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Awnoraril

Benpik M. I. OnomerpuyHni paKTopu HECUHTYJIIPHHUX il paHTy

OJINH

Jjist MOBLIBHOT 3JIIUEHHOT TUCKPETHOI HeCKIHIeHHOI Ipynu (G BBEJIEHO HECHH-

ryaspHi aii panry ojun. s Bkiaajenol nociijgosaocti I'y D I'y D - -+ Kodini-

o0

tHEX miarpyny G 3 ﬂ ﬂ ang*1 = {1}, mpoekTHBHA I'DAHUIIS OJHOPITHAX
n=1geqG

G-npocropis G/T',, mpu n — oo € G-mpocropom. Haimusim 1eit G-mipoctip

epProJINIHOI0 HECUHTYJISIPHOIO HEATOMAPHOIO MIPOIO, MU OTPUMAEMO JIMHAMIUHY
CUCTEMY, $IKYy HA3UBAIOTh HECHHIYJSIDHUM OJIOMETPOM. 3HaICHO HEOOX1jIHY 1
JIOCTATHIO YMOBY TOTO, 1110 3aJlaHa HeCHHTYJIApHA CHCTeMa PaHTy OJInH OyJe i30-
MOP(MHOIO 3a/IaHOMY HECUHI'YJIIDHOMY OJIOMeTpy. TakoxK 3HaiijieHa HeoOXijiHa
Ta JIOCTATHd YMOBa TOTO, IO 3aJaHuil 0JJoMeTp € (hpaKTOPOM 3aJIaHOI HECHHTY-

JIAPHOI CUCTEMU PAHTy OJIMH.

Vieprik M. I. Odometer factors of nonsingular actions of rank

one

For an arbitrary countable discrete infinite group G, nonsingular rank-

one actions are introduced. Given a nested sequence I'y 2D I'y D -+ of

o

cofinite subgroups in G with ﬂ ﬂ glg~ ' = {1}, the projective limit
n=1 geG

of the homogeneous G-spaces G/I';, as n — oo is a G-space. Endowing

this G-space with an ergodic nonsingular nonatomic measure we obtain a
dynamical system which is called a nonsingular odometer. A necessary and
sufficient condition has been found that a given nonsingular rank-one system

will be isomorphic to a given nonsingular odometer. We also found necessary

2
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and sufficient condition for nonsingular rank-one system to factor onto an

odometer.
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Beryn

One of the most well-known Dynamical Systems problems is the isomorphi-
sm problem: how to determine whether two arbitrary dynamical systems are
isomorphic. If we consider the corresponding isomorphism equivalence relati-
on, then it will not be Borel on the class of ergodic dynamical systems. But
the restriction of this equivalence relation to the subclass of tranformations of
rank one will be Borel. Thus, the problem of isomorphism for transformati-
ons of rank one is considered more promising to find a solution. The rank
one transformatons form a wide class of dynamical systems. They appear as a
source of examples and counterexamples in ergodic theory. A generic ergodic
transformation is of rank one. In this paper, a partial case of the isomorphism
problem is solved, namely, when one of the transformations is of rank one, and
the other is an odometer. In previous works, a similar problem was considered
for the action of the group Z ( [11]) and the action of the group Z? ( [12]), where
d is natural. In this work we deals with the actions of arbitrary countable infi-
nite groups. Also, arbitrary nonsingular actions of groups are considered here,
whereas in the previous works only measure-preserving ones were considered.
In these general settings the problems under considerations are more difficult.
We encounter new phenomena that were absent in the previous works.

