=2; Px=3; ¢=0.1

Fig. 7.2. Dependence of the transverse
momentum on time at’

£=2,;Pz=2 Px=0.5; p=0.1

Fig. 7.4. Dependence of the longitudinal
Impulse on time at ©
&=2;Pz=2; Px=0.5; ¢=0.01

Fig. 7.6. Dependence of the longitudinal
Iimpulse on time at’

&=4;pg=2;Px=05. ¢=0.1

=
S

Fig. 7.7. Dependence of the longitudinal impulse on time at:
=045, Pz=20; Px=0.5: ¢p=0.1



V.A. Buts, A.G. Zagorodny. Chapter I. Features of the dynamics of charged particles... 93

If the transverse wavenumber is not too small, then the analytical
results cannot be considered correct. However, there are no restrictions for
obtaining numerical results. In particular, it turns out that an increase in
the angle from 0.1 to 0.6 increases the maximum value of the longitudinal
impulse almost sixfold. A further increase in the angle leads to a decrease in
the value of the longitudinal impulse. This result applies only to particles
whose initial values correspond to Figure 7.1.

One more remark should be made. The capture of a particle in the
conditions of resonant acceleration is the easier to carry out, the greater the
parameter of the wave force and the greater the longitudinal momentum of
the particle. Moreover, looking at the expression for the longitudinal
momentum (the third expression in system (7.10)), one might think that
only when the wave force parameter is greater than unity it is possible to
capture particles in the condition of resonant acceleration.

3107 T T s
Pz 1.5x10 T

.
375107 .
112510

25:10° Pz

125%10°

0 L L 1 1 I 1
0 1=10* 210 3x10* 410 0 1e10* 210* 310" 2x10*

Ty 0, Ta 40000

Fig. 7.8. Dependence of the longitudinal
Impulse on time at: & = 4 ; Pz=10; Px=0;

P,=L p=01;0,=1

Fig. 7.9. Dependence of the
longitudinal impulse on time at-

£=4;P=10: Px=0: Py =1
p=01 Oy = 0.5

410 T T T
3107
2101

1::10°]

1 1 1
0 1x10* 2:10° =10° 410
T,

Fig. 7.10. Dependence of the
longitudinal impulse on time at:

& =4, Pz=10; Px=0: P, =1
¢= 0.1,. a)H = 0-1

Fig. 7.11. Dependence of the

longitudinal impulse on time at: € =4 ;

Pz=10; Px=0; P, =1,
p=01 o, =001

However, in the general case, this is not the case. In particular, if the
longitudinal momentum of the particle is large enough, then capture into
the resonant acceleration is possible even when the wave force parameter is
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less than unity. This fact is illustrated in Fig. 7.7. Note that a decrease in
the wave force parameter by five hundredths (¢ = 0.4) disrupts the capture
of particles into resonance.

The question arises about the influence of the finite value of the
external magnetic field on the above-described particle dynamics. The
results of numerical calculations of particle dynamics in the presence of an
external magnetic field are presented in Figures 7.8-7.11.

It can be seen from Figures 7.8-7.11 that the presence of an external
magnetic field in the general case reduces the acceleration efficiency. In
addition, the dynamics of particles changes qualitatively. It becomes
piecewise deterministic. This dynamics is described in detail in [9]. It is seen
that already at @, =0.01, the influence of the external magnetic field is

practically absent throughout the entire counting time. Let us pay attention
to Figure 7.9. It can be seen that in the general case the stepped structure of
particle dynamics can be irregular. A so-called periodically deterministic
mode arises. It is also described in [10].

7.6. Dynamics of particles in a wave field with linear polarization

The dynamics of particles in the field of a wave with linear
polarization will be described by the system of equations (7.2), in which it is

sufficient to set the strength of the field component &, equal to zero (Ey =0).

All the features of the dynamics of particles in the field of a wave with linear
polarization are qualitatively similar to the features of the dynamics of
particles in the field of a wave with circular polarization. For this reason, we
will not dwell on this dynamic.

7.7. Conclusion

Let us note the most important results obtained in this section:

1. The most important of the result obtained is the result that in a
vacuum a transverse electromagnetic wave can effectively (resonantly)
accelerate charged particles. New resonances have been discovered.
Moreover, the acceleration is performed by both a circularly polarized wave
and a linearly polarized wave.

2. Note that rigorous solutions to particle dynamics exist both in the
presence of an external magnetic field and in its absence. They can be found
only when the expression is an integral. This occurs when only one
longitudinal component of the wave vector can be preserved for the wave (in
the considered case).

3. Note the importance of rigorous solutions. The form of these
solutions shows the existence of qualitatively different particle dynamics. If
g <<1, then the dynamics of particles in the field of a transverse wave is the
usual transverse dynamics. If g>>1, then, the dynamics changes
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qualitatively. It becomes longitudinal. It should also be noted that the
longitudinal dynamics arises as a result of the action of the Lorentz
magnetic force on the particles. And when ¢ >1 this longitudinal dynamics
will prevail over the transverse dynamics.

4. Attention should be paid to the analogy between the appearance of
cyclotron resonances (not cyclotron autoresonance) and the appearance of
new solutions that differ from rigorous solutions. Both cyclotron resonances
and new solutions appear only when the role of the transverse components
of the wave vector of the wave (k_=0) in the particle dynamics is taken into

account, when the expression yi ceases to be an integral.

5. The condition for the capture of charged particles in the resonant
acceleration mode is the presence of a wave, the force parameter of which is
large enough, as well as the presence of a sufficiently large initial
longitudinal momentum of the charged particle (p,>1). The larger these

parameters are, the easier it is to capture particles in the resonant
acceleration mode.

6. Let us note two features that determine the capture of particles in
the resonant acceleration mode. The first feature is related to the fact that
the phase dynamics of particles at the initial stage of the acceleration
process is described by an equation that resembles the Adler equation in
synchronization theory. However, Adler's equation contains functions that
are independent of time. Equation (7.15), which resembles Adler's equation,
contains functions that change over time. For this reason, the usual
synchronization process can be carried out only for a limited time interval.
The second feature is related to the first factor on the right-hand side of
equation (7.15). In the relativistic case, this factor is small. He's positive. In
addition, it decreases rather quickly. It is easy to see that it is inversely
proportional to the square of the particle's energy. Considering that the
energy grows linearly with time, the phase derivative quickly tends to zero
(as 1/72). The phase itself tends to a constant value rather quickly.
Moreover, an analysis of the numerical results shows that the stationary
phase itself tends to zero.

CONCLUSION

First of all, we note that the authors tried to present the material in
such a way that each part (section) of the review is, if possible, independent.
Therefore, at the end of each part, the main results were formulated, which
were described in this section. Therefore, below we will only very briefly, if
possible without repeating ourselves, describe the main results of this
review.

In the first section, the characteristics of nonlinear resonances (widths
of nonlinear resonances, distances between them, etc.) are determined for
practically all resonant interactions of waves with charged particles.
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Criteria for the emergence of regimes with dynamic chaos when the main
resonances are overlapped are obtained. Such resonances are Cherenkov
resonances, cyclotron resonances based on normal and anomalous Doppler
effects (see formula (1.34). It is shown that when the longitudinal
component of the wave vector tends to unity (k, — 1), the distance between

nonlinear resonances grows faster than the width of the nonlinear
resonance. This feature is the fact that, with autoresonance (k, =1), regimes

with dynamic chaos do not arise. In the same section, attention is drawn to
the fact that the use of the Chirikov criterion for the emergence of regimes
with dynamic chaos may not always give the correct result. The reasons for
this discrepancy are discussed, in particular, in numerical and analytical
studies.

In the second section, the dynamics of particles is investigated in the
presence of additive and multiplicative fluctuations. As indicated above, in
the first section it was shown that regimes with dynamic chaos do not arise
during autoresonance. However, it turned out that it is under conditions of
autoresonances that the dynamics of particles is anomalously sensitive to
additive fluctuations. Superdiffusion mode may occur. In the presence of
multiplicative fluctuations, fluctuation instability arises, in which the
increments of the higher moments turn out to be larger than the increments
of the lower moments (see, for example, Figure 2.2.). In such regimes, the
Einstein-Fokker-Planck (EPP) equation, which is widely used to describe
the dynamics of particles, cannot be used. Note that the EPP equation takes
into account only the first two moments. In this section, a generalization of
the EPP equation for the case of taking into account higher moments is
obtained (see equation (2.16).

The third section describes new cyclotron resonances. The novelty of
these new cyclotron resonances lies in the fact that the conditions of their
occurrence include the value of the field strength of the wave with which the
particles interact (see equation (3.16)). Note that only the strength of the
external magnetic field is included in the conditions of the known cyclotron
resonances. Note that the dynamics of particles under the conditions of new
cyclotron resonances also significantly differs from the dynamics of particles
in known cyclotron resonances. The main difference i1s that the dynamics in
a known resonance is described by the equation of a mathematical
pendulum, while the dynamics in new resonances is described by the Adler
equation. Recall that the equation of a mathematical pendulum is a second-
order nonlinear equation. It has special points such as "centers", "saddles",
and is also characterized by a special trajectory - the separatrix. Adler's
equation is an ordinary differential equation of the first order. The dynamics
described by such an equation is much simpler. In particular, regimes with
dynamic chaos are piecewise deterministic. The spectra of such regimes are
much more regular than those in regimes with known cyclotron resonances.
This section describes the characteristics of the particle dynamics under the
conditions of new resonances.
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The fourth section describes the process of plasma-beam instability in
the presence of fluctuations (in time or in space) of the plasma density. It is
shown that the presence of such fluctuations destroys the regular process of
excitation of plasma oscillations. The distances at which the plasma-beam
interaction can still be regular are determined.

In the fifth section, the dynamics of excitation of oscillations by an
electron beam under conditions of isolated cyclotron resonance is considered.
One might expect that, within the framework of an isolated cyclotron
resonance, the dynamics of excitation of oscillations would be regular. It
turned out that the dynamics may be irregular. The reasons for the
emergence of regimes with dynamic chaos have been clarified. It turned out
that the reason for the irregularity is a quasiperiodic qualitative change in
the form of the phase portrait of the beam particles. Thus, the process of
periodic or quasiperiodic qualitative change in the form of the phase portrait
should also be referred to the known mechanisms of the emergence of
regimes with dynamic chaos.

The models of waves used in theoretical considerations as purely
monochromatic waves is an idealization. Real waves are always packets of
waves, that is, they are more or less sets of regular monochromatic waves.
The characteristics of these waves are very close to each other. This means
that the distance between these individual resonances is small. The
question arises: What dynamics (chaotic or regular) describes the dynamics
of particles in a wave packet? The answer to this question is contained in
the sixth section of the review. It is shown that if the group and phase
velocities of waves in a packet are close to each other, then the dynamics of
particles in such a packet will be regular. This means that the model of a
regular monochromatic wave for such a packet is quite justified. If the
phase and group velocities are different, then in most cases the chaotic
dynamics of particles is realized. Such a packet cannot be modeled as an
isolated regular wave. In this section, in addition to these results, it is
shown that the parameter of the wave strength (the most important
parameter for us A= eE/mcwy ) in plasma is always less than unity (A<1).

The seventh section describes the discovered new resonances in the
interaction of transverse electromagnetic waves with charged particles in a
vacuum. Under the conditions of these new resonances, practically
unlimited acceleration of electrons by the field of transverse electromagnetic
waves 1s possible. In particular, by the field of laser radiation. It is shown
that these resonances arise only when the electromagnetic waves have a
transverse component of the wave vector (in this case, some integrals cease
to be integrals). Note that ordinary cyclotron resonances (not
autoresonance) also arise only when the waves have a nonzero transverse
component of the wave vector (k, #0) .

Let’'s formulate some considerations (thoughts) regarding the
possibility of resonances between particles and waves in a vacuum.
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1. It is known that the trajectories of particles in the fields of
electromagnetic waves in vacuum have a rather complex configuration. For
example, it can be a well-known figure eight or, for example, a circle in the
field of a circularly polarized wave. In general, these are rather complex
shapes (see, for example figures 1 and 2). Of course such trajectory appears
only for certain wave parameters and certain characteristics of the particles.
Another thing is important - the trajectory in the general case has a complex
trajectory. In the expansion of such particle trajectories in series, one can
expect that some terms of the series will be in resonance with field of the
wave. In particular, it can be noted that the structure of the particle
trajectory under conditions of cyclotron autoresonance is such that the usual
cyclotron resonances are absent. This is because the structure of the
trajectory is very simple in this case. The cyclotron resonances (not
autoresonances) appear only when there is transversal component of the
wave vector of the wave (k, #0).

o

Fig.2. Particle trajectory in the field
of a transverse electromagnetic
wave pulse

Fig.1. Possible form of the particle
trajectory in the field of a transverse
electromagnetic wave

2. Let's pay attention to the relationship between the magnetic and
electric Lorentz forces. Little attention has been paid to magnetic force. This
is due to the fact that in the original equations, where both the electric
Lorentz force and the Lorentz magnetic force appear

d—p=eE+E[vH] (1)
dt c

Looking at this formula, in some cases it is possible to draw an
incorrect conclusion that the magnitude of the Lorentz magnetic force
becomes comparable to the Lorentz electric force only asymptotically at
V—>C. In some cases, this conclusion is erroneous. In particular, the
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efficiency of the interaction of charged particles with a wave in a vacuum
can be determined mainly by the Lorentz magnetic force. This is due to the
fact that the efficiency of the interaction of particles with the wave is
determined only by the phase dynamics of the particles in the wave. This
equation has the form

d Kk AL iy
d—?:(l—%’jRe(se )+;Re[(s-p)e ] 2

Note that the first multiplier in the first term on the right-hand side
is the time derivative of the wave phase

2

Note also that the expression wyy=const is the integral. Then
equation (2) transforms into

S—Z:Re(sé‘”ﬁ%Re[(s-p)é"’]; 3—5~8+82 ®3)

It follows from these formulas that for a large parameter of the wave
force (¢ >>1), the main role in the phase dynamics of particles will be played
by the Lorentz magnetic force. Note that this force is directed along the
wave vector of the wave. Thus, at large values of the wave force parameter,
the dynamics of particles from the familiar transverse dynamics turns into
Iongitudinal dynamics (¢ >1then F, > F_).

3. Analogy with the occurrence of cyclotron resonances.

Attention should be paid to the analogy between the appearance of
known cyclotron resonances (with the exception of autoresonance) and the
appearance of our resonances. Both those and other resonances appear only
when the structure of the electromagnetic wave with which the particles
interact has a nonzero transverse component of the wave vector k #0 .

4. Above, in Section 7.2, it was shown that charged particles by the
field of a plane electromagnetic wave in a vacuum can be captured in an
almost unlimited acceleration. The conditions for such capture were written
out. Let us pay attention to only one of these conditions - the need for a
wave to have a transverse component of the wave vector. The question
arises about the possibility of the capture of particles by the field of waves
that have a different configuration. Our preliminary analysis shows that the
field of a wave that propagates in a circular waveguide with components
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E - Eok—mer(klr)sin(rTw)sin(kzz—a;t); E, =E,J;,(k,r) cosmpsin(k z—at)

H,= EO%Jm(klr)cos(nw)cos(kzz—a)t)

can also capture charged particles. It can be expected that laser fluxes with
a Gaussian field structure will have the same trapping property.
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he features of the processes of interaction of charged particles and flows of
charged particles with dielectric and solid-state dispersive plasma-like
media are presented.
The dispersion characteristics of oblique surface magnetoplasmons in
a structure with a two-dimensional plasma layer lying on the surface of
a three-dimensional plasma half-space are analyzed. It 1s shown that from the
analysis of the expression for the spectral density of the electron energy losses on
the excitation of these waves, it 1s possible to establish the type of the dispersion
law of charge carriers in a two-dimensional electron gas at the interface between
the media.

The results of a theoretical study of beam instability during the motion of a
nonrelativistic thin tubular electron beam over a solid cylinder made of artificial
material are presented. The possibility of occurrence of absolute instability in the
frequency range where the metamaterial exhibits left-handed properties is
shown. The eftect of nonlinear stabilization of such a beam as it moves along the
surface of a solid-state cylinder made of a dielectric as well as a plasma-like media
Is theoretically Investigated. It is established, in particular, that in the
electrostatic approximation, when the beam moves along a plasma-like cylinder,
the nonlinear stabilization of the growth of the wave amplitude occurs due to the
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effect of self-trapping of the beam electrons by the field of the electrostatic wave of
the beam i1tself.

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-
handed media, absolute beam instability, Cherenkov resonance, anomalous
Doppler effect, nonlinear stabilization, self-trapping.

PACS numbers: 03.50.-z, 52.40.-w, 52.59.1, 85.45.-w

INTRODUCTION

The features of the processes of interaction of charged particles and
flows of charged particles with dielectric and solid-state dispersive plasma-
like media have been presented. This chapter is divided into three sections.
The introduction to each section describes in detail the relevance of the
problem under study, the object and research methods. The brief summary
is provided at the end of each section. At the end of the chapter, there is the
general detailed conclusion for all the considered tasks.

Section 1 is devoted to theoretical study of electron energy loss by the
excitation of surface magnetoplasma oscillations by an electron moving
along a static magnetic field in vacuum over a two-dimensional plasma
layer on the surface of three-dimensional plasma half-space. Electron
energy loss by the excitation of surface magnetoplasmons has been
calculated in the electrostatic approximation. It has been shown that the
type of the dispersion law of electrons in such plasma (quadratic for a two-
dimensional Drude gas or linear for graphene) can be determined from the
qualitative character of the dependence of the maximum of the spectral
density of this loss on the electron density in the two-dimensional plasma.
Consequently, the results obtained can be used, for example, as the basis for
a new contactless method for testing graphite films to isolate graphene
monolayers from them.

Section 2 1s devoted to theoretical study of the interaction between a
tubular beam of charged particles and a dispersive metamaterial of
cylindrical configuration. This metamaterial may have negative permittivity
and negative permeability simultaneously over a certain frequency range
where it behaves like a left-handed metamaterial. The dispersion equation for
the eigenmodes spectra of a metamaterial and the coupled modes spectra of
the system have been derived and numerically analyzed. It has been found
that the absolute beam instability of bulk-surface waves occurs because of
peculiarities of the eigenmodes spectra of left-handed metamaterial.
Specifically, the resonant frequency behavior of the permeability causes the
emergence of the sections of dispersion curves with anomalous dispersion. It
has been demonstrated that the symmetric bulk-surface mode with two field
variations along the cylinder radius possesses the maximum value of
instability increment. The obtained results allow us to propose the left-
handed metamaterial as the delaying medium in oscillators of
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electromagnetic radiation without a need to provide an additional feedback in
the system just as in a backward-wave tube.

Section 3 is devoted to theoretical study of nonlinear stabilization of
an electron beam moving along the solid-state cylinder. In the first part of
the section the case of a solid-state plasma cylinder has been considered,
whereas in the second part of the section the solid-state cylinder is supposed
to be a dielectric one.

In the case of a solid-state plasma cylinder it is assumed that the
electron collision frequency in the plasma cylinder is much higher than the
frequency of plasma eigenmodes (oscillations). The beam is assumed to be
nonrelativistic, and, thus, the problem is solved in the electrostatic
approximation. It is shown that the growth of the wave amplitude is
stabilized nonlinearly due to the self-trapping of the beam electrons by the
field of the electrostatic wave excited in the beam itself. It is found that the
saturation time of instability and the maximum amplitude of the excited
wave depend on the radius of the plasma cylinder. It is established that the
larger the radius of the plasma cylinder, the later the nonlinear stage of
instability begins and the larger the maximum amplitude of the excited
wave.

In the case of a solid-state dielectric cylinder it is assumed that the
beam is non-relativistic, infinitely thin in the radial direction, and moves
along the surface of the cylinder parallel to the lines of force of an external
constant magnetic field, which prevents the transverse motion of the beam
electrons. The mechanism of nonlinear stabilization of azimuthally
symmetric Ftype electromagnetic waves with different values of radial
mode indices is studied by the method of slowly varying amplitudes and
phases. The physical cause of excitation of such waves is the Cherenkov
resonance, and the nonlinear stabilization mechanism is based on the
trapping of beam particles by the field of the excited wave. It is shown that,
as the radial mode index of the excited wave increases, the saturation time
of instability and the maxima and the “period” of amplitude oscillations at
the nonlinear stage of instability saturation decrease. It is shown that, at
the nonlinear stage of instability, the waves excited by the beam have
elliptical polarization. Moreover, in the vacuum region, the directions of
rotation of the electric fied vectors of E, and E, waves turn out to be

opposite.
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SECTION 1. CHARGED-PARTICLE ENERGY LOSS
BY THE EXCITATION OF SURFACE MAGNETOPLASMONS IN A
STRUCTURE WITH TWO- AND THREE-DIMENSIONAL PLASMAS

1.1. Introduction

The properties of surface magnetoplasmons in a structure with two-
and three-dimensional plasmas were studied in [1]. In particular, they can
be excited by a charged particle moving over such a structure along a static
magnetic field directed along the boundary of the structure. As was
mentioned in [1], such an orientation of the static magnetic field is of the
most interest because the frequency of a surface magnetoplasmon is an odd
function of the wavevector. The Cherenkov effect [2,3] underlies the
mechanism of the interaction of the charged particle with surface
magnetoplasmons. Since the particle can excite only magnetoplasmons
having low phase velocities (much lower than the speed of light in vacuum),
the electrostatic approximation is appropriate for the description of such an
interaction. The study of the so-called oblique magnetoplasma waves is of
considerable interest. Many theoretical and experimental works were
devoted to this issue (see, e.g., [4—12] and refs. therein).

In [4] surface oscillations in confined cold plasma with charged
particle fluxes along a constant magnetic field were considered. The plasma
boundary was assumed to be sharp, so that the wavelength of the
oscillations was much greater than the thickness of the transition layer.
General boundary conditions for matching solutions on this layer were
obtained, with the help of which dispersion equations of oscillations were
obtained in various special cases. It was shown that oblique surface waves
were unstable in the presence of particle fluxes, which leads to the opening
of the sharp plasma boundary.

In [5,6] the problem of excitation surface electromagnetic oscillations
in semiconductors in strong magnetic electric and magnetic fields was
theoretically investigated. The dispersion law and damping of oscillations
were obtained, the possibility of amplification and generation of these
oscillations was shown, and the corresponding growth rates were found. The
resonant interaction of surface waves with a quasineutral flux of charged
particles moving in vacuum parallel to the surface of the medium was
investigated.

In [7] the propagation of potential surface waves along a flat vacuum-
plasma interface was theoretically investigated. The directions of wave
propagation and tension were considered arbitrary. It was shown that the
field of the surface wave decays exponentially as it moves into the depth of
the plasma, performing spatial oscillations. The frequencies of high-
frequency and low-frequency potential surface waves were calculated. It was
shown that the propagation of potential surface waves was impossible in



Yu. O. Averkov, Yu. V. Prokopenko, V. M. Yakovenko. Chapter II. Excitation of electromagnetic... 107

strong magnetic fields. The damping decrements caused by the work of the
field in the plasma volume and in the plasma resonance region were found.

In [8] the non-potential surface waves propagating along the
semiconductor-vacuum interface were theoretically investigated. Their
spectra and attenuation were obtained in one-component (surface helicon)
and compensated (surface Alfvén wave) semiconductors. The interaction of
surface waves with an electron beam was investigated and the growth rates
of the waves were calculated.

In [9] the theory of surface polaritons associated with the planar
surface of a semi-infinite anisotropic dielectric medium with including of
retardation was developed. It was shown that, in general, two attenuating
components with different attenuation constants must be superposed within
the medium in order to satisfy the boundary conditions, and the macroscopic
electric field vector does not lie in the sagittal plane. It was demonstrated
that for special cases only one attenuating component is required, and the
electric vector does lie in the sagittal plane. This theory was applied to the
specific case of surface magnetoplasmons in a semiconductor for magnetic
field either perpendicular or parallel to the surface. In the latter case,
propagation directions parallel and perpendicular to the magnetic field were
considered.

In [10] the existence of electromagnetic surface waves at the boundary
separating magnetized semiconductor plasma and a dielectric or metal was
demonstrated. The external magnetic field was along the interface. It was
shown that slow surface waves of the helicon or Alfven type can exist only
with their propagation vector directed obliquely with respect to the
magnetic field.

In [11-12] theoretical and experimental studies of the electromagnetic
properties of the millimeter and submillimeter wavelength ranges of
inhomogeneous semiconductor structures were considered in detail. The
theory of wave and oscillatory processes in isotropic and magnetoactive
plasma of semiconductors was developed, the interactions of surface and
bulk waves with flows of charged particles were investigated, the properties
of hot charge carriers and the effects accompanying their heating were
described.

The dispersion properties of oblique magnetoplasma waves are very
sensitive to the conductive properties of the interface. Therefore, by
studying their conducting properties of such waves, it is possible, for
example, to measure the conducting properties of thin surface layers. This is
a very actual problem in connection with the active study of the conductive
properties of thin graphene films, for example, to identify graphene
monolayers among graphite films.

Graphene is known to be a two-dimensional allotropic form of carbon,
the crystal lattice of which is similar to the structure of honeycomb [13]. The
unit cell of this lattice is represented by a regular hexagon with carbon
atoms at its vertices. Graphene can be considered as the main structural
unit of other allotropic forms of carbon, namely, fullerenes (zero-dimensional
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objects) [14], quantum nanotubes (one-dimensional objects) [15], and three-
dimensional graphite forms (which are represented by graphene stacks
bounded by weak van der Waals forces). The structure of the energy bands
of graphene and its semimetal conducting properties were theoretically
described in 1947 [16]. However, the first graphene films were prepared
only 60 years later via multiple mechanical splitting of highly oriented
pyrolitic graphite [17]. The uniqueness of work [17] also consists in the fact
that it proved the possibility of existence of regular thermodynamically
stable 2D crystals, which had been denied for a long time (see, e.g., [18] and
refs. therein).

The main difference of the electronic properties of graphene from
those of a conventional 2D electron gas (2DEG; e.g., a thin metallic or
semiconductor film) is that graphene is a semimetal with a zero band
overlap. The valence band and the conduction band of graphene touch each
other at two points in the Brillouin zone (so-called Dirac points). Near these
points, the dependence of the carrier energy on the carrier momentum is
linear, and charge carriers are massless chiral Dirac fermions [19-21]. The
fermion velocity in graphene is lower than the velocity of light in vacuum by
a factor of 300. The Dirac character of charge carriers in graphene, e.g.,
makes it possible to observe a number of unique effects, such as the
anomalous quantum Hall effect (at room temperature) [20], the Klein
paradox [22-24], the Aharonov—Bohm effect [25], the Anderson localization
[26], and the Coulomb blockage [27]. In strong magnetic fields, exciton gaps
[28] and Wigner crystals [29] can form in graphene. Binary graphene layers
can exhibit both ferromagnetic and antiferromagnetic properties [30].

These unusual physical properties of graphene are caused by the
internal quantum mechanical features of graphene and, hence, manifest
themselves at the quantum level. The quantum mechanical peculiarities of
the transport properties of graphene are also reflected on its “classical”
electrodynamic characteristics. For example, Rana [31] proposed a
conceptual model for coherent terahertz radiation source, which is based on
the inversion electron population of levels in the valence band of graphene
due to the interband transitions caused by the interaction of electrons in the
valence band with surface plasmons of graphene. The authors of [32]
revealed a giant Purcell effect for an elementary dipole located on the
surface of a metamaterial consisting of alternating graphene and dielectric
layers. It was noted that this effect can be used to significantly increase the
terahertz radiation source intensity. The high electron mobility in graphene

(up to 106 cm2/(V s) [33]) makes it possible to create graphene-based active
plasmon interferometers and photodetectors that can operate in the
frequency range from terahertz to visible radiation and have an extremely
high operation speed, a low control voltage, low power consumption, and
very small sizes [34].

Mikhailov and Ziegler [35] predicted the ability of graphene to
maintain the propagation of TE-polarized surface electromagnetic waves.
The physical cause of this ability is a linear law of dispersion of conduction
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electrons near a Dirac point, and a necessary condition of this ability is a
negative imaginary part of the resulting conductivity of graphene.

In this section, we study the features of electron energy loss to the
excitation of surface magnetoplasmons propagating at various angles to the
direction of the static magnetic field. The electron with non-relativistic velocity
moves in vacuum parallel to the interface between vacuum and the two-
dimensional + three-dimensional plasma along an external static magnetic
field. In view of non-relativistic character of the electron velocity the problem is
considered in electrostatic approximation. The energy loss of an electron for the
radiation of oblique surface magnetoplasmons is found as the work done by the
radiation field on the electron at the point where this electron is located. In so
doing, the Sokhotski theorem is used to calculate the integrals over frequency.
In particular, the effect of nonreciprocity of the propagation of waves on the
spectral density of electron energy loss is revealed and analyzed. In addition, it
is shown that the type of the dispersion law of electrons in the two-dimensional
plasma—quadratic for a Drude plasma [36] and linear for graphene (see [13]
and references therein)—can be determined by analyzing the spectral density of
this loss. This result can be used as a new contactless method for testing
graphene films and separating graphene monolayers from them.

1.2. Statement of the Problem and Basic Equations

The coordinate system is chosen such that the y axis is directed

along the normal to the interface between vacuum and the two-
dimensional + three-dimensional plasma and the z axis is directed along an
external static magnetic field n, (Fig. 1.1).

Fig. 1.1. Geometry of the problem

The two-dimensional + three-dimensional plasma is a non-magnetic
medium and occupies the y < 0 half-space. The electron moves in vacuum at

the height @ from the interface along the positive direction of the z axis at

the velocity V <<C, where cis the speed of light in vacuum.
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The field equations for the region y>0 in the electrostatic

approximation are written in the form
rotE(r,t)=0, (1.1)
divE(r,t) = 47es(x)5(y —a)s(z—vqt), (1.2)

where € is the charge of the electron and 6(x) is the Dirac delta function.
The corresponding equations for the region y <0 has the form

rotE(r,t)=0, (1.3)
divD(r,t) = 4zen(p,t)5(y), (1.4)

where D and E are related to each other through the corresponding
material equation, p=(x,z), n(p,t) is the perturbed electron density in the

two-dimensional plasma satisfying the continuity equation
ea”(g‘t”t)mivj(p,t):o, (1.5)

where j(p,t) is the electron conduction current in the two-dimensional
plasma, which is related to the electric field E(p,t) as

ip.t)= j&(t—t’)E(p,t’)jt', (1.6)

where G(t—t') is the response function. The continuity condition of the
tangential components of the electric field is satisfied at the y =0 interface.

The normal component of the electric displacement has a break, which is
determined from Eq. (1.4) by integrating along the y coordinate:

DW(p,t)— Dyp(p,t) =4zer(p,t), (1.7)

where the subscripts «w and «m» refer to the vacuum and plasma regions,
respectively.
We introduce the potential ¢(r,t) such that E(r,t)=-Ve(r,t) and

represent it in the form of a set of space—time harmonics:

o(r,t)= T dkdwg(k, a))exp{i [Kp +K, (x,0)y - a)tﬂ, (1.8)
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where k = (kx,kz). Then, the material equations can be represented in the

form

D (k.)= 5, (0)E o).

Here, summation over the subscript " j " is implied and &; (@) are the

elements of the tensor

g ig" 0
E=|—-ie" ¢ 0} (1.9
0 0 g
o (o+iv)
—gdl— %P N (1.10)
o go{ a)l(a)Jriv)z—a)f'J}
g OO (1.11)
a)l(a)+iv)2—a)f|J
a)2
& =c 1_ p . (112)
70" w(w+iv)

Here, o, =./47€’N,/s,m,, and @, ZHHo/”EDC are the plasma and

cyclotron frequencies, respectively; V is the relaxation frequency of the
momentum of electrons of the three-dimensional plasma; N, and m,, are

the equilibrium density and effective mass of electrons in the three-
dimensional plasma, respectively. Below, we will assume that @>>V. In
the region y> 0, & (a)):@j , where & is the Kronecker delta.

In the absence of a charged particle, Egs. (1.1)—( 1.4) provide the
following expressions for the normal components of the wavevector in the

regions of vacuum, kW(K, a)) and of the three-dimensional plasma, kyp[(K, a)):
K, (K, 0)=ix, (1.13)

. &
Kyp (i, 0) =i [KZ +-LK?Z - (1.14)

€
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It is easy to show that the Fourier components of the electron field
potential have the form

@e(K,w):%exp(— K@) (@ — KV, )- (1.15)

To determine the field potential excited by the electron in vacuum,
(pV(K,a)), and in the plasma, (Dp(K,a)), we use the conditions at the y=0

interface. As a result, we obtain

2k,0)+p,(k,0) = %(K, ), (1.16)

Ew(a), K)- Dyp(a),K) =4renw,x), (1.17)

where E_ (o,x) is the sum of the field of the electron and n(w,k) is the
Fourier component of n(p,t) given by the expression
o)

(o)== ", (0,x). (1.18)

where o—(a)): J' &(r)exp(i a)r)jfis the Fourier component of the conductivity
0
of the two-dimensional plasma, which can be the conductivity of both the
two-dimensional Drude plasma and graphene.
Conditions (1.16) and (1.17) provide the following expressions for the
electron-induced field potentials:

e 2K
=—— - - , (1.19)
0 li0)= =52 1412 enpl- b~
(pp(K1w):—”A(ia))eXp(— Ka)§(w— kZVO), (1.20)
where
A(K,a)):—w—kxg'—igikyp—x. (1.21)
w

Charged particle energy loss per unit time to the excitation of surface
magnetoplasmons is given by the known expression [37]

Ci(j—\{[V:G\/OEN(x:O,yza,z:vot;t), (1.22)
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where E,, (X =0,y=4a,z= Vot;t) is the z component of the electric field of the

magnetoplasmon at the electron location point. Taking into account Eqgs.
(1.8) and (1.19), we represent Eq. (1.22) in the form.

dw iy, ¢ k 2Kk :
o 2;;0 I dedk, dk, K{l+ A a))} exp(— xa)d(w — kv, )exp|i (k,v, — o)t]-

—0

(1.28)

The excitation of surface plasmons corresponds to the pole of the
integrand in Eq. (1.23), i.e., to the condition A(k,®)=0. Introducing small

dissipative loss in the three-dimensional plasma and using the pole bypass
rule [38]

L _Prizs(x), (1.24)
X+iy X

where y -0 and p/x is the principal value of the integral of function 1/x,

we arrive at the following expression for electron energy loss to the
excitation of surface magnetoplasmons:

aw _ (k,)
dt Vo {; J;odk 1)(kx)exp[ ZK( X)a]+ (25)

3o 24K o ZK(k*)a]}’

J’_
f3 0 AZZ (kx)

where

Agi)(kx): ‘aA( kx’ z a)/VO’a))‘

| . , (26)
[0}

o (ky )>0

a)fj(kx) are the positive roots of the dispersion equation

Ak, k, = o/Vy,0)=0, x(k )=k + w(kx)z/V§ and summation is performed

over the roots of the dispersion equation for surface magnetoplasmons in the
regions k <O and k >0. The first integral in (1.25) describes waves

propagating at negative phase velocities to the region x < 0, whereas the
second integral describes waves propagating at positive phase velocities to
the region x> 0. According to Eq. (1.25), electron energy losses at k, <0

and k >0 are different from each other. This is a manifestation of the

nonreciprocity of the propagation of surface magnetoplasmons.
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1.3. Numerical Analysis of the Dispersion Equation

For Surface Plasmons Excited By a Particle

The charged particle moving over the structure under investigation
excites only those eigenmodes (surface plasmons) that satisfy the Cherenkov
resonance condition k, = w/V,. We also note that the particle excites only

waves traveling at acute angles with respect to the external magnetic field
(in particular, along the external magnetic field). Waves propagating at a
right angle to the external magnetic field are not excited because the
projection of the vector E on the direction of particle motion is zero and,
therefore, particle energy loss to the excitation of surface plasmons is
absent. The dispersion equation A(K, w): 0 for surface plasmons excited by

the particle has the form

)
4mo_(a))+kxg’+gL\/m+K:O‘ (127)
@ €

This equation at k, =0 describes the pure transverse propagation of

surface plasmons and coincides with the corresponding dispersion equation
obtained in [1].

It is convenient to numerically analyze Eq. (1.27) in the dimensionless
variables

o=", 5, =2, (1.28)
wp wp
EX:VOKX, k,=o, &=k +@* (1.29)

In these dimensionless variables, dispersion equation (1.27) is
represented in the form

4ﬂm(w)K2+k)(«9'+eL\/kf+7€”a)2+/<:0- (1.30)
w g

where &(@)=o(@)/V, -

We perform numerical estimations for the GaAs semiconductor as a
three-dimensional plasma with g, =12.53, m,; = 0.067m, (where m, is the
mass of the free electron), and N, =10"cm™ and the InSb semiconductor as

a two-dimensional plasma with m,; = 0.014m, and the equilibrium electron
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density N, =10"em [39]. The value v, = 0.1c is taken for the velocity of the

electron. In this case, the dimensionless conductivity of electrons in the two-
dimensional plasma is given by the Drude formula

P12
5(5)=Loi. (1.31)
M, V@, @

Figure 1.2 shows the dispersion characteristics of surface plasmons
excited by the particle at @, =0.6 (solid lines 1-3). The dashed lines

correspond to the frequencies @ =+®, and the dash-dotted lines
correspond to the hybrid frequencies @ =i@yb, where @, =1+ w? . For

the chosen magnitude of the magnetic field, @, ~ 117.

Fig. 1.2. Dependences CT)(K() for surface plasmons excited by the electron over the

two-dimensional + three-dimensional plasma structure at &, = 0.6 and k. = o

At the hybrid frequency,

Imkyp‘ — o0 (in the absence of dissipative loss).
This physically means that the localization depth of the field of a surface
plasmon vanishes; i.e., the surface plasmon disappears. Dotted lines 4
correspond to the condition Imkyp =0, when the surface plasmon is
transformed into a homogeneous wave. Dispersion curves 3 begin on these
lines. The region bounded by line 4 in the frequency range - »,, < @ < », and
regions between hybrid-frequency lines and lines 4 in the frequency ranges
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Oy <0<y, and —@,,<O<-@, corresponds to the uniform

electromagnetic field. The particle obviously does not excite such uniform
magnetoplasma waves. It is also seen in Fig. 1.2 that dispersion curves 1 have
segments with anomalous dispersion.

The number of regions where surface magnetoplasmons can propagate
only in one direction with respect to the external magnetic field in the case
under consideration is smaller than that in the case of the purely transverse
propagation of surface magnetoplasmons with respect to the external
magnetic field considered in [1]. This means that the propagation of surface
magnetoplasmons at acute angles reduces the degree of asymmetry of
dispersion curves. Furthermore, at the “canted” propagation of waves in the
frequency range - @, < @ < @,, , the points of beginning of the spectrum of

the corresponding dispersion curves appear.

1.4. Numerical Analysis of Charged-Particle Energy Loss

To The Excitation of Surface Plasmons

We now analyze the dependence of the integrands in Eq. (1.25) on k-

To this end, we represent these expressions in the dimensionless form by
introducing the quantity Q:

_ VY, dW (1.32)
262 didt

Q

This quantity has the meaning of the dimensionless spectral density
(in spatial harmonics of kx) of electron energy loss to the excitation of

surface plasmons, i.e., the work produced by the field of surface plasmons on
the electron.

We plot the radiation pattern of emitted canted surface
magnetoplasmons in terms of the angle @ between the velocity of the
electron and the two-dimensional wavevector K (see Fig. 1.1):

0 = arcsin - . (1.33)

sl

The dependences Q(H) will be analyzed for each dispersion curve in

Fig. 1.2 in the region of positive frequencies at ¢ <0 (k <0) and 6 >0
(k, > 0).
Figure 1.3 shows Q(#) curves for a= 0.1y, / @, . The curves in Fig. 1.3

are marked by the same numbers as the dispersion curves in Fig. 1.2. Line 1
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(for @ >0 and R( >0) in Fig. 1.3 corresponds to the propagation of plasmons
to the region x>0, line 2 (for @ >0 and K <0) corresponds to the
propagation of plasmons to the region x < 0, and lines 3 (for @ >0, R( <0 and

o <0, R( >0) correspond to the propagation of plasmons to the region x<O0.

Consequently, charged particle energy loss to the emission of modes 3 in Fig.
1.2 to the region x > 0 is absent. This clearly demonstrates the nonreciprocity
principle in the excitation of surface magnetoplasmons by the electron. It is
seen in Fig. 1.3 that maxima of the spectral density appear at finite values

0, =arcs nK(’max / K » Whereas the spectral density at 9 — + /2 tends to

zero. In the absence of the static magnetic field, lines 3 in Fig. 1.3 are absent
and lines 1 and 2 are symmetric with respect to € =0°; i.e., the spectral

density Q(H) is maximal at 6=0° (K( =0). Therefore, the appearance of
finite angles ¢, is due to the nonreciprocity effect caused by the presence of

the static magnetic field.

Fig. 1.3. Dimensionless spectral density @) versus the propagation angle 6 for
dispersion curves 1-3 in Fig. 1.2. The left vertical axis corresponds to lines 1 and 2,
whereas the right ordinate axis corresponds to line 3

This is clearly demonstrated by the following asymptotic formula for
qK() obtained for ‘IZX‘ <<land @ <<l<@” (e, at aﬁ/‘lzx‘ >>1):
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where a= aw, / V. According to Eq. (1.34), the nonreciprocity effect leads to

a correction of the order dK), which depends on the sign of K( and results
in the shift of the maximum of the spectral density toward positive values of

sz (positive angles @ ). Corrections associated with the presence of the two-

dimensional plasma are of the order dﬁf) and, hence, make a “symmetric

contribution” to qK)

It i1s also seen in Fig. 1.3 that there are threshold angles
_ — (- \
/l?th (where k&, = kfth+a)(kx’th) ) below which electron-

energy loss is absent. These threshold angles correspond to the points of
beginning of dispersion curves 3 marked by circles in Fig. 1.2. We emphasize

that the points of beginning of the spectrum (at which Imkyp =0) in Fig. 1.2

0 = arcsin [k, ,

determine the threshold wavenumbers sz at which surface

magnetoplasmons appear and, correspondingly, charged particle energy loss
to their emission. The asymptotic expression for the spectral density near
the emission threshold has the form

‘Imkypr(a) —aJHbeCU _wH)eX _ o). (1.35)
Qlk,)= N p(- 2xa)

Expression (1.35) shows that the spectral density near the emission
threshold decreases as ‘Imk ‘ — 0. The detection of modes corresponding to

lines 3 in Fig. 1.2 becomes possible if the observation angle (measured from
the direction of the magnetic field) is larger than |ch| In particular, for

lines 3 in Fig. 1.3, 6, ~4574°.

It is seen in Fig. 1.3 that the maximum of the spectral density for
surface modes described by dispersion curves 1 and 2 in Fig. 1.2 is
approximately two orders of magnitude higher than those for surface modes
described by lines 3 in Fig. 1.2. Consequently, the main contribution to
electron energy loss comes from the excitation of modes 1 and 2 in Fig. 1.2.

Figure 1.4 shows the results of the numerical analysis of the
dependence of the maximum of the spectral density, Q,, =Q(9max),

corresponding to mode 1 in Fig. 1.2 (maximum of line 1 in Fig. 1.3) on the
electron density in the two-dimensional plasma at a =0 (which corresponds
to the condition xa << 1) for the cases where the two-dimensional plasma is
a Drude gas (with a quadratic dispersion law) and graphene monolayer
(with a linear dispersion law) with the same electron density. Numerical
calculations show that the qualitative form of the above dispersion curves
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and Q(H) dependences is the same as for the two-dimensional plasma in

graphene. We recall that the conductivity of graphene o o 1s the sum of the
inter

ar

intra inter
g and oy

T << E, (where 7'is the temperature in the energy units and g is the

intra

o and interband, o!'* , conductivities [40]. According to [40],

intraband, o

the conductivities o for a degenerate electron gas, when

Fermi energy), are given by the expressions

i a2
wa _ 18°E (1.36)
’ e
inter eZ
o :E[H(ha)—ZEF)—
. 2
g (er2E) ) (137)
27 (ho-2E, ) +(2T)
E. = hvy/n,, (1.38)

where v=10°cm/s, n, is the unperturbed concentration of charge carriers in
graphene, and ¢(x) is the Heaviside step function [41]. The above maximum
of Q(9) for line 1 (see Fig. 1.3) corresponds to the frequencies o « w,,

where @, ~ 6-10"s1.

Fig. 1.4. Absolute values Q= Q(6,, ) versus the electron density in (line 1) the

two-dimensional Drude plasma and (line 2) graphene for surface magnetoplasmons
described by dispersion curve 1 in Fig. 1.2, as well as the Fermi energies versus the
electron density in (Iline 3) the two-dimensional Drude plasma and (line 4) graphene.

Line 5 corresponds to the n, value at which E

For EF,ZD .
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Since the interband conductivity makes a significant contribution to the

resulting conductivity of graphene Gy, at ha o E, [40], the contribution g™

will be significant at @>2-10"s? for N, =10%m? and at ©>6-10°s" for

n, =10"cm2. Since @, is much lower than these frequencies, the intraband

intra
ar

energy for the two-dimensional Drude plasma is given by the expression
E- =72712n0/ M, . The analysis of the curves in Fig. 1.4 indicates that the

dependence Q. (no) for the two-dimensional plasma with a quadratic

contribution o dominates in the conductivity of graphene. The Fermi

dispersion law (line 1) is qualitatively close to the dependence E.(n,)ccn,
(line 3), whereas the dependence Qe (no) for the two-dimensional plasma

with a linear dispersion law (line 2) is qualitatively close to the dependence
E.(ny)oc \/E (line 4. This means that the dependence Q,(n,), more

precisely, the position of the maximum in the angular distribution of the
intensity of excited surface plasmons can indicate the qualitative character of

the dispersion law of electrons in the two-dimensional plasma. The density n,:

can be varied by applying a gate voltage to graphene [17]. It is also seen in
Fig. 1.4 that lines 1-4 intersect each other at one point corresponding to the

concentration I, ~45.10"cm™2, at which the Fermi energies of the two-
dimensional Drude plasma and graphene are identical, EF’gr =E ,p. We also
note that the inequality Imo, > Imo? is valid forn, <nyy,, whereas the

opposite inequality Imoy, < Imc® is satisfied for Ny >Ny, The above

analysis 1s also valid for coherent electron bunches, i.e., for bunches much
smaller than the wavelength.

1.5. Conclusions

The excitation of surface magnetoplasmons by an electron moving
along a static magnetic field in vacuum over a two-dimensional plasma
layer on the surface of three-dimensional plasma has been studied
theoretically. Surface magnetoplasmons are excited under the Cherenkov
resonance condition. An expression for the spectral density of electron
energy loss to the excitation of surface magnetoplasmons has been obtained
and analyzed. The spectral characteristics of the two-dimensional plasma
for the cases of the Drude electron gas and graphene with a linear
dispersion law of electrons have been compared. It has been shown that the
dependences of the maxima of the spectral density on the electron density in
the two-dimensional plasma are in qualitative agreement with similar
dependences for the Fermi energies in the two-dimensional plasma with the
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corresponding dispersion law of electrons. This means that the position of
the maximum of the angular distribution of the intensity of excited surface
plasmons can indicate the qualitative character of the dispersion law of
electrons in the two-dimensional plasma.

SECTION 2. INTERACTION BETWEEN A TUBULAR BEAM
OF CHARGED PARTICLES AND A DISPERSIVE METAMATERIAL
OF CYLINDRICAL CONFIGURATION

2.1. Introduction

Since the travelling-wave amplifier was created by R. Kompfner (see
Ref. [42]) in the 1940s, there have been many theoretical and experimental
works devoted to transform a kinetic energy of charged particle flows into
an electromagnetic radiation (see, e.g., Refs. [43-47] and the references cited
therein). At present time, there is a tendency towards the advancement in
millimeter and submillimeter wavelength ranges in the development of
electron-vacuum technology. At the same time, the use of traditional
approaches to the electronic devices design is experiencing great difficulties
due to the small geometric dimensions of the main elements. There is a need
to use oversized (with respect to the wavelength of generated oscillations)
electrodynamic structures operating in a multimode regime. The stability of
the generation frequency requires excitation and selection of a high-order
working mode in such structures. The possibility of excitation of the weakly
decaying high-order modes (so-called "whispering gallery" modes) in
cylindrical dielectric resonators (CDR) predetermines their use in the
vacuum electronic devices of the short-wave range of millimeter and
submillimeter wavelengths. Then, the above-mentioned structural difficulty
is overcome. However, the output power of traditional sources drops down
sharply with a transition to submillimeter wavelengths [48]. Hence, it
becomes necessary to use high-energy oscillators excited by electron flows. It
is important to note in this connection that with powerful new technologies
many types of artificial materials can be fabricated which are endowed with
unique electromagnetic properties and show promise as structural elements
for the high-energy oscillators. For instance, among them there are the
metal-based (see, e.g., Refs. [49-53]), all-dielectric [54-57] and graphene-
based [58] metamaterials which behave like left-handed ones over a certain
frequency range. Below we dwell on electromagnetic properties of left-
handed metamaterials (LHMs) in more detail.

In paper [59], the results of investigations of an auto-oscillatory
system based on a high-quality CDR with whispering gallery modes excited
by the azimuthal-periodic current of relativistic electron beam were
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presented. The possibility of using the investigated system or its
modifications is shown in the millimeter wavelength range. The appearance
of the detected electromagnetic radiation is associated with the excitation of
CDR whispering gallery modes by a disturbed flow of charged particles. The
theoretical description of the phenomena that lead to the appearance of the
radiation found in Ref. [59] is rather a difficult problem. Therefore, from our
viewpoint, it seems appropriate to use the simplified physical models of the
electrodynamic system discussed in Ref. [59], which allow qualitative and
quantitative descriptions of physical phenomena that are as close as
possible to the experimental conditions. The simplest physical model is a
radially thin tubular electron beam moving along an infinitely long solid-
state cylinder.

An actual problem of radiophysics and electronics is the investigation
of the generation mechanisms of electromagnetic waves that are excited
when charged particles move in various electrodynamic systems. To create
sources of electromagnetic radiation in the millimeter and submillimeter
ranges, the beam instabilities occurring in electrodynamic systems of
various kinds are of great interest. Particular attention is given to
multiwave Cherenkov generators of surface waves [60, 61] and auto-
oscillatory systems based on dielectric resonators [59,62,63]. The energy loss
of one particle per unit time for eigenmodes excitation in systems is one of
the fundamentally important characteristics of possible generation process
[37,64-70]. Besides, the beam instabilities that occur in electrodynamic
systems containing dispersive media are of special interest. In particular,
the instability of tubular electron beam that interacts with a plasma-like
medium was studied in Ref. [71]. In addition, an actual problem is the
investigation of the electromagnetic properties of solid-state structures
containing left-handed media. The technology progress of fabricating
metamaterial structures stimulates studying the excitation mechanisms of
their eigenmodes.

Indeed, in recent years a good deal of attention has been given to
studying the electromagnetic properties of the left-handed media. We recall
that these materials came to be known by this particular name because in
these media the directions of electric and magnetic field vectors as well as
the direction of a wave vector form a left-handed triplet. The unusual
properties of the left-handed medium (LHM) electrodynamics were
originally suggested in Refs. [72,73]. In Ref. [72] it was first proved the
possibility of excitation of the electromagnetic waves with negative group
velocity with the aid of Cherenkov radiation in a medium, which possesses
negative permittivity & and negative permeability 4 simultaneously. In

addition to that it was shown that if an electron moves from vacuum into
the medium, the maximum of the intensity of Cherenkov radiation is in
vacuum and the Cherenkov angle in this case is obtuse. The unusual
properties of the LHM electrodynamics were originally classified in
Ref. [73], where it was demonstrated that the LHM would exhibit unusual
properties such as the negative index of refraction, antiparallel wave vector,
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k , and Poynting vector, S, antiparallel phase and group velocities, and the
time-averaged energy flux opposite to the time-averaged momentum
density. Besides, as indicated in Ref. [73], opposite directions of vectors S
and K in the LHM result in a reverse Doppler shift and the other
phenomena of interest.

A considerably great interest in the LHM has been evoked after they
had been practically implemented in Refs. [49-53] in the form of alternating
layers with negative & and positive u and the layers with positive & and

negative u . The permeability frequency dispersion of complex composites is

provided by a periodic structure of nonmagnetic circular conducting units
such as the split ring resonators, spirals, etc. The permittivity frequency
dispersion is provided by a periodic grating of thin conducting wires. If a
wavelength of the electromagnetic wave that propagates in such a material
is much greater than the period of composite structure, the composite for
this particular wave is similar to a continuous one. In Refs. [49-53] the
parameters of structural elements are selected in such a way that € and u

become negative over the GHz frequency range. Since then, a large variety
of metal-based and all-dielectric LHMs with different types of unit-cell
geometries has been proposed (see, e.g., Refs.[54-57]). For instance, in
Ref. [56] the silver-based unit-cells were fabricated on glass substrate by
using standard electron-beam lithography. The structure with lattice
constant 600 nm possessed left-handedness and negative refraction at
infrared frequencies. In Ref. [57] it was shown that by choosing a proper
geometrical shape of the dielectric inclusions, all-dielectric LHM can be
achieved by using single-sized dielectric resonators. Besides, both the left-
handedness and the negative refraction phenomenon at far infrared
frequencies were observed in a periodic stack of antiferromagnetic and ionic-
crystal layers [74] and in graphene-sheet periodic structures [58]. A design
for active LHM collaborated with microwave varactors was proposed and
experimentally realized in Ref. [75].

It should be noted that a lot of work has been done on theoretical
study of electromagnetic properties of LHM (see, e.g., Refs. [76-80]).
Specifically, in Ref. [76], an analytical theory of low frequency
electromagnetic waves in metallic photonic crystals with a small volume
fraction of a metal was presented. The effective medium theory of LHM
based on the transfer matrix calculations on metamaterials of finite lengths
was proposed in Ref. [77]. Linear and nonlinear wave propagation in LHMs
was theoretically analyzed and a number of nonlinear optical effects were
predicted in Ref. [78]. In our opinion, special attention should be paid to the
papers Ref. [79-82], in which the effects of Cherenkov radiation and
electron-beam instability were theoretically investigated. In Ref. [79],
Cherenkov radiation of bulk and surface electromagnetic waves by an
electron bunch that moved in vacuum above a composite medium was
theoretically investigated. It was shown that Cherenkov radiation gave rise
to simultaneous excitation of bulk and surface electromagnetic waves over
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one and the same frequency range. The excited surface electromagnetic
waves can be of two different types: namely, the electric and magnetic ones.
The instability of two electron beams passing through a slab of LHM was
predicted in Ref. [80]. It was shown that this instability originates from the
backward Cherenkov radiation and results in a self-modulation of the
beams and radiation of electromagnetic waves. In Ref. [81] the theoretical
analysis of excitation of the surface plasmon polaritons by a thin electron
beam propagating in the vacuum gap separating a plasma-like medium
(metal) from an artificial dielectric with negative magnetic permeability was
performed. It was demonstrated that the interface-localized waves with the
negative total energy flux could be excited. The case of uniform motion of
the charge in infinite LHM was considered in Ref. [82]. Using complex
function theory methods, the total field was decomposed into a "quasi-
Coulomb" field, a wave field (Cherenkov radiation) and a "plasma trace". It
was shown that the wave field in LHM lags behind the charge more so than
it does in ordinary medium.

The LHMs are promising for up-to-date applications, such as
amplifiers of evanescent waves [83], magnetic-optical recorders [84],
directional antennas [85], and for suppression wakefields that occur during
the process of particle acceleration [86,87].

In this part of the section, the interaction between a tubular beam of
charged particles and eigenmodes of cylindrical dispersive medium are
theoretically investigated. This medium may have negative values of & and
u over a certain frequency range. It will be shown that the interaction

gives rise to the absolute instability of the so-called bulk-surface
electromagnetic waves, which are the propagating waves in the medium
and, at the same time, they are evanescently confined along the normal to
the lateral cylinder surface in vacuum.

For an infinitely thin nonrelativistic electron beam, the dispersion
equation for coupled beam-plasma waves is obtained for arbitrary impact
distances of the beam. It is shown that if the so-called effective (or reduced)
plasma frequency of the beam much less than the value of the instability
increment, the instability is caused by Cherenkov effect whereas in the
opposite case the instability is caused by anomalous Doppler effect. For both
cases of the instability incremets are derived. The qualitative analysis of the
types of eigenmodes of the investigated solid-state waveguide in frequency
regions with different combinations of the signs of &€ and u is carried out.

The detailed analysis of the nature of the instability in a small vicinity of
the so-called resonance points of the dispersion curves is performed with the
use of the well-known Sturrock method. The dependences of the instability
increment values of electrodynamic system with the bulk-surface modes on
the azimuthal index for different values of the radial indices are analysed.
The main qualitative conclusion of this study is that LHMs can be
used as the delaying media with "natural feedback" for generation of
electromagnetic waves in backward-wave tubes. Besides, the possibility of
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generation of weakly damped whispering-gallery waves will allow the
generation electromagnetic waves in the sub-mm region of the spectrum.

2.2. Statement of the Problem and Basic Equations

Consider an infinite along the zaxis cylinder with the radius ,,
occupying the region o< p<p,, 0<p<2z and —0<z<+4w (see Fig. 2.1). We

suppose that the cylinder is made of a metamaterial with the frequency-
dependent permittivity € and permeability & , which have negative values

over one and the same frequency range. The frequency dependences for . ()
and 4(0) will be specified below. A tubular electron beam with the radial
thickness @ and density N, (p) moves in vacuum at a distance of p, from the
cylinder axis at a velocity v, . The quasi-neutrality condition for the beam is

satisfied because the charges of electrons are compensated by the
background of positive charges. We assume that the thickness of the beam
a is much smaller than the other spatial scales of the electrodynamic
system under consideration. Hence, the undisturbed beam density can be
represented as N,(p)=N,as(p-p,), Where N, is the equilibrium beam

density, 5(p - p,) is the Dirac delta function.

Flig. 2.1. Geometry of electrodynamic system

Below we will consider the interaction between the electron beam and
the cylinder eigenmodes in a linear approximation. In this case, we specify
the disturbed beam current density at a point with the radius-vector r at a
moment t as:

j(r,t) =eNy(p)v(r,t) +evy N(r,t),

where €1is the electron charge, n(r,t) and v(r,t) are the variable components

of the beam density and the electron velocity, respectively. Hereafter, we
will suppose the radial component of the beam current density equal to zero
because of the chosen model of the electron beam.

To describe the interaction between the electron beam and the
cylinder eigenmodes, we take as a starting point the following Maxwell
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equations together with the linearized continuity and motion equations for
the beam electrons:

rotH (r 1) :%%D(r,th%j(r,t) ; 2.1)

rotE(r, ) = — 2 = B(r, t); (2.2)
divD(r,t) = 4zeN(r,t) ; (2.3)
divB(r,t) =0, (2.4)
eNCY L Givirty=0; 2.5)

ot
ov(r,t) v, ov(r,t) _ E(E(r,t)+1[v0,B(r,t)]] , (2.6)
ot 0z m c

where M is the electron mass, C is the velocity of light in vacuum, E(r,t)
and H(r,t) are the electric and magnetic field vectors, D(r,t) and B(r,t) are
the electric displacement and magnetic induction vectors that are related
with the E(r,t) - and H(r,t) -vectors by the constitutive equations

D(r,t) = j E(t—t)E(r,t)at’, 2.7

B(r,t) = _t[[z(t—t’)H(r,t')dt', 2.8)

where £(t-t') and #(t-t') are the influence functions that characterize the
efficiency of the field action in time. Note that the difference nature of the
kernels of the integrals is due to the homogeneity of the metamaterial
properties in time.

In order to derive the dispersion equation for the electromagnetic
waves in the electrodynamic system under consideration, it is necessary to
satisfy certain boundary conditions at p=p, and p=p,. These conditions
are as follows. First, the tangential components of the electric and magnetic
fields are continuous at p=p,. Second, at p=p, the tangential components
of the magnetic fields are discontinuous because of the beam current. Note
that the normal component of the magnetic induction vector remains
continuous, whereas the normal component of the electric displacement
vector suffers discontinuity because of the disturbed beam charge.
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We determine the discontinuities of the tangential components of the
magnetic field and the normal component of the electric displacement
(in vacuum Dp(r,t)zEp(r,t)) by integrating Egs. (2.1) and (2.3) over the

infinitesimally small beam thickness. As a result, we have

PotAp
M0, 0~ H0), = lim [ i, @9
Potip
H0] o —H.(0)] °___|A'pm jA i, (r,tdp, (2.10)
Po=bp
4re e
Ep(r,t)|p:pb+o—Ep(r,t)|p:pn “Zlim j N(r,t)pdp . (2.11)

b Apaop’J Ap

We represent all variables in the form of the set of space-time
harmonics, for instance:

EC)= Y | [E(oq0)emli@zno-otlddo.  (2.12)

[

where @, ¢, and N are the frequency, longitudinal wave number, and the

number of the spatial harmonic (coinciding with the azimuthal mode index),
respectively.

If we take into account Eq.(2.12), we can rewrite the original
equations, Eqgs. (2.1)-( 2.4), for the axial spectral components of the field in
the region outside the electron beam (, » p,) in the following form:

2 0, @
18,0, [qg _J PG| g (2.13)
pop op P° ) [H, a(p.0,, )
where V =1 for the cylinder region and V = 2 for vacuum, q? =&, u,0?/c*-q?

is the square of the transverse wave number of electromagnetic waves.
When ¢’>0, the equations, Egs.(2.13), have the form of the Bessel

equations, whereas when ¢?<0 they are the modified Bessel equations.
Hereinafter we take the following notations: q? =x?=suw®/c*-q?> in the
cylinder region and g? =g® = w?/c? -g? in vacuum.
Hereafter, we will use the frequency dependencies ¢(») and u(w) the
same as in Refs. [49,51]:
2 2

g(w) =1-25 3 (o) =1-—2_, (2.14)
@ [}

2 2
_wr
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where o 1is the effective plasma frequency, o 1is the resonance frequency,

F is the fractional area of the metamaterial unit cell occupied by the
interior of the split ring resonator and F<1. We recall that because these
resonators respond to the incident magnetic field, the medium can be
viewed as having an effective permeability (see Ref. [51]).

We are only interested in the waves, which are evanescently confined
along the normal to the lateral cylinder surface in vacuum. For these waves
the condition q?<0 is satisfied. Exactly, these waves are excited by the

beam of charged particles provided the Cherenkov resonance » - q,y,. Note
that the Cherenkov resonance with the condition » - q,v, means the effect of

excitation of eigenmodes of the cylinder under study as a result of
Iongitudinal bunching of electrons in the field of the excited wave and the
formation of emitting electron bunches in its decelerating phases. Indeed,
for the nonrelativistic electron velocities (g<<1, where pg-y,/c is the

dimensionless electron velocity) considered herein, we have »?/c?<<¢? and
g’ <0. Taking into account the aforesaid, we represent the expressions for
the spectral components of the electromagnetic field E, (p,q,,0) and

H, (p.q, @) in the following form:

[TAEJ (xp), 250
Ad) K20 e
AL (Ixlp),  K2<0
E. (0.0, =| BEK, (a1 p)+CEL(alp)  p<p<py’ (2.15)
DiK,(alp). P> Py
TA" 3 (xp), 250
A3 >0 e,
ALkl K <0
Ho (0.0 =| BYK (a1 2)+CM L (alp)  p<p<py (2.16)
DI'K.(Ial p), P> Py

where j (u) is the N-th order Bessel function of the first kind, | (u) and
K,(u) are the modified ones of the first kind (Infeld function) and the second
kind (Macdonald function), respectively [41], AF*, BE", cEH and DF" are

the arbitrary constants. The choice of the solution is due to the fulfillment of
finiteness conditions for E_(p,q,,0) and H, (p.q,.0) at p—0 and p—owo. At

BPeu>1 the expressions for the components g, (p,q,,0) and H, (p.q,,») of the
fields inside the cylinder are described by Bessel functions j (xp), and at

pPeu<1 they are described by modified Bessel functions | (|« |p). According
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to the terminology of Ref. [47], in the first case we term the electromagnetic
waves as the bulk-surface waves, whereas in the second case the
electromagnetic waves are represented as the surface waves. Using the
Maxwell equations, we express other Fourier components of the
electromagnetic fields in the cylinder region (,<p,), as well as in the

annular gap (,, < p < p,), and on the other side of the beam (, > p,) via the
components g, (p,q,.») and H, (p.q,,o) -

We note that in nonrelativistic case, when g2 <<1 and gu8°>1, the
discontinuities of the tangential magnetic field components H  (p,q,,0) and
H, (p.q, @) at the beam surface (, = p ) are small values of the order of o(g) .

Therefore, in what follows, in the boundary conditions at the beam surface
(p- pb>, we suppose these components are continuous, and take into account
only the discontinuity of the electric field component E, (p,q,,®) -

Assuming the beam 1is nonrelativistic, and satisfying the above-
mentioned boundary conditions at the cylinder and electron beam surfaces,
we obtain the following dispersion equation for the beam-cylinder coupled
waves:

Al(@-a,%)° -T(a, . Naf] = ac, 2.17)

where @, =,/47€N,/m is the plasma frequency of beam electrons; r(q,,n) is

the depression factor of space charge forces [43], and

1_In(|qz|po)+<n(|qz|pb>} (2.18)

a
r ) = B z2 b2 In z b Kn z b
@ ="+ a6 1Ak, (g "’){ RCAPETALS

b

a 1s the coupling factor of the beam with cylinder eigenmodes that has the
form

a .o, 2 o Ki(g,lp) M (2.19)
6‘(zi(n +qu A" °

Po "l poKi (g, 1 o)

A=A, —APAMS (2.20)
1 2
A, =| M D) | (2.21)
Q& pyC
e__ 1 Kialp), & Ii(xp,) ; Af ot Kidale) 4 3n(xp0) (2.29)
lalp, Ko(ldlpo)  xeg 3, (x0,) lalp, Ko(lalpe)  xpy I, (x0,)

Note that Eq.(2.17) has the form analogous to the characteristic
equation of a traveling-wave tube [43]. In our case, it describes the
interaction of the beam space-charge waves (SCWs) with the cylinder
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eigenmodes. Dispersion equations for the beam SCWs and the cylinder
eigenmodes are described by the following equations

(0-1q,v,)° -T(q,,nN)w? =0 and A=0. (2.23)

The equation A=0 can be interpreted as the dispersion equation of
hybrid E- and H-type waves. The symmetric (n=0) cylinder E-type
eigenmodes are characterized by the equation A® =0, whereas the symmetric
H-type waves are characterized by the equation A" =0. For hybrid E- and
H-type waves the conditions |E, (0.0,,0,) | /|Hn(0.0,.0,)n>1 and

|Ep (2.0, @) b / 1Hpn(0,0,,0,) o<1 (Where the index "max" indicates the

maximum value of the corresponding component) are satisfied, respectively.
From these facts, it transpires that the wave type is determined by the
dominant axial component of the electromagnetic field [88]. In the mode
double subscript p=ns, the radial index S represents the number of field
variations along the radial coordinate and corresponds to the pair of roots
order number of the equation A=0, whose solutions determine the
frequencies o, of the cylinder eigenmodes with the longitudinal wave number

q, - In the case of symmetric waves, the index S corresponds to the root order
number of the corresponding dispersion equation: Af =0 or A" =0. In the
dispersion equation A =0 the role of the coupling factor between the E- and H-
waves is played by the quantity A,. If n=0, the dispersion equation A=0
splits into two independent equations A®=0 and A" =0. In this case, the
electromagnetic fields of symmetric waves have three components: E o0 H

0s? @0s

and E,o, for E-waves, and H ,,, E,,,, H,,, for H-waves (here E, =E, (p,q,,0,),

»0s
H,. = H,(p.0,.@,), et cetera, (where p=0s). If n=0, all electric and magnetic
fields components of the cylinder eigenmodes are non-zero, and, therefore,
they are the hybrid E- and H-type waves.

In the case of p, > 0 (i.e. the cylinder is absent in the electrodynamic
system), we have «/A—0, and the solutions of dispersion equation
Eq. (2.17) determine the frequencies of the beam slow (».) and fast (o,)
beam SCWs:

.= Q¥ - Ry(d, .M, (2.24)

o, =0,V + Ro(qz ,n)a)b, (225)

where R (q,,n) =/T,(q,.n) is the reduction factor [43], and

Fo(Gm) = LT =0 + 201 1, 4K (g 1) (226)

b
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As follows from Eqgs. (2.24) and (2.25), the phase velocities of the slow
and fast SCWs are respectively less and greater than the beam velocity v, .

Our goal is to determine the frequencies of the cylinder eigenmodes
and the increments (decrements) of the beam-cylinder coupled waves. When
the beam is absent in the system (», = 0), the dispersion equation, Eq. (2.17),
is reduced to the dispersion equation for the cylinder eigenmodes A=0.
Hence, we determine the cylinder eigenmodes o,. The frequencies w, are

changed because of the interaction of the beam with the cylinder, and, as a
result, small frequency corrections |sw|<<w, are occurred. They are small

because the plasma frequency of the beam electrons is less than the
frequencies of the cylinder eigenmodes (o, < a)p). Just this case is of interest

because the cylinder eigenmodes are excited. Then Eq.(2.17) can be
represented as follows:

80° + 2(w, — 4N, )00% +[(@, — 4,V,)° —T(q,, N of]5w - A“,((a”’)) w2=0> (2.27)
) wp

where A/ (w,) 1s the frequency derivative of A, which is calculated at the
cylinder eigenfrequency w,. The case of resonances is of the greatest
interest. If the electron velocity v, satisfies the condition o, =q,v, (the

Cherenkov resonance [89]) and r(q,,n) = 0, then from Eq. (2.27) we obtain

S0 = @) o (2.28)

= Wy
A (w,)

This case is realized if p, = p,. If p, # p,, then Eq. (2.28) remains valid
when the condition R(q,,n)e, <<|sw| is satisfied. The value R(q, n)w, makes

sense of the effective (or reduced) plasma frequency of the beam [43]. Note
that Eq. (2.28) has three roots, one of which is real and the other two are
complex-conjugate roots. One of the complex-conjugate roots has a positive
imaginary part, which leads to a wave amplitude rise with time. A root with
a negative imaginary part refers to a damped wave with time. From
Eq. (2.28) we determine the following expression for the instability

increment:
13

Ne

2

a(@p)
A:u (wp)

w23, (2.29)

b

Iméw =

Since, according to Eq. (2.29), the instability increment is proportional
to NY2, the excitation of the cylinder eigenmodes by resonant beam particles

(whose velocity satisfies the condition w, =q,v,) is coherent [90]. As noted

above, this instability is caused by the Cherenkov effect.
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Note that if p, ~ 5, the resonant interaction of the electron beam with

the cylinder eigenmodes is possible at frequencies

@, = 0. = QY £R(q,,n)a, -

ES
P

If the condition R(q,,n)w, >>|sw| is valid, Eq. (2.27) takes the form

PO ) L Y (2.30)
2R(q,,MA, (o)

In Eq. (2.30) the plus sign before the fraction corresponds to the frequency
;, and the minus sign is for the frequency «,. It is evident, the condition

Sw* <0 1s only valid at the frequencies «,. This means that the instability

emerges only if the slow space-charge wave interacts with the cylinder
eigenmodes (the anomalous Doppler effect [89]). The interaction of the fast
space-charge wave with the cylinder eigenmodes results only in the
appearance of real corrections to the frequencies ), - Thus, Eq. (2.30) has

two real roots for ), and two complex-conjugate roots for o, - The root with a

positive imaginary part corresponds to an increasing with time wave. In
case of the anomalous Doppler effect, from Eq. (2.30) we obtain the following
expression for the instability increment:

_ Y2
.mmz{“%mb}. (2.31)
2R(q,,nA, (@,)

It follows from Eq. (2.31), the instability increment is proportional to
the NY*.

To gain a better insight into the interaction mechanism of the charged
particles of tubular beam with the cylinder waves, below we present the
numerical analysis results of the dispersion equation, Eq. (2.17), and the
expression for the instability increment, Eq.(2.29), corresponding to
Cherenkov resonance. The fact is that waves excited under the Cherenkov
resonance conditions are characterized by greater instability increments (by
10 or more times) than the waves excited under the anomalous Doppler
effect conditions.

2.3. Numerical Analysis of the Dispersion Equation

It is convenient to carry out a numerical analysis of the dispersion
equation, Eq.(2.17), using the following dimensionless quantities: & = xp,
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qquo’qz=quo’ﬁb=pb/po’aza/po"r):w,wo’E)szLlwo’arzwr/wo’Where
w, =cl p,- In calculations, we choose the following geometric and material
parameters of the cylinder: , =05cm; F =056 & =20 & =1

@,0=w, o, ~1.51 (it is the frequency at which . =0). The values of the

equilibrium beam electron density n,, the radial thickness of the beam @, and

the directed motion velocity the beam electrons are chosen as follows:
N, = 7.6x10% cm?3, @=0.05cm and vy, =0.3C, respectively. For the selected

system parameters, we have , =6x10"c?, and «?/ef~0.07, and the value

q, = 1 refers to q, = 2 cm™ and the corresponding wavelength 4 = 27 /q, = 7cm.

2.3.1. The spectra of the cylinder eigenmodes
Before proceeding to the analysis of the dispersion characteristics of
the cylinder eigenmodes, let us analyze the frequency dependences of & and
4 shown in Fig. 2.2. Curves 1 and 2 correspond to the dependences (@)

and (@), respectively. Curve 3 corresponds to the value ,@)=1-F.

Straight lines 4, 5 and 6 correspond to the frequencies &= , =, , and

@=a,, respectively. In Fig. 2.2 there are the following four frequency
regions depending on the combinations of the signs of ;@) and u(@):
Do<a<a,, where &£<0, 4>0; ID g <w<o,,, where &£<0, 4<05
1D &, ,<@<a,_, where £<0, u>0; IV) 5>a,, where £>0, u>0. The
permeability , (@) tends to plus or minus infinity at 4 > @ -0 or @ » @, +0,
respectively.

Since in the frequency region I the conditions x?<0 and A" <0 are
simultaneously satisfied then E-type surface electromagnetic waves can
only exist in it.

In the frequency region II, the conditions £<0 and x<0 are
simultaneously satisfied. Therefore the cylinder metamaterial behaves like
the left-handed medium. In this frequency range, the conditions x?<0 and
x? >0 can simultaneously be satisfied. This fact means the possibility of the
simultaneous existence of bulk-surface and surface electromagnetic waves
at the same frequency, but with different values of the wave number q,. The
analogous feature of the left-handed medium properties, namely, the ability
to sustain the existence (at the same frequency) of bulk-surface and surface
waves 1n case of a plane interface between a left-handed medium and
a vacuum was demonstrated in Refs. [79,84,91].

In the frequency region III, just as in the frequency region I, the
conditions x?<0 and A" <0 are simultaneously valid. Therefore, the E-type
surface electromagnetic waves can only exist.
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Fig. 2.2. Frequency dependences ¢(@») and u(@) . Curves 1 and 2 correspond
to the dependences ¢(@) and u(@) , respectively. Curve 3 corresponds to the value
u(@)=1-F , where F = 0.56. Straight lines 4, 5 and 6 correspond to @, =1,
D, ~ 1.561 and o, =2, respectively

In the region of frequencies IV, the condition x2>0 holds and,
consequently, the E- and H-type bulk-surface waves can only exist. When
the condition x?<0 holds we have A®<0 and A" <0 that indicates the
absence solutions of dispersion equations Af =0 and A" =0. It follows that it
is not possible the surface symmetric (n=0) electromagnetic waves exist in
this frequency range.

The region II is of the greatest interest for us because the cylinder
material behaves there like a left-handed medium. Therefore, we will
concentrate our attention on studying the features of the dispersion
dependences of electromagnetic waves in this frequency region. Hereafter,
we will evaluate the roots of corresponding dispersion equations using the
simplex method for minimization a function of several variables [92].

Fig. 2.3 shows the dispersion dependences of the cylinder symmetric
eigenmodes (n=0). Straight lines 1, 2 and 3 correspond to -4, and @ = B, 0>

and the light line in vacuum g = q,, respectively. Curve 4 corresponds to the

solution of the equation x =0. Straight lines 5 and 6 represent the frequencies
at which ¢=-1 and ,=-1, respectively. Curves 7 and 8 refer to the E-type
bulk-surface waves, and curves 9 and 10 are for the H-type bulk-surface waves.
Curves 11 and 12 are the surface waves of E- and H-type, respectively. The
empty circles show the starting (ending) points of the spectra of corresponding
waves. Generally speaking, the values of @ and g, at these points do not
satisfy the corresponding dispersion equations (Af =0 or A" =0).

It is seen from Fig. 2.3, the dispersion curves of bulk-surface waves
(curves 7-10) are located in the region bounded by the straight lines 1 (z7=a,)
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and 3 (z=g,), and curve 4 (¥ =0) where the conditions §°<0 and &2>0 are
satisfied. These dispersion curves originate from the light line z-g, in a
vacuum. To the left of this line they convert in the dispersion curves of cylinder
bulk eigenmodes, when @G>0, and consequently, the fields in vacuum are
described by the Hankel functions of the first kind [88]. These modes cannot be
excited by a beam of charged particles moving in a vacuum, since in this case
g° <0. Therefore, they are not of interest to us. The coordinates of the starting
points of the spectra of bulk-surface modes on the light line in vacuum for
arbitrary values of the index n are determined from the conditions & =g, and
A =0. Since the equation A =0 has infinitely many solutions, there exist infinity
many starting points of the couple branches of E- and H-waves. Here, the
density of such branches will increase as the frequency & approaches the
resonance value of 5 , when x—o0. As noted above the order number of the
couple branches of E- and H-waves corresponds to the mode radial index S.
Consequently, in Fig. 2.3 the value S =1 is for the couple curves 7 and 9, and
the value s=2 is for the couple curves 8 and 10. Using the classification
proposed in Ref. [88], the branches 7 and 9 refer to the g, and H,, modes,
respectively. Here, the first index corresponds to the value of n, and the second
one is for the value s. Similarly, the branches 8 and 10 represent the dispersion
dependencies of g,, and H,, modes, respectively. Note that the dispersion
curves with values s> 2 that are located in pairs below the curves for g,, and
H,, modes are not shown in Fig. 2.3.

From Fig. 2.3, it follows that the dispersion dependences of the bulk-
surface modes g,, and H,, (curves 7 and 9) have normal dispersion, and on
the curve i =0 they convert to the dispersion curves of the E- (curve 11) and
H-type (curve 12) surface waves, respectively. The dispersion dependences of
the bulk-surface modes g,, and H,, (curves 8 and 10) have parts with
normal and anomalous dispersion, and if g, » «» they approach the straight
line =3 asymptotically. Note that the dispersion dependences of the bulk-
surface modes with s>2 are similar to the dependences for g, and H_,

modes. Dispersion dependences of the surface E- and H-waves (curves 11 and
12) have normal dispersion. If q, > « , the frequency of the surface E-wave
(curve 11) approaches asymptotically the frequency at which ¢=-1 (line 5),
and the frequency of the H-wave (curve 12) approaches the frequency at
which 4 =-1 (line 6).

Let wus consider the dispersion dependences of the cylinder
unsymmetrical eigenmodes (n=0) in the frequency range where £<0 and
u <0.In Fig. 2.4, the spectra of cylinder eigenmodes with the azimuthal index
n=1 are shown. Note that the qualitative behavior of the dispersion
dependences of cylinder eigenmodes with n>1 is similar to the dependences for
the modes with n=1. The lines 1-6 are same as in Fig. 2.3. Curves 7 and 8
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correspond to the hybrid type bulk-surface modes with the radial index s =1,
and curves 9 and 10 are for the bulk-surface hybrid modes with s =2. The
empty circles show the starting (ending) points of the spectra of corresponding
waves. Note that the values of @ and g, at these points do not satisfy the

dispersion equation A =0 .

Fig. 2.3. Dispersion dependences of the cylinder symmetric eigenmodes (n=0)
In the frequency region where £ <0 and y <0 Lines 1, 2 and 3 represent straight

lines &, =1 and 0,0~ 1.61, and the light line in vacuum & = g, , respectively.
Curve 4 is for the solution of the equation k =0 . Straight lines 5 and 6 are
for the frequencies at which e ==1 and u=-1, respectively. Curves 7 and 8
refer to the E-type bulk-surface waves, and curves 9 and 10 are for the H-type
bulk-surface waves. Curves 11 and 12 are for the surface waves of E- and H-type,
respectively. The empty circles show the starting (ending) points of the spectra
of corresponding waves

It is seen from Fig. 2.4, the dispersion dependences of the bulk-surface
waves, labeled by the numbers 8, 9 and 10, have the parts with both normal
and anomalous dispersion. The dispersion dependences of the bulk-surface
modes with radial indices s>2 are similar. They are located below the
dependences of the hybrid modes with S =2, and in Fig. 2.4 they are not
shown. From Fig. 2.4, it follows that only one of the dispersion branches of
the bulk-surface waves (curve 7) with normal dispersion converts to the
branch of the surface wave (curve 12) on the curve =0. If g, —» «, the

frequency of this surface wave approaches asymptotically the frequency at
which ,=-1 (line 6). In contrast to the dispersion diagram of the cylinder
symmetric waves (Fig. 2.3), in Fig. 2.4 the second branch of the surface wave
(curve 11), whose frequency tends to the frequency at which & =-1 (line 5) if
d, > » , has the starting point at the intersection of the light line =g, in

vacuum (line 3) and the curve & = 0 (curve 4).
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Fig. 2.4. Dispersion dependences of the cylinder unsymmetrical eigenmodes
with the azimuthal index N=1 in the frequency range where £ <0 and ;<0 .
Lines 1-6 are same as in Fig. 2.3. Curves 7 and 8 correspond to the hybrid type
bulk-surface modes with the radial index S = 1, and curves 9 and 10 are for the
bulk-surface hybrid modes with S = 2. The empty circles show the starting
(ending) points of the spectra of corresponding waves

2.3.2. Spectra of coupled waves. Absolute and convective instabilities
Let us ascertain the nature of instability that occurs in the Cherenkov
resonant interaction between the electron beam and cylinder eigenmodes
under the condition R(q,,n)e, <<|de | and the condition of an extremely small

distance of the beam from the cylinder. Henceforward, we will suppose that

Py = Po
It is well-known that if for real ¢, we find complex @ with Imw>0,

a field of monochromatic wave, ~expli(q,z- ot)], Will grow in time without

bounds and the electrodynamic system will be unstable [90]. It is apparent
that the increase of field amplitude without bounds is valid only in the
linear approximation of the electrodynamic system under consideration. At
the same time in realistic electrodynamic systems a nonlinear stage in the
beam instability develops as the filed amplitude increase [91]. There are
absolute and convective instabilities. Let us recall that an absolute
instability implies the growth of the initial perturbation without bounds for
given z as t—o. If, however, the perturbation remains bounded for given
z and t—o0, one talks about a convective instability. These instabilities
find wide use in generation and amplification of electromagnetic waves (see,
e.g., [42-44,90]).

Now our goal is to establish the nature of the instability in a small
vicinity of the intersection points of the eigenmode dispersion curves with
the beam wave =g, (the so-called resonance points). Hereafter, we use

the well-known Sturrock method [90,94]. To this end, we represent the
values of @ and g, near the resonance points (g, ., o,.) in the following

way-:
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= B+ 6 q, =0, 0+ 0T, (32)

where |65 |<< @, and |57, [<< T, -

For the sake of simplicity and without loss of physical generality, we
only consider the case of symmetric modes (where n=0). Substituting
expressions from Eq. (2.32) into Eq.(2.17) and performing the necessary
expansions in terms of small variations of sq, and ow about the

corresponding resonance values, we obtain the following equation:

E -1
(68~ 45T,)°(00 ¥, 60,) = awﬁ(aﬁ ] : (2.33)
@ )_ _
-1
where v, = _[6AE] (MEJ is the dimensionless group velocity
’ aqz Ty res 1 Dres Ty res  Dres
(in units of the velocity of light in vacuum) of the electromagnetic wave, the
values of (9A®/44q,), . and (0A®/éw), . are the corresponding partial

derivatives of A" calculated at the resonance point (q,,. @) . It is

worthwhile to emphasize that only symmetric E-type eigenmodes (when
n=0) are unstable because their electromagnetic fields have nonzero
components of the electric field g . Note that only these components cause

the interaction between the metamaterial eigenmodes and the
nonrelativistic beam electrons. All further results keep wvalid for the
excitation of unsymmetrical eigenmodes (n#0) near the corresponding
resonance points.

Let us consider the instability regions of the electrodynamic system
under consideration near the points of intersection of the dispersion
dependence for the beam wave (z-gq,5) with the dispersion curves of

symmetric E-type bulk-surface waves and with the dispersion curve of the
E-type surface wave.

Figure 2.5 presents the dispersion dependencies of the symmetric
eigenmodes and the beam wave. Line 1 refers to the light line in vacuum
(z=g,), curve 2 is for k¥ =0, line 3 is for the beam wave (5-g,s). Curves 4

and 5 correspond to the bulk-surface waves H,, and g, ,, respectively, and

curves 6 and 7 are for the surface waves of H- and E-type, respectively.
Points A and B correspond to the intersection of the dispersion dependence
of the beam wave with the dispersion curve of the bulk-surface wave g,

and with the E-type surface wave, respectively.
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Fig. 2.5. Dispersion curves of the symmetric eigenmodes and the beam wave.
Line 1 refers to the light line in vacuum, curve 2 is for k =0, line 3 is for the
beam wave (5 =q,p ). Curves 4 and 5 correspond to the bulk-surface waves H,,

and E__, respectively, and curves 6 and 7 are for the surface waves of H-

027
and E-type, respectively. Points A and B correspond to the intersection of the
dispersion dependence of the beam wave with the dispersion curves of the

bulk-surface wave g,, and with the E-type surface wave, respectively

Figure 2.6 presents the dispersion dependencies of the wave (which
are the solutions of Eq. (2.33)) excited by the beam in small vicinity of point
A with coordinates g, = 1.025 and 5,_=3.42. Lines 1 and 2 refer to the

values s5q, =0 and 6@=0, line 3 is for the asymptote & =v, 57, , line 4 is for

5@ = psa,, curves 5 and 6 are for the wave g, excited by the beam.

Fig. 2.6. Dispersion curves of the wave E,, excited by the beam in small
vicinity of pomnt A with coordinates q, . = 1.025 and &, = 3.42.
Lines 1 and 2 refer to the values 5§, =0 and 6w =0, line 3 is for the asymptote
6w =V, 67, line 4 1s for 55 = Bo4,, curves 5 and 6 are for the wave g,, excited

by the beam. It 1s seen that the absolute instability occurs
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Since the dispersion equation, Eq. (2.33), is a cubic one, then, as
known, it has three different real roots or one real root and two complex-
conjugate roots [95]. As one of these complex roots has positive imaginary
part, the instability develops. As seen from Fig. 2.6, the instability occurs
at all values of sq, that greater than sq,,. It is also seen that asymptotes 3

and 4 are inclined in different directions with respect to line 2. The
negative slope of asymptote 3 is caused by the negative value of the group
velocity of corresponding mode (vg, ~ —4.2x103). In accordance with the first

Sturrock rule (see Ref. [90,94]) this signifies the occurrence of the absolute
instability.

Fig. 2.7 shows the dispersion dependencies of the E-type surface wave
excited by the beam in small vicinity of point B with coordinates g, .~ 4.39
and 5_~1.32. Lines 1 and 4 have the same meaning as those in Fig. 2.6.

Curves 5 and 6 correspond to the dispersion curves of the E-type surface
wave excited by the beam.

~6

Fig. 2.7 Dispersion curves of the E-type surface wave excited by the beam in
small vicinity of point B with coordinates T, <~ 4.39 and &, ~1.32. Lines 1 and

4 have the same meaning as those in Fig. 2.6. Curves 5 and 6 correspond
to the dispersion curves of the E-type surface wave excited by the beam.
It 1s seen that the convective instability occurs

From Fig. 2.7 it follows that the instability occurs at all values of sq,
greater than §q,,. Unlike the case shown in Fig. 2.6, asymptotes 3 and 4 are
inclined in the same direction with respect to line 2. The positive slope of
asymptote 3 is caused by the positive value of the group velocity of
corresponding mode. In accordance with the first Sturrock rule
(see Refs. [90,94]) this means the occurrence of the convective instability.
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2.3.3. Analysis of instability increments

Let us dwell on the dependences of instability increments éw for bulk-
surface waves on the values of azimuthal N and radial S mode indices.
These increment values are calculated using the formula Eq. (2.29). Before
moving on, we want to briefly remark on the type of waves excited by a
beam. As noted above, if n=0 the beam excites the symmetric g,, modes
with radial indices s>2. If n>1 the cylinder eigenmodes have nonzero

values of all electromagnetic field components and, therefore, they are the
hybrid type modes. In Refs. [88,96], it was provided a method for the
separation of such modes into the so-called He_ and EH, modes depending

on the predominant axial component of electromagnetic field, i.e. on the
ratio of the maximum values of field components |E, (p.q,.®,)|,, and

[H,(p.0,,®,) | - If the axial component of electric field dominates
(|Ezn(,o,qz,a)p)|max /|Hm(p,qz,a)p)|max>1), the eigenmode is the HE_ mode
(E-type), otherwise it is the gH_ mode (H-type). Numerical analysis of
excited modes with azimuthal indices n>1 shows that in the resonance
points, in which 0, =0, e and Dy =Dy s we have
| E (P, Ty resr @res) b /| Hop (5T, e0s @) b > 1+ This implies that in a cylinder made
of a metamaterial with ;@) <0 and .(@)<o0 the nonrelativistic (g<<1)

electron beam excites the E-type eigenmodes.
As a matter of fact, the analytic estimations of the ratio
| E (52 Tyre0 @res) sk /1 H o (22T, 1o @) e fOT the modes with n>1 and s>1 show

that if g0 (that is equivalent to g, - » ) we have

| Ezn (ﬁ’ qz,r&’ajres) |max o ,U(@) .
| H n (151 qz,rs’@rs) |max

&(w)

Since |u(@)}>» and (@) remains finite quantity if g -« and
&(q,) > @, (i.e. the dispersion curves of bulk-surface waves approach the
straight line @=a, asymptotically), we have
| Epn (2. T, ress @res) b ! | Hin (P2 Ty pe0 @res) e — © - This explains the fact that at the
resonance points (Tyres» Dres) » if 0,6 > 15 we have
| E (P20, resr @res) Ina /T H 0 (P2 0iesr Drs) > 1

Consequently, in electrodynamic system under study, the tubular
electron beam excites coupled bulk-surface symmetric g, modes with radial
indices s>2 and hybrid HE. modes with radial indices s>1, where the
subscripts "-" and "+" refer to the low-frequency and high-frequency
branches of the pairs of dispersion dependencies for cylinder eigenmodes,
respectively. In doing so, it is supposed that the cylinder is made of the
metamaterial, which possesses left-handed properties in the frequency
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range of interest. In this case, the absolute instability of the aforementioned
modes occurs.

Fig. 2.8 shows the increment values Im@ of excited bulk-surface
modes with azimuthal indices in the range N =0...20. In Fig 2.8(a2) and
Fig. 2.8(d), these values correspond to the low-frequency and high-frequency
branches of the pair of dispersion curves, respectively. Note in Fig. 2.3 and
2.4 the dispersion dependences for the modes with M=0,1 and S=1, 2 are
only shown. The increment values are grouped in accordance with the radial
index S of cylinder eigenmodes, which is determined by the order number of
the pair of dispersion curves. In Fig. 2.8(a), the dependences of the
increment values of the g, and HE, modes with the radial indices
S=1, 2, 3 on the azimuthal index N are labeled by the numbers 1, 2 and 3,
respectively. In Fig. 2.8(b), the numbers 1, 2 and 3 are for the dependences
of the increment values of the HE/, modes with S=3, 5, 7 on the azimuthal

index N, respectively.

(a) (b

Fig. 2.8. Instability increment values of electrodynarmic system with the
bulk-surface modes corresponding to the low-frequency (a) and high-frequency (b)
branches of the pairs of dispersion dependences for cylinder eigenmodes

In Fig. 2.8(a), the dependences of the increment values of the E,, and
the HE, modes with the radial indices S =1, 2, 3 on the azimuthal index n

are labeled by the numbers 1, 2 and 3, respectively. In Fig. 2.8(b), the
numbers 1, 2 and 3 are for the dependences of the increment values of the
HE;, modes with S =3, 5, 7 on the azimuthal index N, respectively.

The analysis of the instability shows that the symmetric bulk-surface E,,
mode has the maximum increment. In Figs. 2.8 the increments Imo decrease
with increasing N because both the value of |,(w,.)| and its frequency

derivative in the denominator of Eq.(2.29) increase with frequency. In fact,
with increasing N at fixed value of S the resonant frequencies 5_ tend to the

frequency & at which the cylinder permeability increases indefinitely. It is
seen from Fig. 2.8(b), the value of azimuthal index N that corresponds to the
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maximum increment of the HE, mode increases with radial index S. Therefore,

on curve3 the HE;, mode has maximum increment. This enables the

excitation of the weak decaying whispering gallery modes with large values of
azimuthal index N in the electrodynamic system under study.

2.4. Conclusions

The instability of nonrelativistic tubular electron beam that moves
above a dispersive metamaterial of cylindrical configuration has been
theoretically examined. It has been assumed that the metamaterial
possesses negative permittivity and negative permeability simultaneously
over a certain frequency range where it behaves like a LHM. The dispersion
equations for eigenmodes of the cylinder and for the coupled modes of the
system as well as the instability increments have been derived. The
instability is shown to be caused by Cherenkov or anomalous Doppler effects
depending on the radial distance between the cylinder and the beam.

The numerical analysis of the dispersion curves of the eigenmodes of the
cylinder and the coupled modes excited by the beam in the frequency region
where the metamaterial demonstrates the left-handed behavior has been
performed. It has been revealed that the parts of the dispersion curves of the
bulk-surface waves with anomalous dispersion emerge. The latter implies
negative group velocities of corresponding waves and results in the absolute
character of the beam instability. It has been found that the resonance behavior
of magnetic permeability of the metamaterial leads to the fact that all bulk-
surface waves excited by the beam are the E-type waves for the resonance
values of frequencies and wave vectors. The numerical analysis of the
dependencies of the instability increments on azimutal and radial mode indices
has been performed. We have shown that the HE_ modes with large radial
indices (s>>1) are the whispering-gallery modes for which n>>1.

Thus, this suggests applications of LHMs as delaying media for the
generation of bulk-surface waves and eliminates the need for creating
artificial feedbacks in slow-wave structures.

SECTION 3. NONLINEAR STABILIZATION OF INSTABILITY OF AN
ELECTRON BEAM MOVING ABOVE A SOLID STATE CYLINDER

3.1. Introduction

In the last decade, much attention has been paid to the development
of millimeter- and submillimeter-wave oscillators. This has been motivated
by the extensive use of such radiation in biology [97] and medicine [98], for
transmitting submillimeter signals in the Earth’s atmosphere [99], for
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implementing broadband wireless communication [100] and submillimeter
wave spectroscopy [101], and in other applications of science and technology.

Search for new mechanisms of generation of electromagnetic waves
within millimeter- and submillimeter- wave range by charged particle
beams propagating in various electrodynamic systems is an important
problem of modern radiophysics and electronics. The motion of charged
particle beams in such systems is accompanied by the development of
instabilities, including electrostatic ones, which leads to the generation of
various types of oscillations. A stationary mode is established as a result of
nonlinear interaction of charged particles with the eigenwaves of the
electrodynamic system. We note that, until now, nonlinear stabilization of
beam instabilities has been considered only for cases of collisionless and
weakly collisional plasmas.

Nonlinear waves in plasma without allowance for thermal effects
were first studied by A.I. Akhiezer, G.Ya. Lyubarskii, and R.V. Polovin more
than half a century ago [102-104]. In particular, they showed that the
frequency of nonlinear plasma oscillations is independent of the amplitude
only in the nonrelativistic limit. It was shown in [104] that, in the
relativistic case, the period of an intense plasma wave increases with
increasing amplitude. Among the first studies on the nonlinear theory of
beam-plasma instabilities where nonlinear stabilization of these
instabilities due to the trapping of the beam electrons by a plasma wave was
considered, it is worth mentioning works [105-119]. In those works,
modulated and unmodulated relativistic beams interacting with plasma,
which was assumed to be cold and collisionless (or weakly collisional), were
considered. The density of the beam electrons was assumed to be much
lower than the plasma electron density. It was shown that the efficiency of
the beam-plasma interaction increases with increasing relativistic factor of
the beam, in spite of a decrease in the linear growth rate.

