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FOREWORD  

(history reference) 
 

 
 
 

Readers are invited to the fifth issue of scientific papers "Problems of 
Theoretical Physics". This project began to be implemented at the beginning of 
the second decade of this century by professors of V. N. Karazin’s Kharkiv 
National University V. A. Buts, V. V. Yanovsky, V. I. Karas and V. M. Kuklin, 
which was the initiator of this project. The formation of this series of scientific 
works was supported by the directors of the two largest institutes of theoretical 
physics in Ukraine, academicians A. G. Zagorodny and N. F. Shulga, who took 
on the work of the general editorial of this series of issues. The first issue of 
scientific papers was presented to the scientific community in 2014 and was 
dedicated to the two hundredth anniversary of the establishment of the 
Kharkov Classical University of Eastern Europe. The second issue was 
published in 2017, the editor of these two issues was V. M. Kuklin, the third 
issue was published in 2019, V. V. Yanovsky took over the editing and 
compilation of the issue. The fourth issue was presented in 2020, the editor of 
this issue was V.I. Karas, who, unfortunately, did not manage to see it during 
his lifetime. A special feature of the fifth issue, which was edited by V. A. Buts, 
is the fact that it is published in English.  Since many scientists in Ukraine and 
the countries of the former USSR are not in the English-speaking environment, 
at the end of each collection, annotations and extended abstracts of review 
papers are traditionally presented in three languages: English, Ukrainian and 
Russian. Therefore, each interested reader can first get acquainted with the 
content of the abstract in a language convenient for the reader. All issues of 
scientific papers of the series "Problems of Theoretical and Mathematical 
Physics" under the general editorship of A. G. Zagorodny, N. F. Shulga are 
placed in the collection of the Scientific Library of V. N. Karazin Kharkiv 
National University and are placed in researchgate. For example:  
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The issues of scientific papers publish reviews of scientific results in the 
field of theoretical and mathematical physics, which were obtained by 
Ukrainian scientists and their foreign colleagues. It should be said that by now 
the number of works in the field of theoretical and mathematical physics is 
growing almost exponentially. It's not bad. The scientific community largely 
lives under the slogan - "There is nothing more practical than a good theory." 
Indeed, theoretical and mathematical physics create the base, the foundation 
on which our understanding of the world around us is built. On this basis, on 
this foundation, new technologies are being created, the building of the Science 
of Nature is being built. Over time, it is difficult to capture the entire volume of 
rapidly growing information. Therefore, review papers are very useful, which 
are largely based on experiments that stimulate and confirm theoretical 
developments. These review papers cover a large amount of information, 
focusing on the most interesting results and the most important directions in 
the development of physics. Such reviews are a generalization and quintessence 
of our understanding of the world around us. They are well thought out, 
conclusions and generalizations have been formulated for many years, and are 
the result of numerous publications, reports and discussions at conferences and 
seminars. Undoubtedly, these collections of scientific works pave the way for all 
those who want to understand any direction of physical research. 

The issue contains six reviews. The collection opens with a review by 
Buts V.A. and Zagorodny A.G. ‘Features of the dynamics of charged particles in 
electromagnetic fields’. This review is devoted to the features of the interaction 
of electromagnetic waves with charged particles. Both elementary processes of 
such interaction and collective ones are considered. Particular attention is paid 
to the analysis of resonances, the analysis of the regular and chaotic dynamics 
of charged particles both in regular fields and in random fields. In particular, it 



FROM THE SERIES EDITORS  13 

 
is shown that multiplicative fluctuations that act on charged particles lead to 
fluctuation instability. The development of this instability is characterized by 
the fact that the higher moments grow faster than the lower moments. 
Moreover, it turned out that such a feature is also characteristic of regimes with 
dynamic chaos at cyclotron resonances. This means that the usual Fokker-
Planck type equations cannot be used to describe such processes. An equation is 
given that is a generalization of such equations (higher moments are taken into 
account). The review gives a description of the new resonances. These new 
resonances take into account the essential role of the wave field strength in the 
interaction of charged particles with regular electromagnetic waves. The 
mechanism of practically unlimited acceleration of charged particles in a 
vacuum without a magnetic field is described. A new mechanism for the 
emergence of chaotic dynamics is also described. This mechanism allows chaotic 
dynamics to exist in systems with one degree of freedom or even in fully 
integrable systems. 

Review O. Averkov, Yu. V. Prokopenko, and V. M Yakovenko ‘Excitation 
of electromagnetic radiation during the interaction of charged particles with 
dielectric and plasma-like solid media’ describes the mechanisms of excitation 
of electromagnetic oscillations both by individual particles and by streams of 
nonrelativistic charged particles that move along dielectric and plasma-like 
(including artificial) environments. The mechanisms of nonlinear stabilization 
of emerging instabilities are also described. In the electrostatic approximation, 
the electron energy losses due to the excitation of surface magnetoplasmons are 
calculated. The interaction between a tubular beam of charged particles and 
a dispersive metamaterial of cylindrical configuration has been investigated 
theoretically. Of particular interest is the case when the metamaterial is 
characterized by negative permittivity and magnetic permeability. This interest 
is due to the possibility of absolute instability. In this case, the metamaterial 
can be used as a delaying medium in electromagnetic radiation oscillators 
without the need to provide an additional feedback in the system, as is 
required, for example, in a backward-wave tube. 

Review by O. Yu. Slyusarenko, Yu.V. Slyusarenko, A.G. Zagorodny ‘The 
reduced description method in the kinetic theory of complex systems of identical 
particles’ is based on the approaches proposed by M. M. Bogolyubov in 1946 in 
his famous book ‘Problems of Dynamical Theory in Statistical Physics’. For 
quantum systems of many particles, the method required significant 
generalizations and modifications, the main of which were proposed by 
S.V. Peletminsky and set out in the book (also very famous) ‘Methods of 
Statistical Physics’ in collaboration with A.I. Akhiezer. The material presented 
in this review demonstrates the effectiveness of the reduced description 
method, which is modified to consider nonequilibrium processes in complex 
systems of identical particles, in particular, at the kinetic stage of evolution. In 
the review, the term "complex" unites some selected systems of many identical 
compound particles with a complex internal structure. Such systems are non-
linear, open. They demonstrate new properties of dynamics. In particular, they 
demonstrate the properties of self-organization. As an example of such systems, 
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dissipative media are considered, which are under the influence of an external 
random field. In particular, low-temperature gases of hydrogen-like atoms in an 
external electromagnetic field. The systems are specially selected in such a way 
as to cover the cases of both classical and quantum complex systems. For 
systems of this kind, recipes for constructing microscopic approaches to 
describing their evolution, in particular, its kinetic stages, are proposed. The 
approaches are constructed in such a way that the noted internal construction 
of the structural units of the system does not affect the possibilities of 
considering these composite particles as point objects. It is observed that 
microscopic approaches to the description of evolutionary processes in enzymes 
are being developed in the future, either completely or insufficiently developed. 
Within the scope of the approaches, a procedure for revealing kinetic features 
for all mentioned systems is described in the case of a weak interaction between 
particles and a small pronounced external field. A number of revenues received, 
in particular, for the purpose of application development, are analyzed. 

In the review Kuklin V. M., Priymak A. V., Yanovsky V. V. ‘A world of 
strategies with memory’ discusses the evolution of the strategy population with 
memory. It should be noted that consistent microscopic approaches to the 
description an iterated prisoner's dilemma, gaining evolutionary advantage 
points according to the payoff matrix. The review focuses on collective 
characteristics such as memory, the level of aggressiveness (the proportion of 
non-cooperation), the complexity of strategies. Different scenarios of evolution 
appear when using different selection rules for strategies intended for removal 
in the corresponding generation. The cases of resetting points of evolutionary 
advantages after each cycle (or generation) and summation (inheritance) of 
points of previous cycles are considered. At the first (primitive) stage of 
evolution, all simple strategies exist, aggressiveness grows at the second stage 
of the developed community, as a result of increased competition, complex 
strategies with a large memory depth win. If successful strategies are 
artificially removed, only aggressive counterparts remain. It has been 
empirically found that in the process of population evolution, a universal 
relationship between general aggressiveness and evolutionary advantages is 
preserved. In open societies that are injected with complex strategies with large 
memory (replacing the remote losers), complex strategies with large memory 
depth and less aggressive ones dominate. Penetration in this way of primitive 
strategies leads to their dominance, while complex strategies with a greater 
depth of memory in the population is preserved. The case of interaction of 
50 thousand objects, each of which uses 50 strategies, is considered. In 
interaction, the losing strategy is replaced by the winning strategy. On average, 
subjects retain a third of the strategies, and complex ones dominate, with a 
large memory depth. 

The review by I. O. Girka Fine structure of the local Alfven resonances in 
cylindrical plasmas with axial periodic inhomogeneity describes the structure of 
Alfven resonances (AR). In particular, the fine structure of these resonances 
has been studied. Low-frequency waves in a magnetoactive plasma are Alfvén 
(A), fast magnetosonic (FMSV) have great potential for use in applications. 
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First of all, we have in mind the use of these waves for high-frequency heating 
in CTS installations. These waves can also be used to create drag currents. 
Alfvén resonances (ARs) are interesting in that a significant part of the high-
frequency power is absorbed in the vicinity of local ARs. As the plasma density 
increases, the region of these resonances moves towards the plasma boundary. 
This is undesirable. The review describes these features, and also describes the 
methods of combating this withdrawal of the AR to the border. In particular, it 
is shown that as the frequency and longitudinal wave vector decrease, the local 
AR region moves deep into the plasma. The results described in the review can 
be useful in planning experiments on plasma heating, as well as in geophysical 
experiments. 

Review Fesenko V.I., Vavriv D.M. ‘Electromagnetic waves in artificial 
composite media’ is devoted to the study of the influence of the molecular 
structure of materials on their dispersion properties. It is noted that some 
particular cases of modification of the electrodynamic properties of natural 
media have been studied for a very long time. However, explosive interest in 
such media appeared after the advent of new technologies that allowed the 
creation of inclusions (in natural environments), in particular, it is possible 
to create an IC in which both the permittivity and magnetic permeability 
are negative. This review describes the simplest and most interesting 
properties of such artificial media. Surfaces of isofrequency are described 
(the surface of wave vectors at a fixed frequency). The properties of 
hyperbolic metamaterials are also discussed. These are materials that are 
layered structures of ferrite semiconductors in an external magnetic field or 
thin wires embedded in a natural environment (matrix). The name 
hyperbolic media comes from the fact that the isofrequency surface of such 
materials is a hyperboloid of revolution. Thus, this review can be called a 
review of the electrodynamics of metamaterials. 
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his review describes some important features of the interaction of 
charged particles with electromagnetic waves. Both regular 
regimes and chaotic regimes of such interaction are described. The 
mechanisms of the transition of the regular motion of particles (and 
waves) to stochastic regimes are described. The role of additive and 

multiplicative fluctuations on the dynamics of individual particles and on their 
collective dynamics is described. It is shown that in many regimes the chaotic 
dynamics is such that the highest moments turn out to be much larger than the 
lowest moments. Such regimes must be described by kinetic equations, in which 
the role of higher moments is significantly reflected.  Note that the Einstein-
Fokker-Planck equations contain only the first two moments. The equations that 
take into account the higher moments are formulated in the review. Particular 
attention in this review is paid to resonances. In particular, the review describes 
new cyclotron resonances. The conditions of these new resonances differ from the 
known ones in that they substantially take into account the influence of the field 
strength of the wave with which the particles interact. The dynamics of particles 
under the conditions of these new resonances is described. New resonances in the 
interaction of charged particles with waves in vacuum are also described. The 
presence of such resonances leads to practically unlimited acceleration of charged 
particles by fields of electromagnetic waves (lasers) in a vacuum. The review also 
discusses and describes new mechanisms for the emergence of regimes with 
dynamic chaos. In particular, when waves are excited by an electron beam in a 
constant magnetic field, regimes with dynamic chaos arise as a result of a rapid, 
qualitative and periodic change in the form of the phase portrait.  Regimes with 
dynamic chaos under the conditions of new cyclotron resonances arise as a result 
of the passage of phase trajectories through regions in which the uniqueness 

T
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theorem is violated. Such regimes can arise even in systems with one degree of 
freedom. 

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos, 
additive and multiplicative fluctuations, beam-plasma interaction, acceleration, 
synchronization. 

PACS numbers: 05.45.Ac ; 05.45.Xt;  41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw 
 
 

INTRODUCTION 
 

The processes that take place in plasma, as well as in beam systems, 
are traditionally divided into two classes of processes. The first class is 
processes of the wave-particle interaction, the second class is the interaction 
of the wave-wave. This division is rather arbitrary. However useful. In the 
first class, the emphasis is on the dynamics of particles in external or even 
in self-consistent electromagnetic fields. Wave-to-wave processes describe 
the dynamics of waves in parametric and nonlinear processes [1,2].   

In this review, we consider processes of the wave-particle type. Special 
attention is paid to the emergence of various instabilities, as well as the 
emergence of complex chaotic particle dynamics. The features of particle 
dynamics in the presence of random fields are also described. In particular, 
the conditions for the appearance of superdiffusion at cyclotron resonances 
are determined. New resonance conditions for wave-particle interactions are 
described. 

These new resonances are generalizations of known cyclotron resonances. 
This generalization consists in the fact that the resonance conditions include 
the intensity of the electromagnetic wave with which the particles interact. 
Note that the conditions of known cyclotron resonances include only the 
dispersion characteristics of the wave (frequency and wave vector of the wave), 
as well as the strength of the external magnetic field. The magnitude of the 
electric field of the wave is not included in these conditions. 

Regimes with dynamic chaos play an important role in the dynamics of 
particles and waves. This review describes some new mechanisms with complex 
chaotic dynamics, i.e. modes with dynamic chaos. New modes are also 
described, which are called modes with piecewise deterministic dynamics. The 
appearance of such regimes is due to the presence of either specific regions or 
specific points in the phase space in which the uniqueness theorem is not 
satisfied. 

The appearance of chaotic dynamics of plasma particles or particles of 
beams of charged particles leads, in turn, to the appearance of chaotic 
(random) fields. The influence of such fields on the dynamics of individual 
particles and on the dynamics of some collective processes is also described 
in the review. Note that a special role in determining the conditions for the 
appearance of regimes with dynamic chaos is played by the criteria for the 
appearance of such regimes. 

The most famous of them are the Melnikov criterion [3-5], the 
criterion for overlapping homoclinic trajectories in the phase space, and the 
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Chirikov criterion [6]. Note that the Melnikov criterion is the most stringent 
criterion. But it is difficult in specific applications. On the contrary, 
Chirikov's criterion is a phenomenological criterion. It is extremely useful 
when considering a huge number of physical processes. The review indicates 
situations when the Chirikov criterion can lead to incorrect conclusions. 

The overview is divided into seven sections. In the first section, a 
fairly general formulation of the problem is formulated and the basic 
equations are written out that describe the dynamics of charged particles at 
cyclotron resonances. Various special cases are considered. Among the new 
ones, we note - obtaining a general analytical solution to the problem of the 
dynamics of charged particles for the case when the external 
electromagnetic wave propagates strictly along the direction of the external 
magnetic field.  In this solution, only one cyclotron resonance is clearly 
visible, which corresponds to the autoresonant acceleration of particles. The 
disadvantage of this solution is its implicit time dependence. In the 
considered case, the width of the nonlinear cyclotron resonance tends to 
infinity. Therefore, there is no overlap of nonlinear cyclotron resonances. 
The dynamics are regular. In the second subsection, the situation is 
considered when an external electromagnetic wave propagates strictly 
perpendicular to the external magnetic field. This configuration of the field 
is typical for some high-frequency devices of the gyrotron type. In this case, 
there are a large number of cyclotron resonances. They can overlap. This 
gives rise to a regime with dynamic chaos. Further (in the third subsection) 
these and other special cases are generalized. For this, new variables were 
used, which made it possible to explicitly distinguish single cyclotron 
resonances. The widths of nonlinear cyclotron resonances and the distances 
between these resonances are determined. Under the condition when 
nonlinear resonances overlap (homoclinic trajectories intersect) regimes 
with dynamic chaos arise. These conditions correspond to the Melnikov-
Chirikov criterion for the emergence of chaotic dynamics. 

In the last subsection of this section, attention is drawn to the fact 
that the criteria obtained for the onset of dynamic chaos may turn out to be 
untenable. Note that the criterion for the emergence of dynamic chaos is an 
expression for the amplitude of the external electromagnetic wave, which 
must be greater than a certain expression. This expression depends both on 
the characteristics of the wave itself (frequency, wave vector) and on the 
characteristics of particles that are accelerated (from longitudinal and 
transverse impulses). 

The peculiarity of the obtained inequality lies in the fact that the 
strength of the external field of the wave must be greater than the 
expression, in the denominator of which is the Bessel function. The 
argument of the Bessel function includes the transverse momentum of the 
particle. As soon as the momentum of the particle acquires a value that 
corresponds to the root of the Bessel function, then the amplitude of the 
external wave, which is necessary for the development of dynamic chaos, 
tends to infinity. 
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Therefore, one might expect that in this case the particle would cease 

to acquire energy from the wave. Numerical calculations show that such 
stabilization of energy gain does not occur. The reasons for this, at first 
glance, discrepancy are discussed. It turns out that only the fact that the 
Chirikov criterion must be used with caution is clear. 

In the second section, we analyze the effect of additive and 
multiplicative fluctuations on the particle dynamics at cyclotron resonances. 
The most important result of this section is the result that, under conditions 
close to those of autoresonance, additive fluctuations have an anomalously 
large effect on particle dynamics. This anomaly is expressed in the fact that 
in the equation for the phase of the particle, the numerator contains the 
magnitude of the additive fluctuation, and the denominator contains an 
expression that tends to zero with parameters that tend to autoresonance. 

If the autoresonance condition is strictly fulfilled, this expression cannot 
be used. However, in this case it is possible to obtain a rigorous analytical 
expression for the mean square of the particle energy. This expression indicates 
that the dynamics of particles is characterized by a superdiffusion process. The 
influence of multiplicative fluctuations turns out to be even more destructive for 
regular particle dynamics. It turns out that in this case the moments, starting 
from the second moment, grow exponentially. The so-called stochastic 
instability develops.  

An important feature of this instability is the fact that the higher 
moments grow faster than the previous moments. This feature of the 
behavior of the moments indicates that the well-known kinetic equations 
such as the Einstein-Fokker-Planck equation cannot be used to describe 
such processes. Indeed, such equations are obtained taking into account 
only the second moments. Higher moments were not taken into account. The 
general form of the kinetic equation is given, in which all higher moments 
are taken into account. 

The third section describes new cyclotron resonances. This section is 
the most interesting. All results in this section are new. The main feature of 
this section is that it is shown that it is necessary to take into account the 
amplitude of the external electromagnetic wave in the known cyclotron 
resonances. Note that the known cyclotron resonances contain only the 
dispersion characteristics of the wave (frequency and wave vector) and the 
strength of only the external magnetic field. The intensity of the external 
electromagnetic wave is not included in these conditions. Such a limitation 
can be justified only in the case of low intensities of the external wave. 

Considering the advances in laser and high-frequency technologies, 
this is far from the case. These tensions can be significant. In addition, as it 
turned out, taking into account the strength of the external electromagnetic 
wave can be essential even in the case of low fields. We note two significant 
features of the particle dynamics under the conditions of these new 
resonances. 

The first feature is that the dynamics of particles is stepwise in the 
dependence of momenta on time. On the steps themselves, the dynamics 
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turns out to be regular. Only the transitions from step to step are irregular. 
The steps themselves correspond to the conditions of the new resonances. 
Moreover, the neighborhood of the new resonances is described by the Adler 
equation. Note that Adler's equation is an ordinary differential equation of 
the first order. It is much simpler than the equation of a mathematical 
pendulum, which describes the dynamics of particles in the vicinity of the 
known cyclotron resonances 

The second feature is that the dynamics of particles in a cross section 
is described by trajectories, which can be topologically represented as circles 
with different radii. The most important thing is that all these circles have 
one common point. Thus, in its dynamics, a particle falls into the vicinity of 
this common point and can accidentally jump from one circle to another. 
Note that the uniqueness theorem is violated at this common point. A 
mathematical model has been built that describes such dynamics. As a 
result, the mechanism of occurrence of randomness in particle dynamics 
resembles throwing a die with an unlimited number of faces. This dynamics 
was called piecewise deterministic dynamics. 

The previous sections was devoted  the dynamics of individual 
particles. In particular, the dynamics of individual particles in the presence 
of fluctuations. In the fourth section, the role of spatial and temporal 
fluctuations on the dynamics of a collective of particles is considered. As an 
example, the influence of fluctuations on the well-studied regular dynamics 
of plasma-beam interaction is considered. If a beam of charged particles 
propagates in plasma with a random spatial inhomogeneity, then, as a 
result, not only the regular component of the wave grows, but also the 
random one. Using the methods of functional analysis (variational 
(functional) derivatives), it was possible to obtain an explicit expression for 
any moments of particle dynamics. It turned out that, both in the presence 
of spatially inhomogeneous fluctuations and fluctuations that depend on 
time, the higher moments grow faster than the lower moments. This means 
that the regular excitation of oscillations by a beam of charged particles in 
plasma can develop only during a limited time interval or in a limited 
spatial interval. Analytical expressions for these intervals are obtained. 

The fifth section also examines the role of collective processes in the 
excitation of chaotic oscillations. In this case, a model of an electron beam was 
chosen, which is under conditions close to those of autoresonance. In this case, 
as noted in the first section, the width of the nonlinear cyclotron resonance in 
this case tends to infinity. There is no overlap of nonlinear cyclotron resonances. 
It could be assumed that the dynamics of excited oscillations by a flow of 
charged particles in a magnetic field, as well as the dynamics of particles, will 
be regular. Numerical studies show that the dynamics at the initial stage of 
instability development turns out to be really regular. However, when a certain 
value of the intensity of the excited wave is reached, this dynamics becomes 
chaotic. The mechanism of occurrence of chaotic dynamics does not fit into the 
known mechanisms. It is shown that the reason for the appearance of complex 
chaotic dynamics is a periodic, qualitative change in the form of the phase 
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portrait of particle motion. The appearance of this portrait resembles the phase 
portrait of the Duffing oscillator. 

The dynamics of individual particles in the field of one regular 
electromagnetic wave and some features of the collective dynamics of 
particles were considered above. However, real electromagnetic waves are a 
packet of waves. The question arises: What is the difference between the 
dynamics of particles in the field of one regular wave from the dynamics of 
particles in a packet of waves? When can be used the approximation of one 
regular wave and when the dynamics of particles in a wave packet is 
qualitatively different from the dynamics in the field of one regular wave? 

These questions are answered in section six. It is shown that if the 
phase velocity is close to the group velocity of the wave packet, then the 
dynamics of particles in such wave packet practically does not differ from 
the dynamics of particles in one regular wave. If the phase and group 
velocities differ significantly from each other, then the dynamics of particles 
in the wave packet becomes chaotic. In this case, it is impossible to describe 
the wave packet by one regular wave. 

The seventh section is devoted to the description of the discovered 
new resonances in the interaction of transverse electromagnetic waves with 
charged particles in vacuum. The conditions and mechanisms for the 
emergence of these new resonances are described. These resonances allow 
practically unlimited acceleration of electrons by fields of transverse 
electromagnetic waves in a vacuum. For example, by fields of laser 
radiation. It is shown that there is an analogy regarding the appearance of 
these new resonances with the appearance of cyclotron resonances. Indeed, 
these new resonances and cyclotron resonances arise only when the waves 
have nonzero transverse components of the wave vector. 

 
 

SECTION 1. FEATURES OF PARTICLE DYNAMICS  

AT CYCLOTRON RESONANCES 
 
This section was written based on materials from [7-10] 
 

1.1. Problem statement and basic equations 
 

Consider a charged particle that moves in an external constant 
magnetic field directed along the axis z and in the field of a plane 
electromagnetic wave, which in generally has the following components: 

 

 Re( exp( )), Re exp( )
c

i t i i t i 

     
 

ε E kr H kE kr , 

where 0EE α ,  , ,x y zi  α  - is the wave polarization vector.   
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Equation motion charged particles:   
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dt c 
 

   
 

p pε H H
.
.                                (1.1) 

 
Without loss of generality, one can choose a coordinate system in 

which the wave vector of the wave has only two components xk  and zk .  It is 

also convenient to use the following dimensionless dependent and 

independent variables:  / mcp p , t  , 
c


r r . Also it’s usefully to 

take into account such formula:           p kε k p ε -ε k p .    

The equations of motion in these variables will be as follows: 
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          (1.2) 
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where 0/ Hh H , 0 /H eH mc  , 0ε α , 0 0( / )eE mc  ,   kr , k  - 

unit vector in the direction of the wave vector, 2 1 2(1 )p  


dimensionless 

particle energy (measured in units 2mc ), p - particle momentum. Multiplying 

the first equation of system (1.2) by p


, we obtain a useful equation that 
describes the change in the energy of a particle: 
 

        Re id
e

d



 vε .                 (1.3) 

 
The system of equations (1.2) and (1.3) have well-known integrals: 
 

       0
0 0Re Re - =constii

H Hi e i e          0p ε rh k p k ε r h  

    (1.4) 
Index "0" denotes the values of the initial variables. 
Note that the system of equations (1.1) – (1.4) practically coincides 

with the system of equations, which was studied in [7-10]. 
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1.2. Common solution of the system of equations (1.1) - (1.3).  

(Implicit form of decisions) 
 
We firstly consider the case of wave propagation along an external 

magnetic field   00,0, ;zk k H z
 


   

 . Then the vector equation (1.2) and 

equation (1.3) can be conveniently rewritten in the following form: 
 

 

cos ( ),

sin ( ),

1
cos sin ,

x x H y

y y H x

x x y y

p p

p p

p p

   

   

    


 

  

 






                          (1.5) 

 
where  0 0,x x y y       . 

Note that the value C    is an integral. Then the equations for the 
transverse components of the particle pulse can be issued separately in 
closed form: 

cos

sin

x x y

y y x

p p

p p

 

 

  

   
          (1.6) 

  here   dp
p

d
   ;    /H   .   

Solution of the system of equations (1.6) provided that   const    it 
can be found in analytical form. For this, it is convenient to represent the 
system of equations in the form of a system of oscillators: 

 
2

1 sinx xp p       ;     2
2 cosy yp p     ,            (1.7) 

 
where    1 x y    ;    2 y x    .    

It is easy to see that the system of equations (1.7) has resonances 
when the condition 1   is fulfilled. This condition is an autoresonance 
condition. In the general case, it is convenient to represent solutions of the 
system of equations (1.7) in the form: 

 

 

 

1
2

2
2

sin cos sin ,
1

sin cos cos
1

x

y

p A B

p C D

  

  

    


    


 ,                    (1.8)  
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where 

1 2
0 0 0 0 0 0 0 02 2
sin cos sin sin cos cos

1 1x yA p p
             

   
1 2

0 0 0 0 0 0 0 02 2
cos sin cos sin sin cos

1 1x yB p p
             

   
C B   , D A ;  1 x y    ;  2 y x      

Using equation  (1.2) and (1.5), as well as solution (1.8), as well as the 
fact that the expression  C    is an integral, it is easy to find analytical 
expressions for the longitudinal momentum and for the particle energy:  

 

 2 2 2 2
0 0 0

1

2z x y x y zp p p p p p


      
                        (1.9)  

 2 2 2 2
0 0 0

1

2 x y x yp p p p 


      
                         (1.10)   

 
1.3. Autoresonance 

 
Of particular interest is the form of the solution in the case of 

autoresonance ( 1   ). To solve the problem in this case, it is convenient to 
use a slightly different way of solving system (1.5). Namely, it is convenient 
to rewrite system (1.5) using complex functions:            

 
( )i f                                               (1.11)        

 

where x yp ip  ;   ( ) cos sinx yf i        

Using the solution of equation (1.11), it is easy to find expressions for 
the transverse momenta (for  

xp  and for yp ). General formulas are rather 

cumbersome. Therefore, as an example, we give expressions for the case 
when the wave has circular polarization: 

 

 0 cos (0)x xp p      ;        0 sin (0)y yp p      
.
   (1.12) 

 
Solution (1.12) is presented in an implicit form, therefore, from this form 

of the solution it is difficult to see the laws of change in momenta and energy 
from time (or from coordinate). However, it is easy to estimate such temporal 
dynamics at large values of time, and, accordingly, at large values of energy. 
For such estimation, we will be use expression for integral p C    . As 

result one can get such expression for transverse momenta:   
 

2p C                                                (1.13)   
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Let’s use the equation for energy. For simplicity, consider a wave with 

linear polarization  ( ; 0x y     ). Then: 
 

 22 cos
pd

d

  
 

 .                                (1.14) 

 
We substitute the expressions for the transverse momentum into 

these equations, carry out averaging over the phases, and integrate this 
equation. As a result, we obtain the following asymptotic estimate for the 
particle energy: 

 2/34/3    .                                        (1.15) 

 
Thus, we have obtained a general solution to the dynamics of particles 

in the wave field and in a constant magnetic field (1.8) - (1.10), (1.12). Pay 
attention to the fact that the solution is presented implicitly. It's very 
simple. Seeming simplicity. ... In this case, only one resonance is clearly 
(analytically) visible - autoresonance. Other (cyclotron) resonances in this 
form of the solution cannot be seen. These resonances are hidden in the 
implicit form of decisions. We also note that in the form of the solutions 
obtained, there are no explicit modes with dynamic chaos. 

 
1.4. The emergence of chaotic dynamics 

 
In this subsection, we will show that despite the simple expressions of 

the equations (1.5) themselves, as well as their solutions at 1zk  , the 

dynamics of particles can be of a complex chaotic nature. To prove this fact, 
it is most simple to use numerical methods for solving the system of 
equations (1.5). The appearance of chaotic dynamics is associated with the 
appearance of a nonzero transverse component of the wave vector of the 
wave. Below, for definiteness, we will consider the case when the wave 
vector of the wave has only one transverse component (  1,0,0k 


). This 

case is interesting not only because regimes with dynamic chaos will appear, 
but this case is also a model of particle dynamics in such a well-known 
device as a gyrotron [11]. Below are the results of numerical calculations of 
the system of equations (1.5) at  1,0,0k 


. 

The equations of motion for this case have the form: 
 

xx p  ,  yy p   

  0 sin( )x y Hp p                                   (1.16) 

  0 0sin( ) sin( )y x Hp p         . 
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momentum, the overlap criterion (1.34) begins to be met. The dynamics are 
becoming chaotic. Figure 1.3 shows solutions to the system of equations 
(1.5). Figure 1.3a shows the pulse, Figure 1.3b - its spectral density of the 
power, and Figure 1.3c - the correlation function. It can be seen from these 
figures that, for the given values of the parameters, the dynamics of 
particles becomes irregular. Note that insignificant changes in the initial 
coordinates of a particle, its dynamics change significantly. This means that 
there is local instability. 

In the next section, we will point out a way that will allow us to 
explicitly detect cyclotron resonances and also detect regimes with dynamic 
chaos. 

 
1.5. New variables. Cyclotron resonances 

 
To see other features (besides autoresonance at  0,0,1k 


 ) and to 

understand the reasons for the appearance of regimes with dynamic chaos 
at  1,0,0k 


, it is convenient to go to new dimensionless variables:      

, , ,zp p     and    These variables will make it possible to explicitly detect 

cyclotron resonances, and also allow to explicitly describe the dynamics of 
particles in the vicinity of nonlinear cyclotron resonances, and also make it 
possible to find the conditions for the occurrence of local instability (overlap 
of nonlinear cyclotron resonances). These conditions make it possible to 
determine the parameters of the system under which a regime with dynamic 
chaos arises. Let's define these new variables using the following 
expressions: 

 

cos ; sinx yp p p p    ;  2 2 ;x y zp p p p p     ; 

sin ; cos
H H

p p
x y   

 
        .                            (1.17)  

 
Let us substitute these variables into the vector equation (1.2). Let us 

expand the right-hand sides of the equations in a series in Bessel functions. 
As a result, we obtain the following equation, which describes the dynamics 
of the transverse momentum of particles: 

  

 0 1 cos( ) cos( )z z x n y n n z x z n n
n n

dp n n
k v J J k v J

d
     

  

 


 

       
  

  ,  

             (1.18) 
 

 where  /x Hk p  , , ( ),n z x n nk z k n J J          ( ) ,n nJ dJ d   . 



V.A. Buts, A.G. Zagorodny. Chapter I. Features of the dynamics of charged particles… 29 

 
Similarly, we obtain the equation for the remaining dependent 

variables, i.e. for , , , , ,z np         : 

 

    
0 01 cos cosz H

z n n z x n y n n
n n

dp n n
J k v J J

d

      
  

 


 

         
   

   ,(1.19) 

 

    
0 cosx n y n z z n n

n

d n
v J v J v J

d

     
 



 


    
 

 ,  (1.20) 

 

   

 

 

0

0

1
sin( )

sin( )

z z
x n y n n

n

x H
z z n y n n

n

k vd n
J J

d p

k
v J v J

p

   
 

   











     
 

  





 ,  (1.21) 

 

 1 siny z y x n n
nH

d n
k v k v J

dt

   
 






 
   

 
 

 ,  (1.22) 

 

  1 ( ) cosx z n x y n z n n
nH

d
k v J k v J v J

dt

    







      
 ,  (1.23) 

 
cos( )pdx

dt




 , sin( )pdy

dt




 ,  zpdz

dt 
 .   (1.24) 

 
When obtaining formulas (1.18) - (1.24), they were used to expand 

functions in a series in terms of Bessel functions (see, for example, [8-10, 22]): 
 

exp( sin ) ( )exp( )n
n

i J in   




   , 

 
here ( )n nJ J   Bessel functions first kind , /x Hk p  , ( ) ,n nJ dJ d    

n z xk z k n              

Formulas (1.17) - (1.23) are difficult to analyze. Therefore, in what 
follows, we will leave on the right-hand side only those terms whose phases 
practically do not change. This condition for the stationarity of the phases 
will be the condition for cyclotron resonances: 

 

const          1 0H
n n z zk v n




                 Hn
kv




 
 .     (1.25) 
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1.6. Conditions for overlapping nonlinear cyclotron resonances. 

Caution at using the Chirikov test 
  
Let us find the conditions for the overlap of nonlinear cyclotron 

resonances. For this, we will assume that the particle energy changes little as a 
result of interaction with the electromagnetic wave  0 0,        , and 

resonance condition (1.25) is exactly satisfied for a particle with energy 0  : 

 

  0
0

1 0H
s o z zk v s




     .                              (1.26)   

 
Then, performing the expansion  s    near 0 , from the system of 

equations (1.18) - (1.24) we obtain the following shortened system of 
equations: 

  0

0

0

1
1 cos ;

1
cos ;

1;

cos ;

z z s s

z z s s

H
s s z z

s s

p k v W
p

p k W

k v s

W

 

 





 





  



    

 









                            (1.27) 

here , / .s x s y s z z s x H

s
W p J p J p J k p    

  
             

The last two equations of system (1.27) make it possible to obtain a 
closed system of two equations for determining s  and   : 

 
2

0

0 0

1
cos , s z

s s

d kd
W

d d

   
   


 
   .                              (1.28) 

 
Equations (1.28) represent the equations of a mathematical 

pendulum. From them we find the width of the nonlinear resonance: 
 

 2 2
0 04 1 /s z sk W        .                                 (1.29) 

 
It is convenient to express the width of the nonlinear resonance in 

energy units  
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 2
04 / 1s s zW k    .                                    (1.30)  

 
To find the distance between resonances, we write down resonance 

conditions (1.26) and averaged conservation law (1.4) for two adjacent 
resonances 

 1 1 1 11 0, /z s H s s s zk p s p k C           .            (1.31)  

 
0, /z s H s s s zk p s p k C       .                  (1.32) 

 
Note that the constant C in integral (1.31) and in integral (1.32) is the 

same. From these conditions, we find the following value of the distance 
between resonances: 

 2/ 1H zk    .                                     (1.33)  

 
From expressions (1.30) and (1.33) it follows that when there is  

inequality 

 2
2 2

0 1/ 4 1H s s zW W k  
      ,                       (1.34) 

 
then the sum of the half-widths of nonlinear resonances is greater than the 
distance between the resonances and their overlap occurs. In fig. 1.4 for the 
case 1f    shows the direct resonances and one of the straight lines of the 

averaged integral of motion, along which the particle moves within the 
isolated resonance and according to which the distance between the 
resonances is calculated. 
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Expression (1.30) for the width of nonlinear resonance and condition 

(1.34), under which a stochastic instability of particle motion arises, are 
rather general and describe the most important cases of resonant 
interaction of particles with electromagnetic waves. 

Indeed, expression (1.30) gives the width of the nonlinear resonance 
for the Cherenkov interaction of a particle with the field  0s  , for 

cyclotron resonances  0zk  , for nonlinear resonances on the normal  

 0s    and anomalous    0s    Doppler effects. 

Accordingly, expression (1.34) gives the condition for the onset of 
stochastic instability caused by the overlap of the corresponding nonlinear 
resonances. Accordingly, expression (34) gives the condition for the onset of 
stochastic instability caused by the overlap of the corresponding nonlinear 
resonances. 

Let us discuss some specific cases of the overlap condition for 
nonlinear resonances (1.34). 

1. Consider the interaction of a particle with a longitudinal wave in a 
constant magnetic field. The criterion for the appearance of chaotic motion 
of a charged particle under these conditions for a nonrelativistic particle 
was obtained in [12, 13]. In [14], these results were generalized to the 
relativistic motion of a particle. Formula (1.34) contains these results. 

Indeed, for a longitudinal wave ( , 0, / )x
x y z z

k
k k

k
      with taking in 

account resonant conditions  H z zs k p    we have ( ) /s sW J k   .   

Assuming 1  , from (1.34), we find the following condition for the 
occurrence of stochastic instability due to the overlap of Cherenkovsky 
( 0)s   and neighboring resonances on the normal ( 1s   ) and anomalous  
( 1s    ) Doppler effects: 

 

 
2

2

1

16 21
H

zk

  





.                                     (1.35) 

 

This expression, up to a numerical factor 1

16 2

 , coincides with the 

criterion obtained in [14]. The difference in the numerical coefficient is due 
to the fact that in [14] is only an estimation of the width of the nonlinear 
resonance was given. 

2. Let a transverse electromagnetic wave propagate perpendicular to 
the external magnetic field. This case simulates the dynamics of particles in 
gyrotrons . In this case, the overlap of resonances is due only to relativistic 
effects. For the E-wave (polarization = (0, i, 0), the criterion for resonance 
overlap is:            
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2

0/16 ( )H sp J  
                                       (1.36) 

 
and does not depend on the longitudinal velocity. 

For the H-wave  (0,0,1) 


 , formula (1.34) becomes 
 

2
0/16 ( )H z sp J   .                                      (1.37) 

 
In contrast to the case of the E-wave, the amplitude of the H-wave, 

required for the development of stochastic instability, depends significantly 
on the value of the initial longitudinal impulse. 

3. Consider condition (1.34) for the case of motion of a particle in the 
field of a plane polarized electromagnetic wave propagating at an angle   
to the external magnetic field in a medium with a refractive index  1n   .  
To overlap the Cherenkov ( 0)s   and adjacent cyclotron resonances in the 

E-wave field (cos ,0,sin )  


 , condition (1.34) is transformed to the form 
 

2/16 ( ) (1 )sinH zo o o zov J v      .                           (1.38) 

 
In the field of the H-wave, this expression takes the form               
 

2 2
1/16 ( ) (1 )H zo o zov J p v      .                               (1.39) 

 
From expressions (1.38) and (1.39) it follows that with an increase in 

the longitudinal velocity of the particle, the value of the wave amplitude 
required to overlap the resonances increases. 

4. The case of longitudinal propagation of an electromagnetic wave in 
vacuum ( 1zk  ) should be especially noted. In this case, stochastic 

instability does not develop ( )  . In the case under consideration, the 
resonance condition coincides with the integral of motion (see formulas 
(1.31) and (1.32)) and the change in the particle energy does not remove it 
from resonance. This condition is condition for autoresonance, which was 
first studied in [15,16], are satisfied. Thus, it can be claimed that the 
stochastic instability of particle motion does not develop under 
autoresonance conditions. 

 5. For the purposes of stochastic acceleration, it is of interest to consider 
the case of high energies of a particle ( 1)    that interacts with a plane 

electromagnetic E-wave ( (0, ,0))i 


 propagating perpendicular to the external 

magnetic field ( 0)zk  . For simplicity, we will assume that the particle has no 

longitudinal velocity ( 0)zp  , and the interaction with the wave occurs at high 

cyclotron resonances ( 1)s  . The last condition corresponds to the case of 
stochastic acceleration of a particle in the field of a wave whose frequency is 
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much higher than the cyclotron frequency ( )H  . The resonance condition 

in the considered case has the form  
H

s


 . Since ~sp  , then  1s    

and you can use the asymptotics of the Bessel functions  1/3( ) ~ 0,44 / ( )sJ s . 

Substituting these estimates into formula (1.34), we obtain 
 

1/30,28 H s    .                                      (1.40) 

 
From formula (1.40) it follows that with an increase in the resonance 

number, the wave amplitude required to overlap the resonance increases. 
 

1.7. Caution at using the Chirikov test 
 
The formula (1.34) obtained above indicates the value of those 

parameters at which the dynamics of charged particles is in a regime with 
dynamic chaos. This formula is a consequence of the Chirikov criterion [6]. 
We saw above that it can be used over a very wide range of parameters. At 
first glance, one gets the impression that criterion (1.34) is satisfied in all 
the parameters specified in this formula. In most cases, this turns out to be 
true. However, as we will see below, in some cases formula (1.34) gives 
incorrect results. Let's consider this case in more detail. We will consider 
the particle dynamics for the values of the wave parameters that were used 
in Section 4. Using formula (1.34), we define the parameter regions for 
which there are regimes with dynamic chaos and the regions where the 
dynamics should be regular. It is enough to consider the region of 
parameters on the plane ( 0,p  ). 

Figure 1.6 shows the space of two main parameters  0   and  p  . In 

addition, this figure shows a curve that divides this space in two. The space 
above the curve corresponds to the parameters for which condition (1.34) is 
satisfied. 

The region below this curve is the region where the conditions for 
overlapping resonances are not fulfilled and chaotic dynamics should not arise. 

From criterion (1.34), in particular, it follows that when the condition  
0sW   is fulfilled, the wave amplitude necessary for the occurrence of a 

regime with dynamic chaos tends to infinity. Physically, this condition 
means that the width of one of the nonlinear cyclotron resonances tends to 
zero.  In particular, the width of the first nonlinear cyclotron resonance 
tends to zero when 1 0J   . This condition is easily attained at a certain 

value of the transverse momentum p . In this case, it can be expected that 

the particle, getting energy from the wave as a result of resonant cyclotron 
interaction with the wave, ceases to effectively take energy from the wave. 
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Fig. 1.6. Parameter space   0  and  p  . The region above the curve  

corresponds to the regime with dynamic chaos 
 
Our preliminary numerical studies of the particle dynamics under 

these conditions show that such a breakdown of the chaotic particle 
dynamics does not occur. Therefore, more thorough analytical and 
numerical studies of this apparent contradiction have been undertaken. 

As follows from works [7-11,17], when nonlinear cyclotron resonances are 
overlapped (at sufficient field strength), particles continuously gain energy 
(according to the diffusion law). In this case, they must fall into the region with 
a transverse momentum of the order of  1.8p  . In accordance with criterion 

(1.34), the field strength required for the occurrence of a regime with dynamic 
chaos increases sharply in this case.  One would expect that at these values of 
transverse momenta, the energy level that the particles can get will stabilize. 
However, numerical calculations show that there is no stabilization. The 
particles continue to gain energy (see Fig. 1.3a). 

... This result can be explained by the fact that for these values of the 
parameters, the cyclotron resonances that remained unaccounted for in 
criterion (1.34) begin to play a decisive role. Thus, the results obtained 
above indicate that, under the conditions considered above, cyclotron 
resonances not taken into account in criterion (1.34) can play an essential 
role.  Recall that criterion (1.34) was obtained as a condition for the overlap 
of two adjacent nonlinear cyclotron resonances (Chirikov's criterion). Note 
that the effect of a large number of nonlinear cyclotron resonances with 
which the particle interacts weakly can be simulated by the presence of an 
external noise effect.  Indeed, as we will see in the next section, the role of 
even small external fluctuations can radically change the dynamics of 
charged particles at cyclotron resonances. These results can qualitatively 
explain the contradictions that have arisen. 
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1.8. Conclusion 
 
Here, we formulate and briefly discuss the most important results of 

this section: 
1. Analytical criteria for the appearance of dynamic chaos are found 

both for the general case and for the most physically interesting particular 
cases.  

2.  Criterion (1.34) for the appearance of chaotic dynamical regimes 
in the systems with cyclotron resonances should be used with caution. It has 
been shown that the formal application of this criterion can lead to incorrect 
results for the dynamics of particles. The analysis has shown that 
discrepancy between analytical and numerical results appear because 
criterion (1.34) was obtained under the assumption that two neighboring 
cyclotron resonances that can be synchronous with particles play the main 
role in the dynamics of particles. This assumption is well justified in most 
cases. However, this assumption is no longer valid if one of the chosen 
synchronous resonances ceases to efficiently interact with particles under 
certain conditions. One of these conditions is the case where the width of 
one of these resonances tends to zero. The role of other cyclotron resonances 
disregarded in the analysis becomes decisive under these conditions. Such 
an analysis of criterion (1.34) is novel. However, from the general 
methodological point of view, it is more instructive than novel. There is the 
problem: how can the effect of these resonances on the dynamics of particles 
be taken into account? The simplest way is to describe their effect as the 
effect of external noise.  

3. In addition, as will be seen in the third section, as well as in the 
fifth section, other mechanisms can play a significant influence on the 
emergence of such regimes. 

 
 

SECTION 2. EFFECT OF FLUCTUATIONS ON THE DYNAMICS  

OF PARTICLES AT CYCLOTRON RESONANCES 
 

2.1. Introduction 
 

An important feature of cyclotron resonances is that the long-term 
(up to infinity) effective energy exchange between particles and waves can 
be expected under nearly self-resonance conditions because the integrals of 
motion of particles under autoresonance conditions coincide with cyclotron 
resonance conditions. Such a feature of the dynamics of interaction of 
particles with electromagnetic fields is promising for its implementation in 
generators and accelerators. 

However, attempts to use this fact for the efficient excitation of 
oscillations were unsuccessful [18]. The authors of [19] believe that the 
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efficiency of interaction is low because of a large number of additional 
nonresonance electromagnetic modes (and even improper) that are 
disregarded in analytical and numerical studies and always accompany the 
excitation of intense electromagnetic waves. In many cases, the effect of a 
large number of disregarded modes can be simulated by external noise. 
Furthermore, noise components always exist in the processes of interaction 
of intense electromagnetic radiation with particles. For this reason, the 
effect of external fluctuations on the dynamics of particles is often 
necessary. As will be found in this section, the inclusion of this effect is 
necessary under nearly self-resonance conditions. Indeed, as was shown in 
[17, 19-21], the dynamics of particles under nearly autoresonance conditions 
can be anomalously sensitive to external fluctuations. Below, we consider 
this problem in more detail for the simplest structure of the field of an 
electromagnetic wave propagating along the direction of the field 

 

0H z

 ,  Re ,0,0xE E


,   0, ,0yH H


,  0,0, 1zk k 


           (2.1)   

 
We analyze the effect of additive and multiplicative fluctuations in the 

most interesting case, i.e., under nearly self-resonance conditions: 
 

 / 1 0s z z HR k s                                         (2.2)    
 
2.2. Influence of additive fluctuations on particle dynamics.  

Superdiffusion. 
 

We first consider the role of additive fluctuations. Since the field 
amplitude is small, 0 1  , the system of equations (1.26) and (1.27) from 

first section can be linearized [14]: 
 

, ,
d d

B f
d d

  
 
   

                                 (2.3)  

 

where  0 1 0 0/ 2 sinB W   , 1     , 1  , 1  ,
 

 
0

0 /nR


    , 

   , Hf   ,  is the additive fluctuation force. In the analytical study, we 

assume that f(τ) is a Gaussian delta-correlated random process with zero 
mean: 

     2f f D       , 0f  .                           (2.4) 

 
where D is the diffusion coefficient. The parameter α determines the 
closeness of conditions to the self-resonance conditions. This parameter is 
zero if autoresonance conditions are exactly satisfied. Under these 
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conditions, the system of equations (2.3) with relations (2.4) is solved 
analytically: 

2 32

3
DB                                               (2.5) 

 
Such a time dependence of the average energy squared indicates that 

the diffusion of particles in the energy space in this case has a character of 
superdiffusion.  

We will use the method moments and the method of variational 
derivatives to solve system (2.3) in the general case for an arbitrary value  

 
0

0 /nR


    . 

From equations (2.3) it is easy obtain the system of equations for the 
first moments 

,
d d

B d
d d

 
 

 
  


                                 (2.6) 

 
For the second moments we will have: 
 

2

2 2

2

2 ,

,

2 2 .

d
B

d
d

B d f
d

d
d f

d






   



 



 

   

 




  



                            (2.7) 

 
To split the correlations f   and f  we use the method of 

variational derivatives (see, for example, [23]). The formula is important for 
us: 

   ( )
( ) ( ) ( ) ( )

( )t

R f
f t R f t f t f d

f

 
 

 
                        (2.8) 

 
Here  R z  is an arbitrary functional of z . Using (2.8), we find that 

0f     and f D  . Here D  is diffusion coefficient, which is defined in 

formula (2.4). Taking into account the obtained relations, the system of 
equations (2.7) can be rewritten in the form: 

 
2

2
4 2

d
dB BD

d





  


                                (2.9) 
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The particular solution of equation (2.9), which are interested for us, 

is equal to  /4 .D d    The average square of the energy in this case will 

be determined by the formula: 
 

2 0 1

02

WD 
 

                                             (2.10) 

 
According to this expression, particles acquire the energy by a normal 

diffusion law. However, the diffusion coefficient becomes anomalously large 
when approaching the autoresonance conditions. 

It is of interest to find the conditions under which the normal 
diffusion law (2.10) changes to the superdiffusion law (2.5). Formula (2.10)  
is valid for arbitrary 0  . To determine the dynamics of particles at 0  , 
it is necessary to return to the system of equations (2.3) and put in it  0  .  

Then, it is easy to find the mean square of energy as a function of time 
under the exact autoresonance condition ( 0  ), 

 

 
2 22 3

22 30
02

0

cos
3 12

p DB D   

                              (2.11)    

 
In terms of its main characteristics, formula (2.11) coincides with 

formula (2.5). It follows from these formulas that, under autoresonance 
conditions, additive fluctuations lead to particle dynamics, which is 
described by a law much faster than the usual quasilinear diffusion law. 
This law (2.11) is called superdiffusion. 

 
2.3. Numerical analysis of the transition of particle dynamics  

with ordinary diffusion to superdiffusion 
    
It is of interest to clarify the law of transformation of ordinary 

diffusion (2.10) to superdiffusion (2.11). To answer this question we will use 
numericall methods. We numerically study the time dynamics of charged 
particles in the cases close to self-resonance. The numerical calculations 
were performed with the parameter  B ≈ 0.033. The parameters α and B can 
be obtained under the corresponding initial conditions for particles and at 
the external field parameter 0 0.1  . The parameter α was varied in the 

range of  10-7 ≤ α ≤ 10-1. Fluctuations were described by a random variable 
uniformly distributed in the interval ( ,H H   ) 0.1H    The initial 

conditions for addition of the energy and phase were  taken in the form 

(0) 0, (0) / 60and    , respectively.  
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a 

Fig.2.3. Time dependence of the average energy squared of the particle

 
2.5. Role of moments on the dynamics of particles 

 
It was shown in [20] that the presence of multiplicative fluctuations 

under the self-resonance conditions (nonlinear cyclotron resonances do not 
overlap) leads to fluctuation instability. This instability results in an 
exponential increase in moments. It is known that an unlimited increase in the 
second moments corresponds to Levy flights [21, 24]. Because of such a 
singularity in moments, normal diffusion kinetic equations cannot be used to 
describe the dynamics of particles under these conditions. Either integral 
equations or equations with fractional derivatives should be used instead of 
these equations [17]. The method of moments is also a possible alternative [17]. 
This method was used in [21] to analyze the dynamics of particles under the 
cyclotron autoresonance conditions. The analysis of moments at overlapping of 
cyclotron resonances shows that higher moments in this case are larger than 
lower moments under certain conditions. It is important that such property of 
moments exists in the absence of fluctuations. This result is illustrated in 
Fig. 2.4, which shows the number dependence of the magnitude of moments 
divided by the factorial of their number m!. It is seen in Fig. 2.4 that, at a quite 
low strength of the external field (ε0 =eE/mcω = 0.1), moments decrease rapidly 
with an increase in their number (Fig. 2.4a). However, at high strengths 
(at 0 0.19  ), higher moments are larger than lower moments. It is seen in 

Fig. 2.4b that moments increase with the number up to m = 6.   
Since even moments are much larger than odd moments, the 

distribution of the momentum px in the momentum space is symmetric. 
However, since the quantities shown in Fig. 2.4 are moments divided by the 
factorial of their number, which is a rapidly increasing function, these 
quantities corresponding to moments higher than sixth moment decrease 
rapidly. This property of moments also requires the modification of 
equations for the description of the kinetics of particles.  
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 
!

m
m

m
m

pn n

m p
 


   ;    2 ; 1,2,3...m j j              (2.16) 

 
For the case shown in Fig. 8b, it is necessary to take into account four 

or five terms in the sum in Eq. (2.16). It is noteworthy that diffusion kinetic 
equations are often used to describe the dynamics of particles at cyclotron 
resonances (see, e.g., [47,48] and references therein).  

Note that the equation (2.16) describes the dynamics of particles in 
one-dimensional momentum space. It is easy to generalize it to a three-
dimensional case. In many important cases, it is sufficient to consider the 
diffusion of particles in a scalar energy space. In this case, the evolution of 
particles in the energy space will not differ from the equation (2.16).In it, it 
is only necessary to replace the impulse with energy.  

 
2.7. Conclusion 

 
Here, we formulate and briefly discuss the most important results:  
1. For the study of cyclotron resonances, conditions under which the 

integrals of motion of particles coincide with resonance lines are of particular 
interest. These are the autoresonance conditions. When conditions approach 
the autoresonance conditions, the distance between cyclotron resonances 
increases rapidly. These resonances do not overlap in this limit. Conventional 
chaotic dynamical regimes (caused by the overlapping of resonances) do not 
occur. However, as was shown in [20, 21,17], the dynamics of particles under 
the autoresonance conditions is anomalously sensitive to external fluctuations. 
In this case, the analysis of conditions under which the diffusion dynamics of 
particles in the presence of fluctuations becomes superdiffusion is of particular 
interest. This analysis can be performed only numerically. This numerical 
analysis has been performed and the results have been presented abowe. It 
appeared that the autoresonance conditions in the presence of additive 
fluctuations should be satisfied with an accuracy of 10-7 for the transition of 
normal diffusion to superdiffusion. This means that, in the presence of additive 
fluctuations, the superdiffusion regime cannot be really reached. These results 
supplement the results reported in [20,21,17]. 

2. The presence of multiplicative fluctuations leads to the development 
of stochastic instability. A feature of this instability is the fact that the higher 
moments grow faster than the lower moments.  In this case, the moments 
increase exponentially with the time. The dispersion becomes asymptotically 
unlimited. As is known, this is the condition for the appearance of Levy flights 
or “strange” kinetics [24]. Such  kinetics has been numerically studied in this 
work. This study has indicated that the average energy squared of particles 
increases exponentially (see Fig. 2.2).  

3. When the higher moments turn out to be larger than the previous 
moments, the well-known kinetic equations of the Einstein-Foker-Planck type 
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are already insufficient to describe the processes. New kinetic equations are 
needed that take into account the influence not only of the first and second 
moments, but also the influence of higher moments. Such equations have been 
obtained. 
 
 

SECTION 3. NEW CYCLOTRON RESONANCES 
 

3.1. Introduction 
 

The acceleration of charged particles in a vacuum is a tempting 
prospect. There are a large number of works (both theoretical and 
experimental) devoted to this problem (see, for example, [10, 18, 25]).  See 
also [56]. These works indicate the advantages of such acceleration and the 
problems that one has to face when solving such problems. 

In the presence of a constant magnetic field, the situation changes 

qualitatively. Cyclotron resonances ( /Hkv   


) appear. When using 

them, effective interaction of waves and particles is possible. The 
autoresonan acceleration scheme is especially attractive. However, to 
implement this scheme when using laser radiation fields, anomalously large 
external magnetic fields are required. 

It should be noted that only the strength of the external magnetic 
field ( H ) is included in the conditions of cyclotron resonances. There is no 

wave field strength under these conditions. This is due to the fact that the 
theory of cyclotron resonances was developed when the parameter of the 
wave strength ( /eE m c  ) was almost always small. 

Therefore, there was no need to take it into account. The wave 
intensity appeared only when studying nonlinear cyclotron resonances. 
With the advent of lasers, the situation could change. As indicated above, 
the use of cyclotron resonances seemed simply impossible. 

In addition to lasers, sources of intense electromagnetic radiation, 
such as MCR, have appeared. However, all the same, only the usual 
conditions of cyclotron resonances were used (see above). It is clear that 
when the force parameter becomes significant, the usual conditions of 
cyclotron resonance must be modernized. 

In this condition, both the strength of the external magnetic field and 
the strength of the fields with which the particles interact must be present. 

This is especially true in the case of laser fields, when the cyclotron 
frequency turns out to be significantly lower than the laser radiation 
frequency ( / 1H   ). This section is devoted to the analysis of the use of 

both the usual conditions of cyclotron resonance and new modernized 
conditions. 
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3.2. Formulation of conditions for new resonances 
 
The initial equations for finding the conditions for the emergence of 

new resonances will be equations (1.18) - (1.24). The system of equations 
(1.27) will also be useful. One should also pay attention to formula (1.26), 
which is a condition for the appearance of the known cyclotron resonances. 
Such equations were studied in sufficient detail in [10,18, 25]. These 
equations are convenient for analysis when the parameter   is small.       

In this case, the averaging method was used to analyze this system. 
However, system (1.18) - (1.24) is strictly valid for any parameter value. 
Also, small parameters can be, in particular, Bessel functions for large 
parameter values  . We will be interested in the dynamics of particles in 
laser fields. It means that in real conditions the dimensionless cyclotron 
frequency will also be a small parameter ( 1H  ). In addition, in most 
cases, we will be interested in the dynamics of relativistic particles ( 1  ). 
In general case, the resonance conditions are conditions: 

 
1 0n z z xk v k n         .                               (3.1) 

 
Note that condition (3.1) takes into account the dynamics of the 

leading center, which substantially depends on the electric field strength of 
the laser radiation. In the special case ( 0  ), conditions (3.1) contain the 
well-known conditions of cyclotron resonance. We consider some particular 
new resonance conditions: 

1. The simplest case is when the parameters of the fields and particles 
satisfy the following relations 

 
0n   0, 1z xk k   1H   0x z    .                   (3.2) 

 
Then condition (3.1) can be represented as: 
 

0cos sin
4 2

y

HH

p

p

  






 
   

 
 .                          (3.3) 

 
It can be seen that the resonance condition substantially depends on 

the wave strength parameter ( y  ).  

2. If parameters of fields and particles satisfy relation: 
 

0, 1, 1, 1, 0z x H x zn k k          
 

then the expression for cyclotron resonance takes the form: 
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02
sin 1x y

z
H

k
v




 
  .                                       (3.4) 

 
Using resonance conditions (3.1), as well as equations from system 

(1.18) - (1.24), we can obtain the following equation for describing the phase 
dynamics in the vicinity of resonance: 

 
2

0 0cos 0
2

y xk v
 


  .                                   (3.5) 

 
Equation (3.5) is the equation of a mathematical pendulum. Analysis of 

such equations and consequence of a similar analysis can be found in [7-10]. It 
should be noted that, under the condition, the known cyclotron resonances are 
absent. So conditions (3.3) and (3.4) are conditions for new resonances that do 
not go over into known resonances. 

3. The interesting case is when the parameters of the wave and 
particles satisfy the conditions: 

 
1n   ;  21, ~ 1/ 1z xk k   ; 1H  ; 0x z              (3.6) 

 
The importance of this case is due to the fact that it allows us to 

analyze the resonance at large values of number ( 1n  ). Besides, this case 
corresponds to the situation when the number of the Bessel function is equal 
to the argument of the Bessel function. In this case, as is known, the Bessel 
function decreases most slowly with the growth of its number and argument 

( 3( ) ~1/nJ n n ). The resonance condition for this case has the form: 

 
2 22 sinH y x n n

n x
H

n k p J
k n

  
  




       ,     0( ) 0  .          (3.7)  

 

0  is value of energy at which the exact resonance condition is satisfied  

( 0( ) 0  ). To describe the dynamics of the phase, we can derive the 

equation: 
2 2

1cos sin cos 0n n n n      ,                           (3.8) 

 

 where  - 
2 2 2

2 2 y n

H

v J

   ; 2

1 2

H y nn v J 

  . 

Equation (3.8) is also the equation of a nonlinear pendulum and has 
the integral: 
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2 2

2 2
1sin sin

2 2
n

n n C const
  

   


.
                    (3.9)  

 
Analysis of this integral shows that the maximum phase velocity can 

be estimated by max  . Using this estimate, it is easy to determine the 

value of addition to the particle energy that they obtain when interacting 
with the wave under resonance conditions:  

 

0

0( )n



  


 
     

  ;             3
maxmax

/ / y n HJ        
.
     (3.10) 

 
Comparing this additive with those obtained under conditions of 

known cyclotron resonances, we can see that it can be more significant.  
 

3.3. Numerical analysis 
 
Above, in Section 1, we found analytical solutions of equations 

(1.5, 1.6) for the momenta and coordinates of a particle in implicit form as a 
function of phase. These solutions were found for a wave propagating 
strictly along the direction of the external magnetic field. When the wave 
propagates at an angle to the external magnetic field ( 0)xk k   , the 

integral  C    is destroyed. In this case, the analysis is difficult 
Therefore, a numerical analysis of equations (1.2) was carried out to 

investigate the dynamics of charged particles in the field of the plane 
electromagnetic wave and in the external constant magnetic field 0H   

directed along the axis z . The cases of linear and circular polarization of 
the wave field are considered. Since we are mainly interested in particle 
acceleration, we consider this process at sufficiently large initial values of 
the longitudinal momentum of the particles and small values of the 
transverse momentum (for small values of the transverse momentum, the 
parameter  1  ).  

The analysis was carried out at the initial values of the longitudinal 
momentum 0 10zp  ; the transverse momenta were chosen equal to  

0 0 0.1x yp p  . The initial values of the transverse coordinates are selected 

in accordance with the values of the transverse momenta and the external 
constant magnetic field, the initial coordinate 0 ( 0) 0z z t   . The accuracy 

of the calculations was controlled using the integral (1.4). In all the 
numerical studies, the value of the integral was preserved with a sufficient 
degree of accuracy: the value of deviation from the integral did not exceed 
the values 7 610 10   for the coordinates and momenta of charged particles 

of the order 310 .  
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As can be seen from the graphs in Fig. 3.7, we can speak of a sufficiently 

good qualitative agreement between the results of the numerical calculation of 
the system of equations (1.2) and the results of evaluation by formula  (3.11)  

 
Some Conclusion 
Let’s state the most important results of this subsection.  
1. It is shown that the well-known conditions of cyclotron resonance 

should be generalized. The generalization is that these conditions include 
both the strength of the external magnetic fields and the field strength of 
the electromagnetic waves with which the particles interact. The use of 
these new resonant conditions makes  possible to implement a scheme of 
resonant interaction of particles even with laser radiation fields in vacuum. 

2. If the initial parameters of charged particles are such that the 
condition z HC p    , whereС const   is satisfied,  then a scheme 

of autoresonant interaction of particles with laser fields in vacuum can be 
implemented. 

3. Conducted numerical studies confirm qualitatively and quantitatively 
the key results of analytical studies within the framework of this model. 

 
3.4. Stepped structure of the dynamics  

of energy exchange between a wave and particles 

 
Figure 3.5 shows the characteristic time dependence of the 

longitudinal pulse. One of the most characteristic new features of particle 
dynamics is visible, namely, its "stepwise" character of the dependence of 
momenta and energy on time. Note that such a feature of the particle 
dynamics is already visible in Figures 3.5 and 3.6. With an increase in the 
field amplitude, this feature of the dynamics is manifested most clearly. 
Below we will try to give a qualitative explanation of this dependence. 

Let us recall the characteristic dynamics of charged particles at low 
values of the wave intensity ( 1  ) under conditions of cyclotron 
resonances. Under these conditions, as is known (see, for example [8, 9]), the 
dynamics of particles can be described by the equation of a mathematical 
pendulum. In this case, the width of the nonlinear resonance turns out to be 
directly proportional to the square root of the wave force parameter and 
inversely proportional to the square root of the deviation of the longitudinal 
wave number from unity: 

2/ 1 zk   .                                         (3.12)        

 
The distance between nonlinear cyclotron resonances is determined by 

the formula: 

 2/ 1H zk                                           (3.13) 



V.A. Buts, A.G. 

 

Fig.3.8
longitudina

the prese
dynamics o
external ma

values ar
corres

1.23; yp 
(0) 10zp 

 
In th
 

 
In th

implicitly c
the dynam
that describ

 

The 
energy (its 
equivalent 
chaotic dyn
of these mo
turns out 
qualitativel
equation  (3

 

Zagorodny. Chap

8. Time depen
al momentum
ence of the in
of both the wa

magnetic field. 
are far from th
spond to autor
(0) 1.4;y xp

0     0.99zk 

his case, the 

his equatio
contained on
ics of partic
bes the depe

system of 
change is p
to the equa

namics of pa
odels was st
to be large
ly. Indeed, 
3.14) for the

pter I. Features o

ndence of the 
m of a particle
nfluence on its
ave field and t
 The parame

he values that
oresonance: 

(0) 0x  H 

        (0) 0z 

phase dynam

n


   




n, the dep
nly in the p
cles, it is ne
endence of th

d

d




equations (
proportional 
ation of a m
articles at cy
tudied (see, 
e enough, 

taking in
e phase acqu

of the dynamics of

 

e in 
s 
the 

eter 
t 

0.1  

0.9  

Fig.3
longi

tim
absen
 

H

mics is deter

 1 z zk v n


 


endence on
article ener
ecessary to 
he particle e

0 cosnv J  

(3.14) and (
to a small p

mathematica
yclotron reso

for exampl
then the p

nto account 
uires an addi

of charged particle

3.9. The same
itudinal parti

me, as in Figur
nce of an exte
1.23;      (0yp

0;   (0)zp 
(0)z

rmined by th

Hn






.         

n the wave
rgy (  ). The
add to Eq. 

energy on tim

s n .             

(3.15) with 
parameter o
al pendulum
onances wit
le, [9,17]). If
particle dyn

the wave 
itional term

les…

e dependence
icle momentum

ure 3.8. Only i
ernal magneti
0) 1.4; (0xp

10;     zk 
) 0.9  

 

he equation

                  

e field stren
erefore, to d
(3.14) an eq

me: 

                  

small chan
of the wave f
m. The regu
thin the fram
f the field s

namics can 
force para

m: 

53 

e of the 
um from 
in the 
tic field: 
0) 0       

0.99;       

: 

  (3.14)   

ngth is 
describe 
quation 

  (3.15) 

 
nges in 
force) is 
lar and 
mework 
trength 
change 

ameter, 



54                                              PROBLEMS OF THEORETICAL PHYSICS 

 

02 sinx
n n n

nk
J  


   .                                  (3.16) 

 
In this equation, the explicit dependence of the phase on the wave 

force parameter is already visible. 
Therefore, when this additional term turns out to be greater than the 

addition that associated with the change in energy, then namely Eq. (3.16) 
will describe the phase dynamics.  It is important to note that in Eq. (3.16) 
(with a sufficiently large parameter of the wave force) the values of the 
impulses and energy can be considered as slowly varying functions. Under 
these conditions, equation (3.16) practically coincides with the Adler 
equation. This equation is widely known in synchronization theory. To see 
that in equation  (3.16) the value of energy and momenta can be considered 
as slow functions, let us return to system equations (1.27), which describe 
the dynamics of these variables. For definiteness, we will study the 
dynamics of additional acceleration of particles under conditions close to 
autoresonance ( 1xk  , 1zp   ). Under these conditions, the system of 

equations (1.27) can be simplified: 
 

                        (3.17) 

 

                                    (3.18) 

 

.                                       (3.19) 

 
It can be seen from these equations that at a stationary value of the 

phase ( 0n   ), each of them has stationary points, which are determined by 

the condition:  
( ) 0nJ   .                                             (3.20) 

 
It is seen that when condition  (3.20)  is satisfied, both the energy and 

the longitudinal momentum do not change. Thus, equation  (3.16) really can 
be considered as the well-known Adler equation (see, for example, [26, 27]). 
In this case, the synchronization condition (the condition for the phase 
stationarity) will be presented as: 

02 x
n

nk
J


  .                                       (3.21) 

 
Thus, for sufficiently high field strengths, the dynamics of charged 

particles will be described not by the equation of a mathematical pendulum, 

  0 1 cos( )z z n n

dp
k v J

d
 


  

0 cosz
z n n

dp
k v J

d
 

  

0 cosn n

d
v J

d

  
  
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but by the Adler equation. The steps in the dependence of momenta and 
energy on time are determined by the zeros of the derivative of the Bessel 
function (formula (3.20)). Of course, this is a rather crude picture of 
dynamics. There does not reflect the oscillatory nature of the dependence of 
the impulses on the "steps" themselves. Note that condition (3.21) 
corresponds to the "capture" of particles in the main Arnold tongue. Such 
tongues have been studied in detail in the theory of synchronization (see, for 
example, [27]). 

 
3.5. Mechanism of occurrence of local instability  

and regimes with dynamic chaos 
 
Regimes with dynamic chaos when the conditions of the usual cyclotron 

resonances are realized are due to the overlap of nonlinear cyclotron resonances 
(Chirikov's criterion). This is due to the fact that the dynamics of particles at 
isolated cyclotron resonances is described by the equation of a mathematical 
pendulum. It is well-known that a mathematical pendulum, in addition to 
singular points of the "saddle" type, also has a homoclinic trajectory 
(separatrix). These singular points (saddles) and this particular trajectory 
(separatrix) have the property that small deviations from these points or from 
this trajectory lead to qualitatively different particle dynamics.

  It was seen above that the phase which characterizing the interaction 
of particles with a wave at sufficiently high wave field strengths obeys not 
the usual conditions of cyclotron resonances, but the Adler equation (3.16). 
Moreover, this equation already contains the parameter of the wave force in 
an explicit form, and the moments and energy of the particle in this 
equation can be considered as constants. Thus, it is enough for us to analyze 
not the equation of the mathematical pendulum, but the equation of Adler. 
Formally, this equation is much simpler (first order nonlinear equation) 
compared to the mathematical pendulum equation (second order nonlinear 
equation). It does not contain saddle singular points and singular 
trajectories (separatrices) like the equation of a mathematical pendulum. Its 
dynamics should be simpler and more regular. In general, it turns out to be 
so. However, despite this simplicity, it can be seen that in many cases (see, 
for example, Figure 3.10), the overall dynamics, with taking into account the 
transitions between the steps, may be irregular. In this case, the usual 
mechanisms for the appearance of dynamic chaos do not work, since there 
are no homoclinic trajectories and saddle points. The mechanism for the 
emergence of dynamic chaos should be different. To understand this 
mechanism, one should look at the figure 3.11, which shows the projection of 
the particle dynamics onto the coordinates (x, y). This figure shows that 
topologically all trajectories are circles. An important feature of these circles 
is that they all pass near the zero point. Therefore, small perturbations 
(regular or random) can lead to a trajectory jump from one circle to another. 
This process can be random. We will show below that it can indeed be 
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random. Thus, the chaos that occurs in the particle dynamics we are 
studying is analogous to the chaos that occurs when throwing dice with a 
large number of edges. The element of probability appear when trajectory 
passing the area of the point (x = y = 0). Any trajectory can jump (randomly) 
to another trajectory (circle). This mechanism of occurrence of randomness 
is very similar to the mechanism described in works [28-30]. In these works, 
the modes in which such a mechanism is implemented are called modes 
with piecewise deterministic dynamics. It seems that such a name is more 
in line with the dynamics that are being implemented. Therefore, below we 
will call such regimes modes with piecewise deterministic dynamics 

 

 
 

Fig. 3.10. Dependence of the longitudinal 
momentum of a particle on time in the 

presence of the influence on its dynamics 
of both the wave field and the external 
magnetic field. Conditions are the same 

as on the figure 8 
 

Fig. 3.11. A typical view of the projection 
of the trajectory of particles on the plane 
(x, y). Conditions close to autoresonance 

H zp    

1.23; (0) 1.4; (0) 0y xp p   

1/ 20H    (0) 10zp  ;   0.99zk  ;      

(0) 0.9z   

 
To confirm the possibility of such a mechanism for the occurrence of 

randomness and a regime with piecewise deterministic dynamics, we construct 
a simple model of the system, the dynamics of which corresponds to figure 3.8. 
This system describes the dynamics of the representing point, which moves in a 
circle with a certain radius. Moreover, as in Figure 3.8, all circles have a 
common point. For example, point (x = y = 0). It is easy to see that the equation 
that describes such circles can be written in the following form: 

 2 2 2 0.x R y R     
                                     (3.22)   

 
Equation  (3.22) describes circles whose centers are located on the 

 y = 0 axis, and the radius of each of these circles can be arbitrary. All these 
circles have a common point. It is necessary to find a differential equation 



V.A. Buts, A.G. Zagorodny. Chapter I. Features of the dynamics of charged particles… 57 

 
that would describe the dynamics of the representing point along these 
circles. Moreover, the parameters of this equation should not contain the 
radius of these circles. Assuming that expression  (3.22)  is integral, then 
using the well-known algorithm of inverse problems of mechanics (see, for 
example, [28]), one can write a system of ordinary differential equations 
that describes the dynamics of particles along such circles. In particular, 
such a system of equations will be the system: 

 
x y  

2

0.5
2

y
y x

x

 
   
 

  .                                 (3.23) 

 
System (3.23) is equivalent to the equation of an oscillator with 

nonlinear friction: 

0.5 0
2

x
x x x

x
     
 

  .                             (3.24) 

 
Moreover, the parameter R  (radius of circles) is excluded from these 

equations. It can take arbitrary values. The phase portrait of system  (3.23) 
is shown in figure 3.9. The integral curves in this case are circles. Moreover, 
the centers of the circles are located on the axis 0y  , and the radii of these 
circles are equal to the distance of these centers to the zero point  
( 0; 0x y  ). This point is common to all circles. Moreover, this point is a 
special solution to system (3.23) (see below). Looking at the integral of 
equation (3.24), it is difficult to imagine that the dynamics of system  (3.23)  
or (3.24) can be irregular. Really, this system has only one degree of 
freedom. However, numerical calculations show that it is irregular. Indeed, 
figure 3.13 shows the time dependence of the variable. It is seen that the 
phase trajectory after passing the point of the singular solution ( 0; 0x y  ) 
can jump from one circle to another circle. Moreover, these jumps are 
random. Almost any change in the counting accuracy changes the temporal 
dynamics of the system. In addition, the spectral analysis of the dynamics of 
system (3.23) shows that the spectra of this dynamics are wide, and the 
correlation function decreases rather quickly (see Fig. 3.14). The irregularity 
is due to the fact that all trajectories of system  (3.23) pass through the zero 
point, at which the uniqueness theorem is violated. This point is a singular 
solution to system (3.23). Note that in the numerical analysis of the 
dynamics of a pendulum with nonlinear friction (3.24), the value of 
nonlinear friction (the second term in Eq. (3.24)) should be reduced. If this is 
not done, then very quickly the dynamics of the nonlinear pendulum will be 
going  up on a circle, the radius of which significantly exceeds the radius of 
all other circles. Such dynamics are difficult to represent graphically. In 
particular, Figures 3.13 and 3.14 were obtained for the case when the 
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In a neighborhood of zero, the left-hand side of inequality (3.25) can be 

estimated by the quantity  R R , where R  and R  are the radii of two 

arbitrary circles. In general, the difference between these radii can be 
arbitrary big. Thus, the Lipschitz condition is not satisfied at the zero point, 
i.e. the conditions of the uniqueness theorem for system  (3.25)  are violated. 

 
3.6. Discussion and conclusion 

 
Thus, the results obtained above show that the dynamics of particles, 

undertaking into account the high intensity of the wave field, has significant 
features. Let's note the most important of them: 

1. If the field strength of the wave is large enough, so that inequality  
(3.21) is satisfied, then the conditions for the stationary of the phase 
(conditions for resonance interaction) and the nature of the energy exchange 
between the particles and the wave change qualitative. In particular, the 
dynamics of particles in the vicinity of the stationary phase (in the vicinity 
of resonances) changes. Indeed, at ordinary cyclotron resonances, this 
dynamics is described by the equation of a mathematical pendulum. This is 
a second-order nonlinear equation that has singular points of the "saddle" 
type, as well as a special homoclinic trajectory - a separatrix. The presence 
of these singular points and a special trajectory essentially determines the 
dynamics of particles in the vicinity of resonances. It was seen above that 
taking into account the wave field strength when inequality (3.21) is 
satisfied leads to a description of the particle dynamics in the vicinity of 
resonances not to the equation of a mathematical pendulum, but to the 
Adler equation. This is an ordinary first order differential equation. It is 
nonlinear, but much simpler than the equation of a mathematical 
pendulum. It has no singular points of the saddle type and no homoclinic 
trajectories. It has only alternating stable and unstable points. As a result, 
the trajectory of the particle is quickly grouped in the vicinity of stable 
points. Under these conditions, the energy and momenta of the particles do 
not change. Note that the Adler equation is used to analyze synchronization 
processes [26, 27]. Using the analogy with the synchronization process, we 
can say that when condition  (3.21) is satisfied, the particles are captured by 
the main tongue of Arnold [27]. The result of such dynamics of particles in 
the vicinity of resonances is the stepwise nature of the energy exchange of 
particles with the wave. 

2. As follows from the previous point, the dynamics of particles with 
accounting strength of the wave field can become more regular than it is 
under conditions of ordinary cyclotron resonances. In most cases, it is so. 
However, as it can be seen in Figure 3.10, the processes of transition from 
one step to another step can be random. The reason for this random particle 
dynamics is the fact that, all particle trajectories pass near the zero point 
(as it follows from Figures 3.11, 3.12). This point is a common point for all 
trajectories of the particles. The particle, getting in the vicinity of this point, 



60                                              PROBLEMS OF THEORETICAL PHYSICS 

 
under the influence of arbitrarily small fluctuations (perturbations), can 
randomly cross over to other trajectories. Such a mechanism for the 
emergence of chaotic dynamics is described, for example, in [32, 33, 54]. 

It is also similar to the mechanism that has been studied in a series of 
works, which can be defined as Continuous ‘chaotic’ dynamics in two 
dimensions, or Piecewise deterministic dynamics (see, for example [29-31] and 
the literature cited there). It should be said that, strictly mathematically, there 
are significant differences in the systems studied in these works and in the one 
considered in our work. We will only point out the main difference. In the 
models considered in these works, the singular point is the singular point of the 
“saddle” type. The trajectories can never reach this point (the time of reaching 
tends to infinity). In the models that we have considered, the singular point is 
not a saddle point. In it, as in the saddle point, the uniqueness theorem is 
violated. However, trajectories (all trajectories) can pass through this point.  
The travel time of the vicinity of this point and the point itself is quite finite. 
Note also that the singularities of such points, as well as similar trajectories 
(envelopes of trajectories), in which the uniqueness theorem is violated, were 
studied by V.A. Steklov in 1927 [34]. However, Steklov himself, analyzing such 
solutions, pointed out that, apparently, such solutions do not describe the 
dynamics of real physical systems ... .. 

3. An important result obtained above (see Figure 3.5) is the fact that 
the joint accounting of the wave field under resonant conditions can 
significantly increase the efficiency of energy exchange between particles 
and the wave. 

4. It should be noted that the above model of analysis of particle 
dynamics is rather limited. It allowed revealing some important features of 
particle dynamics. However, analytical consideration within the framework 
of this model does not allow convincing answers to many questions that 
appear in numerical analysis. As an example, we can cite the difficulties 
that arise when analyzing jumps from one step to another step.  It seems 
that in the general case, these transitions are also random. In particular, 
using equations (3.17)-- (3.19), it is easy to find (asymptotically for large  ) 
that the distance between adjacent stable steps is order of / 2 . However, 
as can be seen from Figure 3.12 and similar figures, this distance varies 
randomly. Some steps are skipped. Perhaps these and other questions that 
arise can be answered if we take as a basis not cyclotron resonances (as was 
done in this work), but the dynamics of particles in the field of an intense 
wave without a magnetic field.  

5.  It is obvious that with an increasing wave force parameter (with 
an increase in the wave field strength) its influence on the particle dynamics 
will increase. The following question arises. Are the above-described 
features of the particle dynamics preserved at lower values of this 
parameter? The answer to this question is to some extent contained in 
Figures 3.13, 3.14. These figures show the dependence of the longitudinal 
momentum of particles on time for a sufficiently small parameter of the 
wave force ( 0.1  ).   
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example, [35]).  When the beam interacts with the plasma, instabilities arise, 
which can lead to signal amplification. Along with this, there is an increase in 
the fluctuations that are always present in the plasma. Using the plasma-beam 
instability to amplify signals or to heat the plasma, it is necessary to know the 
relationship between the growth rates of the regular signal component and 
fluctuations. In [36, 37], the plasma-beam interaction was studied when the 
plasma density varied along the coordinate according to a random law. In them, 
the analysis was limited to the correlation theory of stability, i.e. the dynamics 
of changes in the first and second moments was investigated. 

In this section, the instability of a beam moving in plasma is 
investigated, the density of which varies according to a random law in space or 
time. When changing the plasma density in space, in contrast to [37], a system 
of equations for moments of arbitrary order was obtained and investigated. It is 
shown that each subsequent moment grows faster than the previous one. 

The result of this dependence of the increment on the moment number 
is the intermittent nature of the development of instability [38], as well as 
the appearance of a certain critical length of the interaction region, where 
the amplification of the regular signal is still possible. The last conclusion is 
related to the fact that the growth rate of the second moments is more than 
twice the growth rate of the regular part of the signal. 

For plasma, the density of which randomly depends on time, equations 
are obtained that determine the dynamics of the behavior of the first and 
second moments, the growth rates of their growth are found, and the maximum 
time for which the signal is destroyed by fluctuations is calculated. 

 
4.2. Basic Equations 

 
Let a compensated electron beam with a density bn  move in the 

plasma in the direction of the x axis with velocit b . The perturbations of 

the densit  bn   and velocity  b   of the beam satisfy the equation of motion 

 

 


  



t x

e

m
E x tb b b

~ ~ ,   ,                                   (1) 

 
where  ( , )E x t  is the electric field strength,  
and the continuity equation  

 

 ~ ~ ~n
x

n nb b b b b  



  0 .                          (4.2) 

 
The perturbations of the plasma velocity p  and density  pn   satisfy 

the equations 
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x
np p p

~   0,         (4.3) 

 



t

e

m
E x tp

~ ,  ,         (4.4) 

 
Where pn  is the unperturbed plasma density, which is a random 

function of time or coordinates. The statistical characteristics of this 
function are specified. The electric field strength is connected with changes 
in the plasma and beam density by Maxwell's equation: 

 

   



x

E x t e n np b, ~ ~  4 .                    (4.5) 

 
4.3. Spatially ‒ inhomogeneous plasma     
 

Let the dependence of all unknown quantities on time have the form 

 exp i t , and the plasma will be considered spatially inhomogeneous: 

( )p pn n x . Having made the necessary transformations and choosing the 

boundary conditions so that the integration constant vanishes, we obtain 
from (4.1) - (4.5) the equation for the frequency Fourier components of the 
electric field: 
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Substituting ( )E x  from    D x x x i x b    , ( , ) ( ) exp   into 

(4.6), we obtain an equation for a spatial oscillator with a randomly varying 
frequency    b b x2 2/ ( ) , similar to (4.3):  

 
d D

d x x
Db

b

2

2

2

2
0 


  ( )

.                                  (4.7) 

 
Let's take a case, for the sake of clarity, 0  . Let us assume that the 

plasma density fluctuations have the form ))(1( 10 xznn pp   and 1z  is 

a stationary Gaussian random process with zero mean. Assuming the 
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amplitude of fluctuations to be small 1)()( 22
01  ppxzz  ; introduce 

22
00 1  pp  ,  22

0 pp  ; changing variables 0pbbx  , uD  , we 

obtain a system of equations of the first order: 
 

 ,D u  
 ( ( ) )u z D  1  .                                       (4.8) 

 
From equations (4.8), one can obtain a system of equations for the 

moments of any order (m). For this, multiplying the left and right sides of 
the first equation of system (4.8) by u Dm n n 1 , and the second by  

D un m n 1 , adding these equations and averaging over the ensemble of 
realizations, we obtain for the finding moments of the nth order following 
system: 

 
              u D n u D m n z D um n n m n n n m n


1 1 1 11( ) ( )    (4.9) 

 
To decouple the correlations     z D un m n1 1 , we use the method of 

variational derivatives [23] and the following from this method the relation: 
 

  

 d

z

zR
ztztzRtz

t )(

)(
)()()]([)(   ,                        (4.10) 

 
where ][zR  is an arbitrary functional of z . z  – is a Gaussian random 
process with zero mean. Using (4.10) in (4.9) and calculating the 
corresponding variational derivatives, we find: 
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    (4.11),  
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t

nnm DurDuztzdDuB 
 

 
Where  0

2

 – variance; r0  – dimensionless correlation radius of 
a random process. 

To analyze stability (4.11), we choose all moments proportional to 

 exp t . The determinant of the resulting system, calculated using the 

Routh algorithm, gives the following recurrence relation for the coefficients 
of the characteristic equation: 
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In particular, for m = 1 (first moments), the characteristic equation 

takes the form: 
 

 2 1 0  ,                                                (4.13) 
 

And for m = 2 (second moments): 
 

 3 4 2 0  B .  (4.14) 

 
Obviously, the increment of the second moments is more than twice 

the increment of the first. Similarly to [37], we introduce the dimensionless 
variance: 


   

 
D D

D

2 2

2
                                          (4.15) 

 
To amplify the signal, it is necessary that this value must be much 

less than unity; otherwise the signal is diffused by fluctuations. Substituting 
into (4.15) the growth rates of the first and second moments found from 
(4.13) and (4.14), and returning to dimensional variables, we obtain from 
the condition the following expression for the critical length at which 
amplification of the regular signal is still possible:     

 

1
2

10
22

0

244

r
xx

pbp

b
m 


 ,                   (4.16) 

 
 1

2
1, r    –  variance and correlation radius of a random process z(x). 
Setting the amplitude of the fluctuations equal to zero (B = 0) and 

using the recurrence relations for the coefficients, one can make sure that 
and  Det mm  0  and m is the maximum root of equation (4.12) 

(see Appendix). Therefore, even if the amplitude of fluctuations can be 
neglected, the difference between the increments of the next and previous 
moments is equal to unity. 

Subsequent moments grow faster than the previous ones, but the 
dimensionless variance does not increase in this case. The presence of 
a nonzero amplitude of fluctuations leads to an additional increase in the 
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difference between the increments and, consequently, to an increase in 
variance (see Attachment ). As shown in [38], such a feature of the growth of 
the moments indicates the intermittent nature of the oscillator motion. Note 
that the advanced growth of the higher moments is also characteristic of 
systems described by the first-order Langevin equations [23,39]; therefore, 
in accordance with [38], such systems should also have intermittency. 

 
4.4. Plasma with a density which is fluctuating in time 

 
Let us consider the case when the plasma density is a random function of 

time  n n z tp p 0 1 ( ) , where ( )z t  is a random Gaussian process with zero 

mean. Due to the fact that the resulting expressions are very cumbersome, we 
restrict ourselves to the study by the correlation approximation. Assuming all 
unknown quantities are depend on the coordinate x as e i k x ; passing to 

dimensionless variables   







  k t
k kb

p

b

b

b

, ,0  ; and eliminating the 

variable E using (4.5), we obtain from (4.1) - (4.5) the system of equations for 
the spatial Fourier components of the density and velocity perturbations of the 
beam and plasma: 
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 
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 

 
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i zp
p  1 0   (4.19) 

 
 

 
~

~ ~p
p bi n i n  2 2 0   (4.20) 

 
After averaging (4.17)-(4.20) over the ensemble of realizations, 

splitting the correlation using (4.10) and choosing all variables proportional 
to e i    analyze the stability of the obtained expressions, we obtain for the 
first moments of density and velocity perturbations a system of fourth-order 
algebraic equations, the determinant of which gives the classical dispersion 
equation of the system beam-plasma: 
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having an unstable solution near the points of intersection of the resonances 
of the plasma ( p = 0) and beam ( b  0 ) oscillators  

(    1 1, ) with the maximum increment  3
1

2
2
1

1   . (under natural 

assumption bp  0  ). 

Having obtained from (4.17) - (4.20) the system of equations for the 
second moments and use the operations described above, we obtain two 
matrix equations of the third order: 
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for the second moments of density and velocity perturbations of the plasma 
and beam oscillators ( 0

2
00

2
0 ,;2/ rrkiB b   variance and dimensionless 

correlation radius of a random process), and a matrix equation of the fourth 
order for their mutual correlations:  
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Systems (4.22) - (4.24) correspond to the characteristic equation of the 

tenth degree 
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where  * , 1  s  - determinant of system  (4.24),   
 

  

,1
2

),1(

,
2

,))((

22

1

22

2

2
22

1
2222*







 













 








p
b

p
p

p
ps

B

B
 

.
1

1
2

1

2
, 2222

22

2 

















 













bp
x

b
b

                     (4.26) 

 
 p  и  b  –  determinants of the systems   (4.23) и (4.24) respectively: 
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To analyze (4.25), we choose the field structure at which the 

instability of the first moments ( k b p  ) is observed. In this case, the 

maximum increment of the second moments is localized in the region close 
to   2 . Expanding (4.25) in small parameters   (  2 ) and  , we 
obtain the following expression for the increment of the second moments: 
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where 0  —variance , R  — correlation time random processes )(z . 

 
ATTACHMENT 
Let us denote S n

m - the maximum root of the polynomial A n
m   defined 

by (4.12). Let us prove that   S mm
m - the maximum root of the equation  

Det m ( ) 0   at B  0   and the addition  B 0   S m
m  increases. 

Let's suppose that 
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At 1n  , relation (A1) turns into (4.12). Let it be valid for any certain 

n. Then, using (4.12) one have 
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Substituting (A2) into (A1), we obtain 
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Those (A1) is also true for n1. For  n m 1  is checked directly by 

substitution A m0 ( ) and A m1 ( ) in (A1). The presence B 0  leads to an 
increase in this root. Indeed, recurrence relation (4.12) can be rewritten as 
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At 0B  relation (A4) was performed at m . If the condition    
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is satisfied, then the coefficient at on the right-hand side  of B   equality 
(A4) is positive. Then for fulfill (A4) it is necessary to increase  . (When 
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Proof of (A5) is carried out by induction. For n  0 1 2, ,  value S n
m  is, 

respectively, 0, m , 4 1m B  ( )  ( ( )B  is a positive addition associated 

with the influence of noise). If (A5) holds for  n m
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1  the second and third terms on the right-hand side of (4.12) tend 

to    proportionally  n 1  and   n2   accordingly.  But as soon as  S n
m  

the first term tends to    and grows faster (proportionally  n1 ). 

When these terms are equal, the polynomial m
nA 1  has one more 

(maximum) root, which is larger m
nS . Relation (A5) is proved. 
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Successively applying relations (4.12) to (A6), we finally obtain: 
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Due to the fact that m

n
m
m SS   for any n m  1 , all terms in (A7) are 

positive and the equality holds only for  0 . Expand (4.12) in a series in 
powers of B and limit ourselves to the linear term of the expansion. Then using 
(A7) we obtain an addition to the increment due to the nonzero noise amplitude: 
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This addition is always positive and, apparently, grows with 

increasing m. 
 

4.5. Conclusion 
 

The main point of this section is the conclusion that one should pay 
attention to the presence of fluctuations (spatial or temporal). Such 
fluctuations can significantly disrupt the regular dynamics of the processes 
under study. 

 

 
SECTION 5. SELF-CONSISTENT THEORY OF EXCITATION OF WAVES 

BY BEAMS OF OSCILLATORS UNDER THE CONDITIONS  
OF ISOLATED CYCLOTRON RESONANCE 

 
5.1. Introduction 

 
We have considered above the criterion of appearance of chaotic 

dynamical regimes in the case of overlapping of nonlinear cyclotron resonances 
and have analyzed the effect of additive and multiplicative fluctuations under 
nearly self-resonance conditions (cyclotron resonances do not overlap). If the 
amplitudes of excited waves are not too large and criterion (1.34) for the 
appearance of local instability is not satisfied, and the dynamics of particles and 
fields can be simulated by the dynamics in a single isolated nonlinear cyclotron 
resonance. Our preliminary studies indicate that chaotic dynamical regimes 
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also appear. In addition, the development of stochastic instability stabilizes the 
level of excited fields as in the case of the overlapping of cyclotron resonances. 
Below, we analyze this problem and reveal a mechanism responsible for the 
development of stochastic instability. We consider the simplest model that 
allows answering these questions. 

 
5.2. Problem statement and basic equations 

 
We consider the problem of excitation of the electromagnetic field by a 

monoenergetic beam of oscillators with the distribution function:  
 

0 0 ||( ) ( )
2

bN
f p p p

p
 

  


  ,                                  (5.1) 

 
where p  and p  are the momentum components perpendicular and 

parallel to the z axis, respectively, and bN   is the equilibrium density of the 

beam. We consider the excitation of a wave propagating in the direction  
perpendicular to the external magnetic field. The complete nonlinear self-
consistent system of equations that describes the dynamics of particles and 
fields consists of Maxwell’s equations and equations of motion of particles. 
This system was presented in [40,41]. We write the truncated system of 
equations describing the dynamics of particles and fields in the  s-th isolated 
cyclotron resonance: 

( ) si
s

dp
iJ e

d
 


   , 

 
2

2

1
1 1 Re ( ) sis H

s
H

d s s
J e

d
   

   
 

    
 

 ,    (5.2) 

22

0

0

( )
2

sib
s s

pd
i d J e

d


  

  
    

where: /p p mc  , 2 2/ , 1H Hp       , /H oeH mc  , 
2 2 24 e /b b en m    , /eE mc  . 

 
5.3. Analysis of the system of equations (5.2) 

 
Note that the problem we are considering is a Hamiltonian problem. 

Due to this, in the expression under the integral in the last equation of 
system (5.2) it was possible to use the fact of conservation of the phase 
volume and to perform integration only over the initial phases (index 0). 

It can be expected that the last term on the right hand side of the 
equation for the phase is mainly responsible for the appearance of stochasticity. 
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Indeed, if the field amplitude is fixed, the system of equations  (5.2) is similar to 
the equation of mathematical pendulum subjected to an external periodic force. 
The development of stochastic instability in this model was studied in [43], 
where, in particular, the criterion for the appearance of local instability was 
obtained. However, it will be shown below that fields excited by the beam of 
oscillators cannot satisfy this criterion. There is an additional mechanism. To 
reveal it and to answer the questions formulated above, we numerically solve 
the system of equations  (5.2). The results of the numerical calculation are 
shown in Fig. 5.1 – 5.6, which demonstrates the following features of the 
dynamics of the interaction between particles and fields at cyclotron 
resonances. First, it is seen that the level of the excited field increases with the 
density of active particles. The dynamics of particles and excited field is regular 

up to 2 0.04b   (Fig. 5.1). This is the convenient dynamics of an increase in the 

field. The chaotic component  appears in the dynamics of the excited field at 

a higher  beam density, 2 0.04b   0.04 (Fig. 5.2.). The dynamics of the field at 

small times is regular and similar to dynamics at low beam densities. In this 
case, the field amplitude first increases to values corresponding to the capture 
of particles by the field of the excited wave. Then, the field amplitude decreases 
chaotically.   

Beginning with a beam density of  0.5, the asymptotic value of the 
field does not exceed 0.15. 

Thus, similar to the case of overlapping of cyclotron resonances  (see, for 
example, [40]),  the appearance of local instability limits the level of the beam-
excited field (Fig. 5.3.). It is noteworthy that the same process of stabilization is 
also characteristic of the beam–plasma instability [40 - 42].  Such a dynamics of 
the field with an increase in the density of particles remains quite convenient 

until the density of particles satisfy the inequality . With a further 

increase in the density of particles, when , it could be expected that 

oscillations at the chosen frequencies (  ) are not excited. 

 

Fig. 5.1. Field amplitude versus time  

at low beam density: 2
b  =0.04 

Fig. 5.2. Field amplitude versus time  

at a beam density: 2
b  =0.1 

2 1b 
2 1b 

H 
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Fig. 5.3. Field amplitude versus time  

at a beam density: 2
b =0.5 

Fig.5.4. Field amplitude versus time  

at a beam density: 2
b =1.5 

  

 
Fig. 5.5. Field amplitude versus time  

at a beam density: 2
b =4 

Fig.5.6. Field amplitude versus time  

at a beam density: 2
b =4.6 

   
Indeed, oscillations at the frequencies H   under the condition  

2 1b   are not natural in such medium. Being excited, they decay. As is 

seen in Figs. 5.4 – 5.6, oscillations are excited because the beam system is 
nonequilibrium at the frequencies H  . However, these oscillations 

decay quite rapidly. The regime of relaxation oscillations appears. It exists 
in a fairly wide time interval; further, this regime is transformed to the 
regime of chaotic oscillations and the excitation of oscillations at these 
frequencies ceases. In this case, the amplitude of excited oscillations 
decreases with increase in the density of particles. As far as we know, the 
excitation of such relaxation oscillations has not yet been described. Such 
oscillations can apparently appear in the ionospheric plasma. 

 
5.4. The origin of local instability 

 
In the above model (see Eqs. (5.2)), the dynamics of the interaction 

between particles with the field of an isolated cyclotron resonance is studied. 
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In this case, the mechanism of overlapping of cyclotron resonances is absent. 
The analysis of the behavior of the field amplitude in Fig. 5.1 – 5.4 shows 
that the mechanism of stabilization is qualitatively the same as at 
development of local instability. However, the reason for such instability 
should be different. It could be assumed that this mechanism is similar to 
the mechanism of appearance of the local instability of the dynamics of 
motion of the mathematical pendulum subjected to the external periodic 
force. Such a mechanism of appearance of chaotic dynamical regimes was 
described in [8].  