We now briefly outline the content of this work, which consists of 5 secti-
ons. Section 1 is divided into 5 subsections. In §1.1 we define, for an arbitrary
countable group G, nonsingular G-actions of rank one. According to this defini-
tion, a nonsingular G-action T is of rank one if T" is free and 7" admits a refining
sequence of Rokhlin towers that approximate both the entire o-algebra of Borel

subsets and the G-orbits and, in addition, the Radon-Nikodym derivative of T’

5
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is constant on each transposition of the levels within every tower (see Definiti-
on 1.1). Definition 1.1 can be considered as an abstract definition of rank one.
In the case of probability preserving Z-actions, there exist several equivalent
constructive definitions of this concept [10]. One of the most useful of these
is the cutting-and-stacking construction, which explicitly associates a rank-one
transformation to a sequence of integer-valued parameters.! This transformati-
on is defined on the unit interval. It preserves the Lebesgue measure. A natural
generalization of this construction for general countable groups was suggested
in [9] and [3] in similar but non-equivalent versions. We call it the (C, F)-
construction. The most general version of the (C, F')-construction, including the
versions from [9] and [3] as particular cases, appeared in [5]. However, [5] deals
only with measure preserving actions. In §1.2-1.3 here we define nonsingular
(C, F')-actions. §1.2 is preliminary: we define (C, F)-equivalence relations and
related quasi-invariant (C, F')-measures. The nonsingular (C, F')-actions related
to the (C, F)-equivalence relations and (C, F')-measures appear in §1.3. They
include all the nonsingular rank-one transformations (and actions of Abelian
groups) that have been studied earlier in the literature: see [1], [2], [13], [3], [4],
|7] and references therein.

Important concept of telescoping for the parameters of (C, F)-actions is
introduced in §1.4.

In §1.5 we discuss the case of nonsingular Z-actions of rank one along
intervals in more detail. It is shown in §1.5 that the (C, F')-construction in this
case is equivalent to the classical cutting-and-stacking with a single tower at
every step of the construction. However, in contrast with the measure preserving

case, the towers are now divided into subtowers of different width.

!Thus, the class of rank-one transformations is parametrized with a nice Polish space of integer
parameters. However, different sequences of parameters can define isomorphic rank-one maps. One of the
most challenging open problems in this field is to find necessary and sufficient conditions on the parameters
which determine isomorphic transformations.
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Section 2 is devoted to description of finite factors of rank-one nonsingular
actions. We remind that a factor of a dynamical system is an invariant sub-o-
algebra of measurable subsets. Equivalently, a factor of a system is a dynamical
system which appears as the image of the original system under a nonsingular
equivariant mapping. Hence, the finite factors of an ergodic G-action correspond
to the G-equivariant mappings onto homegeneous G-spaces G/I", where I is a

cofinite subgroup in G. Each nonsingular (C| F')-action is parametrized by an

00
n=1

underlying sequence T = (C,,, Fy,_1, Kn, Vn—1)req of (C, F')-parameters, where
C, and Fj,_; are finite subsets of GG, k, is a probability on C,, and v,,_; is
measure on F,_; for each n € N. These parameters have to satisfy some condi-
tions listed in §1.3. The following is the main result of §2 (a stronger version of

it is proved in Theorem 2.3; see also Remark 2.4).

Theorem. A nonsingular (C, F')-action action T of G has a finite factor G /T
if and only there is a telescoping T = (Cy,, Fy,_1, Kn, Vn—1)eeq of the (C, F')-para-
meters of T' and a coset gI' € G/T" such that

oo

Z/ﬁn({c €eC,lcéd gFg_l}) < 00.

n=1

An explicit formula for the factor mapping is obtained.

In §3 we consider topological G-odometers as the projective limits of

homogeneous G-spaces G /T, for a nested sequence I'y 2 T's D -+ of cofinite

subgroups in G such that ﬂ m gLt = {1¢}. By a nonsingular G-odometer

n=1geG
we mean a topological G-odometer endowed with a (G-quasiinvariant measure.

In §4 we study the odometer factors of nonsingular (C, F')-actions. The main

result of the paper is the following (see Theorem 4.4).

