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BECTHUK XAPLKOBCKOIo roCYJAPCTBEHHOIO YHHUBEPCUTETA

CEPHS1 MEXAHHKO-MATEMATHYECKAS

SR
Tom 32 3anucKu MeXaHMWKO-MAaTeMaTHYecKoro (akyabrera 1966
n XapbKOBCKOTO MaTeMaTHYecKoro oO0ilecTsa

HECAMOCOINPS)KEHHDBIE OINNEPATOPbI B TEOPUHU
MHOTOMOJIOCHUHKOB '

AnFSPyrkae

B craTtbe paccMaTpuUBAIOTCSl Mepefaioliie peakTHBHble MHOTOTMOJIOCHU-
KU C COCPEJIOTOUYEHHBIMH NapaMeTpaMH; MX KoJeOaHHsl W3yualoTCsi C TOUKH
3penusi oTKpbITEIX cucteM M. C. Jlusmuua (6, 7]. B mensix HarasAHOCTH U3J10-
JKEHHEe BeIeTCs B TEPMHHAX 3JAEKTPHUECKHX Lened, mepexoq K MexaHHYe-
CKHM H aKyCTHUECKHM CHCTeMaM C COCPeIOTOYEHHBIMH IapaMeTpaMH JIeTKO
OCYILIECTBJISIETCS M3BECTHBIM MeToJ0M aHajoruil. CTpoutcs JuHeHHbIT Heca-
MOcOnpsizKeHHbI omepatop 7, XapakTepuCTHUeCKas MaTPHLA-(QYHKUHS KO-
TOPOTO COBNAaAaer ¢ nepegaToyHoil MaTpuueil MHorono/ocHiHKa. C moMoubio
T MOXKHO HaliTH TaKiKe BHyTPEHHee COCTOSIHHE MHOTOIOJIOCHHKA Mo 3ajaH-
HOMY BXOJY, YKa3aTb 3KBHBAJEHTHYIO LENOYKY NPOCTEHIINX MHOTOMOJIOCHHU-
KOB, MPUMEHHTb AJIS1 M3YUeHHs1 KoJeOGaHHil CIeKTpaJbHBIH aHaJK3 HecaMo-
COMPSIZKEHHBIX 0nMepaTtopoB. [1oHsTHE 3MEKTPHUECKOH IeNd Mbl CTPOMM aKCHO-
MaTHYeCKH, HCXOAS H3 MyJbTHTpada.

§ 1. Bsenenue

[TepenatouiiM MHOTOMNOJNIOCHHKOM B TEOPHH 3JIEKTPHUECKHX Lemnej Ha-
3BIBAETCS YCTPOHCTBO, B KOTOPOM m Tap KJeMM OODBSIBJIEHO BXOIOM, m
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nap — Beixogom (puc. 1). Huxe Oyzer jgaHo cTporoe omnpejesieHde peak-
THBHOTO MHOTOMOJIIOCHUKA € MOMOLLbIO TeOpHH Tpados.

[Tycth X — KOHEuHOe MHOXKEeCTBO TOYEK HA IJIOCKOCTH HJIM B MPOCTpPaH-
¢1Be, I — KOHEUHOe MHOYKEeCTBO OTPe3KOB JIMHWH, TAKHX, UTO KaxAblH OTpe-
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30K HE HMeeT caMonepeceueHuni, a o6a konua ero npunaaiexar X. Copokyn-
HOCTh MHOecTB X u I” HaseiBaercst mysabturpacdom G u o6Gosnauaerca G =
= (X, I'). Touku u3 X Ha3BIBAIOTCS BEpUIMHAMH, OTpe3Ka JuHUH Ha [ — peb-
pamu myabturpacda G. Beiogy B panbHelinem npeanogaraercs, uTo Ha Kax-
oM pebpe ¢ BbiGpaHo HampasJeHue. I'paduueckn oHO 0603HAUaeTcs CTpe-

KOH; pe6po ¢ mpeBpailaercss B Ayry g.

B uactHOoM ciiyyae, Korjga KaxKaasi rnapa BepLIMH MyJbTurpada coenu-
HsieTcs He 6oJiee yeM OJHOH Ayrod B AaHHOM HamnpaB/JaeHHH, Mbi NPHXOAUM
K noHgTtuio rpacda. Llenb — 3t0 nocaegoBaTesibHOCTb pebep q1,qe, ..., Gn, Ta-
Kasi, 4TO W3 BeplIiuHbl pe6pa ¢; MOKHO, HENpepbIBHO ABHrasicb no pebpam
Ileny, nonactb B BepwHHY pebpa ¢,, Npoiias no Bcem pebpam MnocJ/enoBa-
TeqbHOCTH. Lluka @ — 3TO0 1enb, HauuHAOUWAsACS M 3aKaHYHBAIOLIASACT
B oxHOoil BepuuHe. Lluksa, npu o6xome KOTOPOTO KaxK/jaasi BEpPLIHHA BCTpe-
YyaeTcsl OAMH pa3 (3a HCKJAIOYeHHeM Hauaja MU KOHLA JBUMKEHMS), Ha3bl-
BaeTcs sJeMeHTapHbIM. Myabturpad cBsizaH, eciu Jio6Gble 1Be BepIIUHbBI
COEMHSIOTCS XOTd Obl OAHON LeNbl0; H ABYCBSI3eH — Korja JioOble Be Bep-
IIMHBl OJHOBPEMEHHO MpPHHAAJEXKAT HEKOTOPOMY 3JIEMEHTAPHOMY I[HKJY.
ITepenymepyem peGpa (ayru) us I': qi, qo, ..., 4p- Llukay Q craBurcst B co-

OTBETCTBHE BEKTOP-UMKJ (), NMpHHAAJeXKallUil KOOPAHHATHOMY R-MepHOMY
npocrpanctsy Hp.

Eciu npu o6xoae Q ayra g; NPOXOLMTCS 7; Pa3 B HaNpaBACHUH ee
OpPHEHTAlUH U §; Pa3 — B NMPOTHBONOJIOKHOM, TO

-

Q: (Cl‘ 02, ey CR)’ cl=r1__si'

Hanst snementapuoro nukaa ¢; = 0, 1 nan —1. Lukasr Qy, ..., CUUTAIOTCS
HEe3aBHCHUMBIMH B CJyyae JIHMHEHHOH HE3aBHCHMOCTH COOTBETCTBYIOIUUX BEK-
TOp-UMKJOB. LlukaomatHueckoe uucjgo MyabTurpada G — 3T0 BeJHUHHA
M=|I'|—| X |+p, rae | X | — konnyectBo BepiuuH, [/ | — KOJHYECTBO AVT,
[ — uyuca0 CBSA3HBIX KoMmroHeHT B (G. M3BectHo, uro HanboJjbllee KoJuue-
CTBO HE3aBHCUMBIX HUKJIOB paBHO M ([l]. Besikue M He3aBHCHMBIX IIMKJIOB
(COOTBETCTBEHHO BEKTOP-IHKJOB) Mbl OyJeM Ha3biBaTh 6a3kCOM MYJbTHIpa-
ta. Ilepero — 310 cBsI3HBIH rpad 6Ge3 IHUKJIOB.

[lycte snemeHTapHBe BEKTOP-UHKAB Q, ...,QM={Q,,]£/:’_,106pasyioT
6asuc wmyabrturpapa G wu Hy —ux auneiinas o6osouxa, Hy<Hp.
Mmeer wmecto

Jdemma 1. Ecnu sekmip Q =(c,, €3y ..., cR) npunadasexcum Hy
u H’Komopoe e20 Komnonenmet ¢; =0 (i=iy, iy, ..., I,), mo 8 G cywye-
cmeyem HAOOp He3 BUCUVBLX IAEMEHMApHbLX HuKA08 {Q,), ., maKoi

r

4mo Q :E a,Q,, a y sexmop-yuxaros Q, = (ck, s clfs) KOMMOHEHMbL

k=1
i=0 npu gcex i =iy, iy, ..., ips R=1,2 ..., r. IIpu M=2 yrBepxinenue
JeMMBEI JIETKO TpOBepseTrcs; OOIUil pe3yabTaT yCTAHABAWBAcTCA 1O HH-
AYKIHH.
[Ton aszekmpuueckoir yenvro wMB OGyneM TOHUMATh MYJbTHTPad

G=(X, I'), y KOTOpPOTO K'¥KJAas AYra ¢; 3aMEHEeHa ABY XMOJIOCHBIM /€K~
TPHYECKUM YCTPOHCTBOM, M300paxeHHBIM Ha puc. 2. Kaxpomy naByxmo-
JIOCHHKY PHC. 2 OTBEYaloT JBe KOMMJEKCHble BeJHYMHH: /,, Ha3kBaemas
ToKOM, ¥ U;, HaspiBaemas Hanps:keHueM. TOKy NpHUIHCHIBaeTCs Hanpas-
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JEHHEe COBMajaplulee C HanpableHHeM AYrH ¢, B 3aBHcumoctH OT BHOO-
pa HampaBJeHMs Ias &4, OyJ1eM pasauuath jABa THNA JBYXHOJIOCHUKOB:

a) HampaBJeHMus &; W [, COBNAAAIOT;

6) HanpaBJeHUS &; U [; IPOTHBOMOJOXKHBI.
JIBYXIOJIOCHHK THIIA a) HA30BeM AKTUBHbIM, THNA O) — naccusuoim. Tlocty-
JHPYIOTCH CJAeAYIOUIHe COOTHOIICHHS, CBSI3aHHbIE C KOHCTPYKIHEH MYJbTH-
rpacda G.
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IMMepswmit 3axkon Kupxroda. AnreGpauyeckas cymma TOKOB /;,
WHUUJACHTHBIX BEPIIHHE X, paBHaA HYJIO:

;4=Q 1

rie TOKM, BXOAAIIHE B X, GEpyTCs CO 3HAKOM MJIOC, BHIXOASLIHE CO
3HAKOM MHHYC.

Bropoit sakon Kupxroda. Aarebpauueckas cymma Hampsixkes
HUI &; BAOJb NMPOHU3BOJALHOTO IMKAA Q, paBHA HYJIO:

iEui=0, (2)

rlle HanmpsiKeHUue «&; B3ATO CO 3HAKOM ILIIOC, €CJAH €ro HalpaBJeHHe COB-
najaaer ¢ HanpapJaeHHeMm 06xoa Q. H CO 3HAKOM MHHYC — B MPOTHBHOM
cayuae. Beakoe mommHOMecTBo ayr¥ [, u3 uenu G HazoBeM 2n—TI0J10C-

HUKOM @ uau npocto — myozonoawcnuxomn (y<=1r). Iyra g; € (I\T)

-

HA3BIBAETCs BHEUIHEH A/ MHOTOMNOJIOCHUKA @D; avra ¢;, NpHHAjJIeKauas
I'y, — BHyTpeHHeil. MHoromosocHuk D cUHUTaeM NepeaaloliiM, €CJAH MHO-
JKeCTBO BHEUIHHUX IBYXMOJIOCHHKOB /° /7 COCTOMT M3 71 aKTHBHBIX U M 11ac-
cuBHBIX. [lepenamoolunii MHOTOTMOMIOCHHK (MJH 4m-TIOJIOCHHK) [OKa3aH Ha
puc. 1, rie camMu BHEUIHHE JABYXMOJIOCHHKH He H300payKeHbl, HO B MeCTax
HX TMOJKJIOYEHHS BLINHCAHBI COOTBETCTBVIOLLME BHELIHHE TOKM H HampsKe-
HHUSl, C HHAEKCOM (—) IJsi aKTHBHBIX, (+) — JJs naccuBHBIX. Bxomom @
CYUHTAIOTCH KJEMMbl, KyJa MOJAKIIOUAIOTCS BHEUIHHE aKTHBHBIE IBYXMOJIOC-
HHKH, BBIXOJOM — COOTBETCTBEHHO KJIEMMbI MJIsI MacCHBHBIX. MHoromosoc-
HUK (@ BMecTe ¢ BHEUIHHMH ABYXMOJIOCHHKAMH OYI€M HA3bIBAThL 3AMKHYTHIM
MHoronosiocHukom @ (O = G).