We recall the results of some of the above-cited works, the analytical
approach of which was used in this study. In [115,116], a nonlinear theory of
instability of diffuse and monoenergetic electron beams in an unbounded
(bulk) plasma was constructed. Thus, in [115], a system of equations
describing the time evolution of the wave amplitude, as well as the
coordinates and velocities of the beam electrons, in a diffuse electron beam
(in which instability is kinetic) was derived using the method of slowly
varying (compared to the wave period) amplitudes. It was shown that only
the motion of the resonant beam particles with velocities close to the wave
phase velocity is essentially nonlinear. A specific feature of the nonlinear
stage of instability in the case of a diffuse beam is the damping of amplitude
oscillations due to the phase mixing of the beam particles trapped by the
wave field. This effect was first noted in [107, 108] and then subjected to
thorough research, e.g., in [47,118,120]. For a monoenergetic beam, as was
shown in [115,116], it is necessary to take into account time variations not
only of the amplitude, but also of the phase of the excited wave. The
nonlinear stages of instability of premodulated nonrelativistic and
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relativistic monoenergetic beams in plasma were studied in [116]. In
particular, it was shown that, in the relativistic case, the maximum energy
of the excited wave field is comparable with the beam energy.

The nonlinear stabilization of beam—plasma instability of a
nonrelativistic monoenergetic beam in a dense unbounded -collisional
plasma was considered in [117,118]. As in [115,116], the beam was
simulated by a discrete ensemble of macroparticles (charged sheets). It was
shown that, due to collisions, the beam particles do not have time to gather
into a bunch by the time of trapping and have a noticeable scatter in both
velocities and coordinates. Therefore, the trapping of particles by the wave
does not lead to regular oscillations of the wave amplitude, as was observed,
e.g., in [116].

In [119], an electrodynamic system close to that considered in the
present work was studied for the case of collisionless gaseous plasma. In
[119], nonlinear stabilization of instability of a finite-thickness tubular
electron beam moving along a plasma cylinder in an external longitudinal
magnetic field was considered. It was assumed that the beam-plasma
system was placed in a metal waveguide, and the plasma was assumed to be
cold and collisionless. Nonlinear stabilization of an axisymmetric surface
TM wave was considered. In [121], excitation of surface electromagnetic
waves propagating along a cylindrical surface of a conducting medium
(metal, highly ionized plasma) by a relativistic electron beam moving along
the cylinder was studied. The maximum amplitude of the excited wave was
estimated from the condition of the nonlinear trap-ping of the beam
electrons by the surface wave field.

The nonlinear theory of instability of a rectilinear relativistic electron
beam in a bounded plasma under the Cherenkov resonance conditions was
developed in [120-123]. In particular, the case of a dense plasma was
considered when the unstable plasma wave excited by the beam was a potential
one [122]. It was established that the nonlinear processes caused by the beam
relativity prevent the system from being randomized in the stage of well-
developed nonlinear instability. In contrast, in the case of a nonrelativistic
beam, anomalous nonlinear chaotization of the beam is observed.

In the past decade, special attention has been paid to cylindrical systems
in which a tubular electron beam [124,125] or a multijet f low of a circular cross
section [56,62,63,126,127] move along a solid-state cylinder. In [63], a self-
consistent nonlinear theory of the excitation of electromagnetic waves by an
azimuthally periodic high-current relativistic electron beam interacting with a
two-layer cylindrical dielectric resonator (CDR) was developed. Analysis of the
nonlinear excitation of a CDR by an electron beam shows that the main
mechanism for generation of electromagnetic oscillations in the resonator of
this self-oscillatory sys-tem [56,126,127] is the so-called monotronic mechanism,
when the beam particles flying through the resonator are grouped in such a
phase of the excited electromagnetic field that their energy is, on the average,
transferred to the resonator eigenmodes. The possibility of using such a self-
oscillatory system with acceptable geometrical parameters in the submillimeter
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wavelength range was noted in [63,126]. In addition, beam instabilities that
arise in electrodynamic systems containing dispersive media are of particular
interest. In particular, instability of a tubular electron beam interacting with a
plasma-like medium was studied in [128] in the linear approximation, while
that interacting with a left-handed dispersive medium of cylindrical
configuration was studied in [129]. The interaction of a nonrelativistic tubular
charged particle beam with a nonmagnetic anisotropic dispersive solid-state
cylinder was considered in [130,131]. The possibility of excitation of absolute
instability of bulk—surface waves due to specific features of an anisotropic
cylinder has been discovered. The resonant character of the frequency
dependence of the dielectric constant of the cylinder favors the emergence of the
sections of the dispersion curves corresponding to E-type bulk—surface
eigenmodes with a negative group velocity.

The debatable aspects of the theory of nonpotential surface waves
excited on the boundary of a dissipative medium with frequency dispersion
were considered in [132]. It was shown that, for a sufficiently strong
dissipation of the energy of perturbations in the medium, surface waves the
dispersion law of which differs dramatically from the conventional one may
be excited. These waves are weakly damped even at a large dissipation in
the medium, while their group and phase velocities exceed the speed of light
in the medium.

A special place is occupied by the works devoted to beam—plasma
instabilities in highly collisional solid-state plasma, when the collision
frequency of charge carriers is much higher than the frequency of the
excited electromagnetic (electrostatic) wave. Thus, in [133], the so-called
resistive instability arising due to the absorption in the dielectric medium
through which the electron beam propagates was studied. Excitation of
millimeter and submillimeter plasma waves by a charged particle beam in
semiconductor plasma was analyzed in [134,135].

In this part of the section, a nonlinear theory of resistive instability of
a tubular electron beam moving along a solid-state plasma cylinder is
constructed in an electrostatic approximation by using Poisson’s equation
and the equation of electron motion. The continuous tubular electron beam
is represented as a set of macroparticles (charged rings). The nonlinear
stabilization of the emerging instability is investigated by the method of
slow varing in time amplitudes and phases of the electrostatic wave. Using
the Runge—Kutta method with a variable step, the numerical analysis of a
self-consistent system of equations describing the time evolution of the wave
amplitude and phase, as well as the coordinates and velocities of the
macroparticles, is carried out. Phase portraits of the system are constructed,
from the analysis of which it follows that nonlinear stabilization of the wave
amplitude occurs due to the effect of self-trapping of beam electrons by the
field of the beam wave itself.
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3.2. Nonlinear Stabilization of Resistive Instability of a Tubular Charged

Particle Beam Moving Above a Solid-State Plasma Cylinder

3.2.1 Statement Of The Problem And Basic Equations

Let a solid-state plasma cylinder occupy the spatial region 0< p < p;,
0<@<2r and | z|< o in cylindrical coordinates (the Z axis is aligned with
the cylinder axis). A charged particle beam with equilibrium density n, and
the velocity v, <<c (where C is the speed of light in vacuum) moves along

the cylinder surface. Such an electrodynamic system is easily implemented
by placing the cylinder in the drift space of a rectilinear tubular beam of
radius p,+a/2. We assume that the beam thickness a is infinitely small

and there is vacuum outside the beam (p > p,).There is no direct contact

between the beam and the cylinder surface.

The interaction of an electron beam with eigenmodes (oscillations) of a
dielectric cylinder is described by the set of electrostatic equations
supplemented with the constitutive equation and the equation of motion of
plasma electrons,

rotE(r,t) =0, (3.1)

divD(r,t) = 4zen(r,t), (3.2)

D(r,t) = £,E(r ,t) + 47eN, j u(r,t)dt’, (3.3)

MY _ 8 ety v, (3.4)
ot m

where E(r,t) is the electric field at a point with the radius vector I' at a
time t, D(r,t) is the electric displacement, € is the electron charge, n(r,t) is
the electron beam density, ¢, is the dielectric constant of the lattice, N, is

the equilibrium electron density in the plasma cylinder, M is the electron
effective mass, V is the relaxation frequency of electron momentum in the
plasma cylinder, and u(r,t) is the velocity of plasma electrons.

The beam electron density n(r,t) is described by the expression

n(r,t) =n(z,t)6(p - po) »
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where n(z,t) is the electron beam surface density, §(x) is the Dirac delta

function, and

n(z,t) :J f(zt,v,)dv,. (3.5)

The beam electron distribution function f(zt,v,) in expression (3.5)

satisfies the Vlasov equation

of (z,t,v,) 0

G CANAIPNCICARNSIN
ot oz

v,(t) %&(po,z,t)

z

where m, is the mass of a free electron and E,(p,, z,t) is the electric field on
the beam surface p= p,.

At the initial time t=0, i.e., before the onset of instability, the
distribution function f(z,0,v,) has the form

f (Z, O,VZ) = fo(Vz) = noa5(vz _Vo) )

where n; is the equilibrium bulk electron beam density. Below, we limit

ourselves to considering azimuthally symmetric electrostatic waves and
introduce the electric field potential y(p, z,t) such that

E(p,zt)=-Vw(p,zt). (3.6)

The potential of the wave y(p,z,t) and its radial derivative dy (p,zt)/dp

satisfy the boundary conditions on the cylinder surface: the continuity of the
v(p,z,t) and a jump in its derivative due to the presence of the beam

surface charge en(zt). We recall that these conditions are equivalent to the

continuity condition for the Z component of the electric field and the jump
in the radial component of the electric displacement vector,

E,(po+0,2t)=E,(p,-0,21),
E,(0,+0,21)-D,(9,-0,zt) =4ren(zt).

The continuity condition for the potential at the cylinder boundary has the
form

v(p,—0,zt)=w(p,+0,zt). (3.7
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To obtain the condition for the jump in the potential derivative
dw(p,zt)/6p, we take the time derivative of both sides of Eq. (3.2) and

make use of Eqgs. (3.3) and (3.4). Then, for the case of strong collisions,

ou(r,t
viu(r,t) >> L‘
ot
we obtain
2 2 2
pop\’ Op) 0Oz ot v | pop\' Op) o0z ot

where w, = [47re®*N o/ m is the plasma frequency of the cylinder medium.
The boundary condition for the potential derivative oy (p,zt)/dp is
obtained by calculating integrals of the form

Pot1l

lim | (..)pdp

on both sides of the above equality over an infinitely small beam thickness
n . After integration, we obtain the following boundary condition for the

radial derivative of the potential:

dowlpzy|  _oowlpzh)|  _@ovlpzy) _, on(zb)
ot op ‘ot op )

p=po+0 p=po—0 p=po—0

(3.8)

Following [115,116,136], the surface density n(zt) can be represented
in the form

n(z,t) =@i5[z— 2 (Zo Vo V)] - (3.9
qM p=1

According to expression (3.9), a continuous tubular electron beam is
represented as a set of macroparticles (charged rings), with M being the

number of charged rings per wavelength. The coordinate Zp(ZO,VO,t)
describes the position of the p th macroparticle. We note that the coordinate
Zp(ZO,VO,'[) and velocity Vzp(ZO,VO,O) of the pth macroparticle are solutions

to the system of characteristic equations
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02(Z, Vo 1)

S0 oy (2, W t
p V, (2,6, 1)

dv, (%, %,t) _ e dy(p,2t)
dt m oz

with the initial conditions
2(2,,V,,0) = Z,, V,(Z,V,0) =V,. (3.10)

In what follows, we will analyze the time evolution of the amplitude and
phase of the wave, as well as the coordinates and velocities of
macroparticles, in the coordinate system associated with the beam. To this
end, we make the replacement

Zp(ZO’VO’t)=V0t+2p(ZO’V0’t)’ (3.11)
Vzp(zo’VO’t) =Vo +\72p(ZO’VO’t) ; (3.12)

where Zp(ZO,VO,'[) and Vm(ZO,VO,t) are perturbations of the coordinate and

longitudinal velocity of the pth macroparticle. Then, initial conditions
(3.10) take the form

Z2,(2),V,0) =2, V(2% 0) =O0.
We represent the potential y(p, z,t) as

v (p,2,t) =y (p)y (1) explild,z— ot + ()]}, (3.13)

where the wavenumber @, and frequency @ of the electrostatic wave are

related to the beam electron velocity by the Vavilov—Cherenkov resonance
condition @ =q,V,. Recall that the Cherenkov resonance with the condition

o =q,v, means the effect of excitation of eigenmodes of the cylinder under

study as a result of longitudinal bunching of electrons in the field of the
excited wave and the formation of emitting electron bunches in its
decelerating phases. The quantities y,(t) and a(t) in Eq. (3.13) are the

slowly varying amplitude and phase of the electrostatic wave. The relevant
“slowness” conditions are

1 Gy/A(t)<<w’ 1 |6a(t)|<<w
wa) ot la@®)]| ot |
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Taking into account representation (3.13), we find from Egs. (3.3) and (3.4)
that, for the case of strong collisions, D(r,®) = £(@)E(r,®), where

e(w)=¢g,+ 4rio , (3.14)
®

o=¢€ No / My is the plasms cylinder conductivity. After substituting
expressions (3.6) and (3.13) into Eq. (3.1), we find that the quantity y(p)

satisfies the Laplace equation

1Q[pMJ_q§WO(p) =0. (3.15)
pop op

Taking into account that the quantity w (p) is bounded at p — 0 and
o — o the solution to Eq. (3.15) can be represented in the form

1,(dp), P <po

(3.16)
Ko(ap), o> py,

wo(p) {

where q=|q,|, while I,(gp) and K,(qp) are zero-order modified Bessel

functions of the first and second kind, respectively [41].
Our task is to study the time evolution of the quantities y,(t) and

a(t) . Using expressions (3.13) and (3.16), from the boundary condition (3.7)
we obtain the following relations for amplitudes of the potential ,(t)

and phase «(t) within the cylinder and in vacuum:

Ko(2)
wat) == w,(t)] .. (3.17)
) |p°70 l,(do,) A0
a(t)|p0_0 = a(t)|p0+o. (3.18)

Further, we will analyze the time evolution of the amplitude y,(t) and
phase a(t) of the potential wave in the vacuum region (i.e., at p > p,).

Using Egs. (3.13), (3.15), (3.17), and (3.18), we rewrite boundary
condition (3.8) in the form
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o o . 4zre  On(zt)
Ag—+—2A t)exp{i[g,z— ot + a(t)]} = 1, (3.19)
{ ot 1}%\() plifa,z- ot +a(t)]} Koo
where A, =g, lo(Ao) _ Ko(Gry) Al:M. Here, the prime denotes

lo(aoy)  Ko(amy) 1,(a0,)

derivative of the corresponding special function with respect to its
argument.

Next, following [117], we substitute Eq. (3.9) into Eq. (3.19) and
perform the integration of the resulting equation over the oscillation period
27l w with allowance for the Cherenkov resonance condition @=q,V,.

Then, separating the real and imaginary parts and taking into account
relations (3.11) and (3.12), we obtain the following system of equations
describing the time evolution of the amplitude and phase of the wave, as
well as the coordinates and velocities of the macroparticles:

dy,(t) _ @ A, o Arenam ¥
i v a0 G (apm ;sn[qzzp(t)m(t)],
da(t) = 4drenam s - (3.20)
d T K p oM oy 1O O]
d?z (t
50 _ K@), (snig,2,0+ (]
m

The last of Eqgs. (3.20) describes the motion of the p macroparticle in the

beam reference frame. To analyze this system, it is convenient to introduce
the following dimensionless variables:

Vi (1)
VO

¢='f;—“’, £,=42,0), n, -

max

Q=2 r=at, a=a@), (321
a)P

where y__ is the peak value of the wave potential at which the beam

particles are trapped in the potential well of the wave. The expression for
Vmax Will be given below.

To numerically analyze system of equations (3.20), we rewrite it in the
form of a system of four first-order differential equations in dimensionless
variables (3.21),
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d¢

i —M——;sn(g +a),

da

dr _1__2005(5 o). (3.22)
de, _

dr =T

s _ cpsin(e, + a),

dr

where A=A /v, B= 1+ A2/ A2, C = aqo? | o®\|AZ + AZ .
The quantity y,  is determined from the condition for the trapping of

beam particles into the potential well of the wave [117],
KO(qpo)V/max o %(VO _Vph)2 ’

where Vj, is the wave phase velocity with allowance for the frequency shift

caused by the interaction of the wave field with the electron beam.
Using the results of [137], the dispersion relation for the coupled
waves of the beam and the plasma cylinder can be presented as

Mao—qV,)* =agey . (3.23)
Here, o, =, [Ax e2n0 /'m, is the electron beam plasma frequency and

- &(w) o(qpo) Ko (d0,)
l,(dpp) K (qpo)

where g(w) is defined by expression (3.14). Note that the equation A =0

has no real solutions and describes the so-called Maxwell relaxation of the
electrostatic field in collisional plasma. To find corrections to the resonance
frequency @, = q,V, , the solution to Eq. (3.23) is sought in the form

=@, + 00, (3.24)

where |Sw|<< @,. Substituting formula (3.24) into Eq. (3.23) and following
the procedure of [90], we obtain
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(aq)”?

ow = id)b W(COSQJO —i Sin(po) ) (325)
0
1 A
= acg—.
2 > ng

Solution (3.25) with the negative sign of the imaginary part corresponds to
an increase in the amplitude of the symmetric coupled wave of the cylinder
and the beam with the growth rate

C)
Y=, Ws'n(/’o'

In this case, the phase velocity of the coupled wave is

,(aq)"
Vo, =V _mcos(po. (3.26)
z 0

According to Eq. (3.26), instability is inherent in a slow coupled wave. As
a result, we obtain the following expression for y__

va ?
Vi = rn) 0 q2 = (&j COS2 @y
EKO(qu)\/A +Ag \ @

Note that, by definition, ¢o does not exceed unity; therefore, we have,
cos@, > 0. Note also that the use of the linear approximation for plasma

electrons is justified, because, for a low-density electron beam n, << N,, the
amplitude of the excited potential wave is small and the condition
Y << m)\/g is satisfied [136].

In the next section, we present results of numerical analysis of system
of equations (3.22), as well as the phase portrait of the beam macroparticles,
indicating the formation of bunches in the nonlinear stage of instability.

3.2.2 Numerical Analysis Of The System Of Nonlinear Equations

As a material of the plasma cylinder, we choose GaAs semiconductor
with g, =13,2, M=0.063m,, V =10¥s1, and N, =10 cm™. We analyze

cylinders of radii p,=0.5cm, and 1 cm, as well as gy — © (limiting case of

a plane interface between the media). The equilibrium electron density of
the beam ny;, beam wall thickness @, and the directed velocity of the

electron beam v, are chosen as follows: n, =10%cm™, @ =0.01cm and
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v, = 0.1C, respectively. In this case, we have a)D/a)p ~ 8-103. The resonance
wavelength is assumed to be 4 =2 c¢m, which corresponds to the resonance
frequency @ =1.7-101 s and growth rate y ~108s1(y /@ ~0.01).

Figure 3.1 shows ¢ =¢(r) as a function of the dimensionless time 7
for cylinders with the radii g, = 0.5 cm (curve 1), g, =1 cm (curve 2) and
Py —> ®© (curve 3). We remind that curve 3 corresponds to a plane interface

between the media. System of equations (3.22) was solved numerically by
the Runge—Kutta method. The electron beam was simulated by individual
macroparticles (charged rings) uniformly distributed at the initial time

within the interval of 0<& <27. The number of macroparticles M was
500. It should be noted that the numerical code made it possible to perform

integration with variable steps by specifying the relative error at each step.
The initial amplitude was assumed to be ¢, = 104. The initial values of the

slow phase & and its time derivative da / dr were assumed to be zero.
It follows from Fig. 3.1 that the larger the radius of the cylinder, the
larger the maximum amplitude ¢, corresponding to instability saturation.

This, for p, =0.5cm, we have ¢ __ = 0.58, whereas for p =1cm we have
Prex = 0-64. In addition, for the cylinder with a smaller radius, the slowly

varying amplitude reaches its maximum value ¢ earlier

(at =17, ~ 1569, which corresponds to the time t=t_, Z167/_1, than for

the cylinder with a larger radius (at 7= Trex = 1718, which corresponds to

the time t=t_ ~17y™"). Note that, as the cylinder radius increases, the
dependences ¢(r) tend to a certain common limiting time profile (curve 3),
corresponding to A, — &,+1 and A, — 1. Physically, this limit corresponds

to the case of a plane beam—plasma interface.
It also follows from Fig. 3.1 that at 7 > __ the quantity ¢ oscillates

around a certain average value. These oscillations are essentially irregular
(chaotic) in character, because the macroparticles do not have time to gather
in a bunch by the time of trapping and have an appreciable scatter in both
velocities and coordinates. Qualitatively, such behavior of ¢(r) resembles a

similar dependence in [117], in which the nonlinear stage of beam—plasma
instability in weakly collisionless unbounded plasma was considered. By
weakly collisional plasma we mean plasma in which the collision frequency
is lower than the plasma wave frequency but much higher than the
instability growth rate. We note that the dependence ¢(z) in [117] had the

form of beatings associated with the presence of two characteristic times in
the system: the bounce period of the particle bunch in the wave potential
well and the period of variations in the potential well itself. In contrast to
[117], in the solid-state plasma under consideration, the relaxation
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frequency of the electron momentum satisfies the condition v >>w» >> y . As

a result, by the time of trapping, the macroparticles do not form bunches
and each macroparticle oscillates in the wave potential well individually.
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Fig. 3.2. Phase portrait of a system
of M macroparticles at the time
of instability saturation (r =1570)

Fig. 3.1. Amplitude of the potential wave
vs. dimensionless time for three values of
the radius of the plasma cylinder: p, = 0.5

cm (curve 1), p, =1 cm (curve 2),

and p, - « (curve 3)
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Fig. 3.3. Phase portrait of a system
of M macroparticles at the time
7 = 2550

%

Fig. 3.4. Phase portrait of a system
of M macroparticles at the time
7 = 5000

Another fundamental difference between the considered case of solid-
state plasma and results of [117,118] is that there are no eigenmodes in
highly collisional plasma and, therefore, the beam particles are trapped by
the plasma wave of the beam itself. Such a phenomenon was called self-
trapping [136]. As noted in [113], it is the effect of electron self-trapping by
the beam wave that leads to the chaotization of the electron beam and
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disappearance of regular oscillations at the resonance frequency. Such
behavior illustrated in Fig. 3.1 by the dependence ¢(7) .

The effect of self-trapping of the beam electrons and their subsequent
chaotization is demonstrated by the phase portraits of macroparticles shown
in Figs. 3.2-3.4 for p, = 0.5 cm. It can be seen from Fig. 3.2 that a group of

reflected macroparticles (marked with the letter %) appears in the stage of
instability saturation. The macroparticles are reflected from the humps of
the beam potential wave. It is worth noting that the beam electrons are self-
trapped by the beam wave in the nonlinear stage of instability of a quasi-
monochromatic initial perturbation under the conditions of the collective
Cherenkov effect [136].

Figures 3.3 and Fig. 3.4 show phase portraits of macroparticles for the
times 7 =2550 and 7 = 5000, corresponding to chaotic oscillations of the
slowly varying amplitude. It can be seen that, after instability is saturated,
the macroparticles occupy the progressively growing region in the phase
plane and their distribution in this plane becomes more and more uniform.
Physically, as noted above, this corresponds to chaotization of the beam
electrons. In contrast to the weakly collisional case considered in [117], no
trapped macroparticle bunches arise in this case.

3.2.3 Conclusions

The problem of nonlinear stabilization of instability of a tubular
electron beam moving along the surface of a solid-state plasma cylinder has
been solved. It is assumed that the beam is nonrelativistic, plasma is highly
collisional, and the wave excited by the beam is electrostatic. It is shown
that resistive instability is stabilized nonlinearly due to the self-trapping of
the beam electrons by the beam wave. The time of instability saturation and
the maximum amplitude of the wave have been analyzed as functions of the
radius of the plasma cylinder. It is established that the larger the radius of
the plasma cylinder, the later the nonlinear stage of instability begins and
the larger the maximum value of the slowly varying amplitude. The limiting
case of a plane interface between the electron beam and the solid-state
plasma is considered. The results of this study expand our understanding of
the physical properties of systems with plasma-like media and systematize
our knowledge of the mechanisms of excitation of potential surface waves in
electrodynamic systems that form the basis of microwave oscillators.

3.3. Numerical Analysis Of The Interaction Between A Tubular Beam
Of Charged Particles And A Dielectric Cylinder

Here we theoretically study the nonlinear stabilization of the
instability of a tubular electron beam, infinitely thin in the radial direction,
when it moves along the surface of a solid dielectric cylinder. In contrast to
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[63], the electromagnetic system considered is open, and the waves excited
by the beam are azimuthally symmetric. In addition, unlike [63], we
construct and analyze the time dependence of slowly varying amplitudes
and phases of the electric and magnetic field components of the excited
waves with different radial mode indices, as well as consider the question of
wave polarization.

The excitation of an azimuthally sysmmetric eigenmode of the electric
type of the solid cylinder under study is considered. The electron beam is
presented in the form of a set of macroparticles (charged rings). We
investigated the time evolution of the electromagnetic field of the excited
wave by the method of amplitude and phase slowly varying in time. The
self-consistent system of equations is obtained that describes both the time
evolution of the wave amplitude and phase, and the coordinates and
velocities of the beam. The analytical expression for the increment of the
emerging instability is obtained. This system is numerically analysed with
the use of the Runge—Kutta method with a variable step. The dependences
of slowly varying amplitudes on time are plotted for three different values of
the radial mode index. The criterion is established for the applicability of
the used method of slowly varying amplitudes and phases of excited waves
for the analysis of beam instability. The numerical analysis of the
polarization of the excited waves is carried out.

3.3.1 Statement Of The Problem And Basic Equations

Suppose that a dielectric cylinder of radius p, occupies the region of
space 0< p<p,, 0<p <27 and |Z|<oo (the Z axis is directed along the
cylinder axis). The cylinder is made of an isotropic nonmagnetic material
with real permittivity & . A beam of charged particles (electrons) with
equilibrium density n, and velocity v, <<c (where C is the velocity of light
in vacuum) moves along the surface of the cylinder. Such an electromagnetic

system can easily be implemented if the cylinder is placed in the drift space
of a rectilinearly moving tubular beam with radius p, +a/2. Assume that

the thickness a of the beam is infinitely small and the medium outside the
beam (p > p,) is vacuum. There is no direct contact between the beam and

the surface of the cylinder. It is assumed that the drift space is in a strong
longitudinal (in the direction of the beam motion) external constant
magnetic field, which prevents the transverse motion of the beam electrons.
The threshold value of the external magnetic field restricting the motion of
electrons along the radius and azimuth is found from the condition

@, >>a,, where o, =|e|H,/m, is the electron cyclotron frequency,
o, = 1/4;;e2nO /mo is the plasma frequency of the beam electrons, € and m,

are the charge and mass of a free electron, n, is the equilibrium bulk
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density of beam electrons, and H, is the magnitude of the external

magnetic field. For a beam with a characteristic density of N, oc 10%em3, we
obtain H, >> 336 Oe (or H, >> 26.7 kA/m).

The system of equations describing the interaction of the electron
beam with eigenwaves (oscillations) of the dielectric cylinder has the form

rotH (1) = 22200 L ATy (3.27)
c ot
divD(r,t) = 4zen(r,t), (3.28)
rotE(r,t) = —EM, (3.29)
c ot
divH(r,t) =0, (3.30)

where H(r,t) and E(r,t) are the magnetic and electric field strengths;
D(r,t) = ¢E(r,t) is the electric field displacement vector; and

j(r,1)=(0,0,j,(r,t)) and n(r,t) are the bulk current density and the beam

electron density, respectively, that satisfy the continuity equation

an(r Y ——2 +divj(r,t)=0. (38.31)

The quantities j,(r,t) n(r,t) are determined by the expressions
jz(r!t) = jZ(Z,t)é‘(p—pO) and n(r’t) = n(Z,t)5(p—p0) ’ where jZ(Z,t) and
n(z,t) are the surface densities of the corresponding quantities and §5(x) is

the Dirac delta function. Note that, in linear theory, the surface current
density j,(z¢t) of the beam is specified in the linear approximation, where

small perturbations of the electron velocity are related to the electric field
by an appropriate equation of motion.

In what follows, we restrict the analysis to azimuthally symmetric
electric-type (Ftype) electromagnetic waves with the field components

Ep(p,Z,t), H(p(p,Z,t), and E,(p,zt). In the absence of a beam,

homogeneous wave equations describing the eigenfields in the cylinder are
obtained from the corresponding system of homogeneous Maxwell equations
(3.27)—(3.30) and have the form

2 2
[wwjﬁ}Ez(p,z,t)_eQEZ(p,z,t):o, (3.3

pop\  op) o0z° ¢’ ot
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0> &0 0
E (p,zt)= E (p,zt), (3.33)
(62 2atjp(pz) oz0p Ap.2t)

* & o7 g 0°
C 22 H (pzt)=-% E (p,zt)- (3.34)
(az2 c? atzJ olp2t)=— o Eloz)

The corresponding equations for vacuum are derived from Eqs. (3.32)—(3.34)
if we set ¢ =1. The solutions of Eq. (3.32) for the cylinder and vacuum
regions for a bulk—surface wave with frequency @ and longitudinal wave
number q, have the form

EX(p.2t) = A, d,(xp)exri(a,z—at)), (3.35)

E(p,2.t)= AcKo(ap)exdi(g,z- at)]. (3.36)

where J,(u) is the zero-order Bessel function of the first kind, K,(u) is the
modified zero-order Bessel function of the second kind (the Macdonald
function) [41], A:y‘ and A, are arbitrary constants. The choice of solutions

in the form of (3.35) and (3.36) is motivated by the condition that the fields
remain finite as p -0 and p—>ow. The quantity x°=ecw’/c’®-q’
represents the square of the transverse wave number in the, and
g° =q°—w®/c? is the square of the wave number in vacuum, taken with
the opposite sign. It follows from the form of the solutions (3.35) and (3.36)
that the fields of bulk—surface waves have an oscillatory character inside
the cylinder and decrease in the direction normal to the cylinder surface — in
the vacuum region.

Recall that, in the absence of a beam, the boundary conditions at
p=p, for the field components are the continuity conditions for the

tangential components of the electric and magnetic fields, as well as the
continuity condition for the normal (radial) component of the electric
displacement vector. In the presence of a beam that moves along the
cylinder surface (at p, = p,), the boundary conditions at p = p, are the

conditions for the continuity of the field component E_(p,z,t) and the jump
of the component Dp(p,Z,t) associated with the presence of a perturbed
charge of the beam:

=E,(p,zt) , (3.37)

p=po—0

Ez(p, Z,t]

p=po+0
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Are PotAp
Ep(p,z,t)|p:p0+o—8Ep(p,z,t)|p:p07o:L|im N(z,t)s(p—p,)pdp: (3.38)

Ap—0
po o Po—Ap

where integration is performed over the thickness of the beam. In what
follows, we will use only the boundary conditions (3.37) and (3.38). We will

determine the field components H(p(p,Z,t) using Eq. (3.34). We need an
equation relating the field components Ep(p, Z,t) and E,(p,zt) to the
surface electron density n(zt) of the beam at p=p;,. To obtain this
equation, we write Eq. (3.33) for p = p,, subtract a similar equation for the

vacuum region from it, and apply the boundary condition (3.38) previously
differentiated in time. As a result, we obtain

OE, (pzt)|  PE(pzt)|  _PE(pzt)|  PE(pzt)
2 2
0z |p=ﬂo+0 0z |p=po—0 626’0 p=po+0 626’0 p=po—0
4re 0°n(zt)
+— 3.39
cc  ot? (339
Following [115-120], we represent the surface density n(zt) as
2rna -
N(28)= T8 822, (2o Vope D] (3.40
iz p=1

Expression (3.40) implies that a continuous tubular flow of electrons is
represented as a set of macroparticles (charged rings) whose number is M

per length 27 /q,. The coordinate Zp(zOp’VO t) describes the position of the

t) and

p’
individual p th macroparticle. Note that the coordinate Zp(Zop,Vop,
the velocity Vzp(zOp'VO

equations of motion

p,t) of the pth macroparticle are solutions to the

dz,(Zy: Vopst) B
T (3.41)

AV, (Z5p: Vop 1) €

) p’ op

————— —=—R€gE , 2,11,

dt e[ z(pO p )]

with the initial conditions Z,(Z),,Vy,,0)=2%,, and VZP(ZOP,VOp,O)zvop. In

what follows, we will analyze the time evolution of the amplitude and phase
of the wave, as well as the coordinates and velocities of the macroparticles
in the coordinate system fixed to the beam. To this end, we make the change
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Z,(Zop Voo 1) =Vt + 2,(Zy,,, Vo t)
Vo (Zops Vops 1) = Vo + Y, (2, Yy 1)

where Z(Z),,%,,t) and V,(Z,,,%,,
and longitudinal velocity of the pth macroparticle. Then the system of

t) are perturbations of the coordinate

equations (3.41) and the corresponding initial conditions are rewritten as

02, (2 Vopo)
T (3.42)

av, (2,,.%,.t) e -
%:ERe{EZ(pO,Zp,t)},

and Z,(Z,,%,,0 =2, and V,(Z,,%,,0)=Y,,. Henceforth we will assume

that the beam 1is monovelocity at the initial moment of instability
development. Therefore, we assume that, in the coordinate system fixed to
the beam, the initial velocity perturbations of macroparticles are zero, i.e.,
Vp =0.

Equations (3.33) and (3.34), analogous equations for the vacuum
region, and Egs. (3.39) and (3.42) along with the boundary condition (3.37)
represent a closed system of self-consistent nonlinear equations describing
the time evolution of the fields excited by the beam. To solve this system, we

assume that A\:yl and A, depend on time and satisfy the following

conditions:

1 a'A\:yl vac
'%yI ,vac ot

< o- (3.43)

We represent the other field components Ep(p,Z,t) and H(p(p,Z,t) in the

cylinder and vacuum regions as
E>"*(p,z,t)= By, .. (0.t exdi(a,z— at)], (3.44)

H;yl,vac(p, Z,t) — Ccyl,vac(p’t)exdi (qZZ— a)t)] , (3.45)

where the first index “cyl” corresponds to the cylinder region and the second
index “vac,” to the vacuum region, and the amplitudes chl(p,t), Ccyl( ,t),
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B,..(o.t), and C_ (p,t) satisfy conditions analogous to (3.43). Substituting

Vi
expressions (3.35), (3.36), (3.44), and (3.45) into Eqgs. (3.33) and (3.34) and
analogous equations for the vacuum region, we obtain the following
equations:

By (ot) . By(pt) %2 ic?ax .,
%—Za) Cy(;t i Bwl(p,t)z— . JO(Kp)AW(t), (3.46)
2
¢ Bvaatcz(p’t)_ZiG)aB\/ag,Ep’t)"_Czquvac(p’t): _iczqqué(qp)A/ac(t)’ (347>
0°Cyy (ot Cy(pt) %2 oA, (t
;y'tz(p )—2ia) Cy(;ip )—CK Ccyl(p,t)=CKJ(')(Kp{ Agl()—ia)Am(t)J,
£

(3.48)

2
M - 2|a)acvagfp,t) + CquCvac(p:t) = CqK(,)(qp{&A\gtC(t) —i a)p\/ac(t)j ’
(3.49)

where the prime in the special functions denotes differentiation with respect
to the argument. Substituting the expressions for the fields (3.35), (3.36)
and (3.44), (3.45) into (3.39) and multiplying both sides of the equality
obtained by exp[-i(q,z— wt)] after averaging over the period 2z/w, we

obtain

Bvac(pO’t)_B (pO’ _F[qK 4o A\/ac() Kpo

where
o 7 on(zt)

_o i _ ) (3.51)
o e exp[-i(q,z - ot)]dt

-n/o

The substitution of (3.40) into (3.51) under the Cherenkov resonance
condition @ = q,V, yields

2 M
I“:_w'\;]oazexp|:_i22p(zmvo,t):|. (3.52)
p=1 Vo

Recall that just as above the Cherenkov resonance with the condition
o =q,v, means the effect of excitation of eigenmodes of the cylinder under
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study as a result of longitudinal bunching of electrons in the field of the
excited wave and the formation of emitting electron bunches in its
decelerating phases. From expressions (3.35) and (3.36) and the boundary
condition (3.37), we obtain the following relation between the amplitudes

Ay (t) and A, (t):
Acyl (t)Jo(Kpo) = A/ac(t)Ko(qpo)- (3.53)

Then, applying expression (3.53), from (3.50) we obtain

4riep,

0 (354)
c’d,A,K,(apy,)

Aw (t) = iqz—po) [Bvac (/70 't)_ ch| (po vt)]_

- AOJO(KIOO

and A/ac(t) = A:yi (t) ‘]0(’(/76)/ Ko(qpo)’ Ay =0poY¢ —kpoY ;> where
Y = Kg(a0,)/Ko(a0,) and Y, = 34 (s, )/ o (w0, ) - Substituting (3.54) into
Eqgs. (3.46)—(3.49), we obtain a closed system of equations relating the
amplitudes chl (po,t), Biac (po,t), CcyI (po,t), and C,. (,Do,t) and to the
surface density n(zt) of the beam.

Let us represent the above complex amplitudes of the fields as

A:ywac(t) = Fcyl,vac(t)exdi acyl,vat:(t)J’ (3.55)
chl,vac(po ’t) = chl,vac(pO’t)eXd.i (lcyl,vac(t))J’ (3‘56)
Ccyl ,vac(po ) t) = Pcyl ,vac(po !t)exdi (’//cyl ,vac(t))J ) (3.57)

where Otcyl(t), A e (t), chl(t)’ X vac (t), l//cy|(t), and y (t) are slowly varying

(in time) phases that satisfy conditions analogous to (3.43). Substituting the
representation (3.55) of complex amplitudes into the boundary condition

(8.53), we obtain and (t) = Olvac(t) +27K,VKeZ . In what follows, we
assume that F (t)=F(t) and o, (t) = avac(t) = a(t) (for k =0).

With regard to expressions (3.52), (3.54), (3.56), and (3.57), the system
of equations (3.42) is rewritten as
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dz,(z),vo,t)
T = (),
4V, (%, Vo, 1) €9, { : (a) 3 J
dt myA, K, (dpo,) o1 /%0 Vo Pl Ko (3.58)

+Gvac(p0't)8in[\/£ 2p(ZO’V07t) +Zvac(t)j_
0

_M;?/—E/Inoa[al(t) COS(V2 zp(ZO,VO,t)] _O-z(t)sn[vﬂ zp(zoivoyt)jJ:|1

0 0

where

al(t)=pzhi;co{\22p(zo,vo,t)} az(t)=ign[”zp(zo,vo,t)J.

p-1 Vo

With regard to expressions (3.52), (3.54), (3.56), and (3.57), the system of
equations (3.46)—(3.49) is rewritten as

0°Cy <po,t>{(w_% <t>]1 i,

ot? ot EPA,

—a)z}Gcyl (pot)+

(3.59)
c*gxp AY,Sy (t)
+8TOOYJGvac(p0't)COS(ZvaC (t)_chl (t))_;—M’
& 1 (1) zz[a)—al"y' (t)] 1 0G, (po,t)+
ot ot )G, (pt) ot (3.60)
242
sy G”aC(pO't)Sin(zvac (1) 2 (1)) - oo L). O,
A, Gy (001) MGy, (po.t)
2 ox, ()Y
0 Gvac(po’t) — w— ZCVI( ) +C qAZ _wz G (,0 ,t)—
ot? ot A vee o
PoBo (3.61)
CZ 2 Y ac t
~EEPey G (9)08{ 1 (1) 2 (t))—A)KTS’(),
0
0 2 (1) :Z[W_(’ﬂ;(vac(t)} 1 Gu(pl),
o A )Cu(ppt) O (3.62)

Czqquo ch1 (pO’t) : A)YKUvac (t)
+ 2 Y SIN| ¥yac U)= e (1)) + !
AO “ Gvac(pO't) ( ( ) CYI( )) MGvac (pO't)
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where
3
Arexw’nyap,

A, =T oW
AOVOC]Z

«
A= qugYK —&pg TYJ’

Y + quo

M
cyl vac z CO{

ZO’VO' +ch|,vac(t)J’

Z V t+lcy|,vac(t)J'

Solving the system of equations (3.59)—(3.62) and applying relation (3.54),
we can find the time dependence of the amplitude F(t) of the longitudinal

component of the electric field on the boundary of the cylinder. Equations
(3.48) and (3.49) are expressed in the form analogous to the system of
equations (3.59)—(3.62) to describe the time evolution of the amplitudes

Pcy| (po,t) and P, (p,,t) and the phases chl(t) and y(t) of the magnetic

field of the waves. We do not present the corresponding equations in view of
their awkwardness. As a result, we have a system of equations whose

solution yields the slowly varying amplitudes of the fields E;yl (pO,Z,t),
E;/:ac(pm Z1t)’ H Vac(pmz t) H;w (po’ Z’t) and Ecw(po’z’t): Evac(po’z’t)‘

To solve the above system of equations numerically, it is convenient to
introduce dimensionless field amplitudes. To this end, we normalize the
amplitudes of all fields by a certain quantity that has the meaning of some
characteristic maximum value. We determine this quantity from the
condition that the period-averaged energy of the electromagnetic waves
generated by the beam at the nonlinear stage of instability is on the order of
the kinetic energy of the beam in the frame of reference fixed to the wave.
This condition corresponds to the trapping of the beam particles by the field
of the excited wave. Let us estimate the order of magnitude of the average
energy of electromagnetic waves in vacuum under the condition that p = p,

in the neglect of the slow dependence of the field amplitudes on time:
vac l vac *vac vac *vac
W (po): gRe{ (po,z,t)E (po,z,t)+ H (po,z,t)H (po,z,t)},

where “*” denotes complex conjugation. According to the aforesaid, we have
WY (po) oc myN, Vv, ( Vo )2, where Von is the phase velocity of the wave
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excited by the beam. Applying Maxwell’s equations (3.33) and (3.34) for
& =1 and expressions (3.35), (3.36), (3.44), (3.45), and (3.55)—(3.57) for

anc(po) we obtain

(Y, w ’ q ? 2
anc — 7K 1 el Gmax ,
(po) 87zq2 (YJ ) +(quJ +(quK ( oyl )

where Gg,ax is an order of magnitude maximum value of the amplitude

chl (po ’t) .

Let us find an expression for the phase velocity Von of the wave. Using

the results of [138], we can represent the dispersion equation for the coupled
waves of the beam and the dielectric cylinder in the case of axially
symmetric waves as

{lYK +iYJ J(w_ q,Vo)” = _ia)g’
4o Kpo Po

Notice that the expression in the first set of parentheses on the left-hand
side of this equation, when set equal to zero, represents the dispersion
equation of the axially symmetric FEtype eigenwave of the dielectric
cylinder. Following the methods of [90], we obtain the following expression
for the increment y of the emerging instability:

2 ¥3
- Gt ate-sfn e )|

pre =133 (kp, )

where f=v,/c, x =«(q,,m) = wg ﬁzg—l/v0 , and oy =q,V, . Then, for V,,
we have v =v, - 7// \/éqz , which corresponds to a slow coupled wave. As a

result, we obtain the following expression for Gcn;lax :

Y2

2 2|7
Gre - 2NN Y,y (@ ) f 9 )| (3.63)
K'\/éqz YK Cq, C]ZYK

Below we give a numerical analysis of the time dependence of slowly
varying amplitudes of the electromagnetic wave fields reduced to the
dimensionless form with respect to (3.63) taken for fixed values of v, and q,
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(under the condition @ =q,v,) and the radial mode index S corresponding

to the number of variations of the field along the radial coordinate p .

3.3.2. Numerical Analysis Of The System
Of Nonlinear Equations

We carry out a numerical analysis of the system of equations
(3.58)—(3.62) and the corresponding equations for the amplitudes Pcy| (po,t)

and P, (po,t) and phases ¥/, ('[),l//\,aC (t) of the magnetic field of the wave
with the use of the following dimensionless quantitiesi T=04 0 =0/w,;
ab:wb/wo;77:7/wo;qz:quo’K Kpo qz p’V _qZ Zp/a)’
EX*(po, ) =[E5" (po.7) = Faclp0:) () (3.64)
ch|
B (pp.0) - S0P gy oy Cuclbnn): (agn)
Ggi
o P (,0 ’T). — \ac P T
‘Hfd(Po'T)\:MGT:x’ H (po-r)=vaé§;;). (3.66)
cyl cyl

where @, =c/p, . As the material of the dielectric cylinder, we use polikor
with & =9.6; the radius of the cylinder is p, = 0.5cm. We take the following
values of the equilibrium electron concentration in the beam n,, the beam

wall thickness @, and the directed velocity of the beam electrons v,:
n,=10° ¢cm3, a=10" cm and v, =048c. For these parameters of the

system, we have 0)026‘101L0 s, w,/w,~0.1. We analyze the time

dependence of the dimensionless field amplitudes (3.64)—(3.66) for three
values of the radial mode index s=1,2,3. The resonance values of ¢, and
@ corresponding to the intersection points of the dispersion curves of
azimuthally symmetric eigenmodes of the cylinder and the dependence
w=q,y, are as follows (see. [138]): §,~33; @~16; y~12.107

(0 ~9.56-10°s1, 1~0.95 cm) for s=1; @, ~6.155 @ ~2.98; ¥ ~1.5-107?
(0~1.79-10"s!, 1~ 0.5 cm) for s=2, §,~8.97; @ ~4.35; 7 ~1.7-1072

(w~26-10"s1, 1~0.35 cm) for s=3, where 1=27/q, is the wavelength.
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We calculate the quantity Gg;™ for the values of g, and @ corresponding
to s=1: G ~5.3-:102 CGS (or Gy ~1.6-10° V/em).

Figures 3.5-3.7 demonstrate ‘E;y' (po,z'j, ‘E;’ac(po,rj, ‘E;’ac(po,rj,
‘ﬁf‘c(po,r], and ‘ﬁ;y' (po,z-j as a function of dimensionless time 7 for
waves with the radial mode index s=1 (waves EOl), s=2 (waves Eoz)’
and s=3 (waves Eos)’ respectively. Here we use the notation adopted in

[139] for the eigenmodes E, . of the cylinder. The first index N corresponds

to half the number of variations of the field with respect to the azimuthal
angle ¢ (for an azimuthally symmetric wave, n=0), and the second index

S is the radial mode index.

Fig. 3.6. Slow changing amplitudes of the electric and magnetic fields
of the E, | wave as a function of dimensionless time

In Figs. 3.5-3.7, curves 1 correspond to the function ‘E;V' (po,z-j, curves
2, to the function ‘E;ac (po,r){, curves 3, to ‘Ez"ac (po,rj , curves 4, to
‘ﬁ b (po, 1-1 , and curves 5 to ‘ﬁ;yl (po. r] . We solved the system of equations for

slowly varying (in time) amplitudes and phases of the fields numerically by the
Runge—Kutta method. The electron beam was simulated by individual ring-
shaped macroparticles that are uniformly distributed over the interval

0< Z,< 27 at the initial instant of time. The number M of macroparticles was

8000. Note that the computational program used allowed us to perform
integration with variable step size by defining a relative error at each step. The
initial values of the dimensionless amplitudes of the fields (3.64)—(3.66) were set
equal to 1072, and of their time derivatives, equal to their initial values
multiplied by the dimensionless increment y  corresponding to each type of



170 PROBLEMS OF THEORETICAL PHYSICS

waves. The initial values of the slow phases and their derivatives were assumed
to be zero.

Fig. 3.6. Slow changing amplitudes Fig. 3.7. Slow changing amplitudes
of the electric and magnetic fields of the electric and magnetic fields
ofthe E,, wave as a function of the E;, wave as a function
of dimensionless time of dimensionless time

Figures 3.5—-3.7 show that the instability saturation time for the
E,, wave, 7, 217 (or t, = 7,/w, ~ 3.6 ns) is greater by a factor of about 3.8
than that for the E;, wave (72 ~56ort,=1, / w, = 0.94 ns) and by a factor of
about 12.5 than that for the E;, wave (r;~17.3 or t,=7,/w, ~0.07ns). By

this time, the particles of the beam are trapped by the field of the excited
wave, and a further increase in the field amplitude corresponding to the
linear stage of instability development stops. The analysis of the functions
presented in Figs. 3.5-3.7 shows that the instability saturation amplitudes
of electric and magnetic fields for the E,, wave are about 2.2 times greater

than the corresponding values for the E,, wave and about 7.3 times greater
than those for the E

amplitudes at the nonlinear stage of instability saturation for the E,, wave

»3 Wwave. In this case, the oscillation “period” of these

is about 3.8 times greater than that for the E,, wave and about 40 times
greater than that for the E,, wave. For example, for the E;, wave, this
period is approximately equal to T, ~1.38ns, for the E;, wave, to T, ~ 0.36
ns, and, for the E

the radial mode index S increases, the instability saturation times, the
corresponding values of slow amplitudes, and the oscillation “periods” of
these amplitudes at the nonlinear stage of instability saturation decrease.
Note that, as the radial mode index S increases, the instability saturation
time and the period of nonlinear oscillations of slow amplitudes decrease by
about the same number of times.

Figures 3.5-3.7 also show that the oscillation amplitude of ‘E}‘)"” (Po , z-j

03 Wave, to T, ~ 0.033ns. Hence, we can conclude that, as

(curves 2) turns out to be the greatest ones. The ratio of the maximum
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instability saturation amplitudes of ‘E;’ac (po,z-j and ‘E;y' (po,rj for the E,,

wave 1s approximately equal to 8.7, for the E,, wave, to 7.6, and for the

02
E,, wave, to 3.6. As applied to the boundary condition (3.38), this means

that the contribution of the beam to the jump of the radial component of the
electric field of the wave increases with increasing radial mode index S. The

analysis of the jumps of the functions ‘ﬁq‘”‘“ ('DO’TM’ and ‘ﬁ;y' (po,z-j for the
E E

0

Comparison of Figs. 3.5 and 3.6 with Fig. 3.7 shows that the
oscillations of slow amplitudes in Fig. 3.7 exhibit an irregular behavior.
A possible reason for this phenomenon is the fact that the period of
nonlinear oscillations for s = 3 turns out to be comparable with the period of

the excited wave: @ T,~2 and a)o(27z/ a))zl.44, where the frequency @

017 ,»and E,, waves leads to a similar result.

corresponds to the E,, wave. This means the violation of condition (3.43),

which actually represents the condition of slowness of the time variation of
the field amplitudes. This can provide evidence for that fact that the method
of slowly varying amplitudes and phases used in the present study is no
longer applicable for waves with radial mode index greater than a certain
“critical” value. For the chosen parameters of the cylinder and the beam,
this value is s, = 2. Indeed, for s= 2, we have @,T, = 21, which is 7 times
greater than @, (27[/ a)) ~ 3, where the frequency @ corresponds to the E,,
wave, while, for s=1, we have @,T, ~83, which is almost 52 times greater
than @, (27[/ a)) ~1.6, where the frequency @ corresponds to the E , wave.

Here the quantity a)O(Zﬂ/ a)) represents the dimensionless period of “fast”

oscillations of the fields of the excited wave with resonance frequency @.
Consider the question of the polarization of the waves excited by the

beam. To this end, using the approach developed in [140], we write the

ellipse equation for the dimensionless components of the fields

AZ:ReIi(po,r)/Q)(po,r) and A :ReEp(po,r)/q)(po,r)i
AN+ —2A A, coda(r) - y(7)]=sin?[a(zr) - 4(7)), (3.6M

where ®(p,,7)= F,.(0,7)K,(0p,) for both the vacuum and cylinder
regions (in view of the boundary condition (3.37), the same quantity
d)(po,r) corresponds to the cylinder region) and the component E p(po,r)
and the corresponding amplitude G(p0 , z') and phase y(r) may refer to both

the cylinder and vacuum regions. In addition, we write the equation for the
polarization coefficient:
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3(7 :Ez(po,r):d)(po,r)ex izn(z7)ts
) Ep(povf) G(po:7) p{ 4 )}

where 77(7) = [a(z—)—l(z-)]/;z- . Recall that, in the cylinder region,
X (T) = X (T , and we consider the function 7 (T); in the vacuum region,
2(7)= Zee (7

to (3.67), the polarization of the wave may change with time. Moreover,
Figs.3.5 and 3.6 show that q)(pO,T)/G(,OO,T)>1 G.e., |3(Z']>1) for the

— —

, and we consider the function nvac(r). Notice that, according

cylinder region and CD(pO,Z')/G(pO,Z') <1 G, |S(T] <1) for the vacuum
region.

Figure 3.8 demonstrates the functions 7 (‘[) (curve 1) and nvac(r)
(curve 2) for the E;, wave. One can see that the phase difference 77, (2') for
the electric field in the cylinder oscillates with time and varies within
1<, (T) <1.011. This means that the polarization of the electric field in
the cylinder changes with time and can be either linear for Moy (z’) =0 and
Ny (T) =1 or elliptic for other values of 7, (T) (with regard to the fact that
|S(T) >1 in the cylinder). The change of sign of Ny (T) implies the change of

the direction of rotation of the electric field vector of the wave in the ( Jol Z)

plane. For example, for 7 (T)>0, the electric field vector of the wave

rotates counter-clockwise when seen from the end of the unit vector defining
the positive direction of the ¢ axis.

The function nvac(r) behaves similarly. At the instants of time when

77\,&(2') equals 0,1, 2,3, the polarization of the wave is linear, while, at other

instants of time, it is elliptical. It is interesting to note that, at the nonlinear
stage of instability, for 7> 7, ~217, the phase difference nvac(r) coincides

with good accuracy (with an error of about 0.1%) with a value of 3.5, while
remaining an oscillating function of time. This indicates that the

polarization of the wave in vacuum is elliptical (|S(Tl <1), and the axes of
the ellipse almost coincide with the coordinate axes p and Z. Indeed, for
nvac(r)=3.5, Eq. (3.67) turns into the equation of an ellipse. It is also
noteworthy that, at the non-linear stage of instability (for 7 > T, R 217), the
signs of Ny ('[) and 77\,30('[) are opposite. Physically, this means that, in the
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E,, wave, the directions of rotation of the electric field vector in the

cylinder and vacuum are opposite.

Fig. 3.8. Phase difterence 1] (T) of the Fig. 5.9. Phase difference n(v) of the
electric field components E, % (oo, ©)
electric field components E;yl (po T ) and E;%¢ (po, ©) of the E,, wave for the

cylinder (1) and vacuum (2) regions

vac
and E2 ('0 01 T) of the EO 1 wave for as a function of dimensionless time

the cylinder (1) and vacuum (2) regions
as a function of dimensionless time

Figure 3.9 demonstrates 7,, (T) (curve 1) and Uvac(f) (curve 2 for the
E,, wave. One can see that the qualitative behavior of these functions is

analogous to those for the E;, wave. Comparison of the functions 7 (z’)

01
and nvac(z') in Figs. 3.8 and 3.9 implies that, for waves with different values
of the radial mode index S at the non-linear stage of instability, the
directions of rotation of the electric field vector in the cylinder region

coincide (77q,, (T)<Of0r the E,, and E,, waves), while, in the vacuum

01

region, they turn out to be opposite (ﬂm(r)>0 for the E,, wave and

Moc (T) <0 for the E,, wave). Moreover, in the vacuum region, the principal

axes of the polarization ellipse almost coincide with the coordinate axes p
and Z.

3.3.3 Conclusions

We have solved the problem of non-linear stabilization of the
instability of a tubular electron beam as it moves along the surface of a solid
dielectric cylinder. The beam was assumed to be non-relativistic, infinitely
thin in the radial direction, and moving along the lines of force of an
infinitely strong constant magnetic field at small (compared with the
wavelength of the excited wave) impact parameters from the cylinder
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surface. We have considered the excitation of azimuthally symmetric bulk—
surface E- type electromagnetic waves under the Cherenkov resonance
condition. The calculation was performed with the use of slowly varying (in
time) amplitudes and phases of the electric and magnetic fields of the wave.
For these quantities, we have obtained a system of differential equations
from Maxwell’s equations, constitutive relations, and boundary conditions,
which was solved by the Runge—Kutta method with variable step size. In
this case, the beam was represented as a set of macroparticles—charged
rings. We have shown that the frequency of the excited electromagnetic
waves decreases due to nonlinear processes. The analysis of slowly varying
field amplitudes as a function of time has shown that, as the radial mode
index S increases, the instability saturation time and the maximum values
and the period of amplitude oscillations at the nonlinear instability
saturation stage decrease. We have established that the method of slowly
varying amplitudes and phases used in this work ceases to be applicable for
waves with radial mode index greater than a certain “critical” value, for
which the characteristic period of oscillations of the field amplitudes at the
nonlinear stage of instability becomes comparable with the period of fast
oscillations of the excited wave.

The analysis of the differences of slow phases of the radial and axial

components of the electric field of the E;, and E,, waves as a function of

dimensionless time 7 has shown that, at the nonlinear instability stage,
the polarization of the waves is elliptical. The directions of rotation of the
electric field vectors of the E;, and E,, waves coincide in the region of the

cylinder but are opposite in the vacuum region. Moreover, in the vacuum
region, the principal axes of the polarization ellipse coincide with good
accuracy with the coordinate axes p and Z.
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General Coclusion

The following results have been derived in this Chapter.

In the first section the excitation of surface magnetoplasmons by an
electron moving along a static magnetic field in vacuum over a two-
dimensional plasma layer on the surface of a three-dimensional plasma has
been studied theoretically. The effect of magnetoplasmons excitation has
been based on the Cherenkov resonance condition. The spectra of
eigenwaves of such a structure for the GaAs semiconductor as a three-
dimensional plasma and the InSb semiconductor as a two-dimensional
plasma has been numerically investigated. It has been shown that some of
the dispersion curves of eigenmodes have segments with anomalous
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dispersion. Besides, the number of frequency regions where surface
magnetoplasmons can propagate only in one direction with respect to the
external magnetic field in the case under consideration is smaller than that
in the case of the purely transverse propagation of surface
magnetoplasmons with respect to the external magnetic field. This means
that the propagation of surface magnetoplasmons at acute angles reduces
the degree of asymmetry of dispersion curves.

It has been denostrated that the particle excites only waves traveling
at acute angles with respect to the external magnetic field (in particular,
along the external magnetic field). Waves propagating at a right angle to
the external magnetic field are not excited because the projection of the
vector E on the direction of particle motion is zero and, therefore, particle
energy loss to the excitation of surface plasmons is absent.

The radiation pattern of emitted canted surface magnetoplasmons in
terms of the angle @ between the velocity of the electron and the two-
dimensional wavevector K has been plotted. This clearly demonstrates the
nonreciprocity principle in the excitation of surface magnetoplasmons by the
electron. Indeed, the maxima of the spectral density of energy losses appear
at finite values @ , which lie within the region of 0< ¢, <7z/2. It has

been also shown the existence of threshold angles |ch| below which electron-

energy loss is absent. These angles correspond to the points of beginning of
dispersion curves of the magnetoplasmons.

It 1s seen from the radiation pattern of emitted canted surface
magnetoplasmons that the maximum of the spectral density for surface
modes which have segments of dispersion curves with anomalous dispersion
is approximately two orders of magnitude higher than the maxima of the
spectral density for other surface modes.

The numerical analysis of the dependence of the maximum of the
spectral density, corresponding to the modes which have segments of
dispersion curves with anomalous dispersion, on the electron density in the
two-dimensional plasma for the cases where the two-dimensional plasma is
a Drude gas (with a quadratic dispersion law) and graphene monolayer
(with a linear dispersion law) with the same electron density has been
performed. It has been shown from the analysis of the the dependence the
qualitative character of the dispersion law of electrons in the two-
dimensional plasma can be established. It means that the results of the
considered physical problem of excitation of surface magnetoplasmons by an
electron moving along a static magnetic field in vacuum over a two-
dimensional plasma layer on the surface of a three-dimensional plasma can
serve as the basis for the new non-contact method for testing graphite films
to identify graphite monolayers from them.

In the second section the instability of nonrelativistic tubular electron
beam that moves above a dispersive metamaterial of cylindrical
configuration has been theoretically examined. It has been assumed that the
metamaterial possesses negative permittivity & and negative permeability
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4 simultaneously over a certain frequency range where it behaves like a

left-handed material (LHM). The dispersion equations for eigenmodes of the
cylinder and for the coupled modes of the system as well as the instability
increments have been derived.

In order to derive the dispersion equation for the electromagnetic
waves In the electrodynamic system under consideration the following
boundary conditions at the cylinder surface (, = p,) and at the beam surface

(p=p,) have to be satisfied. First, the tangential components of the electric
and magnetic fields are continuous at , = 5 . Second, at , = 5, the tangential

components of the magnetic fields are discontinuous because of the beam
current. Note that the normal component of the magnetic induction vector
remains continuous, whereas the normal component of the -electric
displacement vector suffers discontinuity because of the disturbed beam
charge. However, in nonrelativistic case, when p2<<1 (where B 1is the

velocity of the beam devided by the velocity of light in vacuum) and 5% >1,
the discontinuities of the tangential magnetic field components H, (p,q, »)
and H_(p,q,,0) at the beam surface (, = p, ) are small values of the order of
o(p) - Therefore, in the boundary conditions at the beam surface (,=p,) in

the case where the distances of the beam from the cylinder are much less
than the wavelength, we suppose these components are continuous, and
take into account only the discontinuity of the radial component E, (p,q,,0)

of electric field.

The instability is shown to be caused by Cherenkov or anomalous
Doppler effects depending on the radial distance between the cylinder and
the beam. Note that the Cherenkov resonance means the effect of excitation
of eigenmodes of the cylinder under study as a result of longitudinal
bunching of electrons in the field of the excited wave and the formation of
emitting electron bunches in its decelerating phases. The anomalous
Doppler effect means that the instability emerges only if the slow space-
charge wave interacts with the cylinder eigenmodes.

The numerical analysis of the dispersion curves of the eigenmodes of
the cylinder and the coupled modes excited by the beam in the frequency
region where the metamaterial demonstrates the left-handed behavior has
been performed. It has been revealed that the parts of the dispersion curves
of the bulk-surface waves with anomalous dispersion emerge. The latter
1implies negative group velocities of corresponding waves and results in the
absolute character of the beam instability. The nature of the instability in a
small vicinity of the intersection points of the eigenmode dispersion curves
with the beam wave s-gs (the so-called resonance points) has been

studied in detail with the use the well-known Sturrock method.

It has been found that the resonance behavior of magnetic permeability
of the metamaterial leads to the fact that all bulk-surface waves excited by the
beam are the E-type waves for the resonance values of frequencies and wave
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vectors. The numerical analysis of the dependencies of the instability
increments on azimutal and radial mode indices has been performed. We have
shown the excitation of the weak decaying whispering gallery modes of HE-type
with large values of azimuthal index N in the electrodynamic system under
study is possible. Thus, this suggests applications of LHMs as delaying media
for the generation of bulk-surface waves and eliminates the need for creating
artificial feedbacks in slow-wave structures.

In the third section the problem of nonlinear stabilization of
instability of a tubular non-relativistic electron beam moving in vacuum
along the surface of a solid-state plasma cylinder has been solved. We have
assumed that the beam thickness is infinitely small and there is no direct
contact between the beam and the cylinder surface. The interaction of an
electron beam with eigenmodes (oscillations) of a dielectric cylinder is
described by the set of electrostatic equations supplemented with the
constitutive equation and the equation of motion of plasma electrons. We
have limited ourselves to considering azimuthally symmetric electrostatic
waves and introduced the electric field potential w(p,zt) such that

E(p,zt)=-Viy(p,zt). The potential of the wave y(p,zt) and its radial
derivative oy (p,z,t)/0p satisfy the following boundary conditions on the
cylinder surface: the continuity of the y(p,z,t) and a jump in its derivative

due to the presence of the beam surface charge.

The nonlinear stabilization of the emerging instability has been
investigated by the method of slow varing in time amplitudes and phases of
the electrostatic wave. Using the Runge—Kutta method with a variable step,
the numerical analysis of a self-consistent system of equations describing
the time evolution of the wave amplitude and phase, as well as the
coordinates and velocities of the macroparticles, has been carried out. It has
been supposed that the frequency of the electrostatic wave are related to the
beam electron velocity by the Vavilov—Cherenkov resonance condition
®=0Q,V,, 1.e., as has been mentioned above, the effect of excitation of

eigenmodes of the cylinder under study are caused by longitudinal bunching
of electrons in the field of the excited wave and the formation of emitting
electron bunches in its decelerating phases.

The nonlinear stabilization of the wave amplitude due to the effect of
self-trapping of the beam electrons and their subsequent chaotization has
been demonstrated. It has been shown from the corresponding phase
portrait of macroparticles that a group of reflected macroparticles appears
in the stage of instability saturation and is reflected from the humps of the
beam potential wave. Besides, it has been established that the larger the
radius of the plasma cylinder, the later the nonlinear stage of instability
begins and the larger the maximum value of the slowly varying amplitude.
The limiting case of a plane interface between the electron beam and the
solid-state plasma has been considered.

The problem of non-linear stabilization of the instability of a tubular
electron beam moving along the surface of a solid dielectric cylinder has
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been theoretically investigated. The beam is assumed to be non-relativistic,
infinitely thin in the radial direction, and moving along the lines of force of
an infinitely strong constant magnetic field at small (compared with the
wavelength of the excited wave) impact parameters from the cylinder
surface. We have considered the excitation of azimuthally symmetric bulk—
surface E-type electromagnetic waves under the Cherenkov resonance
condition.

The boundary conditions at the surface of the beam (p = p,) are the

continuity conditions for the longitudinal component of the electric field and
the jump of the radial component of the electric displacement vector
associated with the presence of a perturbed charge of the beam. The beam is
represented as a set of macroparticles (charged rings). The homogeneous
wave equations for the radial component of electric field and the azimuth
component of magnetic field in vacuum as well as in the cylinder along with
the above mentioned boundary condition and the equations of motion of
macroparticles in the coordinate system fixed to the beam represent a closed
system of self-consistent nonlinear equations describing the time evolution
of the fields excited by the beam. To solve this system, we use the method of
slowly varying (in time) amplitudes and phases of the excited wave.

Solving the system of equations which is consisted of equations of
slowly varying amplitudes and phases of the radial component of electric
field and the azimuth component of magnetic field both in vacuum and the
cylinder along with the equations of motion of macroparticles we can
analyse the non-linear stage of the beam instabilyty. The longitudinal
component of the electric field we derive with the use of the corresponding
boundary condition on the cylinder surface.

To solve the above system of selfconsistent equations numerically, we
introduce dimensionless field amplitudes. To this end, we normalize the
amplitudes of all fields by a certain quantity that has the meaning of some
characteristic maximum value. We determine this quantity from the
condition that the period-averaged energy of the electromagnetic waves
generated by the beam at the nonlinear stage of instability is of the order of
the kinetic energy of the beam in the coordinate system fixed to the wave.
This condition corresponds to the trapping of the beam particles by the field
of the excited wave. The analytical expression for the increment of the
emerging instability has been derived.

The numerical analysis of the time dependence of slowly varying
amplitudes of the electromagnetic wave fields reduced to the dimensionless
form taken for the fixed values of beam velocity v, and longitudional

component of the wave vector ¢, (under the Cherenkov condition @ = q,Vv,)

and the radial mode index S corresponding to the number of variations of
the field along the radial coordinate p has been performed. As the material
of the dielectric cylinder, we use polikor.

We solved the system of equations for slowly varying (in time)
amplitudes and phases of the fields along with the equation of motion of
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macroparticles numerically by the Runge—Kutta method. The electron beam
was simulated by individual ring-shaped macroparticles that were

uniformly distributed over the interval 0<Z <27 (where Z, is the

dimensionless longitudinal coordinate of p th macroparticle, i.e. Z, :qzzp>

at the initial instant of time. The number M of macroparticles was 8000 .
Note that the computational program used allowed us to perform
integration with variable step size by defining a relative error at each step.
The initial values of the dimensionless amplitudes of the fields were set
equal to 1072, and of their time derivatives, equal to their initial values
multiplied by the dimensionless increment 7 corresponding to each type of

waves. The initial values of the slow phases and their derivatives were
assumed to be zero.

From the numerical analysis we conclude that, as the radial mode
index S increases, the instability saturation times, the corresponding values
of slow amplitudes, and the oscillation “periods” of these amplitudes at the
nonlinear stage of instability saturation decrease. Note that, as the radial
mode index S increases, the instability saturation time and the period of
nonlinear oscillations of slow amplitudes decrease by about the same
number of times. Besides, the analysis shows that the oscillations of slow
amplitudes for the radial mode index s =3 exhibit an irregular behavior.
A possible reason for this phenomenon is the fact that the period of
nonlinear oscillations for s = 3 turns out to be comparable with the period of

the excited wave 27/w, where the frequency @ corresponds to the E,,

wave. This means the violation of condition of slowness of the time variation
of the field amplitudes. This can provide evidence for that fact that the
method of slowly varying amplitudes and phases used in the present study
is no longer applicable for waves with radial mode index greater than a
certain “critical” value.

The mumerical analysis of the polarization of the waves excited by the
beam has been carried out. The analysis of the differences of slow phases of
the radial and axial components of the electric field of the E,, and E,,

waves as a function of dimensionless time 7 has shown that, at the
nonlinear instability stage, the polarization of the waves is elliptical. The

directions of rotation of the electric field vectors of the E,, and E,, waves

coincide in the region of the cylinder but are opposite in the vacuum region.
Moreover, in the vacuum region, the principal axes of the polarization
ellipse coincide with good accuracy with the coordinate axes p and Z.
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Icroscopic approaches to the description of non-equilibrium

processes in complex systems of identical particles, in particular, at

the kinetic stage of evolution, have been developed. In this work,

the term ‘complex” unites some selected systems of many 1dentical

constituent particles with a complex internal structure. The
Internal structure of particles is reflected in the peculiarities of their interaction,
both among themselves and with an external field acting on the medium. Such
systems are nonlinear, open (regarding the presence of an external field),
demonstrating the emergence of self-organization and new properties in the
process of evolution. As an example of such systems, we consider dissipative
media (media with internal friction between structural units) under the influence
of an external random field, active media (in this case, the dissipative media, the
structural units of which are influenced by an external stochastic field, the action
of which depends on the velocity of the structural unit), low-temperature gases of
hydrogen-like atoms in an external electromagnetic field. The systems are
specially selected in such a way as to cover the cases of both classical and
quantum complex systems. For systems of this kind, recipes have been proposed
for constructing microscopic approaches to describing their evolution, in
particular, its kinetic stages. The approaches are constructed in such a way that
the noted internal structure of the structural units of the system does not affect
the possibilities of considering these composite particles as point objects. The
motivation for the research is, first of all, the fact that consistent microscopic
approaches to the description of evolutionary processes in these systems are
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currently either completely absent or insufticiently developed.The development of
microscopic approaches 1s based on the generalization of the Bogolyubov -
Peletminsky reduced description method to the case of the listed complex systems
of identical particles. The procedure for constructing microscopic approaches to
describing the evolution of dissipative systems (including those with active
fuctuations) demonstrates the possibility of dynamically substantiating the
kinetic theory of dissipative systems of identical particles in an external stochastic
field. Within the framework of the developed approaches, a procedure is proposed
for deriving kinetic equations for all the systems mentioned in the case of weak
Interaction between particles and a low intensity of the external field. A number
of particular solutions of the obtained equations are analyzed, in particular, with
the aim of further applications of the developed theory.

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic
field, Furutsu-Novikov formula, chains of BBGKY equations, reduced description
method, kinetic equations, self-propelled properties of dissipative systems.

PACS numbers: 05.20.-y; 06.20.Dd; 05.10.Gg; 05.40.-a; 056.40.Jc; 456.70.-n;
47.70 Nd

Introduction

First of all, it should be recalled that a general definition of the concept of
a «complex system» does not exist at the present time. The concept itself is
widely used in the scientific literature as a term that marks the presence of
specific features of the objects of study in many natural and humanitarian
sciences. Perhaps it is precisely because of such a comprehensiveness of the
term that there is no general definition of such systems. The English-language
Wikipedia, for example, characterizes such objects as follows: «Complex
systems are systems whose behavior is intrinsically difficult to model due to the
dependencies, competitions, relationships, or other types of interactions
between their parts or between a given system and its environment. Systems
that are «complex» have distinct properties that arise from these relationships,
such as nonlinearity, emergence, spontaneous order, adaptation, and feedback
loops, among others»l. As for the physical side of the issue, the Ukrainian-
language Wikipedia claims that “The physics of complex systems studies
systems that consist of many interacting parts and exhibit collective behavior
that is not a simple consequence of the behavior of their individual components.
Examples of such systems are condensed matter, ecological and biological
systems, stock markets and economic systems, and human society. The concept
of a complex system applies to many traditional disciplines of science and forms
a new, interdisciplinary field of knowledge. The equations used to build models
of complex systems are mainly taken from statistical physics, information
theory and nonlinear dynamics. Inherent features of complex systems are self-
organization, the emergence of new functionalities (emergence), high sensitivity
to small changes in initial conditions, obedience to power laws (distributions

"https://en.wikipedia.org/wiki/Complex_system
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such as «thick tails»)2. Let us also recall that self-organization is a term used to
define the processes of emergence in such a system of complex structures in the
absence of order imposed by external influence, and emergence is the
emergence in the process of evolution of new properties that are not reducible to
the sum of the properties of the components (structural units) of the system.

In this work, the term «complex» unites some systems of many
identical constituent particles with a complex internal structure. The
internal structure of particles is reflected in the peculiarities of their
interaction, both among themselves and with an external field acting on the
environment. As will be shown in the further presentation, such systems are
nonlinear, open (the presence of an external field!), Demonstrating the
emergence of self-organization and new properties in the process of
evolution. As an example of such systems, in this work we consider
dissipative media (media with internal friction between structural units)
under the influence of an external random field, active media (in this case,
dissipative media, the structural units of which are exposed to an external
stochastic field, the action of which depends on structural unit velocity), low-
temperature gases of hydrogen-like atoms in an external electromagnetic
field. It should be noted that the systems are specially selected in such a
way as to cover the cases of both classical and quantum complex systems.
For systems of this kind, we propose recipes for constructing microscopic
approaches to describing their evolution, in particular, its kinetic stages.
The approaches are constructed in such a way that the noted internal
structure of the structural units of the system does not affect the
possibilities of considering these composite particles as point objects. The
motivation for research is, first of all, the fact that consistent microscopic
approaches to the description of evolutionary processes in these systems are
currently either completely absent, or insufficiently developed. We also note
that in the further presentation we will omit the term «complex» in relation
to the systems under study, except for those cases when it will be necessary
to emphasize exactly the corresponding characteristics of the systems.

Dissipative media. In presenting the material related to the construction
of the kinetics of dissipative media under an external stochastic action, we will
closely adhere to the content of [1]. The research topics of this work have a
fairly long history, which goes back to the problem of dynamically
substantiating the Boltzmann kinetic equation. This justification was intended
to link two different approaches to describing the evolution of complex systems -
a dynamic theory based on Hamiltonian mechanics, and a kinetic theory, which
was initiated by Boltzmann. Thus, in essence, the question of the transition
from reversible equations of Hamiltonian mechanics to irreversible equations of
statistical mechanics should be solved. For the first time, a consistent dynamic
substantiation of statistical mechanics in the microscopic approach for the case

*https://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA%D0%B0_%D1%81%
D0%BA%D0%BB%D0%B0%D0%B4%D0%BD%D0%B8%D1%85 %D1%81%D0%B8%D1%81%D1%8
2%D0%B5%D0%BC.
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of classical (not quantum) systems of many particles was given by
N.N. Bogolyubov [2]. The method proposed by Bogolyubov for a reduced
description of the evolution of many-particle systems made it possible to
construct a regular procedure for obtaining closed dissipative kinetic equations
based on the BBGKY chain of reversible equations for many-particle
distribution functions. In the case of quantum systems, such a justification was
extended in the works of S.V. Peletminskii within the framework of the method
of reduced description of quantum systems of many particles developed in them
(3].

The approach to the construction of a kinetic theory of systems of
many particles in the case of the action of an external random force on them
requires significant modification. The reason lies in the need to introduce
averaging of the physical characteristics of the system over the external
stochastic force (see in this regard [4]). The averaging procedure itself
inevitably leads to the introduction of moments of physical characteristics or
related correlation functions (in the most general case, correlation functions
of any order) and the derivation of evolution equations for them. Thus, the
microscopic approach to the derivation of the kinetic equations of many-
particle systems under an external stochastic action should be based on the
method of reduced description in combination with the procedure of
averaging over an external random field. In this case, the initial equations
should be Newton's equations or Hamilton's equations for the coordinates
and momenta of particles, taking into account the effect of an external
random force on each particle.

The first steps towards the construction of such a method were taken
in [5]. In this work, the foundations of the method of reduced description of
classical (non-quantum) systems of many particles, subject to external
stochastic action, neglecting the interaction between particles, were
formulated. In the developed approach, analogs of BBGKY chains are
obtained and it is shown that, in the particular case of Gaussian white
noise, controlled chain termination leads to the kinetic Fokker-Planck
equation. The diffusion coefficient in the momentum space in this equation
is determined, as one would expect, by the pair correlation function of the
external random force.

It is clear, however, that the model proposed in [5] is of interest rather
from an academic point of view. Indeed, in many cases, the approximation used
in this work, which neglects the interaction between particles, is simply
physically unjustified. For example, when deriving the kinetic equation for
Brownian particles from the Langevin equations, the interaction between these
particles is usually neglected due to the low density of their number (see, for
example, [3] and also [6-8]). The influence of the medium on Brownian
particles, as is well known, in the Langevin equations is usually divided into
the action of friction forces and the action of stochastic forces. In the case of
constructing a microscopic theory of Brownian motion, the interaction between
Brownian particles can be neglected due to their low density, but it is necessary
to take into account the interaction of medium particles with each other and the
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interaction of medium particles with Brownian particles (see in this connection
[9, 10]). It should be noted that recently, articles have begun to appear on the
construction of a microscopic theory of interacting Brownian particles, see, for
example, [11-16]. Although, from the generally accepted point of view until
recently, Brownian particles were considered non-interacting with each other.

There 1s also a very extensive and important class of many-particle
systems under the influence of external stochastic fields, in the description
of which it is impossible to avoid taking into account the interaction
between particles. We are talking about systems of many particles with
internal friction (the so-called dissipative systems of many particles). The
concept of a «system of many particles with internal friction» is quite
general. «Famous» representatives of this kind of systems are the so-called
granular media (see [17]). These substances are known to often exhibit
unusual or unexpected but remarkable properties. For example, if a
multicomponent mixture of granular materials is shaken, then larger
particles “float” to the surface (see, for example, [17, 18]). This separation of
particles is called the Brazil nut effect. Several competing theories have
emerged that were thought to satisfactorily explain this phenomenon.
However, by the end of the last millennium, it was discovered that if the
mixture of granular materials is shaken hard enough, then large particles
sometimes do not «float», but rather «sink». This phenomenon was called the
“reverse effect of the Brazil nut” (see in this connection, for example,
[19, 20]). It was found that the direction of movement of «nuts» depends not
only on their size and density, but also on the frequency and amplitude of
oscillations. Consequently, the existing theories explaining, as it was
believed before, the noted effect, need a significant revision.

Thus, both in the case of systems with Brownian particles and in the
case of dissipative systems of many particles, the variant of constructing a
microscopic theory of relaxation processes in such systems would be ideal. In
accordance with the above, such a theory would have to take into account
the effect on the system of external stochastic forces (“shaking”) and the
presence of interaction between particles. The interaction, in turn, must
take into account the existence of internal friction forces in the system. In
developing such a theory, the microscopic approach should be based on the
reduced description method, which has proven itself so successfully in
describing the evolution of simpler systems of many particles. It is clear that
the construction of such a general theory at the moment seems to be more
than problematic. However, it turns out that the development of a
microscopic approach to constructing a fluctuation-kinetic theory for a gas
with internal friction between particles that are subject to the influence of
external stochastic fields is quite realistic. Demonstration of this
circumstance is one of the goals of this work. Note also that such systems, in
our opinion, can serve as a model of the so-called granular gases. In the case
of a Gaussian external field, the systems under study can be considered
prototypes of systems with interacting Brownian particles [11-16].
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Active environments. Here the situation with the description of
nonequilibrium processes 1s in many respects similar to the situation
described above in the case of dissipative media. The name «active
substance» or «active medium» unites systems of many particles, in which
the external environment has a significant effect on the movement of
structural units. Moreover, this influence depends on both the properties of
the structural units themselves (their shape or internal structure), and on
some of their dynamic characteristics, such as, for example, speed.
Brownian motors [21,22], motile cells [23-28], macroscopic animals [29,30],
artificial self-propelled particles [31, 32] are usually indicated as examples
of the marked objects. The constant increase in interest in the study of such
systems is associated with their demonstration of many amazing effects and
properties, see in this connection the remarkable review [33] and the
references therein. The study of nonequilibrium processes in systems of
active particles inevitably raises the question of the correct derivation of the
equations of evolution of such systems, in particular, kinetic equations. As
in the case of dissipative media, an analysis of the currently existing huge
number of publications related to this problem shows that in most cases the
derivation of equations for the dynamics of active particles is based on
phenomenological approaches of the Langevin type (see [33] and also, for
example, [34, 35]). Moreover, just as in the case of systems of particles with
internal friction, it must be borne in mind that the use of the Langevin
equations to describe dynamic processes requires confidence in their
applicability in this case. And first of all, as already noted above, such
confidence is required by the circumstances associated with the need to take
into account the interaction between the structural particles of the system
(see in this regard [3], [9, 10], [11-16]). It should be remembered that both
dissipative systems and systems of active particles can be affected by noise
and of a more complex nature than Gaussian ones. We emphasize, however,
that in the framework of the Langevin approach, taking into account the
interaction between particles is a difficult problem, the solutions of which
leave doubts about their correctness.

Here, too, the simplest way out of the situation is the development of
microscopic approaches to the construction of a kinetic theory of systems of
active particles. Such approaches should proceed from first principles, that is,
from the idea of the object under study as a system of many identical
interacting particles under external stochastic influence, in particular with
active correlations. Thus, when formulating microscopic methods for
constructing the kinetic theory of the noted systems, the initial equations
should be Newton's equations or Hamilton's equations for the coordinates and
momenta of particles, taking into account the effect of an external random force
on each particle. Thus, as in the case of systems with passive fluctuations
(ordinary granular gases, for example), such an approach to constructing a
kinetic theory should provide a dynamic substantiation of the statistical
mechanics of such systems (see in this connection [2, 3]). Consequently, the
development of a microscopic approach to the construction of the kinetic theory
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of the noted systems is also of purely «academic» interest from the point of view
of the general theory of irreversible processes in many-particle systems. And in
this case, we also proposed a microscopic approach to constructing the kinetics
of such systems based on a modified method of reduced description [36].

Low-temperature weakly ionized rarefied gases of hydrogen-like
atoms. In the cases described above, we are talking about the cases of
classical (not quantum) systems of many identical particles with a complex
internal structure. Low-temperature rarefied gases are purely quantum
objects, as a result of which, to describe their evolution, it is necessary to
use the methods of quantum statistical mechanics.

The first burst of interest in the topic of such studies belongs to the
second half of the last century, when the classification of plasma according
to its characteristics and properties was established, an understanding of
the main properties of quantum plasma [37—41] and weakly ionized gases
was achieved, see, for example, [42, 43] ... Note that the number of
publications on plasma physics, including monographs and textbooks, is so
huge that we cite here only a few references that mark (taking into account
the references in these books) a certain chronology of research.

The renewed interest in the study of kinetic processes in quantum
gases is due to intensive studies of systems with Bose-Einstein condensate
(BEC) [44, 45]. Indeed, BEC is a vivid example of the manifestation of the
quantum-mechanical nature of matter at the macrolevel. In addition, as is
known, the BEC phenomenon was first realized in alkali metal vapors at
temperatures on the order of hundreds of nanokelvin (quantum gases!)
[46, 47]. The most powerful argument in favor of studying the kinetics of
weakly ionized or excited gases is the unique effects of the interaction of
such systems with electromagnetic fields and, above all, the phenomenon of
strong slowing down and even «stopping» of light in gases with BEC. The
possibility of observing such phenomena experimentally was demonstrated
in [48, 49]. In [50-52], for a consistent theoretical description of the
interaction of electromagnetic waves with gases in the presence of BEC,
a microscopic approach was proposed based on a new formulation of the
secondary quantization method in the presence of bound states of particles
[53]. This method made it possible, in particular, to substantiate the
fundamental possibility of observing strong slowing down of light in
ultracold rarefied Bose gases with BEC without using artificially stimulated
transparency of the medium near resonances (see in this connection [49]). In
addition, other interesting effects associated with the response of ultracold
gases with BEC to excitation by an electromagnetic field were predicted
within the framework of this method. The possibility of slowing down
microwaves in such systems to values of the group velocity of the order of
0.01 cm / s [54] was illustrated, the possibility of controlling the group speed
of light using an external magnetic field [55], the possibility of filtering
electromagnetic signals by such systems [56], and even «curious» the
situation of acceleration of charged particles in ultracold gases with BEC
[57]. We emphasize that in the above cases, systems of many identical
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particles are at ultralow temperatures, which is a necessary condition for
the realization of atomic or molecular BEC with modern experimental
capabilities. Since, under these conditions, the densities of the charged
components of quantum plasma are exponentially small (with respect to
temperature, see [58] in this connection), the systems under study can be
considered weakly excited ultracold gases. In other words, the contributions
of the charged components of the quantum plasma to the effects listed above
can be neglected altogether or taken into account in perturbation theory.

However, this situation may not be typical for all systems with BEC.
Relatively recently, the observation of the BEC phenomenon of photons was
announced under the conditions of a real experiment in a special dye, and at
room temperature [59, 60]. Soon, a number of theoretical works devoted to
the description of such a phenomenon appeared (see, for example, Refs
[61-65]), in some of them the possibility of the realization of BEC photons in
excited gases and even in quantum plasmas [63-65] was predicted. In the
last mentioned cases, kinetic processes in the formation of BEC photons
play an extremely important role [59—66]. In particular, in the noted
systems they form the effective mass of a photon («rest mass») and are
responsible for thermalization of photons in matter, which makes it possible
to achieve a decrease in the temperature of the photonic subsystem and, as
a consequence, achieve a state with BEC in it. Note that under the
conditions of a real experiment, the effective photon mass can also be
formed due to the establishment of a standing wave in the system along any
direction due to mirrors that prevent photons from leaving the system, see
[59, 60]. In addition, in the process of experimental realization of the regime
with BEC of photons in a medium, it is necessary to increase the density of
photons in it. Such an increase is achieved by additional pumping of photons
into the medium by an external electromagnetic field (laser) [59, 60].

Thus, when describing the phenomena and effects associated with the
formation of BEC photons in excited gases and weakly ionized plasma, the
problem of constructing a kinetic theory of such systems comes to the fore, that
is, constructing a coupled system of Kkinetic equations for all possible
components of the system, including radiation (photons). Such a theory should
be microscopic, that is, built on the first principles of quantum statistics, and
take into account the possibility of an external electromagnetic field influencing
the system. We also note that the microscopic approach developed and used in
[50-58] to describe the effects associated with the formation of BEC photons in
excited gases and weakly ionized plasma is inappropriate. The theory used in
these works becomes unusable in the region of low frequencies and wave
vectors and requires substantial modification. The necessary modification, in
turn, requires the use of the methods of kinetic theory, taking into account the
quantum nature of matter [3]. The latter circumstance brings us back to the
problem of constructing a kinetic theory of such systems based on the first
principles of quantum statistical mechanics.

It should be noted here that a number of chapters in monograph [67]
are devoted to the construction of the kinetic theory of partially ionized
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plasma within the framework of the quantum mechanical theory (see also
[68]). In it, the approach to the derivation of kinetic equations for the
structural units of the system in [67] consists of two stages. First, a kinetic
equation is constructed for the distribution function of pairs of charged
particles. Then, after analyzing the role of fluctuations of various
characteristics of particles and fields, a condition for weakening correlations
is introduced when particles pass from bound to free states. This allows, as
a result of the application of a number of approximations (generally
speaking, poorly controlled), to go from one equation for the distribution
function of pairs of charged particles to a system of three kinetic equations
for the distribution functions of electrons, ions and atoms. On the basis of
the developed approaches, it became possible to solve a number of problems,
for example, to construct a statistical theory of bremsstrahlung in plasma-
molecular systems, see in this regard [68]. However, by virtue of the
mentioned weakly controlled approximations used in [67], the question
arises again of constructing a kinetic theory of partially ionized plasma in
the framework of the first principles of quantum statistics.

It is easy to see that the «refrain» of all of the above can be the
statement about the need to develop a consistent microscopic approach to
describing the evolution of the systems considered above. From this point of
view, in the following sections of this work, we will demonstrate the
capabilities of the reduced description method for constructing a kinetic
theory for each of the systems listed above.

SECTION I. THE REDUCED DESCRIPTION METHOD IN THE THEORY
OF DISSIPATIVE SYSTEMS UNDER THE INFLUENCE
OF AN EXTERNAL STOCHASTIC FIELD

1.1. Basic equations

In describing the evolution of dissipative media, we will closely adhere
to the order of presentation of the material in [1]. So, consider a system
consisting of N identical particles of mass M, each of which is characterized
by a spatial coordinate X, 1<a < N, measured from the center of mass,
and momentum p,_ , 1<a <N. We will assume that a system of many
identical particles is placed in an external stochastic field with potential
U'”(X,t) (with index @ we denote the belonging of the potential U (X,t) to
the space of random realizations of an external stochastic field). For
definiteness, we will also assume that before the inclusion of an external
random force U"’(X,t) the system was in equilibrium (usually the moment

of switching on the external force is extended to t=-00). The interaction
between particles is assumed to consist of two parts - reversible, described
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by the Hamiltonian H, and irreversible described by the dissipative function
R (see in this regard [69]). We write the Hamiltonian of the system in the
following form:

H=H,+V=) [&w‘“(xa,t)} SV, (1.1.1)

I<a<N 2m I<a<p<N
where Va’ 5 represents the potential of pair interaction,

V,

a,p EV(Xaﬂ)’ Xaﬂ Exa_xﬂ' (112)

In the general case, we will also assume that the dissipative function
R is determined only by the difference of coordinates X s and momenta
P.s of the particles. Due to this circumstance, the system in the absence of

an external stochastic action will have Galilean invariance. Thus, we will
assume that the dissipative function can be represented in the form:

R= Y R, R,=R(X4P)  Py=P,—Ps; (113
1<a<p<N
Since function R is considered scalar, it should only depend on the
quantitiesxiﬁ, piﬂ, X 5P -

In accordance with formulas (1.1.1) - (1.1.3), the generalized Hamilton
equations can be written in the form:

oH R X :ﬂ. (1.1.4)
o apa

Thus, force F

a

5o acting on the particle & from the particle g, is

defined by the expression

N, R
= — a.p B
F,p=F(Xy:Pus) = . (1.1.5)

Moreover, as it follows from Eq. (1.1.1), the & -th particle is under the
influence of an external random force Y,

Y EYW(XQ’t):_aXi

a

U“(X,,t)- (1.1.6)

The time derivative of the total energy of the system in accordance
with (1.1.1), (1.1.4) is given by the expression
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U'“ X, t (1.1.7

dH 8' Z paﬁ
dt 8tLa<N 12aen MOP,, ,

where the «prime» in the partial time derivative means differentiation with
respect to the explicit dependence of the potential U "’(Xa,t) on time. If we

assume that the dissipation in the system is associated with the friction of
macroscopic particles, then the dissipative function R in this case, following
[21], can be chosen in the form:

PL 7(xyp)>0. (19

I\JIH

R= > R, R, 7(
1<a<p<N

This implies thatf(xaﬂ) =0, if |Xap|? r,» where r is the characteristic

radius of action of dissipative forces. Then from Eq. (1.1.7) we have

dH o
U?(x,.t)- R, (1.1.9)
dt a':Zl_nz<N ]Sa§<N 7

Taking into account that 77(Xa/;) >0, see Eq. (1.1.8), it is easy to see

that in such a system, competition is possible between dissipation due to
friction and energy pumping from the side of an external stochastic field. We
will return to this issue later in this article.

The next task is to obtain the Liouville equation for the system of
many particles under study. For this purpose, for the convenience of further
calculations, we represent equations (1.1.4) in the following form

%, (1) =02 (%, (), X (1)) 5 1<a<N, (1.1.10)
where we introduce
X, (1) =(x, (1), p,(1))- (1.1.1D

In other words, Eq. (1.1.10) with (1.1.11), (1.1.4) is the following
system of equations

%, () =hz, (x(t). . (O)=hg, (x(1), (1.1.12)
where
xa(X(t))=E, hpa(x(t))=—§a—a. (1.1.13)
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The value of coordinates and momenta of the & -th particle in the
moment of time t (see Eq. (1.1.11)), is obviously determined by the values of
coordinates and momenta x, = ( % (0),..., Xy (0)) of all particles at the initial

moment of timet =0:

X2 (1) = X2 (1,%) = (X2 (t,%), P (t.%,)) (1.1.14)
where functions Xg(t,xo), P;”(t,xo) satisfy the generalized Hamilton
equations (1.1.4) (or equations (1.1.10) - (1.1.13)). Let at t =0 the initial
conditions x, = (xl(O),..,, Xy (O)) are distributed according to the probability

density D ()(1(0) e Xy (O);O) (see in this regard [3]), while

[dx,(0)...%, (0) D(%,(0)..... Xy (0);0) = [ dx,D (%,;0) =1. (1.1.15)

Then at time t the probability density D“’(Xl,..., Xy ;t) = D“’(X;t),
X= (Xl,..., Xy ), (N -particle distribution function) will obviously be

determined by the expression

D? (X Xy t) :_[deD(xo;O) [1 §(xa - X;’(t,xo)). (1.1.16)

I<a<N

In [5], the procedure for deriving the Liouville equation for many-particle
systems in an external stochastic field is described in detail, neglecting the
interaction between particles. In [69], a similar procedure is used to obtain the
generalized Liouville equation for dissipative many-particle systems in the
absence of an external stochastic field. A detailed adherence to the methodology
outlined in these works allows one to arrive at the following evolution equation

for N -particle distribution function D“’(Xl, oy Xy ;t)

ob” 0
¢ (D°h®) =0, (1.1.17)
p +K§N8XQ(D ha) 0

where function h;’(x(t)) is given by expressions (1.1.12), (1.1.13). This

equation is the Liouville equation generalized to the case of many-particle
dissipative systems under the influence of an external stochastic field. Note
that this equation can be given a more familiar form (see [16]):
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oDh” 0 OR
_ o) _ Y | pe2 |, (1.1.18)
ot .07} K;Napa(D apaj

where with {A, B} we denote N - particle Poisson brackets

(1.1.19)

OA OB _ 0A B
o0X, op, Op, OX,

w28

However, in what follows, it will be more useful for us to use the
Liouville equation (1.1.17), reduced, taking into account (1.1.10) - (1.1.13),
(1.1.1), (1.1.5), (11.1.6), to the form:

ob” | 5 p, D" 5 ti,:MJr D 9 peye—o, (1.1.20)

Ot 1 Zoon M OX,  1cgepen OP, 1<a=N OP,

a

where the values Faﬁ, Y? are still defined by formulas (1.1.5), (1.1.6).

Equation (1.1.20), as is easy to see, is a classical example of an evolution
equation with multiplicative noise. In this connection, the question arises of

averaging equation (1.1.20) over the external random force Y;”.

1.2. Averaging the generalized Liouville

equation over a random external field

Let us introduce into consideration N -particle distribution function
D(Xl,...,XN;t), which is the distribution function D‘”(Xl,...,XN;'[) (see Eq.

(1.1.16)), averaged over a random external field Y“’(X,t) with probability
densityW[Y “]:

D (Xpr Xy 58) = (D (Xproo Xy ;t)>w o (), = J~ DY (x,t)W[Y “]...(1.2.1)
Applying the averaging operation (1.2.1) to Eq. (1.1.20), we get:

aD p aD a a [0} [
@ Po 2 —DF —(D°Y?) =0. (1.2.2)
ot +K;N m oX,, +J§a<Z,B:£N P. “h +K;N ap,, < ‘ >w

It is easy to see that in order for this equation to be a closed evolution
equation for the introduced distribution function, it is necessary to express
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the quantity <D‘”Y:’> through D(Xl,...,XN;t). For this we use the so-called

Furutsu-Novikov formula [71, 72], which was proved for the case of
Gaussian distributions of an external random field. We also note that in [73]
this formula was used to obtain the Kolmogorov turbulence spectra
generalized to the case of a compressible fluid. The Furutsu-Novikov
formula was generalized to the case of non-Gaussian distributions of an
external random field in [4]. In this article, we will closely follow the
methodology for this particular work. We will give the necessary
calculations here in sufficient detail for the consistency of presentation and
ease of reading. For this purpose, we introduce into consideration the

momenta YI i ( ..,Xn;tl,...,tn) of the distribution of an external random

field WY (x,t)] (see Eq. (2.1))
Y (R Xt ) = (%7 06,1) X (X0 t) s (1.2.3)
Y ()= (Y (x1)) i=(123).

Generating functional P(V; Ya> of these moments is determined by the

formula (summation is assumed over twice repeated indices)

P(v;Ya)z<exp[fdxj‘dtvi (x,t)YiW'(x,t)]> : (1.2.4)

w

where V, (X,t) is the functional argument. With Y, in the left-hand side of
the formula (1.2.4) we denote the set of valuesYil__‘i (Xl,...,Xn;ti,...,tn>.