Theorem. Let (X, pu,T) be the nonsingular (C, F')-action of G associated
with a sequence of (C, F')-parameters T . Let O be the topological G-odometer
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defined on the projective space Y = projlim G/T,, corresponding to a nested
n—0o0

sequence I'y D I's D - -+ of cofinite subgroups in G such that ﬂ L, ={lg}. A

n=1
measurable G-equivariant mapping 7 : X — Y exists if and only if there exist

a telescoping T' = (Cy, Fpi_1, Kiny V1) of T and an element (g,T')oc, € Y
such that
kin({c € Cp | ¢ &€ galng,'}) < .

WK

1

n

An explicit formula for 7 is obtained. Necessary and sufficient conditions for ™

to be an isomorphism of (X, u, T) onto (Y, O, o ') are given in terms of T

As a corollary, criteria for a (C, F')-action to have an odometer factor or to be
isomorphic to an odometer factor in terms of the underlying (C, F')-parameters
are obtained in Corollaries 4.6 and 4.7.

In §5 we construct a rank-one action of the Heisenberg group H3(Z) which

has an odometer factor but which is not isomorphic to any odometer action.



Poz i 1
Rank-one nonsingular actions of

countable groups and

(C, F')-construction

1.1. Nonsingular actions of rank one

Let G be a discrete infinite countable group. Let T' = (1}) e be a free nonsi-
ngular action of G on a standard o-finite non-atomic measure space (X, B, ).
By a Rokhlin tower for T we mean a pair (B, F), where B € 98 with 0 <
p(B) < oo and F'is a finite subset of G with 15 € F' such that

— the subsets Ty B, f € F', are mutually disjoint,

dpoT
Mdo ! is constant on B for each feF.
v

Given a Rokhlin tower (B, F'), we let Xpp = |_| T¢B € B. Of course,

feF
w(Xpr) < oo. By g we mean the finite partition of Xp r into the subsets

T¢B, f € F. If x € T;B then we set Op r(z) == {T,x | g€ Ff'}.

— the Radon-Nikodym derivative

Definition 1.1. Let {1¢} = Fiy C F; C F» C --- be an increasing sequence
of finite subsets in G. We say that T is of rank-one along (F,);", if there is a
decreasing sequence By D By D --- of subsets of positive measure in X such

that (B, F},) is a Rokhlin tower for T" for each n € N and

0
(i) &B,.F, < &B,,.F,,, for each n > 0 and \/ ¢p,,.r, 1s the partition of X into

n=0
singletons (mod 0),
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(ii) {Tyz | g € G} = U Ogp, r,(x) for a.e. z € X.

n=1

It follows from (i) that Xp, 5, C Xp.r C Xpup, C -+ and | J Xp,r, =

n=0

X. The piecewise constant property of the Radon-Nikodym derivative on the
Rokhlin towers yields that:

(iii) if T.By41 C B, for some ¢ € F, .1 then

N(chBnJrl) _ M(TcBnJrl)
M(Tan) :u(Bn)

for each f € F,, and n > 0.
Proposition 1.2. Let T satisfy (i) from Definition 1.1. Then T is ergodic.
In particular, every rank-one nonsingular action is ergodic.

Proof. Let two subsets A, Ay € B be of positive measure. It follows from

(i) that there are n > 0 and f1, fo € F), such that
w(ANTyBy) > 09u(Ty,B,) and u(AsNTy,B,) > 0.9u(Ty,B,).

As (By, I,) is a Rokhlin tower, T} 1Ty, B, = T}, B,, and

dpo Ty
dp

Ty, B
() = 1y, Bn) at a.e. v € Ay,

- N(Tlen)

It follows that

M(Tf2f1_lA1 M Tf2Bn) - M(Tf2f1_1(A1 N Tf1Bn))

1(Ty, Bn)
,u(TﬁBn)

M(Al M Tleﬂ)
> 0'9M(Tf23n)'

Therefore u(Ty, (-1 A1 N1y, B, N Ag) > 0.8u(T},By). Hence, pu(T'y, 141 N As) >
0, as desired. ]



11
1.2. (C, F)-equivalence relations and nonsi-

ngular (C, F')-measures

Fix two sequences (F},),>0 and (C},),>1 of finite subsets in G such that Fj =

{1¢} and for each n > 0,

la € F,NC,, #C, > 1,
Fn0n+1 C Fn—|—17 (1_1)

F,enE,d =@ ifec,d € Cppgand c# .

