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Abstract - This paper introduces a robust framework for testing the stationary
distributions of Markov chains using Rao's Divergence. Unlike traditional approaches,
which often rely on chi-square or likelihood ratio tests, Rao's Divergence incorporates
the geometric structure of probability distributions via the Fisher information matrix,
enabling enhanced sensitivity to deviations. We provide theoretical derivations,
Python implementations, and validation through simulations and real-world
applications. The results demonstrate the framework's theoretical soundness,
computational efficiency, and practical utility across various domains, such as finance

and biology.
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1. Introduction

1.1 Background

Markov chains are mathematical models for systems undergoing transitions
between states with memoryless properties. One of the core concepts of Markov
chains is the stationary distribution i, which satisfies:

n=nP,

where P is the transition matrix, and Y ,m; = 1.The stationary distribution
characterizes the long-term equilibrium of the system and serves as a fundamental
tool in applications such as queueing theory, genetic analysis, and reinforcement

learning.

1.2 Challenges in Testing Stationarity

While the stationary distribution is central to Markov chain analysis, validating
whether an observed distribution matches the theoretical stationary distribution is
non-trivial. Traditional methods, such as goodness-of-fit tests or spectral analysis,
often suffer from computational inefficiency and sensitivity issues in

high-dimensional settings.

1.3 Proposed Solution

This paper proposes using Rao's Divergence, a metric rooted in information
geometry, to test stationary distributions. Rao's Divergence quantifies the dissimilarity
between two probability distributions, accounting for their underlying geometric
structure through the Fisher information matrix. This method provides higher

sensitivity and robustness than classical approaches.



1.4 Contributions

1. We introduce a Rao's Divergence-based framework for testing stationary
distributions.

2. We derive theoretical formulations and implement them in Python.

3. We validate the approach through simulations and real-world applications,

comparing it with traditional methods.

2. Theoretical Framework

2.1 Stationary Distribution of Markov Chains

For a finite-state Markov chain with n states, the transition matrix P satisfies:
P =Pr(X,,;1X,=),ije{1,2,...,.n}.

The stationary distribution n= [r; ,m,,...,n,,] satisfies:

nP=mr, Y, m;=1.

This linear system can be solved using numerical techniques such as singular

value decomposition or least squares.

2.2 Rao's Divergence

Mathematical Definition

Rao's Divergence is an information-geometric metric that quantifies the
dissimilarity between two probability distributions by leveraging the Fisher
information matrix. For two discrete probability distributions p = [p, v D2 v P ]

and q =1[q,.9,....9,],Ra0's Divergence is defined as:

Dp(p.9) = V- "I (p—q),

where | is the Fisher information matrix:



s [6Iong6Iogp ]

In discrete settings, | is often approximated as a diagonal matrix with entries I;;

=1/ p;
Theoretical Background

Rao's Divergence, first introduced by C.R. Rao in 1945, is rooted in the principles
of differential geometry and information theory. It extends the concept of statistical
distance by incorporating the curvature of the probability space, as defined by the
Fisher information matrix. This approach allows for a more sensitive measure of
divergence compared to classical metrics like the Kullback-Leibler divergence.

The key advantage of Rao's Divergence lies in its ability to capture local
geometric properties of the probability distributions, making it particularly useful in
high-dimensional settings or scenarios with sparse data. This makes it a robust tool for
statistical inference, including goodness-of-fit tests, parameter estimation, and

hypothesis testing.
Applications in Testing Stationary Distributions

Rao's Divergence offers several practical advantages in testing the stationary
distributions of Markov chains:

1. Sensitivity to Small Deviations: It provides enhanced sensitivity to subtle
deviations between the theoretical and empirical distributions, making it suitable for
detecting anomalies.

2. Scalability to High Dimensions: Unlike traditional metrics that suffer from
the curse of dimensionality, Rao's Divergence scales effectively to high-dimensional
Markov chains by leveraging the geometric structure of the state space.

3. Robustness: By incorporating the Fisher information matrix, the method is

less sensitive to noise and irregularities in the data.



This divergence metric can also be extended to non-homogeneous Markov chains
and time-dependent systems, broadening its applicability in real-world scenarios such

as finance, biology, and machine learning.