Generating  functional @ (V; A ) of the correlation functions

yil...is (X1’ ""Xs;tl"'WtS)

2(vy,) zi fdx fdt fdx fdtv Xy ts )V (Xoota )Y i (Xpsee Xty )

n=

(1.2.5)
is connected with the generating functional P(V;Ya) via the formula:

—exp fdxfdtv (%Y (xt)|exp{®(v;y,)},  (1.2.6)
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where
Y (x,1)=(Y* (x,1)) (1.2.7)

and with y we denote the whole set of variables Yii, (xl,...,xn; ,...,tn). In
[4] it was shown that when averaging the generating functional AY* (X,t)]

over the external random field with distribution W[Y“(x,t)] (see Eq.

(1.2.1)) the result can be represented in the following way:

(ALY (x.t)T) ZGXP{(P[i;yaJ}A{Y], (1.2.8)
¢ oY
where (P[%;ya] is the generating functional (2.5), where the functional

argument V (X,t) 1s replaced with the operation of functional derivative over

Y, (x,t) (see Eqs. (1.2.3), (1.2.7)):

Vi (X,t) =8/ 68Y, (xt). (1.2.9)

A consequence of formula (2.8), as it is easy to verify, is the
expression:

(Y () ALY () = 62 (v;y,)

5.
&v; (x,t) ]Vﬁéw exp{@[ﬁ, ya]} AT

Taking into account (1.2.8), the same formula can be rewritten as:

Y (x)+

(% () ALY (x,0)]) =Y () (AY* (x1)]) + §P(V; Y,)

NSt ALY (x,t)]

v, —06/0Y,

w

(1.2.10)

Expression (1.2.10) is a generalization of the Furutsu-Novikov
formula to the case of arbitrary distributions of an external random field
(naturally, it is assumed that these distributions have momenta of any
order). Note that for a Gaussian distribution of an external random field
(1.2.10) takes the form

<Yi'“’(X,t)A[Y“]>w :Yi(x,t)<A[Y'W‘]>w+de/7 dt'y, (x,x’,t—t/)<—éié([:/—;],)> ,

(1.2.11)



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 199

where Yi (x,x’ t—t ) - is a pair correlation function of the external Gaussian

noise

Y, (x,x’,tft’):<Yi'”'(x,t)Yj”(x’,t’)> 7<Yi“’(x,t)>w<Yj”(x’,t’)> :

w w

When Yi(X,t) =0 expression (1.2.11) exactly coincides with a similar

expression obtained in [22, 23] under the assumption that the average value
of the external random force acting on the system is zero.

We now use the Furutsu-Novikov formula to calculate the last term
on the left-hand side of equation (1.2.2). The basis for this is the functional

dependence of the distribution function D'”(Xl,...,XN;t) on the external
stochastic fieldY;” (X,t) ,
D(l) = D(U[Y[D] ,

as is seen from definition (1.1.16) or equation (1.1.20). In accordance with
(1.2.10) the average value <D"’Y ”’> can be represented as:

5P (v;y,)

erye1) . (1.2.12)
8v; (x.t) o]

(DTYIV (x.1)) =Y, (xt)D+

Vi 618

Noticing further that in accordance with (1.2.5)

se(vy,) i fdx fdt1 [ o, fdtv N (Kot Wt (6K X bty )

6v x t —n

(1.2.13)
82 (V;Y,)
8v; (x.t)

for the value D[Y“]) in Eq. (1.2.12) we get the following

Vi"‘s/éYi w

expression

62 (v ¥,) wpye ) _ (1.2.14)
<5Vi (x,t) v 518Y, o ]> B

:n:%fdxl[odtr..fdxnfxdtny”l"_in (x,xl,...,xn;t,tl....,tn)<(Wif,(Xitl?i_[;?(xmtn)>w‘

For further calculations, let us first consider the value |,

I =[x fdt Yy (XX tt)<5i(D ([><Yt])>w (1.2.15)
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As is easy to see, this quantity is the first term from the sum on the
right-hand side of expression (1.2.14).

We will assume that the pair correlation function y, (x,x’ 1,1 ) differs
from zero in the interval |'[—t,| <7, (TO is random process memory). We will
also assume that for t~t’ pair correlation function Yi (x,x' :t,t ) has a

oD“[Y*¥]
8Y (X',

calculated only att ~t’. Moreover, as shown in Refs [71, 73, 4], the exact

sharp maximum. Then the functional derivative is to be

expression for this derivative can be obtained only fort~t’ in fact, as is

easy to see, the variational derivative 6D—[Y”] at t ~ t' undergoes a leap:
&Yy (X.Y)

wz . t'<t, 6[,).—[\,(,]:01 t'>t. (1.2.16)
oYy (X, t) 8Yy (X, t)

The latter circumstance is due to the fact that according to equation
(1.1.20), the quantity Dw(t) cannot be field Y (x’ t > dependent, at later points

in time thant. In accordance with (1.2.16) integration over t’ in formula
(1.2.15) is carried out in the range from —OC tot, not from —OC to+00.

Differentiating Eq. (1.1.20) over Y? (x’ 1 ) and noticing that according

to (1.2.16) the derivative Q(SDW—[YM] need to contain a §-like feature in
ot oYy (x',t')

: : : §D°[Y*] : L

time (while the value itself “— L 1 does not contain them), it is not

8Yy*(x.t')
difficult to obtain the following expression for the functional derivative
(see [4]):

ODIY™] oy _ \ODIYCT (1.2.17)
N (<) ot t)g;‘N‘S(X X,) ap

aj

This formula allows one to represent the value |, (see Eq. (1.2.15)) in
the following form (see (1.2.1), (1.2.2)):

t
I, :fdt’ Z Y <x,x(y;t,t’>aa—D. (1.2.18)

1<a<N aj
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For Gaussian processes, expressions (1.2.12), (1.2.18) are sufficient to
obtain the value (1.2.12) (and, consequently, the averaged Liouville equation
generalized to the case of dissipative systems of many particles in an
external stochastic field) in the final form:

oDF, ,

Zpa£+ LYY (x, ta__(1219)

tain M OX,  1capen apa 1<a<N o

0 oD
“fat Yy (xx,tt =
IL K;N h (Xa % )apaiap/ﬂ

In fact, the calculations performed make it possible to obtain the
generalized Liouville equation in the case of non-Gaussian distributions of
an external random field (naturally, it is assumed that these distributions
have moments of any order). For this, according to (1.2.14), it is required to
calculate the functional derivative of the N -th order. This value can be
easily obtained using formula (1.2.17). Indeed, differentiating (1.2.17) with

respect toY” (x”,t”), we get:

§2D°[Y*] B o 0 6D“’[Y“’]
G () 2 R g ey

Next, we again use formula (1.2.17), as a result of which we obtain:

§2DTY ¥ , ) , ; 92D“TY ¥
Sep o = O 55 5 sl ol x, 5

1<a<NI<G<N apa]apdl

Using this procedure as many times as necessary, one can arrive at
the following expression:

"D Y] — (1.2.20)
8Y, (X t) 0% (x,t,)
=(-1"9(t—t,). 9t —t,) D 8(x,— )i > 6(x,—x, ) 9 D“[Y*]-
1<y <N al apuli1 1<a,<N ! o 0 anin

Substituting this expression into (1.2.14) using (1.2.12), the evolution
equation (1.2.2) can be written in the form:
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Zp D , Z “MZYxtT— (1.2.21)

<a=n M GX 1<apen OP 1<a=N @
n—l

oD _

Equation (1.2.21) is the generalized Liouville equation for dissipative
systems of many particles, averaged over an external non-Gaussian
stochastic field. Note that a generalization of Liouville's theorem to the case
of simple Brownian motion in the phenomenological approach based on the
Langevin equations, taking into account the influence of an external force
field, can be found in [74].

In the case of stationary random processes, Eq. (1.2.21) can be further
simplified if we assume that the  correlation functions

Y. (Xl,...,Xn;t,tz,...,tn) can be represented as:

Vi (XW---,X@"?Uz’---:tn) =Y. (xﬂl,...,xnn;|t2 —t],..t, —t|). (1.2.22)

To simplify further calculations, we will also assume that the average
value of the external random field is zero,

Y (x,t)=(Y*(xt)) =0. (1.2.23)

In this case, the evolution equation for N- particle distribution
function averaged over the external stochastic field can be written as:

oD p, oD DOF.y _ (1.2.24)
a M, 2 o,
n 1 8nD
+ i (X Xy J7————=0,
ZZ” ! n 1) 1<%<:N 1§azn;N Vit (X e X ”>8p(,1i1...8punin

where the following correlation functions are introduced Yi i (xa1 s X, ):

Yoy (X fdt fdt Vi X, ifty —tswet, 1] (1:2:25)



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 203

1.3. Analogue of the BBGKY chain for dissipative systems

in external stochastic fields

Along with the probability density D it is possible to introduce the
probability of finding one or several particles in given elements of the phase
space, regardless of where the remaining particles are located in this space
(see in this connection [2, 3]). These probabilities can be obtained by
integrating the function D over all variables, except for those related to the
particles under consideration:

o (Xpyemns X ff/sfdxs+1 fdx D (X Xuit) X, =(X,,P,), (1.3.1)

where D(Xl,...,XN;t) satisfies equation (1.2.21) or (1.2.24) and ¢ is the

volume of the system. Following the methodology [2, 3], it is easy to arrive
at the following equation for S - particle distribution function fS<X1,..., Xs;t) :

Z p, of 5 ofF, ~ Y v(x,, — (132
1<a<S m aX 1<a<f<S 8p 1<a<N pa
i (XX it )L—
n= l<al<S 1<un<S " apoll1 apann
K2
_;K;S fdxs+1 Fosi VZW’
if function D(Xl,...,XN;t) satisfies Eq. (1.2.21) and

Z p(l %_ afSFﬂ’_‘g — (133)

1<a<S m 8XQ 1I<a<f<S apa
n 1
o"f

Z2“n 1) D 2 Yo (e ’“n>ap—asp%_

1I<y<S  1<0,<S

%

fdxs+1 ast V= N

V 1<a<S 8p

if function D(Xl,...,XN;t) satisfies equation (1.2.24). The quantity Fu,,e in
Egs. (1.3.2), (1.3.3) is still defined by formula (1.1.5). It is easy to see that
the equation for S - particle distribution functions include S+ 1-particle

distribution function. That is, in fact, we have obtained infinite chains of
kinetic equations (1.3.2), (1.3.3). These chains are a generalization of the
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famous chain of Bogolyubov-Born-Green-Kirkwood-Yvon equations to the
case of dissipative systems of many particles under the influence of an
external stochastic field. The following remark should be made here. In
accordance with definition (1.3.1), distribution functions of a higher order
contain all the information contained in functions of a lower order [3]. This
circumstance leads to the fact that with increasing order S the distribution

functions fS(Xl,..., Xs;t) are becoming more and more complex. Since in the

full description according to (1.3.3) it is necessary to take into account the
distribution functions up to S— oo, we come to the conclusion that the
resulting chains of equations (1.3.2), (1.3.3) are themselves equivalent to
Liouville's equations (1.2.21) or (1.2.24), respectively. In other words, the
most complete description of the systems under study is equally complex

both in the language of the complete distribution function D(Xl,..., XN;t), and

in the language of many-particle distribution functions fS(Xl,..., Xs;t) .

A significant simplification in the description of the state of the
system occurs in two cases: when the interaction between particles is small,
or when the density of the number of particles is low, and the interaction is
arbitrary, but such that does not lead to the formation of bound states [3].
This simplification in the description is a consequence of the difference in
the evolutionary behavior of the many-particle and single-particle
distribution functions. Indeed, at the initial stage of evolution, when the
time t is small compared to the characteristic time of chaotization 7,

multiparticle distribution functions fs(xl,..., Xs;t) change very quickly with

time, in contrast to the single-particle distribution function fl(X,t). The

single-particle distribution function undergoes significant changes in time
at times that are much longer than the relaxation times of the systemr,

whiler, > 7,. Time 7, the order of magnitude is determined by the
duration of one collision. The time 7,  the order of magnitude should

coincide with the time of establishment of the state of statistical equilibrium
in the system (for more details, see [3]). Such a difference in the
evolutionary behavior of one-particle and many-particle distribution
functions formed the basis of N.N. Bogolyubov's idea about the hierarchy of
relaxation times of the system [2]. In turn, on the basis of this idea, the
provisions of the now well-known method of the reduced description of
Bogolyubov --Peletminskii for the study of nonequilibrium processes in
systems of many particles were formulated. The basics of this method were
formulated by N.N. Bogolyubov to describe the evolution of classical (not
quantum) systems [2]. In the case of quantum systems, the reduced
description method was generalized in the works of S.V. Peletminskii [3].
We emphasize once again that dissipative systems of many particles were
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not considered in [2, 3], just as the effects of stochastic fields on these
systems were not considered as well.

According to the idea of a hierarchy of relaxation times, the evolution
of a system of many particles can be conditionally divided into several
stages. Each subsequent stage of evolution differs from the previous one by
simplification in describing the evolution of a system of many particles. The
simplest scenario for the evolution of many-particle systems is as follows. At
T, <t < 1, there is a kinetic stage in the evolution of the system, when the

behavior of the system can be described by a one-particle distribution
function. Such a description of the evolution of the system is much simpler
in comparison with the description using many-particle distribution
functions. Further simplification in the description of systems of many
particles occurs when t>> 7, (hydrodynamic stage of the evolution of the

system), when the behavior of the system can be described by the
hydrodynamic parameters of the description, for example, the density of the
number of particles, the average velocity and temperature of the medium.
This step-by-step simplification in the description of the system is used to
construct the approaches of the reduced description method [2, 3].

In this work, we will use the reduced description method of
nonequilibrium processes to derive kinetic equations describing the
evolution of dissipative systems in an external random field (see in this
connection also [3, 5]). The initial equations will be the equations of the
chain (1.3.3). The mathematical formulation of the idea of the hierarchy of
the relaxation times of the system lies in the functional time dependence of

the many-particle distribution functions fs(xl,...,xs;t) only through the

time dependence of the parameters of the reduced description at the
corresponding stage of evolution. In particular, at the kinetic stage of the
evolution of the system, the many-particle distribution functions depend on
time only through the single-particle distribution function fl(x’ )¢

o (X Xsit) = fs (X Xg: Fi(X1)). (1.3.4)

In addition to the functional hypothesis (1.3.4), the principle of spatial
weakening of correlations i1s also the basis of the reduced description
method. In the language of many-particle distribution functions, this
principle can be formulated as follows [3]. Let S particles be divided into
two subgroups of particles containing S' and S” particles, respectively,
S=5+5". If distance R between these particles subgroups increases
infinitely, R— 00, then, due to the weakening of the correlations between
the particles S -particle distribution function splits into products of
distribution functions related to each subgroup of particles:

fs (X Xsit) = fo (X X6) o (X XS ) 5 (1.3.5)
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In formula (1.3.5), the prime sign serves to denote the coordinates and
momenta of a subgroup of particlesS', and two dashes are used to denote
the coordinates and momenta of the second subgroup of particles. It should
be noted, however, that the principle of spatial weakening of correlations
(1.3.5) refers to many-particle distribution functions in which the

thermodynamic passage to the limit?¥ — oo, (N /‘V) =const [3].

According to Eq. (1.3.4), the time derivative s in (1.3.3) at S=1

ot
should be understood as follows:

6 Fs (%o Xss TL(X,1)) BF, (X, )
= (X, X F (D))= [ X —2 S (1.3.6)
(6 000) = [ §,(X,1) ot
o fs(fl(x,t)>
s f(X,t)
function f (x/,t) according to (3.3) must satisfy the equation:

where is functional derivative. The single-particle distribution

M P o ) of, 1
X ) ———L = T (x: f,),(1.8.7)
ot max Z; y,1 b Xl)apﬁl..ﬁpﬁn v (6t

where still vy = v and L(Xl; f1> is the generalized collision integral defined
N

by the formula
0
L(x; fl)z—%fdxzfz(xl,xz; f,)F,. (1.3.8)
1

As is easy to see, in order to close equation (1.3.7), it is necessary to find
the collision integral (1.3.8) as the functional of the one-particle distribution
function, for which it is necessary to break the infinite chain of equations
(1.3.3). It is clear that this can only be done in some approximation.

1.4. Kinetic equations for dissipative many-particle systems in external

random fields in the case of weak interaction between particles

Let us demonstrate such a procedure for breaking an infinite chain of
equations in the case of weak interaction between particles and a weak
intensity of an external stochastic field. In other words, we will assume that
the correlation functions of the external random field are small. In
developing the perturbation theory in terms of the weak interaction between
particles and an external field of weak intensity, we will closely adhere to
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the technique proposed in [3]. Using (1.3.6), we write the chain of equations
(1.3.3) in the form:

6fs(f,) p of (x,t) p, Ofs( 1
[ 2ls\ ) p oty Kk (f), (141
f X61‘1(x,t)m X 1<az<sm ax VKS( )
where
ofF .
Ks(f) =V —= o dx - (1.4.2)
S( 1) 1<Q<Zfi<s 8pa 1<a<s f S+1 S+l S+l
51s(f) |, e )“ ' o"f
_[d LX) —Z
J XSt (x0) Z; Vi (X X)ap,l...apin
nl
c "
— X xS
S T Ey( e e on

To develop the announced perturbation theory, the chain of equations
(1.4.1) and (1.4.2) must be supplemented with initial conditions. To
formulate these, we will use the fact that many-particle distribution
functions must satisfy the principle of spatial weakening of correlations
(1.3.5). For this purpose, following [2, 3], we introduce into consideration the
auxiliary parameter 7 having the dimension of time, but not necessarily
representing physical time. Consider further the many-particle distribution

p

function fS[Xl——17',pl,...,XS—&T,pS; fl]. In accordance with (3.5), this
m m

function must satisfy the asymptotic relation:

fs xl—%ﬂpl,...,xs—p—r;ﬂps, ] I f[ p] (1.4.3)

l<n<S

If we further define the shift operator /A\g in coordinate space by the

formula
in=%" P. 9 (1.4.4)
1<a<S m 8X(y

Condition (1.4.3) can be rewritten as:

g8 fo(r) — f(x,) (1.4.5)

where exp(irf\g) is the so-called «free evolution operator» and



208 PROBLEMS OF THEORETICAL PHYSICS

= iTA7 . p/
fs(r)= fs(xl 1 Xs: € s ( )): fs[xl,...,xs, fl[x’—ar,p’]]. (1.4.6)
Using the introduced operators, equation (1.4.1) can be rewritten as:

_eiﬂA\% fS(T):_e ASKS(T), (147)
or

where

Ks(T)= KS(Xl,...,XS;efiTA? fl(xl)) = ‘I(S[Xl,..., Xs; fl[x'—%r,p’]] (1.4.8)

Integrating equation (1.4.7) over 7 within the limits —OC to 0 and
using the asymptotic conditions (1.4.5), we obtain

f (X Xsi Fo (X)) = TT fu(x,)+= fd &Mk (7 (1.4.9)

1<a<S

Relation (1.4.9) makes it possible to develop the theory of
perturbations in weak interaction, assuming also that the intensity of the
external stochastic field is low. Under these assumptions, the quantity

KS<T> (see (1.4.2)) can be considered small and, therefore, in the leading

approximation we have

fs(xl,...,xs; fl(x’)): [T fu(x

1<a<S

whence follows

fa (% %) = f, (%) f1 (%) - (1.4.10

Substituting further (1.4.10) into (1.3.8) and using (1.1.5), (1.3.7), we
arrive at the following closed kinetic equation

o p oy i o"f, (
Z ox)—2 1.4.11)
o mox, &2 i (n-gr b 1>8p1i1---8pﬁn

_ 10 OR,
dx, f =1,
vapl {f X2> apl ]

which describes the evolution (at its kinetic stage) of many-particle
dissipative systems under the influence of an external stochastic field. We
recall that if dissipation in the system is associated with friction of
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macroscopic particles, then the quantity in this case, following [70], can be
chosen in the form (1.1.8)

Rlyzzéﬁ(xl—xz)(pl—pz)z, (% —%,)>0. (1.4.12)

Note that if there is no dissipation,’?(xl—xz) =0, equation (1.4.11)

turns into the Vlasov equation, generalized to the case of action on the
system of an external stochastic field, with a self-consistent field

U(Xl)=%J.dXZV(Xl—XZ)Idefl(XZ), 1:1()(2)E fl(XZ’pZ)' (1’4‘13)

In the general case, equation (1.4.11) can be interpreted, for example,
as the Fokker - Planck equation for Brownian particles, taking into account
the weak interaction between these particles and generalized to the case of
a non-Gaussian character of stochastic fields acting on the system, which we
will demonstrate in the next section.

1.5. The case of a Gaussian stochastic field

In order to confirm the above, we will assume that the external
stochastic field is Gaussian, and the one-particle distribution function fl(X)

1s 1sotropic in momentum space,
f.(x,p)= fl(x,|p|). (1.5.1)

In this case, there are only pair correlation functions of the external
random field, which we will choose to simplify calculations in the form

Y, (Xl,Xz) = (Sijg(xl,xz) . Then equation (1.4.11) takes the form:

of.(xt) pof(xt) oU(x)of(xt) o 1 of, (x.t)
- - - f 1t ~ ] a—
. Tm ox ox  op  op (PR (1) +59(xx) op
(1.5.2)

where the self-consistent field U (X) is given by expression (1.4.13), and the

quantity 7(X) is defined by the formula

1) =1 [axr(x-x) [dp't,(x), (159
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and it follows from the definition and (1.4.12) that fy(X) >0. It is easy to see

that for ’V(X)E’y, g(X,X)Eg and V(Xl—XZ)EO (see (1.4.13)), equation

(1.5.2) takes on the traditional form of the Fokker — Planck equation, which
confirms the above statement. It also follows that expression (1.5.3) gives a
microscopic definition of the coefficient of friction, which is customary for
the Langevin equations. As is known, the Fokker — Planck equation is
usually derived from the Langevin equations, see in this regard, for
example, [3].

Let us analyze some more consequences from the obtained equation
(1.4.11). In the spatially homogeneous case, the correlation functions

Y. <X01,...,Xa) (see (1.3.3), (1.4.2)) depend only on the difference of

coordinates X, —X, . For this reason, the quantities Y. (Xl,...,Xl) in

()[J

(1.4.11) do not depend on coordinates at all,
Yi, (XppornXy) = Yo (1.5.4)

Thus, in the spatially homogeneous case, equation (1.4.11) in the case
of validity of relation (1.4.12) takes the form:

n1

afpt S O 50
d —p):
E; Tpan. R, " f.(py) [ dp, T,(p,) (P, —p.)

E—de X— x

In deriving this equation, we have not yet assumed that the system is
isotropic in momentum space, see Eq.(1.5.1). We now introduce into

(1.5.5)

consideration the average kinetic energy E(t) of the studied system by the

formula

QEJHMAQQE;. (1.5.6)

The evolution equation for this quantity immediately follows from the
kinetic equation (1.5.5):

55() 3y ’y 2
Tl LY L AACRURA UG SRR

where N is the density of the number of particles in the system,
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n= [dpf,(p.t). (1.5.9)

and, as is easy to verify, the following equalities are valid:
gfdpfl(p,t)=0, gjdpfl(p,t)pzo, (1.5.9)
ot ot

whence it follows that the density of the number of particles in the system
and the average momentum do not change with time.

From Eq. (1.5.7), we can conclude that the system under study can be
both heated up and cooled down during the process of evolution. The
realization of the particular case is determined by the sign of the right-hand
side in (1.5.7). If we assume that at the initial time moment the average
momentum of the particles in the system was equal to zero, then according
to (1.5.9) it equals to zero and at all other times. In this case, Eq. (1.5.7)
takes the form:

oE(t) _ 3y;n =n5 (1.5.10)
T UL y=ny. o

It is taken into account here that the density of the number of
particles N determined by formula (1.5.5) does not depend on time. As a
consequence, the value v does not depend on time as well. Eq. (1.5.10) has

a simple solution:

_ 3y;.n (_ 3y.n
E(t)= Z‘—nr:er [50 —Z'—n:v]exp(—nyt) , (1.5.11)

where £ is the value of E(t) (see (1.5.6)) at the initial time moment. From

Eq. (1.5.11) we observe that the average kinetic energy of the system
decreases during the evolution process (the system is cooling down) if

3 Y¥n

% >Z—, and that the system heats up throughout the evolution when
-n =N . .
g < EyL In the case of g, :%yL, the average kinetic energy does not

change in evolution process. We should note here that the self-cooling effect
(in the sense of decreasing the average kinetic energy) of dissipative systems
in the process of evolution was predicted a long time ago, we refer the reader
to [75, 76] for more details. As expected, the influence on dissipative systems
of external random forces can “create competition” to the cooling process,
leading to their heating under certain conditions. Note also that if it is
possible to establish the Maxwell distribution in the system throughout the
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evolution process, then the expression for the equilibrium mean value of the

3 y..n

kinetic energy g(oo):—L which follows from (1.5.11) should coincide

a'my

with the well-known formula 5(00) — EnT in the case of gaseous dissipative
2

systems, where T is the temperature of the medium. This is possible if the
pair correlation function of the external stochastic field Y; is related to

temperature and coefficient y by a relationship Y =2mT known from

the ordinary theory of Brownian motion.

It should be recalled here that for “classical” (non-interacting)
Brownian particles the concept of “temperature” has a physical meaning. In
this case, we are talking about the temperature of the medium where the
Brownian particles propagate. For such systems, the concepts of the
equilibrium state and the Maxwell distribution have a strict meaning. In
the case of dissipative systems, in particular, granular media, the kinetic
energy derived above as some thermal characteristic of the system has a
clear physical meaning. The temperature concept for such systems requires
further explanation. For the best of our knowledge, the concept of
temperature for dissipative systems of many particles has not yet been
correctly defined from the point of view of statistical physics. The discussion
of scientific and “philosophical” issues related to the concept of temperature
for dissipative media can be found in [77, 78].

Also note that according to obtained formulas (1.5.7), (1.5.11), only
pair correlation functions are responsible for the energy pumping into the
system from an external stochastic field. In other words, Egs. (1.5.7),
(1.5.10) stay the same as in the case of Gaussian external noise, see
Eq. (1.5.2). The reason for this is obvious and it consists in the quadratic
dependence of the momentum of the kinetic energy of one particle

€ = p2/2m, see Egs. (1.5.5) and (1.5.6). The contribution of the correlation

functions of higher order will appear if we write out the evolution equation
for the moments of a one-particle distribution function of higher order than
the second one, see (1.5.5).

We emphasize once again that formulas (1.5.5), (1.5.7), (1.5.10) and
(1.5.11) have been obtained for the special form of the dissipative function

R, (see (1.4.12)) and additional assumptions (1.5.1), (1.5.4). In a more

general case, as it follows from Eq.(1.4.11) and definition (1.5.6), the
evolution of the average energy of the system can be more complex than
predicted one by Eq. (1.5.11) or Eq. (1.5.7).

Summary and Outlook
Thus, this section we have demonstrated the way of dynamical
justification of the kinetic theory of dissipative systems of identical particles
in an external stochastic field. We have constructed the procedure for
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deriving an infinite chain of BBGKY equations for many-particle
distribution functions, which mostly uses a generalization of the Furutsu --
Novikov formula for the case of arbitrary distributions of an external
random field. The theory suggests that the distributions of the stochastic
external fields have the moments of any order. A generalization of the
reduced description method to the case of dissipative systems of many
particles under the influence of an external random force is proposed.
A method for obtaining the kinetic equation for such systems in the case of
weak interaction between particles and a low intensity of an external
stochastic field is developed. It is shown that such a kinetic equation can be
interpreted as the Fokker-Planck equation for Brownian particles, taking
into account the weak interaction between these particles and generalized to
the case of a non-Gaussian character of stochastic fields influencing on the
system. In the case of Gaussian external noise, the derived kinetic equation
transforms into the well-known Fokker-Planck equation in such form as it is
usually obtained from the Langevin equations. At the same time, the theory
gives a microscopic definition to the coefficient of friction, which is “usual”
for the Langevin equations, expressing this coefficient in terms of the
dissipative function and about the single-particle distribution function of
particles. The developed perturbation theory permits one, as the matter of
principle, to find the corrections to kinetic equation (1.4.11) of any order
with respect to the interaction and intensity of the external stochastic field.

The possibilities of the proposed microscopic theory are not limited
only to the case of weak interaction between particles. The kinetic theory of
the systems under study can also be constructed in the case of a low density
of particles and an arbitrary interaction between them (if only this
interaction does not lead to the formation of bound states). However, the
construction of such a theory is rather volumetric problem that requires an
individual solution and presentation.

It should also be noted the following. According to the ideas of the
reduced description method, over time, the description of the evolution of the
system containing many particles should be greatly simplified. Applying to the
system under study at the kinetic stage of its evolution, the possibility of
further simplification in the description should be associated with the
transition of the system to the hydrodynamic stage of the evolution [3]. This
enables us to formulate the problem of consistent and controlled derivation of
the equations of hydrodynamics of such a system based on the kinetic equations
for it, ie., from Eq.(1.4.11). The process of consistent derivation of such
equations itself should answer many questions related to the relaxation of the
system to a stationary state. In particular, perhaps the microscopic approach
developed in this article would allow one to clarify the explicit form of the
stationary distribution function of particles of a dissipative system in an
external stochastic field. Recall that a generally accepted theory that gives a
recipe for obtaining the form of a stationary distribution in momenta and
coordinates of particles in dissipative systems (even unaffected by stochastic
forces) does not currently exist (see in this regard, i.e., [17, 77-79]).
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SECTION II. THE REDUCED DESCRIPTION METHOD IN THE KINETIC
THEORY FOR ACTIVE PARTICLES WITH INTERACTION

The content of this section is based on paper [36]. We should note that
the fundamentals of the approach to the construction of the kinetic theory
for active particles from the first principles are very similar to ones
presented in Section 1.1. However, there are also substantial differences.
Due to this fact, let us start the following section with the introduction of
the basis of evolution theory of systems with active fluctuations at its
kinetic stage.

2.1. Fundamentals

Let us consider a system consisting of N identical active particles of
mass M, each of which is characterized by a space coordinate X, 1< a < N

measured from the center of mass, and momentum p_, 1<a < N. The

interaction between the particles is assumed to be consisted of two parts:
the “reversible” one, which is described by the Hamiltonian H, and
“irreversible” one described by the function R”, its meaning will be
explained below.

The Hamiltonian of the system can be represented as::

2
H=H,+V=Y Po | SV, (2.1.1)

12aen 2M cihen

where Va’ 5 is the potential of pair interaction,

V,, =V (%) Xy =X, =X, (2.1.2)

We will also assume that the particles of the system are affected by
specific forces that depend on the speed of the particles (or momentum) and
are characterized by a function R. We will also suggest that the function R

can be expressed in as
R=R"+R", (2.1.3)

where R’ is the regular part of this function

R = Z R,/ Ra’ﬂER(xaﬂ,paﬂ), P,s=P,— P,

1<a<fB<N

(2.1.9)
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and R is the stochastic one R, which can be rewritten as

R'= ) R(x.t), X, ={X,.p,}

I<a<N

The stochastic nature of the function R” is formally emphasized by
the presence of an index @ in it.

Note that in the case of systems of “ordinary” (inactive) identical
particles with dissipative interaction, the function is treated as a dissipative
function, see Eq. (1.1.3) and also [70, 69, 1]. It is usually considered that
dissipation in the system is associated with friction of macroscopic particle

that results in the following representation of F%{ﬁ for both this case and
Eq. (1.1.3):

R, s ==7(Xy )02y 7(X,s)>0,  Py=P,—Py. (215

N |-

It is being assumed that ;7(xaﬂ):0 if |xaﬂ|>r0, where r, is the

specific radius of action of dissipative forces. In [69, 1], expressions were
obtained for the friction coefficient y entering into the Langevin equations

as afunctional of the value 7 (xaﬁ) and a one-particle distribution

function. Moreover, the friction coefficient is always positive due to property
(2.1.5).

However, as is known (see, e. g., [33]), it is not so in the case of active
particles. The “friction” coefficient in equations of the Langevin type for
active particles can significantly depend on the velocity and change the sign.
For this reason, there is no possibility to use criteria (2.1.5) for establishing
the properties of the “dissipative function” in the case of active particles.
That is why the expression “dissipative function” is quoted. Later, we will
use the name “dissipative function” for definiteness when referring to the
function R, however, without quotes.

Following the procedure standard for classical theoretical mechanics
and taking into account Egs.(2.1.1)—(2.1.4), the generalized Hamilton
equations for the system under study can be written as

oH oR . oH
X =——

P, : I . (2.1.6)
X, op P,

Hence, the force Fa,ﬂ acting on a particle & from the side of the

particle B should be determined by the sum of two terms:

F,,=F,+F, (2.1.7)

a,p’"
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the force FDE 5 related to the presence of a potential pairwise interaction

between particles, and the force F;ﬁ associated with the presence of a

dissipative interaction between particles (in the sense mentioned above),

F?, E_av_”’ﬁ, F, = _ Ry . (2.1.8)
' 0X, ' op,,

In addition, as it follows from Eq. (2.1.1), the «@ particle is under the
influence of an external random force Y;U which depends on the momentum

of this particle, and:

_OR(X
a(pia e (0,0 X5 (%), 2.1.9
X (%) =X (€ X0 (%, 1) =X (x,.t)(6 —elely ) eZiEIDai|-
Pe

The latter expression requires some comments. We emphasize, first of
all, that the stochastic force Y (Xa ,t) in Eq. (2.1.9) is written in a form that

is not related to the choice of a particular coordinate system. This notation
simply reflects the fact that the stochastic force acts differently along and
across the direction of a particle velocity. Figure 1 shows a schematic
visualization of the assumption written in the form (2.1.9).

H-
| B

<2, f?)

Figure 1 Schematic visualization of particle motion In the presence
w
of stochastic effects with components XIII (xa,pa,t),x Ui (Xa’pa’t)
according to Eq. (2.1.9)
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Expression (2.1.9) looks like a natural generalization of the stochastic
force Yi“’(X,t) typical for the Langevin equations in the case of ordinary

Brownian particles:
x=v, V=—p+Y(xt).

Indeed, the value Yi‘"(x,t) in the latter equation can always be

rewritten identically in the form:
Yi(u — (eth)qh +Yjw (5” _qhe:'l) ,

where qh is an arbitrary unit vector, e. g., é =p /|p| Substituting further

the scalar product €"Y“ by X‘”(Xa,t), Y by XJ-‘”(Xa,t) and assuming that

eh

ai

=p, /|pa|, we get Eq. (2.1.9). We should keep in mind, however, that in

Eq. (2.1.9) the values X“’(Xa,t) and X]-’”(Xa,t) in the most general case, are

not related to each other. Besides, in the three-dimensional case, if
necessary, the vector Xj”’(xa,t) can be considered as a two-component one

in the plane perpendicular to the vector é‘a ;- Under no circumstances, the

presence of a vector component XJ.‘”(Xa,t) along eg ]. will not affect the

description of processes and phenomena in such systems due to the factor
(5” —e'g" ) on the right-hand side of (2.1.9).

o Va

From the foregoing, it follows that the stochastic action on the
considered system in the form of Eq.(2.1.9) can be considered as
a generalization of the stochastic forces used in the theory of two-
dimensional systems of active particles (the case of so-called “active
fluctuations”) in several ways. First, in problems of the dynamics of active
particles, typical random forces, as a rule, are considered as global [33]. It
means that, they are acting on each particle in the same way, no matter
where it is in space. But on the other hand, Eq. (2.1.9) takes into account
the possibility of local action of stochastic forces on the system. Second, we
can consider Eq. (2.1.9) as a generalization of typical random forces of the
problems of dynamics of active particles to the case of three-dimensional
systems. To make sure of this, it is sufficient considering Eq. (2.1.9) to be
two-dimensional one, to get rid of its locality and assign

€,=6,, X"(1)={D,& (1), X“(x,t)=e, /D& (t), &€,=0, 2.1.10)
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where e, is the unit vector along the direction of particle motion, €, is the

unit vector along the direction of the azimuth angle ¢ and D(p, D, are

intensities of angular and velocity noise, respectively (see for more details, e.
g., [33]). Note that in two-dimensional systems, for the best of our
knowledge, the highlighted directions in the motion of active particles can
be established due to the presence of “head-tail” asymmetry properties in
them. Such an advantage in the motion direction of particles is related to
the existence or origin of a propulsion mechanism in the system. Thus,
thanks to the “head-tail” asymmetry in the stationary state of the system of
many active ones, it becomes possible to fix “naturally” the reference system

by a special choice of vectors e, and €, 1t is obvious that, the existence of

such an asymmetry is affected on the characteristics of a many-particle
system, for example, a one-particle distribution function, see below and also
[33]. As will be shown later, the existence of the effects of the “thrust
mechanism” is also possible in three dimensions, even though in the case of
only linear friction (see Section 2.4 of this chapter). We emphasize that the
source of the stochastic action can be generalized to the three-dimensional
case in a different way from (2.1.9) as well. For this generalization, as in the
two-dimensional case, we can use the representation of curvilinear
coordinates, like spherical ones, characterized by both the above vectors
n,=e,, and the unit vector e, associated with the change in the polar

angle. However, for solving the problems formulated in the present work, it
is more convenient to use Cartesian coordinate system.

We also note the following. The time derivative of the total energy of
the system according to Eq.(2.1.1) and Eq. (2.1.6) is represented by the
expression

dH _ 5 p. R

: (2.1.11)
dt Yaen M OP,

If we assume that the system contains dissipation associated with
friction of macroscopic particles and the regular part of the dissipative
function R’ in this case is determined by Eq. (2.1.5), then from Eq. (2.1.11),
taking into account Eq. (2.1.9), we obtain

d_H:_E Z Ra,ﬁ + z %[Xw(xa’t)egi + X?(Xa’t)(é‘ij _e:zie:zj)]’

dt Micqp<N 1<a<N

(2.1.12)
or

W25 R, 3 Bhog.

d My p<n 1<a=n M
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Taking into account that ;7(xaﬂ) >0, see Eq. (2.1.5), it is easy to note

that in such a system the competition between dissipation due to friction
and energy pumping from the side of the external stochastic field is possible.
The situation with changing energy in systems of active particles with
interaction should provide much more varied options in comparison with
Eq. (2.1.12) due to the explicit form of the function Fg 5 when calculating the
expression in the right-hand side of Eq. (2.1.11), see below.

The next task is to obtain the Liouville equation for the system of
many particles under study. From a formal point of view, the procedure for
deriving such an equation almost completely coincides with the procedure
described in Chapter 1.1. As it is done in this chapter, let us represent
Eqgs. (2.1.6) in the following form for the convenience of further calculations

X, (1) =h2 (% (1), xy (1)), 1<a <N, (2.1.13)
where we use the notation
X, (1) =(x, (1), p. (1)) (2.1.14)

In other words, Eq.(2.1.13) in view of Egs.(2.1.14) and (2.1.5)
represents the following system of equations

X, (t)=hy, (x(1)), p, (t)=h2, (x(t)) (2.1.15)
where
oH oH OR
© =, ® = (2.1.16
hxa (X(t)) apa hpfl (X(t)) axa apa )

The value of the coordinates and momenta of « -particle at the
moment of time t (see (2.1.14)), determines, obviously, by the values of the

coordinates and momenta x, = ( )(1(0),,_,, Xy (0)) of all particles at the initial

moment of time:
X2 (1) = X2 (t.%) = (X2 (1.%), P2 (t.%,)) (2.1.17)

where functions XZ’(t,XO) and P;’(t,xo), satisfy to the generalized

Hamilton equations (2.1.5) (or to Eqgs. (2.1.13) — (2.1.16)). Assume that for
t =0, the initial conditions are distributed with a probability density

D (Xl(O),..., Xy, (0);0) (see [3] in this regard), and
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J‘dxl(O)...de (0)D(x,(0),..., % (0);0) = jd)(oD(xo;O) =1. (2.1.18)

Then at the time moment t the probability density
D(”(Xl,..., Xy ;t) = D“’(X;t), X= (Xl,...,XN), (N - particle distribution function)

will obviously be determined by the expression

D (%, i) = D (%:0) TT 8(x,=X2(t.x;)).  2.1.19)

1<a<N

In [5], it is described in detail the procedure for deriving the Liouville
equation for many-particle systems in the external stochastic field
neglecting the interaction between particles. In [69], a similar procedure is
used to obtain the generalized Liouville equation for dissipative many-
particle systems in the absence of an external stochastic field. In [1], it is
shown how these techniques can be combined to derive the Liouville
equation for dissipative systems (see also Chapter 1.1 of this paper).
Following the methodology outlined in [1] we arrive at the evolution

equation for the N -particle distribution function D” ( Xpyeer Xy ;'[)

oD~ > 0 ( whw)— (2.1.20)
at ]_D!<Na
where the function h;’(x(t)) is given by Egs. (2.1.16) and (2.1.17). This

equation is the Liouville one generalized to the case of many solid particles
with pairwise interaction under the influence of the external stochastic field
which depends on the particle velocity. This equation, if we bear in mind
Egs. (2.1.13) — (2.1.16), can also be written in the form:

5 0 et 5 o H_R)) o
at 1<a<N axa apa 1<a<N apa axa apa

However, we will further find more useful Liouville equation (2.1.21),
obtained with regard to Egs. (2.1.13) - (2.1.16), (2.1.8), (2.1.9) as:

" 5 P, D" LDF Ztiyw 0, (2.1.22)

Ot 1 5en M OX,  1caepen OP,, 12aen 0P,

where the values F, , and Y are determined by Egs. (2.1.7) - (21.9), as

before. Eq. (2.1.20), as is easy to see, is a classical example of the evolution
equation with multiplicative noise. Consequently, as in the previous
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chapter, the question arises of averaging Eq.(1.20) over the external
random force Y;). There are, however, some differences from the previous

chapter. Taking this into account, as well as for ease of presentation, let us
present here the main points related to such a procedure again.

2.2. Averaging the Generalized Liouville Equation

in the Case of Gaussian Noise
Let us introduce into consideration N -particle distribution function
D(Xl,...,XN;t), which is the distribution function D”’(Xl,...,XN;t) (see Eq.
(2.1.19)), averaged over a random external field Y (X,t) with probability
density W[Y“]:

D (X Xyit) = (D7 (X Xi1)) + (o), = [ DY (WIY?]... 2.2.1)

Applying the averaging operation (2.2.1) to equation (2.1.22), we
obtain:

PoyP®. 5 Ppr,+ ¥ 2DV -0 @22

Ot 1 Zoon MOX,  1capen OP, 1<a=N OP,

It is easy to see that in order for this equation to be a closed evolution
equation for the introduced distribution function, it is necessary to express

the quantity <D‘”Y:’> through D(Xl,...,XN;t). As before, we will use the so-

called Furutsu-Novikov formula [71, 72]. We also recall that in [73] this
formula was used to obtain the Kolmogorov turbulence spectra, generalized
to the case of a compressible fluid. In this section, we will not describe in
detail the method of proving the Furutsu-Novikov formula, referring to the
works cited above and our work [1]. Let us use the final result of such a
proof from [4] in the case of a Gaussian distribution of multiplicative noise.
Namely, one can make sure that in this case the quantity <D‘”Y;> is

2

presented as:

<Yi°°'(xa,t)D°°'[Y°°']>w‘ :Yi(xa,t)<D°°'[Y°°']>w+fdx’fdt’yij(xa,x’,t—t’)<%> :
(2.2.3)
where Y, (x,,t)=(Y*(x,.t)) - X, ={X,,P,} and y, (x,,x,t—t') is a pair

w

correlation function of external Gaussian noise (x’ = {x’ p’ } ):
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Yy (XX t=t) = (¥ (x“,t)Yj“'(x’,t’)>w—<Y (%,.1) <Yj”<x’,t’)>w.(2.2.4)

AtY, (X,t) =0 expression (2.2.3) exactly coincides with the analogous

expression obtained in [71, 72] under the assumption that the average value
of the external random force acting on the system is zero. In what follows, in

this paper, we will also assume that Yi<X,t)EO. Such a requirement does

not significantly violate the generality of consideration, since it can be
considered as a redefinition of the regular force Fa’ 5> See Egs. (2.1.7), (2.1.8).

For further calculations, let us first consider the value |,

I—fdxfdty”xxt ’)% (2.2.5)
7 (X

w

It is easy to see that this quantity is the first term from the sum on
the right-hand side of expression (2.2.3). We will assume that the pair

correlation function differs from zero in the interval |t—t/|§7'0 (7,1s the
random process memory). We will also assume that for t~t' pair
OD“[Y¥]

w ! ¢/
8Yy* (X.t')
as shown in [1, 4, 71-73], the exact expression for this derivative can be
obtained only for t~t’.

correlation function y”(x x' tft) has a sharp maximum. Then the

functional derivative it is enough to calculate at t =~ t’ . Moreover,

Indeed, as is easy to see, the variational derivative —6D (Y] at
oYy (x,t)
t ~t’ undergoes a leap:
%Y/], , U<t (SD,,—[T}: , >t (2.2.6)
86Y (X ,t') sY7 (X,

The latter circumstance is due to the fact that according to equation
(2.1.22), the quantity D“’(t) cannot be dependent on field Y~ (x’,t’), taken at

later points in time than t. In accordance with (2.2.5), integration over t’ in
formula (2.2.5) is carried out in the range from —OC to t, not from —OC to
+00.
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Differentiating equation (2.1.22) with respect to Y/ (x’ t ) and
0 6D“[Y*]
ot oYy (x,t)
6D“[Y™]
8Y; (Xt')
these features), it is not difficult to obtain the following expression for the
functional derivative (see [1, 4]):

noticing that according to (2.2.5) the derivative — should contain

a 6 - like feature in time (while the value itself does not contain

ol A YA ;. 19D°[Y?]
8Y; (X\t) o t)MESNé(x %) 2
5(X = x,)=68(x"—x,)8(p" = p,) (2.2.7)

where ﬁ(tft’ > is a unit Heaviside function. This formula allows you to

represent the value | (see Eq. (2.5)) in the following form (see Egs. (2.1),
(2.2)):

| oD
_ / . '
I, _fdt E yij<x,)(ﬁ,'[—t)6 . (2.2.8)
Y 15B<N Pg;

Thus, the averaged Liouville equation, generalized to the case of
systems of many active particles with interaction, in its final form:

p, oD oDF

aa_[t)+ 5 P 5 s,y aDY (x,.1)

e (2.2.9)
1laen M OX,  1c4cpen OP, 1<a<N op,

k oD
— | dt’ " =0
J;o t KaZﬂ:<N P, i ( o )apﬁ'l

As mentioned earlier, in what follows we assume that Y, (X,t) =0.If we
also take into account that the pair correlation function Yi (x{Z DN S t’) has a

sharp maximum at t ~t’ and assume that this function is an even function of
the difference t'—t,

Vi (% Xt =t) = vy (%, %5t =), (2.2.10)

then equation (2.2.9) takes on an even simpler form:
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aD oDF, 1 oD
£y Po Tt 25 Ly (%%, )——=0. (2.2.11)
t<a=n M 6X La<ﬂ£N op,, 2 15 pen OP,, OPy;

where the notation is introduced:
Vi (%, J' dry; (X, %,i7)- (2.2.12)

Equation (2.2.12) can be given another form that is convenient for
further calculations:

ob p, 9D oDF,, 1 oD (2.2.13)
at L;N m ax La<zﬂ§N apa 2L;N apal y”( “ a)apal

ob
yIJ ( )apﬁl = O

-2

I<a<p<N apm

Note that, in fact, the developed technique allows one to obtain the
generalized Liouville equation in the case of non-Gaussian distributions of a
random field if these distributions have moments of any order, see in this
connection [1]. In this section, however, we restrict ourselves to the
Gaussian distribution for an external stochastic field.

For further calculations, we specify the explicit form of the pair

correlation function Y (Xa,xﬂ). Using an explicit stochastic force Yi”(X,t),

defined by formula (2.1.9), taking into account the equality
Y (xt)= <Yi“ (X,t)> — 0 based on (2.2.4), it is easy to arrive at the following

expression for Y (xa , xﬁ) :

Yi (Xa’xﬁ)=e":fe?ﬂg(xa’xﬁ)+< i JaQa)( e?ﬁﬁr};)h(xa.xﬂ),
& =P, (2.2.14)

where we introduced the notation:

X1 X fdt< Xt (X:@'t/)>w’

fdt< (%,.t) X (x, t)> (2.2.15)
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When deriving expression (2.2.14), it was assumed that the stochastic
force Y~ (X,t) has the following properties:

<X“’(xa,t)Xi“’(xﬁ,t’)>:O, <X“’(xa,t)>:O,

(X (x,,t))=0. (2.2.16)

The last two formulas in (2.2.16) are a consequence of the requirement
Y (xt)= (Y (xt)) =0,see Eq. (2.1.9).

2.3. An analogue of the BBGKY chain and the kinetic equation for systems

of identical active particles with interaction in external stochastic fields

As in the previous chapter (see section 1.3), along with the probability
density D(Xl,...,XN;t) (D is the N -particle distribution function, N 1is total
number of active particles in the system) you can introduce the probability
of finding one or more particles in these elements of the phase space,
regardless of where the rest of the particles are in this space (see in this
connection also [1 - 3]). These probabilities can be obtained by integrating
the function D over all variables, except for those related to the particles
under consideration:

fs (X Xgit) = f(/sfdxsﬂ...fdeD(xl,...,xN;t), X, =(x,,p,), @3.1

where 7/ is the system volume and D(Xl,...,XN;t) satisfies equation (2.2.10).

After simple calculations [36], one can arrive at the following equation for
S -particle distribution function fS(Xl,..., Xs;t> :

p, ofg 1 ofs oHF, of
—_ J— + —— =
L;S m oX, ZL;S op,; Y ( )apaj La</§<s op, ng/lks 6pa| i ( )ap/}j
1 1
f +— ;
V]Sa<s ap J.dXS+1 S+1 a,S+1 La<s apm J.dxs+l)llj a XS+1) S+1]
v=2, (2.3.2)
N

where values F, ;. v, (xa,xﬂ) are still given by formulas (2.1.8), (2.2.4),

(2.2.14), (2.2.15). As in the case of equations (1.3.2) or (1.3.3), equation
(2.3.2) for S -particle distribution function includes an S+ 1-particle

distribution function. That is, in this case, too, we are dealing with an
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infinite chain of kinetic equations. These chains are a generalization of the
famous chain of Bogolyubov-Born-Green-Kirkwood-Yvon equations to the
case of systems of identical active interacting particles under the influence
of an external stochastic field. The following remark should be made here.
In accordance with definition (2.3.1), distribution functions of a higher order
contain all the information contained in functions of a lower order [3]. This
circumstance leads to the fact that with increasing order S of the

distribution function fs(xl,...,xs;t) are becoming more and more complex.

Since in the full description according to (2.3.2) it is necessary to take into
account the distribution functions up to S= N, we come to the conclusion
that the resulting chains of equations (2.3.2) are themselves equivalent to
Liouville’s equation (2.2.13). In other words, the most complete description
of the systems under study is equally complex both in the language of the

complete distribution function D(Xl,...,XN;t), and in the language of many-
particle distribution functions fs(Xl,..., Xs;t) .

We have already noted that a significant simplification in the
description of the state of the system occurs in two cases: when the
interaction between particles is small, or when the density of the number of
particles is low, and the interaction is arbitrary, but such that does not lead
to the formation of bound states. This circumstance, as in the previous
chapter, allows us to use the method of reduced description of the evolution
of the system under study to break the infinite chain of equations (2.3.2) and
derive a closed kinetic equation for the one-particle distribution function.
Here we will not set out in detail the main provisions of the reduced
description method as applied to active media in order to obtain the kinetic
equation. The procedure differs little from that described in the previous
chapter (see Section 1.4) if we also consider the case of weak interactions
(both potential and dissipative) between structural units, and assume that
the intensity of the external random field is small. In this situation, in
accordance with the concepts of the reduced description method, it can also
be assumed that the mathematical formulation of the idea of the hierarchy
of relaxation times of the system consists in the functional time dependence

of the many-particle distribution functions fS(Xl,...,XS;t> only through the

time dependence of the parameters of the reduced description at the
corresponding stage of evolution. In particular, at the kinetic stage of the
evolution of the system, the many-particle distribution functions depend on
time only through the single-particle distribution function f (X,t):

o (X Xsit) = fs (X Xg: Fi(X1)), (2.3.3)

as a result, the one-particle distribution function f,(x/,t) according to (2.3.2)

must satisfy the equation:
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@4_&& 10
ot mox, 28p1|

of,
— ¥, (%% L(%;f,) (2.3.4)

ap1l

where still v = v and L(Xl; fl) is the generalized collision integral defined
N

by the formula

z(xl,xz: f,)-

(2.3.5)

L(x; f,) ———Idxzf X, %; f,)Fp + Idxzyu ><1><2)

Here, however, a point needs to be made. Functional relation (2.3.3)
does not necessarily imply an expansion of the function fs( Xyeems Xg; T (X ,t)>

into the functional series of perturbation theory with respect to the one-
particle distribution function. Such an expansion must be realized only in
one of the above-mentioned cases of chain breaking - the case of a low
density of the number of particles. We recall that this raises the famous
question of possible divergences in higher orders of perturbation theory in
the low density of the number of particles and the renormalization of such a
theory (see, for example, [80-82]). In the case of perturbation theory in the
weak interaction between particles, these questions do not arise, which is
easy to verify from subsequent calculations (see also [3, 4]).

It is easy to see that in order to close equation (2.3.4), it is necessary
to find the collision integral (2.3.5) as the functional of the one-particle
distribution function, for which it is necessary to break the infinite chain of
equations (2.3.2). The procedure for such an action in the case of a weak
interaction between structural units and an external field of weak intensity
is described in detail in [36]. Here we present only the final result, namely,
the kinetic equation for the one-particle distribution function:

h(xt), p () 10 A )Mz (2.3.62)
ot m ox, 20p, " " op,;
v
() alz (R ] 10 g ) Ty ( ) 20e),
8p1 vapﬂ apzj

where values V,,, R , are determined by expressions (2.1.2) - (2.1.4) and

the correlation function is still given by expression (2.2.14). Equation
(2.3.6a) can be given in a slightly different form:
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o (xt) | py Ofi(xut) U (xy,t) O (1) _ (2.3.6b)
ot m  0x, OX, op,

10 of(x,t) 10 Oy (X%
SV L S N [ S
20p, op,, vapm Py P,

or
o (at) | py Oh(xt) U (xu,t) O (1) (2.3.60)
ot m  ox, OX, op,
10 of(xt) 10 o, (1)
= 2o 0 ) =g S (e foe[Radt v, (06 |75

if we introduce the mean field U (Xl,t), defined by the formula (see (2.1.2)):

u (xl,t)=%jdxzv(x1 x,) [ dpfy (3.1): f0%) = fi(%zP2)-
(2.3.7)

Equations (2.3.6) are kinetic equations for active particles with pair
interactions between particles (potential and dissipative) under the
influence of nonlocal active fluctuations. We emphasize that all equations
(2.3.6) were obtained without using the explicit form of the potential

interaction V,, EV(Xl—XZ), dissipative function R, (in the above sense)

and the correlation function Y; ()(1, X2)

We also note that the presence of a random force (2.1.9), which is
characteristic of active fluctuations and has a local character of the effect on
particles, leads, as is easy to see from (2.3.6b), (2.3.6¢c), to some additional
interaction between particles, determined precisely by the pair correlation

function Yi (prz)'
2.4. Special cases of the theory. Spatially homogeneous states

Before proceeding to the demonstration of the fact that the general
kinetic equations (2.3.6) contain known particular cases of systems of active
particles, we consider spatially homogeneous states of the systems described
by these equations. In the spatially homogeneous case, the one-particle

distribution function fl(x, p,t) should not depend on coordinates,

f.(x,p.t)=f (p.t). (2.4.1)
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should not depend on coordinates Y; (Xl, Xz) (see Egs. (2.2.14) — (2.2.16)) and
reads as follows:

yij (X11X2): g(Xl_XZ)elhie;j +h(X1_X2)(5iI _eﬂeﬂ)(é‘jl _ethe;)' (2'4'2>

Recall that according to (2.1.4) all restrictions on the general
properties of the function R1,2 are contained in the expression:

R.ZER(Xl_XZ!pl_pz)y (243)

which follows from considerations of the Galilean invariance of the system
in the absence of external influences on it. Moreover, since the function R1,2

is a scalar quantity, its dependence on the differences x, —x,, p,—p, must

be characterized by the expression:

R(x,p)=R(x*p*,xp)- (2.4.4).

In accordance with formulas (2.4.1) - (2.4.4), equation (2.3.6a) is
transformed to the form:

afl(plit)_l 0 h gh _ ghah 8f1(p1,t)_ (2.4.5)
o 2op 9O +h(0)(, ~elel))] - A
0 0 =
:a—pﬂfl(pl,t)a—pﬂjdpzfl(pz,t)R((pl_p2)2)+
P _ _ of (p,,t
+— fl(plvt)jdpz[geﬂe;j + h(é‘n _eﬂeﬂ)(é‘n _egje?h| )JL)’
apli apZi

where we introduced:

R((ps=p.)) E%IO‘XR(XZ,(D1 -p.)" x(py - p,)): GE%IdXQ(X)’

=1
== . (2.4.6)
h dexh(x)

Quasi-Brownian particles with active fluctuations

Let us now study possible solutions of the kinetic equation (2.4.5)
isotropic in the momentum space:

f.(p,t)=f(pt). (2.4.7)
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Taking into account (5.6), (5.7), it becomes possible to reduce equation
(2.4.5) to the form:

AM(Put)_ 0 o

1 o, (pt)
i LLDICUISE PUE RS

op,
, (2.4.89)

+0f, ( pl-t)_[dpz—afl(gsz’t)}

2

Where

oR(p* 1)

y(pt)=2 P Ife(pz,t)sj'dpzfl(pz,t)ﬁ((p—pz)z). (2.4.9)

The resulting equation (2.4.8) is the kinetic equation for active
particles with time-dependent nonlinear friction (friction coefficient )/( p,t))

in the case of a nonlocal action of an external random field on the system.
This equation can be considered as a generalization of the kinetic equation
for quasi-Brownian particles with active fluctuations for the case of
3D - dimension of the system, dissipative interaction, and a nonlocal
external stochastic field.

The term «quasi-Brownian particles with active fluctuations» can be
considered, probably, well-established by now. This term is usually
understood as a system of particles in the presence of a friction force
linearly dependent on momentum (or on velocity) under the influence of a
«global» stochastic field of the form (2.1.9) with regard to (2.1.10), see
[33, 34]. The case of linear friction in the framework of this consideration is
easy to obtain: in (24.8) (and, consequently, in (2.4.9)), the friction coefficient

]/( p) must be considered independent of momentum, ¥ ( p) =y, moreover,

according to (2.1.5), (2.4.6), the quantity y 1in this case is given by the

expressions (see [1, 36]):

1
=—[dx7(x), — (2.4.10)
y szde(x) Idpfl(p,t) v

To realize the “globality” of noise in accordance with (2.1.9), (2.1.10),
(2.2.14) and (2.4.2), the quantity g is to be considered equal to zero, and the

value g(O) is to be equal to 2Dp (DIO is the momentum noise intensity),

g(O) = 2Dp. Carrying out such actions in (2.4.8), we arrive at the following

kinetic equation:



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 231

o (pt) o of, (p.t) B
) 9 g f(p,t)+D —22/1 g(0)=2D_, (2.4.11)
P apﬁn“ rpfi(put)+ D, o, 9(0) p

a stationary solution of which f_ ( p) =lim fl( p,t) has a Boltzmann form:
t—x

f, ( p) =Ae P | (2.4.12)

which differs in two-dimensional and three-dimensional cases only in the
value of the normalization constant A, see (5.10):

27er
4

A=—7 for 2D, Azl(

2 DpV \V

-3/2

Taking into account the normalization (2.4.10), (2.4.13) in the two-
dimensional case, expression (2.4.12) for the stationary distribution function
of active particles coincides with the corresponding expression, for example,
in [33]. When comparing, one should only take into account that in [33] the

Rayleigh distribution function fy(p) is written:
_ 7

2D
fR( p) ~pe "
Quasi-Brownian motion of particles with active «local» correlations

Consider now the stationary solutions foo(p)= lim fl(p,t) equation
t—oo

(2.4.8), more general than (2.4.11). This equation is in the limit t — oo can
be written as:

afoo ( pl)
op,

afoo ( pl)
op,

=0. (2.4.149)

f@(pl)y(pl)pﬁ%g(o) +gf. (p,)[dp,

It is easy to verify that the solutions of this equation are determined
by the function

f.(p) ~9XP{—Dijpdp'(7(p') p'+ g)}, (2.4.15)
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where we introduced

g(0)=2D_, dp, (pl) (2.4.16)
(0) g=gdp o

value g is still given by expression (2.4.6) taking into account (2.3.2) and

the function ;/( p)

OR( p?,t
7(p1):2|ti_>ng% Idpz o pz) ((p pz) ) (2.4.17)
determines the forces of nonlinear friction.

The following circumstance should be noted further. Expressions of
the type (2.4.15) for the distribution function are typical for systems of
particles with nonlinear friction under the influence of external active
spatially homogeneous (global) fluctuations. It is the presence of nonlinear
friction that is considered necessary for the emergence of self-propelled
properties in the system due to the head-tail asymmetry of structural units,
see, for example, [33, 34]. Indeed, in the case of nonlinear friction in one
interval of momenta, dissipative forces can be negative (friction), in another
interval of momenta, these forces can be positive (thrust, propulsion). If
such intervals of momenta (or velocities) are somehow connected with a
certain (selected) direction, then such a direction sets the direction of self-
propulsion. The presence of the noted asymmetry is responsible for the
appearance of two-humped stationary distribution functions of active
particles [33, 34]. The position of these maxima of the distribution function
is symmetric about the point p = 0 is set by the value of the stationary

momentum [}, of the particle head motion. Moreover, the stationary
parameters of self-propelled motion (for example, the magnitude of the
characteristic stationary momentum po) are not necessarily associated with

a direct impact on the system of external forces. A typical case for systems of
active particles is the situation when the average value of such an external
force can be considered equal to zero, and the mentioned symmetry can be

observed. Note that the case po=0 corresponds to the Rayleigh
distribution function fR( p), see (2.4.12).

However, as will be demonstrated below, from the solution (2.4.15) of
equation (2.4.14) it follows that the described situation of stationary
distribution functions with two maxima (the case of self-propelled particles)

can be realized even in the case of linear friction, that is, when 7/( p) =y>0,

see Eq. (2.4.10). And responsible for such a realization in this case is the local
nature of the impact on the system of stochastic forces with active
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fluctuations. Indeed, the general form of the solution in the case of linear
friction, as is easy to see from (2.4.15), is determined by the expression:

f.(p)~ exp{—ﬁ(mg]z}, @z@jdm%, g==< jdxg

2

(2.4.18)
And the existence of self-propulsion is associated with the sign of
value § . Indeed, since y >0, then the positivity § >0 must correspond to

a purely dissipative case (real friction). When §<O0 there are momentum
values for which the inequality yp+§<0. There is a propulsion for these

particles. In the mixed case, the one-particle distribution function of active
particles has the form (see in this connection [33, 34]):

fw(p)=0{exp{—%( P~ po)Z}exp{—%( p+ po)z}}’ (2.4.19)

P p

where C is normalization constant. Momentum p, in (2.4.19), characterizing

the location of the maxima of the distribution function, symmetric about the
point p=0, is defined by § :

P, =9|/7 - (2.4.20)

The § itself, according to (2.4.16), (2.4.18), depends on the derivative

of the required distribution function with respect to momentum. Thus, the
definition (2.4.18), taking into account the explicit form of the distribution
function (2.4.19), should be considered as an equation connecting § and the

normalization constant C :
6= BﬂgCJ‘dp—{exp{——(p P) } exp{—%(p+ po)z}}. (2.4.21)
p

In turn, the constant C must be determined from the normalization
condition (see Eq. (2.4.10))

jdpfw(p):%,

which, taking into account (2.4.19), can be written in the form:

P p

v=cl dp{exp{‘%( p- po)z}wxp{—%( p+ po)z}}- (2.4.22)
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The last expression is also an equation relating the constant C and
unknown quantity §. Thus, equations (2.4.21) and (2.4.22) represent

a system of two equations for determining two unknown quantities, C and
g , through the parameters characterizing the system: coefficient of friction

7 , particle density 1/v and noise parameters with active correlations - pair
correlation functions g and g(O):2Dp, see Eqgs. (2.4.16), (2.4.18). Due to

the presence of integration over the total volume in the momentum space,
equations (2.4.21), (2.4.22) have a different form for the three-dimensional
and two-dimensional cases.
Consider first the two-dimensional case. Then equations (2.4.21),
(2.4.22) can be transformed to the form:
2D

I

D 2D .
E_C 4r—2 1 27%%p, P ef| p, A posM,
\Y Y v 2D, 4

where function ef (X) is the error function:

§=—27"" PHC., (2.4.23)

erf (x)= %Idyexp(—yz). (2.4.24)

In general, expressions (2.4.23) are complex transcendental equations
and can be solved only numerically. However, in two limiting cases - cases of

small and large values of the arguments p,./y/2D, = /g2/27Dp of the

error function (2.4.24) — the equations admit analytical solutions. When

Po-+ /;//2Dp =, /gz/zpr « 1 these solutions are given by:
~ Y , g — 1/2 g ZIJ2 1 gZ (2 4. 25)
4zD,v 2D 2;/D

It is also easy to verify that the inequality p,,/y / 2D, =, R / 2yD, <1,

for which formulas (2.4.25) are valid, by using these formulas is transformed to
the form:

D,v
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We have already noted above that the appearance of the self-
propelling property is associated with the sign of the value §. In
accordance with the above analysis, from (2.4.25) we can conclude that for
g<0 §>0 and the validity of inequality (2.4.26), the considered system of
active particles has no self-propelled properties. In this case, in accordance
with (2.4.18), only a shift of the maximum of the distribution function by the
amount p,, defined by formula (2.4.25). If g>0, then §<0 and then the
self-propelled case is realized with a two-humped distribution function with

parameters determined by formulas (2.4.25).
Let us now consider the case of large values of the parameter

po,/}//ZDp:,/gz/ZyD , le, p, /y/szngz/zpr >1. Solutions of

equations (2.4.23) in the principal approximation of perturbation theory in
this parameter are given by the formulas:

2yD 2D g
C= ]3-/2 L }i zp ’ g = _2773/2 _pgc s P = M . (2427)
a7, g P wy

It is seen from these formulas that for § <0 the value § is positive,

g > 0. Therefore, in this case, a situation with a distribution function with

a shifted maximum, such as (2.4.18), should be realized. In the opposite case
g>0, § is negative, §<0, and the particle distribution function will be

determined by expressions (2.4.19), (2.4.27). We also add that the inequality

Poy/7/2D, = /gZ/Zpr > 1, for which formulas (2.4.27) are valid, taking

them into account can be transformed into the relation

E>> 1, (2428)
pV

opposite to relation (2.4.26).

Let us now return to equations (2.4.21), (2.4.22) and study some of
their solutions in the case of a three-dimensional system of active particles
with linear friction and active fluctuations of a local nature. In this case,
equations (2.4.21), (2.4.22) are transformed to a form that significantly
differs from (2.4.23):

1 3/2 |~| 3 o) _D 3/2
T
c=—|2 |, G278 7 o) |9 |- g7 |
2v| 2D, y v D, 2yD, yv | 2D
g

P

(2.4.29)
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where &f (X) is still given by formula (2.4.24). As in the previous case of a

two-dimensional system of active particles, the second of equations (2.4.29)
in general form can be solved only numerically. However, in the two limiting
cases studied above, this equation can also be solved analytically. Namely,

in the case of small values of the parameter p, /y/ZDp =, /(jz/Zpr <1 the

solution of equation (2.4.29) is determined by the formulas:

_ v2 _ D \V2
§ ~ —4r? g[_zﬂ[j)/ J , P, ~ 47° %[—ﬂz P j , (2.4.30)
Vv VI 4
P p

and, as is easy to verify directly, the relations p, ly / 2D, = R / 2yD, <1 can

be reduced to the form (2.4.26), which is valid for the two-dimensional case.
Note also that, similarly to the two-dimensional case, in the three-dimensional
system of many active particles at g >0 the value § is negative, § <0, which

indicates the possibility of implementing self-propelled properties in this
system. When § <0 the value § 1is positive, due to which the stationary state

of such a system should be characterized by a distribution function with one
maximum shifted to the right by the value p,, see Egs. (2.4.18), (2.4.20).

In case of large values of the parameter p, /7/2Dp :,/gz/Zpr,
Poy/7/2D, = ng/zpr > 1 the solution of equation (2.4.29) is given by the

expressions:
_ 3/2D !
gz_gﬂ_g T e 1_2ﬂ3i ,
v 2D, 4 VD,

-1

278 9
vD

p

g [D
oy~ 42 [l

it} (2.4.31)
v, \ 2y

From the analysis of formulas (24.31) it follows that for § >0 in the
region of large values of the specified parameter, negative § is possible

g

only with 2732 _«1. In this case, the expression for p, can be somewhat
D ~

W,

simplified:

, (2.4.32)
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and the condition ,/§? / 2yD, >1 replaced by an equivalent

0<9 .~ (2.4.33)

Thus, we come to the conclusion that self-propelling of particles can be
realized in the case of large values of the parameter ./§° /2;/Dp also in a

three-dimensional system, however, the criteria (2.4.33) of such a motion
differ significantly from those in a two-dimensional case, see (2.45.28).
It should be noted that when =0 characteristic momentum p, is

always zero, both in two-dimensional and three-dimensional cases, see
(2.4.20) and the original equation (2.4.14). This should be expected, since
such a case corresponds to the degeneration of a two-humped one-particle
distribution function into a distribution function symmetric with respect to
p=0 distribution function of Gaussian type, with parameters coinciding

with those in (2.4.12), (2.4.13).
Summary and Outlook

Thus, in this chapter we present a microscopic approach to the
construction of a kinetic theory of many-particle systems with dissipative and
potential interactions in the presence of active fluctuations. The approach is
based on a generalization of the Bogolyubov-Peletminskii reduced description
method for systems of many active particles. It is shown that within the
framework of the developed microscopic approach, it is possible to construct a
kinetic theory of active particles both in the case of two-dimensional and three-
dimensional systems, the presence of nonlinear friction (dissipative interaction),
as well as the local nature of the action of an external random field with active
correlations. General kinetic equations are obtained for such systems in the
case of weak interactions between particles (both potential and dissipative) and
a low intensity of active correlations. Some special cases are determined in
which the kinetic equations we derived have solutions that coincide with the
results known for systems of active particles from earlier works of other
authors. It was also shown that one of the consequences of the local nature of
active fluctuations is the manifestation of self-propelling properties,
characteristic of systems of active particles, even in the case of linear friction
(see 2.4.23) - (2.4.33)).

Let us recall in this connection that formulas (2.4.23) - (2.4.33) describe
only two particular limiting cases of the existence of two-dimensional and three-
dimensional systems with self-propelled particles. Outwardly, the form of the
obtained expressions coincides with the form of similar expressions, see, for
example, Refs. [33, 34]. However, in this chapter, the nature of the self-
propelling phenomenon is associated with the local (individual) effect on
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particles of an external stochastic field with active correlations, see (2.1.9). In
addition, the parameters of such a self-propelled motion are self-consistently
expressed through the internal characteristics of a many-particle system - the
density of the number of particles in the system, the parameters of the
dissipative function, and the characteristics of the external action - pair
correlation functions of a stochastic field with active fluctuations. Note that the
stationary direction of self-propelling within the framework of a spatially
homogeneous model (see (2.4.7), (2.4.8)) cannot be determined. To define it, an
interaction must be introduced into the theory, albeit arbitrarily small, but
violating the spatial homogeneity of the problem. In this sense, the situation
expressed in formulas (2.4.19) - (2.4.28) resembles the situation with a phase
transition to magnetic ordering in ferromagnets, see, for example, Ref. [83]. As
is known, the value of the total magnetic moment in a ferromagnet in the
leading approximation is determined by the isotropic exchange interaction. The
direction of the magnetization is specified in this case by anisotropic weak
relativistic interactions.

In this regard, we note that the general kinetic equations (2.3.6)
contain a description of a large set of states of systems of many particles
(both two-dimensional and three-dimensional) with active local fluctuations,
both spatially homogeneous and inhomogeneous, including those with
numerous variations nonlinear friction. However, the study of various
special cases of solutions of kinetic equations (2.3.6), in our opinion, should
already lie outside the scope of this work. As emphasized above, the main
task of this work was precisely the development of microscopic approaches
to the derivation of general kinetic equations for active particles with
nonlinear friction under the influence of active fluctuations, including with
a generalization to the case of three-dimensional systems.

We also note that the microscopic approach to the construction of the
kinetic theory of many-particle systems with dissipative interaction and
active correlations proposed in this work allows further generalization. It
can be generalized, in particular, to the case of many-particle systems with
dissipative interaction and the simultaneous presence of both active and
passive fluctuations in the system. In this case, the non-Gaussian nature of
the external stochastic action, which generates both active and passive
correlations, can be taken into account..

SECTION III. THE REDUCED DESCRIPTION METHOD AND KINETICS
OF A LOW-TEMPERATURE GAS OF HYDROGEN-LIKE ATOMS
IN AN EXTERNAL ELECTROMAGNETIC FIELD

In the Introduction to the current work, it was noted that when
describing phenomena and effects in excited gases and weakly ionized
plasmas, the problem for constructing a kinetic theory of such systems
comes to the fore, that is, the problem of constructing a coupled system of
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kinetic equations for all possible components of the system, including
radiation (photons). Such a theory should be microscopic, i.e., it should be
built on the first principles of statistical physics, and take into account the
possibility of an external electromagnetic field influencing the system. Let
us specially emphasize the fact that in this case, in contrast to the previous
chapters, we are talking about a quantum system of many particles. As is
known, the description of the evolution of quantum systems has significant
specificity compared to the description of the evolution of classical systems.

For this reason, in this work, the necessary microscopic approach to
construction a kinetic theory of weakly excited gases or weakly ionized
plasma in an external electromagnetic field is proposed to be based on the
method of reduced description for relaxation processes in multiparticle
quantum systems [3]. Note that such a problem in the absence of an
external electromagnetic field on these systems was solved in [84]. The
content of this chapter closely related to [85].

Let us start with a reminder that the method of reduced description
for quantum systems is effective when the Hamiltonian of the system can be

divided into two terms 7?0 and V , }A[=7;fo +\7, where 7?0 includes the

basic interactions, and V describes relatively weak interactions and may
contain interaction with an external electromagnetic field [3].

3.1. Kinetic equations for a gas of bosons and fermions

in the second order of perturbation theory in the weak interaction

The approaches of the reduced description method in the formulations
of [3] are based on the hypothesis that if we consider the evolution of a

system with a truncated or incomplete Hamiltonian ?—A[O (as already noted,
this Hamiltonian includes the main interactions), then after a sufficiently
long time, its statistical operator p(t) for long enough times t>z, (where
7, 1s the so-called time of chaotization), will have some universal form. In
this case, the wuniversal expression for the statistical operator 1is
characterized by a certain set of operators y,, which are determined by the
structure of the Hamiltonian %, o and the properties of its symmetry [3]. The

last statement can be expressed by the relation:
e—iffotpei‘ffot N p(o) (eial Spp?a) , (3.1.1)
t—ow

where p is the initial value of the statistical operator of the system, the

(0)

statistical operator p'~ is defined by the formula:
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p(o)(;/)zexp{Q(;/)—j/aYa(y)}, (3.1.2)

in which the thermodynamic potential Q(}/) and thermodynamic forces

Ya( 7/) are found from the equations

P9 =1, 0%, =7,. (3.1.3)

Quantities y,, whose operators are present in (3.1.1) - (3.1.3) are

parameters of the reduced description of the system, and the equations of
motion for which will be the equations of evolution of the system at times
t>7,. These equations must be derived from the Liouville equation for the

statistical operator. Index ‘@’ numbers the entire set of reduced description
parameters y,. Operators y, depend on the symmetry properties of the

Hamiltonian ?—A[O, which is reflected in (3.1.1), where there is a matrix "6“,

determined by the structure and symmetry of the Hamiltonian H 0"

[ 70,72 ] = 3T (3.1.4)

In formulas (3.1.2), (3.1.4) by repeating indices a,b summation is

implied. Note that finding the collection of operators y, for the known

Hamiltonian 7:[0 can be challenging enough. In the general formulations of

the reduced description method, it is considered solved, and the main
attention is paid to the procedure for deriving the evolution equations for
these parameters of the reduced description.

It was shown in [3] that for quantum gases with the Hamiltonian

H=H,+V, (3.1.5)

where the operators 7-A[ o and V are defined by expressions

/ A+ A 7 1 s \ALALA A
7{O=Zaa1-a1, VzﬁZ®(|1|2;|3|4)ailaizaiaah, (3.1.6)

iyisizia

as reduced description parameters y,, mentioned above, the single-particle

density matrix fi,i,, to which the following operators correspond:

f.=a4, (3.1.7)
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where éf, a4 are the creation and annihilation operators of particles,

respectively, and the index | numbers the set of quantum numbers
characterizing the state of the particle (for example, the momentum p , spin

projection S). Note also that the quantity g in Eq. (3.1.6) represents the

energy of a free particle (or quasiparticle), CD(iliZ;isi 4) characterizes the

interaction between the structural units of the system and the letter 9/ the
denominator of the second of formulas (3.1.6) denotes the volume of the system.

For the one-particle density matrix fi'i, as a parameter of the reduced
description in [3], the evolution equations were obtained in the second order

of the perturbation theory in the weak interaction V (see Eqgs. (3.1.5),
(3.1.6)):

f +11%
4(F)=ispp” ()7, &8 ] LW(f)=ispp(F)[V. a4 ],

4
. &)
(1) =] dfe”fsiop“)(f{VA(f)-[Av‘f@PiZ‘I% e )}’

V (Z') = eiﬁorve—iﬁor ,

and the statistical operator p° (f) is given by the expression:
p(o)(f)zexp{Q(f)—ZYi'i,(f)é;éj}, (3.1.9)

where Q( f) and Y, ( f) as functionals of the one-particle density matrix in

accordance with (3.1.3) should be found from the equations:
Spp(f)=1, Spp(f)a4=",. (3.1.10)

After calculating the commutators and traces in (3.1.8) taking into
account formulas (3.1.5) - (3.1.7), these equations can be reduced to a closed
form [3]:

of .
a - , (3.1.11)
t+|[g, fl=L(f)

where matrix & ; is defined by the formula:

& :€i5i,i’+%Zq)(iil;il,i')fil’,il’ (3.1.12)
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and the collision integral L( f ) for bosons is given by:

= > > O(iijysid,) (12,34)5 (g te, -8, ¢ ) (3.1.13)

|||| P
hlolal4 ifiyigi,

><{.I:i'i fi'i (é‘l i’+fi i')(é‘ii'—‘rfii’)_ fi i'fii'(é‘i i'+fi'i’)(5i'i +fi |)}5 +hC7

where
0

57(X)Elling dre™ . (3.1.14)
T =0

For the case of fermions, in the lower line of expression (3.1.13) inside
the parentheses, the plus sign must be replaced with a minus sign. It should
also be noted that the left-hand side of equation (3.1.11) includes the

quantity &; (see (3.1.12)) containing corrections to the energy of a free
particle &, related to interaction and single-particle density matrix fi‘i,

(distribution function, see below). For this reason, the value & takes into

account the mean field effects. Thus, equation (3.1.11), taking into account
the self-consistent field (3.1.12) and the collision integral (3.1.13), (3.1.14),
is, in fact, the kinetic equation for the system characterized Dby
Hamiltonians (3.1.5), (3.1.6).

To illustrate this more clearly, one should go, as is done in [3], in the
equations (3.1.11) - (3.1.13) to the momentum representation, i.e., the values
characterized by a set of indices i must be considered a set of momenta p
with the corresponding numbering. In this case, it is convenient instead of

the one-particle density matrix f zSpp(O)(f)ég,ép (see (3.1.7), (3.1.10))

introduce into consideration the Wigner distribution function f (X, p) :

Ze o ¢ v . J.da’kefikxf C (3.1.15)

p—f p+f (27;) PPty

It should be noted that in the spatially homogeneous case the quantity

f .  is equal to fpé(’O. Consequently, f , |, should have a sharp
PP P=2P"2

maximum at k =0. Based on equations (3.1.11) - (3.1.14), in perturbation

theory with small spatial gradients, we obtain the following evolution equation

for the Wigner distribution function f (X, p) (kinetic equation) [3]:

of (x,p) . de(x,p) of (x,p) ~ de(x,p) of (x p)

:f), (3.1.16)
ot op oX OX op (p )
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where the particle energy 8(X,p) (or quasiparticle, see [3]) and the collision

integral L(p; f ) are defined by expressions:

EZefikxg :—3J.d3ke7ikxg ok’ (3.1.17)
K P ) )

kp% (27r
L(pi )=z X [@(ppaipsp)f (e (p) +£(p2) ~2(ps) (e

P1P2P3P4

xS, {1 (PL) f(P2)[1+ f (Po) ][+ F(P,) ]~ f (Po) f (Pa)[2+ F (P) J[1+ f (p2)]}

in which g(p) is the energy of a free particle (or quasiparticle). Note that a

similar expression for the collision integral L(p; f) in Eq. (3.1.17) is also

true for fermions if the plus sign in square brackets is replaced by a minus
sign. It can be seen that the kinematic part of equation (3.1.16) looks the
same as the kinematic part of the classical kinetic equation, if under the

energy g(X,p) one understands the Hamiltonian of a particle & The

collision integral in (3.1.17) differs significantly from that in the classical
case, since it reflects the influence of statistics, which the particles obey.

In the next section, the above procedure will be applied to construct a
kinetic theory of weakly ionized gases of hydrogen-like atoms in an external
electromagnetic field. As noted above, the construction of such a kinetic
theory must begin with the concrete definition of the explicit form of the
Hamiltonian of the system under study.

3.2. Hamiltonian of a low-temperature gas of hydrogen-like atoms

in an external electromagnetic field

The problem of constructing the Hamiltonian of a weakly ionized plasma
in an external electromagnetic field has essentially been solved. In [53], an
approximate second quantization method was developed to describe many-
particle systems in the presence of bound states of particles. For this, the
simplest model was considered - a system composed of three different gas
components: subsystems of two different oppositely charged fermions and their
bound states. In [84], these Hamiltonians were used to construct a kinetic
theory of weakly ionized rarefied gases of hydrogen-like atoms from the first
principles of quantum statistics in the absence of an external electromagnetic
field. It was also explained there that the developed method of second
quantization is most correctly applied in the case of low temperatures. The
reason is that the formulations of Ref. [53] are valid when the average kinetic
energy of the particles in the system is small compared to the energies of bound
states (atoms). In systems close to equilibrium, this condition is provided
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precisely by low temperatures. It should be noted in passing that the
formulations of the secondary quantization method proposed in [53] were
successfully applied in [86] to describe the states of low-temperature gases of
Fermi atoms of two different types in thermodynamic equilibrium with a gas of
heteronuclear molecules formed by these fermions. Such circumstances make it
possible to use the Hamiltonians [53] for solving the problems of the present
work.

The result of the construction in [53] of an approximate (new at that
time) formulation of the second quantization method in the presence of bound
states is as follows. A low-temperature weakly excited and weakly ionized gas
of hydrogen-like atoms in an external electromagnetic field is, first of all,
a many-particle multicomponent system, the subsystems of which are
oppositely charged free fermions (electrons and positively charged cores), as
well as bound states of these fermions - neutral hydrogen-like atoms (bosons),
which can be in excited states. Creation and annihilation operators of fermions
of the first and second kind in the momentum representation

a(p), &(p), 1=12, (3.2.1)
satisfy the usual (Fermi) commutation relations
{8 (p).a (p)f=4(p)a (r)+& (P4 (p)=A(p-p)A(I-1), B.2.2)
{a(p).4(P)}=0. {a(p).a (p)} =0,

where the quantities A(p—p') and A(I—I') represent the Kronecker

symbols. For definiteness, in what follows we will assume that the index
| =1 corresponds to the electron subsystem, and | = 2 to the core. Note that,
to simplify the calculations, Ref. [53] did not take into account the presence
of spin variables as individual quantum characteristics of the particles that
make up the subsystem. It will not be taken into account in this work for the
same reason.

For bound states (hydrogen-like atoms) with mass M = m +m, in the
low-energy region, it is possible to introduce into consideration the creation

ﬁ;(p) and annihilation ﬁa(p) operators, which also satisfy the usual Bose

commutation relations:

(7. (p).7;(p) =7, (P)7; () =715 ()7, (P) = A(p—P)A(a - B),  (3.2.3)

¢ >

where the index ‘@’ (or ‘B’) denotes a set of quantum numbers
characterizing the quantum mechanical state of a hydrogen-like atom.
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In addition, it was assumed that the system could be influenced by an
external electromagnetic field characterized by a scalar ¢ (X,t) and vector

A(e)(X,t) potentials. The presence in the system of photons with the
dispersion law was also taken into account a)(k) (o is frequency, k is
wave vector), by creation operators CAZA+ (k) of a photon with wave vector k

and polarization A =12 and annihilation operators é/l (k) ,

A

o(k)=ck, [, (k),C;(k)]=a(k-k). (3.2.4)

In terms of the introduced particle creation and annihilation
operators (3.2.1) - (3.2.4), the Hamiltonian of a low-temperature hydrogen-
like plasma in accordance with [53] can be represented in the form:

H = Hy +W(t)+V (3.2.5)

where 7? o 1s free particles Hamiltonian:

7,= 33 (P (0)a (p)+3 X, (01 (01 () + ok C: ()G, (k).

I=1 p Ak
(3.2.6)
p2 2
a(p)=gp 1202 aP)=a gy Memem,

and the value g, <O is the energy of a bound state (hydrogen-like atom) in a

state with a set of quantum numbers « . In (23) and further calculations, as
is usually done, we formally set the Planck constant # equal to one, i=1;
if necessary, the dependence of the results on # may be easily restored. By
repeated indexes ‘@’ in (3.2.6) and below, where it is not specifically stated
otherwise, the summation is assumed.

Interaction Hamiltonian W(t) of a particle system with an

electromagnetic field can be written as:
W (t)= —%IdxA(x,t)](x)+2i(:zjdxA2(x,t) f(x)+IdX(p(e) (x,t)6(x), .27

where operator A (X,t) ,
A(x,t)zA(e) (x.t)+a(x) (3.2.8)
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1s a superposition of the vector potential of the external electromagnetic
field A(e)(X,t) and vector potential é(x) of the radiation field, which in

terms of the photon creation and annihilation operators has the form (see,
for example, [3]):

2

Y2 R . A .
a(x)= (27”) CZk: ;aﬂz (K)e, (K){C; (k)e™ +C, (k)e}  (3.2.9)

(el(k)is the polarization vector of the photon in the state k and 1=12).

Note that the Coulomb gauge was chosen for the radiation field.
Current density operator j(x) in (3.2.7) is defined by the formulas:

22: {ol}, (3.2.10)
a=0

(=g 2 ()4 (P)A (9] & =-e. =

L5yt 0o (o-p)ei (o0 (01 9

PP a.p

where ¢ is the system volume, € is the elementary charge, m and m, are
the masses of an electron and a core, respectively, and the values O-aﬂ(k)

and jaﬂ (k) are given by the following expressions:

aaﬁ(k)EeIdy(p;(y)wﬁ(y){exr{ mlkyj exp[i%kyﬂ,

M=m+m,, (3.2.11)
jop(k)=e2 dy(w; (v) awgy(y) - a(oéy(y) o (y)j{% exp(i %kyj nllz exp( im kyﬂ

where M is the atom’s mass and is the wave function of a hydrogen-like
atom in the state «, which is assumed to be known.

Quantity 5‘(X), in (3.2.7) is the operator of the charge density of the

system:

G(X)=>_6.(x) (3.2.12)



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 247

while,

:EzeiX(P'—P)a+ (p)é1 (p,) ,
ZZe'* "o, (D-pYis (P)77, (P')- (3.2.13)

PP a.p

Finally, operator IA(x), contained in (24), according to [31] can be

written in the form

=>'1,(x). (3.2.14)

2
=0

a

where
A e2 C N A .
I (x) = &8 (p)a (p'):
——Zzéx" N (P=P) 7 (P) 7, (). (3.2.15)
Viorap

and tensor laﬁ (k) is defined by the formula:

k)Eezfdy(o;(Y)(ﬂ,j(Y){ml p(mzkyj o p( i My H (3.2.16)

Thus, expressions (3.2.7) - (3.2.16) completely determine the
Hamiltonian of the interaction of a hydrogen-like low-temperature plasma
with an electromagnetic field.

Note that under the assumption of a weak external electromagnetic
field and in the leading approximation in terms of the fine structure

constant ez/hc Hamiltonian W(t) of interaction of an electromagnetic field

with matter is reduced to a simple sum of Hamiltonians VVM (t) and V\/mt( )

W(t) =W, (1) +W,,., (3.3.17)

int

in which the Hamiltonian of the interaction of matter with an external
electromagnetic field W, (t) is defined by formulas:

~

WL, (1) =WEY (1) + W2 (1) + W (1), (3.2.18)

WS (t) =§Z{i—A‘e) (P, =P t) (P, +P,) +9 (pl—pz,t)}éf(pl)él (p2):

PiP2 2rT!LC



248 PROBLEMS OF THEORETICAL PHYSICS

vi/e(,i)(t):EZ{ | A“’)(pl—pz-t)(pﬁpz)w(E)(Prpzvt)}éé(pl)éz(pz)

erlpZ ZrnZC
+
T p-p) Pl (0,

Ca B Pip2

+jaﬁ(pl—pz)}ﬁ;(pl)ﬁ,;(pz)+
+—ZZ¢@ —Poit) oL, (Py =P, )7 (P) 77, (P2) -

plpzaﬁ

in which the functions A(e)(p,t), (o(e)(p,t) are Fourier - images of

potentials A® (X,t) and (p(e)(x,t) of external electromagnetic field:

A® (p,t) Idxe PAC (x,t), 9 (p,t) Idx e "o (x,1). (3.2.19)

The Hamiltonian of the interaction of matter with radiation is given
by the expressions:

W, =W W2+ WD, (3.2.20)
12
° $ 27 (2p-k) N
Wr(f) E—;kyp e, (k)[_f(/a)kj azﬁ: oM O-aﬂ (—k) Jaﬂ( k):|77ap77ﬂpkck1_
2 2z V[ (20+k) _ oo
_ k k k + + ,
S3e 0 2| 5] Tt ()2 6) i
A/ e S 2r > ' A+ A(n ' A ’ At
W :ﬁp,pzk;[_ﬂ/wkj e, (k)(p'+p)& (p)a(p )(A(p -p+k)C,, +A(p —p—k)CM)

W == i{ﬁj & (K)(P'+P)& (p)& (P)[ A(p'-p+K) Gy, +A (P —p-K) G, |

Note that Hamiltonian (3.2.18) plays the main role in describing the
processes of the system's response to an external disturbance by a weak
electromagnetic field (see [50-58]). Hamiltonian (3.2.20) determines relaxation
processes in the photonic subsystem. In fact, this Hamiltonian accurately takes
into account the processes of emission and absorption of photons, but leaves the
processes of scattering of photons by atoms outside the scope of the description.
For these processes of scattering of photons by atoms are responsible for those
unaccounted for in the Hamiltonians (3.2.17) - (3.2.20) (they are contained in
the complete Hamiltonian (3.2.17)). However, the same contribution to the
relaxation processes in the system (for example, to the collision integral) is

made by the quadratic approximation in V\/Int , see Ref. [3].



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 249

It remains to give an explicit form of the last term in formula (3.2.5),
that i1s, the Hamiltonian of the interaction between particles of all
components of the system V , which, according to [53], can be represented in
the form of three terms:

VARVICIRVICIRVICN (3.2.21)

where V® is the Hamiltonian of the interaction of free fermions of both
types with hydrogen-like atoms:

VO =2 5 @, (PP,PsPa) 7 (P5) 7 (Pa) {5 (P1) 2 (P,) -3 (py) ()}

P1P2P3P4
(3.2.22)

D5 (PP P2 Ps) = A(Py —Pa =Py +P, ) V(P =P,) 0, (P, —Py)-

Hamiltonian V@ in (3.2.21) describes the interaction between atoms
in different quantum-mechanical states:

yo 1

=27 2 oo (P1P2 P3P, (PL) 7, (P2) 7, (P5)7,, (Pa)» (B:2.23)

P1P2P3P4

D, s (P12P23P3 P4 ) == A(Py +P3 — Py — P2 )%

1
2(V
X{V(pg - p2)o-a1a4 (pg - pz)o'azas (pz - p3)+ V(pa - pl)o-aza4 (p3 - pl)o-alas (pl - p3)+

V(P4 =P2) O, (Pa = P2) T, (P2 =Pa) +V (Pa = P1) O, (Pa=P1) O, (01 =P} -

and Hamiltonian V©® determines the interaction of free fermions with each
other:

HE =-— O (p,,P5: PP )& (P,) 4, (Ps) 4 (P&, (p,)+ (B:2:29)
Plpzpapa
1 (3) . A+ A+ A
+5 2 O (PuPaiPa Py )| 8,8, 8,8, + 8,8, 8, 8, |-
P1P2P3P4

O (p,,PiPsPs) = APy~ Py +P5 =P, ) v(P, —Ps)
2

e
(pl'pZ'p31p4) _EA(FM _pl"'ps_pz)><

X(v(P=Pa) +v(Pu=Pa) ~v(Py=Ps) ~v(P, D).



250 PROBLEMS OF THEORETICAL PHYSICS

The quantity V(p) in formulas (3.2.22) - (3.2.24) is the Fourier

transform of the Coulomb potential divided by €, an elementary charge
squared:

v(p) =‘;_’2’. (3.2.25)

Thus, expressions (3.2.2) - (3.2.25) determine all types of interactions
between the components of a weakly ionized gas of hydrogen-like gases at
low temperatures and the interaction of the system with an external
electromagnetic field. Thus, the Hamiltonian of the system in the form
(3.2.5) will be used by us in the description of the system within the
framework of the method of reduced description modified for this case, with
some reservations, which will be reported as necessary.

3.3. Parameters of the reduced description of a low-temperature gas

of hydrogen-like atoms in an external electromagnetic field

To construct the kinetic theory of the system under study, it is
necessary to slightly modify the approach outlined in Section 3.2, first of all
taking into account the fact that in the case of weakly ionized gases of
hydrogen-like atoms, we are talking about a multicomponent system. This
description, as already mentioned, is based on the Hamiltonians of the
system defined above by formulas (3.2.5) - (3.2.25) (see also [53]). Here,
however, the following remark should be made. Hamiltonian (3.2.5) differs

from Hamiltonian (3.1.5) by the presence of an additional term W(t),
describing the interaction of system components with an external field and

radiation (photons), see (3.2.5) - (3.2.20). Let's make a reservation right
away that in order to simplify the calculations and more clearly present the

results in further consideration in W(t) we will neglect the interaction of
the components of the system with photons, that is, ignore the presence of
the term W, , see (3.2.17), (3.2.20). Note that neglecting the term W, is not

necessary for any reasons of principle. Indeed, we could include among the
parameters of the reduced description the one-particle photon density

matrix fﬂkﬂk,, defining it by formulas (see (3.1.10), (3.1.15)):

A

flk,/i’k' = Spp(o) ( f ) fllk,/l’k' ’ flk,l’k’ =G G- (3.3.1)

(see (3.2.20)) to the number of

interaction Hamiltonians (3.2.21) and as a result, following the method of
[3], the kinetic equation for the Wigner photon distribution function. As it

This would add the Hamiltonian W

int
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will be easy to see below, such a procedure would greatly clutter up the
calculations and the visibility of the results. Taking into account also that
photons have little effect on relaxation processes in the medium, we can also

neglect the term Wnt in the Hamiltonian W(t) For the same reason, we

exclude from further consideration the term za;(k)éi+ (k)é (k), which
7K

determines in (3.2.6) the kinetic energy of free photons. However, if one is

interested in the processes of relaxation of photons in a medium, then it is

necessary, as noted above, to write out the kinetic equation for the

distribution function (3.31) of photons and to take into account the presence
of the term Zw(k)@ (k)é/1 (k), and the Hamiltonian W, . It is the terms
7K

A

contained in W that determine the relaxation of the photonic subsystem,

int
see in this regard Ref. [3].
As for the Hamiltonian W, (t) (see Eq. (3.2.18)) in W(t), associated

with the interaction of matter with an external electromagnetic field, then
its influence on the evolution of the system in the framework of the method
of reduced description in certain cases can also be taken into account. In
particular, in [3], the procedure for modifying the reduced description
method for the case of the action on the system of an external force of weak
intensity and slowly varying with time is described in detail. The essence of
the modification is that in deriving the kinetic equation taking into account
the effect of an external random force on the system, an additional
perturbation theory with respect to the time derivatives of the field
characteristics is used (along with the perturbation theory with respect to
the weak interaction between particles, for example). If the goal is to obtain
kinetic equations in the leading approximation in additional small
parameters (time derivatives of the field characteristics), then the noted
modification becomes minimal and practically obvious [3].

