MinicTepcTBO OCBITH 1 HayKn Y Kpalan
XapkiBcbkuii Hamionajabauit yaisepcuret iMeni B. H. Kapazina
Daxy/abTeT MaTeMaTUKN 1 iHhopMaTHKI

Kadenpa dpynmamerTa bHOT MaTEMATUKH

Ksamidikariiiina pobdora
MaricTp
OCBITHBO-KBaJTi(piKaIifiHMIT PiBEHD

Ha TEMY:
«IIpo po3TATYyBaJbLHO-CTUCKAJIBbHY IIACTUYHICTD OJMHUIHUX cdep
AesIKNX HOPMOBAHUX MPOCTOPIiB»

pobOTY BUKOHAB:

crynent rpynu M-162, 2 kypcy
Japyroro (MaricTepcbKoro) piBHsi,
JleBuenko M. A.

CIIeIliaJIbHICTh:

111 Maremaruka

OCBiTHs mporpama: Maremaruka

KepiBnuk: j1ok. ¢iz.-mat. HayK, mpod.
dasopos C. O.

Penenzent: Kanj. ¢is.-mar. HayK,
JIONEHT Kadeipu BUIIOI MaTeMaTUKN
HarionaapHOro TeXHigHoro
YHIBEPCUTETY

«XapKiBChKUII MO TEXHITYHUN IHCTUTYT»
I'upsa H. 11.

XapkiB - 2025 pik



Contents

1 Introduction
2 Hilbert spaces
3 The space /;
4 The space (

5 References

12

15



1 Introduction

A function p : M x M — RT is called a metric on the set M if it satisfies the following four
axioms:

(x,z) =0 for every x € M;

implies x = y for all z,y € M (non-degeneracy);

L p(z,z)
2. p(z,y) =0

3. p(x,y) = p(y,x) for all z,y € M (symmetry);

4. p(x,z) < p(x,y) + p(z, 2z) for all z,y,z € M (triangle inequality).

The pair (M, p) is then called a metric space.

A sequence {z,},en of elements of the metric space M is called fundamental (or a Cauchy
sequence) if for every € > 0 there is a N € N such that p(zy, zy,) < € for all n,m > N. Every
convergent sequence is fundamental, but the converse statement is not a priori true. Metric
spaces for which it is true are called complete.

A set X together with defined on it operations of addition and multiplication by real scalars
is called a real vector space (or linear space) if X is an abelian group with respect to addition,
and for any A\, u € R and any x,y € X the following relations hold:

o l.-z=u;

o (Az = A(p);

o (A\+p)r =\ + ux;
o Mz +y)=Ar+Ay.

Let X be a real vector space. A map || -|| from X to R is called a norm on X if it obeys the
following axioms:

L. ||z]| = 0 implies = = 0 for every z € X (non-degeneracy);
2. ||Az|| = |A| - ||z|| for every x € X and A € R;
3. ||z + yl| < |lz|| + ||y|| for all z,y € X (triangle inequality).

The pair (X, || - ||) is then called a real normed space. Every normed space is also a metric
space with the metric p defined by
p(z,y) = [lz = yll.

For a normed space X we denote its closed unit ball and the unit sphere by Bx and Sx
respectively:
Bx ={z e X :||z|| <1},

Sx ={r e X :|z|]| =1}



A normed space is called a Banach space if it is complete in the metric induced by the norm.
Let (M, p) be a metric space. A map F : M — M is called non-expansive if p(F(x), F(y)) <
p(x,y) for every z,y € M; it is called non-contractive if p(F(x), F(y)) > p(x,y) for every
x,y € M; F: M — M is called an isometry if it is both non-contractive and non-expansive,
ie. p(F(x),F(y)) = p(x,y) for every x,y € M.