 
One – particle approximation 
The analysis of the conditions for the appearance of dynamic chaos 

through this mechanism shows that forces acting on the particle are 
insufficiently strong for the development of dynamic chaos. For this reason, 
we additionally analyzed the dynamics of particles in isolated cyclotron 
resonance. The simplest   model for this case is the model of motion of the 
charged particle in the field of the external electromagnetic wave under the 
conditions of isolated cyclotron resonance. The wave amplitude can be 
assumed as constant. In this case, the system of equations describing the 
dynamics of the particle coincides with the system of equations  (5.2), where 
the third equation can be omitted. As a result, the dynamics of particles is 
described by the first two equations. Such a system corresponds to the 
Hamiltonian  

 

 ( , ) 2 ( 2 ) cos( )s s s
H H

s d
H I I I J I

dI

  
 

                      (5.3)   

 
where  2 / 2I      

The phase portrait of the system with Hamiltonian (5.3) is 
topologically similar to the phase portrait of the Duffing oscillator. Indeed, 
the ( p , s ) phase plane generally contains three singular points: ( 0s  , 

1p G  ) ( 20, 1 / 2s p G    ) ( 3, 1 / 2s p G     ) where 3
,0/G p  , 

,0p  is the initial momentum of the particle. The first point is a saddle 

point, whereas two other points are «center» - type points.  The phase space 
has such a form at small amplitude of the external wave (G ≪ 1). If the 
amplitude is fairly large (G ≫ 1), the first two singular points (saddle point 
and «center» - type point) merge and disappear. Only one center-type point 
remains. All these features of the phase space are similar to the features of 
the phase space of the Duffing oscillator. However, it is remarkable that 
oscillations of the Duffing oscillator are potential, whereas a potential for 
our equations cannot be found. The topology of the phase space of the 
system under consideration has an important feature: closed trajectories 
near a «center» - type point can be attributed to trapped particles, whereas 
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open trajectories that enclose closed trajectories can be attributed to flying 
particles. The characteristic forms of the phase portrait at low (G ≪ 1) and 
high (G > 1) field strengths of the external wave are shown in Fig. 5.7 
and 5.8. Trapped and flying particles are usually separated by separatrices, 
i.e. homoclinic or heteroclinic trajectories.  

In this case, at G > 1 (Fig. 5.8), it is difficult to find such trajectories. Only 
regions for trapped and flying particles are pronounced. As is seen in Fig. 5.7, 
the phase plane contains, in complete agreement with the above results, three 
singular points: two “center” - type points and one saddle point. With an 
increase in the wave amplitude, the saddle point and center-type point at 0s    

approach each other and disappear (Fig. 5.8). Thus, an increase in the wave 
amplitude qualitatively changes the form of the phase portrait describing the 
dynamics of motion of particles. Such qualitative change in dynamics can be 
responsible for the appearance of the chaotic dynamical regime. In addition, it 
is seen that even quantitative characteristics of the appearance of such 
qualitative change in dynamics shown in Fig. 5.8 confirm such a possibility. 
Indeed, it is seen in this figure that the dynamics of particles becomes irregular 
when the amplitude of the excited wave becomes larger than 0.105. With a 
further increase in the density of particles and, correspondingly, the strength of 
the excited wave, this irregularity becomes more noticeable. Already at the 
strength of the excited field at small times, it can exceed 0.2. However, the 
dynamics of the particle is such that the field amplitude irregularly oscillating 
approaches a value of about 0.15. This field strength is in qualitatively good 
agreement with the field strength of the wave at which the phase dynamics of 
particles changes qualitatively. Just this mechanism of bifurcation of the form 
of the phase portrait is responsible for the chaotic dynamical regime (see also 
[43]–[46]). Thus, in the case under consideration (in the case of the interaction 
of charged particles with electromagnetic fields under the conditions of isolated 
cyclotron resonance), the stabilization of the level of the excited field is 
determined by the appearance of dynamic chaos. In contrast to the case of 
overlapping of nonlinear cyclotron resonances, the main reason for the 
appearance of dynamic chaos in our case is a qualitative change in the phase 
portrait at the variation of the field amplitude of excited oscillations. 

 

  
 

Рис.5.7.. Phase trajectories at ε = 0.08  
 

 
Рис.5.8.. Phase trajectories at ε =0.105  
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5.5. Conclusion 
 
The main result of this section is the fact that in many cases, even 

under conditions of isolated resonances, when there are no intersections of 
homoclinic or heteroclinic trajectories, when the Melnikov and Chirikov 
criteria are not met, regimes with dynamic chaos can appear. In this case, 
they appeared as a result of a qualitative quasiperiodic change in the form 
of the phase portrait. 
 
 

SECTION 6. PARTICLE ACCELERATION  

BY THE WAVE PACKET FIELD 
 

The dynamics of particles in the field of a wave packet excited in 
plasma is considered in this section. The conditions are found under which 
such dynamics is regular, and when it becomes chaotic. It was found that 
the well-known (phenomenological) criterion for the emergence of dynamic 
chaos − the criterion for overlapping Chirikov nonlinear resonances − 
requires careful use. 

 
6.1. Introduction 

 
When charged particles are accelerated by electro-magnetic waves, in 

particular, when accelerated by laser radiation, electromagnetic fields are 
mainly modeled by a coherent electromagnetic wave field. In real conditions, 
the fields are limited both in space and in time (for example, long 
electromagnetic pulses). Under these conditions, sometimes it is necessary 
to model such fields with an electromagnetic packet. The question arises: 
“What features of the dynamics of charged particles can arise in this case 
and under what conditions is it justified to simulate such a packet by a 
coherent electromagnetic wave?”  

There are answers on these questions. The motion of particles in a 
plasma in the general case obeys random dynamics. This fact is noted when 
describing the results of numerous theoretical and experimental works (see, 
for example [47 - 52]). A rigorous proof of this fact and the criteria for the 
emergence of regimes with dynamic chaos were obtained for cyclotron 
resonances (see [53 - 55]). The dynamics of particles in the fields of 
numerous waves that are excited in plasma should also be chaotic (in the 
absence of cyclotron resonances). Intuitively, this fact is not in doubt. 
However, there is apparently no rigorous proof of this fact and the 
conditions for the occurrence of such dynamics. Below, using simple 
examples, the conditions have been obtained when this statement is true, as 
well as the conditions when the particle dynamics left regular. 
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6.2. Non ‒ relativistic dynamics of particles in the fields of wave package 
 
It is known that plasma, especially plasma in a magnetic field, has a 

rich spectrum of natural wave oscillations. Let us show that plasma 
particles in these even regular fields move randomly. To prove this, consider 
the movement of charged particles in the field of a wave packet:  

 

sin( )i i i

e
z E k z t

m
                                        (6.1) 

 
Let us first consider the dynamics in the field of a single wave. For 

such dynamics, from equation (6.1)  we can obtain the well-known integral.  
To do this, we first transform equation (6.1) (with one wave) into the 
equation of the mathematical pendulum: 

 

     
2

2

d d d
kz kz kz kz t

dt dt dt
           ; 2 sin 0           (6.1a) 

 
The mathematical pendulum equation (6.1a) has a well-known 

integral:                
2

2 cos
2

H const
   
                                   (6.2) 

 
Here kz t   , 2 2/e Ek m  , /d d   , t  ,  

 
2

2(0)
cos (0)

2
H

  
   

    
Using the integral (6.2), we find the width of the non-linear 

resonance:    
 

 max min      ;     max 2    ;    min 2    ;     4                (6.3).      

 
To determine the distance between resonances, we note that the 

effective interaction of particles with pack-et waves occurs under Cherenkov 
resonance conditions  k kv  . In this case, it is easy to determine the 

distance between the resonances:   
 

...k k k
k k k k kk k k z

k k k

      

                   

             (6.4)  

 
Upon receipt of (6.4), it was taken into account that   /phv v k         
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Using expressions (6.3) and (6.4), we find the conditions for the 

occurrence of local instability: 
 

 
4 4

1 /g ph

K N
v v

 
 
 

,   1K                                 (6.5) 

 
where gv  − group speed; /N     − the number of waves in the package.  

By analyzing formulas (6.4) and (6.5), several important conclusions 
can be drawn. The first one shows (from formula (6.4)) that if the group 
velocity tends to the phase velocity of the wave, then the distance between 
the resonances tends to zero. This means that all the waves of the packet 
are located in a rectilinear dispersion region. In the phase space, the 
resonances of such waves all coincide. For particles, such resonances are 
almost indistinguishable. Dynamics should be regular. Second, if the group 
wave velocity tends to zero (for example, Langmuir waves in a plasma), 
then, as can be seen from formula (6.5)  1 ; 1K N    . In this case, 

as it was the first, apparently, it was noted in [6], the particle dynamics 
should be chaotic. We note that the dynamics of particles in a plasma almost 
always corresponds to the case  1  . Indeed, the maximum electric field 

strength of a longitudinal wave in a plasma (with complete separation of 

charges) is described by the expression: 2
max 4E nmc       

 
2 max 1

p

eE
A

m c 
         

p   ,   /pk c ,   m m  

 
If, K N  then the dynamics should be regular. In this case, the 

particle does not distinguish the resonances of the individual waves of the 
packet. We are used to the fact that as soon as the inequality K> 1 is 
fulfilled, the particle dynamics becomes chaotic. It can be seen that this 
simple, convenient, and very common criterion requires careful use when it 
comes to particle dynamics in wave packets.  

 
6.3. Relativistic dynamics of particles in the fields of wave packages 

 
In the relativistic case, the system of equations (6.1) should be 

rewritten: 

1

sin
N

n n
n

p A 


                                            (6.6) 

 
The following dimensionless dependent and independent variables are 

introduced here: 
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mc

 ,  n
n

eE
A

mc
 ,  n n nk z    , t  ,  /z z c , 

/ /n n nk k c k k  , /k c ,   /p dp d ,   /n n    

 
Here    − maximum frequency of the spectrum of the wave packet.  

Multiply the left and right sides of equation (6.6) by p , we obtain a 
useful equation for the dimensionless particle energy:            

 

1

sin
N

n n
n

v A 


                                               (6.7), 

 

where   /v v c ,  21 p                

Below we assume that the momentum of the particle is large  
( 1p  ). In this case, using equations (6.6) and (6.7), we can obtain the 
equation of the mathematical pendulum for the phase of the separately 
allocated wave of the wave packet:  

 
2 ( ) 0n n n                                              (6.8) 

 
where        2 3( ) / 2n nA p             

Note that the frequency of the mathematical pendulum, which 
describes the capture vibrations of particles in the wave field, is a function 
of time. In addition, it is seen that the frequency of these capture vibrations 
de-creases with increasing particle momentum. This dependence is quite 
obvious, since with increasing momentum the particles become heavier. In 
full accordance with the algorithm described in the previous section, we can 
determine the condition for the emergence of a regime with dynamic chaos. 
This condition can be rep-resented as:   

 
4 n

n

K




 

                                                  (6.9)   

 
We note that in both the relativistic and nonrelativistic cases we are 

talking about Cherenkov resonances. Therefore, the distance between 
resonances in the relativistic case does not differ from the distance between 
resonances in the nonrelativistic case  ( n n     ).  

Finally, the expression for the conditions for the emergence of 
dynamic chaos takes the form: 
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                                    (6.10)   
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4. Analysis of numerical results is in good agreement with analytical 

results.  
 

 

SECTION 7. NEW RESONANCES IN THE INTERACTION  

OF CHARGED PARTICLES WITH WAVES IN VACUUM 
 

The conditions for the emergence of new resonances in the interaction 
of charged particles with waves in vacuum are described. Some features of 
this resonant interaction are also described. In practice, these conditions 
mean that charged particles are captured by the field of a transverse 
electromagnetic wave and their unlimited acceleration by the field of this 
wave in vacuum. The position of new resonances in the general physical 
picture of the interaction of waves with particles in a vacuum is also 
described. The discovered resonances can play a special role for laser 
acceleration of charged particles in vacuum. 

 
7.1. Introduction 

 
Accelerating charged particles in a vacuum is an attractive option. 

This is especially true for laser acceleration schemes. There are many 
attempts to find such acceleration schemes. There is a large number of 
works that describe various scenarios for such acceleration. One of the last 
works in this direction is the work [56] (see also the literature cited therein).  
The main difficulty in constructing such schemes, which is noted by almost 
all authors, is the transverse (relative to the wave vector of the wave) 
dynamics of particles in the field of laser radiation. Therefore, the most 
common acceleration schemes contain a complex field structure, in which it 
is possible to distinguish the longitudinal (relative to the wave vector of the 
wave) component of the wave field with a phase velocity less than the speed 
of light.  Such structures are created by external material elements (lenses, 
lattices, their combinations, and others). Already the presence of such 
elements limits the intensity of the laser radiation. As a result, the 
efficiency of such acceleration schemes is not high.  

Special attention should be paid to the existence of rigorous solutions 
of particle dynamics in the field of a transverse electromagnetic wave. After 
Volkov D.M. [57] such solutions were obtained and analyzed in works  
[58-61]. Based on the solutions obtained, several new acceleration schemes 
were proposed. Note that in these rigorous solutions, the particle 
momentum components were described by periodic functions of the wave 
phase. Therefore, the acceleration process was replaced by the deceleration 
process (see below the formulas of system (7)). The impression was that 
particles in the field of a transverse electromagnetic wave in a vacuum can 
be effectively accelerated only in a limited region of space. The fact of the 
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existence of rigorous solutions in which there are no resonances was, in a 
sense, a brake for finding such solutions. Our researches have shown that 
strict solutions do not contain all solutions. There are other solutions that 
contain resonances. Such solutions are described in this section. 

In this section, it is shown that the existing exact solutions describing the 
dynamics of particles in the field of a transverse electromagnetic wave and 
presented in [58-61] do not exhaust all the features of the dynamics of particles 
in such fields. There are other solutions as well.  These solutions contain new 
resonances. When the conditions of these resonances are met, effective and 
unlimited acceleration of charged particles by the fields of transverse waves in 
vacuum is possible. This section is devoted to the description of the features of 
these resonances. It is shown that there is some analogy with the appearance of 
new resonances and with the appearance of cyclotron resonances. Below, in the 
second subsection, the statement of the problem is formulated and the basic 
equations are written out. In the third subsection, it is shown how rigorous 
solutions appear to describe the dynamics of particles in the field of a 
transverse electromagnetic wave, both without an external magnetic field and 
in the presence of an external magnetic field. As a result, the constraints under 
which these decisions are valid become visible. In the same section, it is recalled 
how, in the presence of an external magnetic field, these restrictions are 
removed, and how cyclotron resonances appear. In the fourth subsection, it is 
shown how the problem of the motion of particles when the strength of the 
external magnetic field tends to zero can be solved, in the general case. This 
section is the most important. There are formulates conditions under which 
charged particles in the field of a transverse electromagnetic wave can be 
effectively (resonantly) accelerated in a vacuum. In the fifth subsection, the 
results of a numerical study of the considered processes are presented. Good 
qualitative agreement of the obtained numerical results with analytical results 
is shown. In the conclusion, the main results are formulated and some of them 
are discussed. 

 
7.2. Statement of the problem and basic equations 

 
Consider a charged particle that moves in an external constant magnetic 

field directed along the axis z  and in the field of a plane electromagnetic wave, 
which in the general case has the following components: 

 

 0Re( exp( )), Re exp( )
c

i t i i t i 

     
 

E E kr H kE kr
 

Where  0 0E E α ,  , ,x y zi  α  - polarization vector of the wave. 

Vector equation of motion of charged particles: 
 

 0

d e
e

dt c 
 

   
 

p pE H H .                                   (7.1) 
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Without loss of generality, one can choose a coordinate system in which 

the wave vector of the wave has only two components xk  and zk . For follows, it 

is convenient to use the following dimensionless dependent and independent 
variables:, / mcp p , t  , / cr r . It is also convenient to use the 

expression for the double cross product:            p kε k p ε - ε k p . 

 
The equations of motion in these variables will be as follows: 
 

     1 Re Rei iHd
e e

d
 

   
           

p kp kε ph ε p� , 

 

,
d

d 
 

r pv  1
d

d


 

  
kp                                      (7.2)

 
 

where, 0/ Hh H , /H eH mc  ,  ε α , 0( / )eE mc  ,   kr ,  

k - is the unit vector in the direction of the wave vector, 2 1 2(1 )p  


is the 

dimensionless energy of the particle (measured in units 2mc ), p -is the 
momentum of the particle. 

Multiplying the first equation of system (7.2) by p  , we obtain a useful 
equation that describes the change in the energy of a particle: 

 

 Re id
e

d



 vε                                          (7.3) 

 
Equations (7.2) and (7.3) have well-known integrals: 
 

       0
0 0Re Re - =constii

H Hi e i e          0p ε rh k p k ε r h   (7.4) 

 
Index "0" denotes the values of the initial variables. 
 

7.3. Precise solutions without external magnetic field 
 
Looking at equation (7.2) at 0H  , it is easy to see that without loss 

of generality in this case it is convenient to choose such components of the 
particle momentum   ,p p p , p k   . 

Let's take into account that   0 k ε ;

     p          ε p ε p ε p � ;  0,0, 1k k   ... Then the system of 

equations (7.2) takes the form: 
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 1
Re idp

e
d



 
   ε p �  

 1 Re cosid
e

d
  

 


 

 
     
 

p kp ε ε                     (7.5) 

 
After dividing the left and right sides by the derivative of the wave 

phase ( /d d   ), system (7.5) can be rewritten: 
 

   1
Re idp

e
d



       
ε p


�  

cos
d

d





 
p ε                                                       (7.6) 

 
Taking into account that in the case under consideration 

  const C    , we easily find the following solutions for the momentum 

components: 
 

 0 0( ) sin sin      p p ε                             (7.7) 

1
,

dp dp
p

d C d 




 
 22 2

0

1 1
( ) ( ) (0) ~

2
p p p p

C C
         ε 

 
 

Such solutions come from the work of D.M. Volkov [57] and V.I. Ritus 

[58]. Within the framework of classical electrodynamics, they are presented 

in [59-61]. Such solutions are often referred as exact solutions. It can be 

shown that these solutions do not exhaust all solutions of the problem. 

There are other solutions. To see this, and to see an analogy between 

the emergence of these new solutions and the appearance of cyclotron 

resonances, let us take into account the presence of an external magnetic 

field and go over to the Cartesian coordinate system. In this system, the 

vector equation (7.2) takes the form: 

 

                

 

 

1 cos

cos sin

x x x x z z

x
x x z z y y H y

p k v k v

k
p p p p



  




  

   

     



 

                 1 siny y x x z z H xp k v k v p     
                                 (7.8)   
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 

 

1 cos

cos sin

z z x x z z

z
x x z z y y

p k v k v

k
p p p



 




  

   

    



 

             
 1

cos sin .x x z z y yp p p  


      
 

 
Here   /p dp d   
  
System of equations (7.8) also has rigorous solutions (7.7). To obtain 

these solutions, we remove the external magnetic field ( 0H  ). Then  it 
easily to see that if the wave vector of the wave is directed along one of the 
axes of the Cartesian coordinate system, then the solutions of this system 
will be solutions that coincide with the exact solutions (7.7). Indeed, let as 
an example the wave vector of an electromagnetic wave is directed along the 
z-axis. 

The wave vector has no transverse component ( 0; 1; 0x z zk k  ε ). 

Then the system of equations (7.8) turns into the system of equations, which 
was considered above (7.5). Thus, the exact solution is accurate only if the 
wave vector of the wave coincides with one of the components of the 
momentum of the particle and one of the axes of the coordinate system can 
be associated with this component. In the general case, such a choice cannot 
be made, and there is no simple rigorous solution. It can be seen from the 
system of equations (7.8) that the presence of the transverse wave number 
of the wave does not allow one to obtain such simple solutions. This is due to 
the fact that in the presence of a transverse wave number, the expression 
  is no longer an integral. 

 
7.4. Dynamics of particles in a wave field with circular polarization  

in the presence of an external magnetic field 
 
We will assume that the wave vector of the electromagnetic wave is 

located in the plane  ,x z  , that is  ,0,x zk kk . The system of equations 

(7.8) at 0H   describes the dynamics of particles in the field of a wave 

with arbitrary polarization. For our purposes, it is useful first to consider 
the case when the wave propagates strictly along the external magnetic 
field. In this case 0; 1; 0x z zk k  ε .   

In this case, all the features (first of all, integrals) can be used in the 
same way as was done above for the case of the absence of a magnetic field. 
So, for a wave with circular polarization ( x y  ), equations (7.8) can be 

rewritten as: 
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cos

sin

x y

y x

p p

p p

 

 

  

   
                                                  (7.9) 

                         
 cos sin / ,z x yp p p        

 
 
Where /i ip dp d  ,  /H   , the condition  1  corresponds 

to the autoresonance condition.  Note that in the case under consideration, 
the expression С const    is an integral. The system of equations (7.9) 
has a rigorous analytical solution: 

 

              0sin sin 1
1xp

        
  

              0cos cos 1
1yp

        
 

             
2

0 0 02
( ) cos 1 1 cos 2

1
z zp p

C

             
.   

(7.10)  
 
Here  0 0( ) ( ) 0x yp p   . 

From formula (7.10) in the considered case ( 0xk  ) it can be seen that, 

firstly, there is an exact analytical solution, and secondly, there is only one 
cyclotron resonance 1  - this is autoresonance. There are no other 
cyclotron resonances. 

The question arises under what conditions do many other cyclotron 
resonances arise? The answer is known - the transverse wavenumber must 
differ from zero ( 0xk  ). Next, the question arises: how can the features of 

these cyclotron resonances be investigated analytically? The answer is also 
known. It is contained in many works (see, for example, [7]-[10], [62]). It 
turns out that for an analytical description of these cyclotron resonances, it 
is convenient to introduce new variables: 

 

cosxp p  ;   sinyp p   ;   zp p   ;   sin
H

p
x  


   ; 

cos
H

p
y  


   .                                    (7.11) 

 
Using these new variables, a large number of important properties of 

cyclotron resonances have been discovered. Moreover, new cyclotron 
resonances were discovered [10]. In addition to the strength of the external 
magnetic field, the conditions of new cyclotron resonances include the 
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strength of the wave field. The work [10] is devoted to the study of the 
features of new cyclotron resonances.   

However, for further purposes, of interest is the case when the 
external magnetic field tends to zero ( 0H  ). At the same time, it is 

incorrect to use new variables (7.11). Therefore, below we will introduce 
other new variables: 

 

cosxp p  , sinyp p  , zp p  , 
2 2
x yp p p   , 

sin
p

x  


 


, cos
p

y  


 


 .                               (7.12) 

 
These new variables explicitly take into account the oscillatory 

dynamics of particles in the transverse direction. Transverse dynamics and 
phase dynamics in these new variables are described by the equations 

 
cos sinx yp p p             

 cos sin /y xp p p        

        sin sinz xk z k a            ,                  (7.13) 

 
Where    /xk p      . 

For what follows, it is convenient to use the expansion formulas 
(see, for example, [22]) 

 

   cos cos sin ( )cosn
n

a J a n    




     

   sin sin sin ( )sinn
n

a J a n    




    . 

 
A fairly simple analysis of the dynamics of particles can be carried out 

at small values of the transverse component of the wave vector of the wave  
(  1; 1 1x zk k   ). It turns out that new results can be obtained by 

taking into account the value only in the expressions for the phases. Then 
the second equation (the equation for the phases) of the system (7.13) takes 
the form: 

   1
( )sinz

n
n

v
J z n

p
     






       .                 (7.14)  

 
Here   1   ,  zp const     .                    
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The main role in the total sum will be played by those members in 

which the phase will not change. The conditions for the stationarity of the 
phases will be the conditions for resonances. Let the term with 0n    be the 
stationary member. Then the equation for phase (7.14) can be replaced by 
the equation: 

 1 1 sinzv
p





 
     

 
 ,                                   (7.15) 

 
 where   z     . 

The first bracket on the right side of equation (7.15) is positive. We will 
consider the relativistic case. In this case, it is small and only decreases with 
acceleration. If the transverse energy of the particles does not change, then 
Eq. (7.15) resembles the Adler equation in the theory of synchronization (see, 
for example, [27]).   

At p   there is a stationary state ( 0m  ). If  cos 0m  , then this 

stationary state will be stable. However, the dynamics of particles is 
described not only by Eq. (7.15), but also by equations for transverse and 
longitudinal momentum. They must be taken into account. 

So the equation for the longitudinal impulse is: 
 

 ( )cosz n
n

p
p J z n    








                         (7.16) 

 
We leave only the stationary term in the sum of the right-hand side. 

We will assume that the phase is stationary at 0n  . Then equation (7.16) is 
simplified: 

0 ( ) cosz m

p
p J 


  .                                   (7.17)    

 
Taking into account that in the considered approximation ~ 1xk  , 

we find that the value of the longitudinal impulse depends on time according 
to the law, which is characteristic of resonances: 

 

 (0) cosz z np p     
.                                 (7.18) 

 
The magnitude of the transverse momentum is determined by the 

equation 

   1 ( )cosz n
n

p v J z n    





       .                   (7.19) 
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Similar considerations that were used for the definition zp  give: 

 
  01 ( ) cos

1
cos

2

z m

x m

p v J

k

 



    

     
 


.                             (7.20) 

 
The magnitude of the transverse momentum also grows linearly with 

time. However, the slope of this linear function has a small factor, which is 
proportional to the transverse wave number ( 1xk  ): 

 

(0) cos
2
x

m

k
p p   

     
 

.                               (7.21)   

 
When obtaining (7.21), we took into account what 

   1 1 0z z z x xv k v k v      and what can be estimated the value of this 

bracket by the value xk . Note that the numerical calculations are in good 

agreement with this estimate (see below). 
 
Thus, asymptotically there are such time dependences 
 

;z xp p k         .                                   (7.22) 

   
Let us now return to the phase equation (7.15). Taking asymptotics 

(7.22) into account, this equation can be rewritten: 
 

  2 2

1 1
1

2zv
 

      .                                      (7.23)  

 
Thus, asymptotically m const  . The set of results obtained from the 

analysis of equations (7.13) - (7.23) indicate that, within the framework of 
the formulated conditions, the resonant acceleration of charged particles 
(electrons) by the field of a regular transverse wave in vacuum is realized. 

 
7.5. Numerical analysis of the initial system of equations (2) 

      
The analytical results obtained above are largely of an evaluative and 

asymptotic nature. To clarify the conditions under which the resonant 
acceleration of particles by the field of a transverse electromagnetic wave in 
vacuum is realized, a series of numerical calculations of the system of equations 
(7.2) was carried out. We note right away that good qualitative agreement was 
obtained between the numerical and analytical results. Typical results of 
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numerical calculations are presented in Figures 7.1 – 7.11. The main feature of 
the obtained resonance conditions is that the greater the field strength of the 
electromagnetic wave and the greater the initial longitudinal velocity of the 
particles, the easier the charged particles are captured into resonance. Figures 
7.1 – 7.2 show the results of numerical analysis for the values of the initial 
conditions and wave parameters that correspond to the onset of particle capture 
into resonant acceleration. Unlimited acceleration of charged particles is seen. 
The value of the longitudinal impulse grows linearly during the entire counting 
time (Figure 7.1). Moreover, the growth rate of the transverse impulse 
(Figure 7.2) is in accordance with formula (7.21), that is, it is 10 times less than 
the velocity of the longitudinal impulse. This corresponds to the fact that the 
transverse wavenumber is 10 times less than the longitudinal wavenumber 

~ 0.1x zk k . Comparing formulas (7.18) - (7.22) with the results of numerical 

calculation, it can be argued that there is a good qualitative agreement between 
them. 

The saturation process is not visible in Figures 7.1 – 7.2. To see the 
process of transition from unlimited acceleration to a mode in which the 
acceleration process is limited, it is sufficient to reduce the value of the 
longitudinal initial impulse to 1.07. This process is shown in Figure 7.3. It 
can be seen in this figure that the law of variation in the value of the 
longitudinal impulse becomes already nonlinear. Some saturation of the 
particle acceleration process is observed. Thus, if the parameter of the wave 
force is of the order of 2, then at the value of the initial longitudinal impulse 
slightly larger than unity, complete capture of particles in unlimited 
resonant acceleration does not occur. 

The saturation process develops even faster when the value of the 
transverse wave vector is reduced by another 10 times ( ). The 

dynamics of particles at these values of the parameters is shown in Figure 7.4. 
Disruption of the capture of particles into an unlimited resonant acceleration 
will also occur when its transverse momentum is greater than the wave force 
parameter . This situation corresponds to the case when the 

synchronization process, which is described by the Adler equation (7.15), does 
not have stationary stable points. In this case, the synchronization process, 
which help to the capture of particles in an unlimited resonant acceleration, 
stops working, and if the second mechanism of particle capture does not come 
into play, then the process of resonant unlimited acceleration breaks down (see 
Figure 7.5).   

A twofold increase in the wave force parameter lead to more than 
doubles the maximum value of the longitudinal impulse. This result is 
illustrated in Figure 7.6. This figure shows the longitudinal momentum 
versus time. All parameters of this case coincide with the parameters of the 
case, which is shown in Figure 1, with the exception of the wave strength 
parameter, which was doubled ( ). 

    
 

~ 0.01x zk k

 xp 

4 
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If the transverse wavenumber is not too small, then the analytical 

results cannot be considered correct. However, there are no restrictions for 
obtaining numerical results. In particular, it turns out that an increase in 
the angle from 0.1 to 0.6 increases the maximum value of the longitudinal 
impulse almost sixfold. A further increase in the angle leads to a decrease in 
the value of the longitudinal impulse. This result applies only to particles 
whose initial values correspond to Figure 7.1. 

One more remark should be made. The capture of a particle in the 
conditions of resonant acceleration is the easier to carry out, the greater the 
parameter of the wave force and the greater the longitudinal momentum of 
the particle. Moreover, looking at the expression for the longitudinal 
momentum (the third expression in system (7.10)), one might think that 
only when the wave force parameter is greater than unity it is possible to 
capture particles in the condition of resonant acceleration. 

 

 
Fig. 7.8. Dependence of the longitudinal 
impulse on time at: 4  ; Pz=10; Px=0; 

1;yp    0.1  ; 1H   

Fig. 7.9. Dependence of the 
longitudinal impulse on time at: 

4  ; Pz=10; Px=0;  1;yp   

0.1    0.5H   
 

Fig. 7.10. Dependence of the 
longitudinal impulse on time at: 

4  ; Pz=10; Px=0; 1;yp    

 0.1  ; 0.1H   

Fig. 7.11. Dependence of the 
longitudinal impulse on time at: 4  ; 

Pz=10; Px=0; 1;yp    

0.1    0.01H   
 

However, in the general case, this is not the case. In particular, if the 
longitudinal momentum of the particle is large enough, then capture into 
the resonant acceleration is possible even when the wave force parameter is 
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less than unity. This fact is illustrated in Fig. 7.7. Note that a decrease in 
the wave force parameter by five hundredths ( ) disrupts the capture 
of particles into resonance. 

The question arises about the influence of the finite value of the 
external magnetic field on the above-described particle dynamics. The 
results of numerical calculations of particle dynamics in the presence of an 
external magnetic field are presented in Figures 7.8-7.11. 

It can be seen from Figures 7.8-7.11 that the presence of an external 
magnetic field in the general case reduces the acceleration efficiency. In 
addition, the dynamics of particles changes qualitatively. It becomes 
piecewise deterministic. This dynamics is described in detail in [9]. It is seen 
that already at 0.01H  , the influence of the external magnetic field is 

practically absent throughout the entire counting time. Let us pay attention 
to Figure 7.9. It can be seen that in the general case the stepped structure of 
particle dynamics can be irregular. A so-called periodically deterministic 
mode arises. It is also described in [10]. 

 
7.6. Dynamics of particles in a wave field with linear polarization 
 
The dynamics of particles in the field of a wave with linear 

polarization will be described by the system of equations (7.2), in which it is 
sufficient to set the strength of the field component y  equal to zero ( 0y  ). 

All the features of the dynamics of particles in the field of a wave with linear 
polarization are qualitatively similar to the features of the dynamics of 
particles in the field of a wave with circular polarization. For this reason, we 
will not dwell on this dynamic. 

 
7.7. Conclusion 

 
Let us note the most important results obtained in this section: 
1. The most important of the result obtained is the result that in a 

vacuum a transverse electromagnetic wave can effectively (resonantly) 
accelerate charged particles. New resonances have been discovered. 
Moreover, the acceleration is performed by both a circularly polarized wave 
and a linearly polarized wave.                   

2. Note that rigorous solutions to particle dynamics exist both in the 
presence of an external magnetic field and in its absence. They can be found 
only when the expression is an integral. This occurs when only one 
longitudinal component of the wave vector can be preserved for the wave (in 
the considered case). 

3. Note the importance of rigorous solutions. The form of these 
solutions shows the existence of qualitatively different particle dynamics. If 

1  , then the dynamics of particles in the field of a transverse wave is the 
usual transverse dynamics. If 1  , then, the dynamics changes 

0.4 
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qualitatively. It becomes longitudinal. It should also be noted that the 
longitudinal dynamics arises as a result of the action of the Lorentz 
magnetic force on the particles. And when  1   this longitudinal dynamics 
will prevail over the transverse dynamics.  

4.  Attention should be paid to the analogy between the appearance of 
cyclotron resonances (not cyclotron autoresonance) and the appearance of 
new solutions that differ from rigorous solutions. Both cyclotron resonances 
and new solutions appear only when the role of the transverse components 
of the wave vector of the wave ( 0xk  ) in the particle dynamics is taken into 

account, when the expression   ceases to be an integral.  
5. The condition for the capture of charged particles in the resonant 

acceleration mode is the presence of a wave, the force parameter of which is 
large enough, as well as the presence of a sufficiently large initial 
longitudinal momentum of the charged particle ( 1zp  ). The larger these 

parameters are, the easier it is to capture particles in the resonant 
acceleration mode.   

6. Let us note two features that determine the capture of particles in 
the resonant acceleration mode. The first feature is related to the fact that 
the phase dynamics of particles at the initial stage of the acceleration 
process is described by an equation that resembles the Adler equation in 
synchronization theory. However, Adler's equation contains functions that 
are independent of time. Equation (7.15), which resembles Adler's equation, 
contains functions that change over time. For this reason, the usual 
synchronization process can be carried out only for a limited time interval. 
The second feature is related to the first factor on the right-hand side of 
equation (7.15). In the relativistic case, this factor is small. He's positive. In 
addition, it decreases rather quickly. It is easy to see that it is inversely 
proportional to the square of the particle's energy. Considering that the 
energy grows linearly with time, the phase derivative quickly tends to zero 
(as 21 / ). The phase itself tends to a constant value rather quickly. 
Moreover, an analysis of the numerical results shows that the stationary 
phase itself tends to zero.                

 
CONCLUSION 

 
First of all, we note that the authors tried to present the material in 

such a way that each part (section) of the review is, if possible, independent. 
Therefore, at the end of each part, the main results were formulated, which 
were described in this section. Therefore, below we will only very briefly, if 
possible without repeating ourselves, describe the main results of this 
review. 

In the first section, the characteristics of nonlinear resonances (widths 
of nonlinear resonances, distances between them, etc.) are determined for 
practically all resonant interactions of waves with charged particles. 
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Criteria for the emergence of regimes with dynamic chaos when the main 
resonances are overlapped are obtained.  Such resonances are Cherenkov 
resonances, cyclotron resonances based on normal and anomalous Doppler 
effects (see formula (1.34). It is shown that when the longitudinal 
component of the wave vector tends to unity ( 1zk  ), the distance between 

nonlinear resonances grows faster than the width of the nonlinear 
resonance. This feature is the fact that, with autoresonance ( 1zk  ), regimes 

with dynamic chaos do not arise. In the same section, attention is drawn to 
the fact that the use of the Chirikov criterion for the emergence of regimes 
with dynamic chaos may not always give the correct result. The reasons for 
this discrepancy are discussed, in particular, in numerical and analytical 
studies.  

In the second section, the dynamics of particles is investigated in the 
presence of additive and multiplicative fluctuations. As indicated above, in 
the first section it was shown that regimes with dynamic chaos do not arise 
during autoresonance. However, it turned out that it is under conditions of 
autoresonances that the dynamics of particles is anomalously sensitive to 
additive fluctuations. Superdiffusion mode may occur.  In the presence of 
multiplicative fluctuations, fluctuation instability arises, in which the 
increments of the higher moments turn out to be larger than the increments 
of the lower moments (see, for example, Figure 2.2.). In such regimes, the 
Einstein-Fokker-Planck (EPP) equation, which is widely used to describe 
the dynamics of particles, cannot be used. Note that the EPP equation takes 
into account only the first two moments. In this section, a generalization of 
the EPP equation for the case of taking into account higher moments is 
obtained (see equation (2.16). 

The third section describes new cyclotron resonances. The novelty of 
these new cyclotron resonances lies in the fact that the conditions of their 
occurrence include the value of the field strength of the wave with which the 
particles interact (see equation (3.16)). Note that only the strength of the 
external magnetic field is included in the conditions of the known cyclotron 
resonances. Note that the dynamics of particles under the conditions of new 
cyclotron resonances also significantly differs from the dynamics of particles 
in known cyclotron resonances. The main difference is that the dynamics in 
a known resonance is described by the equation of a mathematical 
pendulum, while the dynamics in new resonances is described by the Adler 
equation. Recall that the equation of a mathematical pendulum is a second-
order nonlinear equation. It has special points such as "centers", "saddles", 
and is also characterized by a special trajectory - the separatrix. Adler's 
equation is an ordinary differential equation of the first order. The dynamics 
described by such an equation is much simpler. In particular, regimes with 
dynamic chaos are piecewise deterministic. The spectra of such regimes are 
much more regular than those in regimes with known cyclotron resonances. 
This section describes the characteristics of the particle dynamics under the 
conditions of new resonances.   
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The fourth section describes the process of plasma-beam instability in 

the presence of fluctuations (in time or in space) of the plasma density. It is 
shown that the presence of such fluctuations destroys the regular process of 
excitation of plasma oscillations. The distances at which the plasma-beam 
interaction can still be regular are determined.  

In the fifth section, the dynamics of excitation of oscillations by an 
electron beam under conditions of isolated cyclotron resonance is considered. 
One might expect that, within the framework of an isolated cyclotron 
resonance, the dynamics of excitation of oscillations would be regular. It 
turned out that the dynamics may be irregular. The reasons for the 
emergence of regimes with dynamic chaos have been clarified.  It turned out 
that the reason for the irregularity is a quasiperiodic qualitative change in 
the form of the phase portrait of the beam particles. Thus, the process of 
periodic or quasiperiodic qualitative change in the form of the phase portrait 
should also be referred to the known mechanisms of the emergence of 
regimes with dynamic chaos. 

The models of waves used in theoretical considerations as purely 
monochromatic waves is an idealization. Real waves are always packets of 
waves, that is, they are more or less sets of regular monochromatic waves. 
The characteristics of these waves are very close to each other. This means 
that the distance between these individual resonances is small. The 
question arises: What dynamics (chaotic or regular) describes the dynamics 
of particles in a wave packet? The answer to this question is contained in 
the sixth section of the review. It is shown that if the group and phase 
velocities of waves in a packet are close to each other, then the dynamics of 
particles in such a packet will be regular. This means that the model of a 
regular monochromatic wave for such a packet is quite justified.   If the 
phase and group velocities are different, then in most cases the chaotic 
dynamics of particles is realized. Such a packet cannot be modeled as an 
isolated regular wave. In this section, in addition to these results, it is 
shown that the parameter of the wave strength (the most important 
parameter for us /A eE mc ) in plasma is always less than unity ( 1A  ). 

The seventh section describes the discovered new resonances in the 
interaction of transverse electromagnetic waves with charged particles in a 
vacuum. Under the conditions of these new resonances, practically 
unlimited acceleration of electrons by the field of transverse electromagnetic 
waves is possible. In particular,  by the field of laser radiation.  It is shown 
that these resonances arise only when the electromagnetic waves have a 
transverse component of the wave vector (in this case, some integrals cease 
to be integrals). Note that ordinary cyclotron resonances (not 
autoresonance) also arise only when the waves have a nonzero transverse 
component of the wave vector ( 0k  ) . 

Let’s formulate some considerations (thoughts) regarding the 
possibility of resonances between particles and waves in a vacuum.     
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efficiency of the interaction of charged particles with a wave in a vacuum 
can be determined mainly by the Lorentz magnetic force. This is due to the 
fact that the efficiency of the interaction of particles with the wave is 
determined only by the phase dynamics of the particles in the wave. This 
equation has the form 

 

   1 Re Rei id
e e

d
 

  
          

p kp kε ε p�                      (2) 

 
Note that the first multiplier in the first term on the right-hand side 

is the time derivative of the wave phase    
 

1 


 
  

 

kp   

 
Note also that the expression const   is the integral. Then 

equation (2) transforms into    
 

   Re Re
( )

i id
e e

d
 

 
    

p kε ε p


� ;      2~
d

d


p ε ε                  (3) 

 
It follows from these formulas that for a large parameter of the wave 

force ( 1  ), the main role in the phase dynamics of particles will be played 
by the Lorentz magnetic force. Note that this force is directed along the 
wave vector of the wave. Thus, at large values of the wave force parameter, 
the dynamics of particles from the familiar transverse dynamics turns into 
longitudinal dynamics  ( 1 H Ethen F F   ). 

 
3. Analogy with the occurrence of cyclotron resonances. 
Attention should be paid to the analogy between the appearance of 

known cyclotron resonances (with the exception of autoresonance) and the 
appearance of our resonances. Both those and other resonances appear only 
when the structure of the electromagnetic wave with which the particles 
interact has a nonzero transverse component of the wave vector   0k   . 

4. Above, in Section 7.2, it was shown that charged particles by the 
field of a plane electromagnetic wave in a vacuum can be captured in an 
almost unlimited acceleration. The conditions for such capture were written 
out. Let us pay attention to only one of these conditions - the need for a 
wave to have a transverse component of the wave vector. The question 
arises about the possibility of the capture of particles by the field of waves 
that have a different configuration. Our preliminary analysis shows that the 
field of a wave that propagates in a circular waveguide with components  
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can also capture charged particles. It can be expected that laser fluxes with 
a Gaussian field structure will have the same trapping property. 
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he features of the processes of interaction of charged particles and flows of 
charged particles with dielectric and solid-state dispersive plasma-like 
media are presented.  

The dispersion characteristics of oblique surface magnetoplasmons in 
a structure with a two-dimensional plasma layer lying on the surface of 

a three-dimensional plasma half-space are analyzed. It is shown that from the 
analysis of the expression for the spectral density of the electron energy losses on 
the excitation of these waves, it is possible to establish the type of the dispersion 
law of charge carriers in a two-dimensional electron gas at the interface between 
the media. 

The results of a theoretical study of beam instability during the motion of a 
nonrelativistic thin tubular electron beam over a solid cylinder made of artificial 
material are presented. The possibility of occurrence of absolute instability in the 
frequency range where the metamaterial exhibits left-handed properties is 
shown. The effect of nonlinear stabilization of such a beam as it moves along the 
surface of a solid-state cylinder made of a dielectric as well as a plasma-like media 
is theoretically investigated. It is established, in particular, that in the 
electrostatic approximation, when the beam moves along a plasma-like cylinder, 
the nonlinear stabilization of the growth of the wave amplitude occurs due to the 

T 
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effect of self-trapping of the beam electrons by the field of the electrostatic wave of 
the beam itself. 

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular 
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-
handed media, absolute beam instability, Cherenkov resonance, anomalous 
Doppler effect, nonlinear stabilization, self-trapping. 

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w 
 
 

INTRODUCTION 
 

The features of the processes of interaction of charged particles and 
flows of charged particles with dielectric and solid-state dispersive plasma-
like media have been presented. This chapter is divided into three sections. 
The introduction to each section describes in detail the relevance of the 
problem under study, the object and research methods. The brief summary 
is provided at the end of each section. At the end of the chapter, there is the 
general detailed conclusion for all the considered tasks.  

Section 1 is devoted to theoretical study of electron energy loss by the 
excitation of surface magnetoplasma oscillations by an electron moving 
along a static magnetic field in vacuum over a two-dimensional plasma 
layer on the surface of three-dimensional plasma half-space. Electron 
energy loss by the excitation of surface magnetoplasmons has been 
calculated in the electrostatic approximation. It has been shown that the 
type of the dispersion law of electrons in such plasma (quadratic for a two-
dimensional Drude gas or linear for graphene) can be determined from the 
qualitative character of the dependence of the maximum of the spectral 
density of this loss on the electron density in the two-dimensional plasma. 
Consequently, the results obtained can be used, for example, as the basis for 
a new contactless method for testing graphite films to isolate graphene 
monolayers from them. 

Section 2 is devoted to theoretical study of the interaction between a 
tubular beam of charged particles and a dispersive metamaterial of 
cylindrical configuration. This metamaterial may have negative permittivity 
and negative permeability simultaneously over a certain frequency range 
where it behaves like a left-handed metamaterial. The dispersion equation for 
the eigenmodes spectra of a metamaterial and the coupled modes spectra of 
the system have been derived and numerically analyzed. It has been found 
that the absolute beam instability of bulk-surface waves occurs because of 
peculiarities of the eigenmodes spectra of left-handed metamaterial. 
Specifically, the resonant frequency behavior of the permeability causes the 
emergence of the sections of dispersion curves with anomalous dispersion. It 
has been demonstrated that the symmetric bulk-surface mode with two field 
variations along the cylinder radius possesses the maximum value of 
instability increment. The obtained results allow us to propose the left-
handed metamaterial as the delaying medium in oscillators of 
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electromagnetic radiation without a need to provide an additional feedback in 
the system just as in a backward-wave tube. 

Section 3 is devoted to theoretical study of nonlinear stabilization of 
an electron beam moving along the solid-state cylinder. In the first part of 
the section the case of a solid-state plasma cylinder has been considered, 
whereas in the second part of the section the solid-state cylinder is supposed 
to be a dielectric one. 

In the case of a solid-state plasma cylinder it is assumed that the 
electron collision frequency in the plasma cylinder is much higher than the 
frequency of plasma eigenmodes (oscillations). The beam is assumed to be 
nonrelativistic, and, thus, the problem is solved in the electrostatic 
approximation. It is shown that the growth of the wave amplitude is 
stabilized nonlinearly due to the self-trapping of the beam electrons by the 
field of the electrostatic wave excited in the beam itself. It is found that the 
saturation time of instability and the maximum amplitude of the excited 
wave depend on the radius of the plasma cylinder. It is established that the 
larger the radius of the plasma cylinder, the later the nonlinear stage of 
instability begins and the larger the maximum amplitude of the excited 
wave. 

In the case of a solid-state dielectric cylinder it is assumed that the 
beam is non-relativistic, infinitely thin in the radial direction, and moves 
along the surface of the cylinder parallel to the lines of force of an external 
constant magnetic field, which prevents the transverse motion of the beam 
electrons. The mechanism of nonlinear stabilization of azimuthally 
symmetric E-type electromagnetic waves with different values of radial 
mode indices is studied by the method of slowly varying amplitudes and 
phases. The physical cause of excitation of such waves is the Cherenkov 
resonance, and the nonlinear stabilization mechanism is based on the 
trapping of beam particles by the field of the excited wave. It is shown that, 
as the radial mode index of the excited wave increases, the saturation time 
of instability and the maxima and the “period” of amplitude oscillations at 
the nonlinear stage of instability saturation decrease. It is shown that, at 
the nonlinear stage of instability, the waves excited by the beam have 
elliptical polarization. Moreover, in the vacuum region, the directions of 
rotation of the electric fied vectors of 01E  and 02E  waves turn out to be 

opposite. 
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SECTION 1. CHARGED-PARTICLE ENERGY LOSS  

BY THE EXCITATION OF SURFACE MAGNETOPLASMONS IN A 

STRUCTURE WITH TWO- AND THREE-DIMENSIONAL PLASMAS 
 

1.1. Introduction 

The properties of surface magnetoplasmons in a structure with two- 
and three-dimensional plasmas were studied in [1]. In particular, they can 
be excited by a charged particle moving over such a structure along a static 
magnetic field directed along the boundary of the structure. As was 
mentioned in [1], such an orientation of the static magnetic field is of the 
most interest because the frequency of a surface magnetoplasmon is an odd 
function of the wavevector. The Cherenkov effect [2,3] underlies the 
mechanism of the interaction of the charged particle with surface 
magnetoplasmons. Since the particle can excite only magnetoplasmons 
having low phase velocities (much lower than the speed of light in vacuum), 
the electrostatic approximation is appropriate for the description of such an 
interaction. The study of the so-called oblique magnetoplasma waves is of 
considerable interest. Many theoretical and experimental works were 
devoted to this issue (see, e.g., [4–12] and refs. therein). 

In [4] surface oscillations in confined cold plasma with charged 
particle fluxes along a constant magnetic field were considered. The plasma 
boundary was assumed to be sharp, so that the wavelength of the 
oscillations was much greater than the thickness of the transition layer. 
General boundary conditions for matching solutions on this layer were 
obtained, with the help of which dispersion equations of oscillations were 
obtained in various special cases. It was shown that oblique surface waves 
were unstable in the presence of particle fluxes, which leads to the opening 
of the sharp plasma boundary.  

In [5,6] the problem of excitation surface electromagnetic oscillations 
in semiconductors in strong magnetic electric and magnetic fields was 
theoretically investigated. The dispersion law and damping of oscillations 
were obtained, the possibility of amplification and generation of these 
oscillations was shown, and the corresponding growth rates were found. The 
resonant interaction of surface waves with a quasineutral flux of charged 
particles moving in vacuum parallel to the surface of the medium was 
investigated. 

In [7] the propagation of potential surface waves along a flat vacuum-
plasma interface was theoretically investigated. The directions of wave 
propagation and tension were considered arbitrary. It was shown that the 
field of the surface wave decays exponentially as it moves into the depth of 
the plasma, performing spatial oscillations. The frequencies of high-
frequency and low-frequency potential surface waves were calculated. It was 
shown that the propagation of potential surface waves was impossible in 



Yu. O. Averkov, Yu. V. Prokopenko, V. M. Yakovenko. Chapter II. Excitation of electromagnetic...  107 

 
strong magnetic fields. The damping decrements caused by the work of the 
field in the plasma volume and in the plasma resonance region were found. 

In [8] the non-potential surface waves propagating along the 
semiconductor-vacuum interface were theoretically investigated. Their 
spectra and attenuation were obtained in one-component (surface helicon) 
and compensated (surface Alfvén wave) semiconductors. The interaction of 
surface waves with an electron beam was investigated and the growth rates 
of the waves were calculated. 

In [9] the theory of surface polaritons associated with the planar 
surface of a semi-infinite anisotropic dielectric medium with including of 
retardation was developed. It was shown that, in general, two attenuating 
components with different attenuation constants must be superposed within 
the medium in order to satisfy the boundary conditions, and the macroscopic 
electric field vector does not lie in the sagittal plane.  It was demonstrated 
that for special cases only one attenuating component is required, and the 
electric vector does lie in the sagittal plane. This theory was applied to the 
specific case of surface magnetoplasmons in a semiconductor for magnetic 
field either perpendicular or parallel to the surface. In the latter case, 
propagation directions parallel and perpendicular to the magnetic field were 
considered.  

In [10] the existence of electromagnetic surface waves at the boundary 
separating magnetized semiconductor plasma and a dielectric or metal was 
demonstrated. The external magnetic field was along the interface. It was 
shown that slow surface waves of the helicon or Alfven type can exist only 
with their propagation vector directed obliquely with respect to the 
magnetic field.  

In [11-12] theoretical and experimental studies of the electromagnetic 
properties of the millimeter and submillimeter wavelength ranges of 
inhomogeneous semiconductor structures were considered in detail. The 
theory of wave and oscillatory processes in isotropic and magnetoactive 
plasma of semiconductors was developed, the interactions of surface and 
bulk waves with flows of charged particles were investigated, the properties 
of hot charge carriers and the effects accompanying their heating were 
described.  

The dispersion properties of oblique magnetoplasma waves are very 
sensitive to the conductive properties of the interface. Therefore, by 
studying their conducting properties of such waves, it is possible, for 
example, to measure the conducting properties of thin surface layers. This is 
a very actual problem in connection with the active study of the conductive 
properties of thin graphene films, for example, to identify graphene 
monolayers among graphite films. 

Graphene is known to be a two-dimensional allotropic form of carbon, 
the crystal lattice of which is similar to the structure of honeycomb [13]. The 
unit cell of this lattice is represented by a regular hexagon with carbon 
atoms at its vertices. Graphene can be considered as the main structural 
unit of other allotropic forms of carbon, namely, fullerenes (zero-dimensional 
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objects) [14], quantum nanotubes (one-dimensional objects) [15], and three-
dimensional graphite forms (which are represented by graphene stacks 
bounded by weak van der Waals forces). The structure of the energy bands 
of graphene and its semimetal conducting properties were theoretically 
described in 1947 [16]. However, the first graphene films were prepared 
only 60 years later via multiple mechanical splitting of highly oriented 
pyrolitic graphite [17]. The uniqueness of work [17] also consists in the fact 
that it proved the possibility of existence of regular thermodynamically 
stable 2D crystals, which had been denied for a long time (see, e.g., [18] and 
refs. therein). 

The main difference of the electronic properties of graphene from 
those of a conventional 2D electron gas (2DEG; e.g., a thin metallic or 
semiconductor film) is that graphene is a semimetal with a zero band 
overlap. The valence band and the conduction band of graphene touch each 
other at two points in the Brillouin zone (so-called Dirac points). Near these 
points, the dependence of the carrier energy on the carrier momentum is 
linear, and charge carriers are massless chiral Dirac fermions [19-21]. The 
fermion velocity in graphene is lower than the velocity of light in vacuum by 
a factor of 300. The Dirac character of charge carriers in graphene, e.g., 
makes it possible to observe a number of unique effects, such as the 
anomalous quantum Hall effect (at room temperature) [20], the Klein 
paradox [22-24], the Aharonov–Bohm effect [25], the Anderson localization 
[26], and the Coulomb blockage [27]. In strong magnetic fields, exciton gaps 
[28] and Wigner crystals [29] can form in graphene. Binary graphene layers 
can exhibit both ferromagnetic and antiferromagnetic properties [30]. 

These unusual physical properties of graphene are caused by the 
internal quantum mechanical features of graphene and, hence, manifest 
themselves at the quantum level. The quantum mechanical peculiarities of 
the transport properties of graphene are also reflected on its “classical” 
electrodynamic characteristics. For example, Rana [31] proposed a 
conceptual model for coherent terahertz radiation source, which is based on 
the inversion electron population of levels in the valence band of graphene 
due to the interband transitions caused by the interaction of electrons in the 
valence band with surface plasmons of graphene. The authors of [32] 
revealed a giant Purcell effect for an elementary dipole located on the 
surface of a metamaterial consisting of alternating graphene and dielectric 
layers. It was noted that this effect can be used to significantly increase the 
terahertz radiation source intensity. The high electron mobility in graphene 

(up to 106 cm2/(V s) [33]) makes it possible to create graphene-based active 
plasmon interferometers and photodetectors that can operate in the 
frequency range from terahertz to visible radiation and have an extremely 
high operation speed, a low control voltage, low power consumption, and 
very small sizes [34]. 

Mikhailov and Ziegler [35] predicted the ability of graphene to 
maintain the propagation of TE-polarized surface electromagnetic waves. 
The physical cause of this ability is a linear law of dispersion of conduction 
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The field equations for the region 0y  in the electrostatic 

approximation are written in the form 
 

  0,rot trE ,                                                    (1.1) 
 

       tvzayxt 0e4,div  rE ,                                (1.2) 

 
where e  is the charge of the electron and δ(x) is the Dirac delta function. 
The corresponding equations for the region 0y  has the form  
 

  0,rot trE ,                                                 (1.3) 
 

     ytent  ,4,div ρrD  ,                                      (1.4) 
 

where D  and E  are related to each other through the corresponding 
material equation,   zx,ρ ,  tn ,ρ  is the perturbed electron density in the 
two-dimensional plasma satisfying the continuity equation 
 

    ,0,div
,





t

t

tn
e ρjρ                                             (1.5) 

 
where  t,ρj  is the electron conduction current in the two-dimensional 
plasma, which is related to the electric field  t,ρE  as 

 

      tdtttt
t

 


,, ρEρj  ,                                        (1.6) 

 
where  tt   is the response function. The continuity condition of the 
tangential components of the electric field is satisfied at the 0y  interface. 
The normal component of the electric displacement has a break, which is 
determined from Eq. (1.4) by integrating along the y  coordinate: 
 

     tentDtD ypyv ,4,, ρρρ  ,                                      (1.7) 

 
where the subscripts «v» and «p» refer to the vacuum and plasma regions, 
respectively. 

We introduce the potential  t,r  such that    tt ,=, rrE   and 
represent it in the form of a set of space–time harmonics: 

       ,,exp,=, 




 tykiddt y  κρκκr                    (1.8) 
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where  zx kk ,κ . Then, the material equations can be represented in the 

form 
      ,, κκ jiji ED  . 

 
Here, summation over the subscript " j " is implied and )(ij  are the 

elements of the tensor 
 

,
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







 i

i
                                            (1.9) 

 

 
  










 22

2

0 1
H

P

i

i


 ,                                 (1.10) 

 

  22

2
0

H

Hp

i 





 ,                                         (1.11) 

 

 















i

p
2

0|| 1 .                                         (1.12) 

 
Here, 

Dp mNe 300
24    and cmHe DH 30  are the plasma and 

cyclotron frequencies, respectively;   is the relaxation frequency of the 
momentum of electrons of the three-dimensional plasma; 0N  and Dm3  are 

the equilibrium density and effective mass of electrons in the three-
dimensional plasma, respectively.  Below, we will assume that  . In 

the region 0y ,   ijij   , where ij  is the Kronecker delta. 

In the absence of a charged particle, Eqs. (1.1)–( 1.4) provide the 
following expressions for the normal components of the wavevector in the 
regions of vacuum,  ,yvk  and of the three-dimensional plasma,  ,[ypk : 

 
    ikyv , ,                                                 (1.13) 

 

  2||2, zxyp kkik






 .                                      (1.14)  
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It is easy to show that the Fourier components of the electron field 

potential have the form 
 

     0exp
2

, vka
e

ze  


 κ .                         (1.15) 

 
To determine the field potential excited by the electron in vacuum, 

  ,κv , and in the plasma,   ,κp , we use the conditions at the 0y  

interface. As a result, we obtain 
 

      ,,, κκκ pev  ,                                    (1.16) 

 
     κκκ ,4,,  enDE ypyv  ,                              (1.17) 

 
where  ,yvE  κ  is the sum of the field of the electron and  κ,n  is the 

Fourier component of  tn ,ρ  given by the expression 
 

     κκ ,,
2



 pie

n  ,                                   (1.18) 

where        di



0

exp
 is the Fourier component of the conductivity 

of the two-dimensional plasma, which can be the conductivity of both the 
two-dimensional Drude plasma and graphene. 

Conditions (1.16) and (1.17) provide the following expressions for the 
electron-induced field potentials: 

 

       0exp
,Δ

2
1

2
, vka

e
zv 








 







κ
κ ,             (1.19) 

 

       0exp
,Δ

, vka
e

zp  



κ

κ ,                        (1.20) 

 
where  

    


   ypx kik
i 24

,Δ κ .                       (1.21) 

 
Charged particle energy loss per unit time to the excitation of surface 

magnetoplasmons is given by the known expression [37] 
 

 ttvzayxEev
dt

dW
zv ;,,0 00  ,                          (1.22) 
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where  ttvzayxEzv ;,,0 0  is the z component of the electric field of the 

magnetoplasmon at the electron location point. Taking into account Eqs. 
(1.8) and (1.19), we represent Eq. (1.22) in the form.  
 

        tvkivka
k

dkdkd
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dt

dW
zz

z
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00

0
2

expexp
,Δ

2
1

2 κ
.    

(1.23) 
 

The excitation of surface plasmons corresponds to the pole of the 
integrand in Eq. (1.23), i.e., to the condition   0,Δ κ . Introducing small 
dissipative loss in the three-dimensional plasma and using the pole bypass 
rule [38] 

 xi
x

P

ix






1 ,                                      (1.24) 

 
where 0   and P x  is the principal value of the integral of function 1 x , 
we arrive at the following expression for electron energy loss to the 
excitation of surface magnetoplasmons: 
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where  

    
  0

0
x

,,Δ
kΛ









xj

j

k

zx vkk






 ,                        (26) 

 
 xk

j
  are the positive roots of the dispersion equation 

  0,,Δ 0   vkk zx ,     2
0

22 vkkk xxx    and summation is performed 

over the roots of the dispersion equation for surface magnetoplasmons in the 
regions 0xk  and 0xk . The first integral in (1.25) describes waves 

propagating at negative phase velocities to the region 0x , whereas the 
second integral describes waves propagating at positive phase velocities to 
the region 0x . According to Eq. (1.25), electron energy losses at 0xk  

and 0xk  are different from each other. This is a manifestation of the 

nonreciprocity of the propagation of surface magnetoplasmons.  
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1.3. Numerical Analysis of the Dispersion Equation 

For Surface Plasmons Excited By a Particle 

The  charged  particle moving  over the  structure under  investigation 
excites only those eigenmodes (surface plasmons) that satisfy the Cherenkov 
resonance condition 0vkz  . We also note that the particle excites only 

waves traveling at acute angles with respect to the external magnetic field 
(in particular, along the external magnetic field). Waves propagating at a 
right angle to the external magnetic field are not excited because the 
projection of the vector E  on the direction of particle motion is zero and, 
therefore, particle energy loss to the excitation of surface plasmons is 
absent. The dispersion equation   0,Δ κ  for surface plasmons excited by 
the particle has the form 

 

    
0

4 2||2
2




 







zxx kkk

i .                    (1.27) 

 
This equation at 0zk  describes the pure transverse propagation of 

surface plasmons and coincides with the corresponding dispersion equation 
obtained in [1].  

It is convenient to numerically analyze Eq. (1.27) in the dimensionless 
variables 

 

p
  , 

p

H
H 

  ,                                      (1.28) 

 

p

x
x

kv
k


0 , zk , 22   xk .                        (1.29) 

 
In these dimensionless variables, dispersion equation (1.27) is 

represented in the form 
 

 
0

4 2||22 


 







xx kk
i .                       (1.30) 

where     0v  .   

We perform numerical estimations for the GaAs semiconductor as a 
three-dimensional plasma with 53.120  , 03 067.0 mm D   (where 0m  is the 

mass of the free electron), and 14
0 10N cm-3 and the InSb semiconductor as 

a two-dimensional plasma with 02 014.0 mm D   and the equilibrium electron 
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HybH    and HHyb    corresponds to the uniform 

electromagnetic field. The particle obviously does not excite such uniform 
magnetoplasma waves. It is also seen in Fig. 1.2 that dispersion curves 1 have 
segments with anomalous dispersion. 

The number of regions where surface magnetoplasmons can propagate 
only in one direction with respect to the external magnetic field in the case 
under consideration is smaller than that in the case of the purely transverse 
propagation of surface magnetoplasmons with respect to the external 
magnetic field considered in [1]. This means that the propagation of surface 
magnetoplasmons at acute angles reduces the degree of asymmetry of 
dispersion curves. Furthermore, at the “canted” propagation of waves in the 
frequency range 

HH   , the points of beginning of the spectrum  of  
the  corresponding  dispersion curves appear.    

 
1.4. Numerical Analysis of Charged-Particle Energy Loss 

To The Excitation of Surface Plasmons 
 

We now analyze the dependence of the integrands in Eq. (1.25) on xk . 

To this end, we represent these expressions in the dimensionless form by 
introducing the quantity Q : 

 

dtkd

Wd

e

v
Q

xp

2

22
0

2 
 .                                           (1.32) 

 
This quantity has the meaning of the dimensionless spectral density 

(in spatial harmonics of xk ) of electron energy loss to the excitation of 

surface plasmons, i.e., the work produced by the field of surface plasmons on 
the electron.   

We plot the radiation pattern of emitted canted surface 
magnetoplasmons in terms of the angle   between the velocity of the 
electron and the two-dimensional wavevector κ  (see Fig. 1.1): 

 


 xk

arcsin .                                            (1.33) 

 
The dependences  Q  will be analyzed for each dispersion curve in 

Fig. 1.2 in the region of positive frequencies at 0  ( 0xk ) and 0   

( 0xk ).  

Figure 1.3 shows  Q  curves for pva 01.0 . The curves in Fig. 1.3 

are marked by the same numbers as the dispersion curves in Fig. 1.2. Line 1 
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where 0vaa p . According to Eq. (1.34), the nonreciprocity effect leads to 

a correction of the order  xkO , which depends on the sign of xk  and results 

in the shift of the maximum of the spectral density toward positive values of 

xk  (positive angles  ). Corrections associated with the presence of the two-

dimensional plasma are of the order  2
xkO  and, hence, make a “symmetric 

contribution” to  xkQ . 

It is also seen in Fig. 1.3 that there are threshold angles 

ththxth k  ,arcsin  (where  2,
2
, thxthxth kk   ) below which electron-

energy loss is absent. These threshold angles correspond to the points of 
beginning of dispersion curves 3 marked by circles in Fig. 1.2. We emphasize 
that the points of beginning of the spectrum (at which 0Im ypk ) in Fig. 1.2 

determine the threshold wavenumbers xk  at which surface 

magnetoplasmons appear and, correspondingly, charged particle energy loss 
to their emission. The asymptotic expression for the spectral density near 
the emission threshold has the form 

 

    
    a

k
kQ

HHyb

HHybyp

x 
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2exp

Im
2222

0

2222





 .              (1.35) 

 
Expression (1.35) shows that the spectral density near the emission 

threshold decreases as 0Im ypk . The detection of modes corresponding to 

lines 3 in Fig. 1.2 becomes possible if the observation angle (measured from 
the direction of the magnetic field) is larger than th . In particular, for 

lines 3 in Fig. 1.3, o
th 4.57 . 

It is seen in Fig. 1.3 that the maximum of the spectral density for 
surface modes described by dispersion curves 1 and 2 in Fig. 1.2 is 
approximately two orders of magnitude higher than those for surface modes 
described by lines 3 in Fig. 1.2. Consequently, the main contribution to 
electron energy loss comes from the excitation of modes 1 and 2 in Fig. 1.2. 

Figure 1.4 shows the results of the numerical analysis of the 
dependence of the maximum of the spectral density,  maxmax QQ  , 

corresponding to mode 1 in Fig. 1.2 (maximum of line 1 in Fig. 1.3) on the 
electron density in the two-dimensional plasma at 0a  (which corresponds 
to the condition 1a ) for the cases where the two-dimensional plasma is 
a Drude gas (with a quadratic dispersion law) and graphene monolayer 
(with a linear dispersion law) with the same electron density. Numerical 
calculations show that the qualitative form of the above dispersion curves 
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Since the interband conductivity makes a significant contribution to the 

resulting conductivity of graphene gr  at 
FE  [40], the contribution inter

gr  

will be significant at 13102  s-1 for 10
0 10n cm-2 and at 13106  s-1 for 

11
0 10n cm-2. Since p  is much lower than these frequencies, the intraband 

contribution intra
gr  dominates in the conductivity of graphene. The Fermi 

energy for the two-dimensional Drude plasma is given by the expression 

DF mnE 20
2 . The analysis of the curves in Fig. 1.4 indicates that the 

dependence  0max nQ  for the two-dimensional plasma with a quadratic 

dispersion law (line 1) is qualitatively close to the dependence   00 nnEF   

(line 3), whereas the dependence  0max nQ  for the two-dimensional plasma 

with a linear dispersion law (line 2) is qualitatively close to the dependence 
  00 nnEF   (line 4). This means that the dependence  0max nQ , more 

precisely, the position of the maximum in the angular distribution of the 
intensity of excited surface plasmons can indicate the qualitative character of 
the dispersion law of electrons in the two-dimensional plasma. The density  

can be varied by applying a gate voltage to graphene [17]. It is also seen in 
Fig. 1.4 that lines 1–4 intersect each other at one point corresponding to the 
concentration 11

,0 105.4 thn cm-2, at which the Fermi energies of the two-

dimensional Drude plasma and graphene are identical, DFgrF EE 2,,  . We also 

note that the inequality D
gr

2ImIm    is valid for thnn ,00  , whereas the 

opposite inequality D
gr

2ImIm    is satisfied for thnn ,00  . The above 

analysis is also valid for coherent electron bunches, i.e., for bunches much 
smaller than the wavelength.  

 

1.5. Conclusions 
 

The excitation of surface magnetoplasmons by an electron moving 
along a static magnetic field in vacuum over a two-dimensional plasma 
layer on the surface of three-dimensional plasma has been studied 
theoretically. Surface magnetoplasmons are excited under the Cherenkov 
resonance condition. An expression for the spectral density of electron 
energy loss to the excitation of surface magnetoplasmons has been obtained 
and analyzed. The spectral characteristics of the two-dimensional plasma 
for the cases of the Drude electron gas and graphene with a linear 
dispersion law of electrons have been compared. It has been shown that the 
dependences of the maxima of the spectral density on the electron density in 
the two-dimensional plasma are in qualitative agreement with similar 
dependences for the Fermi energies in the two-dimensional plasma with the 

0 n
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corresponding dispersion law of electrons. This means that the position of 
the maximum of the angular distribution of the intensity of excited surface 
plasmons can indicate the qualitative character of the dispersion law of 
electrons in the two-dimensional plasma. 
 
 

SECTION 2. INTERACTION BETWEEN A TUBULAR BEAM  

OF CHARGED PARTICLES AND A DISPERSIVE METAMATERIAL  

OF CYLINDRICAL CONFIGURATION 
 

2.1. Introduction 

 
Since the travelling-wave amplifier was created by R. Kompfner (see 

Ref. [42]) in the 1940s, there have been many theoretical and experimental 
works devoted to transform a kinetic energy of charged particle flows into 
an electromagnetic radiation (see, e.g., Refs. [43-47] and the references cited 
therein). At present time, there is a tendency towards the advancement in 
millimeter and submillimeter wavelength ranges in the development of 
electron-vacuum technology. At the same time, the use of traditional 
approaches to the electronic devices design is experiencing great difficulties 
due to the small geometric dimensions of the main elements. There is a need 
to use oversized (with respect to the wavelength of generated oscillations) 
electrodynamic structures operating in a multimode regime. The stability of 
the generation frequency requires excitation and selection of a high-order 
working mode in such structures. The possibility of excitation of the weakly 
decaying high-order modes (so-called "whispering gallery" modes) in 
cylindrical dielectric resonators (CDR) predetermines their use in the 
vacuum electronic devices of the short-wave range of millimeter and 
submillimeter wavelengths. Then, the above-mentioned structural difficulty 
is overcome. However, the output power of traditional sources drops down 
sharply with a transition to submillimeter wavelengths [48]. Hence, it 
becomes necessary to use high-energy oscillators excited by electron flows. It 
is important to note in this connection that with powerful new technologies 
many types of artificial materials can be fabricated which are endowed with 
unique electromagnetic properties and show promise as structural elements 
for the high-energy oscillators. For instance, among them there are the 
metal-based (see, e.g., Refs. [49-53]), all-dielectric [54-57] and graphene-
based [58] metamaterials which behave like left-handed ones over a certain 
frequency range. Below we dwell on electromagnetic properties of left-
handed metamaterials (LHMs) in more detail. 

In paper [59], the results of investigations of an auto-oscillatory 
system based on a high-quality CDR with whispering gallery modes excited 
by the azimuthal-periodic current of relativistic electron beam were 



122                                              PROBLEMS OF THEORETICAL PHYSICS 

 
presented. The possibility of using the investigated system or its 
modifications is shown in the millimeter wavelength range. The appearance 
of the detected electromagnetic radiation is associated with the excitation of 
CDR whispering gallery modes by a disturbed flow of charged particles. The 
theoretical description of the phenomena that lead to the appearance of the 
radiation found in Ref. [59] is rather a difficult problem. Therefore, from our 
viewpoint, it seems appropriate to use the simplified physical models of the 
electrodynamic system discussed in Ref. [59], which allow qualitative and 
quantitative descriptions of physical phenomena that are as close as 
possible to the experimental conditions. The simplest physical model is a 
radially thin tubular electron beam moving along an infinitely long solid-
state cylinder. 

An actual problem of radiophysics and electronics is the investigation 
of the generation mechanisms of electromagnetic waves that are excited 
when charged particles move in various electrodynamic systems. To create 
sources of electromagnetic radiation in the millimeter and submillimeter 
ranges, the beam instabilities occurring in electrodynamic systems of 
various kinds are of great interest. Particular attention is given to 
multiwave Cherenkov generators of surface waves [60, 61] and auto-
oscillatory systems based on dielectric resonators [59,62,63]. The energy loss 
of one particle per unit time for eigenmodes excitation in systems is one of 
the fundamentally important characteristics of possible generation process 
[37,64-70]. Besides, the beam instabilities that occur in electrodynamic 
systems containing dispersive media are of special interest. In particular, 
the instability of tubular electron beam that interacts with a plasma-like 
medium was studied in Ref. [71]. In addition, an actual problem is the 
investigation of the electromagnetic properties of solid-state structures 
containing left-handed media. The technology progress of fabricating 
metamaterial structures stimulates studying the excitation mechanisms of 
their eigenmodes. 

Indeed, in recent years a good deal of attention has been given to 
studying the electromagnetic properties of the left-handed media. We recall 
that these materials came to be known by this particular name because in 
these media the directions of electric and magnetic field vectors as well as 
the direction of a wave vector form a left-handed triplet. The unusual 
properties of the left-handed medium (LHM) electrodynamics were 
originally suggested in Refs. [72,73]. In Ref. [72] it was first proved the 
possibility of excitation of the electromagnetic waves with negative group 
velocity with the aid of Cherenkov radiation in a medium, which possesses 
negative permittivity   and negative permeability   simultaneously. In 
addition to that it was shown that if an electron moves from vacuum into 
the medium, the maximum of the intensity of Cherenkov radiation is in 
vacuum and the Cherenkov angle in this case is obtuse. The unusual 
properties of the LHM electrodynamics were originally classified in 
Ref. [73], where it was demonstrated that the LHM would exhibit unusual 
properties such as the negative index of refraction, antiparallel wave vector, 
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k , and Poynting vector, S , antiparallel phase and group velocities, and the 
time-averaged energy flux opposite to the time-averaged momentum 
density. Besides, as indicated in Ref. [73], opposite directions of vectors S  
and k  in the LHM result in a reverse Doppler shift and the other 
phenomena of interest. 

A considerably great interest in the LHM has been evoked after they 
had been practically implemented in Refs. [49-53] in the form of alternating 
layers with negative   and positive   and the layers with positive   and 
negative  . The permeability frequency dispersion of complex composites is 
provided by a periodic structure of nonmagnetic circular conducting units 
such as the split ring resonators, spirals, etc. The permittivity frequency 
dispersion is provided by a periodic grating of thin conducting wires. If a 
wavelength of the electromagnetic wave that propagates in such a material 
is much greater than the period of composite structure, the composite for 
this particular wave is similar to a continuous one. In Refs. [49-53] the 
parameters of structural elements are selected in such a way that   and   
become negative over the GHz frequency range. Since then, a large variety 
of metal-based and all-dielectric LHMs with different types of unit-cell 
geometries has been proposed (see, e.g., Refs. [54-57]). For instance, in 
Ref. [56] the silver-based unit-cells were fabricated on glass substrate by 
using standard electron-beam lithography. The structure with lattice 
constant 600 nm possessed left-handedness and negative refraction at 
infrared frequencies. In Ref. [57] it was shown that by choosing a proper 
geometrical shape of the dielectric inclusions, all-dielectric LHM can be 
achieved by using single-sized dielectric resonators. Besides, both the left-
handedness and the negative refraction phenomenon at far infrared 
frequencies were observed in a periodic stack of antiferromagnetic and ionic-
crystal layers [74] and in graphene-sheet periodic structures [58]. A design 
for active LHM collaborated with microwave varactors was proposed and 
experimentally realized in Ref. [75]. 

It should be noted that a lot of work has been done on theoretical 
study of electromagnetic properties of LHM (see, e.g., Refs. [76-80]). 
Specifically, in Ref. [76], an analytical theory of low frequency 
electromagnetic waves in metallic photonic crystals with a small volume 
fraction of a metal was presented. The effective medium theory of LHM 
based on the transfer matrix calculations on metamaterials of finite lengths 
was proposed in Ref. [77]. Linear and nonlinear wave propagation in LHMs 
was theoretically analyzed and a number of nonlinear optical effects were 
predicted in Ref. [78]. In our opinion, special attention should be paid to the 
papers Ref. [79-82], in which the effects of Cherenkov radiation and 
electron-beam instability were theoretically investigated. In Ref. [79], 
Cherenkov radiation of bulk and surface electromagnetic waves by an 
electron bunch that moved in vacuum above a composite medium was 
theoretically investigated. It was shown that Cherenkov radiation gave rise 
to simultaneous excitation of bulk and surface electromagnetic waves over 
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one and the same frequency range. The excited surface electromagnetic 
waves can be of two different types: namely, the electric and magnetic ones. 
The instability of two electron beams passing through a slab of LHM was 
predicted in Ref. [80]. It was shown that this instability originates from the 
backward Cherenkov radiation and results in a self-modulation of the 
beams and radiation of electromagnetic waves. In Ref. [81] the theoretical 
analysis of excitation of the surface plasmon polaritons by a thin electron 
beam propagating in the vacuum gap separating a plasma-like medium 
(metal) from an artificial dielectric with negative magnetic permeability was 
performed. It was demonstrated that the interface-localized waves with the 
negative total energy flux could be excited. The case of uniform motion of 
the charge in infinite LHM was considered in Ref. [82]. Using complex 
function theory methods, the total field was decomposed into a "quasi-
Coulomb" field, a wave field (Cherenkov radiation) and a "plasma trace". It 
was shown that the wave field in LHM lags behind the charge more so than 
it does in ordinary medium. 

The LHMs are promising for up-to-date applications, such as 
amplifiers of evanescent waves [83], magnetic-optical recorders [84], 
directional antennas [85], and for suppression wakefields that occur during 
the process of particle acceleration [86,87]. 

In this part of the section, the interaction between a tubular beam of 
charged particles and eigenmodes of cylindrical dispersive medium are 
theoretically investigated. This medium may have negative values of   and 
  over a certain frequency range. It will be shown that the interaction 
gives rise to the absolute instability of the so-called bulk-surface 
electromagnetic waves, which are the propagating waves in the medium 
and, at the same time, they are evanescently confined along the normal to 
the lateral cylinder surface in vacuum.  

For an infinitely thin nonrelativistic electron beam, the dispersion 
equation for coupled beam-plasma waves is obtained for arbitrary impact 
distances of the beam. It is shown that if the so-called effective (or reduced) 
plasma frequency of the beam much less than the value of the instability 
increment, the instability is caused by Cherenkov effect whereas in the 
opposite case the instability is caused by anomalous Doppler effect. For both 
cases of the instability incremets are derived. The qualitative analysis of the 
types of eigenmodes of the investigated solid-state waveguide in frequency 
regions with different combinations of the signs of   and   is carried out. 
The detailed analysis of the nature of the instability in a small vicinity of 
the so-called resonance points of the dispersion curves is performed with the 
use of the well-known Sturrock method. The dependences of the instability 
increment values of electrodynamic system with the bulk-surface modes on 
the azimuthal index for different values of the radial indices are analysed.  

The main qualitative conclusion of this study is that LHMs can be 
used as the delaying media with "natural feedback" for generation of 
electromagnetic waves in backward-wave tubes. Besides, the possibility of 
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equations together with the linearized continuity and motion equations for 
the beam electrons: 

 
1 4

rot ( , ) ( , ) ( , )t t t
c t c


 


H r D r j r ;        (2.1) 

 rot۳(ܚ, (ݐ = − ଵ௖ డడ௧ ,ܚ)۰  (2.2)         ;(ݐ

 
div ( , ) 4 ( , )t eN tD r r ;          (2.3) 

 
div ( , ) 0t B r ,            (2.4) 

 
( , )

div ( , ) 0
N t

e t
t


 


r j r ;             (2.5) 

 

0 0

( , ) ( , ) 1
( , ) [ , ( , )]

t t e
v t t

t z m c

         

v r v r E r v B r ,                     (2.6) 

 
where m  is the electron mass, c is the velocity of light in vacuum, ( , )tE r  
and ( , )tH r  are the electric and magnetic field vectors, ( , )tD r  and ( , )tB r  are 
the electric displacement and magnetic induction vectors that are related 
with the ( , )tE r - and ( , )tH r -vectors by the constitutive equations 
 

( , ) ( ) ( , )
t

t t t t dt


   D r E r ,    (2.7) 

 

( , ) ( ) ( , )
t

t t t t dt


   B r H r ,    (2.8) 

 
where ( )t t   and ( )t t   are the influence functions that characterize the 
efficiency of the field action in time. Note that the difference nature of the 
kernels of the integrals is due to the homogeneity of the metamaterial 
properties in time. 

In order to derive the dispersion equation for the electromagnetic 
waves in the electrodynamic system under consideration, it is necessary to 
satisfy certain boundary conditions at 0   and  b  . These conditions 
are as follows. First, the tangential components of the electric and magnetic 
fields are continuous at 0  . Second, at b   the tangential components 
of the magnetic fields are discontinuous because of the beam current. Note 
that the normal component of the magnetic induction vector remains 
continuous, whereas the normal component of the electric displacement 
vector suffers discontinuity because of the disturbed beam charge. 
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We determine the discontinuities of the tangential components of the 

magnetic field and the normal component of the electric displacement 
(in vacuum ( , ) ( , )D t E t r r ) by integrating Eqs. (2.1) and (2.3) over the 

infinitesimally small beam thickness. As a result, we have 
 

0 0
0

4
( , ) ( , ) ( , )lim

b

b b

b

z
b

H t H t j t d
c

 

    
  

  




   
  

  r r r ,  (2.9) 

 

0 0
0

4
( , ) ( , ) ( , )lim

b

b b

b

z zH t H t j t d
c

 
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  

 


   
  

   r r r ,  (2.10) 
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0

4
( , ) ( , ) ( , )lim

b

b b
bb

e
E t E t N t d

 
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  




   
  

  r r r .  (2.11) 

 
We represent all variables in the form of the set of space-time 

harmonics, for instance: 
 

( , ) ( , , ) exp[ ( )]n z z z
n

t q i q z n t dq d    
 

  

    E r E ,  (2.12) 

 
where  , 

zq  and n  are the frequency, longitudinal wave number, and the 
number of the spatial harmonic (coinciding with the azimuthal mode index), 
respectively. 

If we take into account Eq. (2.12), we can rewrite the original 
equations, Eqs. (2.1)-( 2.4), for the axial spectral components of the field in 
the region outside the electron beam (

b  ) in the following form: 
 

2
,2

2
,

( , , )1
0

( , , )
zn z

zn z

E qn
q

H q





 


    
     

           
,   (2.13) 

 
where   = 1 for the cylinder region and   = 2 for vacuum, 2 2 2 2/ zq c q       
is the square of the transverse wave number of electromagnetic waves. 
When 2 0q  , the equations, Eqs. (2.13), have the form of the Bessel 
equations, whereas when 2 0q   they are the modified Bessel equations. 
Hereinafter we take the following notations: 2 2 2 2 2

1 / zq c q     in the 
cylinder region and 2 2 2 2 2

2 / zq q c q    in vacuum. 
Hereafter, we will use the frequency dependencies ( )   and ( )   the 

same as in Refs. [49,51]: 
2

2
( ) 1 L 


  ;   

2

2 2
( ) 1

r

F 
 

 


,   (2.14) 



128                                              PROBLEMS OF THEORETICAL PHYSICS 

 
where 

L  is the effective plasma frequency, 
r  is the resonance frequency, 

F  is the fractional area of the metamaterial unit cell occupied by the 
interior of the split ring resonator and 1F  . We recall that because these 
resonators respond to the incident magnetic field, the medium can be 
viewed as having an effective permeability (see Ref. [51]). 

We are only interested in the waves, which are evanescently confined 
along the normal to the lateral cylinder surface in vacuum. For these waves 
the condition 2 0q   is satisfied. Exactly, these waves are excited by the 
beam of charged particles provided the Cherenkov resonance 

0zq v  . Note 
that the Cherenkov resonance with the condition 

0zq v  means the effect of 
excitation of eigenmodes of the cylinder under study as a result of 
longitudinal bunching of electrons in the field of the excited wave and the 
formation of emitting electron bunches in its decelerating phases. Indeed, 
for the nonrelativistic electron velocities ( 1  , where 

0v c   is the 
dimensionless electron velocity) considered herein, we have 2 2 2

zc q   and 
2 0q  . Taking into account the aforesaid, we represent the expressions for 

the spectral components of the electromagnetic field ( , , )zn zE q   and 

( , , )zn zH q   in the following form: 
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zn z n n n n b

E
n n b

A J

A I

E q B K q C I q

D K q

 
 

  
      

  

 
 

   





;   (2.15) 

 
2

02

0

( ), 0
,

(| | ), 0

( , , ) (| | ) (| | ),

(| | ),

H
n n
H
n n

H H
zn z n n n n b

H
n n b

A J

A I

H q B K q C I q

D K q

 
 

  
      

  

 
 

   





,   (2.16) 

 
where ( )nJ u  is the n-th order Bessel function of the first kind, ( )nI u  and 

( )nK u  are the modified ones of the first kind (Infeld function) and the second 
kind (Macdonald function), respectively [41], ,E H

nA , ,E H
nB , HE

nC ,  and ,E H
nD  are 

the arbitrary constants. The choice of the solution is due to the fulfillment of 
finiteness conditions for ( , , )zn zE q   and ( , , )zn zH q   at 0   and . At 

2 1    the expressions for the components ( , , )zn zE q   and ( , , )zn zH q   of the 
fields inside the cylinder are described by Bessel functions ( )nJ  , and at 

2 1    they are described by modified Bessel functions (| | )nI   . According 
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to the terminology of Ref. [47], in the first case we term the electromagnetic 
waves as the bulk-surface waves, whereas in the second case the 
electromagnetic waves are represented as the surface waves. Using the 
Maxwell equations, we express other Fourier components of the 
electromagnetic fields in the cylinder region (

0  ), as well as in the 
annular gap (

0 b    ), and on the other side of the beam ( 0  ) via the 
components ( , , )zn zE q   and ( , , )zn zH q  . 

We note that in nonrelativistic case, when 2 1   and 2 1  , the 
discontinuities of the tangential magnetic field components ( , , )n zH q    and 

( , , )zn zH q   at the beam surface (
b  ) are small values of the order of ( )O  . 

Therefore, in what follows, in the boundary conditions at the beam surface  
(

b  ), we suppose these components are continuous, and take into account 
only the discontinuity of the electric field component ( , , )n zE q   . 

Assuming the beam is nonrelativistic, and satisfying the above-
mentioned boundary conditions at the cylinder and electron beam surfaces, 
we obtain the following dispersion equation for the beam-cylinder coupled 
waves: 

2 2 2
0Δ[( ) Γ( , ) ]z z b bq v q n     ,    (2.17) 

 

where 2
04 /b e N m   is the plasma frequency of beam electrons; 

zΓ(q , )n  is 

the depression factor of space charge forces [43], and 
 

2 2 2 0
z

0

(| | ) (| | )
Γ(q , ) ( ) (| | ) (| | ) 1

(| | ) (| | )
n z n z b

z b n z b n z b
b n z b n z

I q K qa
n n q I q K q

I q K q

 
  

  
 

   
 

;      (2.18) 

 
  is the coupling factor of the beam with cylinder eigenmodes that has the 
form 

2
2 2 2

2 2 2
0 0

(| | )
( ) Δ

(| | )
Hn z b

z b
b z n z

K qa
n q

q K q


 

  
  ;        (2.19) 

 
0Δ Δ ΔE H   ;            (2.20) 
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0 2 2 2
0

( 1)
Δ znq

q c

 
 

 
  
 

;         (2.21) 
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n n

K q J

q K q J

 
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  ;  0 0

0 0 0 0

(| | ) ( )1
Δ

| | (| | ) ( )
H n n

n n

K q J

q K q J

 
   

 
  . (2.22) 

 
Note that Eq. (2.17) has the form analogous to the characteristic 

equation of a traveling-wave tube [43]. In our case, it describes the 
interaction of the beam space-charge waves (SCWs) with the cylinder 
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eigenmodes. Dispersion equations for the beam SCWs and the cylinder 
eigenmodes are described by the following equations 

 
2 2

0( ) Γ( , ) 0z z bq v q n      and  0  .   (2.23) 
 

The equation 0   can be interpreted as the dispersion equation of 
hybrid E- and H-type waves. The symmetric ( 0n  ) cylinder E-type 
eigenmodes are characterized by the equation Δ 0E  , whereas the symmetric 
H-type waves are characterized by the equation Δ 0H  . For hybrid E- and  
H-type waves the conditions 

max max| ( , , ) | / | ( , , ) | 1zn z p zn z pE q H q      and 

max max| ( , , ) | / | ( , , ) | 1zn z p zn z pE q H q      (where the index "max" indicates the 

maximum value of the corresponding component) are satisfied, respectively. 
From these facts, it transpires that the wave type is determined by the 
dominant axial component of the electromagnetic field [88]. In the mode 
double subscript p ns , the radial index s  represents the number of field 
variations along the radial coordinate and corresponds to the pair of roots 
order number of the equation 0  , whose solutions determine the 
frequencies 

p  of the cylinder eigenmodes with the longitudinal wave number 

zq . In the case of symmetric waves, the index s  corresponds to the root order 
number of the corresponding dispersion equation: Δ 0E   or Δ 0H  . In the 
dispersion equation 0   the role of the coupling factor between the E- and H-
waves is played by the quantity 

0Δ . If 0n  , the dispersion equation 0   
splits into two independent equations Δ 0E   and Δ 0H  . In this case, the 
electromagnetic fields of symmetric waves have three components: 

0 sE , 
0sH  

and 0z sE  for E-waves, and 
0sH  , 

0 sE , 
0z sH  for H-waves (here ( , , )zns zn z pE E q  , 

( , , )zns zn z pH H q  , et cetera, (where 0p s ). If 0n  , all electric and magnetic 

fields components of the cylinder eigenmodes are non-zero, and, therefore, 
they are the hybrid E- and H-type waves. 

In the case of 0 0   (i.e. the cylinder is absent in the electrodynamic 
system), we have Δ 0  , and the solutions of dispersion equation 
Eq. (2.17) determine the frequencies of the beam slow ( ) and fast ( ) 
beam SCWs: 

0 0 ( )z z bq v R q ,n    ;            (2.24) 
 

0 0 ( )z z bq v R q ,n    ,            (2.25) 
 

where 
0 0( ) Γ ( )z zR q ,n q ,n  is the reduction factor [43], and 

 

0

2 2 2
0

0
Γ ( ) Lim Γ( ) ( ) (| | ) (| | )z z z b n z b n z b

b

a
q ,n q ,n n q I q K q


  


   .         (2.26) 
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As follows from Eqs. (2.24) and (2.25), the phase velocities of the slow 

and fast SCWs are respectively less and greater than the beam velocity 
0v . 

Our goal is to determine the frequencies of the cylinder eigenmodes 
and the increments (decrements) of the beam-cylinder coupled waves. When 
the beam is absent in the system ( 0b  ), the dispersion equation, Eq. (2.17), 
is reduced to the dispersion equation for the cylinder eigenmodes Δ 0 . 
Hence, we determine the cylinder eigenmodes 

p . The frequencies 
p  are 

changed because of the interaction of the beam with the cylinder, and, as a 
result, small frequency corrections | | p   are occurred. They are small 

because the plasma frequency of the beam electrons is less than the 
frequencies of the cylinder eigenmodes (

b p  ). Just this case is of interest 

because the cylinder eigenmodes are excited. Then Eq. (2.17) can be 
represented as follows: 

 
3 2 2 2 2

0 0

( )
2( ) [( ) Γ( , ) ] 0

Δ ( )
p

p z p z z b b
p

q v q v q n


 
      


      


,     (2.27) 

 
where Δ ( )p   is the frequency derivative of Δ , which is calculated at the 

cylinder eigenfrequency 
p . The case of resonances is of the greatest 

interest. If the electron velocity 
0v  satisfies the condition 

0p zq v   (the 

Cherenkov resonance [89]) and Γ ( , ) 0zq n  , then from Eq. (2.27) we obtain 
 

3 2
( )

Δ ( )
p

b
p

 
 





.       (2.28) 

 
This case is realized if 

0b  . If 
0b  , then Eq. (2.28) remains valid 

when the condition ( , ) | |z bR q n    is satisfied. The value ( , )z bR q n   makes 
sense of the effective (or reduced) plasma frequency of the beam [43]. Note 
that Eq. (2.28) has three roots, one of which is real and the other two are 
complex-conjugate roots. One of the complex-conjugate roots has a positive 
imaginary part, which leads to a wave amplitude rise with time. A root with 
a negative imaginary part refers to a damped wave with time. From 
Eq. (2.28) we determine the following expression for the instability 
increment: 

1 3

2 3
( )3

Im
2 Δ ( )

p
b

p

 
 





.              (2.29) 

 
Since, according to Eq. (2.29), the instability increment is proportional 

to 1/ 3
0N , the excitation of the cylinder eigenmodes by resonant beam particles 

(whose velocity satisfies the condition 
0p zq v  ) is coherent [90]. As noted 

above, this instability is caused by the Cherenkov effect. 
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Note that if 

0b   the resonant interaction of the electron beam with 
the cylinder eigenmodes is possible at frequencies 

 

0 ( , )p z z bq v R q n  
   . 

 
If the condition ( , ) | |z bR q n    is valid, Eq. (2.27) takes the form 

 
2

( )

2 ( , )Δ ( )
p b

z pR q n 

  






 


.     (2.30) 

 
In Eq. (2.30) the plus sign before the fraction corresponds to the frequency

p , and the minus sign is for the frequency 
p . It is evident, the condition 

2 0   is only valid at the frequencies 
p . This means that the instability 

emerges only if the slow space-charge wave interacts with the cylinder 
eigenmodes (the anomalous Doppler effect [89]). The interaction of the fast 
space-charge wave with the cylinder eigenmodes results only in the 
appearance of real corrections to the frequencies 

p . Thus, Eq. (2.30) has 

two real roots for 
p  and two complex-conjugate roots for 

p . The root with a 

positive imaginary part corresponds to an increasing with time wave. In 
case of the anomalous Doppler effect, from Eq. (2.30) we obtain the following 
expression for the instability increment: 
 

1 2
( )

Im
2 ( , )Δ ( )

p b

z pR q n 

  








 
    

.    (2.31) 

 
It follows from Eq. (2.31), the instability increment is proportional to 

the 1 4
0N . 
To gain a better insight into the interaction mechanism of the charged 

particles of tubular beam with the cylinder waves, below we present the 
numerical analysis results of the dispersion equation, Eq. (2.17), and the 
expression for the instability increment, Eq. (2.29), corresponding to 
Cherenkov resonance. The fact is that waves excited under the Cherenkov 
resonance conditions are characterized by greater instability increments (by 
10 or more times) than the waves excited under the anomalous Doppler 
effect conditions. 
 

 

2.3. Numerical Analysis of the Dispersion Equation 

 
It is convenient to carry out a numerical analysis of the dispersion 

equation, Eq. (2.17), using the following dimensionless quantities: 
0  , 
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0q q , 
0z zq q  , 

0/b b   , 
0/a a  , 

0/   , 
0/L L   , 

0/r r   , where 

0 0/c  . In calculations, we choose the following geometric and material 
parameters of the cylinder: 

0  = 0.5 cm; F  = 0.56; 
L  = 2; 

r  = 1; 

0 0 0/       1.51 (it is the frequency at which 0  ). The values of the 

equilibrium beam electron density 
0N , the radial thickness of the beam a , and 

the directed motion velocity the beam electrons are chosen as follows: 

0N  = 7.6×1010 cm-3, a  =0.05 cm and 
0v  = 0.3c, respectively. For the selected 

system parameters, we have 
0 = 6×1010 c-1, and 2 2

0b   0.07, and the value  

zq = 1 refers to 
zq = 2 cm-1 and the corresponding wavelength 2 / zq  =  cm. 

 
2.3.1. The spectra of the cylinder eigenmodes 

Before proceeding to the analysis of the dispersion characteristics of 
the cylinder eigenmodes, let us analyze the frequency dependences of   and 
  shown in Fig. 2.2. Curves 1 and 2 correspond to the dependences ( )   
and ( )  , respectively. Curve 3 corresponds to the value ( ) 1 F    . 
Straight lines 4, 5 and 6 correspond to the frequencies 

r  , 
0    and 

L  , respectively. In Fig. 2.2 there are the following four frequency 
regions depending on the combinations of the signs of ( )   and ( )  : 
I) 0 r   , where 0  , 0  ; II) 

0r      , where 0  , 0  ; 

III) 
0 L     , where 0  , 0  ; IV) 

L  , where 0  , 0  . The 

permeability ( )   tends to plus or minus infinity at 0r    or 0r   , 
respectively. 

Since in the frequency region I the conditions  and  are 
simultaneously satisfied then E-type surface electromagnetic waves can 
only exist in it. 

In the frequency region II, the conditions  and  are 
simultaneously satisfied. Therefore the cylinder metamaterial behaves like 
the left-handed medium. In this frequency range, the conditions  and 

 can simultaneously be satisfied. This fact means the possibility of the 
simultaneous existence of bulk-surface and surface electromagnetic waves 
at the same frequency, but with different values of the wave number . The 
analogous feature of the left-handed medium properties, namely, the ability 
to sustain the existence (at the same frequency) of bulk-surface and surface 
waves in case of a plane interface between a left-handed medium and 
a vacuum was demonstrated in Refs. [79,84,91]. 

In the frequency region III, just as in the frequency region I, the 
conditions  and  are simultaneously valid. Therefore, the E-type 
surface electromagnetic waves can only exist. 

 

2 0  Δ 0H 

0  0 

2 0 
2 0 

zq

2 0  Δ 0H 
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and 3 ( ), and curve 4 ( ) where the conditions  and  are 
satisfied. These dispersion curves originate from the light line  in a 
vacuum. To the left of this line they convert in the dispersion curves of cylinder 
bulk eigenmodes, when , and consequently, the fields in vacuum are 
described by the Hankel functions of the first kind [88]. These modes cannot be 
excited by a beam of charged particles moving in a vacuum, since in this case 

. Therefore, they are not of interest to us. The coordinates of the starting 
points of the spectra of bulk-surface modes on the light line in vacuum for 
arbitrary values of the index  are determined from the conditions  and 

. Since the equation  has infinitely many solutions, there exist infinity 
many starting points of the couple branches of E- and H-waves. Here, the 
density of such branches will increase as the frequency  approaches the 
resonance value of , when . As noted above the order number of the 
couple branches of E- and H-waves corresponds to the mode radial index . 
Consequently, in Fig. 2.3 the value  = 1 is for the couple curves 7 and 9, and 
the value  = 2 is for the couple curves 8 and 10. Using the classification 
proposed in Ref. [88], the branches 7 and 9 refer to the  and  modes, 
respectively. Here, the first index corresponds to the value of , and the second 
one is for the value . Similarly, the branches 8 and 10 represent the dispersion 
dependencies of  and  modes, respectively. Note that the dispersion 
curves with values  that are located in pairs below the curves for  and 

 modes are not shown in Fig. 2.3. 
From Fig. 2.3, it follows that the dispersion dependences of the bulk-

surface modes  and  (curves 7 and 9) have normal dispersion, and on 
the curve  they convert to the dispersion curves of the E- (curve 11) and 
H-type (curve 12) surface waves, respectively. The dispersion dependences of 
the bulk-surface modes  and  (curves 8 and 10) have parts with 
normal and anomalous dispersion, and if  they approach the straight 
line  asymptotically. Note that the dispersion dependences of the bulk-
surface modes with  are similar to the dependences for  and  
modes. Dispersion dependences of the surface E- and H-waves (curves 11 and 
12) have normal dispersion. If , the frequency of the surface E-wave 
(curve 11) approaches asymptotically the frequency at which  (line 5), 
and the frequency of the H-wave (curve 12) approaches the frequency at 
which  (line 6). 