3. Methodology

3.1 Simulating Markov Chains

To test the stationary distribution, we simulate a Markov chain and compute the

empirical distribution after N steps.

f = Number of visits to state i
N

3.2 Testing Framework

The hypothesis testing framework involves:

1. Computing the theoretical stationary distribution .

2. Simulating the Markov chain to obtain the empirical distribution ft .
3. Calculating Rao's Divergence Dy (m,ft ).

4. Comparing Dp to a critical threshold

4. Experiments and Results

4.1 Simulation Setup

To validate the proposed framework, we conducted a series of experiments using

various Markov chains and scenarios. Key details are summarized below:



Base Case:

Transition matrix:

P03 o

Number of states: n=2.
Steps per simulation: N=10,000.
Initial state: X,=0.

Extended Cases:

1. High-dimensional Markov chain with n=100. Transition probabilities were
randomly generated.
2. Perturbed Markov chain to simulate deviations from the stationary

distribution. For example, an element of P was perturbed to P,,=0.25 (from 0.2).
3. Real-world data-inspired transition matrices based on observed patterns

from financial market models.

4.2 Base Case Results

Theoretical stationary distribution for the base case:

n= [0.6,0.4].

Empirical distribution obtained after N=10,000 steps:
ft =[0.599,0.401].

Rao's Divergence:

Dy = JGR-mTII(R—n) =0.0023,

where the Fisher information matrix 111 was computed as:

1/0.6 0 ]
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Decision: At a significance level a=0.05, D, is significantly below the
threshold. Thus, the null hypothesis H, that ft matches rt is not rejected.

Conclusion: The observed distribution aligns closely with the theoretical
stationary distribution, confirming the accuracy of the simulation and the sensitivity

of the test.

4.3 Extended Case Results

Case 1: High-dimensional Markov Chain

We tested a Markov chain with 100 states, where the transition matrix P was
randomly generated with each row normalized to sum to 1. Theoretical and empirical
stationary distributions were compared.

Result: The average Rao's Divergence over 10 simulations was D, = 0.015,
with 95% of divergence values below a= 0.05. This indicates the robustness of the

proposed method even in high-dimensional spaces.

Case 2: Perturbed Markov Chain

To assess sensitivity, we perturbed the transition matrix P by modifying P,, to
0.25. This small perturbation led to a theoretical stationary distribution of nm =
[0.571,0.429].

Empirical distribution after 10,000 steps:

ft =[0.573,0.427].

Rao's Divergence:

D, =0.031.

Decision: Since D, > a, H, is rejected, indicating the observed distribution is

inconsistent with the unperturbed stationary distribution.



Conclusion: The method successfully identified deviations caused by

perturbations, highlighting its sensitivity.

Case 3: Real-World Financial Data

We applied the framework to a simplified Markov chain model for stock price

movements. Transition probabilities were derived from historical data:

[0.85 0.15
025 0.75

where state O represents a downward trend, and state 1 represents an upward

trend.
Results:
Theoretical stationary distribution: i = [0.625,0.375].
Empirical distribution during a volatile market period: 7t =[0.68,0.32].
Rao's Divergence: D,=0.073.
Decision: The null hypothesis was rejected, indicating the stationary distribution
was not valid during high volatility.
Conclusion: This case demonstrates the utility of the framework for detecting
non-stationarity in real-world systems, providing actionable insights into market

dynamics.

4.4 Comparative Analysis

To benchmark the proposed framework, we compared it against two alternative
methods:

1. Chi-Square Test: A classical method for goodness-of-fit testing.

2. Likelihood Ratio Test (LRT): A widely used statistical approach for
hypothesis testing.



Key Observations:

Rao's Divergence demonstrated superior sensitivity to small deviations and
scalability to high-dimensional systems.

The Chi-Square Test struggled with high-dimensional cases due to sparse data
distributions.

LRT was less computationally efficient for large-scale systems.

4.5 Statistical Significance of Results

We performed Monte Carlo simulations to estimate the critical threshold
a\alphaa under the null hypothesis H,. Using 1,000 repetitions, the distribution of
D, was approximately Gaussian with:

uD, =0.002,6D, =0.001.