3ajajiuM COOTHOIIEHHS MEXJAY BeJHUYMHAMH ¥;, [; HA BHYTPEHHHUX
JABYXMmoJatocHukax nu3 @, Ecau cnpaBeasuBo (cM. puc. 3).

dly;
u =L ®)

* BMmeeTe ¢ MX TPAHHYHBIMH TOYKaMH (BeplIHHAMMU).
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rae L;—nonoxuTebHEH Ko3PHIHEHT, TO COOTBETCTBYIOWHI ABYXNO-
JIOCHHK (pebpo) q,; HashBaeTCA undyxmusrocmsro (MAn L—pe6pom).

Ecau (puc. 3)

i -‘-i“ L (C,>0), @)

TO ¢,, Ha3biBAETCH eMKOCmbI0 Wan KonjeHcatopom (C—pebGpom).
[lapa pedep g, q'tl (puc. 4) mMoxeT paccMaTpHUBATbCSl KaK Mepejaro-
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JUMH YCTBIPEXNOJNIOCHUK ¢, TdK KaK Ha ocHoBaduu (1), (2) nmeficrBue
MHOTOnoaocHuka G\f, Ha f, paBHOCHJAbHO BO3JEACTBHIO HA f; HEKOTOPHIX
JBYX HOBBIX JIBYXIOJIOCHHKOB, MPHCOEAHHEHHBIX COOTBETCTBEHHO HAa BXOJ
M Ha BHIXOJ f, (myHKTHpP Ha puc. 4). Ecaun

u”— Kluﬂ=os (5)
Lol S0, 6)

TO f, Ha3bIBACTCSI UOECANbHOLM MPARCHOPMAMOPOM™, @, — BXOJHBIM TPAHC-
(hOpPMAaTOPHEIM PedpoM, q;l-suxozmbm.

[lpeanosnaraercs, 4To BCe BAYTPeHHHE pebpa B P ABAAIOTCH HHAYKTHB-
HBIMH, €MKOCTHBIMH WJ1H TPaHCHOPMATOPHHIMH; TAKOH MHOTOMNOJIOCHHK @
Ha3blBaeTCH peakmusrsli. PaccMaTpHBAIOTCH YCTAHOBUBWIHECH Kogaeba-
HHUS; BPEMEHHOH MHOXHTeab €“f oTOpachiBaeM, COXPAHHB JJS aMIVIHTYA
TOKOB M HamnpsikeHu#l o6o3navenus /;, u;. Torna (3) u (4) nepenumyrcs:

”LJ*’M‘]]L : (7)
Ick = i Ck uck' (8)

MakcnMaibHOE UMCA0 JNMHEAHO-HE3aBUCHMbIX YypaBHeHu#t (1) B uenu
<1> G = (X, I') cocraBasier |X|— p, ypaBHeHHH (2) — COOTBETCTBEHHO

=\ —|X|-+p. Tlpeanosoxum, @ COAEPKUT » TpPaHCHOPMATOPOE;
{I}—Maxcnmanbuaa cHUcTeMa JIMHEHHO HEe3aBHCUMHIX ypaBHeHHH (1);
{U} — cooTBeTcTBeHHO Ana ypaBHeHHH (2). B nanbHedimieM paccmMaTp-
BAIOTCA LEMH, 1/s1 KOTOPBIX COBOKYMHOCTb ypaBHeHuin {U}, (I} u 2x
ypaBHeHHU# (5), (6) npu JMI06BIX BeuecTBeHHbX K; 0 JHHEAHO He3aBH-
cuma®**. Torpa aas uucna N, He3aBUCUMHIX ypaBHeHuit (1), (2), 5), (6)

noayuaem
= |} + 2x. 9)

* Tlpu H3yyeHHH 3JeXTPHUECKOH LEeNMH BCerza MOMKHO OT peajbHoro rpaHchopMaropa,
T. €. OT B3aHMHOH HHIYKTHBHOCTH, NepedTn K upeansHomy [3, 10].

*# MoKHO HAalTH MPOCTOe NOCTATOYHOE YCJIOBHE HA TOMOJOTHIO TAKUX UeNed; He3aBH-
CHMOCTb GyXer ofecneueHa B pa/bHejilleM Gosee CHIBLHBIMI OrpaHHueHHsMH Ha uemb G
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§ 2. OTKkphITag cucTeMa M ONePaTOPHbI KOMILIEKC

[ mocTaHOBKM 3ajauy MNMOHAno0ATCs TPU ONMpeaeseHHs] W3 TeopHH
otkpuiThix cucreM M. C. Jlusmnua [6, 7]. j

a) OTKpbITOil cHCTeMOjI /' Ha3blBaeTCsl COBOKYMHOCTb ABYX OTOOpaxKe-
Huii R(w) u S(w), AeHCTBYIOILUX NO CXeMe:

S(®)
Pt

Eateay s
R(w)

)

3nech E — ruab6eproso mpocTpancTBo BXOAOB ¢ H Bhixoa0B ¢ cu-

crevbl F, H — ruab6eproBO npOCTPAHCTBO BHYTPEHHHX COCTOSHHE ),
TaxK 4To

9P =08 (), ) =4 R (0). (10)

6) Oneparopusiii komnaexc [ 7', e,, J—3T0 coBOKyNHOCTb oneparopa 7>

JefcTBylomero B npocrpakicrse H, oneparopa J (J2=I, J = J¥), nefictByio-

uero B npoctpaHcTBe £, W (UKCUPOBAHHBIX BEKTOPOB €, € H (2=
=1,2, ..., n= dimE), a1a KOTOPHX BHMNOJHAETCS COOTHOWEeHHe (11):

*q)T—T
l

Eg n il Ty i
~=Y (¥ e)ses (11)

%=1
rae ||/l —Marpuua onepatropa J B KOOpAMHATHOM MpPOCTpaHCTBE £
¢ Basucom ai ={1,0, ;0 10 a,2(0,0, .. 0:1).

B) Oneparopumii xomniaekc [7, e, J]| npuHAAIEKHT OTKPHLITOH CHC-

z‘egte (1';“.3 €Cc/IM  OH CBfI3aH C OTOGpa)xeHusMH R (v), S(w) COOTHOLICHHAMH
12) Chae

n

(T —ol) =Y o e, ’ (12)

a=1l

S{w) =1 = il (e(T—ol)", es) |7, (13)

rae (o7, ¢5, ..., 95 ) =¢' 7 € E.
YcnoBue (13) o3nauaer, urto oroGpaxeHue S(w) OTKPHITON CHCTE-

Mbl COBMAJdeT C XapaKTepPHCTHYECKOH MaTpuueil — QyHKuued omnepa-
tTopa T[ |.

st nepeaaruero MHOTOonoJIIOCHUKAa )] pHucC. 1 nosoxum:
s [t (o At NS + + + (+)
(P( )=(u1 ),..., Um ); [(rn ), ceey 1& )), 5‘5(+) :(ug ),..., Hﬁn ); Iin),---.ll ).

Ilycrb @ comepxuT p MHAYKTHBHOCTEH, 1 eMKOCTeH, x TpaHcHOPMaTOpOB.

M3 sHepretnyecknx coobGpaxeHiil BuiGepeM BEKTOP BHYTPEHHHX COCTOSf-
HHH TaK:

q) C(VLl ]Lly veey 7”'//;-—;1 ILP'; VC,L.H Wi (p-1)5 =ees VC_X] ucN)‘: El’ o EN),
j 1 .
rae N =p - [Tockoabky aneprusi emkoctd C COCTaBJAsSIeT 5 C |8

1
MHAYKTHBHOCTH-—COOTBETCTBEHHO —2-L}IL %, TO BC# 3HEPrus, 3anacaemas
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1 i 1
MHOTONOJMIOCHHKOM @, paBHa: e 272[2,52:—7 [ 2. Uneanbunie
H : =

TpaHCHOPMATOPHl HE 3anacaioT 3HEePruu.
3adauei 1 GypemM Ha3bBaTh ONPEAEJICHHE BCEX TOKOB H HANPSKEHH

o
'

B nenu G= @ no saﬂaﬂﬂomy BekTopy ¢ Ha BXxoge. KoamuectBo He-
M3BECTHBIX NPH 3TOM paBHO 2 /7| —2m, rae m — 4ucJl0 BXOAHHX peGep.
MaKcuManbHOe KOJHYECTBO JAHHEHHO HEe3aBHCHMbIX ypaBHEHH# Lenu
cocraBasier Vy+N =2|'|—2n, rne m uucao cBsgzed (9), N=|] —
— 2% —2m — qucao ypasuenut (7), (8). Takum oGpasom, 3aaaua | kop-

[- pPEeKTHa.
L Ecau ona onHO3HauHO pasdpewmnMma *, To Mbl OyAeM TOBOPUTb, UTO MHOTOIO-
: JqlocHUK D npuHagJaexuT xKaaccy Q; B 3tom cayuae aas @ cylectsyioT
otobpaxenus R (o), S(w) us (10) u @ sgBaserTcss OTKPHITOH CHCTEMOH.
))
. § 3. Pewenue 3anaum Il
4 Korpa mMHOronomocHuky @ u3 Kaacca L, NpUHALJIEKHT ONMEpaTop-
- ot kommiaexc |7, e,, J]? UroOb noayuuth (12), AOCTATOUHO pPeUIUTH
caeaymoumyio 3anauy Il
a) BLIPA3HTh BCE HATIPSKEHHSA 4pj, Uy, U], 4§ B Koauyectse p +
) +Qx -~ M Yyepes3 HaNpPKEHHS u( o u, ¢ nomoumbio M- % ypaBHEHHH
(U}, 6;
i 6) BLIDa3UTb BCe TOKH [y, Iy, [, /(*) B xoauuectse n+ 2w+ m
: uepe3 Toku [, i ¢ novowplo |X| — p~x ypaBHeHuii** {1, (6):
N
=y
¥ uLj—_— L al u(,‘—kEb,,u, . (14)
1 ‘ R=pt | =1 Ila)
ul 2% (15)
uft) = i (16)
) » m
(--)
L,=Yaj 3 bglg : (17)
) Il [16)
{i,)—— (18)

=1, p k=g 100, Ny a@y=1, .sm; 1=1, ...

HOas xoppextHocTH 3aaaun Il Heob6xoaumo, 4ToOH p+ 2% 4 m=
SM-+‘%u 4 2%+ m<|X|—p -+« YuuThBas COOTHOLICHHS

T‘:N——!Lz\r\—QK——QﬂZ-‘P‘, M'-_——lr}"_'Xw —:'p:

U3 MEPBOr0 HepaBeHCTBAa moJayuyaeM » < M — m—=, u3 Broporo p>M—
— m— . Cnejgosarenbuo, 3anaua Il Tpebyer, uTo6H HMesaaCh CJaAELYIO-
1asi 3aBUCHMOCTb KOJHYECTBAa MHAYKTHUBHOCTeH ¢ M eMKocTe#l 1 OT TO-
nosorun uenu G = P:

p=M—m — x, (20)

1= |X—m—x-—p. ' (21)

* B atom ciaydae COO’FBGTCTBy!OI.lIHi:I OnpeaesiuTe/ b CHCTEMbI BCeEX _\"pﬁBHeHHﬂ AOJKEH

ObITh OTJIMYHLIM OT HYJf.
** Vpasuenus (1, 2, 5, 6) He yCTaHaBJIMBAIOT HHKAKO{l 3aBHCHMOCTH MEXJY Hampsi-
AEHHAMH C OJHOIl CTOPOHBI, H TOKAMH, C APYTOi.
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H [Tpu strom (21) Beitekaer u3 (20) u naoGopor. Oxnako, (20) u (21) ewe He
| oGecneuuBalor II a) u Il 6); ans noayueHHs OCTATOUHLLY TONONO2ULECKUX
ycaosuli BBejeM BCNOMOraTe/bHbE MOHATHSI.