A metric space (M, p) is said to be plastic if every non-expansive bijective map F': M — M is
an isometry. Such spaces are called Fzpand-Contract plastic in [3]. A closely related concept is
that of Contract-Expand plastic spaces, also known as hippopotamus spaces |2|: a metric space
M is called Contract-Expand plastic if every non-expansive surjection from M onto itself is an
isometry.

WITOLD NITKA

Pogtebione studium hipopotama

W czasopismie Matematyka [3] przedstawiono wersje twierdzenia orzekajacego, ze jesli od-
wzorowanie przestrzeni metrycznej calkowicie ograniczonej na siebie zbliza pewna pare punk-
tow, to w zamian inng pare oddala. Mowimy wtedy, ze przestrzen ma wlasnos¢ kompensacji
Ulegajac duchowi czasoéw przedstawia si¢ wersj¢ twierdzenia, gdzie ujawnia si¢ gwarantowang
wysokos¢ rekompensaty i to nawet niezalezng od odwzorowania.

1. Przeksztalcenie f przestrzeni metrycznej (M, d) na siebie nie jest izometria jesli istnicje
w M para punktow a, b taka, ze d(f(a),f(b)) # d(a.b). :

Zalézmy, ze [ zbliza parg punktow a, b tzn. d(f(a), /(b)) < d(a, b). Czy w zamian istnieje

21?.\ w M inna para punktow, ktora f oddala? ‘

As demonstrated in [3|, a totally bounded space is plastic, but the converse statement is not
necessarily true, and there are even examples of unbounded plastic spaces. If X is an infinite-
dimensional Banach space, then both its unit ball Bx and the unit sphere Sx are not totally
bounded. The unit balls of some Banach spaces are shown to be plastic [4-10]. Whether Bx
(or Sx) is plastic for every Banach space X remains an open question for the time being.
The following general theorem about non-expensive bijections on unit balls of Banach spaces
was proven in [4].

Theorem 1.1. Let X be a real Banach space, and let F' : Bx — Bx be a non-expansive
bijection. Then the following hold:

1. F(0) =0;
2. F_1<SX) C Sx;
3. If F(z) is an extreme point of Bx, then F(ax) = aF(x) for every a € (0,1);

4. If x is an extreme point of Bx, then F~1(x) is also an extreme point of Bx;

3



5. If © is an extreme point of By, then F(—z) = —F(x).
Moreover, if X is strictly convez, then

(i) F' maps the unit sphere bijectively onto itself;

(i1) F(ax) = aF(z) for allz € Sx and a € (0,1);
(i1i) F(—x) = —F(z) for allx € Sx.

As the title suggests, this paper deals with the plasticity of the unit spheres of some (real)
Banach spaces. In particular, we show that for a Hilbert space H the plasticity of its unit
sphere Sy is a simple consequence of the parallelogram law. Then we demonstrate that the
unit sphere of the sequence space ¢; is plastic. In the last section some partial results about
non-expansive bijections on the unit sphere of the sequence space ¢, are obtained.

For an element x of a Banach sequence space we denote its n-th coordinate by z", and by
supp(x) we denote the set of all such k € N that 2* # 0. For every k € N we denote by e, the
vector that has 1 as its k-th coordinate and 0 as its j-th coordinate for every j # k.

A subset A of a vector space is called convex if for every x,y € A it contains the line segment

[z,y] ={te+ (1 —t)y: t € [0,1]}.

An element of a convex set A is called an extreme point of A if it does not lie in the interior of
any line segment contained in A.

For a convex set A we denote by ext(A) the set of extreme points of A.

A Banach space X is called strictly convex if its unit sphere Sx contains no non-trivial line
segments, i.e. Sx = ext(Bx). Equivalently, X is strictly convex if and only if ||z — y|| = 2
implies that y = —x for every x,y € Sx.