Let us consider the dispersion dependences of the cylinder 
unsymmetrical eigenmodes ( ) in the frequency range where  and 

. In Fig. 2.4, the spectra of cylinder eigenmodes with the azimuthal index 
 are shown. Note that the qualitative behavior of the dispersion 

dependences of cylinder eigenmodes with  is similar to the dependences for 
the modes with . The lines 1-6 are same as in Fig. 2.3. Curves 7 and 8 
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res    ;   
,z z res zq q q  ,              (32) 

 
where | | res   and 

,| |z z resq q  . 

For the sake of simplicity and without loss of physical generality, we 
only consider the case of symmetric modes (where 0n  ). Substituting 
expressions from Eq. (2.32) into Eq. (2.17) and performing the necessary 
expansions in terms of small variations of 

zq  and   about the 
corresponding resonance values, we obtain the following equation: 

 

,

1

2 2

,

( ) ( )
z res res

E

z gr z b

q

q v q a


    



 

     
,             (2.33) 

 

where 
,,

1

,, z res resz res res

E E

gr
z qq

v
q 




    

       
 is the dimensionless group velocity 

(in units of the velocity of light in vacuum) of the electromagnetic wave, the 
values of 

, ,( / )
z res res

E
z qq   and 

, ,( / )
z res res

E
q   are the corresponding partial 

derivatives of E  calculated at the resonance point 
,( , )z res resq  . It is 

worthwhile to emphasize that only symmetric Е-type eigenmodes (when 
0n  ) are unstable because their electromagnetic fields have nonzero 

components of the electric field 
zE . Note that only these components cause 

the interaction between the metamaterial eigenmodes and the 
nonrelativistic beam electrons. All further results keep valid for the 
excitation of unsymmetrical eigenmodes ( 0n  ) near the corresponding 
resonance points. 

Let us consider the instability regions of the electrodynamic system 
under consideration near the points of intersection of the dispersion 
dependence for the beam wave (

zq  ) with the dispersion curves of 
symmetric Е-type bulk-surface waves and with the dispersion curve of the 
Е-type surface wave. 

Figure 2.5 presents the dispersion dependencies of the symmetric 
eigenmodes and the beam wave. Line 1 refers to the light line in vacuum  
(

zq  ), curve 2 is for 0  , line 3 is for the beam wave (
zq  ). Curves 4 

and 5 correspond to the bulk-surface waves 
0  2H  and 

0  2E , respectively, and 
curves 6 and 7 are for the surface waves of H- and E-type, respectively. 
Points A and B correspond to the intersection of the dispersion dependence 
of the beam wave with the dispersion curve of the bulk-surface wave 

0  2E  
and with the Е-type surface wave, respectively. 
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2.3.3. Analysis of instability increments 

Let us dwell on the dependences of instability increments   for bulk-
surface waves on the values of azimuthal n  and radial s  mode indices. 
These increment values are calculated using the formula Eq. (2.29). Before 
moving on, we want to briefly remark on the type of waves excited by a 
beam. As noted above, if 0n   the beam excites the symmetric 

0  sE  modes 
with radial indices 2s . If 1n  the cylinder eigenmodes have nonzero 
values of all electromagnetic field components and, therefore, they are the 
hybrid type modes. In Refs. [88,96], it was provided a method for the 
separation of such modes into the so-called 

nsHE  and 
nsEH  modes depending 

on the predominant axial component of electromagnetic field, i.e. on the 
ratio of the maximum values of field components 

max| ( , , ) |zn z pE q   and 

max| ( , , ) |zn z pH q  . If the axial component of electric field dominates  

(
max max| ( , , ) | / | ( , , ) | 1zn z p zn z pE q H q     ), the eigenmode is the 

nsHE  mode  

(E-type), otherwise it is the 
nsEH  mode (H-type). Numerical analysis of 

excited modes with azimuthal indices 1n  shows that in the resonance 
points, in which 

,z z resq q  and 
p res  , we have 

, max , max| ( , , ) | / | ( , , ) | 1zn z res res zn z res resE q H q     . This implies that in a cylinder made 

of a metamaterial with ( ) 0    and ( ) 0    the nonrelativistic ( 1  ) 
electron beam excites the E-type eigenmodes. 

As a matter of fact, the analytic estimations of the ratio 
, max , max| ( , , ) | / | ( , , ) |zn z res res zn z res resE q H q     for the modes with 1n  and 1s   show 

that if 0   (that is equivalent to 
zq   ) we have 

 

, max

, max

| ( , , ) | ( )

| ( , , ) | ( )
zn z res res

zn z res res

E q

H q

   
   

 . 

 
Since | ( ) |     and ( )   remains finite quantity if 

zq    and 

( )z rq   (i.e. the dispersion curves of bulk-surface waves approach the 
straight line 

r   asymptotically), we have 

, max , max| ( , , ) | / | ( , , ) |zn z res res zn z res resE q H q      . This explains the fact that at the 

resonance points 
,( , )z res resq  , if 

, 1z resq  , we have 

, max , max| ( , , ) | / | ( , , ) | 1zn z res res zn z res resE q H q     . 

Consequently, in electrodynamic system under study, the tubular 
electron beam excites coupled bulk-surface symmetric 

0  sE  modes with radial 
indices 2s  and hybrid 

nsHE  modes with radial indices 1s  , where the 
subscripts "–" and "+" refer to the low-frequency and high-frequency 
branches of the pairs of dispersion dependencies for cylinder eigenmodes, 
respectively. In doing so, it is supposed that the cylinder is made of the 
metamaterial, which possesses left-handed properties in the frequency 
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maximum increment of the 

nsHE  mode increases with radial index s . Therefore, 
on curve 3 the 

10 7HE   mode has maximum increment. This enables the 

excitation of the weak decaying whispering gallery modes with large values of 
azimuthal index n  in the electrodynamic system under study. 
 

2.4. Conclusions 

 
The instability of nonrelativistic tubular electron beam that moves 

above a dispersive metamaterial of cylindrical configuration has been 
theoretically examined. It has been assumed that the metamaterial 
possesses negative permittivity and negative permeability simultaneously 
over a certain frequency range where it behaves like a LHM. The dispersion 
equations for eigenmodes of the cylinder and for the coupled modes of the 
system as well as the instability increments have been derived. The 
instability is shown to be caused by Cherenkov or anomalous Doppler effects 
depending on the radial distance between the cylinder and the beam. 

The numerical analysis of the dispersion curves of the eigenmodes of the 
cylinder and the coupled modes excited by the beam in the frequency region 
where the metamaterial demonstrates the left-handed behavior has been 
performed. It has been revealed that the parts of the dispersion curves of the 
bulk-surface waves with anomalous dispersion emerge. The latter implies 
negative group velocities of corresponding waves and results in the absolute 
character of the beam instability. It has been found that the resonance behavior 
of magnetic permeability of the metamaterial leads to the fact that all bulk-
surface waves excited by the beam are the E-type waves for the resonance 
values of frequencies and wave vectors. The numerical analysis of the 
dependencies of the instability increments on azimutal and radial mode indices 
has been performed. We have shown that the 

nsHE  modes with large radial 
indices ( 1s  ) are the whispering-gallery modes for which 1n  . 

Thus, this suggests applications of LHMs as delaying media for the 
generation of bulk-surface waves and eliminates the need for creating 
artificial feedbacks in slow-wave structures. 

 

SECTION 3. NONLINEAR STABILIZATION OF INSTABILITY OF AN 

ELECTRON BEAM MOVING ABOVE A SOLID STATE CYLINDER 
 

3.1. Introduction 
 
In the last decade, much attention has been paid to the development 

of millimeter- and submillimeter-wave oscillators. This has been motivated 
by the extensive use of such radiation in biology [97] and medicine [98], for 
transmitting submillimeter signals in the Earth’s atmosphere [99], for 
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implementing broadband wireless communication [100] and submillimeter 
wave spectroscopy [101], and in other applications of science and technology. 

Search for new mechanisms of generation of electromagnetic waves 
within millimeter- and submillimeter- wave range by charged particle 
beams propagating in various electrodynamic systems is an important 
problem of modern radiophysics and electronics. The motion of charged 
particle beams in such systems is accompanied by the development of 
instabilities, including electrostatic ones, which leads to the generation of 
various types of oscillations. A stationary mode is established as a result of 
nonlinear interaction of charged particles with the eigenwaves of the 
electrodynamic system. We note that, until now, nonlinear stabilization of 
beam instabilities has been considered only for cases of collisionless and 
weakly collisional plasmas. 

Nonlinear waves in plasma without allowance for thermal effects 
were first studied by A.I. Akhiezer, G.Ya. Lyubarskii, and R.V. Polovin more 
than half a century ago [102-104]. In particular, they showed that the 
frequency of nonlinear plasma oscillations is independent of the amplitude 
only in the nonrelativistic limit. It was shown in [104] that, in the 
relativistic case, the period of an intense plasma wave increases with 
increasing amplitude. Among the first studies on the nonlinear theory of 
beam–plasma instabilities where nonlinear stabilization of these 
instabilities due to the trapping of the beam electrons by a plasma wave was 
considered, it is worth mentioning works [105-119]. In those works, 
modulated and unmodulated relativistic beams interacting with plasma, 
which was assumed to be cold and collisionless (or weakly collisional), were 
considered. The density of the beam electrons was assumed to be much 
lower than the plasma electron density. It was shown that the efficiency of 
the beam-plasma interaction increases with increasing relativistic factor of 
the beam, in spite of a decrease in the linear growth rate. 

We recall the results of some of the above-cited works, the analytical 
approach of which was used in this study. In [115,116], a nonlinear theory of 
instability of diffuse and monoenergetic electron beams in an unbounded 
(bulk) plasma was constructed. Thus, in [115], a system of equations 
describing the time evolution of the wave amplitude, as well as the 
coordinates and velocities of the beam electrons, in a diffuse electron beam 
(in which instability is kinetic) was derived using the method of slowly 
varying (compared to the wave period) amplitudes. It was shown that only 
the motion of the resonant beam particles with velocities close to the wave 
phase velocity is essentially nonlinear. A specific feature of the nonlinear 
stage of instability in the case of a diffuse beam is the damping of amplitude 
oscillations due to the phase mixing of the beam particles trapped by the 
wave field. This effect was first noted in [107, 108] and then subjected to 
thorough research, e.g., in [47,118,120]. For a monoenergetic beam, as was 
shown in [115,116], it is necessary to take into account time variations not 
only of the amplitude, but also of the phase of the excited wave. The 
nonlinear stages of instability of premodulated nonrelativistic and 
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relativistic monoenergetic beams in plasma were studied in [116]. In 
particular, it was shown that, in the relativistic case, the maximum energy 
of the excited wave field is comparable with the beam energy. 

The nonlinear stabilization of beam–plasma instability of a 
nonrelativistic monoenergetic beam in a dense unbounded collisional 
plasma was considered in [117,118]. As in [115,116], the beam was 
simulated by a discrete ensemble of macroparticles (charged sheets). It was 
shown that, due to collisions, the beam particles do not have time to gather 
into a bunch by the time of trapping and have a noticeable scatter in both 
velocities and coordinates. Therefore, the trapping of particles by the wave 
does not lead to regular oscillations of the wave amplitude, as was observed, 
e.g., in [116]. 

In [119], an electrodynamic system close to that considered in the 
present work was studied for the case of collisionless gaseous plasma. In 
[119], nonlinear stabilization of instability of a finite-thickness tubular 
electron beam moving along a plasma cylinder in an external longitudinal 
magnetic field was considered. It was assumed that the beam–plasma 
system was placed in a metal waveguide, and the plasma was assumed to be 
cold and collisionless. Nonlinear stabilization of an axisymmetric surface 
TM wave was considered. In [121], excitation of surface electromagnetic 
waves propagating along a cylindrical surface of a conducting medium 
(metal, highly ionized plasma) by a relativistic electron beam moving along 
the cylinder was studied. The maximum amplitude of the excited wave was 
estimated from the condition of the nonlinear trap-ping of the beam 
electrons by the surface wave field. 

The nonlinear theory of instability of a rectilinear relativistic electron 
beam in a bounded plasma under the Cherenkov resonance conditions was 
developed in [120–123]. In particular, the case of a dense plasma was 
considered when the unstable plasma wave excited by the beam was a potential 
one [122]. It was established that the nonlinear processes caused by the beam 
relativity prevent the system from being randomized in the stage of well-
developed nonlinear instability. In contrast, in the case of a nonrelativistic 
beam, anomalous nonlinear chaotization of the beam is observed. 

In the past decade, special attention has been paid to cylindrical systems 
in which a tubular electron beam [124,125] or a multijet f low of a circular cross 
section [56,62,63,126,127] move along a solid-state cylinder. In [63], a self-
consistent nonlinear theory of the excitation of electromagnetic waves by an 
azimuthally periodic high-current relativistic electron beam interacting with a 
two-layer cylindrical dielectric resonator (CDR) was developed. Analysis of the 
nonlinear excitation of a CDR by an electron beam shows that the main 
mechanism for generation of electromagnetic oscillations in the resonator of 
this self-oscillatory sys-tem [56,126,127] is the so-called monotronic mechanism, 
when the beam particles flying through the resonator are grouped in such a 
phase of the excited electromagnetic field that their energy is, on the average, 
transferred to the resonator eigenmodes. The possibility of using such a self-
oscillatory system with acceptable geometrical parameters in the submillimeter 
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wavelength range was noted in [63,126]. In addition, beam instabilities that 
arise in electrodynamic systems containing dispersive media are of particular 
interest. In particular, instability of a tubular electron beam interacting with a 
plasma-like medium was studied in [128] in the linear approximation, while 
that interacting with a left-handed dispersive medium of cylindrical 
configuration was studied in [129]. The interaction of a nonrelativistic tubular 
charged particle beam with a nonmagnetic anisotropic dispersive solid-state 
cylinder was considered in [130,131]. The possibility of excitation of absolute 
instability of bulk–surface waves due to specific features of an anisotropic 
cylinder has been discovered. The resonant character of the frequency 
dependence of the dielectric constant of the cylinder favors the emergence of the 
sections of the dispersion curves corresponding to E-type bulk–surface 
eigenmodes with a negative group velocity. 

The debatable aspects of the theory of nonpotential surface waves 
excited on the boundary of a dissipative medium with frequency dispersion 
were considered in [132]. It was shown that, for a sufficiently strong 
dissipation of the energy of perturbations in the medium, surface waves the 
dispersion law of which differs dramatically from the conventional one may 
be excited. These waves are weakly damped even at a large dissipation in 
the medium, while their group and phase velocities exceed the speed of light 
in the medium. 

A special place is occupied by the works devoted to beam–plasma 
instabilities in highly collisional solid-state plasma, when the collision 
frequency of charge carriers is much higher than the frequency of the 
excited electromagnetic (electrostatic) wave. Thus, in [133], the so-called 
resistive instability arising due to the absorption in the dielectric medium 
through which the electron beam propagates was studied. Excitation of 
millimeter and submillimeter plasma waves by a charged particle beam in 
semiconductor plasma was analyzed in [134,135]. 

In this part of the section, a nonlinear theory of resistive instability of 
a tubular electron beam moving along a solid-state plasma cylinder is 
constructed in an electrostatic approximation by using Poisson’s equation 
and the equation of electron motion. The continuous tubular electron beam 
is represented as a set of macroparticles (charged rings). The nonlinear 
stabilization of the emerging instability is investigated by the method of 
slow varing in time amplitudes and phases of the electrostatic wave. Using 
the Runge–Kutta method with a variable step, the numerical analysis of a 
self-consistent system of equations describing the time evolution of the wave 
amplitude and phase, as well as the coordinates and velocities of the 
macroparticles, is carried out. Phase portraits of the system are constructed, 
from the analysis of which it follows that nonlinear stabilization of the wave 
amplitude occurs due to the effect of self-trapping of beam electrons by the 
field of the beam wave itself. 
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3.2. Nonlinear Stabilization of Resistive Instability of a Tubular Charged 

Particle Beam Moving Above a Solid-State Plasma Cylinder 

 
3.2.1  Statement Of The Problem And Basic Equations 

Let a solid-state plasma cylinder occupy the spatial region 00    , 

0 2    and | |z    in cylindrical coordinates (the Z  axis is aligned with 

the cylinder axis). A charged particle beam with equilibrium density 0n  and 

the velocity 0v c  (where c  is the speed of light in vacuum) moves along 

the cylinder surface. Such an electrodynamic system is easily implemented 
by placing the cylinder in the drift space of a rectilinear tubular beam of 
radius 0 / 2a  . We assume that the beam thickness a is infinitely small 

and there is vacuum outside the beam ( 0  ).There is no direct contact 

between the beam and the cylinder surface. 
The interaction of an electron beam with eigenmodes (oscillations) of a 

dielectric cylinder is described by the set of electrostatic equations 
supplemented with the constitutive equation and the equation of motion of 
plasma electrons, 

 
rot ( , ) 0t E r ,                  (3.1) 

 
div ( , ) 4 ( , )t en tD r r ,                 (3.2) 

 

0 0( , ) ( , ) 4 ( , )
t

t t eN t dt 


   D r E r u r ,   (3.3) 

 
( , )

( , ) ( , )
t e

t t
t m


 


u r E r u r ,    (3.4) 

 
where ( , )tE r  is the electric field at a point with the radius vector r  at a 
time t, ( , )tD r  is the electric displacement, e  is the electron charge, ( , )n tr  is 

the electron beam density, 0  is the dielectric constant of the lattice, 0N  is 

the equilibrium electron density in the plasma cylinder, m  is the electron 
effective mass,   is the relaxation frequency of electron momentum in the 
plasma cylinder, and ( , )tu r  is the velocity of plasma electrons.  

The beam electron density ( , )n tr  is described by the expression 
 

0( , ) ( , ) ( )n t n z t    r , 
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where ( , )n z t  is the electron beam surface density, ( )x  is the Dirac delta 
function, and  

( , ) ( , , )z zn z t f z t v dv  .                             (3.5) 

 
The beam electron distribution function ( , , )zf z t v  in expression (3.5) 

satisfies the Vlasov equation  
 

0
0

( , , ) ( , , ) ( , , )
( ) ( , , ) 0z z z

z z
z

f z t v f z t v f z t ve
v t E z t

t z m v
  

  
  

, 

 
where 0m  is the mass of a free electron and 0( , , )zE z t  is the electric field on 

the beam surface  0  .  

At the initial time t = 0, i.e., before the onset of instability, the 
distribution function ( ,0, )zf z v  has the form 

 

0 0 0( ,0, ) ( ) ( )z z zf z v f v n a v v   , 

 
where 0n  is the equilibrium bulk electron beam density. Below, we limit 

ourselves to considering azimuthally symmetric electrostatic waves and 
introduce the electric field potential ( , , )z t   such that 
 

( , , ) ( , , )z t z t   E .    (3.6) 
 

The potential of the wave ( , , )z t   and its radial derivative ( , , )z t     
satisfy the boundary conditions on the cylinder surface: the continuity of the 

( , , )z t   and a jump in its derivative due to the presence of the beam 
surface charge ( , )en z t . We recall that these conditions are equivalent to the 
continuity condition for the z  component of the electric field and the jump 
in the radial component of the electric displacement vector,  
 

0 0( 0, , ) ( 0, , )z zE z t E z t    , 

 

0 0( 0, , ) ( 0, , ) 4 ( , )E z t D z t en z t       . 

 
The continuity condition for the potential at the cylinder boundary has the 
form 
 

0 0( 0, , ) ( 0, , )z t z t      .           (3.7) 
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To obtain the condition for the jump in the potential derivative 

( , , )z t    , we take the time derivative of both sides of Eq. (3.2) and 
make use of Eqs. (3.3) and (3.4). Then, for the case of strong collisions,   
 

( , )
( , )

t
t

t
 




u ru r , 

we obtain 
 

22 2

0 2 2

1 ( , , ) 1 ( , )
( , , ) 4pz t n t

z t e
z t z t

      
      
             

                       

r

, 
where 2

04 /p e N m   is the plasma frequency of the cylinder  medium. 

The boundary condition for the potential derivative ( , , )z t     is 
obtained by calculating integrals of the form 
 

 
0

0

0
lim ...  d

 


 

 






 
 

on both sides of the above equality over an infinitely small beam thickness 
 . After integration, we obtain the following boundary condition for the 
radial derivative of the potential: 
 

0 0 0

2

0

0 0 0

( , , ) ( , , ) ( , , ) ( , )
4pz t z t z t n z t

e
t t t     

      
        

     
  

     
. 

 (3.8) 
 

Following [115,116,136], the surface density ( , )n z t  can be represented 
in the form  
 

0
0 0

1

2
( , ) [ ( , , )]

M

p
p

n a
n z t z z z v t

qM

 


  .      (3.9) 

 
According to expression (3.9), a continuous tubular electron beam is 
represented as a set of macroparticles (charged rings), with M  being the 
number of charged rings per wavelength. The coordinate 0 0( , , )pz z v t  

describes the position of the p th macroparticle. We note that the coordinate 

0 0( , , )pz z v t  and velocity 0 0( , ,0)zpv z v  of the p th macroparticle are solutions 

to the system of characteristic equations 
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0 0

0 0

0

( , , )
( , , )

( , , ) ( , , )

z

z

dz z v t
v z v t

dt
dv z v t e z t

dt m z

 

 
   

  
 

with the initial conditions 
 

0 0 0( , ,0)z z v z , 0 0 0( , ,0)zv z v v .      (3.10) 

 
In what follows, we will analyze the time evolution of the amplitude and 
phase of the wave, as well as the coordinates and velocities of 
macroparticles, in the coordinate system associated with the beam. To this 
end, we make the replacement  
 

0 0 0 0 0( , , ) ( , , )p pz z v t v t z z v t   ,    (3.11) 

 

0 0 0 0 0( , , ) ( , , )zp zpv z v t v v z v t   ,    (3.12) 

 
where 0 0( , , )pz z v t  and 0 0( , , )zpv z v t  are perturbations of the coordinate and 

longitudinal velocity of the p th  macroparticle. Then, initial conditions 
(3.10) take the  form 
 

0 0 0( , ,0)p pz z v z  ,  0 0( , ,0) 0zpv z v  . 

 
We represent the potential ( , , )z t   as 
 

0( , , ) ( ) ( ) exp{ [ ( )]}A zz t t i q z t t         ,   (3.13) 

 
where the wavenumber zq  and frequency   of the electrostatic wave are 

related to the beam electron velocity by the Vavilov–Cherenkov  resonance 
condition 0zq v  . Recall that the Cherenkov resonance with the condition 

0zq v  means the effect of excitation of eigenmodes of the cylinder under 
study as a result of longitudinal bunching of electrons in the field of the 
excited wave and the formation of emitting electron bunches in its 
decelerating phases. The quantities ( )A t  and ( )t  in Eq. (3.13) are the 

slowly varying amplitude and phase of the electrostatic wave. The relevant 
“slowness” conditions are  
 

( )1

( )
A

A

t

t t

 



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
, 

1 ( )
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Taking into account representation (3.13), we find from Eqs. (3.3) and (3.4) 
that, for the case of strong collisions, ( , ) ( ) ( , )   D r E r , where  
 

0

4
( )

i   


  ,              (3.14) 

 
2

0e N m   is the plasms cylinder conductivity. After substituting 

expressions (3.6) and (3.13) into Eq. (3.1), we find that the quantity 0 ( )   

satisfies the Laplace equation  
 

20
0

( )1
( ) 0zq

   
  

  
    

.   (3.15) 

 
Taking into account that the quantity 0 ( )   is bounded at 0   and 

   the solution to Eq. (3.15) can be represented in the form 
 

0 0
0

0 0

( ),  ,
( )

( ),  ,

I q

K q

  
 
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

  
    (3.16) 

 
where | |zq q , while 0 ( )I q  and 0 ( )K q  are zero-order  modified Bessel 

functions of the first and second kind, respectively [41]. 
Our task is to study the time evolution of the quantities ( )A t  and 

( )t . Using expressions (3.13) and (3.16), from the boundary condition (3.7) 

we obtain the following relations for amplitudes  of  the  potential  ( )A t  

and  phase  ( )t  within the cylinder and in vacuum: 
 

0 0

0 0
0 0

0 0

( )
( ) ( )

( )A A

K q
t t

I q 

 
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 ,   (3.17) 

 

0 00 0
( ) ( )t t

 
 

 
 .          (3.18) 

 
Further,  we  will  analyze  the  time  evolution  of  the amplitude ( )A t  and 

phase ( )t  of the potential wave in the vacuum region (i.e., at 0  ). 

Using Eqs. (3.13), (3.15), (3.17), and (3.18), we rewrite boundary 
condition (3.8) in the form 
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where 0 0 0 0
0 0

0 0 0 0
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Δ
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0 0
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Δ
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



 . Here, the prime denotes 

derivative of the corresponding special function with respect to its 
argument.  

Next, following [117], we substitute Eq. (3.9) into Eq. (3.19) and 
perform the integration of the resulting equation over the oscillation period 
2 /   with allowance for the Cherenkov resonance condition 0zq v  . 

Then, separating the real and imaginary parts and taking into account 
relations (3.11) and (3.12), we obtain the following system of equations 
describing the time evolution of the amplitude and phase of the wave, as 
well as the coordinates and velocities of the macroparticles:  
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  (3.20) 

 
The last of Eqs. (3.20) describes the motion of the p  macroparticle in the 
beam reference frame. To analyze this system, it is convenient to introduce 
the following dimensionless variables: 

 

max

( )A t


 , ( )p z pq z t   , 
0

( )zp
p

v t

v
 


, Ω

p




 , t  , ( )t  ,    (3.21) 

 
where max  is the peak value of the wave potential at which the beam 

particles are trapped in the potential well of the wave. The expression for 

max  will be given below.  
To numerically analyze system of equations (3.20), we rewrite it in the 

form of a system of four first-order differential equations in dimensionless 
variables (3.21), 
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where 2

1Δ /pA   , 2 2
01 /B A   , 2 2 2 2

0/bC aq A    . 

The quantity max  is determined from the condition for the trapping of 

beam particles into the potential well of the wave [117],  
 

20
0 0 max 0( ) ( )ph

m
K q v v

e
    , 

 
where phv  is the wave phase velocity with allowance for the frequency shift 

caused by the interaction of the wave field with the electron beam. 
Using the results of [137], the dispersion relation for the coupled 

waves of the beam and the plasma cylinder can be presented as 
 

2 2
0Δ( )z bq v aq   .          (3.23) 

 

Here, 2
0 04 /b e n m   is the electron beam plasma frequency and 

 

0 0 0 0

0 0 0 0

( ) ( )
Δ ( )

( ) ( )

I q K q

I q K q

  
 

 
  , 

 
where ( )   is defined by expression (3.14). Note that the equation Δ 0  
has no real solutions and describes the so-called Maxwell relaxation of the 
electrostatic field in collisional plasma. To find corrections to the resonance 
frequency 0 0zq v  , the solution to Eq. (3.23) is sought in the form 

 

0    ,     (3.24) 

 
where 0| |  . Substituting formula (3.24) into Eq. (3.23) and following 

the procedure of [90], we obtain 
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Solution (3.25) with the negative sign of the imaginary part corresponds to 
an increase in the amplitude of the symmetric coupled wave of the cylinder 
and the beam with the growth rate 
 

1/2

02 2 1/4
0

( )
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aq
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In this case, the phase velocity of the coupled wave is 
 

1/2

0 02 2 1/4
0

( )
cos

( )
b

ph
z

aq
v v

q A

  
 

.             (3.26) 

 
According to Eq. (3.26), instability is inherent in a slow coupled wave. As 
a result, we obtain the following expression for max : 
 

22
20 0

max 02 2
0 0 0

cos
( )

bm v aq

eK q A

 


   
  

. 

 
Note that, by definition, ϕ0 does not exceed unity; therefore, we have, 

0cos 0  . Note also that the use of the linear approximation for plasma 

electrons is justified, because, for a low-density electron beam 0 0n N , the 

amplitude of the excited potential wave is small and the condition 
2

max 0 0e m v   is satisfied [136]. 

In the next section, we present results of numerical analysis of system 
of equations (3.22), as well as the phase portrait of the beam macroparticles, 
indicating the formation of bunches in the nonlinear stage of instability. 
 

3.2.2 Numerical Analysis Of The System Of Nonlinear Equations 

As a material of the plasma cylinder, we choose GaAs semiconductor 
with 0  = 13,2, m  = 0.063 0m ,   = 1013 s-1, and 0N  = 1013 cm-3. We analyze 

cylinders of radii 0  0.5 cm, and 1 cm, as well as 0    (limiting case of 

a plane interface between the media). The equilibrium electron density of 
the beam 0n , beam wall thickness a , and the directed velocity of the 

electron beam 0v  are chosen as follows:  0n  = 1010 cm-3, a  = 0.01 cm and 
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0v  = 0.1 c , respectively. In this case, we have /b p    810-3. The resonance 

wavelength is assumed to be   = 2 cm, which corresponds to the resonance 
frequency   = 1.71010 s-1 and growth rate    108 s-1 ( /    0.01). 

Figure 3.1 shows ( )    as a function of the dimensionless time   

for cylinders with the radii 0  = 0.5 cm (curve 1), 0  = 1 cm (curve 2) and

0    (curve 3). We remind that curve 3 corresponds to a plane interface 

between the media. System of equations (3.22) was solved numerically by 
the Runge–Kutta method. The electron beam was simulated by individual 
macroparticles (charged rings) uniformly distributed at the initial time 
within the interval of 0 2p   . The number of macroparticles M  was 

500. It should be noted that the numerical code made it possible to perform 
integration with variable steps by specifying the relative error at each step. 
The initial amplitude was assumed to be 0  = 10-4. The initial values of the 

slow phase   and its time derivative /d d   were assumed to be zero. 
It follows from Fig. 3.1 that the larger the radius of the cylinder, the 

larger the maximum amplitude max  corresponding to instability saturation. 

This, for 0  = 0.5 cm, we have max  ≈ 0.58, whereas for 0  = 1 cm we have 

max  = 0.64. In addition, for the cylinder with a smaller radius, the slowly 

varying amplitude reaches its maximum value max  earlier  

(at max    1569, which corresponds to the time 1
max 16t t    , than for 

the cylinder with a larger radius (at max    1718, which corresponds to 

the time 1
max 17t t    ). Note that, as the cylinder radius increases, the 

dependences ( )   tend to a certain common limiting time profile (curve 3), 

corresponding to 0 0Δ 1   and 1Δ 1 . Physically, this limit corresponds 

to the case of a plane beam–plasma interface. 
It also follows from Fig. 3.1 that at  the quantity  oscillates 

around a certain average value. These oscillations are essentially irregular 
(chaotic) in character, because the macroparticles do not have time to gather 
in a bunch by the time of trapping and have an appreciable scatter in both 
velocities and coordinates. Qualitatively, such behavior of  resembles a 
similar dependence in [117], in which the nonlinear stage of beam–plasma 
instability in weakly collisionless unbounded plasma was considered. By 
weakly collisional plasma we mean plasma in which the collision frequency 
is lower than the plasma wave frequency but much higher than the 
instability growth rate. We note that the dependence  in [117] had the 
form of beatings associated with the presence of two characteristic times in 
the system: the bounce period of the particle bunch in the wave potential 
well and the period of variations in the potential well itself. In contrast to 
[117], in the solid-state plasma under consideration, the relaxation 

max  

( ) 

( ) 
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frequency of the electron momentum satisfies the condition . As 
a result, by the time of trapping, the macroparticles do not form bunches 
and each macroparticle oscillates in the wave potential well individually. 

 

Fig. 3.1. Amplitude of the potential wave 
vs. dimensionless time for three values of 
the radius of the plasma cylinder: 

0  0.5 
cm (curve 1), 

0  1 cm (curve 2),  
and 

0    (curve 3) 
 

Fig. 3.2. Phase portrait of a system  
of  macroparticles at the time  

of instability saturation ( ) 

  
Fig. 3.3. Phase portrait of a system  

of  macroparticles at the time 
 

Fig. 3.4. Phase portrait of a system  
of  macroparticles at the time 

 
 
Another fundamental difference between the considered case of solid-

state plasma and results of [117,118] is that there are no eigenmodes in 
highly collisional plasma and, therefore, the beam particles are trapped by 
the plasma wave of the beam itself. Such a phenomenon was called self-
trapping [136]. As noted in [113], it is the effect of electron self-trapping by 
the beam wave that leads to the chaotization of the electron beam and 
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disappearance of regular oscillations at the resonance frequency. Such 
behavior illustrated in Fig. 3.1 by the dependence . 

The effect of self-trapping of the beam electrons and their subsequent 
chaotization is demonstrated by the phase portraits of macroparticles shown 
in Figs. 3.2–3.4 for  = 0.5 cm. It can be seen from Fig. 3.2 that a group of 

reflected macroparticles (marked with the letter R) appears in the stage of 
instability saturation. The macroparticles are reflected from the humps of 
the beam potential wave. It is worth noting that the beam electrons are self-
trapped by the beam wave in the nonlinear stage of instability of a quasi-
monochromatic initial perturbation under the conditions of the collective 
Cherenkov effect [136]. 

Figures 3.3 and Fig. 3.4 show phase portraits of macroparticles for the 
times  = 2550 and  = 5000, corresponding to chaotic oscillations of the 
slowly varying amplitude. It can be seen that, after instability is saturated, 
the macroparticles occupy the progressively growing region in the phase 
plane and their distribution in this plane becomes more and more uniform. 
Physically, as noted above, this corresponds to chaotization of the beam 
electrons. In contrast to the weakly collisional case considered in [117], no 
trapped macroparticle bunches arise in this case. 
 

3.2.3 Conclusions 

The problem of nonlinear stabilization of instability of a tubular 
electron beam moving along the surface of a solid-state plasma cylinder has 
been solved. It is assumed that the beam is nonrelativistic, plasma is highly 
collisional, and the wave excited by the beam is electrostatic. It is shown 
that resistive instability is stabilized nonlinearly due to the self-trapping of 
the beam electrons by the beam wave. The time of instability saturation and 
the maximum amplitude of the wave have been analyzed as functions of the 
radius of the plasma cylinder. It is established that the larger the radius of 
the plasma cylinder, the later the nonlinear stage of instability begins and 
the larger the maximum value of the slowly varying amplitude. The limiting 
case of a plane interface between the electron beam and the solid-state 
plasma is considered. The results of this study expand our understanding of 
the physical properties of systems with plasma-like media and systematize 
our knowledge of the mechanisms of excitation of potential surface waves in 
electrodynamic systems that form the basis of microwave oscillators. 
 
3.3. Numerical Analysis Of The Interaction Between A Tubular Beam  

Of Charged Particles And A Dielectric Cylinder 
 

Here we theoretically study the nonlinear stabilization of the 
instability of a tubular electron beam, infinitely thin in the radial direction, 
when it moves along the surface of a solid dielectric cylinder. In contrast to 

( ) 

0

 
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[63], the electromagnetic system considered is open, and the waves excited 
by the beam are azimuthally symmetric. In addition, unlike [63], we 
construct and analyze the time dependence of slowly varying amplitudes 
and phases of the electric and magnetic field components of the excited 
waves with different radial mode indices, as well as consider the question of 
wave polarization. 

The excitation of an azimuthally sysmmetric eigenmode of the electric 
type of the solid cylinder under study is considered. The electron beam is 
presented in the form of a set of macroparticles (charged rings). We 
investigated the time evolution of the electromagnetic field of the excited 
wave by the method of amplitude and phase slowly varying in time. The 
self-consistent system of equations is obtained that describes both the time 
evolution of the wave amplitude and phase, and the coordinates and 
velocities of the beam. The analytical expression for the increment of the 
emerging instability is obtained. This system is numerically analysed with 
the use of the Runge–Kutta method with a variable step. The dependences 
of slowly varying amplitudes on time are plotted for three different values of 
the radial mode index. The criterion is established for the applicability of 
the used method of slowly varying amplitudes and phases of excited waves 
for the analysis of beam instability. The numerical analysis of the 
polarization of the excited waves is carried out. 
 

3.3.1  Statement Of The Problem And Basic Equations 

Suppose that a dielectric cylinder of radius 0  occupies the region of 

space 00   ,  20   and z  (the z  axis is directed along the 

cylinder axis). The cylinder is made of an isotropic nonmagnetic material 
with real permittivity  . A beam of charged particles (electrons) with 
equilibrium density 0n  and velocity 0v c  (where c  is the velocity of light 

in vacuum) moves along the surface of the cylinder. Such an electromagnetic 
system can easily be implemented if the cylinder is placed in the drift space 
of a rectilinearly moving tubular beam with radius 20 a . Assume that 

the thickness a of the beam is infinitely small and the medium outside the 
beam ( 0  ) is vacuum. There is no direct contact between the beam and 

the surface of the cylinder. It is assumed that the drift space is in a strong 
longitudinal (in the direction of the beam motion) external constant 
magnetic field, which prevents the transverse motion of the beam electrons. 
The threshold value of the external magnetic field restricting the motion of 
electrons along the radius and azimuth is found from the condition 

pH   , where cmHeH 00||  is the electron cyclotron frequency, 

00
24 mneb    is the plasma frequency of the beam electrons, e  and 0m  

are the charge and mass of a free electron, 0n  is the equilibrium bulk 
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density of beam electrons, and 0H  is the magnitude of the external 

magnetic field. For a beam with a characteristic density of 10
0 10n cm-3, we 

obtain 3360 H  Oe (or 7.260 H  kA/m). 

The system of equations describing the interaction of the electron 
beam with eigenwaves (oscillations) of the dielectric cylinder has the form 

 
1 ( , ) 4

rot ( , ) ( , )
t

t t
c t c


 


D rH r j r ,                                 (3.27) 
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0),(div trH ,                                          (3.30) 

 
where ),( trH  and ),( trE  are the magnetic and electric field strengths; 

 tt ,),( rErD   is the electric field displacement vector; and 

 ( , ) 0,0, ( , )zt j tj r r  and ),( tn r  are the bulk current density and the beam 

electron density, respectively, that satisfy the continuity equation 
 

( , )
div ( , ) 0

n t
e t

t


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
r j r .                                   (3.31) 

 
The quantities ( , )zj tr  ),( tn r  are determined by the expressions 

)(),(),( 0  tzjtj zz r  and )(),(),( 0  tzntn r , where ),( tzjz
 and 

),( tzn  are the surface densities of the corresponding quantities and )(x  is 
the Dirac delta function. Note that, in linear theory, the surface current 
density ),( tzjz

 of the beam is specified in the linear approximation, where 
small perturbations of the electron velocity are related to the electric field 
by an appropriate equation of motion. 

In what follows, we restrict the analysis to azimuthally symmetric 
electric-type (E-type) electromagnetic waves with the field components 

 tzE ,, ,  tzH ,, , and  tzE z ,, . In the absence of a beam, 

homogeneous wave equations describing the eigenfields in the cylinder are 
obtained from the corresponding system of homogeneous Maxwell equations 
(3.27)–(3.30) and have the form  
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The corresponding equations for vacuum are derived from Eqs. (3.32)–(3.34) 
if we set 1 . The solutions of Eq. (3.32) for the cylinder and vacuum 
regions for a bulk–surface wave with frequency   and longitudinal wave 
number 

zq  have the form 
 

      tzqiJAtzE zcyl
cyl
z   exp,, 0 ,                   (3.35) 

 

      tzqiqKAtzE zvac
vac
z   exp,, 0 ,                  (3.36) 

 
where )(0 uJ  is the zero-order Bessel function of the first  kind, )(0 uK  is  the  

modified  zero-order Bessel function of the second kind (the Macdonald 
function) [41], cylA  and vacA  are arbitrary constants. The choice of solutions 

in the form of (3.35) and (3.36) is motivated by the condition that the fields 
remain finite as 0  and  . The quantity 2222 / zqc    
represents the square of the transverse wave number in the, and 

2222 / cqq z   is the square of the wave number in vacuum, taken with 
the opposite sign. It follows from the form of the solutions (3.35) and (3.36) 
that the fields of bulk–surface waves have an oscillatory character inside 
the cylinder and decrease in the direction normal to the cylinder surface – in 
the vacuum region. 

Recall that, in the absence of a beam, the boundary conditions at 

0   for the field components are the continuity conditions for the 

tangential components of the electric and magnetic fields, as well as the 
continuity condition for the normal (radial) component of the electric 
displacement vector. In the presence of a beam that moves along the 
cylinder surface (at 0 b ), the boundary conditions at 0   are the 

conditions for the continuity of the field component  tzE z ,,  and the jump 

of the component  tzD ,,  associated with the presence of a perturbed 

charge of the beam: 
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00 00

,,,,





 tzEtzE zz
,                       (3.37) 
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where integration is performed over the thickness of the beam. In what 
follows, we will use only the boundary conditions (3.37) and (3.38). We will 
determine the field components ( , , )H z t   using Eq. (3.34). We need an 

equation relating the field components  tzE ,,  and  tzE z ,,  to the 

surface electron density ),( tzn  of the beam at 0  . To obtain this 

equation, we write Eq. (3.33) for 0  , subtract a similar equation for the 

vacuum region from it, and apply the boundary condition (3.38) previously 
differentiated in time. As a result, we obtain  
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Following [115–120], we represent the surface density ( , )n z t  as 
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Expression (3.40) implies that a continuous tubular flow of electrons is 
represented as a set of macroparticles (charged rings) whose number is M  
per length 2 / zq . The coordinate 0 0( , , )p p pz z v t  describes the position of the 

individual p th macroparticle. Note that the coordinate 0 0( , , )p p pz z v t  and 

the velocity 0 0( , , )zp p pv z v t  of the p th macroparticle are solutions to the 

equations of motion 
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                (3.41) 

 

with the initial conditions 0 0 0( , ,0)p p p pz z v z  and 0 0 0( , ,0)
pz p p pv z v v . In 

what follows, we will analyze the time evolution of the amplitude and phase 
of the wave, as well as the coordinates and velocities of the macroparticles 
in the coordinate system fixed to the beam. To this end, we make the change  



162                                              PROBLEMS OF THEORETICAL PHYSICS 

 

0 0 0 0 0( , , ) ( , , )p p p p p pz z v t v t z z v t    , 

 

0 0 0 0 0( , , ) ( , , )zp p p zp p pv z v t v v z v t    , 

 

where 0 0( , , )p p pz z v t   and 0 0( , , )zp p pv z v t   are perturbations of the coordinate 

and longitudinal velocity of the p th macroparticle. Then the system of 
equations (3.41) and the corresponding initial conditions are rewritten as 

 

 

0 0
0 0

0 0
0

0

( , , )
( , , ),

( , , )
Re ( , , ) ,

p p p
zp p p

zp p p
z p

dz z v t
v z v t

dt
dv z v t e

E z t
dt m







 


 
 

 


                       (3.42) 

 

and 0 0 0( , ,0)p p p pz z v z    and 0 0 0( , ,0)zp p p pv z v v   . Henceforth we will assume 

that the beam is monovelocity at the initial moment of instability 
development. Therefore, we assume that, in the coordinate system fixed to 
the beam, the initial velocity perturbations of macroparticles are zero, i.e., 

0 0pv  . 

Equations (3.33) and (3.34), analogous equations for the vacuum 
region, and Eqs. (3.39) and (3.42) along with the boundary condition (3.37) 
represent a closed system of self-consistent nonlinear equations describing 
the time evolution of the fields excited by the beam. To solve this system, we 
assume that cylA  and vacA  depend on time and satisfy the following 

conditions: 
 






t

A

A
vaccyl

vaccyl

,

,

1 .                                      (3.43) 

 
We represent the other field components  tzE ,,  and  tzH ,,  in the 

cylinder and vacuum regions as 
 

      tzqitBtzE zvaccyl
vaccyl   exp,,, ,

, ,                    (3.44) 

 

      tzqitCtzH zvaccyl
vaccyl   exp,,, ,

, ,                  (3.45) 

 
where the first index “cyl” corresponds to the cylinder region and the second 
index “vac,” to the vacuum region, and the amplitudes  tBcyl , ,  tCcyl , , 
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 tBvac , , and  tCvac ,  satisfy conditions analogous to (3.43). Substituting 

expressions (3.35), (3.36), (3.44), and (3.45) into Eqs. (3.33) and (3.34) and 
analogous equations for the vacuum region, we obtain the following 
equations: 
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(3.48) 
 

           





 











tAi

t

tA
qKcqtCqc

t

tC
i

t

tC
vac

vac
vac

vacvac 





0
22

2

2

,
,

2
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(3.49) 
 

where the prime in the special functions denotes differentiation with respect 
to the argument. Substituting the expressions for the fields (3.35), (3.36) 
and (3.44), (3.45) into (3.39) and multiplying both sides of the equality 
obtained by   tzqi z exp  after averaging over the period 2 , we 
obtain  

 

             
22000000

41
,,

z
cylvac

z
cylvac qc

e
tAJtAqKq

iq
tBtB

 , (3.50) 

 
where 

    dttzqi
t

tzn
z 


 







 



exp
,

2 2

2

.                     (3.51) 

 
The substitution of (3.40) into (3.51) under the Cherenkov resonance 
condition 0vqz  yields 

 
2

0
0 0

1 0

exp ( , , )
M

p
p

n a
i z z v t

M v

 


 
    

 
  .                      (3.52) 

 
Recall that just as above the Cherenkov resonance with the condition 

0zq v  means the effect of excitation of eigenmodes of the cylinder under 
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study as a result of longitudinal bunching of electrons in the field of the 
excited wave and the formation of emitting electron bunches in its 
decelerating phases. From expressions (3.35) and (3.36) and the boundary 
condition (3.37), we obtain the following relation between the amplitudes 

 tAcyl  and  tAvac : 

       0000  qKtAJtA vaccyl  .                              (3.53) 

 
Then, applying expression (3.53), from (3.50) we obtain 

 

          





000
2

0
00

000

0 4
,,





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

qKqc

ie
tBtB

J

iq
tA

z
cylvac

z
cyl

        (3.54) 

 

and        0000  qKJtAtA cylvac  , JKq  000  , where 

   0000  qKqKK   and    0000  JJJ  . Substituting (3.54) into 

Eqs. (3.46)–(3.49), we obtain  a closed  system  of  equations  relating  the 
amplitudes  tBcyl ,0 ,  tBvac ,0 ,  tCcyl ,0 , and  tCvac ,0  and to the 

surface density ),( tzn  of the beam. 
Let us represent the above complex amplitudes of the fields as 
 

      titFtA vaccylvaccylvaccyl ,,, exp  ,                                 (3.55) 

 

       titGtB vaccylvaccylvaccyl ,0,0, exp,,   ,                         (3.56) 

 

       titPtC vaccylvaccylvaccyl ,0,0, exp,,   ,                         (3.57) 

 

where  tcyl ,  tvac ,  tcyl ,  tvac ,  tcyl , and  tvac  are slowly varying 

(in time) phases that satisfy conditions analogous to (3.43). Substituting the 
representation (3.55) of complex amplitudes into the boundary condition 
(3.53), we obtain and     Zkktt vaccyl  ,2 . In what follows, we 

assume that    tFtFvac   and      ttt vaccyl    (for 0k ).  

With regard to expressions (3.52), (3.54), (3.56), and (3.57), the system 
of equations (3.42) is rewritten as 

 



Yu. O. Averkov, Yu. V. Prokopenko, V. M. Yakovenko. Chapter II. Excitation of electromagnetic...  165 

 

0 0
0 0

0 0 0
0 0 0

0 0 0 0 0

0 0 0
0

2
0 0

1 0 0 22
0

( , , )
( , , ),

( , , )
( , ) sin ( , , ) ( )

( )

( , ) sin ( , , ) ( )

4
( ) cos ( , , ) (

p
zp

zp z
cyl p cyl

vac p vac

p

dz z v t
v z v t

dt

dv z v t eq
G t z z v t t

dt m K q v

G t z z v t t
v

ev n a
t z z v t

c M v

  


 

  



  
       
 

   
 

 
  

 









 0 0
0

) sin ( , , ) ,pt z z v t
v














   
       



  (3.58) 

 
where 
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With regard to expressions (3.52), (3.54), (3.56), and (3.57), the system of 
equations (3.46)–(3.49) is rewritten as 
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where 
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Solving the system of equations (3.59)–(3.62) and applying relation (3.54), 
we can find the time dependence of the amplitude  tF  of the longitudinal 
component of the electric field on the boundary of the cylinder. Equations 
(3.48) and (3.49) are expressed in the form analogous to the system of 
equations (3.59)–(3.62) to describe the time evolution of the amplitudes 

 tPcyl ,0  and  tPvac ,0  and the phases  tcyl  and  tvac  of the magnetic 

field of the waves. We do not present the corresponding equations in view of 
their awkwardness. As a result, we have a system of equations whose 
solution yields the slowly varying amplitudes of the fields  tzEcyl ,,0 ,

 tzEvac ,,0 ,  tzH vac ,,0 ,  tzH cyl ,,0  and    tzEtzE vac
z

cyl
z ,,,, 00   . 

To solve the above system of equations numerically, it is convenient to 
introduce dimensionless field amplitudes. To this end, we normalize the 
amplitudes of all fields by a certain quantity that has the meaning of some 
characteristic maximum value. We determine this quantity from the 
condition that the period-averaged energy of the electromagnetic waves 
generated by the beam at the nonlinear stage of instability is on the order of 
the kinetic energy of the beam in the frame of reference fixed to the wave. 
This condition corresponds to the trapping of the beam particles by the field 
of the excited wave. Let us estimate the order of magnitude of the average 
energy of electromagnetic waves in vacuum under the condition that 0   

in the neglect of the slow dependence of the field amplitudes on time: 
 

          tztztztzW vacvacvacvacvac ,,,,,,,,Re
8

1
00000 


   HHEE , 

 
where “” denotes complex conjugation. According to the aforesaid, we have 

   20000 ph
vac vvnmW  , where phv  is the phase velocity of the wave 
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excited by the beam. Applying Maxwell’s equations (3.33) and (3.34) for 

1  and expressions (3.35), (3.36), (3.44), (3.45), and (3.55)–(3.57) for 

 0
vacW  we obtain 

 

   2max

222

2

2

0 1
8

cyl
KzzJ

Kvac G
q

q

cqq
W














































 , 

 

where max
cylG  is an order of magnitude maximum value of the amplitude 

 tGcyl ,0 . 

Let us find an expression for the phase velocity phv  of the wave. Using 

the results of [138], we can represent the dispersion equation for the coupled 
waves of the beam and the dielectric cylinder in the case of axially 
symmetric waves as 
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Notice that the expression in the first set of parentheses on the left-hand 
side of this equation, when set equal to zero, represents the dispersion 
equation of the axially symmetric E-type eigenwave of the dielectric 
cylinder. Following the methods of [90], we obtain the following expression 
for the increment   of the emerging instability: 
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where cv0 ,   0
2 1, vq RRz   , and 0R zq v  . Then, for phv  

we have zph qvv 30  , which corresponds to a slow coupled wave. As a 

result, we obtain the following expression for max
cylG : 
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Below we give a numerical analysis of the time dependence of slowly 
varying amplitudes of the electromagnetic wave fields reduced to the 
dimensionless form with respect to (3.63) taken for fixed values of 0v  and 

zq  
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(under the condition 0vqz ) and the radial mode index s  corresponding 

to the number of variations of the field along the radial coordinate  . 

3.3.2.  Numerical Analysis Of The System  
Of Nonlinear Equations 

 
We carry out a numerical analysis of the system of equations  

(3.58)–(3.62) and the corresponding equations for the amplitudes  tPcyl ,0  

and  tPvac ,0  and phases  tcyl ,  tvac  of the magnetic field of the wave 

with the use of the following dimensionless quantities: t0  ; 0  ; 

0 bb  ; 0  ; 0zz qq  ; 0  ; pzp zqz ~ ; zpzp vqv ~ ; 
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where 00  c . As the material of the dielectric cylinder, we use polikor 

with 6.9 ; the radius of the cylinder is 5.00  cm. We take the following 

values of the equilibrium electron concentration in the beam 0n , the beam 

wall thickness a , and the directed velocity of the beam electrons 0v : 
10

0 10n  cm-3, 310 a  cm and cv 48.00  . For these parameters of the 

system, we have 10
0 106  s-1, 1.00 b . We analyze the time 

dependence of  the  dimensionless  field  amplitudes (3.64)–(3.66) for three 
values of the radial mode index 3 2, ,1s . The resonance values of 

zq  and 
  corresponding to the intersection points of the dispersion curves of 
azimuthally symmetric eigenmodes of the cylinder and the dependence 

0vqz  are as follows (see. [138]): 3.3zq ; 6.1 ; 2102.1    

( 109.56 10   s-1, 95.0  cm) for 1s ; 15.6zq ; 98.2 ; 2105.1    

( 111.79 10   s-1, 5.0  cm) for 2s , 97.8zq ; 35.4 ; 2107.1    

( 112.6 10   s-1, 35.0  cm) for 3s , where 2 zq   is the wavelength. 



Yu. O. Averkov,

 

We calcula

to 1s : m
cyG

Figur

  ,0
vacH

waves with

and 3s  

[139] for th

to half the 
angle   (f
s  is the rad

Fig. 

 
In Fi

2, to the  

  ,0
vacH

slowly vary
Runge–Kut
shaped ma
0 2pz  
8000. Note
integration 
initial value
equal to 10
multiplied b

, Yu. V. Prokopen

te the quan
max 103.5 cyl

res 3.5–3.7 

, and 
cylH

h the radial

(waves 0 3E

he eigenmod

number of 
for an azimu
dial mode in

3.5. Slow cha
of the 0E

igs. 3.5–3.7, 

function  

, and curves

ying (in time)
tta method. 
acroparticles
  at the initia

e that the 
with variabl

es of the dim
120  , and o

by the dime

nko, V. M. Yakove

ntity max
cylG  fo

2  CGS (or G

demonstra

  ,0
l  as 

 mode index

), respectiv

des  snE  of th

variations o
uthally symm
ndex. 

anging amplit

0  1  wave as a 

curves 1 cor

  ,0
vacE

s 5 to 
cylH

) amplitudes
The electron

s that are 
al instant of 

computation
le step size b

mensionless a
f their time

ensionless in

enko. Chapter II.

or the value
max 106.1 cylG

ate  ,0
cylE

a function

x 1s  (wa

ely. Here w

he cylinder. 

of the field 
metric wave

tudes of the el
function of di

rrespond to t

, curves 3,

 ,0
. We so

s and phases 
n beam was
uniformly 
time. The nu

nal program
by defining a
amplitudes of
e derivatives
ncrement 

I. Excitation of ele

es of  
zq  and

30  V/cm). 

, , 
vacE

of dimensio

aves 0  1E ), s

we use the n

The first in

with respec
e, 0n  ), an

electric and m
dimensionless 

the function

 to vac
zE

olved the sys

s of the fields
s simulated 
distributed 

umber M  of

m used allow
a relative err
f the fields (3
s, equal to 
 correspond

ectromagnetic... 

d   corresp

 ,0
, vac

zE

onless time

2s  (wave

notation ado

dex n  corre

ct to the azi
nd the secon

magnetic fields
time 

  ,0
cylE

 ,0
, curve

stem of equat

s numerically
by individu
over the i

f macropartic

wed us to p
ror at each st
3.64)–(3.66) w
their initial

ding to each 

169 

ponding 

  ,0
, 

  for 

s 0 2E ), 

opted in 

esponds 

imuthal 
d index 

s  

, curves 

es 4, to 

tions for 

y by the 
al ring-
interval 
cles was 

perform 
tep. The 
were set 
l values 
type of 



170  

 
waves. 
to be ze

Fig. 3
of th

of t

 
F

0  1E  w

than th

about 

this tim
wave, 
linear 
presen
of elect

than th

than th

amplit

is abou

greater

period 

ns, and

the ra
corresp
these a
Note th
time an
about t

F

(curves

The initial v
ero. 

3.6. Slow chan
he electric and
the 0 2E  wav

of dimensio

Figures 3.5–
ave, 1 217 
hat for the E

12.5 than th

me, the part
and a furth
stage of ins
ted in Figs. 
tric and mag

he correspon

hose for the

udes at the 

ut 8.3  times

r than that 

is approxim

d, for the 0E

dial mode i
ponding val
amplitudes 
hat, as the 
nd the perio
the same nu
Figures 3.5–

s 2) turns o

         

values of the 

nging amplitu
d magnetic fie
ve as a functio

onless time 

–3.7  show  
7  (or 1 1t 

0 2E  wave (
hat for the E

ticles of the
her increase
stability dev

3.5–3.7 sho
gnetic fields

nding values

e 0 3E  wave.

nonlinear s

s greater tha

for the 0 E

mately equal

0 3  wave, to

index s  inc
ues of slow
at the nonl
radial mode

od of nonline
umber of tim
–3.7 also sho

out to be th

                            

slow phases

udes  
elds  
on  

that  the  i

0 3.6  ns)

2 56   or 2t 

0 3E  wave (
e beam are 
e in the fiel
velopment st
ows  that th
 for the 0  1E

s for the 0 2E

. In this cas

tage of insta

an that for 

3  wave. For

l to 38.11 T

033.03 T n

creases, the
w amplitude

inear stage 
e index s  in
ear oscillatio

mes. 
ow that the o

he greatest 

      PROBLEMS

s and their de

Fig. 3.7. Slow
of the electri

of the 0 3E
of dim

instability  
) is greater b

2 0 0.9  

3 17.3   or 

trapped by 
ld amplitud
tops. The an
e instability
 wave are a

2  wave and 

se, the oscill

ability satur

the 0 2E  wa

r example, f

ns, for the 

ns. Hence, w

e instability
s, and the 
of instabilit

ncreases, th
ons of slow a

oscillation a

ones. The 

S OF THEORETI

erivatives we

w changing am
ric and magne

 wave as a fu

mensionless tim

saturation t
by a factor o

94 ns) and b

3 3 0t   
the field of 

de correspon
nalysis of th
y saturation 
about 2.2  ti

about 7.3 ti

lation “perio

ration for th

ave and abou

for the 0  1E

0 2E  wave, t

we can conclu

y saturation
oscillation 

ity saturatio
he instability

amplitudes 

amplitude of 

ratio of the

ICAL PHYSICS 

ere assumed

mplitudes  
etic fields  
unction  

ime 

time for the
of about 8.3

y a factor of

0.07 ns). By

the excited
nding to the
he functions

amplitudes
mes greater

mes greater

od” of these

he 0  1E  wave

ut 40  times

 wave, this

to 36.02 T

ude that, as

n times, the
“periods” of

on decrease.
y saturation
decrease by

f   ,0
vacE

e maximum

d 

e 
 

f 

y 

d 
e 
s 
s 
r 

r 

e 

e 

s 

s 

s 

e 
f 
. 

n 
y 

 

m 



Yu. O. Averkov, Yu. V. Prokopenko, V. M. Yakovenko. Chapter II. Excitation of electromagnetic...  171 

 

instability saturation amplitudes of   ,0
vacE  and   ,0

cylE  for the 0  1E  

wave is approximately equal to 8.7, for the 0 2E  wave, to 7.6, and for the 

0 3E  wave, to 3.6. As applied to the boundary condition (3.38), this means 

that the contribution of the beam to the jump of the radial component of the 
electric field of the wave increases with increasing radial mode index s . The 
analysis of the jumps of the functions   ,0

vacH , and   ,0
cylH  for the 

0  1E , 0 2E , and 03E  waves leads to a similar result. 

Comparison of Figs. 3.5 and 3.6 with Fig. 3.7 shows that the 
oscillations of slow amplitudes in Fig. 3.7 exhibit an irregular behavior. 
A possible reason for this phenomenon is the fact that the period of 
nonlinear oscillations for 3s   turns out to be comparable with the period of 

the excited wave: 0 3 2T   and  0 2 1.44    , where the frequency   

corresponds to the 0 3E  wave. This means the violation of condition (3.43), 

which actually represents the condition of slowness of the time variation of 
the field amplitudes. This can provide evidence for that fact that the method 
of slowly varying amplitudes and phases used in the present study is no 
longer applicable for waves with radial mode index greater than a certain 
“critical” value. For the chosen parameters of the cylinder and the beam, 
this value is 2crs  . Indeed, for 2s  , we have 0 2 21T  , which is 7 times 

greater than  0 2 3    , where the frequency   corresponds to the 0 2E  

wave, while, for 1s  , we have 0 1 83T  , which is almost 52 times greater 

than   0 2 1.6    , where the frequency   corresponds to the 0  1E  wave. 

Here the quantity  0 2    represents the dimensionless period of “fast” 

oscillations of the fields of the excited wave with resonance frequency  . 
Consider the question of the polarization of the waves excited by the 

beam. To this end, using the approach developed in [140], we write the 
ellipse equation for the dimensionless components of the fields 

   0 0Re , ,z zE        and    0 0Re , ,E        : 

 
           222 sincos2 zz ,               (3.67) 

 
where      0000 ,,  qKFvac  for both the vacuum and cylinder 

regions (in view of the boundary condition (3.37), the same quantity 

  ,0  corresponds to the cylinder region) and the component   ,0E  

and the corresponding amplitude   ,0G  and phase    may refer to both 

the cylinder and vacuum regions. In addition, we write the equation for the 
polarization coefficient: 
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where                . Recall that, in the cylinder region, 

   cyl    , and we consider the function  cyl  ; in the vacuum region, 

   vac    , and we consider the function  vac  . Notice that, according 

to (3.67), the polarization of the wave may change with time. Moreover, 
Figs.3.5 and 3.6 show that    0 0, , 1G      (i.e.,   1 ) for the 

cylinder region and    0 0, , 1G      (i.e.,   1 ) for the vacuum 

region. 
Figure 3.8 demonstrates the functions  cyl   (curve 1) and  vac   

(curve 2) for the 0  1E  wave. One can see that the phase difference  cyl   for 

the electric field in the cylinder oscillates with time and varies within 

 1 1.011cyl    . This means that the polarization of the electric field in 

the cylinder changes with time and can be either linear for   0cyl    and 

  1cyl    or elliptic for other values of  cyl   (with regard to the fact that 

  1  in the cylinder). The change of sign of  cyl   implies the change of 

the direction of rotation of the electric field vector of the wave in the  , z  

plane. For example, for   0cyl   , the electric field vector of the wave 

rotates counter-clockwise when seen from the end of the unit vector defining 
the positive direction of the   axis. 

The function  vac   behaves similarly. At the instants of time when 

 vac   equals 0,1, 2,3 , the polarization of the wave is linear, while, at other 

instants of time, it is elliptical. It is interesting to note that, at the nonlinear 
stage of instability, for 1 217   , the phase difference  vac   coincides 

with good accuracy (with an error of about 1.0 %) with a value of 3.5, while 
remaining an oscillating function of time. This indicates that the 
polarization of the wave in vacuum is elliptical (   1 ), and the axes of 

the ellipse almost coincide with the coordinate axes   and z . Indeed, for 

  3.5vac   , Eq. (3.67) turns into the equation of an ellipse. It is also 

noteworthy that, at the non-linear stage of instability (for 1 217   ), the 

signs of  cyl   and  vac   are opposite. Physically, this means that, in the 
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surface. We have considered the excitation of azimuthally symmetric bulk–
surface E- type electromagnetic waves under the Cherenkov resonance 
condition. The calculation was performed with the use of slowly varying (in 
time) amplitudes and phases of the electric and magnetic fields of the wave. 
For these quantities, we have obtained a system of differential equations 
from Maxwell’s equations, constitutive relations, and boundary conditions, 
which was solved by the Runge–Kutta method with variable step size. In 
this case, the beam was represented as a set of macroparticles—charged 
rings. We have shown that the frequency of the excited electromagnetic 
waves decreases due to nonlinear processes. The analysis of slowly varying 
field amplitudes as a function of time has shown that, as the radial mode 
index s  increases, the instability saturation time and the maximum values 
and the period of amplitude oscillations at the nonlinear instability 
saturation stage decrease. We have established that the method of slowly 
varying amplitudes and phases used in this work ceases to be applicable for 
waves with radial mode index greater than a certain “critical” value, for 
which the characteristic period of oscillations of the field amplitudes at the 
nonlinear stage of instability becomes comparable with the period of fast 
oscillations of the excited wave. 

The analysis of the differences of slow phases of the radial and axial 
components of the electric field of the 0  1E  and 0 2E  waves as a function of 

dimensionless time   has shown that, at the nonlinear instability stage, 
the polarization of the waves is elliptical. The directions of rotation of the 
electric field vectors of the 0  1E  and 0 2E  waves coincide in the region of the 

cylinder but are opposite in the vacuum region. Moreover, in the vacuum 
region, the principal axes of the polarization ellipse coincide with good 
accuracy with the coordinate axes   and z . 
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General Coclusion 

 
The following results have been derived in this Chapter. 
In the first section the excitation of surface magnetoplasmons by an 

electron moving along a static magnetic field in vacuum over a two-
dimensional plasma layer on the surface of a three-dimensional plasma has 
been studied theoretically. The effect of magnetoplasmons excitation has 
been based on the Cherenkov resonance condition. The spectra of 
eigenwaves of such a structure for the GaAs semiconductor as a three-
dimensional plasma and the InSb semiconductor as a two-dimensional 
plasma has been numerically investigated. It has been shown that some of 
the dispersion curves of eigenmodes have segments with anomalous 
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dispersion. Besides, the number of frequency regions where surface 
magnetoplasmons can propagate only in one direction with respect to the 
external magnetic field in the case under consideration is smaller than that 
in the case of the purely transverse propagation of surface 
magnetoplasmons with respect to the external magnetic field. This means 
that the propagation of surface magnetoplasmons at acute angles reduces 
the degree of asymmetry of dispersion curves.  

It has been denostrated that the particle excites only waves traveling 
at acute angles with respect to the external magnetic field (in particular, 
along the external magnetic field). Waves propagating at a right angle to 
the external magnetic field are not excited because the projection of the 
vector E  on the direction of particle motion is zero and, therefore, particle 
energy loss to the excitation of surface plasmons is absent. 

The radiation pattern of emitted canted surface magnetoplasmons in 
terms of the angle   between the velocity of the electron and the two-
dimensional wavevector κ  has been plotted. This clearly demonstrates the 
nonreciprocity principle in the excitation of surface magnetoplasmons by the 
electron. Indeed, the maxima of the spectral density of energy losses appear 
at finite values max , which lie within the region of max0 2   . It has 

been also shown the existence of threshold angles th  below which electron-

energy loss is absent. These angles correspond to the points of beginning of 
dispersion curves of the magnetoplasmons.  

It is seen from the radiation pattern of emitted canted surface 
magnetoplasmons that the maximum of the spectral density for surface 
modes which have segments of dispersion curves with anomalous dispersion 
is approximately two orders of magnitude higher than the maxima of the 
spectral density for other surface modes. 

The numerical analysis of the dependence of the maximum of the 
spectral density, corresponding to the modes which have segments of 
dispersion curves with anomalous dispersion, on the electron density in the 
two-dimensional plasma for the cases where the two-dimensional plasma is 
a Drude gas (with a quadratic dispersion law) and graphene monolayer 
(with a linear dispersion law) with the same electron density has been 
performed. It has been shown  from the analysis of the the dependence  the 
qualitative character of the dispersion law of electrons in the two-
dimensional plasma can be established. It means that the results of the 
considered physical problem of excitation of surface magnetoplasmons by an 
electron moving along a static magnetic field in vacuum over a two-
dimensional plasma layer on the surface of a three-dimensional plasma can 
serve as the basis for the new non-contact method for testing graphite films 
to identify graphite monolayers from them. 

In the second section the instability of nonrelativistic tubular electron 
beam that moves above a dispersive metamaterial of cylindrical 
configuration has been theoretically examined. It has been assumed that the 
metamaterial possesses negative permittivity   and negative permeability 
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  simultaneously over a certain frequency range where it behaves like a 
left-handed material (LHM). The dispersion equations for eigenmodes of the 
cylinder and for the coupled modes of the system as well as the instability 
increments have been derived.  

In order to derive the dispersion equation for the electromagnetic 
waves in the electrodynamic system under consideration the following 
boundary conditions at the cylinder surface (

0  ) and at the beam surface 
(

b  ) have to be satisfied. First, the tangential components of the electric 
and magnetic fields are continuous at 

0  . Second, at 
b   the tangential 

components of the magnetic fields are discontinuous because of the beam 
current. Note that the normal component of the magnetic induction vector 
remains continuous, whereas the normal component of the electric 
displacement vector suffers discontinuity because of the disturbed beam 
charge. However, in nonrelativistic case, when 2 1   (where   is the 
velocity of the beam devided by the velocity of light in vacuum) and 2 1  , 
the discontinuities of the tangential magnetic field components ( , , )n zH q    

and ( , , )zn zH q   at the beam surface (
b  ) are small values of the order of 

( )O  . Therefore, in the boundary conditions at the beam surface (
b  ) in 

the case where the distances of the beam from the cylinder are much less 
than the wavelength, we suppose these components are continuous, and 
take into account only the discontinuity of the radial component ( , , )n zE q    

of electric field. 
The instability is shown to be caused by Cherenkov or anomalous 

Doppler effects depending on the radial distance between the cylinder and 
the beam. Note that the Cherenkov resonance means the effect of excitation 
of eigenmodes of the cylinder under study as a result of longitudinal 
bunching of electrons in the field of the excited wave and the formation of 
emitting electron bunches in its decelerating phases. The anomalous 
Doppler effect means that the instability emerges only if the slow space-
charge wave interacts with the cylinder eigenmodes. 

The numerical analysis of the dispersion curves of the eigenmodes of 
the cylinder and the coupled modes excited by the beam in the frequency 
region where the metamaterial demonstrates the left-handed behavior has 
been performed. It has been revealed that the parts of the dispersion curves 
of the bulk-surface waves with anomalous dispersion emerge. The latter 
implies negative group velocities of corresponding waves and results in the 
absolute character of the beam instability. The nature of the instability in a 
small vicinity of the intersection points of the eigenmode dispersion curves 
with the beam wave 

zq   (the so-called resonance points) has been 
studied in detail with the use the well-known Sturrock method. 

It has been found that the resonance behavior of magnetic permeability 
of the metamaterial leads to the fact that all bulk-surface waves excited by the 
beam are the E-type waves for the resonance values of frequencies and wave 
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vectors. The numerical analysis of the dependencies of the instability 
increments on azimutal and radial mode indices has been performed. We have 
shown the excitation of the weak decaying whispering gallery modes of HE-type 
with large values of azimuthal index n  in the electrodynamic system under 
study is possible. Thus, this suggests applications of LHMs as delaying media 
for the generation of bulk-surface waves and eliminates the need for creating 
artificial feedbacks in slow-wave structures. 

In the third section the problem of nonlinear stabilization of 
instability of a tubular non-relativistic electron beam moving in vacuum 
along the surface of a solid-state plasma cylinder has been solved. We have 
assumed that the beam thickness is infinitely small and there is no direct 
contact between the beam and the cylinder surface. The interaction of an 
electron beam with eigenmodes (oscillations) of a dielectric cylinder is 
described by the set of electrostatic equations supplemented with the 
constitutive equation and the equation of motion of plasma electrons. We 
have limited ourselves to considering azimuthally symmetric electrostatic 
waves and introduced the electric field potential ( , , )z t   such that 

( , , ) ( , , )z t z t   E . The potential of the wave ( , , )z t   and its radial 
derivative ( , , )z t     satisfy the following boundary conditions on the 
cylinder surface: the continuity of the ( , , )z t   and a jump in its derivative 
due to the presence of the beam surface charge. 

The nonlinear stabilization of the emerging instability has been 
investigated by the method of slow varing in time amplitudes and phases of 
the electrostatic wave. Using the Runge–Kutta method with a variable step, 
the numerical analysis of a self-consistent system of equations describing 
the time evolution of the wave amplitude and phase, as well as the 
coordinates and velocities of the macroparticles, has been carried out. It has 
been supposed that the frequency of the electrostatic wave are related to the 
beam electron velocity by the Vavilov–Cherenkov resonance condition 

0zq v  , i.e., as has been mentioned above, the effect of excitation of 

eigenmodes of the cylinder under study are caused by longitudinal bunching 
of electrons in the field of the excited wave and the formation of emitting 
electron bunches in its decelerating phases. 

The nonlinear stabilization of the wave amplitude due to the effect of 
self-trapping of the beam electrons and their subsequent chaotization has 
been demonstrated. It has been shown from the corresponding phase 
portrait of macroparticles that a group of reflected macroparticles appears 
in the stage of instability saturation and is reflected from the humps of the 
beam potential wave. Besides, it has been established that the larger the 
radius of the plasma cylinder, the later the nonlinear stage of instability 
begins and the larger the maximum value of the slowly varying amplitude. 
The limiting case of a plane interface between the electron beam and the 
solid-state plasma has been considered.  

The problem of non-linear stabilization of the instability of a tubular 
electron beam moving along the surface of a solid dielectric cylinder has 
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been theoretically investigated. The beam is assumed to be non-relativistic, 
infinitely thin in the radial direction, and moving along the lines of force of 
an infinitely strong constant magnetic field at small (compared with the 
wavelength of the excited wave) impact parameters from the cylinder 
surface. We have considered the excitation of azimuthally symmetric bulk–
surface E-type electromagnetic waves under the Cherenkov resonance 
condition.  

The boundary conditions at the surface of the beam ( 0  ) are the 

continuity conditions for the longitudinal component of the electric field and 
the jump of the radial component of the electric displacement vector 
associated with the presence of a perturbed charge of the beam. The beam is 
represented as a set of macroparticles (charged rings). The homogeneous 
wave equations for the radial component of electric field and the azimuth 
component of magnetic field in vacuum as well as in the cylinder along with 
the above mentioned boundary condition and the equations of motion of 
macroparticles in the coordinate system fixed to the beam represent a closed 
system of self-consistent nonlinear equations describing the time evolution 
of the fields excited by the beam. To solve this system, we use the method of 
slowly varying (in time) amplitudes and phases of the excited wave. 

Solving the system of equations which is consisted of equations of 
slowly varying amplitudes and phases of the radial component of electric 
field and the azimuth component of magnetic field both in vacuum and the 
cylinder along with the equations of motion of macroparticles we can 
analyse the non-linear stage of the beam instabilyty. The longitudinal 
component of the electric field we derive with the use of the corresponding 
boundary condition on the cylinder surface. 

To solve the above system of selfconsistent equations numerically, we 
introduce dimensionless field amplitudes. To this end, we normalize the 
amplitudes of all fields by a certain quantity that has the meaning of some 
characteristic maximum value. We determine this quantity from the 
condition that the period-averaged energy of the electromagnetic waves 
generated by the beam at the nonlinear stage of instability is of the order of 
the kinetic energy of the beam in the coordinate system fixed to the wave. 
This condition corresponds to the trapping of the beam particles by the field 
of the excited wave. The analytical expression for the increment of the 
emerging instability has been derived. 

The numerical analysis of the time dependence of slowly varying 
amplitudes of the electromagnetic wave fields reduced to the dimensionless 
form taken for the fixed values of beam velocity 0v  and longitudional 

component of the wave vector 
zq  (under the Cherenkov condition 0vqz ) 

and the radial mode index s  corresponding to the number of variations of 
the field along the radial coordinate   has been performed. As the material 
of the dielectric cylinder, we use polikor.  

We solved the system of equations for slowly varying (in time) 
amplitudes and phases of the fields along with the equation of motion of 
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macroparticles numerically by the Runge–Kutta method. The electron beam 
was simulated by individual ring-shaped macroparticles that were 
uniformly distributed over the interval 0 2pz    (where pz  is the 

dimensionless longitudinal coordinate of p th macroparticle, i.e. p z pz q z ) 

at the initial instant of time. The number M  of macroparticles was 8000 . 
Note that the computational program used allowed us to perform 
integration with variable step size by defining a relative error at each step. 
The initial values of the dimensionless amplitudes of the fields were set 
equal to 1210 , and of their time derivatives, equal to their initial values 
multiplied by the dimensionless increment   corresponding to each type of 
waves. The initial values of the slow phases and their derivatives were 
assumed to be zero. 

From the numerical analysis we conclude that, as the radial mode 
index s  increases, the instability saturation times, the corresponding values 
of slow amplitudes, and the oscillation “periods” of these amplitudes at the 
nonlinear stage of instability saturation decrease. Note that, as the radial 
mode index s  increases, the instability saturation time and the period of 
nonlinear oscillations of slow amplitudes decrease by about the same 
number of times. Besides, the analysis shows that the oscillations of slow 
amplitudes for the radial mode index 3s   exhibit an irregular behavior. 
A possible reason for this phenomenon is the fact that the period of 
nonlinear oscillations for 3s   turns out to be comparable with the period of 
the excited wave 2  , where the frequency   corresponds to the 0 3E  

wave. This means the violation of condition of slowness of the time variation 
of the field amplitudes. This can provide evidence for that fact that the 
method of slowly varying amplitudes and phases used in the present study 
is no longer applicable for waves with radial mode index greater than a 
certain “critical” value. 

The mumerical analysis of the polarization of the waves excited by the 
beam has been carried out. The analysis of the differences of slow phases of 
the radial and axial components of the electric field of the 0  1E  and 0 2E  

waves as a function of dimensionless time   has shown that, at the 
nonlinear instability stage, the polarization of the waves is elliptical. The 
directions of rotation of the electric field vectors of the 0  1E  and 0 2E  waves 

coincide in the region of the cylinder but are opposite in the vacuum region. 
Moreover, in the vacuum region, the principal axes of the polarization 
ellipse coincide with good accuracy with the coordinate axes   and z . 
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icroscopic approaches to the description of non-equilibrium 
processes in complex systems of identical particles, in particular, at 
the kinetic stage of evolution, have been developed. In this work, 
the term “complex” unites some selected systems of many identical 
constituent particles with a complex internal structure. The 

internal structure of particles is reflected in the peculiarities of their interaction, 
both among themselves and with an external field acting on the medium. Such 
systems are nonlinear, open (regarding the presence of an external field), 
demonstrating the emergence of self-organization and new properties in the 
process of evolution. As an example of such systems, we consider dissipative 
media (media with internal friction between structural units) under the influence 
of an external random field, active media (in this case, the dissipative media, the 
structural units of which are influenced by an external stochastic field, the action 
of which depends on the velocity of the structural unit), low-temperature gases of 
hydrogen-like atoms in an external electromagnetic field. The systems are 
specially selected in such a way as to cover the cases of both classical and 
quantum complex systems. For systems of this kind, recipes have been proposed 
for constructing microscopic approaches to describing their evolution, in 
particular, its kinetic stages. The approaches are constructed in such a way that 
the noted internal structure of the structural units of the system does not affect 
the possibilities of considering these composite particles as point objects. The 
motivation for the research is, first of all, the fact that consistent microscopic 
approaches to the description of evolutionary processes in these systems are 

M
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currently either completely absent or insufficiently developed.The development of 
microscopic approaches is based on the generalization of the Bogolyubov - 
Peletminsky reduced description method to the case of the listed complex systems 
of identical particles. The procedure for constructing microscopic approaches to 
describing the evolution of dissipative systems (including those with active 
fluctuations) demonstrates the possibility of dynamically substantiating the 
kinetic theory of dissipative systems of identical particles in an external stochastic 
field. Within the framework of the developed approaches, a procedure is proposed 
for deriving kinetic equations for all the systems mentioned in the case of weak 
interaction between particles and a low intensity of the external field. A number 
of particular solutions of the obtained equations are analyzed, in particular, with 
the aim of further applications of the developed theory. 

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic 
field, Furutsu-Novikov formula, chains of BBGKY equations, reduced description 
method, kinetic equations, self-propelled properties of dissipative systems. 

PACS numbers: 05.20.-y; 05.20.Dd; 05.10.Gg; 05.40.-a; 05.40.Jc; 45.70.-n; 
47.70 Nd 
 

Introduction 
 

First of all, it should be recalled that a general definition of the concept of 
a «complex system» does not exist at the present time. The concept itself is 
widely used in the scientific literature as a term that marks the presence of 
specific features of the objects of study in many natural and humanitarian 
sciences. Perhaps it is precisely because of such a comprehensiveness of the 
term that there is no general definition of such systems. The English-language 
Wikipedia, for example, characterizes such objects as follows: «Complex 
systems are systems whose behavior is intrinsically difficult to model due to the 
dependencies, competitions, relationships, or other types of interactions 
between their parts or between a given system and its environment. Systems 
that are «complex» have distinct properties that arise from these relationships, 
such as nonlinearity, emergence, spontaneous order, adaptation, and feedback 
loops, among others.»1. As for the physical side of the issue, the Ukrainian-
language Wikipedia claims that “The physics of complex systems studies 
systems that consist of many interacting parts and exhibit collective behavior 
that is not a simple consequence of the behavior of their individual components. 
Examples of such systems are condensed matter, ecological and biological 
systems, stock markets and economic systems, and human society. The concept 
of a complex system applies to many traditional disciplines of science and forms 
a new, interdisciplinary field of knowledge. The equations used to build models 
of complex systems are mainly taken from statistical physics, information 
theory and nonlinear dynamics. Inherent features of complex systems are self-
organization, the emergence of new functionalities (emergence), high sensitivity 
to small changes in initial conditions, obedience to power laws (distributions 

                                                      
1https://en.wikipedia.org/wiki/Complex_system  
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such as «thick tails»)2. Let us also recall that self-organization is a term used to 
define the processes of emergence in such a system of complex structures in the 
absence of order imposed by external influence, and emergence is the 
emergence in the process of evolution of new properties that are not reducible to 
the sum of the properties of the components (structural units) of the system. 

In this work, the term «complex» unites some systems of many 
identical constituent particles with a complex internal structure. The 
internal structure of particles is reflected in the peculiarities of their 
interaction, both among themselves and with an external field acting on the 
environment. As will be shown in the further presentation, such systems are 
nonlinear, open (the presence of an external field!), Demonstrating the 
emergence of self-organization and new properties in the process of 
evolution. As an example of such systems, in this work we consider 
dissipative media (media with internal friction between structural units) 
under the influence of an external random field, active media (in this case, 
dissipative media, the structural units of which are exposed to an external 
stochastic field, the action of which depends on structural unit velocity), low-
temperature gases of hydrogen-like atoms in an external electromagnetic 
field. It should be noted that the systems are specially selected in such a 
way as to cover the cases of both classical and quantum complex systems. 
For systems of this kind, we propose recipes for constructing microscopic 
approaches to describing their evolution, in particular, its kinetic stages. 
The approaches are constructed in such a way that the noted internal 
structure of the structural units of the system does not affect the 
possibilities of considering these composite particles as point objects. The 
motivation for research is, first of all, the fact that consistent microscopic 
approaches to the description of evolutionary processes in these systems are 
currently either completely absent, or insufficiently developed. We also note 
that in the further presentation we will omit the term «complex» in relation 
to the systems under study, except for those cases when it will be necessary 
to emphasize exactly the corresponding characteristics of the systems. 

Dissipative media. In presenting the material related to the construction 
of the kinetics of dissipative media under an external stochastic action, we will 
closely adhere to the content of [1]. The research topics of this work have a 
fairly long history, which goes back to the problem of dynamically 
substantiating the Boltzmann kinetic equation. This justification was intended 
to link two different approaches to describing the evolution of complex systems - 
a dynamic theory based on Hamiltonian mechanics, and a kinetic theory, which 
was initiated by Boltzmann. Thus, in essence, the question of the transition 
from reversible equations of Hamiltonian mechanics to irreversible equations of 
statistical mechanics should be solved. For the first time, a consistent dynamic 
substantiation of statistical mechanics in the microscopic approach for the case 

                                                      
2https://uk.wikipedia.org/wiki/%D0%A4%D1%96%D0%B7%D0%B8%D0%BA%D0%B0_%D1%81%
D0%BA%D0%BB%D0%B0%D0%B4%D0%BD%D0%B8%D1%85_%D1%81%D0%B8%D1%81%D1%8
2%D0%B5%D0%BC.   



O.Yu. Sliusarenko, Yu.V. Slyusarenko, А.G. Zagorodny. Chapter III. The reduced description method... 187 

 
of classical (not quantum) systems of many particles was given by 
N.N. Bogolyubov [2]. The method proposed by Bogolyubov for a reduced 
description of the evolution of many-particle systems made it possible to 
construct a regular procedure for obtaining closed dissipative kinetic equations 
based on the BBGKY chain of reversible equations for many-particle 
distribution functions. In the case of quantum systems, such a justification was 
extended in the works of S.V. Peletminskii within the framework of the method 
of reduced description of quantum systems of many particles developed in them 
[3]. 

The approach to the construction of a kinetic theory of systems of 
many particles in the case of the action of an external random force on them 
requires significant modification. The reason lies in the need to introduce 
averaging of the physical characteristics of the system over the external 
stochastic force (see in this regard [4]). The averaging procedure itself 
inevitably leads to the introduction of moments of physical characteristics or 
related correlation functions (in the most general case, correlation functions 
of any order) and the derivation of evolution equations for them. Thus, the 
microscopic approach to the derivation of the kinetic equations of many-
particle systems under an external stochastic action should be based on the 
method of reduced description in combination with the procedure of 
averaging over an external random field. In this case, the initial equations 
should be Newton's equations or Hamilton's equations for the coordinates 
and momenta of particles, taking into account the effect of an external 
random force on each particle.  

The first steps towards the construction of such a method were taken 
in [5]. In this work, the foundations of the method of reduced description of 
classical (non-quantum) systems of many particles, subject to external 
stochastic action, neglecting the interaction between particles, were 
formulated. In the developed approach, analogs of BBGKY chains are 
obtained and it is shown that, in the particular case of Gaussian white 
noise, controlled chain termination leads to the kinetic Fokker-Planck 
equation. The diffusion coefficient in the momentum space in this equation 
is determined, as one would expect, by the pair correlation function of the 
external random force.  

It is clear, however, that the model proposed in [5] is of interest rather 
from an academic point of view. Indeed, in many cases, the approximation used 
in this work, which neglects the interaction between particles, is simply 
physically unjustified. For example, when deriving the kinetic equation for 
Brownian particles from the Langevin equations, the interaction between these 
particles is usually neglected due to the low density of their number (see, for 
example, [3] and also [6-8]). The influence of the medium on Brownian 
particles, as is well known, in the Langevin equations is usually divided into 
the action of friction forces and the action of stochastic forces. In the case of 
constructing a microscopic theory of Brownian motion, the interaction between 
Brownian particles can be neglected due to their low density, but it is necessary 
to take into account the interaction of medium particles with each other and the 
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interaction of medium particles with Brownian particles (see in this connection 
[9, 10]). It should be noted that recently, articles have begun to appear on the 
construction of a microscopic theory of interacting Brownian particles, see, for 
example, [11-16]. Although, from the generally accepted point of view until 
recently, Brownian particles were considered non-interacting with each other. 

There is also a very extensive and important class of many-particle 
systems under the influence of external stochastic fields, in the description 
of which it is impossible to avoid taking into account the interaction 
between particles. We are talking about systems of many particles with 
internal friction (the so-called dissipative systems of many particles). The 
concept of a «system of many particles with internal friction» is quite 
general. «Famous» representatives of this kind of systems are the so-called 
granular media (see [17]). These substances are known to often exhibit 
unusual or unexpected but remarkable properties. For example, if a 
multicomponent mixture of granular materials is shaken, then larger 
particles “float” to the surface (see, for example, [17, 18]). This separation of 
particles is called the Brazil nut effect. Several competing theories have 
emerged that were thought to satisfactorily explain this phenomenon. 
However, by the end of the last millennium, it was discovered that if the 
mixture of granular materials is shaken hard enough, then large particles 
sometimes do not «float», but rather «sink». This phenomenon was called the 
“reverse effect of the Brazil nut” (see in this connection, for example, 
[19, 20]). It was found that the direction of movement of «nuts» depends not 
only on their size and density, but also on the frequency and amplitude of 
oscillations. Consequently, the existing theories explaining, as it was 
believed before, the noted effect, need a significant revision.  

Thus, both in the case of systems with Brownian particles and in the 
case of dissipative systems of many particles, the variant of constructing a 
microscopic theory of relaxation processes in such systems would be ideal. In 
accordance with the above, such a theory would have to take into account 
the effect on the system of external stochastic forces (“shaking”) and the 
presence of interaction between particles. The interaction, in turn, must 
take into account the existence of internal friction forces in the system. In 
developing such a theory, the microscopic approach should be based on the 
reduced description method, which has proven itself so successfully in 
describing the evolution of simpler systems of many particles. It is clear that 
the construction of such a general theory at the moment seems to be more 
than problematic. However, it turns out that the development of a 
microscopic approach to constructing a fluctuation-kinetic theory for a gas 
with internal friction between particles that are subject to the influence of 
external stochastic fields is quite realistic. Demonstration of this 
circumstance is one of the goals of this work. Note also that such systems, in 
our opinion, can serve as a model of the so-called granular gases. In the case 
of a Gaussian external field, the systems under study can be considered 
prototypes of systems with interacting Brownian particles [11-16].  
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Active environments. Here the situation with the description of 

nonequilibrium processes is in many respects similar to the situation 
described above in the case of dissipative media. The name «active 
substance» or «active medium» unites systems of many particles, in which 
the external environment has a significant effect on the movement of 
structural units. Moreover, this influence depends on both the properties of 
the structural units themselves (their shape or internal structure), and on 
some of their dynamic characteristics, such as, for example, speed. 
Brownian motors [21,22], motile cells [23-28], macroscopic animals [29,30], 
artificial self-propelled particles [31, 32] are usually indicated as examples 
of the marked objects. The constant increase in interest in the study of such 
systems is associated with their demonstration of many amazing effects and 
properties, see in this connection the remarkable review [33] and the 
references therein. The study of nonequilibrium processes in systems of 
active particles inevitably raises the question of the correct derivation of the 
equations of evolution of such systems, in particular, kinetic equations. As 
in the case of dissipative media, an analysis of the currently existing huge 
number of publications related to this problem shows that in most cases the 
derivation of equations for the dynamics of active particles is based on 
phenomenological approaches of the Langevin type (see [33] and also, for 
example, [34, 35]). Moreover, just as in the case of systems of particles with 
internal friction, it must be borne in mind that the use of the Langevin 
equations to describe dynamic processes requires confidence in their 
applicability in this case. And first of all, as already noted above, such 
confidence is required by the circumstances associated with the need to take 
into account the interaction between the structural particles of the system 
(see in this regard [3], [9, 10], [11-16]). It should be remembered that both 
dissipative systems and systems of active particles can be affected by noise 
and of a more complex nature than Gaussian ones. We emphasize, however, 
that in the framework of the Langevin approach, taking into account the 
interaction between particles is a difficult problem, the solutions of which 
leave doubts about their correctness. 

Here, too, the simplest way out of the situation is the development of 
microscopic approaches to the construction of a kinetic theory of systems of 
active particles. Such approaches should proceed from first principles, that is, 
from the idea of the object under study as a system of many identical 
interacting particles under external stochastic influence, in particular with 
active correlations. Thus, when formulating microscopic methods for 
constructing the kinetic theory of the noted systems, the initial equations 
should be Newton's equations or Hamilton's equations for the coordinates and 
momenta of particles, taking into account the effect of an external random force 
on each particle. Thus, as in the case of systems with passive fluctuations 
(ordinary granular gases, for example), such an approach to constructing a 
kinetic theory should provide a dynamic substantiation of the statistical 
mechanics of such systems (see in this connection [2, 3]). Consequently, the 
development of a microscopic approach to the construction of the kinetic theory 
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of the noted systems is also of purely «academic» interest from the point of view 
of the general theory of irreversible processes in many-particle systems. And in 
this case, we also proposed a microscopic approach to constructing the kinetics 
of such systems based on a modified method of reduced description [36]. 

Low-temperature weakly ionized rarefied gases of hydrogen-like 
atoms. In the cases described above, we are talking about the cases of 
classical (not quantum) systems of many identical particles with a complex 
internal structure. Low-temperature rarefied gases are purely quantum 
objects, as a result of which, to describe their evolution, it is necessary to 
use the methods of quantum statistical mechanics.  

The first burst of interest in the topic of such studies belongs to the 
second half of the last century, when the classification of plasma according 
to its characteristics and properties was established, an understanding of 
the main properties of quantum plasma [37–41] and weakly ionized gases 
was achieved, see, for example, [42, 43] ... Note that the number of 
publications on plasma physics, including monographs and textbooks, is so 
huge that we cite here only a few references that mark (taking into account 
the references in these books) a certain chronology of research.  

The renewed interest in the study of kinetic processes in quantum 
gases is due to intensive studies of systems with Bose-Einstein condensate 
(BEC) [44, 45]. Indeed, BEC is a vivid example of the manifestation of the 
quantum-mechanical nature of matter at the macrolevel. In addition, as is 
known, the BEC phenomenon was first realized in alkali metal vapors at 
temperatures on the order of hundreds of nanokelvin (quantum gases!) 
[46, 47]. The most powerful argument in favor of studying the kinetics of 
weakly ionized or excited gases is the unique effects of the interaction of 
such systems with electromagnetic fields and, above all, the phenomenon of 
strong slowing down and even «stopping» of light in gases with BEC. The 
possibility of observing such phenomena experimentally was demonstrated 
in [48, 49]. In [50-52], for a consistent theoretical description of the 
interaction of electromagnetic waves with gases in the presence of BEC, 
a microscopic approach was proposed based on a new formulation of the 
secondary quantization method in the presence of bound states of particles 
[53]. This method made it possible, in particular, to substantiate the 
fundamental possibility of observing strong slowing down of light in 
ultracold rarefied Bose gases with BEC without using artificially stimulated 
transparency of the medium near resonances (see in this connection [49]). In 
addition, other interesting effects associated with the response of ultracold 
gases with BEC to excitation by an electromagnetic field were predicted 
within the framework of this method. The possibility of slowing down 
microwaves in such systems to values of the group velocity of the order of 
0.01 cm / s [54] was illustrated, the possibility of controlling the group speed 
of light using an external magnetic field [55], the possibility of filtering 
electromagnetic signals by such systems [56], and even «curious» the 
situation of acceleration of charged particles in ultracold gases with BEC 
[57]. We emphasize that in the above cases, systems of many identical 
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particles are at ultralow temperatures, which is a necessary condition for 
the realization of atomic or molecular BEC with modern experimental 
capabilities. Since, under these conditions, the densities of the charged 
components of quantum plasma are exponentially small (with respect to 
temperature, see [58] in this connection), the systems under study can be 
considered weakly excited ultracold gases. In other words, the contributions 
of the charged components of the quantum plasma to the effects listed above 
can be neglected altogether or taken into account in perturbation theory. 

However, this situation may not be typical for all systems with BEC. 
Relatively recently, the observation of the BEC phenomenon of photons was 
announced under the conditions of a real experiment in a special dye, and at 
room temperature [59, 60]. Soon, a number of theoretical works devoted to 
the description of such a phenomenon appeared (see, for example, Refs  
[61–65]), in some of them the possibility of the realization of BEC photons in 
excited gases and even in quantum plasmas [63–65] was predicted. In the 
last mentioned cases, kinetic processes in the formation of BEC photons 
play an extremely important role [59–66]. In particular, in the noted 
systems they form the effective mass of a photon («rest mass») and are 
responsible for thermalization of photons in matter, which makes it possible 
to achieve a decrease in the temperature of the photonic subsystem and, as 
a consequence, achieve a state with BEC in it. Note that under the 
conditions of a real experiment, the effective photon mass can also be 
formed due to the establishment of a standing wave in the system along any 
direction due to mirrors that prevent photons from leaving the system, see 
[59, 60]. In addition, in the process of experimental realization of the regime 
with BEC of photons in a medium, it is necessary to increase the density of 
photons in it. Such an increase is achieved by additional pumping of photons 
into the medium by an external electromagnetic field (laser) [59, 60]. 

Thus, when describing the phenomena and effects associated with the 
formation of BEC photons in excited gases and weakly ionized plasma, the 
problem of constructing a kinetic theory of such systems comes to the fore, that 
is, constructing a coupled system of kinetic equations for all possible 
components of the system, including radiation (photons). Such a theory should 
be microscopic, that is, built on the first principles of quantum statistics, and 
take into account the possibility of an external electromagnetic field influencing 
the system. We also note that the microscopic approach developed and used in 
[50-58] to describe the effects associated with the formation of BEC photons in 
excited gases and weakly ionized plasma is inappropriate. The theory used in 
these works becomes unusable in the region of low frequencies and wave 
vectors and requires substantial modification. The necessary modification, in 
turn, requires the use of the methods of kinetic theory, taking into account the 
quantum nature of matter [3]. The latter circumstance brings us back to the 
problem of constructing a kinetic theory of such systems based on the first 
principles of quantum statistical mechanics.  

It should be noted here that a number of chapters in monograph [67] 
are devoted to the construction of the kinetic theory of partially ionized 
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plasma within the framework of the quantum mechanical theory (see also 
[68]). In it, the approach to the derivation of kinetic equations for the 
structural units of the system in [67] consists of two stages. First, a kinetic 
equation is constructed for the distribution function of pairs of charged 
particles. Then, after analyzing the role of fluctuations of various 
characteristics of particles and fields, a condition for weakening correlations 
is introduced when particles pass from bound to free states. This allows, as 
a result of the application of a number of approximations (generally 
speaking, poorly controlled), to go from one equation for the distribution 
function of pairs of charged particles to a system of three kinetic equations 
for the distribution functions of electrons, ions and atoms. On the basis of 
the developed approaches, it became possible to solve a number of problems, 
for example, to construct a statistical theory of bremsstrahlung in plasma-
molecular systems, see in this regard [68]. However, by virtue of the 
mentioned weakly controlled approximations used in [67], the question 
arises again of constructing a kinetic theory of partially ionized plasma in 
the framework of the first principles of quantum statistics. 

It is easy to see that the «refrain» of all of the above can be the 
statement about the need to develop a consistent microscopic approach to 
describing the evolution of the systems considered above. From this point of 
view, in the following sections of this work, we will demonstrate the 
capabilities of the reduced description method for constructing a kinetic 
theory for each of the systems listed above. 

 

SECTION I. THE REDUCED DESCRIPTION METHOD IN THE THEORY  

OF DISSIPATIVE SYSTEMS UNDER THE INFLUENCE  

OF AN EXTERNAL STOCHASTIC FIELD 
 

1.1. Basic equations 
 

In describing the evolution of dissipative media, we will closely adhere 
to the order of presentation of the material in [1]. So, consider a system 
consisting of N  identical particles of mass m , each of which is characterized 
by a spatial coordinate x , 1 N  , measured from the center of mass, 

and momentum p , 1 N  . We will assume that a system of many 

identical particles is placed in an external stochastic field with potential 

 ,U t x  (with index   we denote the belonging of the potential  ,U tx  to 

the space of random realizations of an external stochastic field). For 
definiteness, we will also assume that before the inclusion of an external 
random force  ,U t x  the system was in equilibrium (usually the moment 

of switching on the external force is extended to t   ). The interaction 
between particles is assumed to consist of two parts - reversible, described 
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by the Hamiltonian H , and irreversible described by the dissipative function 
R  (see in this regard [69]). We write the Hamiltonian of the system in the 
following form: 

 
2

0 ,
1 1

,
2N N

H H V U t V
m


  

      

 
     

 
 p x , (1.1.1) 

 

where ,V   represents the potential of pair interaction, 
 

 ,V V   x ,    x x x .   (1.1.2) 

 
In the general case, we will also assume that the dissipative function 

R  is determined only by the difference of coordinates x  and momenta 

p  of the particles. Due to this circumstance, the system in the absence of 

an external stochastic action will have Galilean invariance. Thus, we will 
assume that the dissipative function can be represented in the form: 

 

,
1 N

R R 
   

  ,  , ,R R    x p ,    p p p .       (1.1.3) 

 
Since function R  is considered scalar, it should only depend on the 

quantities 2
x , 2

p ,  x p . 