As applied to the system under study, this means that one-particle
density matrices of the type (3.1.3), (3.1.7) for each of the components of the
system can be chosen as the parameters of its reduced description. It is the
entire set of such density matrices that will serve as parameters for the
reduced description of the system at its kinetic stage. The evolution
equations for them can be considered as a system of kinetic equations for
the system (see in this connection also Ref. [84]). Taking into account the
proposal made above to neglect the contribution of photons to relaxation
processes in the system, we introduce into consideration the single-particle

density matrices ﬁfg,, fp(i) of free (unbound) fermions of the 1st and 2nd

kind by the formulas, see (3.2.1) - (3.23), (3.1.9), (3.1.10), (3.3.1) (recall that
we agreed above to number the physical characteristics of the electronic
subsystem with the index «1», and the characteristics of the cores with the
index «2»):
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i =p(F)i5. 5 =a(p)a(p) (3.3.2)
f12 =g5pp'” ( f) f2, f2=a(p)a(p).

as well as single-particle density matrices of atoms in various quantum-
mechanical states f,i,?pp/ (See Eq. (20)):

T =S (F) 10 T =7 (). (p). SpA”(F)=1 33.3)

where the statistical operator p(o) ( f~) in accordance with (3.1.9) should be

determined by the formula:

()= exp| 2 1) S 1) 2 - (1) 82~ (1) 2 |

(3.3.4)

in which the thermodynamic potential Q( f) and the relationship of
‘e O(f @ (f (0)
quantities Yp',p(f)’ Y, (f), Y,

o ﬁp',ap(f) with the introduced one-particle

density matrices is determined by expressions (3.3.2), (3.3.3).

Further, for each of the one-particle density matrices introduced by
expressions (3.3.2), (3.3.3), one can write down the evolution equations,
adhering to the technique used in [3] (see also [84], [85]) to obtain formulas
(3.1.8) - (3.1.12). In this work, for the system under study, we will obtain
kinetic equations with an accuracy of the first order in the weak interaction
between particles, which corresponds to the approximation of the mean (or
self-consistent) field. In addition, as already mentioned above, we will
restrict ourselves to the main approximation in time derivatives of the field
characteristics and ignore the cross-terms, that is, those that are
proportional to the products of the quantities characterizing the external
field by the amplitudes of the weak interaction between particles. By
neglecting the second order in the interaction, we avoid the problem of
constructing collision integrals, see (3.1.13), (3.1.14), (3.117). There is no
fundamental need for the approximations mentioned above. As it is easy to
see from (3.1.13), (3.2.21) - (3.2.25), expressions for the collision integrals
can be obtained, although due to the cumbersome calculations, this problem,
in our opinion, should be taken out of the scope of this work.

Taking into account the specified approximations and in accordance
with formulas (3.1.8), the evolution equations for one-particle density

matrices fp(i) free fermions of both kinds are written in the following

P
form (see also (3.3.2)):



O.Yu. Sliusarenko, Yu.V. Slyusarenko, A.G. Zagorodny. Chapter III. The reduced description method... 253

) = 9 (F)+L22(F). (335

£ (F)=ispp® (F)[ 1, 13 .

L (f :iSpp<°)(f)[‘+v§/m(t),f“p{lg,],
= (F)+ 32 (7).

429(F)=ispp® ()] . £2].

L (F)=ispp (F)[V +WL, (1), £5 |-

where the Hamiltonians 7?0, V u VVM (t) are determined by expressions

(3.2.18) and (3.2.21) - (3.2.25). A similar equation can be written for the one-
particle density matrix of bound states of these fermions - hydrogen-like
atoms in different quantum states (see (3.3.3)):

Ea = Lo ( )+ Lo () (3.3.6)
450 (F) =190 (F)[ . T2, |
I

L2, (1) =150 ()[V i, 1) 2]

Introducing further the Wigner distribution functions f® (X,p),
f®(x,p), f o az % (x,p), as was done in [84], [85] (see also (3.1.15)):

ke 'ka k ,  (3.3.7)

= (
£(2) — —ikx £(2) 3 ikx ,
f (X' p) - Zk: € fp—%,m% ( ke pr p+5
£(0) _ -ikx £ (1) -ikx ,
falvaZ (X’ p) - ; € falpf%,agmh ( flllpff 0:2[”5

and following the methodology [3, 84, 85], proceeding from (3.3.5), (3.3.6),
one can come to kinetic equations for quantities (3.3.7), the form of which is
similar to the form of equation (3.1.16), if in the latter ignore the collision
integral. The most consistent procedure is described in Ref. [84]. The above
procedure, however, requires a certain modification to take into account the
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effect of an external electromagnetic field on the system [85]. In accordance
with this, the derived system of kinetic equations will take into account the
effect of an external electromagnetic field on the system, including on the
subsystem of neutral hydrogen-like atoms. In the explicit form of these
kinetic equations, however, there is a rather «unpleasant» circumstance
associated with the method of introducing the Wigner distribution functions
(3.3.7), which we will consider in the next section.

3.4. Gauge invariance conditions for a low-temperature gas

of hydrogen-like atoms in an external electromagnetic field

The point is that in the mentioned kinetic equations the potentials of
the external electromagnetic field A(e)(x,t) u (o(e)(X,'[) (see Egs. (3.2.18),

(3.2.19)) are not included in the form of combinations corresponding to the
strengths of the electrical E®© (X,t) and the magnetic H® (X,t) fields:

10 9
E(e) 't :__A(e) 1) — (e) ),
(1) = 2A® (1) == (1)
H® (x,t)=rot A® (x,t). (3.4.1)

This is due to the fact that the Wigner distribution functions (3.3.7)
are not gauge-invariant: indeed, in the classical limit, they determine the
distribution of particles over the coordinates and projections of the
generalized momentum, which are gaugemnon-invariant (see in this
connection [3] and also [87]). It is possible, however, to introduce gauge-
invariant distribution functions, the kinetic equations for which will already
contain the characteristics of the external electromagnetic field in
combinations (3.4.1), that is, will already be gauge-invariant. For this
purpose, we draw attention, first of all, to the fact that the gauge-non-
invariant Wigner distribution functions (3.3.7) can be introduced in another,
equivalent way (see also (3.3.2)):

fO(x.p)= éypf(l)( 1 ’ 1 j, (3.4.2)
(xp)=[dy X+SY X2y
£ (xp)=[aye (x+£y X—Eyj,
) 2 ! 2
fO (xp)= P §0 ( 1 , _1 j,
0, (xp)=[aye® £, X+2YX=2Y

where single-particle density matrices are determined by the expressions:
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(%), (3.4.3)
P& (x0%,) =02 (%) 22 (%),
£ (%0%,) =Sp s, (%) (%) -

9 (x,,%,) =Spp7; (x,) 24
2)

In Eq. (3.4.3) field operators )E(X),;Zl(x), ;};(x),;zz(x) and
7'7\;2(X),7'7\wl (X) are related to the creation and annihilation operators of

particles of the subsystem in momentum space (3.2.1) - (3.2.3) by the
formulas

Zal e™,  n(x) =sz:a1(p)épx . (3.4.9)
Zaz e iPx 7,(%) :%;az(p)eipx,
\/—ZGIPX"+ ﬁa(x):—vzp:ﬁa (p)épx .

The equations of motion for operators (3.4.4) will be gauge-invariant if
these operators satisfy transformations (see [53]):

F(%) > Z (%) =97 (x,),
7 (%) > 2 (xput) =€V 75 (x,) (3.4.5)
7(%) > 23 (%) =% 7, (x,),

7(2+ (Xz) _)Zz (X t) gl )Zz (Xz) ’
M (X) 277, (Xit) = Koy (Xit) 775 (X)
My (X) 277, (Xot) =77, (X) Koy (X01),

where the matrix elements Kaﬁ (X,t) are defined by expressions:

Kos (Xo1)= dego;l (x)exp{i {ela(x +%x,tj + eza(X _%X’tﬂ}% (x)>

(3.4.6)

K., (X.t)= J'dx%z (x)exp{—i {elaLX +%x,tj + eza(x —%x,tﬂ}gy}z (x)>
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and the potentials of the electromagnetic field are converted in accordance
with the expressions:

A® (x,t) > Al (x,t)= A (X,t)—%a(x,t), (8.4.7)

P9 (x,1) > 0@ (x,1) = ¢(e>(x,t)—%a(x,t)-

In expressions (3.4.5) - (3.4.7) the quantity a(x,t) is a certain gauge

function on which no restrictions have been imposed yet [53]. Note that the
matrices (3.4.6) satisfy the equality

Kos (XK, (Xt)=6,, (3.4.8)

]

which is easy to see if we assume that the wave functions of a hydrogen-like
atom @, (X) satisfy the equality:

25 (X) 9, (¥)=6(x-y), (3.4.9)

that 1is, to refer the wave functions of the atom to the region of the discrete
spectrum (summation is implied by the repeated indices in (3.4.9), as in the
formulas above). In fact, condition (3.4.9) was already considered fulfilled at
the stage of formulating the method of second quantization in the presence
of bound states of particles. The rationale for this circumstance and the area
of its applicability are detailed in [53]. Note also that for g =-e=-¢,

matrices (3.4.6) take the form

Ka _[ngo exp{le[ [X—%x,tJ—a(x +%X’tﬂ}‘/’ﬂl(x)’(3'4’10)
K+

g, (Xi1) = jdx¢a2 (X)exp{—ie{a(x —%X.tj - a(x +%x,tﬂ}(p}z (x)-

Thus, in accordance with (3.4.2) - (3.4.10), the gauge-invariant one-
particle density matrices should be determined by the following expressions:

£ (x,,%,) = SP R (%) 71(x,) = € LI FO () (3.4.11)
£ (Xl,Xz) =Sppi} (Xz);(é (Xl) — gelatat-ale ) £(2) (Xl' Xz)’

fugl )az (Xl'x ) ajpﬁ‘z (Xz’t)ﬁ;ﬁ (Xl't) = K;—zﬂz (Xz't) Kalﬁl (Xl't) fﬁ(f)ﬁz (Xl'xz;t)’
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moreover, due to properties (3.4.8), the relation:
fy(f)z (X Xt) =K, (X, K, (X,,t) fcff)az (X4, Xs)- (3.4.12)

Further, proceeding from the definitions of the Wigner distribution
functions (3.4.2), (3.4.3), we have:

=i x+1 Jt= x—é , ~
f(l)(x,p)zjdyéype e{a{ ZYJ a{ zytj}f(l) (X+%y’x_%yj’ (3.4.13)

. 1 1
£ (x,p)= jdyéype'e{{mzy'tj{xzy’t)} f@ (X+1y,X—%y),

2

i 1 1 - 1 1
(0) _ + (0) .
fr, (X.P) __[dy(—:“"’K%ﬂ2 (X_Ey’t) Keos (x+§y,t] fo (x+§y,x—§y,tj.

On the other hand, for any one-particle density matrix, for example,

f (X#—%y,x—%yj, the representation in terms of the Wigner distribution

function is valid:

f~<1>(x+1 x1 ):L do'e ™ £ (x.p'), (3.4.14)
Sy XY (27:)3I p (x.p)

as a result, expressions (3.4.13) for gauge-invariant Wigner distribution
functions can be written in the form:

. 1 1
= (2;1z)s Jap ¥ (x.pit) | ayerr e TP (34 15)

. 1 1
2 (xpit) = éf dp' % (x,p’; t)j dyeiy(p—p')e'e{a[ﬂiy't]‘a[x‘?’"} ’

1
(27)

0 (x,pt)=

aq,05

r3: ' iy(p-p') e + 1 1
[T, et [y ™ K, (x= 3yt K (x5 Dyt

For further calculations, it is convenient, following the methods of
quantum optics (see in this connection, for example, Ref. [88]), to introduce
into consideration the quantity A(x,,X,),

a(x,,t) —a(x,,t) = A(X,X,) (3.4.16)
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which by means of a curvilinear integral

A(X,, X, E%j A<e>(r,t)dri (3.4.17)

is associated with the vector potential of the external field A(e)(l’,t). The

integral in (3.4.17) can be calculated along any curve connecting the points
Xy, X,. This is where the freedom in the choice of the value a(x,t) lies, see

above. For simplicity of further calculations, it is convenient to assume that
the integral (3.4.17) is calculated along the straight line connecting the
points X, X,. The value A(x;,,X,) in quantum optics is called the linear

Dirac-Heisenberg gauge potential or simply the Dirac-Heisenberg line,
linking the coordinates X,,X, with the positions of the electron and the

nucleus in a hydrogen-like atom (see in this connection [88, 89]). In this
paper it is also shown (this can be verified directly from (3.4.17)) that if the
distance between x, and X, insignificantly, for example:

X, = X+Y,, X, =X=Y, Vi <|X], ARSI (3.4.18)

then the value A(x;,X,) takes the form:
1 e
A(Xl’xz)zg(yl_yZ)A( )(X,t)- (3.4.19)

In terms of the quantity A(x,,x,) the first two formulas from (3.4.15)
can be written as:

X+=Y X~ y)

fO(x,p;t) = jdpf (xp'st) [ dye”* e 'eA( 27 2) (3.4.20)

(27

|eA(x+ Y X— yj

@ (x,p;t) = 2r jdpf xpt_[dye'ypp ,

and the form of the third formula remains the same when changing the form
of tensors Ka/5'> see (3.4.6):

. : 1. m 1,.m
Ko (x+ ytj J‘dx(pal(z)exp{—|eA(x+Ey+VZ,X+EV—VZJ}%(Z)’

(3.4.21)
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In the classical limit, when the fields vary weakly at distances of the
order of the de Broglie wavelength of the particle (see, for example, [3]), due
to0 (3.4.18), (3.4.19) we have

1 1 1
Al X+Zy,x—=y,t |== Al X,t), (3.4.22)
( 2V j 4 (x1)

and, as is easy to see,

£ (x,p;t) ~ F (X,D—EA(E)(XJ)?IJ’ 2 (x,pit) ~ f? (X’p{A(E)(X’t);t)
(3.4.23)

To simplify expressions (3.4.21), along with approximation (3.4.19),
we also use the point atom approximation [53]. This will greatly simplify the

. . 1
expressions for matrices Kaﬁ, K;ﬂ. For example, for K%ﬂl (X—i—Ey,t] we get:

K.s [x+%y,tj = '|‘d2¢>;1 (z)exp{ieA(x+%y—%z,x+%y +%z,tj}(pﬂ1 (z)=
~ dego;l (z)exp{—i EzA(e) (X+%,tj}(pﬁl (z)=~ (3.4.24)
z_[dZ(p;l (z){l—ing(e) (X+%’tj}¢ﬂl (2).

In the classical limit, when the fields vary weakly at distances of the
order of the de Broglie wavelength of the particle, from (3.4.24) we finally
have:

: (yv)d, ,A®(xt). (3.4.25)

y .1 () .
K X+=,tl=do ,—i—=d A7 (xt)-i—
alﬂl( 2 j wh ok ( ) %

In deriving expression (3.4.25) from (3.4.21), we used the condition for
normalizing the wave functions of the discrete spectrum of a hydrogen-like
atom and introduced the concept of the tensor of dipole moments for this

atom daﬂ [53]:

[axp. (x)g, (x)=3,,  d,, =€[dye. (Y)yp,(y)- (3420



260 PROBLEMS OF THEORETICAL PHYSICS

The use of formulas (3.4.15) - (3.4.26) allows one to obtain a rather
simple expression for the gauge-invariant distribution function of neutral

atoms fa(fg (X,p;t)1

£, (xpit)= fifiz(x,P:t)—i%[d’f(o)(X’Pit)] A (xt)- (3.4.27)

ay,a.
1,%2 @,

70 (x b
—i{d,(—af (X’p’t)v} A (x,t)-
2c op

, { A, B} have the

9y

In the last expression the notations [A, B]

na;

traditional sense of switches and anti-switches for matrices A, B:

[AB].. =A,B, -B.,A.. {AB] =A,B, +B_A, .(3428

Thus, expressions (3.4.2) - (3.4.28) in this section make it possible to
obtain kinetic equations for gauge-invariant Wigner distribution functions
of particles based on kinetic equations (3.3.5), (3.3.6) for gauge-mnon-
invariant distribution functions (3.3.7). In the obtained kinetic equations,

the potentials of the external electromagnetic field A(e)(x,t) u (o(e)(X,t)

enter already in the form of combinations corresponding to the strengths of
the electrical E®© (X,t) and magnetic H® (X,t) fields, see Eq. (3.4.1).

3.5. Gauge-invariant system of kinetic equations for a low-temperature

gas of hydrogen-like atoms in an external electromagnetic field

The above-mentioned procedure for deriving kinetic equations for
gauge-invariant Wigner distribution functions does not contain any
fundamental difficulties in its implementation. On the other hand, it
presupposes a number of rather cumbersome calculations, which do not
seem appropriate to give in detail within the framework of this work. To
trace the characteristic techniques and methodology of these calculations,
one can refer to the works [84, 85]. In this section, the final results of the
above calculations will be presented in the form of a system of kinetic
equations proper for a low-temperature gas of hydrogen-like atoms in an
external electromagnetic field. These equations, in addition to terms taking
into account the influence of the external field, also contain terms
responsible for taking into account the mean or self-consistent field, the
derivation of which is described in detail in [89].

Thus, the kinetic equations for the gauge-invariant distribution
functions of free charged fermions of the first and second types (electrons
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and the core of hydrogen-like atoms) can be represented in the following
form:

Y (%) ot () 05" (x,p) ot (x,p) _ iy &Y (P)
op ox ox ap - op
(3.5.1)

0 oe
Zi0(x,p:t
ot (X P )+

@ (x,p) &f ? (x,p) B 0e? (x,p) of @ (x,p) _go af @ (x,p) ’

0 oe
— @ (x,p;t
ot (X P )+

op ox ox op : op
where
2
9 (x,p) =, (p)-U® (x,p; )-U (x,p; ), gl(p):;’_m, (3.5.2)
2
(2)(x,p)=gz(p)—u(2)(x,p; f)+U (X,p; f), gz(p): Z?nz ,

are the Lorentz forces acting on both types of fermions are determined in
the usual way:

FY = e{E(e) (x,t) +%x H® (x,t)}, F? = —e{E(e) (x,t) +%x H® (x,t)} :

(3.5.3)

In addition, the following notation was introduced in (3.5.2):

' (x,p; f)=— Zf (x.p'W(p'-p) 3.5.4)
xpfz Zf (x.p'W(p'-p)

of
U(X'p, f)E%IdX/V(X_X/) daiaé , lZ3lZ1( p3 —G[Zf X p3 Zf X p3 ]]

P3

while

V(x—x')E%Zei”x*X')v(k)- (3.5.5)

The value v(k) in Egs. (3.5.4), (3.5.5) is still given by formula

(3.2.25). When deriving equations (3.5.1) and expressions (3.5.2), (3.5.4), we
used the Coulomb calibration for an external electromagnetic field



262 PROBLEMS OF THEORETICAL PHYSICS

divA® (x,t)=0 (3.5.6)

and the expression for the polarization matrix O (k) (see (3.2.11), (3.2.13))

in the approximation of a point atom:
aaﬂ(k)z—lkdaﬂ, (3.5.7)

where the tensor of the atomic dipole moments is defined by formula (68).
For the gauge-invariant Wigner distribution function foflo)az (X,p)
kinetic equation has a more complex form, due also to the fact that this

function of coordinates and momentum remains a single-particle density
matrix in indices ¢, a,*

o (x,p)
wa \XP) T (o) © _
- i[9 (xp), T (x,p)lm_ (3.5.8)
1 2e” (x,p) of O (x,p) 1 0% (x,p) of O (x,p)
2l 0 x| 2 ax o

where operations like [AB] , {A B}  are defined by formulas (3.4.28).

a0,
For the value gif?az(x,p), determining the evolution of the distribution

function of atoms in accordance with Eq. (3.5.8), as a result of simple but
rather cumbersome calculations we arrive at the expression:

&y (X,P) =25, (P)3,., +UL (P f)+U,, (xp; f)+UL, (x,p; f), (3.5.9
where we also introduced the notation:

1 ' ’ 0 0 [N
Uam(x,p;f)=—;J‘dXV(x—x)Z(d&) [dgj 18 () 3510

Y

_sfdx’v(x— x’)(d %jm (; f9(x,p)- F2(x, D')] ,

o

U, (xp)=2 3 (0 -p) *((p-P)d),,, 1% (x.P)((P-P)d)

) ki
n 0
p

0L, (o )= (k) B ),
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The system of coupled equations, expressed by formulas (3.5.1) -
(3.5.10), is a solution to the problem stated in this chapter - to construct the
kinetics of a low-temperature gas of hydrogen-like atoms in an external
electromagnetic field, taking into account the self-consistent field, that is, in
the collisionless approximation. In this regard, it is pertinent to recall that
the main condition for the validity of the collisionless approximation and,
therefore, equations (3.5.1), (3.5.8), is expressed by the relation (see, for
example, [31] and also [84, 85, 89] ):

,<t<r,, (3.5.11)

where 7, is the chaotization time mentioned above, and 7, is the relaxation

time of the system due to collisions between particles (for more details on
these characteristic times, see [3]). Relaxation time 7, 1is determined

precisely by the intensity of interaction V , more precisely, by the collision
integral, which is quadratic in the interaction, see (3.1.17). Relaxation time
tends to infinity, 7, o, at V — 0 (in our work, the last relation (3.5.11)

should correspond to neglect of the collision integral). In other words, the
relaxation time is long in the case of a small interaction. Since the chaos
time does not depend on the interaction intensity at all, condition (3.5.11)
for many systems is quite realistic.

In conclusion of this section, we note that, neglecting the self-
consistent field, equations (3.5.1), (3.5.8) are greatly simplified and turn into
kinetic equations for the components of the system (including neutral ones)
in an external electromagnetic field. However, as is easy to see, in this
approximation the kinetic equations cease to be connected, that is, the
components of the system evolve independently of each other.:

™ (x p: ®
2 0, prt) 4 R TP e{E(e) (x,1)+ L2 xH® (x,t)}—af (xp),
ot m OX mc op
(3.5.12)
@ (x p: @
9t (X,p;t)+£w - _e{E@ (X, 1)+ xH® (X,t)}w,
ot m, OX mc op

w <=i[2(xpt), f(xp)],, +

l{ag(x,p;t) af(x,p;t)}%%{ag(x,p,t) af(x,p)}mz,

2 op X ox | op
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e (xpt)=c, (p)d. +(e<e> () -2k (x,t))dm ,

Summary and Outlook

Thus, in this chapter we have applied a microscopic approach to
constructing kinetic equations (3.5.1) - (3.5.8) for all components of a weakly
ionized and weakly excited gas of hydrogen-like atoms in an external
electromagnetic field at low temperatures. In the absence of an external
electromagnetic field, the obtained equations coincide with the kinetic
equations taking into account the mean (self-consistent) field of [84, 85, 89].
On the basis of the noted equations, in these works a detailed analysis of the
dispersion laws of eigenwaves, which can propagate in the system under
study, was given, and their damping decrements were found. The possibility
of using the obtained dispersion relations for eigenwaves in the theory of
BEC photons in ultracold gases is also demonstrated. In particular, the
results allow one to calculate the effective masses of photons in such media.
The presence of an effective mass of a photon, as already mentioned in the
Introduction (see also Refs [59 - 66]), is an indispensable condition for the
realization of the BEC of photons.

Equations (3.5.1) - (3.510), as noted above, should underlie the study
of effects and phenomena associated with the interaction of low-temperature
gases with an external electromagnetic field. For example, these equations
make it possible to study the propagation of forced waves in the systems
under study, including various resonance phenomena. The latter
circumstance seems to be important from the point of view of the possibility
of additional pumping of photons into the medium by an external
electromagnetic field (laser). The need to increase the photon density in a
medium inevitably arises in the process of experimental realization of the
regime with BEC of photons in it.

A separate direction of applications of the obtained equations
(3.5.1) - (3.5.10) opens up if the electromagnetic field entering them is of a
stochastic nature. In this connection, one should pay attention to the last of
the equations (3.5.2), taking into account (3.5.3), which is simpler in
comparison with (3.5.8) - (3.5.10). Due to the random nature of the external
electromagnetic field, equation (3.5.2) from a mathematical point of view is
an equation with a spatially inhomogeneous noise source that depends on
the particle momentum. Such equations are typical for systems with active
fluctuations, see Chapter II of this work. In systems of this kind, the
implementation of the so-called self-propelled properties is possible. In other
words, in this kind of media, structured ordered motions of particles may
arise due to the accumulation and transformation of the energy of an
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external stochastic field. In particular, this phenomenon is possible in the
case when the structural units of the system have a head-tail asymmetry.
As is easy to see from (3.5.8) - (3.5.10), (3.5.2), (3.5.3), excited atoms have
such an asymmetry. In the equations, such an asymmetry lies in the
presence of dipole moments of excited atoms. Thus, low-temperature weakly
excited gases in an external random electromagnetic field can serve as a
prototype of a physical system with active fluctuations. However, this issue
requires a separate study, the results of which, unfortunately, cannot be
placed within the framework of this work..
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arious scenarios of the evolution of populations of strategies

with memory are considered. The strategies interact with each

other in an Iiterated prisoner dilemma, earning evolutionary

benefit points according to the pay-out matrix. The review

focuses on collective characteristics such as memory, the level of
aggressiveness (the share of refusals to cooperate), and the complexity of
strategies. Different scenarios of evolution appear when using different
selection rules for strategies Intended for deletion In the corresponding
generation. Cases of zeroing evolutionary advantage points after each cycle
(or generation) and summing (inheriting) points of previous cycles are
considered. In the first case, as a result of evolution, complex strategies with a
large depth of memory dominate and are not aggressive — Inclined to
cooperation. The history of the evolution of a population is divided into two
periods’ the primitive period and the period of the developed community’. The
primitive stage In the development of the world of strategies can be
distinguished according to the following features: 1). the presence of all the
most primitive strategies; 2). an increase in average aggressiveness); 3). the
presence of the most aggressive strategy. In the second case, as a result of
increased competition, complex strategies with a large memory depth, but
aggressive ones, also win. In anomalous competition, when the most
successful strategies are removed, an Increase in aggressiveness Is also
observed for complex strategies with a large memory depth. It was empirically
found that in the process of population evolution, a universal relationship
between aggressiveness and points of evolutionary advantages persists, for
example, a decrease in the value of points obtained with an increase in the
average aggressiveness of the population is observed. Open societies, in which
complex strategies with a large memory (replacing the remote losers) are
Injected, demonstrate greater efficiency; complex strategies with a large
memory depth and less aggressive ones dominate in the emerging stationary
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state. Penetration in this way Into open populations of primitive strategies
(with a low memory depth) leads to their dominance in a stationary state,
although their average aggressiveness decreases, while around complex
strategies with a greater memory depth in the population remains. The case
of Interaction of 50 thousand objects, each of which uses 50 strategies, is
considered separately. When Interacting, the losing strategy is replaced by
the winning strategy. As a result, on average, subjects retain one third of
strategies, and complex ones with a large memory depth dominate.

KEYWORDS: evolutions of populations of strategies, object with a set of
strategies, prisoner dilemma, memory complexity, aggressiveness.

PACS numbers: 02.50.Le, 05.10.—a, 87.23.Kg, 89.75.Fb

SECTION 1.INTRODUCTION

A huge number of species of various living beings live on Earth. Several
million species are now known. Moreover, as follows from [1], only the
percentage of the total number of species is described. Among such a huge
number of species, only 20 are known that have discovered social structures
and social behavior. Surprisingly, these are the most thriving species. And
humanity has even taken an absolutely dominant position. Other social species,
such as ants, are perhaps even more successful. This is evidenced by the huge
period of existence and their prevalence. It is known that the total weight of
ants is approximately equal to the weight of all mankind. This raises two
important questions. The first is how in the process of evolution, controlled by
egoistic genes, social behavior arises that requires the manifestation of altruism
and cooperation. Second, if the formation of societies is so beneficial, then why
so few species have opened this way. In fact, the problem is even more complex.
In some of these societies, the ultimate form of altruism is achieved, in which
some individuals do not reproduce and care for the offspring of breeding
individuals. For such communities, a special term has even been coined —
eusociality. Research in this direction is actively developing [2].

It should be noted that similar questions should arise when creating
artificial life. Understanding the nature of the emergence of cooperative
behavior in different systems has been of interest to researchers for several
decades.There are many approaches to creating evolution models. They can
be conventionally divided into two approaches, one deterministic and the
other probabilistic. An example of the first approach is a logistic mapping
for population growth in discrete time. An example of a probabilistic
approach is the derivation of the Hardy—Weinberg law [3], which is one of
the fundamental principles of evolution during sexual reproduction. Each of
these approaches is divided into continuous and discrete models. As a
continuous approach, the Verhulst equation can be used to study population
changes (a continuous analog of the logistic mapping). Discrete models
include multi—agent systems.
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After the development of game theory and its application to the
description of evolution by John Maynard Smith [4], this approach became very
popular. Evolutionary game theory [5] — [7] provides flexible foundations and
effective methods for studying the emergence of cooperation. Among the many
game models that are used to explain cooperative behavior, a special place is
occupied by games, which can be viewed as a generalization of the prisoners'
dilemma [8], [9], [10]. The choice of the payout matrix in this case is determined
by a simple physical consideration. Cooperation always requires additional
expenditure of resources in comparison with the refusal of cooperation. The
tendency to save resources or efforts is manifested in the payout matrix in the
fact that for each individual interaction, the individual gain in refusing to
cooperate exceeds the gain in agreeing to cooperation.At every stage of the
evolutionary process or generation, the population refuses to apply the least
successful strategies of the previous generation.

These games serve as a paradigm that led to the discovery of the
mechanism of cooperative behavior in both theory and experimental
observation [11]. Since the work of Novak and May [12], evolutionary games
have been extensively studied in structured populations, including on regular
lattices [13-21] and complex networks [22-38]. Currently, a number of specific
mechanisms have been discovered that lead to cooperation in a wide variety of
systems (see, for example, [39]). Among such mechanisms, it should be noted:
voluntary participation [40], punishment [41], similarity [42], heterogeneous
activity [43], social diversity [44,45], dynamic connections [46], asymmetric
interaction and the permutation graph [47] , migration [48-50], group
favoritism [51], interactions between networks [52]. Using this approach, it is
possible to find out the appearance of many different properties in evolving
populations. By evolutionary populations, following Darwin, we mean a set of
objects that obey the following principles. These are 1) the principle of heredity,
2) the principle of variability, and 3) natural selection.

In this review, we will analyze the impact of memory on various
evolutionary scenarios. If the action of an object depends not only on the
observed situation, but also on previous events, then we will assume that the
object has memory. In this sense, most biological objects have memory. The
main question that we will discuss in this work is how beneficial it is for the
population to increase memory in the process of evolution and what
consequences this leads to. The memory depth of the objects of the population
determines the number of all possible strategies available in the population. An
important element is the competition in the initial population of all possible
strategies with upper bounded memory.

The second issue that is raised here is related to the discussion of the
properties of competing strategies that lead to changes in the dominant
strategies of the population in the process of evolution. Complexity is
introduced and used as a characteristic of strategies. The main question boils
down to: Is the complexity of strategies evolutionarily beneficial? On an
intuitive level, the answers to these questions seem obvious. In modeling the
interaction of strategies, a one—particle approximation was used, in which all
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agents of the population professing one of the possible strategies were combined
into a single cluster. Interaction took place between clusters or strategies. In
other words, it is the strategies that interact. Moreover, each strategy interacts
with everyone, including itself. Three types of populations are considered.
Populations without memory, populations with memory depths 1 and 2.

In each case, the initial population contains all strategies with memory
not exceeding the specified one. So, for example, at a memory depth of 2, all
strategies with memory 2, 1, and O are present. As a result of numerical
modeling, it is shown that increasing memory in a population is evolutionarily
beneficial. Evolutionary selection winners are invariably the highest memory
agents. Strategies that win in natural selection have maximum or near
maximum difficulty. Along the way, it was found that in such populations the
winning strategies were referred to as ‘respectable’ strategies inclined to
cooperate. In a sense, it can be said that cooperative behavior in such cases is
often established automatically. One might expect this to be a universal trend.
In populations with upper-bounded memory, the competition of all possible
strategies in the initial population leads to the dominance of respectable
strategies in the course of evolution. A further increase in the depth of memory
leads to a new problem when the number of agents in the population turns out
to be less than the number of possible strategies. The consequence of this is also
discussed in the conclusion of this work.

SECTION 2. STRATEGIES POPULATIONSAND THEIR EVOLUTION

Let's start by defining the population. Comes from the Latin populus—
population, people."A population is understood as a set of individuals of a
certain species, for a sufficiently long time (a large number of generations)
inhabiting a certain space, within which one or another degree of panmixia is
practically carried out and there are no noticeable isolation barriers, which is
separated from neighbouring similar populations of individuals of a given
species by this or a different degree of pressure of certain forms of isolation
"[65]. In principle, the understanding of the term population is rather vague
and differs in biology, medicine, sociology, ecology, demography.

In this review, a population of strategies will be understood as a
subset of individuals of the population that use a strictly defined strategy of
behavior. This definition simplifies the study of carrying out strategies in a
population. First of all, eliminating the need to consider many of the same
strategies and their interaction with many other similar strategies.

In a sense, this corresponds to the one—particle approximation in
which individuals with the same strategy are considered as one object or
superspecial object of the population.

The evolution of such objects is determined by the principle of heredity,
the principle of variability and natural selection. By heredity we mean the
transfer of a strategy to the next generation. We will not use the principle of
variability of strategies at this stage of the study, having included in the initial
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population all possible strategies with a certain depth of memory. In other
words, there are no other strategies which they can be changed or modified,
since all strategies are present in the population. Even if we allow for
mutations of strategies, they will mutate into strategies available in the
population.

SECTION 3. STRATEGIES INTERACTION IN THE POPULATION

The life in a population and its evolution is determined by the nature
of the interaction of the strategies of the objects of the population. At the
same time, three elements of interaction with whom, how and how much
should be distinguished. This means three different rules. The first is how to
make a choice of an "opponent" in terms of interaction. Second, what are the
rules for interaction. The third is how to evaluate the results of interaction.
All these rules can be divided into two classes — deterministic and random
rules. In this review, we will focus on deterministic rules.

The simplest case is the pairwise interaction of strategies.There are
many options for implementing this interaction. The simplest option is that
each strategy interacts with everyone, including itself. This type of
interaction can be carried out with a relatively small number of objects. The
reason for this is the finiteness of the lifetime of a population object.

Indeed, some characteristic time is spent on the interaction of a pair
of strategies and, accordingly, time will be spent on the interaction of
strategies with each other. When increasing, the time can exceed the
lifetime of the object.

Another way of pair interaction is when the opponent is chosen at
random among the entire set of strategies, assuming they are equally probable.
Another general technique that does not use randomness can be accomplished
using a network of interactions. In the graph of this network, interacting
strategies will be connected. It can be generalized by taking into account the
interactions of distant vertices with some weight, including probabilistic. It is
also possible to take into account the spatial structuring of populations [11],
[13], [17], [23], [42], [59], in this case geometric structures of cooperation may
arise in space [12], [60]. Another important circumstance that affects the nature
of the interaction of strategies has already been noted earlier. It is the
finiteness of the set of objects that make up the population. In this case, the
number of strategies can significantly exceed the number of objects in society.
Then interaction can occur only between a part of the strategies.

In the review, we will assume that the object does not change its strategy
in the course of its life and interacts with each strategy of the population,
including itself. In other words, we can say that a one—particle approximation of
the interaction of strategies is considered — without taking into account the
number of carriers of the strategy. The exception is the section12 in which the
exchange of strategies appears. Let's move on to discussing how to interact. In
accordance with the chosen rule, the two strategies interact, which in the
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simplest case consists in choosing a solution to cooperate or to refuse to
cooperate. The adoption of such a decision is determined by the corresponding
strategy. However, with a single interaction, a strong sensitivity to the choice of
the first move remains. In order to avoid such dependence, the act of interaction
will consist of many moves. In other words, the interaction of strategies follows
the iterated prisoners' dilemma [61].

The number of interactions of two strategies in one generation is
chosen to be the same for all. Actually, the choice of a large number of
interactions between the two strategies is designed to exclude the influence
of the first move [64].

Let us discuss the effect of the interaction of the first move on the
result. It seems natural that its influence decreases with an increase in the
number of moves when the two strategies compete. Indeed, the total pay-off
S with the number of moves N consists of two contributions — this §;is the

number of points obtained after the first move and a set of points already
using the strategy. Let the strategy, starting from the second move, gain g

points on average per move. Then the total payoff is equal S =<5, +q(n—1)

and for large n>> 1we obtain

$-4a
n

S +q (1)
n

Considering that s, it can take on a finite value, it is easy to see that

the contribution of the first move to the average value of the winnings per
one move should be small. Based on the results of numerical simulation
[64], it can be assumed that with an increase n, the influence of the first
move disappears. For strategies with zero memory depth, this influence can
be neglected even with this effect [64]. It should be expected thatn ~ 100,
for a similar reason, the influence of the first moves will be insignificant
even for large memory depths.

In order to establish the result of the interaction of strategies, we
define the payout matrix. Recall that the prisoner's dilemma of two players
is that each player can choose between cooperation (1) or rejection (0).
Depending on the opponent's strategy, the chosen player gains a,if both

cooperate; a,,— if both refuse; a,— if the chosen one cooperates and the
opponent refuses; and a, — if the chosen one refuses and the opponent
cooperates, where a,, >a, >a,, >a,and2a, >a, +4a,,. In the review, we use

the values of the Axelrod pay-out matrix [61],
Tablel

Cooperation Refusal
Cooperation 3,3 0,5
Refusal 5,0 1,1
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Thus, the result of the interaction of strategies will be determined by this
matrix. Each strategy interaction brings them a certain amount of evolutionary
advantage points. These points will play an important role in preserving
strategies in the future generation. We implement natural selection as follows.
Let all strategies interact with each other in a circular manner in an iterated
game of prisoners' dilemma. The number of interactions of two strategies in one
generation is chosen to be the same for all. As a result of this competition,
strategies gain points in accordance with the selected payout matrix. After all
the interactions between the strategies and their accumulation of evolutionary
advantage points have taken place, the losing strategy, and possibly several
strategies with the minimum number of points, drop out of the next generation.
Further, the points of evolutionary advantages are reset to zero and the next
circle of interactions between the remaining strategies 1s carried out,
corresponding to the formation of new generation strategies. We will discuss
other options for recruiting points in more detail in the relevant sections where
such changes appear.

SECTION 4. INTERACTION OF THE STRATEGIES

Strategy is the rule by which the move is made after the opponent's
move, or if the strategy starts the game, then the rule by which it makes the
first move. In order to list all such strategies, it is necessary to describe all
the rules of reaction to the meaning of the opponent's moves. Such rules can
be specified as a function or as a table. However, when designating a move
from a binary alphabet B ={0,1}, the strategy can be specified in the form of

a finite —0,1sequence.

Indeed, let's start with the first move of the strategy if it starts the game.
In this case, it is enough just to indicate its first move, for example[Q]. If it
starts the game with move 1, then it is [1] also convenient to consider such a

strategy as another strategy. Now we will discuss the rule of choosing a move
by this strategy after a known move of the enemy. To do this, consider all the
possible moves of the enemy. In our case, there are only two possibilities — the
opponent can make a move of O or 1. It is clear that the strategy can be set by
the following table

Table 2
Opponent’s possible move 0 1
U
Strategy response 0 0

In this table, the arrow indicates the strategy's response to the
corresponding move of the rival- enemy. So the given strategy reflects the
opponent's move in the strategy move. In other words, a strategy§ is a

S
mapping B— B.
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It is easy to understand that if we agree on the order of recording the
possible values of the opponent's moves, for example, in lexicographic order
(as in the table in the top row), then to describe the rules of the strategy, it
is enough to know only the bottom row or the sequence of zeros and ones. In
the above case, this is a sequence 00 that can be considered as the name of
this strategy, defining the rule of its actions.Since each strategy corresponds
to a certain sequence of retaliatory moves, it can also be used as the name of
the corresponding strategy. In this case, the name also defines the rule for
the action of the strategy. It is easy to see that there are only four strategies
shown in table 00 and another 01, 10, 11 strategies. Among these strategies,
two are trivial. This is an extremely aggressive strategy 00 and mindlessly
compromising 11. The other two are less trivial. So, for example, strategy 10
observing the opponent's move 0 will answer 1, and observing 1 in response
will give 0. If we also take into account the rule of the first move, the full
name of the strategy can be designated as [0] 10.Here, the first move that
this strategy will execute is indicated in brackets, and the rest of the
numbers determine the rule of the retaliatory move. Note that the strategies
described above make a move by observing the opponent's move. In this
sense, such strategies do not use data on the previous moves of the opponent
and, therefore, we can assume that they have no memory. In what follows,
we will assume that such strategies have a depth of memoryo0 .

Thus, strategies with zero memory depth are defined by
0,1-sequences of three elements[x,]x,x,, where x;, X ,x, € B.Then the name

of each strategy with zero memory depth is determined by a binary number
with three digits. A complete description of such strategies also contains an
indication of the first move of the strategy. The number of all such
strategies is equal 2° =8.

SECTION 5. STRATEGIES WITH THE MEMORY

In this section, we will discuss how the strategy memory is introduced.
There are several possibilities for describing strategies with memory.
A convenient characteristic for such strategies is the memory depth, which
determines the number of such strategies.

5.1. Memory of strategies

Let's take a look at all the strategies that use memory. Let us
introduce the space of such strategies. As noted above, a strategy is a rule
by which a move is determined by the known values of the opponent's
moves. To classify them, we use the depth of memory. By the depth of
memory we mean the number of previous moves of the opponent, which the
strategy uses to make a move. The simplest strategies that do not use
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memory have been described above. This means that such strategies make a
move based only on the opponent's observed move.

Let us now consider all strategies with the memory of one previous move.

Such strategies should take into account the opponent's two moves. Previous

and observable. Then the number of possible variants of the opponent's moves

increases, and the strategy must determine the retaliatory move, taking into

account the previous move of the opponent. Let us again arrange all possible
pairs of the opponent's moves in lexicographic order:

Table 3

Opponent's possible moves 00 01 10 11

Y Y Y U

Strategy responses

To describe the strategy, each pair of opponent's moves must be matched
1 or 2. In other words, replace the points in the table with symbols lor2 andthe

strategy with memory about one move matches the mapping B?—B. Again,
with a fixed order of writing the opponent's possible moves (top row of the
table), each strategy is determined by a 0,1-sequence of 4 elements (bottom

row). The name of the corresponding strategy can be selected again to match
the rule of its action. Thus, the memory depth strategy names are the same as a
binary number with 4 digits, or a sequence of zeros and ones of 4 characters.

A trivial aggressive strategy is called 0000. There are again as many
such strategies as there are numbers from 0000 to 1111. In other words,
them16. In absolutely the same way, you can define strategies with a depth of
memory k . Such strategies will be defined as a signed binary number 2.
Thus, the space of strategies with a memory depth k is 0,1-sequences of 2%+

symbols. Geometrically, this space can be represented as the vertices of a unit
cube in 2%** dimensional space. So, for example, strategies with zero memory
are the vertices of a unit square (see Fig. 1) in two—dimensional space, and
strategies with a memory depth of 1 correspond to vertices of a unit cube in
four—dimensional space.

However, the above description of depth—of-memory k > 1 strategies is
not complete. The reason is that after the first move of the opponent we know
only one observed value and there is no value of the previous move. Therefore,
there is not enough data to apply the specified rules of the strategy. Thus, we
must indicate the rule of how to make a move when the data is incomplete. For
this, it is natural to use one of the memory strategies. In other words, we should
indicate a strategy that does not use memory, which we will apply before
information about the previous move of the enemy appears.Then the total
number of strategies naturally increases and the name of the strategy changes.
In the name, we must first indicate the strategy for determining the move in
the absence of data on the previous move (i.e. the name of the strategy with
memory depth 0) and then the name of the strategy with memory. Thus, the
name (and rules) of the strategy with the memory of one previous opponent's
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move looks, for example, like[01]0111. The first two digits in brackets are the

name (and rules) of the strategy with memory 0, and the next four are the rules
of the player's moves with the memory of one opponent's move. For
convenience, strategies with less memory will be assigned to the left and
enclosed in square brackets.Considering each such rule as a separate strategy,
one can easily calculate the number of such strategies.

(01) (11)

(10)

Fig. 1 A unit square on a plane with the indication of the coordinates of the vertices

Consequently, the total number of strategies with the memory of one
previous opponent's move is equal22 x 2*. In addition, each strategy can
start the game from some first move. In other words, it can start at 0 or 1. It
is convenient to think of strategies that make different first moves lor O as
different strategies. Then the number of strategies will double
2x2*x2*=128. The name of such strategies will look like, for example,
[0][01]0111 this strategy will start the game from move 0. In particular, the

well-known ‘tit—for—tat’ strategy in these designations corresponds to the
strategy.It should be noted that if you know the memory depth, in this case
equalk =1, you do not need to use parentheses. Even if they are absent in
the strategy record in the form of a definite sequence of 0.1, a rule of
strategy action is unambiguously established for a given memory depth.

All strategies with the memory of the opponent's two moves, or in the
general case with the memory of the opponent's moves, are listed in
absolutely the same way. It is important to emphasize that the number of

strategies N, = 2x2°x2%... A G grows super exponentially with

increasing memory length or depth k .

Let's return to the consideration of strategies with a depth of memory
1. Note that among these strategies there are strategies with zero memory
depth. Indeed, if the strategy acts in the same way for different previous
moves of the opponent, then it actually does not use information about the
previous move or loses memory of the previous move. Accordingly, such



V. M. Kuklin, A. V. Priymak, V. V. Yanovsky. Chapter IV. A world of strategies with memory 279

strategies coincide with strategies with zero memory depth. The rules of
action of strategies equivalent to strategies with zero memory are defined by
the following table

Table 4
Opponent's possible moves 00 01 10 11
U U U U
Strategy responses X X, X X

Where x and x,take values{0,1} . It is easy to see from the table that

such strategies operate independently of the opponent's previous move. This
means that strategies x X,x X,are equivalent to zero memory strategies x X, .

Thus, among the strategies with the names of four—digit binary numbers,
there are strategies equivalent to all strategies with no memory. So
strategies 0000 ~ 00, 0101~ 01, 1010 ~ 10 and1111l~ 11. Therefore, when
writing strategy names as four—digit binary numbers, all strategies with a
memory depth less than or equal to 1 are present among them.

It is easy to understand that this convenient property will also be
preserved when describing strategies with a greater memory depth. So the
names of the depth—of-memory k strategy contain all strategies equivalent
to the depth—of-memory strategiesk —1, ... 0. This property should be
taken into account when playing games between strategies. Thus, we have
identified and listed all strategies with a certain finite memory depth.
Therefore, further, if we talk about strategies with a depth of memoryk ,
then we will remember that they include all strategies with a lower memory
depth. These strategies include both primitive and complex strategies. Now
let's discuss in more detail the concept of strategy complexity.

Fig. 2 The game of automata of two strategies is shown and the input symbol
indicates that the strategy starts in this game

It is interesting to note that each strategy with memory can be viewed as
a finite state machine [66]. For example, let us show which automaton
corresponds, for example, to a strategy A= (X,)(XX,)(X;X,%X;) With a memory

depth of 1, wherex € B fori =0,1,2,...,6. The number of possible input signals
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of such an automaton is 3. This is an empty signal 1 , after which the strategy
makes the first move and two game signals 0 or 1 received by the opponent's
moves. The number of states of the automaton is also 3. This is the initial state
Qy» Waiting for the start’ of the game and two statesq,, @,.

The automaton corresponding to this strategy is determined by the
following transition and exit functions

Table 5
The transition function of the automaton corresponding A
x\q % % G
A q, — —
o o o
G, G, G,
Table 6

Function of the outputs of the machine corresponding A

x\q % o} o
A % _ _
X X X
%, X, X

Dashes in the tables correspond to unrealizable situations. The symbol
can be applied to the input only of the machine in the initial state. Such state
machines are called partial state machines. In principle, the dashes can be
filled in any way. Then the interaction or game of two strategies, for example A
and B, is determined by the automata scheme, which is shown in Fig. 2. Thus,
the interaction of two strategies can be viewed as the interaction of two finite
state machines. From this point of view, the evolution of strategies is closely
related to the evolution of finite state machines.

Note that the discussed memory strategies only react to memorized
previous moves of the opponent not their own previous moves.

It is easy to remove such a restriction and build strategies that remember
their previous actions and the opponent's moves. In other words, the strategy
remembers a finite number of all previous moves or part of the history of the
game. Such strategies were considered earlier in [53]. However, the use of such
more general memory strategies is computationally intensive.

5.2. Complexity of strategies
In the previous section, it was shown that strategies are described by

0,1-sequences of a certain length or containing a certain number of
members. So for the memory depth Oof such sequences 4, and for their
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K+l
memory depthk there are N, = 22 sequences, the length of the names of

such strategies is 2. Of course, among these strategies there are strategies
that are equivalent to all strategies with a smaller memory depth. The
number of such strategies is also determined by their memory depth.

Thus, strategies can be characterized by the depth of memory.
Another important characteristic is its complexity. On an intuitive level, it
is clear that some strategies operate simply for example the 0000 strategy,
others are more complex. Let's discuss ways to determine the complexity of
strategies. Taking into account that strategies are described by
0,1-sequences, let us discuss such property of 0,1-sequences as complexity.

It is an extremely deep concept that has important applications in physics
and mathematics. In particular, the concept of chaos is closely related to the
concept of complexity (see, for example, [55]). There are a huge number of
approaches to determining the complexity, some of which can be found in
the review [54]. The most natural choice of this characteristic can be
considered the complexity according to Kolmogorov [56].

Let's introduce a universal way of describing a finite 0,1-sequence

using a Turing machine [57]. Indeed, for any sequence, one can associate a
program under the control of which the Turing machine will print it. It is
clear that there are infinitely many such programs for the chosen sequence.
Therefore, following Kolmogorov, we define the concept of complexity [56].
Let the machine M print the zero-one sequence of length N . The complexity
K coincides with the length of the shortest program, after the execution of

which the machine will print the given 0,1-sequence X = (Xp Xy eey Xn)

_[min¢(P), if M(P)=x
KM_{ o, it M(P)=x

Such a description of the complexity of 0,1-sequences is the most

acceptable and is used in determining, for example, finite chaotic sequences.
However, here we are faced with the enormous difficulty of calculating the
Kolmogorov complexity. In fact, there is no effective algorithm for calculating
the Kolmogorov complexity, this problem is algorithmically unsolvable.
Therefore, we use a different approach to describing the complexity of
finite 0,1-sequences, which is based on the comparative complexity of

functions, in particular, polynomials or polynomial functions. It is based on the
understanding that higher degree polynomials are more complex than lower
degree polynomials. Even Newton noticed that if the n—degree polynomial is
differentiated n time, then we get a constant, and the derivative of it vanishes.
This property is characteristic. In other words, if the n—th derivative of some
function vanishes, then it is a n-1-—degree polynomial. Thus, differentiating
the polynomial gives a polynomial of lesser degree and, accordingly, less
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complex than the original one. We use similar considerations following [58] to
determine the complexity of finite 01-sequences. Further, we will be interested
not in arbitrary Ol-sequences, but in those that correspond to strategies with
memory. Recall that strategies with memory depth M correspond to
0l-sequences of length n=2™"and they belong to a finite set M containing

2m+1
2 members.

Such sequences X = XxX,...X,can be thought of as functions that make

up an integer i €{1,2,..n} value x € Bor display i—Xx . In order to use the

previous considerations, it is necessary to introduce an analogue of the
differentiation of such discrete functions. Taking differences is suitable as
such an operation, which also goes back to Newton's idea [58].

In our case, we define the action of the difference operator A:M — M
that transforms the sequence X into the sequence y

y= A

where the elements of the sequencey=1yy,...y, are determined by the

K

differences y, = x,, — X .

Fig. 3 A graph of strategies with zero memory. Here, for the sake of compactness,
the vertices are shown by circles, inside which the strategy names are encoded
in the decimal system. So the sequence 00 is designated as 0, vertex 0las 1,
vertex 10as 2, and finally 11as 3

Here i=1,2,...,n 1is the item number in the sequence. When
calculating the elements of a sequence y, we will use the condition that the

sequence is cyclic X, countingx ., =X . In other words, we can talk about
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periodic sequences of a period N. Such an operator maps a sequence X of
length N to a sequence y also of length n.

A
X—>Y

Thus, this operator maps a strategy X to a simpler strategy y . Using

this property, let us compare all strategies of memory depth M with a graph
positioning strategies in terms of complexity. In such a directed graph, each
vertex will correspond to a certain strategy. The number of vertices of such a

+1
graph is equal to 22" The edge in such a graph leaving a vertex X
indicates which strategy, after applying the operator Ato it, it will go and
end at the corresponding vertex y . Only one edge can go out of each vertex —

a consequence of the uniqueness of the "derivative".

Consider strategy graphs starting with a shallow memory depth. For
sequences of length N, the graph contains 2"vertices. Let's start with zero
memory depth m = 0. Such strategies coincide with sequences of two elements
n=2%'. So the graph has 4 vertices corresponding to strategies 00, 01, 10
and 11. Applying the operator A to these strategies, we obtain the following
transitions

00—A> 00
01—A>11
1O—A>11
11—A> 00

Depicting vertices by points and connecting vertices with directed
edges in accordance with the results of the operator's action A, we obtain a
strategy graph with zero memory depth shown in Fig. 3. A loop or cycle
going out from the top 00 and entering it arises because of the first relation.

A characteristic feature of this graph is the presence of a cycle of unit
length. The length of the cycle is equal to the number of vertices included in the
cycle. We will use the notation for this graph O, *T, in accordance with [58].

Where Q means a cycle of unit length, and T,— a binary tree with 4 vertices. It
can be proved that the strategy graph will always have only one cycle G .

Now let us formulate the complexity as the distance of the vertices of
the graph from the root of a tree or cycle [58]. The more distant the vertex is
from the root of the tree, the more complicated the strategy. So 00 has zero
complexity, 11 has complexity equal to 1 and two vertices (or strategies) 01
and 10 of complexity 2, they are removed from the root 00 by two edges. We
will use this definition of complexity in this work.
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Accordingly, among the strategies with zero memory, the simplest
strategy is the most aggressive strategy 00 (see Fig. 3). She refuses any
suggestions. This strategy corresponds to a constant argument function i
that takes a zero value.

A more complex strategy is a mindlessly compromising strategy. This
strategy is the same as a constant argument function ithat takes a value of
1. "Differentiating" this function translates it into a function that takes a
value of 0. StrategiesOland 10define linear functions. Indeed, the strategy
01 corresponds to a linear function x(t) = (t+1)mod2, and the strategy10 to

a linear function x(t)=tmod2. It is easy to check, for example, that the
values of the function x(t) =t+1mod2 for integers tgive a periodic sequence
with period 2 and x, = x(1) =0, x, = x(2) =1.

Similarly, it is easy to check that the sequence 10corresponds to the
values x(t) =tmod2 at the integer pointsx = x(1) =1, X, =x(2)=0. This
coincides with the intuitive conclusion that constant functions are simpler

than linear functions.
Linear functions are a special case of polynomials of degree less p .

Fig.4 Graph of strategies with memory depths of 1 and 0. Strategies equivalent
to strategies with zero memory depths correspond to the vertices marked in grey.
The coding of strategies and, accordingly, vertices is carried out as before
by recording the names of the strategies in the decimal system.

Vertices are named 0000 from to 1111

Let us now turn to the strategy graph with memory depth 1. This
graph i1s shown in Fig.4. It is easy to see that the structure of the graph is
consistentQ, *T;. Let us discuss the location on this graph of strategies

equivalent to strategies with zero memory depth. These strategies are
shown in Fig. 4 with the tops shaded in grey.
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The names of their equivalent zero—memory strategies are printed
next to them in grey. Thus, these strategies are the simplest among
strategies with a memory depth of 1. This exactly coincides with the fact
that the complexity of strategies as functions iincreases with distance from
the root of the graph. The rest of the strategies are further away from the
root and, accordingly, more complex. You can make sure that the next level
of the graph corresponds to polynomials of degree 2, and the top to
polynomials of degree 3. Indeed, acting on the top of the 5th level asx® an
operator A, by definition, we go to the top of the 4th level Ax® = x“.

This is an obvious consequence of the structure of the tree. Similarly,
the top Ax® =x“ will go down Ax® =x®one level under the action.
Repeating the action again, go to the level below Ax® = x®and finally get
Ax® = x® = 0. Combining these equalities, we get A’x® =0. We can say
that it is an attractor O of the movements induced by the mapping A. Then,
according to Newton's proof, the top of the fifth level X® coincides with a
polynomial of degree less 4.

o

Fig.5 Strategy graph with memory depth 2. Of course, it is not possible
to specify the names of the strategies in this figure

Now we will discuss the graph corresponding to strategies with
memory depth M. In this case, the length of the 0,1-sequence of the defining
strategy isn = 2™!. The total number of such strategies and, accordingly,
the number of vertices in the graph. It can be proved that forn = 2!, the
structure of the strategy graph coincides with Ol*Tzzrml. Naturally, at the

root, there are still strategies equivalent to strategies with zero memory
depth, higher with a memory depth of 1, and so on up to the level
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corresponding to the last level of the strategy graph with depthm-1, i.e.
O *T -
2

Thus, the number of strategies using exactly the memory depthmis

1 .
equal 22 2" = 7" (22m —1). As we move away from the root, the strategies

become more complex and correspond to polynomials of ever higher degree.
Thus, the complexity of strategies can be determined by the value of the level of
the graph to which the vertex corresponding to this strategy belongs. For
memory depthM, the graph contains strategies of maximum complexity

C,.. =2™". The number of such strategies in the graph is the largest and the

number of strategies with a certain amount of complexityC can be easily
calculated N, = 2°* for0<C < Chrox -

As an example, in Fig. 5 we give a graph corresponding to strategies
of length n=2°=8(m=2), which coincides withOQ, * T, . It is difficult to

256 °
indicate the names of the strategies in this figure. Maximum complexity of
strategiesC,_ =2°"=8. The number of such strategies N, =2*" =128,

strategies of complexity C = 7is less and equal N, = 2 =64.

It is important to note that the number of possible strategies grows
super exponentially with memory growth. This leads to deep computational
difficulties associated with scarcity of resources when investigating the
interaction of such strategies. In addition, it is interesting to note that the
number of implemented strategies in finite systems is limited rather by the
number of participants, and not by the number of possible strategies. In
other words, in finite systems in the process of evolution, a new strategy can
always appear and be used. Life is full of new ideas. This conclusion plays
an important role in the numerical simulation of the interaction of a finite
number of objects in the population.

5.3. Aggressive strategies

The next property of strategies, which will interest us in the future,
can be called the aggressiveness of strategies. We will consider refusal to
cooperate as a manifestation of aggressiveness; the more refusals a strategy
makes, the more aggressive we will consider it. Thus, as a quantitative
characteristic of aggressiveness, one can use the average number of refusals
of a strategy from cooperation or cooperation per one move. In other words,
the relative share of refusals to cooperate is the ratio of the number of
refusals to the number of all strategy moves. In this case, an absolutely
aggressive strategy (0) (00) will have an aggressiveness equal to 1, the rest
of the strategy is the value of aggressiveness from the interval[0,1].

Of course, it is possible to introduce a definition of aggressiveness and in
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a more realistic way, taking into account only refusals after the offer of
cooperation as a manifestation of aggressiveness.

SECTION 6. COLLECTIVE VARIABLES DESCRIBING
THE PROPERTIES OF POPULATIONS

Let's discuss a way of describing the behavior of strategies in the
process of evolution.With the advent of memory and an increase in its depth,
the number of strategies increases in a super exponential manner and
makes it impossible and meaningless to track the behavior of each strategy.
We need a rough description of a population of strategies. Therefore, it is
necessary to introduce collective variables that make it possible to describe
a huge number of strategies.

Let us introduce collective or coarse variables that make it possible to
track certain groups of strategies, combined according to certain qualities or
properties. For us, properties such as the depth of memory of strategies and
the complexity of strategies will be important. Therefore, in what follows,
we will use the number of strategies g with the i—th memory depth and the

number of strategies n with the i—th complexity as coarse variables. So, for
example, a is the number of strategies with a memory depth of 1, and n,is

the number of strategies of complexity 3. Such coarse variables make it
possible to control the change in memory and the complexity of strategies of
large populations of strategies during evolution.

These variables can also be given a probabilistic meaning by

introducing the probability P = & of finding a strategy with a depth of

24

memory iin the population and the probability P, = n of finding

i
a strategy of complexityi. In principle, complexity allocationsn are more

fundamental than memory allocations. Knowing it is possible to recover the

memory depth allocation a. It's really easy to understand that
m+1

a,=n,+n +n,as wella =n,+n,. In general a_ = zgzm_ﬂn (see Section 5.2).

However, for the convenience of interpretation, we will use all collective
variables

SECTION 7. INTERACTION PROBLEM

Life in a population and its evolution to a certain extent is determined
by the nature of the interaction of the strategies of the objects of the
population. The simplest case is the pairwise interaction of strategies. There
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are many options for implementing this interaction. The simplest option is
that each strategy interacts with everyone, including itself. It is this kind of
interaction that is considered in all sections except for section 12. This type
of interaction can be implemented with a relatively small number of objects.
Therefore, the review considers populations of strategies with a memory
depth of no more than 2.

Using the interaction between all strategies with a finite depth of
memory, let us first of all establish whether strategies with a larger memory
gain an evolutionary advantage. In addition, it is interesting to study how the
complexity of strategies affects the evolutionary advantages of strategies. In
other words, is there a reason for the complication of social systems. Along the
way, the topic of changing the aggressiveness of the population of strategies
and the relationship with their effectiveness will arise.

Below we will simulate the evolution of strategies with memory. For
simplicity, we will take into account the principle of variability in a simple
version, assuming that all strategies with a memory depth less than or equal to
are implemented in the population. Since in this case all strategies are taken
into account, other strategies will not appear in the process of evolution. The
principle of heredity will be to pass on winning strategies to descendants. The
principle of natural selection is implemented by eliminating or eliminating
losing strategies. Naturally, such a simplified version of evolution can be
complicated in many ways. Some of which we will discuss later.

We implement natural selection as follows. Let all strategies interact
with each other in a circular manner in an iterated game of prisoners'
dilemma. The number of interactions of two strategies in one generation is
chosen to be the same for all. Actually, the choice of a large number of
interactions between the two strategies is designed to exclude the influence
of the first move. As a result of this competition, the strategies gain points
in accordance with the payoff matrix given in Section 3. After that, the
losing strategy, and possibly several strategies, drop out of the next
generation. The rules by which the losing strategy is determined by the
points scored may be different So in Sections 8, 9, 11, the strategies that
have gained the minimum number of points of evolutionary advantages are
deleted, and in Section 10, the strategies that have gained the maximum
number of points are removed. Further, the points of evolutionary
advantages are reset to zero (except for section 9, where the variant with
the accumulation of points by different generations is considered) and the
next circle of interactions between the remaining strategies is carried out,
which form the strategies of the new generation.

7.1. Numerical simulation technology for the interaction of strategies

The population of all strategies of a certain memory depth is
considered. The number of these strategies is finite and is determined by
their memory depth (see Section 5). Each strategy consists of several blocks,
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for example, for a memory depth of 1, this is [0] [01] 0111, where the
number in the first parenthesis determines which initial move should be
made by the first subject who began interacting with a randomly chosen
opponent - the second subject. The first, initial move, evokes the reaction of
the opponent, who makes his move (while choosing his move according to
Table 2, focusing on the second square bracket of his strategy, because he
knows only one move of the partner - the first subject).

The first subject must react to the opponent's move by making a
counter move - his second move. It is the second square bracket in the
description of his strategy that determines how to react to the opponent's
actions, in conditions when only one of his moves is known. The opponent,
knowing already two moves of the first subject, must react as provided in
Table. 4.

In this case, already the next four digits of the second subject's
strategy determine the choice of his move on the two previous moves made
by the first subject (the observed and the previous one) in full accordance
with the rule described earlier (see Section 7). Each move, regardless of all
others, is paid according to the pay-out matrix (see Table 1).

It is important to note that the act of interaction between the two
strategies lasts for n moves. To maintain equality, the interaction of the two
strategies is carried out twice. In one, one strategy makes the first move, in
the second the second strategy makes the first move. As a result of
interaction, strategies gain evolutionary advantage points and "remember"
them.

Further, each strategy interacts in the same way with all the
remaining strategies, including itself. As a result of such interactions, each
strategy accumulates a certain number of points. After everyone interacts
with everyone, the accumulated points of each strategy can be compared.
Further, a certain rule is used that determines the losing strategies. These
strategies are being removed from the next generation of strategies. The
next generation of strategies with zero evolutionary advantage points
(or saved points as in section 9) interact according to the rules described
above. This process is repeated until a stationary set of strategies is formed.

SECTION 8. EVOLUTION OF STRATEGIES. CAUCHY PROBLEM

Consider a simple evolution of strategies in the framework of the
Cauchy problem. Let at the initial moment of time we have a population of
strategies with a depth of memory. In each generation, all strategies present
in the population interact with each other. Each strategy meets and
interacts with each strategy. When strategies interact, they receive
evolutionary advantage points and accumulate them until they interact
with all strategies. The strategies with the minimum number of points are
removed from the population and the remaining strategies with zero
evolutionary advantage points are transferred to the new generation. This
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next generation of strategies is once again entering the "scramble" for
points. Evolution continues until a steady state is reached, in which all the
remaining strategies (possibly one) gain the same number of points.

8.1. A world without memory

Let's start by discussing the evolution of the simplest world with a
memory depth of O or a world without memory. Let each strategy interact
with another strategy once within the iterated prisoners' dilemma. The set
of points is determined by the payout matrix above (see section 3) and added
up over a generation. Each strategy in one game responds to the first move
of the chosen opponent, and in another starts by making the first move in
the game with the same opponent. In the games she starts, there are two
possibilities to make the first move, which is to choose 0 or 1.A strategy that
makes a specific first move is considered a separate strategy (see section 5).
After thegames have been played between all such strategies, including
yourself, the strategies are distributed according to the occupied places, in
accordance with the points scored. The first place is occupied by the strategy
with the highest amount of points. The strategy or strategies with the
minimum score are excluded and not passed on to the next generation of the
population. The remaining strategies are passed on to the next generation
and re—enter the competition with initial zero evolutionary advantage
points. These strategies can be seen as descendants of the previous
generation.

In this simple world, the number of strategies is quite small ( Ny = 8) and

it is easy to list them. So at the initial stage it contains 2 strategies of zero
complexity[0]00, [1]00, two strategiies[0]11, [1]11, difficultyC =1 and four

strategies[0]01, [1]01[0]10, [1]10, difficultyC = 2. Therefore, it is possible to

trace all strategies. However, in it we will use the collective variables discussed
above. In this world, all strategies have zero memory depth, and therefore
variables a,(t) simply keep track of the number of strategiesa,(t) = N,(t) . It is

clear that when one losing strategy is removed at each stage of evolution, their
number decreases linearly with time N, (t) =(1-t)+8. Heret=1,2,...,8 is a

discrete evolutionary time. The whole time of evolution takes 8 stages
(or generations) after which one strategy survives and a stationary state sets in.

Let us now turn to a discussion of the change in the complexity of
society's strategies in the process of evolution. This i1s the main
characteristic by which one can classify strategies in this world. The most
detailed information about the behavior of complexity is provided by the
number of strategies corresponding to the complexity at each stage of
evolution. In a world with zero memory, there are strategies of complexity 0,
1 and 2. Graphs of the change over time of the number of strategies of a
certain complexity are shown in Fig.6.
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Note that the points are connected by lines only for clarity and the
lines do not play any role. Time is discrete. On the right is the complexity of
the winning strategy at the corresponding evolutionary stage. It can be seen
that at the initial stage, up to the 5th generation, the most primitive
strategies win or dominate. It is natural to call this period of evolution a
primitive period. In the next stages, complex strategies win. This period can
be called a period of development.

Fig. 6 On the left, change N, — the number of strategies of zero complexity. To the left

N, is evolution — the numbers of strategies of unit complexity and n,— complexity 2

Where n,(t) is the number of strategies of complexity O at the t-th
stage of evolution, n (t)and n,(t) is the number of strategies of complexity 1

and 2, respectively, at thet—th stage of evolution. Data on their changes
were obtained by numerical modeling of the evolution of a population of
strategies. It can be seen from these dependencies that strategies of
complexity 1 disappear already at the 3rd stage of evolution. Zero difficulty
strategies disappear only at the 7th stage of evolution. Actually, this is
where the evolution ends and the winning complex strategy with difficulty
2. In our case, it is a strategy[1]01.

Thus, the initial stage of population evolution can be characterized as
a primitive period (up to stage 5 inclusive). The stage of a primitive ‘society’
in a world without memory lasts62.5% the time of going to thestationary
state. At these stages primitive zero—complexity strategies dominate in
‘society’ (see Fig. 6). The final stages correspond to a developed ‘society’
dominated by complex (even the most complex) strategies.

However, it should be noted that primitive strategies are present in the
population even after the onset of the stage of a developed ‘society’. The last
primitive strategy disappears only at the 7th stage of evolution (see Fig. 6).

From the given dependences it is easy to establish not only the time of
disappearance of strategies of a certain complexity, but it is possible to
obtain the average value of the complexity of the entire ‘society’ at each
stage of evolution. The average difficulty value is defined as

Cly=2mO+LRO+200 _ 1n©+2n,
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The dependence of the average complexity of population strategies on
evolution time is shown in Fig. 7.

....................
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Flig.7 Change in the average value of the complexity of the population

of strategies in the process of evolution. The dashed Iline is the initial mean
of the complexity of the population

The average complexity of such a ‘society’ exhibits rather non—trivial
behavior. At the beginning of evolution, the complexity of strategies increases
slightly, but then decreases. After reaching a certain minimum value, the
average difficulty begins to grow up to the maximum value. The minimum of
complexity of society occurs at stage 5. In other words, there are two areas of
increasing complexity (periods of development) separated by a period of
decreasing complexity (period of decline).Of course, this behavior of medium
complexity follows from the behavior of a number of strategies of different
complexity (see Fig. 6).

Let us now consider another important characteristic of strategies. It can
be conventionally called the aggressiveness of the strategy. By aggressiveness
we mean the share of refusals of the strategy from cooperation. Modelling the
evolution of strategies gives the change in the average aggressiveness of the
population of strategies, shown in Fig. 8.

From the dependence of the aggressiveness of the population on time,
it can be established that the primitive stage of development of society is
also characterized by an increase in the average aggressiveness of society.
At the stage of the end of the period of primitive society, its aggressiveness
is maximal. Then, after the transition to a developed society, there is a
monotonous decrease in the average aggressiveness of the society, and upon
reaching a stationary state, the average aggressiveness is zero. In addition,
the most aggressive strategy dies out at the 5th stage of evolution, the most
"decent" ([1]11) at the first stage. Thus, it is possible to define the primitive

era of society by the growth of aggressiveness and the primitive stage ends
after reaching the maximum aggressiveness of the strategies of society. In a
world without memory, this provides an equivalent definition of the
primitive era of society. The third possibility of a reasonable definition of the
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primitive stage is associated with the period of the presence of the most
aggressive strategy in society. Its disappearance will mark the transition to
a developed society.

Fig. 8 On the left, the change in the average aggressiveness of ‘society’ over time.
The dotted line coincides with the aggressiveness of a society in which all strategies
are present. In this case, the aggressiveness 1s 0.5. In the centre is the change in the
average number of points of evolutionary advantages earned by the strategy in one
turn at each stage of the evolution. On the right is a comparison of the average
aggressiveness obtained by numerical modelling (circles) with relation (2) (crosses)

Finally, let's move on to characterizing the set of evolutionary
advantage points by strategies at different stages of evolution. This
characteristic makes it possible to compare the set of points by strategies at
different stages of evolution and evaluate the effectiveness of interaction. As
such a value, you can use the number of points scored on one turn of the
strategy on average at a certain stage of evolution. The time dependence of
such a value is shown in Fig. 8. It is easy to see that with an increase in
aggressiveness, the average number of points that the strategy gains
decreases. The higher the aggressiveness, the lower the score. At the stage
of a developed society, the received number of points begins to increase
monotonically, reaching a maximum at the stationary stage. Comparing the
dependences shown in Fig. 8 on the left and in the centre, it is easy to see
the correlation between the behavior of these characteristics during
evolution.

In a world with zero memory, there is a correlation in the behavior of
average aggressiveness and average earnings per move. It can be assumed
that the relationship between these characteristics is determined by the
ratio

At)=A-(P_ —P(t) —a ey

Figure 8 on the right shows a comparison of the average aggressiveness
obtained by numerical modeling and with the empirical pattern given above.
The scale factor was chosen on the basis of equality of these characteristics at
the first stage of evolution 1 = 5.3/8 anda = 0.2. Despite the deviation in the



294 PROBLEMS OF THEORETICAL PHYSICS

region of the maximum, the graphs demonstrate good agreement in the
behavior with time of these characteristics.

Such a relationship (2) establishes that a decrease in the number of
points per move leads to an increase in the aggressiveness of society.
Naturally, one can rewrite relation (2) by resolving it relatively P(t) . Then it

can be argued that an increase in aggressiveness leads to a decrease in the
average number of points per strategy move according to

(A +a)’

Pt)=P_ —
e A

It's amazing how such a primitive model is similar to complex
societies.

8.2. A world with a depth of memory 1

In this world, the number of all strategies increases and becomes
equal to 104. It is clear that tracking each strategy, although it is still
possible, does not become meaningful enough. Such detailed information is
rather confusing than helping to understand the patterns of behavior of
strategies. Therefore, with an increase in the depth of memory and,
accordingly, the number of strategies, a collective way of describing
strategies becomes extremely important. In a world with a memory depth of
1, strategies differ in complexity (0, 1, 2, 3, 4) and also in memory depth
(0,1). These characteristics make it possible to classify all strategies into
groups according to these properties. Thus, in this world, in addition to the
characteristics of the number of strategies with a certain complexity (no, n,

n,, n,, and n4), one can also introduce the number of strategies of a certain

memory depth. Let us denote the number of strategies with a memory depth
of 0 and —the number of strategies with a memory depth of 1. These
collective variables allow describing the properties of a large number of
different strategies. In the course of evolution, these numbers change and
provide an abbreviated description of the behavior of strategies. When
modelling evolution, the evolution time in this world turned out to be equal
to 100. 4 strategies remain in thestationary state.

Let's start with a discussion of evolutionary memory changes. The most
complete information about this process can be obtained by observing the
behavior of a,(t) anda,(t) .Of course, a number of patterns are associated with

the exponential difference in the number of strategies with different memory
depths. So the initial number of strategies of 0—th memory depth is 8, and
depth 1 is already 96. Therefore, the discreteness of the change in the number
of zero—-memory strategies is so noticeable in Fig.9. The behavior, although it
looks like a linear function, has important differences from it. In addition, such



V. M. Kuklin, A. V. Priymak, V. V. Yanovsky. Chapter IV. A world of strategies with memory 295

a significant difference in their numbers makes it not informative to compare
their behavior on the same graph. Other characteristics should be used to
compare their behavior.

- N

80 %0 t

Fig. 9 On the left, the dependence of the number of strategies
with zero memory depth, in the middle with a depth of 1, on time.
On the right is the change in the average memory of society

Figure 9 shows that strategies with zero memory depth have been
present in this world throughout the entire evolutionary time.

Functions and allow you to calculate the average depth of the memory
of society, which is defined as

M (t) — 0- ao(t) +1 ai(t) = ai(t)
aM)+al)  aM)+a()

The averaging result is shown in Fig. 9 on the right. Based on Fig. 9,
it can be seen that in the process of evolution, the average depth of the
memory of a society changes insignificantly. The reason for this is
associated with a small number of strategies with zero memory and with the
presence of strategies with a greater memory depth even when entering a
stationary state.

Additional information can be obtained by observing the properties of
the winning strategy at the corresponding stage of evolution. Figure 10
shows the values of the memory depth of the winning strategies at the
corresponding stages of evolution. It is easy to see that in the initial period
the dominant strategies have the maximum memory depth. In this case,
periods may arise when the dominant strategy has a shallow memory depth.
However, this does not have a significant impact on the average memory of
society. This indicates the relative paucity of strategies with low memory
even at these stages.

Let's move on to the analysis of the behavior of the complexity of society.
The most detailed information about the complexity of society is carried by the
functionny(t), n(t), n,(t), ny(t) andn,(t). These characteristics are shown
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in Fig. 10. Let's pay attention to the initial stage, at which the most primitive
strategies n,(t) are present. This period takes 55 evolutionary stages and ends

after the disappearance of the most aggressive strategy 0000. Unlike strategies
with zero memory, primitive strategies do not dominate in this period in this
world. However, they are present in society in full force.

Fig. 10 The depth of memory of winning strategies
at the corresponding stages of evolution

Therefore, the primitive period of the development of a society with
memory is not characterized by the dominance of the most primitive
strategies, but is determined by their presence. The primitive period takes
the time to reach a steady state. Note that the relative duration of the
primitive period decreased with increasing or, more precisely, with the
advent of memory.

The first to disappear from society are strategies with complexity 1
(see Fig. 11 dependence n,(t) ), which include the most respectable strategy

1111, which disappears already at the 5th stage. One can only be surprised
that it did not disappear at the first stage of evolution. One strategy of
complexity 2, two strategies of complexity 3 and two strategies of maximum
complexity 4 remain in the stationary state.

It is interesting to note that most of the most complex strategies have
disappeared in the course of evolution. Despite this, it is the complex
strategies that survive. In addition, it can be noted that in a world with a
memory depth of 1, complex strategies dominated at all stages of evolution.
This is clearly seen in Figure 12, which shows the complexity of winning
strategies at each stage of the evolution of society. It is clearly seen that the
most complex strategies capture primacy from the beginning of evolution
and preserve it or, more precisely, share it with strategies that are close in
complexity to the maximum.
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Fig. 11 The number of strategies corresponding to the complexity present
in society at different times of evolution. Bottom left figure — the change over time
of evolution, the average complexity of the strategies of the society.
The dashed Iine shows the average difficulty when all strategies with
a memory depth not exceeding 1 are present in society

Fig. 12 The complexity of winning strategies at different stages of evolution.
There is no stage of domination of primitive strategies. At all stages of evolution,
the most complex strategies or those close to the maximum complexity dominate
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Fig.13 On the left, the change over time in the average aggressiveness of society
with the depth of memory 1. In the center — the average earnings at each stage of
evolution. The dotted line shows the average score for a society’s turn. On the right
Is a comparison of the average aggressiveness —circles with the pattern (2),
built according to the dependence of payments per move — crosses

Let's move on to a discussion of how the aggressiveness of strategies
changes in the course of evolution. Figure 13 shows the change in the
average aggressiveness of the society. It is easy to see that, as in the
previous world, the average aggressiveness at the initial times increases
and exceeds the average aggressiveness of a society in which all strategies
are present. Then the aggressiveness decreases and reaches the average
aggressiveness of a society in which all strategies are present at the stage of
evolution. Further, the level of aggressiveness continues to decline, reaching
a minimum upon reaching a stationary state. Qualitatively, this behavior
resembles the behavior of aggressiveness and in the absence of memory. The
difference lies in the shift of the maximum in the presence of memory at
relatively earlier evolutionary times. Thus, the position of the maximum
with a memory depth of 1 is reached at the times 37% of the evolution time,
and in the absence of memory at the times 62.5% of the evolution time.
Thus, if we define the primitive period after reaching the average
aggressiveness of the maximum, then the stage of primitive society ends at
37, 38 stages. The stage of primitive ‘society’ with a memory depth of 1 is
significantly shortened and is 37% — 38% of the evolution time.

Let us now consider how the set of evolutionary advantage points
changes. In Fig. 13, in the center, the average number of points per strategy
move is shown, calculated independently at each stage of evolution.

As in the world with zero memory, there is a correlation in the
behavior of average aggressiveness and average earnings per move. If we
assume that the relationship between these characteristics is determined by
the relation (2), then it is possible to compare the average aggressiveness
obtained by direct modeling (see Fig. 13 on the left) with the aggressiveness
obtained by the average payments per move. The scale factor 1 is chosen,
as before, 1 =5.3/8 anda=0.2, as before, so that the value at the first
stage of these dependencies coincides.
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The comparison shown in Fig. 13 on the left demonstrates good
consistency of the obtained functions. The differences at the initial stage are
insignificant and less than in the absence of memory.Of course, the pattern
was obtained empirically and the mechanism of such a connection is not
clear. However, good agreement between the same functions is observed at
zero memory. In other words, these characteristics are not independent, and
one of them depends on the other in accordance with relation (2).
A reasonable assumption from which this dependence follows is the
assumption that the difference P —P reaches a minimum with some

aggressiveness of the strategies. In the vicinity of any minimum, this
dependence is quadratic.

8.3. A world with a depth of memory 2

We now turn to the analysis of patterns in the world with a depth of
memory of 2. Naturally, the number of all possible strategies in this world
increases and is equal to 30824. Here, a separate strategy is understood as a
strategy with certain initial moves. The duration of evolution also increases and
takes 256 stages. The losing strategy is removed at each stage. We will divide
all strategies into 3 groups according to the depth of memory and we will
monitor the change in the number of these groups. So a,(t) — the number of

strategies in a society with a memory depth of O at the t-th stage, g (t)— the
number of strategies with a memory depth of 1 at the t—th stage, and a,(t) -

the number of strategies with a memory depth of 2 at the t—th stage. When
modeling the evolution of such a society, the dependence of the change in these
groups over time was obtained, which are shown in Fig. 14

As expected, the discreteness of the change is most noticeable for
groups with a small memory depth of 0.1 and is almost imperceptible for
a,(t) . The reason for this is the small number of strategies with a low

memory depth.

B

'__ N

Fig. 14 On the left, the change in the number of strategies with a certain depth
of memory in the world with a depth of memory 2. Right figure, the change
in the average depth of the memory of a society during evolution
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A characteristic feature, which is clearly visible from Fig. 14, is the
presence of strategies with a low memory depth throughout almost the
entire time of evolution. So, with a zero memory depth, strategies disappear
at stage 236, and with a memory depth of 1 at stage 249, which also takes
92% and 97% evolution time, respectively. Starting from stage 249, only
strategies with the maximum memory depth participate in the evolution. In
this world, memory is evolutionarily beneficial.

It should be expected that with an increase in the depth of memory,
this tendency will manifest itself from earlier stages of evolution.

Using these functions, we will consider how the average memory of a
society changes in the process of evolution (see Fig. 14). It is easy to see that
the average depth of society's memory remains practically unchanged and is
close to the maximum. At the last stages, you can notice a slight increase in
the average memory depth. This is due to the disappearance at the last
stages of strategies with a shallow memory depth and reaching the
maximum value.

The dominance of strategies with a great depth of memory is observed
in this world at all stages of evolution.

Let us turn to the behavior of the complexity of strategies over time.
The numerical simulation results are shown in Fig. 15. These dependencies
show that primitive strategies of low complexity disappear from society at
different stages of evolution without reaching the final stages of the struggle
for existence. So the first to disappear strategies of complexity 1 at stage 4
(at this stage the most "decent" strategy disappears), strategies of Oth
complexity disappear at 136 stage (the last one disappears the most
aggressive strategy), strategies of complexity 2 to 235, difficulty 3 to 215,
difficulty 4 at 248, difficulty 5 at 216 stage. In a world with memory, the
complexity of strategies is an evolutionary advantage. Evolution can be said
to support and approve of the complexity of strategies.

To demonstrate this, we can cite the change in the average complexity
of the strategies of the whole society in the process of evolution (see Fig. 16).
It can be seen that the average complexity of strategies changes little in the
course of evolution and its small oscillations at the final stages of evolution
are associated with a decrease in the number of strategies in society. In this
case, the disappearance of even one strategy affects the average. It can be
assumed that the average value of the complexity of strategies is preserved
during the evolution of society and with a greater depth of memory.

In a world with a depth of 2 memory, complex strategies dominate all
stages of evolution. This is clearly seen from Figure 16, which shows the
complexity of the winning strategy at each stage of evolution. It is easy to
see that low complexity strategies are absent among the winners at all
stages of evolution. Therefore, the primitive period of the development of
society is determined by the presence of primitive strategies, and not by
their domination.
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Fig. 15 Change in the number of strategies with a certain depth of memory
in the world with a depth of memory 2

Fig. 16 On the right is the behavior of the average complexity of the strategies
of society. On the left is the complexity of the winner's strategy at each stage
of evolution
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As before, we will define the primitive period according to the increase
In aggressiveness in society and the achievement of maximum value.

Figure 17 shows the average aggressiveness of the population at each
stage of evolution. A characteristic dependence of average aggressiveness over
time is visible. The initial primitive stage of development can be distinguished
by the increase in the aggressiveness of strategies to the maximum. This period
in the world with a depth of memory of 2 lasts up to53 + 57 stages, and another
one, close in terms of the value of aggressiveness, is achieved in
115+ 118 stages. Note that due to the discreteness and non—smoothness of the
data, the maximum value is difficult to identify. There is a wide plateau in the
data.

Therefore, we will focus on the period for which the value of the
aggressiveness of the original society is reached, which takes about 188 stages.
Assuming the symmetry of the maximum, we estimate the characteristic time
of the primitive stage as 188/ 2 = 94 . This period takes 37% evolutionary time.
Note that it ends before the most aggressive strategy disappears. The reason for
the emergence of a wide plateau in the vicinity of the maximum is possibly
associated with a decrease in the maximum aggressiveness value with
increasing memory depth and its approach to 0.5, the average aggressiveness
value of the strategist's initial population.

Fig. 17 On the right is the average aggressiveness of strategies at each stage
of evolution. In the center is the number of points on average per one turn
of the strategy. Average aggressiveness — circles and aggressiveness built according
to equation (2) — crosses

We now turn to a discussion of the evolutionary advantage points
obtained on average per one turn by a strategy. The general tendency of
points decreasing with increasing aggressiveness persists in this world as
well (see Fig. 17). The nature of the change is typical for all worlds. The
differences are reduced to the relative position of the minimum evolutionary
advantage points received. There is also a noticeable correlation between
aggressiveness and the number of points per move.

It remains to check the feasibility of the universal connection (2)
between these characteristics. Fig. 17 shows the average aggressiveness and
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aggressiveness, built according to the dependence of the number of points
per move. The consistency of these dependencies is clearly visible. As the
memory grows, the data coincidence improves.

It is interesting to note that there is good agreement despite the fact

that the same values Ismax =3 were used 1n all worlds as for the coefficients

A1=53/8,a=0.2.

In thestationary state, there are 128 strategies of memory depth
M = 2 and complexity C =7, which gain the same number of points and
their average aggressiveness towards each other is close to the minimum —
equal 0.03.

8.4. Comparison of worlds

Of course, we will not discuss the obvious differences in the number of
strategies, times of evolution.

First of all, we note that memory and, as a consequence, complexity
provides evolutionary advantages. Strategies with low memory and low
complexity are dying out. The average memory and the complexity of society
at a fixed memory depth of strategies change little during evolution and are
close to their maximum values. Perhaps this is due to the large number of
such strategies. Apparently, this is the main reason for the complication and
emergence of diversity during evolution.

In all worlds, a primitive period can be distinguished during which
the aggressiveness of strategies in society is growing. With increasing
memory depth, the relative duration of this period decreases.

The lifetime of the most aggressive strategy in society also decreases
with increasing depth of memory. So with a memory depth of 0, it takes
62.5% evolution time, in a world with memory 1 —55% , and in a world with
memory 2 —53%.

You can see a correlation with the duration of the primitive period. In
principle, you can use another definition of a primitive period, for example,
according to the existence of the most aggressive strategy in it.

In all worlds, the dependence of average aggressiveness on time has a
characteristic bell-shaped appearance. The differences are in the position of
the maximum and its magnitude. Thus, with an increase in the depth of
memory, the maximum shifts to the beginning of evolution, and its value
decreases, which makes it difficult to find its position. Therefore, with
increasing memory depth, its width increases.

In all worlds, aggressiveness in the process of evolution after a
primitive period decreases and tends to a minimum value.

There is a universal relationship (2) between the aggressiveness of a
society and the number of evolutionary advantage points obtained by the
strategy on average per turn in the society.

A finite number of strategies of maximum memory depth and complexity
remain in the stationary state, which gain the same number of points and their
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aggressiveness towards each other and is close to the minimum. In principle,
the set of the same number of points is a consequence of evolution. Otherwise,
evolution continues and the strategy that scored fewer evolutionary advantage
points in this generation is removed in the next generation.

Surprisingly, strategies in stationary state have zero aggressiveness
towards each other. It can be assumed that without carrying out evolution, one
can find sets of strategies gaining the same number of points in a circular
competition with each other, and from them choose sets with zero
aggressiveness. A stationary set of strategies will be a set in which strategies
gain the maximum number of points per turn.

SECTION 9. EVOLUTION OF THE ‘COMMUNITY’
OF STRATEGIES WITH ACCUMULATION

Consider a population of all strategies whose memory is bounded from
above by a certain numberk .Let the first generation of these strategies
interact with each other in a circular manner in an iterated game of prisoners'
dilemma. The number of interactions of two strategies in one generation will be
chosen equal 100 in all cases.

After that, the losing strategy, and possibly several strategies with the
minimum number of points, are removed from the population. The remaining
strategies form a new generation, but unlike the case considered in the previous
section [67], [68], they retain the points of evolutionary advantage. The next
generation is where the strategy winners are with their previous points.

Then they carry out the next circle of interactions between the remaining
strategies, taking into account the accumulation of the points. According to the
results of the competition, a population of next generation strategies is formed.
This continues until you go to thestationary state. Consider again the evolution
of communities of strategies with memory depths of 0, 1, and 2. This will allow
us to compare the history of the evolution of such communities with their
history in the absence of accumulation of points of evolutionary advantages
[671.

9.1. The world with zero memory and accumulated points

Let's start again with a population of zero-memory strategies. There are
only 8 such strategies, taking into account the first moves. The duration of
evolution is determined by their number and the disappearance of 1 strategy at
each stage. Therefore, the number of strategies decreases linearly with time
and evolution lasts 8 stages. The most "decent" strategy [1] 11 dies out at stage
1, and the most aggressive one reaches the stationary state. This is a fairly
small world of strategies in which you can follow each strategy. However, as
mentioned earlier, this becomes impossible with increasing memory depth.
Therefore, in this world, we use rough characteristics to describe evolution.
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Considering that all the strategies of this world have zero memory depth, the
main rough characteristic is the number of strategies of a certain complexity.
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Fig. 18 Changing the number of strategies of a certain complexity. — the number
of strategies of complexity 0, — the number of strategies of complexity 1,
and — the number of strategies of complexity 2

Figure 18 shows the change over time of these characteristics obtained
by numerical modelling of the evolution of a population of strategies.

It can be seen that strategies of complexity 1 disappear already in the
third generation, and strategies of complexity 2 at stage 7. The stationary is
formed by the surviving strategy of zero complexity. This strategy is extremely
aggressive.

In this world with accumulation, but without memory, primitiveness
and aggressiveness win, although the most difficult strategy lasted the
entire time of evolution (see Fig. 18).

It should be noted that the dominant strategies that have won in every
generation all had zero difficulty. Therefore, we present the complexity of losing
strategies at the corresponding stage of evolution in Fig. 19. It can be seen that
primitive strategies begin to compete with each other only at the 7th stage and
are among the losers. At all the previous stages, strategies of greater
complexity were lost.

Using the number of strategies of a certain complexity, it is possible to
obtain the change over time in the average complexity of the population
strategies
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The calculation result is shown in Fig. 19. It is easy to see that the
average complexity of strategies in a society with accumulation (with the
transfer of accumulated points of evolutionary advantages to the next
generation) monotonically decreases in the process of evolution after a small
stage of increase (see Fig. 19). A small stage of growth of average complexity
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coincides with the period of presence of strategies with complexity 1 in the
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Flig. 19 On the left, the complexity of the losing strategy at the corresponding stage.
On the right is the average complexity of the strategies of a society with
intergenerational accumulation

The average difficulty at the 7th stage becomes zero. Only strategies
of zero complexity form the stationary state. This is radically different from
the change in the complexity of strategies over time in the absence of
accumulation [67], [68]. In such communities of strategies, the complexity
increased. In other words, in a world with zero memory depth and with the
transfer of accumulated points of evolutionary advantages to the next
generation, only the most primitive strategies of zero complexity survive in
the process of evolution.

Thus, the stage of the ‘community’ of strategies — the primitive world
lasts throughout evolution. At all stages in the ‘community’ primitive
strategies of zero complexity dominate.

Let us now trace the aggressiveness of such a ‘community’ of
strategies. By aggressiveness, as before, we mean the share of refusals of
the strategy from cooperation. Modelling the evolution of strategies gives
the change in the average aggressiveness of society, shown in Fig. 20. The
change over time of this characteristic is fundamentally different from its
behavior in the communities of strategies without accumulation. In this
case, the aggressiveness of society's strategies increases monotonically over
time. The stationary stateforms the most aggressive strategy.

Similarly, the behavior and the number of points of evolutionary
advantages differ significantly on average for one turn of the strategy. In a
‘community’ with accumulation, the number of points decreases
monotonically (see Fig. 20). At the same time, the universal connection (2)
between the number of points of evolutionary advantages on average per
one turn and average aggressiveness is also fulfilled well in this world.

It is interesting to emphasize that the values are constant 5max =3,

2 =5.3/8 anda = 0.2 the same as in [67], [68]. Figure 20 on the right shows a
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comparison of these patterns. You can see a good coincidence of average
aggressiveness with root dependence on P(t). This means that knowledge of
one of these characteristics makes it easy to establish the value of the second.
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Fig. 20 On the left, the average aggressiveness of the strategies of a society with
accumulation between generations. In the centre is the average number of points per
strategy course In a soclety with accumulation between generations. On the right is
a comparison of average aggressiveness (circles) with root dependence (crosses).
Due to the precise overlay, some crosses are not visible

Thus, in a world without memory, the most primitive strategies
(Cc =0) dominate at all stages of evolution. In other words, the primitive
period of evolution of such a ‘community’ of strategies takes up the entire
evolutionary time. Only the most primitive and most aggressive strategy
remains in thestationary state.

The wuniversal relationship between the number of evolutionary
advantage points on average per turn and the average aggressiveness remains
for this world.

9.2. The world with 1 depth of memory and accumulated points

Let us now turn to the population of strategies with accumulation in the
presence of memory. Let us consider the behavior of a ‘community’ of strategies
with a depth of memory 1. The nature of the interaction of strategies and the
pay-out matrix are the same as is the presence of accumulation of points of
evolutionary advantages with their transfer to the next generation. Memory
depth determines the number of strategies available to the ‘community’. In the
case k =1, the number of strategies increases to 104 and, accordingly, the
number of stages of population evolution or the number of generations before
entering the stationary state increases.

In the presence of memory, the number of coarse or collective
characteristics increases. A set of variables arises that describe the number of
strategies for a particular memory. The evolution of these variables is shown in
Figure 21. The notation for these variables is standard g,— the number of
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strategies with zero memory depth, a — the number of strategies with a unit

memory depth. The significant difference in the number of these types of
strategies makes the discreteness a,(t) noticeable and is weakly manifested in

more numerous strategies a,(t).
A constant plot in a,(t) means that during this time, strategies with a

greater depth of memory dropped out of the ‘community’. The most
important difference from the previous case is that strategies with zero
memory depth and, accordingly, low complexity die out at the 95th stage of
evolution, which is 91% ofthe time to reach thestationary state.

Fig.21 Change in the number of strategies of a certain memory depth. Here @,
is the number of strategies with zero memory depth, @, is the number

of strategies with unit memory depth

In a world with memory, primitiveness does not survive. Unlike the
previous case, the primitive period of the ‘community’ of strategies ends.
The stationary is formed by strategies with a maximum memory depth of 1
(see Fig. 21).

Therefore, the average memory depth

M (t) — 0 ao(t)+1' ai(t)
a(t)+a(t)

practically changes slightly, being in a small vicinity of 1 and at the last
stages reaches the maximum value of 1 (see Fig. 22). This is due to the
paucity of disappearing primitive strategies.

Next important set of collective variables is the number of strategies
of a certain complexity. Figure 23 shows the changes over time n,(t)— the

number of strategies of complexity 0, n(t)— the number of strategies of

complexity 1, n,(t) — the number of strategies of complexity 2,n,(t)— the
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number of strategies of complexity 3, and n,(t) — the number of strategies of
complexity 4. These variables characterize the complexity of the strategies
of the ‘community’ as a whole.

Fig. 22 On the left, the average depth of strategy memory in a society
with accumulation between generations. On the right, the average complexity
of the community’ strategies have changed over time

Fig. 23 Change in the number of strategies of a certain complexity over time. Here,
N, is the number of strategies of complexity 0, N, is the number of strategies of

complexity 1, 1, is the number of strategies of complexity 2, the number of strategies

of complexity 3, and N, isthe number of strategies of complexity 4
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It can be seen that all primitive strategies (C < 2) disappear before
reaching a stationary state. So strategies of zero difficulty disappear at 95th
stage, difficulty 1 at 7th stage and difficulty 2 at 88th stage. Oddly enough,
the most primitive zero—complexity strategy (of the primitive strategies)
disappears last at 95th stage. Only strategies of maximum complexity 4
survive to the stationary stage.