2 Hilbert spaces

Let X be a real vector space. A map (-,-) from X x X to R is called a real inner product (or
a scalar product) if it obeys the following axioms:

1. (x,x) >0 for all x € X (positivity);
2. (z,2z) = 0 implies that = 0 (non-degeneracy);

3. (Axy + pxo,y) = M1, y) + plxe,y) for all z1, 29,y € X and all A\, u € R (linearity in the
first argument);

4. (x,y) = (y,x) (symmetry).

The space X is then called an inner product space. Note that the last two axioms together
imply the linearity in the second argument.
An inner product space is also a normed space with the norm || - || defined by

lz]] = v/ (z, 7).

An inner product space H that is complete with respect to the metric induced by the inner
product is called a Hilbert space.

An important example of a Hilbert space is the space /o of square-summable real sequences
with the inner product defined by

o0
<'T7y> :Zxkyk7 513,9652-
k=1
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figure 1

In every inner product space H the following identity, known as the parallelogram law, holds
for every x,y € H:
2 2 2 2
[z +yll” + lle = ylI” = 2[[=[|” + 2[[y]".

Lemma 2.1. Let X be a strictly convex space, and let F : Sx — Sx be a non-contractive (or
non-expansive) bijection. Then F(—x) = —F(x) for every x € Sx.

Proof. Suppose first that F' : Sy — Sx is a non-contractive bijection, and let € Sx. Then
o = (=a)ll = 2 < [|IF(@) - F(=a)l| < [IF@)I|+ |[F(=a)l| = 2, 0 ||F(x) — F(—a)|| = 2 =
||F(z)|| + || = F(—=)||, and the strict convexity of X implies that F(z) = —F(—x).

Now suppose that G : Sx — Sy is a non-expansive bijection. Then G~! is a non-contractive
bijection, and since G~1 is surjective, there is a y € Sy such that x = G~!(y). Thus

G(—z) = G(=G7H(y)) = GG (~y)) = —y = —G(x). O

Theorem 2.1. Let H be a Hilbert space, and let F' : Sg — Sy be a non-expansive bijection.
Then F' is an isometry.



Proof. Let x,y € Sg. Then
e =yl + [lz +ylI* = [|F(z) = F)|I> + ||F(x) + Fy)|]* = 4.

The strict inequality ||z — y|[? > ||F(x) — F(y)||? thus implies ||z + y||? < ||F(z) + F(y)|?,
a contradiction to the supposed non-expansiveness of F'. O



3 The space /;

The Banach sequence space £1 consists of all real sequences whose series are absolutely conver-

gent with the norm defined by

o0
o] = |2k, z e,
k=1
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Lemma 3.1. Let p,q € Sy, be such that for every x € Sy,

(llz = pll =2) v (llz — gl = 2).

Then p = +ey, for some k € N, and ¢ = —p.

Proof. 1t is enough to show that the following two statements are true for such p, ¢:

supp(p) = supp(q),
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and
|supp(p)| = 1. (2)

In contradiction to (1) suppose WLOG that supp(p) € supp(q), i.e. there is a k € N such that
pF#0,¢" =0, and let 2 = %(q—i— sgn(p¥)eg). Then |[z —p|| < 2, ||z —q|| < 2.

Now in contradiction to (2) suppose that |supp(p)| > 2, and let k,j € supp(p) = supp(q),
k#j, @ = 5(sgn(p®)ex + sgn(¢?)e;). Then [lz —p|| <2, ||z —q|| < 2. O

Lemma 3.2. Let F': Sy, — Sy, be a non-expansive bijection. Then for every x € ext(By,)
F~Y(z) € ext(By,), and F~Y(—z) = —F~ ().

Proof. Recall that ext(By,) = {£e,}32,, and let & € ext(By,).