In accordance with formulas (1.1.1) - (1.1.3), the generalized Hamilton 
equations can be written in the form: 

 

H R


 

 
  

 
p

x p
 , 

H








x
p

 .       (1.1.4) 

 
Thus, force , F , acting on the particle   from the particle  , is 

defined by the expression 
 

  , ,
, ,

V R   
   

 

 
   

 
F F x p

x p
     (1.1.5) 

 
Moreover, as it follows from Eq. (1.1.1), the  -th particle is under the 

influence of an external random force 
Y

 
 

   , ,t U t  
  




  


Y Y x x

x
.  (1.1.6) 

The time derivative of the total energy of the system in accordance 
with (1.1.1), (1.1.4) is given by the expression 
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 
1 1

,
N N

dH R
U t

dt t m
 


     

 
 
   px

p
,      (1.1.7) 

 
where the «prime» in the partial time derivative means differentiation with 
respect to the explicit dependence of the potential  ,U t

x  on time. If we 

assume that the dissipation in the system is associated with the friction of 
macroscopic particles, then the dissipative function R  in this case, following 
[21], can be chosen in the form: 
 

,
1 N

R R 
   

  ,   2
,

1

2
R x p     ,   0x  . (1.1.8) 

 
This implies that   0x  , if 

0
~

rx  , where 0r  is the characteristic 

radius of action of dissipative forces. Then from Eq. (1.1.7) we have 
 

  ,
1 1

2
,

N N

dH
U t R

dt t m


  
      


 
  x .      (1.1.9) 

 
Taking into account that   0x  , see Eq. (1.1.8), it is easy to see 

that in such a system, competition is possible between dissipation due to 
friction and energy pumping from the side of an external stochastic field. We 
will return to this issue later in this article. 

The next task is to obtain the Liouville equation for the system of 
many particles under study. For this purpose, for the convenience of further 
calculations, we represent equations (1.1.4) in the following form 

 

      1 ,..., Nx t h x t x t
  , 1 N  ,           (1.1.10) 

 
where we introduce 
 

      ,a a ax t t t x p .       (1.1.11) 

 
In other words, Eq. (1.1.10) with (1.1.11), (1.1.4) is the following 

system of equations 
 

    t x t
  xx h ,     t x t

  pp h ,           (1.1.12) 

 
where 

   H
x t






xh
p

,    H R
x t


 

 
  

 ph
x p

. (1.1.13) 
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The value of coordinates and momenta of the  -th particle in the 

moment of time t (see Eq. (1.1.11)), is obviously determined by the values of 
coordinates and momenta     0 1 0 ,..., 0Nx x x  of all particles at the initial 

moment of time 0t  : 
 

        0 0 0, , , ,x t X t x t x t x   
     X P ,    (1.1.14) 

 
where functions  0,t x

X ,  0,t x
P  satisfy the generalized Hamilton 

equations (1.1.4) (or equations (1.1.10) - (1.1.13)). Let at 0t   the initial 
conditions     0 1 0 ,..., 0Nx x x  are distributed according to the probability 

density     1 0 ,..., 0 ;0ND x x  (see in this regard [3]), while 

 

          1 1 0 00 ... 0 0 ,..., 0 ;0 ;0 1N Ndx dx D x x dx D x   .    (1.1.15) 

 
Then at time t the probability density    1,..., ; ;ND x x t D x t  , 

 1,..., Nx x x , ( N -particle distribution function) will obviously be 

determined by the expression  
 

      1 0 0 0
1

,..., ; ;0 ,N
N

D x x t dx D x x X t x 
 




 
   .   (1.1.16) 

 
In [5], the procedure for deriving the Liouville equation for many-particle 

systems in an external stochastic field is described in detail, neglecting the 
interaction between particles. In [69], a similar procedure is used to obtain the 
generalized Liouville equation for dissipative many-particle systems in the 
absence of an external stochastic field. A detailed adherence to the methodology 
outlined in these works allows one to arrive at the following evolution equation 
for N -particle distribution function  1,..., ;ND x x t

 
 

 
1

0
N

D
D h

t x


 


  

 
 

  ,         (1.1.17) 

 
where function   h x t

  is given by expressions (1.1.12), (1.1.13). This 

equation is the Liouville equation generalized to the case of many-particle 
dissipative systems under the influence of an external stochastic field. Note 
that this equation can be given a more familiar form (see [16]): 
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 
1

,
N

D R
H D D

t


 

   

   
      

 p p
,   (1.1.18) 

 
where with  ,A B  we denote N - particle Poisson brackets 

 

 
1

,
N

A B A B
A B

     

    
      
 x p p x

.   (1.1.19) 

 
However, in what follows, it will be more useful for us to use the 

Liouville equation (1.1.17), reduced, taking into account (1.1.10) - (1.1.13), 
(1.1.1), (1.1.5), (11.1.6), to the form: 

 

,
1 1 1

0
N N N

D D
D D

t m

p F Y
x p p

 
  

  
           

   
   

      , (1.1.20) 

 

where the values , F , 
Y  are still defined by formulas (1.1.5), (1.1.6). 

Equation (1.1.20), as is easy to see, is a classical example of an evolution 
equation with multiplicative noise. In this connection, the question arises of 

averaging equation (1.1.20) over the external random force 
Y . 

 
1.2. Averaging the generalized Liouville 

equation over a random external field 
 
Let us introduce into consideration N -particle distribution function

 1,..., ;ND x x t , which is the distribution function  1,..., ;ND x x t  (see Eq. 

(1.1.16)), averaged over a random external field  ,tY x  with probability 

density [ ]W Y : 
 

   1 1, ..., ; , ..., ;N ND x x t D x x t


 ,   ... , [ ]...D t WY x Y 


  (1.2.1) 

 
Applying the averaging operation (1.2.1) to Eq.  (1.1.20), we get: 
 

,
1 1 1

0
N N N

D D
D D

t m

p F Y
x p p

 
   

           

   
   

      . (1.2.2) 

 
It is easy to see that in order for this equation to be a closed evolution 

equation for the introduced distribution function, it is necessary to express 
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the quantity D  
 

Y  through  1,..., ;ND x x t . For this we use the so-called 

Furutsu-Novikov formula [71, 72], which was proved for the case of 
Gaussian distributions of an external random field. We also note that in [73] 
this formula was used to obtain the Kolmogorov turbulence spectra 
generalized to the case of a compressible fluid. The Furutsu-Novikov 
formula was generalized to the case of non-Gaussian distributions of an 
external random field in [4]. In this article, we will closely follow the 
methodology for this particular work. We will give the necessary 
calculations here in sufficient detail for the consistency of presentation and 
ease of reading. For this purpose, we introduce into consideration the 
momenta ( )

1... 1 1,..., ; ,...,
ni i n nY t tx x  of the distribution of an external random 

field  [ , ]W tY x  (see Eq. (2.1))  

 
( ) ( ) ( )

1 1... 1 1 1 1,..., ; ,..., , ... ,
n ni i n n i i n nY t t Y t Y tw w

w
ºx x x x ,  (1.2.3) 

 

( ) ( )( ), ,i i
Y t tw wºx Y x , ( )1,2,3i = .    

 
Generating functional ( ); aP v Y  of these moments is determined by the 

formula (summation is assumed over twice repeated indices) 
 

( ) ( ) ( ); exp , ,a i iP v Y d dtv t Y tw

w

¥

-¥

æ ö÷ç ÷çº ÷ç ÷÷çè ø
ò òx x x ,  (1.2.4) 

 
where ( ),iv tx  is the functional argument. With aY  in the left-hand side of 

the formula (1.2.4) we denote the set of values ( )
1... 1 1,..., ; ,...,

ni i n nY t tx x . 

Generating functional ( ); av yP  of the correlation functions 

( )
1... 1 1,..., ; ,...,

Si i S Sy t tx x
 

 

( ) ( ) ( ) ( )
1 11 1 1 ... 1 1

2

1
; ... , ... , ,..., ; ,...,

! n na n n i S i n n i i n n
n

v y d dt d dt v t v t y t t
n

¥ ¥¥

= -¥ -¥

ºå ò ò ò òx x x x x xP   

(1.2.5) 
is connected with the generating functional ( ); aP v Y  via the formula: 

 

( ) ( ) ( ) ( ){ }; exp , , exp ;a i i aP v Y d dtv t Y t v y
¥

-¥

æ ö÷ç ÷ç= ÷ç ÷÷çè ø
ò òx x x P ,   (1.2.6) 
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where 

( ) ( ), ,t tw

w
ºY x Y x         (1.2.7) 

 
and with ay  we denote the whole set of variables ( )

1... 1 1,..., ; ,...,
ni i n ny t tx x . In 

[4] it was shown that when averaging the generating functional ( )[ , ]A twY x  

over the external random field with distribution  [ , ]W tY x  (see Eq. 

(1.2.1)) the result can be represented in the following way: 
 

( )[ , ] exp ; [ ]aA t y A Y
Y

w

w

d
d

ì üæ öï ïï ï÷ç= ÷í ýç ÷çï ïè øï ïî þ
Y x P ,         (1.2.8) 

where ; ay
Y

d
d
æ ö÷ç ÷ç ÷çè ø
P  is the generating functional (2.5), where the functional 

argument ( ),iv tx  is replaced with the operation of functional derivative over 

( ),iY tx  (see Eqs. (1.2.3), (1.2.7)): 

 

( ) ( ), / ,i iv t Y td dx x .         (1.2.9) 

 
A consequence of formula (2.8), as it is easy to verify, is the 

expression: 

( ) ( ) ( ) ( )
( )

/

;
, [ , ] , exp ; [ ]

,
i i

a
i i a

i v Y

v y
Y t A t Y t y A Y

v t Y
w w

w
d d

d d
d d



æ ö ì üæ öï ï÷ç ï ï÷ç÷= +ç ÷í ý÷ çç ÷ç÷ ï ïè ø÷çè ø ï ïî þ
x Y x x

x
P

P . 

 
Taking into account (1.2.8), the same formula can be rewritten as: 
 

( ) ( ) ( ) ( ) ( )
( )

( )
/

;
, [ , ] , [ , ] [ , ]

,
i i

a
i i

i v Y

v y
Y t A t Y t A t A t

v t
w w w w

w w
d d w

d
d



= +x Y x x Y x Y x
x

P .

 (1.2.10) 
 

Expression (1.2.10) is a generalization of the Furutsu-Novikov 
formula to the case of arbitrary distributions of an external random field 
(naturally, it is assumed that these distributions have momenta of any 
order). Note that for a Gaussian distribution of an external random field 
(1.2.10) takes the form 

( ) ( ) ( ) ( )
[ ]

, [ ] , [ ] , ,
,i i ij

j

A
Y t A Y t A d dt y t t

Y t

w
w w w

w w
w

d
d

¥

-¥

¢ ¢ ¢ ¢= + -
¢ ¢ò ò

Yx Y x Y x x x
x

,

 (1.2.11) 
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where ( ), ,ijy t t¢ ¢-x x  - is a pair correlation function of the external Gaussian 

noise 
( ) ( ) ( ) ( ) ( ), , , , , ,ij i j i jy t t Y t Y t Y t Y tw w w w

ww w
¢ ¢ ¢ ¢ ¢ ¢- = -x x x x x x . 

 
When ( ), 0iY t ºx  expression (1.2.11) exactly coincides with a similar 

expression obtained in [22, 23] under the assumption that the average value 
of the external random force acting on the system is zero. 

We now use the Furutsu-Novikov formula to calculate the last term 
on the left-hand side of equation (1.2.2). The basis for this is the functional 
dependence of the distribution function  1,..., ;ND x x t  on the external 

stochastic field ( ),iY tw x , 

[ ]D D Y   , 
 

as is seen from definition (1.1.16) or equation (1.1.20). In accordance with 
(1.2.10) the average value D Y 


 can be represented as: 

( ) ( ) ( )
( )

/

;
[ ] , , [ ]

,
i i

a
i i

i v Y

v y
D Y t Y t D D

v t
w w w w w

w
d d w

d
d



= +Y x x Y
x

P . (1.2.12) 

 
Noticing further that in accordance with (1.2.5) 
 

( )
( )

( ) ( ) ( )
1 11 1 1 ... 1 1

1

; 1
... , ... , , ,..., ; , ,...,

, ! n n

a
n n i S i n n ii i n n

ni

v y
d dt d dt v t v t y t t t

v t n

d
d

¥ ¥¥

= -¥ -¥

=å ò ò ò òx x x x x x x
x

P , 

(1.2.13) 

for the value ( )
( )

/

;
[ ]

,
i i

a

i v Y

v y
D

v t
w w

d d w

d
d



Y
x

P  in Eq. (1.2.12) we get the following 

expression 

( )
( )

/

;
[ ]

,
i i

a

i v Y

v y
D

v t
w w

d d w

d
d



=Y
x

P             (1.2.14) 

( )
( ) ( )1

1

1 1 ... 1 1
1 1 1

1 [ ]
... , ,..., ; , ,...,

! , ... ,n

n

n

n n ii i n n
n i i n n

D
d dt d dt y t t t

n Y t Y t

w w

w w

w

d
d d

¥ ¥¥

= -¥ -¥

=å ò ò ò ò
Yx x x x x

x x
. 

 
For further calculations, let us first consider the value iI , 

 

( ) ( )
[ ]

, ; ,
,i ij

j

D
I d dt y t t

Y t

w w

w

w

d
d

¥

-¥

¢ ¢ ¢ ¢º
¢ ¢ò ò

Yx x x
x

.  (1.2.15) 
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As is easy to see, this quantity is the first term from the sum on the 

right-hand side of expression (1.2.14).  
We will assume that the pair correlation function ( ), ; ,ijy t t¢ ¢x x  differs 

from zero in the interval 0t t t¢- £  ( 0t is random process memory). We will 

also assume that for t t¢  pair correlation function ( ), ; ,ijy t t¢ ¢x x  has a 

sharp maximum. Then the functional derivative 
( )
[ ]

,j

D

Y t

w w

w

d
d ¢ ¢

Y
x

 is to be 

calculated only at t t¢» . Moreover, as shown in Refs [71, 73, 4], the exact 
expression for this derivative can be obtained only for t t¢»  in fact, as is 

easy to see, the variational derivative 
( )
[ ]

,j

D

Y t

w w

w

d
d ¢ ¢

Y
x

 at t t¢»  undergoes a leap: 

 

( )
[ ]

0,
,j

D
t t

Y t

w w

w

d
d

¢¹ £
¢ ¢

Y
x

, 
( )
[ ]

0,
,j

D
t t

Y t

w w

w

d
d

¢= >
¢ ¢

Y
x

.   (1.2.16) 

 
The latter circumstance is due to the fact that according to equation 

(1.1.20), the quantity ( )D tw  cannot be field ( ),jY tw ¢ ¢x  dependent, at later points 

in time thant. In accordance with (1.2.16) integration over t ¢  in formula 
(1.2.15) is carried out in the range from -¥ tot, not from -¥ to+¥ . 

Differentiating Eq. (1.1.20) over ( ),jY tw ¢ ¢x  and noticing that according 

to (1.2.16) the derivative 
( )
[ ]

,j

D

t Y t

w w

w

d
d

¶
¢ ¢¶

Y
x

 need to contain a d -like feature in 

time (while the value itself 
( )
[ ]

,j

D

Y t

w w

w

d
d ¢ ¢

Y
x

 does not contain them), it is not 

difficult to obtain the following expression for the functional derivative 
(see [4]): 

( ) ( ) ( )
1

[ ] [ ]

, Nj j

D D
t t

Y t p

w w w w

aw
a a

d
J d

d £ £

¶¢ ¢=- - -
¢ ¢ ¶åY Yx x

x
.  (1.2.17) 

 
This formula allows one to represent the value iI  (see Eq. (1.2.15)) in 

the following form (see (1.2.1), (1.2.2)): 
 

( )
1

, ; ,
t

i ij
N j

D
I dt y t t

pa
a a£ £-¥

¶¢ ¢=
¶åò x x .  (1.2.18) 
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For Gaussian processes, expressions (1.2.12), (1.2.18) are sufficient to 

obtain the value (1.2.12) (and, consequently, the averaged Liouville equation 
generalized to the case of dissipative systems of many particles in an 
external stochastic field) in the final form:  

 

 ,

1 1 1

,
N N N

DD D D
t

t m

Fp Y x
x p p

 


           

  
   

       (1.2.19) 

 

. 

 
In fact, the calculations performed make it possible to obtain the 

generalized Liouville equation in the case of non-Gaussian distributions of 
an external random field (naturally, it is assumed that these distributions 
have moments of any order). For this, according to (1.2.14), it is required to 
calculate the functional derivative of the n -th order. This value can be 
easily obtained using formula (1.2.17). Indeed, differentiating (1.2.17) with 
respect to ( ),lY tw ¢¢ ¢¢x , we get: 

 

( ) ( ) ( ) ( ) ( )
2

1

[ ] [ ]

, , ,Nj l j l

D D
t t

Y t Y t p Y t

w w w w

aw w w
a a

d d
J d

d d d£ £

¶¢ ¢=- - -
¢ ¢ ¢¢ ¢¢ ¢¢ ¢¢¶åY Yx x

x x x
. 

 
Next, we again use formula (1.2.17), as a result of which we obtain: 
 

( ) ( ) ( ) ( ) ( ) ( )
2 2

1 1

[ ] [ ]

, , N Nj l j l

D D
t t t t

Y t Y t p p

w w w w

a bw w
a b a b

d
J J d d

d d £ £ £ £

¶¢ ¢¢ ¢ ¢¢= - - - -
¢ ¢ ¢¢ ¢¢ ¶ ¶å åY Yx x x x

x x
. 

 
Using this procedure as many times as necessary, one can arrive at 

the following expression: 
 

( ) ( )
1 1 1

[ ]

, ... ,
n

n

i i n n

D

Y t Y t

w w

w w

d
d d

=
Y

x x
    (1.2.20) 

 

( ) ( ) ( ) ( ) ( )
1

1 1 1

1 1
1 1

1 ... ... [ ]
n

n n n

n

n n
N Ni i

t t t t D
p p

w w
a a

a aa a

J J d d
£ £ £ £

æ öæ ö¶ ¶ ÷÷ çç ÷÷ çç= - - - - - ÷÷ çç ÷÷¶ ¶÷ ÷ççè ø è ø
å åx x x x Y . 

 
Substituting this expression into (1.2.14) using (1.2.12), the evolution 

equation (1.2.2) can be written in the form: 
 

 
2

1

, ; , 0
t

ij
N i j

D
dt y t t

p p
x x 

   

  
 
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 ,

1 1 1

,
N N N

DD D D
t

t m

Fp Y x
x p p

 


           

  
   

            (1.2.21) 

( )
( ) ( )

1 1

1 1 1

1

2 ... 2
2 1 1

1
... ... ,..., ; , ,..., 0

1 ! ...n n

n n n

n t t n

n i i n
n N N i i

D
dt dt y t t t

n p pa a
a a a a

-¥

= £ £ £ £-¥ -¥

- ¶
+ =

- ¶ ¶å å åò ò x x . 

 
Equation (1.2.21) is the generalized Liouville equation for dissipative 

systems of many particles, averaged over an external non-Gaussian 
stochastic field. Note that a generalization of Liouville's theorem to the case 
of simple Brownian motion in the phenomenological approach based on the 
Langevin equations, taking into account the influence of an external force 
field, can be found in [74]. 

In the case of stationary random processes, Eq. (1.2.21) can be further 
simplified if we assume that the correlation functions 

( )
1... 1 2,..., ; , ,...,

ni i n ny t t tx x  can be represented as: 

 

( ) ( )
1 1 1 1... 2 ... 2,..., ; , ,..., ,..., ; ,...,

n n n ni i n i i ny t t t y t t t ta a a aº - -x x x x . (1.2.22) 

 
To simplify further calculations, we will also assume that the average 

value of the external random field is zero,  
 

( ) ( ), , 0t tw

w
º ºY x Y x .   (1.2.23) 

 
In this case, the evolution equation for N - particle distribution 

function averaged over the external stochastic field can be written as: 
 

,

1 1N N

DD D

t m

Fp
x p

 

       

 
  

       (1.2.24) 

( )
( ) ( )

1 1

1 1 1

1

...1
2 1 1

1
... ,..., 0

2 1 ! ...n n

n n n

n n

i in
n N N i i

D
y

n p pa a
a a a a

-¥

-
= £ £ £ £

- ¶
+ =

- ¶ ¶å å å x x ,  

 
where the following correlation functions are introduced ( )

1 1... , ...,
n ni iy a ax x : 

 

( ) ( )
1 1 1 1... 2 ... 2,..., ... ,..., ; ,...,

n n n ni i n i i ny dt dt y t t t ta a a a

¥ ¥

-¥ -¥

º - -ò òx x x x . (1.2.25) 
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1.3. Analogue of the BBGKY chain for dissipative systems  

in external stochastic fields  
 
Along with the probability density D  it is possible to introduce the 

probability of finding one or several particles in given elements of the phase 
space, regardless of where the remaining particles are located in this space 
(see in this connection [2, 3]). These probabilities can be obtained by 
integrating the function D  over all variables, except for those related to the 
particles under consideration: 

 

( ) ( )1 1 1,..., ; ... ,..., ;S
S S S N Nf x x t dx dx D x x t+= ò òV , ( ),xa a aº x p ,  (1.3.1) 

 
where ( )1,..., ;ND x x t  satisfies equation (1.2.21) or (1.2.24) and V  is the 

volume of the system. Following the methodology [2, 3], it is easy to arrive 
at the following equation for S - particle distribution function ( )1,..., ;S Sf x x t : 

 

( ),

1 1 1

,SS S S

S S N

ff f f
t

t m
a ba

a
a a b aa a a£ £ £ < £ £ £

¶¶ ¶ ¶
=- - - -

¶ ¶ ¶ ¶å å å
Fp Y x

x p p
 (1.3.2) 
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2 1 1

1
... ... ,..., ; , ,...,
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n i i n
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dt dt y t t t

n p pa a
a a a a
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- ¶
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- ¶ ¶å å åò ò x x  

1 1 , 1
1

1
S S S

S

dx f
v a

a a
+ + +

£ £

¶
-

¶å ò F
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, v
N

º
V , 

 
if function ( )1,..., ;ND x x t  satisfies Eq. (1.2.21) and 

 

,

1 1

SS S

S S

ff f

t m
a ba

a a ba a£ £ £ < £

¶¶ ¶
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¶ ¶ ¶å å
Fp

x p
   (1.3.3) 
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1
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1
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2 1 ! ...n n

n n n

n n
S

i in
n S S i i
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- ¶
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- ¶ ¶å å å x x  

1 1 , 1
1

1
S S S

S

dx f
v a

a a
+ + +

£ £

¶
-

¶å ò F
p

, v
N

º
V , 

 
if function ( )1,..., ;ND x x t  satisfies equation (1.2.24). The quantity ,a bF  in 

Eqs. (1.3.2), (1.3.3) is still defined by formula (1.1.5). It is easy to see that 
the equation for S - particle distribution functions include 1S + -particle 
distribution function. That is, in fact, we have obtained infinite chains of 
kinetic equations (1.3.2), (1.3.3). These chains are a generalization of the 
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famous chain of Bogolyubov-Born-Green-Kirkwood-Yvon equations to the 
case of dissipative systems of many particles under the influence of an 
external stochastic field. The following remark should be made here. In 
accordance with definition (1.3.1), distribution functions of a higher order 
contain all the information contained in functions of a lower order [3]. This 
circumstance leads to the fact that with increasing order S  the distribution 

functions ( )1,..., ;S Sf x x t  are becoming more and more complex. Since in the 

full description according to (1.3.3) it is necessary to take into account the 
distribution functions up to S  ¥ , we come to the conclusion that the 
resulting chains of equations (1.3.2), (1.3.3) are themselves equivalent to 
Liouville's equations (1.2.21) or (1.2.24), respectively. In other words, the 
most complete description of the systems under study is equally complex 
both in the language of the complete distribution function ( )1,..., ;ND x x t , and 

in the language of many-particle distribution functions ( )1,..., ;S Sf x x t .  

A significant simplification in the description of the state of the 
system occurs in two cases: when the interaction between particles is small, 
or when the density of the number of particles is low, and the interaction is 
arbitrary, but such that does not lead to the formation of bound states [3]. 
This simplification in the description is a consequence of the difference in 
the evolutionary behavior of the many-particle and single-particle 
distribution functions. Indeed, at the initial stage of evolution, when the 
time t is small compared to the characteristic time of chaotization 0t , 

multiparticle distribution functions ( )1,..., ;S Sf x x t  change very quickly with 

time, in contrast to the single-particle distribution function ( )1 ,f x t . The 

single-particle distribution function undergoes significant changes in time 
at times that are much longer than the relaxation times of the system rt , 

while 0rt t . Time 0t  the order of magnitude is determined by the 

duration of one collision. The time rt  the order of magnitude should 

coincide with the time of establishment of the state of statistical equilibrium 
in the system (for more details, see [3]). Such a difference in the 
evolutionary behavior of one-particle and many-particle distribution 
functions formed the basis of N.N. Bogolyubov's idea about the hierarchy of 
relaxation times of the system [2]. In turn, on the basis of this idea, the 
provisions of the now well-known method of the reduced description of 
Bogolyubov --Peletminskii for the study of nonequilibrium processes in 
systems of many particles were formulated. The basics of this method were 
formulated by N.N. Bogolyubov to describe the evolution of classical (not 
quantum) systems [2]. In the case of quantum systems, the reduced 
description method was generalized in the works of S.V. Peletminskii [3]. 
We emphasize once again that dissipative systems of many particles were 
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not considered in [2, 3], just as the effects of stochastic fields on these 
systems were not considered as well.  

According to the idea of a hierarchy of relaxation times, the evolution 
of a system of many particles can be conditionally divided into several 
stages. Each subsequent stage of evolution differs from the previous one by 
simplification in describing the evolution of a system of many particles. The 
simplest scenario for the evolution of many-particle systems is as follows. At 

0 rtt t   there is a kinetic stage in the evolution of the system, when the 

behavior of the system can be described by a one-particle distribution 
function. Such a description of the evolution of the system is much simpler 
in comparison with the description using many-particle distribution 
functions. Further simplification in the description of systems of many 
particles occurs when rt t  (hydrodynamic stage of the evolution of the 

system), when the behavior of the system can be described by the 
hydrodynamic parameters of the description, for example, the density of the 
number of particles, the average velocity and temperature of the medium. 
This step-by-step simplification in the description of the system is used to 
construct the approaches of the reduced description method [2, 3]. 

In this work, we will use the reduced description method of 
nonequilibrium processes to derive kinetic equations describing the 
evolution of dissipative systems in an external random field (see in this 
connection also [3, 5]). The initial equations will be the equations of the 
chain (1.3.3). The mathematical formulation of the idea of the hierarchy of 
the relaxation times of the system lies in the functional time dependence of 
the many-particle distribution functions ( )1,..., ;S Sf x x t  only through the 

time dependence of the parameters of the reduced description at the 
corresponding stage of evolution. In particular, at the kinetic stage of the 
evolution of the system, the many-particle distribution functions depend on 
time only through the single-particle distribution function 1( , )f x t¢ : 

 

( ) ( )1 1 1,..., ; ,..., ; ( , )S S S Sf x x t f x x f x t¢= .                  (1.3.4) 

 
In addition to the functional hypothesis (1.3.4), the principle of spatial 

weakening of correlations is also the basis of the reduced description 
method. In the language of many-particle distribution functions, this 
principle can be formulated as follows [3]. Let S  particles be divided into 
two subgroups of particles containing S¢  and S ¢¢  particles, respectively, 
S S S¢ ¢¢= + . If distance R  between these particles subgroups increases 
infinitely, R¥, then, due to the weakening of the correlations between 
the particles S -particle distribution function splits into products of 
distribution functions related to each subgroup of particles: 

 
( ) ( ) ( )1 1 1,..., ; ,..., ; ,..., ;S S S SS SR

f x x t f x x t f x x t¢ ¢¢¥
¢ ¢ ¢¢ ¢¢ ,             (1.3.5) 
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In formula (1.3.5), the prime sign serves to denote the coordinates and 

momenta of a subgroup of particles S¢ , and two dashes are used to denote 
the coordinates and momenta of the second subgroup of particles. It should 
be noted, however, that the principle of spatial weakening of correlations 
(1.3.5) refers to many-particle distribution functions in which the 
thermodynamic passage to the limit  ¥V , ( )/ constN V =  [3]. 

According to Eq. (1.3.4), the time derivative Sf

t

¶
¶

 in (1.3.3) at 1S   

should be understood as follows: 
 

( )
( )1 1 1

1 1
1

,..., ; ( , ) ( , )
,..., ; ( , )

( , )
S S

S S

f x x f x t f x t
f x x f x t dx

t f x t t

d
d

¢¶¶ ¢=
¢¶ ¶ò , (1.3.6) 

 

where ( )1

1

( , )

( , )
Sf f x t

f x t

d
d ¢

 is functional derivative. The single-particle distribution 

function 1( , )f x t¢  according to (3.3) must satisfy the equation: 

 

( )
( )

( ) ( )
1

1

1

1 1 1 1
... 1 1 1 11

21 1 1

1 1
,..., ;

2 1 ! ...n

n

n n

i in
n i i

f f f
y L x f

t m n p p v

-¥

-
=

-¶ ¶ ¶
+ + =

¶ ¶ - ¶ ¶åp x x
x

,(1.3.7) 

 

where still v
N

=
V  and ( )1 1;L x f  is the generalized collision integral defined 

by the formula 

( ) ( )1 1 2 2 1 2 1 1,2
1

; , ;L x f dx f x x f
¶

º-
¶ ò F

p
.        (1.3.8) 

 
As is easy to see, in order to close equation (1.3.7), it is necessary to find 

the collision integral (1.3.8) as the functional of the one-particle distribution 
function, for which it is necessary to break the infinite chain of equations 
(1.3.3). It is clear that this can only be done in some approximation.  

 
1.4. Kinetic equations for dissipative many-particle systems in external 

random fields in the case of weak interaction between particles 
 
Let us demonstrate such a procedure for breaking an infinite chain of 

equations in the case of weak interaction between particles and a weak 
intensity of an external stochastic field. In other words, we will assume that 
the correlation functions of the external random field are small. In 
developing the perturbation theory in terms of the weak interaction between 
particles and an external field of weak intensity, we will closely adhere to 
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the technique proposed in [3]. Using (1.3.6), we write the chain of equations 
(1.3.3) in the form: 

 
( ) ( ) ( )1 11

1
11

( , ) 1

( , )
S S

S
S

f f f ff x t
dx f

f x t m m v
a

a a

d
d £ £

¶¶
- + =

¶ ¶åò
p p

x x
K ,       (1.4.1) 
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1 1 1 , 1

1 1

S
S S S S

S S
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f v dx fa b
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a b aa a

+ + +
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p p
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-
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To develop the announced perturbation theory, the chain of equations 

(1.4.1) and (1.4.2) must be supplemented with initial conditions. To 
formulate these, we will use the fact that many-particle distribution 
functions must satisfy the principle of spatial weakening of correlations 
(1.3.5). For this purpose, following [2, 3], we introduce into consideration the 
auxiliary parameter t  having the dimension of time, but not necessarily 
representing physical time. Consider further the many-particle distribution 

function 1
1 1 1, ,..., , ;S

S S Sf f
m m
t t

æ ö÷ç - - ÷ç ÷çè ø
p px p x p . In accordance with (3.5), this 

function must satisfy the asymptotic relation: 
 

1
1 1 1 1

1

, ,..., , ; ,S
S S S

S

f f f
m m m

a
a at

a

t t t
¥

£ £

æ ö æ ö÷ ÷ç ç- -  -÷ ÷ç ç÷ ÷ç çè ø è øp p px p x p x p . (1.4.3) 

 

If we further define the shift operator 0ˆ
SL  in coordinate space by the 

formula 

0

1

ˆ
S

S

i
m
a

a a£ £

¶
L º

¶å p
x

,    (1.4.4) 

 
Condition (1.4.3) can be rewritten as: 
 

( ) ( )
0ˆ

1
1

Si
S

S

e f f xt
at

a

tL

¥
£ £

  ,   (1.4.5) 

 
where ( )0ˆexp SitL  is the so-called «free evolution operator» and 
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( ) ( )( )0
1

ˆ

1 1 1 1,..., ; ,..., ; ,i
S S S S Sf f x x e f x f x x f

m
tt t- L

æ öæ ö¢ ÷ç ÷ç¢ ¢ ¢ ÷º = - ÷ç ç ÷÷ç ÷ç ÷ç è øè ø
px p . (1.4.6) 

 
Using the introduced operators, equation (1.4.1) can be rewritten as: 
 

( ) ( )
0 0ˆ ˆ1
S Si i

S Se f e
v

t tt t
t

L L¶
=

¶
K ,          (1.4.7) 

where 

( ) ( )( )0
1

ˆ

1 1 1 1,..., ; ,..., ; ,i
S S S S Sx x e f x x x f

m
tt t- L

æ öæ ö¢ ÷ç ÷ç¢ ¢ ¢ ÷º = - ÷ç ç ÷÷ç ÷ç ÷ç è øè ø
px pK K K .(1.4.8) 

 
Integrating equation (1.4.7) over t  within the limits -¥ to 0 and 

using the asymptotic conditions (1.4.5), we obtain 
 

( )( ) ( ) ( )
0

0
ˆ

1 1 1
1

1
,..., ; Si

S S S
S

f x x f x f x d e
v

t
a

a

t tL

£ £ -¥

¢ = + ò K .    (1.4.9) 

 
Relation (1.4.9) makes it possible to develop the theory of 

perturbations in weak interaction, assuming also that the intensity of the 
external stochastic field is low. Under these assumptions, the quantity 

( )S tK  (see (1.4.2)) can be considered small and, therefore, in the leading 

approximation we have 
 

( )( ) ( )1 1 1
1

,..., ;S S
S

f x x f x f xa
a£ £

¢ =  , 

whence follows 

     2 1 2 1 1 1 2,f x x f x f x .     (1.4.10) 

 
Substituting further (1.4.10) into (1.3.8) and using (1.1.5), (1.3.7), we 

arrive at the following closed kinetic equation 
 

( )
( )

( )
1

1

1

1 1 1 1
... 1 11

21 1 1

1
,...,

2 1 ! ...n

n

n n

i in
n i i

f f f
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-¥
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=

-¶ ¶ ¶
+ + =

¶ ¶ - ¶ ¶åp x x
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 (1.4.11) 

( ) ( ) ( )1,2 1,2
1 1 2 1 2 2 1 2

1 1 1

1 V R
f x dx f x dx f x

v p x p
æ ö¶ ¶¶ ÷ç ÷= +ç ÷ç ÷ç¶ ¶ ¶è øò ò , 

 
which describes the evolution (at its kinetic stage) of many-particle 
dissipative systems under the influence of an external stochastic field. We 
recall that if dissipation in the system is associated with friction of 
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macroscopic particles, then the quantity in this case, following [70], can be 
chosen in the form (1.1.8) 
 

( )( )2

1,2 1 2 1 2

1

2
R g= - -x x p p , ( )1 2 0g - >x x .  (1.4.12) 

 
Note that if there is no dissipation, ( )1 2 0g - =x x , equation (1.4.11) 

turns into the Vlasov equation, generalized to the case of action on the 
system of an external stochastic field, with a self-consistent field 

 

     1 2 1 2 2 1 2

1
U d V d f x

v
x x x x p   ,    1 2 1 2 2,f x f x p . (1.4.13) 

 
In the general case, equation (1.4.11) can be interpreted, for example, 

as the Fokker - Planck equation for Brownian particles, taking into account 
the weak interaction between these particles and generalized to the case of 
a non-Gaussian character of stochastic fields acting on the system, which we 
will demonstrate in the next section. 

 
1.5. The case of a Gaussian stochastic field 

 
In order to confirm the above, we will assume that the external 

stochastic field is Gaussian, and the one-particle distribution function ( )1f x  

is isotropic in momentum space,  
 

( ) ( )1 1, ,f fºx p x p .     (1.5.1) 

 
In this case, there are only pair correlation functions of the external 

random field, which we will choose to simplify calculations in the form 

( ) ( )1 2 1 2, ,ij ijy gdºx x x x . Then equation (1.4.11) takes the form: 

 
( ) ( ) ( ) ( ) ( ) ( ) ( ) ( )1 1 1 1

1

, , , ,1
, ,

2

f x t f x t U f x t f x t
f x t g

t m
g
æ ö¶ ¶ ¶ ¶ ¶¶ ÷ç ÷+ - = +ç ÷ç ÷ç¶ ¶ ¶ ¶ ¶ ¶è ø

xp x p x x
x x p p p

,   

(1.5.2) 
 

where the self-consistent field ( )U x  is given by expression (1.4.13), and the 

quantity ( )g x  is defined by the formula 

 

( ) ( ) ( )1

1
d d f x

v
g g¢ ¢ ¢ ¢º -ò òx x x x p ,   (1.5.3) 
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and it follows from the definition and (1.4.12) that ( ) 0g >x . It is easy to see 

that for ( )g gºx , ( ),g gºx x  and ( )1 2 0V - ºx x  (see (1.4.13)), equation 

(1.5.2) takes on the traditional form of the Fokker – Planck equation, which 
confirms the above statement. It also follows that expression (1.5.3) gives a 
microscopic definition of the coefficient of friction, which is customary for 
the Langevin equations. As is known, the Fokker – Planck equation is 
usually derived from the Langevin equations, see in this regard, for 
example, [3]. 

Let us analyze some more consequences from the obtained equation 
(1.4.11). In the spatially homogeneous case, the correlation functions 

( )
1 1... , ...,

n ni iy a ax x  (see (1.3.3), (1.4.2)) depend only on the difference of 

coordinates 
i ja a-x x . For this reason, the quantities ( )

1... 1 1,...,
ni iy x x  in 

(1.4.11) do not depend on coordinates at all, 
 

( )
1 1... 1 1 ...,...,

n ni i i iy yºx x .    (1.5.4) 

 
Thus, in the spatially homogeneous case, equation (1.4.11) in the case 

of validity of relation (1.4.12) takes the form: 
 

( ) ( )
( )

( ) ( ) ( )( )
1

1

1

1 1
... 1 1 2 1 2 1 21

2 1

, 1 ,

2 1 ! ...n

n

n n

i in
n i i

f t f t
y f d f

t n p p v

p p
p p p p p

p
g

-¥

-
=

¶ - ¶ ¶
+ = -

¶ - ¶ ¶ ¶å ò
 ,

 (1.5.5) 

( )1
d

v
x x xg g¢ ¢º -ò  . 

 
In deriving this equation, we have not yet assumed that the system is 

isotropic in momentum space, see Eq. (1.5.1). We now introduce into 
consideration the average kinetic energy ( )te  of the studied system by the 

formula  

( ) ( )
2

1 ,
2

t d f t
m

e º ò
pp p .      (1.5.6) 

 
The evolution equation for this quantity immediately follows from the 

kinetic equation (1.5.5): 
 

( ) ( ) ( )( )2

1 2 1 2 1 1 1 2

3
, ,

2 2
jjy nt

d d f t f t
t m mv

p p p p p p
e g¶

= - -
¶ ò ò

 , (1.5.7) 

 
where n  is the density of the number of particles in the system, 
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( )1 ,n d f tº ò p p .                (1.5.8) 

 
and, as is easy to verify, the following equalities are valid: 
 

 1 , 0d f t
t




  p p ,  1 , 0d f t
t




  p p p ,  (1.5.9) 

 
whence it follows that the density of the number of particles in the system 
and the average momentum do not change with time. 

From Eq. (1.5.7), we can conclude that the system under study can be 
both heated up and cooled down during the process of evolution. The 
realization of the particular case is determined by the sign of the right-hand 
side in (1.5.7). If we assume that at the initial time moment the average 
momentum of the particles in the system was equal to zero, then according 
to (1.5.9) it equals to zero and at all other times. In this case, Eq. (1.5.7) 
takes the form: 

 
( ) ( ) 3

2
2

jjy nt
t

t m

e
ge

¶
=- +

¶
, ng gº  . (1.5.10) 

 
It is taken into account here that the density of the number of 

particles n  determined by formula (1.5.5) does not depend on time. As a 
consequence, the value g  does not depend on time as well. Eq. (1.5.10) has 
a simple solution: 

 

( ) ( )0

3 3
exp 2

4 4
jj jjy n y n

t t
m m

e e g
g g

æ ö÷ç ÷= + - -ç ÷ç ÷è ø
,  (1.5.11) 

 
where 0e  is the value of ( )te  (see (1.5.6)) at the initial time moment. From 

Eq. (1.5.11) we observe that the average kinetic energy of the system 
decreases during the evolution process (the system is cooling down) if 

0

3

4
jjy n

m
e

g
> , and that the system heats up throughout the evolution when 

0

3

4
jjy n

m
e

g
< . In the case of 

0

3

4
jjy n

m
e

g
= , the average kinetic energy does not 

change in evolution process. We should note here that the self-cooling effect 
(in the sense of decreasing the average kinetic energy) of dissipative systems 
in the process of evolution was predicted a long time ago, we refer the reader 
to [75, 76] for more details. As expected, the influence on dissipative systems 
of external random forces can “create competition” to the cooling process, 
leading to their heating under certain conditions. Note also that if it is 
possible to establish the Maxwell distribution in the system throughout the 
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evolution process, then the expression for the equilibrium mean value of the 

kinetic energy ( ) 3

4
jjy n

m
e

g
¥ =  which follows from (1.5.11) should coincide 

with the well-known formula ( ) 3

2
nTe ¥ =  in the case of gaseous dissipative 

systems, where T  is the temperature of the medium. This is possible if the 
pair correlation function of the external stochastic field jjy  is related to 

temperature and coefficient   by a relationship 2jjy m Tg=  known from 

the ordinary theory of Brownian motion. 
It should be recalled here that for “classical” (non-interacting) 

Brownian particles the concept of “temperature” has a physical meaning. In 
this case, we are talking about the temperature of the medium where the 
Brownian particles propagate. For such systems, the concepts of the 
equilibrium state and the Maxwell distribution have a strict meaning. In 
the case of dissipative systems, in particular, granular media, the kinetic 
energy derived above as some thermal characteristic of the system has a 
clear physical meaning. The temperature concept for such systems requires 
further explanation. For the best of our knowledge, the concept of 
temperature for dissipative systems of many particles has not yet been 
correctly defined from the point of view of statistical physics. The discussion 
of scientific and “philosophical” issues related to the concept of temperature 
for dissipative media can be found in [77, 78]. 

Also note that according to obtained formulas (1.5.7), (1.5.11), only 
pair correlation functions are responsible for the energy pumping into the 
system from an external stochastic field. In other words, Eqs. (1.5.7), 
(1.5.10) stay the same as in the case of Gaussian external noise, see 
Eq. (1.5.2). The reason for this is obvious and it consists in the quadratic 
dependence of the momentum of the kinetic energy of one particle 

2 2me =p p , see Eqs. (1.5.5) and (1.5.6). The contribution of the correlation 

functions of higher order will appear if we write out the evolution equation 
for the moments of a one-particle distribution function of higher order than 
the second one, see (1.5.5). 

 We emphasize once again that formulas (1.5.5), (1.5.7), (1.5.10) and 
(1.5.11) have been obtained for the special form of the dissipative function 

1,2R  (see (1.4.12)) and additional assumptions (1.5.1), (1.5.4). In a more 

general case, as it follows from Eq. (1.4.11) and definition (1.5.6), the 
evolution of the average energy of the system can be more complex than 
predicted one by Eq. (1.5.11) or Eq. (1.5.7). 

 
Summary and Outlook 

Thus, this section we have demonstrated the way of dynamical 
justification of the kinetic theory of dissipative systems of identical particles 
in an external stochastic field. We have constructed the procedure for 
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deriving an infinite chain of BBGKY equations for many-particle 
distribution functions, which mostly uses a generalization of the Furutsu -- 
Novikov formula for the case of arbitrary distributions of an external 
random field. The theory suggests that the distributions of the stochastic 
external fields have the moments of any order. A generalization of the 
reduced description method to the case of dissipative systems of many 
particles under the influence of an external random force is proposed. 
A method for obtaining the kinetic equation for such systems in the case of 
weak interaction between particles and a low intensity of an external 
stochastic field is developed. It is shown that such a kinetic equation can be 
interpreted as the Fokker-Planck equation for Brownian particles, taking 
into account the weak interaction between these particles and generalized to 
the case of a non-Gaussian character of stochastic fields influencing on the 
system. In the case of Gaussian external noise, the derived kinetic equation 
transforms into the well-known Fokker-Planck equation in such form as it is 
usually obtained from the Langevin equations. At the same time, the theory 
gives a microscopic definition to the coefficient of friction, which is “usual” 
for the Langevin equations, expressing this coefficient in terms of the 
dissipative function and about the single-particle distribution function of 
particles. The developed perturbation theory permits one, as the matter of 
principle, to find the corrections to kinetic equation (1.4.11) of any order 
with respect to the interaction and intensity of the external stochastic field. 

The possibilities of the proposed microscopic theory are not limited 
only to the case of weak interaction between particles. The kinetic theory of 
the systems under study can also be constructed in the case of a low density 
of particles and an arbitrary interaction between them (if only this 
interaction does not lead to the formation of bound states). However, the 
construction of such a theory is rather volumetric problem that requires an 
individual solution and presentation. 

It should also be noted the following. According to the ideas of the 
reduced description method, over time, the description of the evolution of the 
system containing many particles should be greatly simplified. Applying to the 
system under study at the kinetic stage of its evolution, the possibility of 
further simplification in the description should be associated with the 
transition of the system to the hydrodynamic stage of the evolution [3]. This 
enables us to formulate the problem of consistent and controlled derivation of 
the equations of hydrodynamics of such a system based on the kinetic equations 
for it, i.e., from Eq. (1.4.11). The process of consistent derivation of such 
equations itself should answer many questions related to the relaxation of the 
system to a stationary state. In particular, perhaps the microscopic approach 
developed in this article would allow one to clarify the explicit form of the 
stationary distribution function of particles of a dissipative system in an 
external stochastic field. Recall that a generally accepted theory that gives a 
recipe for obtaining the form of a stationary distribution in momenta and 
coordinates of particles in dissipative systems (even unaffected by stochastic 
forces) does not currently exist (see in this regard, i.e., [17, 77-79]). 
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SECTION II. THE REDUCED DESCRIPTION METHOD IN THE KINETIC 

THEORY FOR ACTIVE PARTICLES WITH INTERACTION 

 
The content of this section is based on paper [36]. We should note that 

the fundamentals of the approach to the construction of the kinetic theory 
for active particles from the first principles are very similar to ones 
presented in Section 1.1. However, there are also substantial differences. 
Due to this fact, let us start the following section with the introduction of 
the basis of evolution theory of systems with active fluctuations at its 
kinetic stage. 

 
2.1. Fundamentals 

 
Let us consider a system consisting of N  identical active particles of 

mass m , each of which is characterized by a space coordinate x , 1 N   

measured from the center of mass, and momentum p , 1 N  . The 

interaction between the particles is assumed to be consisted of two parts: 
the “reversible” one, which is described by the Hamiltonian H , and 
“irreversible” one described by the function R , its meaning will be 
explained below. 

The Hamiltonian of the system can be represented as:: 
 

2

0 ,
1 12N N

H H V V
m


 
      

    p ,   (2.1.1) 

 
where ,V   is the potential of pair interaction,  

 
 ,V V   x ,    x x x .   (2.1.2) 

 
We will also assume that the particles of the system are affected by 

specific forces that depend on the speed of the particles (or momentum) and 
are characterized by a function R . We will also suggest that the function R  
can be expressed in as 

rR R R  ,              (2.1.3) 
 

where rR  is the regular part of this function 
 

,
1

r

N

R R 
   

  ,  , ,R R    x p ,    p p p  

 (2.1.4) 
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and R  is the stochastic one R , which can be rewritten as 
 

 
1

,
N

R R x t 


 

  ,  ,x   x p . 

 
The stochastic nature of the function R  is formally emphasized by 

the presence of an index   in it. 
Note that in the case of systems of “ordinary” (inactive) identical 

particles with dissipative interaction, the function is treated as a dissipative 
function, see Eq. (1.1.3) and also [70, 69, 1]. It is usually considered that 
dissipation in the system is associated with friction of macroscopic particle 
that results in the following representation of ,R   for both this case and 

Eq. (1.1.3): 
 

  2
,

1

2
R    x p ,    0x  ,    p p p .    (2.1.5) 

 
It is being assumed that   0x   if 

0~
rx  , where 0r  is the 

specific radius of action of dissipative forces. In [69, 1], expressions were 
obtained for the friction coefficient   entering into the Langevin equations 

as a functional of the value  
 x  and a one-particle distribution 

function. Moreover, the friction coefficient is always positive due to property 
(2.1.5). 

However, as is known (see, e. g., [33]), it is not so in the case of active 
particles. The “friction” coefficient in equations of the Langevin type for 
active particles can significantly depend on the velocity and change the sign. 
For this reason, there is no possibility to use criteria (2.1.5) for establishing 
the properties of the “dissipative function” in the case of active particles. 
That is why the expression “dissipative function” is quoted. Later, we will 
use the name “dissipative function” for definiteness when referring to the 
function R , however, without quotes.  

Following the procedure standard for classical theoretical mechanics 
and taking into account Eqs.(2.1.1)–(2.1.4), the generalized Hamilton 
equations for the system under study can be written as 

 
H R


 

 
  

 
p

x p
 , 

H








x
p

 .       (2.1.6) 

 
Hence, the force , F  acting on a particle   from the side of the 

particle   should be determined by the sum of two terms: 
 

, , ,
p r

      F F F ,.      (2.1.7) 
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Expression (2.1.9) looks like a natural generalization of the stochastic 

force  ,iY t x  typical for the Langevin equations in the case of ordinary 

Brownian particles: 
 

x v ,  ,i i iv v Y t   x . 

 
Indeed, the value  ,iY t x  in the latter equation can always be 

rewritten identically in the form: 
 

   h h h h
i i j ij i jY e Y e e     e Y , 

 

where h
ie  is an arbitrary unit vector, e. g., h

i ie p p . Substituting further 

the scalar product h e Y  by  ,X t
x , jY  by  ,jX t

x  and assuming that 
h
i ie p   p , we get Eq. (2.1.9). We should keep in mind, however, that in 

Eq. (2.1.9) the values  ,X t
x  and  ,jX t

x  in the most general case, are 

not related to each other. Besides, in the three-dimensional case, if 
necessary, the vector  ,jX t

x  can be considered as a two-component one 

in the plane perpendicular to the vector h
je . Under no circumstances, the 

presence of a vector component  ,jX t
x  along h

je  will not affect the 

description of processes and phenomena in such systems due to the factor 

 h h
ij i je e    on the right-hand side of (2.1.9). 

From the foregoing, it follows that the stochastic action on the 
considered system in the form of Eq. (2.1.9) can be considered as 
a generalization of the stochastic forces used in the theory of two-
dimensional systems of active particles (the case of so-called “active 
fluctuations”) in several ways. First, in problems of the dynamics of active 
particles, typical random forces, as a rule, are considered as global [33]. It 
means that, they are acting on each particle in the same way, no matter 
where it is in space. But on the other hand, Eq. (2.1.9) takes into account 
the possibility of local action of stochastic forces on the system. Second, we 
can consider Eq. (2.1.9) as a generalization of typical random forces of the 
problems of dynamics of active particles to the case of three-dimensional 
systems. To make sure of this, it is sufficient considering Eq. (2.1.9) to be 
two-dimensional one, to get rid of its locality and assign 

 
h

h e e ,    v vX t D t  ,       , t D t
   X x e ,  0h  e e ,   (2.1.10)  
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where he  is the unit vector along the direction of particle motion, e  is the 

unit vector along the direction of the azimuth angle   and D , vD are 

intensities of angular and velocity noise, respectively (see for more details, e. 
g., [33]). Note that in two-dimensional systems, for the best of our 
knowledge, the highlighted directions in the motion of active particles can 
be established due to the presence of “head-tail” asymmetry properties in 
them. Such an advantage in the motion direction of particles is related to 
the existence or origin of a propulsion mechanism in the system. Thus, 
thanks to the “head-tail” asymmetry in the stationary state of the system of 
many active ones, it becomes possible to fix “naturally” the reference system 
by a special choice of vectors he  and e . It is obvious that, the existence of 

such an asymmetry is affected on the characteristics of a many-particle 
system, for example, a one-particle distribution function, see below and also 
[33]. As will be shown later, the existence of the effects of the “thrust 
mechanism” is also possible in three dimensions, even though in the case of 
only linear friction (see Section 2.4 of this chapter). We emphasize that the 
source of the stochastic action can be generalized to the three-dimensional 
case in a different way from (2.1.9) as well. For this generalization, as in the 
two-dimensional case, we can use the representation of curvilinear 
coordinates, like spherical ones, characterized by both the above vectors 

h n e , and the unit vector e  associated with the change in the polar 

angle. However, for solving the problems formulated in the present work, it 
is more convenient to use Cartesian coordinate system. 

We also note the following. The time derivative of the total energy of 
the system according to Eq. (2.1.1) and Eq. (2.1.6) is represented by the 
expression 

 

1 N

dH R

dt m


  


 

 p
p

.    (2.1.11) 

 
If we assume that the system contains dissipation associated with 

friction of macroscopic particles and the regular part of the dissipative 
function rR  in this case is determined by Eq. (2.1.5), then from Eq. (2.1.11), 
taking into account Eq. (2.1.9), we obtain 

 

    ,
1 1

2
, ,h h hi

i j ij i j
N N

pdH
R X t e X t e e

dt m m
 

      
  


    

        x x , 

 (2.1.12) 
or 

 ,
1 1

2
,

N N

dH
R X t

dt m m


  
      

   
p

x . 
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Taking into account that   0x  , see Eq. (2.1.5), it is easy to note 

that in such a system the competition between dissipation due to friction 
and energy pumping from the side of the external stochastic field is possible. 
The situation with changing energy in systems of active particles with 
interaction should provide much more varied options in comparison with 
Eq. (2.1.12) due to the explicit form of the function ,R   when calculating the 

expression in the right-hand side of Eq. (2.1.11), see below. 
The next task is to obtain the Liouville equation for the system of 

many particles under study. From a formal point of view, the procedure for 
deriving such an equation almost completely coincides with the procedure 
described in Chapter 1.1. As it is done in this chapter, let us represent 
Eqs. (2.1.6) in the following form for the convenience of further calculations 

 

      1 ,..., Nx t h x t x t
  , 1 N  ,  (2.1.13) 

 
where we use the notation 

 

      ,a a ax t t t x p .                 (2.1.14) 

 
In other words, Eq. (2.1.13) in view of Eqs. (2.1.14) and (2.1.5) 

represents the following system of equations 
 

    t x t
  xx h ,     t x t

  pp h ,  (2.1.15) 

 
where 

   H
x t






xh
p

,    H R
x t


 

 
  

 ph
x p

. (2.1.16) 

 
The value of the coordinates and momenta of  -particle at the 

moment of time t (see (2.1.14)), determines, obviously, by the values of the 
coordinates and momenta     0 1 0 ,..., 0Nx x x  of all particles at the initial 

moment of time: 
 

        0 0 0, , , ,x t X t x t x t x   
     X P ,    (2.1.17) 

 
where functions  0,t x

X  and  0,t x
P , satisfy to the generalized 

Hamilton equations (2.1.5) (or to Eqs. (2.1.13) – (2.1.16)). Assume that for 
0t  , the initial conditions are distributed with a probability density 

    1 0 ,..., 0 ;0ND x x  (see [3] in this regard), and 
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          1 1 0 00 ... 0 0 ,..., 0 ;0 ;0 1N Ndx dx D x x dx D x   . (2.1.18) 

 
Then at the time moment t the probability density 

   1,..., ; ;ND x x t D x t  ,  1,..., Nx x x , ( N - particle distribution function) 

will obviously be determined by the expression 
 

      1 0 0 0
1

,..., ; ;0 ,N
N

D x x t dx D x x X t x 
 




 
   .   (2.1.19) 

 
In [5], it is described in detail the procedure for deriving the Liouville 

equation for many-particle systems in the external stochastic field 
neglecting the interaction between particles. In [69], a similar procedure is 
used to obtain the generalized Liouville equation for dissipative many-
particle systems in the absence of an external stochastic field. In [1], it is 
shown how these techniques can be combined to derive the Liouville 
equation for dissipative systems (see also Chapter 1.1 of this paper). 
Following the methodology outlined in [1] we arrive at the evolution 
equation for the N -particle distribution function  1,..., ;ND x x t

 
 

 
1

0
N

D
D h

t x


 


  

 
 

  ,        (2.1.20) 

 
where the function   h x t

  is given by Eqs. (2.1.16) and (2.1.17). This 

equation is the Liouville one generalized to the case of many solid particles 
with pairwise interaction under the influence of the external stochastic field 
which depends on the particle velocity. This equation, if we bear in mind 
Eqs. (2.1.13) – (2.1.16), can also be written in the form: 
 

1 1

0
N N

D H H R
D D

t


 

        

         
                 
 x p p x p

. (2.1.21) 

 
However, we will further find more useful Liouville equation (2.1.21), 

obtained with regard to Eqs. (2.1.13) - (2.1.16), (2.1.8), (2.1.9) as: 
 

,
1 1 1

0
N N N

D D
D D

t m

p F Y
x p p

 
  

  
           

   
   

      , (2.1.22) 

 

where the values , F  and 
Y  are determined by Eqs. (2.1.7) - (21.9), as 

before. Eq. (2.1.20), as is easy to see, is a classical example of the evolution 
equation with multiplicative noise. Consequently, as in the previous 
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chapter, the question arises of averaging Eq. (1.20) over the external 

random force 
Y . There are, however, some differences from the previous 

chapter. Taking this into account, as well as for ease of presentation, let us 
present here the main points related to such a procedure again. 
 

2.2. Averaging the Generalized Liouville Equation  

in the Case of Gaussian Noise 
 
Let us introduce into consideration N -particle distribution function 

 1,..., ;ND x x t , which is the distribution function  1,..., ;ND x x t  (see Eq. 

(2.1.19)), averaged over a random external field  ,tY x  with probability 

density [ ]W Y : 
 

   1 1,..., ; , ..., ;N ND x x t D x x t


 ,   ... , [ ]...D t WY x Y 


  (2.2.1) 

 
Applying the averaging operation (2.2.1) to equation (2.1.22), we 

obtain: 
 

,
1 1 1

0
N N N

D D
D D

t m

p F Y
x p p

 
   

           

   
   

      . (2.2.2) 

 
It is easy to see that in order for this equation to be a closed evolution 

equation for the introduced distribution function, it is necessary to express 
the quantity D  

 
Y  through  1,..., ;ND x x t . As before, we will use the so-

called Furutsu-Novikov formula [71, 72]. We also recall that in [73] this 
formula was used to obtain the Kolmogorov turbulence spectra, generalized 
to the case of a compressible fluid. In this section, we will not describe in 
detail the method of proving the Furutsu-Novikov formula, referring to the 
works cited above and our work [1]. Let us use the final result of such a 
proof from [4] in the case of a Gaussian distribution of multiplicative noise. 
Namely, one can make sure that in this case the quantity D 

 
Y  is 

presented as: 

( ) ( ) ( )
( )
[ ]

, [ ] , [ ] , ,
,i i ij

j

D
Y x t D Y x t D dx dt y x x t t

Y x t

YY Y
w w

w w w w w
a a aw w

w

d
d

¥

-¥

¢ ¢ ¢ ¢= + -
¢ ¢ò ò ,

 (2.2.3) 
 

where ( ) ( ), ,i iY x t Y x tw
a a w

º ,  ,x   x p  and ( ), ,ijy x x t ta ¢ ¢-  is a pair 

correlation function of external Gaussian noise ( { },x x p¢ ¢ ¢º ): 
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( ) ( ) ( ) ( ) ( ), , , , , ,ij i j i jy x x t t Y x t Y x t Y x t Y x tw w w w
a a a ww w

¢ ¢ ¢ ¢ ¢ ¢- = - .(2.2.4) 

 
At ( ), 0iY x t º  expression (2.2.3) exactly coincides with the analogous 

expression obtained in [71, 72] under the assumption that the average value 
of the external random force acting on the system is zero. In what follows, in 
this paper, we will also assume that ( ), 0iY x t º . Such a requirement does 

not significantly violate the generality of consideration, since it can be 
considered as a redefinition of the regular force , F , see Eqs. (2.1.7), (2.1.8). 

For further calculations, let us first consider the value iI , 

 

( )
( )
[ ]

, ,
,i ij

j

D
I dx dt y x x t t

Y x t

Yw w

a w

w

d
d

¥

-¥

¢ ¢ ¢ ¢º -
¢ ¢ò ò .     (2.2.5) 

 
It is easy to see that this quantity is the first term from the sum on 

the right-hand side of expression (2.2.3). We will assume that the pair 
correlation function differs from zero in the interval 0t t t¢- £  ( 0t is the 

random process memory). We will also assume that for t t¢  pair 
correlation function ( ), ,ijy x x t ta

¢ ¢-  has a sharp maximum. Then the 

functional derivative 
( )
[ ]

,j

D

Y x t

Yw w

w

d
d ¢ ¢

 it is enough to calculate at t t¢» . Moreover, 

as shown in [1, 4, 71-73], the exact expression for this derivative can be 
obtained only for t t¢» .  

Indeed, as is easy to see, the variational derivative 
( )
[ ]

,j

D

Y x t

Yw w

w

d
d ¢ ¢

 at 

t t¢»  undergoes a leap: 
 

( )
[ ]

0,
,j

D
t t

Y x t

Yw w

w

d
dd

¢¹ £
¢ ¢

, 
( )
[ ]

0,
,j

D
t t

Y x t

Yw w

w

d
d

¢= >
¢ ¢

.          (2.2.6) 

 
The latter circumstance is due to the fact that according to equation 

(2.1.22), the quantity ( )D tw  cannot be dependent on field ( ),jY tw ¢ ¢x , taken at 

later points in time than t. In accordance with (2.2.5), integration over t ¢  in 
formula (2.2.5) is carried out in the range from -¥ to t, not from -¥ to 
+¥ . 
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Differentiating equation (2.1.22) with respect to ( ),jY tw ¢ ¢x  and 

noticing that according to (2.2.5) the derivative 
( )
[ ]

,j

D

t Y x t

Yw w

w

d
d

¶
¢ ¢¶

 should contain 

a d - like feature in time (while the value 
( )
[ ]

,j

D

Y x t

Yw w

w

d
d ¢ ¢

 itself does not contain 

these features), it is not difficult to obtain the following expression for the 
functional derivative (see [1, 4]): 

 

( )
( ) ( )

1

[ ] [ ]

, N jj

D D
t t x x

pY x t

Y Yw w w w

bw
b b

d
J d

d £ £

¶¢ ¢»- - -
¢ ¢ ¶å , 

 ( ) ( ) ( )x x x x p pb b bd d d¢ ¢ ¢- º - - ,                 (2.2.7) 

 
where ( )t tJ ¢-  is a unit Heaviside function. This formula allows you to 

represent the value iI  (see Eq. (2.5)) in the following form (see Eqs. (2.1), 

(2.2)): 

( )
1

, ;
t

i ij
N j

D
I dt y x x t t

pb
b b£ £-¥

¶¢ ¢= -
¶åò .        (2.2.8) 

 
Thus, the averaged Liouville equation, generalized to the case of 

systems of many active particles with interaction, in its final form:  
 

 ,

1 1 1

,

N N N

D D x tD D

t m
  

           

  
   

     
F Yp

x p p
.      (2.2.9) 

 

 

 
As mentioned earlier, in what follows we assume that ( ), 0iY x t º . If we 

also take into account that the pair correlation function  , ;ijy x x t t    has a 

sharp maximum at t t¢»  and assume that this function is an even function of 
the difference t t  ,  

 

   , ; , ;ij ijy x x t t y x x t t       ,  (2.2.10) 

 
then equation (2.2.9) takes on an even simpler form: 

 
1 ,

, ; 0
t

ij
N i j

D
dt y x x t t

p p 
    

    
 
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 ,

1 1 1 ,

1
, 0

2 ij
N N N i j

DD D D
y x x

t m p p
 

 
             

   
   

      
Fp

x p
, (2.2.11) 

 
where the notation is introduced: 

 

   , , ;ij ijy x x d y x x    




  .                 (2.2.12) 

 
Equation (2.2.12) can be given another form that is convenient for 

further calculations: 
 

 ,

1 1 1

1
,

2 ij
N N N i j

DD D D
y x x

t m p p
 

 
            

   
   

      
Fp

x p
. (2.2.13) 

 

 

 
Note that, in fact, the developed technique allows one to obtain the 

generalized Liouville equation in the case of non-Gaussian distributions of a 
random field if these distributions have moments of any order, see in this 
connection [1]. In this section, however, we restrict ourselves to the 
Gaussian distribution for an external stochastic field. 

For further calculations, we specify the explicit form of the pair 
correlation function  ,ijy x x  . Using an explicit stochastic force ( ),iY x tw , 

defined by formula (2.1.9), taking into account the equality 
( ) ( ), , 0i iY x t Y x tw

w
º =  based on (2.2.4), it is easy to arrive at the following 

expression for  ,ijy x x  : 

 

        , , ,h h h h h h
ij i j il j l jl j ly x x e e g e e e e h               x x x x , 

 h i
i

p
e 





p

,                                      (2.2.14) 

 
where we introduced the notation: 

( ) ( ) ( ), , ,g dt X t X tx x x xw w
a b a b w

¥

-¥

¢º ò , 

 ( ) ( ) ( ), , ,lk l kh dt X t X tx x x xw w
a b a b w

d
¥

-¥

¢º ò .              (2.2.15) 

 
1

, 0ij
N i j

D
y x x

p p 
     

 
 

 
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When deriving expression (2.2.14), it was assumed that the stochastic 

force ( ),iY x tw  has the following properties: 

 

( ) ( ), , 0iX t X tx xw w
a b ¢ = , ( ), 0X txw

a = , 

 ( ), 0iX txw
b ¢ = .                              (2.2.16) 

 
The last two formulas in (2.2.16) are a consequence of the requirement 

( ) ( ), , 0i iY x t Y x tw

w
º = , see Eq. (2.1.9).  

 
2.3. An analogue of the BBGKY chain and the kinetic equation for systems 

of identical active particles with interaction in external stochastic fields 
 
As in the previous chapter (see section 1.3), along with the probability 

density ( )1,..., ;ND x x t  ( D  is the N -particle distribution function, N  is total 

number of active particles in the system) you can introduce the probability 
of finding one or more particles in these elements of the phase space, 
regardless of where the rest of the particles are in this space (see in this 
connection also [1 - 3]). These probabilities can be obtained by integrating 
the function D  over all variables, except for those related to the particles 
under consideration: 

 

( ) ( )1 1 1,..., ; ... ,..., ;S
S S S N Nf x x t dx dx D x x t+= ò òV , ( ),xa a aº x p , (2.3.1) 

 
where V  is the system volume and ( )1,..., ;ND x x t  satisfies equation (2.2.10). 

After simple calculations [36], one can arrive at the following equation for  
S -particle distribution function  ( )1,..., ;S Sf x x t : 

 

   ,

1 1 1 1

1
, ,

2
SS S S S

ij ij
S S S Si j i j

ff f f f
y x x y x x

t m p p p p
 

   
                   

    
    

         
Fp

x p
 

  1
1 1 , 1 1 1

1 1 1

1 1
, S

S S S S ij S
S S i S j

f
dx f dx y x x

v v p p 
  


    

    

 
 

    F
p

, 

v
N

º
V ,                                               (2.3.2) 

 
where values ,a bF ,  ,ijy x x   are still given by formulas (2.1.8), (2.2.4), 

(2.2.14), (2.2.15). As in the case of equations (1.3.2) or (1.3.3), equation 
(2.3.2) for S -particle distribution function includes an 1S + -particle 
distribution function. That is, in this case, too, we are dealing with an 
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infinite chain of kinetic equations. These chains are a generalization of the 
famous chain of Bogolyubov-Born-Green-Kirkwood-Yvon equations to the 
case of systems of identical active interacting particles under the influence 
of an external stochastic field. The following remark should be made here. 
In accordance with definition (2.3.1), distribution functions of a higher order 
contain all the information contained in functions of a lower order [3]. This 
circumstance leads to the fact that with increasing order S  of the 

distribution function ( )1,..., ;S Sf x x t  are becoming more and more complex. 

Since in the full description according to (2.3.2) it is necessary to take into 
account the distribution functions up to S N= , we come to the conclusion 
that the resulting chains of equations (2.3.2) are themselves equivalent to 
Liouville’s equation (2.2.13). In other words, the most complete description 
of the systems under study is equally complex both in the language of the 
complete distribution function ( )1,..., ;ND x x t , and in the language of many-

particle distribution functions ( )1,..., ;S Sf x x t .  

We have already noted that a significant simplification in the 
description of the state of the system occurs in two cases: when the 
interaction between particles is small, or when the density of the number of 
particles is low, and the interaction is arbitrary, but such that does not lead 
to the formation of bound states. This circumstance, as in the previous 
chapter, allows us to use the method of reduced description of the evolution 
of the system under study to break the infinite chain of equations (2.3.2) and 
derive a closed kinetic equation for the one-particle distribution function. 
Here we will not set out in detail the main provisions of the reduced 
description method as applied to active media in order to obtain the kinetic 
equation. The procedure differs little from that described in the previous 
chapter (see Section 1.4) if we also consider the case of weak interactions 
(both potential and dissipative) between structural units, and assume that 
the intensity of the external random field is small. In this situation, in 
accordance with the concepts of the reduced description method, it can also 
be assumed that the mathematical formulation of the idea of the hierarchy 
of relaxation times of the system consists in the functional time dependence 
of the many-particle distribution functions ( )1,..., ;S Sf x x t  only through the 

time dependence of the parameters of the reduced description at the 
corresponding stage of evolution. In particular, at the kinetic stage of the 
evolution of the system, the many-particle distribution functions depend on 
time only through the single-particle distribution function 1( , )f x t¢ : 

 

( ) ( )1 1 1,..., ; ,..., ; ( , )S S S Sf x x t f x x f x t¢= ,      (2.3.3) 

 
as a result, the one-particle distribution function 1( , )f x t¢  according to (2.3.2) 

must satisfy the equation: 
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   1 1 1 1
1 1 1 1

1 1 1

1 1
, ;

2 ij
i j

f f f
y x x L x f

t m p p v

  
  

   
p

x
,  (2.3.4) 

 

where still v
N

=
V  and ( )1 1;L x f  is the generalized collision integral defined 

by the formula 
 

       1 1 2 2 1 2 1 1,2 2 1 2 2 1 2 1
1 2

; , ; , , ;ij
i j

L x f dx f x x f dx y x x f x x f
p p

  
  

   F
p

.

 (2.3.5) 

 
Here, however, a point needs to be made. Functional relation (2.3.3) 

does not necessarily imply an expansion of the function ( )1 1,..., ; ( , )S Sf x x f x t¢  

into the functional series of perturbation theory with respect to the one-
particle distribution function. Such an expansion must be realized only in 
one of the above-mentioned cases of chain breaking - the case of a low 
density of the number of particles. We recall that this raises the famous 
question of possible divergences in higher orders of perturbation theory in 
the low density of the number of particles and the renormalization of such a 
theory (see, for example, [80-82]). In the case of perturbation theory in the 
weak interaction between particles, these questions do not arise, which is 
easy to verify from subsequent calculations (see also [3, 4]). 

It is easy to see that in order to close equation (2.3.4), it is necessary 
to find the collision integral (2.3.5) as the functional of the one-particle 
distribution function, for which it is necessary to break the infinite chain of 
equations (2.3.2). The procedure for such an action in the case of a weak 
interaction between structural units and an external field of weak intensity 
is described in detail in [36]. Here we present only the final result, namely, 
the kinetic equation for the one-particle distribution function:  

 
       1 1 1 1 1 11

1 1
1 1 1

, , ,1
,

2 ij
i j

f x t f x t f x t
y x x

t m p p

  
  

   
p

x
  (2.3.6а) 

         1,2 1,2 1 2
1 1 2 1 2 1 1 2 1 2

1 1 1 1 2

1 1
,ij

i j

V R f x
f x dx f x f x dx y x x

v v p p

    
   

     
 p x p

, 

 
where values 1,2V , 1,2R  are determined by expressions (2.1.2) - (2.1.4) and 

the correlation function is still given by expression (2.2.14). Equation 
(2.3.6a) can be given in a slightly different form: 
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       1 1 1 1 1 1 11

1 1 1

, , , ,f x t f x t U t f x t

t m

   
  

   
xp

x x p
        (2.3.6b) 

         1 21,21 1
1 1 1 1 2 1 2

1 1 1 1 2

,,1 1
, , ,

2
ij

ij
i j i i j

y x xRf x t
y x x f x t dx f x t

p p v p p p

  
   

      
  

 
or 

       1 1 1 1 1 1 11

1 1 1

, , , ,f x t f x t U t f x t

t m

   
  

   
xp

x x p
          (2.3.6с) 

         1 1 1 2
1 1 1 1 2 1,2 , 1 2

1 1 1 2

, ,1 1
, , ,

2 ij i j ij
i j i j

f x t f x t
y x x f x t dx R y x x

p p v p p


  
        , 

 
if we introduce the mean field  1,U tx , defined by the formula (see (2.1.2)):  

 

     1 2 1 2 2 1 2

1
, ,U t d V d f x t

v
  x x x x p ,    1 2 1 2 2,f x f x p .

 (2.3.7) 
 

Equations (2.3.6) are kinetic equations for active particles with pair 
interactions between particles (potential and dissipative) under the 
influence of nonlocal active fluctuations. We emphasize that all equations 
(2.3.6) were obtained without using the explicit form of the potential 
interaction  1,2 1 2V V x x , dissipative function 1,2R  (in the above sense) 

and the correlation function  1 2,ijy x x .  

We also note that the presence of a random force (2.1.9), which is 
characteristic of active fluctuations and has a local character of the effect on 
particles, leads, as is easy to see from (2.3.6b), (2.3.6c), to some additional 
interaction between particles, determined precisely by the pair correlation 
function  1 2,ijy x x . 

 
2.4. Special cases of the theory. Spatially homogeneous states 

 
Before proceeding to the demonstration of the fact that the general 

kinetic equations (2.3.6) contain known particular cases of systems of active 
particles, we consider spatially homogeneous states of the systems described 
by these equations. In the spatially homogeneous case, the one-particle 
distribution function  1 , ,f tx p  should not depend on coordinates, 

 

   1 1, , ,f t f tx p p .       (2.4.1) 
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should not depend on coordinates  1 2,ijy x x  (see Eqs. (2.2.14) – (2.2.16)) and 

reads as follows: 
 

       1 2 1 2 1 2 1 2 1 1 2 2, h h h h h h
ij i j il i l jl j ly x x g e e h e e e e      x x x x .  (2.4.2) 

 
Recall that according to (2.1.4) all restrictions on the general 

properties of the function 1,2R  are contained in the expression: 
 

 1,2 1 2 1 2,R R  x x p p ,           (2.4.3) 

 
which follows from considerations of the Galilean invariance of the system 
in the absence of external influences on it. Moreover, since the function 1,2R  

is a scalar quantity, its dependence on the differences 1 2 1 2, x x p p  must 

be characterized by the expression: 
 

   2 2, , ,R Rx p x p xp .        (2.4.4). 

 
In accordance with formulas (2.4.1) - (2.4.4), equation (2.3.6a) is 

transformed to the form: 
 

        1 1 1 1
1 1 1 1

1 1

, ,1
0 0

2
h h h h
i j ij i j

i j

f t f t
g e e h e e

t p p


         
p p  (2.4.5) 

      2

1 1 2 1 2 1 2
1 1

, ,
i i

f t d f t R
p p

 
  
  p p p p p  

      1 2
1 1 2 1 2 1 1 2 2

1 2

,
, h h h h h h

i j il i l jl j l
i j

f t
f t d ge e h e e e e

p p
 

       
p

p p , 

 
where we introduced: 

 

       2 22
1 2 1 2 1 2

1
, ,R d R

v
   p p x x p p x p p ,    1

g d g
v

  x x , 

 1
h d h

v
  x x .                                         (2.4.6) 

 
Quasi-Brownian particles with active fluctuations 

 
Let us now study possible solutions of the kinetic equation (2.4.5) 

isotropic in the momentum space: 

   1 1, ,f t f p tp .                (2.4.7) 
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Taking into account (5.6), (5.7), it becomes possible to reduce equation 

(2.4.5) to the form: 
 

         1 1 1 1
1 1 1 1 1

1 1

, ,1
, , 0

2
h
i

i

f p t f p t
e f p t p t p g g

t p p


 
    

,    (2.4.8)

 

 

Where 
 

   2

2

,
, 2

R p t
p t

p






,       22

2 1 2 2, ,R p t d f p t R  p p p .    (2.4.9) 

 
The resulting equation (2.4.8) is the kinetic equation for active 

particles with time-dependent nonlinear friction (friction coefficient  ,p t ) 

in the case of a nonlocal action of an external random field on the system. 
This equation can be considered as a generalization of the kinetic equation 
for quasi-Brownian particles with active fluctuations for the case of  
3D - dimension of the system, dissipative interaction, and a nonlocal 
external stochastic field. 

The term «quasi-Brownian particles with active fluctuations» can be 
considered, probably, well-established by now. This term is usually 
understood as a system of particles in the presence of a friction force 
linearly dependent on momentum (or on velocity) under the influence of a 
«global» stochastic field of the form (2.1.9) with regard to (2.1.10), see 
[33, 34]. The case of linear friction in the framework of this consideration is 
easy to obtain: in (24.8) (and, consequently, in (2.4.9)), the friction coefficient 

 p  must be considered independent of momentum,  p  , moreover, 

according to (2.1.5), (2.4.6), the quantity   in this case is given by the 
expressions (see [1, 36]): 

 

 2

1
d

v
   x x ,  1

1
,d f p t

v
 p .     (2.4.10) 

 
To realize the “globality” of noise in accordance with (2.1.9), (2.1.10), 

(2.2.14) and (2.4.2), the quantity g  is to be considered equal to zero, and the 

value  0g  is to be equal to 2 pD  ( pD  is the momentum noise intensity), 

 0 2 pg D . Carrying out such actions in (2.4.8), we arrive at the following 

kinetic equation: 
 

   1 2
1 1 2

2

,
,

f p t
gf p t d

p

 
  

 p
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     1 1 1 1
1 1 1 1

1 1

, ,
,i p

i

f p t f p t
n p f p t D

t p p


  
     

,  0 2 pg D , (2.4.11) 

 
a stationary solution of which    1lim ,

t
f p f p t 

  has a Boltzmann form: 

 

 
2

2 p

p
Df p Ae




  ,   (2.4.12) 

 
which differs in two-dimensional and three-dimensional cases only in the 
value of the normalization constant A , see (5.10): 
 

for 2
2 p

A D
D v




 , 
3/2

21
for 3pD

A D
v





 

  
 

.       (2.4.13) 

 
Taking into account the normalization (2.4.10), (2.4.13) in the two-

dimensional case, expression (2.4.12) for the stationary distribution function 
of active particles coincides with the corresponding expression, for example, 
in [33]. When comparing, one should only take into account that in [33] the 
Rayleigh distribution function  Rf p  is written: 

 
2

2 p

p
D

Rf p pe




 . 

 
Quasi-Brownian motion of particles with active «local» correlations 

 
Consider now the stationary solutions    1lim ,

t
f p f p t 

  equation 

(2.4.8), more general than (2.4.11). This equation is in the limit t    can 
be written as: 

 

           1 1
1 1 1 1 2

1 2

1
0 0

2

f p f p
f p p p g gf p d

p p
  

 

 
  

  p . (2.4.14) 

 
It is easy to verify that the solutions of this equation are determined 

by the function 

    1
exp

p

p

f p dp p p g
D



      
  

  ,  (2.4.15) 
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where we introduced 

 0 2 pg D ,  1
2

2

f p
g g d

p



 p ,  (2.4.16) 

value g  is still given by expression (2.4.6) taking into account (2.3.2) and 

the function  p  

        
2

2

1 2 2 22 2

,
2lim 2

t

R p t
p d f p R

p p
 

 
  

   p p p        (2.4.17) 

 
determines the forces of nonlinear friction.  

The following circumstance should be noted further. Expressions of 
the type (2.4.15) for the distribution function are typical for systems of 
particles with nonlinear friction under the influence of external active 
spatially homogeneous (global) fluctuations. It is the presence of nonlinear 
friction that is considered necessary for the emergence of self-propelled 
properties in the system due to the head-tail asymmetry of structural units, 
see, for example, [33, 34]. Indeed, in the case of nonlinear friction in one 
interval of momenta, dissipative forces can be negative (friction), in another 
interval of momenta, these forces can be positive (thrust, propulsion). If 
such intervals of momenta (or velocities) are somehow connected with a 
certain (selected) direction, then such a direction sets the direction of self-
propulsion. The presence of the noted asymmetry is responsible for the 
appearance of two-humped stationary distribution functions of active 
particles [33, 34]. The position of these maxima of the distribution function 
is symmetric about the point 0p   is set by the value of the stationary 

momentum 0p  of the particle head motion. Moreover, the stationary 

parameters of self-propelled motion (for example, the magnitude of the 

characteristic stationary momentum 0p ) are not necessarily associated with 

a direct impact on the system of external forces. A typical case for systems of 
active particles is the situation when the average value of such an external 
force can be considered equal to zero, and the mentioned symmetry can be 

observed. Note that the case 0 0p   corresponds to the Rayleigh 

distribution function  Rf p , see (2.4.12). 

However, as will be demonstrated below, from the solution (2.4.15) of 
equation (2.4.14) it follows that the described situation of stationary 
distribution functions with two maxima (the case of self-propelled particles) 
can be realized even in the case of linear friction, that is, when   0p   , 

see Eq. (2.4.10). And responsible for such a realization in this case is the local 
nature of the impact on the system of stochastic forces with active 
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fluctuations. Indeed, the general form of the solution in the case of linear 
friction, as is easy to see from (2.4.15), is determined by the expression: 

 
2

exp
2 p

g
f p p

D




      
   


 ,  1

2
2

f p
g g d

p



 p ,  1

g d g
v

  x x

.(2.4.18) 
And the existence of self-propulsion is associated with the sign of 

value g . Indeed, since 0  , then the positivity 0g   must correspond to 
a purely dissipative case (real friction). When 0g   there are momentum 
values for which the inequality 0p g   . There is a propulsion for these 
particles. In the mixed case, the one-particle distribution function of active 
particles has the form (see in this connection [33, 34]): 

 

     2 2

0 0exp exp
2 2p p

f p C p p p p
D D

 


              
        

, (2.4.19) 

 
where C  is normalization constant. Momentum 0p  in (2.4.19), characterizing 

the location of the maxima of the distribution function, symmetric about the 
point 0p  , is defined by g : 

0p g   .          (2.4.20) 

 
The g  itself, according to (2.4.16), (2.4.18), depends on the derivative 

of the required distribution function with respect to momentum. Thus, the 
definition (2.4.18), taking into account the explicit form of the distribution 
function (2.4.19), should be considered as an equation connecting g  and the 
normalization constant C : 

 

   2 2

0 0

0

8 exp exp
2 2p p

g gC d p p p p
p D D

 
                         
 p . (2.4.21) 

 
In turn, the constant C  must be determined from the normalization 

condition (see Eq. (2.4.10)) 

  1
d f p

v  p , 

 
which, taking into account (2.4.19), can be written in the form: 
 

   2 2

0 0

1
exp exp

2 2p p

C d p p p p
v D D

               
        

 p .   (2.4.22) 
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The last expression is also an equation relating the constant C  and 

unknown quantity g . Thus, equations (2.4.21) and (2.4.22) represent 
a system of two equations for determining two unknown quantities, C  and 
g , through the parameters characterizing the system: coefficient of friction 

 , particle density 1 v  and noise parameters with active correlations - pair 

correlation functions g  and  0 2 pg D , see Eqs. (2.4.16), (2.4.18). Due to 

the presence of integration over the total volume in the momentum space, 
equations (2.4.21), (2.4.22) have a different form for the three-dimensional 
and two-dimensional cases.  

Consider first the two-dimensional case. Then equations (2.4.21), 
(2.4.22) can be transformed to the form: 

 

3/2 2
2 pD

g gC


  ,         (2.4.23) 

 

3/2
0 0

21
4 2 erf

2
p p

p

D D
C p p

v D

 
 

           
, 

0

g
p





, 

 
where function  erf x  is the error function: 

 

   2

0

2
erf exp

x

x dy y


  .        (2.4.24) 

 
In general, expressions (2.4.23) are complex transcendental equations 

and can be solved only numerically. However, in two limiting cases - cases of 

small and large values of the arguments 2
0 2 2p pp D g D    of the 

error function (2.4.24) – the equations admit analytical solutions. When 
2

0 2 2 1p pp D g D     these solutions are given by: 

4 p

C
D v




 , 1/2

2 p

g
g

v D

  , 
2

1/2
0

1

2 p

g
p

v D



 . (2.4.25) 

 

It is also easy to verify that the inequality 2
0 2 2 1p pp D g D    , 

for which formulas (2.4.25) are valid, by using these formulas is transformed to 
the form: 

1
p

g

D v
 .          (2.4.26) 
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We have already noted above that the appearance of the self-

propelling property is associated with the sign of the value g . In 
accordance with the above analysis, from (2.4.25) we can conclude that for 

0g   0g   and the validity of inequality (2.4.26), the considered system of 
active particles has no self-propelled properties. In this case, in accordance 
with (2.4.18), only a shift of the maximum of the distribution function by the 
amount 0p , defined by formula (2.4.25). If 0g  , then 0g   and then the 

self-propelled case is realized with a two-humped distribution function with 
parameters determined by formulas (2.4.25). 

Let us now consider the case of large values of the parameter 
2

0 2 2p pp D g D   , i.e., 2
0 2 2 1p pp D g D    . Solutions of 

equations (2.4.23) in the principal approximation of perturbation theory in 
this parameter are given by the formulas: 
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D
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
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, 3/2
2

2 pD
g gC


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0

g
p

v
 . (2.4.27) 

 
It is seen from these formulas that for 0g   the value g  is positive, 

0g  . Therefore, in this case, a situation with a distribution function with 
a shifted maximum, such as (2.4.18), should be realized. In the opposite case 

0g  , g  is negative, 0g  , and the particle distribution function will be 
determined by expressions (2.4.19), (2.4.27). We also add that the inequality 

2
0 2 2 1p pp D g D    , for which formulas (2.4.27) are valid, taking 

them into account can be transformed into the relation 
 

1
p

g

D v
 ,    (2.4.28) 

 
opposite to relation (2.4.26).  

Let us now return to equations (2.4.21), (2.4.22) and study some of 
their solutions in the case of a three-dimensional system of active particles 
with linear friction and active fluctuations of a local nature. In this case, 
equations (2.4.21), (2.4.22) are transformed to a form that significantly 
differs from (2.4.23): 
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,                                              (2.4.29) 
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where  erf x  is still given by formula (2.4.24). As in the previous case of a 

two-dimensional system of active particles, the second of equations (2.4.29) 
in general form can be solved only numerically. However, in the two limiting 
cases studied above, this equation can also be solved analytically. Namely, 

in the case of small values of the parameter 2
0 2 2 1p pp D g D     the 

solution of equation (2.4.29) is determined by the formulas: 
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24
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
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  
 

,           (2.4.30) 

 

and, as is easy to verify directly, the relations 2
0 2 2 1p pp D g D     can 

be reduced to the form (2.4.26), which is valid for the two-dimensional case. 
Note also that, similarly to the two-dimensional case, in the three-dimensional 
system of many active particles at 0g   the value g  is negative, 0g  , which 
indicates the possibility of implementing self-propelled properties in this 
system. When 0g   the value g  is positive, due to which the stationary state 
of such a system should be characterized by a distribution function with one 
maximum shifted to the right by the value 0p , see Eqs. (2.4.18), (2.4.20). 

In case of large values of the parameter 2
0 2 2p pp D g D   , 

2
0 2 2 1p pp D g D     the solution of equation (2.4.29) is given by the 

expressions: 
3/2 1
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From the analysis of formulas (24.31) it follows that for 0g   in the 

region of large values of the specified parameter, negative g  is possible 

only with 32 1
p

g

vD
 


. In this case, the expression for 0p  can be somewhat 

simplified: 
1
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and the condition 2 2 1pg D   replaced by an equivalent 

 

3

1
0

2p

g

vD 
 


.    (2.4.33) 

 
Thus, we come to the conclusion that self-propelling of particles can be 

realized in the case of large values of the parameter 2 2 pg D  also in a 

three-dimensional system, however, the criteria (2.4.33) of such a motion 
differ significantly from those in a two-dimensional case, see (2.45.28). 

It should be noted that when 0g   characteristic momentum 0p  is 

always zero, both in two-dimensional and three-dimensional cases, see 
(2.4.20) and the original equation (2.4.14). This should be expected, since 
such a case corresponds to the degeneration of a two-humped one-particle 
distribution function into a distribution function symmetric with respect to 

0p   distribution function of Gaussian type, with parameters coinciding 
with those in (2.4.12), (2.4.13). 

 
Summary and Outlook 

 
Thus, in this chapter we present a microscopic approach to the 

construction of a kinetic theory of many-particle systems with dissipative and 
potential interactions in the presence of active fluctuations. The approach is 
based on a generalization of the Bogolyubov-Peletminskii reduced description 
method for systems of many active particles. It is shown that within the 
framework of the developed microscopic approach, it is possible to construct a 
kinetic theory of active particles both in the case of two-dimensional and three-
dimensional systems, the presence of nonlinear friction (dissipative interaction), 
as well as the local nature of the action of an external random field with active 
correlations. General kinetic equations are obtained for such systems in the 
case of weak interactions between particles (both potential and dissipative) and 
a low intensity of active correlations. Some special cases are determined in 
which the kinetic equations we derived have solutions that coincide with the 
results known for systems of active particles from earlier works of other 
authors. It was also shown that one of the consequences of the local nature of 
active fluctuations is the manifestation of self-propelling properties, 
characteristic of systems of active particles, even in the case of linear friction 
(see 2.4.23) - (2.4.33)). 

Let us recall in this connection that formulas (2.4.23) - (2.4.33) describe 
only two particular limiting cases of the existence of two-dimensional and three-
dimensional systems with self-propelled particles. Outwardly, the form of the 
obtained expressions coincides with the form of similar expressions, see, for 
example, Refs. [33, 34]. However, in this chapter, the nature of the self-
propelling phenomenon is associated with the local (individual) effect on 
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particles of an external stochastic field with active correlations, see (2.1.9). In 
addition, the parameters of such a self-propelled motion are self-consistently 
expressed through the internal characteristics of a many-particle system - the 
density of the number of particles in the system, the parameters of the 
dissipative function, and the characteristics of the external action - pair 
correlation functions of a stochastic field with active fluctuations. Note that the 
stationary direction of self-propelling within the framework of a spatially 
homogeneous model (see (2.4.7), (2.4.8)) cannot be determined. To define it, an 
interaction must be introduced into the theory, albeit arbitrarily small, but 
violating the spatial homogeneity of the problem. In this sense, the situation 
expressed in formulas (2.4.19) - (2.4.28) resembles the situation with a phase 
transition to magnetic ordering in ferromagnets, see, for example, Ref. [83]. As 
is known, the value of the total magnetic moment in a ferromagnet in the 
leading approximation is determined by the isotropic exchange interaction. The 
direction of the magnetization is specified in this case by anisotropic weak 
relativistic interactions.  

In this regard, we note that the general kinetic equations (2.3.6) 
contain a description of a large set of states of systems of many particles 
(both two-dimensional and three-dimensional) with active local fluctuations, 
both spatially homogeneous and inhomogeneous, including those with 
numerous variations nonlinear friction. However, the study of various 
special cases of solutions of kinetic equations (2.3.6), in our opinion, should 
already lie outside the scope of this work. As emphasized above, the main 
task of this work was precisely the development of microscopic approaches 
to the derivation of general kinetic equations for active particles with 
nonlinear friction under the influence of active fluctuations, including with 
a generalization to the case of three-dimensional systems. 

We also note that the microscopic approach to the construction of the 
kinetic theory of many-particle systems with dissipative interaction and 
active correlations proposed in this work allows further generalization. It 
can be generalized, in particular, to the case of many-particle systems with 
dissipative interaction and the simultaneous presence of both active and 
passive fluctuations in the system. In this case, the non-Gaussian nature of 
the external stochastic action, which generates both active and passive 
correlations, can be taken into account.. 

 

SECTION III. THE REDUCED DESCRIPTION METHOD AND KINETICS  

OF A LOW-TEMPERATURE GAS OF HYDROGEN-LIKE ATOMS  

IN AN EXTERNAL ELECTROMAGNETIC FIELD 
 
In the Introduction to the current work, it was noted that when 

describing phenomena and effects in excited gases and weakly ionized 
plasmas, the problem for constructing a kinetic theory of such systems 
comes to the fore, that is, the problem of constructing a coupled system of 
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kinetic equations for all possible components of the system, including 
radiation (photons). Such a theory should be microscopic, i.e., it should be 
built on the first principles of statistical physics, and take into account the 
possibility of an external electromagnetic field influencing the system. Let 
us specially emphasize the fact that in this case, in contrast to the previous 
chapters, we are talking about a quantum system of many particles. As is 
known, the description of the evolution of quantum systems has significant 
specificity compared to the description of the evolution of classical systems. 

For this reason, in this work, the necessary microscopic approach to 
construction a kinetic theory of weakly excited gases or weakly ionized 
plasma in an external electromagnetic field is proposed to be based on the 
method of  reduced description for relaxation processes in multiparticle 
quantum systems [3]. Note that such a problem in the absence of an 
external electromagnetic field on these systems was solved in [84]. The 
content of this chapter closely related to [85]. 

Let us start with a reminder that the method of reduced description 
for quantum systems is effective when the Hamiltonian of the system can be 

divided into two terms 0Ĥ  and V̂ , 0
ˆˆ ˆ VH = H , where 0Ĥ  includes the 

basic interactions, and V̂  describes relatively weak interactions and may 
contain interaction with an external electromagnetic field [3]. 

 
3.1. Kinetic equations for a gas of bosons and fermions  

in the second order of perturbation theory in the weak interaction 

 
The approaches of the reduced description method in the formulations 

of [3] are based on the hypothesis that if we consider the evolution of a 

system with a truncated or incomplete Hamiltonian 0Ĥ  (as already noted, 

this Hamiltonian includes the main interactions), then after a sufficiently 
long time, its statistical operator  t  for long enough times 0t   (where 

0  is the so-called time of chaotization), will have some universal form. In 

this case, the universal expression for the statistical operator is 
characterized by a certain set of operators ˆa , which are determined by the 

structure of the Hamiltonian 0Ĥ  and the properties of its symmetry [3]. The 

last statement can be expressed by the relation: 
 

   0 0
ˆ ˆ 0 ˆSpi t i t iat

a
t

e e e  


H H ,   (3.1.1) 

 
where   is the initial value of the statistical operator of the system, the 

statistical operator  0  is defined by the formula: 
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        0 ˆexp a aY       ,   (3.1.2) 

 

in which the thermodynamic potential    and thermodynamic forces 

 aY   are found from the equations 
 

 0Sp 1  ,  0 ˆSp a a   .   (3.1.3) 

 
Quantities a , whose operators are present in (3.1.1) - (3.1.3) are 

parameters of the reduced description of the system, and the equations of 
motion for which will be the equations of evolution of the system at times 

0t  . These equations must be derived from the Liouville equation for the 

statistical operator. Index ‘ a ’ numbers the entire set of reduced description 
parameters a . Operators ˆa  depend on the symmetry properties of the 

Hamiltonian 0Ĥ , which is reflected in (3.1.1), where there is a matrix a , 

determined by the structure and symmetry of the Hamiltonian 0Ĥ : 
 

0
ˆ ˆ ˆ, a ab ba    H .       (3.1.4) 

 
In formulas (3.1.2), (3.1.4) by repeating indices ,a b  summation is 

implied. Note that finding the collection of operators ˆa  for the known 

Hamiltonian 0Ĥ  can be challenging enough. In the general formulations of 

the reduced description method, it is considered solved, and the main 
attention is paid to the procedure for deriving the evolution equations for 
these parameters of the reduced description. 

It was shown in [3] that for quantum gases with the Hamiltonian 
 

0
ˆˆ ˆ V H H ,    (3.1.5) 

 

where the operators 0Ĥ  and V̂  are defined by expressions 
 

0
ˆ ˆ ˆi i i

i

a a  H ,  
1 2 3 4

1 2 3 4

1 2 3 4

1ˆ ˆ ˆ ˆ ˆ;
4 i i i i

i i i i

V i i i i a a a a  V
,    (3.1.6) 

 
as reduced description parameters a , mentioned above, the single-particle 

density matrix ,i if  , to which the following operators correspond:  

 

,
ˆ ˆ ˆi i i if a a  ,                (3.1.7) 
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where îa
 , ˆia  are the creation and annihilation operators of particles, 

respectively, and the index i numbers the set of quantum numbers 
characterizing the state of the particle (for example, the momentum p , spin 

projection s ). Note also that the quantity i  in Eq. (3.1.6) represents the 

energy of a free particle (or quasiparticle),  1 2 3 4;i i i i  characterizes the 

interaction between the structural units of the system and the letter V  the 
denominator of the second of formulas (3.1.6) denotes the volume of the system. 

For the one-particle density matrix ,i if   as a parameter of the reduced 

description in [3], the evolution equations were obtained in the second order 
of the perturbation theory in the weak interaction V̂  (see Eqs. (3.1.5), 
(3.1.6)): 

           0 1 2
, , , ,i i i i i i i if f L f L f      L ,             (3.1.8) 

       0 0
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    L H ,        1 0

,
ˆ ˆ ˆSp ,i i i iL f i f V a a 

     , 

         
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1 1

1 1 1 1

10
2 0
,
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ˆ ˆ ˆ ˆ ˆ ˆSp , , a
i i i i i i
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L
L f i d e f V V a a i a a

f
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  

 

         
 ,   

  0 0
ˆ ˆˆ ˆi iV e Ve   H H , 

 
and the statistical operator    0 f  is given by the expression: 

       0
, ˆ ˆexp i i i i

ii

f f Y f a a 
 



 
   

 
 ,      (3.1.9) 

 

where  f  and  ,i iY f  as functionals of the one-particle density matrix in 

accordance with (3.1.3) should be found from the equations: 
 

   0Sp 1f  ,    0
,ˆ ˆSp i i i if a a f 

  .  (3.1.10) 

 
After calculating the commutators and traces in (3.1.8) taking into 

account formulas (3.1.5) - (3.1.7), these equations can be reduced to a closed 
form [3]: 

   ,
f

i f L f
t


 


,    (3.1.11) 

 
where matrix ,i i   is defined by the formula: 

 

 
1 1

1 1

, , 1 1 ,

1
;i i i i i i i

i i

ii i i f    


   V ,           (3.1.12) 
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and the collision integral  L f  for bosons is given by: 
 

       
1 2 3 4

1 2 3 4 1 2 3 4

1 2 3 4 1 2 3 4; ;ii i i i i
i i i i i i i i

L f i i i i i i i i        
     

   

         (3.1.13) 

       44 2 3 1 3 1 3 1 2 2 3 1 2 1 3 3 1 4 2 4 2, , , , , , , , , , , ,
. .i ii i i i i i i i i i i i i i i i i i i i i i i i

f f f f f f f f h c                 
       , 

where 

 
0

0

1
lim i xx d e  


 




 


  .  (3.1.14) 

 
For the case of fermions, in the lower line of expression (3.1.13) inside 

the parentheses, the plus sign must be replaced with a minus sign. It should 
also be noted that the left-hand side of equation (3.1.11) includes the 
quantity ,i i   (see (3.1.12)) containing corrections to the energy of a free 

particle i , related to interaction and single-particle density matrix ,i if   

(distribution function, see below). For this reason, the value ,i i   takes into 

account the mean field effects. Thus, equation (3.1.11), taking into account 
the self-consistent field (3.1.12) and the collision integral (3.1.13), (3.1.14), 
is, in fact, the kinetic equation for the system characterized by 
Hamiltonians (3.1.5), (3.1.6). 