Mycrb == {Q,}j-1 — cHcTEMa MHEAHO He3aBMCUMBIX WHKJAOB Q.
H QeD, av= {t,}, — muoxecTBO TpancdopmaTopos t;, obeumu pedpamu

NpHHALJEXKAWUX cucTeMe « (v w). [locTpoum nasi w sodeaupyroujuit
! - myavmuzpag G:: :
‘ a) Mexay BepmuHaMu X; (¥; € G:) n wukaamn Q, u3 cucrems Q) 1
1 YCTAHABAHBACTCS B3aMMHO OJHO3HAYHOE COOTBETCTBHE;
I -
I 4
i
| ; ® 4 16 4 4" X (4,) %8y)
2 v
i Z 7
! AN 758 ) A, : i
| ~ @ & X2 ()
(] \ t
k == 3
, VA, l

e 2 0’ i X//%)
3 A =T dr "X
A T
< L/ 57

i Puc. 5

i 6) BEPIUHHBI X, 0 Xy €U, coe/lMHEeHBl AYrOoi MHAGKCOM #; B HanpaB/JeHUH
OT X, K X;, CCAH B ® BXOAHOE pebpo g, TpaHchopmaTropa f, nmpuHamie-
KHT UHKAY Q,, BEIXOMHOE ¢, — UMKAY Qy (7, €D).

¢ Cucremy = = {Q,}j=1 HA30BEM {-{UKAOM, €CAN MOACAHPYIOUIHA MY.1b-
i turpad G- ecTb 1epeBO € NONAPHO pPa3ITHYHBIMH HHJEKCaMmH pebep f,.
Ecau, kpome roro, peodpo qu NPUHALNEKHUT JUIIb 00HOMY UHUKJAY U3

cucrembl {Q.)7-1, a MmyabTurpad ﬁ‘\\fql_iﬂfo) COCTOMT u3 pebep THNA ¢
q},'), TO = HA3HIBAETCA CMAHOAPMHbIM T-UUKAOM 1J5 T 0603Ha-
uaetcd T ..

4
Ha puc. 5 AaH npHMep CHCTEMbl LHKJIOB x={Q,)7-1 u ee mopmean-

pyomero Myabturpada Gr; 3iechb = aBASETCH CTAHAAPTHHIM /-UHKIOM o

B oranuue or ¢, pe6po THNA G, G5 MOXKET NPHHAAMEKATb HECKOAb

kuM wukaaMm Q; (¢, €Q, Q,). 3anuumem ypaBHeHus (2) A9 UHMKIOB
Qxenu, 0603Hauas HX COOTBETCTBeHHO uepe3 [@.], y=1, ...,r, u ypas-

Henud (5) aas tlefoCnLi, 0603HaYas HX COOTBETCTBEHHO uepe3 (D),

b= vn =t (fo — MOAENUpPYIOWMI rpad AId %, ;~ AAePeBO, NOSTOMY J

UHCJAO ero Ayr paBHO r— 1, rae r-—4yHCJIO BEepPUIHH GLI[1]). Jluneiinas
KOMOHHALHKS T, j 9THX ypaBHeHHi BHLA

r—1

i, o =Ya (0] + D8 5) @)
f ! r=1 =1 ‘
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jpaer (14) npu ycaosuu
@

K’:i‘:’ aYZZ_Bl, Z=1» ""r—‘l’ (23)
2

rae HPHHATO Gy € Qy, q;lth. Bcerga M0XHO BbOpaTh HyMepaumuio Tax,
4TOo qL].G Q,CwLi; toraa o, =1 u Bce Ko3pPuuneHTH B (22) OXHO3HAYHO
Oonpeae/eHsl.

CraHapTHBI f-UHK/J g ONpepeasercs Kak u T TAe pebpo q,; 8-

MeHsieTcst Ha ¢, C MOMOMBIO 5 MOKHO U0Ayuuth (16). AHanoruuso
3aMeHa ¢, . Ha ¢, TWPHBOAMT K MOHATHIO CTAHAAPTHOTO {-uMKJA ™=

= {Q,]"_1 npH AONOJHHTEABHOM YCIOBHH, 4TO ¢, € {Q,|7=1; ¢ nomombio
1 p y # 1y
w,, noayuaercsi (15). Takum obpasowm, sadaxa lla) peuaemcs, ecau ume-
emcsi Habop CMAHOAPMHBLY t-UUKA08 Tpp T T (e s e = e
B=1, ..., m). B aTom cayuyae 0603Hauum JAjis yn00cTBa BhIpaxeHus (14),
(15), (16) uepes |z, .|, |®4]|, [®z], Ha3bIBasi HX COOTBETCTBEHHO aBHe-
p Lj t

HUAMH CTAHAAPTHHIX £-LMKJAOB T, ., T, 5.

Ly’
MoxHO BBECTH MOHSITHE CTAHAAPTHOTO £-UHKJA =, , TIOMEHAB POJASMH
Gu ¥ q;p B onpenesenun =, Korjxa B uenu G Her w,, HO HMeeTcs T

YA06GHO H3MEHHTb—Ynopadowums—HanpasjieHie Tpaicopmanuu £;, noJao-
1

XKUB R BMecto K; B (5), (6); TeM cambmM obecrneuyHBaeTcs CylLecTBOBa-
! .

Hue =, B G.
Has o6cyxaeHus 3apaud  116) mnepeiineM K KOHMYypHoLM MOKAM.

Kaxjaomy sinemeHTapHOMYy Unkay Q; u3 Hekotroporo 6asuca {QJ,MI MYJib-
turpada G CTaBUTCH B COOTBETCTBHE TOK [;, YCJIOBHO TeKYLiHil B 3TOM
UMKJE [0 HampaB/ieHnuio ero o6xona. Ecau pebpo g€Qi, r=1,2,..,p,
TO

=Y +1,. (24)

YcaoBue (24) 0HO3HAUHO ONPEAE/IALT CHCTEMY KOHTYPHBIX TOKOB VAT

|3, 10]. 3anaua 1I6) paBHOCH/bHA 3ajaue BbIPaXKeHUs HEKOTOPOH CHC-

TeMbl KOHTYPHBIX TOKOB {1,-}/‘_4:1 yepes TOKuM 57, Ip; ns (6) u (24).
Ecau B onpejeneHnn CTaHAapTHHIX {-IIMKJAOB i T peGpa ql\e—»

~

5 R

a T KO-
TOPBIE Mbi HA30BEM CONPAHCEHHbLMU CMAHOAPMHOLMR IS §, i 9 qg*’
Wmeer mecTto.

Teopema 1. /lycmeo 6oinoaneno (20), nepemernvie w;, Uec AUHEUHO
Hezasucumol u 6 yenu G==@ ecmo CONPANCEHHbBIE CMAHIAPMHbLE L-UULKAbL
i ST je=laas I=sanB =1 .., m. Toedq 3adava 1/6) dan
MOKO8 peulaemcs. . A

JlokaszarteabctTBo. Mogeaupyouue MyabTHrpagbl /s T T

3aMEeHHTb Ha @57 M HA0OGOPOT, TO MOAYUATCS -LUKJbI T

=, o6osnanaorcs kak GH, Gi, G
I. Cuctema /-UMKJAOB M3 YCJAOBHs TEOPeMbl €AHHCTBEHHa. [onycTiwm,
B nermu G naiiaercst {-nuka ==={Q;}/1,, conpsOKeHHBI CTAHAAPTHBIA /15

11 4405
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qpj HO He COBNAJAIOMHUA ¢ ~c = {Q:)i=1. Koadpduuuents tpancdop-
mauun K; (K, =0, I=1, ..., %) MO}KHO BHIOPATh Tak, 4TOOLI ypaBHeHHUs [r]

U [zLJ.], BBIPAXKAIOIHE Uy ; HEPES Uy, u$™, e cosmaganu. Ho mpu ycio-
) (+)

BUU (2Q) BLIPAKEHUS Uy 50 Uy, u'ﬂ, u; uepes U,,, Up €IMHCTBEHHbI;

3Ta 3ajaya—Ha30BeM ee COmpsiKeHHOW k 3anaue lla) — ananoruuna
la); B Heil YHCJ/I0 HEU3BECTHLIX P + 2% + m PaBHO uyucaAy ypaBHeHHH M+x.
JlonylieHue HEBEPHO.

2. Ecaun tpascdopmarop t,e Ry o TO TEHCT' BriHyB U3 nepeBa G“

pe6po f£,, moJayuuM JBa JepeBa: Gl 1 G,. Cucrema OOBIYHBIX ITHKJ/IOB
1Qi)i1 =Xy pa3buBaeTcsi Ha JABe: ©; U T, npuuem G; — MOJALJAUPYIOLIHH
rpad aas =, G, —ans w,. IlycTb qL.Gﬁ,; TOT/la To—CONPSAMKEHHBIH CTaH-
ﬂaprm,m [-UMKJI 09 @y WIH zum g, Ho no ycaosuio nmeercs yue taxkoit

(LKA %, XIS G, 3HAUMT, %, HEe CYWeCTByeT (uHaue Jisi peLieHHs
compskens i x lla) 3agaun He OyJeT HCNOJb30BAHO OJLHO ypaBHEHHE (D),

4TO HEBO3MOXKHO). Ha ocHoBaumu m. 1 =y ==, , T. €. TS

3. Bepwura x, si6asemes e0UHCMBEHHOU MAKCUMAAbHOL 045 Oe-
pesa Gﬁf, ecJ/u qLiEQl‘ JonycTtum, U3 X, HCXOAHT Ayra f; T.e. g, €Q,.
Pe6po g, 3ameHuM Ha w,\qy; HA MecTe 7, . MOJAYYHTCA COTPSIKEHHBbI
CTAHAAPTHBIA {-UUKJI /4 9 KOTOPOMY HE MNPUHANJEXKUT TpaHcpopma-

Top t; llpoTnBOopeune JOKa3biBaer, YTO X, — MAKCHMMaJbHasi BEpPUIMHA.
Ecau Ob uMeJach €lle OJHA MakCuMa/JbHAs BEPLIMHA X, COOTBETCTBYIO-

masi uuKay Q., TO M3 CHCTEMbl LHKJIOB nL].\Qz yAaJ40Cb Obl BBIAEAUTDH
HOBBIH CONPSXKCHHBIH CTAHAAPTHHIHA f-LUKJA s 9 u60 ypaBHeHue (2)
Aast Q, He HYXKHO JJId MOJYyYeHHus [EL].].

Lj 13 MYHKTOB 2 1 3 OTHOCHTCA K JI0GOMY w; H3 CHC-
TeMBbl {-1MKJIO0B {Ei}f‘ﬁ‘*’”z{%u; %ﬂ; Eﬁ}. MakcnumanbHblid  3/71€MeHTapHBbI

4. Cpoiicta =

nuka Q; B ™ (COOTBETCTBYIOU[MI MAaKCHMa/JbHOI BEpPIIHHE MOAEAUPYIO-
uero rpada G;) COAEPKHUT JMULIb OAHO PedOPO U3 COBOKYHMHOCTH {qL]., g
L

g5}, Tlpu ycaosuu (20) uuMkaOMaTHyeckoe yucao M=p +» + m, u au-
HeHHO HEe3aBUCHMAasi CHCTEMAa MAaKCHMAa/bHbIX 3/M€MEHTAPHBIX LHUKJOB
{Q}", =5 ectb Gasuc myabturpadga G=@. Besaxuil HeMakcuMa/ibHbL
UMK U3 7 ABASETCS MAKCHMAJAbHBIM /15l HEKOTOPOTO T, OTCIOAA BCE
3JIeMEHTAPHbIE LUKJAbl U3 {%,-}f"l cyTb saeMeHThl 6aszuca b. C apyroi
CTOPOHBI, MPOU3BOJIbLHBIH tunm r,, NPUHALNEKUT HEKOTOPOMY £-IUKAY

-

T

g A m B myabturpage X ——UG (cymma rpadoB, MOLEAUPYIOIHUX

{-UMKJABl ;) BepIIMHb B3aWMHO-OJHO3HAYHO COOTBETCTBYIOT 3/€MEHTaM
6asuca b, a AYru C HHACKCOM t, ucxodsim u3 O0O0HOIL 6ePULLLHbL, MaKCH-

MaJabHOH s G“ G” =¥, MakcuMa/bHble BEPUIMHE & sBJSIOTCA MAKCH-
ALi 6 :
MaabHbiMu aas G5, G-: M HA06OpOt (Xy;: Xy0s X140 ¥15 X316 Ha (puc. 7).
M
5. IMoxaxeM, 4TO CHCTEMY KOHTYPHBIX TOKOB {/i}i=1, COOTBETCTBYIO"
M ol g
myto 6Gasucy b ={Qi}i=1, MOXHO BHIPa3uTh uepes I, I (cm. pue. 6); i
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‘Ecau QiDqL,].‘(qﬂ), TO HanpasJeHue o6xoja Q; BwiOHpaeTCs COBmManal-