Then (|ly — z|| = 2) V (||ly + z|| = 2) for every y € Sy,, and thus ||[F~(y) — F~'(z)|| = 2
or [|F~1(y) — F~1(—x)|| = 2 for every y € Sy,. Since F~! is bijective, the last statement is
equivalent to (|ly — F~Y(2)|| = 2) V (|ly — F~!(—2)|| = 2) holding for all y € Sy,. Applying
Lemma 3.1 completes the proof. n

Lemma 3.3. Let F : Sy, — Sy, be a non-expansive bijection, N € N. Then

N N
F (Z akFl(ek)> = Z arer (3)

k=1 k=1
for every collection {ak}évzl of non-negative real scalars such that Z;@Vﬂ ap = 1.

Proof. The case N = 1 is trivial. Now assume that the lemma holds for some N — 1 € N. We
will show that the lemma holds for N, thus proving it by induction.

For every n € N denote F~1(e,) by g,, and fix some x = ch\;l argr € Sy, such that ay # 0,
aj, > 0 for every k < N. Denote (1 —ay)™* 25:711 argr € Sg, by Z, so that x = (1 — an)Z +
angn. Then

o —gll =1—ap+ Y _a; =2(1—ay)

J#k
for every k < N;
N—-1 ] N—-1
0 _ A . _ . o o )
Hl’—xH—aNJr; ag 1~ an —CLN+(1_GN 1>;ak—aN+1 I+ any = 2ap;

Now let y = F(z), so ||y — en|| € 2(1 —an), ||y — F(Z)|] < 2ax. Then ¥ > 0, and

N-1
||y_gN||:|yN_1|+Z|yk|zl—yN+1—yN:2(1—yN)SZ(l—aN),
k=1
so yN > an. Then
-1 00 o0
k ak k k
ly=F@l =D |o" = 7|+ 2 Wl 20w <2} I =
k=1 k=N k=N
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N-1 00 N-1
k ag k k
— < =1- =
y 1_a]v_z:lyl > I
k=1 k=N k=1
N-1
ay
(‘1 —y" +\ykl><1
a
k=1
On the other hand,
k k ak k k -1
> —_ = ]_ =
= (|2 ) = e At e Yl =
k=1 k=1 k=1
SO
N-1
Ok k k
= 1. 4
([ =t ) )
k=1

The inequality yN > ay means that Zg;ll ly¥| < 1 — ay, together with (4) it implies that
Zk = —y*| > ay. Thus

> 2ap,

N
dan > [F() | > 4" Z‘—
k=1

so all the inequalities in the chain above are in fact equalities, yv Zk L=

Z]]{;V:_ll |yk| =1- an, and thus Y =anNen + Z;CV:_ll ykek'
Now let A be the set of all such £ < N — 1 that a; # 0. Then for every k € A

ly —erll =1=9"+ > || =1y +1— ¥ =201 - %) <201 - w),

ik
SO yk’ > ay, for all K € A. Thus
N-1 N—1
l—ay = ap = | Z Zakzl—a]\r,
k=1 k=1 cA keA
N
SO ZkeAyk:ZkeAak‘: l—ay,and y =Y, _, agey. n

Lemma 3.4. Let F : Sy, — Sy, be a non-expansive bijection, N € N.
Then (3) holds for every collection {ay}y_, of real scalars such that Zévzl lax| = 1.

Proof. Fix some {a;}_, € RN such that Zivzl lag| = 1. Then

N N
F (Z akFl(ek)> =F (Z ak|F1(Sgn(ak)ek)> :

k=1 k=1

10



Let T : £; — {1 be a linear isometry defined on the canonical basis by

sgn(ay)er, k<N,
T@k =
€k, k > N,

and denote the restriction of T to Sy, by 7.
Note that 7= = T, and let G = TFT, so that F = TGT. Then

N N
F (Z akF%sgn(ak)ek)) =TGT (Z akTGlﬂsgn(ak)ek)) =

k=1 k=1
N N
=TGT (Z |akTG1(ek)> = TGT? (Z akGl(ek)> =
k=1 k=1
N N N N
— TG (Z ak|G1<ek>) =T (Z kk> =) laxlsgn(a)er = > agex.
k=1 k=1 k=1 k=1

]

Corollary. Let F : Sy, — Sy, be a non-expansive bijection. Then {F~!(ey)}ren is a Schauder
basis in 7.