To illustrate this more clearly, one should go, as is done in [3], in the 
equations (3.1.11) - (3.1.13) to the momentum representation, i.e., the values 
characterized by a set of indices i must be considered a set of momenta p  
with the corresponding numbering. In this case, it is convenient instead of 
the one-particle density matrix    0

, ˆ ˆSpf f a a 
 p p p p  (see (3.1.7), (3.1.10)) 

introduce into consideration the Wigner distribution function  ,f x p : 
 

 
 

3
3, ,

2 2 2 2

,
2

i if e f d ke f


 

   
  kx kx

k k k kp p p pk
x p V . (3.1.15) 

 
It should be noted that in the spatially homogeneous case the quantity 

,
2 2

f
 

k kp p
 is equal to ,0f p k . Consequently, 

,
2 2

f
 

k kp p
 should have a sharp 

maximum at 0k . Based on equations (3.1.11) - (3.1.14), in perturbation 
theory with small spatial gradients, we obtain the following evolution equation 
for the Wigner distribution function  ,f x p  (kinetic equation) [3]: 

 
           , , , , ,

;
f f f

L f
t

     
  
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x p x p x p x p x p

p
p x x p

,    (3.1.16) 
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where the particle energy  , x p  (or quasiparticle, see [3]) and the collision 

integral  ;L fp  are defined by expressions: 

 
 

3
3, ,

2 2 2 2

,
2

i ie d ke  


 
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k k k kp p p pk
x p V , (3.1.17) 
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V
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4 , 1 2 3 4 3 4 1 21 1 1 1f f f f f f f f                   p p p p p p p p p p

 
 

in which   p  is the energy of a free particle (or quasiparticle). Note that a 

similar expression for the collision integral  ;L fp  in Eq. (3.1.17) is also 

true for fermions if the plus sign in square brackets is replaced by a minus 
sign. It can be seen that the kinematic part of equation (3.1.16) looks the 
same as the kinematic part of the classical kinetic equation, if under the 
energy  , x p  one understands the Hamiltonian of a particle p . The 

collision integral in (3.1.17) differs significantly from that in the classical 
case, since it reflects the influence of statistics, which the particles obey.  

In the next section, the above procedure will be applied to construct a 
kinetic theory of weakly ionized gases of hydrogen-like atoms in an external 
electromagnetic field. As noted above, the construction of such a kinetic 
theory must begin with the concrete definition of the explicit form of the 
Hamiltonian of the system under study. 

 
3.2. Hamiltonian of a low-temperature gas of hydrogen-like atoms  

in an external electromagnetic field 

 
The problem of constructing the Hamiltonian of a weakly ionized plasma 

in an external electromagnetic field has essentially been solved. In [53], an 
approximate second quantization method was developed to describe many-
particle systems in the presence of bound states of particles. For this, the 
simplest model was considered - a system composed of three different gas 
components: subsystems of two different oppositely charged fermions and their 
bound states. In [84], these Hamiltonians were used to construct a kinetic 
theory of weakly ionized rarefied gases of hydrogen-like atoms from the first 
principles of quantum statistics in the absence of an external electromagnetic 
field. It was also explained there that the developed method of second 
quantization is most correctly applied in the case of low temperatures. The 
reason is that the formulations of Ref. [53] are valid when the average kinetic 
energy of the particles in the system is small compared to the energies of bound 
states (atoms). In systems close to equilibrium, this condition is provided 
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precisely by low temperatures. It should be noted in passing that the 
formulations of the secondary quantization method proposed in [53] were 
successfully applied in [86] to describe the states of low-temperature gases of 
Fermi atoms of two different types in thermodynamic equilibrium with a gas of 
heteronuclear molecules formed by these fermions. Such circumstances make it 
possible to use the Hamiltonians [53] for solving the problems of the present 
work.  

The result of the construction in [53] of an approximate (new at that 
time) formulation of the second quantization method in the presence of bound 
states is as follows. A low-temperature weakly excited and weakly ionized gas 
of hydrogen-like atoms in an external electromagnetic field is, first of all, 
a many-particle multicomponent system, the subsystems of which are 
oppositely charged free fermions (electrons and positively charged cores), as 
well as bound states of these fermions - neutral hydrogen-like atoms (bosons), 
which can be in excited states. Creation and annihilation operators of fermions 
of the first and second kind in the momentum representation 

 

 l̂a p ,     l̂a p ,    1, 2l  ,        (3.2.1) 

 
satisfy the usual (Fermi) commutation relations 

 

                ˆ ˆ ˆ ˆ ˆ ˆ,l l l l l la a a a a a l l  
            p p p p p p p p , (3.2.2) 

 

    ˆ ˆ, 0l la a   p p ,     ˆ ˆ, 0l la a 
  p p , 

 
where the quantities   p p  and  l l   represent the Kronecker 

symbols. For definiteness, in what follows we will assume that the index 
1l   corresponds to the electron subsystem, and 2l   to the core. Note that, 

to simplify the calculations, Ref. [53] did not take into account the presence 
of spin variables as individual quantum characteristics of the particles that 
make up the subsystem. It will not be taken into account in this work for the 
same reason. 

For bound states (hydrogen-like atoms) with mass 1 2M m m   in the 

low-energy region, it is possible to introduce into consideration the creation 

 ̂
 p  and annihilation  ̂ p  operators, which also satisfy the usual Bose 

commutation relations: 
 

               ˆ ˆ ˆ ˆ ˆ ˆ,                          p p p p p p p p , (3.2.3) 

 
where the index ‘ ’ (or ‘  ’) denotes a set of quantum numbers 
characterizing the quantum mechanical state of a hydrogen-like atom. 
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In addition, it was assumed that the system could be influenced by an 

external electromagnetic field characterized by a scalar  ( ) ,e t x  and vector 

 ( ) ,e tA x  potentials. The presence in the system of photons with the 

dispersion law was also taken into account  k  (  is frequency, k  is 

wave vector), by creation operators  Ĉ
 k  of a photon with wave vector k  

and polarization 1,2   and annihilation operators  Ĉ k , 

 

 k ck  ,      ˆ ˆ,C C 



     k k k k .   (3.2.4) 

 
In terms of the introduced particle creation and annihilation 

operators (3.2.1) - (3.2.4), the Hamiltonian of a low-temperature hydrogen-
like plasma in accordance with [53] can be represented in the form: 

 

 0
ˆ ˆˆ ˆ W t V H = H ,     (3.2.5) 

 

where 0Ĥ  is free particles Hamiltonian: 

 

                 
2

0
1 ,

ˆ ˆˆ ˆ ˆˆ ˆl l l
l

a a C C    
 

      



    
p p k

p p p p p p k k kH ,

 (3.2.6) 

 
2

2l
lm

 
pp ,  1,2l  ,  

2

2M   
pp , 1 2M m m  , 

 
and the value 0   is the energy of a bound state (hydrogen-like atom) in a 

state with a set of quantum numbers  . In (23) and further calculations, as 
is usually done, we formally set the Planck constant   equal to one, 1 ; 
if necessary, the dependence of the results on   may be easily restored. By 
repeated indexes ‘ ’ in (3.2.6) and below, where it is not specifically stated 
otherwise, the summation is assumed. 

Interaction Hamiltonian  Ŵ t  of a particle system with an 

electromagnetic field can be written as: 
 

             2 ( )
2

1 1ˆ ˆ ˆˆ ˆ ˆ, , ,
2

eW t d t d t I d t
c c

     xA x j x xA x x x x x= ,    (3.2.7) 

 
where operator  ˆ , tA x , 

     ( )ˆ ˆ, ,et t A x A x a x             (3.2.8) 
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is a superposition of the vector potential of the external electromagnetic 
field  ( ) ,e tA x  and vector potential  â x  of the radiation field, which in 

terms of the photon creation and annihilation operators has the form (see, 
for example, [3]):  
 

          
1 2 2

1 2

1

2 ˆ ˆˆ i ic k C e C e  


   



   
 

 kx kx

k
a x e k k k

V
 (3.2.9)  

 
(  e k is the polarization vector of the photon in the state k  and 1,2  ). 

Note that the Coulomb gauge was chosen for the radiation field. 
Current density operator  ĵ x  in (3.2.7) is defined by the formulas: 

   
2

0

ˆ ˆ
a

a

j x j x ,  0,a l ,      (3.2.10) 

         
,

ˆ ˆ ˆ
2

il
l l l

l

ie
e a a

m
 



    x p p

p p
j x p p p p

V
, 1 2e e e   , 

             0
, ,

1ˆ ˆ ˆ
2

ie
M    

 

   



 
      

 
 x p p

p p

p p
j x p p j p p p p

V
, 

 
where V  is the system volume, e  is the elementary charge, 1m  and 2m  are 

the masses of an electron and a core, respectively, and the values   k  

and  j k  are given by the following expressions: 

 

     * 1 2exp exp
m m

e d i i
M M                   

k y y y ky ky , 

 1 2M m m  ,                                           (3.2.11) 

         
*

* 2 1

1 2

1 1
exp exp

2

m mi
e d i i

m M m M
 

  

 
 
                       


y y

j k y y y ky ky
y y

, 

 
where M  is the atom’s mass and is the wave function of a hydrogen-like 
atom in the state  , which is assumed to be known. 

Quantity  ̂ x , in (3.2.7) is the operator of the charge density of the 

system: 

   
2

0

ˆ ˆa
a

 


x x ,                    (3.2.12) 
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while, 

       
,

ˆ ˆ ˆil
l l l

e
e a a  



  x p p

p p
x p p

V
, 

          0
, ,

1
ˆ ˆˆ ie   

 

    



   x p p

p p
x p p p p

V
. (3.2.13) 

 
Finally, operator  Î x , contained in (24), according to [31] can be 

written in the form  

   
2

0

ˆ
â

a

I I


x x ,                 (3.2.14) 

where 

       
2

,

ˆ ˆ ˆi
l l l

l

e
I e a a

m
 



  x p p

p p
x p p

V
, 

         0
, ,

1ˆ ˆ ˆiI e I  
 

  



   x p p

p p
x p p p p

V
,  (3.2.15) 

 
and tensor  I k  is defined by the formula: 

 

     2 * 2 1

1 2

1 1
exp exp

m m
I e d i i

m M m M   
          

    
k y y y ky ky . (3.2.16) 

 
Thus, expressions (3.2.7) - (3.2.16) completely determine the 

Hamiltonian of the interaction of a hydrogen-like low-temperature plasma 
with an electromagnetic field.  

Note that under the assumption of a weak external electromagnetic 
field and in the leading approximation in terms of the fine structure 
constant 2e c  Hamiltonian  Ŵ t  of interaction of an electromagnetic field 

with matter is reduced to a simple sum of Hamiltonians  ˆ
extW t  and  ˆ

intW t : 
 

   ˆ ˆ ˆ
ext intW t W t W  ,                     (3.3.17) 

 
in which the Hamiltonian of the interaction of matter with an external 
electromagnetic field  ˆ

extW t  is defined by formulas: 

 

             1 2 0ˆ ˆ ˆ ˆ
ext ext ext extW t W t W t W t   ,    (3.2.18) 

            
1 2

1 ( ) ( )
1 2 1 2 1 2 1 1 1 2

1

ˆ ˆ ˆ, ,
2

e e
ext

e i
W t t t a a

m c
  

     
 


p p

A p p p p p p p p
V

, 
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            
1 2

2 ( ) ( )
1 2 1 2 1 2 2 1 2 2

2

ˆ ˆ ˆ, ,
2

e e
ext

e i
W t t t a a

m c
  

     
 


p p

A p p p p p p p p
V  

 

     1 2 1 2
ˆ ˆ   

  


j p p p p

       
1 2

( )
1 2 1 2 1 2

, ,

1
ˆ ˆ ,e t   

 

     
p p

p p p p p p
V

, 

 
in which the functions  ( ) ,e tA p ,  ( ) ,e t p  are Fourier - images of 

potentials  ( ) ,e tA x  and  ( ) ,e t x  of external electromagnetic field: 

 

   ( ) ( ), ,e i et d e t  pxA p x A x ,    ( ) ( ), ,e i et d e t   pxp x x . (3.2.19) 

 
The Hamiltonian of the interaction of matter with radiation is given 

by the expressions: 
     1 2 0

int int
ˆ ˆ ˆ ˆ

int intW W W W   ,     (3.2.20) 

         
1/2

2
0

1 , ,

22 ˆˆ ˆ ˆ
2intW C
M     

  

   







  
        

   
  p p k k

k p k

p k
e k k j k

V
 

       
1/2

2

1 , ,

22 ˆˆ ˆ
2

C
M     

  

   


 




  
    

   
  p p k k

k p k

p k
e k k j k

V
, 

              
1/2

2
1

1 1
, , 11

2 ˆ ˆˆ ˆ ˆ
2int

e
W a a C C

m   





 

 

 
           

 
  k k

p p k k

e k p p p p p p k p p k
V

 

             
1/2

2
2

int 2 2
, , 12

2 ˆ ˆˆ ˆ ˆ
2

e
W a a C C

m   





 

 

                  
  k k

p p k k

e k p p p p p p k p p k
V

. 
Note that Hamiltonian (3.2.18) plays the main role in describing the 

processes of the system's response to an external disturbance by a weak 
electromagnetic field (see [50-58]). Hamiltonian (3.2.20) determines relaxation 
processes in the photonic subsystem. In fact, this Hamiltonian accurately takes 
into account the processes of emission and absorption of photons, but leaves the 
processes of scattering of photons by atoms outside the scope of the description. 
For these processes of scattering of photons by atoms are responsible for those 
unaccounted for in the Hamiltonians (3.2.17) - (3.2.20) (they are contained in 
the complete Hamiltonian (3.2.17)). However, the same contribution to the 
relaxation processes in the system (for example, to the collision integral) is 

made by the quadratic approximation in intŴ , see Ref. [3]. 

         
1 2

0 1 2( )
1 2 1 2

,

1ˆ ,
2

e
extW t t

c M 
 




   



p p

p p
A p p p p=

V
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It remains to give an explicit form of the last term in formula (3.2.5), 

that is, the Hamiltonian of the interaction between particles of all 
components of the system V̂ , which, according to [53], can be represented in 
the form of three terms: 

     1 2 3ˆ ˆ ˆ ˆV V V V   ,              (3.2.21) 
 

where  1V̂  is the Hamiltonian of the interaction of free fermions of both 
types with hydrogen-like atoms: 
 

                
1 2 3 4

1
1 2 3 4 3 4 2 1 2 2 1 1 1 2

ˆ ˆ ˆ, ; ,
e

V a a a a       
p p p p

p p p p p p p p p p
V

,

 (3.2.22) 

       1 2 3 4 4 3 1 2 1 2 2 1, ; ,         p p p p p p p p p p p p . 

 
Hamiltonian  2V̂  in (3.2.21) describes the interaction between atoms 

in different quantum-mechanical states: 
 

           
1 2 3 4 1 2 3 4

1 2 3 4

2
; 1 2 3 4 1 2 3 4

1ˆ ˆ ˆ ˆ ˆ, ; ,
4

V             
p p p p

p p p p p p p p
V

, (3.2.23) 

   
1 2 3 4; 1 2 3 4 4 3 1 2

1
, ; ,

2         p p p p p p p p
V

 

           
1 4 2 3 2 4 1 33 2 3 2 2 3 3 1 3 1 1 3                    p p p p p p p p p p p p  

           
1 3 2 4 2 3 1 44 2 4 2 2 4 4 1 4 1 1 4                   p p p p p p p p p p p p , 

 
and Hamiltonian  3V̂  determines the interaction of free fermions with each 
other: 

             
1 2 3 4

2
3 3

int 1 1 2 3 4 1 2 1 3 2 1 2 4
ˆ ˆ ˆ ˆ ˆ, ; ,

e
a a a a    

p p p p
p p p p p p p pH

V
  (3.2.24) 

   
1 2 3 4 1 2 3 4

1 2 3 4

3
2 1 2 3 4 1 1 1 1 2 2 2 2

1
ˆ ˆ ˆ ˆ ˆ ˆ ˆ ˆ, ; ,

4
a a a a a a a a        p p p p p p p p

p p p p
p p p p , 

       3
1 1 2 3 4 4 1 3 2 2 3, ; ,       p p p p p p p p p p  

     
2

3
2 1 2 3 4 4 1 3 2, ; ,

2

e
      p p p p p p p p

V
 

        2 3 1 4 1 3 2 4          p p p p p p p p . 
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The quantity   p  in formulas (3.2.22) - (3.2.24) is the Fourier 

transform of the Coulomb potential divided by 2e , an elementary charge 
squared: 

  2

4 p
p

.          (3.2.25) 

 
Thus, expressions (3.2.2) - (3.2.25) determine all types of interactions 

between the components of a weakly ionized gas of hydrogen-like gases at 
low temperatures and the interaction of the system with an external 
electromagnetic field. Thus, the Hamiltonian of the system in the form 
(3.2.5) will be used by us in the description of the system within the 
framework of the method of reduced description modified for this case, with 
some reservations, which will be reported as necessary. 

 
3.3. Parameters of the reduced description of a low-temperature gas  

of hydrogen-like atoms in an external electromagnetic field 

 
To construct the kinetic theory of the system under study, it is 

necessary to slightly modify the approach outlined in Section 3.2, first of all 
taking into account the fact that in the case of weakly ionized gases of 
hydrogen-like atoms, we are talking about a multicomponent system. This 
description, as already mentioned, is based on the Hamiltonians of the 
system defined above by formulas (3.2.5) - (3.2.25) (see also [53]). Here, 
however, the following remark should be made. Hamiltonian (3.2.5) differs 
from Hamiltonian (3.1.5) by the presence of an additional term  Ŵ t , 

describing the interaction of system components with an external field and 
radiation (photons), see (3.2.5) - (3.2.20). Let's make a reservation right 
away that in order to simplify the calculations and more clearly present the 
results in further consideration in  Ŵ t  we will neglect the interaction of 

the components of the system with photons, that is, ignore the presence of 

the term ˆ
intW , see (3.2.17), (3.2.20). Note that neglecting the term ˆ

intW  is not 

necessary for any reasons of principle. Indeed, we could include among the 
parameters of the reduced description the one-particle photon density 
matrix ,f  k k , defining it by formulas (see (3.1.10), (3.1.15)): 

 
   0

, ,
ˆSpf f f      k k k k , ,

ˆ ˆ ˆf C C   


   k k k k .      (3.3.1) 

 

This would add the Hamiltonian intŴ  (see (3.2.20)) to the number of 

interaction Hamiltonians (3.2.21) and as a result, following the method of 
[3], the kinetic equation for the Wigner photon distribution function. As it 
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will be easy to see below, such a procedure would greatly clutter up the 
calculations and the visibility of the results. Taking into account also that 
photons have little effect on relaxation processes in the medium, we can also 

neglect the term intŴ  in the Hamiltonian  Ŵ t . For the same reason, we 

exclude from further consideration the term      
,

ˆ ˆC C 


 
k

k k k , which 

determines in (3.2.6) the kinetic energy of free photons. However, if one is 
interested in the processes of relaxation of photons in a medium, then it is 
necessary, as noted above, to write out the kinetic equation for the 
distribution function (3.31) of photons and to take into account the presence 

of the term      
,

ˆ ˆC C 


 
k

k k k , and the Hamiltonian intŴ . It is the terms 

contained in intŴ  that determine the relaxation of the photonic subsystem, 

see in this regard Ref. [3]. 
As for the Hamiltonian  ˆ

extW t  (see Eq. (3.2.18)) in  Ŵ t , associated 

with the interaction of matter with an external electromagnetic field, then 
its influence on the evolution of the system in the framework of the method 
of reduced description in certain cases can also be taken into account. In 
particular, in [3], the procedure for modifying the reduced description 
method for the case of the action on the system of an external force of weak 
intensity and slowly varying with time is described in detail. The essence of 
the modification is that in deriving the kinetic equation taking into account 
the effect of an external random force on the system, an additional 
perturbation theory with respect to the time derivatives of the field 
characteristics is used (along with the perturbation theory with respect to 
the weak interaction between particles, for example). If the goal is to obtain 
kinetic equations in the leading approximation in additional small 
parameters (time derivatives of the field characteristics), then the noted 
modification becomes minimal and practically obvious [3].  

As applied to the system under study, this means that one-particle 
density matrices of the type (3.1.3), (3.1.7) for each of the components of the 
system can be chosen as the parameters of its reduced description. It is the 
entire set of such density matrices that will serve as parameters for the 
reduced description of the system at its kinetic stage. The evolution 
equations for them can be considered as a system of kinetic equations for 
the system (see in this connection also Ref. [84]). Taking into account the 
proposal made above to neglect the contribution of photons to relaxation 
processes in the system, we introduce into consideration the single-particle 
density matrices  1

,f p p
 ,  2

,f p p
  of free (unbound) fermions of the 1st and 2nd 

kind by the formulas, see (3.2.1) - (3.23), (3.1.9), (3.1.10), (3.3.1) (recall that 
we agreed above to number the physical characteristics of the electronic 
subsystem with the index «1», and the characteristics of the cores with the 
index «2»): 
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       1 0 1
, ,

ˆSpf f f p p p p
  ,      1

, 1 1
ˆ ˆ ˆf a a

 p p p p ,       (3.3.2) 

       2 0 2
, ,

ˆSpf f f p p p p
  ,      2

, 2 2
ˆ ˆ ˆf a a

 p p p p , 

 
as well as single-particle density matrices of atoms in various quantum-
mechanical states  0

,f  p p
  (See Eq. (20)): 

 
       0 0 0

, ,
ˆSpf f f    p p p p

  ,      0
,

ˆ ˆ ˆf    
 p p p p ,    0Sp 1f  , (3.3.3) 

 

where the statistical operator    0 f   in accordance with (3.1.9) should be 

determined by the formula: 
 

                       0 1 1 2 2 0 0
, , , , , ,

ˆ ˆ ˆexpf f Y f f Y f f Y f f         
  

 
     

 
  p p p p p p p p p p p p
pp pp pp

     ,

 (3.3.4) 

 

in which the thermodynamic potential  f   and the relationship of 

quantities    1
,Y fp p
 ,    2

,Y fp p
 ,    0

,Y f p p
  with the introduced one-particle 

density matrices is determined by expressions (3.3.2), (3.3.3).  
Further, for each of the one-particle density matrices introduced by 

expressions (3.3.2), (3.3.3), one can write down the evolution equations, 
adhering to the technique used in [3] (see also [84], [85]) to obtain formulas 
(3.1.8) - (3.1.12). In this work, for the system under study, we will obtain 
kinetic equations with an accuracy of the first order in the weak interaction 
between particles, which corresponds to the approximation of the mean (or 
self-consistent) field. In addition, as already mentioned above, we will 
restrict ourselves to the main approximation in time derivatives of the field 
characteristics and ignore the cross-terms, that is, those that are 
proportional to the products of the quantities characterizing the external 
field by the amplitudes of the weak interaction between particles. By 
neglecting the second order in the interaction, we avoid the problem of 
constructing collision integrals, see (3.1.13), (3.1.14), (3.117). There is no 
fundamental need for the approximations mentioned above. As it is easy to 
see from (3.1.13), (3.2.21) - (3.2.25), expressions for the collision integrals 
can be obtained, although due to the cumbersome calculations, this problem, 
in our opinion, should be taken out of the scope of this work.  

Taking into account the specified approximations and in accordance 
with formulas (3.1.8), the evolution equations for one-particle density 
matrices  1

,f p p
 ,  2

,f p p
  free fermions of both kinds are written in the following 

form (see also (3.3.2)): 
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         1 1,0 1,1
, , ,f f L f   p p p p p p
  L ,          (3.3.5) 

         1,0 0 1
, 0 ,

ˆˆSp ,f i f f 
   p p p p

 L H ,

            1,1 0 1
, ,

ˆˆ ˆSp ,extL f i f V W t f 
   p p p p

  ; 

         2 2,0 2,1
, , ,f f L f   p p p p p p
  L , 

         2,0 0 2
, 0 ,

ˆˆSp ,f i f f 
   p p p p

 L H ,

            1,1 0 1
, ,

ˆˆ ˆSp ,extL f i f V W t f 
   p p p p

  , 

 

where the Hamiltonians 0Ĥ , V̂  и  ˆ
extW t  are determined by expressions 

(3.2.18) and (3.2.21) - (3.2.25). A similar equation can be written for the one-
particle density matrix of bound states of these fermions - hydrogen-like 
atoms in different quantum states (see (3.3.3)): 
 

         0 0,0 0,1
, , ,f f L f        p p p p p p

  L ,   (3.3.6) 

         0,0 0 0
, 0 ,

ˆˆSp ,f i f f    
   p p p p

 L H , 

           0,1 0 1
, ,

ˆˆ ˆSp ,extL f i f V W t f   
   p p p p

  . 

 
Introducing further the Wigner distribution functions    1 ,f x p , 

   2 ,f x p ,    
1 2

0
, ,f  x p , as was done in [84], [85] (see also (3.1.15)): 

 
     

 
 1 1 13

3, ,
2 2 2 2

,
2

i if e f d ke f


 

   
  kx kx

k k k kp p p pk
x p  V , (3.3.7) 

     

 
 2 2 23

3, ,
2 2 2 2

,
2

i if e f d ke f


 

   
  kx kx

k k k kp p p pk
x p  V , 

     

 
 

1 2
1 2 1 2

0 1 13
, 3, ,

2 2 2 2

,
2

i if e f d ke f     
 

   
  kx kx

k k k kp p p pk
x p  V , 

 

and following the methodology [3, 84, 85], proceeding from (3.3.5), (3.3.6), 
one can come to kinetic equations for quantities (3.3.7), the form of which is 
similar to the form of equation (3.1.16), if in the latter ignore the collision 
integral. The most consistent procedure is described in Ref. [84]. The above 
procedure, however, requires a certain modification to take into account the 
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effect of an external electromagnetic field on the system [85]. In accordance 
with this, the derived system of kinetic equations will take into account the 
effect of an external electromagnetic field on the system, including on the 
subsystem of neutral hydrogen-like atoms. In the explicit form of these 
kinetic equations, however, there is a rather «unpleasant» circumstance 
associated with the method of introducing the Wigner distribution functions 
(3.3.7), which we will consider in the next section. 

 
3.4. Gauge invariance conditions for a low-temperature gas  

of hydrogen-like atoms in an external electromagnetic field 

 
The point is that in the mentioned kinetic equations the potentials of 

the external electromagnetic field  ( ) ,e tA x  и  ( ) ,e t x  (see Eqs. (3.2.18), 

(3.2.19)) are not included in the form of combinations corresponding to the 
strengths of the electrical  ( ) ,e tE x  and the magnetic  ( ) ,e tH x  fields: 

 

     ( ) ( ) ( )1
, , ,e e et t t

c t
 

 
 

E x A x x
x

, 

    ( ) ( ), rot ,e et tH x A x .            (3.4.1) 

 
This is due to the fact that the Wigner distribution functions (3.3.7) 

are not gauge-invariant: indeed, in the classical limit, they determine the 
distribution of particles over the coordinates and projections of the 
generalized momentum, which are gauge-non-invariant (see in this 
connection [3] and also [87]). It is possible, however, to introduce gauge-
invariant distribution functions, the kinetic equations for which will already 
contain the characteristics of the external electromagnetic field in 
combinations (3.4.1), that is, will already be gauge-invariant. For this 
purpose, we draw attention, first of all, to the fact that the gauge-non-
invariant Wigner distribution functions (3.3.7) can be introduced in another, 
equivalent way (see also (3.3.2)): 

 

     1 1 1 1
, ,

2 2
if d e f

    
  ypx p y x y x y  ,        (3.4.2) 

     2 2 1 1
, ,

2 2
if d e f

    
  ypx p y x y x y  , 

     
1 2 1 2

0 0
, ,

1 1
, ,

2 2
if d e f   

    
  ypx p y x y x y  , 

 
where single-particle density matrices are determined by the expressions: 
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       1

1 2 1 2 1 1ˆ ˆ, Spf  x x x x ,              (3.4.3) 
       2

1 2 2 2 2 1ˆ ˆ, Spf  x x x x , 
       
1 2 2 1

0
, 1 2 2 1ˆ ˆ, Spf    x x x x . 

 
In Eq. (3.4.3) field operators    1 1

ˆ ˆ,  x x ,    2 2
ˆ ˆ,  x x  and 

   
2 1

ˆ ˆ,   x x  are related to the creation and annihilation operators of 

particles of the subsystem in momentum space (3.2.1) - (3.2.3) by the 
formulas 

 

   1 1

1
ˆ ia e    px

p
x p

V
,    1 1 1

1
ˆ ia e   px

p
x p

V
, (3.4.4) 

   2 2

1
ˆ ia e    px

p
x p

V
,    2 1 2

1
ˆ ia e   px

p
x p

V
, 

   1
ˆ ˆie      px

p
x p

V
,    1

ˆ ˆ ie    px

p
x p

V
. 

 
The equations of motion for operators (3.4.4) will be gauge-invariant if 

these operators satisfy transformations (see [53]): 
 

       1 1,
1 1 1 1 1 1ˆ ˆ ˆie a te    xx x x , 

       1 2 ,
1 2 1 2 1 2ˆ ˆ ˆ, ie a tt e      xx x x ,                    (3.4.5) 

       2 1,
2 1 2 1 2 1ˆ ˆ ˆie a te    xx x x , 

       2 2 ,
2 2 2 2 2 2ˆ ˆ ˆ, ie a tt e      xx x x , 

       
1 1 1 1 1

ˆ ˆ ˆ, ,t K t       X X X X ,

       
2 2 2 2 2

ˆ ˆ ˆ, ,t K t          X X X X , 

 
where the matrix elements  ,K t X  are defined by expressions: 

 

     
1 1 1 1

* 2 1
1 2, exp , ,

m m
K t d i e a t e a t

M M    
                  

X x x X x X x x ,

 (3.4.6) 

     
2 2 2 2

*2 1
1 2, exp , ,

m m
K t d i e a t e a t

M M                        
X x x X x X x x , 
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and the potentials of the electromagnetic field are converted in accordance 
with the expressions:  
 

             , , , ,e e et t t a t
  


A x A x A x x
x

,  (3.4.7) 

       ( ) ( ) ( ), , , ,e e et t t a t
t

     


x x x x . 

 
In expressions (3.4.5) - (3.4.7) the quantity  ,a tx  is a certain gauge 

function on which no restrictions have been imposed yet [53]. Note that the 
matrices (3.4.6) satisfy the equality 

 

   
2 2 2 1 1 2

, ,K t K t      X X ,       (3.4.8) 

 
which is easy to see if we assume that the wave functions of a hydrogen-like 
atom   x  satisfy the equality: 

 

     *
    x y x y ,       (3.4.9) 

 
that is, to refer the wave functions of the atom to the region of the discrete 
spectrum (summation is implied by the repeated indices in (3.4.9), as in the 
formulas above). In fact, condition (3.4.9) was already considered fulfilled at 
the stage of formulating the method of second quantization in the presence 
of bound states of particles. The rationale for this circumstance and the area 
of its applicability are detailed in [53]. Note also that for 1 2e e e     

matrices (3.4.6) take the form 
 

     
1 1 1 1

* 1 2, exp , ,
m m

K t d ie a t a t
M M    

                  
X x x X x X x x ,(3.4.10) 

     
2 2 2 2

*1 2, exp , ,
m m

K t d ie a t a t
M M                        

X x x X x X x x . 

 
Thus, in accordance with (3.4.2) - (3.4.10), the gauge-invariant one-

particle density matrices should be determined by the following expressions: 
 

                1 2, ,1 1
1 2 1 2 1 1 1 2ˆ ˆ, Sp ,ie a t a tf e f      x xx x x x x x , (3.4.11) 

                1 2, ,2 2
1 2 2 2 2 1 1 2

ˆ ˆ, Sp ,ie a t a tf e f     x xx x x x x x , 

               
1 2 2 1 2 2 1 1 1 2

0 0
, 1 2 2 1 2 1 , 1 2ˆ ˆ, Sp , , , , , ;f t t K t K t f t             x x x x x x x x , 
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moreover, due to properties (3.4.8), the relation: 

 
           
1 2 1 1 2 2 1 2

0 0
, 1 2 1 2 , 1 2, ; , , ,f t K t K t f       

x x x x x x . (3.4.12) 

 
Further, proceeding from the definitions of the Wigner distribution 

functions (3.4.2), (3.4.3), we have: 
 

     
1 1

, ,
1 12 2 1 1

, , ,
2 2

ie a t a t
if d e e f

           
         

 
x y x y

ypx p y x y x y    (3.4.13) 

     
1 1

, ,
2 22 2 1 1

, , ,
2 2

ie a t a t
if d e e f

          
         

 
x y x y

ypx p y x y x y

     
1 2 2 2 1 1 1 2

0 0
, ,

1 1 1 1
, , , , ;

2 2 2 2
if d e K t K t f t       

               
      ypx p y x y x y x y x y . 

 
On the other hand, for any one-particle density matrix, for example, 

 1 1 1
,

2 2
f

   
 
x y x y , the representation in terms of the Wigner distribution 

function is valid: 
 

 

 
   1 1

3

1 1 1
, ,

2 2 2
if d e f


      

   ypx y x y p x p  ,  (3.4.14) 

 
as a result, expressions (3.4.13) for gauge-invariant Wigner distribution 
functions can be written in the form: 
 

   
 

     
1 1

, ,
1 1 2 2

3

1
, ; , ;

2

ie a t a t
if t d f t d e e



                   
x y x y

y p px p p x p y , (3.4.15) 

   
 

     
1 1

, ,
2 2 2 2

3

1
, ; , ;

2

ie a t a t
if t d f t d e e



                  
x y x y

y p px p p x p y , 

   
 

     
1 2 1 2 2 2 1 1

0 0
, ,3

1 1 1
, ; , ; , ,

2 22

if t d f t d e K t K t       


           
     y p px p p x p y x y x y . 

 
For further calculations, it is convenient, following the methods of 

quantum optics (see in this connection, for example, Ref. [88]), to introduce 
into consideration the quantity 1 2( , ) x x ,  

 

1 2 1 2( , ) ( , ) ( , )a t a t  x x x x ,       (3.4.16) 
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which by means of a curvilinear integral 

   
1

2

1 2

1
( , ) ,e

i iA t dr
c

  
x

x

x x r        (3.4.17) 

is associated with the vector potential of the external field    ,e tA r . The 

integral in (3.4.17) can be calculated along any curve connecting the points 

1 2,x x . This is where the freedom in the choice of the value ( , )a tx  lies, see 

above. For simplicity of further calculations, it is convenient to assume that 
the integral (3.4.17) is calculated along the straight line connecting the 
points 1 2,x x . The value 1 2( , ) x x  in quantum optics is called the linear 

Dirac-Heisenberg gauge potential or simply the Dirac-Heisenberg line, 
linking the coordinates 1 2,x x  with the positions of the electron and the 

nucleus in a hydrogen-like atom (see in this connection [88, 89]). In this 
paper it is also shown (this can be verified directly from (3.4.17)) that if the 
distance between 1x  and 2x  insignificantly, for example: 
 

1 1 x x y , 2 2 x x y , 1y x , 2y x  (3.4.18) 

 
then the value 1 2( , ) x x  takes the form: 

 

     1 2 1 2

1
( , ) ,e t

c
  x x y y A x .   (3.4.19) 

 
In terms of the quantity 1 2( , ) x x  the first two formulas from (3.4.15) 

can be written as: 

   
 

     
1 1

,
1 1 2 2

3

1
, ; , ;

2

ie
if t d f t d e e



          
x y x yy p px p p x p y , (3.4.20) 

 

   
 

     
1 1

,
2 2 2 2

3

1
, ; , ;

2

ie
if t d f t d e e



         
x y x yy p px p p x p y , 

 
and the form of the third formula remains the same when changing the form 
of tensors K , see (3.4.6): 

   
1 1 1 1

* 2 11 1 1
, exp ,

2 2 2

m m
K t d ie

M M                  
    

x y x z x y z x y z z ,

 (3.4.21) 

     
2 2 2 2

*2 11 1
, exp ,

2 2

m m
K t d ie

M M              
  

X z z x y z x y z z . 
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In the classical limit, when the fields vary weakly at distances of the 

order of the de Broglie wavelength of the particle (see, for example, [3]), due 
to (3.4.18), (3.4.19) we have 

 

   1 1 1
, , ,

2 2
et t

c
     
 
x y x y yA x ,  (3.4.22) 

 
and, as is easy to see, 
 

         1 1, ; , , ;ee
f t f t t

c
   
 

x p x p A x ,          2 2, ; , , ;ee
f t f t t

c
   
 

x p x p A x .

  (3.4.23) 
 

To simplify expressions (3.4.21), along with approximation (3.4.19), 
we also use the point atom approximation [53]. This will greatly simplify the 

expressions for matrices K , K
 . For example, for 

1 1

1
,

2
K t 

  
 
x y  we get: 

 

   
1 1 1 1

* 1 21 1 1
, exp , ,

2 2 2

m m
K t d ie t

M M                  
    

x y z z x y z x y z z  

     
1 1

* exp ,
2

ee
d i t

c         
  


yz z zA x z    (3.4.24) 

     
1 1

* 1 , .
2

ee
d i t

c        
  


yz z zA x z

 
 

In the classical limit, when the fields vary weakly at distances of the 
order of the de Broglie wavelength of the particle, from (3.4.24) we finally 
have: 

 

         
1 1 1 1 1 1 1 1

1 1
, , ,

2 2
e eK t i t i t

c c             
 

yx d A x y d A x .   (3.4.25) 

 
In deriving expression (3.4.25) from (3.4.21), we used the condition for 

normalizing the wave functions of the discrete spectrum of a hydrogen-like 
atom and introduced the concept of the tensor of dipole moments for this 
atom d  [53]: 

 

   *d      x x x ,    *e d    d y y y y . (3.4.26) 
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The use of formulas (3.4.15) - (3.4.26) allows one to obtain a rather 

simple expression for the gauge-invariant distribution function of neutral 
atoms    0

; , ;f t  x p : 

 
               
1 2 1 2

1 2

0 0 0
, ,

1
, ; , ; , , ; ,ef t f t i f t t

c     
    x p x p d x p A x   (3.4.27) 

       
1 2

0 , ;1
, ,

2
ef t

t
c

 

          

x p
d A x

p


. 

 
In the last expression the notations  

1 2
,A B

 
,  

1 2
,A B

 
 have the 

traditional sense of switches and anti-switches for matrices ,A B : 
 
 

1 2 1 21 2
,A B A B B A      

  ,  
1 2 1 21 2

,A B A B B A      
  . (3.4.28) 

 
Thus, expressions (3.4.2) - (3.4.28) in this section make it possible to 

obtain kinetic equations for gauge-invariant Wigner distribution functions 
of particles based on kinetic equations (3.3.5), (3.3.6) for gauge-non-
invariant distribution functions (3.3.7). In the obtained kinetic equations, 
the potentials of the external electromagnetic field  ( ) ,e tA x  и  ( ) ,e t x  

enter already in the form of combinations corresponding to the strengths of 
the electrical  ( ) ,e tE x  and magnetic  ( ) ,e tH x  fields, see Eq. (3.4.1). 

 
3.5. Gauge-invariant system of kinetic equations for a low-temperature  

gas of hydrogen-like atoms in an external electromagnetic field 
 

The above-mentioned procedure for deriving kinetic equations for 
gauge-invariant Wigner distribution functions does not contain any 
fundamental difficulties in its implementation. On the other hand, it 
presupposes a number of rather cumbersome calculations, which do not 
seem appropriate to give in detail within the framework of this work. To 
trace the characteristic techniques and methodology of these calculations, 
one can refer to the works [84, 85]. In this section, the final results of the 
above calculations will be presented in the form of a system of kinetic 
equations proper for a low-temperature gas of hydrogen-like atoms in an 
external electromagnetic field. These equations, in addition to terms taking 
into account the influence of the external field, also contain terms 
responsible for taking into account the mean or self-consistent field, the 
derivation of which is described in detail in [89]. 

Thus, the kinetic equations for the gauge-invariant distribution 
functions of free charged fermions of the first and second types (electrons 
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and the core of hydrogen-like atoms) can be represented in the following 
form: 

 

   
                 

   1 1 1 1 1
1 1, , , , ,

, ; L

f f f
f t

t

     
  

     
x p x p x p x p x p

x p F
p x x p p

,

  (3.5.1) 
 

   
                 

   2 2 2 2 2
2 2, , , , ,

, ; L

f f f
f t

t

     
  

     
x p x p x p x p x p

x p F
p x x p p

, 

 
where 

           1 1
1, , ; , ;U f U f   x p p x p x p ,  

2

1
12

p

m
 p , (3.5.2) 

           2 2
2, , ; , ;U f U f   x p p x p x p ,  

2

2
22

p

m
 p , 

 
are the Lorentz forces acting on both types of fermions are determined in 
the usual way: 
 

         1

1

, ,e e
L e t t

m c

 
   

 

pF E x H x ,          2

2

, ,e e
L e t t

m c

 
    

 

pF E x H x . 

(3.5.3) 
 

In addition, the following notation was introduced in (3.5.2): 
 

         
2

1 1, ; ,
e

U f f 


  
p

x p x p p p
V

,             3.5.4) 

         
2

2 2, ; ,
e

U f f 


  
p

x p x p p p
V

, 

   
           3 1

1 3

3 3 3

0
, 3 1 2

3 3

,
, ; , , ,

fe
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while 

     1 ie    k x x

k
x x k

V
.   (3.5.5) 

 

The value   k  in Eqs. (3.5.4), (3.5.5) is still given by formula 

(3.2.25). When deriving equations (3.5.1) and expressions (3.5.2), (3.5.4), we 
used the Coulomb calibration for an external electromagnetic field  
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   div , 0e t A x     (3.5.6) 

 
and the expression for the polarization matrix   k  (see (3.2.11), (3.2.13)) 

in the approximation of a point atom: 
 

  i   k kd ,  (3.5.7) 

 
where the tensor of the atomic dipole moments is defined by formula (68). 

For the gauge-invariant Wigner distribution function    
1 2

0
, ,f  x p  

kinetic equation has a more complex form, due also to the fact that this 
function of coordinates and momentum remains a single-particle density 
matrix in indices 1 2,  : 
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, 

 
where operations like  

1 2
,A B

 
,  

1 2
,A B

 
 are defined by formulas (3.4.28). 

For the value    
1 2

0
, ,  x p , determining the evolution of the distribution 

function of atoms in accordance with Eq. (3.5.8), as a result of simple but 
rather cumbersome calculations we arrive at the expression: 
 

               
1 2 1 1 2 1 2 1 2 1 2
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, , , ; , ; , ;eU f U f U f               x p p x p x p x p , (3.5.9) 

 
where we also introduced the notation: 
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 (3.5.10) 
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The system of coupled equations, expressed by formulas (3.5.1) - 

(3.5.10), is a solution to the problem stated in this chapter - to construct the 
kinetics of a low-temperature gas of hydrogen-like atoms in an external 
electromagnetic field, taking into account the self-consistent field, that is, in 
the collisionless approximation. In this regard, it is pertinent to recall that 
the main condition for the validity of the collisionless approximation and, 
therefore, equations (3.5.1), (3.5.8), is expressed by the relation (see, for 
example, [31] and also [84, 85, 89] ): 

 

0 rt   ,    (3.5.11) 

 
where 0  is the chaotization time mentioned above, and r  is the relaxation 

time of the system due to collisions between particles (for more details on 
these characteristic times, see [3]). Relaxation time r  is determined 

precisely by the intensity of interaction V̂ , more precisely, by the collision 
integral, which is quadratic in the interaction, see (3.1.17). Relaxation time 
tends to infinity, r  , at ˆ 0V   (in our work, the last relation (3.5.11) 

should correspond to neglect of the collision integral). In other words, the 
relaxation time is long in the case of a small interaction. Since the chaos 
time does not depend on the interaction intensity at all, condition (3.5.11) 
for many systems is quite realistic. 

In conclusion of this section, we note that, neglecting the self-
consistent field, equations (3.5.1), (3.5.8) are greatly simplified and turn into 
kinetic equations for the components of the system (including neutral ones) 
in an external electromagnetic field. However, as is easy to see, in this 
approximation the kinetic equations cease to be connected, that is, the 
components of the system evolve independently of each other.: 
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where 

       
1 2 1 1 2 1 2

( ) ( ), , , ,e et t t
Mc              

 
px p p E x H x d ,

  2 2M   p p . 

 
Summary and Outlook 

 
Thus, in this chapter we have applied a microscopic approach to 

constructing kinetic equations (3.5.1) - (3.5.8) for all components of a weakly 
ionized and weakly excited gas of hydrogen-like atoms in an external 
electromagnetic field at low temperatures. In the absence of an external 
electromagnetic field, the obtained equations coincide with the kinetic 
equations taking into account the mean (self-consistent) field of [84, 85, 89]. 
On the basis of the noted equations, in these works a detailed analysis of the 
dispersion laws of eigenwaves, which can propagate in the system under 
study, was given, and their damping decrements were found. The possibility 
of using the obtained dispersion relations for eigenwaves in the theory of 
BEC photons in ultracold gases is also demonstrated. In particular, the 
results allow one to calculate the effective masses of photons in such media. 
The presence of an effective mass of a photon, as already mentioned in the 
Introduction (see also Refs [59 - 66]), is an indispensable condition for the 
realization of the BEC of photons.  

Equations (3.5.1) - (3.510), as noted above, should underlie the study 
of effects and phenomena associated with the interaction of low-temperature 
gases with an external electromagnetic field. For example, these equations 
make it possible to study the propagation of forced waves in the systems 
under study, including various resonance phenomena. The latter 
circumstance seems to be important from the point of view of the possibility 
of additional pumping of photons into the medium by an external 
electromagnetic field (laser). The need to increase the photon density in a 
medium inevitably arises in the process of experimental realization of the 
regime with BEC of photons in it. 

A separate direction of applications of the obtained equations  
(3.5.1) - (3.5.10) opens up if the electromagnetic field entering them is of a 
stochastic nature. In this connection, one should pay attention to the last of 
the equations (3.5.2), taking into account (3.5.3), which is simpler in 
comparison with (3.5.8) - (3.5.10). Due to the random nature of the external 
electromagnetic field, equation (3.5.2) from a mathematical point of view is 
an equation with a spatially inhomogeneous noise source that depends on 
the particle momentum. Such equations are typical for systems with active 
fluctuations, see Chapter II of this work. In systems of this kind, the 
implementation of the so-called self-propelled properties is possible. In other 
words, in this kind of media, structured ordered motions of particles may 
arise due to the accumulation and transformation of the energy of an 
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external stochastic field. In particular, this phenomenon is possible in the 
case when the structural units of the system have a head-tail asymmetry. 
As is easy to see from (3.5.8) - (3.5.10), (3.5.2), (3.5.3), excited atoms have 
such an asymmetry. In the equations, such an asymmetry lies in the 
presence of dipole moments of excited atoms. Thus, low-temperature weakly 
excited gases in an external random electromagnetic field can serve as a 
prototype of a physical system with active fluctuations. However, this issue 
requires a separate study, the results of which, unfortunately, cannot be 
placed within the framework of this work.. 
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arious scenarios of the evolution of populations of strategies 
with memory are considered. The strategies interact with each 
other in an iterated prisoner dilemma, earning evolutionary 
benefit points according to the pay-out matrix. The review 
focuses on collective characteristics such as memory, the level of 

aggressiveness (the share of refusals to cooperate), and the complexity of 
strategies. Different scenarios of evolution appear when using different 
selection rules for strategies intended for deletion in the corresponding 
generation. Cases of zeroing evolutionary advantage points after each cycle 
(or generation) and summing (inheriting) points of previous cycles are 
considered. In the first case, as a result of evolution, complex strategies with a 
large depth of memory dominate and are not aggressive – inclined to 
cooperation. The history of the evolution of a population is divided into two 
periods: the primitive period and the period of the developed ‘community’. The 
primitive stage in the development of the world of strategies can be 
distinguished according to the following features: 1). the presence of all the 
most primitive strategies; 2). an increase in average aggressiveness); 3). the 
presence of the most aggressive strategy. In the second case, as a result of 
increased competition, complex strategies with a large memory depth, but 
aggressive ones, also win. In anomalous competition, when the most 
successful strategies are removed, an increase in aggressiveness is also 
observed for complex strategies with a large memory depth. It was empirically 
found that in the process of population evolution, a universal relationship 
between aggressiveness and points of evolutionary advantages persists, for 
example, a decrease in the value of points obtained with an increase in the 
average aggressiveness of the population is observed. Open societies, in which 
complex strategies with a large memory (replacing the remote losers) are 
injected, demonstrate greater efficiency; complex strategies with a large 
memory depth and less aggressive ones dominate in the emerging stationary 

V 
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state. Penetration in this way into open populations of primitive strategies 
(with a low memory depth) leads to their dominance in a stationary state, 
although their average aggressiveness decreases, while around complex 
strategies with a greater memory depth in the population remains. The case 
of interaction of 50 thousand objects, each of which uses 50 strategies, is 
considered separately. When interacting, the losing strategy is replaced by 
the winning strategy. As a result, on average, subjects retain one third of 
strategies, and complex ones with a large memory depth dominate. 

KEYWORDS: evolutions of populations of strategies, object with a set of 
strategies, prisoner dilemma, memory complexity, aggressiveness.  

PACS numbers: 02.50.Le, 05.10.−a, 87.23.Kg, 89.75.Fb 
 
 

SECTION 1. INTRODUCTION 
 

A huge number of species of various living beings live on Earth. Several 
million species are now known. Moreover, as follows from [1], only the 
percentage of the total number of species is described. Among such a huge 
number of species, only 20 are known that have discovered social structures 
and social behavior. Surprisingly, these are the most thriving species. And 
humanity has even taken an absolutely dominant position. Other social species, 
such as ants, are perhaps even more successful. This is evidenced by the huge 
period of existence and their prevalence. It is known that the total weight of 
ants is approximately equal to the weight of all mankind. This raises two 
important questions. The first is how in the process of evolution, controlled by 
egoistic genes, social behavior arises that requires the manifestation of altruism 
and cooperation. Second, if the formation of societies is so beneficial, then why 
so few species have opened this way. In fact, the problem is even more complex. 
In some of these societies, the ultimate form of altruism is achieved, in which 
some individuals do not reproduce and care for the offspring of breeding 
individuals. For such communities, a special term has even been coined – 
eusociality. Research in this direction is actively developing [2]. 

It should be noted that similar questions should arise when creating 
artificial life. Understanding the nature of the emergence of cooperative 
behavior in different systems has been of interest to researchers for several 
decades.There are many approaches to creating evolution models. They can 
be conventionally divided into two approaches, one deterministic and the 
other probabilistic. An example of the first approach is a logistic mapping 
for population growth in discrete time. An example of a probabilistic 
approach is the derivation of the Hardy–Weinberg law [3], which is one of 
the fundamental principles of evolution during sexual reproduction. Each of 
these approaches is divided into continuous and discrete models. As a 
continuous approach, the Verhulst equation can be used to study population 
changes (a continuous analog of the logistic mapping). Discrete models 
include multi–agent systems. 
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After the development of game theory and its application to the 

description of evolution by John Maynard Smith [4], this approach became very 
popular. Evolutionary game theory [5] – [7] provides flexible foundations and 
effective methods for studying the emergence of cooperation. Among the many 
game models that are used to explain cooperative behavior, a special place is 
occupied by games, which can be viewed as a generalization of the prisoners' 
dilemma [8], [9], [10]. The choice of the payout matrix in this case is determined 
by a simple physical consideration. Cooperation always requires additional 
expenditure of resources in comparison with the refusal of cooperation. The 
tendency to save resources or efforts is manifested in the payout matrix in the 
fact that for each individual interaction, the individual gain in refusing to 
cooperate exceeds the gain in agreeing to cooperation.At every stage of the 
evolutionary process or generation, the population refuses to apply the least 
successful strategies of the previous generation. 

These games serve as a paradigm that led to the discovery of the 
mechanism of cooperative behavior in both theory and experimental 
observation [11]. Since the work of Novak and May [12], evolutionary games 
have been extensively studied in structured populations, including on regular 
lattices [13–21] and complex networks [22–38]. Currently, a number of specific 
mechanisms have been discovered that lead to cooperation in a wide variety of 
systems (see, for example, [39]). Among such mechanisms, it should be noted: 
voluntary participation [40], punishment [41], similarity [42], heterogeneous 
activity [43], social diversity [44,45], dynamic connections [46], asymmetric 
interaction and the permutation graph [47] , migration [48–50], group 
favoritism [51], interactions between networks  [52]. Using this approach, it is 
possible to find out the appearance of many different properties in evolving 
populations. By evolutionary populations, following Darwin, we mean a set of 
objects that obey the following principles. These are 1) the principle of heredity, 
2) the principle of variability, and 3) natural selection. 

In this review, we will analyze the impact of memory on various 
evolutionary scenarios. If the action of an object depends not only on the 
observed situation, but also on previous events, then we will assume that the 
object has memory. In this sense, most biological objects have memory. The 
main question that we will discuss in this work is how beneficial it is for the 
population to increase memory in the process of evolution and what 
consequences this leads to. The memory depth of the objects of the population 
determines the number of all possible strategies available in the population. An 
important element is the competition in the initial population of all possible 
strategies with upper bounded memory.  

The second issue that is raised here is related to the discussion of the 
properties of competing strategies that lead to changes in the dominant 
strategies of the population in the process of evolution. Complexity is 
introduced and used as a characteristic of strategies. The main question boils 
down to: Is the complexity of strategies evolutionarily beneficial? On an 
intuitive level, the answers to these questions seem obvious. In modeling the 
interaction of strategies, a one–particle approximation was used, in which all 
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agents of the population professing one of the possible strategies were combined 
into a single cluster. Interaction took place between clusters or strategies. In 
other words, it is the strategies that interact. Moreover, each strategy interacts 
with everyone, including itself. Three types of populations are considered. 
Populations without memory, populations with memory depths 1 and 2. 

In each case, the initial population contains all strategies with memory 
not exceeding the specified one. So, for example, at a memory depth of 2, all 
strategies with memory 2, 1, and 0 are present. As a result of numerical 
modeling, it is shown that increasing memory in a population is evolutionarily 
beneficial. Evolutionary selection winners are invariably the highest memory 
agents. Strategies that win in natural selection have maximum or near 
maximum difficulty. Along the way, it was found that in such populations the 
winning strategies were referred to as ‘respectable’ strategies inclined to 
cooperate. In a sense, it can be said that cooperative behavior in such cases is 
often established automatically. One might expect this to be a universal trend. 
In populations with upper–bounded memory, the competition of all possible 
strategies in the initial population leads to the dominance of respectable 
strategies in the course of evolution. A further increase in the depth of memory 
leads to a new problem when the number of agents in the population turns out 
to be less than the number of possible strategies. The consequence of this is also 
discussed in the conclusion of this work. 

 

SECTION 2. STRATEGIES POPULATIONSAND THEIR EVOLUTION 
 

Let's start by defining the population. Comes from the Latin populus– 
population, people."A population is understood as a set of individuals of a 
certain species, for a sufficiently long time (a large number of generations) 
inhabiting a certain space, within which one or another degree of panmixia is 
practically carried out and there are no noticeable isolation barriers, which is 
separated from neighbouring similar populations of individuals of a given 
species by this or a different degree of pressure of certain forms of isolation 
"[65]. In principle, the understanding of the term population is rather vague 
and differs in biology, medicine, sociology, ecology, demography. 

In this review, a population of strategies will be understood as a 
subset of individuals of the population that use a strictly defined strategy of 
behavior. This definition simplifies the study of carrying out strategies in a 
population. First of all, eliminating the need to consider many of the same 
strategies and their interaction with many other similar strategies.  

In a sense, this corresponds to the one–particle approximation in 
which individuals with the same strategy are considered as one object or 
superspecial object of the population.  

The evolution of such objects is determined by the principle of heredity, 
the principle of variability and natural selection. By heredity we mean the 
transfer of a strategy to the next generation. We will not use the principle of 
variability of strategies at this stage of the study, having included in the initial 
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population all possible strategies with a certain depth of memory. In other 
words, there are no other strategies which they can be changed or modified, 
since all strategies are present in the population. Even if we allow for 
mutations of strategies, they will mutate into strategies available in the 
population. 

 

SECTION 3. STRATEGIES INTERACTION IN THE POPULATION 
 

The life in a population and its evolution is determined by the nature 
of the interaction of the strategies of the objects of the population. At the 
same time, three elements of interaction with whom, how and how much 
should be distinguished. This means three different rules. The first is how to 
make a choice of an "opponent" in terms of interaction. Second, what are the 
rules for interaction. The third is how to evaluate the results of interaction. 
All these rules can be divided into two classes – deterministic and random 
rules. In this review, we will focus on deterministic rules. 

The simplest case is the pairwise interaction of strategies.There are 
many options for implementing this interaction. The simplest option is that 
each strategy interacts with everyone, including itself. This type of 
interaction can be carried out with a relatively small number of objects. The 
reason for this is the finiteness of the lifetime of a population object. 

Indeed, some characteristic time is spent on the interaction of a pair 
of strategies and, accordingly, time will be spent on the interaction of 
strategies with each other. When increasing, the time can exceed the 
lifetime of the object. 

Another way of pair interaction is when the opponent is chosen at 
random among the entire set of strategies, assuming they are equally probable. 
Another general technique that does not use randomness can be accomplished 
using a network of interactions. In the graph of this network, interacting 
strategies will be connected. It can be generalized by taking into account the 
interactions of distant vertices with some weight, including probabilistic. It is 
also possible to take into account the spatial structuring of populations [11], 
[13], [17], [23], [42], [59], in this case geometric structures of cooperation may 
arise in space [12], [60]. Another important circumstance that affects the nature 
of the interaction of strategies has already been noted earlier. It is the 
finiteness of the set of objects that make up the population. In this case, the 
number of strategies can significantly exceed the number of objects in society. 
Then interaction can occur only between a part of the strategies. 

In the review, we will assume that the object does not change its strategy 
in the course of its life and interacts with each strategy of the population, 
including itself. In other words, we can say that a one–particle approximation of 
the interaction of strategies is considered – without taking into account the 
number of carriers of the strategy. The exception is the section12 in which the 
exchange of strategies appears. Let's move on to discussing how to interact. In 
accordance with the chosen rule, the two strategies interact, which in the 
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simplest case consists in choosing a solution to cooperate or to refuse to 
cooperate. The adoption of such a decision is determined by the corresponding 
strategy. However, with a single interaction, a strong sensitivity to the choice of 
the first move remains. In order to avoid such dependence, the act of interaction 
will consist of many moves. In other words, the interaction of strategies follows 
the iterated prisoners' dilemma [61]. 

The number of interactions of two strategies in one generation is 
chosen to be the same for all. Actually, the choice of a large number of 
interactions between the two strategies is designed to exclude the influence 
of the first move [64]. 

Let us discuss the effect of the interaction of the first move on the 
result. It seems natural that its influence decreases with an increase in the 
number of moves when the two strategies compete. Indeed, the total pay-off 

nS with the number of moves n consists of two contributions – this 0s is the 

number of points obtained after the first move and a set of points already 
using the strategy. Let the strategy, starting from the second move, gain q

points on average per move. Then the total payoff is equal 0= ( 1)nS s q n 
and for large 1n  we obtain 

 

 0=nS s q
q

n n


                                                (1) 

 
Considering that 0s  it can take on a finite value, it is easy to see that 

the contribution of the first move to the average value of the winnings per 
one move should be small. Based on the results of numerical simulation 
[64], it can be assumed that with an increase n , the influence of the first 
move disappears. For strategies with zero memory depth, this influence can 
be neglected even with this effect [64]. It should be expected that 100n  , 
for a similar reason, the influence of the first moves will be insignificant 
even for large memory depths. 

In order to establish the result of the interaction of strategies, we 
define the payout matrix. Recall that the prisoner's dilemma of two players 
is that each player can choose between cooperation (1) or rejection (0). 
Depending on the opponent's strategy, the chosen player gains 11a if both 

cooperate; 22a – if both refuse; 12a – if the chosen one cooperates and the 

opponent refuses; and 21a – if the chosen one refuses and the opponent 

cooperates, where 21 11 22 12> > >a a a a and 11 21 122 >a a a . In the review, we use 

the values of the Axelrod pay-out matrix [61], 
Table1 

 Cooperation Refusal 
Cooperation 3,3 0,5 
Refusal 5,0 1,1 
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Thus, the result of the interaction of strategies will be determined by this 

matrix. Each strategy interaction brings them a certain amount of evolutionary 
advantage points. These points will play an important role in preserving 
strategies in the future generation. We implement natural selection as follows. 
Let all strategies interact with each other in a circular manner in an iterated 
game of prisoners' dilemma. The number of interactions of two strategies in one 
generation is chosen to be the same for all. As a result of this competition, 
strategies gain points in accordance with the selected payout matrix. After all 
the interactions between the strategies and their accumulation of evolutionary 
advantage points have taken place, the losing strategy, and possibly several 
strategies with the minimum number of points, drop out of the next generation. 
Further, the points of evolutionary advantages are reset to zero and the next 
circle of interactions between the remaining strategies is carried out, 
corresponding to the formation of new generation strategies. We will discuss 
other options for recruiting points in more detail in the relevant sections where 
such changes appear. 

 

SECTION 4. INTERACTION OF THE STRATEGIES 
 

Strategy is the rule by which the move is made after the opponent's 
move, or if the strategy starts the game, then the rule by which it makes the 
first move. In order to list all such strategies, it is necessary to describe all 
the rules of reaction to the meaning of the opponent's moves. Such rules can 
be specified as a function or as a table. However, when designating a move 
from a binary alphabet = {0,1}B , the strategy can be specified in the form of 
a finite – 0,1sequence. 

Indeed, let's start with the first move of the strategy if it starts the game. 
In this case, it is enough just to indicate its first move, for example[0] . If it 
starts the game with move 1, then it is [1]also convenient to consider such a 
strategy as another strategy. Now we will discuss the rule of choosing a move 
by this strategy after a known move of the enemy. To do this, consider all the 
possible moves of the enemy. In our case, there are only two possibilities – the 
opponent can make a move of 0 or 1. It is clear that the strategy can be set by 
the following table 

Table 2 
Opponent’s possible move 0  1 
     
Strategy response 0  0 

 
In this table, the arrow indicates the strategy's response to the 

corresponding move of the rival- enemy. So the given strategy reflects the 
opponent's move in the strategy move. In other words, a strategy 0S  is a 

mapping
0S

B B . 
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It is easy to understand that if we agree on the order of recording the 

possible values of the opponent's moves, for example, in lexicographic order 
(as in the table in the top row), then to describe the rules of the strategy, it 
is enough to know only the bottom row or the sequence of zeros and ones. In 
the above case, this is a sequence 00 that can be considered as the name of 
this strategy, defining the rule of its actions.Since each strategy corresponds 
to a certain sequence of retaliatory moves, it can also be used as the name of 
the corresponding strategy. In this case, the name also defines the rule for 
the action of the strategy. It is easy to see that there are only four strategies 
shown in table 00 and another 01, 10, 11 strategies. Among these strategies, 
two are trivial. This is an extremely aggressive strategy 00 and mindlessly 
compromising 11. The other two are less trivial. So, for example, strategy 10 
observing the opponent's move 0 will answer 1, and observing 1 in response 
will give 0. If we also take into account the rule of the first move, the full 
name of the strategy can be designated as [0] 10.Here, the first move that 
this strategy will execute is indicated in brackets, and the rest of the 
numbers determine the rule of the retaliatory move. Note that the strategies 
described above make a move by observing the opponent's move. In this 
sense, such strategies do not use data on the previous moves of the opponent 
and, therefore, we can assume that they have no memory. In what follows, 
we will assume that such strategies have a depth of memory 0 . 

Thus, strategies with zero memory depth are defined by  
0,1–sequences of three elements 0 1 2[ ]x x x , where 0 1 2, ,x x x B .Then the name 

of each strategy with zero memory depth is determined by a binary number 
with three digits. A complete description of such strategies also contains an 
indication of the first move of the strategy. The number of all such 
strategies is equal 32 = 8 . 

 

SECTION 5. STRATEGIES WITH THE MEMORY 
 

In this section, we will discuss how the strategy memory is introduced. 
There are several possibilities for describing strategies with memory. 
A convenient characteristic for such strategies is the memory depth, which 
determines the number of such strategies. 

 
5.1. Memory of strategies 

 
Let's take a look at all the strategies that use memory. Let us 

introduce the space of such strategies. As noted above, a strategy is a rule 
by which a move is determined by the known values of the opponent's 
moves. To classify them, we use the depth of memory. By the depth of 
memory we mean the number of previous moves of the opponent, which the 
strategy uses to make a move. The simplest strategies that do not use 
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memory have been described above. This means that such strategies make a 
move based only on the opponent's observed move. 

Let us now consider all strategies with the memory of one previous move. 
Such strategies should take into account the opponent's two moves. Previous 
and observable. Then the number of possible variants of the opponent's moves 
increases, and the strategy must determine the retaliatory move, taking into 
account the previous move of the opponent. Let us again arrange all possible 
pairs of the opponent's moves in lexicographic order: 

Table 3 
Opponent's possible moves 00 01 10 11 
    
Strategy responses … … … … 

 
To describe the strategy, each pair of opponent's moves must be matched 

1 or 2. In other words, replace the points in the table with symbols 1or2 andthe 

strategy with memory about one move matches the mapping
1

2
S

B B . Again, 
with a fixed order of writing the opponent's possible moves (top row of the 
table), each strategy is determined by a 0,1–sequence of 4 elements (bottom 
row). The name of the corresponding strategy can be selected again to match 
the rule of its action. Thus, the memory depth strategy names are the same as a 
binary number with 4 digits, or a sequence of zeros and ones of 4 characters. 

A trivial aggressive strategy is called 0000. There are again as many 
such strategies as there are numbers from 0000 to 1111. In other words, 
them16. In absolutely the same way, you can define strategies with a depth of 
memory k . Such strategies will be defined as a signed binary number 12 k  . 
Thus, the space of strategies with a memory depth k is 0,1–sequences of 12 k 

symbols. Geometrically, this space can be represented as the vertices of a unit 
cube in 12 k  dimensional space. So, for example, strategies with zero memory 
are the vertices of a unit square (see Fig. 1) in two–dimensional space, and 
strategies with a memory depth of 1 correspond to vertices of a unit cube in 
four–dimensional space. 

However, the above description of depth–of–memory 1k  strategies is 
not complete. The reason is that after the first move of the opponent we know 
only one observed value and there is no value of the previous move. Therefore, 
there is not enough data to apply the specified rules of the strategy. Thus, we 
must indicate the rule of how to make a move when the data is incomplete. For 
this, it is natural to use one of the memory strategies. In other words, we should 
indicate a strategy that does not use memory, which we will apply before 
information about the previous move of the enemy appears.Then the total 
number of strategies naturally increases and the name of the strategy changes. 
In the name, we must first indicate the strategy for determining the move in 
the absence of data on the previous move (i.e. the name of the strategy with 
memory depth 0) and then the name of the strategy with memory. Thus, the 
name (and rules) of the strategy with the memory of one previous opponent's 
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of such an automaton is 3. This is an empty signal , after which the strategy 
makes the first move and two game signals 0 or 1 received by the opponent's 
moves. The number of states of the automaton is also 3. This is the initial state

0q , waiting for the start` of the game and two states 1q , 2q . 

The automaton corresponding to this strategy is determined by the 
following transition and exit functions 

Table 5 
The transition function of the automaton corresponding A  

 
   x \ q  0q 1q 2q  
  0q – – 

 0  
1q 1q 1q  

 1  
2q 2q 2q  

Table 6 
Function of the outputs of the machine corresponding A  

 
   x \ q  0q 1q 2q  
  0x – – 

 0  
1x  3x  5x  

 1  
2x  4x  6x  

 
Dashes in the tables correspond to unrealizable situations. The symbol 

can be applied to the input only of the machine in the initial state. Such state 
machines are called partial state machines. In principle, the dashes can be 
filled in any way. Then the interaction or game of two strategies, for example A
and B , is determined by the automata scheme, which is shown in Fig. 2. Thus, 
the interaction of two strategies can be viewed as the interaction of two finite 
state machines. From this point of view, the evolution of strategies is closely 
related to the evolution of finite state machines. 

Note that the discussed memory strategies only react to memorized 
previous moves of the opponent not their own previous moves.  

It is easy to remove such a restriction and build strategies that remember 
their previous actions and the opponent's moves. In other words, the strategy 
remembers a finite number of all previous moves or part of the history of the 
game. Such strategies were considered earlier in [53]. However, the use of such 
more general memory strategies is computationally intensive. 

 
5.2. Complexity of strategies 

 
In the previous section, it was shown that strategies are described by 

0,1–sequences of a certain length or containing a certain number of 
members. So for the memory depth 0of such sequences 4, and for their 
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memory depth k  there are 
12= 2

k

kN


sequences, the length of the names of 

such strategies is 12 k  . Of course, among these strategies there are strategies 
that are equivalent to all strategies with a smaller memory depth. The 
number of such strategies is also determined by their memory depth. 

Thus, strategies can be characterized by the depth of memory. 
Another important characteristic is its complexity. On an intuitive level, it 
is clear that some strategies operate simply for example the 0000 strategy, 
others are more complex. Let's discuss ways to determine the complexity of 
strategies. Taking into account that strategies are described by 
0,1–sequences, let us discuss such property of 0,1–sequences as complexity. 
It is an extremely deep concept that has important applications in physics 
and mathematics. In particular, the concept of chaos is closely related to the 
concept of complexity (see, for example, [55]). There are a huge number of 
approaches to determining the complexity, some of which can be found in 
the review [54]. The most natural choice of this characteristic can be 
considered the complexity according to Kolmogorov [56]. 

Let's introduce a universal way of describing a finite 0,1–sequence 
using a Turing machine [57]. Indeed, for any sequence, one can associate a 
program under the control of which the Turing machine will print it. It is 
clear that there are infinitely many such programs for the chosen sequence. 
Therefore, following Kolmogorov, we define the concept of complexity [56]. 
Let the machine M print the zero-one sequence of length n . The complexity 

MK coincides with the length of the shortest program, after the execution of 

which the machine will print the given 0,1–sequence  1 2= , ,..., nx x x x
 

 

   
 

min ,
= ,

,M

P if M P x
K

if M P x


  



 
 

Such a description of the complexity of 0,1–sequences is the most 
acceptable and is used in determining, for example, finite chaotic sequences. 
However, here we are faced with the enormous difficulty of calculating the 
Kolmogorov complexity. In fact, there is no effective algorithm for calculating 
the Kolmogorov complexity, this problem is algorithmically unsolvable. 

Therefore, we use a different approach to describing the complexity of 
finite 0,1–sequences, which is based on the comparative complexity of 
functions, in particular, polynomials or polynomial functions. It is based on the 
understanding that higher degree polynomials are more complex than lower 
degree polynomials. Even Newton noticed that if the n–degree polynomial is 
differentiated n time, then we get a constant, and the derivative of it vanishes. 
This property is characteristic. In other words, if the n–th derivative of some 
function vanishes, then it is a 1n  –degree polynomial. Thus, differentiating 
the polynomial gives a polynomial of lesser degree and, accordingly, less 
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periodic sequences of a period n . Such an operator maps a sequence x of 
length n  to a sequence y  also of length n . 

A

x y  
 

Thus, this operator maps a strategy x  to a simpler strategy y . Using 
this property, let us compare all strategies of memory depth m with a graph 
positioning strategies in terms of complexity. In such a directed graph, each 
vertex will correspond to a certain strategy. The number of vertices of such a 

graph is equal to 
122

m
. The edge in such a graph leaving a vertex x

indicates which strategy, after applying the operator A to it, it will go and 
end at the corresponding vertex y . Only one edge can go out of each vertex – 
a consequence of the uniqueness of the "derivative". 

Consider strategy graphs starting with a shallow memory depth. For 
sequences of length n , the graph contains 2n vertices. Let's start with zero 
memory depth = 0m . Such strategies coincide with sequences of two elements 

0 1= 2n  . So the graph has 4 vertices corresponding to strategies 00 , 01, 10 
and 11. Applying the operator A  to these strategies, we obtain the following 
transitions 

 

 00 00
A

  

 01 11
A

  

 10 11
A

  

 11 00
A

  
 
Depicting vertices by points and connecting vertices with directed 

edges in accordance with the results of the operator's action A , we obtain a 
strategy graph with zero memory depth shown in Fig. 3. A loop or cycle 
going out from the top 00 and entering it arises because of the first relation. 

A characteristic feature of this graph is the presence of a cycle of unit 
length. The length of the cycle is equal to the number of vertices included in the 
cycle. We will use the notation for this graph 1 4O T  in accordance with [58]. 

Where 1O  means a cycle of unit length, and  4T – a binary tree with 4 vertices. It 

can be proved that the strategy graph will always have only one cycle 1O . 

Now let us formulate the complexity as the distance of the vertices of 
the graph from the root of a tree or cycle [58]. The more distant the vertex is 
from the root of the tree, the more complicated the strategy. So 00 has zero 
complexity, 11 has complexity equal to 1 and two vertices (or strategies) 01 
and 10 of complexity 2, they are removed from the root 00 by two edges. We 
will use this definition of complexity in this work. 
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corresponding to the last level of the strategy graph with depth 1m  , i.e. 

1 22
mO T . 

Thus, the number of strategies using exactly the memory depthmis 

equal
12 2 2 22 2 = 2 (2 1)

m m m m
  . As we move away from the root, the strategies 

become more complex and correspond to polynomials of ever higher degree. 
Thus, the complexity of strategies can be determined by the value of the level of 
the graph to which the vertex corresponding to this strategy belongs. For 
memory depthm, the graph contains strategies of maximum complexity

1= 2m
maxC  . The number of such strategies in the graph is the largest and the 

number of strategies with a certain amount of complexityC  can be easily 
calculated 1= 2C

CN   for0 < maxC C . 

As an example, in Fig. 5 we give a graph corresponding to strategies 
of length 3= 2 = 8n ( = 2m ), which coincides with 1 256O T . It is difficult to 

indicate the names of the strategies in this figure. Maximum complexity of 
strategies 2 1= 2 = 8maxC  . The number of such strategies 8 1

8 = 2 = 128N  , 

strategies of complexity = 7C is less and equal 7 1
7 = 2 = 64N  . 

It is important to note that the number of possible strategies grows 
super exponentially with memory growth. This leads to deep computational 
difficulties associated with scarcity of resources when investigating the 
interaction of such strategies. In addition, it is interesting to note that the 
number of implemented strategies in finite systems is limited rather by the 
number of participants, and not by the number of possible strategies. In 
other words, in finite systems in the process of evolution, a new strategy can 
always appear and be used. Life is full of new ideas. This conclusion plays 
an important role in the numerical simulation of the interaction of a finite 
number of objects in the population. 

 
5.3. Aggressive strategies 

 
The next property of strategies, which will interest us in the future, 

can be called the aggressiveness of strategies. We will consider refusal to 
cooperate as a manifestation of aggressiveness; the more refusals a strategy 
makes, the more aggressive we will consider it. Thus, as a quantitative 
characteristic of aggressiveness, one can use the average number of refusals 
of a strategy from cooperation or cooperation per one move. In other words, 
the relative share of refusals to cooperate is the ratio of the number of 
refusals to the number of all strategy moves. In this case, an absolutely 
aggressive strategy (0) (00) will have an aggressiveness equal to 1, the rest 
of the strategy is the value of aggressiveness from the interval[0,1] . 
Of course, it is possible to introduce a definition of aggressiveness and in 
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a more realistic way, taking into account only refusals after the offer of 
cooperation as a manifestation of aggressiveness. 

 

SECTION 6. COLLECTIVE VARIABLES DESCRIBING  

THE PROPERTIES OF POPULATIONS 
 
Let's discuss a way of describing the behavior of strategies in the 

process of evolution.With the advent of memory and an increase in its depth, 
the number of strategies increases in a super exponential manner and 
makes it impossible and meaningless to track the behavior of each strategy. 
We need a rough description of a population of strategies. Therefore, it is 
necessary to introduce collective variables that make it possible to describe 
a huge number of strategies. 

Let us introduce collective or coarse variables that make it possible to 
track certain groups of strategies, combined according to certain qualities or 
properties. For us, properties such as the depth of memory of strategies and 
the complexity of strategies will be important. Therefore, in what follows, 
we will use the number of strategies ia with the i–th memory depth and the 

number of strategies in with the i–th complexity as coarse variables. So, for 

example, 1a is the number of strategies with a memory depth of 1, and 3n is 

the number of strategies of complexity 3. Such coarse variables make it 
possible to control the change in memory and the complexity of strategies of 
large populations of strategies during evolution. 

These variables can also be given a probabilistic meaning by 

introducing the probability = i
i

j

a
P

a
of finding a strategy with a depth of 

memory iin the population and the probability = i
ci

j

n
P

n
of finding 

a strategy of complexityi. In principle, complexity allocations in  are more 

fundamental than memory allocations. Knowing it is possible to recover the 
memory depth allocation ia . It's really easy to understand that 

0 0 1 2=a n n n  as well 1 3 4=a n n . In general 
1

=2

2= 1

m

mm ii
a n



 (see Section 5.2). 

However, for the convenience of interpretation, we will use all collective 
variables 

 

SECTION 7. INTERACTION PROBLEM 
 

Life in a population and its evolution to a certain extent is determined 
by the nature of the interaction of the strategies of the objects of the 
population. The simplest case is the pairwise interaction of strategies. There 
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are many options for implementing this interaction. The simplest option is 
that each strategy interacts with everyone, including itself. It is this kind of 
interaction that is considered in all sections except for section 12. This type 
of interaction can be implemented with a relatively small number of objects. 
Therefore, the review considers populations of strategies with a memory 
depth of no more than 2. 

Using the interaction between all strategies with a finite depth of 
memory, let us first of all establish whether strategies with a larger memory 
gain an evolutionary advantage. In addition, it is interesting to study how the 
complexity of strategies affects the evolutionary advantages of strategies. In 
other words, is there a reason for the complication of social systems. Along the 
way, the topic of changing the aggressiveness of the population of strategies 
and the relationship with their effectiveness will arise. 

Below we will simulate the evolution of strategies with memory. For 
simplicity, we will take into account the principle of variability in a simple 
version, assuming that all strategies with a memory depth less than or equal to 
are implemented in the population. Since in this case all strategies are taken 
into account, other strategies will not appear in the process of evolution. The 
principle of heredity will be to pass on winning strategies to descendants. The 
principle of natural selection is implemented by eliminating or eliminating 
losing strategies. Naturally, such a simplified version of evolution can be 
complicated in many ways. Some of which we will discuss later. 

We implement natural selection as follows. Let all strategies interact 
with each other in a circular manner in an iterated game of prisoners' 
dilemma. The number of interactions of two strategies in one generation is 
chosen to be the same for all. Actually, the choice of a large number of 
interactions between the two strategies is designed to exclude the influence 
of the first move. As a result of this competition, the strategies gain points 
in accordance with the payoff matrix given in Section 3. After that, the 
losing strategy, and possibly several strategies, drop out of the next 
generation. The rules by which the losing strategy is determined by the 
points scored may be different So in Sections 8, 9, 11, the strategies that 
have gained the minimum number of points of evolutionary advantages are 
deleted, and in Section 10, the strategies that have gained the maximum 
number of points are removed. Further, the points of evolutionary 
advantages are reset to zero (except for section 9, where the variant with 
the accumulation of points by different generations is considered) and the 
next circle of interactions between the remaining strategies is carried out, 
which form the strategies of the new generation. 

 
7.1. Numerical simulation technology for the interaction of strategies 

 
The population of all strategies of a certain memory depth is 

considered. The number of these strategies is finite and is determined by 
their memory depth (see Section 5). Each strategy consists of several blocks, 
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for example, for a memory depth of 1, this is [0] [01] 0111, where the 
number in the first parenthesis determines which initial move should be 
made by the first subject who began interacting with a randomly chosen 
opponent - the second subject. The first, initial move, evokes the reaction of 
the opponent, who makes his move (while choosing his move according to 
Table 2, focusing on the second square bracket of his strategy, because he 
knows only one move of the partner - the first subject). 

The first subject must react to the opponent's move by making a 
counter move - his second move. It is the second square bracket in the 
description of his strategy that determines how to react to the opponent's 
actions, in conditions when only one of his moves is known. The opponent, 
knowing already two moves of the first subject, must react as provided in 
Table. 4. 

In this case, already the next four digits of the second subject's 
strategy determine the choice of his move on the two previous moves made 
by the first subject (the observed and the previous one) in full accordance 
with the rule described earlier (see Section 7). Each move, regardless of all 
others, is paid according to the pay-out matrix (see Table 1). 

It is important to note that the act of interaction between the two 
strategies lasts for n moves. To maintain equality, the interaction of the two 
strategies is carried out twice. In one, one strategy makes the first move, in 
the second the second strategy makes the first move. As a result of 
interaction, strategies gain evolutionary advantage points and "remember" 
them. 

Further, each strategy interacts in the same way with all the 
remaining strategies, including itself. As a result of such interactions, each 
strategy accumulates a certain number of points. After everyone interacts 
with everyone, the accumulated points of each strategy can be compared. 
Further, a certain rule is used that determines the losing strategies. These 
strategies are being removed from the next generation of strategies. The 
next generation of strategies with zero evolutionary advantage points 
(or saved points as in section 9) interact according to the rules described 
above. This process is repeated until a stationary set of strategies is formed. 

 

SECTION 8. EVOLUTION OF STRATEGIES. CAUCHY PROBLEM 
 

Consider a simple evolution of strategies in the framework of the 
Cauchy problem. Let at the initial moment of time we have a population of 
strategies with a depth of memory. In each generation, all strategies present 
in the population interact with each other. Each strategy meets and 
interacts with each strategy. When strategies interact, they receive 
evolutionary advantage points and accumulate them until they interact 
with all strategies. The strategies with the minimum number of points are 
removed from the population and the remaining strategies with zero 
evolutionary advantage points are transferred to the new generation. This 
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next generation of strategies is once again entering the "scramble" for 
points. Evolution continues until a steady state is reached, in which all the 
remaining strategies (possibly one) gain the same number of points. 

 
8.1. A world without memory 

 
Let's start by discussing the evolution of the simplest world with a 

memory depth of 0 or a world without memory. Let each strategy interact 
with another strategy once within the iterated prisoners' dilemma. The set 
of points is determined by the payout matrix above (see section 3) and added 
up over a generation. Each strategy in one game responds to the first move 
of the chosen opponent, and in another starts by making the first move in 
the game with the same opponent. In the games she starts, there are two 
possibilities to make the first move, which is to choose 0 or 1.A strategy that 
makes a specific first move is considered a separate strategy (see section 5). 
After thegames have been played between all such strategies, including 
yourself, the strategies are distributed according to the occupied places, in 
accordance with the points scored. The first place is occupied by the strategy 
with the highest amount of points. The strategy or strategies with the 
minimum score are excluded and not passed on to the next generation of the 
population. The remaining strategies are passed on to the next generation 
and re–enter the competition with initial zero evolutionary advantage 
points. These strategies can be seen as descendants of the previous 
generation. 

In this simple world, the number of strategies is quite small ( 0 = 8N ) and 

it is easy to list them. So at the initial stage it contains 2 strategies of zero 
complexity[0]00 , [1]00 , two strategiies[0]11 , [1]11 , difficulty = 1C  and four 
strategies[0]01 , [1]01 [0]10 , [1]10 , difficulty = 2C . Therefore, it is possible to 
trace all strategies. However, in it we will use the collective variables discussed 
above. In this world, all strategies have zero memory depth, and therefore 
variables 0 ( )a t simply keep track of the number of strategies 0 0( ) = ( )a t N t . It is 

clear that when one losing strategy is removed at each stage of evolution, their 
number decreases linearly with time 0 ( ) = (1 ) 8N t t  . Here =1,2,...,8t  is a 

discrete evolutionary time. The whole time of evolution takes 8 stages 
(or generations) after which one strategy survives and a stationary state sets in. 

Let us now turn to a discussion of the change in the complexity of 
society's strategies in the process of evolution. This is the main 
characteristic by which one can classify strategies in this world. The most 
detailed information about the behavior of complexity is provided by the 
number of strategies corresponding to the complexity at each stage of 
evolution. In a world with zero memory, there are strategies of complexity 0, 
1 and 2. Graphs of the change over time of the number of strategies of a 
certain complexity are shown in Fig.6. 
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region of the maximum, the graphs demonstrate good agreement in the 
behavior with time of these characteristics. 

Such a relationship (2) establishes that a decrease in the number of 
points per move leads to an increase in the aggressiveness of society. 
Naturally, one can rewrite relation (2) by resolving it relatively ( )P t . Then it 
can be argued that an increase in aggressiveness leads to a decrease in the 
average number of points per strategy move according to 

 

 2
( )

( ) = max

A t a
P t P





 

 
It's amazing how such a primitive model is similar to complex 

societies. 
 

8.2. A world with a depth of memory 1 
 

In this world, the number of all strategies increases and becomes 
equal to 104. It is clear that tracking each strategy, although it is still 
possible, does not become meaningful enough. Such detailed information is 
rather confusing than helping to understand the patterns of behavior of 
strategies. Therefore, with an increase in the depth of memory and, 
accordingly, the number of strategies, a collective way of describing 
strategies becomes extremely important. In a world with a memory depth of 
1, strategies differ in complexity (0, 1, 2, 3, 4) and also in memory depth 
(0,1). These characteristics make it possible to classify all strategies into 
groups according to these properties. Thus, in this world, in addition to the 
characteristics of the number of strategies with a certain complexity ( 0n , 1n , 

2n , 3n , and 4n ), one can also introduce the number of strategies of a certain 

memory depth. Let us denote the number of strategies with a memory depth 
of 0 and –the number of strategies with a memory depth of 1. These 
collective variables allow describing the properties of a large number of 
different strategies. In the course of evolution, these numbers change and 
provide an abbreviated description of the behavior of strategies. When 
modelling evolution, the evolution time in this world turned out to be equal 
to 100. 4 strategies remain in thestationary state. 

Let's start with a discussion of evolutionary memory changes. The most 
complete information about this process can be obtained by observing the 
behavior of 0 ( )a t and 1( )a t .Of course, a number of patterns are associated with 

the exponential difference in the number of strategies with different memory 
depths. So the initial number of strategies of 0–th memory depth is 8, and 
depth 1 is already 96. Therefore, the discreteness of the change in the number 
of zero–memory strategies is so noticeable in Fig.9. The behavior, although it 
looks like a linear function, has important differences from it. In addition, such 
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A characteristic feature, which is clearly visible from Fig. 14, is the 

presence of strategies with a low memory depth throughout almost the 
entire time of evolution. So, with a zero memory depth, strategies disappear 
at stage 236, and with a memory depth of 1 at stage 249, which also takes 
92% and 97% evolution time, respectively. Starting from stage 249, only 
strategies with the maximum memory depth participate in the evolution. In 
this world, memory is evolutionarily beneficial. 

It should be expected that with an increase in the depth of memory, 
this tendency will manifest itself from earlier stages of evolution. 

Using these functions, we will consider how the average memory of a 
society changes in the process of evolution (see Fig. 14). It is easy to see that 
the average depth of society's memory remains practically unchanged and is 
close to the maximum. At the last stages, you can notice a slight increase in 
the average memory depth. This is due to the disappearance at the last 
stages of strategies with a shallow memory depth and reaching the 
maximum value. 

The dominance of strategies with a great depth of memory is observed 
in this world at all stages of evolution. 

Let us turn to the behavior of the complexity of strategies over time. 
The numerical simulation results are shown in Fig. 15. These dependencies 
show that primitive strategies of low complexity disappear from society at 
different stages of evolution without reaching the final stages of the struggle 
for existence. So the first to disappear strategies of complexity 1 at stage 4 
(at this stage the most "decent" strategy disappears), strategies of 0th 
complexity disappear at 136 stage (the last one disappears the most 
aggressive strategy), strategies of complexity 2 to 235, difficulty 3 to 215, 
difficulty 4 at 248, difficulty 5 at 216 stage. In a world with memory, the 
complexity of strategies is an evolutionary advantage. Evolution can be said 
to support and approve of the complexity of strategies. 

To demonstrate this, we can cite the change in the average complexity 
of the strategies of the whole society in the process of evolution (see Fig. 16). 
It can be seen that the average complexity of strategies changes little in the 
course of evolution and its small oscillations at the final stages of evolution 
are associated with a decrease in the number of strategies in society. In this 
case, the disappearance of even one strategy affects the average. It can be 
assumed that the average value of the complexity of strategies is preserved 
during the evolution of society and with a greater depth of memory. 

In a world with a depth of 2 memory, complex strategies dominate all 
stages of evolution. This is clearly seen from Figure 16, which shows the 
complexity of the winning strategy at each stage of evolution. It is easy to 
see that low complexity strategies are absent among the winners at all 
stages of evolution. Therefore, the primitive period of the development of 
society is determined by the presence of primitive strategies, and not by 
their domination. 
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aggressiveness, built according to the dependence of the number of points 
per move. The consistency of these dependencies is clearly visible. As the 
memory grows, the data coincidence improves. 

It is interesting to note that there is good agreement despite the fact 
that the same values = 3maxP  were used in all worlds as for the coefficients

= 5 .3 / 8 , = 0.2a . 
In thestationary state, there are 128 strategies of memory depth 

= 2M and complexity = 7C , which gain the same number of points and 
their average aggressiveness towards each other is close to the minimum – 
equal 0.03 . 

 
8.4. Comparison of worlds 

 
Of course, we will not discuss the obvious differences in the number of 

strategies, times of evolution. 
First of all, we note that memory and, as a consequence, complexity 

provides evolutionary advantages. Strategies with low memory and low 
complexity are dying out. The average memory and the complexity of society 
at a fixed memory depth of strategies change little during evolution and are 
close to their maximum values. Perhaps this is due to the large number of 
such strategies. Apparently, this is the main reason for the complication and 
emergence of diversity during evolution. 

In all worlds, a primitive period can be distinguished during which 
the aggressiveness of strategies in society is growing. With increasing 
memory depth, the relative duration of this period decreases.  

The lifetime of the most aggressive strategy in society also decreases 
with increasing depth of memory. So with a memory depth of 0, it takes
62.5%  evolution time, in a world with memory 1 – 55% , and in a world with 
memory 2 – 53% . 

You can see a correlation with the duration of the primitive period. In 
principle, you can use another definition of a primitive period, for example, 
according to the existence of the most aggressive strategy in it. 

In all worlds, the dependence of average aggressiveness on time has a 
characteristic bell–shaped appearance. The differences are in the position of 
the maximum and its magnitude. Thus, with an increase in the depth of 
memory, the maximum shifts to the beginning of evolution, and its value 
decreases, which makes it difficult to find its position. Therefore, with 
increasing memory depth, its width increases. 

In all worlds, aggressiveness in the process of evolution after a 
primitive period decreases and tends to a minimum value. 

There is a universal relationship (2) between the aggressiveness of a 
society and the number of evolutionary advantage points obtained by the 
strategy on average per turn in the society. 

A finite number of strategies of maximum memory depth and complexity 
remain in the stationary state, which gain the same number of points and their 
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aggressiveness towards each other and is close to the minimum. In principle, 
the set of the same number of points is a consequence of evolution. Otherwise, 
evolution continues and the strategy that scored fewer evolutionary advantage 
points in this generation is removed in the next generation. 

Surprisingly, strategies in stationary state have zero aggressiveness 
towards each other. It can be assumed that without carrying out evolution, one 
can find sets of strategies gaining the same number of points in a circular 
competition with each other, and from them choose sets with zero 
aggressiveness. A stationary set of strategies will be a set in which strategies 
gain the maximum number of points per turn. 

 

SECTION 9. EVOLUTION OF THE ‘COMMUNITY’  

OF STRATEGIES WITH ACCUMULATION   
 
Consider a population of all strategies whose memory is bounded from 

above by a certain number k .Let the first generation of these strategies 
interact with each other in a circular manner in an iterated game of prisoners' 
dilemma. The number of interactions of two strategies in one generation will be 
chosen equal 100 in all cases. 

After that, the losing strategy, and possibly several strategies with the 
minimum number of points, are removed from the population. The remaining 
strategies form a new generation, but unlike the case considered in the previous 
section [67], [68], they retain the points of evolutionary advantage. The next 
generation is where the strategy winners are with their previous points. 

Then they carry out the next circle of interactions between the remaining 
strategies, taking into account the accumulation of the points. According to the 
results of the competition, a population of next generation strategies is formed. 
This continues until you go to thestationary state. Consider again the evolution 
of communities of strategies with memory depths of 0, 1, and 2. This will allow 
us to compare the history of the evolution of such communities with their 
history in the absence of accumulation of points of evolutionary advantages 
[67]. 

 
9.1. The world with zero memory and accumulated points 

 
Let's start again with a population of zero–memory strategies. There are 

only 8 such strategies, taking into account the first moves. The duration of 
evolution is determined by their number and the disappearance of 1 strategy at 
each stage. Therefore, the number of strategies decreases linearly with time 
and evolution lasts 8 stages. The most "decent" strategy [1] 11 dies out at stage 
1, and the most aggressive one reaches the stationary state. This is a fairly 
small world of strategies in which you can follow each strategy. However, as 
mentioned earlier, this becomes impossible with increasing memory depth. 
Therefore, in this world, we use rough characteristics to describe evolution. 
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change little over the course of evolution. The average aggressiveness of the 
‘‘‘community’’’ increases over time, and the number of Evolutionary Benefit 
Points earned per strategy turn decreases over time. The universal connection 
(2) between these quantities is preserved.  the stationary stateis formed by the 
most complex strategies and aggressive towards each other. 

 

SECTION 10. ALTERNATIVE EVOLUTION OF STRATEGIES  

WITH MEMORY 
 
Consider a population of strategies with memory, alternative to 

evolution, by changing the selection rule for losing strategies. Let the strategies 
that have gained the maximum number of points of evolutionary advantages 
are removed from the population during the alternative evolution. In other 
words, the best strategies are removed in every generation. As before, the 
population at the initial stage contains all strategies with a memory depth less 
than or equal to 2. Since in this case all strategies are taken into account, other 
strategies will not appear in the process of evolution. 

The principle of heredity will consist in the transmission of strategies 
to descendants. The principle of natural selection is realized by excluding or 
eliminating certain strategies. The alternative evolution removes the 
winning strategy in each generation. Let us consider the consequences of 
this method of selecting strategies in the population. 

As in the previous cases, the evolution considers the pairwise 
interaction of strategies, in accordance with the iterated prisoners' dilemma. 
Moreover, each strategy interacts with everyone, including itself. In order to 
establish the result of the pairwise interaction of strategies, we use the 
payoff matrix, which coincides with the one introduced in Section 3.  

We'll use collective variables again. In this section, it is convenient to use 
as such variables the number of strategies with a certain memory depth ja and 

the number of strategies with a certain complexity ja , where = 0,1,..,j k  all 

possible values of the memory depth run through, and iall possible values of 
the complexity of strategies. For example, 0a is the number of strategies with 

zero memory, and 1n is the number of strategies of complexity 1. When studying 

the behavior of memory and the complexity of population strategies in the 
process of evolution, these are quite convenient collective variables. 

 
10.1. The world without memory 

 
Let's start by discussing the evolution of the simplest world with a 0 

memory depth. Let each strategy interact with another strategy = 100n  times 
within the iterated prisoners' dilemma. The set of points is determined by the 
pay-out matrix given in section 3 and is summed up. Each strategy in one game 
responds to the first move of the chosen opponent, and in another starts by 
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The given dependencies in Fig. 30 allow us to establish the 

disappearance time of strategies of a certain complexity. It is easy to see 
that despite the introduced selection rule, primitive strategies 0n  disappear 

already at the 3rd stage of evolution. Strategies of complexity 1 are retained 
in the ‘community’ until stage 7, and the stationary stateforms strategies of 
maximum complexity. In this sense, even with alternative evolution, the 
complexity of strategies is an evolutionarily advantageous property. 

Comparing the data of the alternative evolution of Fig. 30 with the 
analogous data of the usual evolution of Fig. 6, it can be seen that the time 
dependences 2 ( )n t coincide for both evolutions. Hence, the evolution of 

complex strategies over time is the same in both evolutions. The dependence

0 ( )n t  in the alternative evolution coincides with 1( )n t the ordinary 

evolution, the analogous behavior of the 1( )n t alternative one coincides with 

0 ( )n t the ordinary one. 

You can also get the average value of the complexity of the entire 
‘‘community’’ at each stage of evolution. The average difficulty value is 
defined as 

 

0 1 2 1 2

0 1 2 0 1 2

0 ( ) 1 ( ) 2 ( ) 1 ( ) 2 ( )
( ) =

( ) ( ) ( ) ( ) ( ) ( )

n t n t n t n t n t
C t

n t n t n t n t n t n t

       


     
 
The dependence of the average complexity of population strategies on 

evolution time is shown in Fig. 31. The average complexity demonstrates a 
rather complex, oscillating behavior with reaching the maximum value in 
the stationary. In other words, the average complexity of the strategy 
‘community’ increases with evolution. This means that complex strategies 
are profitable even in communities with alternative selection. 

It is interesting to note that the nature of the dependence of the average 
complexity in the case of alternative evolution differs from the analogous 
dependence in Fig. 7 with the natural selection rule. In the alternative 
evolution, there are no stages at which the average complexity fell below the 
initial complexity of the population strategies. 

In this sense, the complexity of alternative evolution increases even 
more. 

Let us now discuss the properties of the strategies that win at 
different stages of ‘community’ evolution or the dominant strategies of the 
‘community’. We will monitor the complexity, aggressiveness, and the 
number of payments per move of winning strategies at different stages of 
evolution. Figure 32 shows the corresponding dependencies. 

It can be seen that at the early stages of evolution (up to stage 2 
inclusive), only primitive strategies with zero complexity won. Actually, this 
is the reason for the stronger growth in complexity and the mechanism for 
entering the stationary state for more complex strategies, taking into 
account the rule for selecting an alternative ‘community’. 
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We now turn to a discussion of the change over time of the average 

aggressiveness and the number of payments per turn on average. These 
characteristics are shown in Fig. 33. It is easy to notice qualitative changes 
in the behavior of these characteristics during alternative evolution. 

Aggressiveness, in contrast to the usual case (normal evolution), first 
falls, and then increases to a maximum value. Thus, the strategy ‘community’ 
becomes more aggressive in the process of alternative evolution. Similar 
qualitative changes are undergone by the change in the value of the number of 
payments per strategy course on average. In contrast to the usual case (see 
Fig. 8), with an alternative evolution, the value of payments reaches a 
maximum and then decreases. The stage of reaching the maximum payments 
coincides with the stage of the minimum aggressiveness of the strategy 
‘‘‘community’’’. 

Thus, with an alternative evolution, the aggressiveness of the surviving 
strategies increases, while the amount of payments per move decreases on 
average. In a world with zero memory, there is a clear correlation in the 
behavior of average aggressiveness and average earnings per move. It can be 
assumed that the relationship between these characteristics is determined by 
the universal relationship (2). Figure 33 on the right compares the numerically 
simulated average aggressiveness with the empirical pattern shown above. The 
scale factor was chosen from considerations of equality of these characteristics 
at the first stage of evolution = 3maxP , = 5 .3 / 8 , and = 0.2a . 