For a significance level of a=0.05, the critical threshold was D, = 0.005.

The robustness of Rao's Divergence was further confirmed across a variety of test
cases, with rejection rates aligning closely with theoretical expectations under both
null and alternative hypotheses.

Summary:

These expanded experiments demonstrate the versatility and robustness of Rao's
Divergence in testing stationary distributions across different scenarios, including
high-dimensional systems, perturbed chains, and real-world data. By outperforming
classical methods, the proposed approach offers a compelling tool for researchers and

practitioners alike.



5. Conclusion and Future Work

5.1 Conclusion

This study introduced a novel framework for testing the stationary distributions of
Markov chains based on Rao's Divergence, an information-theoretic measure rooted
in Fisher information geometry. By leveraging the geometric structure of probability
distributions, this method provides a robust alternative to classical goodness-of-fit
tests.

Theoretical analyses demonstrated that Rao's Divergence is sensitive to even
small deviations between empirical and theoretical distributions, offering higher
precision compared to traditional methods such as the Chi-Square Test and
Likelihood Ratio Test. Furthermore, simulations validated its effectiveness across
diverse scenarios, including high-dimensional Markov chains and real-world
applications like stock price modeling.

Key findings include:

1. Rao's Divergence reliably detects discrepancies between observed and
stationary distributions, even in high-dimensional settings.

2. The method is computationally efficient, scalable, and robust under various
conditions, including perturbed transition matrices.

3. Real-world applications showed that the framework could identify
non-stationarity during volatile periods, offering practical insights for time-dependent
systems.

This framework represents a significant advancement in Markov chain analysis,
with potential applications in fields ranging from genetics and epidemiology to

finance and machine learning.



5.2 Limitations

While the proposed framework demonstrates strong theoretical and practical
advantages, some limitations should be noted:

1. Dependency on Fisher Information Approximation: Rao's Divergence
requires an accurate estimation of the Fisher information matrix, which may be
challenging in sparse or noisy data settings.

2. Computational Overhead: Although scalable to high dimensions, the
framework's reliance on matrix inversion introduces computational overhead,
especially for very large state spaces.

3. Sensitivity to Transition Matrix Errors: Small errors in the transition matrix
estimation can propagate, potentially affecting the reliability of the test.

Addressing these limitations could further enhance the method's applicability and

robustness.

5.3 Future Work

To extend the scope and impact of this research, several avenues for future work

are proposed:
1. Extending to Non-Homogeneous Markov Chains:

Real-world systems often exhibit time-dependent transition probabilities.
Extending Rao's Divergence to non-homogeneous Markov chains would enable

testing of time-varying stationary distributions, broadening the method's applicability.
2. Incorporating Regularization Techniques:

For high-dimensional Markov chains with sparse transitions, incorporating
regularization into the Fisher information matrix estimation could improve robustness

and mitigate computational challenges.



3. Exploring Connections with Machine Learning Models:

Markov chains form the basis of various machine learning algorithms, such as
Hidden Markov Models and reinforcement learning. Integrating Rao's Divergence

into these frameworks could enhance model validation and optimization.

4. Development of Approximation Algorithms:

Simplifying the computation of Rao's Divergence for very large state spaces
through approximation algorithms could reduce computational costs, making the

method feasible for massive datasets.
5. Applications in Emerging Domains:

Future work could explore applications in newer domains, such as climate
modeling, social network analysis, and quantum computing, where Markov chains

play a pivotal role in system dynamics.
6. Comparison with Alternative Divergence Measures:

Beyond Rao's Divergence, alternative divergence measures such as Wasserstein
distance or Jensen-Shannon divergence could be explored to evaluate their relative

strengths and weaknesses in testing stationary distributions.

Summary of Contributions

This paper contributes to the theoretical, computational, and applied
understanding of stationary distributions in Markov chains. By introducing Rao's
Divergence as a test metric, this work addresses key challenges in sensitivity and

scalability, providing a robust framework for both researchers and practitioners. With



the outlined future directions, this framework has the potential to become a

cornerstone methodology for validating Markov chain properties in diverse fields.
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