We let X,, .= F, x C,11 X C,y9 X ... and endow this set with the infinite

product topology. Then X, is a compact Cantor space. The mapping

Xn = (fn7 Cn+1; Cn+2 - - ) = (fncn+1a Cn+2, - - ) € Xn—|—1

is a continuous embedding of X, into X,, 1. Therefore the topological inducti-
ve limit X of the sequence (X, ),>0 is well defined. Moreover, X is a locally

compact Cantor space. Given a subset A C F,,, we let

Al = {2 = (fa, sty .)€ X, fr € A

and call this set an n-cylinder in X. It is open and compact in X. For brevity,
we will write [f], for [{f}], for an element f € F,.

We remind that two points = (fu, ¢ps1,...) and 2’ = (f;, .y, .. .) of X,
are tail equivalent if there is N > n such that ¢; = ¢ for each [ > N. We thus

obtain the tail equivalence relation on X,.

Definition 1.3 ( [5]). The (C, F)-equivalence relation (or the tail equi-
valence relation) R on X is defined as follows: for each n > 0, the restriction

of R to X, is the tail equivalence relation on X,,.
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The following properties of R are easy to check:
— Each R-class is countable.
— R is manimal, i.e. the R-class of every point is dense in X.

— R is hyperfinite, i.e. there is a sequence (S,),; of subrelations of R such
that S C &y C -+, US" = R and #S,(x) < oo for each z € X and

n=1
n > 0. Indeed, we can define S,, by the following: (z,y) € S, if either
v,y ¢ Xy and z =y or = (fu,Cn1,--.) € Xy = (f7:Chiy---) € Xy

and ¢, = ¢, for all m > n.

We remind that the full group [R of R is the group of all Borel bijections
v : X — X such that (z,yz) € R for each z € X. A Borel measure y on X
is called R-quasi-invariant if g oy ~ p for each v € [R]. Then there is a Borel
mapping p, : R — R’ such that

pu(l',y)/)u(y, Z) = p,u(xv Z) fOI' all (ZL’,y), (yv Z) € R

dpory
and p,(vz,z) = m

called the Radon-Nikodym cocycle of (R, ).

(x) at a.e. x € X for each v € [R]. The mapping p,, is

Suppose that for each n € N, a non-degenerated probability measure k,, on
C,, is given. We now let pg := 1y ® k1 ® ko ® - - -, where 1 is the Dirac measure
supported at 1. Then pg is an (R | Xj)-quasi-invariant probability on Xj. Of

course, [ is non-atomic if and only if
H max Ky, (c) = 0. (1-2)

By the Kolmogorov 0-1 law, (R [ Xj) is ergodic on the probability space
(Xo, pto). There are many ways to extend py to an R-quasiinvariant measure

on X. However all such measures will be mutually equivalent. Select for each
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n € N, a non-degenerated finite measure v, on F,, such that

Uni1(fc) = vn(f)kni1(c)  foreach f € F, and ¢ € Cy;. (1-3)

It is often convenient to consider v, and k, as finite measures on G supported
on F, and C,, respectively. Then (1-3) means that v,,1 [ F,Cp11 = Uy * K1,
where the symbol % means the convolution. We now define a Borel measure p

on X by setting
w([fln) = va(f), foreach g € F, and every n € N,

It is straightforward to verity that p is a well defined o-finite Radon measure.

Moreover, p is R-quasi-invariant and

Vn(fu) 1T Fmlcm)
P (I,y) - ’
e =3 e
whenever © = (fy, ¢pt1,...) and y = (f,,¢,.q,-..) are R-equivalent points

that belong to X,, = F,, X Cp,;1 X Cj19 X - -+ for some n > 0.
The following definition extends |3], Definition 4.2, where the case of Abelian
G was considered.