Despite the small deviation in the minimum region, the graphs 
demonstrate good agreement in the behavior of these characteristics over time. 
Of course, the agreement can be improved by varying the values of the 
constants included in relation (2). Here we have saved the values that were 
used in various evolution options (see previous sections). The average number 
of payments per strategy move depends on the average aggressiveness of the 
strategies according to the quadratic law 

 
21

( ) = ( ( ) )maxP P t A t a


                              (3) 

 
The parameter a included in this ratio acquires a simple physical 

meaning. Thus, you can see that the parameter a coincides with the 
minimum value of the aggressiveness minA of the strategy ‘community’ at 

which the maximum value of payments is reached. Therefore, it is 
convenient to give this ratio a clearer form 

 
21

( ) = ( ( ) )max minP t P A t A


                          (4) 

 
The coefficient = 0.2a depends on the choice of the pay-out matrix. 
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SECTION 11. EVOLUTION OF COMMUNITIES OF STRATEGIES  

IN THE PRESENCE OF SOURCES 
 

Consider the evolution of a population of strategies in the presence of 
sources and sinks of strategies. At each stage of evolution, the losing strategy is 
removed from the population and is not passed on to the next generation. 
Instead of the disappeared strategy, a new strategy is thrown into the 
population. In other words, a non-equilibrium situation with the sources and 
sinks of strategies is modelled. In a certain sense, a strongly nonequilibrium 
state far from thermodynamic equilibrium is modelled in this way. This state is 
close in meaning to turbulent states with fluxes along the spectrum [69]. As 
before, we will be interested in two main characteristics of strategies – the 
depth of memory and complexity of strategies and the corresponding 
characteristics of the population of strategies. Therefore, we will use the 
collective variables proposed earlier [6] for a rough description of populations. 

Accordingly, there are several options for choosing the properties of 
the source of strategies for the population of strategies.The emerging non-
equilibrium populations can be classified according to the depth of memory 
of the initial ‘community’ and according to the depth of memory of the 
source of strategies. In other words, randomly dropped strategies may have 
a memory depth greater or less than the memory depth of strategies 
presents in the population. It is clear that such sources should influence the 
evolution of the population of strategies in different ways. The role of the 
flow of strategies is played by the removal of the losing strategy after the 
competition between the strategies of the population. 

Let us consider the evolution of a population of strategies in the presence 
of sources of strategies with different memory depths. The source of strategies 
models the variability of strategies, for example, as a result of mutations. In 
this case, the properties of the initial ‘community’ strategies may differ 
significantly from the properties of the strategies thrown in by the source. Two 
fundamentally different cases are important. First, throw–in strategies can 
have a greater depth of memory than the population. In this case, more 
complex strategies are thrown in. Second, throw–in strategies may have a lower 
memory depth than population strategies. In this case, more primitive 
strategies are thrown into the population. The properties of population 
evolution in these cases are of primary interest. Let's start with the case when 
the memory depth of the thrown strategies is greater than the memory depth of 
the population at the initial stage of evolution. 

 
11.1 The ‘community’ of zero and unit memory strategies and a source  

of 2 memory depth strategies 
 

Let the initial state of the population of strategies be formed by all 
strategies with a depth of memory 1k  . The number of such strategies is 
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The calculation of the average complexity of a ‘community’ of 

strategies is also easy to perform using the number of strategies of a certain 
complexity ( )in t  according to 

 
8

=0
8

=0

( )
( ) =

i
i

i
i

in t
C t

n




 

 
The result of calculating the average complexity of the strategies is 

shown in Fig. 45. It can be seen that the average complexity increases 
monotonically, reaching asymptotically a plateau corresponding to the average 
complexity 7.1C  . This is a fairly close value to the maximum possible 
complexity 8. Analysing these data, one can notice a satisfactory coincidence of 
the relaxation law of average complexity to the phenomenological root law 
(see Fig. 45) 

 
5

( ) = 7.1
/ 9 1

C t
t


  

 
It should be noted that random throwing in strategies gives relatively 

small fluctuations in average memory depth and average complexity. 
Another important characteristic of the population is the aggressiveness 

of strategies. By aggressiveness, as before, we mean the share of refusals of the 
strategy from cooperation. Below we restrict ourselves to a description of the 
behavior of the average aggressiveness of the population of strategies. The 
result of numerical simulation with the calculation of the average 
aggressiveness is shown in Fig. 46. 

It can be seen that the average aggressiveness of society's strategies 
decreases over time (see Fig. 46). An exception is the short initial section, 
where an increase in aggressiveness is observed. Its value is close to the 
period of the disappearance of primitive strategies. 

Data on the behavior of aggressiveness indicate a pronounced decline 
in the average aggressiveness of the society. It is important to note that  the 
stationary state is formed by strategies that do not show aggressiveness 
towards each other. In the stationary state, the aggressiveness of the 
strategies is zero. 

Perhaps this can be formulated as some kind of evolutionary principle for 
the selection of strategies. Thus, dividing the strategies of the population into 
classes of strategies with zero aggressiveness between the strategies within the 
class, one can establish contenders for survival in the process of evolution. The 
nature of the decline in aggressiveness, which can be established from 
numerical data, is not sufficiently pronounced, and is apparently close to linear. 
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As in the previous case, the number of strategies with difficulty below 

5 decreases, and above it increases with noticeable oscillations. The number 
of complexity 5 is boundary, separating qualitatively different modes. 
Oscillations in the number are, naturally, most noticeable in the case of a 
small number of strategies. In these cases, random throwing in strategies 
has a significant impact. Therefore, the relative amplitude of fluctuations 

8 ( )n t is less than 7 ( )n t and 6 ( )n t . The maximum amplitude of oscillations is 

reached at the value of the boundary abundance 5 ( )n t . The amplitude of the 

corresponding oscillations of the order of ( )in t  where = 5,6,...,8i . With 

increasing numbers, the relative amplitude decreases 1

( )in t
 in 

accordance with the usual statistical laws. 
The dependencies obtained above make it easy to establish the change 

in the average memory depth and average complexity of ‘community’ 
strategies over time. So the dependence of the average memory on time is 
shown in Fig. 51. There is a monotonic increase in the average memory 
depth with the approach to a stationary value close to 2. It is interesting to 
note that the previously discovered root law of reaching the stationary state 
is in good agreement with this case as well. This can be seen by comparing 
the behavior of the average memory depth, which is obtained by numerical 
simulation with the analytical dependence 
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It can be noted that good agreement of these dependences is an 
additional argument for the statement that with increasing time, the 
average memory will tend to the value of 2. 

The result of modelling the behavior of the average complexity of 
‘community’ strategies is shown in Fig. 51. The same figure shows the 
analytical dependence of the behavior of medium complexity, which is in 
good agreement with the results of modelling the evolution of ‘community’ 
strategies with 0 and 1 memory depths (see Section 11.1). In the case under 
consideration, the same curve shows good agreement with the simulation 
data. In other words, the entrance to the stationary state in this case also 
occurs according to the root law 
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and the stationary state is formed by complex strategies close to maximum 
complexity. 
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problems with a source is achieved at the maximum complexity of the 
strategies being thrown in. 

In all cases, the aggressiveness of the strategies decreases and reaches 
zero at the stationary stage. Perhaps this universal property can be used as a 
basic principle for the selection of strategies in evolution and in more complex 
communities. There is a universal relationship (2) between aggressiveness and 
the number of points per strategy move. The higher the aggressiveness, the 
lower the evolutionary advantage points per strategy turn. 

 

SECTION 12. THE EVOLUTION OF MEMES 
 

Prior to this section, different cases of evolution of individual 
strategies were considered. In this section, we will consider the evolution of 
individuals, each of which has a finite set of strategies with memory [71]. 

In this case, it is naturally necessary to change the rules of meeting 
strategies, interaction and their selection. In a population, all individuals at 
each stage of evolution are randomly divided into pairs of individuals that 
interact. All strategies of one individual interact with the strategies of 
another individual, also randomly dividing into opposing pairs. These pairs 
of strategies compete according to the iterated prisoners' dilemma. The pay-
out matrix remains the same as in previous cases. The winning strategy in a 
pair struggle of strategies replaces the losing strategy of the corresponding 
individual. In other words, there is an exchange of strategies between 
individuals with the removal of losing strategies. 

After the interaction of all pairs of individuals in accordance with the 
described rules, the next stage of evolution begins. Again, all individuals are 
randomly divided into pairs that interact. In a certain abstract sense, it 
resembles the evolution of ideas or memes in different societies. Evolution 
stops when the population enters a stationary state. In the course of 
evolution, we will monitor the properties of the strategies of the population 
and all individuals included in the population. 

Let us now discuss the choice of the initial distribution of strategies 
over individuals of the population. The total number of strategies with a 
memory depth of 2 is distributed among individuals. The process of 
distributing strategies among individuals can be carried out in different 
ways. Below we will implement two ways of distributing strategies. In the 
second method, we will choose strategies for an individual or a carrier, 
assuming their uniform distribution over the memory depth. In other words, 
all strategies are divided according to the memory depth into three sets, and 
it is assumed that the choice from each such set is equally probable when 
forming the initial distribution of the strategies of an individual. 

Another feature of the considered population of individuals is the 
emergence of collective variables to describe individuals, and not just the 
population of strategies. 
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population and determine the typical characteristics of an individual in the 
population. Another useful characteristic determines the diversity of strategies 
in a population – this is the number of different strategies in a population, 
which we will call generating strategies. The generative strategies of a 
population are understood as the number of different strategies present in the 
population at some stage of evolution. Accordingly, as characteristics of the 
generating strategies of the population, we use 

 

=1 =1 =1

= , = , =
N N N

i i i

i i i

M C a
M C A

N N N
       

 
 
Here N is the number of generating strategies of the population, and

M  , C   и A  accordingly, the average memory, complexity and 
aggressiveness of the generating strategy. 

 
12.1. Evolution of individuals with an initial uniform distribution  

of strategies 
 
Consider a population of 50,000 individuals, each with 50 strategies. The 

ratio between these values is chosen so that all strategies with a memory not 
exceeding 2 are present among the individuals of the population. The choice of 
these strategies is carried out in an equiprobable manner from the set of all 
strategies with a memory depth of no more than 2.). 

In this case, in individuals of the population, strategies with memory 2 
dominate in accordance with the largest number of such strategies in the initial 
set of strategies (32640) and a significantly smaller number of strategies with a 
memory depth of 1 (120 strategies) and a very small number of strategies with 
a zero memory depth (8 strategies ). The initial distribution of strategies by 
individuals is shown in Fig. 59 and inherits the distribution properties of all 
strategies. The overwhelming number of strategies with a memory of depth 2 
and maximum complexity, characteristic of the initial distribution of strategies 
in an individual in Fig. 59, is a consequence of the selected rule for selecting 
strategies for an individual. Further, when calculating the characteristic 
properties of individuals, averaging was carried out over 10 realizations of the 
initial state and their evolution. Thus, the initial distribution of individual 
strategies in terms of memory depth and complexity is shown in Fig. 59. 

Let us discuss the initial distribution of aggressiveness, which is formed 
in individuals of the population with such an initial distribution of strategies. 
To do this, we will carry out the interaction of individuals at the first step of 
evolution, which will allow us to determine the initial aggressiveness of 
individuals in the population. At the first stage of evolution, all individuals are 
randomly divided into pairs of individuals that interact. 

All the strategies of one individual interact with the strategies of 
another, also randomly dividing into opposing pairs of strategies, in accordance 
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growth of this probability are observed, separated by a segment of its decline, 
and reaching a stationary value 2 0.41sP  . 

It is interesting to note that the minimum value of the probability 2P  is 

reached at the stage of reaching the maximum value of the probability 1P . In 

other words, it is these components that compete with each other for their 
presence in an individual. Thus, in the stationary state, strategies with a 
memory depth of 1, 2 dominate with a significant presence of strategies with a 
zero memory depth. The stationary values for this distribution are radically 
different from the corresponding values found in the previous section. The 
nature of these probabilities has also changed dramatically. Now, in the process 
of evolution, the probability 0P does not increase, but the probabilities 1P , 2P also 

exceed their initial level. Thus, the capture of an individual by the strategies of 
memory depths 1 and 2 is observed. 

For a more detailed analysis of the behavior of the strategies of an 
individual, let us consider how the complexity of an individual and the 
complexity of strategies with a certain memory evolve. Fig. 68 shows the 
average complexity of an individual in the population and the change in the 
complexity components of strategies that have a certain memory depth. It is 
easy to see that the complexity of the average individual has two areas of 
increase, separated by a stage of decrease in complexity. The time period of 
decline in the complexity of an individual can be called a period of decline or 
a primitive period of evolution. 

Periods of increasing complexity can be called periods of development. 
The first period of development lasted 2 stages of evolution (or 9%  of 
evolution time), the period of decline took 4 stages (or18%  of evolution time) 
and the last one lasted until reaching the stationary after 22 stages of 
evolution (or 7 2 %  of evolution time). These periods correlate with the 
behavior of strategies with a certain depth of memory. For example, the 
probability of detecting a strategy of memory depth 2 in an individual 
correlates with a change in the complexity of the individual's strategies (see 
Fig. 67). The reason for this is related to the greater complexity of the 
strategies contained in the class of strategies with a memory depth of 2. 

It should be noted that the average complexity of an individual is 
significantly lower than in the previously considered case. This is due to the 
large number of strategies with zero and one memory depth in an individual 
and a low initial complexity of individual strategies. In the process of evolution, 
complex strategies dominate and therefore the stationary level of complexity  
( 4.3sC  ) of strategies of an individual exceeds the initial ( =0| 3.8tC  ). 

A more detailed behavior of the complexity of strategies in an individual, 
on average, can be obtained by plotting the dependence of the number or 
probability of the presence of a strategy, of a certain complexity, on the 
evolutionary time. The change in the number of strategies in an individual in 
terms of complexity is rather complex, depending on the magnitude of the 
complexity (Fig. 68). 
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Let us now discuss the effect of an increase in the number of strategies in 

an individual while maintaining the initial distribution of strategies with equal 
probabilities in memory depth. Naturally, this will lead to an increase in the 
average complexity of the strategies of an individual, due to an increase in the 
number of strategies of maximum complexity. 

Therefore, the stationary value of the average complexity of the 
strategies of an individual will also increase. The dependence of its changes 
over time with the presence of two periods of growth and one period of decline 
will remain (see Fig. 71). The probabilities of discovering strategies of a certain 
depth of memory in an individual are subject to more radical changes. For 
example, when choosing the initial number of strategies in an individual – 50 at 
all evolutionary times, the probability of finding a strategy of memory depth 2 
in it exceeds the probability of finding a strategy of memory depth 1 as shown 
in Fig. 71. The corresponding dependence for the initial number of strategies in 
individual 24 is shown in Fig. 67 

Thus, the tendency for the dominance of strategies of maximum memory 
and complexity in an individual only increases with an increase in the number 
of its strategies. 

 
12.3. Comparison of the evolution of populations with different initial 

distributions of strategies on individuals 
 

Thus, evolution, with such an exchange of strategies, supports 
individuals with the most aggressive strategies with the maximum memory 
depth and great complexity.  

The stationary set of strategies of an individual consists mainly of 
such strategies with a certain share of the most primitive strategies.  

The number of strategies of the average individual decreases with the 
evolution time, reaching a certain stationary value, which depends on the 
initial distribution of strategies.  

The variety of strategies with evolution decreases more significantly; 
in the stationary state it remains 6% original, forming strategies. Strategies 
of complexity 1, as the least aggressive ones, even disappear from the 
population. 

Complex behavior and periods of growth and decline in complexity 
appear with a significant initial share of strategies of low complexity and 
low memory, otherwise these strategies do not affect the nature of evolution, 
being suppressed at early times by more complex strategies with a large 
memory depth. 

 

SECTION 13. CONCLUSION 
 

From the analysis of the models discussed in the review, one can try 
to draw conclusions that go beyond the formal description. First of all, 



V. M. Kuklin, A. V. Priymak, V. V. Yanovsky. Chapter IV. A world of strategies with memory 361 

 
Section 8 discusses the evolution of the population of strategies, from which 
those that gain the minimum number of points during the cycle of 
interaction with all participants are excluded. 

In each cycle of interaction, each strategy interacts once with all the 
others, including itself. After gaining points–advantages, strategies–
outsiders are removed, they are abandoned. These outsiders correspond to 
the unsuccessful survival behavior of their owners – the objects of the 
population. By the beginning of the next cycle, all the accumulated points of 
the surviving strategies are reset to zero. In the conditions of selection of the 
strategies that are most effective in terms of the number of points scored 
and the exclusion of strategies with a minimum set of points, the following 
tendencies appear. The average complexity of strategies, as well as the 
average memory depth, practically does not change during evolution. 

The history of the evolution of the population is divided into two periods, 
the primitive period and the period of the developed ‘‘‘community’’’. The 
primitive stage in the development of the world of strategies can be 
distinguished by the following features: 1) the presence of all the most primitive 
strategies n0; 2) an increase in average aggressiveness (dominance of refusals 
from friendly behavior); 3). The presence of the most aggressive strategy. With 
an increase in average aggressiveness, the value of the set of points 
(advantages) decreases and vice versa, and there is a universal relationship 
between these values. 

Despite the typical behavior of averages, initially aggressive strategies 
and then strategies with low complexity, less than average, may turn out to be 
the winners at different points in time. Average aggressiveness first grows, 
then, after overcoming the primitive stage of the world's development, it rapidly 
decreases. Incidentally, an increase in the memory depth of population 
strategies decreases the relative duration of the primitive stage of development 
and increases the proportion of complex strategies. In the resulting stationary 
state, strategies are not aggressive and achieve equal advantages. A somewhat 
unexpected result is that, despite the greater reward for aggressiveness (that is, 
despite the encouragement of non–cooperation), friendly and non–aggressive 
strategies gain the largest number of advantage points. 

Section 9 considers the case of a population of strategies with the 
accumulation of advantages between generations (when strategies do not 
zero their points between cycles). In a world with zero memory, despite the 
long existence of a complex strategy, the most primitive and aggressive 
strategies win. Their history consists only of the primitive period 

Despite the increased survivability of aggressive and primitive strategies 
in the case of nonzero memory, they nevertheless disappear in the process of 
evolution. At the same time, the dominance of primitive strategies is not 
observed, and complex strategies dominate at all stages. The average 
aggressiveness of such populations monotonically increases in the course of 
evolution. The rate of scoring decreases during periods of growth of average 
aggressiveness. That is, in this case, the inverse relationship between changes 
in average aggressiveness and changes in the rate of scoring remains. 
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The most complex strategies with the greatest possible memory 

dominate, but their aggressiveness is also great.  the stationary state is formed 
by strategies of maximum complexity. Complexity and memory are 
evolutionarily advantageous in this case. While allowing strategies to maintain 
previously gained advantages, the system encourages aggressiveness. An 
important consequence of the accumulation of advantages in inheritance is a 
noticeable increase in aggressiveness. 

The considered scenarios of evolution can be called democratic, they are 
based on natural competition of strategies, both without the accumulation of 
advantages, and taking into account the inheritance of advantages, in more 
aggressive societies can be rejected. 

The alternative of this aggressive world discussed in Section 10 can be 
manifested in the fact that after each cycle of interaction of strategies, the most 
successful ones, who have gained the highest number of points, are removed. 
This variant of evolution is imposed, that is, some force intervened in 
evolutionary selection, preventing the use of the most successful and successful 
scenarios of behavior. This power overwhelms all opportunities for quick gains. 
Even with zero memory, primitive strategies quickly gain points, which are 
removed and the average complexity grows. 

Average aggressiveness reaches a minimum, then increases rapidly, the 
value of the acquired points behaves exactly the opposite. Aggressiveness and 
scoring rate for winning strategies behave approximately the same. In the case 
of nonzero memory, primitive strategies also quickly disappear, dominated by 
very aggressive strategies with the greatest memory and complexity. Average 
aggressiveness also reaches a minimum and grows, and the rate of scoring 
tends to reverse. That is, as in previous cases, complex strategies with a large 
memory remain evolutionarily advantageous, but they are characterized by 
significant aggressiveness. 

It is interesting that in general, the set of points–advantages in the 
ensemble decreases. 

Let us discuss (see Section 11) the evolution of strategies in an open 
society or in a highly disequilibrium population. Now let another strategy be 
introduced into their population instead of the losing strategy (which scored 
the minimum points per cycle). In this case, we can talk about the presence 
of a source and a sink of strategies. Let us first discuss the case where new 
strategies are more complex and have more memory. If strategies with a 
memory depth of 2 are thrown into the generality of strategies with unit and 
zero memory instead of losers, then in a steady state they will dominate. 

At the same time, the average aggressiveness drops significantly, and the 
rate of gaining points – advantages, on the contrary, grows. The average 
complexity and average memory depth are also growing. The steady state is 
reached after a certain time amounting to the order of several thousand 
generations or cycles. The number of strategies remains constant, they are not 
aggressive and they achieve equal advantages. If we exclude strategies with 
zero memory at the initial moment, the evolution of the system occurs without 
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noticeable fluctuations (appearing in the presence of strategies with zero 
memory). 

Empirical analytical dependences of the average parameters of the 
strategy system are obtained. The question naturally arises: What happens if 
all the strategies to be thrown in are more primitive than the previous ones? If 
strategies with zero memory are thrown into the ‘‘‘community’’’ of strategies 
with unit memory according to the scenario described above, then non–
aggressive and most complex strategies with zero memory remain in the 
stationary resulting state and less than ten percent of the strategies that are 
most complex and have maximum memory with equal advantages achieved. 

Despite the strong dominance of relatively complex zero–memory 
strategies, a small proportion of more complex strategies with more memory 
are able to survive in these conditions. 

Section 12 discusses a more complex case of evolution of a population 
of subject individuals (50 thousand), each of which uses a set of strategies. 
When these individuals communicate randomly, their strategies interact in 
such a way that the strategy that loses in a pair struggle is removed from 
the set, and the winning strategy takes its place. Each cycle includes 
communication of all pairs of subjects of individuals, who thus exchange 
strategies that perform the functions of ideas or memes. 

Each subject at the beginning of evolution is endowed with a certain 
finite number of strategies (50), randomly choosing them from a set of all 
similar ones, achieving a uniform distribution of the pool of strategies in 
memory. It is important that now the subjects – individuals have new 
characteristics – the average values of memory, complexity and aggressiveness 
of the sets of strategies assigned to them. Since the number of strategies with 
memory 2 is more than two orders of magnitude greater than the number of 
strategies with memory 1, it is clear that out of fifty strategies of each subject, 
almost all have memory 2. 

At the same time, it is clear that the average complexity of strategies in 
this environment is the same as the complexity of the full set of strategies with 
memory 2 practically does not change, and the most complex ones survive in 
the stationary state. The average memory of strategies is practically equal to 2. 
Aggressiveness grows and reaches its maximum value in a steady state. With a 
random choice of strategies for each subject, the most interesting is the nature 
of the distribution of strategies. The maximum presence of one strategy in the 
stationary resulting state of the ‘community’ did not exceed. The number of 
different strategies decreases by more than 15 times, and the number of 
strategies for an individual subject has decreased on average by. 

If the initial set of strategies for each subject contains the same shares of 
strategies with different memory, this will make the distribution of strategies 
in terms of complexity very different. The average difficulty does not change 
much, but for individual subjects the behavior of complexity is very whimsical. 
On average, the subject retains strategies, the total number of strategies 
decreases by almost 18 times, the average aggressiveness increases and is 
maximal in the steady state. Thus, in all cases, the depth of memory and the 
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complexity of strategies are evolutionarily advantageous properties. The 
complexity should increase in the course of evolution, this determines the 
direction of time. Aggressiveness and the received number of points of 
evolutionary advantages change over time in accordance with each other in 
accordance with the empirical universal law. 
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ocal Alfven resonance iswell-known to manifest itself in cylindrical 
plasma with radially nonuniform particle density and uniform axial 
external static magnetic field via rapid increase of electromagnetic 
field amplitude when approaching the resonant radius. First, 
Physics of the phenomenon is explained in the present review. 

Plasma axial periodic nonuniformity is shown to be usual feature of the modern 
plasma devices. Satellite local Alfven resonances are shown to arise in axially 
periodically nonuniform plasma both in general and resonant cases. Resonant 
case takes place if the wave length is twice as large as plasma axial period. 
Conditions are derived under which fine structure of the satellite Alfven 
resonance is determined just by plasma axial periodic nonuniformity. 

Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite 
Alfven resonance, wave packet. 

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y 
 

SECTION 1. INTRODUCTION 

 
The overview is written on the base of theoretical research carried out 

at the Department of General and Applied Physics of V. N. Karazin Kharkiv 
National University in collaboration with physicists from the Institute for 
Plasma Physics of National Science Centre “Kharkiv Institute of Physics 
and Technology” during more than twenty years.  

L 
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Electromagnetic waves propagating with the frequency of the order of ion 

cyclotron frequency in the magnetoactive plasma are the matter of intense 
scientific research. This is explained by the wide practical application of these 
waves.  

Theoretical and experimental studies of propagation, damping, excitation 
and conversion of fast magnetosonic waves (FMSWs) and Alfven waves (AWs) 
are intensively carried out for about eighty years. First of all, this is associated 
with numerous applications of the results of this research to the problem of 
controlled nuclear fusion, chain of problems in geophysics and astrophysics. 
FMSWs and AWs are the powerful tool for plasma production and heating in 
toroidal traps (tokamaks and stellarators) [1–3]. Radiofrequency (RF) heating 
provides ion temperatures of about 1520 keV in modern tokamaks. Along with 
neutral beam injection (NBI), ion cyclotron, low-hybrid and electron cyclotron 
heating, magnetohydrodynamic (MHD) waves are planned to be used as the 
main method for plasma heating in the future fusion reactor. FMSWs and AWs 
can be used for production of current drive [4]. Solving the problem of current 
drive maintenance due to plasma loading with RF power would provide 
designing the stationary tokamak and fusion reactor-tokamak on its base. 
Production of current drive can be also applied in stellarators – with the goal to 
control the profile of the rotational transform and achievement, on account of 
this, better MHD stability of plasmas. 

Simplicity of tokamak design, which makes it possible to construct the 
devices of larger and larger dimensions, improvement of experiment technique, 
application of powerful sources for additional heating provided the plasma 
production with the parameters close to fusion ones. At the same time, new 
obstacles have arisen at the stage of designing the reactor based on tokamak 
concept. First, these are the disruptive instability (it causes danger for the 
reactor first wall), nonstationarity (it influences on the duration of the 
operating life of the constructive materials) and smallness of the aspect ratio 
(ratio of the large radius to the small one), which cause complicated 
technological problems [5]. 

If these problems are such, that they are too difficult to overcome, then 
one can consider the stellarator concept, for which the abovementioned dangers 
do not portend. In contrast to a tokamak, in which the rotational transform of 
the magnetic field force lines is caused by the electric current, flowing through 
the plasma, in a stellarator, it is caused by current-carrying conductors which 
are external in respect to the plasma. For plasma confinement in stellarators, 
one does not need to arrange any electric current through the plasma. That is 
why a stellarator is a stationary trap. The problem of plasma production and 
heating is separated from the problem of its confinement. The idea of stellarator 
was supposed by Lyman Spitzer in 1951 [6]. It is popular in many countries. In 
particular, stellarator concept is intensively developed nowadays in Germany 
and Japan. 

After their prediction by Hannes Alfven in 1942 [7] AWs appeared to play 
an important role in different plasma phenomena. AWs were observed for the 
first time in an experiment at the end of fifties in XX century (see, e.g., [8]). 
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Detailed theoretical studies of MHD oscillations of plasma cylinder were 
initiated in 1950-1970 with applying simplifying assumptions, in particular, 
about the homogeneity of axial static magnetic field (see., e.g., [9–13] and 
references therein), due to their possible application in fusion problems. At the 
same time, solution of such a problem with account for complicated shape of 
external static magnetic field of real geometry on the base of analytic or even 
numerical methods is very difficult and impossible problem so far. This initiates 
numerous novel analytic and numerical studies of different aspects of MHD 
wave propagation in inhomogeneous plasmas of fusion traps.  

Weak periodic spatial inhomogeneity of external static magnetic field 0B


 
can significantly affect on the properties of MHD waves. At the first glance, this 
influence can be considered as obvious one. Indeed, e.g., it is well-known from 
the solid state physics [14], that periodic «potential» (similar to the plasma 
inhomogeneity, caused by periodic spatial inhomogeneity of external static 
magnetic field) gives rise to gaps in the spectrum, known as forbidden energetic 
zones. However, thorough study of 0B


 periodic inhomogeneity role discovers a 

number of new physical phenomena. To demonstrate the intensity of studying 
the influence of 0B


 periodic spatial inhomogeneity (elliptical shape of poloidal 

cross-section of magnetic surfaces, helical and toroidal inhomogeneity, and 0B


 
axial periodic inhomogeneity) on the properties of RF waves only some 
examples of such investigations are given below. For example, existence of 
eigen Alfven modes, initiated by elliptical shape of plasma poloidal cross-
sections, so-called ЕАМs, was demonstrated in [15]. These Alfven modes have 
their own macrostructure, they propagate in plasmas with uniform particle 
density and have a lot of common features with eigen Alfven modes, initiated by 
plasma toroidicity. In the next paper [16], the same authors have demonstrated 
the possibility to excite these modes by energetic alpha particles due to transit 
resonance. The influence of plasma toroidicity and elliptical shape of plasma 
column cross-sections on the eigen frequencies and eigen modes of MHD waves 
was studied in [17]. Gaps in Alfven continuum, caused by the toroidicity, were 
studied in [18, 19]. Existence of eigen Alfven modes initiated by the toroidicity 
in plasmas with shear and with the frequencies inside the respective gaps was 
foreseen in the same paper and was observed experimentally later on. 

Two experimental observations were emphasized within the paper [20] 
by Wendelstein 7-X team. Firstly, independent of magnetic configuration and 
heating scenario, broadband fluctuations were measured around the frequency 
of 180 kHz. The nature of these fluctuations is possibly associated with 
ellipticity-induced Alfvén eigenmodes in the outer regions of the plasma. The 
latter was inferred by studying corresponding theoretically predicted Alfvén 
continua calculated with the 3D-MHD continuum code CONTI. Secondly, fast 
collapses of plasma current and energy, which occurred during recent 
operational phases at W7-X, showed a clear magnetic signature. Short time 
scale Alfvénic bursts were revealed, which were induced during these sawtooth-
like collapses. 
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Fast-particle driven Alfvén Eigenmodes were observed in low-

collisionality discharges with off-axis neutral beam injection (NBI), electron 
cyclotron resonance heating (ECRH) and a reduced toroidal magnetic field 
in the TCV tokamak [21]. During NBI and ECRH, toroidicity induced Alfvén 
Eigenmodes (TAEs) appeared in frequency bands close to 200 kHz and 
energetic-particle-induced geodesic acoustic modes (EGAMs) were observed 
at about 40 and 80 kHz. When turning off ECRH in the experiment, those 
beam-driven modes disappeared. In contrast, coherent fluctuations close to 
the frequency of the beam-driven TAEs were present throughout the 
experiment. The modes were even observed during ohmic plasma conditions, 
which clearly demonstrated that they were not caused by fast particles and 
suggested an alternative drive, such as turbulence. 

The discrete Alfvén Eigenmode spectrum below the TAE frequency 
was studied for hybrid and sawtooth scenarios in tokamaks whereby the full 
coupling between the Alfvén and slow magnetosonic waves was taken into 
account [22]. It was found that the number of modes below the TAE gap was 
the highest for weakly reversed profiles of safety factor q while the number 
of modes increased with pressure. The frequency behaviour of the modes 
below the TAE gap was studied for a reversed shear q-profile in which qmin 
was varied and it was found that Alfvén-Slow Eigenmodes frequencies 
increased and/or decreased as a function of qmin thereby emerging from 
and/or disappearing into the continuum. 

Plasma production and heating in fusion devices have initiated 
intensive studying the electromagnetic wave conversion and absorption in 
the vicinity of the local Alfven resonance (AR) [1–3, 23]. Local AR in the case 
of plasma traps with uniform external static magnetic field 0B


 is intensively 

studied for more than fifty five years [24–28]. Interest to this phenomenon is 
explained, first of all, by its application to effective plasma production and 
heating in fusion traps. It was demonstrated in the mentioned papers, that 
in approach of the cold plasma, solutions of Maxwell’s equations for the 
fields of electromagnetic waves have a singularity at the certain radius of 
the plasma column. If to replace this simple approach by the models which 
take into account the particle thermal motion, finite electron inertia, weak 
nonlinearity or dissipations, then the conversion of these waves into small-
scale oscillations and their absorption can change significantly. During the 
plasma heating by RF waves, the most RF power is absorbed in the vicinity 
of the local AR.  

Detailed overview of theoretical studies of AR was given in [23]. In 
particular, anteriority of the Kharkiv physicists in studying the fine structure of 
AR was recognised there. Such appreciation of Soviet scientists, generally 
speaking, was not typical for foreign colleagues. AR is effectively used for 
plasma production and heating on stellarators «Uragan» at National Science 
Centre «Kharkiv Institute of Physics and Technology». This allowed plasma 
production with particle density up to 1013 cm^(-3) and temperature of electrons 
and ions of about several hundreds of electron-Volt. Such plasma production 
made it possible to study a number of physical phenomena, which took place 
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during Alfven heating. Heat and particle transport, including neutral particles, 
during the RF heating using AR was studied experimentally and theoretically 
in [29]. In [30], AWs absorption caused by parametric ion cyclotron instability 
was explained theoretically, profiles of energy absorption were calculated, and 
plasma particles and heat transport in «Uragan-3 M» were studied on this base.  

At the same time, position of AR is well-known to move to the plasma 
periphery with increase in plasma column density and dimensions. This 
reduces the efficiency of Alfven method of plasma heating in fusion traps, since 
it causes the heating of plasma periphery, rather than its core, which, in its 
turn, intensifies undesirable plasma-surface interaction. To avoid plasma 
periphery heating and heat core plasma layers, one can apply the waves with 
large magnitude of longitudinal wavenumber kz, for which the local AR is 
situated in the plasma core. But this is difficult due to wide barrier of 
nontransparency at the plasma periphery for such waves. One way more to 
avoid the energy losses at the plasma periphery is to apply the waves with the 
low frequency and small kz, for which local AR is also situated in the plasma 
core. But in this case, one needs the antenna with large length in axial 
direction. All these unfavourable circumstances make it difficult to use Alfven 
method of plasma heating in large traps and initiate the search of new physical 
ways to increase its efficiency. 

RF power, absorbed in the vicinity of AR in the case of linear radial 
density profile, is inversely proportional to the density gradient [24]. This is 
the reason, for which the case, if the density radial profile reaches its 
extremum in the vicinity of AR, is of a special interest [31–34].  

Despite of a large number of papers, devoted to AR, an interest to it and 
its application in the sphere of fusion continues to initiate new research. In 
particular, sufficiently detailed analysis of applicability of MHD equations to 
the case of AR can be found, e.g., in the paper [35]. Conversion of fast waves 
excited by an antenna into slow waves at the fusion plasma periphery was 
studied in [36]. It is shown in framework of two-dimensional numerical 
simulation in [37] that direct electron heating, investigated with the help of 
radiometry of electron cyclotron emission, was caused by the local AR in the 
plasma of TCABR tokamak. Observed profiles of energy absorption also were in 
a good agreement with scatterometric measurements of the particle density 
fluctuations, caused by the action of electromagnetic waves in the vicinity of the 
local ARs. In [38], a compact four-contour antenna was proposed to provide the 
wave radiation with large longitudinal wavenumbers k||. The main objective of 
the study was to suppress the heating of the plasma periphery in the vicinity of 
AR, which took place in the result of unavoidable excitation of the waves with 
small k||. It was shown that special choice of the heating regime could reject 
the periphery heating to the acceptable level, and the most part of the 
electromagnetic power would absorb in the plasma core of medium-size 
torsatron «Uragan-2M». Absorption of the wave energy in cold magnetized 
plasma with two ion species was studied in [39]. The energy absorption was 
shown to take place in that part of space, which can be considered as analogue 
to the local AR. In the case of slanting wave incidence, if the wave frequency 
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was much smaller than plasma frequency approximate resonance was shown to 
take place in the spectrum of wavenumber projections on the perpendicular to 
the external static magnetic field. This resonance was possible to consider as 
analogue to AR in ordinary electron-ion plasma.  

Despite the author is not a specialist in the field of ionosphere 
geophysics, it is impossible to ignore here a tremendous number of papers, 
devoted to studying AR and its application in the mentioned sphere of physics. 
Detailed overview to the AW properties in cosmic and laboratory plasmas is 
given in [40]. Influence of the finite Larmor radius, electron inertia, and finite 
wave frequency on the properties of these waves was demonstrated in the 
linear (in the respect of the wave amplitude) approach. Detailed discussion of 
the properties of inertial and kinetic AW was provided. Experimental data, 
obtained on the space vehicles Freja, Fast, etc., were generalized. Laboratory 
experiments on AWs, which were of the most interest to physics of ionosphere, 
were overviewed.  

Since the magnetosphere was recently assumed to be better modelled in 
some cases by a waveguide than a cavity, the authors of [41] analysed 
numerically the linear MHD theory of the waves in a uniform waveguide with a 
small plasma beta. AR was shown to arise under the condition, if the wave 
frequencies coincide with the eigen frequencies of fast axially symmetric 
waveguide modes. 

The data on observing the flashes in the solar corona from the X-ray 
telescope, placed on the Japan satellite Yohkoh, were analysed in [42]. Scaling 
of the heating velocity due to AW resonant absorption was determined in 
numerical way. The scaling was shown to agree well with the heating velocity, 
calculated on the base of observation data.  

Solution to kinetic and MHD wave equations with full account for the 
finite ion Larmor radius, and resonant interaction wave-particle for electrons 
and ions, which modelled the dissipations, was derived in [43]. Propagation of 
ultra low-frequency waves of large amplitude of compressional type from the 
magnetic sheath to the magnetopause under the conditions of the presence of 
large gradients in the density, pressure, and magnetic field was also described 
there. The research was initiated by experimental observation of the respective 
MHD activity. 

Experimental data on Fourier analysis were given in [44], which 
demonstrated the presence of a number of standing waves in the range of 
Alfven frequency. The dependence of the wave frequency on the external static 
magnetic field was measured for three local ARs. 

Statistic processing of spectral resonance structures of AR in ionosphere 
was reported in [45]. The structures were observed in the frequency range 
0.15.0 Hz since 2000 till 2002 on the station Karimshyno (Kamchatka, 
Russian Federation) with the help of ordinary three-component induction 
magnetometer. To single out the data about just AR, the dynamics of three-
component spectrum, and polarization spectrum were analysed. 

Spatial structure of ultra low-frequency electromagnetic waves with zero 
azimuthal wavenumber in one-dimensionally inhomogeneous plasma was 
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studied in [46] with account for finite magnitude of ion cyclotron frequency. 
These waves can propagate in the magnetosphere of Earth or in the 
magnetosphere of the Mercury planet. Wave field amplitudes were shown to 
rapidly increase at the certain magnetic surfaces, which was analogous to AR in 
one-fluid MHD theory.  

The method of simplified selected asymptotic expansions, developed for 
nonlinear slow resonant waves, was applied in [47] for the description of 
nonlinear phenomena within the Alfven dissipative layer. Wave dynamics in 
the vicinity of AR (with isotropic and anisotropic dissipation) was shown to be 
described with high accuracy in framework of linear theory. 

The present overview is arranged in the following manner. Section 2 is 
devoted to presenting the theory of the local Alfven resonance in one-
dimensionally inhomogeneous plasmas. The case of monotonous plasma 
particle density inhomogeneity is considered. Exception is the subsection 2.8, 
wherein the peculiarities of AR fine structure and electromagnetic power 
absorption within it are studied under the condition of quadratic dependence of 
the plasma particle density on the radial coordinate in vicinity of AR. It is 
demonstrated, how the numerous real specific features of the laboratory plasma 
influence on the structure of AR. These features are as follows: weak collisions 
between the plasma particles, nonzero azimuthal wavenumber, ky0, finite 
electron inertia, finite Larmor radius, striction nonlinearity, and kinetic ion 
cyclotron turbulence. It is shown in details, how the characteristic width of AR, 
characteristic magnitude of the wave electric field parallel to the density 
gradient, as well as the density of the electromagnetic power absorption can be 
derived analytically. 

Specific features of AR fine structure in external static magnetic field 
with axial periodic inhomogeneity (bumpy magnetic field) are studied in the 
Section 3. Such an inhomogeneity of 0B


 is inherent in both tokamaks and 

stellarators. Electromagnetic waves are shown to propagate in the form of wave 
packets in the bumpy magnetic field which can cause initiation of additional, 
so-called satellite ARs (SARs).The fine structure of the main AR is studied in 
the case, if it is determined just by inhomogeneity of 0B


, including the resonant 

case in which axial period of the main wave harmonic is twice as large as axial 
period of the bumpy magnetic field. Besides, the fine structure of a SAR is 
determined in the case of moderate inhomogeneity, in which the fine structure 
is determined just by the inhomogeneity rather than other weak phenomena.  

Conclusions contain the brief results of the research presented in the 
overview. Their scientific and methodological significance is outlined as well. 

The overview would be of interest for undergraduate and PhD 
students, who are specialized in the sphere of plasma physics and 
electrodynamics, as well as to those scientists who deal with the problems of 
controlled nuclear fusion, physics (geophysics) of the terrestrial space, and 
theoretical physics. 
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SECTION 2. LOCAL ALFVEN RESONANCE IN PLASMAS  

WITH ONE-DIMENSIONAL INHOMOGENEITY 
 

Main features of arising of the local Alfven resonance (AR) are 
presented in this Section with applying the model of one-dimensionally 
monotonously inhomogeneous plasma. Cold plasma with weak collisions is 
assumed to fill the spatial layer 0  x  L in Cartesian coordinates. The 
plasma electrodynamic properties are described by the permittivity tensor  

̂ߝ = ൭ ଵߝ ଶߝ݅ ଶߝ݅−0 ଵߝ 00 0  ଷ൱,    (2.1)ߝ

 
which components can be written in the hydrodynamic approach as follows 
ଵߝ :[49 ,48 ,12] = 1 − ∑ ఠ೛ഀమఠమିఠ೎ഀమఈ ଶߝ , = − ∑ ఠ೛ഀమ ఠ೎ഀఠ൫ఠమିఠ೎ഀమ ൯ఈ ଷߝ , = 1 − ∑ ఠ೛ഀమఠమఈ .       (2.2) 

 
The plasma is assumed to be infinite and uniform in the directions y 

and z. For definiteness, external static magnetic field is assumed to be 
uniform (in this Section only) and parallel to the z axis. Plasma 
inhomogeneity is determined by the particle density, which is assumed to 
monotonously increase in x direction (see, e. g., Fig. 2.8.4, where an example 
of the radial plasma particle density profile is presented in the case of linear 
dependence on the radial coordinate).  

Spatial distributions of electromagnetic wave fields are derived from 
the Maxwell’s equations: ܤݐ݋ݎሬԦ = ଵ௖ డ஽ሬሬԦడ௧ ሬԦܧݐ݋ݎ   , = ିଵ௖ డ஻ሬԦడ௧ ,   (2.3) 

 
applying the concept of Fourier series. In particular, for axial component of 
the wave magnetic field the series reads as: 
 

Bz(x,y,z)=∑ ∑ (ݔ)௭ܤ ݖ൫݅݇௭݌ݔ݁ + ݅݇௬ݕ − ൯ାஶ௞೤ୀିஶାஶ௞೥ୀିஶݐ߱݅ .  (2.4) 

 
Taking into account the form of the tensor (2.1), the Maxwell’s equations 

can be written in terms of electric field ܧሬԦ and magnetic flux density ܤሬԦ, which is 
equal to the magnetic field strength ܪሬሬԦ: 

۔ۖەۖ
డ஻೥డ௬ۓ − డ஻೤డ௭ = ି௜ఠ௖ ൫ߝଵܧ௫ + ௬൯,డ஻ೣడ௭ܧଶߝ݅ − డ஻೥డ௫ = ି௜ఠ௖ ൫ߝଵܧ௬ − ௫൯,డ஻೤డ௫ܧଶߝ݅ − డ஻ೣడ௬ = ି௜ఠ௖ ,௭ܧଷߝ ۔ۖەۖ        

డா೥డ௬ۓ − డா೤డ௭ = ௜ఠ௖ ௫,డாೣడ௭ܤ − డா೥డ௫ = ௜ఠ௖ ௬,డா೤డ௫ܤ − డாೣడ௬ = ௜ఠ௖  ௭. (2.5)ܤ
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After substituting the expression (2.4) to the Maxwell’s equations (2.5) 

the set of six equations can be derived for one spatial harmonic: 
 

۔ۖەۖ
௭ܤ௬݇݅ۓ − ݅݇௭ܤ௬ = ି௜ఠ௖ ൫ߝଵܧ௫ + ௫ܤ௬൯,݅݇௭ܧଶߝ݅ − డ஻೥డ௫ = ି௜ఠ௖ ൫ߝଵܧ௬ − ௫൯,డ஻೤డ௫ܧଶߝ݅ − ݅݇௬ܤ௫ = ି௜ఠ௖ ,௭ܧଷߝ ۔ۖەۖ         

௭ܧ௬݇݅ۓ − ݅݇௭ܧ௬ = ௜ఠ௖ ௫ܧ௫,݅݇௭ܤ − డா೥డ௫ = ௜ఠ௖ ௬,డா೤డ௫ܤ − ݅݇௬ܧ௫ = ௜ఠ௖ .௭ܤ (2.6) 

 
One can also get use of the fact that absolute value of the component 

3 of the plasma permittivity tensor is much larger than 1,2 : |3|>>|1,2|, 
in the range of ion cyclotron frequency, ~ci. Then the third equation in the 
first subset gives, that longitudinal wave electric field Ez is negligibly small 
as compared to Bx and By, and respectively, with all the wave field 
components, Ez 0. This makes it possible to neglect this physical 
observable below. If to get use of the expressions (2.2) for i, then it appears 
that the ratio |3|/|1,2| ~me/mi . That is why neglecting the longitudinal 
electric field is referred sometimes as neglecting the electron inertia. 

Below, the main features of AR are determined. To do this, a 
harmonic with zero magnitude of the transverse wavenumber is chosen, 
ky=0 (the results to be derived will be generalized afterwards on the case 
ky≠0): 
 

ቐ −݅݇௭ܤ௬ = ି௜ఠ௖ ൫ߝଵܧ௫ + ௫ܤ௬൯,݅݇௭ܧଶߝ݅ − డ஻೥డ௫ = ି௜ఠ௖ ൫ߝଵܧ௬ − ۔ۖەۖ       ,௫൯ܧଶߝ݅
௬ܧ௭݇݅−ۓ = ௜ఠ௖ ௫ܧ௫,݅݇௭ܤ = ௜ఠ௖ ௬,డா೤డ௫ܤ = ௜ఠ௖ .௭ܤ     (2.7) 

 
The set of eqs. (2.7) is studied in the following manner. First, the 

observables Bx and By are derived from the first and second equations of the 
second subset in terms of Ex and Ey . Second, the observables Bx and By are 
substituted into the first subset. Third, Ex and Ey are expressed in terms of 
longitudinal wave magnetic field Bz: 
 ቐܧ௫ = ି௖ఠ ேమ఼ ߤ డ஻೥డ௫ ௬ܧ, = ି௜௖ఠ ேమ఼ డ஻೥డ௫ .       (2.8) 

 
In (2.8), the following notations are applied:  2

12 zN  , 

  22
1

2 1   zNN , Nz=ckz/is the longitudinal refractive index. Then the 
expression for Ey is to be substituted into the last equation in (2.7), and the 
differential equation for the field Bz is derived: 
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 డడ௫ ቀ ଵ௞మ఼ డ஻೥డ௫ ቁ + ௭ܤ = 0,         (2.9) 

 
here ݇ଶୄ = (߱ ܿ⁄ )ଶ ୄܰଶ. 

The plasma particle density profile is assumed to contain the point 
x=xA inside the layer 0  x  L, in which  
ଵߝ  = ௭ܰଶ.                (2.10) 
 
This point is called as that of the local Alfven resonance. Rapid increase of 
the wave field amplitudes and electromagnetic power absorption take place 
in the vicinity of this point, as it is shown below. 

Axial wave magnetic field slowly (logarithmically) varies in the 
vicinity of AR. To confirm this the plasma particle density is assumed to 
vary linearly in the vicinity of AR: 
ଵߝ  = ௭ܰଶ + ௗఌభௗ௫ ݔ) −  ஺).           (2.11)ݔ

 
Since ݇ଶୄ ∝ ݔ) −  ஺)ିଵ in the vicinity of AR, then to analyze the dependenceݔ
Bz(x) in the vicinity of AR the eq. (2.9) is suitable to be rewritten in the 
following schematic form: 
 ௗௗఘ ߩ ௗ஻೥ௗఘ + ௭ܤ = 0.     (2.12) 

 
If to assume that one of the linearly independent solutions of the eq. (2.12) 
weakly depends on x, ܤ௭ ≈  ௭଴, then one can replace the second term in theܤ
eq. (1.12) by the constant Bz0: 
 ௗௗఘ ߩ ௗ஻೥ௗఘ + ௭଴ܤ = 0.     (2.13) 

 
Then the eq. (2.13) can be integrated as follows: 
ߩ  ௗ஻೥ௗఘ = − ׬ ߩ௭బ݀ܤ +  ௗ஻೥ௗఘ ;ܥ = ି ׬ ஻೥బௗఘା஼ఘ ;  ܤ௭ = ௭బܤ + ׬ ஼ି׬ ஻೥బௗఘఘ ߩ݀ ∝ ଵߝ)݈݊ − ௭ܰଶ).  (2.14) 

 
As it follows from the eq. (2.13), the second linearly independent solution of 
eq. (2.12) varies logarithmically in the vicinity of AR. Analysis of eq. (2.8) 
shows that Ey is almost of constant magnitude in the vicinity of AR, and Ex 
(ߝଵ − ௭ܰଶ)ିଵ. Keeping in mind eq. (2.7), one can conclude that Bx weakly 
varies in the vicinity of AR, and By also has the singularity, By(ߝଵ − ௭ܰଶ)ିଵ.  

It is the rapid increase of the wave magnetic field By in the vicinity of 
AR that makes it possible to apply magnetic probes for experimental study 
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of AR [50, 51]. Authors of the paper [50] studied the spatial position of AR 
exciting the axially symmetric AWs by Stix coils. Maximum magnitude of 
azimuthal magnetic field was observed in the vicinity of AR, which position 
depended on the wave frequency and wavelength. Position of AR was 
experimentally determined in [51] from measuring the wave poloidal 
magnetic field in the tokamak Tokapole II. The radial position agreed well 
with the calculations made on the base of MHD theory. 

To conclude, spatial dependence of the wave field components can be 
generalized in the following manner: 
 

Ex, ܤ௬ ∝ ଵߝ) − ௭ܰଶ)ିଵ, ܤ௫, ௭ܤ ∝ ଵߝ|݈݊ − ௭ܰଶ|, Ey  Const.    (2.15) 
 

The field Ex has the most pronounced singularity among the electric fields. 
Just this electric field determines the field structure in the vicinity of the 
resonance. It is spatial distribution of the field Ex which is to be investigated 
in the present overview and is called as fine structure of AR. 

Account for nonzero transverse wavenumber ky0 weakly affect the field 
spatial distribution (2.15). As it is shown below, logarithmic dependence of the 
wave field component Ey on the coordinate arises in the vicinity of AR in this 
case. The other wave field components keep the same dependences (2.15) on the 
coordinate under taking into account ky0 as they are in the symmetric case, 
ky=0. 

 
2.1. AR fine structure and the power density absorption within it  

in presence of weak collisions between the plasma particles 

 
The magnitude of electromagnetic power absorbed by the plasma in 

the vicinity of AR is studied in this subsection. The absorption is assumed 
for simplicity to take place in the result of the collisions between the plasma 
particles. In other words, the presence of the small imaginary term in the 
components of the permittivity tensor is taken into account. The account 
removes nonphysical singularity of the wave fields (2.15). Properly 
speaking, the presence of the dissipative phenomena is enough to account in 
the component 1 only: 

 
1  Re(1) i1(c).        (2.1.1) 

 
Details are ignored here: it does not mind, which collisions and why cause 
arise of imaginary part of the plasma permittivity tensor. This question was 
studied in details in [52]: 

 

1(c) = ∑ ఠ೛ೌమ ఔೌ್ఠ൫ఠమିఠ೎ೌమ ൯ ൬ఠమାఠ೎ೌమఠమିఠ೎ೌమ − ௘್௠ೌ௘ೌ௠್ ఠమାఠ೎ೌఠ೎್ఠమିఠ೎್మ ൰௔,௕ .        (2.1.2) 
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The summation in (2.1.2) is carried out over all the plasma species, e is the 
charge of the particles of the specie , the collision frequency  

 

ab=
ସ(ଶగ)భమ௘మೌ௘మ್௡್௅ଷ(௠ೌ்య)భమ ቀ ௠್௠ೌା௠್ቁభమ,   (2.1.3) 

 
L is Coulomb logarithm. 

The magnitude of the electromagnetic power Pr, absorbed by the unit 
surface of the plasma layer in the vicinity of AR, is determined by the work, 
carried out by the wave electric fields over the RF currents in the plasma, 
caused by the wave propagation through the plasma: 

 ௥ܲ = 0.5 ܴ݁൛׬൫ଔԦ∗,  ൟ.         (2.1.4)ݔሬԦ൯݀ܧ
 

As it is shown above, the main contribution to the scalar product ൫ଔԦ∗,  ሬԦ൯ isܧ
done by just х-component of the wave electric field, that is why: 

 ௥ܲ ≈ 0.5 ܴ݁ሼ׬ ݆௫∗ܧ௫݀ݔሽ.         (2.1.5) 
 

It is appropriate to remind that RF electric currents are linked with the 
wave electric field via permittivity tensor: 

 ݆௫ ≈ ఠସగ௜ ଵߝ) −  ௫.        (2.1.6)ܧ(1

 
Qualitative relation Ex(ߝଵ − ௭ܰଶ)ିଵ can be replaced by the precise one: 

 

Ex =
஺ఌభିே೥మ.      (2.1.7) 

 
Physical sense of the constant А can be easily understood from analysis of 
the first and fourth equations in the set (2.7): 

 ቐ−݅݇௭ܤ௬ = ି௜ఠ௖ ൫ߝଵܧ௫ + ௫ܧ௬൯,݅݇௭ܧଶߝ݅ = ௜ఠ௖ .௬ܤ    (2.1.8) 

 
After substituting the wave magnetic field By from the second equation 
(2.1.8) to the first one, one derives the constant А: 

 
A=Ex(ߝଵ − ௭ܰଶ)=i2Ey.   (2.1.9) 

 
That is, the constant А is determined as the product of the second 
component of the permittivity tensor and the wave electric field Ey in the 
point of AR. 
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Now, one can calculate the absorbed electromagnetic power density Pr: 

௥ܲ = 0.5 ܴ݁ ׬ ݆௫∗ܧ௫݀௫ಲା௱௫௫ಲି௱௫ = 0.5 ܴ݁ ׬ ఠିସగ௜ ∗ଵߝ) −  (2.1.10)    =ݔ௫݀ܧ∗௫ܧ(1

׬= ఠ଼గ ݔ௫|ଶ݀ܧ|∗ଵߝ݉ܫ = ఠ଼గ ଶ|ܣ| ׬ ூ௠ ఌభௗ௫൫ఌభିே೥మ൯మା(ூ௠ ఌభ)మ = ఠ଼ ଶ|ܣ| ቚௗఌభௗ௫ ቚିଵ
. 

 
Doing this the properties of the Dirac delta-function are applied [53]:  

 

x)=ଵగ ௱௫మା௱మ.                (2.1.11) 

 
In the case, if the dissipative processes are the main mechanism of 

electromagnetic energy absorption, then the characteristic width of AR is 
determined just by these processes. Characteristic spatial scale of varying 
the component 1 can be introduced as follows:  

 ௗఌభௗ௫ ~ ோ௘ ఌభ௔∗ .           (2.1.12) 

 
Then the characteristic width of AR xc, determined by the collisions, can be 
estimated in terms of a*: 

xc~a*1(c)/Nz2.   (2.1.13) 
 

Account for the presence of the collisions between the plasma particles 
results, as it was mentioned above, in removal of nonphysical singularity of 
the wave fields in the vicinity of AR (see Fig. 2.1.1). Dashed curve in Fig. 
2.1.1 is put to compare the wave field spatial distribution with asymptote 
Ex(xxA)1. The dependence Re(Ex) is calculated in arbitrary units. 
Maximum absolute magnitude of the wave electric field is not more infinite 
in the vicinity of AR, it is equal 

Ex = 0.5A/1(c).    (2.1.14) 
 

Fig. 2.1.1. Fine structure of AR when determined by the collisions  
(solid curve), ab /  
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Thus, the present overview deals with the problem of diffraction rather 

than that of eigen functions and eigen values. The question is which part of 
electromagnetic energy passes through the region of AR and which part is 
transferred to the plasma particles, that is which part of energy is absorbed in 
the vicinity of AR. The wave frequency  is considered to be defined by the 
generator, wavenumbers ky and kz are defined by the antenna shape and 
phasing. 

 
2.2. Account for the nonzero wavenumber ky0 

 
If the electromagnetic wave propagates with the nonzero transverse 

wavenumber, ky0, the relation (2.7) between the wave magnetic fields Bx 
and By with the electric fields does not change as compared to the case of the 
zero transverse wavenumber considered above: 

 ൜− ௭ܰܧ௬ = ௫ܧ௫,௭ܰܤ = .௬ܤ         (2.2.1) 

 
However, the expressions of the wave electric fields in terms of the wave 
longitudinal magnetic field is somewhat more complicated (compare with 
(2.8)): ቐܧ௫ = ି௖ఠ ேమ఼ ቀ݇௬ܤ௭ + ߤ డ஻೥డ௫ ቁ ௬ܧ, = ି௜௖ఠ ேమ఼ ቀ݇௬ܤߤ௭ + డ஻೥డ௫ ቁ .   (2.2.2) 

 
The form of the differential equation for the wave longitudinal magnetic 
field also becomes more complicated (compare with (2.9)): 

 డడ௫ ቀ ଵ௞మ఼ డ஻೥డ௫ ቁ + ቂ1 − ௞೤మ௞మ఼ + ݇௬ డడ௫ ቀ ఓ௞మ఼ ቁቃ ௭ܤ = 0.  (2.2.3) 

 
However, this does not change the character of the wave field dependence on 
the coordinate х in the vicinity of AR, except of the field Ey. As one can see 
from eq. (2.2.2), the term, proportional to ky, depends on х in the same way, 
as the field Bz. Thus, those harmonics of the field Ey , which propagate with 
ky0, have a logarithmic singularity in the vicinity of AR (compare with 
(2.15)): 

 
Ey ݈݊|ߝଵ − ௭ܰଶ|.                                    (2.2.4) 

 
In this case the wave field Ex , all the same, remains to be the most 
increasing one in the vicinity of AR. That is why account for the nonzero ky 
weakly changes the explicit expression for the electromagnetic power Pr, 
absorbed in the vicinity of AR. One has to keep in mind only, that the 
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constant А, which takes part in the expression (2.1.9), has the other sense in 
this case. The sense is as follows. After substituting the expression (2.2.1) 
for the wave field By into the first equation from the set (2.7) one derives, 
that for the waves with ky0  

 
A=Ex(ߝଵ − ௭ܰଶ)=i2Ey + Bzcky /.        (2.2.5) 

 
The circumstance, that the combination (2.2.5) slowly (even without 

the logarithmic singularity) varies in the vicinity of AR, can be helpful for 
calculating the spatial distribution of electromagnetic wave fields in the 
vicinity of AR. It also makes the reason to treat the combination as the 
pumping wave. 

 
2.3. Account for the finite electron inertia 

 
Up to now, longitudinal (in respect of external static magnetic field) 

wave electric field was assumed to be negligibly small. This was justified by 
the smallness of the electron inertia as compared to the ion inertia. 
Nevertheless, the analysis of the third equation from the set (2.6) clearly 
shows that the field Ez is even more singular than Ex: 

 

Ez= ௜௖ఠఌయ ቀడ஻೤డ௫ − ݅݇௬ܤ௫ቁ ≈ ௜௖ఠఌయ డడ௫ ( ௭ܰܧ௫) ∝ ଵߝ) − ௭ܰଶ)ିଶ.       (2.3.1) 

 
One can conclude from the second subset in eq. (2.6), that account for the 
electron finite inertia causes the most influence on the spatial distribution 
of the wave magnetic field By (compare with (2.2.1)), rather than Bx:  
௬ܤ  = ௭ܰܧ௫ − ௖మఠమఌయ ௭ܰ డమாೣడ௫మ .   (2.3.2) 

 
This changes the structure of the equation for the wave electric field 
(compare with (2.2.1)): 

 
2
zN

௖మఠమఌయ డమாೣడ௫మ ଵߝ) + − ௭ܰଶ)Ex =A.    (2.3.3) 

 
Dimensionless variable is convenient to be introduced here 

 

=k(xxA), k3=− ఠమఌయே೥మ௖మ ௗఌభௗ௫ .   (2.3.4) 

 
Equation (2.3.3) changes to the following form in terms of this variable 

 డమாೣడ఍మ   Ex =ଵగ ൬−݇ߨܣ ቀௗఌభௗ௫ ቁିଵ൰.    (2.3.5) 
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The smallness of the factor nearby the second derivative in eq. (2.3.3) means 
the smallness of the spatial scale (along х) of varying the wave electric field 
Ex in the vicinity of AR, ka*>>1. The width of AR xm, caused by finite 
electron inertia, can be estimated as follows (compare with (2.1.13)): 

 

xm~a*ቀ ௠೐௠೔௔∗మ௞೥మቁభయ.           (2.3.6) 

 
In (2.3.6), the expression (2.2) for the permittivity tensor component 3 is 
applied.  

Equation (2.3.5) has the structure of inhomogeneous Airy equation 
[54]. Its solution has the following form 

 

Ex =൬−݇ߨܣ ቀௗఌభௗ௫ ቁିଵ൰ (ߞ)݅ܩ] −  (2.3.7)          .[(ߞ)݅ܣ݅

 
This solution satisfies the following boundary conditions. It is finite in the 
vicinity of AR; it describes the conversion of MHD waves into the small-scale 
waves, which carry the energy out of the AR region; it damps in the result of 
taking into account the weak dissipation in the component 1 of the 
permittivity tensor. The properties of the function [(ߞ)݅ܩ −  which ,[(ߞ)݅ܣ݅
describes the radial dependence of the wave electric field, were studied in 
detail in [24]. 

The solution (2.3.7) has the following asymptote for the large 
magnitudes of the argument, ∞ 

(ߞ)݅ܩ]  +  ଵగ఍ [(ߞ)݅ܣ݅ + ଵඥగమ|఍|ర ݌ݔ݁ ቄ−݅ ቂଶଷ యమ(ߞ−) + గସቃቅ.        (2.3.8) 

 
The representation (2.3.8) makes it possible to assume that the small-scale 
ion cyclotron wave (the second term in (2.3.8)) rapidly damps with going 
away from AR point in the close vicinity of the AR point due to the Landau 
damping. In the case of weak damping of the small-scale wave, the 
asymptote (2.3.8) should match up the solution of eq. (2.3.3), which is found 
by WKB method and which corresponds to the waves carrying the energy 
away from the conversion point either to the plasma core or to the plasma 
periphery. Small-scale waves are assumed to be completely absorbed during 
one passage. This means that the phenomena are neglected which can take 
place in the case of very weak damping, in particular, arising of the global 
resonances with high magnitude of the radial number. 

If the weak collisions are taken into account in eq. (2.3.3), 11+i*/, 
then the argument of the functions Gi() and Ai() becomes a complex number 

with a small imaginary part, +݅ ఔ∗௞ఠ ቀௗఌభௗ௫ ቁିଵ
. Then the argument of the 

exponent in the asymptote (2.3.8) gets the real term, proportional to *: 
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 −݅ ቂଶଷ యమ(ߞ−) + గସቃ −݅ ൥ଶଷ ൬−ߞ − ௜ఔ∗௞ఠ ቀௗఌభௗ௫ ቁିଵ൰యమ + గସ൩ 

 −݅ ൥ଶଷ యమ(ߞ−) ൬1 − ௜ఔ∗௞(ି఍)ఠ ቀௗఌభௗ௫ ቁିଵ൰యమ + గସ൩    

 −݅ ቂଶଷ యమ(ߞ−) + గସቃ − ݅ ଶଷ యమ(ߞ−) ଷଶ ௜ఔ∗௞(ି఍)ఠ ቀௗఌభௗ௫ ቁିଵ
 

 −݅ ቂଶଷ యమ(ߞ−) + గସቃ − భమ(ߞ−) ఔ∗௞ఠ ቀௗఌభௗ௫ ቁିଵ
.                            (2.3.9) 

 
Since k and the derivative (݀ߝଵ ⁄ݔ݀ ) are of the same sign, then the presence 
of the real term, proportional to the effective collision frequency *, does 
cause the exponential reduction of the second term in the asymptote (2.3.8) 
with going away from the AR point (if (+∞). This is the reason to choose 
the sign «» in the square brackets in (2.3.7). 

The electric field increases in the vicinity of AR. However, it does not 
increase infinitely. Its characteristic magnitude (compare with (2.1.14)) can 
be derived by the order of magnitude from eq. (2.3.7): 

 

Ex~A గே೥మ ቀ௠೔௠೐ ݇௭ଶܽ∗ଶቁభయ.         (2.3.10) 

 
Doing this, one gets advantage from the fact that the functions Gi() and 
Ai() are the values of the order of a unit in the vicinity of the zero. 

Physical mechanism of electromagnetic wave damping appears not to 
influence on the magnitude of the electromagnetic power density, absorbed 
in the vicinity of AR. To tell the truth, this statement is right only in the 
framework of the assumption, that AR width is small. Absorption of 
electromagnetic power in the vicinity of AR (averaged on the wave temporal 
period) is determined by the variation of the Poynting vector  

 Ԧܵ = ௖଼గ ,∗ሬԦܧൣܴ݁  ሬԦ൧,         (2.3.11)ܤ

 
after passing the AR point x=xA. In the considered here case, the 
electromagnetic power propagates along the x axis. That is why one can 
calculate just x component Sx: 

 
Sx= ௖଼గRe(Ey*BzEz*By).       (2.3.12) 

 
Since the magnitude of the longitudinal component of the wave electric filed 
Ez is neglected due to the smallness of the electron inertia,  

 
Sx ௖଼గRe(Ey*Bz).        (2.3.13) 
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The field Ey, as it is shown above, weakly varies in the vicinity of AR, that is 
why  

Sx ௖଼గRe(Ey*Bz).            (2.3.14) 

 
Variation of the longitudinal wave magnetic field Bz in the result of 
passing the AR can be determined from the eq. (1.8): 

 

Bz  ׬ ఠ௖ ௫ಲା௱௫௫ಲି௱௫ݔ௫݀ܧଶߝ ఠ௖ ଶߝ ׬ ௫ಲା௱௫௫ಲି௱௫ݔ௫݀ܧ .        (2.3.15) 

 
The presence of the weak dissipation can be taken into account by the 

presence of the small imaginary part (2.1.1) in the component 1 of the 
permittivity tensor. During integrating in (2.3.15) the expression (2.1.7) for 
the component Ex of the wave electric field is applied: 

׬  ௫ಲା௱௫௫ಲି௱௫ݔ௫݀ܧ = ׬ ି஺೏ഄభ೏ೣ (௫ି௫ಲ)ା௜ഌ∗ഘ ௫ಲା௱௫௫ಲି௱௫ݔ݀ .        (2.3.16) 

 
In the case of plasma particle density increasing with the coordinate х the 
derivative ݀ߝଵ ⁄ݔ݀ >0. And residual point (the point in which the denominator 
is equal to zero) is situated in the complex plane a little bit below the real 
axis,  

x=xA݅ ఔ∗ఠ೏ഄభ೏ೣ .                (2.3.17) 

 
That is why the integration in (2.3.16) 

can be carried out along the upper semi-
circumference in the complex plane (see 
Fig. 2.3.1): 
 
 

׬  ௫ಲା௱௫௫ಲି௱௫ݔ௫݀ܧ = ି஺೏ഄభ೏ೣ ׬ ௗ௭௭ି௭ಲ௫ಲା௱௫௫ಲି௱௫ = ି஺೏ഄభ೏ೣ  (2.3.18)   .(ߨ−)݅

 
The expression (2.3.7) for definition of the wave electric field Ex as 

well as the Airy function properties [54] make it possible to carry out precise 
integration: 

׬  ଴ିஶߞ݀(ߞ)݅ܣ = ଶଷ,      ׬ ାஶ଴ߞ݀(ߞ)݅ܣ = ଵଷ.           (2.3.19) 

 
Then  ׬ ௫ಲା௱௫௫ಲି௱௫ݔ௫݀ܧ ≈ ׬ ௜஺గ௞೏ഄభ೏ೣ ାஶିஶݔ݀(ߞ)݅ܣ = ௜஺గ೏ഄభ೏ೣ ׬ ାஶିஶߞ݀(ߞ)݅ܣ = ௜஺గ೏ഄభ೏ೣ .  (2.3.20) 

 

Fig. 2.3.1. The rule for passing 
the residual point in the 

integral (2.3.16) 
 

Ax X
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As one can see, calculating the electromagnetic power absorption with the 
assumption that it is determined by the finite electron inertia (expression 
(2.3.20)) provides the same result as with the assumption that the absorption is 
determined by the weak collisions between the plasma particles (2.3.18).  

If the dissipations and the electron inertia are neglected, then the 
fields Ey and Bz are shifted in phase by /2. One can see this, in particular, 
from the eq. (2.2.2). If the weak phenomena mentioned above are taken into 
account then the electromagnetic power density, absorbed in the vicinity of 
AR, can be calculated from eq. (2.3.14). In this case one has to take into 
account the relation (2.1.7) between the field Ey and the constant A along 
with the result (2.3.20): 

 

Sx ௖଼గRe(Ey*Bz)= ௖଼గReቆቀ ஺௜ఌమቁ∗ ఠఌమ௖ ௜஺గ೏ഄభ೏ೣ ቇ= 0,125|A|2(d1/dx)1. (2.3.21) 

 
This result precisely coincides with the calculations (2.1.10) of the 
electromagnetic energy density, carried out with the help of the Dirac delta-
function. 

 

2.4. Account for the finite larmor radius 
 

In the calculations presented above, the plasma was assumed to be 
cold. In other words, the radius of the plasma particle gyration along the 
Larmor orbits was neglected. Account for the nonzero radius of the gyration 
in the external static magnetic field results in changing of the form of the 
component 3 of the permittivity tensor as compared to the expression (2.2), 
which was derived in MHD approach [52]: 

 

3=
ఠ೛೐మ௞೥మజ೅೐మ ൣ1 + =௘ܹ(ܼ௘)൧, where Zeܼߨ√݅

ఠ√ଶ|௞೥|జ೅೐.  (2.4.1) 

 
The function W(Ze) reads as  

 

W()=݁݌ݔ(−ߦଶ) ቂ1 + ଶ௜గ ׬ (ଶݐ)݌ݔ݁ క଴ݐ݀ ቃ.       (2.4.2) 

 
For the long wavelength waves (kz0, Ze∞) Landau damping can appear 
to be weak, then the asymptote of the expression (2.4.1) gives 

 

3 − ఠ೛೐మఠమ + ௘ܼߨ√݅  (2.4.3)    .(௘ଶܼ−)݌ݔ݁

 
In this case, one has to apply the definition of 3 with account for the 
collisions (compare with (2.2)): 

3=
ఠ೛೐మఠ(ఠା௜ఔ೐೔).         (2.4.4) 
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Account for the finite Larmor radius influences also the component 1 

of the permittivity tensor: 
 

11+்ߝ ௖మఠమ ௗమௗ௫మ,        (2.4.5) 

here [52] 

 T=∑ ଷఠమఠ೛೔మ (௫)జ೅೔మ (௫)௖మ൫ఠమିఠ೎೔మ ൯൫ఠమିସఠ೎೔మ ൯௜ .              (2.4.6) 

 
In this case, the equation for the wave electric field Ex can be written as 
follows (compare with (2.3.3)): 

 ቀ்ߝ + ே೥మఌయ ቁ ௖మఠమ డమாೣడ௫మ ଵߝ) + − ௭ܰଶ)Ex =A.         (2.4.7) 

 
Its solution can be written in the form (2.3.7) with  

 

k3=− ఠమ௖మ൬ఌ೅ାಿ೥మഄయ ൰ ௗఌభௗ௫ .         (2.4.8) 

 
The wavenumber is determined now by the order of magnitude as follows  

 

k~൫ߩ௅௜ଶ ܽ^ ∗൯ିభయ,     (2.4.9) 
 

here Li is the Larmor radius of plasma ions which is assumed to be small: 
Li<<a*. This results in the smallness of the wavelength (characteristic 
spatial scale along the х coordinate) of the wave electric field Ex in the 
vicinity of AR, ka*>>1.  

The width of AR xT, caused by the finite Larmor radius (nonzero 
plasma temperature), can be estimated by the order of magnitude from eq. 
(2.4.9) as follows (compare with (2.1.13) and (2.3.6)): 

 

xT~a^*(ߩ௅௜ ܽ^ ∗⁄ )మయ.      (2.4.10) 
 

Characteristic magnitude of the wave electric field Ex in the vicinity of AR 
can be estimated analogously. One derives it basing on the estimation 
(2.4.9) for k and taking into account that the functions Gi() and Ai() are the 
values of the order of a unit in the vicinity of zero. Then the characteristic 
magnitude of Ex appears to be: 
 

Ex~A
2
zN

 ቀ ௔∗ఘಽ೔ቁమయ.      (2.4.11) 
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Fig. 2.4.1. Fine structure of AR with account for finite ion Larmor radius 
(solid curve), Li/a*=10 5 

 
The fine structure of AR in the case, if it is determined just by the finite ion 
Larmor radius, is shown in the Fig. 2.4.1. Dashed curve, as earlier, shows 
the dependence Ex(xxA)1 just for a comparison.  
 
2.5. On the possibility to neglect the larmor radius in the viccinity of AR 

 
Application of the cold plasma permittivity tensor (2.1) – (2.2) is justified, 

if the assumption is true, that Larmor radius is small as compared with the 
wavelength, kx,y,zLi<<1. As it was already mentioned above, 1Nz2 in the 
vicinity of AR (2.10). This causes that transverse refractive index squared N

2 
(see notations to eq. (2.8)) is also singular, N

2(ߝଵ − ௭ܰଶ)ିଵ. This can cause 
infinite increase of kx (or, which is the same, reduction of the wavelength 2/kx), 
which would mean violation of the mentioned above assumption about the 
smallness of Larmor radius. 

In the following, it is analysed [55], which type are the waves, excited 
in the vicinity of AR (2.10), of. This can be done on the base of analysing the 
solution of the eq. (2.2.3) obtained in the framework of WKB approach. In 
this case, the dependence of the wave fields on x coordinate is assumed to be 
as follows: Bzexp(ikxdx). The small terms, determined by the account for 
the small Larmor radius and the electron inertia, cause the most influence 
on the first term of the eq. (2.2.3): 

 ቂ1 − ௞೤మ௞మ఼ + ݇௬ డడ௫ ቀ ఓ௞మ఼ ቁቃ +௭ܤ డడ௫ ൭ఌభିே೥మା൬ఌ೅ାಿ೥మഄయ ൰ ೎మഘమ ങమങೣమ௞మ఼ ൫ఌభିே೥మ൯ డ஻೥డ௫ ൱ = 0. (2.5.1) 

 
WKB approach also assumes, that the plasma parameters vary 

weakly at the wavelength: kxa*>>1. This makes it possible to neglect the 
terms, proportional to the plasma particle density gradient dn/dx. Then eq. 
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(2.5.1) transforms into the quadratic equation for the refractive index 
squared Nx2=c2kx2/2 with the following solution: 

 

௫ܰ±ଶ =
ఌయ൫ఌభିே೥మ൯ଶ൫ఌ೅ఌయାே೥మ൯ ቈ1 ± ට1 − 4 ൬ ୄܰଶ − ௖మ௞೤మఠమ ൰ ఌ೅ఌయାே೥మఌయ൫ఌభିே೥మ൯቉.         (2.5.2) 

 
The dependence N

2(x) (in other words, the cold limit) is shown in 
Figs. 2.5.1, and 2.5.2 by dashed curves. The dependence Nx2(x) which takes 
into account both finite Larmor radius and electron inertia has the form 
which is demonstrated in Figs. 2.5.1, and 2.5.2 by the solid curves. 

If the plasma ion temperature is small, i 4Tin/B02<<me/mi, then the 
conversion of MHD wave in the vicinity of AR is determined by the electron 
inertia. In this case (see Fig. 2.5.1), the considered MHD wave is incident on 
AR from the side of dense plasma (from right to left). If the MHD wave 
approaches to the resonant point х=хА at the distance of the order of ௔∗ே೥మ ቀ௠೐௠೔ቁభమ, then its refractive index squared Nx2 rapidly increases in absolute 

value and in the point, where the derivative ݀ ௫ܰଶି ⁄ݔ݀  turns to infinity, Nx2 

reaches the magnitude of the order of (݉௜ ݉௘⁄ )భమ. In the neighbourhood of the 

resonant point хА with the width of ௔∗ே೥మ ቀ௠೐௠೔ቁభమ (by the order of magnitude) 

MHD wave transforms into the small-scale ion cyclotron wave, which 

propagates to the periphery with Nx+2 
ఠ೛೔రே೥మఠ೎೔ర ௠೔௠೐. Refractive index squared of 

the large-scale MHD wave is shown in Figs. 2.5.1 and 2.5.2 by thicker 
curves and is figured by «1». The refractive index squared of the small-scale 
wave is larger (the wavelength x=2c/( Nx): the larger is Nx, the smaller is 
the wavelength, and the smaller is the scale of the wave) than Nx2 of the 
large-scale wave. The refractive index squared of the small-scale wave is 
demonstrated in Figs. 2.5.1 and 2.5.2 by thinner curves and figured by «2». 

 

Fig. 2.5.1. Refractive index squared  
vs x coordinate  

Fig. 2.5.2. Refractive index squared  
vs x coordinate 
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If the ions are not very cold (i >>me/mi) in the vicinity of AR (2.10), 

then the conversion of MHD waves is determined by the finite ion Larmor 
radius. In this case, the width of the conversion region appears to be equal 
by the order of magnitude to a*Ti /(Nz2c). The refractive index squared Nx+2 
becomes equal to (c/Ti) by the order of magnitude in the neighbourhood of 
the resonant point, and characteristic parameter  

 ݇௫±ଶ ௅௜ଶߩ |௫ಲ = జ೅೔మ ఠమ௖మఠ೎೔మ ቀఌమమఌ೅ቁభమ ~ జ೅೔௖ << 1.         (2.5.3) 

 
Strong inequality (2.5.3) justifies applicability of the plasma permittivity 
tensor (2.2), (2.4.1) and (2.4.6) for the plasma description in the vicinity of 
AR. If herewith the frequency of MHD wave satisfies the condition 
T<Nz2(Re3)1, then the small-scale ion cyclotron wave propagates from the 
conversion region to the plasma periphery (from right to left) with kx+2 Li

2 
(see Fig. 2.5.1). If the frequency of MHD wave is such that T>Nz2(Re3)1, 
then the small-scale ion cyclotron wave, propagating away from the 
conversion region into the plasma core, can transform into more small-scale 
wave with kx+Li>1 (see Fig. 2.5.2). 

The case of the «narrow layer» [56] is considered in the present 
overview. That is the wavelength of the large-scale MHD wave is assumed 
to be much larger than the characteristic scale of plasma parameters 
variation,  

 
a*<<max(1/ky,c/,1/kz).                (2.5.4) 

 
This inequality is opposite to the condition of applicability of WKB 
approach. That is why the dependences Nx2(x) shown in Figs. 2.5.1, and 
2.5.2 can serve only as a qualitative illustration of the wave conversion in 
the vicinity of the resonant point (2.10). 

 
2.6. Influence of the striction nonlinearity  

 
If the pumping wave is sufficiently powerful, then the influence of 

nonlinear phenomena on the MHD wave field distribution in the direct 
neighbourhood of AR can appear to be significant. The influence of the 
striction nonlinearity is studied in the present subsection. It is the main 
nonlinear phenomenon in the case of fast wave processes (if the wave phase 
velocity ph>>Ti). Nonlinearity on the second harmonic prevails for the slow 
wave processes [57], ph<Ti. The striction changes the plasma particle 
density, n(r)nNL, 

 ݊ே௅ = (ݎ)݊ ⋅ ~ܷ−)݌ݔ݁ ܶ⁄ ).    (2.6.1) 
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Potential energy of the plasma particles [58] in the field of the 

pumping wave reads as: U~=U(0), where 
 ܷ(଴) = ∑ ௘మഀ௡ഀቂ|ாೣ|మାหா೤หమା௜(ఠ೎ഀ ఠ⁄ )൫ா∗ೣா೤ିாೣா೤∗ ൯ቃସ௠ഀ௡೐൫ఠమିఠ೎ഀమ ൯ఈ .   (2.6.2) 

 
Due to the assumption of the striction weakness, U~<<T, it is enough 

to account for the replacement n(r)nNL in eq. (2.2.3) only in the factor ߝଵ − ௭ܰଶ, which is small in the vicinity of AR, 
ଵߝ  − ௭ܰଶ → ଵߝ߲) ⁄ݔ߲ )௫ಲ(ݔ − (஺ݔ + ଵߝ) − 1)(−ܷ~ ܶ⁄ ) + ൫ܷ~ଶߍ ܶଶ⁄ ൯.  (2.6.3) 

 
The striction nonlinearity can determine the AR fine structure 

(spatial distribution of the wave fields in the vicinity of AR), if the following 
inequality is valid, 

ଵߝ)|  − 1)(ܷ~/ܶ)| > | ௭ܰଶ/(ܽ∗݇)|.    (2.6.4) 
 

After simplifying the condition (2.6.4) becomes the condition on the 
amplitude of the pumping wave А, 

 
A2>>E02Nz2(Li /a*)4/3.          (2.6.5) 

Here ଵாబమ = − ∑ ௘మഀ௡ഀସ௠ഀ௡೐்൫ఠమିఠ೎ഀమ ൯ఈ .                (2.6.6) 

 
Spatial distribution of RF waves in the vicinity of AR under the 

condition (2.6.4) (see Fig. 2.6.1, and 2.6.2) was studied numerically in [59]. 
Figures 2.6.1 and 2.6.2 show the comparison of AR fine structure in linear 
approach (solid curve figured by «1») (in other words, the amplitude of the 
pumping wave in the case, if the structure is determined by the finite 
Larmor radius) with the AR fine structure in the nonlinear case (dash-
dotted curve figured by «2»). The following parameters of the deuterium 
plasma were chosen for the calculations: plasma particle density in the point 
of AR n(rA)=2,53×1013 cm3, ion temperature T=0,2 keV, axial external static 
magnetic field B0z=1,1 T, longitudinal wavenumber kz=0,2 cm1, frequency of 
the generator  =0,8 ci, characteristic scale, at which the plasma particle 
density varies, a*=2 m. The observable E0, which is defined by eq. (2.6.6), is 
equal E0 =1,3 kV/cm. Under these conditions, the striction nonlinearity 
results in forming of strongly nonlinear kinetic Alfven wave in the vicinity 
of AR. Two ordinate scales are applied in Figs. 2.6.1 and 2.6.2 for the linear 
and nonlinear waves. The scale for the linear wave is present on the left 
ordinate axis, and that for the nonlinear wave  on the right axis. 
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ଵ(௖)ߝ  → ଵ௘௙௙ߝ = ଵ଺గ௡்೔஻బమ ቀ ௖|ா|జ೅೔஻బቁଷ ቀ ௖జ೅೔ቁଶ ൬1 + ௞೥మ௖మఠ೛೔మ ൰.             (2.7.1) 

 
The electromagnetic power WT, absorbed by the unit of the plasma 

layer surface in the vicinity of AR due to effective dissipation – ion cyclotron 
turbulence – is equal by the order of magnitude  

 
WT~ xNL 1eff |Ex|2/(8)|Ex|8.           (2.7.2) 

Here  
xNL~a*1eff /Nz2         (2.7.3) 

 
is the width of the plasma layer, wherein the turbulence is significant. 

Characteristic magnitude of the wave electric field amplitude in the 
vicinity of AR can be estimated from eq. (2.7.1) and (2.1.14) 

 

Ex ~ ቀܣ ஻బయజ೅೔య௖యே೥మ ቁభర
.      (2.7.4) 

 
One can see from estimations (2.7.2), (2.7.3) and (2.7.4), that the 

power WT depends overall on the pumping wave amplitude quadratically, 
WT A2. 

 

SECTION 3. LOCAL ALFVEN RESONANCE IN PLASMAS  

WITH TWO-DIMENSIONAL INHOMOGENEITY 
 

External static magnetic field ܤሬԦ଴ is often bumpy one in laboratory 
plasma. The term «bumpy» means that the field has weak axial inhomogeneity. 
This takes place in adiabatic traps with the bumpy magnetic field [64, 65], in 
particular, in tokamaks, where the inhomogeneity is caused by the discreteness 
of the coils of the toroidal magnetic field. It also took place in toroidal systems 
with the bumpy magnetic field like ELMO BUMPY TORUS [66, 67]. So-called 
«mirror» inhomogeneity [68] was planned to prevail in the confining magnetic 
field of the Helias modular stellarator. If one replaces the flow coordinates, 
suggested in [68] for presenting the Helias reactor magnetic field, by cylindrical 
coordinates, then this representation of the «mirror» inhomogeneity coincides 
with the representation of the bumpy magnetic field, which is considered in the 
present overview. In this sense the undertaken consideration can be applied for 
studying the AR fine structure in Helias configuration.  

The theory of MHD wave propagation in the plasma column, which is 
placed into the external static magnetic field with the weak axial 
inhomogeneity, was presented in [69–72]. Electromagnetic perturbations 
propagate in the bumpy external static magnetic field in the form of the wave 
packet. Generally speaking, infinite number of satellite harmonics is present in 
the wave packet along with the main harmonic. The research, carried out in 
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[69], has demonstrated, that the multimodality of MHD waves, caused by the 
external static magnetic field inhomogeneity, results in general case in the shift 
of the eigen frequency of MHD waves. The latter shift is the small value of the 
second order in the small parameter of the inhomogeneity. Eigen plasma 
oscillations, caused by so-called «mirror» inhomogeneity of the confining 
magnetic field of the modular stellarator Helias, which spatial distribution is 
analogous to the bumpy magnetic field, was foreseen in [7376].  

In the present section, the influence of the axial inhomogeneity of the 
external static magnetic field, wherein the plasma column is placed, on the 
conversion and absorption of MHD waves is studied. The presence of 
additional resonant regions (so-called satellite ARs) is shown to be possible in 
the traps with the bumpy magnetic field along with conventional AR. Rapid 
growth of the amplitudes of small satellite harmonics of MHD waves and their 
conversion into small-scale kinetic waves take place within these SARs. The 
magnitude of the RF power, absorbed in the vicinity of these additional 
resonances, is determined.  

The fine structure of the local SARs is determined, in particular, 
under the condition, that the influence of the external static magnetic field 
inhomogeneity on the structure is stronger than those of the plasma particle 
collisions, ion thermal motion and electron inertia. These conditions can be 
realized in the peripheral plasma, where the inhomogeneity is stronger and 
the plasma is colder. 

The main general principles of the considered in the present section 
model of the cylindrical plasma, placed into the bumpy magnetic field, are 
as follows.  

In the case of weak inhomogeneity (|m|<<1), the radial and axial 
components of the external static magnetic field ܤሬԦ଴ = ଴௥ܤ Ԧ݁௥ + ଴௭ܤ Ԧ݁௭ (in 
cylindrical coordinates) are as follows, respectively (see Fig. 3.1.): 

 
B0r=B0(’m/km) sin(kbz),     B0z=B0[1+m(r)cos(kbz)], (3.1) 

 
here m’ dm/dr, kb=2 /L, L is the axial period of inhomogeneity. The 
parameter of inhomogeneity m is usually the small value, |m|<<1, in 
modern fusion devices. For example, in the plasma edge of the tokamak 
ASDEX-U, Germany, it reaches the magnitude of ~ 510 2 [70, 77]. In Helias 
configuration [73], the «mirror» inhomogeneity is planned to be more 
significant, m ~ 0.13. 

It is opportunely to note that eq. (2.1) doesn’t automatically provide 
the fundamental equation divܤሬԦ଴=0. After substituting the definitions (3.1) to 
the fundamental equation, one obtains the relation, which determines the 
dependence of the small parameter m on the radial coordinate r. The 
relation has the form of the Bessel equation. Solution of the latter equation 
makes it possible to conclude, that m is proportional to the Bessel modified 
function of the zeroth order. This means, that m can be considered as a 
constant, if the axial period of the inhomogeneity is large as compared with 
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the small radius of the device chamber. Otherwise, if the axial period of the 
inhomogeneity is small, the observable m decreases approximately 
exponentially with going away from the plasma boundary. In this case, the 
inhomogeneity of the external static magnetic field is significant in the 
narrow layer with the width kb

1 nearby the metal wall. 
 

 

 
Fig. 3.1. Schematic of the dependence of the absolute value of the external static 

magnetic field and spatial distribution of eigen MHD waves on the axial 
coordinate in the case of the bumpy magnetic field (3.1) 

 
Magnetic force lines are well-known to be parallel to the external 

static magnetic field ܤሬԦ଴ in every point. Vector form of this condition reads as 
,ሬԦ଴ܤ]   Ԧ] =0,    (3.2)ݎ݀

 
which results in the following equation for the force lines in cylindrical 
coordinates, 

 ௗ௥஻బೝ = ௗ௭஻బ೥.    (3.3) 

 
The equation for the magnetic surface can be derived in the result of 

integrating the eq. (3.3) after substituting the explicit expressions (3.1) for 
B0r and B0z to it,  

ݎ  − ଴ݎ = − ௖௢௦(௞್௭)௥ ׬ ݎ௠݀ߝݎ + ௠ଶߝ)ߍ )௥଴ .    (3.4) 

 
Taking into account the properties of m(r) as a Bessel modified function one 
can rewrite the eq. (3.4) in more convenient form, 

଴ݎ  = ݎ − 1) (ݖ௕݇)ݏ݋ܿ − ௠ߝ0.5 ௠/݇௕ଶ′ߝ ((ݖ௕݇)ݏ݋ܿ + ௠ଷߝ)ߍ ).       (3.5) 

                                   B0z 



          L                              Bz
~         Z 

L/2  
0+ 

0
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In this section, the main principles of the theory of the conversion and 

absorption of MHD waves with the frequency <<|ce|,pe in the plasma 
cylinder placed into the bumpy magnetic field are presented. Studying this 
problem is of interest mostly due to its application to the problem of plasma 
heating with these waves in the plasma traps with the bumpy magnetic 
field. The case of the plasma with the low pressure is under the 
consideration. In this case, one can neglect the electron inertia during 
studying the fast magnetosonic and Alfven branches of MHD waves. In such 
a plasma, equilibrium plasma particle density n(r,z) can be introduced as a 
function of one variable, that is the «number» of the magnetic surface,  
n(r,z) = n(r0). The external static magnetic field inhomogeneity is considered 
to be weak one. This makes it possible to apply the method of successive 
approximations for solving the Maxwell’s equations. 

The components 1,2 of the cold plasma permittivity tensor, which 
determine the MHD wave propagation, connect the components of the vector 
of the wave electric displacement field ܦሬሬԦ with the vector of the wave electric 
field ܧሬԦ as follows: 

 

Dr+Dz=1(1+ 2)Er+i2 ඥ1 +  ଶE         (3.6)ߛ
 

D=1E i2ඥ1 +  ଶ Er        (3.7)ߛ
 

here  =B0r /B0z. The components 1 and 2 of the cold plasma permittivity 
tensor are determined as follows under assumption of neglecting the 
collisions between the plasma particle,  

ଵߝ  = 1 − ∑ ߱௣௜ଶ (଴ݎ) ൫߱ଶ − ߱௖௜ଶ ൯ൗ௜ ଶߝ    , = − ∑ ߱௣௜ଶ ߱(଴ݎ) ൣ൫߱ଶ − ߱௖௜ଶ ൯߱௖௜൧ൗ௜ .  
               (3.8) 

 
The following expressions for 1,2 with accuracy up to the small terms 

of the first order in m are applied below: 
,ݎ)ଵ,ଶߝ  (ݖ = (ݎ)ଵ,ଶ(଴)ߝ + (ݎ)ଵ,ଶ(ଵ)ߝ (ݖ௕݇)ݏ݋ܿ +  (3.9)      ,(ଶߛ)ߍ

 
here หߝଵ,ଶ(ଵ)ห~หߝ௠ߝଵ,ଶ(଴)ห. In absence of the axial inhomogeneity (m = 0), the 
components 1,2 read as 

ଵ(଴)ߝ  = 1 + ఠ೛೔మ (௥)ఠ೎೔(బ)మିఠమ ,      (3.10) 

(ݎ)ଶ(଴)ߝ  = ఠ೛೔మ (௥)ఠఠ೎೔(బ)(ఠ೎೔(బ)మିఠమ) ,   (3.11) 
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here ci(0)=ci(B0) is calculated in the zeroth approach, that is under the 
condition of neglecting the axial inhomogeneity of external static magnetic 
field, ߱௖௜(଴) = ଴ܤ݁ (݉௜ܿ)⁄ , and NA(r)=pi(r)/ci(0) is Alfven refractive index. 

The corrections 1,2(1) of the first order read as: 
(ݎ)ଵ(ଵ)ߝ  = ൬డఠ೛೔మడ௥ ൰|ఌ೘ୀ଴ ఌ೘ᇲ௞೘మ ∑ ቀ߱ଶ − ߱௖௜(଴)ଶቁିଵ

2ߝ௠ ∑ ఠ೛೔మ (௥)ఠ೎೔(బ)మቀఠమିఠ೎೔(బ)మቁమ௜ ,   (3.12) 

(ݎ)ଶ(ଵ)ߝ  = ቆడ ௟௡ቀఠ೛೔మ ቁడ௥ ቇ|ఌ೘ୀ଴ ఌ೘ᇲ௞೘మ ௠ߝଶ(଴)ߝ ∑ ఠ೛೔మ (௥)ఠቀଷఠ೎೔(బ)మିఠమቁఠ೎೔(బ)ቀఠమିఠ೎೔(బ)మቁమ௜ . (3.13) 

 
To solve the problem the following orthonormal set of coordinate 

vectors ( Ԧ݁ଵ, Ԧ݁ଶ, Ԧ݁ଶ), connected with the force lines of ܤሬԦ଴ is convenient to 
introduce. The first vector is perpendicular to the magnetic surfaces, Ԧ݁ଵ=r0 /|r0|. The second vector coincides with the azimuthal unit vector in 
cylindrical coordinates, Ԧ݁ଶ = Ԧ݁ణ. The third vector is parallel to the magnetic 
force lines, Ԧ݁ଷ=ܤሬԦ଴/|ܤሬԦ଴|. Application of the conditions of the smallness of the 
axial inhomogeneity and electron inertia (|3|) during solving the 
Maxwell’s equations results in equality to zero of the wave longitudinal 
electric field in entire plasma volume: E3(B0z Ez +B0r Er)/|B0| 0. The 
latter condition forms the connection between the wave radial and axial 
electric fields, which in turn makes it possible to write down the following 
simplified set of Maxwell’s equations in cylindrical coordinates: 

 ௜௠௥ ஻బೝ஻బ೥ ௥ܧ − డாഛడ௭ = ௜ఠ௖   ௥,   (3.14)ܤ

 డாೝడ௭ − డడ௥ ቀ஻బೝ஻బ೥ ௥ቁܧ = ௜ఠ௖  ణ,   (3.15)ܤ

 ଵ௥ డడ௥ (ణܧݎ) − ௜௠௥ ௥ܧ = ௜ఠ௖  ௭,   (3.16)ܤ

 

B0zቀ݅݉ܤ௭ − ݎ డ஻ഛడ௭ ቁ + ଴௥ܤ ቀ డడ௥ (ణܤݎ) − ௥ቁ=ఠ ௥௜௖ܤ݉݅ ௥ܧ଴௭ܤଵߝ) +   ,(ణܧ|଴ܤ|ଶߝ݅

     (3.17) 
 డ஻ೝడ௭ − డ஻೥డ௥ = ఠ௜௖ ቀߝଵܧణ − ଶߝ݅ ஻బ೥|஻బ|  ௥ቁ.   (3.18)ܧ

 
The set of eqs. (3.14)-(3.18) is valid under the condition of neglecting 

the plasma particle collisions, electron inertia, and finite ion Larmor radius. 
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3.1. Additional plasma heating in the vicinity of satellite  

alfven resonances in the traps with the bumpy magnetic field 
 

The possibility of RF power absorption in the vicinity the satellite ARs 
(SARs) is considered in the present subsection [78-81]. Rapid growth of the 
amplitudes of the electromagnetic wave satellite harmonics and their 
conversion into the small-scale waves take place in the vicinity of SARs. In 
the bumpy external static magnetic field (3.1), MHD waves propagate in the 
form of the wave packet. In particular, the radial component of the MHD 
wave electric field propagates in the following form: 

 
Er= [Er(0)(r) +Er(+)(r)еxp(ikbz)+Er()(r)еxp(ikbz)] exp[i(kzz+mt)].  

  (3.1.1) 
 

In (3.1.1), two the nearest satellite harmonics exp[i(kz kb)z] are taken into 
account along with the main harmonic exp[i(kzz)]. The amplitudes of the 
satellite harmonics are assumed to be small values everywhere, except of 
the regions of the local resonances [69], 

 
|Er()|~m|Er(0)|.       (3.1.2) 

 
In the representation (3.1.1), m is azimuthal wave index, kz is axial 
wavenumber of MHD waves in the zeroth approach (in the case of forced 
oscillations, the magnitude of kz is determined by antenna). Representation 
of the other components of MHD wave magnetic and electric fields are 
similar to (3.1.1). 

It is shown in the present subsection, that two additional resonances, 
r =rA(), within which  

(ݎ)ଵ(଴)ߝ  = ( ௭ܰ ± ௕ܰ)ଶ,           (3.1.3) 
 

can exist in the traps with the bumpy magnetic field with weak 
inhomogeneity (|m|<<1) along with the main AR, r = rA(0), within which the 
condition (2.10) takes place. Here Nz=сkz / is longitudinal refractive index, 
Nbckb /. It is natural to call these resonances as satellite Alfven 
resonances (SARs). RF power absorption in the vicinity of SARs and the 
damping rate of MHD waves caused by this absorption are the small values 
of the second order in the parameter m. Nevertheless, some situations exist 
in which the considered phenomenon can be significant for the plasma 
heating. 

Amplitudes of satellite harmonics of the MHD wave electric and 
magnetic fields increase in the vicinity of SARs. And conversion of these 
oscillations into small-scale waves takes place there. This phenomenon is 
observed for both Alfven waves with the frequency  <ci (if (NzNb)2> 1) 
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and fast magnetosonic waves with the frequency  >ci (if (NzNb)2< 1)  in 
a rarefied plasma. 