Therefore, the average complexity changes in the vicinity of the
maximum value and reaches its maximum starting from the 95th stage of
evolution (see Fig. 23). Thus, in the presence of memory, complexity is an
evolutionarily advantageous property even in an accumulating society.

The next characteristic that interests us is the average aggressiveness
of society and its change over time. Figure 24 on the left shows the results of
the numerical simulation. It is easy to see that at the stage of the presence
of primitive strategies in society, the average aggressiveness of society
increases monotonically. Peaking at the stage preceding the disappearance
of primitive strategies.

Fig. 24 On the left, the change In the average aggressiveness
of “community” strategies. At the centre is the dependence of the average
umber of points per strategy course in a society with accumulation between
generations. On the right is a comparison of the average aggressiveness (circles)
in a society with accumulation between generations with the resulting dependence
according to the ratio (2) by the number of points per move (crosses)

In other words, even in a society with accumulation, the primitive
period is less than the time of evolution (approximately 91% of the entire
time of evolution). The aggressiveness of the winning strategies behaves
differently (see Figure 25). It decreases despite the increase in average
aggressiveness. Thus, in such a society, non-aggressive strategies still
dominate. Figure 25 also shows the memory depth of the winning strategies
and their complexity. One can see the dominance of strategies of maximum
memory depth and complexity in the ‘community’ at all stages of evolution.

As in the previous cases, there is a correlation between the average
aggressiveness and the number of points per strategy move. This can be seen by
comparing the average aggressiveness in Fig. 24 on the left and the reduced
change in the number of points with time in the centre of Fig. 24. It can be seen
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that the average number of payments per move decreases with time over time
periods where aggressiveness increases. This general pattern is observed in all
cases. The relationship between these characteristics, obtained in the absence
of accumulation in society, is illustrated with the same coefficients in a society
with accumulation in Figure 24. The right side of Fig. 24 demonstrates good
agreement even when choosing the old universal coefficients in dependence (2).
Thus, the universal correlation between the aggressiveness of a society and the
number of points per strategy course persists in a society with accumulation.

Flig. 25 On the left is the depth of memory, in the centre is the complexity
of the winning strategy at the corresponding stage. On the right is the
aggressiveness of the strategies that won at the corresponding stages

of evolution

Let us now discuss the properties of the winning strategies at each stage
of evolution. By this we mean the strategies that have gained the maximum
number of evolutionary advantage points at the corresponding stage.

Figure 25 shows the dependences of the memory depth, complexity and
aggressiveness of the winning strategies at the corresponding stage. It can be
seen that the depth of memory and complexity of the winners is maximal at all
stages of evolution. The aggressiveness of the winners decreases from the
beginning of evolution, and at the final stages, this decrease occurs at a
noticeably faster rate.

Thus, in the world with memory (memory depth 1), the nature of the
evolution of the population of strategies with accumulation is fundamentally
changing. First of all, the primitive period of the ‘community— there is no
dominance of primitive strategies. Dominate at all stages of the strategy with
maximum memory depth and maximum difficulty. The average memory depth,
as well as the average complexity of ‘community’ strategies, are close to the
maximum values and change little during evolution. The maximum is reached
in a steady state. The average aggressiveness of the ‘community’ increases as
long as there are primitive strategies in the ‘community’. At subsequent stages,
aggressiveness decreases and is minimal in thestationary state. In a world with
accumulation and memory depth of 1, there remains one strategy (1)(01)0010o0f

complexity 4 in thestationary state.
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9.3. The world with a depth of memory of 2 and with the accumulation

of points between generations

Let's move on to a world with depth of memory 2 and accumulation of
points. Let the previous type of interaction between strategies, the pay-out
matrix, and the transfer of accumulated points to the next generation be
preserved. However, the number of all possible strategies in this world
increases and becomes equal to 30824. Here again, a separate strategy is
understood as a strategy with certain initial moves. To significantly reduce
the numerical resources and evolution time, we will delete at each stage the
losing strategy (one of 256), regardless of the first moves. Then the duration
of evolution takes 256 stages or generations.

In this world, as before, the main collective variables are the number
of strategies with a certain depth of memory and the number of strategies of
a certain complexity. Figure 26 shows the changes in the number of
strategies of a certain memory depth. It can be seen that strategies with a
shallow memory depth disappear in the process of evolution. So memory
depths O disappear at stage 242, which is approximately 95% of the evolution
time, memory depths 1 at stage 254 (approximately 99% of the evolution
time). Only strategies with the maximum memory depth form the stationary
state. The presence of a noticeable piecewise constant structure a,(t), a(t)

1s associated with the relative paucity of these strategies, and at the times
when their numbers are preserved, strategies of higher complexity are
removed from the ‘community’.

a,

Fig. 26 Changing the number of strategies of a certain memory depth. Here@, is the
number of strategies for memory depth 0, @, is the number of strategies for memory

depth 1, and 8, 1s the number of strategies for memory depth 2

b

The average depth of the “community” memory throughout evolution is
close to the maximum, equal to 2 (see Fig. 27). This means that the depth of
memory of a ‘community’ of strategies is determined by the initial state (in the
absence of a source of strategies) and is preserved in the process of evolution. In
other words, memory depth is supported by evolution. With increasing memory
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depth, this property should manifest itself more clearly. The reason for this
may be associated with a sharp over exponential increase in the number of
strategies with a greater depth of memory.

Figure 27 Change over time in the average community’ memory depth
on the left and the average complexity of the ‘community’ strategies on the right

This behavior of the number of strategies with different memory
depths already speaks of the advantages of complex strategies.

Figure 28 shows the change in the number of strategies of varying
complexity. The order of disappearance of primitive strategies is visible. The
first to disappear are strategies of complexity 1. This occurs at the 5th stage
of evolution; strategies of complexity O persist for a long time in society,
which disappear at 243th stage. Strategies of difficulty 2 disappear at
196 stages, and difficulty 3.4, respectively, at 181 stages and 255 stages.
Strategies 5 at 191, 6 at 255, and 7 at 249 stages. the stationary stateis
formed only by strategies of maximum complexity 8

Of course, this does not mean that complex strategies are guaranteed to
survive. On the contrary, the rate of extinction of the most complex strategies is
the highest, but among them there are those that will survive and only among
them. Therefore, the complexity of strategies is also supported by evolution.

The dependence of the average complexity of society's strategies on
time is shown in Fig. 27 on the right, which is defined as

2k+1

2in

C(t) =12 —,

ok+l

2N

i=0

here k — is the depth of memory of strategies. It is characteristic that the
average complexity changes little in the course of evolution. Noticeable
fluctuations in complexity are observed when approaching the stationary and,
apparently, are associated with the small number of remaining strategies.
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Let us now turn to the dominant strategies at the stages of evolution.
By such we mean strategies that have won at a certain stage of evolution.
As in the case of memory depth 1, strategies with a maximum memory
depth of 2 and a maximum complexity of 8 prewailed at all stages of
evolution. In this sense, the most complex strategies dominated at all stages
of evolution.

Fig. 28 Changing the number of strategies of a certain complexity. Here I isthe
number of strategies of complexity 0, N isthe number of strategies

of complexity 1 and N, isthe number of strategies of complexity 2, etc

Let's move on to discussing average aggressiveness. The average
aggressiveness obtained as a result of modelling such a “community” is shown
in Fig. 29. It is easy to notice the monotonous increase in aggressiveness in the
process of evolution. The primitive period of the development of society ends at
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the 253rd stage and takes 99% ofthe entire time of going to thestationary state.
In thestationary state, the aggressiveness of the strategy “community”™
decreases slightly.

—~———

Fig. 29. On the left, the average aggressiveness of the strategy community’
and 1ts change over time. In the centre is the average number of society strategy
points per turn. On the right is a comparison of the average aggressiveness (circles)
in a society with accumulation between generations with the resulting dependence
according to the ratio (2) by the number of points per move (crosses)

The correlation between the average aggressiveness and the set of the
strategy points per move is preserved. The change in the average number of
points per strategy move is shown in Fig. 29. It can be seen that the average
number of points per move monotonically decreases with time. A quantitative
comparison of the relationship between aggressiveness and points per move is
shown in Figure 29 on the left. The universality of this connection covers not
only worlds with different depths of memory, but also societies both without
accumulation and with accumulation.

The stationary state of strategies with a memory depth of 2 and
accumulation is formed by 128 strategies of maximum complexity 8. All
these strategies differ only in the first strategies of a smaller memory
(%) (%%, ) (%X, X Xs)00001000, wherex € B— the main or leading strategy

with a memory depth of 2 is one — 00001000 .
9.4. Comparison of worlds with accumulation

In societies with accumulation between generations, only in a world
without memory, the most primitive strategies (C = 0) dominate at all stages of
evolution, and the most primitive and aggressive strategy (0) 00 reaches a
stationary state. The average aggressiveness of the strategy ‘community’
increases over time. The universal connection (2) remains in this world as well.

The communities of strategies with memory and with accumulation
between generations are already dominated by strategies with maximum
memory depth and maximum complexity at all stages of evolution. The average
values of the memory depth and complexity of the strategy “community”
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change little over the course of evolution. The average aggressiveness of the
“community” increases over time, and the number of Evolutionary Benefit
Points earned per strategy turn decreases over time. The universal connection
(2) between these quantities is preserved. the stationary stateis formed by the
most complex strategies and aggressive towards each other.

SECTION 10. ALTERNATIVE EVOLUTION OF STRATEGIES
WITH MEMORY

Consider a population of strategies with memory, alternative to
evolution, by changing the selection rule for losing strategies. Let the strategies
that have gained the maximum number of points of evolutionary advantages
are removed from the population during the alternative evolution. In other
words, the best strategies are removed in every generation. As before, the
population at the initial stage contains all strategies with a memory depth less
than or equal to 2. Since in this case all strategies are taken into account, other
strategies will not appear in the process of evolution.

The principle of heredity will consist in the transmission of strategies
to descendants. The principle of natural selection is realized by excluding or
eliminating certain strategies. The alternative evolution removes the
winning strategy in each generation. Let us consider the consequences of
this method of selecting strategies in the population.

As in the previous cases, the evolution considers the pairwise
interaction of strategies, in accordance with the iterated prisoners' dilemma.
Moreover, each strategy interacts with everyone, including itself. In order to
establish the result of the pairwise interaction of strategies, we use the
payoff matrix, which coincides with the one introduced in Section 3.

We'll use collective variables again. In this section, it is convenient to use
as such variables the number of strategies with a certain memory depth 3, and

the number of strategies with a certain complexityaj, where j=0,1,.,k all

possible values of the memory depth run through, and iall possible values of
the complexity of strategies. For example, a,is the number of strategies with

zero memory, and n,is the number of strategies of complexity 1. When studying

the behavior of memory and the complexity of population strategies in the
process of evolution, these are quite convenient collective variables.

10.1. The world without memory

Let's start by discussing the evolution of the simplest world with a 0
memory depth. Let each strategy interact with another strategy n =100 times
within the iterated prisoners' dilemma. The set of points is determined by the
pay-out matrix given in section 3 and is summed up. Each strategy in one game
responds to the first move of the chosen opponent, and in another starts by
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making the first move in the game with the same opponent. In the games she
starts, there are two possibilities to make the first move, which is to choose
Oor 1. A strategy that makes a particular first move is considered a separate
strategy. After the games have been played between all such strategies,
including yourself, the strategies are distributed according to the occupied
places in accordance with the points scored. In an alternative evolution, the
strategy or strategies with the highest score are eliminated and not passed on
to the next generation. The remaining strategies are passed on to the next
generation and re—enter the competition with initial zero evolutionary
advantage points. These strategies can be seen as descendants of the previous
generation.

In this simple world, the number of strategies is quite small (N, = 8).

However, we will use the collective variables discussed in Section 6. In this
world, all strategies have a memory depth of 0 and therefore the variables
a,(t) simply keep track of the number of strategiesa,(t) = N,(t). It is clear

that when one strategy is removed at each stage of evolution, their number
decreases linearly with time N, = (1-t)+8. Here t=1,2,...,8is the discrete

evolutionary time. With such a small number, there is no coincidence of the
points scored by several strategies and is unlikely. Therefore, evolution
takes 8 stages (or generations), after which one strategy survives and a
stationary state sets in.

We now turn to a discussion of changes in the complexity of society's
strategies. This is the main collective characteristic by which one can
classify strategies in this world.

The most detailed information about the behavior of complexity is
provided by the number of strategies of the corresponding complexity at
each stage of evolution. In a world with zero memory, there are strategies of
complexity 0, 1 and 2. Graphs of the change over time of the number of
strategies of a certain complexity are shown in Fig. 30,

Fig. 30 Left — change N, — the number of strategies of zero complexity.
In the middle — evolution N, — the number of strategies of unit complexity,
on the right n,— complexity 2. Note that the points are connected by lines

only for clarity and the Iines do not play any role. Time is discrete
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The given dependencies in Fig. 30 allow us to establish the
disappearance time of strategies of a certain complexity. It is easy to see
that despite the introduced selection rule, primitive strategiesn, disappear

already at the 3rd stage of evolution. Strategies of complexity 1 are retained
in the ‘community’ until stage 7, and the stationary stateforms strategies of
maximum complexity. In this sense, even with alternative evolution, the
complexity of strategies is an evolutionarily advantageous property.
Comparing the data of the alternative evolution of Fig. 30 with the
analogous data of the usual evolution of Fig. 6, it can be seen that the time
dependences n,(t) coincide for both evolutions. Hence, the evolution of

complex strategies over time is the same in both evolutions. The dependence
n,(t) 1in the alternative evolution coincides with n(t)the ordinary

evolution, the analogous behavior of the n(t)alternative one coincides with
N, (t) the ordinary one.

You can also get the average value of the complexity of the entire
“community” at each stage of evolution. The average difficulty value is
defined as

_0n®)+1n®+2-n() _ 1n+2-n(0)
np(®) +n () +n,(t) np(®) +n () +n, (1)

C(t)

The dependence of the average complexity of population strategies on
evolution time is shown in Fig. 31. The average complexity demonstrates a
rather complex, oscillating behavior with reaching the maximum value in
the stationary. In other words, the average complexity of the strategy
‘community’ increases with evolution. This means that complex strategies
are profitable even in communities with alternative selection.

It is interesting to note that the nature of the dependence of the average
complexity in the case of alternative evolution differs from the analogous
dependence in Fig. 7 with the natural selection rule. In the alternative
evolution, there are no stages at which the average complexity fell below the
initial complexity of the population strategies.

In this sense, the complexity of alternative evolution increases even
more.

Let us now discuss the properties of the strategies that win at
different stages of ‘community’ evolution or the dominant strategies of the
‘community’. We will monitor the complexity, aggressiveness, and the
number of payments per move of winning strategies at different stages of
evolution. Figure 32 shows the corresponding dependencies.

It can be seen that at the early stages of evolution (up to stage 2
inclusive), only primitive strategies with zero complexity won. Actually, this
is the reason for the stronger growth in complexity and the mechanism for
entering the stationary state for more complex strategies, taking into
account the rule for selecting an alternative ‘community’.
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Flig.31 Changes in the average value of the complexity of the entire ‘community’
of strategies in the process of evolution. The dashed line is the initial average
of the complexity of all community’ strategies. This value corresponds to the average
value of the complexity of the strategy ‘community’ in which all strategies with zero
memory depth are present

Recall that in this case, the winning strategies are deleted. At the next
stages, strategies of complexity 2 and 1 won. The clearly expressed stepwise
nature of the change is associated with a small number of strategies with zero
memory depth. The aggressiveness of the winners first falls, and then increases
to the maximum value. The minimum aggressiveness correlates with the period
of dominance of strategies with intermediate complexity 1. The value of the
payoffs per move of winning strategies at different stages of evolution reaches a
maximum at stage 3 of evolution and then decreases with time. The minimum
is reached in the stationary state. Clear differences between these
characteristics of winning strategies in alternative and conventional evolution
can be seen by comparing them with those shown in Fig. 7.

Fig. 32 On the left is the complexity of the winning strategy at the corresponding
stage of evolution. At the centre is aggressiveness, winning strategies from time
to time. On the right is the number of evolutionary advantage points earned
by the strategy in one move of the winners at all stages of evolution
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We now turn to a discussion of the change over time of the average
aggressiveness and the number of payments per turn on average. These
characteristics are shown in Fig. 33. It is easy to notice qualitative changes
in the behavior of these characteristics during alternative evolution.

Aggressiveness, in contrast to the usual case (normal evolution), first
falls, and then increases to a maximum value. Thus, the strategy ‘community’
becomes more aggressive in the process of alternative evolution. Similar
qualitative changes are undergone by the change in the value of the number of
payments per strategy course on average. In contrast to the usual case (see
Fig. 8), with an alternative evolution, the value of payments reaches a
maximum and then decreases. The stage of reaching the maximum payments
coincides with the stage of the minimum aggressiveness of the strategy
“community””.

Thus, with an alternative evolution, the aggressiveness of the surviving
strategies increases, while the amount of payments per move decreases on
average. In a world with zero memory, there is a clear correlation in the
behavior of average aggressiveness and average earnings per move. It can be
assumed that the relationship between these characteristics is determined by
the universal relationship (2). Figure 33 on the right compares the numerically
simulated average aggressiveness with the empirical pattern shown above. The
scale factor was chosen from considerations of equality of these characteristics

at the first stage of evolution F_’max =3,1=5.3/8,anda=0.2.

Despite the small deviation in the minimum region, the graphs
demonstrate good agreement in the behavior of these characteristics over time.
Of course, the agreement can be improved by varying the values of the
constants included in relation (2). Here we have saved the values that were
used in various evolution options (see previous sections). The average number
of payments per strategy move depends on the average aggressiveness of the
strategies according to the quadratic law

Prac — PO = 2 (AW +a) ®)

The parameter aincluded in this ratio acquires a simple physical
meaning. Thus, you can see that the parameter acoincides with the
minimum value of the aggressiveness A of the strategy ‘community’ at

which the maximum value of payments is reached. Therefore, it 1is
convenient to give this ratio a clearer form

P(0) = P~ (A + Ay, ) @

The coefficient a = 0.2 depends on the choice of the pay-out matrix.
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Thus, the relationship (2) or (5) between these characteristics remains
in the alternative evolution.

|

Fig. 33 On the left, the change over time in the average aggressiveness of the
strategy community’, in the centre— the average number of payments per strategy
move. On the right is a comparison of the aggressiveness obtained by modelling
with the aggressiveness built according to the data on the number of payments
per strategy move on average (see relation (2))

10.2. A world with a depth of memory 1

Let us now consider the alternative evolution of a ‘community’ of
strategies with a depth of memory 1. The principle of removing the winning
strategies at each stage of evolution is applied in this case as well. The
evolution time of this ‘community’ takes 97 stages, and 8 strategies remain in a
stationary state (taking into account the first move). In the stationary state,
they receive the same number of evolutionary benefit points. The
aggressiveness of the strategies that form the stationary strategy in relation to
each other is maximum and equal to 1. This is fundamentally different from the
zero aggressiveness of stationary strategies under normal evolution. The names
and characteristics of stationary strategies in alternative evolution are given in
the table 7 below.

Table 7
strategy name memory depth complexity
(0)(00)0001 1 4
(0)(01)0100 1 4
(0)(00)0100 1 4
(0)(00)0111 1 4
(0)(01)0001 1 4
(0)01 0 2
(0)(01)0111 1 4
(0)(01)0011 1 3
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It can be seen that the stationary strategy is formed by strategies of
maximum complexity 4, only two strategies have lower complexity 3 and 2.
Primitive strategies do not survive to the stationary state. This pattern also
manifests itself in the depth of memory of stationary strategies — all but one
have the maximum memory depth.

Thus, in the stationary state of such a ‘community’, only absolutely
aggressive strategies with maximum memory depth and complexity are
present. Only a small proportion of strategies with less memory depth and
complexity, but absolutely aggressive ones, enter the stationary state.

We now turn to a description of the evolution of such a ‘community’ of
strategies. In this world, there are already strategies with 0 (8 strategies)
and 1 memory depth (96 strategies). Therefore, the number of strategies
with a certain memory depth appears as a nontrivial collective variable.
Figure 34 shows the results of numerical modelling of the behavior of these
variables during the evolution of the ‘community’. The stepped structure
a,(t) is associated with a small number of such strategies and the presence

of areas for their preservation is determined by the disappearance of more
numerous strategies 1 of the depth of memory at these time intervals. The
average ‘retention’ interval a,(t) is easy to estimate asAt = 97/8 ~ 12, which
is observed in Fig. 34 on the left. It can be seen that only one strategy with 0
memory depth reaches the stationary. Such a stepped structure is also
present in behaviour of g(t), but is hardly noticeable due to the large

number of memory depth strategies 1.

Fig. 34 On the left — changea,— the number of strategies with zero
memory depth. On the right — evolutiona, — the number of strategies

of unit memory depth. Time is discrete

The next important collective variables are the number of strategies of
a certain complexity. Figure 35 shows the time dependence of these
variables obtained in the numerical simulation of evolution. The
disappearance of primitive strategies is clearly visible. So strategies of
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complexity O disappear at 16 stage of evolution (or generation), and
complexity 1 at 56 stage. The time dependences n,(t)and n(t)have a
characteristic stepped structure, the nature of which is quite similar to that
described above. Average interval for storing their valuesAt = 97/3~32.
The same structure is observed for the rest of the numbers of strategies
n (t) of a certain complexity.

The reason is not such a significant difference in their numbers in
comparison with the difference in numbers a (t) and a (t)by an order of

magnitude.

Fig. 35 Change over time I, — the number of strategies of i-th complexity,
i=01,23,4

We now turn to a discussion of the dominant strategies in the process
of ‘community’ evolution. As before, under the dominant strategy at a
certain stage we mean the strategy that won or scored the maximum
number of points at this stage. Figure 36 shows the main characteristics of
strategies dominant at the stages of evolution. It can be seen that, with rare
exceptions, the dominant strategies had the maximum memory depth. The
proportion of time dominated by strategies with a lower memory depth is
7% ofthe entire time of evolution.

Likewise, dominant strategies are complex. The proportion of dominance
of primitive strategies 0 and 1 complexity is 4% evolution time. The share of
dominance of the most complex strategies 1s599% ofthe entire time of evolution.
Let us recall that in each generation, during the alternative evolution, it was
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the dominant strategies that were destroyed. Despite this, the stationary
stateis forming the remaining complex strategies. The aggressiveness of
dominant strategies fluctuates strongly and rather resembles a chaotic
dependence. The mechanism for the appearance of such chaos is associated
with the removal of the winning strategy.

Indeed, under ordinary evolution, the winning strategy retained its
primacy over a certain time interval of evolution, and in the case of an
alternative one, it is removed at the first victory. Therefore, the next winning
strategy may have characteristics that are significantly different from the
previous winner. As follows from Fig. 36 such instability is especially
manifested in aggressiveness. The dependence of the number of evolutionary
advantages of winning strategies behaves in a more natural way; over time,
their value monotonically decreases.

Fig. 36 At the top left is the depth of memoryM , at the top right is the difficultyC ,
at the bottom left is aggressiveness A and at the bottom right is the number of
points per move P of the winning strategy at the corresponding stage of evolution

Let us consider below the behavior of the average characteristics of a
‘community’ of strategies under alternative evolution. Of course, they can be
obtained using the dependencies a(t)andn (t). Figure 37 shows the time

dependences of the average characteristics of the ‘community’ strategies. It is
easy to see that the average memory depth changes insignificantly in the course
of evolution in the vicinity of the maximum value. The average complexity of
the strategy “community” also changes slightly around the maximum value.
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In other words, the average depth of memory and the complexity of
‘community’ strategies persists throughout the evolutionary process. The
most obvious changes are undergone by the average aggressiveness of
‘community’ strategies and, as a consequence, the average number of
payments per strategy course. The behavior of the average aggressiveness of
the ‘community’ during alternative evolution, after reaching the minimum,
begins to increase monotonically and reaches its maximum value at the
stationary. Recall that in normal evolution, aggressiveness after reaching
the maximum monotonically decreased, reaching the minimum value in the
stationary state(see Fig. 19). The behavior of the amount of payments per
strategy course is also opposite to the time change in the amount of
payments under normal evolution. At the same time, the relationship (2)
between the average aggressiveness and the number of payments per move
remains the same. This can be seen from the lower right graph in Fig. 37.

;
-

Fig. 37 On the left C — the change in the average complexity of strategies.
In the middle A — the evolution of the average aggressiveness of strategies,
on the right P — the change in the number of payments per strategy course

on average. Below is a comparison of the aggressiveness obtained by modeling

(circles) with the aggressiveness built according to the data on the number

of payments per strategy move on average (crosses) (see relation (2))

Thus, with the alternative evolution of a ‘community’ of strategies with a
memory depth of 1 in thestationary state, the maximum aggressiveness of the
‘community’ is achieved. At the same time, the memory depth and complexity of
the surviving strategies are close to their maximum values.
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10.3. A world with a depth of memory 2

Let us now turn to a discussion of the changes in the alternative
evolution of the population of strategies with increasing memory depth. To
do this, consider a ‘community’ of strategies with a memory depth not
exceeding 2. The principle of removing the winning strategies at each stage
of evolution is applied in this world as well. The pay-out matrix and the
number of moves of the two strategies remain the same. Naturally, the
number of all possible strategies in this world increases and equals
30824.Here again, a separate strategy is understood as a strategy with
certain initial moves. To significantly reduce the numerical resources and
evolution time, we will delete at each stage the losing strategy (one of 256),
regardless of the first moves. Then the duration of evolution takes 256
stages. In terms of collective variables, we will divide all strategies into 3
groups according to the depth of memory and we will monitor the change in
the number of these groups. So a,(t) — the number of strategies in a society

with a memory depth of 0 at the t-th stage, a (t)— the number of strategies
with a memory depth of 1 at the t-th stage, anda,(t) — the number of

strategies with a memory depth of 2 at the t-th stage. When modelling the
evolution of such a society, the dependence of the change in the number of
these groups with time was obtained, which are shown in Fig. 38.

Fig. 38 Change over time @, — the number of strategies i —th memory depth,i = 0,1,2

The quantities a,(t) anda,(t), as in the previous world (see Section 1),

have a noticeable piecewise constant structure. As noted above, the nature of
this is associated with the abundancea,(t) exceeding by several orders of

magnitude a(t) anda,(t). The main difference in the behavior of these

characteristics with increasing memory depth boils down to the disappearance
of all strategies in the course of evolution, except for those with the maximum
memory depth. Only strategies with a maximum memory depth of 2. So
strategies with a memory depth of 0 disappear at 223 stages, with a memory
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depth of 1 at 245 stages of evolution. The number of strategies in the
stationary stateis 128.

The next quantities, the change of which during evolution is
important to monitor, are the number of strategies of a certain complexity
n(t). In that worldi =0,1,2,3,4. The numerical simulation results are

shown in Fig. 39. These dependencies demonstrate that primitive strategies
of low complexity disappear from the ‘community’ at the early stages of
evolution, without reaching the final stages of the struggle for existence. So,
the first to disappear are strategies of complexity 0 — at stage 12, strategies
of 1st complexity disappear at 144th stage, strategies of complexity 2 —
at 223, difficulty 3 — at 214, difficulty 4 — at 245, difficulty 5 — at 220 stage
and 6 — at 254 stage. At the final stage, only complex strategies (difficulty 7
and 8) compete. The maximum difficulty strategy disappears at stage 256.
the stationary stateis formed only by strategies of complexity 7.

N

Fig. 39 Change over time N, — the number of strategies of i th complexity,
i=0,1,23,4

Thus, qualitatively, the behavior of the number of strategies of
a certain complexity corresponds to the behavior of these characteristics in
the previous world. The differences are quantitative.

Let's move on to discussing the dominant strategies of this world. Figure
40 shows the main characteristics of dominant strategies at each stage of
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evolution. As in the previous case, the main share of dominance falls on
strategies with the maximum memory depth and maximum complexity. The
obvious reason for this is the large number of such strategies and the removal
of the winner at each stage. In addition, the aggressiveness of the winning
strategies remains highly sensitive to the removal of the winning strategies.
The rest of the dependencies differ only quantitatively, maintaining the typical
nature of changes over time.

Fig. 40 At the top left is the depth of memoryM , at the top right is the ditficultyC ,
at the bottom left is aggressiveness A and on the right at the bottom is the number
of points per move P of the winning strategy at the corresponding stage of evolution

Using collective variables, you can get the average characteristics of the
‘community’ of strategies and study their change over time. Figure 41 shows the
changes over time in average difficulty, aggressiveness, and payoffs per turn.
The average value of the memory depth remains close to 2 throughout evolution
and is not given because of the simplicity of behavior. The average complexity
remains at the level of the average for all strategies with a memory depth not
exceeding 2.

Small fluctuations are observed, as usual, with a decrease in the number
of ‘community’ strategies near thestationary state. After reaching the
minimum, the average aggressiveness begins to increase and reaches its
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maximum in thestationary state. The stationary stateis formed by strategies
that are aggressive towards each other. This change is opposite to the behavior
of the average aggressiveness of strategies during normal evolution (see Fig.
23). The same qualitative change is undergone by the average number of
payments per strategy course. At the same time, the connection between these
characteristics remains the same (see relation (2) and (5)).

Fig. 41 Left — change in the average complexity of strategiesC . In the middie —
the evolution of the average aggressiveness of strategies A , on the right —
the change in the number of payments per strategy course on averageP . Below
is a comparison of the aggressiveness obtained by modelling (circles)
with the aggressiveness built according to the data on the number of payments
per strategy move on average (crosses) (see relation (2))

The main difference between the alternative evolution and the usual one
is the increase in the average aggressiveness of the strategy ‘community’ after
reaching a minimum. the stationary stateis formed by the most aggressive
strategies towards each other. A ‘community’ of ‘spiders in a bank’ is formed.

At the same time, the depth of memory and the complexity of strategies
are evolutionarily advantageous properties. The universal relationship between
the average aggressiveness and the number of payments per strategy course
remains on average in the case of alternative evolution.
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SECTION 11. EVOLUTION OF COMMUNITIES OF STRATEGIES
IN THE PRESENCE OF SOURCES

Consider the evolution of a population of strategies in the presence of
sources and sinks of strategies. At each stage of evolution, the losing strategy is
removed from the population and is not passed on to the next generation.
Instead of the disappeared strategy, a new strategy is thrown into the
population. In other words, a non-equilibrium situation with the sources and
sinks of strategies is modelled. In a certain sense, a strongly nonequilibrium
state far from thermodynamic equilibrium is modelled in this way. This state is
close in meaning to turbulent states with fluxes along the spectrum [69]. As
before, we will be interested in two main characteristics of strategies — the
depth of memory and complexity of strategies and the corresponding
characteristics of the population of strategies. Therefore, we will use the
collective variables proposed earlier [6] for a rough description of populations.

Accordingly, there are several options for choosing the properties of
the source of strategies for the population of strategies.The emerging non-
equilibrium populations can be classified according to the depth of memory
of the initial ‘community’ and according to the depth of memory of the
source of strategies. In other words, randomly dropped strategies may have
a memory depth greater or less than the memory depth of strategies
presents in the population. It is clear that such sources should influence the
evolution of the population of strategies in different ways. The role of the
flow of strategies is played by the removal of the losing strategy after the
competition between the strategies of the population.

Let us consider the evolution of a population of strategies in the presence
of sources of strategies with different memory depths. The source of strategies
models the variability of strategies, for example, as a result of mutations. In
this case, the properties of the initial ‘community’ strategies may differ
significantly from the properties of the strategies thrown in by the source. Two
fundamentally different cases are important. First, throw—in strategies can
have a greater depth of memory than the population. In this case, more
complex strategies are thrown in. Second, throw—in strategies may have a lower
memory depth than population strategies. In this case, more primitive
strategies are thrown into the population. The properties of population
evolution in these cases are of primary interest. Let's start with the case when
the memory depth of the thrown strategies is greater than the memory depth of
the population at the initial stage of evolution.

11.1 The ‘community’ of zero and unit memory strategies and a source

of 2 memory depth strategies

Let the initial state of the population of strategies be formed by all
strategies with a depth of memoryk < 1. The number of such strategies is
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104. The evolution is carried out with the pay-out matrix used earlier. Each
strategy competes with every other strategy in society (including itself)
100 times. This is consistent with the iterated prisoners' dilemma. The
increase in the number of competitions with each other no longer affects the
distribution of places as a result of competitions (see [5]). All evolutionary
advantage points won by the strategy are added up at this stage.

After all the meetings have been held, the losing strategy (with the
lowest amount of points) is removed and is not allowed to the next stage of
evolution. A strategy with a memory depth of 2 is thrown into the remaining
‘community’ at random. All the remaining strategies and thrown in again enter
the competition with initial zero points of evolutionary advantage. These
strategies can be seen as descendants of the previous generation with a
mutating new strategy. Then the process is repeated to the stationary state.

In the case under consideration, in the numerical simulation, the
stationary is reached at the 2590 stage of evolution. Of course, the time to
go to the stationary state in different implementations may differ due to the
use of random throw—in strategies. The typical time for stationary stateis of
the order of several thousand generations. There are 104 strategies in the
stationary state, taking into account the differences in the first move. All
these strategies have zero aggressiveness towards each other and gain the
same number of points (31200.0) at the stationary stage of evolution. This
property, in a sense, coincides with the evolution of communities of
strategies even in the absence of sources of strategies (see [5]).

In addition, as shown by numerical modelling, the stationary state is
formed by strategies with a greater memory depth and maximum or close to
it complexity. Figure 42 shows the number of strategies versus memory
depth and stationary state complexity.
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Fig. 42 Histograms of the number of strategies N in the stationary statewith
a certain memory depth M on the left and the number of strategies of a certain
complexity C on the right
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It is easy to see that in the stationary state, most of the strategies
have the maximum memory depth and maximum complexity. A small part
of the strategies 4.8% have a memory depth less than the maximum and
those remaining in the stationary state45.2% have a complexity less than
the maximum. At the same time, primitive strategies with complexity 0, 1
are completely absent in the stationary state. In other words, the society is
captured by complex strategies with maximum memory depth.

Let us now discuss how the entrance to the stationary state takes
place. The main characteristics of interest should be related to the depth of
memory and the complexity of the strategies. Keeping track of all strategies
1s pointless due to the large number of possible strategies. Therefore, we use
collective variables — the number of strategies with a certain depth of
memory and the number of strategies of a certain complexity (see [6]). These
variables contain the most detailed information about the behavior of the
depth of memory and the complexity in the ‘society’ of strategies during
evolution. Numerical simulation of evolution makes it possible to determine
the change in the number of strategies with a certain depth of memory. The
behavior of these characteristics is shown in Fig. 43.

Fig. 43 Change over time in the number of strategies in society with a memory depth
of 0 (left), 1 (centre) and 2 (right)

The monotonic decrease in the number of strategies with a memory
depth of 0 (left curve) and with a memory depth of 1 (central curve) in
Fig. 43 is clearly visible. One strategy with zero memory depth survives to
the stationary state(this is strategy (1) 01) and 4 with memory depth 1
(in this implementation, these are strategies (1) (11) 0111, (1) (01) 0111, (1)
(11) 0011 and (1) (01) 0011). Only the number of strategies with a memory
depth of 2 (right curve) increases monotonically. This information allows
you to calculate the average memory depth of the population.

Another important information already about the complexity of
‘community’ strategies is the number of strategies of a certain complexity. Their
evolutionary behavior is shown in Fig. 44. Actually, given that each memory
depth contains 3 levels of complexity, this allows us to understand in more
detail what strategies are used to regulate each value of the memory depth.
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Flig. 44 Change over time in the number of strategies of the society
with complexity 0 (n,(t) ) and with the complexityi of graphicsn,(t),

respectively | =1,2...8. The strategies of the upper series of complexity

form strategies with a zero memory depth, the middle one with a memory depth
of 1, and the lower strategy of a memory depth of 2

It can be seen that the number of strategies of low complexity (0, 1, 2,
3, 4) decreases with time, and only the number of strategies with complexity
6,7 and 8 increases. The number of strategies of boundary complexity 5
oscillates with increasing approach to the station. Primitive strategies of
complexity 0 and 1 do not survive to a stationary state.

Only one strategy of difficulty 2 — (1) 01 ("tit for tat") survives to the
stationary state, two strategies of difficulty 3 — (1) (11) 0011, (1) (01) 0011
and two difficulty 4 — (1) (11) 0111, (1) (01) O111.

We now turn to a discussion of the average characteristics of ‘community’
strategies. Let's start with the behavior of the average memory depth of a
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‘community’ over time. The average value of the memory depth is easy to
determine by the known m(t) as

= _0mB+1mo+2-m )
my(®) +m(O+m®

The result of calculating the change in the average memory depth of
the strategy ‘community’ is shown in Fig. 45.

Flig. 45 On the left, the change in the average depth of society's memory over time
2

(points) and the empirical curve \| = 2 — — a line. These dependencies show

t
—+1
5
good agreement. On the right, the change in the average complexity of society’s
strategies over time 1s a thin curve corresponding to the root law of stationary state

C=71- 5

NJt/9+1

It is easy to see that the average memory depth increases with time
and reaches the maximum possible value close to 2 (M ~1.9) in the
stationary state.

It is possible that if the observation time is increased by an order of
magnitude, then the maximum value of 2 will be reached. The character of
reaching the stationary state has a power—law character close to, the
coincidence of the dependences can even be improved by choosing constants.
It should be noted that this relationship can be considered as a consequence
of a kind of integral of motion(M, —M)*(Dt+1)=const. Statistical

. Good agreement between these dependences is seen

. . . . . . 1

interpretation of this relationship leads to a quantity r =——— that
MTTBX

performs normal Brownian motion with a diffusion coefficient D .
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The calculation of the average complexity of a ‘community’ of
strategies is also easy to perform using the number of strategies of a certain
complexity n (t) according to

_ 2in®
C(t) =12

on

i=0

The result of calculating the average complexity of the strategies is
shown in Fig. 45. It can be seen that the average complexity increases
monotonically, reaching asymptotically a plateau corresponding to the average
complexityC ~ 7.1. This is a fairly close value to the maximum possible
complexity 8. Analysing these data, one can notice a satisfactory coincidence of
the relaxation law of average complexity to the phenomenological root law
(see Fig. 45)

5
VJt/9+1

It should be noted that random throwing in strategies gives relatively
small fluctuations in average memory depth and average complexity.

Another important characteristic of the population is the aggressiveness
of strategies. By aggressiveness, as before, we mean the share of refusals of the
strategy from cooperation. Below we restrict ourselves to a description of the
behavior of the average aggressiveness of the population of strategies. The
result of numerical simulation with the calculation of the average
aggressiveness is shown in Fig. 46.

It can be seen that the average aggressiveness of society's strategies
decreases over time (see Fig. 46). An exception is the short initial section,
where an increase in aggressiveness is observed. Its value is close to the
period of the disappearance of primitive strategies.

Data on the behavior of aggressiveness indicate a pronounced decline
in the average aggressiveness of the society. It is important to note that the
stationary state is formed by strategies that do not show aggressiveness
towards each other. In the stationary state, the aggressiveness of the
strategies is zero.

Perhaps this can be formulated as some kind of evolutionary principle for
the selection of strategies. Thus, dividing the strategies of the population into
classes of strategies with zero aggressiveness between the strategies within the
class, one can establish contenders for survival in the process of evolution. The
nature of the decline in aggressiveness, which can be established from
numerical data, is not sufficiently pronounced, and is apparently close to linear.

C(t)=7.1-
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Fig. 46 On the left, the change in the average aggressiveness of society’s strategies
over time. In the center is the change over time in the number of points per turn of
the strategy of the society on average. On the right is a comparison of the average
aggressiveness obtained by numerical modelling (squares) with relation (2) (crosses).
A slight difference can be seen only in the maximum, in the rest there is an overlap
of points

Finally, let's move on to a discussion of how strategies set evolutionary
advantage points at different stages of evolution. This characteristic makes it
possible to compare the effectiveness of the interaction of strategies at different
stages of evolution.

As such a characteristic, you can use the number of points scored in
one turn of the strategy on average at a certain stage of evolution. The
number of evolutionary advantage points gained by the strategy on average
per turn increases with time (see Fig. 46). In other words, the interaction of
strategies becomes more and more beneficial in the process of evolution.

Let's pay attention to the very short initial stage of points reduction
per move. The correlation between the average aggressiveness of society and
the number of points per strategy move becomes, at first glance, less
noticeable than in evolution without a source of new strategies.

The universal connection between aggressiveness and the number of
points scored on one turn of the strategy (2) remains in the presence of
sources. The result of comparing the regularity (2) with the same choice of
constants is shown in Fig. 46. The values of the constants in all cases are

chosen the same 5max =3, 1 =5.3/8, anda = 0.2. Differences are difficult to

notice due to the almost complete coincidence of the points. In other words,
the universal law (2) is fulfilled not only in the statement of the Cauchy
problem, but also in nonequilibrium cases with a source of strategies. At the
end of this section, we will discuss the dominant strategies at each stage of
evolution. By dominant strategies we mean winning strategies in each
generation. Of course, the names or rules of the strategies are too detailed
and not very informative. We will be interested in such properties of
winning strategies as memory depth and complexity. Figure 47 shows the
depth of memory and the complexity of winning strategies at all stages of
evolution.
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Fig. 47 On the left is the depth of memory of winning strategies at the corresponding
stage of evolution. The right shows the complexity of the winning strategies at the
corresponding stage of evolution

It is easy to see that as the ‘community’ evolves, deep—memory strategies
and complex strategies begin to dominate it. However, at the initial stage of
evolution, there were periods of dominance of strategies without memory and
low complexity 2. Single stages of dominance of such strategies occur up to 1771
generations, which is 68% of the entire time of going to the stationary state.

It should be expected that in other communities of strategies with a
greater depth of memory, the dominance of primitive strategies can be
observed at significant periods of evolution.

11.2. *C ommunity’ of strategies with unit memory and source

of strategies with depth of 2 memory

Let us now turn to the ‘community’ of strategies, from which primitive
strategies without memory are excluded and there is a source of strategies
with a depth of memory 2. At the initial stage, the ‘community’ contains all
strategies with a single memory. In principle, this is a fairly close situation
to the one considered above, and the main interest is the influence of
primitive strategies on the evolution of communities.

Each strategy enters into competition with every other strategy of
society (including itself) 100 times as in the previous case. Evolution is
carried out according to the same rules that were described in detail above.
The evolutionary process continues until stationary state.

Thus, the main difference from the previous case is the absence of
strategies with zero memory depth throughout evolution.

In the case under consideration, the stationary is reached at the
2656 stage of evolution a little later than in the presence of strategies with
zero memory depth in the ‘community’. There are 96 strategies in the
stationary state, taking into account the differences in the first move.
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All these strategies have zero aggressiveness towards each other and
gain the same number of points (28800.0) at the stationary stage of
evolution.

At the stationary stage, strategies with greater depth of memory and
complex ones survive. Fig. 48 shows the number of strategies in the
stationary state depending on the depth of memory and complexity.
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Fig. 48 The number of strategiesN In the stationary state
with a certain memory depth M on the left and the number of strategies
of a certain complexity C on the right

It is easy to see that in the stationary state, most of the strategies
have the maximum memory depth and maximum complexity. It contains
only 4 strategies with 1 memory depth, a pair of which has complexity 3
(these are strategies (1) (01) 0011 and (1) (11) 0011), and the second pair (1)
(01) 0111 and (1) (11) 0111 — complexity 4. A small part of the strategies
have a memory depth less than the maximum and those remaining in the
stationary state have a complexity less than the maximum. At the same
time, primitive strategies with complexity 0, 1, 2 are completely absent in
the stationary state. In other words, the population is captured by complex
strategies with maximum depth of memory.

Let us now discuss going to the stationary state. Let's start with the
evolution of the number of strategies with different memory depths. In the
case under consideration, the number of strategies with zero memory depth
is equal to zero in the formulation of the problem. Therefore, Fig. 49 shows
the time dependences of the number of strategies only with a memory depth
of 1 —m(t) and with a memory depth of 2 —m,(t).

It is easy to see that the number of strategies m(t) decreases over
time, while the number m,(t)increases. It is interesting to note the absence

of significant fluctuations in their numbers, despite the presence of a
random source of strategy. The behavior of these quantities is quite close to
their behavior in the previous case.
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Let's move on to the behavior of the complexity of strategies.
Figure 50 shows the number of strategies with a certain difficulty. There are
no strategies with difficulty 0,1,2 in the ‘community’ and their number is

—

Zero.

Fig. 49 Change over time in the number of strategies of society
with a depth of memory 1 (left) and 2 (right)

Fig. 50 Change over time in the number of strategies of society
with complexity 3 (n,(t) ) and with complexityi, graphsn (t)

respectively i = 4...8
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As in the previous case, the number of strategies with difficulty below
5 decreases, and above it increases with noticeable oscillations. The number
of complexity 5 is boundary, separating qualitatively different modes.
Oscillations in the number are, naturally, most noticeable in the case of a
small number of strategies. In these cases, random throwing in strategies
has a significant impact. Therefore, the relative amplitude of fluctuations
ng(t) is less thann, (t) and ny(t) . The maximum amplitude of oscillations is

reached at the value of the boundary abundance n (t) . The amplitude of the
corresponding oscillations of the order of,/n,(t) wherei =5,6,...,8. With
1

Jn®

increasing numbers, the relative amplitude decreases ~ in

accordance with the usual statistical laws.

The dependencies obtained above make it easy to establish the change
in the average memory depth and average complexity of ‘community’
strategies over time. So the dependence of the average memory on time is
shown in Fig. 51. There is a monotonic increase in the average memory
depth with the approach to a stationary value close to 2. It is interesting to
note that the previously discovered root law of reaching the stationary state
is in good agreement with this case as well. This can be seen by comparing
the behavior of the average memory depth, which is obtained by numerical
simulation with the analytical dependence

M=2-—2_
/£+1
5

It can be noted that good agreement of these dependences is an
additional argument for the statement that with increasing time, the
average memory will tend to the value of 2.

The result of modelling the behavior of the average complexity of
‘community’ strategies is shown in Fig. 51. The same figure shows the
analytical dependence of the behavior of medium complexity, which is in
good agreement with the results of modelling the evolution of ‘community’
strategies with 0 and 1 memory depths (see Section 11.1). In the case under
consideration, the same curve shows good agreement with the simulation

data. In other words, the entrance to the stationary state in this case also
occurs according to the root law

and the stationary state is formed by complex strategies close to maximum
complexity.
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Let us now turn to the average aggressiveness of society. Its change
over time is shown in Fig. 52. The nature of the change in the average
aggressiveness persists in this case as well. Average aggressiveness
decreases over time. the stationary state is formed by strategies that have
zero aggressiveness towards each other.

Fig. 51 On the left, the change in the average depth of society's memory over time
2

(points) and the empirical curve M =2— 1s a line. These dependencies are in

L+1
5

good agreement. On the right, the change in the average complexity of society's
strategies over time is a thin curve corresponding to the root law ofexit

5

Nt/9+1

these dependences 1s seen

to thestationary stateC = 7.2 — . Good agreement between

W,

Fig. 62 On the left, the change in the average aggressiveness of society’s strategies
over time. On the right, the change over time in the number of points per turn of the
strategy of the society on average

2000 t
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In accordance with the universal relationship (2), the average number
of evolutionary advantage points should be expected to increase over time.
Figure 52 on the right shows the time dependence of the average number of
evolutionary advantage points per strategy turn. The data are in good
agreement with the empirical relationship (2).

Thus, all dependencies are qualitatively preserved, and the resulting
differences are reduced to small quantitative changes.

Consequently, in the process of evolution, society is captured by
complex strategies with great complexity and maximum depth of memory.
All stationary strategies have zero aggressiveness towards each other.
Moreover, these patterns are true for all societies, when strategies of greater
complexity are thrown in than were initially present in society.

The case of a society with a memory depth of 0 is considered, and
strategies with a memory depth of 1 and separately with a memory depth of
2 are thrown in. The patterns of behavior of the population strategies
described above are retained in these cases as well.

Therefore, let us consider the case when strategies of a smaller depth
of memory are thrown in than they were initially in society.

11.3. 'C ommunity’ of strategies with unit memory and source

of strategies with memory depth O

The selection rules and pay-out matrix for evolution modelling remain
the same. The typical time to reach the stationary states 583 stages. 96
strategies remain in the stationary state(this is taking into account the
differences in the first move or the number of strategy carriers). The
distribution of strategies by memory depth and complexity is shown in
Fig. 53

|
c

Fig. 563 The number of strategies N In the stationary state
with a certain memory depth M on the left and the number of strategies
of a certain complexity C on the right
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It can be seen that the distribution of strategies by memory depth and
complexity changes qualitatively in comparison with the previous cases. The
maximum number of strategies with zero memory, but with a unit memory
depth, strategies are present in the stationary state. The number of
complexity also has significant differences. First of all, there is a maximum
number at the complexity of strategies 2. Note that this value of complexity
corresponds to the maximum complexity among the strategies to be thrown
in. Actually, these strategies also dominate in the stationary state.

It can be assumed that the maximum number in the problems with the
throw—in of strategies is achieved on the throw—in strategies with the
maximum complexity. This rule is fulfilled in all considered cases. Primitive
strategies of complexity O disappear from the stationary state as in the previous
cases. A small number of the most complex strategies (5.2% ) survive (see Fig.
53) despite a large numerical advantage and the throw—in of primitive
strategies. Approximately the same number of strategies with maximum
memory (8.3% ) remain in the stationary state. In other words, even in such an
unfavourable situation, the complexity of the strategy allows one to survive and
penetrate into the stationary state of the population. All stationary strategies
have 0 aggressiveness towards each other. Each stationary state strategy scores
the same 28,800 evolutionary advantage points.

The rule of zero aggressiveness is fulfilled in all the cases considered,
both in the absence of a source and in the presence of a source of new strategies.
The exception is alternative evolution and cumulative populations.

Let's move on to the evolution of strategies over time. The extinction
period of the most aggressive strategy (0) 0000 takes 319 stages and is the
time it takes54.7% to enter the stationary state. The change in the
distribution of the number of strategies by memory depth is shown in
Fig. 54. The qualitative difference from the previous cases consists in an
increase in the number of strategies with zero memory depth and a decrease
in the number of strategies with a greater memory depth.

T

Fig.54 Changes in the number of strategies over time with a memory depth of 0 is
shown on the left, and with a 1st depth on the right
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The nature of the dependences of the number of strategies of a certain
complexity is rather nontrivial (see Fig. 55). It can be seen that at the initial
stage the number of strategies with zero complexity increased, but rather
quickly their number decreased to zero and such strategies did not enter the
stationary mode. There were no strategies with difficulty 1 at the initial
stages, but their numbers began to increase starting from about half of the
time they entered the stationary state. The number of strategies with
complexity 2 monotonically increased throughout the entire evolutionary
time. Strategies of higher complexity decreased their numbers throughout
the entire time of admission to the stationary state. However, their number
reaches the final non-zero value in the stationary state.

Fig. 565 Shows the change over time in the number of strategies with a certain
complexity in society at different stages of evolution. Difficulty 0 —n, ).

difficulty 1 —nl(t) , difficulty 2 -n, (t) . difficulty 3 -n, (t) and difficulty 4 — n, (1)

The change in the average depth of a society's memory over time is
easy to derive from addictions my(t), m(t) .The average depth of memory of

society over time is shown in Fig. 56

One can see a characteristic decline over time to a low level of memory
depth, equal to in the stationary state. The average complexity of society's
strategies is shown in Figure 56. There is a noticeable decrease in the average
complexity of strategies. The stationary level of complexity is slightly higher
than 2. The fluctuations of this and the previously given dependencies are
associated with a random throw—in of strategies of complexity 0.1 and 2.
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The change in the average aggressiveness of strategies is shown in
Fig. 57.

100 200 200 300

Fig. 56 On the left is the average depth of the memory of society from time to time.
On the right is the average complexity in society at different stages of evolution

Fig. 57 On the right is the average aggressiveness of society at different stages
of evolution. In the centre is the average number of points per strategy turn
at different stages of evolution. On the left 1s a comparison of the average
aggressiveness with the aggressiveness built according to relation (2) according to
the data on the number of points per move of the average strategy (crosses).
A good match of the dependencies is seen

It is interesting to note that the change in the aggressiveness of
society is qualitatively preserved, as in the evolution of society without a
source of new strategies. This dependence has a maximum at the initial
stages of evolution and a monotonic (possibly linear) decrease to 0 before
reaching the stationary state.

Based on this dependence, one can distinguish a primitive stage in the
development of society with an increase in aggressiveness. The position of
this maximum correlates well with the observed dip in the average
complexity of strategies (compare with Fig. 57).
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Let us now present the dependence of the evolutionary advantage
points obtained on average by the strategy per one move in Fig. 57. There is
a qualitative relationship between the number of points and aggressiveness.
With an increase in aggressiveness, the number of points decreases, and
with a decrease in aggressiveness, the number of points increases. The
strategy receives the maximum number of points in the stationary state
with zero aggressiveness towards each other.

It is interesting to note that the universal relationship (2) between
aggressiveness and the number of points per strategy move holds well in
this case as well. Comparison of the average aggressiveness with that built
according to relation (2) is shown in Fig. 57.

Let us now discuss the dominance of strategies in the evolutionary
process. Figure 58 shows the memory depth of the winning strategies on the
left and the complexity of the winning strategies on the right. The
dominance of strategies with maximum memory depth is interspersed with
periods of dominance of strategies with zero memory depth. When
approaching thestationary state, strategies with the maximum possible
memory depth dominate. Similarly, the dominance of strategies with
maximum complexity occurs with the presence of periods of dominance of
strategies of lower complexity. However, there are no periods of dominance
of strategies of minimum complexity 0, and the only case of dominance of a
strategy of complexity 1 at the last stage is rather an exception to the rule.

100 200

Fig. 68 On the left is the depth of memory of the winning strategy, on the right is the
complexity of the winning strategy at the corresponding stage of evolution. Thus, the
strategy ‘community’ is dominated by complex strategies

In the presence of sources and sinks of strategies, complex strategies
are present in the stationary state as well as strategies with the maximum
memory depth. Zero—memory strategies die out before stationary state. In
this sense, the depth of memory and the complexity of strategies are
evolutionarily beneficial properties. The maximum number of strategies in



V. M. Kuklin, A. V. Priyvmak, V. V. Yanovsky. Chapter IV. A world of strategies with memory 347

problems with a source is achieved at the maximum complexity of the
strategies being thrown in.

In all cases, the aggressiveness of the strategies decreases and reaches
zero at the stationary stage. Perhaps this universal property can be used as a
basic principle for the selection of strategies in evolution and in more complex
communities. There is a universal relationship (2) between aggressiveness and
the number of points per strategy move. The higher the aggressiveness, the
lower the evolutionary advantage points per strategy turn.

SECTION 12. THE EVOLUTION OF MEMES

Prior to this section, different cases of evolution of individual
strategies were considered. In this section, we will consider the evolution of
individuals, each of which has a finite set of strategies with memory [71].

In this case, it is naturally necessary to change the rules of meeting
strategies, interaction and their selection. In a population, all individuals at
each stage of evolution are randomly divided into pairs of individuals that
interact. All strategies of one individual interact with the strategies of
another individual, also randomly dividing into opposing pairs. These pairs
of strategies compete according to the iterated prisoners' dilemma. The pay-
out matrix remains the same as in previous cases. The winning strategy in a
pair struggle of strategies replaces the losing strategy of the corresponding
individual. In other words, there is an exchange of strategies between
individuals with the removal of losing strategies.

After the interaction of all pairs of individuals in accordance with the
described rules, the next stage of evolution begins. Again, all individuals are
randomly divided into pairs that interact. In a certain abstract sense, it
resembles the evolution of ideas or memes in different societies. Evolution
stops when the population enters a stationary state. In the course of
evolution, we will monitor the properties of the strategies of the population
and all individuals included in the population.

Let us now discuss the choice of the initial distribution of strategies
over individuals of the population. The total number of strategies with a
memory depth of 2 is distributed among individuals. The process of
distributing strategies among individuals can be carried out in different
ways. Below we will implement two ways of distributing strategies. In the
second method, we will choose strategies for an individual or a carrier,
assuming their uniform distribution over the memory depth. In other words,
all strategies are divided according to the memory depth into three sets, and
it is assumed that the choice from each such set is equally probable when
forming the initial distribution of the strategies of an individual.

Another feature of the considered population of individuals is the
emergence of collective variables to describe individuals, and not just the
population of strategies.
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1

Fig. 569 The share of strategies of a certain memory depth — on the left, and the share
of strategies of different complexity — on the right in the middle individual at the
beginning of evolution. The same histogram determines the probability of finding in
an individual a strategy of a certain depth of memory (left) and complexity (right)
at the initial stage of evolution

Thus, each individual has a distribution of strategies in terms of
memory and complexity, and the entire individual can show quite a certain
aggressiveness. Therefore, the characteristics of the individual appear, such
as the distribution of the strategies of the individual by the depth of memory
and by the complexity. These distributions determine the average depth of
memory, the complexityi of an individual and its average aggressiveness.

N; M, N; C N; a.
(M), = ZWJ'<C>i = ZW'KA% = ZW'I

j:l i j:j_ i ji:]_

Here(M),, (C),, (A), respectively, average memory, average complexity,
average aggressiveness of an individual, N number of strategies in an
individual, M;; depth of strategy memory j in an individuali, C, — j strategy
complexity in an individuali, g— j strategy aggressiveness in an individuali.

These local characteristics can be used to track changes in the
properties of individuals in the population during evolution. In addition,
global characteristics of the population appear, such as the average values
of memory, complexity and aggressiveness of individuals of the entire
population.

Heres is the number of individuals in the population. These
characteristics are calculated by averaging over all individuals in the
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population and determine the typical characteristics of an individual in the
population. Another useful characteristic determines the diversity of strategies
in a population — this is the number of different strategies in a population,
which we will call generating strategies. The generative strategies of a
population are understood as the number of different strategies present in the
population at some stage of evolution. Accordingly, as characteristics of the
generating strategies of the population, we use

)= RO =D A=

Here Nis the number of generating strategies of the population, and
(M), (C) m (A)accordingly, the average memory, complexity and
aggressiveness of the generating strategy.

12.1. Evolution of individuals with an initial uniform distribution

of strategies

Consider a population of 50,000 individuals, each with 50 strategies. The
ratio between these values is chosen so that all strategies with a memory not
exceeding 2 are present among the individuals of the population. The choice of
these strategies is carried out in an equiprobable manner from the set of all
strategies with a memory depth of no more than 2.).

In this case, in individuals of the population, strategies with memory 2
dominate in accordance with the largest number of such strategies in the initial
set of strategies (32640) and a significantly smaller number of strategies with a
memory depth of 1 (120 strategies) and a very small number of strategies with
a zero memory depth (8 strategies ). The initial distribution of strategies by
individuals is shown in Fig. 59 and inherits the distribution properties of all
strategies. The overwhelming number of strategies with a memory of depth 2
and maximum complexity, characteristic of the initial distribution of strategies
in an individual in Fig. 59, is a consequence of the selected rule for selecting
strategies for an individual. Further, when calculating the characteristic
properties of individuals, averaging was carried out over 10 realizations of the
initial state and their evolution. Thus, the initial distribution of individual
strategies in terms of memory depth and complexity is shown in Fig. 59.

Let us discuss the initial distribution of aggressiveness, which is formed
in individuals of the population with such an initial distribution of strategies.
To do this, we will carry out the interaction of individuals at the first step of
evolution, which will allow us to determine the initial aggressiveness of
individuals in the population. At the first stage of evolution, all individuals are
randomly divided into pairs of individuals that interact.

All the strategies of one individual interact with the strategies of
another, also randomly dividing into opposing pairs of strategies, in accordance



350 PROBLEMS OF THEORETICAL PHYSICS

with the iterated prisoner's dilemma. The number of moves was chosen equal to
100 (see the rationale for this choice [64]). In this case, the strategies compete
twice, in one meeting one strategy makes the first move, and another strategy
starts the second. This way of competing between the two strategies negates
the importance of the first move. The pay-out matrix [61,64,67] to identify the

winning strategy is chosen as on tablel.
1 ! i 1 ] 1 L] ] I

Fig. 60 The initial distribution of the aggression of individuals
of the population by memory (left) and by complexity (right),
calculated at the first step of evolution

] 1 2 m

The winning strategy, or the one with the highest number of points,
replaces the losing strategy of the corresponding individual in a pair struggle of
strategies.

According to the results of the competition, the aggressiveness shown
by the individual (or the relative number of refusals to cooperate) at the first
stage of evolution is determined. This is actually the initial aggressiveness
of individuals. Fig. 60 shows the distribution of the initial aggressiveness of
individuals of the population in terms of memory and complexity. It is easy
to see that the average aggressiveness of individuals in the population is
close 0.5. At the same time, strategies with different memory depths show
approximately the same aggressiveness.

The aggressiveness of strategies with zero complexity is maximum, and
aggressiveness of complexity lof strategies is minimum value, strategies of
greater complexity have the same aggressiveness (see Fig. 60). Thus, the
aggressiveness of primitive strategies with memory depth 0 and complexity 0 is
maximal.

Further evolution makes it possible to establish characteristic
changes in the basic characteristics of individuals with the time of evolution.

First of all, the number of strategies for each individual decreases.
Figure 61 shows the average decrease in the number of strategies in a single
individual. In the process of evolution, after the stage of exponential decline
in the number, its approach to a stationary value is observed. With such a
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ratio of individuals and their strategies, the stationary is achieved at the
average. Thus, individuals form a stationary set of strategies with certain
properties.

Fig.61 Change in the number of strategies on average in an individual of the
population with the time of evolution

Let us consider how the distribution of strategies in terms of the memory
depth of an individual changes over time. Figure 62 shows the changes in the
distribution of strategies of an individual by memory in the process of evolution.
As a convenient characteristic for this, we use the probability of finding a
strategy in an individual with a depth of memorym=0,1,2 respectively. The

probability of detecting strategies with a memory depth of 0 and 1 in an
individual increased to 10 and 9 steps, respectively, at the same time the
probability of strategies with a memory depth of 2 decreased insignificantly and
stabilized at a significant level (Fig. 62).

It is clearly seen that the probability of detecting strategies of maximum
memory depth in an individual throughout evolution remains high.

Note that the probability of detecting strategies with minimal
memory O and 1 did not decrease over time, but even increased. So for
memory 0 the probability of detecting it increased by an order of magnitude,
and for memory 1 — 3 times, while remaining at a low level.

The composition of the strategies of an individual also undergoes
qualitative changes in terms of complexity. Let us consider the change in the
probability of finding a strategy of a certain complexity in an individual in the
process of evolution. Figure 63 shows the probabilities of finding strategies of a
certain complexity in an individual at the corresponding stages of evolution.

A rather varied behavior of these probabilities is noticeable. Each
probability of corresponding difficulty follows three different types of behavior:
decreasing, increasing, and oscillating. These probabilities go to certain
stationary levels. At the end of evolution, the most complex strategies with
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complexity 6 (P, ~ 0.12), 7 (P, ~ 0.25), 8 (P, ~ 0.5)are most likely, and their

changes over time are negligible.

S

Fig. 62 Shows the time variation of the detection probability in an individual of a
strategy with a memory depth of 0 —P,, with a memory depth of 1 —P, and with a

memory depth of 2 — P,. Right — these dependencies are shown at the same scale. It

can be seen that the changes in the initial probabilities are relatively insignificant

Roughly speaking, they easily maintain their high numbers and the
likelihood of their presence in the individual. Strategies of complexity 1,
which disappeared from the population after the 12th step of evolution,
exhibit significantly different behavior. Note that these strategies were the
least aggressive among all strategies. It can be noted that the probability of
detecting strategies with memory depth O increases due to the increasing
probabilities of strategies of complexity 0 and 2. It is interesting to note that
although the probability of detecting the most primitive strategies with zero
memory and complexity increases by4+5 times, it remains low P,; ~ 0.02.

The increase in strategies with zero memory occurs mainly due to the
increase in primitive strategies.

The most common is the behavior of the probabilities to detect the most
complex strategies P, P, P, which practically retain their initial value. The

reason for this is their overwhelming number and small number of low—
complexity strategies, which does not allow them to significantly influence
strategies of high complexity. The probabilities P, P,of detecting, undergo

noticeable changes. By the nature of their behavior, over time, it is noticeable
that strategies of complexity 5 and 4 are competing for their presence in an
individual, influencing each other. Strategies of lower complexity have little
impact on their fight. Thus, in an individual in a stationary state, strategies of
maximum memory depth and complexity close to maximum have a dominant
probability. Despite this, the most primitive strategies did not disappear and
even increased their likelithood of being present in an individual while
remaining at a low level.

More obvious tendencies are manifested by the change in the
aggressiveness of individuals in the population. The average aggressiveness of
individuals of the population tends to the maximum possible aggressiveness
equal to 1. The distribution of aggressiveness by the depth of memory is shown
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in Fig.64. It can be seen that strategies with zero memory show the greatest
aggressiveness at all times of evolution, and strategies with memory depth 1
show the least aggressiveness. After the 10th stage of evolution, the difference
in their aggressiveness disappears, coinciding with the behavior of average
aggressiveness (see Fig. 64). The stratification of aggressiveness by difficulty
also indicates a typical increase in aggressiveness and striving for maximum
value. The exception is strategies of complexity 1, as the least aggressive
strategies that disappear from the population after stage 12.

Fig. 63 Shows the time variation of the detection probability for an individual
with a strategies with a complexity of 0.1, ..., 8, which are designatedP,,

P

cl’

s Pg o Py, Py, o, Py, respectively. A typical decrease in probabilities

1s observed only for strategies of complexity 1 and .
The last figure shows these dependencies on the same scale

Thus, the aggressiveness of population strategies, regardless of the
depth of memory and the complexity of strategies, grows with evolution and
reaches a maximum value in the stationary state. The stationary set of
strategies of an individual is made up of the most aggressive strategies in
relation to the strategies of other individuals.

The stationary distribution of strategies is formed by strategies of
maximum memory depth and complexity. The variety of strategies present
in the population is significantly reduced. The number of generating
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strategies in the stationary state decreased by97.7% relative to the initial
one, while the number of strategies of an individual decreased by 9% only. It
should be noted that in the process of evolution, no strategy was able to
spread to all individuals. The maximum presence of one strategy in
individuals was on average 21% , which differed from the initial number by
no more than0.4% . It should be noted that an increase in the number of
individuals does not affect the characteristic behavior of their strategies. All
trends of changes in individuals are retained as well as stationary values.
Apparently, this is due to the presence of all forming strategies in
individuals in the initial population; therefore, a further increase in the
population size does not lead to significant changes.

Fig. 64 Average aggressiveness of an individual of a population with evolutionary

time. On the left, in the depth of memory, where A it corresponds to the average
aggressiveness of the population, Ay, A, A, to the aggressiveness of strategies with a

memory depth of 0, 1, 2. On the right, in terms of complexity, where A it corresponds
to the average complexity of the population, and Ay, A,..., A, to the aggressiveness

of strategies with the complexity from 0 to 8

12.2. Evolution of individuals with an initial uniform distribution

of strategies on memory

Let us now consider the evolution of a population with a different
initial distribution of strategies among individuals. We will form the initial
distribution of the strategies of an individual by choosing equally probable
strategies of different memory depths from the generating strategies. ...

In other words, all generating strategies are divided into three
classes, each with its own memory depth, and the choice is made equally
likely from these classes. All characteristics will be averaged over ten
different realizations or experiments with the same initial parameters. In
this section, the number of carriers or individuals is 50,000, and the number
of strategies for each i1s 24. With this choice, each individual has an equal
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number of strategies of different memory depths (Fig. 65) at the beginning
of evolution. The main difference from the previous case is the equal
proportion of strategies with memory 0.1 and 2 for each individual in the
initial population.

As a result, the initial distribution of the complexity of strategies in a
typical individual has a non—monotonic dependence as shown in Fig. 65 on
the right. There is a reduced initial number of complex strategies with
C =6,7,8and an increased number of strategies with C = 2,4(see Fig. 65).
However, although the ratio of the share of strategies of complexity 2
(maximum) to the share of strategies of complexity 5 (minimum) reaches 10,
on the whole, all the difficulties for an individual are presented more evenly
than in the previous case.

0.24r
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Fig. 65 Initial distribution of strategies in the average individual in the population
in terms of memory depth (left) and complexity (right)

To clarify the aggressiveness of the strategies of the population, we
will carry out the first stage of the evolution of strategies and determine the
initial value of their aggressiveness. Fig. 66 shows the results of modelling
and the dependence of aggressiveness on the depth of memory and the
complexity of population strategies.

First of all, we note that, despite the significantly different distribution of
strategies among individuals, the initial distribution of aggressiveness in terms
of memory depth and complexity remains the same. At the same time, the
tendency for an increased average aggressiveness of strategies of 0 complexity
and a decreased aggressiveness of strategies of complexity 1 even intensified
due to an increase in the number of these strategies.

Let us now consider how the evolution of such an initial population
affects the number of strategies of an individual and their memory depth.
Fig. 67 shows the change in the number of strategies on average for an
individual — on the left. The change in the number of strategies in an individual
is of a universal nature, demonstrating a decrease in their number in the course
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of evolution. To control the change in the memory depth of an individual, we
use the probability of detecting a strategy of a certain memory depth in an
individual, which are shown in Fig. 67 on the right.

0.6
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Fig. 66 Histogram defining the distribution of the initial aggressiveness
of the strategies of an individual in the population by the depth of memory (left)
and complexity (right)
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Fig. 67 Change in the total number of strategies in an average carrier (left)
and the probability of detecting the presence of a strategy with a certain memory
depth (right), where R, — the probability of detecting a strategy with memory depth 0,

P, — memory depth 1, B,— depth memory 2

At the initial stage, these probabilities are equal. During evolution, the
probability of detecting strategies with zero memory depth drops to a certain
stationary level P, ~ 0.15. The probability of detecting strategies with a

memory depth of 1 increases to a certain maximum value and then falls to a
stationary value P, =~ 0.43. In contrast to the previous case, strategies with

memory depth 1 dominate in the stationary state. It is more difficult to change
the probability of detecting the strategy of memory depth 2. Two stages of
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growth of this probability are observed, separated by a segment of its decline,
and reaching a stationary value P, ~ 0.41.

It is interesting to note that the minimum value of the probability B, is
reached at the stage of reaching the maximum value of the probability B. In

other words, it is these components that compete with each other for their
presence in an individual. Thus, in the stationary state, strategies with a
memory depth of 1, 2 dominate with a significant presence of strategies with a
zero memory depth. The stationary values for this distribution are radically
different from the corresponding values found in the previous section. The
nature of these probabilities has also changed dramatically. Now, in the process
of evolution, the probability P does not increase, but the probabilities B, B, also

exceed their initial level. Thus, the capture of an individual by the strategies of
memory depths 1 and 2 is observed.

For a more detailed analysis of the behavior of the strategies of an
individual, let us consider how the complexity of an individual and the
complexity of strategies with a certain memory evolve. Fig. 68 shows the
average complexity of an individual in the population and the change in the
complexity components of strategies that have a certain memory depth. It is
easy to see that the complexity of the average individual has two areas of
increase, separated by a stage of decrease in complexity. The time period of
decline in the complexity of an individual can be called a period of decline or
a primitive period of evolution.

Periods of increasing complexity can be called periods of development.
The first period of development lasted 2 stages of evolution (or 9% of
evolution time), the period of decline took 4 stages (or18% of evolution time)
and the last one lasted until reaching the stationary after 22 stages of
evolution (or72% of evolution time). These periods correlate with the
behavior of strategies with a certain depth of memory. For example, the
probability of detecting a strategy of memory depth 2 in an individual
correlates with a change in the complexity of the individual's strategies (see
Fig. 67). The reason for this is related to the greater complexity of the
strategies contained in the class of strategies with a memory depth of 2.

It should be noted that the average complexity of an individual is
significantly lower than in the previously considered case. This is due to the
large number of strategies with zero and one memory depth in an individual
and a low initial complexity of individual strategies. In the process of evolution,
complex strategies dominate and therefore the stationary level of complexity

(Cs ~ 4.3) of strategies of an individual exceeds the initial (C |,_,~3.8).

A more detailed behavior of the complexity of strategies in an individual,
on average, can be obtained by plotting the dependence of the number or
probability of the presence of a strategy, of a certain complexity, on the
evolutionary time. The change in the number of strategies in an individual in
terms of complexity is rather complex, depending on the magnitude of the
complexity (Fig. 68).



358 PROBLEMS OF THEORETICAL PHYSICS

- R
C, P,
0.3
H\\_____'__‘_/
3
]
2 4 & B
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So strategies of complexity 0, 4, 6, 7, 8 in the process of evolution
increased the likelihood of their presence in an individual. The most primitive
strategies of zero complexity even came out third in terms of probability after
strategies of complexity 4 (maximum value) and complexity 8. The probabilities
of strategies of complexity 1, 2, 3, and 5 decreased their presence in individuals
of the population. Strategies of complexity 1, as the most non—aggressive ones,
have completely disappeared from the population.

Let's move on to the evolution of an individual's aggressiveness in a
population. In Fig. 70, you can see that the strategies of memory depth 0 were
more aggressive, and depth 1 less during evolution. In terms of complexity,
strategies of complexity 0 are distinguished as the most aggressive. Strategies
of complexity 1, as the most non—aggressive ones, disappear from the
population after the 12th step of evolution. Difficulty 8 strategies are less
aggressive than other strategies, exceeding the aggressiveness of only difficulty
1 strategies.

In the previous type of distribution, strategies of complexity 1 also
disappeared from the population, and all the others tend to the maximum
possible value of aggressiveness, which indicates the universality of these
patterns. Also, with the previous distribution, the aggressiveness of the
strategies of complexity 0 was the greatest. The average aggressiveness of
an individual is determined by the aggressiveness of the strategies of
memory depth 2 and complexity 8, as can be seen from Fig. 70.
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Thus, the stationary state is formed in this case by the most aggressive
individuals, whose strategies have the greatest complexity and depth of
memory. The presence of strategies of zero memory depth in the stationary
state increased in comparison with the initial one by about 2 times.

Moreover, it is the primitive strategies of zero complexity that have
survived, while less aggressive strategies of complexity 1 have disappeared
from the population. Complex strategies (C = 6,7,8) increased their presence

in individuals of the population as well as complexityC = 4. Reduced their
presence strategy complexity C =1,2,3,5.
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Fig. 70 Aggressiveness of a population in terms of memory depth (left),
in terms of complexity (right), where A — average aggressiveness (red curve),
Ay, A, A —aggressiveness for memory depth from 0 to 2,

Ay, A, ..., A, — aggressiveness for complexity from 0 to 8
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Fig. 71 On the left, the change in the average complexity of an individual
with an initial number of strategies of 24 (crosses) and an average complexity
of an individual with an initial number of strategies of 50 (circles). On the right,
the probability of detecting a strategy of a certain memory depth in an individual
with an initial number of strategies of 50
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Let us now discuss the effect of an increase in the number of strategies in
an individual while maintaining the initial distribution of strategies with equal
probabilities in memory depth. Naturally, this will lead to an increase in the
average complexity of the strategies of an individual, due to an increase in the
number of strategies of maximum complexity.

Therefore, the stationary value of the average complexity of the
strategies of an individual will also increase. The dependence of its changes
over time with the presence of two periods of growth and one period of decline
will remain (see Fig. 71). The probabilities of discovering strategies of a certain
depth of memory in an individual are subject to more radical changes. For
example, when choosing the initial number of strategies in an individual — 50 at
all evolutionary times, the probability of finding a strategy of memory depth 2
in it exceeds the probability of finding a strategy of memory depth 1 as shown
in Fig. 71. The corresponding dependence for the initial number of strategies in
individual 24 is shown in Fig. 67

Thus, the tendency for the dominance of strategies of maximum memory
and complexity in an individual only increases with an increase in the number
of its strategies.

12.3. Comparison of the evolution of populations with different initial

distributions of strategies on individuals

Thus, evolution, with such an exchange of strategies, supports
individuals with the most aggressive strategies with the maximum memory
depth and great complexity.

The stationary set of strategies of an individual consists mainly of
such strategies with a certain share of the most primitive strategies.

The number of strategies of the average individual decreases with the
evolution time, reaching a certain stationary value, which depends on the
initial distribution of strategies.

The variety of strategies with evolution decreases more significantly;
in the stationary state it remains 6% original, forming strategies. Strategies
of complexity 1, as the least aggressive ones, even disappear from the
population.

Complex behavior and periods of growth and decline in complexity
appear with a significant initial share of strategies of low complexity and
low memory, otherwise these strategies do not affect the nature of evolution,
being suppressed at early times by more complex strategies with a large
memory depth.

SECTION 13. CONCLUSION

From the analysis of the models discussed in the review, one can try
to draw conclusions that go beyond the formal description. First of all,
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Section 8 discusses the evolution of the population of strategies, from which
those that gain the minimum number of points during the cycle of
interaction with all participants are excluded.

In each cycle of interaction, each strategy interacts once with all the
others, including itself. After gaining points—advantages, strategies—
outsiders are removed, they are abandoned. These outsiders correspond to
the unsuccessful survival behavior of their owners — the objects of the
population. By the beginning of the next cycle, all the accumulated points of
the surviving strategies are reset to zero. In the conditions of selection of the
strategies that are most effective in terms of the number of points scored
and the exclusion of strategies with a minimum set of points, the following
tendencies appear. The average complexity of strategies, as well as the
average memory depth, practically does not change during evolution.

The history of the evolution of the population is divided into two periods,
the primitive period and the period of the developed “community”. The
primitive stage in the development of the world of strategies can be
distinguished by the following features: 1) the presence of all the most primitive
strategies n0; 2) an increase in average aggressiveness (dominance of refusals
from friendly behavior); 3). The presence of the most aggressive strategy. With
an increase In average aggressiveness, the value of the set of points
(advantages) decreases and vice versa, and there is a universal relationship
between these values.

Despite the typical behavior of averages, initially aggressive strategies
and then strategies with low complexity, less than average, may turn out to be
the winners at different points in time. Average aggressiveness first grows,
then, after overcoming the primitive stage of the world's development, it rapidly
decreases. Incidentally, an increase in the memory depth of population
strategies decreases the relative duration of the primitive stage of development
and increases the proportion of complex strategies. In the resulting stationary
state, strategies are not aggressive and achieve equal advantages. A somewhat
unexpected result is that, despite the greater reward for aggressiveness (that is,
despite the encouragement of non—cooperation), friendly and non—aggressive
strategies gain the largest number of advantage points.

Section 9 considers the case of a population of strategies with the
accumulation of advantages between generations (when strategies do not
zero their points between cycles). In a world with zero memory, despite the
long existence of a complex strategy, the most primitive and aggressive
strategies win. Their history consists only of the primitive period

Despite the increased survivability of aggressive and primitive strategies
in the case of nonzero memory, they nevertheless disappear in the process of
evolution. At the same time, the dominance of primitive strategies is not
observed, and complex strategies dominate at all stages. The average
aggressiveness of such populations monotonically increases in the course of
evolution. The rate of scoring decreases during periods of growth of average
aggressiveness. That is, in this case, the inverse relationship between changes
in average aggressiveness and changes in the rate of scoring remains.
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The most complex strategies with the greatest possible memory
dominate, but their aggressiveness is also great. the stationary state is formed
by strategies of maximum complexity. Complexity and memory are
evolutionarily advantageous in this case. While allowing strategies to maintain
previously gained advantages, the system encourages aggressiveness. An
important consequence of the accumulation of advantages in inheritance is a
noticeable increase in aggressiveness.

The considered scenarios of evolution can be called democratic, they are
based on natural competition of strategies, both without the accumulation of
advantages, and taking into account the inheritance of advantages, in more
aggressive societies can be rejected.

The alternative of this aggressive world discussed in Section 10 can be
manifested in the fact that after each cycle of interaction of strategies, the most
successful ones, who have gained the highest number of points, are removed.
This variant of evolution is imposed, that is, some force intervened in
evolutionary selection, preventing the use of the most successful and successful
scenarios of behavior. This power overwhelms all opportunities for quick gains.
Even with zero memory, primitive strategies quickly gain points, which are
removed and the average complexity grows.

Average aggressiveness reaches a minimum, then increases rapidly, the
value of the acquired points behaves exactly the opposite. Aggressiveness and
scoring rate for winning strategies behave approximately the same. In the case
of nonzero memory, primitive strategies also quickly disappear, dominated by
very aggressive strategies with the greatest memory and complexity. Average
aggressiveness also reaches a minimum and grows, and the rate of scoring
tends to reverse. That is, as in previous cases, complex strategies with a large
memory remain evolutionarily advantageous, but they are characterized by
significant aggressiveness.

It is interesting that in general, the set of points—advantages in the
ensemble decreases.

Let us discuss (see Section 11) the evolution of strategies in an open
society or in a highly disequilibrium population. Now let another strategy be
introduced into their population instead of the losing strategy (which scored
the minimum points per cycle). In this case, we can talk about the presence
of a source and a sink of strategies. Let us first discuss the case where new
strategies are more complex and have more memory. If strategies with a
memory depth of 2 are thrown into the generality of strategies with unit and
zero memory instead of losers, then in a steady state they will dominate.

At the same time, the average aggressiveness drops significantly, and the
rate of gaining points — advantages, on the contrary, grows. The average
complexity and average memory depth are also growing. The steady state is
reached after a certain time amounting to the order of several thousand
generations or cycles. The number of strategies remains constant, they are not
aggressive and they achieve equal advantages. If we exclude strategies with
zero memory at the initial moment, the evolution of the system occurs without
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noticeable fluctuations (appearing in the presence of strategies with zero
memory).

Empirical analytical dependences of the average parameters of the
strategy system are obtained. The question naturally arises: What happens if
all the strategies to be thrown in are more primitive than the previous ones? If
strategies with zero memory are thrown into the “community” of strategies
with unit memory according to the scenario described above, then non—
aggressive and most complex strategies with zero memory remain in the
stationary resulting state and less than ten percent of the strategies that are
most complex and have maximum memory with equal advantages achieved.

Despite the strong dominance of relatively complex zero—memory
strategies, a small proportion of more complex strategies with more memory
are able to survive in these conditions.

Section 12 discusses a more complex case of evolution of a population
of subject individuals (50 thousand), each of which uses a set of strategies.
When these individuals communicate randomly, their strategies interact in
such a way that the strategy that loses in a pair struggle is removed from
the set, and the winning strategy takes its place. Each cycle includes
communication of all pairs of subjects of individuals, who thus exchange
strategies that perform the functions of ideas or memes.

Each subject at the beginning of evolution is endowed with a certain
finite number of strategies (50), randomly choosing them from a set of all
similar ones, achieving a uniform distribution of the pool of strategies in
memory. It is important that now the subjects — individuals have new
characteristics — the average values of memory, complexity and aggressiveness
of the sets of strategies assigned to them. Since the number of strategies with
memory 2 is more than two orders of magnitude greater than the number of
strategies with memory 1, it is clear that out of fifty strategies of each subject,
almost all have memory 2.

At the same time, it is clear that the average complexity of strategies in
this environment is the same as the complexity of the full set of strategies with
memory 2 practically does not change, and the most complex ones survive in
the stationary state. The average memory of strategies is practically equal to 2.
Aggressiveness grows and reaches its maximum value in a steady state. With a
random choice of strategies for each subject, the most interesting is the nature
of the distribution of strategies. The maximum presence of one strategy in the
stationary resulting state of the ‘community’ did not exceed. The number of
different strategies decreases by more than 15 times, and the number of
strategies for an individual subject has decreased on average by.

If the initial set of strategies for each subject contains the same shares of
strategies with different memory, this will make the distribution of strategies
in terms of complexity very different. The average difficulty does not change
much, but for individual subjects the behavior of complexity is very whimsical.
On average, the subject retains strategies, the total number of strategies
decreases by almost 18 times, the average aggressiveness increases and is
maximal in the steady state. Thus, in all cases, the depth of memory and the
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complexity of strategies are evolutionarily advantageous properties. The
complexity should increase in the course of evolution, this determines the
direction of time. Aggressiveness and the received number of points of
evolutionary advantages change over time in accordance with each other in
accordance with the empirical universal law.
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CHAPTER V

FINE STRUCTURE OF THE LOCAL ALFVEN
RESONANCES IN CYLINDRICAL PLASMAS WITH
AXIAL PERIODIC INHOMOGENEITY

I. O. Girka

V. N. Karazin Kharkiv National University, 4 Svobody Sq., Kharkiv, 61022, Ukraine

ocal Alfven resonance iswell-known to manifést itself in cylindrical
plasma with radially nonuniform particle density and uniform axial
external static magnetic field via rapid increase of electromagnetic
field amplitude when approaching the resonant radius. First,
Physics of the phenomenon is explained in the present review.
Plasma axial periodic nonuniformity is shown to be usual feature of the modern
plasma devices. Satellite local Alfven resonances are shown to arise in axially
periodically nonuniform plasma both in general and resonant cases. Resonant
case takes place if the wave length 1s twice as large as plasma axial period.
Conditions are derived under which fine structure of the satellite Alfven
resonance 1s determined just by plasma axial periodic nonuniformity.
Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite
Alfven resonance, wave packet.
PACS numbers- 02.30.Gp, 562.35.-g, 94.20.-y

SECTION 1.INTRODUCTION

The overview is written on the base of theoretical research carried out
at the Department of General and Applied Physics of V. N. Karazin Kharkiv
National University in collaboration with physicists from the Institute for
Plasma Physics of National Science Centre “Kharkiv Institute of Physics
and Technology” during more than twenty years.
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Electromagnetic waves propagating with the frequency of the order of ion
cyclotron frequency in the magnetoactive plasma are the matter of intense
scientific research. This is explained by the wide practical application of these
waves.

Theoretical and experimental studies of propagation, damping, excitation
and conversion of fast magnetosonic waves (FMSWs) and Alfven waves (AWs)
are intensively carried out for about eighty years. First of all, this is associated
with numerous applications of the results of this research to the problem of
controlled nuclear fusion, chain of problems in geophysics and astrophysics.
FMSWs and AWs are the powerful tool for plasma production and heating in
toroidal traps (tokamaks and stellarators) [1-3]. Radiofrequency (RF) heating
provides ion temperatures of about 15+20 keV in modern tokamaks. Along with
neutral beam injection (NBI), ion cyclotron, low-hybrid and electron cyclotron
heating, magnetohydrodynamic (MHD) waves are planned to be used as the
main method for plasma heating in the future fusion reactor. FMSWs and AWs
can be used for production of current drive [4]. Solving the problem of current
drive maintenance due to plasma loading with RF power would provide
designing the stationary tokamak and fusion reactor-tokamak on its base.
Production of current drive can be also applied in stellarators — with the goal to
control the profile of the rotational transform and achievement, on account of
this, better MHD stability of plasmas.

Simplicity of tokamak design, which makes it possible to construct the
devices of larger and larger dimensions, improvement of experiment technique,
application of powerful sources for additional heating provided the plasma
production with the parameters close to fusion ones. At the same time, new
obstacles have arisen at the stage of designing the reactor based on tokamak
concept. First, these are the disruptive instability (it causes danger for the
reactor first wall), nonstationarity (it influences on the duration of the
operating life of the constructive materials) and smallness of the aspect ratio
(ratio of the large radius to the small one), which cause complicated
technological problems [5].

If these problems are such, that they are too difficult to overcome, then
one can consider the stellarator concept, for which the abovementioned dangers
do not portend. In contrast to a tokamak, in which the rotational transform of
the magnetic field force lines is caused by the electric current, flowing through
the plasma, in a stellarator, it is caused by current-carrying conductors which
are external in respect to the plasma. For plasma confinement in stellarators,
one does not need to arrange any electric current through the plasma. That is
why a stellarator is a stationary trap. The problem of plasma production and
heating is separated from the problem of its confinement. The idea of stellarator
was supposed by Lyman Spitzer in 1951 [6]. It is popular in many countries. In
particular, stellarator concept is intensively developed nowadays in Germany
and Japan.

After their prediction by Hannes Alfven in 1942 [7] AWs appeared to play
an important role in different plasma phenomena. AWs were observed for the
first time in an experiment at the end of fifties in XX century (see, e.g., [8]).
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Detailed theoretical studies of MHD oscillations of plasma cylinder were
initiated in 1950-1970 with applying simplifying assumptions, in particular,
about the homogeneity of axial static magnetic field (see., e.g., [9-13] and
references therein), due to their possible application in fusion problems. At the
same time, solution of such a problem with account for complicated shape of
external static magnetic field of real geometry on the base of analytic or even
numerical methods is very difficult and impossible problem so far. This initiates
numerous novel analytic and numerical studies of different aspects of MHD
wave propagation in inhomogeneous plasmas of fusion traps.

Weak periodic spatial inhomogeneity of external static magnetic field B,

can significantly affect on the properties of MHD waves. At the first glance, this
influence can be considered as obvious one. Indeed, e.g., it is well-known from
the solid state physics [14], that periodic «potential» (similar to the plasma
inhomogeneity, caused by periodic spatial inhomogeneity of external static
magnetic field) gives rise to gaps in the spectrum, known as forbidden energetic
zones. However, thorough study of B, periodic inhomogeneity role discovers a

number of new physical phenomena. To demonstrate the intensity of studying
the influence of B, periodic spatial inhomogeneity (elliptical shape of poloidal

cross-section of magnetic surfaces, helical and toroidal inhomogeneity, and B,

axial periodic inhomogeneity) on the properties of RF waves only some
examples of such investigations are given below. For example, existence of
eigen Alfven modes, initiated by elliptical shape of plasma poloidal cross-
sections, so-called EAMs, was demonstrated in [15]. These Alfven modes have
their own macrostructure, they propagate in plasmas with uniform particle
density and have a lot of common features with eigen Alfven modes, initiated by
plasma toroidicity. In the next paper [16], the same authors have demonstrated
the possibility to excite these modes by energetic alpha particles due to transit
resonance. The influence of plasma toroidicity and elliptical shape of plasma
column cross-sections on the eigen frequencies and eigen modes of MHD waves
was studied in [17]. Gaps in Alfven continuum, caused by the toroidicity, were
studied in [18, 19]. Existence of eigen Alfven modes initiated by the toroidicity
in plasmas with shear and with the frequencies inside the respective gaps was
foreseen in the same paper and was observed experimentally later on.

Two experimental observations were emphasized within the paper [20]
by Wendelstein 7-X team. Firstly, independent of magnetic configuration and
heating scenario, broadband fluctuations were measured around the frequency
of 180 kHz. The nature of these fluctuations is possibly associated with
ellipticity-induced Alfvén eigenmodes in the outer regions of the plasma. The
latter was inferred by studying corresponding theoretically predicted Alfvén
continua calculated with the 3D-MHD continuum code CONTI. Secondly, fast
collapses of plasma current and energy, which occurred during recent
operational phases at W7-X, showed a clear magnetic signature. Short time
scale Alfvénic bursts were revealed, which were induced during these sawtooth-
like collapses.
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Fast-particle driven Alfvén Eigenmodes were observed in low-
collisionality discharges with off-axis neutral beam injection (NBI), electron
cyclotron resonance heating (ECRH) and a reduced toroidal magnetic field
in the TCV tokamak [21]. During NBI and ECRH, toroidicity induced Alfvén
Eigenmodes (TAEs) appeared in frequency bands close to 200 kHz and
energetic-particle-induced geodesic acoustic modes (EGAMs) were observed
at about 40 and 80 kHz. When turning off ECRH in the experiment, those
beam-driven modes disappeared. In contrast, coherent fluctuations close to
the frequency of the beam-driven TAEs were present throughout the
experiment. The modes were even observed during ohmic plasma conditions,
which clearly demonstrated that they were not caused by fast particles and
suggested an alternative drive, such as turbulence.

The discrete Alfvén Eigenmode spectrum below the TAE frequency
was studied for hybrid and sawtooth scenarios in tokamaks whereby the full
coupling between the Alfvén and slow magnetosonic waves was taken into
account [22]. It was found that the number of modes below the TAE gap was
the highest for weakly reversed profiles of safety factor ¢ while the number
of modes increased with pressure. The frequency behaviour of the modes
below the TAE gap was studied for a reversed shear gprofile in which gmin
was varied and it was found that Alfvén-Slow Eigenmodes frequencies
increased and/or decreased as a function of gmin thereby emerging from
and/or disappearing into the continuum.

Plasma production and heating in fusion devices have initiated
intensive studying the electromagnetic wave conversion and absorption in
the vicinity of the local Alfven resonance (AR) [1-3, 23]. Local AR in the case
of plasma traps with uniform external static magnetic field B, is intensively

studied for more than fifty five years [24—28]. Interest to this phenomenon is
explained, first of all, by its application to effective plasma production and
heating in fusion traps. It was demonstrated in the mentioned papers, that
in approach of the cold plasma, solutions of Maxwell’s equations for the
fields of electromagnetic waves have a singularity at the certain radius of
the plasma column. If to replace this simple approach by the models which
take into account the particle thermal motion, finite electron inertia, weak
nonlinearity or dissipations, then the conversion of these waves into small-
scale oscillations and their absorption can change significantly. During the
plasma heating by RF waves, the most RF power is absorbed in the vicinity
of the local AR.

Detailed overview of theoretical studies of AR was given in [23]. In
particular, anteriority of the Kharkiv physicists in studying the fine structure of
AR was recognised there. Such appreciation of Soviet scientists, generally
speaking, was not typical for foreign colleagues. AR is effectively used for
plasma production and heating on stellarators «Uragan» at National Science
Centre «Kharkiv Institute of Physics and Technology». This allowed plasma
production with particle density up to 103 cm”(-3) and temperature of electrons
and ions of about several hundreds of electron-Volt. Such plasma production
made it possible to study a number of physical phenomena, which took place
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during Alfven heating. Heat and particle transport, including neutral particles,
during the RF heating using AR was studied experimentally and theoretically
in [29]. In [30], AWs absorption caused by parametric ion cyclotron instability
was explained theoretically, profiles of energy absorption were calculated, and
plasma particles and heat transport in «Uragan-3 M» were studied on this base.

At the same time, position of AR is well-known to move to the plasma
periphery with increase in plasma column density and dimensions. This
reduces the efficiency of Alfven method of plasma heating in fusion traps, since
it causes the heating of plasma periphery, rather than its core, which, in its
turn, intensifies undesirable plasma-surface interaction. To avoid plasma
periphery heating and heat core plasma layers, one can apply the waves with
large magnitude of longitudinal wavenumber k4, for which the local AR is
situated in the plasma core. But this is difficult due to wide barrier of
nontransparency at the plasma periphery for such waves. One way more to
avoid the energy losses at the plasma periphery is to apply the waves with the
low frequency and small k&, for which local AR is also situated in the plasma
core. But in this case, one needs the antenna with large length in axial
direction. All these unfavourable circumstances make it difficult to use Alfven
method of plasma heating in large traps and initiate the search of new physical
ways to increase its efficiency.

RF power, absorbed in the vicinity of AR in the case of linear radial
density profile, is inversely proportional to the density gradient [24]. This is
the reason, for which the case, if the density radial profile reaches its
extremum in the vicinity of AR, is of a special interest [31—34].

Despite of a large number of papers, devoted to AR, an interest to it and
its application in the sphere of fusion continues to initiate new research. In
particular, sufficiently detailed analysis of applicability of MHD equations to
the case of AR can be found, e.g., in the paper [35]. Conversion of fast waves
excited by an antenna into slow waves at the fusion plasma periphery was
studied in [36]. It is shown in framework of two-dimensional numerical
simulation in [37] that direct electron heating, investigated with the help of
radiometry of electron cyclotron emission, was caused by the local AR in the
plasma of TCABR tokamak. Observed profiles of energy absorption also were in
a good agreement with scatterometric measurements of the particle density
fluctuations, caused by the action of electromagnetic waves in the vicinity of the
local ARs. In [38], a compact four-contour antenna was proposed to provide the
wave radiation with large longitudinal wavenumbers 4. The main objective of
the study was to suppress the heating of the plasma periphery in the vicinity of
AR, which took place in the result of unavoidable excitation of the waves with
small &||. It was shown that special choice of the heating regime could reject
the periphery heating to the acceptable level, and the most part of the
electromagnetic power would absorb in the plasma core of medium-size
torsatron «Uragan-2M». Absorption of the wave energy in cold magnetized
plasma with two ion species was studied in [39]. The energy absorption was
shown to take place in that part of space, which can be considered as analogue
to the local AR. In the case of slanting wave incidence, if the wave frequency
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was much smaller than plasma frequency approximate resonance was shown to
take place in the spectrum of wavenumber projections on the perpendicular to
the external static magnetic field. This resonance was possible to consider as
analogue to AR in ordinary electron-ion plasma.

Despite the author is not a specialist in the field of ionosphere
geophysics, it is impossible to ignore here a tremendous number of papers,
devoted to studying AR and its application in the mentioned sphere of physics.
Detailed overview to the AW properties in cosmic and laboratory plasmas is
given in [40]. Influence of the finite Larmor radius, electron inertia, and finite
wave frequency on the properties of these waves was demonstrated in the
linear (in the respect of the wave amplitude) approach. Detailed discussion of
the properties of inertial and kinetic AW was provided. Experimental data,
obtained on the space vehicles Freja, Fast, etc., were generalized. Laboratory
experiments on AWs, which were of the most interest to physics of ionosphere,
were overviewed.