KM C HanpaBJCHHEM ¢ . (9,); ecam xe Q:i=4q§”, 1o nanpasaennus gf”’
u 0o6xoma Q; mporuBonoJsoxHb (puc. 6). Umeem :

‘Ii:[Lfi’ I—=j—1 (25)
Li=—I, i=B+p+x=1l+4ptxn 24+p+%.., M  (2)
/‘/'
. {4,
\
-
//3 )
T(/ﬂ/—/ I<
=73
|
Puc. 6

W 17)

-~ X,
14
Puc. 7
Jns ocranbHbIX! KOHTYPHBIX TOKOB [i=1,, i=[+4p=1+p, ..., 2 p.
M3 (6) 3anuceiBaeTcs:
[i:Kler)n (27)
A

e Toku /;, [, OTBeualoT TAKMM BEPUIHHAM Xi, X)€Y, uTO Ayra ¢ HHJAEK-
COM £, HCXOJUT M3 X;, 3aXOAUT B X (puc. 7). Ilas HeMakCHMaJabHOi
BepIIMHBL X; € ¥ Hajizercs nenb Z7, MOHOTOHHO BO3pacrapoimas oT X; A0
HEKOTOPO# MaKCHMMaJbHOH BEPUIMHBL X, (ABYX TaKuX Leneli Mexny X
W X, He MOXeT OnTb). Bmipaxasa ¢ HOMOIle}O (27), nmocaenoBaTeqbHO
BJOJIb BO3pacTaHus uenu Zf, coorsercTBylomue I, ApPyr uepes apyra,
nosyu4uM B npaBoit wactu (27) caaraemoe [77-1,, rae I77— npoussene-

Hue Kxoabduuuentos tpanchopmauun k; Broab unenu Zf, I, — KOHTYp-

HBIE TOK /s X, (1P=IL/' win —I{7). C npyroéi CTOpOHH, BCsKOe Ha-

yaToe B X; NMepeiBHXKEHHE BJAOJ/b CTPEJOK 3aKaHUMBAETCS B MaKCHMAaJb-
Holf BepuinHe myabrurpada Y. Ilepe6paB Bce Bo3MOXHBE uenu Zf (p =
=Py, P2, -..), MBl Bepasum /; uepe3 [Ir;, /(7). Teopema noxasana.

11%
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§ 4. JlocTtaTo4Hbie yC/AOBHSI CywmiecTBOBaHMs Kommiaekca [T, e, J]

YpaBueunus: (7), (8) mocae nesnenus Ha tVL (i V' C,) nepenucsiBaiorcs
¢ nomouibio (14), (17) B Buze:

N oy )
v : za;e e lbi
Y ey = Do
h=p-41 VCij a=1 L
= iak ! b 5
7 iby
L yreinasdy
=1 fnd =1 & )
Tjle HCIO/Nb30BaHbl 0603HAauYeHus &, KOMINOHEHT Bektopa § (cm. crp. 7).
Ilas sextopa ¢ KoMmOHeHTH ¢ =ul® npu a=1,...,m, n ¢ =
=/, mpu a=m 1, ..., n. Uckomoe COOTHOMWEHHE (12) SABJAACTCSA

MaTpPUYHOH dpopmoﬁ 3anucu cucrems (28), rue:

(o 4r N Ti=ltl Te=lltali=1,.

=, TG > A a}z :
N 13 tk]_ i VTij, tjk VL Ck k Pv+1

z i

Cu= '—.__—bl O 1 =a=m;
(Vh 'VL )

¥ i i

ei=10¢ i 40; gk —_—bN), mla<n,
( ch-l-l VCN u

ok b g it
Moxuo nposeputb [6], uto ¢ yuerom (12) cootHouienue (13) paBHO-

CHJIBHO  CJEJYIOIEMY: cp(+)=cp(_)—i2(q), l)a,J. Jlas BHIOpPaHHHX

a=1
3/1eCh ;za uJ=[00...01\ umeeM N0 KOMIOHEHTAM:
0'0..510
10...00
?a(t+) —— ﬁoa l (‘P, en—a-{-])c (29)

Bhiuie OblIM HalJeHBH JOCTaTOYHBLIE YCJAOBHs paspemuMoctd 3ajgauu Il
urto obecneunBaer (12); oxasmiBaercs, (11) u (13) Takxke BHIOAHAIOTCH,
€CJM JONOJIHHTENbHO HaJ0XKHUTh €llle OJHO eCTeCTBEHHOE yC/JOBHE HODMH-
POBKH IEpPeJaTOYHOro OTOGpaKeHus Ha GecKOHeuHO# wacrore: S (o)=L
ITocTynupyercs, yto B unenu G npu v = co HHAYKTHBHOCTb ar; y6upaerca

Uy
(BTO COOTBETCTBYET 6ecxonetmo 60/1bIIOMY CONPOTHBJEHHUIO sz-—l—’

Lj
€MKOCTb (,, 3aMEHSIeTC HOBHIM ABYXIOJIOCHHKOM C HYJEBBIM Hampske:
HHEeM (COmpoTHBJEHHEe OTCYTCTBYeT). 3akoHbn Kupxroda u cooTHOLE-

uus (5), (6) mpeamo.araloTcs BBLIMOJAHEHHBIMH s @ (o) = G (o). [log
S (o) 3mecb NOHMMAaETCs MepesaToOYHoe OTOOPAaKEHHE MHOTONMOJIOCHHKE
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@ (c0); ecnu OTKPHTOH CHCTeMe @ NPHHANJIENKUT ONEPaTOPHHA KOM-
naexc [T, e, J], To Beaeacrsue (13) 1imS (w) =7 =S ().

@ - oo
Teopema 2. IlycTb B 3aMKHYTOM MHOrONOJIOCHUKe @ = G BBHIIOJHEHDI
YCJIOBUS:
1) p=M—m—x, Tae P —KOJUUECTBO MHAYKTHBHOCTEM . m—uuea0

BXOJHBIX (BEIXOHBIX) pebep; x—KO0/1HuecTBO TpaHchopmMaTopos; M—uuK.io-
MaTH4YeCKoe uuc/a0 MmyJabturpada G;
2) nna kaxaoro pebpa o 9§t), g, vMeercs CTaHAAPTHHIA W COMPs-

KEHHBIl K HeMY {-UHKJ; nepemennsie uy, U, AUHENHO KHe3Q8UCUMBYL;
S). - Sfc)s= 1
Tozda npu aioGom wHabope kosgduyuenmos mpancgopmayun K, + 0
sadawu I u Il pewarnomcs, a mHozonorwochuxy @D npunadrezxcum one-
pamopuuiit komnaexc [T, e, J|.
IloxasarteabctBo. [locraroyno ycranosuts (29) u (11).

1. Tlpu o =g <mol=us" u (29) sanuceBaerca xax:
N
) __ ()
Uug =ug  — Z bﬁ—ﬁ—H U.p,
HaH h=pt1
N
% Sir
uth =uf — L bf gy (30)
R=p-41

OtHocsimasicss K #-UMKJAY w3 = {Q,}j=1 JHMHefiHas KOMOHHAUUA T3 =
1

r T e
=Z°‘7 [Q,]+ ZB, (5), Tuna (22) naet ypaBHeHHE [‘Ep] 37 EZ gult 4
1=1 =1 a=1

N

- E 8% u,,. 13 G(o0) c MOMOIIbIO CHCTEMBI L[HKJIOB 7p(c0) MOXHO MO-
R=p+1 -

AyunTb: 2§ () =2 g (o). Beaencrsue yeaosus S} ==L =8 )

o]

ko3popuuuents g, =0 (2 +4p), g«=1 (2=P). dt0 onpexnensier caenyio-
N

-~ 2 Wl .
wmi Bun (7] ul” =uf” + Y 3u,. B cuny exuncrsennocTH ypashe-
it 3 (+)
+

nue (16), o6o3nauaemoe uepe3 [=p|, MOXKHO 3amucaTh TaK: uj :
N

=u‘(,~ _

— Z 8% uy,. Orcrona™ nﬁznaz{QT};___l, MOJKHO CUHTaTh, uTo g5’ € Q,,
h=p-41 3 r

qf{”GQl' U B 75 Koapduuuento o, =oa,=1. Ecau ¢,€ Q, = rIe

v

i=1,2,..,v 10 8 =Zan v,, TAe vF-—xosabduuneHt nepen 4., B ypas-
i=1

nenuu [Qy|. OueBunno, vt =1, ecau HampaBieHus AYyrd ¢, H 06x0aa

Q,, MPOTHBONOJNOXHE; U, = — 1, ec/in HanpaBJeHus coBnaiaiot. [Ipu sTom
Q,=b (reopema 1), manpaBaenue obxona Q; coorBerctByer puc. 6.

A
Boruncaum bf B (30), mepexons x sanaue 16) xas Toxos (17). O6parumcs

* IlonpoGHoe J0Ka3aTenbCTBO PABEHCTBA Tz = T COAEPKHUTCS B § 5.
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K CUCTeMe KOHTYPHBEIX TOKOB {1:}{"_1 H MyJbTHTPady T MOJENHPYIOLIEMY
06azuc b wus TeopeMbl 1. Tlyctob qckEQ cmeh, i=1, VosHietize

Gex € QfCE Qfe m, [=v+ S, Bc;maa MOHOTOHHO y6b13a101uaﬂ,

TSN ] e U DR S R g npuﬂaﬂ,ﬂemm G:, rae Bepuuna %y, €O-
OTBETCTBYeT UHMKAY Qy, i=1,..,v, a x,—uukay Q,=¢{’. Haobopor,
HE MOXeT CYIIeCTBOBaTb IUENH, MOHOTOHHO yOBIBalolle# OT X, K X,

v

5 o
f=v-+1,..,p, vHaue TaKas LeNb BXOAUT B ws. M3 (24) [, = — L@flnw

i=1

e
M
— Z vt I, rae I, I,—KOHTypHBIE TOKM W u3 cuctembl {/;}i_1, oTBeuaio-
Ferel
wue uukaam Q, Q. Ha ocHosanuu n. 5 teopembl 1 B nociaepHeMm Bbl-

3 aR e 40
paxeHuun gas [, xosdduuueHt nepen 7 ¥ paBeH bg:l,fo,- I7;, rne
i=1
IT; — npoussenenue Koshduuuentos tpachopmanun K, Broab uenn Z;.
Vi

Ucnoabaosas (23) aas <, noayuum [7; = , = Yip OTKYJA CHEAYET, uTO

i’

-
2k N an) —
bs coBnapaer ¢ 8,. YcraHoB/aeHa cnpasBeianBoctb (30) aas B < m.