Definition 1.4. If (1-2) and (1-3) hold then we call u the (C, F')-measure

oo

on X determined by (ky);eq and (Vn)ne-

oo

Consider another sequence (v/,)°° , of non-degenerated measures on (F},)>,

respectively (in m) such that 1) is the Dirac measure supported at 1 and

Vi1 (fe) = v, (f)kns1(c) for each f € F, and ¢ € Cpyq for each n > 0. Then

the (O, F')-measure ' determined by (k,)o%, and (1)), is equivalent to p
and

dp’ v, (fn) .

- — I f — Ny + o e Xn.

Wa) = 28 it = (..

oo

> 1, we can always find (v,),"

Another useful observation is that given (k)
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satisfying (1-3). Thus, the equivalence class of a nonsingular (C, F')-measure is
completely determined by (k,);>, alone. In particular, we may always replace

a o-finite nonsingular (C, F')-measure with an equivalent finite nonsingular

(C, F')-measure.

Remark 1.5. We note that R is Radon uniquely ergodic, i.e. there is a unique
R-invariant Radon measure € on X such that £(X,) = 1. We call it the Haar
measure for R. It is o-finite. Let k, be the equidistribution on (), and let

n

vn(f) = H kir(lg) for each f € F,, and n > 0. Then (1-2) and (1-3) holds for

k=1
(Kn)oy and (v,)r. Of course, the Haar measure for R is a (C, F')-measure

determined by (k,)5>, and (v,)5" . The Haar measure is finite if and only if
II :#}%+1
i 400t

It is easy to verify that R is conservative and ergodic on the o-finite measure
space (X, p). This means that for each R-invariant subset A C X either
pu(A)=0or u(X\ A) =0.

1.3. Nonsingular (C, F')-actions

Nonsingular (C, F)-actions were defined in [3] and [4] for Abelian groups
only. We extend this definition to arbitrary countable groups. Given g € G, let

Xg = {(fn,cn+1,cn+2, .. ) € Xn | gfn € Fn}

Then X is a compact open subset of X,, and X? C X7 ,. Hence the uni-
on X7 := UX,QL is an open subset of X. Let X¢ := ng. Then X¢

n>0 geG
is a Gg-subset of X. Hence X% is Polish and totally disconnected in the

induced topology. Given g € G and x € Xg, there is n > 0 such that x =
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(fasCns1,-..) € X, and gf, € F,. We now let Ty := (gfn, cog1,...) € X C
X. It is straightforward to verify that

(i) T,z € X©,

(ii) the mapping T}, : XCszm Tyx € X% is a homeomorphism of X% and
(iii) T,T, = T,y for all g, ¢ € G.
Hence T := (T,)4ec is a continuous G-action on X¢.

Definition 1.6 ( [5]). The action T is called the topological (C, F)-action
of G associated with (C, F,—1);" 4.

This action is free. The subset X¢ is R-invariant. The T-orbit equivalence

relation coincides with the restriction of R to X©.

Proposition 1.7 ( [5], Proposition 1.2). X¢ = X if and only if for each

g € G and n > 0, there is m > n such that
anCn+1Cn+2 e Cm - Fm- (1‘4)

Thus, if (1-4) holds then 7' is a minimal continuous G-action on a locally
compact Cantor space X. Moreover, T" is Radon uniquely ergodic, i.e. there
exists a unique T-invariant Radon measure £ on X such that £(X,) = 1.

From now on, T is a topological (C, F)-action of G on X% and y is the
nonsingular (C, F')-measure on X determined by (k,)r; and (v,)r, satisfying

(1-2) and (1-3). Since X© is R-invariant, we obtain that either u(X%) = 0 or

(X \ X%) = 0. In the latter case T is g-nonsingular, conservative and ergodic.

Proposition 1.8. The following are equivalent.