Since the magnetosphere was recently assumed to be better modelled in
some cases by a waveguide than a cavity, the authors of [41] analysed
numerically the linear MHD theory of the waves in a uniform waveguide with a
small plasma beta. AR was shown to arise under the condition, if the wave
frequencies coincide with the eigen frequencies of fast axially symmetric
waveguide modes.

The data on observing the flashes in the solar corona from the X-ray
telescope, placed on the Japan satellite Yohkoh, were analysed in [42]. Scaling
of the heating velocity due to AW resonant absorption was determined in
numerical way. The scaling was shown to agree well with the heating velocity,
calculated on the base of observation data.

Solution to kinetic and MHD wave equations with full account for the
finite ion Larmor radius, and resonant interaction wave-particle for electrons
and ions, which modelled the dissipations, was derived in [43]. Propagation of
ultra low-frequency waves of large amplitude of compressional type from the
magnetic sheath to the magnetopause under the conditions of the presence of
large gradients in the density, pressure, and magnetic field was also described
there. The research was initiated by experimental observation of the respective
MHD activity.

Experimental data on Fourier analysis were given in [44], which
demonstrated the presence of a number of standing waves in the range of
Alfven frequency. The dependence of the wave frequency on the external static
magnetic field was measured for three local ARs.

Statistic processing of spectral resonance structures of AR in ionosphere
was reported in [45]. The structures were observed in the frequency range
0.1+5.0 Hz since 2000 till 2002 on the station Karimshyno (Kamchatka,
Russian Federation) with the help of ordinary three-component induction
magnetometer. To single out the data about just AR, the dynamics of three-
component spectrum, and polarization spectrum were analysed.

Spatial structure of ultra low-frequency electromagnetic waves with zero
azimuthal wavenumber in one-dimensionally inhomogeneous plasma was
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studied in [46] with account for finite magnitude of ion cyclotron frequency.
These waves can propagate in the magnetosphere of Earth or in the
magnetosphere of the Mercury planet. Wave field amplitudes were shown to
rapidly increase at the certain magnetic surfaces, which was analogous to AR in
one-fluid MHD theory.

The method of simplified selected asymptotic expansions, developed for
nonlinear slow resonant waves, was applied in [47] for the description of
nonlinear phenomena within the Alfven dissipative layer. Wave dynamics in
the vicinity of AR (with isotropic and anisotropic dissipation) was shown to be
described with high accuracy in framework of linear theory.

The present overview is arranged in the following manner. Section 2 is
devoted to presenting the theory of the local Alfven resonance in one-
dimensionally inhomogeneous plasmas. The case of monotonous plasma
particle density inhomogeneity is considered. Exception is the subsection 2.8,
wherein the peculiarities of AR fine structure and electromagnetic power
absorption within it are studied under the condition of quadratic dependence of
the plasma particle density on the radial coordinate in vicinity of AR. It is
demonstrated, how the numerous real specific features of the laboratory plasma
influence on the structure of AR. These features are as follows: weak collisions
between the plasma particles, nonzero azimuthal wavenumber, &0, finite
electron inertia, finite Larmor radius, striction nonlinearity, and kinetic ion
cyclotron turbulence. It is shown in details, how the characteristic width of AR,
characteristic magnitude of the wave electric field parallel to the density
gradient, as well as the density of the electromagnetic power absorption can be
derived analytically.

Specific features of AR fine structure in external static magnetic field
with axial periodic inhomogeneity (bumpy magnetic field) are studied in the
Section 3. Such an inhomogeneity of B, is inherent in both tokamaks and

stellarators. Electromagnetic waves are shown to propagate in the form of wave
packets in the bumpy magnetic field which can cause initiation of additional,
so-called satellite ARs (SARs).The fine structure of the main AR is studied in
the case, if it is determined just by inhomogeneity of B, including the resonant

case in which axial period of the main wave harmonic is twice as large as axial
period of the bumpy magnetic field. Besides, the fine structure of a SAR is
determined in the case of moderate inhomogeneity, in which the fine structure
1s determined just by the inhomogeneity rather than other weak phenomena.

Conclusions contain the brief results of the research presented in the
overview. Their scientific and methodological significance is outlined as well.

The overview would be of interest for undergraduate and PhD
students, who are specialized in the sphere of plasma physics and
electrodynamics, as well as to those scientists who deal with the problems of
controlled nuclear fusion, physics (geophysics) of the terrestrial space, and
theoretical physics.



374 PROBLEMS OF THEORETICAL PHYSICS

SECTION 2. LOCAL ALFVEN RESONANCE IN PLASMAS
WITH ONE-DIMENSIONAL INHOMOGENEITY

Main features of arising of the local Alfven resonance (AR) are
presented in this Section with applying the model of one-dimensionally
monotonously inhomogeneous plasma. Cold plasma with weak collisions is
assumed to fill the spatial layer 0 <x <L in Cartesian coordinates. The
plasma electrodynamic properties are described by the permittivity tensor

& i 0
é= (—iez & 0), 2.1
0 0 &

which components can be written in the hydrodynamic approach as follows
[12, 48, 49]:

2 2
61 = 1= Sagiir, & = — Sagris _Whatea . _ q ~YaE (@22

w(wi-w,)’

The plasma is assumed to be infinite and uniform in the directions y
and z For definiteness, external static magnetic field is assumed to be
uniform (in this Section only) and parallel to the z axis. Plasma
inhomogeneity is determined by the particle density, which is assumed to
monotonously increase in x direction (see, e. g., Fig. 2.8.4, where an example
of the radial plasma particle density profile is presented in the case of linear
dependence on the radial coordinate).

Spatial distributions of electromagnetic wave fields are derived from
the Maxwell’s equations:

- 19D -10B

rotB = o T'OtE = = (2.3)

applying the concept of Fourier series. In particular, for axial component of
the wave magnetic field the series reads as:

B.(x,y,2=¥12 Zy“;_oo B,(x) exp(ik,z + ikyy — iwt).  (2.4)

Taking into account the form of the tensor (2.1), the Maxwell’s equations
can be written in terms of electric field E and magnetic flux density B, which is
equal to the magnetic field strength H:
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After substituting the expression (2.4) to the Maxwell’s equations (2.5)
the set of six equations can be derived for one spatial harmonic:

ik,B, — ik,B, = %(elEx +ig,E,), ik, E, — ik,E, Bx,
ik,B, —%=ﬂ(elE — ig,Ey), ik, E, ——='— B,, (2.6)
a a
| 22-ikyB ="2gE, | 22— ikyE, =B,

One can also get use of the fact that absolute value of the component
&3 of the plasma permittivity tensor is much larger than g12: | g3|>>] g12],
in the range of ion cyclotron frequency, @~.. Then the third equation in the
first subset gives, that longitudinal wave electric field £ is negligibly small
as compared to By and B, and respectively, with all the wave field
components, F£; —0. This makes it possible to neglect this physical
observable below. If to get use of the expressions (2.2) for &, then it appears
that the ratio |g3//| €12/ ~md m;. That is why neglecting the longitudinal
electric field is referred sometimes as neglecting the electron inertia.

Below, the main features of AR are determined. To do this, a
harmonic with zero magnitude of the transverse wavenumber is chosen,
k=0 (the results to be derived will be generalized afterwards on the case

k#0):

_iw( ) —ik,E, Bx,
—ik,By, = — (&1Ex + i&E,),
o c M Y ik,E, By, 2.7
9B, _ —iw ]
ik,B, === (e1Ey — igsEy), o, .
ox ¢ %

The set of egs. (2.7) is studied in the following manner. First, the
observables Bx and By are derived from the first and second equations of the
second subset in terms of Er and £ . Second, the observables Bx and By are
substituted into the first subset. Third, £x and £ are expressed in terms of
longitudinal wave magnetic field B

-c 0B,
EX = NZ a_)
w N3 ox (2.8)
F. — i 9B '
Y7 wN? ax’

In (2.8), the following notations are applied: u=¢,/ (gl - NZZ),
N? =(€1 - Nle— yz), N,=ck-/wis the longitudinal refractive index. Then the

expression for Eis to be substituted into the last equation in (2.7), and the
differential equation for the field B,is derived:
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9 (108, B
a(ﬁa) +B, =0, (2.9

here k? = (w/c)?NZ.
The plasma particle density profile is assumed to contain the point
x=x4 inside the layer 0 <x < L, in which

Sl = NZZ. (210)

This point is called as that of the local Alfven resonance. Rapid increase of
the wave field amplitudes and electromagnetic power absorption take place
in the vicinity of this point, as it is shown below.

Axial wave magnetic field slowly (logarithmically) varies in the
vicinity of AR. To confirm this the plasma particle density is assumed to
vary linearly in the vicinity of AR:

dsl

— N2
sl—NZ+dx

(x — x4). (2.11)
Since k? « (x — x,)~! in the vicinity of AR, then to analyze the dependence
B.(x) in the vicinity of AR the eq. (2.9) is suitable to be rewritten in the
following schematic form:

d dBy

dp’ dp

+ B, = 0. (2.12)

If to assume that one of the linearly independent solutions of the eq. (2.12)
weakly depends on x, B, = B,,, then one can replace the second term in the
eq. (1.12) by the constant B¢

dB,

d
apE-I_BZO = 0. (2.13)

Then the eq. (2.13) can be integrated as follows:

dB; . dB, —[Bz,dp+C,
pEZ—fBZOdp-}'C, = E=+’
B, =B, + fwdp « In(e; — N2). (2.14)

p

As it follows from the eq. (2.13), the second linearly independent solution of
eq. (2.12) varies logarithmically in the vicinity of AR. Analysis of eq. (2.8)
shows that £ is almost of constant magnitude in the vicinity of AR, and Ex
oc(e; — N2)~1. Keeping in mind eq. (2.7), one can conclude that Bx weakly
varies in the vicinity of AR, and By also has the singularity, Byoc(e; — N2)™L.
It is the rapid increase of the wave magnetic field By in the vicinity of
AR that makes it possible to apply magnetic probes for experimental study
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of AR [50, 51]. Authors of the paper [50] studied the spatial position of AR
exciting the axially symmetric AWs by Stix coils. Maximum magnitude of
azimuthal magnetic field was observed in the vicinity of AR, which position
depended on the wave frequency and wavelength. Position of AR was
experimentally determined in [51] from measuring the wave poloidal
magnetic field in the tokamak Tokapole II. The radial position agreed well
with the calculations made on the base of MHD theory.

To conclude, spatial dependence of the wave field components can be
generalized in the following manner:

E., B, « (¢g = NZ)™', By, B, « In|e; — NZ|, Ey ~ Const.  (2.15)

The field Ex has the most pronounced singularity among the electric fields.
Just this electric field determines the field structure in the vicinity of the
resonance. It is spatial distribution of the field £x which is to be investigated
in the present overview and is called as fine structure of AR.

Account for nonzero transverse wavenumber k=0 weakly affect the field
spatial distribution (2.15). As it is shown below, logarithmic dependence of the
wave field component £y on the coordinate arises in the vicinity of AR in this
case. The other wave field components keep the same dependences (2.15) on the
coordinate under taking into account k=0 as they are in the symmetric case,
k~=0.

2.1. AR fine structure and the power density absorption within it

in presence of weak collisions between the plasma particles

The magnitude of electromagnetic power absorbed by the plasma in
the vicinity of AR is studied in this subsection. The absorption is assumed
for simplicity to take place in the result of the collisions between the plasma
particles. In other words, the presence of the small imaginary term in the
components of the permittivity tensor is taken into account. The account
removes nonphysical singularity of the wave fields (2.15). Properly
speaking, the presence of the dissipative phenomena is enough to account in
the component &; only:

&1 — Reler) + 161@. (2.1.1)
Details are ignored here: it does not mind, which collisions and why cause

arise of imaginary part of the plasma permittivity tensor. This question was
studied in details in [52]:

2 2 2 2
WpaVab w tw epMmg We+wWeqw
gJ(L’): Za,b paVa ( ca _ €pMa ca cb)‘ (2‘1‘2)

2 2 2
w(w2-w?;) \w2-w?; emp wi-w?
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The summation in (2.1.2) is carried out over all the plasma species, e, is the
charge of the particles of the specie ¢, the collision frequency

1
2

(2.1.8)

1
_4(2m)zeZeinyl [ my
‘ab

3(maT3)% mag+myp
L1is Coulomb logarithm.

The magnitude of the electromagnetic power P, absorbed by the unit
surface of the plasma layer in the vicinity of AR, is determined by the work,
carried out by the wave electric fields over the RF currents in the plasma,
caused by the wave propagation through the plasma:

B = 0.5Re{[(j*, E)dx}. (2.1.4)

As it 1s shown above, the main contribution to the scalar product (f*,ﬁ ) is
done by just x-component of the wave electric field, that is why:

P. ~ 0.5 Re{[ j"E,dx}. (2.1.5)

It 1s appropriate to remind that RF electric currents are linked with the
wave electric field via permittivity tensor:

. w

Jx = (&1 = DE,. (2.1.6)

Qualitative relation Exoc(g; — N2)~! can be replaced by the precise one:

A

&,-N2’

Ey=— (2.1.7)

Physical sense of the constant A can be easily understood from analysis of
the first and fourth equations in the set (2.7):

—ik,By = =2 (£1Ey + i&5E,),
i (2.1.8)
ikZEx == TBy.

After substituting the wave magnetic field By from the second equation
(2.1.8) to the first one, one derives the constant A:

A:—Ex(gl - NZZ)=].<92Ey. (219)
That is, the constant A is determined as the product of the second

component of the permittivity tensor and the wave electric field £) in the
point of AR.
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Now, one can calculate the absorbed electromagnetic power density P

XAo+AX . « * * —
P, =05Re [ " "j,"Exd = 0.5Re [ %m,(‘s1 —1)EiE,dx= (2.1.10)
=2 Ime*|E. |2dx = 2 |A|? Imedx @) 42|l
= = Imef|E|“dx = o |A] f(sl—N§)2+(1msl)2 =3 |A| —

Doing this the properties of the Dirac delta-function are applied [53]:

1 4

== (2.1.11)

In the case, if the dissipative processes are the main mechanism of
electromagnetic energy absorption, then the characteristic width of AR is
determined just by these processes. Characteristic spatial scale of varying
the component &; can be introduced as follows:

dey Reg (2.1.12)

dx a* ’

Then the characteristic width of AR Ax., determined by the collisions, can be
estimated in terms of a*:
Axc~a*e1@/NA. (2.1.13)

Account for the presence of the collisions between the plasma particles
results, as it was mentioned above, in removal of nonphysical singularity of
the wave fields in the vicinity of AR (see Fig. 2.1.1). Dashed curve in Fig.
2.1.1 is put to compare the wave field spatial distribution with asymptote
Eioc(x—x4)7. The dependence Re(ZyY is calculated in arbitrary units.
Maximum absolute magnitude of the wave electric field is not more infinite
in the vicinity of AR, it is equal

Ey=0.5A4/:@. (2.1.14)

60| Re(E,)
40

204
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20]
-404
-60 X-XA

Fig. 2.1.1. Fine structure of AR when determined by the collisions
(solid curve), vap/w=107*
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Thus, the present overview deals with the problem of diffraction rather
than that of eigen functions and eigen values. The question is which part of
electromagnetic energy passes through the region of AR and which part is
transferred to the plasma particles, that is which part of energy is absorbed in
the vicinity of AR. The wave frequency w is considered to be defined by the
generator, wavenumbers ky and k; are defined by the antenna shape and
phasing.

2.2. Account for the nonzero wavenumber ;=0

If the electromagnetic wave propagates with the nonzero transverse
wavenumber, k=0, the relation (2.7) between the wave magnetic fields B
and By with the electric fields does not change as compared to the case of the
zero transverse wavenumber considered above:

{_NZEy = B (2.2.1)

N,E, = B,.

However, the expressions of the wave electric fields in terms of the wave
longitudinal magnetic field is somewhat more complicated (compare with

(2.9):

(2.2.2)

The form of the differential equation for the wave longitudinal magnetic
field also becomes more complicated (compare with (2.9)):

TE) -2+ (5)]B =0 (2.2.3

However, this does not change the character of the wave field dependence on
the coordinate x in the vicinity of AR, except of the field £). As one can see
from eq. (2.2.2), the term, proportional to 4y, depends on x in the same way,
as the field B.. Thus, those harmonics of the field £;, which propagate with
k=0, have a logarithmic singularity in the vicinity of AR (compare with
(2.15)):

Ey «nl|e; — N2|. (2.2.4)

In this case the wave field Ex, all the same, remains to be the most
increasing one in the vicinity of AR. That is why account for the nonzero &y
weakly changes the explicit expression for the electromagnetic power P
absorbed in the vicinity of AR. One has to keep in mind only, that the
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constant 4, which takes part in the expression (2.1.9), has the other sense in
this case. The sense is as follows. After substituting the expression (2.2.1)
for the wave field B, into the first equation from the set (2.7) one derives,
that for the waves with k=0

A:—Ex(gl — NZZ):j82Ey + BzC'ky/C(). (225)

The circumstance, that the combination (2.2.5) slowly (even without
the logarithmic singularity) varies in the vicinity of AR, can be helpful for
calculating the spatial distribution of electromagnetic wave fields in the
vicinity of AR. It also makes the reason to treat the combination as the
pumping wave.

2.3. Account for the finite electron inertia

Up to now, longitudinal (in respect of external static magnetic field)
wave electric field was assumed to be negligibly small. This was justified by
the smallness of the electron inertia as compared to the ion inertia.
Nevertheless, the analysis of the third equation from the set (2.6) clearly
shows that the field Z;is even more singular than Ex

B=S (22— kB, ) = wl—;:—x(NzEx) « (g, — N2)2.  (2.3.1)

wez \ 0x

One can conclude from the second subset in eq. (2.6), that account for the
electron finite inertia causes the most influence on the spatial distribution
of the wave magnetic field B, (compare with (2.2.1)), rather than By

c? 0%E,
w?e3 % 9x2°

B, = N,Ey — (2.3.2)

This changes the structure of the equation for the wave electric field
(compare with (2.2.1)):

+(gy — N2) Ex=-A. (2.3.3)

2 C2 62Ex
Z w2g5 Ox2

Dimensionless variable is convenient to be introduced here

e (x—xa), kt=— OE3 281 (2.3.4)

NZc? dx’

Equation (2.3.3) changes to the following form in terms of this variable

9%E, _ 1 as;\ 7!
6_52_ é;EX——;( Ank(dx) ) (2.3.5)
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The smallness of the factor nearby the second derivative in eq. (2.3.3) means
the smallness of the spatial scale (along x) of varying the wave electric field
FEy in the vicinity of AR, ka”*>>1. The width of AR Axwm, caused by finite
electron inertia, can be estimated as follows (compare with (2.1.13)):

1

AXm~a*( me )5 (2.3.6)

mia*2k2

In (2.3.6), the expression (2.2) for the permittivity tensor component &s is
applied.

Equation (2.3.5) has the structure of inhomogeneous Airy equation
[54]. Its solution has the following form

-1
E. =(—Ank (2) ) [Gi(0) — iAi(D)]. (2.3.7)
This solution satisfies the following boundary conditions. It is finite in the
vicinity of AR; it describes the conversion of MHD waves into the small-scale
waves, which carry the energy out of the AR region; it damps in the result of
taking into account the weak dissipation in the component &; of the
permittivity tensor. The properties of the function [Gi({) — idi({)], which
describes the radial dependence of the wave electric field, were studied in
detail in [24].

The solution (2.3.7) has the following asymptote for the large
magnitudes of the argument, {—>—o

1

[6i() +iAiQ] ~ -+ a=erp (~i [} 0z +5]}. @38

The representation (2.3.8) makes it possible to assume that the small-scale
ion cyclotron wave (the second term in (2.3.8)) rapidly damps with going
away from AR point in the close vicinity of the AR point due to the Landau
damping. In the case of weak damping of the small-scale wave, the
asymptote (2.3.8) should match up the solution of eq. (2.3.3), which is found
by WKB method and which corresponds to the waves carrying the energy
away from the conversion point either to the plasma core or to the plasma
periphery. Small-scale waves are assumed to be completely absorbed during
one passage. This means that the phenomena are neglected which can take
place in the case of very weak damping, in particular, arising of the global
resonances with high magnitude of the radial number.

If the weak collisions are taken into account in eq. (2.3.3), sr—»er+iv¥m,
then the argument of the functions Gi(¢) and Ai(Z) becomes a complex number

deq

-1
dx) . Then the argument of the

exponent in the asymptote (2.3.8) gets the real term, proportional to v*

with a small imaginary part, (—){ﬂ'%{(
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o+ o (-2 <

i [2 (=02 (1 - (%)_1>E +2>

o % (_O; * %] B lé(_();% (i—vc*)ll_g%)_l_’

=i [P0+ 5] - (—op () (2.3.9)

Since k and the derivative (de;/dx) are of the same sign, then the presence
of the real term, proportional to the effective collision frequency v¥* does
cause the exponential reduction of the second term in the asymptote (2.3.8)
with going away from the AR point (if -{)—>+x). This is the reason to choose
the sign «—» in the square brackets in (2.3.7).

The electric field increases in the vicinity of AR. However, it does not
increase infinitely. Its characteristic magnitude (compare with (2.1.14)) can
be derived by the order of magnitude from eq. (2.3.7):

1
BAT (B kZa?). (2.3.10)

e

Doing this, one gets advantage from the fact that the functions Gi() and
Ai(Z) are the values of the order of a unit in the vicinity of the zero.

Physical mechanism of electromagnetic wave damping appears not to
influence on the magnitude of the electromagnetic power density, absorbed
in the vicinity of AR. To tell the truth, this statement is right only in the
framework of the assumption, that AR width is small. Absorption of
electromagnetic power in the vicinity of AR (averaged on the wave temporal
period) is determined by the variation of the Poynting vector

S = —Re|E*, B], (2.3.11)
81
after passing the AR point x=x4. In the considered here case, the
electromagnetic power propagates along the x axis. That is why one can
calculate just x component Sy

Se= éRe (E,"B.~E,"By). (2.3.12)

Since the magnitude of the longitudinal component of the wave electric filed
FEis neglected due to the smallness of the electron inertia,

Sy~ éRe (B, B.). (2.3.13)
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The field £, as it is shown above, weakly varies in the vicinity of AR, that is
why

ASe~ éRe (E,*AB,). (2.3.14)

Variation of the longitudinal wave magnetic field AB, in the result of
passing the AR can be determined from the eq. (1.8):

AB.~ [ 2 ey BdxsZe, [N d (2.3.15)

The presence of the weak dissipation can be taken into account by the
presence of the small imaginary part (2.1.1) in the component & of the
permittivity tensor. During integrating in (2.3.15) the expression (2.1.7) for
the component Fx of the wave electric field is applied:

fo+Ax Exdx — fo"'Ax_—A*dx‘ (2316)

Xa—Ax xXa—Ax dE1.,._ v
I (x xA)'Hw

In the case of plasma particle density increasing with the coordinate x the
derivative de; /dx>0. And residual point (the point in which the denominator
is equal to zero) is situated in the complex plane a little bit below the real
axis,

*

X=XA— — (2.3.17)
w—

dx
m - That is why the integration in (2.3.16)
X, X can be carried out along the upper semi-
Fig. 2.3.1. The rule for passing ??cu;l?felrﬁnce in the complex plane (see

the residual point in the 18. 4.9. 1)

integral (2.3.16)
xa+4x _ —A xptdx dz _ -A .
fo—Ax Exdx = Efo—Ax E = El(—ﬂ'). (2.3.18)
dx dx

The expression (2.3.7) for definition of the wave electric field Ex as
well as the Airy function properties [54] make it possible to carry out precise
integration:

[°AiQ)dg = 2 ST AiQdr =1 (2.3.19)
Then
f;’*_*j; Exdx ~ [0 5T Ai(Q)dx = ;‘L’f [77 Ai(Q)dS = . (2.3.20)

dx dx
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As one can see, calculating the electromagnetic power absorption with the
assumption that it is determined by the finite electron inertia (expression
(2.3.20)) provides the same result as with the assumption that the absorption is
determined by the weak collisions between the plasma particles (2.3.18).

If the dissipations and the electron inertia are neglected, then the
fields £y and B; are shifted in phase by #/2. One can see this, in particular,
from the eq. (2.2.2). If the weak phenomena mentioned above are taken into
account then the electromagnetic power density, absorbed in the vicinity of
AR, can be calculated from eq. (2.3.14). In this case one has to take into
account the relation (2.1.7) between the field %, and the constant A along
with the result (2.3.20):

deq
dx

ASc~ —Re (E,"AB,)= —R ((wz) % ‘A”> 0,125w/A /2(dei/dx) ™. (2.3.21)

This result precisely coincides with the calculations (2.1.10) of the
electromagnetic energy density, carried out with the help of the Dirac delta-
function.

2.4. Account for the finite larmor radius

In the calculations presented above, the plasma was assumed to be
cold. In other words, the radius of the plasma particle gyration along the
Larmor orbits was neglected. Account for the nonzero radius of the gyration
in the external static magnetic field results in changing of the form of the
component &3 of the permittivity tensor as compared to the expression (2.2),
which was derived in MHD approach [52]:

es7o [1 + iVRZW (Z,)], where Ze———  (2.4.1)

\/_|kz|UTe

k§ 2
The function W(Z.)reads as
WE©=exp(—¢2) [1+2 [F exp(t?) at]. (2.4.2)

For the long wavelength waves (k>0, Z-—>x) Landau damping can appear
to be weak, then the asymptote of the expression (2.4.1) gives

2
ggz—% + iNmZ, exp(—Z32). (2.4.3)

In this case, one has to apply the definition of &z with account for the
collisions (compare with (2.2)):

2
g3=—be (2.4.4)

w(w+ive;)
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Account for the finite Larmor radius influences also the component &;
of the permittivity tensor:

c? a?
w?dx?’

£1—> E1t€T (2.4.5)

here [52]
3w2w§i(x)v%i(x)

c?(w?-wg)(w?-4wg)’

E1=Y; (2.4.6)

In this case, the equation for the wave electric field Ex can be written as
follows (compare with (2.3.3)):

2 2 952
(er +2) G554 (61 — NDE=—A (2.4.7)

w? 0x2
Its solution can be written in the form (2.3.7) with
w? __de

2 .
c? £T+& dx
&3

k5= (2.4.8)

The wavenumber is determined now by the order of magnitude as follows

1
k~(pZa” +) 3, (2.4.9)

here priis the Larmor radius of plasma ions which is assumed to be small:
pri<<a* This results in the smallness of the wavelength (characteristic
spatial scale along the x coordinate) of the wave electric field Ex in the
vicinity of AR, ka*>>1.

The width of AR Axz, caused by the finite Larmor radius (nonzero
plasma temperature), can be estimated by the order of magnitude from eq.
(2.4.9) as follows (compare with (2.1.13) and (2.3.6)):

2
Axr~a**(py;/a™ %)s. (2.4.10)

Characteristic magnitude of the wave electric field £k in the vicinity of AR
can be estimated analogously. One derives it basing on the estimation
(2.4.9) for k and taking into account that the functions Gi($) and Ai(() are the
values of the order of a unit in the vicinity of zero. Then the characteristic
magnitude of Ex appears to be:

2

EX~AI\ILZ2 (;‘—L)g (2.4.11)
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Fig. 2.4.1. Fine structure of AR with account for finite ion Larmor radius
(solid curve), pri/a*=1075

The fine structure of AR in the case, if it is determined just by the finite ion
Larmor radius, is shown in the Fig. 2.4.1. Dashed curve, as earlier, shows
the dependence Exoc(x—x4) 7 just for a comparison.

2.5. On the possibility to neglect the larmor radius in the viccinity of AR

Application of the cold plasma permittivity tensor (2.1) — (2.2) is justified,
if the assumption is true, that Larmor radius is small as compared with the
wavelength, kx;pn<<l. As it was already mentioned above, &—N.2 in the
vicinity of AR (2.10). This causes that transverse refractive index squared N, ?
(see notations to eq. (2.8)) is also singular, N, %c(g; — N2)~1. This can cause
infinite increase of kx (or, which is the same, reduction of the wavelength 27/k),
which would mean violation of the mentioned above assumption about the
smallness of Larmor radius.

In the following, it is analysed [55], which type are the waves, excited
in the vicinity of AR (2.10), of. This can be done on the base of analysing the
solution of the eq. (2.2.3) obtained in the framework of WKB approach. In
this case, the dependence of the wave fields on x coordinate is assumed to be
as follows: B.ocexp(kxdx). The small terms, determined by the account for
the small Larmor radius and the electron inertia, cause the most influence
on the first term of the eq. (2.2.3):

% & N2+(8T+N%)—C2 L
- 9 (xr N T3 ) w202 0B, \ _
[1 Pl ky oz (ki)] Bz+ax< PR —ax> =0. (25.1

WKB approach also assumes, that the plasma parameters vary
weakly at the wavelength: kxa*>>1. This makes it possible to neglect the
terms, proportional to the plasma particle density gradient dn/dx. Then eq.
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(2.5.1) transforms into the quadratic equation for the refractive index
squared Ny?=ckx%/@? with the following solution:

N2 21,2 2
N2, = fa(EmNE) [1 + \/1 - 4<Nf = "y) M] (2.5.2)

X7 2 (epe3+N2) w? ) e3(e1—N2)

The dependence N, ?2(x) (in other words, the cold limit) is shown in
Figs. 2.5.1, and 2.5.2 by dashed curves. The dependence N:?(x) which takes
into account both finite Larmor radius and electron inertia has the form
which 1s demonstrated in Figs. 2.5.1, and 2.5.2 by the solid curves.

If the plasma ion temperature is small, fi= 4xTin/By?<<m./mi, then the
conversion of MHD wave in the vicinity of AR is determined by the electron
inertia. In this case (see Fig. 2.5.1), the considered MHD wave is incident on
AR from the side of dense plasma (from right to left). If the MHD wave
approaches to the resonant point x=x4 at the distance of the order of

1
;\1]—22 (:;—j)z, then its refractive index squared Nx ? rapidly increases in absolute
value and in the point, where the derivative dN2_/dx turns to infinity, Nx?

reaches the magnitude of the order of (m;/ me)%. In the neighbourhood of the
1

resonant point x4 with the width of %(%)E (by the order of magnitude)
z i
MHD wave transforms into the small-scale ion cyclotron wave, which
4. X
propagates to the periphery with Ni+2~ N(:pl 2 Refractive index squared of

zWei Me
the large-scale MHD wave is shown in Figs. 2.5.1 and 2.5.2 by thicker
curves and is figured by «1». The refractive index squared of the small-scale
wave is larger (the wavelength A«=27c/(w N/ the larger is Ny, the smaller is
the wavelength, and the smaller is the scale of the wave) than N2 of the
large-scale wave. The refractive index squared of the small-scale wave is
demonstrated in Figs. 2.5.1 and 2.5.2 by thinner curves and figured by «2».

>

i

Fig. 2.5.1. Refractive index squared Fig. 2.5.2. Refractive index squared
vs x coordinate vs x coordinate
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If the ions are not very cold (8 >>me/m)) in the vicinity of AR (2.10),
then the conversion of MHD waves is determined by the finite ion Larmor
radius. In this case, the width of the conversion region appears to be equal
by the order of magnitude to a*vri/(NAc). The refractive index squared Nx+?
becomes equal to (c/v7) by the order of magnitude in the neighbourhood of
the resonant point, and characteristic parameter

1

2,02 ,.2\% )
Kiphiy,, = i (2) ~ << 1. (2.5.3)

2,2
c2wi; \er c

Strong inequality (2.5.3) justifies applicability of the plasma permittivity
tensor (2.2), (2.4.1) and (2.4.6) for the plasma description in the vicinity of
AR. If herewith the frequency of MHD wave satisfies the condition
er<—NZ(Ress) !, then the small-scale ion cyclotron wave propagates from the
conversion region to the plasma periphery (from right to left) with k2~ pri 2
(see Fig. 2.5.1). If the frequency of MHD wave is such that er>-N.2(Rees),
then the small-scale ion cyclotron wave, propagating away from the
conversion region into the plasma core, can transform into more small-scale
wave with kwpr:>1 (see Fig. 2.5.2).

The case of the «narrow layer» [56] is considered in the present
overview. That is the wavelength of the large-scale MHD wave is assumed
to be much larger than the characteristic scale of plasma parameters
variation,

a*<<max(/ky,c/w,1/k,). (2.5.4)

This inequality is opposite to the condition of applicability of WKB
approach. That is why the dependences Ni?(x) shown in Figs. 2.5.1, and
2.5.2 can serve only as a qualitative illustration of the wave conversion in
the vicinity of the resonant point (2.10).

2.6. Influence of the striction nonlinearity

If the pumping wave is sufficiently powerful, then the influence of
nonlinear phenomena on the MHD wave field distribution in the direct
neighbourhood of AR can appear to be significant. The influence of the
striction nonlinearity is studied in the present subsection. It is the main
nonlinear phenomenon in the case of fast wave processes (if the wave phase
velocity vpr>>v7). Nonlinearity on the second harmonic prevails for the slow
wave processes [57], vpr<vr. The striction changes the plasma particle
density, n(@)—nni,

ny, = n(r) - exp(=U~/T). (2.6.1)
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Potential energy of the plasma particles [58] in the field of the
pumping wave reads as: U-=U%, where

edma||Ex |2 +|Ey|* +i(wca/ @) (E4Ey~ExE3)|

amgne(w?-wky)

v®O =y, (2.6.2)

Due to the assumption of the striction weakness, U~<<7, it is enough
to account for the replacement n(r)—naz in eq. (2.2.3) only in the factor
& — N2, which is small in the vicinity of AR,

g1 — N7 = (0g1/0x),(x — x4) + (&, = D(=U~/T) + 0(U~?/T?). (2.6.3)

The striction nonlinearity can determine the AR fine structure

(spatial distribution of the wave fields in the vicinity of AR), if the following
inequality is valid,

(e, — D(U~/T)| > IN2/(a*k)|. (2.6.4)

After simplifying the condition (2.6.4) becomes the condition on the
amplitude of the pumping wave A,

AZ>>E?NZ (pLi/a‘ )5, (2.6.5)
Here
eZng
rriai Y pre PR (2.6.6)

Spatial distribution of RF waves in the vicinity of AR under the
condition (2.6.4) (see Fig. 2.6.1, and 2.6.2) was studied numerically in [59].
Figures 2.6.1 and 2.6.2 show the comparison of AR fine structure in linear
approach (solid curve figured by «1») (in other words, the amplitude of the
pumping wave in the case, if the structure is determined by the finite
Larmor radius) with the AR fine structure in the nonlinear case (dash-
dotted curve figured by «2»). The following parameters of the deuterium
plasma were chosen for the calculations: plasma particle density in the point
of AR n(r4=2,53x1013 cm3, ion temperature 7=0,2 keV, axial external static
magnetic field Bo~1,1 T, longitudinal wavenumber &£~=0,2 cm™!, frequency of
the generator w=0,8 w, characteristic scale, at which the plasma particle
density varies, 2a*=2 m. The observable £y, which is defined by eq. (2.6.6), is
equal Eb =1,3 kV/em. Under these conditions, the striction nonlinearity
results in forming of strongly nonlinear kinetic Alfven wave in the vicinity
of AR. Two ordinate scales are applied in Figs. 2.6.1 and 2.6.2 for the linear
and nonlinear waves. The scale for the linear wave is present on the left
ordinate axis, and that for the nonlinear wave — on the right axis.
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Fig. 2.6.1. Spatial distribution of the real part of the electric field component
In the case of linear (solid curve) and nonlinear
(dash-dotted curve) waves

—_— .

Fig. 2.6.2. Spatial distribution of imaginary part of the electric field
component in the case of linear (solid curve) and nonlinear
(dash-dotted curve) waves

2.7. Influence of the kinetic ion cyclotron turbulence

Reverse influence of the plasma kinetic parametric ion cyclotron
instabilities on the pumping waves is studied in this subsection. Ions scatter
on the turbulent oscillations at the nonlinear stage of the cyclotron
oscillation growth. This provides the reason to consider the scattering as
collisions with a perfect effective collision frequency [60]. Turbulent
absorption of MHD waves can be taken into account by replacement of the
frequency of the plasma particle collisions by the effective frequency of their
collisions with the turbulent fluctuations,
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. 3 2 2.2
51(C) > E1eff = 16mnT; (ﬂ) (L) (1 + 'ch ) (2.7.1)

2
By  \vriBo vri pi

The electromagnetic power W7, absorbed by the unit of the plasma
layer surface in the vicinity of AR due to effective dissipation — ion cyclotron
turbulence — is equal by the order of magnitude

W~ AxNL 1et¢ | Ex |2/(87)oc | Ex /8. (2.7.2)

Here
AXNL~a *s1e6s/NZ (2.7.3)

1s the width of the plasma layer, wherein the turbulence is significant.
Characteristic magnitude of the wave electric field amplitude in the
vicinity of AR can be estimated from eq. (2.7.1) and (2.1.14)

1

B~ (A ﬁ)z (2.7.4)

c3N?

One can see from estimations (2.7.2), (2.7.3) and (2.7.4), that the
power WT depends overall on the pumping wave amplitude quadratically,

WToc A2

SECTION 3. LOCAL ALFVEN RESONANCE IN PLASMAS
WITH TWO-DIMENSIONAL INHOMOGENEITY

External static magnetic field EO is often bumpy one in laboratory
plasma. The term «bumpy» means that the field has weak axial inhomogeneity.
This takes place in adiabatic traps with the bumpy magnetic field [64, 65], in
particular, in tokamaks, where the inhomogeneity is caused by the discreteness
of the coils of the toroidal magnetic field. It also took place in toroidal systems
with the bumpy magnetic field like ELMO BUMPY TORUS [66, 67]. So-called
«mirror» inhomogeneity [68] was planned to prevail in the confining magnetic
field of the Helias modular stellarator. If one replaces the flow coordinates,
suggested in [68] for presenting the Helias reactor magnetic field, by cylindrical
coordinates, then this representation of the «mirror» inhomogeneity coincides
with the representation of the bumpy magnetic field, which is considered in the
present overview. In this sense the undertaken consideration can be applied for
studying the AR fine structure in Helias configuration.

The theory of MHD wave propagation in the plasma column, which is
placed into the external static magnetic field with the weak axial
inhomogeneity, was presented in [69-72]. Electromagnetic perturbations
propagate in the bumpy external static magnetic field in the form of the wave
packet. Generally speaking, infinite number of satellite harmonics is present in
the wave packet along with the main harmonic. The research, carried out in
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[69], has demonstrated, that the multimodality of MHD waves, caused by the
external static magnetic field inhomogeneity, results in general case in the shift
of the eigen frequency of MHD waves. The latter shift is the small value of the
second order in the small parameter of the inhomogeneity. Eigen plasma
oscillations, caused by so-called «mirror» inhomogeneity of the confining
magnetic field of the modular stellarator Helias, which spatial distribution is
analogous to the bumpy magnetic field, was foreseen in [73-76].

In the present section, the influence of the axial inhomogeneity of the
external static magnetic field, wherein the plasma column is placed, on the
conversion and absorption of MHD waves is studied. The presence of
additional resonant regions (so-called satellite ARs) is shown to be possible in
the traps with the bumpy magnetic field along with conventional AR. Rapid
growth of the amplitudes of small satellite harmonics of MHD waves and their
conversion into small-scale kinetic waves take place within these SARs. The
magnitude of the RF power, absorbed in the vicinity of these additional
resonances, is determined.

The fine structure of the local SARs is determined, in particular,
under the condition, that the influence of the external static magnetic field
inhomogeneity on the structure is stronger than those of the plasma particle
collisions, ion thermal motion and electron inertia. These conditions can be
realized in the peripheral plasma, where the inhomogeneity is stronger and
the plasma is colder.

The main general principles of the considered in the present section
model of the cylindrical plasma, placed into the bumpy magnetic field, are
as follows.

In the case of weak inhomogeneity (/sm/<<I), the radial and axial
components of the external static magnetic field §0 = By,-é, + By,é, (in
cylindrical coordinates) are as follows, respectively (see Fig. 3.1.):

Bor=Bo(e'w/km) sinkvz),  Bo:=Boll+em(@)cos(ksz)], (3.1

here em’=den/dr, kv=2r/L, L is the axial period of inhomogeneity. The
parameter of inhomogeneity &m is usually the small value, /em/<<I, in
modern fusion devices. For example, in the plasma edge of the tokamak
ASDEX-U, Germany, it reaches the magnitude of ~5-10 2 [70, 77]. In Helias
configuration [73-76], the «mirror» inhomogeneity is planned to be more
significant, &m~ 0.13.

It is opportunely to note that eq. (2.1) doesn’t automatically provide
the fundamental equation divB,=0. After substituting the definitions (3.1) to
the fundamental equation, one obtains the relation, which determines the
dependence of the small parameter &m on the radial coordinate r. The
relation has the form of the Bessel equation. Solution of the latter equation
makes it possible to conclude, that & is proportional to the Bessel modified
function of the zeroth order. This means, that e» can be considered as a
constant, if the axial period of the inhomogeneity is large as compared with
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the small radius of the device chamber. Otherwise, if the axial period of the
inhomogeneity is small, the observable & decreases approximately
exponentially with going away from the plasma boundary. In this case, the
inhomogeneity of the external static magnetic field is significant in the
narrow layer with the width &»™Z nearby the metal wall.

coo coo ocoo
BOz
oW
A
ML B, Z
L/2
wyt O

Fig. 3.1. Schematic of the dependence of the absolute value of the external static
magnetic field and spatial distribution of eigen MHD waves on the axial
coordinate in the case of the bumpy magnetic field (5.1)

Magnetic force lines are well-known to be parallel to the external
static magnetic field §0 in every point. Vector form of this condition reads as

[B,, d7] =0. (3.2)

which results in the following equation for the force lines in cylindrical
coordinates,

dr _ dz
BOT B()z'

(3.3

The equation for the magnetic surface can be derived in the result of
integrating the eq. (3.3) after substituting the explicit expressions (3.1) for
Borand By, to it,

r—ry = —ws(rﬂfor remdr + 0(e2). (3.4)

Taking into account the properties of &x(r) as a Bessel modified function one
can rewrite the eq. (3.4) in more convenient form,

1o =1 — cos(kpz) (1 —0.5¢y, cos(kypz)) &' /kE +0(£3). (3.5)
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In this section, the main principles of the theory of the conversion and
absorption of MHD waves with the frequency «w<</wce/,wpe in the plasma
cylinder placed into the bumpy magnetic field are presented. Studying this
problem is of interest mostly due to its application to the problem of plasma
heating with these waves in the plasma traps with the bumpy magnetic
field. The case of the plasma with the low pressure is under the
consideration. In this case, one can neglect the electron inertia during
studying the fast magnetosonic and Alfven branches of MHD waves. In such
a plasma, equilibrium plasma particle density n(r,z) can be introduced as a
function of one variable, that is the «number» of the magnetic surface,
n(r,z) = n(re). The external static magnetic field inhomogeneity is considered
to be weak one. This makes it possible to apply the method of successive
approximations for solving the Maxwell’s equations.

The components ¢72 of the cold plasma permittivity tensor, which
determine the MHD wave propagation, connect the components of the vector
of the wave electric displacement field D with the vector of the wave electric
field £ as follows:

DityDy=s1(1+y?)Ertis2\/1 + y2 Ey, (3.6)
Dg:EZEg— 1'(5'2\/ 1+ ]/2 Er, (37)

here y=Bo-/Bo.. The components ¢; and &2 of the cold plasma permittivity
tensor are determined as follows under assumption of neglecting the
collisions between the plasma particle,

&g =1- Ziwii(ro)/(wz —-wh), &= —Ziwzzn(ro)w/[(wz - wgi)wci]-
(3.8)

The following expressions for 72 with accuracy up to the small terms
of the first order in &m are applied below:

€12(r,2) = sioz) )+ 882) (1) cos(kpz) + 0(v?), (3.9

here |££12)|~|£m£$) . In absence of the axial inhomogeneity (&= = 0), the

components &z.2read as

2.

e =14 wi"o’)’z;(_rz)z , (3.10)
2.

e (r) = e (3.11)

wg (@ ~w?)
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here @.i®=w.i(Bs) is calculated in the zeroth approach, that is under the
condition of neglecting the axial inhomogeneity of external static magnetic
field, a)(o) = eB,/(m;c), and Na(r)=wpi(r)V/w.? is Alfven refractive index.

The corrections &1,27 of the first order read as:

(0)2
(1) ( z) & OE -1 wp(Nwg; (
r) == B 3.12)
( ) |£ _0 Z( Cl ) le( 2 wg'))z)z

din(w r 2. Mw(3 02_ 2
eV () = <M) ;z P . (O)E)( Ze (0)2)“; ). (3.13)
lem=0 Dei —Wg

To solve the problem the following orthonormal set of coordinate
vectors (é;,8,,8,), connected with the force lines of EO 1s convenient to
introduce. The first vector is perpendicular to the magnetic surfaces,
e,=Vro/[Vro/. The second vector coincides with the azimuthal unit vector in
cylindrical coordinates, &, = €. The third vector is parallel to the magnetic
force lines, &;=B,/| B, | . Application of the conditions of the smallness of the
axial inhomogeneity and electron inertia (/ss3/—o) during solving the
Maxwell’s equations results in equality to zero of the wave longitudinal
electric field in entire plasma volume: Es=(Bo, E, +Bor E)//Bo/— 0. The
latter condition forms the connection between the wave radial and axial
electric fields, which in turn makes it possible to write down the following
simplified set of Maxwell’s equations in cylindrical coordinates:

i B, s .
im0 _lop (3.14)
0B, _ 0 (Bup)_io

dz  or (BOZ ET) T By, (3.15)
- (r Eg) ——E - BZ, (3.16)

. 0B a . .
BoimB, = v 22) + By, (= (rBg) — imB, )="" (&, Bo, Ey + l€2|BO( |E,9)),
3.17

28, _ a5

Boz
T oi= ;‘:(SlEﬁ g, =% E) (3.18)

|Bol

The set of egs. (3.14)-(3.18) is valid under the condition of neglecting
the plasma particle collisions, electron inertia, and finite ion Larmor radius.
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3.1. Additional plasma heating in the vicinity of satellite

alfven resonances in the traps with the bumpy magnetic field

The possibility of RF power absorption in the vicinity the satellite ARs
(SARs) is considered in the present subsection [78-81]. Rapid growth of the
amplitudes of the electromagnetic wave satellite harmonics and their
conversion into the small-scale waves take place in the vicinity of SARs. In
the bumpy external static magnetic field (3.1), MHD waves propagate in the
form of the wave packet. In particular, the radial component of the MHD
wave electric field propagates in the following form:

E= [E0F) +E~ (Wexp(ikvz)+E, 7 (t)exp(-ikvz)] expli(k.z+mI-wt)].
(3.1.1)

In (3.1.1), two the nearest satellite harmonics occexp/i(k.+ ki)z/ are taken into
account along with the main harmonic «exp/i(k.z). The amplitudes of the
satellite harmonics are assumed to be small values everywhere, except of
the regions of the local resonances [69],

/Er(i)/"’gm /Er(O)/. (312)

In the representation (3.1.1), m is azimuthal wave index, k, is axial
wavenumber of MHD waves in the zeroth approach (in the case of forced
oscillations, the magnitude of k. is determined by antenna). Representation
of the other components of MHD wave magnetic and electric fields are
similar to (3.1.1).

It is shown in the present subsection, that two additional resonances,
r =r4®, within which

e = (N, + Np)2, (3.1.3)

can exist in the traps with the bumpy magnetic field with weak
inhomogeneity (/&m /<<I) along with the main AR, r=r4@, within which the
condition (2.10) takes place. Here N,=ck,/w is longitudinal refractive index,
Ni=cks/w. 1t is natural to call these resonances as satellite Alfven
resonances (SARs). RF power absorption in the vicinity of SARs and the
damping rate of MHD waves caused by this absorption are the small values
of the second order in the parameter cx. Nevertheless, some situations exist
in which the considered phenomenon can be significant for the plasma
heating.

Amplitudes of satellite harmonics of the MHD wave electric and
magnetic fields increase in the vicinity of SARs. And conversion of these
oscillations into small-scale waves takes place there. This phenomenon is
observed for both Alfven waves with the frequency o <w.; Gf (NAN»2> 1)
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and fast magnetosonic waves with the frequency o >wei Gif (NAN2< 1) — in
a rarefied plasma.

Since the values u® =¢g/(g;— (N, £N,)?), k= (w/c)* (g —
(N, £ N)?) (1 - u(i)z) are singular: s, k.2 o [e:@—(N;ANp?] 1 in the vicinity
of SARs, then the amplitudes of satellite harmonics also have the
singularities of the following forms there:

B, BSY o (g, — (N, + Np)D™ ESD o (g, — (N, £ Np)?) 2,
EGY, B, B o« inley — (N, £ Np)?|. ®.1.4

In the vicinity of SARs (3.1.3), the amplitudes of satellite harmonics
E% describe joint propagation of MHD waves and small-scale waves. The
amplitudes are determined with account for the electron inertia, finite ion
Larmor radius, and collisions between the plasma particles from the
following equation (compare with eq. (2.4.7)):

N_Zz)iazEﬁi)
w? 0Jr?

(8T + +(gg + i@ — (N, £ Np)?) B9 =-A®.  (3.1.5)

€3

In eq. (3.1.5), the following notations are introduced by analogy with eq.
(2.2.5)

~A¥=ig{VESD—~ T — 0,56,V B0~ 0. 5V By, (3.1.6)

Here, the term &;@ provides account for the plasma particle collisions [52], it
is given in the subsection 2.1 in eq. (2.1.2). The term erin (3.1.5) accounts
for the finite ion Larmor radius [49], it is defined in the subsection 2.4 in eq.
(2.4.6). The electron inertia is taken into account in (3.1.5) in the component
& of the permittivity tensor, its form is given in the subsection 2.4 in eqs.
(2.4.1)-(2.4.4).

To solve eq. (3.1.5) one can get use of the fact, that the combination
A® varies weakly and can be considered as a constant in the vicinity of SAR
points (3.1.3). It should be wunderlined that the combination

[% B,® + L'eéo)El(;—r)], which is the part of (3.1.6), slowly varies in the vicinity

of rA(i), despite the dependences B, () and Ey® () have singularities within
the point 7;1&), (compare with [24, 55, 63]).

Variation of the plasma parameters in the vicinity of SAR point is
assumed to be weak. This makes it possible to apply the magnitudes of the
right hand side of eq. (3.1.5) as well as such physical observables as ¢7, &3,
and sfc) in the point r=r4® during solving the equation. The solution of eq.
(3.1.5) reads as (compare with (2.3.7)):
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-1
BE© = A&)ﬁ]ﬂ(%) o (§), (3.1.7)

here

uo (§)=[Gi(9) — iAi(D],

f= k(=) —in, 1= ke (50) |2,

1
24.(0) /3
]{1:(_ wcj;; . (o)) |rA(i) = k1| exp(ip). (3.1.8)

erez+e]

Basing on the asymptote (2.3.8) of the solution (3.1.7) of the eq. (3.1.5)
for Ref——co, one can assume that small-scale kinetic wave (the second term
in eq. (2.3.8)) strongly damps in the vicinity of the resonant point due to
collisions or Landau mechanism when going away from the SAR point.
If the damping is weak, then the asymptote (2.3.8) should match up the
solution of eq. (3.1.5), which is derived in the WKB approach and
corresponds to the waves, which carry the energy away from the conversion
point of SAR either into the plasma core or to the periphery. In this case, the
reflected wave is assumed to be absent. In other words, these small-scale
waves are assumed to absorb during one passage along the plasma column
radius. This makes it possible to avoid studying numerous phenomena,
resulting from weak damping, as well as formation of the global resonances
with high magnitude of the radial wavenumber in this case.

It is appropriate to remind, that eq. (3.1.5) describes joint propagation
of Alfven waves (or FMSWSs) and small-scale waves in the vicinity of SAR
points r=r4®.

Now one can analyze the SAR fine structure, applying the research,
presented in Section 2. Namely, if the collisions prevail, then SAR width is
determined by the expression (2.1.13),

Are~ a*e1@/(N, +Np)?, (3.1.9)

and characteristic magnitude of satellite harmonic, which grows within
SAR, can be estimated as follows (compare with (2.1.14)):

E%=0.54%/g,@, (3.1.10)

If the fine structure of SAR is determined by the electron finite
inertia, then SAR width is determined by eq. (2.3.6),

1
Me 3
Arar a *(—ml_a*z (kzikb)z) . (3.1.11)
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And characteristic magnitude of the satellite harmonic amplitude in
the vicinity of SAR can be estimated as follows (compare with (2.3.10)):

1

e (= k§a*2)3. (3.1.12)

B& ~Ae T
In the case if SAR fine structure is determined by finite ion Larmor
radius, characteristic SAR width is determined by eq. (2.4.10),

2
Arr~a*(pyi/a *)3. (3.1.13)

And characteristic magnitude of amplitude of satellite harmonic of the
wave electric field in the vicinity of SAR can be estimated as follows
(compare with (2.4.11)):

2

(Nz+1v,,) (:,lu)5 (3.1.14)

B ~A@& T

In the following, the magnitude of electromagnetic power, absorbed in

the vicinity of SAR point at the unit length of the plasma column, is

calculated. It consists of the work done by the wave field satellite harmonics
over the radial RF currents jiocexpl ik, +ks)z+im9—iw D],

)~ 2
_ " ner 68 (€3]
P=x 1ORe[ j; Bdr=—2-=1L | - , (3.1.15)
and the work over axial RF currents,
p® = nr Ref];E(+)dr
or

dr. (3.1.16)

:<de

dr

+o00 |6u0

|eTe3+s

(0) Im(e3)
©, : | |k1
r=rA

Well-known expressions [63] for the power PO, which is absorbed in the
vicinity of the main AR (2.10), can be obtained from (3.1.15) and (3.1.16), if to
replace rA9—r4, (NANYD—-N, EH—>EO, BY—»B9 and A9 —A. During
calculating the RF power absorption W1th1n SAR (3.1.3) one has to keep in mind
that the satellite harmonic wexp/i(~ k.5 k »)7/, excited my MHD wave with axial
wavenumber —k;, is resonantly absorbed along with the satellite harmonic
ooexpli(k,4ky)z/, excited by MHD wave with the axial wavenumber 4. .

It is in place to remind, that the contribution 2. to the plasma
heating is not small, if /me; >Ree;:

&1 Imeg

lesl )

(8.1.17)

E1tETE3
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RF power absorption in the vicinity of SAR (3.1.3) causes growth of
the satellite harmonic amplitude £;® within the SAR point, while the
amplitude in other regions decreases ocexp(~yt) [82]. Expression for the
damping rate y of MHD waves, caused by the plasma heating in the vicinity
of SAR, is presented in [78].

The results, obtained in the present subsection can be summarized as
follows. Additional (as compared with the ordinary AR (2.10)) absorption of
electromagnetic energy of MHD waves is shown in the present subsection to
take place in SAR regions (3.1.3) in the plasma with radially inhomogeneous
plasma particle density, which is placed into the bumpy magnetic field. The
magnitude of the RF power absorption in the vicinity of these additional
resonances is determined by the expressions (3.1.15) and (3.1.16). The
magnitude of the RF power (3.1.15) and (3.1.16), absorbed by the plasma, is
proportional to the small parameter of inhomogeneity squared and usually is
small as compared with the power, absorbed within the main AR. However, in
some cases, given below, power absorption in the regions of SARs appears to be
more significant than within the main AR. These cases are as follows.

2
NZ(k,.r)
n(r)
| 9000+
60004
3000+
r 04 r
0 % 50 75 100 ' ' ' '
0 25 50 75 r iOO
Fig. 3.1.1. Model quadratic radial Fig. 3.1.2. Radial dependence of the
profile of the plasma particle density perpendicular refractive index squared
of the main harmonic
)
)
~_ T
) —_—
0 25 100

Fig. 3.1.3. Radial dependence of the perpendicular refractive index squared
of the satellite harmonic
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The first case. If the magnitude of %: is sufficiently small, and the
plasma particle density is sufficiently large, then the main resonance r=r4is
situated at the plasma periphery. The shift of the resonant point 7=r4 to the
plasma periphery is accompanied by the increase of the plasma particle
density gradient, and the RF power, absorbed in the vicinity of the main
resonance, decreases, P%oc(s20)2(55,@/5 r)1. In the case of sufficiently large
magnitudes of k», SARs r=r4® can be situated in the plasma core
(see Figs. 3.1.1-3.1.3). Radial coordinate in cm is used as the abscissa axis
in these figures. The model density radial profile is shown in Fig. 3.1.1, for
which the curves in the following two figures are calculated. This model
profile is quadratic, n(x)=n(0)(1-r%/a?).

The radial dependence of the perpendicular refractive index squared
N, 2(k,,r) of the main harmonic is presented in Fig. 3.1.2. The parameters of
the plasma-wave system are chosen in such a way that the local AR (the
point, where N, 2(k,r)is singular) is situated at the plasma periphery.

The radial dependence of the perpendicular refractive index squared
N, 2(k, +k»,r) of the satellite harmonic is shown in Fig. 3.1.3. The parameters
of the plasma-wave system are chosen such that k» =2k,. As the result, the
satellite AR (the point, where N, ?(k. +ksr) is singular) appears to be
situated much more far from the plasma periphery, than the main AR. The
ratio ®/ P is equal by the order of magnitude (see eq. (3.1.15))

PO/PO~[ (240N )] (kb kn) k12| ESO1 ELO12. (3.1.18)

One can see from eq. (3.1.18), that P can be larger than P, if ks is
sufficiently large as compared with k., and the plasma particle density n(z0) is
small as compared with n(z®). Doing this one has to keep in mind that the
electromagnetic field can have a narrow barrier of nontransparency at the
plasma periphery [13] due to small &, and hence better penetrate into the
plasma core, where the field corresponds to the fast magnetosonic wave in the
region of sufficiently high plasma particle density, (wzz,i [we(w + wg)] > sz)
This fast magnetosonic wave linearly interact in the bumpy external static
magnetic field [1] with Alfven wave with axial wavenumber (k+k» and hence is
resonantly absorbed in the vicinity of the SAR points 74®.

Electromagnetic wave B/0 can be eigen one (with a weak damping)
for the considered plasma waveguide (plasma resonator, in the case of
plasma torus — plasma cylinder with identified ends). In this case the
satellite harmonics B/® also increase resonantly, and the power, which is
absorbed in the vicinity of the AR point, r=r4, increases, as well as those,
absorbed in the SAR points, r=r4®.

The satellite harmonic power absorption within the points r=r4® can
also be enhanced in the case, if the wave with the longitudinal wavenumber
(ks ks) is eigen one for the waveguide. In this case, two first terms in (3.1.6)

. (4) c(m+) 5+
(lEﬁ +mB( )> @

2 =L

increase resonantly.



L O. Girka. Chapter V. Fine structure of the local alfven resonances... 403

The second case. The main AR is absent in principle in the plasma of
small density, N.2>¢;@. In this case, the SAR r=r4®, can be present and
provide absorption of the pumping wave. The power absorption in this
resonance can be also be enhanced in the case, if the satellite harmonic is
the eigen mode of the waveguide.

The third case. FMSWs with axial wavenumber |4%-|>w/c and the
frequency w>we do not have the main resonance (2.10) in contrast to AWs.
(Conversion and resonant absorption of the FMSWs with | k2| >w/c and the
frequency o >wei in peripheral plasma was studied in [55, 83].) If herewith
| ko= kb /<o /c, then for such FMSWs, SAR (2.1.3) comes into being in the
plasma column. Since wp?>w.? in the core of the fusion plasma, then this
SAR point r=r40 is situated at plasma column periphery. On the one hand,
the plasma particle density n(z4?) and the axial wavenumber squared
(k,— k32 of the harmonic, which are the cofactors in the expression (3.1.18),
are not large in this case. On the other hand, the deviation of the magnetic
surface shape from the straight cylinder is the most pronounced just at the
plasma periphery (the parameter of inhomogeneity &» increases with
increasing of the radius). Moreover, the amplitude of the pumping wave is
usually the largest just near the plasma interface. That is why the SAR,
studied in the present subsection, can make a significant contribution to the
undesirable plasma periphery heating in a fusion device with the bumpy
magnetic field.

3.2. Influence of axial periodic inhomogeneity of the external static
magnetic field on the fine structure and alfven heating

of cylindric plasma nearby the main AR

In the present subsection, the fine structure of the main local AR and
RF power absorption in cylindrical plasma placed into external static
magnetic field with a moderate inhomogeneity is studied [84]. Confining
magnetic field By = By, &, + By + Bo,8, (in cylindrical coordinates) is
modeled in such a way that its radial and axial components are determined
by egs. (3.1), and azimuthal component By ) <<By describes the rotational
transform, caused by the axial electric current in the tokamak plasma or the
currents in the modular coils of stellarators.

In the bumpy magnetic field, electromagnetic perturbations propagate
in the form of wave packet, in which, generally speaking, infinite number of
satellite harmonics is present along with the main harmonic. In the present
subsection, the influence of the moderate inhomogeneity of the confining
magnetic field on the conversion and absorption of AW in the vicinity of AR
is studied for the main harmonic. It is shown that the contribution of the
magnetic field inhomogeneity into the determining the fine structure of AR
can be of the same order as those caused by the plasma particle collisions,
finite ion Larmor radius, and the electron inertia.
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The problem is formulated as follows. During studying the Alfven and
fast magnetosonic branches of MHD oscillations in the plasma with a small gas
kinetic pressure, one can neglect the electron inertia everywhere, except of the
narrow region of the local AR. Application of the conditions of smallness of the
magnetic field inhomogeneity and smallness of the electron inertia (/s:/—)
during solving the Maxwell’s equations results in equality to zero of the
longitudinal wave electric field, Es=(Bo-FEr+BogEs+ By,E,)/ |§0| - 0, in entire
plasma volume. Derived in such a way relation between the components of the
wave electric field makes it possible to write down the simplified set of
Maxwell’s equations in cylindrical coordinates (3.14)—(3.18) under the condition
of neglecting the collisions between the plasma particles, electron inertia and
ion thermal motion.

To solve the set of equations (3.14)—(3.18), one needs the expressions
(3.8) —(3.13) for the components &2 of the plasma permittivity tensor with
account for the small terms of the first order of smallness in respect of the
parameter &m.

Basing on the spatial dependence (3.9) of the components of the
plasma permittivity tensor, the solution of the set of equations (3.14)—(3.18)
is found for the radial component of the MHD wave electric field in the
following form:

£~y = [ELP0) + BV (e + BTV (e ™% | exp i (kyz + mo — wt).
(3.2.1)

The packet (3.2.1) along with the main harmonic «cexp(ik.z) contains
also two the nearest satellite harmonics «cexp/i(k.tks)z)]. Representation of
the other components of MHD wave magnetic and electric fields in the form
of series is analogous to eq. (3.2.1).

In the following, the main equation of this problem is derived.
Application of the expression (3.9) for the plasma permittivity tensor and
the condition of vanishing of the wave longitudinal electric field £3 make it
possible to derive the following set of coupled equations for the amplitudes
of the main E:@ and satellite Er(il) harmonics of the radial component of the
wave electric field from the Maxwell’s equations:

|(e5” = N2 = 2N,NyBos/Bo ) EX” — 4]+

252 dZ (O) (1) (+1) c kb6 dE(+1)
——+ 0.5¢ E —X
2w? 202  dr
+ 80k, — k )‘”5(“) plloar
w? b 2w2  dr
dE( 1)

+0.5eWECD S =8k + ky)

=0, (3.2.2)
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252 dzE(+1)

(1) c®6°
——6(+2k +k,,() o +(N + Np)2Ey ' ———5
2 2 +1
SNZEGD 42 4E g (3.2.9)
4w dr

Here Ny, =cm/(wr) is azimuthal refractive index, the small parameter
O0=em”kp originates from account for the small radial component of the
confining magnetic field (3.1).

In the following, the dependence of the small parameter & on the spatial
period of inhomogeneity L is discussed. At first sight, the dependence can look
as direct proportionality, since & contains the factor 1/kn~L. But besides, o is
proportional to the derivative dem/drin respect of radius from the amplitude of
modulation of the axial component of the external static magnetic field, and &m
in turn is proportional to the Bessel function of the zeroth order. Thus, the
dependence of the small parameter on the spatial period of the inhomogeneity
is proportional to the modified Bessel function of the first order /i (kinr).

The approach of the narrow layer [24] is applied to derive the set of
equations (3.2.2), (3.2.3). This approach means weak variation of the wave
fields in the vicinity of AR in both axial and azimuthal directions and can be
expressed as the following inequalities

kP BO| | kmax(m/r, ky kp ©/)max- (3.2.4)

Z max Z

|dBZ(°)/dr| >>

This approach foresees also weak variation of the plasma particle density in
radial direction.

It is in place to remind that the azimuthal component of the wave
magnetic field varies in the radial direction in the vicinity of AR as rapidly,
as E, does (see eq. (2.15)). Radial dependence of the other components of the
wave electric and magnetic fields in the vicinity of AR is weaker, namely:

B, By, Eg o In (e — N, — 220000
r» Pz, B9 n( z Bo )’_1
Ey, By o (" — NZ — 2N,NgBoy/By) - (3.2.5)

It is taken into account here, that in presence of azimuthal static magnetic
field Bygthe position of AR is determined as follows:

e = N2 +2N,NyB,4/By, (3.2.6)
It is appropriate to remind that the combination A—( lSZO)E o _
Ny BZ(O))lrer in the square brackets in eq. (3.2.2) weakly varies in the vicinity of

the local resonance [24, 55, 63], despite of the fact that the fields B,? and E4@
have a logarithmic singularity there in the cold approach.
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Account for the azimuthal component of the external static magnetic
field changes the amplitude of the main harmonic by the small term of the
order of (Byy/B,) [85]. Influence of the axial inhomogeneity of the confining
magnetic field on the amplitude of the main harmonic out of the main AR
neighbourhood manifests in the second order of smallness in respect of the
small parameter of inhomogeneity s The amplitudes of the satellite
harmonics are smaller by the order than that of the main harmonic [69],

EFV e, E©. (3.2.7)

Since the amplitude of the main harmonic, as well as the amplitudes
of the satellite harmonics resonantly increase in the vicinity of AR, then the
relation (3.2.7) cannot be applied for analysis of the set of equations (3.2.2),
(3.2.3) in the vicinity of the local AR (3.2.6). The following consideration
shows, that the relation (3.2.7) does stop to be true within the AR.

The set (3.2.2), (3.2.3) can be reduced to the following differential

equation of the sixth order for the amplitude of the main harmonic ET(O)I

ii54d—4[( © _N2-2N NﬁBoﬁ/BO)E K +A]

16 w* dr*

——62Nb - [(s“’) — NZ = 2N,NgBoy/Bo) EX” + A|+
+NZ(NZ = aNZ) [ (e 1\/2 2N NgBO,g/BO)E O+ a]+

3¢ c6d° (0 _lct oy 2\ 4" p(
+32w65 are br 166) " 5w T4 (NG +4N2) 3 Ef I(4,4)
3¢ o3 <1> a* -.(0)
- 5 Npey " ——= Er IM’?

1) (0) —
+——51v,, 1 (N,, 4NZ) - Er” o1y = 0- (3.2.8)

Two subscripts are assigned to each of the last four terms in this equation.
Their sense is explained below for the last term as an example. The
subscripts (2,1) show that quadratic in respect of the small parameter
coefficient stays nearby the first derivative in this term. Analysis of the
relations between the order of smallness of the coefficient and the order of
the respective derivative makes it possible to simplify eq. (3.2.8) to the
following form:

———64(Nb 4N2) EQ+
+NZ(NZ — aNZ) [(e §°) — N? = 2N,NgBoy/Bo ) EX” + A| =0. (3.2.9)
After solving eq. (3.2.9) one can analyse the precision, with which the

equation corresponds to eq. (3.2.8).
Solution of eq. (3.2.9) is found by the Laplace method,
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E© = (a*ky /N2 Aug[ky (r — )], (3.2.10)
here

uo(8) = [ expli(té +t5/5)] dt,
« -1/5
k, = (ﬂ Nj +4Z ) ~[kZki?/(5?a*)[oocs 5, (3.2.11)

8w*NZNZ NZ—4N2

-1
a* = |dln|£1(0)| Jdr| ra is characteristic radial scale, at which the plasma

particle density varies. The solution satisfies the following boundary
conditions: it is finite both in the point of AR and with going away from it; it
describes the conversion of the electromagnetic wave into small-scale wave,
which carries the energy from the resonant point; it damps in the case of
account for weak dissipation in expression for &£:@. The plot of the function
uo(£) is shown in Fig. 3.2.1 (the real part is shown by the solid curve, and
imaginary — by the dashed curve).

In the case if axial wave length is twice as long as the spatial period of
inhomogeneity, 2k.=km , the coefficient nearby the second term in eq. (3.2.9)
becomes equal to zero, and hence our solution loses sense. In this case two
main harmonics, coupled into one wave packet by the inhomogeneity of the
external static magnetic field, have their AR in the same point. The
influence of the inhomogeneity of the external static magnetic field on the
AR finite structure in this resonant case was studied in [86] and is described
in the next subsection.

05

0,0

Re,Im(u ()

-05

1,0

-15

Fig. 3.2.1. Dependence of the real (solid curve) and imaginary (dashed curve) parts
of the function up(&)

The characteristic width of AR
Ar=[ki |71 ~[k2ky?/(5*a*)] VoocS #5 (3.2.12)
is equal by the order of magnitude to the width of AR in the mentioned

above resonant case and by 67275 times smaller than the width of SAR,
studied in [87] and described in the subsection 2.4 for the case, if the
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structure of SAR is determined by the inhomogeneity of external static
magnetic field. Respectively, characteristic magnitude of the amplitude £ @
of the main harmonic of the radial component of the wave electric field
within the local AR can be estimated from egs. (3.2.10) and (3.2.11) by the

order of magnitude,
1

w“a“Nﬁ)E
S§4NEc

A. (3.2.13)

E ~ak, A/NZ~ (

The wave electric field in the resonant point E@(r4) is of the order of
ambipolar electric field ~7/ea ¥ if the pumping wave is of the following order

1

.n2..3 . 4\5
EWM(“‘S )5. (3.2.14)

2,2
ewa? kikZ

Under this condition one can neglect nonlinear phenomena in the vicinity
of AR.

At the beginning of analyzing the set of equations (3.2.2), (3.2.3), the
relation (3.2.7) was assumed to deny in the vicinity of AR. The following
simplified expressions for the amplitudes of the satellite harmonics can be
derived from eq. (3.2.3) with accuracy of 57,

EXY = —(¢'/2k2) dE® Jdr, E? = —(¢' /4k2) dES Y /dr...  (3.2.15)

That is the amplitude of n-th satellite harmonic is by the order of § % times
smaller than that of the main harmonic,

1

+1) k18 (0 w3a® \s
Er( )~k;bEr( )~(W) A. (3.2.16)

Amplitudes of the satellite harmonics remain smaller than that of the
main harmonic, despite of the fact that they increase in the vicinity of AR
rapidly than the amplitude of the main harmonic. However, their smallness
as compared with the amplitude of the main harmonic is not so pronounced
in the vicinity of AR as out of the AR region.

It is the place to estimate the precision of transition from eq. (3.2.8) to
simplified eq. (3.2.9). The largest term among the neglected ones,
:—2262Nb2 ;—:2[ eio) — N2 - ZNZNﬂBOﬁ/BO)ET(O) + 4], is small value of the order
of ~52% as compared with the third kept term in (3.2.9). The first term in
(3.2.8) is the small value of the order of 645, The terms, to which the
subscripts (,7) are assigned, can be estimated as compared with the kept
term with the subscripts (4,4), as small values of the order of §¢40.8G-4),

Among the amplitudes of the main harmonics, just axial component of
the wave electric field increases the most rapidly in the vicinity of AR as
compared with the magnitude, typical for it outside the AR:
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2

_ ic @By _ ic 0E, kza o (kgkg)a
z™ WE3 or - WE3 NZ or N; Li S%a A' (3.2.17)

However, this component remains much smaller than the wave radial
component £:@, and influence of E; on the plasma particle transition from
trapped states to passing ones can be neglected in linear (in respect of the
wave amplitude) approach.

In the following, the conditions are found under which finite structure
of the local AR is determined by the inhomogeneity of the external static
magnetic field rather than the electron inertia, finite ion Larmor radius
pLi=vri/w: or the plasma particle collisions. These weak phenomena can be
taken into account in eq. (3.2.9) analogously to that how it was done in the
case of uniform axial external static magnetic field [24, 55, 63] with the
following replacement:

(0) 2 g2
NONEY SREONEY SO (ET +8§_3>%ﬁ (3.2.18)

Varying the plasma parameters in the vicinity of AR is assumed to be
weak, that is why one can apply the magnitudes of the physical observables
ET, €3, eic), el(f)z‘l), and 51(2) in the resonant point r=ra. Here the term (7,©) is
presented in the subsection 2.1 by eq. (2.1.2), it accounts for the collisions
between the plasma particles [52]. The coefficient ¢7in eq. (3.2.18) is given
in the subsection 2.4 (see eq. (2.4.6)), it provides account for the finite ion
Larmor radius [49]. The electron inertia is also taken into account in
(3.2.18) via the component &3 of the plasma permittivity tensor. One can
apply the expressions (2.4.1)—(2.4.4) for &5 which are presented in the
subsection 2.4.

The conditions, under which the influence of weak axial periodic
inhomogeneity of B, on the fine structure of the main AR is stronger than
that of the other weak phenomena, can be derived from analysis of eq.
(3.2.18). In particular, the influence of §0 inhomogeneity is stronger than
that of the finite ion Larmor radius, if

S8125>>(pri/a P (k. kva?)os. (3.2.19)

This condition can be satisfied in the peripheral plasma, where the
inhomogeneity of the external static magnetic field is more significant, and
the plasma is colder, than in the plasma core. The condition (3.2.19) can be
realized under lower temperatures than analogous condition for the case of
satellite AR [87]. The inequality (3.2.19) can be treated as follows. The
radial deviation r—ra of the magnetic surface (3.4) from the cylinder with
average radius is larger than the characteristic width (pz?a)"% of AR, which
is known for the case of uniform external static axial magnetic field [1].
Under the condition (3.2.19) the width of the resonant region Ar is larger
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than in the case of the uniform external static axial magnetic field,
Ar~k;~1>>(pr22)?5.

In the following, the magnitude of the small parameter of inhomogeneity
is estimated, for which the influence of the inhomogeneity cannot be neglected
in studying the conversion of AWs in the vicinity of the local AR in traps with
Helias parameters [68]. Influence of the inhomogeneity is of the same order as
that of finite ion Larmor radius (see (3.2.19)), if axial wavenumber is
sufficiently small, k65<<10-? (here k. is in centimeters), that is for quite real
for modern fusion devices magnitudes of 4.

Now, the electromagnetic power, which is absorbed at the unit length
of the plasma column in the vicinity of AR, is to be calculated. The power
consists of the work of the wave electric field over the radial RF currents,
P. = 0.5Re{[ jiE,2nrdr}, and the work over axial RF currents,
P, = 0.5 Re{{ j;E,2mrdr}; here

ro |de|” +o0

Bo="l| AP oy, oy Im(ue () dx, (3.2.20)
rok3a? +oo, ,

P = 4|83|21k,,2 Im(e3) =y, |AI? [ lug(x)|?dx. (3.2.21)

If to replace the function uo in eq. (3.2.20) by Airy function, then the
expression coincides with that for the power, which is absorbed in the
vicinity of AR in the case, if its structure is determined by finite ion Larmor
radius or finite electron inertia (see, e.g., [24, 55]). The integral from the
imaginary part of uo in the right-hand part of eq. (3.2.20) appears to be
equal precisely to 7 as it is in the case of integrating the imaginary part of
Airy function. This means that RF power, which is absorbed in the vicinity
of AR due to the work over the radial RF currents, does not depend on the
type of small-scale wave (kinetic or caused by the inhomogeneity), into
which large-scale electromagnetic wave transforms in the vicinity of AR.

As it was noted in [78], the contribution of RF power P, cannot be
neglected as compared with P, if Im (9 > Re(ss. The expression (3.2.21)
coincides with analogous expression for RF power, which is absorbed in the
vicinity of AR due to the work of RF fields over axial RF currents in the
case, if the fine structure of AR is determined by finite ion Larmor radius or
finite electron inertia, with replacement of the function up by Airy function
with the argument /k;(r—r4)/, multiplied by the small factor (ki/kr)’. The
following notations are applied here

3 _ _wide e
k=G ey (3.2.22)
Considering the asymptote of the function ug, one can conclude that
Juo(&) [2oc(-E)4 for Re(Z)— —co, and hence, the integral f:';olug(x)lzdx in the

expression (3.2.21) diverges. This divergence can be removed by taking into
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account the dissipative phenomena: plasma particle collisions or Landau
damping (.e. Im(ss). If the dissipative phenomena are so strong that the
relation Im(ep~Re(ez is valid, then the respective integral from the
derivative of the Airy function squared can be estimated as a value of the
order of a unit. The damping rate in the considered here case can be
estimated from eq. (3.2.9) with account for the replacement (3.2.18):

Imki)~ki*/(2kr3). (3.2.23)

Then the integrand in eq. (3.2.21) decreases proportionally to
exp/2 Im(k:)(r-r4)] along the negative semi axis of integration, and the
integral can be estimated by the order of magnitude as k7%/%k;%. This affirms
that RF power, which is absorbed in the vicinity of AR due to the work over
axial RF currents, also does not depend on the type of the small-scale wave,
into which the large-scale electromagnetic wave transforms in the vicinity of
AR, at least, by the order of magnitude.

Finally, the results obtained in the present subsection are to be
discussed. The fine structure of the local AR and RF power resonant absorption
in the case of uniform axial external static magnetic field is determined by the
plasma particle collisions, finite ion Larmor radius, and electron inertia. It is
shown in the present subsection that in cylindrical plasma, placed into external
static magnetic field with axial periodic inhomogeneity, fine structure of the
local AR can essentially depend on the degree of the inhomogeneity. The
conditions, under which the influence of the studied phenomenon is
determinative, are realized, e.g., in modular stellarators of the Wendelstein
series, Germany.

The influence of the confining magnetic field inhomogeneity on the AR
fine structure causes also the shift of AR point from the axis of the plasma
cylinder by the small distance or (ra—ra+or),

-1
e G /ar)rzm . (3.2.24)

In (3.2.24), the small correction of the second order &:? is equal

@ _0a19n e | 0500 zmem | 05 Botm’
1 on 9r2|g, =0 4kp  On Or|g, =0 4k} 0B |g,=0 4Kk}
d%¢ Boem\?  8%g; On BoEmé&r
2 (Bm)y_2Al Rfmm (3.2.25)
9B2 |g,,=0 2 0BONn 81|g,, =0 2kj

One cannot conclude from the form of eiz) what is the sign of or.
However, e.g., if the AR region is situated in the plasma core (r~0.5ap,
where a, is the plasma column radius) with the parabolic profile of the
plasma particle density, n@=n(0)XI1-r%a,?), and the parameter of
inhomogeneity weakly varies in the plasma volume, |re’'| << |¢|, then the
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resonant point ra shifts from the axis due to §0 inhomogeneity at the
distance of the order of or ~&2a, .

The conditions are determined (e.g., (3.2.19)), under which the influence
of the external magnetic field inhomogeneity on the AR fine structure is
stronger, than that of other weak phenomena (dissipations, finite ion Larmor
radius, electron inertia). These conditions can be realized in the peripheral
plasma, where the inhomogeneity is stronger, and the plasma is colder.

RF field spatial distribution is determined from the simplified eq.
(3.2.9). It is valid with accuracy up to small terms of the order of &.75.

One can see from eq. (3.2.15), that the amplitudes of satellite
harmonics increase in the vicinity of AR more rapidly than the amplitude of
the main harmonic, and almost symmetrically: E.*V~ E(V E.(2~ E(2.,
The amplitudes of satellite harmonics remain small values of the order of
em?? in the vicinity of AR as compared with the amplitude of the main
harmonic. Their reversed influence on the distribution of the main harmonic
E©@() removes the singularity of the solutions of Maxwell’s equations,
which takes place in the vicinity of AR in the cold approach in axial uniform
external static magnetic field. This significantly distinguishes the axial
spatially periodic inhomogeneity of the external static magnetic field from,
e.g., toroidal inhomogeneity, which influence results in the small change of
the shape of the surface, where the singularity takes place [88, 89].

Some conclusions can be made from the comparison of the obtained
results with those presented in Section 2 of the monograph [90], where the
influence of inhomogeneity of helical external static magnetic field on the AR
fine structure was studied. These two magnetic configurations differ from each
other in principle: they cannot be obtained from each other in any limiting case.
However, the results of these two studies make it possible to make the following
main common conclusion. It is the modulation of just radial component of the
confining magnetic field, which determines the spatial distribution of RF wave
fields in the vicinity of AR under respective conditions, like inequalities (3.2.19).
In this respect the conclusions, presented in this overview, contradict with the
conclusions of [91], wherein similar problem about AW propagation in the
magnetic field of a single adiabatic trap was considered. Analytical estimations
carried out there, as well as numerical calculations demonstrated that two-
dimensional inhomogeneity of the system does not remove the field
singularities within AR. The indicated contradiction is explained by application
in [91] of the dispersion relation, derived in the approach of geometrical optics
(1), which is inapplicable within AR.

RF power, which is absorbed within AR due to electromagnetic wave
conversion into small-scale waves, caused by the §0 inhomogeneity, following by
their absorption due to the plasma particle collisions and Landau mechanism,
is calculated in the present subsection. Its magnitude coincides with that of RF
power, which is absorbed within AR both in the case if the absorption is
determined by the collisions and if it is caused by the conversion of
electromagnetic wave into small-scale kinetic AW.
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The local resonance (3.2.6) can take place for both AWs and FMSWs
with @ <we Gf k2 > w?/c?), and FMSWs with o>we Gf k2 < w?/c?) in rarefied
plasma. The conversion and absorption of FMSWs with w>w, and
k? < w?/c? in the region of the local resonance (3.2.6) at the periphery of
cylindrical plasma in the case of uniform axial external static magnetic field
was studied in [55, 83].

3.3. Resonant influence of periodic axial inhomogeneity of external static

magnetic field on the fine structure of the local alfven resonance

The present subsection is devoted to studying the fine structure of AR for
electromagnetic waves with the resonant magnitude of axial wavenumber 4, of
the main harmonic [86, 87],

ky=~2k,. (8.3.1)

In other words, the electromagnetic waves are considered, which axial
wavelength of the main harmonic is twice as large as axial period L of the
inhomogeneity of the external static magnetic field (3.1). The condition
(3.3.1) can be satisfied in tokamaks with even number N of the toroidal
magnetic field coils. This is the case in TCV, Switzerland (N=16); LCT-1,
USA (N=100); Ignitor, Italy (N=24); JET, Euratom (N=8) etc. This resonant
condition causes a weak coupling between the harmonics with opposite
magnitudes of axial wavenumber in the case, if the coupling is determined
by axial periodic inhomogeneity of external static magnetic field (3.1). That
is why both main harmonics, coupled into one wave packet by the magnetic
field inhomogeneity, have their AR in one point.

Since the waves with the axial wavenumbers, different from those
determined by the resonant condition (3.3.1), are out of scope in the present
subsection (this is already done in the previous subsection), the significance
of the results of the present study for the problem of the plasma heating,
when usually wide spectrum of axial wavenumbers is observed, can seem to
be low one ex facte. However, RF power, excited by an antenna, usually is
loaded just into the waves with axial wavenumbers of the order of 27/L.. In
turn axial dimension L; of the antenna usually is restricted by the distance
between two flanges, which is approximately equal to the spatial period of
inhomogeneity L. That is why RF power absorption within AR, which
corresponds to the electromagnetic waves with resonant magnitude (3.3.1)
of axial wavenumber of the main harmonic, can be essential one.

The AR fine structure is determined in the present subsection for the
resonant case (3.3.1). The conditions are derived, under which the AR fine
structure is determined by just weak plasma spatial periodic inhomogeneity
rather than other weak phenomena. The main difference in physical essence
of the present consideration from the previous studies (e.g., [19], where the
toroidal inhomogeneity of the external static magnetic field was considered)



414 PROBLEMS OF THEORETICAL PHYSICS

consists in the fact, that external static magnetic field contains nonzero
periodic radial component, Bor = O.

First of all, one has to derive the main equation of the present
problem. Assumption about the smallness of the inhomogeneity makes it
possible to write down the components &2 of the permittivity tensor in the
form of Fourier series (3.9) with account for the small terms of the first
order in &» only. Neglection of the electron inertia, |e3] —» o, makes it
possible to simplify the set of Maxwell’s equations to the form (3.14)—(3.18).
During deriving the set (3.14)—(3.18), the plasma particle collisions and
finite ion Larmor radius pr: are also neglected.

Basing on the problem symmetry, in particular, applying the
symmetry of expressions (3.9), and keeping in mind the resonant condition
(3.3.1), the solution of the Maxwell’s equations (3.14)—(3.18) should be found
in the following form:

E, = {ESD (et + ESD (et +
+Er(+3) (r)ei3kzz 4 Er(_3)(r)e_i3kzz}><exp[i(m19 —wt)]. (3.3.2)

Presentation in the form of Fourier series for the other components of
the wave magnetic and electric fields is similar to (3.3.2). The amplitudes
E(3) of the satellite harmonics are well-known to be small values,

EF~ e B, (3.3.3)

everywhere in the plasma column, except of the AR region. Note, that the

assumption is not made in advance, that the amplitudes Er(i3) of the satellite
harmonics are small also in the AR region. In other words, one does not
presuppose here in advance, that the relation (3.3.3) is true within the AR.
The results of the present study confirm that this relation is not valid there.

To solve the problem the method of the narrow layer [24] is applied. It
foresees weak variation of the plasma particle density and external static
magnetic field in radial direction in AR region. Weak variation of the fields
in other directions, rather than radial is also assumed,

(0E,/0r) >> k|E | max, kmax(m/ry, k;, ©/C)max- (3.3.4)

After substituting the expressions (3.3.2) for MHD wave fields and
(3.9) for the components of the plasma permittivity tensor into Maxwell’s
equations (3.14)—(3.18) the terms, proportional to exp(*ik.z) and exp(+ i3k.z)
are singled out. No attention is paid to the order of these terms in respect of
em so far. The equations for the radial component of the wave electric field
are known to be the most convenient for studying the AR fine structure.
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That is why the consideration can be limited to the following closed set of
four equations, derived from eqs. (3.14)—(3.18),

BSEV = +N,EY + ;j;b 2 (ESV - ), (3.3.5)
B = +3N,EFY + 2"’8'; gD, (3.3.6)
(0 - n2) E(i1)+£ (EFD + ES) (1P EGED + S g0
=+N, (BGV TN E(“)) t om0 (B - BSY), (3.3.7)

I N2 52 2.0 (x1) 1 N2 52-(F1)
[—8N22+(“m) 0 ]Eﬁi”:" B (S TR (339

2wkp/ 9 712 w2 ar 2wkp a r2

The combination (lEZO)E(+1) +CmB(+1))—Aﬂ @ in the left-hand side of

(3.3.7) appears to vary weakly in the vicinity of AR, despite both fields E. lg+1) nd

Bz(il) are singular (3.2.5) n the vicinity of AR in the cold approach. This is the

reason to consider the combination as a constant, associated with the pumping

wave. To derive the wanted equation for Er(il), one has to substitute egs. (3.3.5),
(3.3.6), and (3.3.8) into the eq. (3.3.7). Those terms in (3.3.7) are marked in bold,
which differ this equation from the analogous one in the case of uniform axial
external static magnetic field. They are these terms which determine the
peculiarities of the AR structure. It is important to underline, that the right-
hand side of eq. (3.3.7) does not contain precisely any terms of the first, second
and third order in the respect of the parameter &m.

To simplify the following consideration, the second term oc5%/0r? in
square brackets in the left-hand side in (3.3.8) is assumed to be small as
compared with N,2 Then the following equation can be derived for the

amplitudes Er(il) of the main harmonics of the MHD wave:

@ 4 1 \2 52 (FD)
0) 2 _ & Sm a Sm c? (+1) (C3Y) l E_m aE—T =_ A&
( - N; 4k} or ar T 32kfw? 9 r4> E; [E 8 <k12;> o-r? ] A

(3.3.9

The following analysis of eq. (3.3.9) shows that one can neglect the
term, which contains the first derivative, as compared with the term,
proportional to the fourth derivative. One can neglect the second term in the
square brackets in eq. (3.3.8) with the same accuracy. In the result of these
simplifications, the main equation gets the final form to be studied,

142 g4 @
( O NE e r4) EXD 4+ gV = 4@, (3.3.10)
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To analyse the influence of this term on the properties of MHD wave,
it is convenient to rewrite the set of equations (3.3.10) in the following form:

QES = —0,5:WETY, QECY = —0,5¢MESY, (3.3.11)

where the differential operator of the fourth order § is determined as
follows:

14 2 o4
A (1) _ 0 m 0 +1
QESY = (gf ) NZ + 3“"2,(22)25) ESD — 4@, (3.3.12)

Account for the inhomogeneity of the external static magnetic field
results in introduction of two new terms in the main eq. (3.3.10) as
compared with the case of uniform axial magnetic field. The first among
these two terms contains the amplitude Er(ﬂ) of the other main harmonic
with the opposite sign of axial wavenumber. The rise of this term is caused
by the weak axial periodic inhomogeneity of the longitudinal component By,
of the static magnetic field (3.1).

QO Q

Fig. 3.8.1. Schematic description of the dependence of the resonant Alfven frequency
on the axial wavenumber. Solid curves correspond to the case of uniform magnetic
field. Dashed curves demonstrate rise of the gap in Alfven continuum, caused by the
Inhomogeneity of the external static magnetic field. Dotted curve corresponds to the
frequency of a generator

Eigen values of Q can be derived from eq. (3.3.11):

2
0> =(05¢) >o. (3.3.13)

Positiveness of ¢ should be stressed due its special significance. This
fact has the following sense. The dependence ((k.,) = |k,va| should be
introduced, in which the magnitude of Alfven velocity va=cwe/wpi(r) is
assumed to be fixed one. Here ( is the frequency of the local AR (in other
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words, if an antenna excites electromagnetic waves with the frequency (2,
then AR is situated in the point r=rs4 for the harmonic with axial
wavenumber 4, in uniform axial external static magnetic field). The
dependence 2 (k)= /(k,—ks) va/ for the same fixed magnitude of Alfven
velocity should be introduced as well: if the antenna radiates RF power at
the frequency £2_;, then AR is observed in the point r=ra for the harmonic
with axial wavenumber (k,—k») (see Fig. 3.3.1) in the uniform external
static magnetic field. These two curves intersect for the resonant magnitude
(3.3.1) of axial wavenumber. In other words, if electromagnetic power is
generated with the frequency 2,=Qo(ks/2)=0Q-1(ks/2), which corresponds to
the intersection of these curves, then both harmonics have their local ARs in
the point r=rs. Then in the inhomogeneous external static magnetic field
(3.1) the gap appears in Alfven continuum, 22=02(0.5 ki) (1 + As), with

©_ N2,
Ab:il|:a(gl _Nz)jl Q (3314)

wg olw? 2

In other words, neither harmonic with axial wavenumber %, nor the
harmonic with (k.—k») have their local AR in the point r=r4, if the antenna
functions at the frequency €2 in the case of inhomogeneous external static
magnetic field.

It is natural to compare the gap with the other, which is caused by the
toroidicity and is known to be described by the following dependence:
Q22=0y2 (1+4:). The halfwidth of the gap A:reads as:

©_n2)17 1
_ 1 6(51 _Nz) &t
4, = iw—g[w] NGi (3.3.15)
here
2 2 2(0)
wp;  dlnn r 2050 2r 1o
& =—7—— |4 ———"————N7?. 3.3.16
t wzi(())_wz or R(wzi(o)—wz)z R 'Z ( )

The comparison mentioned above reduces to analysis of the relation
between the parameter of inhomogeneity and the parameter of toroidicity
/R (R is large radius of the torus). The last parameter is usually larger in
toroidal traps. However, the EO inhomogeneity can provide appearance of
the gap in Alfven continuum in Low Curvature Tokamak and straight
magnetic traps.

The gaps in Alfven continuum, caused by toroidicity, were studied in
[18, 19]. Eigen Alfven modes, caused by toroidicity, with the frequencies
inside the respective gaps were foreseen in [19] and were then observed
experimentally.

The general form of the expression (3.3.14) agrees good with the
conclusions of A. Yelfimov [18]. He has demonstrated, that the width of the
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gap in Alfven continuum, caused by toroidicity, is proportional to the
amplitude of modulation & of the component ¢; of the permittivity tensor.

The second term, which differs the main eq. (3.3.10) from analogous in
the case of uniform external axial static magnetic field, is proportional to
the fourth derivative. It is associated with the radial component Bpr of
external static magnetic field (3.1). This term is a little bit larger by the
order of magnitude, than the first one, which influence is studied above.

If radial profile of the plasma particle density is linear one in the AR
region,

(e = 2) = 05 f0r Iy = 70, (3317

then the analytical solution of eq. (3.3.10) can be obtained by Laplace
method in the following form:

EXY = (aky /NDAD gk, (r — 1], (3.3.18)

u,(§) =, expli(té +t5/5)] dt, ky = (g,'n“a/Skg)_l/ ° (3.3.19)

The dependence of the function uo (£)is presented in Fig. 3.2.1 and analysed
in the subsection 3.2.
The characteristic width of AR

Ar=k;! (s,’n4a/8k§)1/ ’, (3.3.20)

in the case, studied in the present subsection, has the same order of
magnitude, as the width of AR in nonresonant case (see (3.2.12)).

Characteristic magnitude of the amplitude Er(il) of the main harmonic
of the radial component of the MHD wave electric field within the AR can be
estimated from eqs. (3.3.10) and (3.3.19) by the order of magnitude as
follows:

E®V ke a A® /N2, (3.3.21)

This expression has the same order of magnitude as in a nonresonant case
(3.2.16).

During the present study the assumption, that the amplitudes Er(i3) of
satellite harmonics are small as compared with Er(il) , was not applied still.
Now, the characteristic magnitude of Er(iz’) in the vicinity of AR can be
estimated by the order of magnitude, basing on the eq. (3.3.8), as follows:

EX )~ (e /by @) SEFV~A® (kya/e,)¥/5 /NZ.  (3.3.22)
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The comparison of expressions (3.3.3) and (3.3.22) shows, that the

amplitudes ET(B) of satellite harmonics increase with approaching to the AR

region even more rapidly than the amplitudes Er(il) of the main harmonics. The
amplitudes E&*® remain smaller than those of E&*Y within the AR region, but
the difference in the order of magnitude between the Er(il) and Er(i3) is not so
pronounced within the AR region as outside of it.

All mentioned above makes it possible to estimate, that the transform
of eq. (3.3.7) into eq. (3.3.9) and eq. (3.3.9) into (3.3.10) is valid with accuracy
of (em/(akb))z/5 << 1.

In the following, the conditions are derived, under which the structure
of the local AR in the resonant case (3.3.1) is determined just by the weak
axial periodic inhomogeneity of §0, rather than finite electron inertia, ion
Larmor radius or collisions. These weak phenomena can be taken into
account in eq. (3.3.10) by applying the replacements (3.2.18).

Analysis of the main eq. (3.3.10) with account for the replacement
(3.2.18) shows, in particular, that the influence of the B, inhomogeneity on
the AR structure is more significant, than the influence of finite ion Larmor
radius and electron inertia, if the following inequality is valid:

Sm12/5 >> (kba)lz/s(pl,i/a)z' (3323)

This condition can be realized in the peripheral plasma, where §0
inhomogeneity is the most significant and the plasma is colder, than in the
plasma core. The condition (3.3.23) can be commented as follows. Radial
deviation r—r4 of the magnetic surface (3.5) from the cylinder with average
radius is larger than the characteristic width (pz:22)7% of AR region, which is
well-known in the case of uniform external static axial magnetic field.

It is in place to make the conclusions. The results of theoretical studying
the AR fine structure in cylindrical plasma, placed into the bumpy magnetic
field (3.1), are exposed in the present subsection for the waves with resonant
magnitude (3.3.1) of axial wavenumber. Spatial distribution of electromagnetic
fields in the vicinity of AR is determined and analysed with account for the
axial periodic inhomogeneity of external static magnetic field, electron inertia,
ion Larmor radius and collisions.

Axial periodic inhomogeneity of external static magnetic field is
identified to cause the coupling of spatial harmonics of electromagnetic waves
with opposite magnitudes of axial wavenumbers. In particular, in the bumpy
magnetic field with the period of inhomogeneity Z, electromagnetic waves with
the resonant magnitudes k,=+#7/L of axial wavenumber belong to the same
packet (see eq. (3.3.2)), in which two the nearest satellite harmonics with axial
wavenumbers k,=+37/L are taken into account in the present subsection.