2. Mpu m<a=n—PB-+1 (n=2m) ¢,'=101", u (29) paBHOCHIbHO

I = 1) —S bl (31)

B conpsxkennoit x Ila) 3azaue ypaBHeHHE Iij] {-unkaa VG

:—"{Q‘{f}:{l naercs nuf{eﬁnoﬁ KoMOuHauued (cp. (22)):

a

1'--—1

&; Q1+ X 86 (32)

¢ = I—|

Pebpo a9, € Ql, af =1, 4T0 0HO3HAYHO ONPEAEJIELT HAPaBAEHUsT 00X0/1a
(+)
€

\/j:})

77,

U,HKJIOB Q7(Y——1 .y I'j,) coraacosanmie ¢ puc. 6. IlpeﬂnonomuM: gs
QY OAHOBPEMEHHO; BBeJeM Mapamerp 8‘3. =1, ecaun 00XO0x

(+ N
OHUKJIa Ql HAET BAOJIb AYTU (3 ), fz —1 B IIPpOTHBHOM CJyuae. Ha

Mynbmrpa(peL eCTh 1eMNb Z,, MOHOTOHHO Boapamalomaﬁ OT BepIIHHEI
x} (x} cooTBeTCTBYET WHMKAY Q’ ,) 10 BEPUIHHEL X| (X} COOTBETCTBYET LMK

Q)): ouesuano, Z NPHHAMIEKHUT AEPEBY fo (i=1,2,...,p). Cyuerom (23)
K03(pUUHEHT B lTCLI.] nepej uft paBeH
/

p p V4
1 Y
Z I‘ /-L* = L [71’ O?v
= o1

i= i=1

i
rae /1; — npoussenenue Koaqxpuuneu'ros Tpanchopmanuu  K; BIOJb
uenu Zi. B pasHocTH ypaBHeHHIl lnl_j] ——|1:L].] nocjae HPUBEAEHHS TNO-

JAOGHBIX uaeHOB k03dduuuent nepen uy ' pasen bﬁ (cm. 14), nepen -

orcyrersyer. 3uaunt, (=, | —[%L].] = [ws[, ecan

(+)
ug paBen — b, a 4

™~ >
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P
bh+0; [, 1~ [-rrL ]=0, ecau b} =0. Orciona b§=5§=§1ﬂ{8?. Ho 1o
teopeme 1 tok /5" —ZA,J‘ ’—2 (Z s )/1] M3 nocaeaHero Bhpa-
o=1 =1 I=1
MEHUS M ycaoBHH S (o0) =/, IL] (0) =0 BoiTekaer (31). CnemoBate-
AbHO, (29) n (13) BHIONHEHH.
3. YpaBHeHue [-r ]] HUMeeT BHI:

N m
S‘ aku ck—{—\ bl ult), |
71+1 a=1

cp. [rch] (14). B [7:1.] MOJACTABUM BMECTO uf;) ero suipaxenue u3 (30):

m m

S‘ ak uck—f-Zb’ u‘“ - L Zbu b/pa+1 u,,

k-}H-l R=p+1a=1

B cuay exuHCTBEHHOCTH [”tL] noayuaem: b=

ah=al, + Y, 0L 0k .. (33)

o l

k
Onpenenum napamerp vy

0, ecau q,, € Qﬂ (Q{,C_";c .).

BN
=1 1, ecan 4 €Q), a uuka Q) o6xoanTCcs BAOADL Ger-

—1, ecau g, € Q, a QY 00X0OAUTCS MPOTHB AYTH gp.

Ecan uukay Q7 COOTBETCTBYET TOK 1{, M3 CHCTEMbl KOHTYPHBIX TOKOB
M
{ liti=1 Teopembl 1, T0 BCaeaCTBHE (24) TOK

15 ZE_ 1]%"?/ e -ZZ Vi HW Ieg+

j=17=1

rae HY,—npousseAeHne K, B1OJb uenu u3 £, MOHOTOHHO BOSpaCTalO-
ei or x;; (COOTBETCTBYET LHKJIY QY) A0 Xy, (COOTBeTCTByeT LHHKIY Ql)
Takas uenp Bceraa wumeerca B GE/ <= 2 npu vi; 0. Caegosarenbro,

~ PN

b

B (17) xosdduuuenr q; ——)_, H,v,,—z va B T0 ke BpeMﬁ u3 (32)

T=1 Tl

ak— —-VCL{Vj, TaK 4TO @h = — a,, 1 ¢ yuetoMm (33) mosyuaercss COOTHO-
7—1

1 kR o]
meHHe — ay, — a; =Z babyss1. Jas  onepatopa T H BEKTOPOB e,
a=1

Bbmncamn,lx H3 (28), cupaBeauBO: fy;— tjk =1t — ?kj =l + 1=

= V _blbk at1. Kax HeTpyauo mpoBeputb, 310 J0Ka3HBAeT ClpaBei-
L=
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auBocTh ypasHeHus (11), xotropoe npu soiGpanHom J =||Jaz|| umeer Bujg

2 Yok VN
) Z—T=2 (¥, €.) én_sy1. Teopema noKasaua.
i
a=1

[Tpume p (puc. 8).

Bxo/iHOE€ U BBIXOJHOE COCTOSIHHSA ONMpeAeasoTCd BEKTOPaMH ?(—_)"—"

=@, 1), ;H') = (@™, I'D). Myavrurpap P=G = (X, I') nmeer

X|=35; |I[|=9. Cosokynnoctb Ayr I"=(qy, qa, ..., g5) = (¢, 90 g,

90 Q> 9> G0 Q1o 9'T). Llukiomatuueckoe uucno M =|[|—|X| 4 1=5.
Jlerko BHJeTb, YTO CTAHAAPTHBIMH fABJASAIOTCH CJAEAYIOUIHE f-IUKJI:

= Qy Q0,109 o D0y
= Qs Oy =0, 0,0, SNV T 00 06
mo=1{Q, Q) Qe 0.0, L0 T
wo=1Qs Q5 QJ 5 Qy=( 0,0, 1, —1, 0,0, 0,0, 0
w={05, Q,) : 525:( 100 A g i e
l‘r
RIS
Vi 3
Z;
D7 i
7, £
Puc. 9

AHaNOrHuHO HAXOAATCS CONMpsAXKEHHBIE CTAHAAPTHHE £-UUKJAB T

1 Tl
T2, T, ®. CooTBercTBYlOWMI Gasuc 5 u rpad X (teopema 1) wu306pa-
XEHHl Ha puc. 9.
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Hanee, m =1, x =2, p = 2 u coornomenue (20) Buinoanexo. Hemo-
CPeACTBEHHO 10 puc. 8 ycranasausaercs, yto S (o0)= /. UeThIpeXMOJIOCHHK
@ yHOBJETBOPAET BCEM YCJOBHSIM TEOpPEMBI 2.

YpaBaenus uenu G:

[Q): w.—ap =0 (1O 411+ T, 4-1,,=0
g HQ.]: u,4ujy—up =0 g b

T {u}{[Q3]: u,— ity =0 ;
. I+l +19 =0
[1Q): —u)—u +u,—u,=0 | I I" 5
[Qs]:  a94u,—uy—uH)=0 | L2 T

(5) 1y Kyug; u=j, =Ky (6): [, = Kyl Ip=K; I
(7): Uy :i‘”[uf u ,=jol 1o (8): 1, = iou,.

M3 a3tux ypaBHeHuit HeTpyaHo moayuutb (14), (17):
[WLl] ClUp =g [“’Lzl i, =— K+ (1 4+ K K — Ko) u;

[,=(Ky— 1)1 —I;; — I}5. Tloacrasasem ux B (7), (8) mosaras:

2Es

q‘ = (El’ EZ! 23) TR (VZI—ILI; VZ1L2’ VE”".):

— g b =0
i1+ KK, —K), £ iKs )
;Lo BT o ;

e e

i
VL, C
OnepartopHblil KOMIJIEKC:
( i \ - iK,
0 0 ; e1=(0, B, 0);
Wk ke
' i Mt t(Kl— )
T = 0 0 ’ €y = O, O FPRE| S
VL,C ; (
Lo (04K KK
hed LG VL,C J

YcaoBue (11) BHIMOMHSIETCSI, TOTOMY YTO

—T* = iy 5 -~ - -
U e L PRI T

_ M3 ypaBHeHu#l uenm Bepazum u(H), [ uepes u(-), [, [Toayuum
| nepesaToOYHYIO MATPHUILY :

K30 —L,Cey)V
S(w)___(l—(Kl—l)K,V WL )
Sl - 1L wi 1+K2(Klm1 [1+K2(K,—1)] %

1
q-

il
rjae 14 KpPaTKOCTH 00603HAYeHO A 1 + + Ky (K, —1) —0?CL,.
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Briuncnenna no dopmyae (13), ¢ apyroit CTopoHsl, AaioT, TaKOH Ke pe-
3y/AbTaT A/ XapaKTEPUCTHUYECKOH maTpuubl — Qyuxuuu oneparopa 7 [2],
§ 5. O6 ycaoBusix Teopembl 2

YcaoBus 1), 3) TeopeMsl 2 SBAAIOTCS HEOGXOAMMBIMH JIJIsI TOTO, UTOObI
pewanunch 3agaun I, II u MHOromosocHHKY @ npuHAJe)aJa OnepaTopHbIil
KoMmiaeKc. MoxHo su ocnabute TpeGoBaHHe 2), COXpaHsis PaspeummuMoCcThb
sagauu II, T. e. poipaxkenus (14)-=- (19)? 3gmech Gyaer mokasaHo, 4TO
B 0oOlLeM CJyyae 3TOrO CHEJIaTh HeNb3s.

Beenem Bekrop K= (K,, K,,..., K.), rae K,— K0apdHIUHEHTH TPaHC-
dopmauun (K, + 0). Ha ocuoBanuu siemmsl 1 B @ aas pukcuposanuoro K

Haigercs nHa6op {Qi}j_,=F (K) 3/eMEHTapHBIX UHMK/IOB, COCTOAIMX W3
pe6ep, HANpsKeHHsT KOTOPHIX BXoAAT B (14), u eme, MoxeT GHITh, peGep

THNa ¢, ¢;. Taxyio cucremy uukaos F(K) HasoBem cmandapmuoii pis

(14) mo ornomenuio Kk A, a ee momeaupyloiuii Myabrurpad o06Go3Ha-
upm uepe3 G (K).

Teopema 3. Ecau npu awéon 1% My Apmupagh G(l%) umeem nonap-
HO pa3auunele unoexco peGep t, a 3sadaza Ila) paspewuma npu ycio-

suu (20), mo 6 D umeemcs cmanoapmuniic t-yuxa G,
JJoxasaTeabcTBoO. [lockoabky TpaHcOpMaTOpPHbBIE HalpsKEHH

B (14) orcyrcrByiot, To aasa cucrems F (K) cnpaBemsauBul (22) u (23) --
—C TO# /MWL Pa3HHUIEH, YTO YHCAO TPAaHCPOPMATOPOB M3 MH(IKECTBa ¥

yxe He 00s13aTeqbHO paBHO 7 — 1. [lonyctuM, npu HekotopoMm K° B G (K°)
ecTh UHKJI; B cuay (22) xospouuments K, nz K° obpaumaior B HYJ/Ib He-

KOTOpPHIH MOJIMHOM OT x mnepeMmeHHbX: P, (KKa, ... ,K:) =P (K°) =0.
Tak, Hanpumep, aas puc. 12 nomxHo 6w K, = K K,. MOXHO HaiiTh

Taxkoe I%‘, uTo6H P, (l%l) + 0 u cucrema F(/€°) = {Q;}i_, He Obuia CTaH-‘
napTHo#i ans (14) mo oTHoOuleHHIO K 15 ABJsICh TAKOBOH MO OTHOIIE-
HHUIO K I%‘). CaenoBaTesnbHO, CTaHZApPTHAS MO OTHOMIEHHWIO K 12'1 cHCTeMa
/) (Ié,) He COBNajaer ¢ F(Kz). Ecau B G(Ktl) €CTb IIUKJIBI, TO Haijerci
MOJANHOM Pg:Pz(I%]) =0, P,=# P, CymecrByer kz, ANt KOTOPOTO

PyK?+0, Py(K?)+0, u r. 1. CTpoutcsi n0OCAEA0BaTENbHOCTb IOMAPHO
pasinunbix cucrem F(K?), i=01,... Osa He MmoxerT ObTb OeCKoHed-

HOH, MO3TOMY /JIsi HEKOTOPO# CHCTEMBbI F(l?") MOJIETHPYIOMUE ~ MYIb:
turpad G(K?) He comepxkur uuxaoB. CasHoctb G(K") BbITEKaeT M3
enunctBennoctu (14), tax uto G (K") — depeso. i

I-IOJIO)KI/IM, F(K”) : {Q'(I"{--"l’ qL] E Q‘,’h Q“{?r Ly eiey QY[)C{Q.{};=1;HM€!O.
mecto (22), (23). Ipu p>1 wmoxHO mnoxOOpaTh Takue KO3POHLHEHTH