(i) n(X \ X%) =0,
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(ii) For each g € G and every n > 0,

lim Vm((FnCn+1On+2 - Chp) N g_lFm) = vp(Fy).

m—o0

(iii) For each g € G,

Hm ky % - % k(g Ey) = 1.
m—00

Proof. (i) (i) Since u(X \ X¢) = 0 if and only if (X, N X9) — u(X,)

as m — oo for each g € G and n > 0, it suffices to note that

N(Xn M Xrgn) N([Fn]n N [Fm M 9_1Fm]m)

N([Fncm—l T Cm]m M [Fm N g_lFm]m)

M([Fn0n+1 T Cm N Fm M g_lFm]m)
= U (FChgr - - Cp) N g™ Fy)

and (X)) = p([Foln) = va(F)-

(ii)=(ili) We set K1 1= K1 * - - - * Ky,. Then

K1 ((C1 -+ Cry) \g_lFm) = U ((F0Cy -+ Cy) \g_lFm)
= U (FyCi -+ Crn) — v (F0Ch -+ - C) N g™ ' Fy)
= V()(FO) — Vm((F()Cl s Cm) N g_lFm).

Hence, lim /ﬂ;l,m((Cl---C'm) \ g_lFm) = 0 according to (ii). As Ky, 18

m—00

supported on Cf --- C),, it follows that

lim Ky,,(g ' Fp) = lim R ((C1-- Cp) N 9_1Fm)

m—0o0 m—o0

= lim ml,m(Cl s Cm> = 1,

m—o0

as desired.
(iii)=(i) Fix ¢ € G. Take arbitrary n > 0 and f € F),. Then it follows

from (iii) that for p-a.e. x = (1g, ¢pi1, Cni2, ) € [1gln, there exists m > 0 such
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that gfcpi1 -+ cm € Fp,. This means that for p-a.e. y = (fn, Cas1, Cnao, ... ) €
Xn,

gfnCnt1---Cy € Fy,  eventually in m,

i.e.y € X7 Hence pu(X \ X7) =0 and (i) follows. [
In the case where u is the Haar measure for R, the equivalence (i)<>(ii)

of Proposition 1.8 was proved in [5].

Definition 1.9. If u(X \ X¢) = 0 then the dynamical system
(X, 1, T) (or simply T) is called the nonsingular (C, F)-action associated with

(Cm Fn—la Rn, Vn—l)zozl-

From now on we consider only the case where p(X \ X¢) = 0. As X =

X% mod 0, we will assume that 7" is defined on the entire space X. Then for

each n and every two elements g,h € F),, we have that T},,-1[g],, = [h], and
the Radon-Nikodym derivative of the transformation 7}, is constant on the
Un(h
subset [g],. More precisely, this constant equals nE ;
Un(g

We now state the theorem from the [8].

Theorem 1.10. Each nonsingular (C, F')-action is of rank one. Conversely,
each rank-one nonsingular G-action is isomorphic (via a measure preserving

isomorphism) to a (C, F')-action.

1.4. Telescopings

Let a sequence T = (Cy, Fi—1, Kn, Vn—1)peq satisfy (1-1)—(1-3) and Proposi-
tion 1.8(ii). Denote by T = (1}),eq the (C, F)-action of G on X associated
with 7. Let p stand for the the nonsingular (C, F')-measure on X determined
by (kn)p=1 and (vn)nZg.

Given a strictly increasing infinite sequence of integers I = (1,,)5°, such that



18
lo =0, we let

~ ~

Fn = Bn7 Cn—i—l = C’ln—i—l O Up i=Vn, KRp4l = K, 41 % %K

n+17 n+1°

for each n > 0.

~ ~ o~

Definition 1.11. s We call the sequence T := (Cy,, Fj,_1, Kn, Un—1)sey the

l-telescoping of T .