Since the values ߤ(±) = ଶߝ ଵߝ) − ( ௭ܰ ± ௕ܰ)ଶ)⁄ , ݇±ଶ = (߱ ܿ⁄ )ଶ(ߝଵ −( ௭ܰ ± ௕ܰ)ଶ) ቀ1 − ଶቁ are singular: , k(±)ߤ
2  [1(0) (NzNb)2]1 in the vicinity 

of SARs, then the amplitudes of satellite harmonics also have the 
singularities of the following forms there: 

 

Er(±), ܤణ(±) ∝ ଵߝ) − ( ௭ܰ ± ௕ܰ)ଶ)ିଵ, ܧ௭(±) ∝ ଵߝ) − ( ௭ܰ ± ௕ܰ)ଶ)ିଶ, ܧణ(±), ,(±)௥ܤ (±)௭ܤ ∝ ଵߝ|݈݊ − ( ௭ܰ ± ௕ܰ)ଶ|.   (3.1.4) 
 

In the vicinity of SARs (3.1.3), the amplitudes of satellite harmonics 
Er(±) describe joint propagation of MHD waves and small-scale waves. The 
amplitudes are determined with account for the electron inertia, finite ion 
Larmor radius, and collisions between the plasma particles from the 
following equation (compare with eq. (2.4.7)): 

 ቀ்ߝ + ே೥మఌయ ቁ ௖మఠమ డమாೝ(±)డ௥మ +൫ߝଵ + (௖)ߝ݅ − ( ௭ܰ ± ௕ܰ)ଶ൯Er(±) =A(±).      (3.1.5) 

 
In eq. (3.1.5), the following notations are introduced by analogy with eq. 
(2.2.5)  

 

A(±)iߝଶ(଴)ܧణ(±) ௖௠ఠ௥  ௭(±) 0.51(1)Er(0) 0.5i2(1)E(0).     (3.1.6)ܤ

 
Here, the term 1(c) provides account for the plasma particle collisions [52], it 
is given in the subsection 2.1 in eq. (2.1.2). The term T in (3.1.5) accounts 
for the finite ion Larmor radius [49], it is defined in the subsection 2.4 in eq. 
(2.4.6). The electron inertia is taken into account in (3.1.5) in the component 
 of the permittivity tensor, its form is given in the subsection 2.4 in eqs. 
(2.4.1)(2.4.4). 

To solve eq. (3.1.5) one can get use of the fact, that the combination 
A(±) varies weakly and can be considered as a constant in the vicinity of SAR 
points (3.1.3). It should be underlined that the combination  ቂ௖௠௥ఠ (±)௭ܤ +  ణ(±)ቃ, which is the part of (3.1.6), slowly varies in the vicinityܧଶ(଴)ߝ݅

of ݎ஺(±), despite the dependences Bz()(r) and E()(r) have singularities within 
the point ݎ஺(±), (compare with [24, 55, 63]). 

Variation of the plasma parameters in the vicinity of SAR point is 
assumed to be weak. This makes it possible to apply the magnitudes of the 
right hand side of eq. (3.1.5) as well as such physical observables as T, 3, 
and ߝଵ(௖) in the point r=rA() during solving the equation. The solution of eq. 
(3.1.5) reads as (compare with (2.3.7)): 
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Er(±) =A(±)k1ቀௗఌభௗ௫ ቁିଵ  (3.1.7)      ,(ߦ)଴ݑ

here ݑ଴(ߦ)=[(ߞ)݅ܩ − ߦ ,[(ߞ)݅ܣ݅ = ݇ଵ ቀݎ − ஺(±)ቁݎ − ߟ    ,ߟ݅ = −݇ଵߝଵ(௖) ൬డఌభ(బ)డ௥ ൰ିଵ ቚݎ஺(±), 
k1=൬− ఠమడఌభ(బ)௖మడ௥   ఌయఌ೅ఌయାఌభ(బ)൰ଵ ଷൗ ቚݎ஺(±) = |݇ଵ| )݌ݔ݁ ݅߰).           (3.1.8) 

 
Basing on the asymptote (2.3.8) of the solution (3.1.7) of the eq. (3.1.5) 

for Rе, one can assume that small-scale kinetic wave (the second term 
in eq. (2.3.8)) strongly damps in the vicinity of the resonant point due to 
collisions or Landau mechanism when going away from the SAR point. 
If the damping is weak, then the asymptote (2.3.8) should match up the 
solution of eq. (3.1.5), which is derived in the WKB approach and 
corresponds to the waves, which carry the energy away from the conversion 
point of SAR either into the plasma core or to the periphery. In this case, the 
reflected wave is assumed to be absent. In other words, these small-scale 
waves are assumed to absorb during one passage along the plasma column 
radius. This makes it possible to avoid studying numerous phenomena, 
resulting from weak damping, as well as formation of the global resonances 
with high magnitude of the radial wavenumber in this case. 

It is appropriate to remind, that eq. (3.1.5) describes joint propagation 
of Alfven waves (or FMSWs) and small-scale waves in the vicinity of SAR 
points r =rA(). 

Now one can analyze the SAR fine structure, applying the research, 
presented in Section 2. Namely, if the collisions prevail, then SAR width is 
determined by the expression (2.1.13),  

 
rc~ a*1(c)/(Nz ±Nb)2,                        (3.1.9) 

 
and characteristic magnitude of satellite harmonic, which grows within 
SAR, can be estimated as follows (compare with (2.1.14)): 
 

Er(±) = 0.5A(±)/1(c).    (3.1.10) 
 

If the fine structure of SAR is determined by the electron finite 
inertia, then SAR width is determined by eq. (2.3.6), 

 

rm~ a*ቀ ௠೐௠೔௔∗మ(௞೥±௞್)మቁభయ.                                 (3.1.11) 
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And characteristic magnitude of the satellite harmonic amplitude in 

the vicinity of SAR can be estimated as follows (compare with (2.3.10)): 
 

Er(±) ~A(±) గ(ே೥±ே್)మ ቀ௠೔௠೐ ݇௭ଶܽ∗ଶቁభయ.     (3.1.12) 

 
In the case if SAR fine structure is determined by finite ion Larmor 

radius, characteristic SAR width is determined by eq. (2.4.10), 
 

rT~ a*(ߩ௅௜ ܽ ∗⁄ )మయ.                                (3.1.13) 
 

And characteristic magnitude of amplitude of satellite harmonic of the 
wave electric field in the vicinity of SAR can be estimated as follows 
(compare with (2.4.11)): 

Er(±) ~A(±) గ(ே೥±ே್)మ ቀ ௔∗ఘಽ೔ቁమయ.              (3.1.14) 

 
In the following, the magnitude of electromagnetic power, absorbed in 

the vicinity of SAR point at the unit length of the plasma column, is 
calculated. It consists of the work done by the wave field satellite harmonics 
over the radial RF currents jrexp[i(kzkb)z+imi t)],  

 

Pr()= r()Re׬ ௥݆∗ Er()dr=గఠ௥ಲ(±)ସ డఌభ(బ)డ௥ ቚ௥ಲ(±)ିଵ ቚܣ(±)ቚଶ
,            (3.1.15) 

 
and the work over axial RF currents,  
 ௭ܲ(±) = (±)஺ݎߨ ܴ݁ ׬ ݆௭∗ܧ௭(±)݀ݎ= 

=ቆฬௗఌభ(బ)ௗ௥ ฬିଵ ௥ఌభ(బ) ூ௠(ఌయ∗ )ቚఌ೅ఌయమାఌభ(బ)ఌయቚቇ௥ୀ௥ಲ(±) ఠସ |݇ଵ| ቚܣ(±)ቚଶ ׬ ቚడ௨బడక ቚାஶିஶ ଶ
 d r.     (3.1.16) 

 
Well-known expressions [63] for the power P(0), which is absorbed in the 

vicinity of the main AR (2.10), can be obtained from (3.1.15) and (3.1.16), if to 
replace rA()rA, (NzNb)Nz, E()E(0), B()B(0), and А() A. During 
calculating the RF power absorption within SAR (3.1.3) one has to keep in mind 
that the satellite harmonic ехр[i( kz k b)z], excited my MHD wave with axial 
wavenumber  kz , is resonantly absorbed along with the satellite harmonic 
ехр[i(kzkb)z], excited by MHD wave with the axial wavenumber kz . 

It is in place to remind, that the contribution Pz() to the plasma 
heating is not small, if Imߝଷ >Rеߝଷ: 

 ௉೥(±)௉ೝ(±) ~ ቚ ఌభఌభାఌ೅ఌయቚ ூ௠ ఌయ|ఌయ| .        (3.1.17) 
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The first case. If the magnitude of kz is sufficiently small, and the 

plasma particle density is sufficiently large, then the main resonance r=rA is 
situated at the plasma periphery. The shift of the resonant point r=rA to the 
plasma periphery is accompanied by the increase of the plasma particle 
density gradient, and the RF power, absorbed in the vicinity of the main 
resonance, decreases, Р(2(0))2(1(0)/ r)1. In the case of sufficiently large 
magnitudes of kb , SARs r=rA() can be situated in the plasma core 
(see Figs. 3.1.13.1.3). Radial coordinate in cm is used as the abscissa axis 
in these figures. The model density radial profile is shown in Fig. 3.1.1, for 
which the curves in the following two figures are calculated. This model 
profile is quadratic, n(r)=n(0)(1 r2/a2).  

The radial dependence of the perpendicular refractive index squared 
N

2(kz,r) of the main harmonic is presented in Fig. 3.1.2. The parameters of 
the plasma-wave system are chosen in such a way that the local AR (the 
point, where N

2(kz,r) is singular) is situated at the plasma periphery.  
The radial dependence of the perpendicular refractive index squared 

N
2(kz +kb,r) of the satellite harmonic is shown in Fig. 3.1.3. The parameters 

of the plasma-wave system are chosen such that kb =2kz . As the result, the 
satellite AR (the point, where N

2(kz +kb,r) is singular) appears to be 
situated much more far from the plasma periphery, than the main AR. The 
ratio Рr(±)/Рr(0) is equal by the order of magnitude (see eq. (3.1.15)) 

 
Рr(±)/Рr(0)~[n(rA())/n(rA)] [(kz±kb)/kz]2|E()/ E(0)|2.       (3.1.18) 

 
One can see from eq. (3.1.18), that Рr(±) can be larger than Рr(0), if kb is 

sufficiently large as compared with kz, and the plasma particle density n(r(0)) is 
small as compared with n(r()). Doing this one has to keep in mind that the 
electromagnetic field can have a narrow barrier of nontransparency at the 
plasma periphery [13] due to small kz and hence better penetrate into the 
plasma core, where the field corresponds to the fast magnetosonic wave in the 
region of sufficiently high plasma particle density, ൫߱௣௜ଶ [߱௖௜(߱ + ߱௖௜)]⁄ > ௭ܰଶ൯. 
This fast magnetosonic wave linearly interact in the bumpy external static 
magnetic field [1] with Alfven wave with axial wavenumber (kzkb) and hence is 
resonantly absorbed in the vicinity of the SAR points rA(). 

Electromagnetic wave Вz(0) can be eigen one (with a weak damping) 
for the considered plasma waveguide (plasma resonator, in the case of 
plasma torus – plasma cylinder with identified ends). In this case the 
satellite harmonics Вz(±) also increase resonantly, and the power, which is 
absorbed in the vicinity of the AR point, r=rA, increases, as well as those, 
absorbed in the SAR points, r=rA(). 

The satellite harmonic power absorption within the points r=rA() can 
also be enhanced in the case, if the wave with the longitudinal wavenumber 
(kzkb) is eigen one for the waveguide. In this case, two first terms in (3.1.6) ൬݅ܧణ(±) + ௖(௠∓௟)ఠ ௥ఌమ(బ)  .൰ ฬ௥ୀ௥ಲ(±) increase resonantly(±)ܤ
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The second case. The main AR is absent in principle in the plasma of 

small density, Nz2>1(0). In this case, the SAR r=rA(), can be present and 
provide absorption of the pumping wave. The power absorption in this 
resonance can be also be enhanced in the case, if the satellite harmonic is 
the eigen mode of the waveguide. 

The third case. FMSWs with axial wavenumber |kz|>/c and the 
frequency >ci do not have the main resonance (2.10) in contrast to AWs. 
(Conversion and resonant absorption of the FMSWs with |kz|> /c and the 
frequency  >ci in peripheral plasma was studied in [55, 83].) If herewith 
|kz kb|< /c, then for such FMSWs, SAR (2.1.3) comes into being in the 
plasma column. Since pi2>ci2 in the core of the fusion plasma, then this 
SAR point r=rA() is situated at plasma column periphery. On the one hand, 
the plasma particle density n(rA()) and the axial wavenumber squared 
(kz kb)2 of the harmonic, which are the cofactors in the expression (3.1.18), 
are not large in this case. On the other hand, the deviation of the magnetic 
surface shape from the straight cylinder is the most pronounced just at the 
plasma periphery (the parameter of inhomogeneity m increases with 
increasing of the radius). Moreover, the amplitude of the pumping wave is 
usually the largest just near the plasma interface. That is why the SAR, 
studied in the present subsection, can make a significant contribution to the 
undesirable plasma periphery heating in a fusion device with the bumpy 
magnetic field. 

 
3.2. Influence of axial periodic inhomogeneity of the external static 

magnetic field on the fine structure and alfven heating  

of cylindric plasma nearby the main AR 
 

In the present subsection, the fine structure of the main local AR and 
RF power absorption in cylindrical plasma placed into external static 
magnetic field with a moderate inhomogeneity is studied [84]. Confining 
magnetic field ܤሬԦ଴ = ଴௥ܤ Ԧ݁௥ + ଴ణܤ Ԧ݁ణ + ଴௭ܤ Ԧ݁௭ (in cylindrical coordinates) is 
modeled in such a way that its radial and axial components are determined 
by eqs. (3.1), and azimuthal component B0r<<B0 describes the rotational 
transform, caused by the axial electric current in the tokamak plasma or the 
currents in the modular coils of stellarators. 

In the bumpy magnetic field, electromagnetic perturbations propagate 
in the form of wave packet, in which, generally speaking, infinite number of 
satellite harmonics is present along with the main harmonic. In the present 
subsection, the influence of the moderate inhomogeneity of the confining 
magnetic field on the conversion and absorption of AW in the vicinity of AR 
is studied for the main harmonic. It is shown that the contribution of the 
magnetic field inhomogeneity into the determining the fine structure of AR 
can be of the same order as those caused by the plasma particle collisions, 
finite ion Larmor radius, and the electron inertia.  
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The problem is formulated as follows. During studying the Alfven and 

fast magnetosonic branches of MHD oscillations in the plasma with a small gas 
kinetic pressure, one can neglect the electron inertia everywhere, except of the 
narrow region of the local AR. Application of the conditions of smallness of the 
magnetic field inhomogeneity and smallness of the electron inertia (|3|) 
during solving the Maxwell’s equations results in equality to zero of the 
longitudinal wave electric field, E3=(B0rEr+B0E+ ܤ଴௭ܧ௭) หܤሬԦ଴ห⁄ → 0, in entire 
plasma volume. Derived in such a way relation between the components of the 
wave electric field makes it possible to write down the simplified set of 
Maxwell’s equations in cylindrical coordinates (3.14)(3.18) under the condition 
of neglecting the collisions between the plasma particles, electron inertia and 
ion thermal motion. 

To solve the set of equations (3.14)(3.18), one needs the expressions 
(3.8)(3.13) for the components 1,2 of the plasma permittivity tensor with 
account for the small terms of the first order of smallness in respect of the 
parameter m . 

Basing on the spatial dependence (3.9) of the components of the 
plasma permittivity tensor, the solution of the set of equations (3.14)(3.18) 
is found for the radial component of the MHD wave electric field in the 
following form: 

௥~ܧ  = ቂܧ௭(଴)(ݎ) + ௜௞್௭݁(ݎ)௥(ାଵ)ܧ + ௜௞್௭ቃି݁(ݎ)௥(ିଵ)ܧ ݌ݔ݁ ݅ (݇௭ݖ + ߴ݉ −   .(ݐ߱
 (3.2.1) 

 
The packet (3.2.1) along with the main harmonic exp(ikzz) contains 

also two the nearest satellite harmonics exp[i(kzkb)z)]. Representation of 
the other components of MHD wave magnetic and electric fields in the form 
of series is analogous to eq. (3.2.1). 

In the following, the main equation of this problem is derived. 
Application of the expression (3.9) for the plasma permittivity tensor and 
the condition of vanishing of the wave longitudinal electric field E3 make it 
possible to derive the following set of coupled equations for the amplitudes 
of the main Er(0) and satellite ܧ௥(±ଵ) harmonics of the radial component of the 
wave electric field from the Maxwell’s equations: 

 ቂቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁ ௥(଴)ܧ − + +ቃܣ ௖మఋమଶఠమ ௗమாೝ(బ)ௗ௥మ + ௥(ାଵ)ܧଵ(ଵ)ߝ0.5 + ௖మ௞್ఋଶఠమ ௗாೝ(శభ)ௗ௥ + 

+௖మఠమ ௭݇)ߜ − ݇௕) ௗாೝ(శభ)ௗ௥ + ௖మ௞್ఋଶఠమ ௗாೝ(షభ)ௗ௥ ௥(ିଵ)௖మఠమܧଵ(ଵ)ߝ0.5+ + ௭݇)ߜ + ݇௕) ௗாೝ(షభ)ௗ௥ = 0,                 (3.2.2) 
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 − ௖మଶఠమ ±2݇௭)ߜ + ݇௕) ௗாೝ(బ)ௗ௥ + ( ௭ܰ ± ௕ܰ)ଶܧ௥(±ଵ)௖మఋమଶఠమ ௗమாೝ(±భ)ௗ௥మ −– ௭ܰଶܧ௥(±ଵ) + ௖మఋమସఠమ ௗாೝ(∓భ)ௗ௥ = 0.                                                         (3.2.3) 

 
Here N =cm/( r) is azimuthal refractive index, the small parameter 
mkb originates from account for the small radial component of the 
confining magnetic field (3.1).  

In the following, the dependence of the small parameter  on the spatial 
period of inhomogeneity L is discussed. At first sight, the dependence can look 
as direct proportionality, since  contains the factor 1 km~L. But besides,  is 
proportional to the derivative dmdr in respect of radius from the amplitude of 
modulation of the axial component of the external static magnetic field, and m 
in turn is proportional to the Bessel function of the zeroth order. Thus, the 
dependence of the small parameter on the spatial period of the inhomogeneity 
is proportional to the modified Bessel function of the first order I1(kmr). 

The approach of the narrow layer [24] is applied to derive the set of 
equations (3.2.2), (3.2.3). This approach means weak variation of the wave 
fields in the vicinity of AR in both axial and azimuthal directions and can be 
expressed as the following inequalities  

 ቚ݀ܤ௭(଴) ⁄ݎ݀ ቚ >> ቚ݇௭(଴)௠௔௫ܤ௭(଴)ቚ ,  ݇ ݉)ݔܽ݉ ⁄ݎ , ݇௭, ݇௠, ߱ ܿ⁄ )௠௔௫.   (3.2.4) 

 
This approach foresees also weak variation of the plasma particle density in 
radial direction. 

It is in place to remind that the azimuthal component of the wave 
magnetic field varies in the radial direction in the vicinity of AR as rapidly, 
as Er does (see eq. (2.15)). Radial dependence of the other components of the 
wave electric and magnetic fields in the vicinity of AR is weaker, namely: 

,௥ܤ  ,௭ܤ ణܧ ∝ ݈݊ ቀߝଵ(଴) − ௭ܰ − ଶே೥ேഛ஻బഛ஻బ ቁ, ܧ௥, ణܤ ∝ ቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁିଵ
.             (3.2.5) 

 
It is taken into account here, that in presence of azimuthal static magnetic 
field B the position of AR is determined as follows: 

ଵ(଴)ߝ  = ௭ܰଶ +2NzB/B0,                                (3.2.6) 
 

It is appropriate to remind that the combination A=൫−݅ߝଶ(଴)ܧణ(଴) −ణܰܤ௭(଴)൯|௥ୀ௥ಲ in the square brackets in eq. (3.2.2) weakly varies in the vicinity of 

the local resonance [24, 55, 63], despite of the fact that the fields Bz(0) and E(0) 
have a logarithmic singularity there in the cold approach. 
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Account for the azimuthal component of the external static magnetic 

field changes the amplitude of the main harmonic by the small term of the 
order of (ܤ଴ణ/ܤ଴) [85]. Influence of the axial inhomogeneity of the confining 
magnetic field on the amplitude of the main harmonic out of the main AR 
neighbourhood manifests in the second order of smallness in respect of the 
small parameter of inhomogeneity m. The amplitudes of the satellite 
harmonics are smaller by the order than that of the main harmonic [69],  

 ௥(଴).            (3.2.7)ܧ௠ߝ~௥(±ଵ)ܧ 
 

Since the amplitude of the main harmonic, as well as the amplitudes 
of the satellite harmonics resonantly increase in the vicinity of AR, then the 
relation (3.2.7) cannot be applied for analysis of the set of equations (3.2.2), 
(3.2.3) in the vicinity of the local AR (3.2.6). The following consideration 
shows, that the relation (3.2.7) does stop to be true within the AR. 

The set (3.2.2), (3.2.3) can be reduced to the following differential 
equation of the sixth order for the amplitude of the main harmonic ܧ௥(଴): 

 ଷଵ଺ ௖రఠర ସߜ ௗరௗ௥ర ቂቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁ ௥(଴)ܧ +  ቃܣ

௖మఠమ ଶߜ ௕ܰଶ ௗమௗ௥మ ቂቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁ ௥(଴)ܧ +  +ቃܣ

+ ௕ܰଶ൫ ௕ܰଶ − 4 ௭ܰଶ൯ ቂቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁ ௥(଴)ܧ +  +ቃܣ

+ ଷଷଶ ௖లఠల ଺ߜ ௗలௗ௥ల ௥(଴)|(଺,଺)ܧ − ଵ଼ ௖రఠర ସ൫ߜ ௕ܰଶ + 4 ௭ܰଶ൯ ௗరௗ௥ర  ௥(଴)|(ସ,ସ)ܧ

ଷ଼ ௖యఠయ ଷߜ ௕ܰߝଵ(ଵ) ௗయௗ௥య  +௥(଴)|(ସ,ଷ)ܧ

+ଵଶ ௖ఠ ߜ ௕ܰߝଵ(ଵ)൫ ௕ܰଶ − 4 ௭ܰଶ൯ ௗௗ௥ ௥(଴)|(ଶ,ଵ)ܧ = 0.                  (3.2.8) 

 
Two subscripts are assigned to each of the last four terms in this equation. 
Their sense is explained below for the last term as an example. The 
subscripts (2,1) show that quadratic in respect of the small parameter 
coefficient stays nearby the first derivative in this term. Analysis of the 
relations between the order of smallness of the coefficient and the order of 
the respective derivative makes it possible to simplify eq. (3.2.8) to the 
following form: 

 − ଵ଼ ௖రఠర ସ൫ߜ ௕ܰଶ − 4 ௭ܰଶ൯ ௗరௗ௥ర  +௥(଴)ܧ

+ ௕ܰଶ൫ ௕ܰଶ − 4 ௭ܰଶ൯ ቂቀߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴ቁ ௥(଴)ܧ +  ቃ =0.  (3.2.9)ܣ

 
After solving eq. (3.2.9) one can analyse the precision, with which the 

equation corresponds to eq. (3.2.8). 
Solution of eq. (3.2.9) is found by the Laplace method, 
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௥(଴)ܧ  = (ܽ∗݇ଵ ௭ܰଶ⁄ ݎ)଴[݇ଵݑܣ( −  ஺)],                       (3.2.10)ݎ
here  ݑ଴(ߦ) = ׬ ߦݐ)݅]݌ݔ݁ + ହ/5)]ஶ଴ݐ ଵ݇  ,ݐ݀  = ൬ ௖రఋర௔∗଼ఠరேమ್ே೥మ ேమ್ାସே೥మேమ್ିସே೥మ൰ିଵ/ହ

~[kz2kb2/(4a*)]1/5 4/5,  (3.2.11) 

 ܽ∗ = ห݀ ݈݊หߝଵ(଴)ห  หିଵ|௥ಲ is characteristic radial scale, at which the plasmaݎ݀/

particle density varies. The solution satisfies the following boundary 
conditions: it is finite both in the point of AR and with going away from it; it 
describes the conversion of the electromagnetic wave into small-scale wave, 
which carries the energy from the resonant point; it damps in the case of 
account for weak dissipation in expression for 1(0). The plot of the function 
u0() is shown in Fig. 3.2.1 (the real part is shown by the solid curve, and 
imaginary – by the dashed curve). 

In the case if axial wave length is twice as long as the spatial period of 
inhomogeneity, 2kz=km , the coefficient nearby the second term in eq. (3.2.9) 
becomes equal to zero, and hence our solution loses sense. In this case two 
main harmonics, coupled into one wave packet by the inhomogeneity of the 
external static magnetic field, have their AR in the same point. The 
influence of the inhomogeneity of the external static magnetic field on the 
AR finite structure in this resonant case was studied in [86] and is described 
in the next subsection. 
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Fig. 3.2.1. Dependence of the real (solid curve) and imaginary (dashed curve) parts  

of the function u0() 
 
The characteristic width of AR 
 

r=|k1|1 ~[kz2kb2/(4a*)]1/5 4/5        (3.2.12) 
 

is equal by the order of magnitude to the width of AR in the mentioned 
above resonant case and by  2/15 times smaller than the width of SAR, 
studied in [87] and described in the subsection 2.4 for the case, if the 
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structure of SAR is determined by the inhomogeneity of external static 
magnetic field. Respectively, characteristic magnitude of the amplitude Er(0) 
of the main harmonic of the radial component of the wave electric field 
within the local AR can be estimated from eqs. (3.2.10) and (3.2.11) by the 
order of magnitude, ܧ௥(଴)~ܽ݇ଵܣ/ ௭ܰଶ~ ቀఠర௔రேమ್ఋరே೥ఴ௖ర ቁభఱ  (3.2.13)         .ܣ

 
The wave electric field in the resonant point Er(0)(rA) is of the order of 

ambipolar electric field ~T/ea*, if the pumping wave is of the following order 
~ణܧ  ௠೔ఘಽ೔మ ఠయ೎೔௘ఠ௔మ ൬ ௔ఋర௞మ್௞೥మ൰భఱ

.         (3.2.14) 

 
Under this condition one can neglect nonlinear phenomena in the vicinity 
of AR. 

At the beginning of analyzing the set of equations (3.2.2), (3.2.3), the 
relation (3.2.7) was assumed to deny in the vicinity of AR. The following 
simplified expressions for the amplitudes of the satellite harmonics can be 
derived from eq. (3.2.3) with accuracy of  2/5, 

௥(±ଵ)ܧ  = ᇱߝ)− 2݇௕ଶ⁄ ) ௥(଴)ܧ݀ ⁄ݎ݀ ௥(±ଶ)ܧ , = ᇱߝ)− 4݇௕ଶ⁄ ) ௥(±ଵ)ܧ݀ ⁄ݎ݀ ...       (3.2.15) 
 

That is the amplitude of n-th satellite harmonic is by the order of  n/5 times 
smaller than that of the main harmonic, 

~௥(±ଵ)ܧ  ௞భఋ௞್ ~௥(଴)ܧ ቀ ఠయ௔యఋయ௖యே್ே೥లቁభఱ  (3.2.16)                .ܣ

 
Amplitudes of the satellite harmonics remain smaller than that of the 

main harmonic, despite of the fact that they increase in the vicinity of AR 
rapidly than the amplitude of the main harmonic. However, their smallness 
as compared with the amplitude of the main harmonic is not so pronounced 
in the vicinity of AR as out of the AR region. 

It is the place to estimate the precision of transition from eq. (3.2.8) to 
simplified eq. (3.2.9). The largest term among the neglected ones, − ௖మఠమ ଶߜ ௕ܰଶ ௗమௗ௥మ ൣ൫ߝଵ(଴) − ௭ܰଶ − 2 ௭ܰ ణܰܤ଴ణ/ܤ଴൯ܧ௥(଴) +  ൧, is small value of the orderܣ

of ~ 2/5 as compared with the third kept term in (3.2.9). The first term in 
(3.2.8) is the small value of the order of  4/5. The terms, to which the 
subscripts (i,j) are assigned, can be estimated as compared with the kept 
term with the subscripts (4,4), as small values of the order of (і-4-0.8(j-4)).  

Among the amplitudes of the main harmonics, just axial component of 
the wave electric field increases the most rapidly in the vicinity of AR as 
compared with the magnitude, typical for it outside the AR: 
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௭ܧ  ≈ ௜௖ఠఌయ డ஻ഛడ௥ = ௜௖ఠఌయ ௭ܰ డாೝడ௥  ~௞೥௔ே೥మ ௅௜ଶߩ ቀ௞೥మ௞మ್ఋర௔ ቁమఱ  (3.2.17)      .ܣ

 
However, this component remains much smaller than the wave radial 

component Er(0), and influence of Ez on the plasma particle transition from 
trapped states to passing ones can be neglected in linear (in respect of the 
wave amplitude) approach.  

In the following, the conditions are found under which finite structure 
of the local AR is determined by the inhomogeneity of the external static 
magnetic field rather than the electron inertia, finite ion Larmor radius 
Li=Ti /ci or the plasma particle collisions. These weak phenomena can be 
taken into account in eq. (3.2.9) analogously to that how it was done in the 
case of uniform axial external static magnetic field [24, 55, 63] with the 
following replacement: 

ଵ(଴)ߝ  − ௭ܰଶ → ଵ(଴)ߝ − ௭ܰଶ + ଵ(௖)ߝ݅ + ൬்ߝ + ఌభ(బ)ఌయ ൰ ௖మఠమ డమడ௥మ.        (3.2.18) 

 
Varying the plasma parameters in the vicinity of AR is assumed to be 

weak, that is why one can apply the magnitudes of the physical observables 
T, 3, ߝଵ(௖), ߝଵ,ଶ(଴,ଵ), and ߝଵ(ଶ) in the resonant point r = rA. Here the term (i1(c)) is 
presented in the subsection 2.1 by eq. (2.1.2), it accounts for the collisions 
between the plasma particles [52]. The coefficient T in eq. (3.2.18) is given 
in the subsection 2.4 (see eq. (2.4.6)), it provides account for the finite ion 
Larmor radius [49]. The electron inertia is also taken into account in 
(3.2.18) via the component 3 of the plasma permittivity tensor. One can 
apply the expressions (2.4.1)(2.4.4) for 3, which are presented in the 
subsection 2.4.  

The conditions, under which the influence of weak axial periodic 
inhomogeneity of ܤሬԦ଴ on the fine structure of the main AR is stronger than 
that of the other weak phenomena, can be derived from analysis of eq. 
(3.2.18). In particular, the influence of ܤሬԦ଴ inhomogeneity is stronger than 
that of the finite ion Larmor radius, if 

 
 12/5>>(Li/a)2(kzkba2)6/5.             (3.2.19) 

 
This condition can be satisfied in the peripheral plasma, where the 

inhomogeneity of the external static magnetic field is more significant, and 
the plasma is colder, than in the plasma core. The condition (3.2.19) can be 
realized under lower temperatures than analogous condition for the case of 
satellite AR [87]. The inequality (3.2.19) can be treated as follows. The 
radial deviation rrA of the magnetic surface (3.4) from the cylinder with 
average radius is larger than the characteristic width (Li2a)1/3 of AR, which 
is known for the case of uniform external static axial magnetic field [1]. 
Under the condition (3.2.19) the width of the resonant region r is larger 
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than in the case of the uniform external static axial magnetic field,  
r~k1 –1>>(Li2a)1/3. 

In the following, the magnitude of the small parameter of inhomogeneity 
is estimated, for which the influence of the inhomogeneity cannot be neglected 
in studying the conversion of AWs in the vicinity of the local AR in traps with 
Helias parameters [68]. Influence of the inhomogeneity is of the same order as 
that of finite ion Larmor radius (see (3.2.19)), if axial wavenumber is 
sufficiently small, kz6/5<<10 –2 (here kz is in centimeters), that is for quite real 
for modern fusion devices magnitudes of kz.  

Now, the electromagnetic power, which is absorbed at the unit length 
of the plasma column in the vicinity of AR, is to be calculated. The power 
consists of the work of the wave electric field over the radial RF currents, ௥ܲ = 0.5 ܴ݁ሼ׬ ௥݆∗ܧ௥2ݎ݀ݎߨሽ, and the work over axial RF currents,  ௭ܲ = 0.5 ܴ݁ሼ׬ ௭݆∗ܧ௭2ݎ݀ݎߨሽ; here 

 ௥ܲ = ௥ఠସ ቚௗఌభௗ௥ ቚିଵ ଶ|௥ୀ௥ಲ|ܣ| ׬ ((ݔ)଴ݑ)݉ܫ ାஶିஶݔ݀ ,              (3.2.20) 

 ௭ܲ = ௥ఠ௞భయ௔మସ|ఌయ|మ௞್మ ௥ୀ௥ಲ|(ଷߝ)݉ܫ ଶ|ܣ| ׬ ଴ᇱݑ| ାஶିஶݔଶ݀|(ݔ) .          (3.2.21) 

 
If to replace the function u0 in eq. (3.2.20) by Airy function, then the 

expression coincides with that for the power, which is absorbed in the 
vicinity of AR in the case, if its structure is determined by finite ion Larmor 
radius or finite electron inertia (see, e.g., [24, 55]). The integral from the 
imaginary part of u0 in the right-hand part of eq. (3.2.20) appears to be 
equal precisely to  as it is in the case of integrating the imaginary part of 
Airy function. This means that RF power, which is absorbed in the vicinity 
of AR due to the work over the radial RF currents, does not depend on the 
type of small-scale wave (kinetic or caused by the inhomogeneity), into 
which large-scale electromagnetic wave transforms in the vicinity of AR. 

As it was noted in [78], the contribution of RF power Pz cannot be 
neglected as compared with Pr, if Im (3)  Re(3). The expression (3.2.21) 
coincides with analogous expression for RF power, which is absorbed in the 
vicinity of AR due to the work of RF fields over axial RF currents in the 
case, if the fine structure of AR is determined by finite ion Larmor radius or 
finite electron inertia, with replacement of the function u0 by Airy function 
with the argument [k1(rrA)], multiplied by the small factor (k1/kT)3. The 
following notations are applied here 

 ݇ଷ் = − ఠమ௖మ డఌభడ௥ ఌయఌ೅ఌయାே೥మ.                                (3.2.22) 

 
Considering the asymptote of the function u0, one can conclude that 

|u’0()|2()1/4 for Re() , and hence, the integral ׬ ଴ᇱݑ| ାஶିஶݔଶ݀|(ݔ)  in the 
expression (3.2.21) diverges. This divergence can be removed by taking into 
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account the dissipative phenomena: plasma particle collisions or Landau 
damping (i.e. Im(3)). If the dissipative phenomena are so strong that the 
relation Im(3)~Re(3) is valid, then the respective integral from the 
derivative of the Airy function squared can be estimated as a value of the 
order of a unit. The damping rate in the considered here case can be 
estimated from eq. (3.2.9) with account for the replacement (3.2.18): 

 
Im(k1)~k14/(2kT3).             (3.2.23) 

 
Then the integrand in eq. (3.2.21) decreases proportionally to 

exp[2 Im(k1)(r rA)] along the negative semi axis of integration, and the 
integral can be estimated by the order of magnitude as kT3/k13. This affirms 
that RF power, which is absorbed in the vicinity of AR due to the work over 
axial RF currents, also does not depend on the type of the small-scale wave, 
into which the large-scale electromagnetic wave transforms in the vicinity of 
AR, at least, by the order of magnitude. 

Finally, the results obtained in the present subsection are to be 
discussed. The fine structure of the local AR and RF power resonant absorption 
in the case of uniform axial external static magnetic field is determined by the 
plasma particle collisions, finite ion Larmor radius, and electron inertia. It is 
shown in the present subsection that in cylindrical plasma, placed into external 
static magnetic field with axial periodic inhomogeneity, fine structure of the 
local AR can essentially depend on the degree of the inhomogeneity. The 
conditions, under which the influence of the studied phenomenon is 
determinative, are realized, e.g., in modular stellarators of the Wendelstein 
series, Germany. 

The influence of the confining magnetic field inhomogeneity on the AR 
fine structure causes also the shift of AR point from the axis of the plasma 
cylinder by the small distance r (rArA+r), 

ݎߜ  = ଵ(ଶ)ߝ− ቀ߲ߝଵ(଴)/߲ݎቁ௥ୀ௥ಲ
ିଵ

 .   (3.2.24) 

 
In (3.2.24), the small correction of the second order 1(2) is equal 

ଵ(ଶ)ߝ  = డఌభడ௡ డమ௡డ௥మ|ఌ೘ୀ଴ ఌ೘ᇲ మସ௞ర್ + డఌభడ௡ డ௡డ௥|ఌ೘ୀ଴ ఌ೘ᇲ ఌ೘ସ௞మ್ + డఌభడ஻ |ఌ೘ୀ଴ ஻బఌ೘ᇲ మସ௞మ್ + 

+డమఌభడ஻మ |ఌ೘ୀ଴ ቀ஻బఌ೘ଶ ቁଶ − డమఌభడ஻డ௡ డ௡డ௥|ఌ೘ୀ଴ ஻బఌ೘ఌ೘ᇲଶ௞మ್ .  (3.2.25) 

 
One cannot conclude from the form of ߝଵ(ଶ) what is the sign of r. 

However, e.g., if the AR region is situated in the plasma core (r ~0.5ap, 
where ap is the plasma column radius) with the parabolic profile of the 
plasma particle density, n(r)=n(0)(1 r2/ap2), and the parameter of 
inhomogeneity weakly varies in the plasma volume, |ߝݎᇱ| <<  then the ,|ߝ|
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resonant point rA shifts from the axis due to ܤሬԦ଴ inhomogeneity at the 
distance of the order of r ~2ap . 

The conditions are determined (e.g., (3.2.19)), under which the influence 
of the external magnetic field inhomogeneity on the AR fine structure is 
stronger, than that of other weak phenomena (dissipations, finite ion Larmor 
radius, electron inertia). These conditions can be realized in the peripheral 
plasma, where the inhomogeneity is stronger, and the plasma is colder. 

RF field spatial distribution is determined from the simplified eq. 
(3.2.9). It is valid with accuracy up to small terms of the order of m2/5. 

One can see from eq. (3.2.15), that the amplitudes of satellite 
harmonics increase in the vicinity of AR more rapidly than the amplitude of 
the main harmonic, and almost symmetrically: Er(+1) Er(1), Er(+2) Er(2)... 
The amplitudes of satellite harmonics remain small values of the order of 
m1/5 in the vicinity of AR as compared with the amplitude of the main 
harmonic. Their reversed influence on the distribution of the main harmonic 
Er(0)(r) removes the singularity of the solutions of Maxwell’s equations, 
which takes place in the vicinity of AR in the cold approach in axial uniform 
external static magnetic field. This significantly distinguishes the axial 
spatially periodic inhomogeneity of the external static magnetic field from, 
e.g., toroidal inhomogeneity, which influence results in the small change of 
the shape of the surface, where the singularity takes place [88, 89]. 

Some conclusions can be made from the comparison of the obtained 
results with those presented in Section 2 of the monograph [90], where the 
influence of inhomogeneity of helical external static magnetic field on the AR 
fine structure was studied. These two magnetic configurations differ from each 
other in principle: they cannot be obtained from each other in any limiting case. 
However, the results of these two studies make it possible to make the following 
main common conclusion. It is the modulation of just radial component of the 
confining magnetic field, which determines the spatial distribution of RF wave 
fields in the vicinity of AR under respective conditions, like inequalities (3.2.19). 
In this respect the conclusions, presented in this overview, contradict with the 
conclusions of [91], wherein similar problem about AW propagation in the 
magnetic field of a single adiabatic trap was considered. Analytical estimations 
carried out there, as well as numerical calculations demonstrated that two-
dimensional inhomogeneity of the system does not remove the field 
singularities within AR. The indicated contradiction is explained by application 
in [91] of the dispersion relation, derived in the approach of geometrical optics 
(!), which is inapplicable within AR. 

RF power, which is absorbed within AR due to electromagnetic wave 
conversion into small-scale waves, caused by the ܤሬԦ଴ inhomogeneity, following by 
their absorption due to the plasma particle collisions and Landau mechanism, 
is calculated in the present subsection. Its magnitude coincides with that of RF 
power, which is absorbed within AR both in the case if the absorption is 
determined by the collisions and if it is caused by the conversion of 
electromagnetic wave into small-scale kinetic AW. 
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The local resonance (3.2.6) can take place for both AWs and FMSWs 

with  <ci (if ݇௭ଶ > ߱ଶ ܿଶ⁄ ), and FMSWs with ci (if ݇௭ଶ < ߱ଶ ܿଶ⁄ ) in rarefied 
plasma. The conversion and absorption of FMSWs with ci and  ݇௭ଶ < ߱ଶ ܿଶ⁄  in the region of the local resonance (3.2.6) at the periphery of 
cylindrical plasma in the case of uniform axial external static magnetic field 
was studied in [55, 83]. 

 
3.3. Resonant influence of periodic axial inhomogeneity of external static 

magnetic field on the fine structure of the local alfven resonance 
 

The present subsection is devoted to studying the fine structure of AR for 
electromagnetic waves with the resonant magnitude of axial wavenumber kz of 
the main harmonic [86, 87], 

 
kb=±2kz.     (3.3.1) 

 
In other words, the electromagnetic waves are considered, which axial 

wavelength of the main harmonic is twice as large as axial period L of the 
inhomogeneity of the external static magnetic field (3.1). The condition 
(3.3.1) can be satisfied in tokamaks with even number N of the toroidal 
magnetic field coils. This is the case in TCV, Switzerland (N=16); LCT-1, 
USA (N=100); Ignitor, Italy (N=24); JET, Euratom (N=8) etc. This resonant 
condition causes a weak coupling between the harmonics with opposite 
magnitudes of axial wavenumber in the case, if the coupling is determined 
by axial periodic inhomogeneity of external static magnetic field (3.1). That 
is why both main harmonics, coupled into one wave packet by the magnetic 
field inhomogeneity, have their AR in one point. 

Since the waves with the axial wavenumbers, different from those 
determined by the resonant condition (3.3.1), are out of scope in the present 
subsection (this is already done in the previous subsection), the significance 
of the results of the present study for the problem of the plasma heating, 
when usually wide spectrum of axial wavenumbers is observed, can seem to 
be low one ex facte. However, RF power, excited by an antenna, usually is 
loaded just into the waves with axial wavenumbers of the order of 2/Lz. In 
turn axial dimension Lz of the antenna usually is restricted by the distance 
between two flanges, which is approximately equal to the spatial period of 
inhomogeneity L. That is why RF power absorption within AR, which 
corresponds to the electromagnetic waves with resonant magnitude (3.3.1) 
of axial wavenumber of the main harmonic, can be essential one. 

The AR fine structure is determined in the present subsection for the 
resonant case (3.3.1). The conditions are derived, under which the AR fine 
structure is determined by just weak plasma spatial periodic inhomogeneity 
rather than other weak phenomena. The main difference in physical essence 
of the present consideration from the previous studies (e.g., [19], where the 
toroidal inhomogeneity of the external static magnetic field was considered) 
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consists in the fact, that external static magnetic field contains nonzero 
periodic radial component, B0r   0. 

First of all, one has to derive the main equation of the present 
problem. Assumption about the smallness of the inhomogeneity makes it 
possible to write down the components 1,2 of the permittivity tensor in the 
form of Fourier series (3.9) with account for the small terms of the first 
order in m only. Neglection of the electron inertia, |ߝଷ| → ∞, makes it 
possible to simplify the set of Maxwell’s equations to the form (3.14)(3.18). 
During deriving the set (3.14)(3.18), the plasma particle collisions and 
finite ion Larmor radius Li are also neglected. 

Basing on the problem symmetry, in particular, applying the 
symmetry of expressions (3.9), and keeping in mind the resonant condition 
(3.3.1), the solution of the Maxwell’s equations (3.14)(3.18) should be found 
in the following form: 

௥ܧ  = ቄܧ௥(ାଵ) ௜௞೥௭݁(ݎ) + ௜௞೥௭ି݁(ݎ)௥(ିଵ)ܧ + 

௜ଷ௞೥௭݁(ݎ)௥(ାଷ)ܧ+ + ߴ݉)݅]݌ݔ௜ଷ௞೥௭ቅ݁ି݁(ݎ)௥(ିଷ)ܧ −  (3.3.2) .[(ݐ߱

 
Presentation in the form of Fourier series for the other components of 

the wave magnetic and electric fields is similar to (3.3.2). The amplitudes 
 3
rE  of the satellite harmonics are well-known to be small values, 

~௥(±ଷ)ܧ  ቚߝ௠ܧ௥(±ଵ)ቚ,                                     (3.3.3) 

 
everywhere in the plasma column, except of the AR region. Note, that the 
assumption is not made in advance, that the amplitudes ܧ௥(±ଷ) of the satellite 
harmonics are small also in the AR region. In other words, one does not 
presuppose here in advance, that the relation (3.3.3) is true within the AR. 
The results of the present study confirm that this relation is not valid there. 

To solve the problem the method of the narrow layer [24] is applied. It 
foresees weak variation of the plasma particle density and external static 
magnetic field in radial direction in AR region. Weak variation of the fields 
in other directions, rather than radial is also assumed, 

௥ܧ߲)  ⁄ݎ߲ ) >> ݇ ,௥|௠௔௫ܧ|݇ ݉)ݔܽ݉ ⁄஺ݎ , ݇௭, ߱ ܿ⁄ )௠௔௫.        (3.3.4) 
 

After substituting the expressions (3.3.2) for MHD wave fields and 
(3.9) for the components of the plasma permittivity tensor into Maxwell’s 
equations (3.14)–(3.18) the terms, proportional to exp( ikzz) and exp( i3kzz) 
are singled out. No attention is paid to the order of these terms in respect of 
m so far. The equations for the radial component of the wave electric field 
are known to be the most convenient for studying the AR fine structure. 
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That is why the consideration can be limited to the following closed set of 
four equations, derived from eqs. (3.14)(3.18), 

ణ(±ଵ)ܤ  = ± ௭ܰܧ௥(±ଵ) ± ௖ఌ೘ᇲଶఠ௞್ డడ ௥ ቀܧ௥(∓ଵ) −  ௥(±ଷ)ቁ,          (3.3.5)ܧ

ణ(±ଷ)ܤ  = ±3 ௭ܰܧ௥(±ଷ) ± ௖ఌ೘ᇲଶఠ௞್ డడ ௥  ௥(±ଵ),                (3.3.6)ܧ

 ቀߝଵ(଴) − ௭ܰଶቁ ૚(૚)૛ࢿ+௥(±ଵ)ܧ ቀࡱ(࢘∓૚) + ణ(±ଵ)ܧଶ(଴)ߝቁ+ቀ݅(૜±࢘)ࡱ + ௖௠ఠ௥  =௭(±ଵ)ቁܤ

ࢠࡺ±= ቀ࡮(ࣖ±૚) ∓ ቁ(૚±࢘)ࡱࢠࡺ ± ࢈ᇲ૛࣓࢑࢓ࢿࢉ ࣔࣔ ࢘ ቀ࡮(ࣖ∓૚) −  ቁ,                  (3.3.7)(૜±ࣖ)࡮

 ൤−8 ௭ܰଶ + ቀ ௖ఌ೘ᇲଶఠ௞್ቁଶ డమడ ௥మ൨ ௥(±ଷ)=௖మఌ೘ᇲఠమܧ డ ாೝ(±భ)డ ௥ + ቀ ௖ఌ೘ᇲଶఠ௞್ቁଶ డమாೝ(∓భ)డ ௥మ .     (3.3.8) 

 
The combination ቀ݅ߝଶ(଴)ܧణ(±ଵ) + ௖௠ఠ௥  ௭(±ଵ)ቁ=A() in the left-hand side ofܤ

(3.3.7) appears to vary weakly in the vicinity of AR, despite both fields ܧణ(±ଵ) and ܤ௭(±ଵ) are singular (3.2.5) n the vicinity of AR in the cold approach. This is the 
reason to consider the combination as a constant, associated with the pumping 
wave. To derive the wanted equation for ܧ௥(±ଵ), one has to substitute eqs. (3.3.5), 
(3.3.6), and (3.3.8) into the eq. (3.3.7). Those terms in (3.3.7) are marked in bold, 
which differ this equation from the analogous one in the case of uniform axial 
external static magnetic field. They are these terms which determine the 
peculiarities of the AR structure. It is important to underline, that the right-
hand side of eq. (3.3.7) does not contain precisely any terms of the first, second 
and third order in the respect of the parameter m. 

To simplify the following consideration, the second term  2/r2 in 
square brackets in the left-hand side in (3.3.8) is assumed to be small as 
compared with Nz2. Then the following equation can be derived for the 
amplitudes ܧ௥(±ଵ) of the main harmonics of the MHD wave: 

 ൬ߝଵ(଴) − ௭ܰଶ − ఌభ(భ)ఌ೘ᇲସ௞మ್ డడ ௥ + ఌ೘ᇲ ర௖మଷଶ௞ల್ఠమ డరడ ௥ర൰ ௥(±ଵ)+ఌభ(భ)ଶܧ ቈܧ௥(∓ଵ) − ଵ଼ ൬ఌ೘ᇲ௞మ್ ൰ଶ డమாೝ(∓భ)డ⋅௥మ ቉= А().  

(3.3.9) 
 

The following analysis of eq. (3.3.9) shows that one can neglect the 
term, which contains the first derivative, as compared with the term, 
proportional to the fourth derivative. One can neglect the second term in the 
square brackets in eq. (3.3.8) with the same accuracy. In the result of these 
simplifications, the main equation gets the final form to be studied, 

 ൬ߝଵ(଴) − ௭ܰଶ + ఌ೘ᇲ ర௖మଷଶ௞ల್ఠమ డరడ ௥ర൰ ௥(±ଵ)ܧ + ఌభ(భ)ଶ ௥(∓ଵ)ܧ =  (3.3.10)    .(±)ܣ−
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To analyse the influence of this term on the properties of MHD wave, 

it is convenient to rewrite the set of equations (3.3.10) in the following form: 
 ෠ܳܧ௥(ାଵ) = ௥(ିଵ)ܧ௥(ିଵ),  ෠ܳܧଵ(ଵ)ߝ0,5− =  ௥(ାଵ),       (3.3.11)ܧଵ(ଵ)ߝ0,5−

 
where the differential operator of the fourth order ෠ܳ  is determined as 
follows: 

 ෠ܳܧ௥(±ଵ) ≡ ൬ߝଵ(଴) − ௭ܰଶ + ఌ೘ᇲ ర௖మଷଶ௞ల್ఠమ డరడ௥ర൰ ௥(±ଵ)ܧ −  (3.3.12)          .(±)ܣ

 
Account for the inhomogeneity of the external static magnetic field 

results in introduction of two new terms in the main eq. (3.3.10) as 
compared with the case of uniform axial magnetic field. The first among 
these two terms contains the amplitude ܧ௥(∓ଵ) of the other main harmonic 
with the opposite sign of axial wavenumber. The rise of this term is caused 
by the weak axial periodic inhomogeneity of the longitudinal component B0z 
of the static magnetic field (3.1).  

  
Fig. 3.3.1. Schematic description of the dependence of the resonant Alfven frequency 
on the axial wavenumber. Solid curves correspond to the case of uniform magnetic 

field. Dashed curves demonstrate rise of the gap in Alfven continuum, caused by the 
inhomogeneity of the external static magnetic field. Dotted curve corresponds to the 

frequency of a generator 
 

Eigen values of ෠ܳ  can be derived from eq. (3.3.11): 
 ܳଶ = ቀ0,5ߝଵ(ଵ)ቁଶ > 0.                            (3.3.13) 

 
Positiveness of Q2 should be stressed due its special significance. This 

fact has the following sense. The dependence 0(kz) = |kzA| should be 
introduced, in which the magnitude of Alfven velocity A=cci/pi(r) is 
assumed to be fixed one. Here 0 is the frequency of the local AR (in other 
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words, if an antenna excites electromagnetic waves with the frequency 0, 
then AR is situated in the point r=rA for the harmonic with axial 
wavenumber kz in uniform axial external static magnetic field). The 
dependence 1(kz)= |(kz – kb) A| for the same fixed magnitude of Alfven 
velocity should be introduced as well: if the antenna radiates RF power at 
the frequency 1, then AR is observed in the point r=rA for the harmonic 
with axial wavenumber (kz – kb) (see Fig. 3.3.1) in the uniform external 
static magnetic field. These two curves intersect for the resonant magnitude 
(3.3.1) of axial wavenumber. In other words, if electromagnetic power is 
generated with the frequency g=0(kb/2)=-1(kb/2), which corresponds to 
the intersection of these curves, then both harmonics have their local ARs in 
the point r=rA. Then in the inhomogeneous external static magnetic field 
(3.1) the gap appears in Alfven continuum, 2=02(0.5 kb) (1 + b), with 
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In other words, neither harmonic with axial wavenumber kz, nor the 

harmonic with (kz – kb) have their local AR in the point r=rA, if the antenna 
functions at the frequency g in the case of inhomogeneous external static 
magnetic field.  

It is natural to compare the gap with the other, which is caused by the 
toroidicity and is known to be described by the following dependence: 
 2=02 (1+t ). The halfwidth of the gap t reads as: 

௧߂  = ± ଵఠబమ ቈడቀఌభ(బ)ିே೥మቁడ(ఠమ) ቉ିଵ ఌ೟√ଶ,                            (3.3.15) 

here ߝ௧ = ఠ೛೔మఠ೎೔మ(బ)ିఠమ డ ௟௡ ௡డ௥ ቚ߂ − ௥ோ ଶఠ೛೔మ ఠ೎೔మ(బ)ቀఠ೎೔మ(బ)ିఠమቁమ − ଶ௥ோ ௭ܰଶ.     (3.3.16) 

 
The comparison mentioned above reduces to analysis of the relation 

between the parameter of inhomogeneity and the parameter of toroidicity 
r/R (R is large radius of the torus). The last parameter is usually larger in 
toroidal traps. However, the ܤሬԦ଴ inhomogeneity can provide appearance of 
the gap in Alfven continuum in Low Curvature Tokamak and straight 
magnetic traps. 

The gaps in Alfven continuum, caused by toroidicity, were studied in 
[18, 19]. Eigen Alfven modes, caused by toroidicity, with the frequencies 
inside the respective gaps were foreseen in [19] and were then observed 
experimentally. 

The general form of the expression (3.3.14) agrees good with the 
conclusions of A. Yelfimov [18]. He has demonstrated, that the width of the 
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gap in Alfven continuum, caused by toroidicity, is proportional to the 
amplitude of modulation 1(1) of the component 1 of the permittivity tensor. 

The second term, which differs the main eq. (3.3.10) from analogous in 
the case of uniform external axial static magnetic field, is proportional to 
the fourth derivative. It is associated with the radial component B0r of 
external static magnetic field (3.1). This term is a little bit larger by the 
order of magnitude, than the first one, which influence is studied above. 

If radial profile of the plasma particle density is linear one in the AR 
region, ቀߝଵ(଴) − ௭ܰଶቁ = ଵ(଴)ߝ߲ ⁄ݎ߲ ݎ)஺ݎ| −  ஺),                     (3.3.17)ݎ

 
then the analytical solution of eq. (3.3.10) can be obtained by Laplace 
method in the following form: 

௥(±ଵ)ܧ  = (ܽ݇ଵ ஺ܰଶ⁄ ݎ)଴[݇ଵݑ(±)ܣ( −  ஺)],               (3.3.18)ݎ
(ߦ)௢ݑ  = ׬ ߦݐ)݅]݌ݔ݁ + ହ/5)]ஶ଴ݐ ଵ݇  ,ݐ݀ = ൫ߝ௠ᇱ ସܽ 8݇௕଼ൗ ൯ିଵ/ହ

.  (3.3.19) 
 

The dependence of the function u0 () is presented in Fig. 3.2.1 and analysed 
in the subsection 3.2. 

The characteristic width of AR 
 

r=k1
1 ൫ߝ௠ᇱ ସܽ 8݇௕଼ൗ ൯ଵ/ହ

,          (3.3.20) 
 

in the case, studied in the present subsection, has the same order of 
magnitude, as the width of AR in nonresonant case (see (3.2.12)).  

Characteristic magnitude of the amplitude ܧ௥(±ଵ) of the main harmonic 
of the radial component of the MHD wave electric field within the AR can be 
estimated from eqs. (3.3.10) and (3.3.19) by the order of magnitude as 
follows: ܧ௥(±ଵ)~݇ଵܽ (±)ܣ ௭ܰଶ⁄ .                                 (3.3.21) 

 
This expression has the same order of magnitude as in a nonresonant case 
(3.2.16). 

During the present study the assumption, that the amplitudes ܧ௥(±ଷ) of 
satellite harmonics are small as compared with ܧ௥(±ଵ), was not applied still. 
Now, the characteristic magnitude of ܧ௥(±ଷ) in the vicinity of AR can be 
estimated by the order of magnitude, basing on the eq. (3.3.8), as follows: 

௠ߝ)~௥(±ଷ)ܧ  ݇௕ܽ⁄ )ଵ/ହܧ௥(±ଵ)~ܣ(±) (݇௕ܽ ⁄௠ߝ )ଷ/ହ ௭ܰଶ⁄ .         (3.3.22) 
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The comparison of expressions (3.3.3) and (3.3.22) shows, that the 

amplitudes ܧ௥(±ଷ) of satellite harmonics increase with approaching to the AR 
region even more rapidly than the amplitudes ܧ௥(±ଵ) of the main harmonics. The 
amplitudes ܧ௥(±ଷ) remain smaller than those of ܧ௥(±ଵ) within the AR region, but 
the difference in the order of magnitude between the ܧ௥(±ଵ) and ܧ௥(±ଷ) is not so 
pronounced within the AR region as outside of it.  

All mentioned above makes it possible to estimate, that the transform 
of eq. (3.3.7) into eq. (3.3.9) and eq. (3.3.9) into (3.3.10) is valid with accuracy 

of ൫ߝ௠/(ܽ݇௕)൯ଶ/ହ << 1. 
In the following, the conditions are derived, under which the structure 

of the local AR in the resonant case (3.3.1) is determined just by the weak 
axial periodic inhomogeneity of ܤሬԦ଴, rather than finite electron inertia, ion 
Larmor radius or collisions. These weak phenomena can be taken into 
account in eq. (3.3.10) by applying the replacements (3.2.18). 

Analysis of the main eq. (3.3.10) with account for the replacement 
(3.2.18) shows, in particular, that the influence of the ܤሬԦ଴ inhomogeneity on 
the AR structure is more significant, than the influence of finite ion Larmor 
radius and electron inertia, if the following inequality is valid: 

௠ଵଶ/ହߝ  >> (݇௕ܽ)ଵଶ ହ⁄ ௅௜ߩ) ܽ⁄ )ଶ.                          (3.3.23) 
 

This condition can be realized in the peripheral plasma, where ܤሬԦ଴ 
inhomogeneity is the most significant and the plasma is colder, than in the 
plasma core. The condition (3.3.23) can be commented as follows. Radial 
deviation r rA of the magnetic surface (3.5) from the cylinder with average 
radius is larger than the characteristic width (Li2a)1/3 of AR region, which is 
well-known in the case of uniform external static axial magnetic field. 

It is in place to make the conclusions. The results of theoretical studying 
the AR fine structure in cylindrical plasma, placed into the bumpy magnetic 
field (3.1), are exposed in the present subsection for the waves with resonant 
magnitude (3.3.1) of axial wavenumber. Spatial distribution of electromagnetic 
fields in the vicinity of AR is determined and analysed with account for the 
axial periodic inhomogeneity of external static magnetic field, electron inertia, 
ion Larmor radius and collisions. 

Axial periodic inhomogeneity of external static magnetic field is 
identified to cause the coupling of spatial harmonics of electromagnetic waves 
with opposite magnitudes of axial wavenumbers. In particular, in the bumpy 
magnetic field with the period of inhomogeneity L, electromagnetic waves with 
the resonant magnitudes kz=/L of axial wavenumber belong to the same 
packet (see eq. (3.3.2)), in which two the nearest satellite harmonics with axial 
wavenumbers kz=3/L are taken into account in the present subsection. 

The condition (3.3.23) is also derived in the present subsection. Under the 
condition the spatial distribution of electromagnetic wave fields with the 
resonant values of axial wavenumber in the vicinity of AR is determined just by 
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the modulation of the radial component of the external static magnetic field, 
rather than by electron inertia and finite ion Larmor radius. The inequality 
(3.3.23) can be realized in cold peripheral plasma, wherein the inhomogeneity of 
the external static magnetic field is the most pronounced. And exactly there the 
region of the local AR is displaced in the result of the plasma particle density 
increase, which is observed during the plasma production in fusion devices. The 
characteristic width (3.3.20) of AR region is larger in this case than in uniform 
external static axial magnetic field ceteris paribus. 

Note, that the versions of designing the Helias reactor [92] with four 
or five modules were considered in due time. If it is manufactured with four 
modules, then the present study of the resonant influence of the mirror 
inhomogeneity of the external static magnetic field on the AR structure is 
actual also for the Helias project.  

The presentation (3.1) of the external static magnetic field in the form of 
a single harmonic sin(kbz) is very simplified. Actually, the spatial spectrum of 
the external static magnetic field is wide one and contains also the harmonics 
sin(j kbz), j=2,3,4… Consequently, axial periodic inhomogeneity of ܤሬԦ଴ causes 
resonant influence on the local AR structure for the electromagnetic waves with 
axial wavenumber kz = j/L. However, these phenomena can be significant only 
if the conditions, similar to the inequalities (3.3.23), are valid. 

Amplitudes of satellite harmonics increase with approaching to the 
AR point even more rapidly, than the amplitudes of the main harmonic. 
This causes removing the singularities of solutions to Maxwell’s equations 
for the fields of electromagnetic waves, which are known to take place under 
the condition of neglecting the plasma particle collisions, electron inertia 
and ion thermal motion in the case of uniform external static axial magnetic 
field, by axial periodic inhomogeneity of the magnetic field. Characteristic 
magnitude (3.3.21) of the wave radial electric field is smaller than in 
uniform external static axial magnetic field under the condition (3.3.23). 

Axial periodic inhomogeneity of external static magnetic field is 
shown to be the reason of arising the gap in Alfven continuum.  

Satellite AR (in which vicinity both wave satellite harmonics (3.3.2) with 
amplitudes ܧ௥(±ଷ) transform into small-scale kinetic waves) is situated deeper in 
the plasma, where the plasma particle density is nine times larger, than in the 
main AR (just this situation is shown in Figs. 3.1.1.1.3). Then one can expect, 
that additional plasma heating within the satellite ARs for electromagnetic 
waves, which main harmonic is characterized by axial wave length 2L, can be 
significant [78].  

 
3.4. Fine structure of satellite alfven resonance in cold plasma  

in the moderate bumpy magnetic field 
 

First of all, it is important to identify the specific object of the 
research carried out in the present subsection. The possibility of additional 
plasma heating in SARs, where the condition (3.1.3) is valid, was proved in 
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the subsection 3.1. Radial deviation of the magnetic surface from the 
cylinder of radius ݎ஺(±) was assumed there to be smaller than the 
characteristic width rT =(ߩ௅௜ଶ ܽ ∗)ଵ/ଷ of AR region, which is well-known in the 
case of uniform external static axial magnetic field [24]. Appearance of SARs 
is manifested in the rapid increase of amplitudes of the satellite harmonics 
in the vicinity of the resonant points r=ݎ஺(±) (3.1.3). Spatial distribution of 
electromagnetic wave fields within SARs [87], which is studied in the 
present subsection, generalises the results, obtained in the subsection 3.1 on 
the case, in which the radial deviation of the magnetic surface is larger than 
rT  and spatial distribution of RF wave fields is determined just by axial 
periodic inhomogeneity of the bumpy magnetic field. 

To derive the main equations of the problem, one has, first of all, to 
choose appropriate frame of reference. Cylindrical coordinates do not suit, 
since all the nine components of the plasma permittivity tensor are nonzero 
ones in the case of the cold plasma placed into the bumpy magnetic field 
(3.1). In contrast to cylindrical coordinates, the plasma permittivity tensor 
has the simplest form in the coordinates associated with the force lines of 
external static magnetic field. The electron inertia is known to be negligibly 
weak for Alfven and fast magnetosonic branches of MHD waves. Neglecting 
the electron inertia for MHD waves, |3|, is equivalent to the fact that 
longitudinal component of the wave electric field is equal to zero everywhere 
in plasma. Basing on this circumstance, one can write down the set 
(3.14)(3.18) of Maxwell’s equations with applying the relations (3.6) and 
(3.7) between the vector of the wave electric displacement field ܦሬሬԦ and the 
vector of the wave electric field ܧሬԦ. Assumption about the smallness of the 
axial periodic inhomogeneity of the external static magnetic field makes it 
possible to write down the expressions for the components  in the form of 
Fourier series (3.9), keeping the terms of the first order of smallness in the 
parameter m only. 

The symmetry of the problem (in particular, the form of the 
expressions (3.9) for the components of the tensor ik) provides the reason to 
search the solution of Maxwell’s equations for the radial component of the 
wave electric field in the form of the wave packet: 

 
Er=[Er(0)(r)+Er(+1)(r)exp(ikbz)+Er(+2)(r)exp(2ikbz)]× 

×exp[i(kzz+m t)].      (3.4.1) 
 

Along with the first satellite harmonic  exp[i(kz+kb)z], which amplitude is 
singular in the SAR point (3.1.3) in the case of the cold plasma, one takes 
into account the main  exp(ikzz) and the second satellite  exp[i(kz+2kb)z] 
harmonics. The latter two harmonics are those with which the first satellite 
harmonic is coupled the most strongly by axial periodic inhomogeneity of 
the bumpy magnetic field (3.1). 

Representations of the other components of the wave magnetic and 
electric fields in the form of Fourier series are similar to eq. (3.4.1). Such an 
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approach to solving the Maxwell’s equations is usually called as Floquet-
Bloch method (see, e.g., [93]). 

In approaching along the radius to the SAR region, amplitudes of 
satellite harmonics of the electromagnetic wave fields diverge in the case of 
the cold plasma as follows, 

 
Er(+1),B(+1)(1(0) (Nz+Nb)2)1, E(+1),Br(+1),Bz(+1)ln|1(0) (Nz+Nb)2|. 

   (3.4.2) 
 

Applying the method presented in [24], one can use the approach of 
«narrow layer». The latter foresees the weak variation of the plasma particle 
density and external static magnetic field in radial direction in the vicinity 
of SAR. Weak variation (3.3.4) of the fields in all the directions, except of the 
radial is also assumed.  

Amplitudes of the first satellite harmonics are known to be smaller than 
those of the main harmonics by the order of m

1 everywhere in the plasma 
column, except of the SAR vicinity [93]. However, this relation is not assumed 
in advance to be applicable also in the vicinity of SAR. After substituting the 
expressions (3.4.1) for the wave fields and (3.8)  for the components of the 
permittivity tensor into Maxwell’s equations (3.14)(3.18), the terms are singled 
out in these equations, which are proportional to the Fourier factors 
 exp[i(kz+kb)z],  exp(ikzz) and  exp[i(kz+2kb)z] without paying attention to 
the order of these terms in respect of m. Since the equation for the radial 
component of the wave electric field is the most convenient for studying the fine 
structure of SAR, then it is sufficient to present here only the following set of 
coupled equations for the amplitudes of the main and two satellite harmonics, 
which can be derived from the set (3.14)(3.18), 

 

Nb(2Nz+Nb)Er(0)+i2(0)E(0)+NBz(0)=(2Nz+Nb) ௖ఌ೘ᇲଶఠ௞್ ௗாೝ(శభ)ௗ௥ +ቀ ௖ఌ೘ᇲଶఠ௞್ቁଶ ௗమாೝ(శమ)ௗ௥మ , 
  (3.4.3) 

 
[1(0) (Nz+Nb)2+d2/dr2]Er(+1)=A(+), 

= (Nz+0.5Nb)cm’2/(2kb3),     (3.4.4) 
 

Er(+2)=(m’/(2km2))dEr(+1)/dr.    (3.4.5) 
 

Despite of the fact that the fields E(+1) and Bz(+1) have singularities 
(3.4.2) in the vicinity of SAR in the cold approach, the right-hand side of eq. 
(3.4.4) varies weakly in the vicinity of SAR, 

 

A(+)=(i2(0)E(+1) –NBz(+1))ቚݎ஺(ା).       (3.4.6) 

 
This is the reason to consider the combination (3.4.6) as a constant, 

which is associated with the pumping wave. The combination A(+) can be 
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calculated, applying the solutions of Maxwell’s equations out of the SAR 
region. These solutions can be obtained numerically for arbitrary plasma 
particle density (see, e.g., [13, 49]). The right-hand side of eq. (3.4.4) can be 
estimated by the order of magnitude as follows: A(+)~m2(0)E(0). Weak 
variation of the combination (3.4.6) in the vicinity of SAR is analogous to 
well-known issue in the case of uniform external static axial magnetic field 
(see, e.g., [24, 55]). This weak variation results from the fact, that those 
singular terms, which cause the singularities (3.4.2) for the wave poloidal 
electric and axial magnetic fields, cancel, if they are taken in the 
combination (3.4.6). 

Transfer from the Maxwell’s equations (3.14)(3.18) to the set 
(3.4.3)(3.4.6) can seem to be very complicated. That is why the procedure of 
the transfer is explained in detail below. The procedure is convenient to 
divide into seven steps. 

The first step. The difference between the absolute value of the 
confining magnetic field |ܤሬԦ଴| and that of uniform external static magnetic 
field B0, |ܤሬԦ଴|=B0(1+O(m2)) is neglected. In particular, this note is important 
to apply to the eq. (3.17). 

The second step. The term in eq. (3.17), which is proportional to Br, is 
neglected since it is smaller by the order of magnitude, than the terms, 
which are proportional to Bz and E . The last two terms are kept without 
any change, since their combination (3.4.6) weakly varies in the vicinity of 
SAR. To confirm this, one can consider eqs. (3.16) and (3.18), and single out 
therein the terms, proportional to the Fourier factors exp[i(kz+kb)z]: 

 ௖ఠ ௗௗ௥Bz(+1)=2(0)Er(+1)+i[(Nz+Nb)Br(+1)+1(0)E(+1)]+ 
+{0.52(1)(Er(0)+Er(+2))+0.5i1(1)(E(0)+E(+2))},                  (3.4.7) 

 
id(rE(+1))/dr=mEr(+1)[rBz(+1)/c].   (3.4.8) 

 
The terms in figure brackets in eq. (3.4.7) are neglected since they are 

small values of the order of m4/3/(a*kb)1/3. The term in the left-hand side and 
the first term in the right-hand side of (3.4.7) and (3.4.8) have the 
singularity of the highest order, namely, they are proportional to 
(1(0) (Nz+Nb)2)1. Those terms, which are placed in square brackets in eqs. 
(3.4.7) and (3.4.8), have singularities of lower order: they are proportional to 
ln|1(0) (Nz+Nb)2|. After integrating these equations in respect of radial 
coordinate, the eq. (3.4.8) should be multiplied by r, and eq. (3.4.7) – by 
m/r. After adding of these equations, the combination  
i2(0)E(+1)+ cmBz(+1)/(r) turns in the left-hand side. The most dangerous 
terms in the right-hand side of the equation, which are proportional to Er(+1), 
cancel. The terms of the next order of smallness in the right-hand side do 
not cause rapid variation of this combination. 

The third step. The field B from eq. (3.12) should be substituted to 
eq. (3.14), 
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i2E+NBz=(1+mcos(kbz))ቀ−ߝଵܧ௥ − ௖మఠమ డమாೝడ௭మ ቁ+{(1+mcos(kbz)) 

(-1)௖మఠమ డమడ௭డ௥ ቂఌᇱ೘௞್ ௦௜௡(௞್௭)ଵାఌ೘ ௖௢௦(௞್௭)  ௥ቃቅܧ

 ఌᇱ೘௞್ (ݖ௕݇)݊݅ݏ ௖మఠమ డమడ௭డ௥ ௥ఌᇱ೘௞್ܧ (ݖ௕݇)݊݅ݏ ௖మఠమ డమడ௥మ ቂఌᇱ೘௞್ ௦௜௡(௞್௭)ଵାఌ೘ ௖௢௦(௞್௭)    ,௥ቃܧ
(3.4.9) 

 
here N=cm/(rs()) is azimuthal refractive index. 

The fourth step. Application of the method of «narrow layer» makes it 
possible to consider eq. (3.4.9) as equation with constant coefficients. After 
calculating the partial derivative /z in the term, marked by figure 
brackets in the right-hand side of eq. (3.4.9), one derives the following 

 

i2E+NB= (1+mcos(kbz))ቀߝଵܧ௥ ++ ௖మఠమ డమாೝడ௭మ ቁ (0.5m+cos(kbz) 0.5mcos(2kbz))௖మఠమ ௠ᇱߝ డாೝడ௥  

2ఌ೘ᇲ௞್ (ݖ௕݇)݊݅ݏ ௖మఠమ డమడ௭డ௥ ௥ ఌᇲ೘మ௞మ್ܧ ௖మఠమ (0.5 0.25mcos(kbz) 0.5cos(2kbz)) డమడ௥మ    .௥ܧ

(3.4.10) 
 

The fifth step. The terms proportional to exp{i[kzz+mt]} are 
singled out in eq. (3.4.10), 

 
i2(0)E


+NBz(0)(0,0)=1(0)Er(0)(0,0)+Nz2Er(0)(0,0) 0.51(1)Er(+1)(2,-1) 

0.5m1(0)Er(+1)(2,-1) 0.5m1(1)Er(0)(2,0)+ 

+0.5m(Nz+Nb)2Er(+1)(2,-1)0.5m’m ௖మఠమ డாೝ(బ)డ௥ (ଶ,଴)(3.4.11) 

0.5’m ௖మఠమ డாೝ(శభ)డ௥ (ଶ,ିଶ)+0.25m’m ௖మఠమ డாೝ(శమ)డ௥ (ସ,ିଷ)+ఌ೘ᇲ௞್ ௖మఠమ (݇௭ + ݇௕) డாೝ(శభ)డ௥ (ଶ,ିଶ) 
ᇲ࢓ࢿ0.5- ૛࢈࢑૛ ૛࣓૛ࢉ ࣔ૛ࡱ(࢘૙)ࣔ࢘૛ (૛,૙)+0.125m

ఌ೘ᇲ మ௞మ್ ௖మఠమ డమாೝ(శభ)డ௥మ (ସ,ିଷ)+0.25࢓ࢿᇲ ૛࢈࢑૛ ૛࣓૛ࢉ ࣔ૛ࡱ(࢘శ૛)ࣔ࢘૛ (૝,ି૝). 
 

Two subscripts are assigned to each term in eq. (3.4.11). The first 
subscript indicates the order of the term in respect of the small parameter 
m. The second subscript corresponds to the degree of the term singularity in 
the vicinity of SAR. This assignment of subscripts is relevantly to explain 
taking as example those terms, which are marked in bold in eq. (3.4.11). The 

first term  0.5ఌ೘ᇲ మ௞మ್ ௖మఠమ డమாೝ(బ)డ௥మ (ଶ,଴) is proportional to ’m2, that is why it is 

assigned the first subscript «2». It is shown below that satellite harmonics 
weakly influence on radial dependence of the field Er(0). That is why «0» is 
assigned as the second subscript to this term. The factor ’m2 introduces two 

units to the first subscript of the term 0.25ఌ೘ᇲ మ௞మ್ ௖మఠమ డమாೝ(శమ)డ௥మ (ସ,ିସ). Two units more 
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originate from the second satellite harmonic Er(+2) of the wave radial electric 
field which is a part of the term. The field Er(+1) diverges (see eq. (3.4.2)) as 
(1(0) (Nz+Nb)2)1. Then the field Er(+2) diverges (see (3.4.5)) as 
(1(0) (Nz+Nb)2)2 and its second derivative 2Er(+2)/r2 is proportional to 
(1(0) (Nz+Nb)2)4. This is the reason to assign the second subscript « 4» to 
this term in eq. (3.4.11).  

Along with the terms of zeroth order in m in eq. (3.4.11), which do not 
diverge (their subscripts are (0,0)), the most dangerous terms (with the 
subscripts (2,2) and (4,4)) are also kept in eq. (3.4.11). At the same time, 
e.g., the terms with the subscripts (4,3) are neglected. The term (4,4) is 
kept. It is smaller by two orders in m, but it is respectively more singular 
(by two orders). The term with the subscripts (4,3) has, on the contrary, the 
same order of smallness in m, as the term with the subscripts (4,4), but it 
is less singular, which makes it possible to neglect it. Finally, the selection 
rule can be formulated as follows. The term with the subscripts (i,j) is 
neglected as compared with the term with the subscripts (k,l), if 
i+2j/3>k+2l/3. The origin of the factor 2/3 nearby j and l is explained by the 
dependence of the radial short wavenumber ks~/rm

2/3 to be derived in 

the present subsection. For example, the term 0.125m
ఌ೘ᇲ మ௞మ್ ௖మఠమ డమாೝ(శభ)డ௥మ (ସ,ିଷ) is 

neglected with accuracy (m2a*kb)1/3<<1. 
The sixth step. The terms exp{i[(kz+2kb)z+mt]} are singled out in 

eq. (3.4.10), 
 

i2(0)E(+22+NBz(+2)(2,0)=1(0)Er(+2)(2,2)+(Nz+2Nb)2Er(+2)(2,2) 
 0.51(1)Er(+1)(2,1) 0.5m1(0)Er(+1)(2,1) 0.5m1(1)Er(+2)(4,2) 

 0.5m1(1)Er(0)(2,0)+                            (3.4.12) 

0.5m(Nz+Nb)2Er(+1)(2,1) 0.5m’m
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The most dangerous terms are kept in eq. (3.4.12) with the subscripts 

(2,2), 
 

0= 1(0)Er(+2)(2,-2)+(Nz+2Nb)2Er(+2)(2,-2)

 0.5’m ௖మఠమ డாೝ(శభ)డ௥ (ଶ,ିଶ)  ఌ೘ᇲ௞್ ௖మఠమ (݇௭ + ݇௕) డாೝ(శభ)డ௥ (ଶ,ିଶ).   (3.4.13) 

 
The terms with the subscripts (4,4) are neglected with accuracy 

(m/(a*kb))2/3<<1. Taking into account the identity 
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 ଵଶ + ௞೥ା௞೘௞೘ = ଶ௞೥ାଷ௞೘ଶ௞೘ ,          (3.4.14) 

 
and the approximate equality  

 
(Nz+2Nb)21(0)(rs(+)) (2Nz+3Nb)Nb,        (3.4.15) 

 
the eq. (3.4.5) is derived from eq. (3.4.13). 

The seventh step. The terms exp{i[(kz+kb)z+m  t]} are singled out 
in eq. (3.4.10), 

 
i2(0)E

+11+NBz(+1)(1,0)=1(0)Er(+1)(1,1) 0.51(1)Er(0)(1,0) 

 0.51(1)Er(+2)(3,2)+ 
+(Nz+Nb)2Er(+1)(1,1) 0.5m1(0)Er(0)(1,0) 0.5m1(0)Er(+2)(3,2) 

0.5m1(1)Er(+1)(3,1)+ 

+0.5mNz2Er(0)(1,0)+0.5m(Nz+2Nb)2Er(+2)(3,1) 0.5m’m ௖మఠమ డாೝ(శభ)డ௥ (ଷ,ିଶ)  

 0.5’m ௖మఠమ డாೝ(బ)డ௥ (ଵ,଴)                      (3.4.16) 

 0.5’m ௖మఠమ డாೝ(శమ)డ௥ (ଷ,ିଷ)ఌ೘ᇲ௞್ ௖మఠమ ݇௭ డாೝ(బ)డ௥ (ଵ,଴)+ఌ೘ᇲ௞್ ௖మఠమ (݇௭ + 2݇௕) డாೝ(శమ)డ௥ (ଷ,ିଷ)  

 0.5ఌ೘ᇲ మ௞మ್ ௖మఠమ డమாೝ(శభ)డ௥మ (ଷ,ିଷ)+ 

+0.125m
ఌ೘ᇲ మ௞మ್ ௖మఠమ ൬డమாೝ(బ)డ௥మ (ଷ,଴) + డమாೝ(శమ)డ௥మ (ହ,ିଷ)൰. 

 
To derive the wanted eq. (3.4.4) the terms with subscripts (1,1) and 

(3,3) are kept, as well as two terms in the left-hand side of eq. (3.4.16) 
which aggregate to the combination (3.4.6). For example, the term with the 
subscripts (3,2) are neglected with accuracy (m2a*kb)1/3<<1. 

The eqs. (3.4.3)(3.4.5) are to be solved in the case, if the SAR fine 
structure is determined just by the periodic axial inhomogeneity of ܤሬԦ଴, 
rather than other weak phenomena. In other words, collisions between the 
plasma particles, electron inertia and finite ion Larmor radius are neglected 
in the present subsection. The radial profile of the plasma particle density is 
assumed to be linear one in the vicinity of SAR, 

 

1(0) (Nz+Nb)2=(d1(0)/dr)ቚݎ௦(ା) (r rs(+)).       (3.4.17) 

 
The solution of the inhomogeneous Airy equation (3.4.4), which 

amplitude decreases with going away from SAR and which carries out the 
wave energy from the SAR, reads as 

 
Er(+1)=iksa*(Nz+Nb)2A(+)v(ks(rrs(+))),      (3.4.18) 
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here 

v()=s׬ ߦݐ)ݏ݅]݌ݔ݁ + [(ଷ/3ݐ ஶ଴ݐ݀ ,   ks=((1/)d1(0)/dr)1/3ቚݎ௦(ା)=|ks|ei.
       (3.4.19) 

 
The direction, in which the small-scale wave propagates, is determined by 
the parameter s, 

 

s=sign[d1(0)/dr)ቚݎ௦(ା)Re(ks)].   (3.4.20) 

 
As it was noted in [59], absolute value of the inhomogeneous Airy function 
v() has its maximum at m 1.8 rather than at =0. 

Characteristic width r of SAR region (3.1.3) can be estimated from 
eq. (3.4.19) as follows: 

 
 r=(1(0)/(a*))1/3~a*(m/(kba*))2/3<<a*.                 (3.4.21) 

 
If the inequality (3.4.21) is valid, then the method of narrow layer is 

applicable (see inequalities (3.2.4)). Analysis of eq. (3.4.21) makes the reason 
to conclude, that the width  r of SAR region is larger than that of the main 
AR ceteris paribus. 

The characteristic magnitude of the amplitude Er(1) of satellite 
harmonics of radial wave field in the vicinity of SAR can be estimated by the 
order of magnitude basing on eqs. (3.4.4) and (3.4.21) as follows, 

 
Er(1)~A()(kba*)2/3/[(Nz+Nb)2m2/3].        (3.4.22) 

 
The estimation (3.4.22) shows that the amplitudes of the satellite 

harmonics are smaller than that of the main harmonic even in the vicinity 
of SAR. That is why they weakly influence on its spatial dependence in this 
region. The radial dependence Er(0)(r) can be determined with neglecting the 
amplitudes Er(1,2) of satellite harmonics even in the vicinity of SAR, since 
the rigth hand side of eq. (3.4.3) is equal by the order of magnitude to 
(m/(kba*))2/3Nz2Er(0). This circumstance is applied above to explain the fifth 
step in the transfer from the set of eqs. (3.14)(3.18) to (3.4.3)(3.4.5). 

The amplitude Er(+2) of the second satellite harmonic is known to be 
the small value out of the SAR region, Er(+2)~mEr(+1)~m2Er(0) [69]. When 
approaching to the SAR region the amplitude Er(+2) increases more rapidly 
than Er(+1), namely, Er(+2)[1(0) (Nz+Nb)2]2. This causes limitation of 
increase of the first harmonic amplitude. Amplitudes of the satellite 
harmonics are larger within the SAR region than out of it. One can estimate 
by the order of magnitude, that Er(+2)~m1/3Er(+1)~m2/3Er(0). Nevertheless, they 
remain smaller than that of the main harmonic. The significance of this 
result is explained by the following issue. Before carrying out this detailed 
analysis, it was natural to expect that the amplitude Er(+1) of the satellite 
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The conditions, under which the fine structure of the local satellite AR 

is determined just by the weak periodic axial inhomogeneity of ܤሬԦ଴, rather 
than electron inertia, ion Larmor radius or the plasma particle collisions, 
are found below. These weak phenomena can be taken into account by the 
aid of the following replacement in the eq. (3.4.4): 

 
Nz+NbNz+Nb+.     (3.4.24) 

 
The term  in eq. (3.4.24) reads as: 

 
=i1(c)+(T+c2Nz+Nb/(23))(d2/dr2).       (3.4.25) 

 
Electron inertia, ion Larmor radius and the particle collisions are 

taken into account in the eq. (3.4.24) via the term  analogously to the case 
of uniform external static axial magnetic field, presented in [24, 55, 63]. 
Being in the framework of the method of the narrow layer, the magnitudes 
of the observables , 3 and 1(c) in the point of SAR are applied here. The 
term (i1(c)) is presented in the subsection 2.1 in eq. (2.1.2). It takes into 
account the collisions between the plasma particles [52]. The coefficient T in 
eq. (3.4.25) is given in the subsection 2.4 (see eq. (2.4.6)). It accounts for the 
finite ion Larmor radius [49]. Electron inertia is also taken into account in 
(3.4.25) via the component 3 of the plasma permittivity tensor. One can 
apply the definitions (2.4.1)(2.4.4) of 3, provided in the subsection 2.4 with 
the replacement kz kz + kb. 

The influence of the weak periodic inhomogeneity of ܤሬԦ଴ on the fine 
SAR structure is more important, than that of finite ion Larmor radius and 
electron inertia, if the following inequality is valid, 

 
m2>>(kma*)2(Li/rs())2(NzNb/Nb).          (3.4.26) 

 
The condition can be realized in the peripheral plasma, where the periodic 
axial inhomogeneity of ܤሬԦ଴ is more pronounced, and the plasma is colder, 
than in the core. The inequality (3.4.26) can be realized even for higher ion 
temperature, than the similar condition (3.2.19), which takes place in the 
case of the main AR. The magnitude of the small parameter m is estimated 
below, under which one cannot neglect the influence of the periodic axial 
inhomogeneity of the external static magnetic field during studying the 
conversion of RF waves within SAR in the devices with the parameters, 
typical for the planned Helias reactor [92] (Li/a*=1/30, a*/R=0.1, here R is 
the large radius of plasma torus, m~0.13, N=4). The inequality (3.4.26) 
becomes as follows, kzR<<380. Hereby, the condition (3.4.26) will be 
absolutely feasible for such type reactors. 

The condition (3.4.26) can be treated as follows. The radial deviation 
r rs() of the magnetic surface (3.5) from the cylinder with average radius 



430                                              PROBLEMS OF THEORETICAL PHYSICS 

 
rs() is larger than the characteristic width rT of the SAR region, known for 
the case of uniform external static axial magnetic field. 

The results obtained in the present subsection can be summarized as 
follows. The influence of the moderate periodic axial inhomogeneity of the 
bumpy magnetic field ܤሬԦ଴ on the spatial distribution of RF fields in the 
vicinity of satellite Alfven resonance in plasma with radially inhomogeneous 
density is analytically studied in the present subsection. 

The periodic axial inhomogeneity of the bumpy magnetic field causes the 
coupling of separate spatial harmonics of electromagnetic field. The amplitude 
of the second satellite harmonic is negligibly small outside of the SAR region of 
the first harmonic. However, it increases when approaching in radial direction 
to the SAR region even more rapidly than that of the first harmonic. It is this 
increase which removes the singularities of electromagnetic fields of the first 
satellite harmonic, which takes place under the condition of neglecting the 
collisions between the plasma particles, electron inertia and ion thermal 
motion. 

The condition (3.4.26) is derived, under which the modulation of the 
radial component of the external static axial magnetic field influences on the 
SAR structure stronger, than plasma particle collisions, finite ion Larmor 
radius and electron inertia. The condition (3.4.26) can be realized in the plasma 
periphery of large fusion devices, where the deviation of the magnetic surfaces 
from the circular cylinder is larger and the plasma is colder, than in the core. 
The region of the local AR is known to move there while the plasma particle 
density increases, which takes place during plasma production in fusion 
devices. In particular, the inequality (3.4.26) is valid for the planned 
parameters of Helias reactor [92]. Ceteris paribus, the modulation of ܤሬԦ଴ can be 
a little bit smaller within the SAR region to satisfy the inequality (3.4.26) as 
compared with the modulation of ܤሬԦ଴ within the main local AR, which is 
necessary to satisfy the inequality (3.2.19). 

One can conclude from the research, that the characteristic 
magnitude (3.4.22) of the radial electric field of the electromagnetic field is 
smaller, than in the case of uniform external static axial magnetic field, 
under the condition (3.4.26).  

The characteristic width of SAR is larger under the condition (3.4.26), 
than in uniform external static axial magnetic field ceteris paribus. Radial 
distribution of RF fields in the vicinity of AR is rather difficult to measure 
because of the small width of the regions. SARs are more attractive from 
this point of view – they can be recommended for experimental study since 
SARs are wider (see (3.4.21)) than the main AR (see (3.2.12)). However, one 
has to keep in mind, that the characteristic magnitude of the amplitude of 
the satellite harmonic of the RF wave field is smaller than that of the main 
harmonic even within SAR.  

Since the fine structure of SAR (3.1.3) is studied in the subsection 3.1 
for the case of very weakly modulated external static axial magnetic field 
(when the inequality opposite to (3.4.26) is valid), then the present research 
generalises the analysis made in 3.1 to the case, if the influence of the 
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inhomogeneity of the external static magnetic field is comparable with or 
even stronger, than that of finite ion Larmor radius and electron inertia. 

It is periodic inhomogeneity of radial component B0r of the confining 
magnetic field (rather than weak axial periodic inhomogeneity of axial 
component B0z) which influences the spatial distribution of the wave RF 
fields in the vicinity of AR. This circumstance is associated with the fact, 
that it is radial refractive index, which is singular within SAR in the 
approach of cold magnetic hydrodynamics.  

It should be noted, that the form (3.1) of the confining magnetic field, 
which contains only one spatial harmonic sin(kbz), is very simplified. In 
the reality, the spectrum of the confining magnetic field is rather wide and 
contains also the harmonic sin(jkbz), j=2,3,4… Account for the other 
harmonics of ܤሬԦ଴, which are proportional to sin(jkbz), gives rise to the next 
SARs, where 1(0)=(Nz jNb)2. Analysis of these SARs is not carried out here, 
since it does not contain anything new in physics as compared with already 
presented in this subsection. 

 

SECTION 4. CONCLUDING REMARKS  
 

Hannes Olof Gösta Alfvén published his paper [7] about eighty years ago. 
The date can be considered as that of discovery of Alfven waves. Since that, 
physics of plasma and controlled fusion has successfully developed both in 
theory and practical realisation. Nevertheless, the topic of Alfven oscillations is 
not exhausted. Complicated geometry of the external static magnetic field in 
fusion traps gives wide possibilities to scientists for searching new branches of 
Alfven oscilaltions.  

Twenty-three years had passed after Alfven discovery before 
V. V. Dolgopolov and K. N. Stepanov described the fine structure and 
absorption of MHD waves in the vicinity of the local Alfven resonance [24]. 
In the paper, the authors had given ground for plasma Alfven heating. Fifty-
five years had passed since then. However, the topic is not exhausted. 
Moreover, been started in the interest of controlled fusion, it is now widely 
applied also in geophysics of terrestrial space.  

The present overview presents fundamentals of Alfven resonance (AR) 
theory. The theory is generalised with account for special features of periodic 
spatial inhomogeneity of external static magnetic field of fusion traps, in 
particular, tokamaks. The most results presented in the second section of the 
overview are obtained in original papers, written by the author under 
supervision of Professor K. N. Stepanov and in coauthorship with the 
colleagues. Fine structures of AR for the main and satellite harmonics are 
determined. The magnitude of RF power, absorbed in the vicinity of AR, is 
calculated. The specific features of AR, which are caused by nonmonotonous 
character of the spatial distributions of the plasma parameters, are established. 
Novelty of the obtained results is confirmed by the priority in publishing the 
scientific papers. Their credibility is determined by application of adequate 
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methods of solving the problems and their reporting at numerous international 
conferences. The presented results can be applied for planning and explaining 
the experiments on plasma heating in fusion devices, as well as geophysical 
experiments.  

The main new results, presented in the overview, are as follows. The 
influence, caused by spatial periodic plasma inhomogeneity, on conversion and 
absorption of MHD waves is determined here. First of all, the spatial plasma 
periodic inhomogeneity causes the coupling of spatial harmonics of 
electromagnetic wave fields. In other words, the waves propagate in such 
plasma in the form of wave packets. 

The possibility of existence, along with AR for the main harmonic, of 
additional resonance regions (SAR) in the plasma, which is periodically 
inhomogeneous in the direction of external magnetic field, is established. 
Rapid increase of the amplitudes of small satellite harmonics of MHD waves 
and their conversion into small-scale waves takes place within these SARs. 
The conditions, under which the additional plasma heating in the vicinity of 
SARs can be significant, are determined.  

Singularities of the solutions to Maxwell’s equations for the fields of 
electromagnetic waves, which take place in the case of cold plasma in uniform 
axial magnetic field, are shown to be suppressed in peripheral plasma of fusion 
devices by spatial periodic inhomogeneity of external static magnetic field. 
Herewith, it is shown that the fine structure of the main and satellite ARs can 
be determined by the modulation  of the radial component of external static 
magnetic field (rather than ion thermal motion or finite electron inertia). It 
should be underlined that RF power absorption in the vicinity of these 
resonances does not depend on the mechanism of absorption. The characteristic 
width of the main AR by the order of magnitude reads as 

 
rT =(Li2a*)1/3  r ~[4a*/(kz2kb2)]1/5 4/5 .       (4.1) 

 
The magnitude of RF power, absorbed within AR in the case if minimum 

(maximum) is observed on the plasma particle density radial profile, is found to 
be by (a*/Li)1/2 times larger as compared with the case of linear density profile. 
The increase is explained by the increase of characteristic magnitudes of both 
the AR width by the factor of (a*/Li)1/6 and amplitudes of Alfven wave fields 
within AR by the factor of (a*/Li)2/15. Here a* is characteristic radial scale of the 
density inhomogeneity, and Li is ion Larmor radius.  

The author considers as a pleasant duty to express sincere gratitude to 
the corresponding member of the NAS of Ukraine K. M. Stepanov, who taught 
the plasma theory to the students of the School of Physics and Technology of 
V. N. Karazin Kharkiv National University (including the author of the present 
overview) in 1965-2011. Professor K. Stepanov was the supervisor of the author 
when the latter started studying the influence of spatial periodic plasma 
inhomogeneity on the properties of MHD waves, prepared the thesis of 
Candidate of Sciences. Many problems, which solutions are presented in the 
monograph, were solved either in co-authorship with Professor K. Stepanov or 
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in the result of discussions with him. The author is also very thankful to 
Professor Ye. D. Volkov, who was official opponent at the defense of the thesis 
of Doctor of Sciences by the author, and proposed the idea of writing the present 
overview. The author is also grateful to other co-authors of the papers, which 
form the basis for the monograph, e.g., to docent M. R. Belyaev, who taught 
higher mathematics to the students (including the author of the present 
overview) of the School in 1971-2009. Docent M. Belyaev proved numerically 
the coincideness of electromagnetic power absorption in the vicinity of AR in 
two cases: if AR fine structure is determined by ion thermal motion and by axial 
periodic inhomogeneity of external static magnetic field. Doctor S. V. Kasilov 
designed the numerical code, which was used for verification of analytical 
results of studying the MHD wave absorption within AR, if minimum 
(maximum) is observed on the radial profile of the plasma particle density. 
Doctor P. K. Kovtun improved application of local frame of references for 
solving the Maxwell’s equations. Professor V. I. Lapshin taught the author of 
the overview to study influences of striction nonlinearity and ion cyclotron 
turbulence on electromagnetic power absorption in the vicinity of SARs in the 
devices with the bumpy magnetic field.  
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he electromagnetic waves interaction with composite media attract 
great attention of researches for many decades due to its relevance 
to problems in condensed matter physics, optics, photonics, 
plasmonics, and chemistry. During last two decades, metamaterials 
and photonic crystals have been in the top of research due to their 

unprecedented possibilities to manipulate the electromagnetic parameters of both 
materials and electromagnetic waves. The review is devoted to different types of 
artificial composite media, their classification, discussion of their unique 
characteristics and ways of control of their dispersion. Comprehensive review of 
the electromagnetic properties of periodic and aperiodic planar Bragg reflectors 
(that is, photonic crystals) and planar Bragg reflective waveguides is carried out. 
The dispersion features of Bragg reflective waveguides with both periodic and 
aperiodic arrangements of layers in their claddings are discussed and methods of 
their control are presented. It was found that an aperiodic configuration of 
cladding of Bragg reflection waveguide could give rise to exceptionally strong 
mode selection and tuning the polarization-discrimination effects. On the other 
hand, artificial media called metamaterials (and especially, hyperbolic 
metamaterials) created using subwavelength resonant building blocks, are also 
useful for both controlling light propagation and dispersion management. They 
can be easily made by alternating dielectric and metal layers or by embedding 
arrays of parallel metallic rods in a dielectric matrix. This review discusses a 
particular example of hyperbolic metamaterial, represented by a superlattice 
consisting of ferrite and semiconductor layers, which is influenced by an external 
static magnetic field. Within the framework of the effective medium theory, such 
an artificial structure can be reduced to a homogenized medium, which is 
described the effective permittivity and permeability tensors. Due to the 

T
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components of both tensors show significant sensitivity to the external magnetic 
field, these artificial structures can exhibit the great variety of high-frequency 
properties. For instance, it is observed that in the case when specific conditions 
related to the superlattice’s constitutive parameters and filling factor are 
satisfied, the regions of existence of the bulk and surface polaritons can totally 
overlap. Besides, it is found out that in an extremely anisotropic medium, the 
dispersion characteristics of extraordinary bulk waves exhibit a number of 
unusual behaviors, including atypical topological transitions of isofrequency 
surfaces. The conditions for appearance of mono-hyperbolic, bi-hyperbolic, tri-
hyperbolic and tetra-hyperbolic-like forms of isofrequency surfaces are also 
discussed. 

KEYWORDS: photonic crystals, metamaterials, superlattices, dispersion 
characteristics, hyperbolic dispersion.  

PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt 
 
 

SECTION 1. INTRODUCTION 

 
In recent years, the special attention has been paid to artificial composite 

media due to their specific electrodynamic, electro-optical, magneto-optical, 
polarization, resonance and dynamic characteristics (see, a comprehensive 
review on theory, methods for fabricating and applications of artificial media in 
Refs . [1–9]). Artificial composite structures can be characterized by anisotropy 
(or gyrotropy) of their material parameters, optical activity, significant spatial 
inhomogeneity, material and structural dispersion, as a result, they exhibit 
specific electromagnetic characteristics, which cannot be obtained using 
conventional natural materials.  