@y #+ 0 B (22) u coorserctBenHo K ¢ momouibio (23), uT06H TOCAE MO
CTAaHOBKH ypaBHeHuit [Q,] u mpuBeenus nog0O6HBIX 4aeHOB B (22) K03
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e- (unuenT npu ”Lj OBl paBeH HyJw. [loayyutcs HeTpuBAaJIbHOE YpaB-
g HeHHe 0e3 HEeH3BeCTHRIX B cMbicae 3anauu lla) — u mocaenusis He pe-
maercs. Orciona p=1 u F(K") cyTb CTaHZAPTHBIH f-IHK.J L Teopema
i JIOKa3aHa.
i Taxum o6pasom, yCa0BUS TEOPeMBbl 2 SBJSIOTCS HE TOJNbKO JOCTATOYHBI-
:l‘b MH, HO U HeoOxodumbimu, — €Cau Kaxjaas cTaHgapTHasi cucreMa (COOTBeT-
35 CTBEHHO compsiKeHHas) obGsafaer TeM CBOHCTBOM *, UTO ee MOAENHPYIOUIHH
MyJabTHTpa HMeeT NONapHO pas3JuYHble HHIEKCHl pebep f,.
3anedanue. Ycaosrue HOpMUPOBKH Ha GecKoHeuHOI yactore (S (o0) == 1)
c- MOZKeT ObITh Bcerza o0ecrneyeHo HecylleCTBEHHBIM H3MEeHEHHEeM MHOTOMOJIIOC-
E: HuKa @, ecau OGeCKOHEUHOCTb — TOUKA PEryJsPHOCTH MaTPHIbI-(DYHKIHH
K S(w). O6pasyem MHOromosOCHUK @ U3 @ u P (o) Bxoanl @ u P (o) CoB-
B MeIleHbl, BXOH @; ycTpauBaercs Ha mecTe Bbixoaa P (oo) Bhixog @; cosma-
3 naet ¢ BbixogoMm @. Herpyano nokasatk, uto @ OCYLLECTBJASET eJHHUUHYIO
: nepegauy Ha GecKOHeyHOH yactoTe. IIpW 3TOM MHAYKTHBHOCTH M €MKOCTH
151 B @, u © oauHaKoBHI, ycaoBus 1), 2) TeopeMbl 2 BHMOMHSIOTCS Mg Py u D
ojiHOBpeMerHo, a 8, () =871 (=) S (v),
e § 6. MeToxn maJjoro napamerpa
Onpepenum JBe 3JEMEHTapHBIE ONEpaudd Haj myabTurpagom G —
D- =D == (X, 3 5) :
0- 1°. Yoaxenue pebpa' q(q€G): Glg =G, =(X,, I); X,=X, I'h=1Tq.
2°. Crsaeusarue pebpa q: g cHauaja yjaJjsietcs, 3aTeM HHIHUIEHTHbIE
v eMy BEepPLIMHBI X; H Xg CJAUBAIOTCS B OJHY X3 TaK, UTO BEpUIMHA X3 MHIUIEHT-
Ha TeM ke pebpaM u3 MHOxkKecTBa ['j, KOTOpbIe B CBOIO ouepeb GbIIU HHIH-
o JIGHTHBIMH X; H Xo.
v MHorononiocHHK P HA30BEM IAeMeHTApHbIM pacwuperuem P, ecan P
) nosyyaercst u3 Py yAaneHneM WJH CTATHBAHHEM HEKOTOporo peGpa ¢, (qC)
npumeM o6osnauenne @ < Py Ilpu P> D> P cuutaem P, paciuiupeHuem
€ @ (B maHHOM CJjydyae He3JeMeHTAPHBIM) C COXpaHeHHeM OO6GO3HaYeHHs
0. @Do>P. [TokaxkeM, UTO 049 NPOU3BOALHO2O MHOCONOAMOCHUKA D cyujecT8yer
" pacwiuperue, yoosaeTsopaouee Ycao8UIM Teopemsl 2.
1. @, > &. Tpebyem, uto6sl B @, GHIIO YCTAHOBAEHO B3aHMHOOLHO-
H- 3HauHOE COOTBETCTBHE MexAy i) u ¢ft) (3=1, 2, ..., m) TaK, uTO:
a8 a) Aaf Kaxnaoro B umeercs LUK Qp, COCTOSLHII M3 Mapbhi BHEUIHHX
pebep ¢{, giP) u eme, MOXKET ObITh, EMKOCTHHIX PEOED Gy
ia | B) Qs 1 Qp, He uMei0T 00mHUX TOUEK npu B; # B, OueBUAHO, LHKI
oo Qs fABASIETCS CTAHAAPTHBIM AJIsi ({1 M COMPSKEHHBLIM CTAHAAPTHHIM ONHO-
o L BpeMeHHO (Qp = ®3=mp). [las mosyuennsi pacumupenus P; no @ AOCTa')
s TOYHO CHayaJa M30JHMPOBATH APYr OT Jpyra Kaxjasle jaBa pebpa qﬁl"qé;
10 :
oy (cooTBeTCTBEHHO ¢§1, ¢%3)), Kak moxasano nyHxktHpoM Ha puc. 10. Ecan
noc/ae 3TOro AJs HEeKOTOPHX $ HeT yKasaHHBIX WHKJIOB Qs TO HX MOXHO

b~ o6pa3oBaTbh A00aBJleHHEM eMKOCTel ¢,,, kak Ha puc. 11. Cucrema auge-
MEHTADHHX HUKJAOB {Qs)f-1 M3 D, JUHEAHO He3aBHUCHMA.

13
, 2. @, > @,. Pacuiupenune @, onpejensercs Tax:
{ : ¢) {Qulfe1 ©D, . e. uuxan Qs He HapyUIeHbl pacilupeHHeM.
o d) Kaxnofi MHIYKTHBHOCTH 9, ¢ @, nocTaBieH B COOTBETCTBHE LUK/
B QLjE @D, C eIMHCTBEHHBIM YCJIOBHEM, 4TO quEQLj, quEQLi (i==)). Cu-
- * Tlo-BUAMMOMY, 3TO CBOHCTBO BbITeKaeT u3 paspemmnmoctu 3amaun II npu mobbix K

1)- B He gBasercs orpannueHneM. ONHAKO,  J0Ka3aTeJbCTBOM MbI He pacnoJaraem,
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cTeMa 3JeMeHTapHBIX UHKIAOB A=1Qs Qp;) B=1, ..., m; j=1, .. p)

3 @, auueiino wesasucuma. Ecan B @ mer unkaa Qp; A1 KaKoro-To j,
TO €ro MOXKHO MOJYUYHTb IPHCOEAHHEHUEM HOBOTO Pebpa ¢, K BepUIHHAM,
MHILHJCHTHEIM . :

3. @, > @,. Jlonoaunm cucreMy A COBOKYNHOCTBIO WHKAOB A, 10

=) -
—) (+) :
7, ‘ Z o e

Puc. 10 Puc. 11

eMy He NPUHAMJIENKAJIO HH OJHO pebpo a Jlaist 10Ka3aTenbcTa OTNpaB-
asiemasi ot 6asuca A, =A + A[, He y1OB/JIETBOPSAIOUIErO MOCJAEIHEMY Tpe-
6osanuto. Tycrn uuka Q; CA[, u Q;D ¢, ..., q,,. Cymecrsyer nunei-

r

- AR
Hasg KOMOMHAUMs BEKTODP-LHUKJIOB Q —}—}_, & Qrj» B KOTOPOil PaBHH HYJIO
j=1

KOMMOHEHTH 1A pebep ¢, ..., q; . B cuay semmb 1 myabrurpap @,

COMEePXKHUT UUKJA Q' 6e3 MHAYKTHUBHEIX peGep, IMpPHUEM CHCTEMAa LHKJIOB
{A, Q'} nunefino HesaBucuma. Mcxoaa u3 mocaexpueit (Bmecto A), mno-
CTPOMM UMKJ Q” aHAJOTMUHO NPEABAYLEeMY H T. 1., MOKa HEe NOAYUHM
6asuc A, =A +A,.

Ilo6aBuM K @D, pai eMKOCTeH, 4TOOB Pa3OMKHYTb BCE LHKJAB MO-
Aeaupyouiero myJabturpada X, cucremnl A, M MOJYy4YHTb HA MecTe I,
rpad Y, MOAeNUPYIOLHH HEKOTOpYIO cucTeMy A, co cBoficTBamu:

- e) Uukae Qz(B=1, ..., m) u3 A coxpausiiorca B A,.
f) Kaxpass HHIYKTHBHOCTb qyj BXOAMT JHUWIL B OAHH UMK Q’L].,

Q'L].EAa, npuuem Q'Li 6o/siee He COAEPKHUT HHAYKTHBHOCTE.

g) Ha rpaje 2; Her uux/a0B, a Bce ero pe6pa HMEIOT NOMAPHO
pas/JHYHbBIE HHAEKCH f;.

B kauectBe npumepa pasOMKHEM WHMKJ MyabTurpada X puc. 12.
3nech Ha Mecre BepwHH Q, Q2 Q, M3 I, H306pa)eHb COOTBETCTBYIO-
IHe UHKAB H3 A, C @,; x; —BepwuHe Myavtarpada P,. JocTaTouno
BBECTH HOBYIO €MKOCTb ¢, (puC. [3), uro6n uuxa Q, pacmajacs Ha JBa

uukaa Q" v Q" (Q;=Q+ Q") ¥ Ppa3oMKHyJACSs UUKA B I, — puc. 14.
[Tono6ubiM 06pa3oM pa3soOMKHEM BCe LHUKJL B I, C MOMAapPHO PasJHYHBIMH
uHAeKcamu f;. 3aMeHsia B cucteMe A, mukasl tuna Q, Ha Q' u Q’, mno-
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0 - =
Jyuaem 6Gasuc Ap mocaenHero pacuupenus s, YAOBJETBOpAOILHI €), f).
[lyers 2Y — mopeaupyomuit myabturpad cucremer A u ero pebpa
9:, 9, CHaGXEHBH OJHHUM HHAEKCOM f; (cM. puc. 15).
ITocnie noGasaeHuss ABYX HOBHIX eMKOCTeH (NMYHKTHpP Ha puc. 16)
006pa3yercsi WeCTb 3JEMeHTapHBIX WHKA0B: Q, ..., Q; TaK 4TO MoayyeH-

4 6
Has 3JEeKTpHYecKasl lenb HMeeT 6a3uc Ag/(_l:IIQi)U(_UlQ;). Monenupyio-

Puc. 12 Puc. 13

wuit myabturpad G cucremsl [Qi}}_,=7 COAEPKUT TOABKO OJHO peGpo
c uHaekcoMm £, (puc. 16) —B orauuue ot G. (puc. 15). Ilpn Q.=Q,
7 AOCTATOUHO A00aBHTh OLHY €MKOCTb; TOTJA LUK/

& Qi orcyrcrByeT, a Q= Q) = Q.=Q,. Koanuecrso

pebGep g €L} ¢ OAMHAKOBBHIM MHACKCOM f; MOTJIO

t/ ObITH JIOOBIM; MOCJAE€ YKAa3aHHOTO pacllHpeHUs

4)2 octaHercs OJHO peOpo ¢ uHAekcoM £, [lepeGpas

d
2
tj 94 &,
@ Y
3 2
0// Z‘Zt ta\@
2
2 ; Y2
Z‘2 : G‘ICZ; ][=/01/‘_=/c¢2
Puc. 14 Puc. 15 :
Bce £, (/=1, ..., %), NONyuYUM paCIIHUPEHHE @, co csoiictBamu e, f), g)

JJSi CHCTEMBI 31€MEHTaPHBIX LUUKJAOB A, u ee mozxeaupyiomero rpada I,
npuuem A, — Gasuc myabrurpada D,.

4. @, > @, Or6epem CBsI3HYIO KOMIOHEHTY £, u3 rpada Zs [lepeso I,

| SIBJASETCS MOJEJAUPYIOIHM TpaOM HEKOTOPOTO f-1IHKJA, w0={QT};=1 CodPy.