It is easy to check that T satisfies (1-1)-(1-3) and Proposition 1.8(ii). Hence
a nonsingular (C, F)-action T = (fg)geg of G associated with 7 is well defined.
Let X denote the space of T’ and let /i denote the nonsingular (C, F')-measure on
X determined by (%,,)°%, and (7,)°%,. There is a canonical measure preserving
isomorphism ¢ of (X, u) onto (X, i) that intertwines 7 with T’ Indeed, if = €
X then we select the smallest n > 0 such that x = (f;, , ¢ +1,¢,41,-..) € Xi, -

Let

~ ~

Ll(:v) = (fln7 Cln+1 U Cln+17 Cln+1+1 U Cln+27 te ) E Xn C X7

where )?n = ﬁn X 5n+1 X 5n+2 x ---. It is a routine to verify that ¢ is a
homeomorphism of X onto X such that T, g = fgq for each g € G, as desired.

Let 1 = (1,),2, and m = (m,,)">, be two strictly increasing sequences of

integers such that [ = my = 0. If T is the l-telescoping of 7 and & is the m-

00
n=1

telescoping of T then S is the I o m-telescoping of T, where Lom := (I,,)

and Ly, © U = Liom.

1.5. Nonsingular Z-actions of rank one along

intervals and (C, I')-construction

0]

-2 satisfies

Let G = Z. Suppose that a sequence T = (C, F},_1, Kn, Vn—1)
(1-1)-(1-3) and Proposition 1.8(ii) and there is a sequence (h,,),>, of positive
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integers such that F,, = {0,1,... h, — 1}. Denote by (X, u,T) the (C, F)-
dynamical system associated with 7.

We now show how to obtain (X, u, T') via the classical inductive geometric
cutting-and-stacking in the case of Z-actions. On the initial step of the
construction we define a column Y[ consisting of a single interval [0, 1) equipped

with Lebesgue measure. Assume that at the n-th step we have a column

Y, = {I(i,n) |i=0,... hy — 1}

hp—1

consisting of of disjoint intervals I(i,n) C R such that |_| I(i,n) = [0,v,(F,)).
i=0

Then we define a continuous n-th column mapping

T 2 [0, v,(F) \ I(ha — 1,0) = [0,,(F)) \ 1(0,n)

such that 70 | I(i,n) is the orientation preserving affine mapping of (i, n)
onto I(i+1,n) fori =0, ..., h,—2. It is convenient to think of (i, n) as a level
of Y,,. The levels may be of different length but they are parallel to each other
and the ¢-th level is above the j-th level if ¢+ > j. The n-th column mapping
moves every level, except the highest one, one level up. By the move here we
mean the orientation preserving affine mapping. On the highest level, 7™ is
not defined.

On the (n + 1)-th step of the construction, we first cut each 1(i,n) into
subintervals 1(i + c¢,n + 1), ¢ € Cy,41, such that I(i + ¢,n + 1) is from the left
of I(i + ¢’,n+ 1) whenever ¢ < ¢ and

the length of I(i +c¢,n + 1)

the length of I(i,n) K +1(C) or each ¢ € Cpyqq

Hence, we obtain that |_| I(j,n + 1) = [0,v,(F,)). Next, we cut the
j€F71,+Cn+1
interval [Vn(Fn)pl/n—i—l(Fn—i—l)) into subintervals I(j,n + 1), j € Foi1 \ (F, +



20

Chi1), such that the length of I(j,n+1) is v,41(j) for each j. These new levels
are called spacers. Thus, we obtain a new column Y,y = {I(j,n+1)]|j €

Foi1} with |_| (i,n+ 1) = [0, vp41(Frs1)). If an element ¢ € C,41 is not
’LEFnJrl
maximal in C,,;; then we denote by ¢ the least element of C,,,; that is greater

than c. We define a spacer mapping s,+1 : Chi1 — Z by setting

¢t —c—h, if ¢ # max C), 1,

Spi1(c) =
hpi1—c—h, if c=maxC, ;.
The subcolumn Yy, . :=={I(i+c¢c,n+1) | i € F,} C Y, is called the c-copy of
Y,, ¢ € C,y1. Thus, Y, 1 consists of #C,, .1 copies of Y,, and spacers between

them and above the highest copy of Y;,. More precisely, there are exactly s,,41(c)
spacers above the c-copy of Y, in Y, 1. The (n 4 1)-th column mapping