The condition (3.3.23) is also derived in the present subsection. Under the
condition the spatial distribution of electromagnetic wave fields with the
resonant values of axial wavenumber in the vicinity of AR is determined just by
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the modulation of the radial component of the external static magnetic field,
rather than by electron inertia and finite ion Larmor radius. The inequality
(3.3.23) can be realized in cold peripheral plasma, wherein the inhomogeneity of
the external static magnetic field is the most pronounced. And exactly there the
region of the local AR is displaced in the result of the plasma particle density
increase, which is observed during the plasma production in fusion devices. The
characteristic width (3.3.20) of AR region is larger in this case than in uniform
external static axial magnetic field ceteris paribus.

Note, that the versions of designing the Helias reactor [92] with four
or five modules were considered in due time. If it is manufactured with four
modules, then the present study of the resonant influence of the mirror
inhomogeneity of the external static magnetic field on the AR structure is
actual also for the Helias project.

The presentation (3.1) of the external static magnetic field in the form of
a single harmonic ccsin(ksz)is very simplified. Actually, the spatial spectrum of
the external static magnetic field is wide one and contains also the harmonics
ocsin(fkvz), 7=2,5,4... Consequently, axial periodic inhomogeneity of §0 causes
resonant influence on the local AR structure for the electromagnetic waves with
axial wavenumber &, =jz/L. However, these phenomena can be significant only
if the conditions, similar to the inequalities (3.3.23), are valid.

Amplitudes of satellite harmonics increase with approaching to the
AR point even more rapidly, than the amplitudes of the main harmonic.
This causes removing the singularities of solutions to Maxwell’s equations
for the fields of electromagnetic waves, which are known to take place under
the condition of neglecting the plasma particle collisions, electron inertia
and ion thermal motion in the case of uniform external static axial magnetic
field, by axial periodic inhomogeneity of the magnetic field. Characteristic
magnitude (3.3.21) of the wave radial electric field is smaller than in
uniform external static axial magnetic field under the condition (3.3.23).

Axial periodic inhomogeneity of external static magnetic field is
shown to be the reason of arising the gap in Alfven continuum.

Satellite AR (in which vicinity both wave satellite harmonics (3.3.2) with
amplitudes Er(i” transform into small-scale kinetic waves) is situated deeper in
the plasma, where the plasma particle density is nine times larger, than in the
main AR (ust this situation is shown in Figs. 3.1.1-3.1.3). Then one can expect,
that additional plasma heating within the satellite ARs for electromagnetic
waves, which main harmonic is characterized by axial wave length 2, can be
significant [78].

3.4. Fine structure of satellite alfven resonance in cold plasma

in the moderate bumpy magnetic field

First of all, it is important to identify the specific object of the
research carried out in the present subsection. The possibility of additional
plasma heating in SARs, where the condition (3.1.3) is valid, was proved in
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the subsection 3.1. Radial deviation of the magnetic surface from the
cylinder of radius rA(i) was assumed there to be smaller than the
characteristic width Arr =(p7;a *)*/3 of AR region, which is well-known in the
case of uniform external static axial magnetic field [24]. Appearance of SARs

is manifested in the rapid increase of amplitudes of the satellite harmonics

in the vicinity of the resonant points 1"=TA(i) (3.1.3). Spatial distribution of
electromagnetic wave fields within SARs [87], which is studied in the
present subsection, generalises the results, obtained in the subsection 3.1 on
the case, in which the radial deviation of the magnetic surface is larger than
Arr and spatial distribution of RF wave fields is determined just by axial
periodic inhomogeneity of the bumpy magnetic field.

To derive the main equations of the problem, one has, first of all, to
choose appropriate frame of reference. Cylindrical coordinates do not suit,
since all the nine components of the plasma permittivity tensor are nonzero
ones in the case of the cold plasma placed into the bumpy magnetic field
(3.1). In contrast to cylindrical coordinates, the plasma permittivity tensor
has the simplest form in the coordinates associated with the force lines of
external static magnetic field. The electron inertia is known to be negligibly
weak for Alfven and fast magnetosonic branches of MHD waves. Neglecting
the electron inertia for MHD waves, /g3/—>, is equivalent to the fact that
longitudinal component of the wave electric field is equal to zero everywhere
in plasma. Basing on this circumstance, one can write down the set
(3.14)—(3.18) of Maxwell’s equations with applying the relations (3.6) and
(3.7) between the vector of the wave electric displacement field D and the
vector of the wave electric field E. Assumption about the smallness of the
axial periodic inhomogeneity of the external static magnetic field makes it
possible to write down the expressions for the components &;,in the form of
Fourier series (3.9), keeping the terms of the first order of smallness in the
parameter &x only.

The symmetry of the problem (in particular, the form of the
expressions (3.9) for the components of the tensor &) provides the reason to
search the solution of Maxwell’s equations for the radial component of the
wave electric field in the form of the wave packet:

E=[E9@)+E* (r)exp (Gkvz)+E*? (r)exp (2iksz)]x
xexpli(k.z+m9—w t)]. (3.4.1)

Along with the first satellite harmonic oc exp/i(k,+k»)z/, which amplitude is
singular in the SAR point (3.1.3) in the case of the cold plasma, one takes
into account the main o exp(ik.z) and the second satellite oc exp/i(k,+2ks)z/
harmonics. The latter two harmonics are those with which the first satellite
harmonic is coupled the most strongly by axial periodic inhomogeneity of
the bumpy magnetic field (3.1).

Representations of the other components of the wave magnetic and
electric fields in the form of Fourier series are similar to eq. (3.4.1). Such an
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approach to solving the Maxwell’s equations is usually called as Floquet-
Bloch method (see, e.g., [93]).

In approaching along the radius to the SAR region, amplitudes of
satellite harmonics of the electromagnetic wave fields diverge in the case of
the cold plasma as follows,

E#D By*Voc(g,0— (N;+Np)2) 1, Es*+V, B*V, B,*Vocln | £1@— (N,A4Nb )2 /.
(3.4.2)

Applying the method presented in [24], one can use the approach of
«narrow layer». The latter foresees the weak variation of the plasma particle
density and external static magnetic field in radial direction in the vicinity
of SAR. Weak variation (3.3.4) of the fields in all the directions, except of the
radial is also assumed.

Amplitudes of the first satellite harmonics are known to be smaller than
those of the main harmonics by the order of &» ! everywhere in the plasma
column, except of the SAR vicinity [93]. However, this relation is not assumed
in advance to be applicable also in the vicinity of SAR. After substituting the
expressions (3.4.1) for the wave fields and (3.8) — for the components of the
permittivity tensor into Maxwell’s equations (3.14)—(3.18), the terms are singled
out in these equations, which are proportional to the Fourier factors
oc explilkz+ki)z], oc exp(iksz) and oc expli(k,+2ks)z] without paying attention to
the order of these terms in respect of &m Since the equation for the radial
component of the wave electric field is the most convenient for studying the fine
structure of SAR, then it is sufficient to present here only the following set of
coupled equations for the amplitudes of the main and two satellite harmonics,
which can be derived from the set (3.14)—(3.18),

’ (+1) 1 N2 g2p(+2)
O) 45O ] (@ o= ycém dEy Cem | 47Ey
No(@NANE O +ics0 By +NoBO=(EN, + Ny o S o) L,
(3.4.3)
[e1©— (NANP+A(E/dr2) | B V=A),
A= (N#0.5Np)cen 2/ (2wks?), (3.4.4)
E D =(gp /(2kn?))dE*V/dr. (3.4.5)

Despite of the fact that the fields £y*” and B,*” have singularities
(3.4.2) in the vicinity of SAR in the cold approach, the right-hand side of eq.
(3.4.4) varies weakly in the vicinity of SAR,

AW =(Cigd? By —NpB,#0)r(D. (3.4.6)

This is the reason to consider the combination (3.4.6) as a constant,
which is associated with the pumping wave. The combination A® can be
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calculated, applying the solutions of Maxwell’s equations out of the SAR
region. These solutions can be obtained numerically for arbitrary plasma
particle density (see, e.g., [13, 49]). The right-hand side of eq. (3.4.4) can be
estimated by the order of magnitude as follows: A®~gmes@E . Weak
variation of the combination (3.4.6) in the vicinity of SAR is analogous to
well-known issue in the case of uniform external static axial magnetic field
(see, e.g., [24, 55]). This weak variation results from the fact, that those
singular terms, which cause the singularities (3.4.2) for the wave poloidal
electric and axial magnetic fields, cancel, if they are taken in the
combination (3.4.6).

Transfer from the Maxwell’'s equations (3.14)—(3.18) to the set
(3.4.3)—(3.4.6) can seem to be very complicated. That is why the procedure of
the transfer is explained in detail below. The procedure is convenient to
divide into seven steps.

The first step. The difference between the absolute value of the
confining magnetic field /§0/ and that of uniform external static magnetic
field By, /§0 /| =BA1+O0(en?) is neglected. In particular, this note is important
to apply to the eq. (3.17).

The second step. The term in eq. (3.17), which is proportional to B, is
neglected since it is smaller by the order of magnitude, than the terms,
which are proportional to B, and E£j. The last two terms are kept without
any change, since their combination (3.4.6) weakly varies in the vicinity of
SAR. To confirm this, one can consider egs. (3.16) and (3.18), and single out
therein the terms, proportional to the Fourier factors exp/i(k,+ks)z}

< iBz("”:&(")Er("U+1'[(j\/;+j\/},)B/"J)+51(0)E9(+1)]+
w dr
+{0. 562V (B O+E,*2)+0. 615,V (BEg@+E,+2)), (3.4.7)

1drE*V)/dr=—mE*’—[wrB,*"/c]. (3.4.8)

The terms in figure brackets in eq. (3.4.7) are neglected since they are
small values of the order of £.#/(a*ks)”?. The term in the left-hand side and
the first term in the right-hand side of (3.4.7) and (3.4.8) have the
singularity of the highest order, namely, they are proportional to
(£:@— (N,+Np)2) 1. Those terms, which are placed in square brackets in eqs.
(3.4.7) and (3.4.8), have singularities of lower order: they are proportional to
In/e1@— (N,+N»)? /. After integrating these equations in respect of radial
coordinate, the eq. (3.4.8) should be multiplied by £%4; and eq. (3.4.7) — by
m/r. After adding of these equations, the  combination
180 Eg*V+ emB,*V/(rw) turns in the left-hand side. The most dangerous
terms in the right-hand side of the equation, which are proportional to £,
cancel. The terms of the next order of smallness in the right-hand side do
not cause rapid variation of this combination.

The third step. The field By from eq. (3.12) should be substituted to
eq. (3.14),
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1£2B4+NyB,=(1 +5mcos(kbz))(—sl < ET) +{(1+&mcos(kvz)
- )_ a2 [slm sm(kbz) E ]}

wz 0zor L kyp, 1+£m cos(kpz) T
a2 2 0% [erm _ sin(kp2) ]
Tk Sln(kbz) w? dzdr 920 BT Ry kp Sln(ka) w? or2 kp 1+emcos(kpz) T1
(3.4.9)

here Ny=cm/wrs®’)is azimuthal refractive index.

The fourth step. Application of the method of «narrow layer» makes it
possible to consider eq. (3.4.9) as equation with constant coefficients. After
calculating the partial derivative 92z in the term, marked by figure
brackets in the right-hand side of eq. (3.4.9), one derives the following

ig2E4#+NyBy=— (1 +gmcos(kbz))(le +

C—Z o ) (0.56m +cos(kbz)— 0.5emcos (2kbz))— " aET
—j sm(kbz) _g m < (0.5- 0.25emcos (kvz)- 0. 5005(2ka))— E,..
w? 3z0r w?

(3.4.10)

The fifth step. The terms proportional to explilk.z+m3-wt/} are
singled out in eq. (3.4.10),

jEZ(O) Eg(o)(g’ 0) +N, 3BZ(O) 0,0—-=¢€1 © Er(O) (, 0)+M2 r(O) ,00— 0.5¢1 @ Er(+1) @,-1)—
~0.5eme1 ¥ BV 5-1)— 0.6&mer™ By Q.00+

2 aE( )
+0.56m(NANo P BV 2-1)~0. 56me m— - (341D
w? 0T (2,0)
2 g+ 2 6E(+2) 6E(+1)

~0.56 T +0.256mE m— £ (ke + ky)

w? 0r (2,-2) w? 0r (4,-3) kpw or (2,-2)
0 ;nziazE(O) +0.1256.5m 5;n2 Cz OZE(+1) . ' z 2 azE(+2)

K w2 ar? (2,0) w?  or? (4-3) K2 w? or? 4,-4)

Two subscripts are assigned to each term in eq. (3.4.11). The first
subscript indicates the order of the term in respect of the small parameter
&m. The second subscript corresponds to the degree of the term singularity in
the vicinity of SAR. This assignment of subscripts is relevantly to explain

taking as example those terms, which are marked in bold in eq. (3.4.11). The
1.2 c2 92g0 . . . ..
— T ’ 2
first term -0. k2 o7 % 20 is proportional to &% that is why it is
assigned the first subscript «2». It is shown below that satellite harmonics
weakly influence on radial dependence of the field £©. That is why «0» is

assigned as the second subscript to this term. The factor ¢%? introduces two

. . . 2 aZE(+2)
units to the first subscript of the term 0255—

kf w? 012 (4-4)

. Two units more
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originate from the second satellite harmonic E*? of the wave radial electric
field which is a part of the term. The field £,* diverges (see eq. (3.4.2)) as
(61— (N;#+Np?2)1. Then the field K2 diverges (see (3.4.5)) as
(e10— (N,+Np)2) 2 and its second derivative 02E,*2/4r? is proportional to
(e1@— (N,+N3)2) . This is the reason to assign the second subscript «—4» to
this term in eq. (3.4.11).

Along with the terms of zeroth order in &»in eq. (3.4.11), which do not
diverge (their subscripts are (0,0)), the most dangerous terms (with the
subscripts (2,-2) and (4,-4)) are also kept in eq. (3.4.11). At the same time,
e.g., the terms with the subscripts (4,-3) are neglected. The term (4,-4) is
kept. It is smaller by two orders in &m, but it is respectively more singular
(by two orders). The term with the subscripts (4,-3) has, on the contrary, the
same order of smallness in &m, as the term with the subscripts (4,—-4), but it
is less singular, which makes it possible to neglect it. Finally, the selection
rule can be formulated as follows. The term with the subscripts (7)) is
neglected as compared with the term with the subscripts (&), if
1+2)/3>k+2l/3. The origin of the factor 2/3 nearby j and /is explained by the
dependence of the radial short wavenumber ks~ddrocen 2 to be derived in

2 +1
the present subsection. For example, the term 0.125c,—= Em sz 63265_52)(4 5 18
neglected with accuracy (en?a*ks) /3<<1.

The sixth step. The terms ccexp{i/(k.+2ks)z+m3—-wt/} are singled out in
eq. (3.4.10),

j82(0) E9(+2) e 0)+ -V, ng(+2) ©2,0==¢€1 @ Er(+2) @, 72)+(M+2]va)2 Er(+2) 2,-2)—
—0.56:1VE*V5_1)—0.56me1@ BV 5_1)— 0. 5eme 1P B2y _2) —

—0.5eme1PE 9,00+ (3.4.12)
y 02 (+2) , o2 (+1)
0.56m(NoANEED 5 _1)— 0. 56me m & % —0.567 " %
w? O (a-3) w? o (2-2)
2 (0) ' 2 (+1) r2 2 2 0
+0.256mem S_F " _%m L(kz+kb)aEr+ 0956 ¢ °EY
w?> o (200 kp @? o (2-2) k2 w® or? (20
0.125emén. S CECY g e’ & PEND
k§ 2 or? (4-3) k§ w®  or? (4-4)

The most dangerous terms are kept in eq. (3.4.12) with the subscripts
(2,-2),

0= -1V E,42 5 -9)+(N,A42Np P E, 2 5, -2)—

c2 (+1) +1)
0552 _am + k) L

W Or (2-2) kp @2 (3.4.13)

The terms with the subscripts (4,-4) are neglected with accuracy
(em/(a*kr) )?3<<1. Taking into account the identity
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1| kptkm _ 2ky+3knm
~+ = T (3.4.14)

and the approximate equality

(N42Np)?—£1? (rs)~ (2N;+3Ns)Ns, (3.4.15)

the eq. (3.4.5) is derived from eq. (3.4.13).
The seventh step. The terms ccexp{i/(k.+ks)z+m$ - wt/} are singled out
in eq. (3.4.10),

1O E+V .0*IN. BV, 0=—1QE*V_1)— 0.66:V E, % 1,0)
—0.6e/VE*5_o)+
+(NANLLE AV (11— 0.56me1P Er@q,0— 0.5eme @ B4 5_2—
0.5eme1P BV s _1)+
2 9 E(+1)
+0.5emNLEy? 1,040. 56m (NoA+2No )2 Er 2 5,_1)— 0.56mé nr Z)Z o 2
3,-2

0,56 25 (3.4.16)
wz or (1,0) o
2 g2 12 6E(0) E(+2)
— 0.56m— L “m e, £ (k4 2ky)
w? 0r (3,-3) kb w or (1,0) kpw or (3, 3)
12 .2 g2+
_0.5m Ok +

kﬁ E or? (3,-3)

2 (0) 2 (+2)
em c? (0Z%E 92E,
+0.125en 2 2( L )
kb w or? (3,0) or? (5,-3)

To derive the wanted eq. (3.4.4) the terms with subscripts (1,-1) and
(3,-3) are kept, as well as two terms in the left-hand side of eq. (3.4.16)
which aggregate to the combination (3.4.6). For example, the term with the
subscripts (3,-2) are neglected with accuracy (em?a*ks) /3<<1.

The eqgs. (3.4.3)—(3.4.5) are to be solved in the case, if the SAR fine
structure 1s determined just by the periodic axial inhomogeneity of §0,
rather than other weak phenomena. In other words, collisions between the
plasma particles, electron inertia and finite ion Larmor radius are neglected
in the present subsection. The radial profile of the plasma particle density is
assumed to be linear one in the vicinity of SAR,

10— (N,#Np2=(de:@/dr)r? (- 1), (3.4.17)

The solution of the inhomogeneous Airy equation (3.4.4), which
amplitude decreases with going away from SAR and which carries out the
wave energy from the SAR, reads as

B V=jkea*(NA#No) Ay (s (r—1s7)), (3.4.18)
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here
v©)=sf; explis(té + t3/3)]dt. ke=((-1/2)ds:/dr)|r{ = ks €.
(3.4.19)

The direction, in which the small-scale wave propagates, is determined by
the parameter s,

s=signlde;©/dr)|r' Re(ks)]. (3.4.20)

As it was noted in [59], absolute value of the inhomogeneous Airy function
v(&) has its maximum at &»~ —1.8rather than at &0.

Characteristic width 8r of SAR region (3.1.3) can be estimated from
eq. (3.4.19) as follows:

O r=(s1P/(a*2)) 3~a* (em/kva))?3<<a”. (3.4.21)

If the inequality (3.4.21) is valid, then the method of narrow layer is
applicable (see inequalities (3.2.4)). Analysis of eq. (3.4.21) makes the reason
to conclude, that the width & r of SAR region is larger than that of the main
AR ceteris paribus.

The characteristic magnitude of the amplitude Z,“” of satellite
harmonics of radial wave field in the vicinity of SAR can be estimated by the
order of magnitude basing on egs. (3.4.4) and (3.4.21) as follows,

BED~AO (kpa )23 /[(Ny+Np 2 emZ?]. (3.4.22)

The estimation (3.4.22) shows that the amplitudes of the satellite
harmonics are smaller than that of the main harmonic even in the vicinity
of SAR. That is why they weakly influence on its spatial dependence in this
region. The radial dependence £,@(r) can be determined with neglecting the
amplitudes 7272 of satellite harmonics even in the vicinity of SAR, since
the rigth hand side of eq. (3.4.3) is equal by the order of magnitude to
(em/(kpa*))?3NAE@. This circumstance is applied above to explain the fifth
step in the transfer from the set of eqs. (3.14)—(3.18) to (3.4.3)—(3.4.5).

The amplitude E:*? of the second satellite harmonic is known to be
the small value out of the SAR region, E,*?~emE*V~e,2E@ [69]. When
approaching to the SAR region the amplitude E.*? increases more rapidly
than Z,*Y, namely, E*?ocfe;@¥—(N,+Np)?/?. This causes limitation of
increase of the first harmonic amplitude. Amplitudes of the satellite
harmonics are larger within the SAR region than out of it. One can estimate
by the order of magnitude, that E,*?~gnBE*V~gn,?3 @, Nevertheless, they
remain smaller than that of the main harmonic. The significance of this
result is explained by the following issue. Before carrying out this detailed
analysis, it was natural to expect that the amplitude E.*? of the satellite
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harmonic can be larger in the vicinity of SAR than that of the main
harmonic, £:©. Then one could expect, that the nonlinearity in the respect
of the wave amplitude plays a significant role within SAR and/or turbulent
absorption of RF power of the satellite harmonic under the condition of
linear (in the respect of the wave amplitude) propagation of the main
harmonic takes place. However, the results of the presented detailed
analysis prove, that even in the vicinity of SAR, the amplitude E*? of the
satellite harmonic remains smaller, than the amplitude E? of the main
harmonic. In other words, the present research proves that the mentioned
phenomena are impossible.

The amplitude Ey*”(r) of the first satellite harmonic of the wave
azimuthal electric field can be shown to have the logarithmic singularity
(3.4.2) when approaching to SAR, /r-rs’/>ks’. This singularity is the
weakest, that is why the amplitude £3*? remains the same by the order of
magnitude within the SAR region as out of it, E¢*V~gnEy@. Such radial
dependence of Ey*?(r) within SAR is similar to that of £y@()within AR.

To make the obtained analytical results more visual, the eq. (3.4.4)
should be replaced by the equivalent one:

enly V"~ xyV=gp, . (3.4.23)

The distribution y”(x) of the amplitude of the satellite harmonic
within SAR is shown in Fig. 3.4.1. The magnitude of the small parameter is
chosen to be &»=0. 1. To analyse the curve y(x)in Fig. 3.4.1 it is appropriate
to apply the estimations (3.4.21) and (3.4.22).

The characteristic magnitude of the function y™ can be estimated
from the eq. (3.4.22). It is equal by the order of magnitude y@~0.175=0.464.
The characteristic width of the resonance ox in Fig. 3.4.1 is given by the
expression (3.4.21). Its magnitude is equal, oOx~0.175=0.215. These
estimations are in good agreement with the behavior of the curve, presented
in Fig. 3.4.1.

Fig. 3.4.1. Modelling the radial dependence of the amplitude E;*V(r) of the first
satellite harmonic in the vicinity of SAR based on the solution to the eq. (3.4.23)
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The conditions, under which the fine structure of the local satellite AR
is determined just by the weak periodic axial inhomogeneity of §0, rather
than electron inertia, ion Larmor radius or the plasma particle collisions,
are found below. These weak phenomena can be taken into account by the
aid of the following replacement in the eq. (3.4.4):

&/V~(NANsf—&”~(No#Ns P +o. (3.4.24)
The term oin eq. (3.4.24) reads as:
o=ie1@+(er+c2(NoAN P Aw?es)(d/dr). (3.4.25)

Electron inertia, ion Larmor radius and the particle collisions are
taken into account in the eq. (3.4.24) via the term o analogously to the case
of uniform external static axial magnetic field, presented in [24, 55, 63].
Being in the framework of the method of the narrow layer, the magnitudes
of the observables &7, &3 and £ in the point of SAR are applied here. The
term (7g:@) is presented in the subsection 2.1 in eq. (2.1.2). It takes into
account the collisions between the plasma particles [52]. The coefficient rin
eq. (3.4.25) is given in the subsection 2.4 (see eq. (2.4.6)). It accounts for the
finite ion Larmor radius [49]. Electron inertia is also taken into account in
(3.4.25) via the component ¢s of the plasma permittivity tensor. One can
apply the definitions (2.4.1)—(2.4.4) of &3, provided in the subsection 2.4 with
the replacement k,— k, + k.

The influence of the weak periodic inhomogeneity of §0 on the fine
SAR structure is more important, than that of finite ion Larmor radius and
electron inertia, if the following inequality is valid,

em?>>(kma* P (pri/rs™ P (INoNo )/Ni). (3.4.26)

The condition can be realized in the peripheral plasma, where the periodic
axial inhomogeneity of §0 is more pronounced, and the plasma is colder,
than in the core. The inequality (3.4.26) can be realized even for higher ion
temperature, than the similar condition (3.2.19), which takes place in the
case of the main AR. The magnitude of the small parameter &x is estimated
below, under which one cannot neglect the influence of the periodic axial
inhomogeneity of the external static magnetic field during studying the
conversion of RF waves within SAR in the devices with the parameters,
typical for the planned Helias reactor [92] (pr/a*=1/30, a*/R=0.1, here R is
the large radius of plasma torus, &m~0.13, N=4). The inequality (3.4.26)
becomes as follows, k.R<<380. Hereby, the condition (3.4.26) will be
absolutely feasible for such type reactors.

The condition (3.4.26) can be treated as follows. The radial deviation
r— rs® of the magnetic surface (3.5) from the cylinder with average radius
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rs is larger than the characteristic width Arr of the SAR region, known for
the case of uniform external static axial magnetic field.

The results obtained in the present subsection can be summarized as
follows. The influence of the moderate periodic axial inhomogeneity of the
bumpy magnetic field §0 on the spatial distribution of RF fields in the
vicinity of satellite Alfven resonance in plasma with radially inhomogeneous
density is analytically studied in the present subsection.

The periodic axial inhomogeneity of the bumpy magnetic field causes the
coupling of separate spatial harmonics of electromagnetic field. The amplitude
of the second satellite harmonic is negligibly small outside of the SAR region of
the first harmonic. However, it increases when approaching in radial direction
to the SAR region even more rapidly than that of the first harmonic. It is this
increase which removes the singularities of electromagnetic fields of the first
satellite harmonic, which takes place under the condition of neglecting the
collisions between the plasma particles, electron inertia and ion thermal
motion.

The condition (3.4.26) is derived, under which the modulation of the
radial component of the external static axial magnetic field influences on the
SAR structure stronger, than plasma particle collisions, finite ion Larmor
radius and electron inertia. The condition (3.4.26) can be realized in the plasma
periphery of large fusion devices, where the deviation of the magnetic surfaces
from the circular cylinder is larger and the plasma is colder, than in the core.
The region of the local AR is known to move there while the plasma particle
density increases, which takes place during plasma production in fusion
devices. In particular, the inequality (3.4.26) is valid for the planned
parameters of Helias reactor [92]. Ceteris paribus, the modulation of §0 can be
a little bit smaller within the SAR region to satisfy the inequality (3.4.26) as
compared with the modulation of EO within the main local AR, which is
necessary to satisfy the inequality (3.2.19).

One can conclude from the research, that the characteristic
magnitude (3.4.22) of the radial electric field of the electromagnetic field is
smaller, than in the case of uniform external static axial magnetic field,
under the condition (3.4.26).

The characteristic width of SAR is larger under the condition (3.4.26),
than in uniform external static axial magnetic field ceteris paribus. Radial
distribution of RF fields in the vicinity of AR is rather difficult to measure
because of the small width of the regions. SARs are more attractive from
this point of view — they can be recommended for experimental study since
SARs are wider (see (3.4.21)) than the main AR (see (3.2.12)). However, one
has to keep in mind, that the characteristic magnitude of the amplitude of
the satellite harmonic of the RF wave field is smaller than that of the main
harmonic even within SAR.

Since the fine structure of SAR (3.1.3) is studied in the subsection 3.1
for the case of very weakly modulated external static axial magnetic field
(when the inequality opposite to (3.4.26) is valid), then the present research
generalises the analysis made in 3.1 to the case, if the influence of the
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inhomogeneity of the external static magnetic field is comparable with or
even stronger, than that of finite ion Larmor radius and electron inertia.

It 1s periodic inhomogeneity of radial component By of the confining
magnetic field (rather than weak axial periodic inhomogeneity of axial
component Bp) which influences the spatial distribution of the wave RF
fields in the vicinity of AR. This circumstance is associated with the fact,
that it is radial refractive index, which is singular within SAR in the
approach of cold magnetic hydrodynamics.

It should be noted, that the form (3.1) of the confining magnetic field,
which contains only one spatial harmonic o«sin(ksz), is very simplified. In
the reality, the spectrum of the confining magnetic field is rather wide and
contains also the harmonic o«sin(ksz), j=2,8,4... Account for the other
harmonics of §0, which are proportional to sin(fksz), gives rise to the next
SARs, where &;@=(N,+jN»»”. Analysis of these SARs is not carried out here,
since it does not contain anything new in physics as compared with already
presented in this subsection.

SECTION 4. CONCLUDING REMARKS

Hannes Olof Gésta Alfvén published his paper [7] about eighty years ago.
The date can be considered as that of discovery of Alfven waves. Since that,
physics of plasma and controlled fusion has successfully developed both in
theory and practical realisation. Nevertheless, the topic of Alfven oscillations is
not exhausted. Complicated geometry of the external static magnetic field in
fusion traps gives wide possibilities to scientists for searching new branches of
Alfven oscilaltions.

Twenty-three years had passed after Alfven discovery before
V. V. Dolgopolov and K. N. Stepanov described the fine structure and
absorption of MHD waves in the vicinity of the local Alfven resonance [24].
In the paper, the authors had given ground for plasma Alfven heating. Fifty-
five years had passed since then. However, the topic is not exhausted.
Moreover, been started in the interest of controlled fusion, it is now widely
applied also in geophysics of terrestrial space.

The present overview presents fundamentals of Alfven resonance (AR)
theory. The theory is generalised with account for special features of periodic
spatial inhomogeneity of external static magnetic field of fusion traps, in
particular, tokamaks. The most results presented in the second section of the
overview are obtained in original papers, written by the author under
supervision of Professor K. N. Stepanov and in coauthorship with the
colleagues. Fine structures of AR for the main and satellite harmonics are
determined. The magnitude of RF power, absorbed in the vicinity of AR, is
calculated. The specific features of AR, which are caused by nonmonotonous
character of the spatial distributions of the plasma parameters, are established.
Novelty of the obtained results is confirmed by the priority in publishing the
scientific papers. Their credibility is determined by application of adequate
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methods of solving the problems and their reporting at numerous international
conferences. The presented results can be applied for planning and explaining
the experiments on plasma heating in fusion devices, as well as geophysical
experiments.

The main new results, presented in the overview, are as follows. The
influence, caused by spatial periodic plasma inhomogeneity, on conversion and
absorption of MHD waves is determined here. First of all, the spatial plasma
periodic inhomogeneity causes the coupling of spatial harmonics of
electromagnetic wave fields. In other words, the waves propagate in such
plasma in the form of wave packets.

The possibility of existence, along with AR for the main harmonic, of
additional resonance regions (SAR) in the plasma, which is periodically
inhomogeneous in the direction of external magnetic field, is established.
Rapid increase of the amplitudes of small satellite harmonics of MHD waves
and their conversion into small-scale waves takes place within these SARs.
The conditions, under which the additional plasma heating in the vicinity of
SARs can be significant, are determined.

Singularities of the solutions to Maxwell’s equations for the fields of
electromagnetic waves, which take place in the case of cold plasma in uniform
axial magnetic field, are shown to be suppressed in peripheral plasma of fusion
devices by spatial periodic inhomogeneity of external static magnetic field.
Herewith, it is shown that the fine structure of the main and satellite ARs can
be determined by the modulation & of the radial component of external static
magnetic field (rather than ion thermal motion or finite electron inertia). It
should be underlined that RF power absorption in the wvicinity of these
resonances does not depend on the mechanism of absorption. The characteristic
width of the main AR by the order of magnitude reads as

Arr =(pra’ )V — Ars~[5'a*/(k k)] PocS 77 . (4.1)

The magnitude of RF power, absorbed within AR in the case if minimum
(maximum) is observed on the plasma particle density radial profile, is found to
be by (a*/pr:)”? times larger as compared with the case of linear density profile.
The increase is explained by the increase of characteristic magnitudes of both
the AR width by the factor of (a*pr/¢ and amplitudes of Alfven wave fields
within AR by the factor of (a*)pr:/?%. Here a*is characteristic radial scale of the
density inhomogeneity, and pr;is ion Larmor radius.

The author considers as a pleasant duty to express sincere gratitude to
the corresponding member of the NAS of Ukraine K. M. Stepanov, who taught
the plasma theory to the students of the School of Physics and Technology of
V. N. Karazin Kharkiv National University (including the author of the present
overview) in 1965-2011. Professor K. Stepanov was the supervisor of the author
when the latter started studying the influence of spatial periodic plasma
inhomogeneity on the properties of MHD waves, prepared the thesis of
Candidate of Sciences. Many problems, which solutions are presented in the
monograph, were solved either in co-authorship with Professor K. Stepanov or



L O. Girka. Chapter V. Fine structure of the local alfven resonances... 433

in the result of discussions with him. The author is also very thankful to
Professor Ye. D. Volkov, who was official opponent at the defense of the thesis
of Doctor of Sciences by the author, and proposed the idea of writing the present
overview. The author is also grateful to other co-authors of the papers, which
form the basis for the monograph, e.g., to docent M. R. Belyaev, who taught
higher mathematics to the students (including the author of the present
overview) of the School in 1971-2009. Docent M. Belyaev proved numerically
the coincideness of electromagnetic power absorption in the vicinity of AR in
two cases: if AR fine structure is determined by ion thermal motion and by axial
periodic inhomogeneity of external static magnetic field. Doctor S. V. Kasilov
designed the numerical code, which was used for verification of analytical
results of studying the MHD wave absorption within AR, if minimum
(maximum) is observed on the radial profile of the plasma particle density.
Doctor P. K. Kovtun improved application of local frame of references for
solving the Maxwell’s equations. Professor V. I. Lapshin taught the author of
the overview to study influences of striction nonlinearity and ion cyclotron
turbulence on electromagnetic power absorption in the vicinity of SARs in the
devices with the bumpy magnetic field.
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he electromagnetic waves interaction with composite media attract

great attention of researches for many decades due to its relevance

to problems in condensed matter physics, optics, photonics,

plasmonics, and chemistry. During last two decades, metamaterials

and photonic crystals have been in the top of research due to their
unprecedented possibiiities to manipulate the electromagnetic parameters of both
materials and electromagnetic waves. The review Is devoted to difterent types of
artificial composite media, their classification, discussion of their unique
characteristics and ways of control of their dispersion. Comprehensive review of
the electromagnetic properties of periodic and aperiodic planar Bragg reflectors
(that is, photonic crystals) and planar Bragg reflective waveguides is carried out.
The dispersion features of Bragg reflective waveguides with both periodic and
aperiodic arrangements of layers in their claddings are discussed and methods of
their control are presented. It was found that an aperiodic configuration of
cladding of Bragg reflection waveguide could give rise to exceptionally strong
mode selection and tuning the polarization-discrimination effects. On the other
hand, artificial media called metamaterials (and especially, hyperbolic
metamaterials) created using subwavelength resonant building blocks, are also
useful for both controlling light propagation and dispersion management. They
can be easily made by alternating dielectric and metal layers or by embedding
arrays of parallel metallic rods in a dielectric matrix. This review discusses a
particular example of hyperbolic metamaterial, represented by a superlattice
consisting of ferrite and semiconductor layers, which 1s influenced by an external
static magnetic field. Within the framework of the eftective medium theory, such
an artificial structure can be reduced to a homogenized medium, which is
described the effective permittivity and permeability tensors. Due to the
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components of both tensors show significant sensitivity to the external magnetic
field, these artificial structures can exhibit the great variety of high-frequency
properties. For instance, 1t is observed that in the case when specific conditions
related to the superlattice’s constitutive parameters and filling factor are
satisfied, the regions of existence of the bulk and surface polaritons can totally
overlap. Besides, it is found out that in an extremely anisotropic medium, the
dispersion characteristics of extraordinary bulk waves exhibit a number of
unusual behaviors, including atypical topological transitions of isofrequency
surfaces. The conditions for appearance of mono-hyperbolic, bi-hyperbolic, tri-
hyperbolic and tetra-hyperbolic-like forms of isofrequency surfaces are also
discussed.

KEYWORDS: photonic crystals, metamaterials, superiattices, dispersion
characteristics, hyperbolic dispersion.

PACS numbers: 42.25.Bs, 42.70.Q)s, 68.65.Ch, 78.67.Pt

SECTION 1. INTRODUCTION

In recent years, the special attention has been paid to artificial composite
media due to their specific electrodynamic, electro-optical, magneto-optical,
polarization, resonance and dynamic characteristics (see, a comprehensive
review on theory, methods for fabricating and applications of artificial media in
Refs . [1-9]). Artificial composite structures can be characterized by anisotropy
(or gyrotropy) of their material parameters, optical activity, significant spatial
inhomogeneity, material and structural dispersion, as a result, they exhibit
specific electromagnetic characteristics, which cannot be obtained using
conventional natural materials.

Despite the significant scientific results obtained since the first half of
the last century (see, for example, Refs. [10-15]), in the last years, renewing
interest to such media is observed due to the rapid progress in the technologies
for their manufacturing and the appearance of new opportunities for
experimental investigation of their characteristics. The impetus for the
resumption of research in this area was papers of Eli Yablonovitch, John Sajeev
and John Pendry. In 1987, Eli Yablonovitch [16] and John Sajeev [17] published
the papers, which introduced the term "photonic crystals’, substantiated the
concept of the photonic band-gap (PBG) for the electromagnetic waves in
superlattices, and noted that within the spectral region of the complete PBG
the spontaneous emission is impossible. In this content we should note that the
idea of the analogy of PBG for photons in the photonic crystals spectrum and
the energy gap (that is, an energy range in a solid where no electronic states
can exist) for electrons in the crystal was firstly proposed by V.P. Bykov in 1972
[18]. In turn, in 1999, John Pendry with colleagues identified a practical way to
obtain left-handed materials [19], firstly proposed by V. G. Veselago in 1967
[20] (in this regard, it should be noted that historically, the possibility of
obtaining negative refractive index, was firstly analyzed by L. I. Mandelstam in
1945 [21]). Later then, several types of composite media that can be used as
metamaterials were proposed and theoretically investigated [22]. Such
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composite structures were formed by a periodic array of thin conductive wires
or metal split ring resonators. Theoretical analysis of composites formed by
periodically located thin wires has shown that they are characterized the
negative value of permittivity in the frequency range close to the plasma
frequency [22]. While a design with periodically located split ring resonators
demonstrated negative value of magnetic permeability [23]. Experimental
papers soon appeared, which confirmed the obtained theoretical results [23, 24].
The metamaterials were firstly obtained in 2000 by the research teams led by
David Smith and Richard Shelby of the University of San Diego. At that, Smith
experimentally shown the left-handed material which is characterized by
simultaneously negative permittivity and permeability at microwave
frequencies [23]. Whereas Shelby [24] demonstrated the possibility of arising
narrow frequency band with negative refraction index, when left-handed
material with unit cell based on the split ring resonator and thin copper wire
has been used [24].

It should be especially noted that in the late 60's and early 70's of last
century, a group of scientists led by V.G. Veselago made a number of
unsuccessful attempts to obtain left-handed materials. In particular, the
attempt to obtain an exotic mixture of electric and magnetic charges whose
properties were considered in Ref. [25], and the attempt to create a material
with a negative refractive index based on a magnetic semiconductor CdCrzSes,
but this attempts were unsuccessful due to existing technological difficulties.
These failures, as well as the lack of known natural left-handed materials led to
the fact that the topic of metamaterials remained out of the attention of
scientists for more than three decades.

In this brief review, we concentrate our attention on the one-dimensional
photonics crystals and metamaterials (including hyperbolic metamaterials)
associated with dispersion control, including their theory, constructing methods
and possible applications. This paper organized as follow: in section 2, we give
short classification of natural and artificial media. Sections 3 and 4 present
some ways to the dispersion control in the photonic crystals and metamaterials,
respectively. Finally, some conclusions are given in section 5.

SECTION 2. CLASSIFICATION OF NATURAL AND ARTIFICIAL MEDIA

2.1 Classification based on material properties

It is known that an electromagnetic response of a bulk medium
depends on the dispersion characteristics of its permeability pu(w) and
permittivity £(w). Using these two fundamental characteristics we can
divide natural materials into four large classes:

— Class I with (u>0)A(e>0) comprises most of dielectric
materials;

— Class II, with (u > 0) A (¢ < 0), corresponds to plasma, metals and
doped semiconductors below their plasma frequency w,;
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— Class III, with (u < 0)A (e <0) corresponds to doped magnetic
semiconductors in close vicinity of their plasma w, and ferromagnetic wj
resonance frequencies (at that characteristic resonant frequencies should be
closely spaced within the same frequency band and w, > wg). Here, we
should note, that such materials were obtained quite recently (see, for
instance, Ref. [26] where possibility of obtaining negative refractive index
using Ins«CrxOs magnetic-semiconductor is demonstrated) and usually this
group is referred as not accessible to natural materials (see, the review in
Ref. [27]));

— Class IV with (u < 0) A (e > 0) includes gyromagnetic media G.e.,
ferrites) in close proximity to w;.
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Figure 1. (a) Definition of materials classes according to their material properties.
(b, ¢) Schematic representation of some types of one dimensional artificial periodic
structures’ (b) metamaterials and (c) photonic crystals

The materials of Classes II-IV are usually called as epsilon-negative
(ENG), mu-negative (MNG) and double-negative (DNG) media. While Class
I corresponds to double-positive (DPS) media. For clarity, the schematic
representation of such materials classifications are presented in Fig. 1(a).

2.2 Classification based on a structural size

According to another classification, all material media can be divided
into four main categories depending on their structural size (here, we follow
the classification proposed in Ref. [28]).

In order of increasing size scale they are:

— Ordinary materials;

— Mixtures;

— Metamaterials (usually correspond to Classes II-IV);

— Photonic crystals.

Ordinary materials are formed at the molecular level. They are the
most common and used as structural elements for the following three
categories. In turn, mixtures are a certain combination of conventional
materials [29]. They are usually intended to creation of dielectrics with
moderate dielectric constant ¢ = 6 + 20 [28].
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Despite the prevalence of such materials and the simplicity of their
manufacturing, their inherent dispersion characteristics are determined by the
molecular and atomic structure of the material, which significantly complicates,
and sometimes makes it impossible, to manage them [29]. This limitation
stimulates the search and implementation of alternative material media and
composite structures that can provide flexible control of the dispersion
characteristics of electromagnetic waves in a given spectral range.

The term "dispersion" is commonly used for any situation in which the
electromagnetic characteristics of the medium change, which leads to a change
in the conditions of propagation of electromagnetic waves in this medium
compared to free space. There are various types of dispersion, including
material, structural, chromatic, spatial, and polarization, which are the most
interesting in terms of controlling the dispersion behaviors of electromagnetic
waves in the artificial media, such as metamaterials (including metasurfaces)
and photonic crystals. It is conditioned by the complex spatial design of such
composite media and the variety of materials used as their structural elements.

Metamaterials are artificial composite media (usually periodic, with a
period L much shorter than the wavelength A in the medium, 1e., L < A as
shown in Fig. 1(b)) formed on the basis of resonant elements, so that their
electrodynamic properties are caused not by diffraction phenomena, but are
determined by the resonant characteristics of their individual subwavelength
elements [4, 27, 28]. This property distinguishes them from another class of
artificial periodic structures (in particular structures that exhibit refractive
index periodicity), that are called photonic crystals for which the condition L ~ A
is satisfied (see, for clarity, Fig. 1(c)), i.e., the lattice spacing is large enough to
diffract waves [3, 6].

The spectral and dispersion properties of metamaterials and photonic
crystals depend on both the material and geometric parameters of their
individual structural elements (that is, layers, rods, wires, rings, etc.) and
even more on how they are arranged into a single structure [3, 6, 7, 9, 27, 28].
Namely, they are determined by the simultaneous influence of both material
and structural dispersion. This makes it possible to effectively control the
spectral and dispersion characteristics of artificial composite media in a wide
frequency range.

In following sections, we briefly discuss one-dimensional artificial media
such as photonic crystals and metamaterials, their unique characteristics, and
ways to control of their dispersion

SECTION 3. ONE-DIMENSIONAL LAYERED STRUCTURES

3.1 Photonic crystals. Spectral behaviors

Photonic crystals are novel class of optical media represents by artificial
structures with spatially periodic properties. Their optical properties are
similar to the electronic properties of solids (crystals), which provides their
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name. Namely, with a certain ratio of geometric and material parameters of the
structural elements of photonic crystals, in their spectrum there is a so-called
photonic band gap, for which, in the ideal case, propagation of electromagnetic
waves 1s completely inhibited. That is, when an electromagnetic wave with
frequency inside the PBG incidents the photonic crystal, it appears to be totally
reflected (see, Fig. 2(a)).

From a physical point of view, the formation of PBG occurs due to the
destructive interference of waves at the structural boundaries of photonic
crystals [6, 7]. Depending on the type of photonic crystals (one-dimensional,
two-dimensional or three-dimensional) photonic band-gap can be either partial
or complete. Complete PBG occurs in the case of three-dimensional photonic
crystals, when radiation incident on the structure from any direction is
completely reflected in the opposite direction.

In the case of introducing defects to the strictly periodic structure, within
the PBG, high-quality resonant transmission peaks are formed due to the
significant localization of the electromagnetic field in structural defects (so-
called defect modes) [7], as shown in Fig. 2(b). Thus radiation within defect
frequencies can propagate inside the structure. The number of defect modes
and their spectral position depend on both the number of defects in the periodic
lattice and their spatial location. Consequently, the desired transformation of
the spectral response of photonic crystals can be achieved by combining defects
of different types (materials, thicknesses and their position in the structure),
which allows to effectively control optical and dispersion characteristics of
photonic crystals [6, 7, 30]. We should note that, in disordered media, such a
process 1s called Anderson localization of light.

(b) 1 ¢
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Figure 2. Typical reflectance spectra of (a) strictly periodic structure and (b) photonic
crystal with a single defect layer. Shaded region corresponds to the PBG. w, is the
central frequency which corresponds to the Bragg wavelength Ag,

Spatial modulation of the refractive index of photonic crystals leads to
the appearance of some unusual and practically important effects. In parti-
cular, the group and phase velocities of light is significantly reduced (more than
an order of magnitude) at the PBG edges compared to their magnitudes outside
the PBG. Thus, the photonic-crystal devices are very attractive for generating
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slow light [31]. In addition, a significant decrease in the group velocity of wave
packets at the PBG edges leads to a significant increase in the photon density of
states within the structure, such effect is particularly desirable for applications
where nonlinear optical transformations are required [32].

The most common example of the one-dimensional photonic crystal is
the Bragg reflector, as shown in Fig. 1(c). At that, usually a quarter-wave
design of the reflector is used, in which optical thicknesses of layers
correspond to one quarter of the chosen wavelength. Despite the simplicity
of the structure, due to its specific dispersion characteristics, this artificial
medium is widely used in different devices from microwave to optical ranges
such as mirrors of vertical cavity surface emitting lasers (VCSEL) [33],
periodic and aperiodic layered claddings of optical waveguides [34-37],
chromatic dispersion compensators [38], omnidirectional reflectors [39, 40I,
CWDM demultiplexers, and etc.

3.2 Dispersion characteristics of Bragg reflection waveguides

Of considerable practical interest is the use of the Bragg reflectors in the
area of integrated optics, in particular in the design of planar waveguides (so-
called, Bragg reflection waveguides). It is known, that conventional three-layer
planar waveguides usually act as connecting nodes (paths) in integrated optical
circuits, while Bragg reflection waveguides, due to their specific spectral and
dispersion characteristics, are directly used in the construction of active and
passive integrated optical devices [42—45]. In particular, devices that combine
characteristics of waveguides and Bragg reflectors can be used as polarization
splitter or combiner [42], high-efficiency all-optical diodes [43], adaptive
dispersion compensators [44], accelerators [45], and etc.
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Figure 3. Typical band diagrams (the colored regions correspond to PBGs with level
of reflection |R| > 0.9) and dispersion curves (the case of T'E waves is considered) in
the Bragg reflection waveguides with (a) periodic and (b) aperiodic cladding (see, for
Instance, [34 — 37]). The dispersion curves of the different colors correspond to
guided modes with different mode index-m = 0 (blue), m = 1 (red) andm = —1
(black). Here, dgy = 2d 1s thickness of the guiding layer, ny, n, andn, are refractive
Indices of the constitutive layers of the cladding and the guiding layer, respectively
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An ordinary Bragg reflection waveguide consists of a low-index guiding
layer sandwiched between two identical Bragg reflectors [41], and its distinctive
characteristics is conditioned by a multilayered configuration of composite
cladding. For clarity, the refractive index profile in the cross-section of
waveguide is presented in the insert of Fig. 3(a). Due to the existence of PBGs
in the spectra of the multilayered cladding, light is confined within the low-
index core with a refractive index below the effective refractive index of the
cladding (that is, ng <mn, < ny; the core is usually considered to be an air gap
with ng, = 1.0 [41, 46]). This method of localization of guided modes in the
waveguide core has a number of significant advantages over the method of the
total internal reflection inside a high index core, which is inherent in standard
(three-layer) optical waveguides [47]. In particular, due to the fact that
electromagnetic radiation is mostly propagates in the air layer both the power
losses and the influence of nonlinear effects on the waves propagation can be
significantly reduced.

In a one-dimensional case, the transfer matrix formalism is widely
used to solve the problem. As a result, the dispersion characteristics of TM
and TE modes of the Bragg reflection waveguides can be obtained from
following equation [36, 37]:

1— R?exp [4ik0dg(n§ - ngff)l/z] =

0, (1

where n. = f/ky is the effective mode index, f is the longitudinal
propagation constant, k, = w/c is the wave number in free space, R is the
reflection coefficient of the cladding, d; = 2d and n; are thickness and

refractive index of the core layer, respectively.

As typical examples in Figs. 3(a) and 3(b), we demonstrate the band
diagrams and dispersion curves that were calculated using Eq. (1) for Bragg
waveguides with periodic and aperiodic configurations of claddings (with
finite number of the constitutive layers), respectively.

Even in the simplest symmetric configuration of planar Bragg reflection
waveguide, a number of unique dispersion characteristics, which cannot be
obtained in a conventional planar waveguides can be observed, as shown in
Fig. 3(a). In particular, it can be noted [37, 41, 48, 49]: each guided mode has
several cutoff frequencies, it allows to design waveguides which support only
higher-order modes, instead of the fundamental one (see, Region 2 in Fig. 3(b));
there i1s a possibility of suppression of unwanted mode in the required
frequency ranges by shrinking PBG into point (see, Region 1 in Fig. 3(b)); the
appearance of a special class of modes with a negative mode index (m = —1) is
possible in waveguide structure which core layer is thin enough.

On the other hand, the dispersion characteristics of the Bragg waveguide
can be significantly modified by selecting specific designs of its cladding, on
today, the following optimization methods have been proposed: the use of
asymmetric claddings based on two different Bragg reflectors with different
spectral characteristics [34, 35]; introducing defect layer into Bragg reflectors
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[50]; layers chirping in the cladding [50, 51], and placing matching layers
between the core and layered cladding [52]. Besides, authors of this review have
recently proposed another, more effective method of optimizing both the
dispersion and spectral characteristics of Bragg reflection waveguide, which is
based on the using aperiodic layered claddings in the waveguide design [36, 37].
It was shown that in the aperiodic configuration, the dispersion curves have
more cutoff points for each mode than those of periodic one [36, 37]. It means
that Bragg reflection waveguides with aperiodic cladding are easier to be
optimized than that ones with periodic cladding to support propagation of
desired modes only. Thus, it could give rise to exceptionally strong mode
selection and tuning the polarization-discrimination effects, and can be used in
the integrated optic devices that are designed for mode selection, adaptive
dispersion compensation, frequency and polarization filtering

As most of the characteristics of the planar Bragg waveguides are similar
to those of the cylindrical Bragg fibers, we argue that obtained results are also
applicable for the prediction of optical features of the latter ones.

Not only the problem of passive control of the dispersion characteristics
of electromagnetic waves interacting with media is important, but even more,
the task of active control of them. To solve this problem in the design of
photonic crystals (and devices based on their basis) usually use active media,
such as ferrites, semiconductors or graphene. Such media can change their
properties under external influence (for example, when the temperature
changes or under the action of electric and magnetic fields), which provides
additional opportunities to control a wide range of their characteristics
(including dispersion) and significantly expand their functional potential, see
for example [53, 54]. In particular, the possibility of effective control of the
spectral characteristics of a magneto-photonic crystal by changing the
magnitude of the external magnetic field was experimentally demonstrated in
[53], and it was proposed to use such a structure as a polarizing element. In
addition, the characteristics of a planar waveguide formed on the basis of a
half-wave magneto-optical layer located between two isotropic Bragg reflectors
were investigated in Ref. [54]. The authors of this paper indicated the
possibility of excitation of hybrid plasmon waves localized in a layered
claddings, which leads to additional resonances in optical spectra and
enhancement of magneto-optical effects. In turn, the polarization filtration of
TE and TM modes in a planar waveguide based on a magneto-optical layer
placed on a dielectric substrate and combined with a one-dimensional photonic
crystal is considered in [55, 56]. In addition, active structures are used to create
distributed feedback lasers [57], optical amplifiers [58], and many other
integrated optics devices.

SECTION 4. METAMATERIALS

4.1 Multilayer metamaterial structures. Effective medium theory

In modern devices of photonics and plasmonics, composite artificial
media (that is, metamaterials and metasurfaces) based on subwavelength



V. I. Fesenko, D. M. Vavriv. Chapter VI. Electromagnetic waves in artificial composite media... 447

structural elements are often used as active media [59]. A particular
example of such metamaterials is a superlattice consists of ferrite and
semiconductor layers, which is influenced by an external static magnetic
field M, as shown in Fig. 1(b).

Given the fact that metamaterials are composed by subwavelength
elements (i.e., all characteristics dimensions of structure are much smaller than
the wavelength in the corresponding parts of the structure) they can be
described in the framework of the effective medium theory. From the physical
point of view, this theory allows to replace an artificial composite medium by its
equivalent continuous (homogenized) medium, which can be described by the
tensors of relative effective permittivity &, and relative effective permeability
Aess. Due to the resonant characteristics inherent in the individual elements
(building blocks) of metamaterials, their effective material parameters
demonstrate a significant dispersion, and can be characterized by the presence
of frequency ranges with negative values of effective permittivity as well as
permeability. For clarity, typical dispersion characteristics of the tensor
components of relative effective permeability fd.;; and relative effective
permittivity é.¢; for a biaxial bigyrotropic medium are presented in Fig. 4(a)
and Fig. 4(b), respectively.
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Figure 4. Typical dispersion curves of the tensor components of (a) relative effective
permeability fi.sr and (b) relative effective permittivity &, ¢ for a biaxial bigyrotropic
crystal [60]. Herev,Vv' iterates overx,y and z

Building blocks (i.e., layers) with different physical properties, such as
dielectrics, semiconductors [61] and ferrites [62], are usually using in the
formation of superlattices. In the presence of an external static magnetic field,
the electrodynamic characteristics of such a gyroelectromagnetic medium are
determined by two tensors: the tensor of the effective permittivity &, and
effective permeability fl.rr. As a result, the dispersion characteristics of
electromagnetic waves propagating in such a medium are determined by
different combinations of components of these tensors. Due to the components
of both tensors show significant sensitivity to the external magnetic field, these
artificial structures can exhibit the great variety of high-frequency properties
[63]. Thus, studying dispersion characteristics of bulk and surface
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electromagnetic waves in such metamaterials, and in particular the dispersion
characteristics of surface polaritons at the interface of the layered
metamaterial/free medium is very important task.

Surface polaritons are a special type of electromagnetic waves
propagating along the interface between two media, which are characterized by
different signs of material parameters (e.g., permittivity and permeability). In
particular, this situation is typical for a metal/dielectric interface [64]. It is
known, that surface waves are strongly localized at the interface and penetrate
into the surrounding media over a distance approximately equal to the
wavelength in the corresponding material [64, 65]. This significant localization
of the electromagnetic field in a small spatial volume beyond the diffraction
limit leads to a significant increase in the interaction of the electromagnetic
field with matter (medium) and makes attractive the using surface waves in a
wide range of practical applications: from microwave and optical devices to
solar cells [66 — 68]. Moreover, the study of the dispersion characteristics of
surface waves has significant potential in terms of solid state physics, because
their nature can provide detailed information about the quality of the interface
and the material parameters (such as permittivity and permeability) of media
located on both sides of the interface [68]. High sensitivity to the
electromagnetic properties of the medium allows the use of surface waves in the
sensing applications, in particular in sensors of chemical and biological
substances [67]. Thus, the study of the dispersion characteristics of surface
waves 1s essential task for both physics of surfaces and physical optics; in the
latter case, these activities have led to the formation of a new direction of
research: plasmonics [59, 65, 68].

Nowadays, plasmonics is a field that is developing extremely fast and is
characterized by a variety of possible practical applications, for many of which
the ability to control the propagation of surface waves is a crucial characteristic.
In particular, in recent decades, significant efforts have been made to
implement active components (which can be reconfigured) for integrated
plasmonic systems, such as switches, active couplers, modulators, etc. [69]. In
this regard, the search for effective ways of controlling the characteristics of the
propagation of plasmon-polaritons due to the influence of external factors is an
extremely important task.

To date, it has been proposed to use nonlinear, thermo-optical and
electro-optical effects in plasmonic devices to control the propagation of
plasmon-polaritons [70 — 72]. In such devices, the control of the dispersion
characteristics of the electromagnetic waves occurs by changing the dielectric
constant of the medium by applying an external electric field or by adjusting
the temperature of the material. At the same time, the use of an external
magnetic field as a driving agent to control the distribution of polaritons is more
promising, because such external influences can change both the permeability
of ferrites and the permittivity of metals and semiconductors. It should be noted
that the uniqueness of this control mechanism is that the dispersion
characteristics of polaritons depend not only on the magnitude of the applied
external magnetic field, but also on its direction. For example, the external
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magnetic field creates additional dispersion branches in the spectra of surface
magnetic plasmon-polaritons what leads to the possibility of obtaining a multi-
band propagation, which may be accompanied by non-reciprocal effects [62 — 64,
73 — 78]. Thus, the combination of plasmon and magnetic functionality opens a
wide prospect of creating new active devices, which are characterized by
additional degrees of freedom to control the dispersion characteristics of
plasmon-polaritons. Such systems have already found a number of practical
applications in integrated photonics and telecommunication systems (see, for
example, [68] and references therein).

In this context, using superlattices consisting of layers of different
materials, alternating with each other according to a given law, which are able
to provide combined plasmonic and magnetic functionality, instead of
traditional plasmons systems, where a metal-dielectric interface is assumed,
has a significant practical potential [66]. In particular, this is because the
superlattices show a number of exotic electronic and optical properties
unattainable for homogeneous (bulk) media, due to the presence of additional
periodic potential with the period, which exceeds the lattice constant [75]. An
external static magnetic field applied to the superlattice leads to the
appearance of so-called magneto-plasmon-polariton excitations [64]. The
properties of magnetic polaritons in superlattices of different types under the
action of an external static magnetic field have been studied by many teams
over the past few decades (in particular, see [62, 63, 73—78]). It should be noted
that the problem was usually considered within two separate approximations,
namely, results were obtained for gyroelectric media with magneto-plasmons
[61, 75] and gyromagnetic media with magnons [62, 74, 76, 77], which are
characterized by either a permittivity or permeability tensor having non-zero
off-diagonal elements. The application of this approach is generally justified due
to the fact that the resonant frequencies of the magnetic permeability of
magnetic materials are usually in the microwave range, while the characteristic
dielectric permeability frequencies of semiconductors are usually in the infrared
range of the electromagnetic wave spectrum.

At the same time, it is obvious that the combination of magnetic and
semiconductor materials into a single gyroelectromagnetic superlattice, in
which both the permeability and permittivity are tensors, provides additional
opportunities in controlling dispersion characteristics of surface waves using an
external magnetic field what is unattainable in separate both gyromagnetic and
gyroelectric media [78-85]. Obviously, it is possible to create heterostructures
in which the characteristic resonant frequencies of semiconductor and magnetic
materials may be different, but closely spaced within the same frequency range.
As an example, we can mention the heterostructures proposed in [60, 78,
81-85], which show a gyroelectromagnetic effect in the range from GHz to tens
of THz, in a result the electromagnetic waves in such superlattices demonstrate
some unusual properties. For instance, extraordinary dispersion features of
both bulk and surface electromagnetic waves in finely stratified magnetic-
semiconductor superlattice which is influenced by an external static magnetic
field in the both polar and Voigt geometries have been recently reported in
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papers [60, 78, 86]. Namely, it was observed that in case when specific
conditions related to the superlattice’s material and geometric parameters are
satisfied, the regions of existence of the bulk and surface polaritons overlap (for
clarity, see, Figs. 3, 4 in Ref. 78 and Fig.4 in Ref. 86). Such peculiarities can give
great advantages when providing excitation of surface polaritons via nonlinear
coupling [78].

An effective way to analyze the dispersion of electromagnetic waves in
composite artificial media is to study their isofrequency surfaces (so-called
Fresnel surfaces) [87, 88]. This is especially true for hyperbolic metamaterials,
which have been the subject of intensive study due to their inherent specific
dispersion characteristics unattainable in ordinary natural media (a detailed
review of the general theory and applications of hyperbolic materials is given in
Refs. [89-100]).

To date, hyperbolic materials have been implemented in devices
operating in the microwave, terahertz, and optical ranges, and a variety of their
specific properties have been demonstrated, such as: negative refraction [90],
significant enhancement of spontaneous emission [91], subwavelength imaging
[93], subwavelength focusing [94], signal routing [95], and many others.

4.2 Hyperbolic metamaterials

Hyperbolic dispersion is inherent to the so-called extremely
anisotropic media, which are also known as indefinite media [96-100]. In
such media, at least the magnetic or dielectric constant is a tensor quantity:

i = [M2x,0,0; 0,75,,0; 0,0,m,,], (1 =¢, W, 2

and one of the diagonal (that is, principal) components of the tensor 7j (real
part) differ in sign from other diagonal components. The medium is called a
hyperbolic uniaxial crystal or a hyperbolic biaxial crystal, when the tensor’s
principal components n; (i = x,y,z) satisfy the next conditions:
Nxx < 0 <1y, =1n,, —hyperbolic uniaxial crystal;
—  Nxx <0 <1y, <n, —hyperbolic biaxial crystal.

In such media, topological transitions of the isofrequency surface
occur when the real part of one of the components of the dielectric or
magnetic permeability tensor changes its sign to the opposite (see, for
example, Fig. 4).

As a rule, the hyperbolic dispersion is observed in nonmagnetic
metamaterials, which are characterized by an indefinite permittivity tensor,
while their permeability is a scalar quantity (u, = Uyy = Hzz = 1). The
negative value of the permittivity is a common property of metals in the
spectral range near their plasmon resonance frequency, thus hyperbolic
metamaterials usually include metal components. In this case, the
metamaterials are designed either in the form of a superlattice, which
combines metal and dielectric layers [101-103] or in the form of an array of
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conductive rods immersed into a dielectric medium [104—107]. Besides,
hyperbolic metamaterials can be obtained using media with an indefinite
permeability tensor and such property was at first demonstrated for
metamaterials composed on the basis of metallic slit-ring resonators [19].

Hyperbolic dispersion is also inherent for some natural media that
exhibit gyroelectric (that is, plasma or semiconductors) or gyromagnetic (that is,
ferrites) properties when they are under the influence of an external static
magnetic field [108-112]. In the case when such media are magnetized to
saturation, they become extremely anisotropic in some frequency band near
plasmon or ferromagnetic resonances [113-115]. This results in a hyperbolic
shape of the isofrequency surfaces for extraordinary waves, while the
isofrequency surface of ordinary waves remains unchanged and has a form of
closed ellipsoid.
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Figure 5. Typical topologies of the isofrequency surfaces of the electromagnetic
waves in an extremely anisotropic medium [78]: (a) closed ellipsoid; (b) hyperboloid
type I (¢c) hyperboloid type IT

4.3 Topological transitions of the isofrequency surfaces

In the general case of a biaxial gyroelectric or gyromagnetic medium
there are topological transitions of the isofrequency surface for the
extraordinary waves from a closed ellipsoid with 7,, <7,, <7,, to the open
asymmetric/symmetric hyperboloid type I with 7,, <0<mn,, <7n,, or
asymmetric/symmetric hyperboloid type II with 7., <7,, <0<n,, are
possible [88, 116], see, for clarity Fig. 5.

At the same time, it was recently demonstrated [78 — 86], that the
semiconductor and magnetic materials combined into a unified
gyroelectromagnetic superlattice with tensor like forms of both permittivity and
permeability give additional opportunities for manipulation of the dispersion of
bulk as well as surface waves. In the long-wavelength limit, such a finely
stratified structure can be equivalently represented by homogenized medium in
which all principal components of both constitutive tensors are different (that
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1S, Nyx # My # n,,) and their off-diagonal components are non-zero values (that
is, 7yy = =Ny, # 0). Such a situation is corresponds to the case of biaxial
bigyrotropic crystal. Two axes of anisotropy are due to simultaneous effect of
both the influencing external static magnetic field and the periodicity of the
structure. The simultaneous presence of two axes of anisotropy as well as
gyrotropy leads to some specific distortions of the isofrequency surface of the
extraordinary bulk waves. In particular, in such a homogenized medium the
topological transition from a closed ellipsoid to open type I and type II
hyperboloids as well as a bi- and terta-hyperboloids are observed [116, 117]
(for additional information, see, Fig. 2 in Ref. [116] and Fig. 3 in Ref. [117], as

well as Fig. 6 in this paper).
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Figure 6. Topological forms of the isofrequency surfaces related to the extraordinary
waves propagating trough biaxial gyroelectromagnetic medium [117]: (a, b)
bi-hyperbolics (c) tetra-hyperbolic

The complete taxonomy of isofrequency surfaces that can be realized
in uniaxial anisotropic and biaxial bianisotropic optical materials, includes
following (for obtaining extra information, see, Refs. [80, 116 — 120]):

— Tetra-hyperbolic (Fig. 6 (c));

— Tri-hyperbolic (see, Fig. 3(a) in Ref. [80]);

— Bi-hyperbolic (Figs. 6(a, b));

— Mono-hyperbolic (Figs. 5(b, c));

— Non-hyperbolic (that is, closed ellipsoid or toroid; Fig. 5(a)).

The most important property of hyperbolic metamaterials is related to
behavior of electromagnetic waves with large values of the wavevector (so-
called, high-k waves). In a vacuum, such waves are evanescent and decay
exponentially. However, in lossless hyperbolic media, the high-4 waves can
propagate without attenuation due to the open form of the isofrequency surface.

The ability of hyperbolic materials to maintain high-k waves leads to
some unusual effects, including, a significant enhancement of spontaneous
emission [91, 121], infinite density of states [92], the ability to control the
direction of wave propagation [95, 122], the photonic spin Hall effect
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[123, 124], abnormal scattering [125], subwavelength focusing [126], and
many others. These properties are of considerable practical interest and
make hyperbolic materials promising media for use in devices of micro- and
nano-electronics, photonics and plasmonics, which in turn requires the
development of new effective methods for their analysis.

SECTION 5. CONCLUSIONS

One dimensional photonic crystals and metamaterials exhibit many
extraordinary properties such as, negative-refraction, slow light, abnormal
scattering, and subwavelength focusing phenomena. In the last two decades,
they have been widely studied with implementations based on different
artificial and natural media. Especially, the great interest has been
attracted to the hyperbolic metamaterials due to unusual nature of the
isofrequency surface of electromagnetic waves propagating through such
structures. The fascinating characteristics of hyperbolic metamaterials is
associated with hyperbolic dispersion. Due to the extraordinary properties of
photonic crystals and hyperbolic metamaterials, it can be expected that
many new photonics and plasmonics devices will soon be developed on their
basis.
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Annotation

This review describes some important features of the interaction of charged
particles with electromagnetic waves. Both regular regimes and chaotic regimes of
such interaction are described. The mechanisms of the transition of the regular
motion of particles (and waves) to stochastic regimes are described. The role of
additive and multiplicative fluctuations on the dynamics of individual particles and
on their collective dynamics is described. It is shown that in many regimes the
chaotic dynamics is such that the highest moments turn out to be much larger than
the lowest moments. Such regimes must be described by kinetic equations, in which
the role of higher moments is significantly reflected. Note that the Einstein-Fokker-
Planck equations contain only the first two moments. The equations that take into
account the higher moments are formulated in the review. Particular attention in
this review is paid to resonances. In particular, the review describes new cyclotron
resonances. The conditions of these new resonances differ from the known ones in
that they substantially take into account the influence of the field strength of the
wave with which the particles interact. The dynamics of particles under the
conditions of these new resonances is described. New resonances in the interaction of
charged particles with waves in vacuum are also described. The presence of such
resonances leads to practically unlimited acceleration of charged particles by fields of
electromagnetic waves (lasers) in a vacuum. The review also discusses and describes
new mechanisms for the emergence of regimes with dynamic chaos. In particular,
when waves are excited by an electron beam in a constant magnetic field, regimes
with dynamic chaos arise as a result of a rapid, qualitative and periodic change in
the form of the phase portrait. Regimes with dynamic chaos under the conditions of
new cyclotron resonances arise as a result of the passage of phase trajectories
through regions in which the uniqueness theorem is violated. Such regimes can arise
even in systems with one degree of freedom.

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos,
additive and multiplicative fluctuations, beam-plasma interaction, acceleration,
synchronization.

PACS numbers: 05.45.Ac ; 05.45.Xt; 41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw.

Abstract
It is known that in plasma physics there are two main fundamental processes.
It is a wave-particle interaction process and a wave-wave interaction process. In this
review, we describe some new results concerning wave-particle interactions. Both
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regular regimes of such interaction and chaotic regimes are considered. The main
features of cyclotron resonances are described, and the conditions for the appearance of
new cyclotron resonances and resonances in the interaction of charged particles with
waves in vacuum are described. The overview is divided into seven sections. The
authors tried to describe the review material in such a way that practically each of
them was independent. The first section describes the features of nonlinear cyclotron
resonances. The widths of these resonances and the distances between these
resonances are found. Using the Chirikov criterion, the conditions for the emergence of
regimes with chaotic particle dynamics are outlined. It is noted that this criterion in
some cases may give incorrect results. The reasons for this violation of the criteria are
discussed. In the second section, the results of the influence on the dynamics of
charged particles of additive and multiplicative fluctuations at cyclotron resonances
are described. It is shown that in the presence of additive fluctuations, the dynamics of
particles at autoresonance is anomalously sensitive to the presence of such
fluctuations. It is shown that such sensitivity can lead to superdiffusion of particles in
space of energy. The presence of multiplicative fluctuations affects particle dynamics in
an even more radical way. In the presence of such fluctuations, the so-called
fluctuation instability develops. It is shown that in regimes with stochastic dynamics
the higher moments can increase exponentially. Moreover, the increments of the
higher moments turn out to be larger than the increments of the lower moments.
Attention is drawn to the fact that such regimes cannot be described by equations of
the Einstein-Fokker-Planck type (only the first two moments are taken into account in
these equations). An equation is given, in which the role of higher moments is taken
into account. The third section describes the features of new cyclotron resonances.
Note that the known conditions for the occurrence of cyclotron resonances contain only
the dispersion property of the wave (frequency and wave vector), as well as only the
strength of the external magnetic field. In addition to these characteristics, new
cyclotron resonances contain the magnitude of the strength of the electromagnetic
wave with which the particles interact. Note that if at known cyclotron resonances the
dynamics of particles was mainly determined by the equation of a mathematical
pendulum, then the dynamics of particles under conditions of new cyclotron resonances
is mainly determined by the Adler equation. A new mechanism for the emergence of
regimes with dynamic chaos is described. Such regimes can arise even in systems with
one degree of freedom. In this case, in the phase space, the trajectory of the particles
passes through the point at which the uniqueness theorem is violated. The mechanism
of the occurrence of chaos in this case resembles the process of throwing a dice with an
unlimited number of sides. Such dynamics was called piecewise homogeneous
deterministic dynamics. In the previous sections, the dynamics of isolated particles
was mainly determined. In the fourth section, the influence of spatial and temporal
fluctuations on the collective dynamics of particles is considered. In particular, the
plasma-beam instability was considered. It is shown that the presence of such
fluctuations significantly limits the spatial and temporal intervals in which regular
modes of excitation of oscillations in plasma-beam interaction can be realized. In the
fifth section, the role of collective processes in the emergence of regimes with chaotic
dynamics is also studied. In this section, we consider the dynamics of electron beam
particles in an external magnetic field under conditions close to those of
autoresonance. The well-known one-particle criteria do not allow one to be realized in
such a model of regimes with dynamic chaos. However, numerical studies show that
such regimes arise. The reason for the emergence of these modes has been clarified.
This reason is the periodic qualitative change in the shape of the phase portraits.
Conventional models that describe the interactions of charged particles with fields of
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electromagnetic waves are usually limited to the model of one regular electromagnetic
wave. In reality, particles always interact with some packet of electromagnetic waves.
The question arises: When can the model of one regular electromagnetic wave be used?
The answer to this question is contained in the sixth section. It is shown that if the
phase and group velocities of an electromagnetic wave are close to each other, then the
model of one regular electromagnetic wave is quite acceptable. If these velocities differ
significantly (as for longitudinal waves in plasma), the dynamics of particle in the
packet can be radically different from the dynamics in one regular wave. In such
package, regimes with dynamic chaos can develop. The seventh section is devoted to
the description of new resonances that arise when waves interact with charged
particles in a vacuum. It should be noted that the appearance of these new resonances
is somewhat unusual. This unusualness is due to the fact that rigorous solutions were
known about the dynamics of particles in the field of an electromagnetic wave in a
vacuum. There were no resonances in such solutions. The presence of such solutions,
in a sense, was a kind of brake on the search for resonances. It turned out that these
exact solutions do not describe all possible particle dynamics. Other resonant solutions
were found. An analogy was found between new resonances in vacuum and the
appearance of cyclotron resonances (with the exception of autoresonances). The
analogy is that both resonances arise only when the electromagnetic wave (with which
the particles interact) has a nonzero transverse component of the wave vector.

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos,
additive and multiplicative fluctuations, beam-plasma interaction, acceleration,
synchronization.
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Bynmy B.O., Baropommiii A.I' OcobmuBocTi MAUHAMIKK 3apAKeHUX UACTHHOK
B €JIEKTPOMATHITHHX II0JIAX

Awnorarisa

B 0630pi ommcanHi geaxl BasKJIMBI 0COOJIMBOCTI B3aeMOMIl 3apAMMKEHNX YACTIHOK
3 eJIekTpoMAarHiTHUME XBWIAMH. OmmcaHl sSK peryyspHi peXUMH, TAK 1 XaOTHYHL
pexxnMu Takol B3aemomii. Ommcadi MexXaHi3MHU Iepexoay PeryJIspHOro PyXy YaCTHHOK
(i xBruTB) 7O cTOXAcTHYHUX pesxmMiB. OIMcaHA PONIb AMATUBHIX TA MYJILTHILTIKATHBHIX
drykTyamiii Ha JUHAMIKY SIK OKPEMHMX YACTMHOK Ta HA iX KOJIEKTUBHY IUHAMIKY.
TTokasano, mo B 0araTbox peKMMAaxX XAOTUYHA IUHAMIKA TaKad, 10 BHUII MOMEHTH
SIBJISTIOTBCS 3HAYHO OLIBIIINMUY, HIK HIZKYl MOMEHTH. 'Takl peskuMu HeoOXI1JHO OIUCYBATH
KIHeTUYHUMY PIBHAHHSMH, B SIKMX CyTTEBO BimoOpaskeHa POJIb BHIIMMX MOMEHTIB.
Binmitumo, mio piBusuus Eiwamrreiina-@okkepa-Ilinanka mMaoTs TLIBKKM JIBa IIEPIITHX
MoMeHTH. PIBHSHHS, sIKI BpaxOBYIOTb BHIII MOMEHTH, COPMYJIbOBAHI B 0030pi.
OcobiuBa yBara B 0030pl IpHIOLIEHA HA PE30HAHCH. 30KpeMa, B 0030pl ONMCAHI HOBI
IIUKJIOTPOHHI PE30HAHCH. Y MOBH IIX HOBHMX PE30HAHCIB BIIPISHAIOTHCA BII BIIOMUX THM,
110 B HUX CYTTEBO BPAXOBYETHLCS BILIUB HAMPYYKEHOCTI MOJIA XBUJI, 3 SKOK B3AE€MOIIIOTh
vacruaku. OnucaHa JUHAMIKA YACTHHOK B yMOBAX IMX HOBUX pe3oHaHciB. Ormcaxi
TAKOK HOBI PE30HAHCH IIPU B3AEMOMIl 3apPSPKEHUX YACTUHOK 3 XBIUIIMU B BaKyyMi.
HasBricte Takux pe3oHAHCIB MPU3BOIUTH MPAKTUYHO J0 HEOOMEIKEHOro IIPUCKOPEHHS
3aPAMKEHNX YACTHHOK MOJIAMHE eJIEKTPOMATHITHHX XBILTh (JIasepis) B BakyyMi.. B 063opi
TAKOK OOIOBOPIOIOTHCS TA OIMKCAHI HOBI MEXaHI3MU BUHUKHEHHS PEKUMIB 3 TUHAMIYHIM
XaocoM. 3oKpeMa, Hpu 30yI:KeHHI KOJIMBAHb EJeKTPOHHUM IIyYKOM B IIOCTLHHOMY
MATHITHOMY IIOJI PEKMM 3 JUHAMIYHUM XA0COM BUHUKAKTH B PE3YJIBTATI IIBHIKOI,
SIKICHOI Ta IIepPIOIUYHOI 3MIHMA BUAY (pasoBOro moprpery. Peskum 3 TMHAMIYHHUM Xa0COM
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BYMOBaX IIMX IMKJOTPOHHUX PE30HAHCAX BUHUKAE B Pa3i MPOXOMKeHHA (Da30BUX
TpaeKTOPIX Yepe3 00JIacTl, B SKUX IIOPYIIYETHCA TeopeMa eaHocTi. Takl peskruMu MoKy Th
BUHUKATY HABITH B CHCTEMAX 3 OMHUM CTYIIEHEM CBOOOIH.

Kimouesi cimoBa: [lurimoTpoHHI pe3oHAHCH, HOBI IMKJIOTPOHHI pPE30HAHCH,
IUHAMIYHUNM Xa0C, QIITIBHI T4 MyJbTIILIIKATIBHI (QIyKTyallli, IIyYKOBO-ILJIa3MOBA
B3a€MOJIis, IPUCKOPEHHS, CHHXPOHI3aLIis.

PACS numbers: 05.45.Ac ; 05.45.Xt; 41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw.

Pedepar

Bimomo, mo y ismin 1mwrasMu BHIUISIOTH JBa OCHOBHHX (OYHIaMEHTAJIBHUX
mportecr. Ile mportec B3aeMomil THITy XBHJIS-UACTHUHKA 1 IIPOIEC B3AE€MOJIIl THILYy XBHJISA-
XBWJIA. Y IIbOMY OIVISIA] OIMCAHI JesiKl HOBI Pe3yJIbTATH, SIKl CTOCYIOTHCS B3AEMOIl THILY
XBAJIST-UACTUHKA. POSIVIAHYTO AK PeryssgpHl PesKMMM TAKOI B3A€MOII, TaK 1 XaOTHYHL
peskmvu. OmmcaHo OCHOBHI OCOOJIMBOCTI IMUKJIOTPOHHMX PE30HAHCIB, 4 TAKOMK OIIHMCAHL
YMOBH IIOSIBY HOBHUX IMKJIOTPOHHUX PE30HAHCIB 1 PE30HAHCIB IIPU B3aeMO/I1 3apsisKeHIX
YACTMHOK 3 XBWIAMHM B Bakyymi. Orisg po3mieHmii HA cIM  po3gunB. ABTopu
HOTYpPOYBAJIMCH OIMCATH MAaTepiall OrJISOy TAKHUM YMHOM, 1100 IIPAKTAYHO KOMKEH PO3IILIT
OyB HesasexHUM. V meprmoMy po3qii OACAHI 0COOJIMBOCTI HEJHIMHUX ITUKJIOTPOHHIX
pe3oHAaHCIB. 3HANIEHO IMUPUHM ITUX PE30HAHCIB 1 BIOCTAHI MK IMMH PE30HAHCAMMU.
BuropucroBytoun wpurepiii UwpuroBa, BummcaHi YMOBM BUHUKHEHHS PEKUMIB
3 Xa0TUYHOK JIMHAMIKOI YACTUHOK. BingHadeHo, 110 1efl KpUTepii B JeIKUX BUIMIAIKAX
MO3Ke JIaBATH HENPaBWJIbHI pedysbratu. OOroBOPIOIOTHCS MIPUYUHEA TAKOTO HMOPYIIEHHS
KpuTepiis. V gpyromy pozgim omvcaHl pe3yJbTATH BIUIMBY HA JUHAMIKY 3apslyKeHUX
YACTMHOK QIUTUBHUX 1 MYJbTHILUNKATABHUX (QJIYKTYyaIlil IIPpU  IMKJIOTPOHHUX
pe3onaHncax. [lokasaHo, 1110 Ipy HASBHOCTI aQUTHUBHUX (PUIYKTyalliil JUHAMIKA YACTUHOK
IIpY aBTOPE30HAHC] BUSBJISETHCS AHOMAJBHO UyTJIMBOIO JI0 HASIBHOCTI TAKUX (DIIYKTYALTIH.
Tlokasaso, 110 Taka YyTIUBICTH MOKE [IPUIBOIUTH J0 CyHIepaudy3ii YaCTMHOK B IIPOCTOPL
eneprieo. HasBHIiCTE My IBTUILTIKATUBHUX (DJIYKTYAaIllil BIUIMBAE HA TUHAMIKY YACTUHOK
11e OLIbIe PATUKAJILHUM YMHOM. [Ipy HasgBHOCTI TaKMX (PJIYKTyalliil pO3BUBAETHCS, TAK
3BaHa, IIyKTAIlifHA HeCTIMKICTh. [lokasaHo, 110 B peskrMax 31 CTOXaCTHYHOK JUHAMIKOIO
BUIIl MOMEHTH MOKYTB 3POCTATH 32 €KCIIOHEHINAJIbHUM 3aKoHOM. [Ipudomy, iHKpeMmeHTH
BUIIAX MOMEHTIB BUSBJISIOTHCA OUIBIIIMMY, HUK I1HKPEMEHTH HIDKIUX MOMEHTIB.
3Bepraersest yBara Ha Te, 10 TAKI PESKUME He MOMKYTH OyTH OIMCAHI PIBHSAHHSIMHA TUILY
Eitmmreiina-@orkepa-Tlnanka (B IUX piBHAHHAX BPAXOBYEThCA TUTBKH JBA IIEPITHX
momerTH). HaBeneno piBHAHHA, B AKOMY BpaxoBaHa POJIb BHIINX MOMEHTIB. YV TpeTsomMy
PO37L OTTicaHl 0COOIMBOCTI HOBUX ITMKJIOTPOHHMX Pe30HAHCIB. BimsHaummo, 1o Bimomi
YMOBY BUHUKHEHHS ITUKJIOTPOHHUX PE30HAHCIB MICTATH TLILKHY JUCIIEPCIAHY BJIACTUBICTH
xBumi (4acToTa 1 XBHJILOBHE BEKTOp), & TAKOXK TUIBKE HAIPY:KEHICTb S0BHIIIHBOTO
MAarHiTHOrO I10Jisi. HOBI ITUKJIOTPOHHI PE30HAHCH KpPIM IMX XAPAKTEPUCTUK MICTATH
BEeJIMYMHY HAIPY:KEHOCTI eJeKTPOMATHITHOI XBIUI, 3 SKOKI B32€MOIIIOTH YACTUHKM.
Bigsmaummo, 1m0 AKIIO OpH BIZOMUX IIMKJIOTPOHHUX PE30HAHCAX IUHAMIKA YACTUHOK,
B OCHOBHOMY, BH3HAYAJIaCsd pPIBHSIHHSIM MaTEeMATHYHOIO MAasTHHUKA, TO JIAHAMIKA
YACTHHOK, B OCHOBHOMY, BU3HAYAEThCA PIBHAHHAM Amiepa. OmmcaHo HOBMI MeXaHI3M
BUHUKHEHHSI PEKUMIB 3 JUHAMIYHAM Xa0coM. Takrl peskuMu MOMKYTh BUHUKATH HABITH
y cucreMax 3 ogHUM crymeHeMm cBobomu. Ilpm 1pomy y dhasoBomy mpocTopi TpaexkTopis
YACTUHOK IIPOXOJIUTH Yepe3 TOYKY, B SKIU MOPYIIYEThCSI Teopema equHOcTl. Mexaxiam
BUHUKHEHHSI XaoCy TIIpW I[bOMY HArajye IpolleC KHUIAHHSA TIPabHOI  KICTKH
3 HeoOMeskeHrM dYwmcJioM cropid. Taka mguHamika Oysia HasBaHA KyCOYHO OIHOPIITHOIO
JIETePMIHICTUYHOI JWHAMIKOK.Y IIOMEPEeIHIX PO3aUIAX, B OCHOBHOMY, BH3HAYAJIACS
IWHAMIKA 130 ITb0BAHUX YACTUHOK. V YeTBEpTOMY PO3Ai/d PO3TIISHYTO BILIUE IIPOCTOPOBUX
1 vacoBux (QUIyKTyaIlii Ha KOJIEKTUBHY IWHAMIKY YACTHHOK. J30KpeMa, PO3TJISHYTa
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ILJIA3MOBO-IIyYKOBa HecTiikicrb. [loxasamo, 1m0 HasBHICTD TAKMX (DUIYKTYAIli ICTOTHO
o0MesKye IIPOCTOPOBHI 1 THMYACOBUI 1HTEPBAJIH, 3aBASKH SKUX MOKHA PEATi3yBaTH
peryJIsipHi peskuMu 30yI:KeHHS KOJTUBAHD TP IIJIA3MOBO-IIyYKOBHX B3AEMOTISAX.

Y o'groMy po3miizi Takosxk BUBYEHA POJIH KOJIEKTHBHUX IIPOIECIB IIPH BUHUKHEHH]
PEKHMMIB 3 XAOTUYHOI JUHAMIKOW. ¥ IIbOMY PO3MLIl POSIJISHYTO IUHAMIKY YACTHUHOK
€JICKTPOHHOI'0 IyYKa B 30BHIIIHHOMY MATHITHOMY IIOJI B YMOBAX, OJIM3BKMX IO YMOB
aBTOpPE30HAHCY. BioMl OJHOYACTKOBI KpUTEpil HE T03BOJISTIOTH PEATI3yBATHUCSI B TAKIN
MOJeJl peskuMIB 3 auHAMIYHEM XaocoM. OmHAK YMCceabHI JOCIIMKEHHS IOKa3yIoTh, 10
TaKl PEKUMHU BHUHWKAIOTH. 3'MCOBAHA IIPUUMHA BUHWKHEHHs WX peskumis. Lliero
IPUYMHOK € IeploIrYHa SKICHA 3MIHA (hopMu (ha3oBHX MMOPTPETIB. 3BUYHI MOMIEJ, K1
OIKACYIOTH B3A€MOIIl 3apA/PKEHMX YACTMHOK 3 TOJSAMU eJeKTPOMATHITHUX XBUJIb,
3a3BMYail  OOMEKYIOTBCSI MOJEJUII0 OJHIel PEryJisapHOl eJeKTPOMATHITHOI —XBIJIL.
Hacmpaemi yactem 3aB:Iy B3a€MOMIIOTH 3 JESKUM IIAKETOM eJIEKTPOMATHITHUX XBUJIb.
Bunurae nwmramms: Komm wmose Oyru BHKOpHMCTAaHA MOIEIb ONHIEI pEryJIsipHOL
eJIeKTpoMarHiTHol xBwiai? BigmoBinps Ha 1l DUTAHHS MICTUTHCA B IIOCTOMY PO3ILIL
Tloxasano, 110 sKIO ha3oBa i rPYIIOBA MIBUIKOCTI €JIEKTPOMATHITHOI XBUJI OJIM3bKI OMUH
10 OITHOT'O, TO MOZEJIb OHI€el PeryJIapHOl eJIEKTPOMATHITHOI XBHIJII € I[IKOM IIPUAHSITHOIO.
SIxmo & I MIBEAKOCTI ICTOTHO BifpisHAIOTHCA (AK IJIA ITO3MOBMKHIX XBHJIb B ILIA3MI),
OMHAMIKA B HaKeTl MOKe OyTH PaIMKAJIBLHO BIAMIHHOK Bl OMHAMIKM B OHIM XBHJIL.
B rakomy maxeTri MOKYTH PO3BUBATHCS PEKUMHM 3 JUHAMIYHUM XaocoM. ChOMEE po3mia
IPUCBSYEHUIN OMKMCY HOBUX PE30HAHCIB, SKI BUHUKAIOTH IIPX B32a€MOMil XBWIb 13
3apsAKeHMME JacTUHKAM¥M B Bakyymi. Con 3asHauwTy HaA JiesIKy HEe3BUYANHICTH
BUHUKHEHHS ITUX HOBUX pe3oHAaHciB. I[a HeaBruaiiHicTh HOB'A3aHAa 3 THM, 1110 OyJIH Bimomi
CTPOT1 PIIIEHHS [P0 JUHAMIKY YACTHHOK B IIOJI €JIEKTPOMATHITHOI XBMJII B BaKyyMi.
V Takux pimeHHAX BiACYTHI pe3oHaHcy. HasgBHICTD TaAKMX pIllleHb, B SKOMYCh CEHCl, 0yJI0
SIKMMOCHh YMHOM JJIs BUIIIYKAHHS PE30HAHCIB. BUSABMIIOCS, IO Il TOYHI pIIIEHHS He
OIMCYIOTH BCIEl MOSKJIMBOI [MHAMIKM YACTHUHOK. Dyju 3HaiifeHi IHIN pPe30HAHCHL
pimrenHs. Bysa BusBiieHA aHasoris Mik HOBUMHU PE30HAHCAMU B BAKyyMl 1 BUHUK-
HEHHAM ITHKJIOTPOHHUX PE30HAHCIB (32 BHHATKOM aBTOPe3oHAHCY). AHAJIOTIA IosATae
B TOMY, IO Ti 1 IHII pPE30HAHCH BHHUKAKTHL TLIBKKA B TOMY BHIIAIKY, KOJIH €JIEKTPO™
MarHiTHa XBHIA (3 AKOI B32€MOJIIOTH YACTHHKM) Mae BiIMIHHY Bi HyJIS IOIEpedHy
KOMITIOHEHTY XBHUJILOBOI'O BEKTOPA.

Knrouesi cioBa: IluxiorpoHHI pe3oHaHCH, HOBI IIHMKJIOTPOHHI PE30HAHCH,
OUHAMIYHUN Xa0C, aaJiTIBHI Ta MyJbTIILTIKATIBHI (PIyKTyalfli, IMyJYKOBO-ILJIA3MOBA
B3a€MOJ1s, IIPUCKOPEHHS, CHHXPOHI3aIlisd.

PACS numbers: 05.45.Ac ; 05.45.Xt; 41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw
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Annotation

The features of the processes of interaction of charged particles and flows of
charged particles with dielectric and solid-state dispersive plasma-like media are
presented. The dispersion characteristics of oblique surface plasma eigenwaves in a
structure with a two-dimensional plasma layer lying on the surface of a three-
dimensional plasma half-space are analyzed. It is shown that from the analysis of the
expression for the spectral density of the electron energy losses on the excitation of these
waves, it is possible to establish the type of the dispersion law of charge carriers in a two-
dimensional electron gas at the interface between the media. The results of a theoretical
study of beam instability during the motion of a nonrelativistic thin tubular electron
beam over a solid cylinder made of artificial material are presented. The possibility of
occurrence of absolute instability in the frequency range where the metamaterial
exhibits left-handed properties is shown. The effect of nonlinear stabilization of such a
beam as it moves along the surface of a solid-state cylinder made of a dielectric as well as
a plasma-like media is theoretically investigated. It is established, in particular, that in
the electrostatic approximation, when the beam moves along a plasma-like cylinder, the
nonlinear stabilization of the growth of the wave amplitude occurs due to the effect of
self-trapping of the beam electrons by the field of the electrostatic wave of the beam
itself.

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-handed
media, absolute beam instability, Cherenkov resonance, anomalous Doppler effect,
nonlinear stabilization, self-trapping.

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w

Abstract

This chapter considers the problems of excitations of surface and bulk-
surface (waveguide) electromagnetic waves by both individual charged particles
and flows of nonrelativistic charged particles moving along dielectric or plasma-
like media (including metamaterials), and also studies the problems of nonlinear
stabilization of emerging instabilities.Thus, in the electrostatic approximation, the
energy losses of an electron for the excitation of surface magnetoplasmons, which
moves in vacuum parallel to a constant magnetic field along the flat boundary of a
solid-state plasma-like medium, are calculated. It is assumed that there is a two-
dimensional conducting layer at this boundary, in which the dispersion law of
charge carriers can be both quadratic (two-dimensional Drude electron gas) and
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linear (two-dimensional gas of Dirac massless fermions). Excitation of surface
magnetoplasmons occurs due to the fulfillment of the Vavilov-Cherenkov
resonance condition. The dispersion characteristics of oblique surface plasma
eigenwaves in the absence of the charged particle are investigated in detail. The
expression for the spectral density of the electron energy losses due to the
excitation of surface plasmons is obtained and its numerical analysis is performed.
It has been shown that the dependences of the maxima of the spectral density on
the electron density in the two-dimensional plasma are in qualitative agreement
with similar dependences for the Fermi energies in the two-dimensional
conducting layer with the corresponding dispersion law of electrons. This means
that the position of the maximum of the angular distribution of the intensity of
excited surface plasmons can indicate the qualitative character of the dispersion
law of electrons in the two-dimensional plasma. The interaction of a nonrelativistic
tubular charged particle beam with a cylindrical dispersive metamaterial is
investigated. The dispersion equation for the spectra of the eigenmodes of the
metamaterial and the spectra of the coupled modes of the system are obtained and
numerically analyzed. The case where this metamaterial have negative
permittivity and negative permeability simultaneously over a certain frequency
range, i.e. it behaves like a left-handed metamaterial, is investigated in detail. The
possibility of the occurrence of absolute instability is demonstrated, expressions for
the growth rates of such instability are obtained, and the dependences of the rates
on the values of the azimuthal and radial mode indices of the excited waves are
investigated. The instability is shown to be caused by Cherenkov or anomalous
Doppler effects depending on the radial distance between the cylinder and the
beam. The obtained results suggest applications of left-handed metamaterials as
delaying media for the generation of bulk-surface waves and eliminate the need for
creating artificial feedbacks in slow-wave structures. The nonlinear stages of
stabilization of beam instability are investigated by the method of macroparticles
for the cases of propagation of a nonrelativistic tubular electron beam over plasma-
like (e.g., semiconductor) as well as dielectric solid-state cylinders. It has been
assumed that the beam electrons satisfy the Vavilov-Cherenkov resonance
condition. In the case where the electron collision frequency in the cylinder plasma
is much higher than the frequencies of plasma eigenwaves (or oscillations),
expressions for the increments of the emerging resistive instability are obtained in
the electrostatic approximation. It is shown that the growth of the wave amplitude
is stabilized nonlinearly due to the self-trapping of the beam electrons by the field
of the electrostatic wave excited in the beam itself. For the case of propagation of a
tubular beam over a dielectric cylinder, the excitation of azimuthally symmetric
bulk-surface (waveguide) electromagnetic waves of the electric type is considered.
It has been established that the method of slowly varying amplitudes and phases
ceases to be applicable for waves with radial mode index greater than a certain
“critical” value, for which the characteristic period of oscillations of the field
amplitudes at the nonlinear stage of instability becomes comparable with the
period of fast oscillations of the excited wave. The analysis of slowly varying field
amplitudes as a function of time has shown that, as the radial mode index
increases, the instability saturation time and the maximum values and the period
of amplitude oscillations at the nonlinear instability saturation stage decrease.
The polarization of the excited waves has been studied.

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-handed
media, absolute beam instability, Cherenkov resonance, anomalous Doppler effect,
nonlinear stabilization, self-trapping.

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w
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AgseproB 10. 0., Ilpoxomemrxo [O0. B. 1i. fAxoeemxo B. M. 30ymkenHs
€JIEKTPOMATHITHOTO BHUIIPOMIHIOBAHHSA IIPH B3aEMOMil 3apS/KEHHX YACTUHOK
3 JieJICKTPUYHNMHU TA ILIA3MOIOLiOHNMY TBEPOUMHU CEPEIOBUITAMU

AHorauia

IIpencraBierni ocoGyMBOCTI MPOIIECIE B3aeMOIli 3apsIKeHNX YACTOK TA IIOTOKIB
3apSTKEHUX YACTOK 3 JEJIEKTPUYHUMU Ta TBEPAOTUINMHU AVCIEPTYBAIbHUMHY ILIA3MO"
HOTIOHMMY CepPEeIOBUIIIAME.