Despite the significant scientific results obtained since the first half of 
the last century (see, for example, Refs. [10–15]), in the last years, renewing 
interest to such media is observed due to the rapid progress in the technologies 
for their manufacturing and the appearance of new opportunities for 
experimental investigation of their characteristics. The impetus for the 
resumption of research in this area was papers of Eli Yablonovitch, John Sajeev 
and John Pendry. In 1987, Eli Yablonovitch [16] and John Sajeev [17] published 
the papers, which introduced the term "photonic crystals”, substantiated the 
concept of the photonic band-gap (PBG) for the electromagnetic waves in 
superlattices, and noted that within the spectral region of the complete PBG 
the spontaneous emission is impossible. In this content we should note that the 
idea of the analogy of PBG for photons in the photonic crystals spectrum and 
the energy gap (that is, an energy range in a solid where no electronic states 
can exist) for electrons in the crystal was firstly proposed by V.P. Bykov in 1972 
[18]. In turn, in 1999, John Pendry with colleagues identified a practical way to 
obtain left-handed materials [19], firstly proposed by V. G. Veselago in 1967 
[20] (in this regard, it should be noted that historically, the possibility of 
obtaining negative refractive index, was firstly analyzed by L. I. Mandelstam in 
1945 [21]). Later then, several types of composite media that can be used as 
metamaterials were proposed and theoretically investigated [22]. Such 
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composite structures were formed by a periodic array of thin conductive wires 
or metal split ring resonators. Theoretical analysis of composites formed by 
periodically located thin wires has shown that they are characterized the 
negative value of permittivity in the frequency range close to the plasma 
frequency [22]. While a design with periodically located split ring resonators 
demonstrated negative value of magnetic permeability [23]. Experimental 
papers soon appeared, which confirmed the obtained theoretical results [23, 24]. 
The metamaterials were firstly obtained in 2000 by the research teams led by 
David Smith and Richard Shelby of the University of San Diego. At that, Smith 
experimentally shown the left-handed material which is characterized by 
simultaneously negative permittivity and permeability at microwave 
frequencies [23]. Whereas Shelby [24] demonstrated the possibility of arising 
narrow frequency band with negative refraction index, when left-handed 
material with unit cell based on the split ring resonator and thin copper wire 
has been used [24].  

It should be especially noted that in the late 60's and early 70's of last 
century, a group of scientists led by V. G. Veselago made a number of 
unsuccessful attempts to obtain left-handed materials. In particular, the 
attempt to obtain an exotic mixture of electric and magnetic charges whose 
properties were considered in Ref. [25], and the attempt to create a material 
with a negative refractive index based on a magnetic semiconductor CdCr2Se4, 
but this attempts were unsuccessful due to existing technological difficulties. 
These failures, as well as the lack of known natural left-handed materials led to 
the fact that the topic of metamaterials remained out of the attention of 
scientists for more than three decades.  

In this brief review, we concentrate our attention on the one-dimensional 
photonics crystals and metamaterials (including hyperbolic metamaterials) 
associated with dispersion control, including their theory, constructing methods 
and possible applications. This paper organized as follow: in section 2, we give 
short classification of natural and artificial media. Sections 3 and 4 present 
some ways to the dispersion control in the photonic crystals and metamaterials, 
respectively. Finally, some conclusions are given in section 5. 

 

SECTION 2. CLASSIFICATION OF NATURAL AND ARTIFICIAL MEDIA 
 

2.1 Classification based on material properties 
 

It is known that an electromagnetic response of a bulk medium 
depends on the dispersion characteristics of its permeability ߤ(߱) and 
permittivity ߝ(߱). Using these two fundamental characteristics we can 
divide natural materials into four large classes:  

 Class I with (ߤ > 0) ∧ ߝ) > 0) comprises most of dielectric 
materials;  

 Class II, with (ߤ > 0) ∧ ߝ) < 0), corresponds to plasma, metals and 
doped semiconductors below their plasma frequency ߱௣;  
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Despite the prevalence of such materials and the simplicity of their 

manufacturing, their inherent dispersion characteristics are determined by the 
molecular and atomic structure of the material, which significantly complicates, 
and sometimes makes it impossible, to manage them [29]. This limitation 
stimulates the search and implementation of alternative material media and 
composite structures that can provide flexible control of the dispersion 
characteristics of electromagnetic waves in a given spectral range. 

The term "dispersion" is commonly used for any situation in which the 
electromagnetic characteristics of the medium change, which leads to a change 
in the conditions of propagation of electromagnetic waves in this medium 
compared to free space. There are various types of dispersion, including 
material, structural, chromatic, spatial, and polarization, which are the most 
interesting in terms of controlling the dispersion behaviors of electromagnetic 
waves in the artificial media, such as metamaterials (including metasurfaces) 
and photonic crystals. It is conditioned by the complex spatial design of such 
composite media and the variety of materials used as their structural elements. 

Metamaterials are artificial composite media (usually periodic, with a 
period ܮ much shorter than the wavelength ߣ in the medium, i.e., ܮ ≪  as ߣ
shown in Fig. 1(b)) formed on the basis of resonant elements, so that their 
electrodynamic properties are caused not by diffraction phenomena, but are 
determined by the resonant characteristics of their individual subwavelength 
elements [4, 27, 28]. This property distinguishes them from another class of 
artificial periodic structures (in particular structures that exhibit refractive 
index periodicity), that are called photonic crystals for which the condition L ~ λ 
is satisfied (see, for clarity, Fig. 1(c)), i.e., the lattice spacing is large enough to 
diffract waves [3, 6]. 

The spectral and dispersion properties of metamaterials and photonic 
crystals depend on both the material and geometric parameters of their 
individual structural elements (that is, layers, rods, wires, rings, etc.) and 
even more on how they are arranged into a single structure [3, 6, 7, 9, 27, 28]. 
Namely, they are determined by the simultaneous influence of both material 
and structural dispersion. This makes it possible to effectively control the 
spectral and dispersion characteristics of artificial composite media in a wide 
frequency range. 

In following sections, we briefly discuss one-dimensional artificial media 
such as photonic crystals and metamaterials, their unique characteristics, and 
ways to control of their dispersion 

 

SECTION 3. ONE-DIMENSIONAL LAYERED STRUCTURES 
 

3.1 Photonic crystals. Spectral behaviors 
 

Photonic crystals are novel class of optical media represents by artificial 
structures with spatially periodic properties. Their optical properties are 
similar to the electronic properties of solids (crystals), which provides their 
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An ordinary Bragg reflection waveguide consists of a low-index guiding 

layer sandwiched between two identical Bragg reflectors [41], and its distinctive 
characteristics is conditioned by a multilayered configuration of composite 
cladding. For clarity, the refractive index profile in the cross-section of 
waveguide is presented in the insert of Fig. 3(a). Due to the existence of PBGs 
in the spectra of the multilayered cladding, light is confined within the low-
index core with a refractive index below the effective refractive index of the 
cladding (that is, ݊௚ < ݊ଶ < ݊ଵ; the core is usually considered to be an air gap 
with ݊௚ = 1.0 [41, 46]). This method of localization of guided modes in the 
waveguide core has a number of significant advantages over the method of the 
total internal reflection inside a high index core, which is inherent in standard 
(three-layer) optical waveguides [47]. In particular, due to the fact that 
electromagnetic radiation is mostly propagates in the air layer both the power 
losses and the influence of nonlinear effects on the waves propagation can be 
significantly reduced. 

In a one-dimensional case, the transfer matrix formalism is widely 
used to solve the problem. As a result, the dispersion characteristics of TM 
and TE modes of the Bragg reflection waveguides can be obtained from 
following equation [36, 37]: 

 1 − ܴଶ exp ቂ4݅݇଴݀௚൫݊௚ଶ − ݊௘௙௙ଶ ൯ଵ ଶ⁄ ቃ = 0,    (1) 

 
where ݊௘௙௙ =  is the longitudinal ߚ ,଴ is the effective mode index݇/ߚ
propagation constant, ݇଴ = ߱/ܿ is the wave number in free space, ܴ is the 
reflection coefficient of the cladding, ݀௚ = 2݀ and ݊௚ are thickness and 
refractive index of the core layer, respectively.  

As typical examples in Figs. 3(a) and 3(b), we demonstrate the band 
diagrams and dispersion curves that were calculated using Eq. (1) for Bragg 
waveguides with periodic and aperiodic configurations of claddings (with 
finite number of the constitutive layers), respectively.  

Even in the simplest symmetric configuration of planar Bragg reflection 
waveguide, a number of unique dispersion characteristics, which cannot be 
obtained in a conventional planar waveguides can be observed, as shown in 
Fig. 3(a). In particular, it can be noted [37, 41, 48, 49]: each guided mode has 
several cutoff frequencies, it allows to design waveguides which support only 
higher-order modes, instead of the fundamental one (see, Region 2 in Fig. 3(b)); 
there is a possibility of suppression of unwanted mode in the required 
frequency ranges by shrinking PBG into point (see, Region 1 in Fig. 3(b)); the 
appearance of a special class of modes with a negative mode index (݉ = −1) is 
possible in waveguide structure which core layer is thin enough. 

On the other hand, the dispersion characteristics of the Bragg waveguide 
can be significantly modified by selecting specific designs of its cladding, on 
today, the following optimization methods have been proposed: the use of 
asymmetric claddings based on two different Bragg reflectors with different 
spectral characteristics [34, 35]; introducing defect layer into Bragg reflectors 
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[50]; layers chirping in the cladding [50, 51], and placing matching layers 
between the core and layered cladding [52]. Besides, authors of this review have 
recently proposed another, more effective method of optimizing both the 
dispersion and spectral characteristics of Bragg reflection waveguide, which is 
based on the using aperiodic layered claddings in the waveguide design [36, 37]. 
It was shown that in the aperiodic configuration, the dispersion curves have 
more cutoff points for each mode than those of periodic one [36, 37]. It means 
that Bragg reflection waveguides with aperiodic cladding are easier to be 
optimized than that ones with periodic cladding to support propagation of 
desired modes only. Thus, it could give rise to exceptionally strong mode 
selection and tuning the polarization-discrimination effects, and can be used in 
the integrated optic devices that are designed for mode selection, adaptive 
dispersion compensation, frequency and polarization filtering 

As most of the characteristics of the planar Bragg waveguides are similar 
to those of the cylindrical Bragg fibers, we argue that obtained results are also 
applicable for the prediction of optical features of the latter ones. 

Not only the problem of passive control of the dispersion characteristics 
of electromagnetic waves interacting with media is important, but even more, 
the task of active control of them. To solve this problem in the design of 
photonic crystals (and devices based on their basis) usually use active media, 
such as ferrites, semiconductors or graphene. Such media can change their 
properties under external influence (for example, when the temperature 
changes or under the action of electric and magnetic fields), which provides 
additional opportunities to control a wide range of their characteristics 
(including dispersion) and significantly expand their functional potential, see 
for example [53, 54]. In particular, the possibility of effective control of the 
spectral characteristics of a magneto-photonic crystal by changing the 
magnitude of the external magnetic field was experimentally demonstrated in 
[53], and it was proposed to use such a structure as a polarizing element. In 
addition, the characteristics of a planar waveguide formed on the basis of a 
half-wave magneto-optical layer located between two isotropic Bragg reflectors 
were investigated in Ref. [54]. The authors of this paper indicated the 
possibility of excitation of hybrid plasmon waves localized in a layered 
claddings, which leads to additional resonances in optical spectra and 
enhancement of magneto-optical effects. In turn, the polarization filtration of 
TE and TM modes in a planar waveguide based on a magneto-optical layer 
placed on a dielectric substrate and combined with a one-dimensional photonic 
crystal is considered in [55, 56]. In addition, active structures are used to create 
distributed feedback lasers [57], optical amplifiers [58], and many other 
integrated optics devices. 

 

SECTION 4. METAMATERIALS 
 

4.1 Multilayer metamaterial structures. Effective medium theory 
 

In modern devices of photonics and plasmonics, composite artificial 
media (that is, metamaterials and metasurfaces) based on subwavelength 
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electromagnetic waves in such metamaterials, and in particular the dispersion 
characteristics of surface polaritons at the interface of the layered 
metamaterial/free medium is very important task. 

Surface polaritons are a special type of electromagnetic waves 
propagating along the interface between two media, which are characterized by 
different signs of material parameters (e.g., permittivity and permeability). In 
particular, this situation is typical for a metal/dielectric interface [64]. It is 
known, that surface waves are strongly localized at the interface and penetrate 
into the surrounding media over a distance approximately equal to the 
wavelength in the corresponding material [64, 65]. This significant localization 
of the electromagnetic field in a small spatial volume beyond the diffraction 
limit leads to a significant increase in the interaction of the electromagnetic 
field with matter (medium) and makes attractive the using surface waves in a 
wide range of practical applications: from microwave and optical devices to 
solar cells [66 – 68]. Moreover, the study of the dispersion characteristics of 
surface waves has significant potential in terms of solid state physics, because 
their nature can provide detailed information about the quality of the interface 
and the material parameters (such as permittivity and permeability) of media 
located on both sides of the interface [68]. High sensitivity to the 
electromagnetic properties of the medium allows the use of surface waves in the 
sensing applications, in particular in sensors of chemical and biological 
substances [67]. Thus, the study of the dispersion characteristics of surface 
waves is essential task for both physics of surfaces and physical optics; in the 
latter case, these activities have led to the formation of a new direction of 
research: plasmonics [59, 65, 68]. 

Nowadays, plasmonics is a field that is developing extremely fast and is 
characterized by a variety of possible practical applications, for many of which 
the ability to control the propagation of surface waves is a crucial characteristic. 
In particular, in recent decades, significant efforts have been made to 
implement active components (which can be reconfigured) for integrated 
plasmonic systems, such as switches, active couplers, modulators, etc. [69]. In 
this regard, the search for effective ways of controlling the characteristics of the 
propagation of plasmon-polaritons due to the influence of external factors is an 
extremely important task.  

To date, it has been proposed to use nonlinear, thermo-optical and 
electro-optical effects in plasmonic devices to control the propagation of 
plasmon-polaritons [70 – 72]. In such devices, the control of the dispersion 
characteristics of the electromagnetic waves occurs by changing the dielectric 
constant of the medium by applying an external electric field or by adjusting 
the temperature of the material. At the same time, the use of an external 
magnetic field as a driving agent to control the distribution of polaritons is more 
promising, because such external influences can change both the permeability 
of ferrites and the permittivity of metals and semiconductors. It should be noted 
that the uniqueness of this control mechanism is that the dispersion 
characteristics of polaritons depend not only on the magnitude of the applied 
external magnetic field, but also on its direction. For example, the external 
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magnetic field creates additional dispersion branches in the spectra of surface 
magnetic plasmon-polaritons what leads to the possibility of obtaining a multi-
band propagation, which may be accompanied by non-reciprocal effects [62 – 64, 
73 – 78]. Thus, the combination of plasmon and magnetic functionality opens a 
wide prospect of creating new active devices, which are characterized by 
additional degrees of freedom to control the dispersion characteristics of 
plasmon-polaritons. Such systems have already found a number of practical 
applications in integrated photonics and telecommunication systems (see, for 
example, [68] and references therein). 

In this context, using superlattices consisting of layers of different 
materials, alternating with each other according to a given law, which are able 
to provide combined plasmonic and magnetic functionality, instead of 
traditional plasmons systems, where a metal-dielectric interface is assumed, 
has a significant practical potential [66]. In particular, this is because the 
superlattices show a number of exotic electronic and optical properties 
unattainable for homogeneous (bulk) media, due to the presence of additional 
periodic potential with the period, which exceeds the lattice constant [75]. An 
external static magnetic field applied to the superlattice leads to the 
appearance of so-called magneto-plasmon-polariton excitations [64]. The 
properties of magnetic polaritons in superlattices of different types under the 
action of an external static magnetic field have been studied by many teams 
over the past few decades (in particular, see [62, 63, 73–78]). It should be noted 
that the problem was usually considered within two separate approximations, 
namely, results were obtained for gyroelectric media with magneto-plasmons 
[61, 75] and gyromagnetic media with magnons [62, 74, 76, 77], which are 
characterized by either a permittivity or permeability tensor having non-zero 
off-diagonal elements. The application of this approach is generally justified due 
to the fact that the resonant frequencies of the magnetic permeability of 
magnetic materials are usually in the microwave range, while the characteristic 
dielectric permeability frequencies of semiconductors are usually in the infrared 
range of the electromagnetic wave spectrum. 

At the same time, it is obvious that the combination of magnetic and 
semiconductor materials into a single gyroelectromagnetic superlattice, in 
which both the permeability and permittivity are tensors, provides additional 
opportunities in controlling dispersion characteristics of surface waves using an 
external magnetic field what is unattainable in separate both gyromagnetic and 
gyroelectric media [78–85]. Obviously, it is possible to create heterostructures 
in which the characteristic resonant frequencies of semiconductor and magnetic 
materials may be different, but closely spaced within the same frequency range. 
As an example, we can mention the heterostructures proposed in [60, 78,  
81–85], which show a gyroelectromagnetic effect in the range from GHz to tens 
of THz, in a result the electromagnetic waves in such superlattices demonstrate 
some unusual properties. For instance, extraordinary dispersion features of 
both bulk and surface electromagnetic waves in finely stratified magnetic-
semiconductor superlattice which is influenced by an external static magnetic 
field in the both polar and Voigt geometries have been recently reported in 
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papers [60, 78, 86]. Namely, it was observed that in case when specific 
conditions related to the superlattice’s material and geometric parameters are 
satisfied, the regions of existence of the bulk and surface polaritons overlap (for 
clarity, see, Figs. 3, 4 in Ref. 78 and Fig.4 in Ref. 86). Such peculiarities can give 
great advantages when providing excitation of surface polaritons via nonlinear 
coupling [78]. 

An effective way to analyze the dispersion of electromagnetic waves in 
composite artificial media is to study their isofrequency surfaces (so-called 
Fresnel surfaces) [87, 88]. This is especially true for hyperbolic metamaterials, 
which have been the subject of intensive study due to their inherent specific 
dispersion characteristics unattainable in ordinary natural media (a detailed 
review of the general theory and applications of hyperbolic materials is given in 
Refs. [89–100]). 

To date, hyperbolic materials have been implemented in devices 
operating in the microwave, terahertz, and optical ranges, and a variety of their 
specific properties have been demonstrated, such as: negative refraction [90], 
significant enhancement of spontaneous emission [91], subwavelength imaging 
[93], subwavelength focusing [94], signal routing [95], and many others. 

 
4.2 Hyperbolic metamaterials 

 
Hyperbolic dispersion is inherent to the so-called extremely 

anisotropic media, which are also known as indefinite media [96–100]. In 
such media, at least the magnetic or dielectric constant is a tensor quantity: 

ߟ̂  = ,௫௫ߟൣ 0,0; 0, ,௬௬ߟ 0; 0,0, ,௭௭൧ߟ ߟ)    = ,ߝ  (2)   ,(ߤ 
  
and one of the diagonal (that is, principal) components of the tensor ̂ߟ (real 
part) differ in sign from other diagonal components. The medium is called a 
hyperbolic uniaxial crystal or a hyperbolic biaxial crystal, when the tensor’s 
principal components ߟ௜௜ (݅ = ,ݔ ,ݕ  :satisfy the next conditions  (ݖ

 ߟ௫௫ < 0 < ௬௬ߟ =  ;௭௭ – hyperbolic uniaxial crystalߟ
 ߟ௫௫ < 0 < ௬௬ߟ <  .௭௭ – hyperbolic biaxial crystalߟ

In such media, topological transitions of the isofrequency surface 
occur when the real part of one of the components of the dielectric or 
magnetic permeability tensor changes its sign to the opposite (see, for 
example, Fig. 4). 

As a rule, the hyperbolic dispersion is observed in nonmagnetic 
metamaterials, which are characterized by an indefinite permittivity tensor, 
while their permeability is a scalar quantity (ߤ௫௫ = ௬௬ߤ = ௭௭ߤ = 1). The 
negative value of the permittivity is a common property of metals in the 
spectral range near their plasmon resonance frequency, thus hyperbolic 
metamaterials usually include metal components. In this case, the 
metamaterials are designed either in the form of a superlattice, which 
combines metal and dielectric layers [101–103] or in the form of an array of 
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[123, 124], abnormal scattering [125], subwavelength focusing [126], and 
many others. These properties are of considerable practical interest and 
make hyperbolic materials promising media for use in devices of micro- and 
nano-electronics, photonics and plasmonics, which in turn requires the 
development of new effective methods for their analysis. 

 

SECTION 5. CONCLUSIONS 
One dimensional photonic crystals and metamaterials exhibit many 

extraordinary properties such as, negative-refraction, slow light, abnormal 
scattering, and subwavelength focusing phenomena. In the last two decades, 
they have been widely studied with implementations based on different 
artificial and natural media. Especially, the great interest has been 
attracted to the hyperbolic metamaterials due to unusual nature of the 
isofrequency surface of electromagnetic waves propagating through such 
structures. The fascinating characteristics of hyperbolic metamaterials is 
associated with hyperbolic dispersion. Due to the extraordinary properties of 
photonic crystals and hyperbolic metamaterials, it can be expected that 
many new photonics and plasmonics devices will soon be developed on their 
basis. 
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Annotation 
This review describes some important features of the interaction of charged 

particles with electromagnetic waves. Both regular regimes and chaotic regimes of 
such interaction are described. The mechanisms of the transition of the regular 
motion of particles (and waves) to stochastic regimes are described. The role of 
additive and multiplicative fluctuations on the dynamics of individual particles and 
on their collective dynamics is described. It is shown that in many regimes the 
chaotic dynamics is such that the highest moments turn out to be much larger than 
the lowest moments. Such regimes must be described by kinetic equations, in which 
the role of higher moments is significantly reflected.  Note that the Einstein-Fokker-
Planck equations contain only the first two moments. The equations that take into 
account the higher moments are formulated in the review. Particular attention in 
this review is paid to resonances. In particular, the review describes new cyclotron 
resonances. The conditions of these new resonances differ from the known ones in 
that they substantially take into account the influence of the field strength of the 
wave with which the particles interact. The dynamics of particles under the 
conditions of these new resonances is described. New resonances in the interaction of 
charged particles with waves in vacuum are also described.  The presence of such 
resonances leads to practically unlimited acceleration of charged particles by fields of 
electromagnetic waves (lasers) in a vacuum. The review also discusses and describes 
new mechanisms for the emergence of regimes with dynamic chaos. In particular, 
when waves are excited by an electron beam in a constant magnetic field, regimes 
with dynamic chaos arise as a result of a rapid, qualitative and periodic change in 
the form of the phase portrait.  Regimes with dynamic chaos under the conditions of 
new cyclotron resonances arise as a result of the passage of phase trajectories 
through regions in which the uniqueness theorem is violated. Such regimes can arise 
even in systems with one degree of freedom. 

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos, 
additive and multiplicative fluctuations, beam-plasma interaction, acceleration, 
synchronization. 

PACS numbers: 05.45.Ac ; 05.45.Xt;  41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw. 
 

Abstract 
It is known that in plasma physics there are two main fundamental processes. 

It is a wave-particle interaction process and a wave-wave interaction process. In this 
review, we describe some new results concerning wave-particle interactions. Both 
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regular regimes of such interaction and chaotic regimes are considered. The main 
features of cyclotron resonances are described, and the conditions for the appearance of 
new cyclotron resonances and resonances in the interaction of charged particles with 
waves in vacuum are described. The overview is divided into seven sections. The 
authors tried to describe the review material in such a way that practically each of 
them was independent. The first section describes the features of nonlinear cyclotron 
resonances. The widths of these resonances and the distances between these 
resonances are found. Using the Chirikov criterion, the conditions for the emergence of 
regimes with chaotic particle dynamics are outlined. It is noted that this criterion in 
some cases may give incorrect results. The reasons for this violation of the criteria are 
discussed. In the second section, the results of the influence on the dynamics of 
charged particles of additive and multiplicative fluctuations at cyclotron resonances 
are described. It is shown that in the presence of additive fluctuations, the dynamics of 
particles at autoresonance is anomalously sensitive to the presence of such 
fluctuations.  It is shown that such sensitivity can lead to superdiffusion of particles in 
space of energy. The presence of multiplicative fluctuations affects particle dynamics in 
an even more radical way. In the presence of such fluctuations, the so-called 
fluctuation instability develops. It is shown that in regimes with stochastic dynamics 
the higher moments can increase exponentially. Moreover, the increments of the 
higher moments turn out to be larger than the increments of the lower moments. 
Attention is drawn to the fact that such regimes cannot be described by equations of 
the Einstein-Fokker-Planck type (only the first two moments are taken into account in 
these equations). An equation is given, in which the role of higher moments is taken 
into account. The third section describes the features of new cyclotron resonances. 
Note that the known conditions for the occurrence of cyclotron resonances contain only 
the dispersion property of the wave (frequency and wave vector), as well as only the 
strength of the external magnetic field. In addition to these characteristics, new 
cyclotron resonances contain the magnitude of the strength of the electromagnetic 
wave with which the particles interact.  Note that if at known cyclotron resonances the 
dynamics of particles was mainly determined by the equation of a mathematical 
pendulum, then the dynamics of particles under conditions of new cyclotron resonances 
is mainly determined by the Adler equation. A new mechanism for the emergence of 
regimes with dynamic chaos is described. Such regimes can arise even in systems with 
one degree of freedom. In this case, in the phase space, the trajectory of the particles 
passes through the point at which the uniqueness theorem is violated. The mechanism 
of the occurrence of chaos in this case resembles the process of throwing a dice with an 
unlimited number of sides. Such dynamics was called piecewise homogeneous 
deterministic dynamics. In the previous sections, the dynamics of isolated particles 
was mainly determined. In the fourth section, the influence of spatial and temporal 
fluctuations on the collective dynamics of particles is considered. In particular, the 
plasma-beam instability was considered.  It is shown that the presence of such 
fluctuations significantly limits the spatial and temporal intervals in which regular 
modes of excitation of oscillations in plasma-beam interaction can be realized.  In the 
fifth section, the role of collective processes in the emergence of regimes with chaotic 
dynamics is also studied. In this section, we consider the dynamics of electron beam 
particles in an external magnetic field under conditions close to those of 
autoresonance. The well-known one-particle criteria do not allow one to be realized in 
such a model of regimes with dynamic chaos.  However, numerical studies show that 
such regimes arise. The reason for the emergence of these modes has been clarified. 
This reason is the periodic qualitative change in the shape of the phase portraits. 
Conventional models that describe the interactions of charged particles with fields of 
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electromagnetic waves are usually limited to the model of one regular electromagnetic 
wave. In reality, particles always interact with some packet of electromagnetic waves. 
The question arises: When can the model of one regular electromagnetic wave be used?   
The answer to this question is contained in the sixth section. It is shown that if the 
phase and group velocities of an electromagnetic wave are close to each other, then the 
model of one regular electromagnetic wave is quite acceptable. If these velocities differ 
significantly (as for longitudinal waves in plasma), the dynamics of particle in the 
packet can be radically different from the dynamics in one regular wave. In such  
package, regimes with dynamic chaos can develop. The seventh section is devoted to 
the description of new resonances that arise when waves interact with charged 
particles in a vacuum. It should be noted that the appearance of these new resonances 
is somewhat unusual. This unusualness is due to the fact that rigorous solutions were 
known about the dynamics of particles in the field of an electromagnetic wave in a 
vacuum.  There were no resonances in such solutions. The presence of such solutions, 
in a sense, was a kind of brake on the search for resonances. It turned out that these 
exact solutions do not describe all possible particle dynamics. Other resonant solutions 
were found. An analogy was found between new resonances in vacuum and the 
appearance of cyclotron resonances (with the exception of autoresonances). The 
analogy is that both resonances arise only when the electromagnetic wave (with which 
the particles interact) has a nonzero transverse component of the wave vector. 

Keywords: Cyclotron resonances, new cyclotron resonances, dynamic chaos, 
additive and multiplicative fluctuations, beam-plasma interaction, acceleration, 
synchronization. 

PACS numbers: 05.45.Ac ; 05.45.Xt;  41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw 
 
 

Буц В.O., Загородній А.Г. Особливості динаміки заряджених частинок 
в електромагнітних полях 
 

Анотація 
В обзорі описані деякі важливі особливості взаємодії заряджених частинок 

з електромагнітними хвилями. Описані як регулярні режими, так і хаотичні 
режими такої взаємодії. Описані механізми переходу регулярного руху частинок 
(і хвиль) до стохастичних режимів. Описана роль адитивних та мультиплікативних 
флуктуацій на динаміку як окремих частинок та на їх колективну динаміку. 
Показано, що в багатьох режимах хаотична динаміка така, що вищі моменти 
являються значно більшими, ніж нижчі моменти.  Такі режими необхідно описувати 
кінетичними рівняннями, в яких суттєво відображена роль вищих моментів. 
Відмітимо, що рівняння Ейнштейна-Фоккера-Планка мають тільки два перших 
моменти. Рівняння, які враховують вищі моменти, сформульовані в обзорі.  
Особлива увага в обзорі приділена на резонанси. Зокрема, в обзорі описані нові 
циклотронні резонанси. Умови цих нових резонансів відрізняються від відомих тим, 
що в них суттєво враховується вплив напруженості поля хвилі, з якою взаємодіють 
частинки. Описана динаміка частинок в умовах цих нових резонансів. Описані 
також нові резонанси при взаємодії заряджених частинок з хвилями в вакуумі. 
Наявність таких резонансів призводить практично до необмеженого прискорення 
заряджених частинок полями електромагнітних хвиль (лазерів) в вакуумі.. В обзорі 
також  обговорюються та описані нові механізми виникнення режимів з динамічним 
хаосом.  Зокрема, при збудженні коливань електронним пучком в постійному 
магнітному полі режим з динамічним хаосом виникають в результаті швидкої, 
якісної та періодичної зміни виду фазового портрету.  Режим з динамічним хаосом 



PROBLEMS OF THEORETICAL PHYSICS  461 

 
в умовах  цих циклотронних резонансах виникає в разі проходження фазових 
траєкторій через області, в яких порушується теорема єдності. Такі режими можуть 
виникати навіть в системах з одним ступенем свободи.  

Ключеві слова: Циклотронні резонанси, нові циклотронні резонанси,  
динамічний хаос, аддітівні та мультіплікатівні флуктуації, пучково-плазмова 
взаємодія, прискорення, синхронізація. 

PACS numbers: 05.45.Ac ; 05.45.Xt;  41.75.Jv; 52.25.Gj; 52.35.Mw; 52.50.Sw. 
 

Реферат 
Відомо, що у фізиці плазми виділяють два основних фундаментальних 

процеси. Це процес взаємодії типу хвиля-частинка і процес взаємодії типу хвиля-
хвиля. У цьому огляді описані деякі нові результати, які стосуються взаємодії типу 
хвиля-частинка. Розглянуто як регулярні режими такої взаємодії, так і хаотичні 
режими. Описано основні особливості циклотронних резонансів, а також описані 
умови появи нових циклотронних резонансів і резонансів при взаємодії заряджених 
частинок з хвилями в вакуумі. Огляд розділений на сім розділів. Автори 
потурбувались описати матеріал огляду таким чином, щоб практично кожен розділ 
був незалежним. У першому розділі описані особливості нелінійних циклотронних 
резонансів. Знайдено ширини цих резонансів і відстані між цими резонансами. 
Використовуючи критерій Чирикова, виписані умови виникнення режимів 
з хаотичною динамікою частинок. Відзначено, що цей критерій в деяких випадках 
може давати неправильні результати. Обговорюються причини такого порушення 
критеріїв. У другому розділі описані результати впливу на динаміку заряджених 
частинок адитивних і мультиплікативних флуктуацій при циклотронних 
резонансах. Показано, що при наявності адитивних флуктуацій динаміка частинок 
при авторезонансі виявляється аномально чутливою до наявності таких флуктуацій. 
Показано, що така чутливість може призводити до супердифузії частинок в просторі 
енергією. Наявність мультиплікативних флуктуацій впливає на динаміку частинок 
ще більше радикальним чином. При наявності таких флуктуацій розвивається, так 
звана, флуктаційна нестійкість. Показано, що в режимах зі стохастичною динамікою 
вищі моменти можуть зростати за експоненціальним законом. Причому, інкременти 
вищих моментів виявляються більшими, ніж інкременти нижчих моментів. 
Звертається увага на те, що такі режими не можуть бути описані рівняннями типу 
Ейнштейна-Фоккера-Планка (в цих рівняннях враховується тільки два перших 
моменти). Наведено рівняння, в якому врахована роль вищих моментів. У третьому 
розділі описані особливості нових циклотронних резонансів. Відзначимо, що відомі 
умови виникнення циклотронних резонансів містять тільки дисперсійну властивість 
хвилі (частота і хвильовий вектор), а також тільки напруженість зовнішнього 
магнітного поля. Нові циклотронні резонанси крім цих характеристик містять 
величину напруженості електромагнітної хвилі, з якою взаємодіють частинки. 
Відзначимо, що якщо при відомих циклотронних резонансах динаміка частинок, 
в основному, визначалася рівнянням математичного маятника, то динаміка 
частинок, в основному, визначається рівнянням Адлера. Описано новий механізм 
виникнення режимів з динамічним хаосом. Такі режими можуть виникати навіть 
у системах з одним ступенем свободи. При цьому у фазовому просторі траєкторія 
частинок проходить через точку, в якій порушується теорема єдиності. Механізм 
виникнення хаосу при цьому нагадує процес кидання гральної кістки 
з необмеженим числом сторін. Така динаміка була названа кусочно-однорідною 
детерміністичною динамікою.У попередніх розділах, в основному, визначалася 
динаміка ізольованих частинок. У четвертому розділі розглянуто вплив просторових 
і часових флуктуацій на колективну динаміку частинок. Зокрема, розглянута 
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плазмово-пучкова нестійкість. Показано, що наявність таких флуктуацій істотно 
обмежує просторовий і тимчасовий інтервали, завдяки яких можна реалізувати 
регулярні режими збудження коливань при плазмово-пучкових взаємодіях. 

У п'ятому розділі також вивчена роль колективних процесів при виникненні 
режимів з хаотичною динамікою. У цьому розділі розглянуто динаміку частинок 
електронного пучка в зовнішньому магнітному полі в умовах, близьких до умов 
авторезонансу. Відомі одночасткові критерії не дозволяють реалізуватися в такій 
моделі режимів з динамічним хаосом. Однак чисельні дослідження показують, що 
такі режими виникають. З'ясована причина виникнення цих режимів. Цією 
причиною є періодична якісна зміна форми фазових портретів. Звичні моделі, які 
описують взаємодії заряджених частинок з полями електромагнітних хвиль, 
зазвичай обмежуються моделлю однієї регулярної електромагнітної хвилі. 
Насправді частки завжди взаємодіють з деяким пакетом електромагнітних хвиль. 
Виникає питання: Коли може бути використана модель однієї регулярної 
електромагнітної хвилі? Відповідь на це питання міститься в шостому розділі. 
Показано, що якщо фазова і групова швидкості електромагнітної хвилі близькі один 
до одного, то модель однієї регулярної електромагнітної хвилі є цілком прийнятною. 
Якщо ж ці швидкості істотно відрізняються (як для поздовжніх хвиль в плазмі), 
динаміка в пакеті може бути радикально відмінною від динаміки в одній хвилі. 
В такому пакеті можуть розвиватися режими з динамічним хаосом. Сьомий розділ 
присвячений опису нових резонансів, які виникають при взаємодії хвиль із 
зарядженими частинками в вакуумі. Слід зазначити на деяку незвичайність 
виникнення цих нових резонансів. Ця незвичайність пов'язана з тим, що були відомі 
строгі рішення про динаміку частинок в полі електромагнітної хвилі в вакуумі. 
У таких рішеннях відсутні резонанси. Наявність таких рішень, в якомусь сенсі, було 
якимось чином для відшукання резонансів. Виявилося, що ці точні рішення не 
описують всієї можливої динаміки частинок. Були знайдені інші резонансні 
рішення. Була виявлена аналогія між новими резонансами в вакуумі і виник-
ненням циклотронних резонансів (за винятком авторезонансу). Аналогія полягає 
в тому, що ті і інші резонанси виникають тільки в тому випадку, коли електро-
магнітна хвиля (з якою взаємодіють частинки) має відмінну від нуля поперечну 
компоненту хвильового вектора. 

Ключеві слова: Циклотронні резонанси, нові циклотронні резонанси,  
динамічний хаос, аддітівні та мультіплікатівні флуктуації, пучково-плазмова 
взаємодія, прискорення, синхронізація. 
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Annotation 
The features of the processes of interaction of charged particles and flows of 

charged particles with dielectric and solid-state dispersive plasma-like media are 
presented. The dispersion characteristics of oblique surface plasma eigenwaves in a 
structure with a two-dimensional plasma layer lying on the surface of a three-
dimensional plasma half-space are analyzed. It is shown that from the analysis of the 
expression for the spectral density of the electron energy losses on the excitation of these 
waves, it is possible to establish the type of the dispersion law of charge carriers in a two-
dimensional electron gas at the interface between the media. The results of a theoretical 
study of beam instability during the motion of a nonrelativistic thin tubular electron 
beam over a solid cylinder made of artificial material are presented. The possibility of 
occurrence of absolute instability in the frequency range where the metamaterial 
exhibits left-handed properties is shown. The effect of nonlinear stabilization of such a 
beam as it moves along the surface of a solid-state cylinder made of a dielectric as well as 
a plasma-like media is theoretically investigated. It is established, in particular, that in 
the electrostatic approximation, when the beam moves along a plasma-like cylinder, the 
nonlinear stabilization of the growth of the wave amplitude occurs due to the effect of 
self-trapping of the beam electrons by the field of the electrostatic wave of the beam 
itself. 

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular 
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-handed 
media, absolute beam instability, Cherenkov resonance, anomalous Doppler effect, 
nonlinear stabilization, self-trapping. 

PACS numbers: 03.50.-z, 52.40.-w, 52.59.-f, 85.45.-w 
 

Abstract 
This chapter considers the problems of excitations of surface and bulk-

surface (waveguide) electromagnetic waves by both individual charged particles 
and flows of nonrelativistic charged particles moving along dielectric or plasma-
like media (including metamaterials), and also studies the problems of nonlinear 
stabilization of emerging instabilities.Thus, in the electrostatic approximation, the 
energy losses of an electron for the excitation of surface magnetoplasmons, which 
moves in vacuum parallel to a constant magnetic field along the flat boundary of a 
solid-state plasma-like medium, are calculated. It is assumed that there is a two-
dimensional conducting layer at this boundary, in which the dispersion law of 
charge carriers can be both quadratic (two-dimensional Drude electron gas) and 
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linear (two-dimensional gas of Dirac massless fermions). Excitation of surface 
magnetoplasmons occurs due to the fulfillment of the Vavilov-Cherenkov 
resonance condition. The dispersion characteristics of oblique surface plasma 
eigenwaves in the absence of the charged particle are investigated in detail. The 
expression for the spectral density of the electron energy losses due to the 
excitation of surface plasmons is obtained and its numerical analysis is performed. 
It has been shown that the dependences of the maxima of the spectral density on 
the electron density in the two-dimensional plasma are in qualitative agreement 
with similar dependences for the Fermi energies in the two-dimensional 
conducting layer with the corresponding dispersion law of electrons. This means 
that the position of the maximum of the angular distribution of the intensity of 
excited surface plasmons can indicate the qualitative character of the dispersion 
law of electrons in the two-dimensional plasma. The interaction of a nonrelativistic 
tubular charged particle beam with a cylindrical dispersive metamaterial is 
investigated. The dispersion equation for the spectra of the eigenmodes of the 
metamaterial and the spectra of the coupled modes of the system are obtained and 
numerically analyzed. The case where this metamaterial have negative 
permittivity and negative permeability simultaneously over a certain frequency 
range, i.e. it behaves like a left-handed metamaterial, is investigated in detail. The 
possibility of the occurrence of absolute instability is demonstrated, expressions for 
the growth rates of such instability are obtained, and the dependences of the rates 
on the values of the azimuthal and radial mode indices of the excited waves are 
investigated. The instability is shown to be caused by Cherenkov or anomalous 
Doppler effects depending on the radial distance between the cylinder and the 
beam. The obtained results suggest applications of left-handed metamaterials as 
delaying media for the generation of bulk-surface waves and eliminate the need for 
creating artificial feedbacks in slow-wave structures. The nonlinear stages of 
stabilization of beam instability are investigated by the method of macroparticles 
for the cases of propagation of a nonrelativistic tubular electron beam over plasma-
like (e.g., semiconductor) as well as dielectric solid-state cylinders. It has been 
assumed that the beam electrons satisfy the Vavilov-Cherenkov resonance 
condition. In the case where the electron collision frequency in the cylinder plasma 
is much higher than the frequencies of plasma eigenwaves (or oscillations), 
expressions for the increments of the emerging resistive instability are obtained in 
the electrostatic approximation. It is shown that the growth of the wave amplitude 
is stabilized nonlinearly due to the self-trapping of the beam electrons by the field 
of the electrostatic wave excited in the beam itself. For the case of propagation of a 
tubular beam over a dielectric cylinder, the excitation of azimuthally symmetric 
bulk-surface (waveguide) electromagnetic waves of the electric type is considered. 
It has been established that the method of slowly varying amplitudes and phases 
ceases to be applicable for waves with radial mode index greater than a certain 
“critical” value, for which the characteristic period of oscillations of the field 
amplitudes at the nonlinear stage of instability becomes comparable with the 
period of fast oscillations of the excited wave. The analysis of slowly varying field 
amplitudes as a function of time has shown that, as the radial mode index 
increases, the instability saturation time and the maximum values and the period 
of amplitude oscillations at the nonlinear instability saturation stage decrease. 
The polarization of the excited waves has been studied. 

Keywords: surface magnetoplasmons, two-dimensional plasma layer, tubular 
electron beam, solid-state cylinder, eigenmodes, dispersive metamaterial, left-handed 
media, absolute beam instability, Cherenkov resonance, anomalous Doppler effect, 
nonlinear stabilization, self-trapping. 
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Анотація 
Представлені особливості процесів взаємодії заряджених часток та потоків 

заряджених часток з діелектричними та твердотілими диспергувальними плазмо-
подібними середовищами.  

Аналітично досліджено дисперсійні характеристики власних (косих) 
поверхневих плазмових хвиль у структурі з двовимірним плазмовим шаром, що 
лежить на поверхні тривимірного плазмового напівпростору. Показано, що з аналізу 
виразу для спектральної щільності втрат енергії електрона на збудження цих хвиль 
можна встановити тип закону дисперсії носіїв заряду у двомірному електронному 
газі на межі розділу середовищ. Наведено результати теоретичного дослідження 
пучкової нестійкості під час руху нерелятивістського тонкого трубчастого 
електронного пучка над твердотілим циліндром, виготовленим зі штучного 
матеріалу. Показано можливість виникнення абсолютної нестійкості в області 
частот, де метаматеріал демонструє лівосторонні властивості. Теоретично досліджено 
ефект нелінійної стабілізації нестійкості такого пучка при його русі вздовж поверхні 
твердотільного діелектричного та плазмоподібного циліндрів. Встановлено, зокрема, 
що в електростатичному наближенні під час руху пучка вздовж плазмоподібного 
циліндра нелінійна стабілізація зростання амплітуди хвилі здійснюється за рахунок 
ефекту самозахоплення електронів пучка полем електростатичної хвилі самого 
пучка. 

Ключові слова: поверхневі магнітоплазмони, двомірний електронний газ, 
трубчастий електронний пучок, твердотільний циліндр, власні моди, диспергуваль-
ний метаматеріал, лівобічне середовище, абсолютна нестійкість, черенковський 
резонанс, аномальний ефект Доплера, нелінійна стабілізація, самозахоплення. 
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Реферат 
У цьому розділі розглянуто задачі збудження поверхневих і об'ємно-

поверхневих (хвилевідних) електромагнітних хвиль як окремими зарядженими 
частинками, так і потоками нерелятивістських заряджених часток, що рухаються 
уздовж діелектричних і плазмоподібних (в тому числі штучних) середовищ, а також 
вивчені питання нелінійної стабілізації виникаючих нестікостей. Так, в електро-
статичному наближенні розраховані втрати енергії електрона на збудження 
поверхневих магнітоплазмонів, який рухається у вакуумі паралельно постійному 
магнітному полю уздовж плоскої межі твердотільного плазмоподібного середовища. 
Передбачається, що на цій межі знаходиться двовимірний провідний шар, закон 
дисперсії носіїв заряду в якому може бути як квадратичним (двовимірний друдев-
ський електронний газ), так і лінійним (двовимірний газ діраковських безмасових 
ферміонів). Збудження поверхневих магнітоплазмонів відбувається завдяки 
виконанню умови резонансу Вавилова-Черенкова. Детально досліджені дисперсійні 
характеристики власних (косих) поверхневих магнітоплазмових хвиль в відсутність 
зарядженої частинки. Отримано вираз для спектральної щільності втрат енергії 
електрона на збудження поверхневих магнітоплазмонів і виконаний його чисельний 
аналіз. Встановлено, що якісна поведінка залежностей максимумів спектральної 
щільності від концентрації електронів в 2D-плазмі узгоджується з поведінкою 
аналогічних залежностей для енергій Фермі в 2D-плазмі з відповідним законом 
дисперсії електронів. Це означає, що по положенню максимуму кутового розподілу 
інтенсивності збуджених поверхневих магнітоплазмонів можна вказати якісний 
характер закону дисперсії електронів в 2D-плазмі. Досліджено взаємодію 
нерелятивістського трубчастого пучка заряджених часток з диспергуючим мета-
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матеріалом циліндричної форми. Отримано і чисельно проаналізовано дисперсійне 
рівняння для спектрів власних мод метаматериала і спектрів зв'язаних мод системи. 
Детально досліджено випадок, коли метаматериал характеризується негативною 
діелектричної та магнітної проникностями, тобто, коли він демонструє лівобічні 
властивості. Продемонстровано можливість виникнення абсолютної нестійкості, 
отримані вирази для інкрементів такої нестійкості і досліджена їх залежність від 
значень азимутального і радіального модового індексів збуджуваних хвиль. 
Показано, що причиною нестійкості може бути як ефект Вавилова-Черенкова, так і 
аномальний ефект Доплера в залежності від радіальної відстані між циліндром і 
пучком. Отримані результати дозволяють зробити висновок про те, що лівобічний 
метаматериал може бути використаний в якості уповільнюючого середовища в 
генераторах електромагнітного випромінювання без необхідності забезпечення 
додаткового зворотного зв'язку в системі, як в лампі зворотної хвилі. Нелінійні етапи 
стабілізації пучкової нестійкості досліджені методом макрочасток для випадків 
поширення нерелятивістського трубчастого електронного пучка над плазмоподібним 
(наприклад, напівпровідниковим) і діелектричним твердотільними циліндрами. 
Передбачалося, що електрони пучка задовольняють умові резонансу Вавилова-
Черенкова. Для випадку, коли частота зіткнень електронів плазми циліндра 
набагато перевищує частоти власних плазмових хвиль (коливань), в електро-
статичному наближенні отримано вирази для інкрементів виникає резистивної 
нестійкості. Показано, що нелінійна стабілізація зростання амплітуди хвилі 
здійснюється за рахунок ефекту самозахоплення електронів пучка полем 
електростатичної хвилі самого пучка. Для випадку поширення трубчастого пучка 
над діелектричним циліндром розглянуто збудження азимутально-симетричних 
об'ємно-поверхневих (хвилевідних) електромагнітних хвиль електричного типу. 
Встановлено, що використаний метод повільно змінних у часі амплітуд і фаз 
перестає бути придатним для хвиль із значеннями радіального модового індексу, які 
перевищують деяке «критичне» значення, для якого характерний «період» 
осциляцій амплітуд полів на нелінійної стадії нестійкості стає сумірним із періодом 
«швидких» осциляцій порушуваної хвилі. Показано, що зі збільшенням радіального 
модового індексу хвилі час насичення нестійкості, максимальні значення і «період» 
осциляцій амплітуд на нелінійної стадії насичення нестійкості зменшуються. 
Вивчено питання про поляризацію порушуваних хвиль. 

Ключові слова: поверхневі магнітоплазмони, двомірний електронний газ, 
трубчастий електронний пучок, твердотільний циліндр, власні моди, 
диспергувальний метаматеріал, лівобічне середовище, абсолютна нестійкість, 
черенковський резонанс, аномальний ефект Доплера, нелінійна стабілізація, 
самозахоплення. 
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Annotation 
Microscopic approaches to the description of non-equilibrium processes in complex 

systems of identical particles, in particular, at the kinetic stage of evolution, have been 
developed. In this work, the term “complex” unites some selected systems of many 
identical constituent particles with a complex internal structure. The internal structure 
of particles is reflected in the peculiarities of their interaction, both among themselves 
and with an external field acting on the medium. Such systems are nonlinear, open 
(regarding the presence of an external field), demonstrating the emergence of self-
organization and new properties in the process of evolution. As an example of such 
systems, we consider dissipative media (media with internal friction between structural 
units) under the influence of an external random field, active media (in this case, the 
dissipative media, the structural units of which are influenced by an external stochastic 
field, the action of which depends on the velocity of the structural unit), low-temperature 
gases of hydrogen-like atoms in an external electromagnetic field. The systems are 
specially selected in such a way as to cover the cases of both classical and quantum 
complex systems. For systems of this kind, recipes have been proposed for constructing 
microscopic approaches to describing their evolution, in particular, its kinetic stages. The 
approaches are constructed in such a way that the noted internal structure of the 
structural units of the system does not affect the possibilities of considering these 
composite particles as point objects. The motivation for the research is, first of all, the 
fact that consistent microscopic approaches to the description of evolutionary processes 
in these systems are currently either completely absent or insufficiently developed. The 
development of microscopic approaches is based on the generalization of the Bogolyubov - 
Peletminsky reduced description method to the case of the listed complex systems of 
identical particles. The procedure for constructing microscopic approaches to describing 
the evolution of dissipative systems (including those with active fluctuations) 
demonstrates the possibility of dynamically substantiating the kinetic theory of 
dissipative systems of identical particles in an external stochastic field. Within the 
framework of the developed approaches, a procedure is proposed for deriving kinetic 
equations for all the systems mentioned in the case of weak interaction between particles 
and a low intensity of the external field. A number of particular solutions of the obtained 
equations are analyzed, in particular, with the aim of further applications of the 
developed theory. 

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic field, 
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Furutsu-Novikov formula, chains of BBGKY equations, reduced description method, 
kinetic equations, self-propelled properties of dissipative systems. 
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Abstract 
Microscopic approaches have been developed to describe non-equilibrium 

processes in complex systems of identical particles, in particular, at the kinetic stage of 
evolution. In this work, the term “complex” unites some selected systems of many 
identical constituent particles with a complex internal structure. The internal structure 
of particles is reflected in the peculiarities of their interaction, both among themselves 
and with an external field acting on the environment. Such systems are nonlinear, open 
(due to the external field), demonstrating the emergence of self-organization and new 
properties within the process of evolution. As examples of such systems, we consider 
dissipative media (media with internal friction between structural units) under the 
influence of an external random field, active media (in this case, dissipative media, the 
structural units of which are influenced by an external stochastic field, the action of 
which depends on the velocity of the structural unit), low-temperature gases of hydrogen-
like atoms in an external electromagnetic field. The systems are specially selected in 
such a way as to cover the cases of both classical and quantum complex systems. For 
systems of this kind, recipes have been proposed for constructing microscopic approaches 
to describing their evolution, in particular, its kinetic stages. The approaches are 
constructed in such a way that the noted internal structure of the structural units of the 
system does not affect the possibilities of considering these composite particles as point 
objects. The motivation for the research is, first of all, the fact that consistent microscopic 
approaches to the description of evolutionary processes in the systems mentioned are 
either completely absent or insufficiently developed. The development of microscopic 
approaches is based on the generalization of the Bogolyubov - Peletminskii abbreviated 
description method to the case of the listed complex systems of identical particles. Within 
the framework of the developed microscopic approach, a formalism is proposed for 
deriving kinetic equations for many-particle dissipative systems (including those with 
active fluctuations) in an external random field. The Liouville equation is derived from 
the Hamilton equations generalized to the case of many-particle dissipative systems in 
a stochastic field. A method is constructed for averaging such a Liouville equation over 
the external random force. The method is based on a generalization of the Furutsu-
Novikov formula for the case of non-Gaussian noise, as well as the presence of nonlinear 
friction (dissipative interaction), the local nature of the action of an external random field 
with active correlations. An infinite chain of equations is written for many-particle 
distribution functions averaged over external noise. Such a chain is a generalization of 
the well-known BBGKY chain to the case of dissipative systems in a stochastic field. 
A regular procedure for breaking this chain is proposed in the case of weak interaction 
between particles and a weak stochastic field intensity. It is shown that, within the 
framework of the developed microscopic approach, it is possible to construct a kinetic 
theory of active particles both in the case of two-dimensional and three-dimensional 
systems. Closed kinetic equations are obtained for the one-particle distribution function. 
It is shown that in this approximation the kinetic equation has the form of the Fokker-
Planck equation, generalized to the case of non-Gaussian noise or the local nature of the 
action of an external random field with active correlations. Some special cases are 
determined in which the derived kinetic equations have solutions that coincide with the 
results known for systems of active particles from earlier works of other authors. It is 
also shown that one of the consequences of the local nature of active fluctuations is the 
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manifestation of self-propelling properties of systems of active particles, even in the case 
of only linear friction. The parameters of such a self-propelled motion are self-
consistently expressed through the internal characteristics of a many-particle system - 
the density of the number of particles in the system, the parameters of the dissipative 
function, and the characteristics of the external action - pair correlation functions of a 
stochastic field with active fluctuations. Within the framework of the developed 
approach, a consistent construction of the kinetic theory of low-temperature dilute gases 
of hydrogen-like atoms in an external electromagnetic field is demonstrated. The 
approach is based on the formulations of the second quantization method in the presence 
of bound states of particles. A hydrogen-like alkali metal atom is considered as a bound 
state of two types of charged fermions. A system of kinetic equations is obtained for the 
Wigner distribution functions of free fermions of both types (electrons and cores) and 
their bound states - hydrogen-like atoms, taking into account the effect of external and 
self-consistent (mean) fields on the system. The derived equations of motion for the 
Wigner distribution functions should serve as a basis for analyzing nonequilibrium 
effects and phenomena associated with the action of an external electromagnetic field 
(including a stochastic one) on low-temperature gases of alkali metals. For example, 
these equations make it possible to study the propagation of forced waves in the systems 
under study, including various resonance phenomena. The latter circumstance seems to 
be important from the point of view of the possibility of additional pumping of photons 
into the medium by an external electromagnetic field (laser). The need to increase the 
photon density in a medium inevitably arises in the process of experimental realization 
of the regime with a Bose-Einstein condensate of photons in it. A separate line of 
application of the obtained equations opens up if the electromagnetic field entering them 
is of a stochastic nature. Due to the random nature of the external electromagnetic field, 
the noted equation from a mathematical point of view is an equation with a spatially 
inhomogeneous noise source that depends on the particle momentum. Such equations 
are typical for the systems with active fluctuations mentioned above, in which the self-
propelling properties are possible. In particular, this phenomenon is possible when the 
structural units of the system have a head-to-tail asymmetry. Excited atoms with a 
dipole moment exhibit such asymmetry. Thus, low-temperature weakly excited gases in 
an external random electromagnetic field can serve as a prototype for a physical system 
with active fluctuations. 

Keywords: complex systems, dissipative media, active fluctuations, low-
temperature gases of hydrogen-like atoms, evolutionary processes, stochastic field, 
Furutsu-Novikov formula, chains of BBGKY equations, reduced description method, 
kinetic equations, self-propelled properties of dissipative systems. 
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Слюсаренко О.Ю., Слюсаренко Ю.В., Загородній А.Г. Метод скороченого опису 
в кінетичній теорії складних систем тотожних частинок 

 
Анотація 

Розроблено мікроскопічні підходи до опису нерівноважних процесів 
у складних системах тотожних частинок, зокрема, на кінетичному етапі еволюції. 
У даній роботі термін «складні» об’єднує деякі обрані системи багатьох тотожних 
частинок зі складною внутрішньою структурою. Внутрішня структура частинок 
відображується на особливостях їх взаємодії, як між собою, так і з зовнішнім полем, 
що діє на середовище. Такі системи є нелінійними, відкритими (наявність зов-
нішнього поля!) і такими, що демонструють появу самоорганізації в процесі еволюції, 
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а також інших нових властивостей. Як приклади таких систем розглядаються 
дисипативні середовища (середовища з внутрішнім тертям між структурними 
одиницями) під дією зовнішнього випадкового поля, активні середовища (у даному 
випадку – дисипативні середовища, структурні одиниці яких підпадають під вплив 
зовнішнього стохастичного поля, дія якого залежить від швидкості структурної 
одиниці), низькотемпературні гази водневоподібних атомів у зовнішньому 
електромагнітному полі. Системи спеціально підібрані таким чином, щоб охопити 
розглядом випадки як класичних, так і квантових складних систем. Для подібного 
роду систем запропоновано рецепти побудови мікроскопічних підходів до опису їх 
еволюції, зокрема, кінетичного її етапу. Підходи будуються таким чином, щоби 
зазначена внутрішня структура частинок не позначалася на можливостях розгляду 
цих складних структурних одиниць як точкових об’єктів. Мотивацією досліджень у 
першу чергу були ті обставини, що послідовні мікроскопічні підходи до опису 
еволюційних процесів у зазначених системах до теперішнього часу або повністю 
відсутні, або розвинені в недостатній мірі.  

В основі розвитку мікроскопічних підходів лежить узагальнення на випадок 
перелічених складних систем тотожних частинок методу скороченого опису 
Боголюбова - Пелетминського. Процедура побудови мікроскопічних підходів до 
опису еволюції дисипативних систем (у тому числі, і з активними флуктуаціями) 
демонструє можливість динамічного обґрунтування кінетичної теорії дисипативних 
систем тотожних частинок у зовнішньому стохастичному полі. У рамках розвинутих 
підходів запропоновано процедури виведення кінетичних рівнянь для всіх 
зазначених систем у випадку слабкої взаємодії між частинками та малої 
інтенсивності зовнішнього поля. Проаналізовано низку часткових розв’язків 
здобутих рівнянь, зокрема, з метою подальших застосувань розвинутої теорії.  

Ключові слова: складні системи, дисипативні середовища, активні 
флуктуації, низькотемпературні гази водневоподібних атомів, еволюційні процеси, 
стохастичне поле, формула Фуруцу-Новікова, ланцюжки рівнянь ББГІК, метод 
скороченого опису, кінетичні рівняння, «самохідні» властивості дисипативних 
систем. 
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Реферат 

Розроблено мікроскопічні підходи до опису нерівноважних процесів 
в складних системах тотожних частинок, зокрема, на кінетичному етапі еволюції. 
У даній роботі термін «складні» об’єднує деякі вибрані системи багатьох тотожних 
складових частинок зі складною внутрішньою структурою. Внутрішня структура 
частинок відбивається на особливостях їх взаємодії, як між собою, так і з зовнішнім 
полем, яке впливає на середовище. Такі системи є нелінійними, відкритими 
(наявність зовнішнього поля!), та демонструють появу в процесі еволюції самоорга-
нізації та нових властивостей. Розглядаються приклади таких систем: дисипативні 
середовища (середовища з внутрішнім тертям між структурними одиницями) під 
впливом зовнішнього випадкового поля, активні середовища (в даному випадку - 
дисипативні середовища, структурні одиниці яких підпадають під вплив зовніш-
нього стохастичного поля, дія якого залежить від швидкості структурної одиниці), 
низькотемпературні гази водневоподібних атомів у зовнішньому електромагнітному 
полі. Системи спеціально підібрані таким чином, щоб охопити розглядом випадки 
як класичних, так і квантових складних систем. Для подібного роду систем 
запропоновані рецепти побудови мікроскопічних підходів до опису їх еволюції, 
зокрема, кінетичних її етапів. Підходи будуються таким чином, щоб зазначена 
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внутрішня конструкція структурних одиниць системи не позначалася на 
можливостях розгляду цих складових частинок як точкових об’єктів. Мотивацією 
досліджень у першу чергу є та обставина, що послідовні мікроскопічні підходи до 
опису еволюційних процесів у згаданих системах в даний час або повністю відсутні, 
або розвинені в недостатній мірі. В основі розвитку мікроскопічних підходів лежить 
узагальнення на випадок перерахованих складних систем тотожних частинок 
методу скороченого опису Боголюбова - Пелетминського. У рамках розвиненого 
мікроскопічного підходу запропоновано формалізм виведення кінетичних рівнянь 
для багаточастинкових дисипативних систем (у тому числі, з активними 
флуктуаціями) в зовнішньому випадковому полі. Отримано рівняння Ліувілля 
виходячи з рівнянь Гамільтона, узагальнених на випадок багаточастинкових 
дисипативних систем у стохастичному полі. Побудовано метод усереднення такого 
рівняння Ліувілля за зовнішньою випадковою силою. В основу методу закладено 
узагальнення формули Фуруцу-Новікова на випадок негаусових шумів, а також 
наявності нелінійного тертя (дисипативної взаємодії), локального характеру впливу 
зовнішнього випадкового поля з активними кореляціями. Виписано нескінченний 
ланцюжок рівнянь для багаточастинкових функцій розподілу, усереднених за 
зовнішнім шумом. Такий ланцюжок є узагальненням відомого ланцюжка ББГКІ на 
випадок дисипативних систем у стохастичному полі. Запропоновано регулярну 
процедуру обриву цього ланцюжка в разі слабкої взаємодії між частинками та 
слабкої інтенсивності стохастичного поля. Показано, що в рамках розвиненого 
мікроскопічного підходу можлива побудова кінетичної теорії активних частинок як у 
випадку двовимірних, так і тривимірних систем. Отримано замкнуті кінетичні 
рівняння для одночастинкової функції розподілу. Показано, що в цьому наближенні 
кінетичне рівняння має вигляд рівняння Фоккера-Планка, узагальнене на випадок 
негаусових шумів або локального характеру впливу зовнішнього випадкового поля 
з активними кореляціями. Визначено деякі окремі випадки, в яких виведені 
кінетичні рівняння мають розв’язок, що збігається з результатами, відомими для 
систем активних частинок з більш ранніх робіт інших авторів. Показано також, що 
одним із наслідків локального характеру активних флуктуацій є прояв самохідних 
властивостей («self-propelling»), характерних для систем активних частинок, навіть 
у випадку тільки лінійного тертя. Параметри такого самохідного руху самоузгодже-
ним чином виражаються через внутрішні характеристики багаточасткових систем - 
густину числа частинок в системі, параметри дисипативної функції, і характе-
ристики зовнішнього впливу - парні кореляційні функції стохастичного поля 
з активними флуктуаціями. В рамках розвиненого підходу продемонстровано 
послідовну побудову кінетичної теорії низькотемпературних розріджених газів 
водневоподібних атомів у зовнішньому електромагнітному полі. Підхід базується на 
формулюваннях методу вторинного квантування при наявності зв’язаних станів 
частинок. Як приклад зв’язаного стану двох сортів заряджених ферміонів 
розглянуто водневоподібний атом лужного металу. Отримано систему кінетичних 
рівнянь для вігнерівських функцій розподілу вільних ферміонів обох сортів 
(електронів і кістяків) та їх зв’язаних станів - водневоподібних атомів з урахуванням 
впливу на систему зовнішнього і самоузгодженого (середнього) полів. Виведені 
рівняння руху для вігнерівських функцій розподілу повинні служити основою для 
аналізу нерівноважних ефектів і явищ, пов’язаних із впливом зовнішнього 
електромагнітного поля (в тому числі, й стохастичного) на низькотемпературні гази 
лужних металів. Наприклад, ці рівняння дають можливість вивчати поширення 
вимушених хвиль у досліджуваних системах, включаючи різні резонансні явища. 
Остання обставина є важливою з точки зору можливості додаткового накачування 
фотонів в середовище зовнішнім електромагнітним полем (лазером). Необхідність 
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збільшення густини фотонів у середовищі неминуче виникає в процесі 
експериментальної реалізації режиму з бозе-ейнштейнівським конденсатом фотонів 
у ній. Окремий напрямок застосування отриманих рівнянь відкривається в тому 
випадку, якщо електромагнітне поле, що входить до них, носить стохастичний 
характер. Через випадковий характер зовнішнього електромагнітного поля 
зазначені рівняння з математичної точки зору є рівняннями з просторово-
неоднорідним джерелом шуму, що залежать від імпульсу частинки. Такі рівняння 
типові для згаданих вище систем з активними флуктуаціями, в яких можлива 
реалізація самохідних властивостей. Зокрема, таке явище можливе у випадку, коли 
структурні одиниці системи мають асиметрію «голова - хвіст». Збуджені атоми, що 
мають дипольний момент, мають і таку асиметрію. Таким чином, низькотемпера-
турні слабко збуджені гази в зовнішньому випадковому електромагнітному полі 
можуть служити прототипом фізичної системи з активними флуктуаціями. 

Ключові слова: складні системи, дисипативні середовища, активні 
флуктуації, низькотемпературні гази водневоподібних атомів, еволюційні процеси, 
стохастичне поле, формула Фуруцу-Новікова, ланцюжки рівнянь ББГКІ, метод 
скороченого опису, кінетичні рівняння, «самохідні» властивості дисипативних 
систем. 
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Annotation 
Various scenarios of the evolution of populations of strategies with memory are 

considered. The strategies interact with each other in an iterated prisoner dilemma, 
earning evolutionary benefit points according to the pay-out matrix. The review focuses 
on collective characteristics such as memory, the level of aggressiveness (the share of 
refusals to cooperate), and the complexity of strategies. Different scenarios of evolution 
appear when using different selection rules for strategies intended for deletion in the 
corresponding generation. Cases of zeroing evolutionary advantage points after each 
cycle (or generation) and summing (inheriting) points of previous cycles are considered. 
In the first case, as a result of evolution, complex strategies with a large depth of memory 
dominate and are not aggressive – inclined to cooperation. The history of the evolution of 
a population is divided into two periods: the primitive period and the period of the 
developed ‘community’. The primitive stage in the development of the world of strategies 
can be distinguished according to the following features: 1). the presence of all the most 
primitive strategies; 2). an increase in average aggressiveness); 3). the presence of the 
most aggressive strategy. In the second case, as a result of increased competition, 
complex strategies with a large memory depth, but aggressive ones, also win. In 
anomalous competition, when the most successful strategies are removed, an increase in 
aggressiveness is also observed for complex strategies with a large memory depth. It was 
empirically found that in the process of population evolution, a universal relationship 
between aggressiveness and points of evolutionary advantages persists, for example, a 
decrease in the value of points obtained with an increase in the average aggressiveness 
of the population is observed. Open societies, in which complex strategies with a large 
memory (replacing the remote losers) are injected, demonstrate greater efficiency; 
complex strategies with a large memory depth and less aggressive ones dominate in the 
emerging stationary state. Penetration in this way into open populations of primitive 
strategies (with a low memory depth) leads to their dominance in a stationary state, 
although their average aggressiveness decreases, while around complex strategies with a 
greater memory depth in the population remains. The case of interaction of 50 thousand 
objects, each of which uses 50 strategies, is considered separately. When interacting, the 
losing strategy is replaced by the winning strategy. As a result, on average, subjects 
retain one third of strategies, and complex ones with a large memory depth dominate. 

Keywords: evolutions of populations of strategies, object with a set of strategies, 
prisoner dilemma, memory complexity, aggressiveness.  
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Abstract 

Various scenarios of the evolution of populations of strategies with memory 
are considered. The strategies interact with each other in an iterated prisoner 
dilemma, earning evolutionary benefit points according to the pay-out matrix. The 
review focuses on collective characteristics such as memory, the level of 
aggressiveness (the share of refusals to cooperate), and the complexity of strategies. 
Different scenarios of evolution appear when using different selection rules for 
strategies intended for deletion in the corresponding generation. Cases of zeroing 
evolutionary advantage points after each cycle (or generation) and summing 
(inheriting) points of previous cycles are considered. In the first case, as a result of 
evolution, complex strategies with a large depth of memory dominate and are not 
aggressive – inclined to cooperation. The history of the evolution of a population is 
divided into two periods: the primitive period and the period of the developed 
‘community’. The primitive stage in the development of the world of strategies can be 
distinguished according to the following features: 1). the presence of all the most 
primitive strategies; 2). an increase in average aggressiveness); 3). the presence of 
the most aggressive strategy.  With an increase in average aggressiveness, the value 
of the set of points (advantages) decreases and vice versa, and there is a universal 
relationship between these values. Despite the typical behavior of averages, initially 
aggressive strategies and then strategies with low complexity, less than average, 
may turn out to be the winners at different points in time. Average aggressiveness 
first grows, then, after overcoming the primitive stage of the world's development, it 
rapidly decreases. Incidentally, an increase in the memory depth of population 
strategies decreases the relative duration of the primitive stage of development and 
increases the proportion of complex strategies. In the resulting stationary state, 
strategies are not aggressive and achieve equal advantages. In the second case, as a 
result of increased competition, complex strategies with a large memory depth, but 
aggressive ones, also win. The stationary state is formed by strategies of maximum 
complexity. Complexity and memory are evolutionarily advantageous in this case. 
While allowing strategies to maintain previously gained advantages, the system 
encourages aggressiveness. An important consequence of the accumulation of 
advantages in inheritance is a noticeable increase in aggressiveness. In anomalous 
competition, when the most successful strategies are removed, an increase in 
aggressiveness is also observed for complex strategies with a large memory depth. It 
was empirically found that in the process of population evolution, a universal 
relationship between aggressiveness and points of evolutionary advantages persists, 
for example, a decrease in the value of points obtained with an increase in the 
average aggressiveness of the population is observed. Average aggressiveness also 
reaches a minimum and grows, and the rate of scoring tends to reverse. That is, as 
in previous cases, complex strategies with a large memory remain evolutionarily 
advantageous, but they are characterized by significant aggressiveness. Open 
societies, in which complex strategies with a large memory (replacing the remote 
losers) are injected, demonstrate greater efficiency; complex strategies with a large 
memory depth and less aggressive ones dominate in the emerging stationary state. 
Penetration in this way into open populations of primitive strategies (with a low 
memory depth) leads to their dominance in a stationary state, although their 
average aggressiveness decreases, while around complex strategies with a greater 
memory depth in the population remains. The case of interaction of 50 thousand 
objects, each of which uses 50 strategies, is considered separately. When interacting, 
the losing strategy is replaced by the winning strategy. As a result, on average, 
subjects retain one third of strategies, and complex ones with a large memory depth 
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dominate. Thus, in all cases, the depth of memory and the complexity of strategies 
are evolutionarily advantageous properties. The complexity should increase in the 
course of evolution, this determines the direction of time. Aggressiveness and the 
received number of points of evolutionary advantages change over time in 
accordance with each other in accordance with the empirical universal law. 

Keywords: evolutions of populations of strategies, object with a set of strategies, 
prisoner dilemma, strategy memory, complexity, aggressiveness.  
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Анотація 

Розглянуто різні сценарії еволюції популяцій стратегій з пам'яттю. Стратегії 
взаємодіють один з одним в рамках ітерованої дилеми ув'язнених, отримуючи бали  
еволюційних переваг відповідно до матриці виплат. В огляді основну увагу 
приділено колективним характеристикам таким як пам'ять, рівень агресивності 
(частка відмов від співробітництва), складність стратегій. Різні сценарії еволюції 
з'являються при використанні різних правил відбору стратегій, призначених для 
видалення в відповідному поколінні. Розглянуто випадки обнулення балів 
еволюційних переваг після кожного циклу (або покоління) і підсумовування 
(успадкування) балів попередніх циклів. У першому випадку в результаті еволюції 
домінують складні стратегії з великою глибиною пам'яті і не агресивні - схильні до 
співпраці. Історія еволюції популяції ділиться на два періоди: примітивний період і 
період розвиненого суспільства. Примітивний етап розвитку світу стратегій можна 
виділити за такими ознаками: 1). наявності всіх найпримітивніших стратегій; 
2) зростання середньої агресивності); 3). присутністю самої агресивної стратегії. 
У другому випадку в результаті посилення конкуренції виграють також складні 
стратегії з великою глибиною пам'яті, але агресивні. При аномальної конкуренції, 
коли видаляються найбільш успішні стратегії, спостерігається також зростання 
агресивності для складних стратегій з великою глибиною пам'яті. Емпірично 
виявлено, що в процесі еволюції популяції зберігається універсальна залежність між 
агресивністю і балами еволюційних переваг так, наприклад, спостерігається 
зниження величини одержуваних балів при зростанні середньої агресивності 
популяції. Відкриті суспільства, в якіх відбувається ін'єкція складних стратегій 
з великою пам'яттю (замінюють віддалених-хто програв) демонструють більшу 
ефективність, у стаціонарі домінують складні стратегії, з великою глибиною пам'яті 
і менш агресивні. Проникнення подібним чином у відкриті популяції примітивних 
стратегій (з малою глибиною пам'яті) призводить до їх домінування в стаціонарному 
стані, хоча їх середня агресивність падає, при цьому близько 10% складних стратегій 
із більшою кількістю пам'яті в популяції зберігається. Окремо розглянуто випадок 
взаємодії 50 тис. об'єктів, кожен з яких використовує 50 стратегій. При взаємодії 
стратегія, яка програла, замінюється стратегією-переможцем. В результаті 
в середньому суб'єкти зберігають третину стратегій, причому домінують складні, 
з великою глибиною пам'яті. 

Ключові слова: Еволюції популяцій стратегії, об’єктів з набором стратегій, 
дилема ув’язненого, пам’ять, складність, агресивність стратегій.  

PACS numbers: 02.50.Le, 05.10.−a, 87.23.Kg, 89.75.Fb. 
 

Реферат 
Розглянуто різні сценарії еволюції популяцій стратегій з пам'яттю. Стратегії 

взаємодіють одна  з одною в повторюваної проблеми ув'язненого, заробляючи бали 
еволюційної вигоди відповідно до матриці виплат. В огляді розглядаються такі 
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колективні характеристики, як пам'ять, рівень агресивності (частка відмов від 
співробітництва) і складність стратегій. Різні сценарії еволюції виникають при 
використанні різних правил вибору стратегій, призначених для видалення 
в відповідному поколінні. Розглянуто випадки обнулення балів еволюційної 
переваги після кожного циклу (або покоління) і підсумовування (успадкування) 
балів попередніх циклів. У першому випадку в результаті еволюції переважають 
складні стратегії з великою глибиною пам'яті, неагресивні - схильні до співпраці. 
Історія еволюції популяції ділиться на два періоди: первісний період і період 
розвиненого «спільноти». Первісний етап розвитку світу стратегій можна виділити за 
такими ознаками: 1). наявність всіх найпримітивніших стратегій; 2). підвищення 
середньої агресивності); 3). наявність найбільш агресивної стратегії. Зі збільшенням 
середньої агресивності значення набору балів (переваг) зменшується і навпаки, 
і між цими значеннями існує універсальна взаємозв'язок. Незважаючи на типову 
поведінку середніх значень, спочатку агресивні стратегії, а потім стратегії з низькою 
складністю, нижчу за середню, можуть виявитися переможцями в різні моменти 
часу. Середня агресивність спочатку наростає, а потім, подолавши примітивну 
стадію розвитку світу, швидко знижується. Між іншим, збільшення глибини пам'яті 
популяційних стратегій зменшує відносну тривалість примітивної стадії розвитку і 
збільшує частку складних стратегій. В кінцевому стаціонарному стані стратегії не є 
агресивними і дають рівні переваги. У другому випадку в результаті загострення 
конкуренції також виграють складні стратегії з великою глибиною пам'яті, але 
агресивні. Стаціонарний стан формується стратегіями максимальної складності. 
В цьому випадку еволюційно вигідні складність і пам'ять. Дозволяючи стратегіям 
зберігати раніше досягнуті переваги, система заохочує агресивність. Важливе 
наслідок накопичення переваг у спадок - помітне підвищення агресивності. При 
аномальної конкуренції, коли видаляються найбільш успішні стратегії, 
спостерігається зростання агресивності і для складних стратегій з великою глибиною 
пам'яті. Емпірично встановлено, що в процесі еволюції популяції зберігається 
універсальний взаємозв'язок між агресивністю і балами еволюційної переваги, 
наприклад, спостерігається зниження значення балів, отриманих при збільшенні 
середньої агресивності популяції. Середня агресивність теж доходить до мінімуму 
і зростає, а показник набраних очок має тенденцію до зворотного. Тобто, як і 
в попередніх випадках, складні стратегії з великою пам'яттю залишаються еволю-
ційно вигідними, але для них характерна значна агресивність. Відкриті суспільства, 
в які вводяться складні стратегії з великою пам'яттю (замінюють віддалених тих, хто 
програв), демонструють більшу ефективність. У стаціонарному стані переважають 
складні стратегії з великою глибиною пам'яті і менш агресивні. Проникнення 
в такий спосіб у відкриті популяції примітивних стратегій (з малою глибиною 
пам'яті) призводить до їх домінування в стаціонарному стані, хоча їх середня 
агресивність знижується, але 10% складних стратегій із більшим значенням пам'яті 
в популяції залишається. Окремо розглядається випадок взаємодії 50 тисяч об'єктів, 
кожен з яких використовує 50 стратегій. При взаємодії програшна стратегія 
замінюється виграшною. В результаті в середньому у об'єктів зберігається третина 
стратегій, а переважають складні з великою глибиною пам'яті. Таким чином, у всіх 
випадках глибина пам'яті і складність стратегій є еволюційно вигідними 
властивостями. Складність повинна збільшуватися в ході еволюції, це визначає 
напрямок часу. Агресивність і отримана кількість балів еволюційної переваги 
змінюються з часом відповідно до емпіричного універсального закону. 

Ключові слова: Еволюції популяцій стратегії, об’єктів з набором стратегій, 
дилема ув’язненого, пам’ять, складність, агресивність стратегій.  
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Annotation 
Local Alfven resonance id well-known to manifest itself in cylindrical plasma 

with radially nonuniform particle density and uniform axial external static magnetic 
field via rapid increase of electromagnetic field amplitude when approaching the 
resonant radius. First, Physics of the phenomenon is explained in the present 
review. Plasma axial periodic nonuniformity is shown to be usual feature of the 
modern plasma devices. Satellite local Alfven resonances are shown to arise in 
axially periodically nonuniform plasma both in general and resonant cases. 
Resonant case takes place if the wave length is twice as large as plasma axial period. 
Conditions are derived under which fine structure of the satellite Alfven resonance is 
determined just by plasma axial periodic nonuniformity. 

Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite 
Alfven resonance, wave packet.  

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y 
 

Abstract 
The present review is based on the theoretical research carried out at the 

Department of General and Applied Physics of Kharkiv University in collaboration with 
scientists of Institute of Plasma Physics, National Science Center “Kharkiv Institute of 
Physics and Technology”.  

Electromagnetic waves with the frequency in the range of ion cyclotron frequency, 
in particular, Fast Magnetosonic Waves (FMSWs) and Alfven Waves (AWs), - in 
magnetoactive plasmas are the subject of extensive research. This is associated, first of 
all, with numerous applications of the results of these studies in solving the problem of 
controlled nuclear fusion, geophysics and astrophysics. FMSWs and AWs are effective 
tool for plasma production and heating in toroidal magnetic traps (tokamaks and 
stellarators). Along with neutral injection, ion cyclotron heating, low-hybrid heating and 
electron cyclotron heating, magnetohydrodynamic waves (MHD waves) are planned to be 
used as the main method of plasma heating in future fusion reactor. FMSWs and AWs 
can be used also for current drive production. Solving the problem of maintenance of 
current drive during plasma loading by RF power would provide creation of the 
stationary tokamak and thermonuclear tokamak-reactor on this base. Production of 
current drive could be applied also in stellarators – for controlling the profile of rotational 
transform and achieving on this base better plasma MHD stability. 

Plasma production and heating in fusion devices initiated intense research of 
electromagnetic wave conversion and absorption in the vicinity of Alfven resonance (AR). 
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Interest to this phenomenon is caused mostly by its application for efficient plasma 
production and heating in fusion traps. In approach of the cold plasma, solutions of 
Maxwell’s equations for electromagnetic wave fields have singularities at the definite 
radius of plasma cylinder. If to replace this approach by the models which take into 
account the thermal motion of the particles, finite electron inertia, weak nonlinearity or 
dissipations, then conversion of these waves into small-scale oscillations and their 
absorption can significantly change.  

During plasma heating by RF fields, most of RF power is absorbed in the vicinity 
of the local AR. Enhancement of plasma column density and radius causes motion of AR 
to the plasma periphery. This decreases the efficiency of Alfven method of plasma 
heating in fusion devices since results in heating of peripheral plasma rather than its 
central part, which in turn increases undesired plasma-wall interaction. To avoid the 
heating of peripheral plasma and heat just plasma depth one can apply the waves with 
large magnitude of longitudinal wavenumber kz, for which the region of the local AR is 
placed in the plasma depth. However, this is complicated because of wide barrier of 
nontransparency at the plasma edge for these waves. The other way to avoid the energy 
losses at the plasma periphery is application of the waves with low frequency and small 
kz, for which the region of the local AR is also situated in the plasma depth. However, in 
this case one needs the antenna which is long in axial direction. All these unfavorable 
circumstances make it difficult to utilize Alfven method of plasma heating in large traps 
and initiate the search for new physical ways of its efficiency enhancement.  

Weak periodic axial nonuniformity of plasma can significantly affect on the AR 
fine structure and result in arising the satellite ARs. The present review is devoted to 
Physics of AR and peculiarities of mathematical methods, which are effective for solving 
these problems of plasma electrodynamics. 

Keywords: plasma axial periodic nonuniformity, Alfven resonance, satellite Alfven 
resonance, wave packet.  
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Гірка І.О. Тонка структура локальних альфвенових резонансів в циліндричній 
плазмі з аксіальною періодичною неоднорідністю 
 

Анотація 
Як відомо, локальний альфвенів резонанс проявляється в циліндричній 

плазмі з радіально неоднорідною густиною частинок і однорідним аксіальним 
зовнішнім сталим магнітним полем у термінах різкого зростання амплітуд 
електромагнітного поля при наближенні до резонансного радіусу. Спочатку, в 
цьому огляді пояснюється фізика явища. Показано, що аксіальна періодична 
неоднорідність плазми є звичайною ознакою сучасних плазмових пристроїв. 
Показано, що сателітні локальні альфвенові резонанси виникають у аксіально 
періодично неоднорідній плазмі як у загальному, так і в резонансному випадку. 
Резонансний випадок має місце, якщо довжина хвилі вдвічі більша за аксіальний 
період плазми. Виведені умови, за яких тонка структура сателітного альвенового 
резонансу визначається саме аксіальною періодичною неоднорідністю плазми. 

Ключові слова: аксіальна періодична неоднорідність плазми, альфвенів 
резонанс, сателітний альфвенів резонанс, хвильовий пакет. 

PACS numbers: 02.30.Gp, 52.35.-g, 94.20.-y 
 

Реферат 
Цей огляд написано за результатами теоретичних досліджень, що 

виконувалися на кафедрі загальної та прикладної фізики Харківського університету 
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у співавторстві з ученими Інституту фізики плазми Національного наукового центру 
«Харківський фізико-технічний інститут».  

Електромагнітні хвилі з частотою порядку іонної циклотронної, а саме, 
швидкі магнітозвукові хвилі (ШМЗХ) і альфвенові хвилі (АХ), - у магнітоактивній 
плазмі є предметом інтенсивних наукових досліджень. Насамперед, це пов'язано з 
численними застосуваннями здобутків цих досліджень у вирішенні проблеми 
керованого термоядерного синтезу (КТС), низки задач геофізики та астрофізики. 
ШМЗХ і АХ є потужнім засобом створення і нагрівання плазми в тороїдних 
магнітних уловлювачах (токамаках і стеллараторах). Поряд з інжекцією нейтралів, 
іонним циклотронним, нижньогибридним і електронним циклотронним 
нагріванням магнітогідродинамічні хвилі (МГДХ) передбачається використовувати 
як основний метод нагрівання плазми в майбутньому термоядерному реакторі. 
ШМЗХ і АХ можуть бути також використані для створення струмів захоплення. 
Розв’язання задачі підтримання струму захоплення при введенні до плазми ВЧ 
потужності допоможе створенню стаціонарного токамака і на його основі 
термоядерного реактора-токамака. Створення струмів захоплення може бути 
використаним також і в стеллараторах – з метою керування профілем обертального 
перетворення і досягнення, за рахунок цього, кращої МГД стійкості плазми. 

Створення і нагрівання плазми в пристроях КТС ініціювали інтенсивні 
дослідження процесів конверсії і поглинання електромагнітних хвиль поблизу 
альфвенового резонансу (АР). Інтерес до цього явища обумовлений, головним чином, 
його застосуванням для ефективного створення і нагрівання плазми в термоядерних 
пастках. У наближенні холодної плазми розв’язки рівнянь Максвелла для полів 
електромагнітної хвилі мають сингулярність на певному радіусі плазмового 
циліндра. Якщо це наближення замінити на моделі, які враховують тепловий рух 
частинок, скінченну інерцію електронів, слабку нелінійність або дисипації, то 
конверсія цих хвиль у дрібномасштабні коливання та їхнє поглинання можуть 
значно змінитися.  

При нагріванні плазми ВЧ полями, більшість ВЧ потужності поглинається в 
околі локального АР. При збільшенні густини та розмірів плазмового шнура області 
АР зміщаються на його периферію. Це знижує ефективність альфвенового метода 
нагрівання плазми в пастках КТС, оскільки призводить до нагрівання периферійної 
плазми, а не її центральної частини, що, в свою чергу, підсилює небажану взаємодію 
плазми зі стінкою. Аби уникнути нагрівання периферійної плазми і гріти глибинні 
шари плазми, можна застосовувати хвилі із великим значенням поздовжнього 
хвильового числа kz, для яких область локального АР розташована в глибині 
плазми. Але це є складним через широкий бар'єр непрозорості на краю плазми для 
таких хвиль. Іншим способом уникнути втрат енергії на периферії плазми є 
застосування хвиль із низькою частотою і малим kz, для яких область локального АР 
також знаходиться в глибині плазми. Але для цього потрібна довга в аксіальному 
напрямку антена. Всі ці несприятливі обставини ускладнюють використання 
альфвенового методу нагрівання плазми у великих пастках та ініціюють пошук 
нових фізичних шляхів підвищення його ефективності. 

Слабка періодична аксіальна неоднорідність плазми може істотно впливати 
на тонку структуру АР, спричиняти виникнення сателітних АР. Фізиці та 
особливостям математичних методів, які є ефективними для розв’язання таких 
задач плазмової електродинаміки, присвячено цей огляд. 

Ключові слова: аксіальна періодична неоднорідність плазми, альфвенів 
резонанс, сателітний альфвенів резонанс, хвильовий пакет. 
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Annotation 
The electromagnetic waves interaction with composite media attract great 

attention of researches for many decades due to its relevance to problems in condensed 
matter physics, optics, photonics, plasmonics, and chemistry. During last two decades, 
metamaterials and photonic crystals have been in the top of research due to their 
unprecedented possibilities to manipulate the electromagnetic parameters of both 
materials and electromagnetic waves. The review is devoted to different types of artificial 
composite media, their classification, discussion of their unique characteristics and ways 
of control of their dispersion. Comprehensive review of the electromagnetic properties of 
periodic and aperiodic planar Bragg reflectors (that is, photonic crystals) and planar 
Bragg reflective waveguides is carried out. The dispersion features of Bragg reflective 
waveguides with both periodic and aperiodic arrangements of layers in their claddings 
are discussed and methods of their control are presented. It was found that an aperiodic 
configuration of cladding of Bragg reflection waveguide could give rise to exceptionally 
strong mode selection and tuning the polarization-discrimination effects. On the other 
hand, artificial media called metamaterials (and especially, hyperbolic metamaterials) 
created using subwavelength resonant building blocks, are also useful for both 
controlling light propagation and dispersion management. They can be easily made by 
alternating dielectric and metal layers or by embedding arrays of parallel metallic rods 
in a dielectric matrix. This review discusses a particular example of hyperbolic 
metamaterial, represented by a superlattice consisting of ferrite and semiconductor 
layers, which is influenced by an external static magnetic field. Within the framework of 
the effective medium theory, such an artificial structure can be reduced to a 
homogenized medium, which is described the effective permittivity and permeability 
tensors. Due to the components of both tensors show significant sensitivity to the 
external magnetic field, these artificial structures can exhibit the great variety of high-
frequency properties. For instance, it is observed that in the case when specific conditions 
related to the superlattice’s constitutive parameters and filling factor are satisfied, the 
regions of existence of the bulk and surface polaritons can totally overlap. Besides, it is 
found out that in an extremely anisotropic medium, the dispersion characteristics of 
extraordinary bulk waves exhibit a number of unusual behaviors, including atypical 
topological transitions of isofrequency surfaces. The conditions for appearance of mono-
hyperbolic, bi-hyperbolic, tri-hyperbolic and tetra-hyperbolic-like forms of isofrequency 
surfaces are also discussed. 

Keywords: photonic crystals, metamaterials, superlattices, dispersion 
characteristics, hyperbolic dispersion.  
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Abstract 

The electromagnetic waves interaction with composite media attract great 
attention of researches for many decades due to its relevance to problems in condensed 
matter physics, optics, photonics, plasmonics, and chemistry. During last two decades, 
metamaterials and photonic crystals have been in the top of research due to their 
unprecedented possibilities to manipulate the electromagnetic parameters of both 
materials and electromagnetic waves. Regardless of the type and method of realization of 
artificial composite materials, the solution of the problem of the propagation of 
electromagnetic waves in them is reduced to the study of dispersion characteristics. The 
dispersion characteristic is a key parameter that determines the characteristics and 
features of the use of such materials. Thus, the problem of the dispersion management is 
vital for any practical applications. Photonic crystals and metamaterials provide 
unprecedented opportunities for flexible control of the characteristics (in particular, 
dispersion) of the propagation of electromagnetic waves. The dispersion characteristics of 
such artificial media are determined not so much by the material and geometric 
parameters of their structural elements (that is, layers, rods, rings, etc.), but more by 
how these elements are arranged in a single composite structure. 

The review is devoted to different types of artificial composite media, their 
classification, discussion of their unique characteristics and ways of control of their 
dispersion. Comprehensive review of the electromagnetic properties of periodic and 
aperiodic planar Bragg reflectors (that is, photonic crystals) and planar Bragg reflective 
waveguides is carried out. The dispersion features of Bragg reflective waveguides with 
both periodic and aperiodic arrangements of layers in their claddings are discussed and 
methods of their control are presented. It was found that an aperiodic configuration of 
cladding of Bragg reflection waveguide could give rise to exceptionally strong mode 
selection and tuning the polarization-discrimination effects, and can be used in the 
integrated optic devices that are designed for mode selection, adaptive dispersion 
compensation, frequency and polarization filtering.  

On the other hand, artificial media called metamaterials (and especially, 
hyperbolic metamaterials) created using subwavelength resonant building blocks, are 
also useful for both controlling light propagation and dispersion management. They can 
be easily made by alternating dielectric and metal layers or by embedding arrays of 
parallel metallic rods in a dielectric matrix. This review discusses a particular example of 
hyperbolic metamaterial, represented by a superlattice consisting of ferrite and 
semiconductor layers, which is influenced by an external static magnetic field. Within 
the framework of the effective medium theory, such an artificial structure can be reduced 
to a homogenized medium, which is described the effective permittivity and permeability 
tensors. Due to the components of both tensors show significant sensitivity to the 
external magnetic field, these artificial structures can exhibit the great variety of high-
frequency properties. For instance, it is observed that in the case when specific conditions 
related to the superlattice’s constitutive parameters and filling factor are satisfied, the 
regions of existence of the bulk and surface polaritons can totally overlap. Besides, it is 
found out that in an extremely anisotropic medium, the dispersion characteristics of 
extraordinary bulk waves exhibit a number of unusual behaviors, including atypical 
topological transitions of isofrequency surfaces. The conditions for appearance of mono-
hyperbolic, bi-hyperbolic, tri-hyperbolic and tetra-hyperbolic-like forms of isofrequency 
surfaces are also discussed. Today, there are a number of practical applications for which 
the unique dispersion properties of hyperbolic media are not only desirable but also 
critical to achieve the required functionality of modern plasmonics and optoelectronics 
devices. For instance, in practical applications which are related to  broadband 
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enhancement of the density of states,  subwavelength imaging and focusing, negative 
refraction,  heat transport and acoustics. 

The artificial structures considered in this review are important for both 
theoretical and applied physics, with the purpose to design highly efficient devices for 
photonics, microelectronics, optoelectronics, and plasmonics, and for deepening 
fundamental knowledge about the interaction of electromagnetic waves with artificial 
composite media. 

Keywords: photonic crystals, metamaterials, superlattices, dispersion 
characteristics, hyperbolic dispersion.  
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Анотація 

Взаємодія електромагнітних хвиль зі штучними композитними середови-
щами знаходиться в центрі уваги дослідників на протязі багатьох років завдяки 
наявності широкого спектру можливих практичних застосувань, зокрема, в областях 
оптики, фотоніки, плазмоніки та хімії. Протягом останніх двох десятиліть, 
метаматеріали та фотонні кристали, були предметом інтенсивних досліджень, що 
обумовлено безпрецедентними можливостями, які вони надають для маніпулю-
вання як параметрами матеріальних середовищ, так і властивостями електро-
магнітних хвиль, що поширюються в них. В даній оглядовій статті розглянуто різні 
типи штучних композитних середовищ, їх унікальні характеристики та способи 
контролю їх дисперсійних характеристик. Проведено огляд електродинамічних 
властивостей періодичних та аперіодичних планарних брегівських відбивачів 
(фотонних кристалів) та планарних хвилеводів створених на їх базі. Детально 
обговорено дисперсійні характеристики планарних брегівських хвилеводів з 
періодичним та аперіодичним розташуванням шарів в їх оболонках, та 
представлено методи їх контролю. Зокрема виявлено, що аперіодична конфігурація 
оболонки хвилеводу дозволяє проводити більш гнучку селекцію мод, що в свою чергу 
відкриває більше можливостей в керуванні поляризаційно-залежними ефектами. 
З іншого боку, штучні середовища створені з використанням субхвильових 
резонансних елементів (тобто метаматеріали, і особливо, гіперболічні 
метаматеріали), також привабливі з точки зору контролю поширення електро-
магнітних хвиль. У даній роботі розглядається окремий випадок гіперболічного 
метаматеріалу, який представлено надрешіткою створеною на базі феритового та 
напівпровідникового шарів, на яку впливає зовнішнє статичне магнітне поле. 
В рамках теорії ефективного середовища така штучна структура була зведена до 
гомогенізованого середовища, що описується ефективними тензорами діелектричної 
та магнітної проникностей. Завдяки тому, що компоненти обох тензорів 
демонструють значну чутливість до зовнішнього магнітного поля, такі штучні 
структури можуть проявляти значне розмаїття високочастотних властивостей. 
Зокрема, продемонстровано, що шляхом відповідного вибору матеріальних і 
геометричних параметрів надрешітки можна отримати таку її конфігурацію, в якій 
регіони існування поверхневих та об’ємних поляритонів частково, або повністю, 
перекриваються. Крім того, виявлено, що в надзвичайно анізотропному середовищі 
дисперсійні характеристики незвичайних об’ємних хвиль демонструють низку 
нетипових властивостей, включаючи нетипові топологічні переходи ізочастотних 
поверхонь. Обговорено умови виникнення моно-гіперболічних, бі-гіперболічних, три-
гіперболічних та тетра-гіперболічних форм ізочастотних поверхонь. 
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Реферат 

Взаємодія електромагнітних хвиль зі штучними композитними 
середовищами знаходиться в центрі уваги дослідників на протязі багатьох років 
завдяки наявності широкого спектру можливих практичних застосувань, зокрема, в 
областях оптики, фотоніки, плазмоніки та хімії. Протягом останніх двох десятиліть, 
метаматеріали та фотонні кристали, були предметом інтенсивних досліджень, що 
обумовлено безпрецедентними можливостями, які вони надають для 
маніпулювання як параметрами матеріальних середовищ, так і властивостями 
електромагнітних хвиль, що поширюються в них. Незалежно від типу та способу 
реалізації штучних композитних матеріалів, розв’язок електродинамічної задачі про 
поширення в них електромагнітних хвиль зводиться до вивчення дисперсійних 
характеристик. Дисперсійна характеристика є ключовим параметром, що визначає 
характеристики та особливості використання таких матеріалів. Таким чином, 
задача контролю та управління дисперсією має суттєве прикладне значення. 
Фотонні кристали та метаматеріали забезпечують безпрецедентні можливості для 
гнучкого контролю характеристик (і зокрема, дисперсійних) поширення 
електромагнітних хвиль. Дисперсійні характеристики таких штучних середовищ 
зумовлюються не стільки матеріальними та геометричними параметрами їх 
структурних елементів (наприклад, шарів, стрижнів, кілець та ін.), але, в більшій 
мірі, від того, яким чином ці елементи скомпоновано в єдину композитну структуру. 

В даній оглядовій статті розглянуто різні типи штучних композитних 
середовищ, їх унікальні характеристики та способи контролю їх дисперсійних 
характеристик. Проведено огляд електродинамічних властивостей періодичних та 
аперіодичних планарних брегівських відбивачів (фотонних кристалів) та планарних 
хвилеводів створених на їх базі. Детально обговорено дисперсійні характеристики 
планарних брегівських хвилеводів з періодичним та аперіодичним розташуванням 
шарів в їх оболонках, та представлено методи їх контролю. Зокрема виявлено, що 
аперіодична конфігурація оболонки хвилеводу дозволяє проводити більш гнучку 
селекцію мод, що в свою чергу відкриває більше можливостей в керуванні 
поляризаційно-залежними ефектами, та може бути використано на практиці в 
пристроях інтегральної оптики які призначені для селекції мод, адаптивної 
компенсації дисперсії, частотної та поляризаційної фільтрації.  

З іншого боку, штучні середовища створені з використанням субхвильових 
резонансних елементів (тобто метаматеріали, і особливо, гіперболічні мета-
матеріали), також привабливі з точки зору контролю поширення електромагнітних 
хвиль. Такі штучні середовища, зокрема, можуть бути отримані або шляхом 
поєднання діелектричних та металічних шарів в єдину надрешітку або шляхом 
розташування масиву паралельних металевих стрижнів в діелектричній матриці. 
У даній роботі розглядається окремий випадок гіперболічного метаматеріалу, який 
представлено надрешіткою створеною на базі феритового та напівпровідникового 
шарів, на яку впливає зовнішнє статичне магнітне поле. В рамках теорії 
ефективного середовища така штучна структура була зведена до гомогенізованого 
середовища, що описується ефективними тензорами діелектричної та магнітної 
проникностей. Завдяки тому, що компоненти обох тензорів демонструють значну 
чутливість до зовнішнього магнітного поля, такі штучні структури можуть 
проявляти значне розмаїття високочастотних властивостей. Зокрема, продемонст-
ровано, що шляхом відповідного вибору матеріальних і геометричних параметрів 
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надрешітки можна отримати таку її конфігурацію, в якій регіони існування 
поверхневих та об’ємних поляритонів частково, або повністю, перекриваються. Крім 
того, виявлено, що в надзвичайно анізотропному середовищі дисперсійні 
характеристики незвичайних об’ємних хвиль демонструють низку нетипових 
властивостей, включаючи нетипові топологічні переходи ізочастотних поверхонь. 
Обговорено умови виникнення моно-гіперболічних, бі-гіперболічних, три-
гіперболічних та тетра-гіперболічних форм ізочастотних поверхонь. 

Розглянуті в даній оглядовій статті штучні структури є важливими як для 
теоретичної, так і для прикладної фізики, з точки зору створення високоефективних 
пристроїв для фотоніки, мікроелектроніки, оптоелектроніки та плазмоніки, а також 
для поглиблення фундаментальних знань про особливості взаємодії електро-
магнітних хвиль зі штучними композитними середовищами. 

Ключові слова: фотонні кристали, метаматеріали, надрешітки, дисперсійні 
характеристики, гіперболічна дисперсія. 

PACS numbers: 42.25.Bs, 42.70.Qs, 68.65.Cb, 78.67.Pt 
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