Ecan =, coaepxur 3 unaykrtusHoctedt (8 > 1), To Gaaromaps cBO¥HcTBY f)
MOXHO pAaCIWIMPUTh P; eMKOCTSIMHU TaK, 4TOOHI HAa MecTe ©®, 06pa30saa0Ch d
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CBSI3HBIX KOMIIOHEHT ([AepeBbeB) H B KayKA0H KOMHOHEHTE — MO OAHOH HH-
NYKTHBHOCTH. PacmupeHue NnpoBOJAUTCS aHAJOFMUHO puc. 13, Tak 4to rpad
23\X; u cucreMa uuKJOB U3 Az, KOTOPYIO OH MOAENHPYET, HEe NPETePrneBaioT
usMenenuil. ITocsie nepe6opa BceX KOMIIOHEHT B X3 MOJYUHTCSH MOMIEJNHPYIO-
wui rpag X4, COOTBETCTBYIOIUII Gasducy A,; MHOTOMOMIOCHHKA P4, MPUUEM -
B JIONOJIHEHHE K CBOHCTBAM a) ... ) CpaBeIJIHBO elle OJHO: fo) €CJNH HEKO-
TOPBIH ¢-UUKJI U3 A4 CONEPKUT HHAYKTHBHOCTh Gy j» TO Gy ; HE BXOLUT B ApyTHE

I-IUKJABl cHCTeMBl Ay,

s &,

o]

¢ ¢
Gr €25
Puc. 16
5. &> &,. Onpenenum cHavasa pacmupenue P IIpeanonoxum,
B HEKOTOPO#H CBSI3HOH KoMmmoHeHTe X = (X, [") u3 ¥, uucao BepmuH 60-

jaee exuHuup (|X|>1) u I wmozeaupyer f-uMka =, HE COAEPKAUHN
HHAYKTHBHOCTEli. [locienoBartenbHo Kk oanoMy u3 pebep ¢,€m n06aB-

JasgeM B @, HOBYIO MHAYKTHBHOCTb. [losyueHHoe pacuinpenue @] umeer
6asuc A} C HEU3MEHUBIIMUMCA MOAEJHpYiolHM rpadom: Lf=E,.
O6osnauum uepes o, 9y, ..., S, Ima1, +--. Om+p, CBA3HBIE KOMIOHEH-
Tel rpada X, KOoTOpHE MOAeMUpPYIOT f-UMKAH T; (i=1, ..., m-}p) 6e3
MHAYKTHBHOCTeH. 3aech w;=Q; CyTh 3/]¢MEHTapHble UHKJL, MNPUUEM
nepBHEe /M UUKJIOB—CTAaHAAPTHbIE AAfA ¢\*) U OJHOBPEMEHHO CONPSKEH-

HHEe crTaHjaapThee (cm. @)). Ha 6asze uukioB Qm4t, -.., Qms, CTPOSITCS
JUHEHHO He3aBHCHMBIE LWMKAH Q, ..., Q,c @}, yIOBIETBOPSAIONIHE YCA0-
BHIO: K) /a8 Kaxaoro i=1,...,p Cyumwecrsyer pe6po ¢; TakKoe,
4TO ¢; € Q;, HO qiEQ; NpH BCeX j M3 HepaBeHCTBa (< j<p;, U ele
9i€Qs B=1, ....,m. Koab cxopo uukan Qs(8 =1, .., m) mo-
napHo He WMeloT o0imuXx Touek (cm. P;), To Halmercs pe6Gpo ¢ € Qm+1,
g €QB(B=1,..,m n MOXHO TNOJOXHTb Q) = Qm+1. AHAJOTHYHO TO-

~ s 0 0
cTpoeHHio Gasuca A, B P, uilyTcs 3J1€MEHTapHBIE HUKAB Qm42,.... Qmsp,

£ 0 A
KoTophie He coxepxat pedpa ¢,, a cucrema (4s U Q) U (U Qmy,) 06-
1=2 J=2

pasyer 6asuc ®i. Haitnercs pe6po g, € Qhs2, 4:€ Qs (3=1, ..., m); noso-
xum Oy = QY .. Hcxaouaem pe6po ¢, us QY (i>2) u 1. A

YToGH NOJAYUUTb OKOHLAmeAbHOe paciuuperue Py, B Kaxjaoe H3 pedep
Qys +-» @ MHOTOMOMIOCHUKA P} 106aBASETCS MO OJQHOH HOBOH WHIYKTHB-
HOCTH, COOTBETCTBEHHO §;y, ..., q, . OUTEpalus CTATHBAHUS (2°) pebep

‘J

Gy -+ 97, TPEBPAILALT @, B @Y npu pacUIMpPeHHH MOJJUPYIOUHH rpad
I nepexoaut B I, Ge3 M3MEHEHWs UUCAA BEPIUHH, AYI H CBOHCTB a)-+K)
6asuc A9 — B 6asuc A;. [as yaoGcTBa COXpPaHUM OGO3HAUEHHs ILHKJOB

uz A /s COOTBETCTBYIOUIMX LHKJOB B Aj.
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Mruozonoawchurx &, yodosaemeopsem yoa06usm meopesme. 2. JledcTBu-
TeAbHO, Aad pebpa it CTAHZAPTHBIM U CONPAMKEHHBIM CTAaHJAPTHHIM

ABJAseTC UKD Q3 =3 :r:a (cm. @,). Kak HeTpyAHO BHAETb, C MOMO-
0 -

mblo JeMMbl 1 118 106aBAeHHBIX K @} HHAYKTHBHOCTEI e U1y 1
MOXKHO  TMOC/IE]0BATEALHO  HOCTPOHTH — SJA€MEHTAapHEe UWHKAB  Q,
QL(p-—l)’ ..oy @1, KOTOPBI € GYAYT CTAHAAPTHEIMHU: T TLr

IlycTb ykasaHHBIE HHJIYKTHBHOCTH CTOSIT MEPBBHIMH B HyMepalUH BCeX
pebep qu:qu, qu’ qu. MHAYKTUBHOCTD qu (j > p) npuHamIEKUT
JIUUIb OJHOMY UuKJAY Q] u3 cncrembl Aj. BriGepem HanGoabwnii f-uuKs =;,
uto6n Qf Cmy= (Q/)r_ A, Tlo mocrpoennio g, € npn p<ij.
Ecau uuka Q’Y' HMeeT cpeau CBOMX pebep ¢it), q,. (i<y), TO Q{ 3ame-
HSIETCA JPYrUM LHUKJIOM, 6e3 aTux pebep (C mMOMOIbIO JeMMbl 1 H CTaH-

AapTHEIX LUUKA0B Qp, Qrj, j <p). Jlerko Buaerb, uTo Ha mMecre =; MOJY-

YUTCS CHCTEMa M3 7 LMKJAOB, MOJAENUPYIOWUHA rpad KOTOPOH yAOBJAET-
BopsieT ycaosuio a). CienoBaTenbHO, H3 3TOH CUCTEMbl MOXKHO BBHIEJUTD
CTaHAAPTHHI £-1UK] ij, j>p. AHaJOTHYHO HAXOAATCS CTraHAApPTHHIE

a

{-IUKAB T,; U COMPSIKEHHbIE CTAHAAPTHBIE =) ., .

Jlanee, uukaomatuueckne uncaa M myavturpagos Dy u P, cosna-
naior. B oGosnauemusax 0= (X, I') cmpasegiuBo |X|=M, I'|=x.
Hucno p cBASHBIX KOMIOHEHT M3 L) MOXHO BHIPa3uTb Yepes m:p=p-m.
Llukromatuueckoe uucao rpada I paBro HyJaio: 0= |[]—|X| + p, or-
Kyla p=M —x—m u ycaosue (20) BemosHeno nas @, [lyctb auas
MCXOAHOTO MHOTONONIOCHMKa @ pa3pemuma 3ajgaua [ (1. e. PERQ).
Jlerko nposeputb, 4To TOrAa M D, €2, ecan D, — 3MEMEHTAPHOE DPaC-
wupenue @. [lposepsiercs Takxke, uTo onepauus 1° nag pe6pom q us @,

COOTBETCTBYeT mNpejeabHoMy mnepexoay Y, 0, a onepauus 2°— mpe-

- {
AeabHOMY nepexoiy Z, -0 B cucreme ypaBHemuii aaa @, rae Y, v.—_;"
q

u
Ha3hIBATCs NMPOBOAMMOCTBIO pedpa ¢, Z, T" — €r0 CONPOTHUBJEHHEM.

q

1
Hanpumep, xoraa ¢ — unayxruBHocts, 10 V¥, = ol

Y,~>0npu L oo, Z,—0 npu L -~0. U3 Toit e TNpPOBEPKH CJIEILYET,
uTo otobpaxenus R, (v), S (0) cucrems @, cTPeMATCs K 0TOOPAKEHUAM

Zq—_—imL, TaK 4TO

R (0), §(v) cucremsr @, xorpa mnapamerp L % ©, é—) peGpa g crpe-

MUTCS K HyJ10. JlokasaHa

Teopema 4. Besakuii muozonostochuxk P us xaacca Q4 donyckaer pac-
uiuperue Ps, KOTOPOMY NPUHAONCHCUT ONEPATOPHBLI KOMRACKC; NaApaMeTpbL *
pacuiupenus MOXHO 86LOPATL Tak, 4TOObL INCKTPUYECKUE COCTOAHUS yenel
D5 u D pasauuaauce cKoAb Yeo0OHO MaAAo.

§ 7. llpumeHeHus onepaTopHoro Kommiekca

[Tonyuenue onepartoproro xommiekca |7, e, J| onucano B § 4; oHO He
Tpe6GyeTr MouTH HHKAKHX BBIUHCJAEHHH, eC/Id H3BECTHH Bhipaxenus (14), (17).
[Tocsiegnune MOryt GBITh 3amHCaHBl MO CTAHZAPTHBIM {-IHKJAM.

1. Komnaexke [T, e,, / m03BOJIsSIET BLHIUHCJAHTL COCTOSIHHE MHOTONOJIIOCHH-
ka @ u3z cdopmyn (12), (13). Oxnako, ocHOBHAsl LEHHOCTb KOMIJIEKCA 3a-

R R NI AL T B SR ST MRRRIOT SO AR
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knioyaercs He B roM. M. C. JIMBIIAI NOCTPOHJ CTENHAIBHYIO TEOPHIO, H3Y-
yawllyio koseGanus OOGLIMX OTKPBITEHIX CHCTEM C NOMOLIBIO ONEPaTOPHBIX
KoMMiekcoB [6, 7] u onupaloulyiocss Ha CHEKTPAJbHYIO TEOPHIO HECaMOCONps-
JKEHHBIX OnepatopoB. B kauecTBe npumepa pacCMOTPUM MNpeICTaBJECHHE
OTKPBITOH cucTeMbl P B BHJe LEMOYKH NPOCTEHUIHX OTKPHITHIX cHcteM P,
aHaJIOTHYHOE Pa3JIOXKEeHHIO KoJieOaHUH 3aMKHYTOH CHCTEMBI 110 COOCTBEHHBIM
? («mpocTeHIINM») KOJeOaHHSIM.

S
‘ o _ g 5,5 R 55,5 p
I B ) i i & e
Z, 2, %
Puc. 17
Mycte Dr(k =1, ..., N) — OTKDHITHIE CHCTEMH, y KOTOPBIX MpO-
CTPaHCTBAa BXOJAOB (BBIXOAOB) OAMHAKOBH : E, =FE,=... =Ey = E.J1uM

CHCTEMaM COOTBETCTBYIOT OTOOpamenus ¢, = Ry (w)oy ), ok =Sk (0) 0%,
(¢ € E, 4, € Hr). ITocTpOuM HOBYIO OTKPHTYIO ccTeMY =@ 1D,1... Dy,
noJarasi JUIsi Hee MPOCTPAHCTBO £ TNMPEXKHHM, NPOCTPAHCTBO BHYTPEHHHX
COCTOAHHU I

| H=H ®H,®..®Hy, $= (R, +R:S; +.+RySy_1 ... Ss8)

fp(+) e SNSN—I Sl CID(—)'\{) € H, ?(i) € E)
Cucréma @ wmasmiBaeTcs yenueim coeduHenuem cuctrem Pp: D =

N
= 1 @, [6,7]. Ilpu dimH,=1 cucrema @, Ha3bBaeTcs OJHOMEPHOH,
k=1

uan npocreiiweii. Cnpaseaausa Teopema [6]:
Ortkpeitass cucreMa P, KOTOPOI MPUHAANCKUT ONEPATOPHBIA KOMIIEKC
N

[T, e,, J], pasnaraercsi B UENOUYKYy OHHOMEPHHIX cuUCTeM: D=7 , rie
k=1

N =dim H, dim H = 1. 2T10 pas/ioXeHHe MOXHO H300pa3uTb B BHIE

CHUMBOJHYECKOro paBeHcTBa puc. 17, N =3), rae Bxon ® u BuXx0A Piy

copnajaoT. Llenmouka puc. 17 moxaskHBaeT, KaKHM IPOCTEHIIMM MOCAEN0-
+(-)