For every non-expansive bijection F': Sy, — Sy, let T : {1 — {1 be the linear isometry defined

on the canonical basis by
Trep = F~'(er), keN,

and let Ip = FTF, where TF is the restriction of T to Sp,. Then I : Sy, — Sy, is a
non-expansive bijection, and Ip(z) = x for every x € ext(By,).

Lemma 3.5. Let F' : Sy, — Sy, be a non-expansive bijection. Then Ip(x) = x for every
WS Sgl.

Proof. Let x € Sp,, y = Ip(x). Then

2] = max(1 — ||3?—6k||’1_ ||33+6k||) _ 1 llz— el Lo H93+6k||’
2 2 2 2
N lz ol [
_ _ I _ Ny —-pr _
L=l = Y (1 : ) _ (1 : )—Ilyll-
pEext(By, ) pEext(By,)
The existence of such p € ext(By,) that ||[Irp(z) — Ir(p)|| = |ly — p|| < ||z — p|| would imply
the existence of such p’ € ext(By,) that ||y — p'|| = ||[Ip(x) — Ip(p))|| > ||z — P'||, contradicting
the non-expansiveness of Ir. Thus ||z — p|| = ||y — p|| for every p € ext(By,), so
2% = 5(lle +exl| = [lz —exll) = 3(|ly + exl| = |ly — ex) = y* for every k e N. O

Theorem 3.1. Let F': Sy, — Sy, be a non-expansive bijection. Then F' is an isometry.

Proof. Lemma 3.5 states that the composition of F and Ty is the identity map on Sy, . Since
Tr is an isometry, F' has to be an isometry as well. O]
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4 The space {,

The Banach sequence space {, consists of all bounded real sequences with the norm defined
by

Fl, zely.

||| = sup [z
keN

AY
1.0

2.8

0.8

¥
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Lemma 4.1. Let p,q € Sy be such that for every x € Sy__
[z =pll =2) v ([l — ¢l = 2).
Then p € ext(By_), and ¢ = —p.

Proof. Recall that ext(By_) = {z € S;_ : |2*| = 1, k € N}. If there is a k € N such that
IpF| < 1, then |lex, — p|| < 2, || —ex —p|| < 2,50 [lex —q|| = || — er — ¢|| = 2, and that is
impossible in Sy_. Thus [p¥| = |¢F| = 1 for every & € N, and there is no j € N such that
p’ = ¢/, since in the opposite case both distances |[p’e; — p|| and ||p’e; — g|| would have been
equal to 1. O
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Corollary. Let F': Sy_ — Sy be a non-expansive bijection, = € ext(By_).
Then F~1(z) € ext(By ), F~1(—x) = —F~(2).

Lemma 4.2. Let v € Sy be such that ||x — p|| € (0,1) for some p € ext(By_ ). Then there is
a q € ext(By_) such that ||z — ql| € (1,2).

Proof. Let A= {k € N : |2¥—pF| > ¢} for some ¢ € (0, ||z—p||). Then the following inequalities
hold:

sup |oF —p*| <e, 2—e>sup|aF +pF[ > 1+ |z —pl|.
keN\A keA

Now let ¢ € ext(By_) be defined by

k
—p*, k€A,
qk{

PP, keN\ A
Then Hx—q||zsup]1:k—qk|:max sup|xk+pk\, sup \xk—pk| :sup|xk+pk|. O
keN keA keN\A keA

Let E denote the set of all such vectors x € Sy that for every p € ext(By_ )

(Ilz = pll = 2) = (l[z + pl| = 1). (5)
Lemma 4.3. E = {+ep }ren-

Proof. For an z of the form +ey, (5) is obviously true, so it remains to prove that E C {+ej }ren-
Suppose in contradiction that |supp(z)| > 2 for some = € E. Then there is a j € N such that
2/ #0, ||x — 27e;|| = 1. Now let p € ext(By_) be such that ||z — 27e; — p|| = 2, and let

J = p+ (sgn(a)) — plej. Then ||o — pll| = ||z — pll = 2, [lo + pll > |o? + sgn(ad)| > 1,
contradicting (5). O

Lemma 4.4. Let F': S, — Sy be a non-expansive bijection, x € E. Then F(zx) € E.