ABaiTHYHO JOCTIMMKEHO JMCIepCifiHI XAPAKTEPHCTHKHM BJIACHHX (KOCHX)
TOBEPXHEBUX IJIA3MOBHX XBIJIb ¥ CTPYKTYPi 3 JBOBHMIPHHM ILTA3MOBHM IIIAPOM, IO
JIEKUTH HA IIOBEPXHI TPUBUMIPHOIO ILIa3MOBOr0 HarmsmpocTopy. Ilokasano, 1o 3 aHasmiay
BHUPA3y JIS CIIEKTPAJIBHOL IITIJILHOCTI BTPAT €HEPTii eJIEKTPOHA Ha 30YIyKeHHs ITUX XBUJIb
MOKHA BCTAHOBUTH THUIT 3aKOHY JHUCIIEPCIi HOCIIB 3apsy y JBOMIPHOMY €JIEKTPOHHOMY
rasi Ha MesKl posaury cepemoBuIl. HaBemeHo pe3ysbTaTv TEOPETHUHOIO JIOCIIIIMKEHHST
Iy4YKOBOI HECTIAKOCTI IIJi dYac PyXy HEPeJSITUBICTCHKOIO TOHKOIO TPy0dYacToro
€JIEKTPOHHOIO IIy4YKa HAI TBEPIOTUIMM IMIMJIHIPOM, BUTOTOBJIEHWM 31 IITYYHOI'O
marepiany. [lokasaHo MOMKIMBICTE BHHUKHEHHS a0COJIOTHOI HECTIMKocTI B 00JacTi
YacToT, Jie MeTaMaTepia JIeMOHCTPYE JIIBOCTOPOHHI BJIACTUBOCTI. T'eopeTHyIHO JOCIIIIKEeHO
edexT HeJHIAHOL cTablIi3alni HeCTIMKOCTI TAKOro IIyYKa IIPU MOro PYCl B3IOBIK ITIOBEPXHIL
TBEP/IOTLIHHOIO JTIeJIEKTPUYHOIO Ta ILIa3MOIIOIOHOrO InHApiB. Beranosiewro, 3okpema,
10 B €JEeKTPOCTATAYHOMY HAOJIMKEHHI INJI Yac PyXy IIydYKa B3JIOBK ILJIA3MOIIOIIOHOTrO
MUTIHOPpA HeJIHIAHA cTablIisalia 3poCTaH s AMILIITYIA XBIJII 3OIACHIOETHCSA 3 PAXYHOK
eerTy caMO03axOIIeHHs eJIEKTPOHIB IIyYKa II0JIeM eJIEKTPOCTATUYHOI XBHJIL CAMOTO
IIy4Ka.

KimodoBi cioBa: moBepxHeBi MArHITOIIA3MOHM, JBOMIPHUI €JIEKTPOHHUN TIa3,
TpyOUaCTHl €JIEKTPOHHUI IIyYOK, TBEPAOTLILHUN ITMTHAD, BJIACHI MO, TUCIIEPIYBAIIb
HUU Meramarepias, JIBOOIYHe ceperoBHUINEe, a0COTIOTHA HECTIMKICTh, YEePEeHKOBCHKUM
pesonasc, anomaabHui ederr Jormrepa, HemHIlHA cTablIisaliia, caMo3ax0ILIeHH.

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w

Pedepar

YV 1boMy po3mii posriISHYTO 3amadvi  30y/3KeHHS [OBEPXHEBHUX 1 00'€MHO-
IIOBEPXHEBUX (XBIIEBITHIX) €JIeKTPOMATHITHUX XBHJIb AK OKPEMHMHE 3apSAIKeHME
YACTUHKAMMU, TAK 1 IIOTOKAMHK HEPEJSITUBICTCHKUX 3apSIKEHHX YaCTOK, IO PYXalThCS
V3II0BK JTieJIEKTPHYHIX 1 IIJIa3MOIOI0HuX (B TOMY YMCJIIl INTYYHMX) CEePeIOBHII, a TAKOK
BUBYEHI IMTAHHS HEJIHIMHOI cTadLmisaili BHHMKAIUYNX HeCTIKocTed. Tak, B eJIeKTpo-
CTATUYHOMY HAOJIMIKEHHI PO3paXOBaHI BTPATH €HEPrii eJIeKTPOHA Ha 30yIKeHHS
TOBEPXHEBUX MATHITOILJIA3MOHIB, AKUN PYXA€ThCS Y BAKyyMl IapaieIbHO MOCTIAHOMY
MATHITHOMY IIOJII0 Y3I0BK ILJIOCKOI Mekl TBEPIOTLIHLHOIO ILIa3MOIIOIIOHOIO CepeqoBHIIA.
Ilepenbavaernest, 0 HA I MesKl 3HAXOOUTHCS ABOBHUMIDHMI IIPOBIMHMIA IIAp, 3AKOH
JmcIiepcii HocliB 3apay B AKOMY Moske OYTH fK KBaApaTHIHNM (TBOBMMIpHUE ApyHes-
CBHKHIT eJIEKTPOHHHUH ra3), Tak i JHifEmM (TBOBHMIPHMI ra3 JipaKOBCHKHUX 0e3MAaCOBIX
deprrionin). 30ymEeHHS IIOBepXHEBHX MATHITOIIA3MOHIB BiIOYBA€ThCA —3aBIAKH
BUKOHAHHIO YMOBH pe3oHaHcy BasmioBa-Uepenkosa. JleranbHo mocimipreH] quctiepeiitti
XapaKTepHCTHKY BIACHIX (KOCHX) MOBEPXHEBHUX MATHITOILIA3MOBHX XBHJIb B BiICYTHICTE
3apsmrenol yactuakd. OTpUMaHO BUpPA3 IS CIIEKTPAJIHHOI IJIBHOCTI BTpAT €HepTii
€JIEKTPOHA Ha 30y 3KEeHHS [OBEPXHEBHUX MATHITOILJIA3MOHIB 1 BUKOHAHWH HOT0 YHUCETHbHUN
amasia. BeraHoBieHo, 1m0 SKiCHA IIOBEMIHKA 3AJIEIKHOCTEM MAKCUMYMIB CIIEKTPAJIBHOL
MIUTFHOCTI BT KOHIEHTpAINi esiekTpoHiB B 2D-turasmi ya3romkyeTbesi 3 HOBEIIHKOIO
aHasIoriuHmX 3aseskHocTel st emepriii @epmi B 2D-1mmasmi 3 BiAMOBIAHUM 3aKOHOM
nucriepcii esekTpoHiB. Lle o3Hadvae, 110 110 HOIOMKEHHIO MAKCHUMYMY KYTOBOIO PO3IIOILITY
IHTEHCUBHOCTI 30yI’KEHUX II0BEPXHEBMX MATHITOILIA3MOHIB MOYKHA BKA3aTH SIKICHUN
XapakTep 3aKoHy mmcriepcii esiekrpoHiB B 2D-mmasmi.  Jlocmimkerno B3aeMoiio
HEPEeJISTUBICTCBKOr0 TPYOYACTOrO IMy4YKA 3apsyKeHHX YaCTOK 3 IUCIEePryunM MeTa-
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MarepiasoM nHIpHIHOI dopmu. OTpHMAaHO 1 YHCEIBHO IIPOAHAI30BAHO AUCIEPCIAHE
PIBHSIHHS IJI51 CIIEKTPIB BJIACHUX MOJI METAMATEPHAJIA 1 CIIEKTPIB 3B'I3aHUX MOJT CCTEMU.
JleranpHO TOCITIIMKEHO BHUIIAIOK, KOJIM METAMATEPHAN XAPAKTePHU3YEThCS HETaTUBHOIO
JIIeJIEKTPUYHOI T MATHITHOI IMPOHWKHOCTSIMH, TOOTO, KOJIM BIH JIEMOHCTPYE JIBOOIYHL
BJIacTuBOCTL. I[IpomeMOHCTPOBAHO MOSKJIMBICTE BHHWKHEHHS A0COJIIOTHOI HECTIMKOCTI,
OTPUMAHI BHPA3HW [JI IHKPEMEHTIB TAKOI HECTIMKOCTI 1 JOCIIIKeHa IX 3aJIesKHICTh Bil
3HAYEeHb Aa3WUMYTAJBbHOIO 1 paJiaJIbHOr0 MOJOBOIO IHIEKCIB 30yIJKyBAaHHX XBHJIb.
Tloxasano, 1110 TpUYMHOW HecTIMKOCTI Moske OyTH sk edexT BaBmiosa-Ueperkosa, Tak 1
aHoMasbHUM edert Jommepa B 3asiesxHOCTI Bif paiajbHOI BIICTAHI MK IMJIHIPOM 1
myuxom. OTpuMaHl pe3yJIbTaTH JO3BOJISAIOTH 3POOMTH BUCHOBOK IIPO Te, IO JIBOOIUHMIIA
MeTaMaTepuaa MOKe OyTH BUKOPHUCTAHUI B SKOCTI YIIOBLIBHIOIUOTO CEPEIOBHUINA B
reHepaTopax eJeKTPOMATHITHOIO BHIIPOMIHIOBAHHS 0e3 HeoOXITHOCTI 3a0e3lreueHHs
JIOJIATKOBOI'0 3BOPOTHOI'O 3B'sI3KY B CHCTEMI, SIK B JIaMIT 3BOpoTHOI xBrun. HemmitiHl eramm
crablmsarrii ITyYKOBOI HECTIMKOCTI IOC/IIMKEH] MEeTOHOM MAKPOYACTOK JJIS BUIIAIKIB
TOIIMPEHHS HePeIATUBICTCHKOr0 TPyOUACTOrO eJIEKTPOHHOTO IIyUKA HA/T IIA3MOITOMi0HIM
(mampukIay, HATIBIPOBITHIKOBHM) i JieJIEKTPMYHMM TBEPAOTUIEHAMH IFTIHIPAMH.
Tlepenbavasiocst, 110 €JIEKTPOHM ITyYKa 3aJ0BOJIBHSIIOTH YMOBI pe3oHamcy Basuiosa-
Yepenkosa. Jljia BumagKy, KOJIM YacTOTA 3ITKHEHb EJIEKTPOHIB ILIA3MH IIMJIIHIPA
HAbaraTo IepeBHINye YACTOTH BJACHHMX IIJIA3MOBHX XBHJIL (KOJHBAHB), B €JIEKTPO"
CTATHYHOMY HAO/IM/KEHHI OTPUMAHO BHUPA3HW JJI IHKPEMEHTIB BHUHUKAE PE3UCTUBHOI
mecridikoctl. [lokasaHo, 10 HesHIAHA CTAOLTI3AINSA 3POCTAHHS AMILIITYIA XBUJIL
3OIMCHIOETBCS 34 PaXyHOK e@QeKTy CaMO3axOIUIEHHS €JIeKTPOHIB IIyYKa II0JIeM
ene}chOCTaTI/Iqu'i XBIJIL camoro rmydra. Jljis BUMagKy IMOITHPEeHHS TPyOUacToro mydxa
HAJ JEJeKTPUIHUM IHJIIHAPOM POSTJISHYTO 36ymfceHHﬂ a3UMyTaIHbHO CHMETPUIHNX
00'eMHO"TIOBePXHEBHUX (XBILIEBITHIX) e.IIeRTpOMaI‘HlTHI/IX XBUJIb €JIEKTPUYHOIO THITY.
BeramosiieHo, 10 BUKOPHMCTAHUN METOJ MOBLILHO 3MIHHMX y daci ammwmryn 1 ¢as
mepecrae OyTH IIPUIATHUM /IS XBAJIH 13 3HAYEHHAMU PAIIaIbHOTO MOJOBOIO 1HIEKCY, SIKL
IEPEBUIYIOTh  JIeAKe (KPUTHYHE» 3HAYCHHH, JUIA  AKONO XapaKTepHuit «neplo,u»
OCITHJIAITII aMany,u TIOJTIB HA HEJIHIMHOI cTafIil HeCTIMKOCTI CTae CyMipHUM 13 nep10n0M
CIIBUIKUX» OCIMJISIIN mopyiryBaHol XBuil. [lokasano, 1m0 31 30LIBIIEHHIM PaiaIbHOT0
MOJIOBOI'0 1HJIEKCY XBHJIl YaC HACHYEHHS HECTIMKOCTI, MAKCUMAJIbHI 3HAYEHHS 1 «Ieplom
OCITMJIAINIM aMIUTITYST HAa HEJIHIMHOI cTamil HACHYEHHS HECTIMKOCTI 3MEHIIYIOTHCS.
Bupueno nmuTasHsS 1Ipo HOJISIPHU3AIIio IIOPYIIyBAHNX XBIIb.

KirouoBi cioBa® moBepxHeBl MarHiTOILIA3MOHH, JBOMIPHUA €JIEKTPOHHUIA ras,
TPyOUaCTHl €JeKTPOHHUM IIyYOK, TBEPAOTUILHUM ILMIHOP, BJACHI MOIH,
IUCIEepPryBaJIbHUM MeTaMarTepiasi, JIiBoOIYHEe cepemoBHINEe, a0COII0THA HECTINKICTD,
YepPeHKOBCbKUM pe3oHaHc, aHoMaiabHuii edert lomepa, mesiHiliHA crabliisarris,
CaMO3aXOIlJIEHHS.

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w
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Annotation

Microscopic approaches to the description of non-equilibrium processes in complex
systems of identical particles, in particular, at the kinetic stage of evolution, have been
developed. In this work, the term “complex” unites some selected systems of many
identical constituent particles with a complex internal structure. The internal structure
of particles is reflected in the peculiarities of their interaction, both among themselves
and with an external field acting on the medium. Such systems are nonlinear, open
(regarding the presence of an external field), demonstrating the emergence of self-
organization and new properties in the process of evolution. As an example of such
systems, we consider dissipative media (media with internal friction between structural
units) under the influence of an external random field, active media (in this case, the
dissipative media, the structural units of which are influenced by an external stochastic
field, the action of which depends on the velocity of the structural unit), low-temperature
gases of hydrogen-like atoms in an external electromagnetic field. The systems are
specially selected in such a way as to cover the cases of both classical and quantum
complex systems. For systems of this kind, recipes have been proposed for constructing
microscopic approaches to describing their evolution, in particular, its kinetic stages. The
approaches are constructed in such a way that the noted internal structure of the
structural units of the system does not affect the possibilities of considering these
composite particles as point objects. The motivation for the research is, first of all, the
fact that consistent microscopic approaches to the description of evolutionary processes
in these systems are currently either completely absent or insufficiently developed. The
development of microscopic approaches is based on the generalization of the Bogolyubov -
Peletminsky reduced description method to the case of the listed complex systems of
identical particles. The procedure for constructing microscopic approaches to describing
the evolution of dissipative systems (including those with active fluctuations)
demonstrates the possibility of dynamically substantiating the kinetic theory of
dissipative systems of identical particles in an external stochastic field. Within the
framework of the developed approaches, a procedure is proposed for deriving kinetic
equations for all the systems mentioned in the case of weak interaction between particles
and a low intensity of the external field. A number of particular solutions of the obtained
equations are analyzed, in particular, with the aim of further applications of the
developed theory.

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic field,
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Furutsu-Novikov formula, chains of BBGKY equations, reduced description method,
kinetic equations, self-propelled properties of dissipative systems.
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Abstract

Microscopic approaches have been developed to describe non-equilibrium
processes in complex systems of identical particles, in particular, at the kinetic stage of
evolution. In this work, the term “complex” unites some selected systems of many
identical constituent particles with a complex internal structure. The internal structure
of particles is reflected in the peculiarities of their interaction, both among themselves
and with an external field acting on the environment. Such systems are nonlinear, open
(due to the external field), demonstrating the emergence of self-organization and new
properties within the process of evolution. As examples of such systems, we consider
dissipative media (media with internal friction between structural units) under the
influence of an external random field, active media (in this case, dissipative media, the
structural units of which are influenced by an external stochastic field, the action of
which depends on the velocity of the structural unit), low-temperature gases of hydrogen-
like atoms in an external electromagnetic field. The systems are specially selected in
such a way as to cover the cases of both classical and quantum complex systems. For
systems of this kind, recipes have been proposed for constructing microscopic approaches
to describing their evolution, in particular, its kinetic stages. The approaches are
constructed in such a way that the noted internal structure of the structural units of the
system does not affect the possibilities of considering these composite particles as point
objects. The motivation for the research is, first of all, the fact that consistent microscopic
approaches to the description of evolutionary processes in the systems mentioned are
either completely absent or insufficiently developed. The development of microscopic
approaches is based on the generalization of the Bogolyubov - Peletminskii abbreviated
description method to the case of the listed complex systems of identical particles. Within
the framework of the developed microscopic approach, a formalism is proposed for
deriving kinetic equations for many-particle dissipative systems (including those with
active fluctuations) in an external random field. The Liouville equation is derived from
the Hamilton equations generalized to the case of many-particle dissipative systems in
a stochastic field. A method is constructed for averaging such a Liouville equation over
the external random force. The method is based on a generalization of the Furutsu-
Novikov formula for the case of non-Gaussian noise, as well as the presence of nonlinear
friction (dissipative interaction), the local nature of the action of an external random field
with active correlations. An infinite chain of equations is written for many-particle
distribution functions averaged over external noise. Such a chain is a generalization of
the well-known BBGKY chain to the case of dissipative systems in a stochastic field.
A regular procedure for breaking this chain is proposed in the case of weak interaction
between particles and a weak stochastic field intensity. It is shown that, within the
framework of the developed microscopic approach, it is possible to construct a kinetic
theory of active particles both in the case of two-dimensional and three-dimensional
systems. Closed kinetic equations are obtained for the one-particle distribution function.
It is shown that in this approximation the kinetic equation has the form of the Fokker-
Planck equation, generalized to the case of non-Gaussian noise or the local nature of the
action of an external random field with active correlations. Some special cases are
determined in which the derived kinetic equations have solutions that coincide with the
results known for systems of active particles from earlier works of other authors. It is
also shown that one of the consequences of the local nature of active fluctuations is the
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manifestation of self-propelling properties of systems of active particles, even in the case
of only linear friction. The parameters of such a self-propelled motion are self-
consistently expressed through the internal characteristics of a many-particle system -
the density of the number of particles in the system, the parameters of the dissipative
function, and the characteristics of the external action - pair correlation functions of a
stochastic field with active fluctuations. Within the framework of the developed
approach, a consistent construction of the kinetic theory of low-temperature dilute gases
of hydrogen-like atoms in an external electromagnetic field is demonstrated. The
approach is based on the formulations of the second quantization method in the presence
of bound states of particles. A hydrogen-like alkali metal atom is considered as a bound
state of two types of charged fermions. A system of kinetic equations is obtained for the
Wigner distribution functions of free fermions of both types (electrons and cores) and
their bound states - hydrogen-like atoms, taking into account the effect of external and
self-consistent (mean) fields on the system. The derived equations of motion for the
Wigner distribution functions should serve as a basis for analyzing nonequilibrium
effects and phenomena associated with the action of an external electromagnetic field
(including a stochastic one) on low-temperature gases of alkali metals. For example,
these equations make it possible to study the propagation of forced waves in the systems
under study, including various resonance phenomena. The latter circumstance seems to
be important from the point of view of the possibility of additional pumping of photons
into the medium by an external electromagnetic field (laser). The need to increase the
photon density in a medium inevitably arises in the process of experimental realization
of the regime with a Bose-Einstein condensate of photons in it. A separate line of
application of the obtained equations opens up if the electromagnetic field entering them
is of a stochastic nature. Due to the random nature of the external electromagnetic field,
the noted equation from a mathematical point of view is an equation with a spatially
inhomogeneous noise source that depends on the particle momentum. Such equations
are typical for the systems with active fluctuations mentioned above, in which the self-
propelling properties are possible. In particular, this phenomenon is possible when the
structural units of the system have a head-to-tail asymmetry. Excited atoms with a
dipole moment exhibit such asymmetry. Thus, low-temperature weakly excited gases in
an external random electromagnetic field can serve as a prototype for a physical system
with active fluctuations.

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic field,
Furutsu-Novikov formula, chains of BBGKY equations, reduced description method,
kinetic equations, self-propelled properties of dissipative systems.
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B KiHeTHYHIH Teopii CKIaIHIX CHCTEM TOTOMHIX TACTHHOK

Amoraria

Poapobsero MiKpocKOmiuHI IMIX0MM [0 ONKCY HEPIBHOBAMKHUX IIPOIIECIB
V CKJIQIHHUX CHCTEMAaX TOTOMKHUX YACTHHOK, 30KpeMa, Ha KIHEeTHYHOMY eTall €BOJIIOILI.
VY mamiit pobOTI TEPMIH «CKIIAIHD 00'€mHye mesri oOpamHi cucreMu 0araTbOX TOTOMKHUX
YACTUHOK 31 CKJIAJHOK BHYTPIIIHBOK CTPYKTYPOH. BHYTpIIIHSA CTPYKTypa YaCTHHOK
BII0OpaKyeThCsa Ha OCOOJIMBOCTSIX IX B3AE€MOJIIl, SIK MisK CO00I0, TAK 1 3 30BHIIIHIM II0JIEM,
o mie Ha cepemoBmime. Taki CHCTEMH € HeJIHIMHNMHY, BigkpuTuMu (HaSBHICTH 30B-
HIIITHBOTO 1014!) 1 TAKMMME, 110 TEMOHCTPYIOTE 0SBy CAMOOPTaHi3allii B IIPOIIeci eBOJTIOIj,
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a TAKOXK IHINMX HOBUX BJIACTUBOCTEH. K NPUKIATHA TAKUX CHCTEM POSTJISIAIOTHCS
JIMCHTIATHBHI cepefoBUINA (cepefioBUINA 3 BHYTPINTHIM TepTAM MK CTPYKTYPHIME
OIMHUIIAMH) TIiT [Tiefo 30BHINTHLOTO BHUIIAKOBOTO TI0JIA, AKTHBHI cepemoBuma (y qaHOMY
BUIIAAKY — OMCUTIATABHI CEPEIOBUIIA, CTPYKTYPHI OQUHMUIN AKUX INOIAAAI0Th i BILIUB
30BHIIIHBOIO CTOXACTUYHOIO IIOJIA, i SKOTO 3aJIEKHATH Bi IMBHIKOCTI CTPYKTYPHOL
OIMHMIT), HMU3LKOTEMIIEPATYPHI Ta3W BOJHEBOIONIOHHMX aTOMIB y SOBHIITHBHOMY
eJstekTpoMarditHomMy mos. CucreMu CHerfiasbHO MMiOpasi TAKUM YHHOM, 100 OXOITUTH
PO3TUISIIOM BUMAIKU K KJIACHYHUX, TAK 1 KBAHTOBUX CKJIAMHUX cucTeM. J[y1s1 momiGHOro
POy CHCTEM 3AIIPOIIOHOBAHO PEIEITH MOOYIOBM MIKPOCKOIIYHMX ITIXOMIB JO0 OIHCY IX
€BOJTIONI, 30KpeMa, KiHeTwdHoro ii erarry. Iligxomu OymylOThCST TAKMM YHHOM, IIIOOM
3a3HAYEHA BHYTPIIIHA CTPYKTYPa YACTUHOK He M03HAYAJIACA HA MOMKJIUBOCTSX PO3TIISILY
IIUX CKJIQTHUX CTPYKTYPHUX OJUHHUIIH SK TOYKOBHX 00 €KTiB. MoTHBAIlE0 JOCTIIIKeHD Y
mepiry uepry Oyiau T1I 0OCTABHHM, IO ITOCTIAOBHI MIKPOCKOITIYHI ITIIXOOM JO OIHCY
€BOJIIOIIIHUX IIPOLIECIB Y 3a3HAYEHUX CHCTEMAX JI0 TEIepilHBOro Yacy abo MOBHICTIO
BiICYTHI, 400 PO3BMHEH] B HEJIOCTATHIN Mipi.

B ocHOB1 po3BUTKY MIKPOCKOIIYHUX ITIIXO/IIB JISKUTD Y3araJbHEHHS HA BUIIAJIOK
mepesiyeHnX CHKJIQJHUX CHCTEM TOTOKHMX YACTHHOK METOIY CKOPOYEHOIO OIHCY
Boromotosa - Ilenermuuceroro. Ilporemypa mo0OymoBu MIKPOCKOIYHHX INOXOMIB [0
OIIHCY eBOJTIONI JVCHIATHBHUX crcTeM (y TOMY UMCI, 1 3 AKTUBHAMH (DIIyKTYAITLAME)
JIEMOHCTPYE MOKJIMBICTD TUHAMIYHOTO OOIPYHTYBAHHSA KIHETHIHOI TEOpil JUCUTIATUBHUX
CHCTEM TOTOKHHX YACTMHOK y 30BHIIIHBOMY CTOXACTUYHOMY IIOJIi. Y PaMKaxX PO3BUHYTHX
MIXOMIB  3AMPOIIOHOBAHO IIPOIEAYPH BUBENEHHS KIHETUYHHUX PIBHAHL I BCIX
3a3HAYEHNX CHCTEM Yy BHIIQJKy CJa0KOI B3aeMOmil MK UYACTMHKAMM Ta MAJiol
IHTEHCHUBHOCTI 30BHINIHBOTO IIOJIsA. IIpoaHasi3oBAHO HH3KYy UYACTKOBHUX PO3BS3KIB
3100y THX PIBHAHB, 30KPEMa, 3 METOI0 TOIAJIBIINX 3aCTOCYBAHb PO3BUHYTOI TEOPIi.

KmouoBi cioBa: criaagui  cucTeMW, [JUCHAIIATHBHI —CEPEIOBUINA, AKTUBHI
durykTyali, HU3bKOTEMIIEPATYPHI ra3W BOIHEBOIOMIOHMX ATOMIB, €BOJIIOININHI IIPOIIECH,
croxactuure 1oje, dgopmysia Dypyiy-Hosikosa, samimoskkn pisHsaab BBITK, meron
CKOPOYEHOI0 OMHCY, KIHeTWYHI pPIBHAHHS, «CAMOXITHID» BJIACTHBOCTI IHCHUIIATHBHUX
CHCTEM.

PACS numbers: 05.20.-y; 05.20.Dd; 05.10.Gg; 05.40.-a; 05.40.Jc; 45.70.-n; 47.70
Nd

Pedepar

Po3pobsiero  MIKpOCKOINYHI — IMIXOOM 10 ONWCY HEPIBHOBAMKHHUX IIPOIIECIB
B CKJIQJIHUX CHCTEMAX TOTOMKHMX UYACTHHOK, 30KpeMa, Ha KIHEeTMYHOMY €TAIll eBOJIIOITL.
VY mawiit poboTi TepMiH «CKJIQIHD 00'€qHye MesiKkl BUOpaHl CHCTEeMH 0araThbOX TOTOKHUX
CKJIQJIOBUX YACTHHOK 31 CKJIQIHOK BHYTPIIIIHLOK CTPYKTYPOIO. BHYTpIIIHA CcTpyKTypa
YACTUHOK BIIOMBAETHCSA HA OCOOJIMBOCTAX IX B3aeMOIll, AK Mid co00I0, TaK 1 3 30BHIIITHIM
moJjieM, siKe BIUIMBAE HA CEpPeloBHUIlle. Takl CHCTEeMU € HeJIHIMHAMY, BIIKPUTHMN
(HaABHICTH 30BHIIIHBOTO IOJIA!), TA IEeMOHCTPYIOTH IOSBY B IIPOIECi €BOJIOLII caMoopra-
Hi3alll Ta HOBUX BJIACTHUBOCTEH. Po3ryismarorTbes IpUKIAOM TAKUX CHUCTEM: JVCHIIATHUBHL
cepenoBuIa (cepeoBHIIA 3 BHYTPIIIHIM TEPTAM MisK CTPYKTYPHHMHU OSMHHIIAMMN) IIiT
BIIJIMBOM 30BHIIIIHBOTO BHIIAJKOBOTO IOJIfA, AKTHBHI cepemoBHmia (B JaHOMY BHIIAIKY -
JVICUTIATUBHI CEPEeIOBUINA, CTPYKTYPHI ONMHUIN SKUX IMAMAJA0TH ITJ] BIUIMB 30BHIII-
HBEOTO CTOXACTIYHOTO IIOJIAA, [ AKOTO 3AJIEKUTHL Bif IIBMIKOCTI CTPYKTYPHOI OIMHMILL),
HU3BKOTEMITEPATYPHI a3y BOIHEBOIIOIIOHIX aTOMIB Y 30BHIIITHBOMY €JIEKTPOMATHITHOMY
moya. CrcreMu cIeIfiabHO IHmOpaHl TAKMM YMHOM, I00 OXOIMTH POSTJISIOM BHIIAIKI
K KJACHYHWX, TAK 1 KBAHTOBHUX CKJIAOHMX cucTeM. Jlyis momiGHOro pomy cucrem
3aIIPOIIOHOBAHI PEIeNITH IT00YI0BM MIKPOCKOITIYHMUX MIIXOMIB JI0 OIKCY IX €BOJIIOLLI,
30KpeMa, KiHeTwmyHuUX 1 eramB. Ilimxomm OyaylOTBCS TaKUM YMHOM, 00 3a3HaYeHA
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BHYTPIIIHS KOHCTPYKISL CTPYKTYPHHMX OJWHWITh CHCTEMH He II03HAaYajacsd Ha
MOSKJIMBOCTAX POSIVIALY IIMX CKJIQJOBMX YACTHUHOK SIK TOYKOBUX 00ekTiB. MoruBalrieo
JIOCJTIPKEeHD y IIEPIIy Yepry € Ta o0CTaBMHA, IO MOCJIII0OBHI MIKPOCKOINYHI ITIXOMM 0
OIIMCY €BOJIIOLIAHNX IIPOLIECIB Y 3raJaHuX CUCTeMaX B JaHWii yac abo IMOBHICTIO BIACYTHI,
200 pO3BMHEHI B HEIOCTATHIN Mipi. B 0CHOBI pO3BUTKY MIKPOCKOIIIYHUX IIIXOMIB JIEHKITD
y3araJbHEHHsT Ha BUIAJOK IePEPAXOBAHMUX CKJIAJHUX CHCTEM TOTOMKHUX UYACTHHOK
MeTroy ckopoueroro ormcy borosmo6osa - Ilemermurcbkoro. ¥ paMrax pPO3BHUHEHOTO
MIKPOCKOIIYHOIO ITIX0Iy 3aIlPOIIOHOBAHO (hOPMATI3M BUBEIEHHS KIHETUYHUX DIBHSIHB
I 0araToYacTHHKOBUX [UCHIIATHBHMX cHcreM (y TOMy 4YHCI, 3 AKTHBHHMH
bIyKTyaIiaMu) B 30BHINTHBEOMY BHIAamkoBoMy moyi. OrTpumano piBHsHHA JliyBina
BUXOJSYN 3 PIBHAHL |aMUIBTOHA, y3araJbHEHWX HA BHUIIAJOK 0araToYacTUHKOBHUX
JIVICATIATUBHUX CHCTEM y CTOXacTHYHOMY IoJti. [1o0ymoBaHO Meros ycepemHeHHsI TAKOro
piBusuHa JIiyBULIA 3a 30BHIINIHBOK BUIIAIKOBOI CHJIOK. B OCHOBY MeTOmy 3aKjIameHo
yaarasibHeHHs popmysmm @Oypyity-HoBikoBa Ha BHUIIANOK HErayCoBUX IIyMIB, 4 TAKOK
HAABHOCT] HEJIIHIHHOro TepTs (IHUCHIIATHBHOI B3aeMOIii), JTOKAJILHOTO XapaKTepy BILIUBY
30BHIINTHBOIO BUITAKOBOIO IIOJIS 3 AKTHBHUMY KOPEJISIiAMHU. Burmmcano HecKIHUeHHUH
JIQHITIOYKOK PIBHAHBL [JIS 0araToOYacTUHKOBUX (DYHKINM POSHOOLILY, yCEePeOHEHHX 34
30BHIIIHIM IrymMoM. TaKMil JIAHIIOMOK € y3araJabHeHHAM Bimomoro JyaHioxkka BBIKI na
BUIIQJIOK JUCHAMATHBHUX CHCTEM Yy CTOXACTHYHOMY IIOJI. 3aIlPOTIOHOBAHO PETYJISIPHY
IpoIieIypy OOPHBY IIHOIO JIAHITIOMKKA B pasl cra0kol B3aeMOomil MK YACTHMHKAMU Ta
cJ1a0bKol 1HTEHCHMBHOCTI CTOXacTHYHOro mojist. IlokasaHo, 1m0 B paMKax pPO3BHHEHOIO
MIKPOCKOIIIYHOI'O ITIX0/Iy MOKJIMBA IT00YI0BA KIHETUYHOI Teopii AKTUBHUX YACTUHOK SIK Y
BUIIQJKY JTBOBMMIPHHMX, TaK 1 TpUBHMIpHUX cucTeM. OTpUMAHO 3aMKHYTI KIHETHYHIL
PIBHSHHS JJIST OJHOYACTUHKOBOI (OyHKITT pos3momity. [lokasawo, 1m0 B 1ib0My HaOIMKEHHL
KiHeTHYHe PIBHAHHS Mae Burysan pisusauas Ookkepa-Ilinanka, ysaraspHeHe HA BATAI0K
HeraycoBux IIyMiB ab0 JIOKAJIBHOIO XapaKTepy BILIMBY 30BHIIIHHOTO BUIIAIKOBOTO IT0JIS
3 AKTUBHUMY KOPEJIAIAMY. BH3HAUYeHO [HesKl OKpeMl BUIIAJKH, B SKHUX BHUBEIEHL
KIHETHYH] PIBHSIHHS MAlOTh PO3B’SI30K, IO 30IraeThCs 3 pe3yJIbTaTaMU, BIJOMUMM JIJIS
CHCTeM aKTHUBHHMX YACTHHOK 3 OLJIBII PAHHIX poOiT iHmmx aBTopiB. Ilokaszamo Takosk, 1o
OIHUM 13 HACJIIKIB JIOKAJBHOIO XapaKTepy aKTUBHUX (PJIYKTYALL € IIPOAB CAMOXIIHUX
piactuBocTeil («self-propelling»), XapaKTepHUX JJIS CHCTEM AKTHBHUX YACTHHOK, HABITH
y BUIMIQJKY TUIBKU JIiHIKHOrO TepTs. [lapamerpu Takoro caMoxiTHOTO PyXy CAMOY3TO/Ke-
HUM YMHOM BUPAKAIOTHCS Yepe3 BHYTPIIIHI XaPAKTEPUCTUKHA 0AraTOYACTKOBUX CHCTEM -
TYCTHHY YWCJIA YACTUHOK B CHCTEMI, IapaMeTpy IUCHUIATHBHOI (DYHKILI, 1Xapaxre-
PUCTUKY 30BHINTHBOIO BIUIUBY - IMAPHI KOPEJSAINHHI (PYHKITI CTOXACTHYHOIO TIOJIS
3 aKTUBHUMY (QIYKTyaIlisiMu. B paMiKax PO3BHHEHOIO ITIXOIy IIPOIEMOHCTPOBAHO
TOCJIJIOBHY ITOOYIOBY KIHETHYHOI Teopll HU3BbKOTEMIIEPATYPHUX PO3PIIKEHUX Tra3iB
BOJIHEBOIIOIIOHUX ATOMIB y 30BHIIIHBOMY eJIeKTpoMarditHoMy mosti. Ilinxin 6asyerses Ha
dopmyTIOBaHHSIX METOIYy BTOPHMHHOIO KBAHTYBAHHS I[IPY HASBHOCTI 3B'S3aHUX CTAHIB
YacTUHOK. (K IIpMKJIag 3B’sI3aHOT0 CTAHy JBOX COPTIB 3apsyKeHuX (QepMioHIB
PO3IJIAHYTO BOIHEBOIIOMIOHMI aToM JIysKHOro Merasty. OTpHUMAHO crcTeMy KIHETHYHHX
PIBHAHL [JI BITHEPIBCBKMX (PYHKINH PpOSIONLIYy BUIBHMX (PepMiOHIB 000X COPTIB
(esIeRTPOHIB 1 KicTARIB) Ta IX 3B’A3AHNUX CTAHIB - BOTHEBOIIOJIOHNX ATOMIB 3 ypaxyBaHHAM
BIUIMBY HA CHCTEMYy 30BHIIIHEOIO i CAMOY3TO:KeHOro (cepemHroro) momis. Bueenemi
PIBHAHHS PyXy I BITHEPIBCHKUX (PYHKITH PO3HOMIIY MOBHMHHI CJIYKUTH OCHOBOIO JIJIST
aHAJI3y HEpPIBHOBAXKHMX e(QEKTIB 1 SBHIN, II0BA3aHMX 13 BIUIMBOM 30BHIIIHBOIO
€JIeKTPOMATHITHOIO 101t (B TOMY 4mCIIi, f CTOXACTHYHOI0) Ha HU3BKOTEMIIEPATYPHI rasu
JIysKHUX MeTasniB. Hampuriam, 1l piBHAHHSA JA0Th MOYKJIMBICTD BHBYATH ITOIIMPEHHST
BUMYIIIEHUX XBHUJIb y JOCJIIKYBAHUX CHCTEMAX, BKJIIOUAIOYHN Pi3HI PE30HAHCHI SBUIIA.
OcraHHsa 00CTaBMHA € BAYKJIMBOIO 3 TOUKHU 30PY MOMKJIMBOCTI JOJATKOBOIO HAKAYYBAHHS
oTOHIB B cepenoBHIIE 30BHIIITHIM esleKTpoMarHiTHEM rmoseM (1azsepom). HeobximmicTs
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30LJIBIIIEHHST TYCTHHHM (DOTOHIB y CEPENOBUINl HEMHUHY4Ye BHHHUKAE B  IIPOIECL
EKCIePUMEHTAJILHOI peamisaliii peskumy 3 603e-eMHIITeMHIBCbKUM KOHIEHCATOM (DOTOHIB
y Hitt. OxpeMuil HATPSIMOK 3aCTOCYBAHHS OTPUMAHUX PIBHSIHB BIIKPUBAETHCS B TOMY
BUIIAJIKY, SKIIO eJeKTPOMATHITHe II0JIe, 10 BXOAWUTH 110 HUX, HOCUTH CTOXACTHIHHUIN
xapakrep. UYepes BUIIQJKOBUII XapakTep 3OBHINIHBOTO E€JIEKTPOMATHITHOIO —IIOJIST
3a3HAvYeHl PIBHAHHA 3 MATEMAaTHYHOI TOYKKA 30py € PIBHAHHAMH 3 IIPOCTOPOBO-
HEOTHOPIIHUM IKEePesIoM IIIyMy, IO 3aJIeKaTh BII IMITYyJIbCY YACTHHKH. Takl piBHSHHS
THIIOB] JUIsI 3ra/IaHUX BHWIIE CHCTEM 3 AKTUBHUMU (DIIYKTYAI[SMH, B SKHUX MOKJIMBA
peatisaliis CaMOXiTHUX BJIACTHBOCTEN. 30KpeMa, TAKe SIBUIIE MOMKJIUBE ¥ BUIIAJIKY, KOJIH
CTPYKTYPHI OMHUII CACTEMHU MAIOTh ACHMETPII «roJIoBa - XBicT». 30y KeH]I aTOMM, III0
MAaIOTh JIMIOJBHUNA MOMEHT, MAIOTh 1 Taky acuMmerpiro. TakuM YMHOM, HU3BKOTEMITEpa-
TypHl cJ1a0ko 30y/yKeHl Ta3W B 30BHINIHBOMY BHUITAIKOBOMY €JIEKTPOMATHITHOMY ITOJIL
MOSKYTD CJIYKUTH IIPOTOTUIIOM (PI3UYHOI CHCTEMU 3 AKTUBHUME (DJIYKTYAILAMU.

KoouoBi cioBa: criIagHi cHCTeMW, [JUCHAIIATHBHI CEPEIOBUINA, AKTUBHI
darykTyali, HU3LKOTEMIIEPATYPHI ra3W BOIHEBOIOMIOHMX ATOMIB, €BOJIIOIIINHI IIPOIIECH,
croxacruuHe 1oJie, dqopmysa Dypyiy-Hosikosa, namiosxku pisaaub BBI'KI, meron
CKOPOUEHOI'0 OIINCY, KIHETHYHl PpIBHAHHS, «CAMOXITHID» BJIACTHBOCTI IHUCHUIIATHBHUX
cHuCTEM.
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A. V. Priymak, Yu. V. Prokopenko, O.Yu. Slyusarenko, Yu.V. Slyusarenko,
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general edited by A.G. Zagorodny, N. F. Shulga, ed. no. 5. V. A. Buts - Kh.:
V. N. Karazin Kharkiv National University, 2023. 488 p. (Series "Problems of
Theoretical and Mathematical Physics. Scientific Works").

Annotation

Various scenarios of the evolution of populations of strategies with memory are
considered. The strategies interact with each other in an iterated prisoner dilemma,
earning evolutionary benefit points according to the pay-out matrix. The review focuses
on collective characteristics such as memory, the level of aggressiveness (the share of
refusals to cooperate), and the complexity of strategies. Different scenarios of evolution
appear when using different selection rules for strategies intended for deletion in the
corresponding generation. Cases of zeroing evolutionary advantage points after each
cycle (or generation) and summing (inheriting) points of previous cycles are considered.
In the first case, as a result of evolution, complex strategies with a large depth of memory
dominate and are not aggressive — inclined to cooperation. The history of the evolution of
a population is divided into two periods: the primitive period and the period of the
developed ‘community’. The primitive stage in the development of the world of strategies
can be distinguished according to the following features: 1). the presence of all the most
primitive strategies; 2). an increase in average aggressiveness); 3). the presence of the
most aggressive strategy. In the second case, as a result of increased competition,
complex strategies with a large memory depth, but aggressive ones, also win. In
anomalous competition, when the most successful strategies are removed, an increase in
aggressiveness is also observed for complex strategies with a large memory depth. It was
empirically found that in the process of population evolution, a universal relationship
between aggressiveness and points of evolutionary advantages persists, for example, a
decrease in the value of points obtained with an increase in the average aggressiveness
of the population is observed. Open societies, in which complex strategies with a large
memory (replacing the remote losers) are injected, demonstrate greater efficiency;
complex strategies with a large memory depth and less aggressive ones dominate in the
emerging stationary state. Penetration in this way into open populations of primitive
strategies (with a low memory depth) leads to their dominance in a stationary state,
although their average aggressiveness decreases, while around complex strategies with a
greater memory depth in the population remains. The case of interaction of 50 thousand
objects, each of which uses 50 strategies, is considered separately. When interacting, the
losing strategy is replaced by the winning strategy. As a result, on average, subjects
retain one third of strategies, and complex ones with a large memory depth dominate.

Keywords: evolutions of populations of strategies, object with a set of strategies,
prisoner dilemma, memory complexity, aggressiveness.

PACS numbers: 02.50.Le, 05.10.—a, 87.23.Kg, 89.75.Fb
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Abstract

Various scenarios of the evolution of populations of strategies with memory
are considered. The strategies interact with each other in an iterated prisoner
dilemma, earning evolutionary benefit points according to the pay-out matrix. The
review focuses on collective characteristics such as memory, the level of
aggressiveness (the share of refusals to cooperate), and the complexity of strategies.
Different scenarios of evolution appear when using different selection rules for
strategies intended for deletion in the corresponding generation. Cases of zeroing
evolutionary advantage points after each cycle (or generation) and summing
(inheriting) points of previous cycles are considered. In the first case, as a result of
evolution, complex strategies with a large depth of memory dominate and are not
aggressive — inclined to cooperation. The history of the evolution of a population is
divided into two periods: the primitive period and the period of the developed
‘community’. The primitive stage in the development of the world of strategies can be
distinguished according to the following features: 1). the presence of all the most
primitive strategies; 2). an increase in average aggressiveness); 3). the presence of
the most aggressive strategy. With an increase in average aggressiveness, the value
of the set of points (advantages) decreases and vice versa, and there is a universal
relationship between these values. Despite the typical behavior of averages, initially
aggressive strategies and then strategies with low complexity, less than average,
may turn out to be the winners at different points in time. Average aggressiveness
first grows, then, after overcoming the primitive stage of the world's development, it
rapidly decreases. Incidentally, an increase in the memory depth of population
strategies decreases the relative duration of the primitive stage of development and
increases the proportion of complex strategies. In the resulting stationary state,
strategies are not aggressive and achieve equal advantages. In the second case, as a
result of increased competition, complex strategies with a large memory depth, but
aggressive ones, also win. The stationary state is formed by strategies of maximum
complexity. Complexity and memory are evolutionarily advantageous in this case.
While allowing strategies to maintain previously gained advantages, the system
encourages aggressiveness. An important consequence of the accumulation of
advantages in inheritance is a noticeable increase in aggressiveness. In anomalous
competition, when the most successful strategies are removed, an increase in
aggressiveness is also observed for complex strategies with a large memory depth. It
was empirically found that in the process of population evolution, a universal
relationship between aggressiveness and points of evolutionary advantages persists,
for example, a decrease in the value of points obtained with an increase in the
average aggressiveness of the population is observed. Average aggressiveness also
reaches a minimum and grows, and the rate of scoring tends to reverse. That is, as
in previous cases, complex strategies with a large memory remain evolutionarily
advantageous, but they are characterized by significant aggressiveness. Open
societies, in which complex strategies with a large memory (replacing the remote
losers) are injected, demonstrate greater efficiency; complex strategies with a large
memory depth and less aggressive ones dominate in the emerging stationary state.
Penetration in this way into open populations of primitive strategies (with a low
memory depth) leads to their dominance in a stationary state, although their
average aggressiveness decreases, while around complex strategies with a greater
memory depth in the population remains. The case of interaction of 50 thousand
objects, each of which uses 50 strategies, is considered separately. When interacting,
the losing strategy is replaced by the winning strategy. As a result, on average,
subjects retain one third of strategies, and complex ones with a large memory depth
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dominate. Thus, in all cases, the depth of memory and the complexity of strategies
are evolutionarily advantageous properties. The complexity should increase in the
course of evolution, this determines the direction of time. Aggressiveness and the
received number of points of evolutionary advantages change over time in
accordance with each other in accordance with the empirical universal law.

Keywords: evolutions of populations of strategies, object with a set of strategies,
prisoner dilemma, strategy memory, complexity, aggressiveness.

PACS numbers: 02.50.Le, 05.10.—a, 87.23.Kg, 89.75.Fb

Kyxmia B. M., IIpmitmax O. B., fAuosckmit B. B. CeiT crpareriit 3 mam’srrTio

Asoraria

PosrisryTo pisHI crieHapii eBOTIOLIT Oy IS crpareriit 3 mam'arrio. Crparerii
B3A€MOJIIIOTH OUH 3 OOHMM B PAMKAaX ITePOBAHOL IWJIEMHU YB'I3HEHHUX, OTPUMYIOUH 0ajImn
€BOJIIOIIMHUX II€peBar BIAIOBIIHO [0 MATPHII BHILIAT. B Oyl OCHOBHY yBary
MPUIIIEHO KOJIEKTUBHUM XapaKTePUCTUKAM TAKUM SK IIaM'ATh, PIBeHb ArpeCHBHOCTI
(uacTra BiTMOB Bif CIIBPOOITHHMIITBA), CKJIATHICTL cTpareriil. Pismi crmemapii eBosmorii
3'ABJISIOTHCS TIPY BUKOPUCTAHHI PI3HUX IIPABHJI BIAOOPY CTpaTerii, MpU3HAYEHUX IS
BUIAJIEHHS B BIIIIOBLIHOMY IIOKOJIHHI. Po3risgHyro Bumamky OoOHyJIeHHs 0aJjiiB
eBOJTIOIIMHIX TlepeBar ITC/IA KOMHOTO LUKy (abo IOKOMIHHA) 1 INACyMOBYBAHHS
(yermamryBamHsa) 6aTiB HOMepeIHIX IMUKIIB. Y HepIIoMy BHIIANKY B Pe3yJILTATI eBOJIIONII
JIOMIHYIOTH CKJIQIHI CTpaTerii 3 BEJIMKOIO IVIMOMHOK IaM'ATl 1 He arpeCHBHI - CXMJIBHI JI0
criBopari. leTopist eBostrorIil Oy AT TIUTHCS HA ABA TIEPIOAN: IIPUMITUBHUM II€Piof 1
epios; PO3BMHEHOr0 CycIIberBa. [[puMITHBHUI eTam PO3BUTKY CBITY CTpaTeriii MOYKHA
BUIUINTH 32 TAKMMHM O3HAKAMH: 1). HAABHOCTI BCIX HAHMIPUMITHBHIIINX CTpaTeTiis;
2) 3POCTAHHA CepeJHLOI arpecHBHOCTI); 8). IIPHUCYTHICTIO caMol arpecHBHOI CTpaTerii.
VY npyromy BUIIafKy B Pe3yJIbTATI IIOCHJIEHHS KOHKYPEHINI BHUTPAIOTH TAKOMK CKJIAIHI
cTpaTerii 3 BeJIMKOK IVIMOMHOIO HaM'ATi, ajie arpecusHi. [Ipu amoMabHOI KOHKYpPEHILI,
KOJIM BUIAJISIOTHCS HAWOUIBIN YCITIIIHI CTPATerii, CIIOCTEPIraeThCs TAKOM 3POCTAHHS
arpecMBHOCT] JIJISI CKJIQJHUX CTPATErii 3 BEJIMKOK IVIMOMHOK mam'ATi. Emrmipuyaro
BUSIBJIEHO, 110 B IIPOITEC] €BOJIIOITI ITOMYJIAIl 30epiraeThCs YHIBEPCATbHA 3aJIeIKHICTD MIsK
arpecUBHICTIO 1 0aJlaMy eBOJIIOIIMHUX IIepeBar TAaK, HAIPUKJIAM, CIIOCTEePIraeThest
SHIKEHHSI BEJIMYMHU OEpP:KYyBAHMX OaJliB IIPHM 3POCTAHHI CEepeqHBOl arpeCHBHOCTI
momyJisammi. Biggpuri cycriyibetBa, B SIKIX BIAOYBA€ThCS 1H'€KINS CKJIQTHUX CTPATerii
3 BeJUKOI0 HaM'aTTio (3aMIHIOTH BiITAIEHHXXTO IIPOTPAB) JEMOHCTPYIOTH OLIBITY
e(peKTHBHICTD, Y CTAINOHAP] JOMIHYIOTH CKJIAIHI CTPATEril, 3 BEJIMKOK TJIMOMHOK IaM STl
i menIn arpecuBHi. [[pOHMKHEHHS MOMIOHUM YMHOM Y BIIKPHUTI MOIYJISAIN] MPUMITUBHUX
cTpareriit (3 MasI00 MIMOMHO IaM'ATI) IPU3BOIUTD JI0 iX JIOMIHYBAHHS B CTAI[IOHAPHOMY
cTaHl, Xoua IX CepeIHs arpecuBHICTD IaJae, mpu oMy 0sim3bko 10% CRIIamHUX cTpaTerii
13 OLIBIIOI KIIBKICTIO IMaM'sTi B IOIMyJIAIll 30epiraerbesa. OKpeMo POSIyIAHyTO BUIIAI0K
B3aemomii 50 Tuc. 00'eKTiB, KoKeH 3 sikmx BuropucroBye 50 crpareriit. Ilpu B3aemomii
cTpaTerisf, sSKa I[IPOrpajia, 3aMIHIOETBCS CTpaTericlo-IepeMosKileM. B pesysbrari
B CEPeIHBOMY CyO0'eKTH 30epiraioTb TPETHUHY CTPATErii, IPUYOMY IOMIHYIOTH CKJIAJIHI,
3 BEJIMKOIO TVIMOMHOIO TTaM'SITI.

Kimodosi cioBa: EBostiortii momy isiiii crparerii, 06’ eKTiB 3 HAOOPOM CTpaTerii,
nuiemMa yB SI3HEHOI'O, ITaM SITh, CKJIaHICTh, AaTPECUBHICTD CTPATETIH.

PACS numbers: 02.50.Le, 05.10.—a, 87.23.Kg, 89.75.Fb.

Pedepar
PoaruisiryTo pisHi crieHapii eBoJIOI IOy IAI crpaTerii 3 mam'arrio. Crparerii
B3A€MOJIIIOTH OJHA 3 OJHOI B IOBTOPIOBAHOI IIPOOJIEMH YB'SI3HEHOTO, 3apo0JIaioyun 0aJim
€BOJIIOLIIAHOl BUIOOM BIAIIOBITHO IO MATPHIN BHILIAT. B OISOl posriIamaloThCs TaKL



476 PROBLEMS OF THEORETICAL PHYSICS

KOJIEKTVBHI XapaKTePUCTUKHU, IK IaM'aTh, piBeHb arpecuBHocTi (JacTka BiIMOB Bif
CITIBPOOITHMIITBA) 1 CKJIAMHICTH cTpareriii. PisHi cieHapii eBosmomil BHHMKAIOTH IIPH
BHUKOPHCTAHHI PISHUX TMPABUJI BHOOPY CTpaTeriii, IpW3HAYEHWX JJIs1 BUIAJIEHHS
B BIAIIOBITHOMY IIOKOJIHHI. Po3IVIsHyTo BHUIIaOKu OOHYJIEHHS OaJiB eBOJIIOIIIAHOL
IlepeBary TicaA KoskHOro Imkiay (abo moxomimHEa) i mimcymoByBamHa (ycrmamkyBaHH:)
0aJIiB HOIIEpeIHIX LUKJ/OB. Y IIepIIOMYy BHIIAAKY B PE3yJIbTATI €BOJIOLIl II€PEeBAKAOTDH
CKJIATHI cTpaTerii 3 BEJMKOK IVIMOMHOI IIAM'SITi, HeATPECUBHI - CXWJIBHI J0 CITIBIIPAIL.
Icropist eBosrornii mmomy sl MITMTBCA HA [ABA TEepioaw: IEPBICHWM IMepiof 1 mepiofn
PO3BHHEHOTO «CIILTFHOTIY. [lepBicHII eTatt PO3BUTKY CBITY CTpaTeriit MOMKHA BUILIUTH 34
TAKMMM O3HAKAMM' 1). HAgBHICTH BCIX HANIIPHMITHBHININX CTpATETiH; 2). INIBHIIEHHS
CepeHEO0i arpecHBHOCTL); 3). HAABHICTL HAMOLILIIT arpecHBHOL cTpaTerii. 31 30LIbIIeHHIM
CeperHEOi arpecHMBHOCTI 3HAaueHHS Habopy 6amis (epeBar) 3MeHIIyeThbCA 1 HABIAKH,
1 MK UMM 3HAYEHHSMU iCHye yHIBepcasibHa B3aeMo3B'si30K. Hespaskarouwm HA THUIIOBY
TOBEIIHKY CEePeIHIX 3HAUYEHbD, CIIOUYATKY arpecUBHI CTpATerii, a MOTIM cTpaTerii 3 HU3bKOI0
CKJIATHICTIO, HUIKYY 32 CEPEHI0, MOKYTh BHUSBUTHCS IIEPEMOKIAMU B PI3HI MOMEHTH
yacy. CepemHsi arpecHBHICTH CIIOYATKY HApPOCTAaE, a IIOTIM, ITOAOJIABIINA IIPUMITUBHY
CTAIII0 PO3BUTKY CBITY, MIBUOKO SHUKYETHCA. Misk 1HIIMM, 301IbIIEHHA TVIMOMHM IIaM'AT1
MIOMYJIAIIMHNAX CTPATEril 3MEHIITye BITHOCHY TPUBAJICTD IIPUMITUBHOI CTAIli POSBUTKY 1
30LIIBIIyE YACTKY CKJIQIHMX CTpaTerii. B kiHIleBoMy cTallloHApHOMY CTaHi CTpaTerii He €
arpeCMBHUMU 1 AI0Th PIBHI IepeBaru. ¥ IPyroMy BUIAIKY B PE3yJIbTATI 3arOCTPEHHS
KOHKYPEHINI TAKOK BUIPAITH CKJIAAHI CTpaTeril 3 BEJIMKOK TJIMOMHOK IIaM'sTi, aje
arpecusHi. CramioHapHuii ctaH )OPMYeTHCS CTPATErisIMA MAKCHMAJIBHOI CKJIATHOCTI.
B upomy BHIAnKy €BOJIIOIIAHO BUTIAHI CKJIATHICTE 1 mam'arh. J[o3Bosistioun cTpaTerism
30epiraTy paHillle IOCATHYTI IIepeBard, CHUCTeMa 3a0X0uye ArpecHBHICTh. Baskimse
HACJIIJOK HAKOIMYEHHS [epeBar y CIaJIOK - HOMITHE IMIBUINEHHS arpecuBHocti. [Ipm
AHOMAJIBHOI ~ KOHKYPEHIII, KOJM BUJAJIAITHCA HAUOLIBIN  VCINIIHI — CTpaTerii,
CIIOCTEPITAETHCS 3POCTAHHS aTPECUBHOCTI 1 JIST CKIIATHUX CTPATETIH 3 BEJIUKOI0 TIIMOMHOO
maM'sTi. EMmpudso BCTAHOBJIEHO, IO B IIPOIIECl €BOJIOINI MOIyJIAIll 30epiraerbes
VHIBEPCAJILHIA B3Aa€MO3B'sI30K MiK ATPECHBHICTIO 1 0ajlaMH €BOJIIOLIIHOL IIepeBard,
HAMPHUKJIAI, CIIOCTEPIraeThCs 3HIKEHHS 3HAYCHHA OAJB, OTPHMMAHUX IIPH 30LIBIIEHHL
cepenHboi arpecrBHOCTI IorryJisiii. CepeHs arpeCcHUBHICTL TR TOXOOUTH 0 MIHIMyMY
13pocrae, a IOKA3HUK HAOPAHMX OYOK MAa€ TEHIEHINI0 [0 3BOpPOoTHOro. Tobro, saK 1
B HOIIEPEIHIX BUMAIKAX, CKJIAJHI cTpaTeril 3 BEJUKOK ITaM'ATTI0 3aJIUIIAIOTHCS €BOJIIO-
IHO BUTLIHMME, aJjIe JJIs HUX XapaKTepHa 3HAYHA arpeCUBHICTh. BIIKPHUTI CyCIIJIBCTBA,
B AKI BBOJSATBCS CKJIATHI CTpATeTi] 3 BEJIMKOI0 IaM'ATTIO (3aMIHIOIOTH BiLTAIEHNX THX, XTO
IIPOrpaB), JEMOHCTPYIOTH OLIbNTY eeKTHBHICTE. Y CTAIIOHAPHOMY CTAHI II€PeBAKAIOTH
CKJIQIHI cTparTerii 3 BEJMKOK IVIMOMHOK HaM'ATi 1 MeHml arpecuBHl. [IpoHwKHEHHS
B TAaKMil CIOCi0 y BIAKPHUTI HOMysAIii OpHUMITHBHEX cTpaTeriii (3 Masomo TIVIHOMHOIO
maM'aTl) TPU3BOAUTL [0 iX JOMIHyBAHHS B CTAIOHAPHOMY CTaHi, Xoua IiX CepeHs
ArpeCUBHICTD 3HIMKYEThCS, ane 10% CKJIaMHUX cTpaTeri i3 OLIbIINM 3HAYEHHSAM IIaM'aTi
B romyJisiii sajumaerbesa. OKpeMo poarismaeTbes BUNAI0K B3aeMomii 50 Tucsad 00'eKTiB,
KOoKeH 3 gAkmxX BuropucroBye 50 crparteriit. Ilpm B3aemomii Iporpairmsa crpareris
3aMIHIOETBECSA BUTPAIIHOK. B pe3yipTari B cepeqHbOMY y 00'€KTIB 30epiraerbess TPETHHA
CTpAaTeriii, a MepeBakaloTh CKJIAIHI 3 BEJIMKOK IVIMOMHOM IIaM'sTl. TakuM YiHOM, y BCIX
BANAOKAX IVIMOMHA HaM'aTl 1 CKJIAQQHICTH CTPATEerii € €BOJIOINNHO BUILIHIMUI
BractuBocTsiMu. CKJIaIHICTD IOBUHHA 30LJIBIIYBATHCS B XOI1 €BOJIIOII, Ile BH3HAYAE
HATIPAMOK dacy. ArpecHBHICTH 1 OTpMMAHA KUIBKICTE OAJB €BOJIIOIIMHOI IIepeBaru
3MIHIOIOTBCS 3 YACOM BIIIOBITHO JI0 €MITIPMYHOIO YHIBEPCATHLHOIO 3aKOHY.

Komowosi cioBa: Eposmoniii momysisarmiii crparerii, 0o0eKTiB 3 HA00OPOM CTpATerii,
JIAJIEMA B A3HEHOr0, I1aM ATh, CKJIAHICTh, arPeCUBHICTD CTPATETIH.

PACS numbers: 02.50.Le, 05.10.—a, 87.23.Kg, 89.75.Fb
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Girka 1. O. Fine structure of the local Alfven resonances in cylindrical plasmas
with naxial periodic inhomogeneity / Problems of theoretical physics. Scientific
works. Issue 5 / Yu. O. Averkov, V. A. Buts, V. 1. Fesenko, I. O. Girka,
V.M. Kuklin, A. V. Priymak, Yu. V. Prokopenko, O.Yu. Slyusarenko,
Yu.V. Slyusarenko, D. M. Vavriv, V. M. Yakovenko, V. V. Yanovsky,
A.G.Zagorodny; under the general edited by A.G. Zagorodny, N. F. Shulga, ed.
no. 5. V. A. Buts - Kh.: V. N. Karazin Kharkiv National University, 2023.
488 p. (Series "Problems of Theoretical and Mathematical Physics. Scientific
Works").

Annotation

Local Alfven resonance id well-known to manifest itself in cylindrical plasma
with radially nonuniform particle density and uniform axial external static magnetic
field via rapid increase of electromagnetic field amplitude when approaching the
resonant radius. First, Physics of the phenomenon is explained in the present
review. Plasma axial periodic nonuniformity is shown to be usual feature of the
modern plasma devices. Satellite local Alfven resonances are shown to arise in
axially periodically nonuniform plasma both in general and resonant cases.
Resonant case takes place if the wave length is twice as large as plasma axial period.
Conditions are derived under which fine structure of the satellite Alfven resonance is
determined just by plasma axial periodic nonuniformity.

Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite
Alfven resonance, wave packet.

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y

Abstract

The present review is based on the theoretical research carried out at the
Department of General and Applied Physics of Kharkiv University in collaboration with
scientists of Institute of Plasma Physics, National Science Center “Kharkiv Institute of
Physics and Technology”.

Electromagnetic waves with the frequency in the range of ion cyclotron frequeney,
in particular, Fast Magnetosonic Waves (FMSWs) and Alfven Waves (AWs),
magnetoactive plasmas are the subject of extensive research. This is associated, first of
all, with numerous applications of the results of these studies in solving the problem of
controlled nuclear fusion, geophysics and astrophysics. FMSWs and AWs are effective
tool for plasma production and heating in toroidal magnetic traps (tokamaks and
stellarators). Along with neutral injection, ion cyclotron heating, low-hybrid heating and
electron cyclotron heating, magnetohydrodynamic waves (MHD waves) are planned to be
used as the main method of plasma heating in future fusion reactor. FMSWs and AWs
can be used also for current drive production. Solving the problem of maintenance of
current drive during plasma loading by RF power would provide creation of the
stationary tokamak and thermonuclear tokamak-reactor on this base. Production of
current drive could be applied also in stellarators — for controlling the profile of rotational
transform and achieving on this base better plasma MHD stability.

Plasma production and heating in fusion devices initiated intense research of
electromagnetic wave conversion and absorption in the vicinity of Alfven resonance (AR).
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Interest to this phenomenon is caused mostly by its application for efficient plasma
production and heating in fusion traps. In approach of the cold plasma, solutions of
Maxwell’s equations for electromagnetic wave fields have singularities at the definite
radius of plasma cylinder. If to replace this approach by the models which take into
account the thermal motion of the particles, finite electron inertia, weak nonlinearity or
dissipations, then conversion of these waves into small-scale oscillations and their
absorption can significantly change.

During plasma heating by RF fields, most of RF power is absorbed in the vicinity
of the local AR. Enhancement of plasma column density and radius causes motion of AR
to the plasma periphery. This decreases the efficiency of Alfven method of plasma
heating in fusion devices since results in heating of peripheral plasma rather than its
central part, which in turn increases undesired plasma-wall interaction. To avoid the
heating of peripheral plasma and heat just plasma depth one can apply the waves with
large magnitude of longitudinal wavenumber k., for which the region of the local AR is
placed in the plasma depth. However, this is complicated because of wide barrier of
nontransparency at the plasma edge for these waves. The other way to avoid the energy
losses at the plasma periphery is application of the waves with low frequency and small
ke, for which the region of the local AR is also situated in the plasma depth. However, in
this case one needs the antenna which is long in axial direction. All these unfavorable
circumstances make it difficult to utilize Alfven method of plasma heating in large traps
and initiate the search for new physical ways of its efficiency enhancement.

Weak periodic axial nonuniformity of plasma can significantly affect on the AR
fine structure and result in arising the satellite ARs. The present review is devoted to
Physics of AR and peculiarities of mathematical methods, which are effective for solving
these problems of plasma electrodynamics.

Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite Alfven
resonance, wave packet.

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y

Tipka 1.0. Torka cTpykTypa JIOKQJIHLHHUX aJIH(OBEHOBUX PE30HAHCIB B IMJOHAPHAIHIA
IJ1a3Mi 3 aKCIAJIbHOIO MEPIOAMYHOI0 HEOJHOPITHICTIO

Awnoraria

Ax Bimomo, JOoKaTBbHUMA aJb(BEHIB PE30HAHC MPOSBIISIETHCA B IMTIHAPUIHIN
mwia3Mi 3 pagiaibHO HEOJHOPITHOK TYCTHHOI YACTUHOK 1 OJHOPITHUM aKClaJbHUM
30BHIIMHIM CTAJMM MATHITHAM II0JIEM Yy TepMiHaxX PI3KOro 3POCTAHHS aMILIITY/T
€JIEKTPOMATHITHOTO II0JIA IIPYM HAOJIMKEHH1 J0 pe3oHaHcHOro pasmiycy. Cmodatky, B
IIbOMY OIVISJIl TIOSICHIOEThCA (hismka sieuima. [lokasaHo, IO akciaJbHA IIE€PIOAYHA
HEOTHOPIMHICTh IUIA3MH € 3BHYAWHOI O3HAKOK CYYACHUX IJIa3MOBHX IIPHUCTPOIB.
Tloxaszano, 1m0 caTesiTHI JIOKAJIbHI aJIb(DBEHOBI PE30HAHCH BUHUKAIOTH y AKCIAJIBHO
HEePIOAUYHO HEOMHOPIIHIN IIa3Ml K y 3arajJibHOMY, TAaK 1 B PE30HAHCHOMY BHUIIAIKY.
Pesonancamii Bunafok Mae Miclie, SKINO JOBKMHA XBUJI BABIUl OLIbINA 3a aKclaJIbLHUNA
nepiox mwiasmu. BuseneHi yMoBH, 3a SIKMX TOHKA CTPYKTypa CATEJITHOTO aJIbBEHOBOIO
Pe30HaHCYy BU3HAYAETHCS CaMe aKClaJIbHOIO MePIOAMYHOK HEOTJHOPIIHICTIO IIJIA3MI.

KimouoBi cioBa: akciasibHA IIepiofMvHA HEOJHOPIIHICTD IIA3MH, AJIH(BEHIB
pe30HAaHC, CATeJIITHUN aIh(PBEHIB Pe30HAHC, XBUJIHOBUMN ITAKET.

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y

Pedepar
Ilett ormsim HamwmcaHo 3a pPe3yJIbTaTAMM TEOPETUYHUX  JOCTIKEHB, II0
BUKOHYBAJINCS Ha Kadeapi 3arajabHol Ta IPUKJIAIHOI (isuky XapKIBCBKOrO YHIBEPCUTETY
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V CITIBABTOPCTBI 3 yyeHnMH [HceTuTyTy (hisuky miaasmu HaroraabHOro HayKoBOro IeHTPY
«XapKIBCHKMHA PI3UKO-TeXHIYHUN IHCTUTYT».

EnexrpomartiTal XBmJII 3 YACTOTOK IIOPAAKY I10HHOI ITMKJIOTPOHHOI, a caMme,
mBuaKi MarHiTo3ByKoBi XxBrm (IIIM3X) i amsdeerosi xeum (AX), - y MATHITOARTHBHIH
IJIa3Mi € IIPeIMeTOM IHTeHCHBHUX HAYKOBMX JOC/mkeHb. Hacamriiepen, me mos'ssaHo 3
YKMCJICHHUMM 3aCTOCYBAHHAMM 3HO0YTKIB IMX MOC/IIKEeHb y BHPIIIEHHI IIpobsieMu
kepoBaHoro TepmosinepHoro curaredy (KTC), Hu3ku 3amau reodisukm Ta acTPOgiSHKHL.
IMM3X i AX e mory:HIM 3ac000M CTBOPEHHSI 1 HATPIBAHHSA IUIA3MH B TOPOITHHX
MATHITHHX yJIOBIIOBaUax (Tokamakax i cresurapaTtopax). Ilopsy 3 imkexrieo HeHTpaIIis,
10HHUM  ITUKJIOTPOHHUM, HW/KHBOTMOPHIHUM 1  €JIEKTPOHHUM  IUKJIOTPOHHUM
HarpiBagHAM MariTorigpoguaamiusi xemm (MIJIX) nependadaeThcss BUKOPHCTOBYBATH
SK OCHOBHHM METO[ HATPIBAHHS ILIA3MHU B MAaMOYTHBOMY TEPMOSIIEPHOMY PEaKTOPi.
IIM3X 1 AX MOKyTh OyTH TAKOYK BUKOPHCTAHI JIJISI CTBOPEHHSI CTPYMIB 3AXOILICHHS.
Posp’sizanns sagavl marpuMaHHSA CTPYMY 3aXOIUIEHHS IIpYM BBemeHHI 1o mwiasmu BY
TIOTYKHOCTI JIOIIOMOKE CTBOPEHHIO CTAIlIOHAPHOTO TOKAMakKa 1 Ha MHOro OCHOBI
TEPMOSIIEPHOTO peakTopa-TokaMara. CTBOpEHHS CTPYMIB 3aXOIUIEHHS MOMKe OyTH
BUKOPHCTAHNM TAKOK 1 B CTEJLIapaTopax — 3 METOK KepyBaHHS HpodiljieM 00epTaIbHOro
IEePEeTBOPEHHS 1 IOCATHEHHS, 38 PAXyHOK 11boro, kparoi MI'J] crifikocti riasmm.

CreopenHsa 1 HarpiBaHua mwiasmu B mpucrposx KTC imiifooBanu iHTeHCHBHI
JIOCJTIPKEHHST TIPOIIeCIB KOHBepCil 1 TOTIMHAHHS eJIEKTPOMATHITHUX XBWJIb IT00JIM3Y
asbdBeHoBoro pesonarcy (AP). Inrepec [0 IBOTO SBHUINA 00YMOBIIEHHI, TOJIOBHIM UHHOM,
#0r0 3aCTOCYBAHHAM 151 €(DeKTUBHOTO CTBOPEHHS 1 HATPIBAHHS ILTA3MHU B TEPMOSIEPHUX
macTkax. Y HaOJMKeHHI XOJIOAHOI IJIa3MM PO3B’SI3KM PIBHAHD MakcBesuia ISt TIOJIIB
€JIEKTPOMATHITHOI XBIWI MAlOTh CHHTYJISPHICTE HA IIEBHOMY pAaJiycl ILIa3MOBOIO
mmHApa. AR e HaOIIMKeHHs 3aMIHUTH HA MOJEJ, SIKi BPAXOBYIOTh TEILJIOBHUH PyX
YACTUHOK, CKIHYEHHY IHEpIN0 EeJIEKTPOHIB, CJIA0Ky HeJIHIMHICTE a0o JucCHIIAIli, TO
KOHBEpPCis IMX XBWJIb y ApiOHOMACIITAOHI KOJIMBAHHS TA IXHE IIOIJIMHAHHS MOYKYThb
3HAYHO 3MIHUTHCS.

IIpu marpisarui mwiasmu BY mossavu, 6lasmricrs BY moTyskHOCTI HOrymmHAaeTses B
okouti Jioxkastbeoro AP. Ilpy 30LIbIeHH] T'yCTHHE Ta pO3MIPIB IJIa3MOBOTO IITHYpa 00J1acTi
AP amimarorbesa Ha #oro mepudepio. lle sHmkye edeKTHBHICTE aIbBEHOBOIO METOIA
HarpiBauHs wiasmu B nactrax KTC, ockiIbKM IPU3BOIUTE 10 HATPIBAHHSA TTepUdepiiHOl
IwIasmu, a He 11 [IeHTPaIbHOI YaCTHUHH, 1110, B CBOIO YEPIY, IIICHIIIOE HeOasKaHy B3a€MOII0
IUIA3MHU 31 CTIHKOI. AGM YHUKHYTH HATPIBAHHS IePHU(EPIAHOl IUIa3Mu 1 TpiTH TIIMOWHHI
apy IUIa3MH, MOYKHA 34CTOCOBYBATH XBWJII 13 BEJMKHM 3HAYEHHSAM II03I0BSKHBOTO
XBUJIBOBOTO YHCJIA Kz, VI SAKMX 00JacThb JIoKagabHoro AP posrammoBaHa B ryrmOMHL
wIa3Mu. AJie Tie € CKIIQIHUM vepe3 IIHPOKMii Gap'ep HEIIpo30pocTi HA KParo ILUIA3MU JJIs
TAKUX XBHWJIb. [HIIMM CII0cOOOM YHUKHYTH BTpaT eHeprii Ha Iepudepii IwiasMum €
3aCTOCYBAaHHS XBIJIb 13 HU3BKOIO YACTOTOIO 1 MAJM K, 1151 STRUX 00J1aCTh JIoKaIbHOro AP
TAKOK 3HAXOOUTHCSA B IVIMOMHI ILTasMu. AJie JJIs I[bOro HOTPiOHA JIOBra B aKCIaJIbHOMY
HAOpsMKY aHTeHa. Bcl 1l HeCcopuaT/iauBi 0OCTABMHH YCKJIATHIOITh BUKOPHUCTAHHS
aJIb)BEHOBOr0 METOAy HATPIBAHHSA ILIA3MHU y BEJIMKHAX IIACTKAX Ta IHIIMNIOIOTH IIOLIYE
HOBHX (PI3UYHMUX IJIAXIB IIIBUINEHHS H0ro epeKTUBHOCTI.

Ciiabka mepioguyHa akciajbHA HEOTHOPLIHICTE IJIa3MU MOMKE 1CTOTHO BILUIMBATH
Ha TOHKY crpykrypy AP, cnpuumusaTu BuHukHeHHs cartemitHux AP. ®isumi Ta
0COOJIMBOCTAM MATEMATHYHUX METOMIB, SIKI € e)eKTHMBHUMU IS PO3BSI3aHHS TAKUX
3a1a4 IJIa3MOBOI eJIEKTPOIMHAMIKY, IIPHCBSIYEHO €M OTJISII.

KimowoBi csoBa: axcianbHA IEpiogudHA HEOMHOPIIHICTH ILIA3MH, AJIb)BEHIB
PE30HAaHC, CATeNTHUN aJIb(BEHIB PE30HAHC, XBUJILOBHH ITAKET.

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y
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Annotation

The electromagnetic waves interaction with composite media attract great
attention of researches for many decades due to its relevance to problems in condensed
matter physics, optics, photonics, plasmonics, and chemistry. During last two decades,
metamaterials and photonic crystals have been in the top of research due to their
unprecedented possibilities to manipulate the electromagnetic parameters of both
materials and electromagnetic waves. The review is devoted to different types of artificial
composite media, their classification, discussion of their unique characteristics and ways
of control of their dispersion. Comprehensive review of the electromagnetic properties of
periodic and aperiodic planar Bragg reflectors (that is, photonic crystals) and planar
Bragg reflective waveguides is carried out. The dispersion features of Bragg reflective
waveguides with both periodic and aperiodic arrangements of layers in their claddings
are discussed and methods of their control are presented. It was found that an aperiodic
configuration of cladding of Bragg reflection waveguide could give rise to exceptionally
strong mode selection and tuning the polarization-discrimination effects. On the other
hand, artificial media called metamaterials (and especially, hyperbolic metamaterials)
created using subwavelength resonant building blocks, are also useful for both
controlling light propagation and dispersion management. They can be easily made by
alternating dielectric and metal layers or by embedding arrays of parallel metallic rods
in a dielectric matrix. This review discusses a particular example of hyperbolic
metamaterial, represented by a superlattice consisting of ferrite and semiconductor
layers, which is influenced by an external static magnetic field. Within the framework of
the effective medium theory, such an artificial structure can be reduced to a
homogenized medium, which is described the effective permittivity and permeability
tensors. Due to the components of both tensors show significant sensitivity to the
external magnetic field, these artificial structures can exhibit the great variety of high-
frequency properties. For instance, it is observed that in the case when specific conditions
related to the superlattice’s constitutive parameters and filling factor are satisfied, the
regions of existence of the bulk and surface polaritons can totally overlap. Besides, it is
found out that in an extremely anisotropic medium, the dispersion characteristics of
extraordinary bulk waves exhibit a number of unusual behaviors, including atypical
topological transitions of isofrequency surfaces. The conditions for appearance of mono-
hyperbolic, bi-hyperbolic, tri-hyperbolic and tetra-hyperbolic-like forms of isofrequency
surfaces are also discussed.

Keywords: photonic crystals, metamaterials, superlattices, dispersion
characteristics, hyperbolic dispersion.

PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt
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Abstract

The electromagnetic waves interaction with composite media attract great
attention of researches for many decades due to its relevance to problems in condensed
matter physics, optics, photonics, plasmonics, and chemistry. During last two decades,
metamaterials and photonic crystals have been in the top of research due to their
unprecedented possibilities to manipulate the electromagnetic parameters of both
materials and electromagnetic waves. Regardless of the type and method of realization of
artificial composite materials, the solution of the problem of the propagation of
electromagnetic waves in them is reduced to the study of dispersion characteristics. The
dispersion characteristic is a key parameter that determines the characteristics and
features of the use of such materials. Thus, the problem of the dispersion management is
vital for any practical applications. Photonic crystals and metamaterials provide
unprecedented opportunities for flexible control of the characteristics (in particular,
dispersion) of the propagation of electromagnetic waves. The dispersion characteristics of
such artificial media are determined not so much by the material and geometric
parameters of their structural elements (that is, layers, rods, rings, etc.), but more by
how these elements are arranged in a single composite structure.

The review is devoted to different types of artificial composite media, their
classification, discussion of their unique characteristics and ways of control of their
dispersion. Comprehensive review of the electromagnetic properties of periodic and
aperiodic planar Bragg reflectors (that is, photonic crystals) and planar Bragg reflective
waveguides is carried out. The dispersion features of Bragg reflective waveguides with
both periodic and aperiodic arrangements of layers in their claddings are discussed and
methods of their control are presented. It was found that an aperiodic configuration of
cladding of Bragg reflection waveguide could give rise to exceptionally strong mode
selection and tuning the polarization-discrimination effects, and can be used in the
integrated optic devices that are designed for mode selection, adaptive dispersion
compensation, frequency and polarization filtering.

On the other hand, artificial media called metamaterials (and especially,
hyperbolic metamaterials) created using subwavelength resonant building blocks, are
also useful for both controlling light propagation and dispersion management. They can
be easily made by alternating dielectric and metal layers or by embedding arrays of
parallel metallic rods in a dielectric matrix. This review discusses a particular example of
hyperbolic metamaterial, represented by a superlattice consisting of ferrite and
semiconductor layers, which is influenced by an external static magnetic field. Within
the framework of the effective medium theory, such an artificial structure can be reduced
to a homogenized medium, which is described the effective permittivity and permeability
tensors. Due to the components of both tensors show significant sensitivity to the
external magnetic field, these artificial structures can exhibit the great variety of high-
frequency properties. For instance, it is observed that in the case when specific conditions
related to the superlattice’s constitutive parameters and filling factor are satisfied, the
regions of existence of the bulk and surface polaritons can totally overlap. Besides, it is
found out that in an extremely anisotropic medium, the dispersion characteristics of
extraordinary bulk waves exhibit a number of unusual behaviors, including atypical
topological transitions of isofrequency surfaces. The conditions for appearance of mono-
hyperbolic, bi-hyperbolic, tri-hyperbolic and tetra-hyperbolic-like forms of isofrequency
surfaces are also discussed. Today, there are a number of practical applications for which
the unique dispersion properties of hyperbolic media are not only desirable but also
critical to achieve the required functionality of modern plasmonics and optoelectronics
devices. For instance, in practical applications which are related to broadband



482 PROBLEMS OF THEORETICAL PHYSICS

enhancement of the density of states, subwavelength imaging and focusing, negative
refraction, heat transport and acoustics.

The artificial structures considered in this review are important for both
theoretical and applied physics, with the purpose to design highly efficient devices for
photonics, microelectronics, optoelectronics, and plasmonics, and for deepening
fundamental knowledge about the interaction of electromagnetic waves with artificial
composite media.

Keywords: photonic crystals, metamaterials, superlattices, dispersion
characteristics, hyperbolic dispersion.

PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt

Qecerxo B. I, Baspis JI. M. ExexTpoMartiTHi XBWJIL B HITyYHHX KOMIIO3UTHHX
CepenoBUIIAX: OIS/

Asmoraris

Baaemoriss eleKTpOMATHITHUX XBWIb 31 INTYYHUMH KOMIIO3UTHUMU CEPEIOBU-
IaMy 3HAXOOWThCA B LIEHTPl yBaru HOC/ITHUKIB Ha IIPOTA3l 6araTboxX POKIB 3aBISAKK
HASIBHOCTI IITUPOKOr0 CIEKTPY MOMKJIMBUX IIPAKTUYHUX 3aCTOCYBAaHb, 30KpeMa, B 00JIaCTIX
ONITHKY, (POTOHIKM, ILUIA3MOHIKM Ta Ximii. [Iporsrom ocTaHHIX IBOX HECSATIITH,
MeramaTepiaam Ta (OTOHHI KPUCTAJIH, OyJIM IIPeIMeTOM IHTEHCUBHUX JOC/IIYKEHb, 10
00yMOBJIEHO OE3IIpEIeIEeHTHIMI MOYKJIMBOCTSMU, SIKI BOHM HAIAIOTHh JIJIS MAHIITYJIIO
BaHHS SK IIapaMeTpaMy MaTepiajIbHUX CEepPefOBUIN, TAK 1 BJIACTHBOCTAMH €JIEKTPO-
MAaTrHITHUX XBUJIb, 1[0 HOIIUPIOOTHECS B HUX. B MaHiil OrIsioBiil cTaTTl pO3TJISHYTO Pi3HL
TUANM IOTYYHUX KOMIIO3UTHHUX CEPEIOBHUIN, 1X YHIKAJIBHI XAPAKTEPUCTHUKM TA CIIOCOOHM
KOHTPOJII0 iX JUCIIEPCIMHUX XAPAKTEPUCTUK. [IPOBEIEHO OIJISH eJIeKTPOIMHAMIYHUX
BJIACTMBOCTEN IIEPIONMYHUX Ta AalleploJUYHMX IIJIAHAPHWX OpEeriBCbKUX BIIOMBAYIB
(poTomHMX KpHCTATIB) TAa IUIAHAPHWX XBHJIEBOIIB CTBOpeHHWX Ha ix 6asi. JleramnHo
00rOBOPEHO JIWCIEPCIMHI XAPAKTePUCTUKY IUIAHAPHUX OpEeriBChbKUX XBUJICBOMIB 3
HEepiONMYHUM TAa AaleplOJWYHMM POSTAIyBAHHAM IHapiB B iX O00OOJIOHKAX, Ta
IIPEICTAaBIEHO METOOM X KOHTPOJIO. 30KpeMa BHUSABJIEHO, IO allepioguyHa KOHQIrypairisa
000JIOHKY XBHJIEBO/IY [I03BOJISIE€ IIPOBOMUTH OLIIBIII THYUYKY CEJIEKIIII0 MO, III0 B CBOKO Yepry
BIIKpUBAE OLIBIIIE MOKJIMBOCTEH B KEPYBAHHI IMOJISPU3AINIHO -3ATEKHUMU eeKTaMuU.
3immoro OOKy, IITY4YHI CEPeJOBHUINA CTBOPEHI 3 BHUKOPHUCTAHHAM CyOXBMJIBOBHX
PEe30HAHCHHUX ejeMeHTiB (To6ro Meramarepiasam, 1  o0cobymBO,  TimepOOsIidHi
MeTaMaTepiasy), TAKOX IPHBAOCIMBL 3 TOUYKKM 30py KOHTPOJIO IONIMPEHHS eJIEKTPO-
MAarHITHUX XBWJIb. ¥ JAHIA POOOTI PO3IJISAIAETHCA OKPEMHEN BHIIAMOK TiIepOosIigHOro
MeTraMaTepialy, SIKAi IIPeliCTABJIeH0 HAIPEeINTKOK CTBOPEHOK Ha 06a3i ¢epuToBOro Ta
HAIIBIPOBITHUKOBOIO IIApiB, HA Ky BIUIMBAE 30BHIIIHE CTATUYHE MATHITHE IIOJIe.
B pamrax Teopii edeKTMBHOIO cepeloBMINA TaKa INTYyYHA CTPYKTypa OyJsia 3BeaeHa 0
TOMOT€HI30BAHOTO CEPEIOBHUIIIA, III0 OIUCYETHCS ePeKTUBHUMU TEH30PAMH T1eJIEKTPUYHOL
Ta MATHITHOI IPOHUKHOCTEH. 3aBOAKH TOMY, IO KOMIIOHEHTH 000X TEH30piB
JIEMOHCTPYIOTh 3HAYHY YyTJIMBICTH [0 3OBHIIIHBOIO MATHITHOIO IIOJISA, TAKl IITYYHL
CTPYKTYPH MOKYTH IIPOSIBJIITH 3HAYHE PO3MAITTS BHCOKOYACTOTHUX BJIACTUBOCTEM.
3oKpema, TMPOJEMOHCTPOBAHO, IO IUISXOM BIINOBIIHONO BHOOPY MAaTepiaJbHUX 1
TeOMETPUYHUX IIapaMeTpiB HAIPEINTKU MOKHA OTPUMATH TaKy 11 KOHQITypallio, B SKii
PErioHM iCHYBAHHSI IIOBEPXHEBUX TA O0€MHUX IIOJIIPUTOHIB YACTKOBO, ab0 IMOBHICTIO,
TepeKpUBAOThCA. KpiM TOro, BUSBIIEHO, 10 B HAA3BHYANHO aHI30TPOITHOMY CEPEIOBHMIIL
JHACTIEPCIMHI XapAKTEePUCTUKY HE3BUYANHUX O0€MHMX XBWJIb JE€MOHCTPYIOTH HU3KY
HETUIIOBUX BJIACTUBOCTEM, BKJIIOYAIOUM HETUIIOBI TOITOJIOMTYHI IT€PEXONM 130YaCTOTHUX
moBepxoHb. OOroBOpEeHO YMOBYM BUHUKHEHHST MOHO TIIIepO0IUHUX, 01 TiITepOoJIIvHIX, TPH-
rirnepOoJHYHUX Ta TeTPa-TIITepOoJIYHIX (DOPM 1304ACTOTHUX ITI0OBEPXOHbD.
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Knrouosi csioBa: oronHi Kpucrasmu, MeraMaTrepiasiy, HAIPEINTKH, TUCIIEPCIHL
XapaKTePUCTUKH, TII1epOoJIivHA IUCIIePCis.
PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt

Pedepar

Bsaemomissi  esleKTpOMATrHITHHMX ~ XBIJIB 31  INTYYHHUMH  KOMIIO3UTHUMI
CepeIOBUIIIAMY 3HAXOIUTHCS B IIEHTPl yBArd MOCTIIHUKIB HA IIPOTH3l 0AraThoX POKIB
3aBIISIKU HASBHOCTI IIUPOKOrO CITIEKTPY MOMKJIUBUX IIPAKTHYHKX 3aCTOCYBAHb, 30KpeMa, B
00JIaCTSIX ONTHKM, (DOTOHIKH, ILIA3MOHIKH Ta Ximil. [IpoTsarom ocTamHIX ABOX IECATHITD,
MeramaTepiayim Ta (POTOHHI KPUCTAJIM, OyJIM IIPEeIMeTOM IHTEHCHBHUX JOC/IKEHb, IO
00yMOBJIEHO  0E3IpeleJIeHTHUMI  MOMKJIMBOCTSAMM, SIKI BOHH  HAQJAKOTh  JIJIS
MAHIIyJIOBAHHSA SK IIapaMeTpaMM MATepiaJIbHUX CEPeIOBHUII, TAK 1 BJIACTUBOCTSIMH
€JIEKTPOMATHITHUX XBHJIb, 10 IOINMUPIOIOTECS B HUX. HesaseskHo Bim THILy Ta CII0CO0Y
peaJtisalfi IMTYyYHUX KOMIIO3UTHUX MAaTEPIlaJIiB, PO3B’sI30K eJIeKTPOIUHAMIYHOL 3a1a4l IIPO
TIONTUPEHHS B HUX EJIEKTPOMATHITHUX XBHUJIb 3BOJUTHCS J0 BUBYEHHS TUCIIEPCIMHUIX
xapakTepucTuk. Jlucmepcifina XapakTepruCTURA € KJIIOUOBUM IIapaMeTpoM, III0 BU3HAYAE
XAPAKTePUCTUKNA Ta OCOOJIMBOCTI BHUKOPHCTAHHSA TAKMX MarepiajiB. TakuMm dYMHOM,
3a/auya KOHTPOJIIO Ta YIPABJIIHHS IUCIEPCIEI0 Mae CyTTEBe IPHUKJIANHE ISHAYEHHS.
DoTOHHI KpPHCTAJIA TA MeTAMATEPIaIn 3a0e3IIeUyloTh Oe3IIpelleleHTHI MOMKJIMBOCTI IIJIS
THYYKOTO KOHTPOJIO XapakTepucTuk (I 30KpeMa, JMCHEpCiliHMX) IONTMpeHHS
€JIEKTPOMATHITHUX XBIUIb. JlMCIIepCiiiHi XapakTePUCTUKU TAKUX IITYYHUX CEPEIOBHIIL
3YMOBJIIOIOTECSI HE CTUIBKM MATEPIAJIbHUMU Ta TeOMETPUYHUMHU [apaMeTrpaMy IX
CTPYKTYPHHUX eJleMeHTIB (HAaITpMKJIaj, IIapiB, CTPMKHIB, KUTeIb Ta iH.), ajle, B OLIBIIiH
MIpi, BIJT TOTO, SIKMM YMHOM ITl €JIeMEHTH CKOMIIOHOBAHO B €JIMHY KOMIIO3UTHY CTPYKTYPY.

B mamiit oruisimosiii crarri pO3IVIAHYTO PISHI THIIMA INTYYHUX KOMIIO3UTHUX
CepenoBUIN, X YHIKAJBbHI XAPAKTEPUCTHKHU Ta CIIOCOOM KOHTPOJIIO iX THCIEepPCIHUX
XapaxkTepucTuk. [IpoBeIeHo OryIsy eIeKTPOAMHAMIYHUX BJIACTHBOCTEN IIEPIOJUIHUX Ta
aTepioJIIHIX IIAHAPHHIX OperiBChRMX BinouBadin ((POTOHHMX KPHCTAIIB) Ta IIAHAPHHIX
XBUJIEBOLIB CTBOpeHHUX Ha ix 0asi. JlerasbHO 00roBOpEHO MUCIIEPCIHHI XapaKTePUCTHKH
IJIAHAPHUX OPEriBChbKUX XBUJIEBOIB 3 IIEPIOAUYHNM Ta ANEPIOIMYHNM PO3TAIILYBAHHIM
mrapiB B iX 00OJIOHKAX, TA IIPEICTABJIEHO METOOM iX KOHTPOJIO. 30KpeMa BUABJIEHO, III0
amepiogudHa KOHQIrypairis 0D0JOHKYM XBHJIEBOMY O3BOJISIE IIPOBOIUTU OLIBIN THYUYKY
CEeJIeKITI0 MO, II0 B CBOI YEpPry BiIKpPHUBaEe OLIbIIeé MOKJIMBOCTEH B KepyBaHHL
THOJIAPU3ATIIHO-3AIEKHUMHI epeKTaMu, Ta MOKe OyTH BHKOPHCTAHO HA IIPAKTUIN B
MIPUCTPOSAX IHTErpaJibHOI ONTHKKA SKI IPU3HAYEH] [JIS CeJIEKINl MOJ, aJalTHBHOL
KOMIIeHCcAIl JUCIIepcii, YaCTOTHOIL Ta IMOJISTPU3AINAHOT (iTbTparti.

3 1mmoro GOKy, IITYYHI CEPEIOBHUINA CTBOPEHI 3 BUKOPHUCTAHHAM CyOXBHJIBOBUX
DE30HAHCHUX eJleMeHTiB (To6TO MeTamaTepiayim, i OCOOGJIHBO, Tirmep6osiumHi MeTa-
MaTepiasm), Takok IPUBAGIMBI 3 TOYKK 30py KOHTPOJIIO HONIMPEHHS eJIeKTPOMATHITHIX
XBUIb. Takl INTy4YHI CEepeNoOBHINA, 30KpeMa, MOKYTb OyTH OTpuMaHi ab0 ILISIXOM
HOEQHAHHSA TieJeKTPUYHNUX Ta METAIYHHUX IIapiB B €IMHY HAIPEIITKY a00 IILIAX0M
PO3TAIIYBAHHS MACUBY IIAPAJIe/IbHUX METAJIEBUX CTPUIKHIB B JIEJIEKTPUYHINA MATPHIIL.
V maniit po6OTi pO3IJIATAETHCA OKPEMEI BUIIAIOK TIIepOOIvYHOr0 MeraMarepiajly, KUl
IPEeJICTABJIEHO HAIPEINTKOI CTBOPEHOH Ha 0a3l (pepHTOBOro Ta HAIIBIIPOBIIHUKOBOIO
mapiB, HA SKy BIUIMBA€ 30BHIIIHE CTaTUYHE MAarHITHe moje. B pamrax Teopii
e(PeKTUBHOTO CepeIOBUINA TAKa IITYYHA CTPYKTypa OyJia 3BeeHa JI0 OMOIe€HI30BAHOTO
CEPEeIOBUINA, IO OIMMCYETHC E(PEKTUBHUMM TEH30pPaAMH [JIEJIEKTPUYHOI TAa MATHITHOI
IIPOHUKHOCTEH. 3aBASAKK TOMY, IO KOMIIOHEHTH 000X TEH30PIB JIEMOHCTPYIOTh SHAUHY
YyTJIUBICTG JI0 30BHINIHBONO MATHITHOIO IIOJIs, TAKl INTYyYHl CTPYKTYPH MOMKYTh
MPOSBJIATH 3HAYHE PO3MAITTS BHUCOKOUACTOTHHX BJIACTUBOCTEH. 30KpeMa, ITPOIEMOHCT-
POBAHO, IO IILIAXOM BIIIOBIIHOIO BHOOPY MAaTEplabHMX 1 I'€OMETPUYHHMX IIapaMerpiB
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HAJPEINTKH MOKHA OTPMMATH TakKy 1 KoHirypaifiio, B SKI perioHd ICHyBaHHS
OBEPXHEBUX TA 00 €MHUX MOJISIPUTOHIB YaCTKOBO, a00 IIOBHICTIO, IIepeKpuBaioThea. Kpim
TOrO, BHSBJIEHO, II0 B HAI3BUYAWHO AaHI30TPOIIHOMY CEPEIOBHII JUCIIEPCIHAHL
XAPAKTEPUCTUKA HEe3BUYAMHUX O00€MHUX XBIJIb JEMOHCTPYIOTH HHU3KYy HETHUIIOBUX
BJIACTUBOCTEM, BKJIIOYAIOUM HETHUIIOBl TOIOJIONTYHI IIEPEeXOOHU 130YACTOTHHUX IIOBEPXOHD.
OOroBopeHO yMOBM BUHHKHEHHS MOHO-TIIIEPOO/IYHHUX, Ol-TimepOoiyHmuX, TpHU-
TirnepOoiYHIX Ta TeTPa TITepOoiYHIX (POPM 1309ACTOTHUX ITOBEPXOHbD.

PoarysiayTi B maHiil OrvIsmoBIH CTATTI IITYYHI CTPYKTYPU € BAKJIMBUMH SIK JIJIS
TEOPeTHUYHOI, TAK 1 /I IPUKIATHOI (PISUKY, 3 TOUKH 30Py CTBOPEHHS BUCOKOEEKTUBHUX
IIPUCTPOIB JIJIs1 (DOTOHIKH, MIKPOEJIEKTPOHIKH, OITTOEJIEKTPOHIKY Ta TIJIA3MOHIKH, 4 TAKOMK
JUIST TIOTJIMOJIeHHST (PYHIAMEHTAJPHUX 3HAHB IIPO OCODJIMBOCTI B3a€MOIIl eJIeKTpO-
MATHITHUX XBIJIb 31 IITYYHUMHA KOMITO3UTHUMHU CEPEIOBUIIIAMHU.

Komrouosi citoBa: poToHHI Kpumcrasi, MeraMaTrepiasiy, HAIPeInTKH, TUCIIePCIHI
XapaKTePUCTUKH, TiI1epOoJIivyHA UCIIePCIs.

PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt
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