BaTe/LHBIM NPE0OpPa30OBauUsiM S MOABEPraeTcs BXOJHOE COCTOSHHE ¢ , IO

- (+)
TeX nop,noKa He 6yJeT MOJy4YeHO BLHIXOJHOE COCTOSIHHE @; MepelaTOuHOe

oro6paxenue cicremsl ¢ pasHO S (0) :SNSN—I"'SI'
[lenouka puc, 17 BHsCHAET HE TOJbBKO NEpeiaTOuHbe CBOHCTBA CH-

] crempl ®@. M3 [6] BuyTpennee cocrosinne ¢ cucremel @ paBHO cymme
N i

s Z £, 4., TIe Yuca0 &, — BHYTPEHEE COCTOSHUE OJHOMEDPHOH CHCTEMb
| k=1

N 5
, ® B nenouke 7 @ ; {$z} — oproHOpPMUPOBaHHEIA Gasuc npocrpaHcTsa H,
| k=1
L £ Nopin |
‘ B KOTOpOM omepatop 7 uMeeT TPeyroabHbIi BHA ¢kT=Z Tij §;. Cu- =
{ j=k




Hecamoconps:KeHHEIe OMEpPaTopsl B TEOPHH MHOTOMNOJIIOCHHKOB YT &

CcTeMa BEKTOPOB {«pk} Ha3blBAeTCs TPeyroJbHHUM GasucoMm onepartopa 7.
Ilpu atom
- (=)

R R e 5 el
Ek— ﬁ,._—)\k_;_w__, Sk(m)—l— )\k—w ]7k Hk.], (34)
rae Ap — COOGCTBEHHOE YHCA0 Tkk oneparopa & ﬁk=(dk1, «e+y Oyp)—BEK-

TOpP C KOMIIOHEHTaMH dj; _(q»k, ej) €; — KaHaJOBbll BEKTOP U3 KOMILIEK-
B u = 1, Ny i= L0 -n).

Ooparumes K npumepy puc. 8, § 4. Us ypasuenus Det (T —M, =

P T T
i R AR )
A ()\ 7.C [ICSI HaXO0/luM COGCTBEHHLIE YHCJA Omeparopa

dihs — 0 dos =+ LbC o L]C npubL,+ L, >0, raeb= 1+ KK, —
23

— K. Co6ersenntie Bextopsl mmeior sug: f,=(VL,; —VLs; O);
hos =(— iV Ly; —ibVL,; sVLLCy).
1
[lepeiinem k uncienHHoMy npumepy Ha puc. 8: L,=4, L,=16, C,= e
Ke=9, Kx=2. Torpa b=95;, ©\=0; A3 =’—t%—
TR e
Eodn i h o)
T = 0 0 o ; 1 k ’ 9’ :
n S e T U s
t # )
ll_ 1 ik 1 - ? :
%—mz 4&»’%_(92)
Sro) \
__ . !6iw ol 5
9 s ey
— c—— w" —
( 4 4 )

K cucreme coGCTBeHHBIX BEKTOPOB { 1 =(2; —4; 0); /12,3—( - 4§; — 10i;
5 6)} oneparopa T npumensem mpouece HOCJIE}lOBaTEJleOH OproroHaJ/u-

V5’ Vs 1/70 V70 V7o )
- i - - -
=(——i; ———; —_-)\. Tpeyroabunii 6asuc {J,, ¥,, oneparopa T
fs (V e V14) pey {91, ¥, b5} omeparop
He06x011uM0 BbIOpaTh Tak: q»l f,, qaz-—f_, qa3 . Bcnomorareabhue
BEKTOPHI 17k u3 (34) paBHBI: I7l

55

—————,k, ; 172‘:(—— T:;
: ok |/ 7 V14 2170
—f%%—); 3 =(—- V_lg; O). Muorononocauk @ puc. 8 pasaaraercs

12 4405
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B LEMOYKY mpocredwux cucrem P,,, uzobpaxeHHyio Ha puc. 17, rias u3
hopmyan (34)

: 1 iy 1 3 Qs
SSw=I4+ —m— . [ _ 2 i\ Sy(w)=f——-f°2 Y §
?) P 5 555 »3‘_(” s o)) :
2 2,8 2 s/ TR
i 7 7 1
. 1
S;(w)=[ 1— o
0 1
1 ¢
§ = 3 — 24il); &, =
leZ’( 5 ik ;
i A i 1 _l R 1)
iV5o 3 2ois R :
| 4 J 4 1)
E B
52 e ’ ; 2 T _53.1_ u(' ) .'r_ 20[._{_ _;__i_ [(“)
L/7()( o [0} ) 2 |- (D? g W

HenocpejcrBeHHbIM BblUHCACHHEM IIpOBEpseTcs, 410 OToOpakenue S (o)

U BHYTpPEHHee COCTOAHHE Y HCXOAHOTO MHOromno/aocHuka ® puc. 8 cBsi3aHbl
: 3

C LEeNnoYykoil caeayiomum obpazom: S(w) = §,S,S.,, LI):E Erly.
k=1

Orkpoitas cucrema ®, pusnueckn peasiudyema B BHAE PEAKTHBHOIO
yeTelpexnoalocuuka (4, 8, 9|. Xora kaxnaas us cucrem ®,, ¢, He peanu-
3yeTcss MHOTONOJIIOCHHKOM, OJHAKO, HX ILeNHOe COeJHHEHHE — CHCTeMa
Oy = O,7P, — oxasbiBaeTca peanusyembiMm. Pusnueckoe ocyuiecrsaeHue @,
u O, MOXKHO BHIIOJHHUTH 0 MaTpuuam mepejsaun S, =SS, u S, coraacuo
[4, 5, 11]. Kackaguoe coenunenne @, u O, naer ueTbPeXMOJIOCHHK pHC. 18,
9KBHUBAJEHTHBD I UYETBIPEXTMOJNIOCHUKY pPHUC. 8 (IBe OTKPLITbIE CHCTEMbI
Ha3bIBAIOTCH IKBUBAJEHTHBIMH, €CJIH Y HHUX OJHHAKOBBI IepeLaTOYHbIe OTO-
OpaKeHus).

Kak moxasblBaeT npuMep, OnepaTopHble KOMIJIEKCHI MOTYT NPHUMEHSTh-
cs JJisl CHHTe3a MepefaToyHod MaTpuubl S(w) B BHAE LENOUYKH MHOTOMOJIOC-
uukoB (cp. [4, 5, 8, 11]).

2. PaccmoTpuM HeycCTaHOBHBIIHECHs KOJeOaHHUdA MHOro-

noaiocHuka ¢ ¢ T1POM3BOJIBHBIM BXOAHBIM CHTHajsoM ¢() (). Bmecro (7),
(8) mamo ucnoab3oBaTh (3), (4); ocraapHbie ypaBHeHusi uenu— (1), (2),
(51, (6) — coxpaHsiiorcsa. Bynem roBopuTh, UTO B HEYCTAHOBHBUIEMCs pe-
JKHME MHOTOMOMIOCHUKY P NPUHAIMEHHUT ONepaTOPHbIH KoMIIeKe [T, e, /],
eC/IM BHITMOJMHEHBl COOTHOWeHus (11), (35) (36):

dd t 2 ’
S’t “e@) T L o) (t e, (35)
a=1
% Lyl n e N
SR = )i V G (1), e au, (39)

a=l




Hecamoconpsienusle 0nepaTopsl B TeOPHH MHOTONOJIOCHHKOB S (740

-

rme )¢ = (¢ 8, . ¢ (D), @=(1, 0 ..., 0), ....a,=(0, ...,0,1).

Koraa ¢, o#) ne 3aBucaT oT BpeMeHnH, (36) pasnocuabHO (13) [6, 7],
M03TOMY ofnepaTopHble KOMIJIEKCH, NpuHaaiexauie O B yCTaHOBUBLIEMCS
M HEYCTAHOBHBIIEMCsl PeXHMe KoJaeGaHUii, O NHOBPEMEHHO He CV lle-
CTBYIOT HJH CYWECTBYIOT H cOBmaxaioT. [IpuMeHeHHs KOM-
naexca [7, e, J| aAna usyuenus mnpou3BOJbHBEIX KoJeOanuii ¢ aHajio-
THUYHBl pacCMOTpeHHBIM Bbie. Tak, peuwienue (35) OOBIYHBIM IyTEM JaeT

T | 5 o
- I —Tr 2
|
v | J=za =5 /4
[
|
i -
|
2

Puc. 18

BHYTPEHHEE cOCTOsiHME U (£), YAOBJETBOPSIONIEE HAYAILHOMY YCAOBHIO
b (¢,):

t
: B TR > ATt -
s =btte " V=il ¥ eeae " Vs
§ rto a=1

IToacrasasa Haiinentoe ¢ (¢) B (36), noJayuaem BhXoaHOe cocTosiHne ¢+ (¢),

Pasaoxenue B Uenoyky ocraercd CIpaBeJHBLIM, (DOPMYJB COCTOS-
HUH MpPOCTefIIuX CHCTeM M3 IeNouYkH npuobperaor Bua (cp. (34):

- - - iyt — )
W=, =2 O Se=90) — (e

0

- @ () IT20T, I ds,

S G ey o
=g ) Re=—i |e - o) (s) ITids,

0
rae cp<*>=cp<k—)81$2 ... Sp1—COCTOAHNE, MOJAHHOE HA BXOJA MpOCTEiuIei
cHCTeMBl P, M3 1IeNOYKH; A — COOTBETCTBYIOIEE COOCTBEHHOE YHCJIO Ole-
paropa 7; BekTOpHl [, OnpefeasiioTCA MO KaHAJIOBBHIM BEKTOpaM H Tpey-
roJbHOMY 0Gasucy oneparopa 7 W COBNAAAIOT C BHIUHCAEHHBIMH [, aasi

(34); mauasnbHble ycaoBusi — HyJeswie (¢ (0)=0).

s usyuenusr ojHOMepHO# cucreMbl P BHE CBS3H C IEMNOYKONH HALO
MOJIOKHUTD of )=o) 7).

3. Tlpexcrasaser uHTepec uayueHue CJAELYIOUHX BOMPOCOB.

12%
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a) HccaepoBanue MHOTOnoJalocHuKa P ((‘Doe Q,) ¢ NOMOILBIO NMOCAENO-

BaTeJbHOCTH ONEPATOPHLIX KOMIJIEKCOB [Tk, e*, J|, npuHasIeRalmuX MHO-
ronomocHukaM ®,, rae @, > @, lim S 0)=3§;(0), lim R, (0)=R, w
koo

.
b

Si, Ri— oTo6paxeHusi CHCTEMBI <I> l—O, 1, 2, ...), cM. Teopemy 4.

6) Tlepexox ot paccmorpeHnoro Bhie kommaexca |7, e, J]|, HOpMHU- .
POBAaHHOTO Ha GECKOHEYHO YJaJeHHYIO TOUKY, K ONEePAaTOPHBIM KOMIJIEK- |
caM, HOPMHMDOBAaHHBHIM Ha INPOHM3BOJBHYIO TOYKY . Takoili KOMIIEKC |

{

JIO/KEH CyIeCcTBOBaTh JJd JI060ro MHoromoJiochHka @ u3 kJaacca 2.

B) Ilepeuncsenne MHOTOMOJIIOCHHKOB C OJHHAKOBLIM OTOGpazKeHHeM
S(w) — npo6isema 3kBuBajentHocTu (B. Kayap). Dra npobaema, croab
BaXKHaA JJs TNPHJOMKEHHI, CBsS3aHa ¢ NOHATHEM YHHUTAapHOH S5KBHBAJIEHT-
HOCTH KOMIIJIEKCOB, BeleHHBIM B [6].

r) BkuaioueHue 3/1eKTPHYECKHX LeMneil ¢ OMHUECKHMH COTIPOTHBJIEHUSIMHU
B TEOPHIO OTKPHITBIX CHCTEM.

11) OﬂpelleJleHHe reoMeTpruyYeCKux yCJIOBHﬁ CyILIeCTBOBaHHA KOMILJIEKCA
JAJs1 Helepeaarmuiero MHOTIOIOJMIOCHHKA.
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