Proof. Suppose in contradiction that F(x) ¢ E, i.e. there exists such p € ext(By_) that
||F(z) —p|| =2, ||F(x) + p|| # 1. Lemma 4.2 implies that we may WLOG assume that

1F@) +pll > 1. Then [}z — F@)|| = 2, ||z — F{(~p)l| = |lz + F-'(p)]| > 1. Since
F~1(p) € ext(By_), the last statement contradicts (5). O

For every a € ext(By_ ) let Tp, : Sy, — Sy, be the isometry of pointwise multiplication by a:
To(z*) = (aFa®), (%) e Sy,

Now for every non-expansive bijection F': Sy, — Sy, let F1 = Tp-1(o) F, where e = (1,1,1,...).
The map Fy : Sy — Sy is then a non-expansive bijection, Fi(e) = e, Fi(—e) = —e.
For every k € N let hy = e — 2ey, and denote the set {hg}ren by H.

Lemma 4.5. Let F': Sy, — Sy be a non-expansive bijection, v € H. Then Ffl(x) € H.

13



Proof. Denote by W the set of all vectors y € Sy__ such that
{keN:yf <0} =|{keN: [ly+exll <1} <1

Then W Next(B, ) = {e} U H, so it is enough to show that F, '(z) € . Now assume the
contrary, i.e. there are 4,j € N such that i # j, [|[F] *(z) + e < 1, [|[Fy ' (z) +¢j]| < 1.
The fact that —e is a fixed point of Fy implies that Fi(—e;) = —eg, Fi(—ej) = —e; for some
k,l € N. Then ||z +ex]| <1, ||z + ¢|| < 1, contradicting the assumption that z € H. O

Lemma 4.6. Let F': Sy — Sy be a non-expansive bijection. Then Fy maps the set {eg}ren
bijectively onto itself.

Proof. Note that there is an injective map o : N — N such that Fi(ex) = e, for every k € N.
We will show that o is in fact a bijection. Now fix some k € N. Then [|e () —hy(x)|| = 2, and so
||F1_1(ea(k)) - Fl_l(hg(k))H = |lex — Fl_l(ha(k))H = 2. Lemma 3.5 states that Ffl(hg(k)) =h;
for some j € N. Note that ||e;, — hj|| =1 for all j # k, so j = k. Thus Fl_l({ho'(k)}k'EN) = H,
so o(N) =N. O

Theorem 4.1. Let F' : Sy — Sy be a non-expansive bijection. Then F maps ext(By_)
bijectively onto itself.

Proof. Lemma 4.6 states that there is a bijection o : N — N such that Fi(eg) = e,y for every
k € N. Define the bijective isometry P : Sy — Sy by

P(a*) = (27 ®),  (2F) e 5y,

and let J = PFy. Then [ is a non-expansive bijection, and I(z) = z for every x € E. Now fix
an € ext(By_), and let y = I~!(z). Then y € ext(B,_), and the non-contractiveness of I~

implies that y = z. Indeed, suppose in contradition that there is a k € N such that y* = —z¥.
Then |[I-!(z) = I (y*er)l] = lly — y"exll = 1 < 2 = [l — y¥exll. Thus I (2) =« = I(2)
for every x € ext(By_). Now recall that I = PF| = PTp-1F. Both P and Tp-1() map
ext(By_ ) bijectively onto itself, and so does F'. O

14
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