T(nJrl) . [0, Vn_|_1( n+1)) \]( n+1 — 1,TL + 1) — [O,Vn_H( n+1)) \](0 n + 1)

is defined in a similar way as T™. Of course,
T 1 ([0, va(F)) \ I(hy — 1,n)) = T

Passing to the limit as n — oo, we obtain a well-defined nonsingular (piecewise
affine) transformation @ of the interval [0, lim v,(F,)) C R equipped with
n—oo

Lebesgue measure such that

Q1 ([0, vn(E)) \ I (hy — 1,n)> — 7™ for each n € N,

It is possible that lim v,(F,) = oo and then T is defined on [0, +00). Of

n—oo

course, this transformation (or, more precisely, the Z-action generated by @) is

isomorphic to (X, u,T'). The according nonsingular isomorphism is generated
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by the following correspondence:

X D il +— I(i,n) C |0, lim v,,(F,)), i€ F,,neN.

n—oo

Without loss of generality we may assume s, (max C,,) = 0 for each n > 0 (see,
for instance, [6]). This means that there are no spacers over the highest copy

of Y, in Y,.1.



Poz it 2
Finite factors of nonsingular

(C, F)-actions

Let a sequence T = (Cy, Fi—1, Kn, Vn—1)peq satisfy (1-1)—(1-3) and Proposi-
tion 1.8(ii) and let nlggl@ vn(F,) < oo. Let I be a cofinite subgroup of G. We
consider the left coset space G/I" as a homogeneous G-space on which G acts
by left translations. It is obvious that for each coset gI" € G/I', the subgroup

glg™! C G is the stabilizer of ¢gI" in G.

Definition 2.1. Given a coset gI' € G/T", we say that T is compatible with
gl if

NE

kn({c € Cp|cd glg™'}) < 0.

1

Denote by (X, u, T') the (C, F')-action of G associated with 7. Then pu(X) =

lim v,(F},) < oo. For a point z = (¢1,¢2,...) € Xo=C1 x Cy x -+, we let

n—oo

T(rgry (%) == lim cicp---cogl’ € G/T

n—oo

whenever this limit exists®. It follows from the Borel-Cantelli lemma that if T
is compatible with gI' € G/T" then (7 gr)(x) is well defined for p-a.e. x € Xj.
It is straightforward to verify that for each h € G,

7(1.g0)(Thr) = hrer ooy ()

!The quotient space G /T is endowed with the discrete topology.

22
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whenever 7y gry(7) is well defined and Tj,x € X. It follows that the mapping
T(T,qT) Xodzr+— 7T(T7gp)(x) € G/F

extends uniquely (mod 0) to a measurable G-equivariant mapping from X to
G//T'. We denote the extension by the same symbol 77 ). It is routine to verify

that if x = (f, cut1, Caao, ... ) € X, for some n € N then

mrgr) (@) = m facoiicniz- - cngl. (2-1)

Definition 2.2. We call 77 gy the (T, gL')-factor mapping for T.

We need some notation. Given 1 < n < m, we denote the subset C,, ---C,,
of G by Cym. Let Ky, stand for the probability measure K, * - -« * K. It is

supported on C), - - - C,,. We now state the main result of the section.
Theorem 2.3. The following are equivalent.

(i) There is a measurable factor map 7 : X — G/I', i.e. for each g € G,
T(Tyx) = g7(z) at p-ae. x € X
(ii) There exists a sequence (g, )n>o of elements of G such that

lim  sup ’in+1,m({c < Cn—i—l,m | ¢ ¢ Qﬁlrgm}) = 0.

N—=00 ;>n>N
(iii) There exist a coset goI' € G/T" and a goI'-compatible telescoping of T

It follows that T has no factors isomorphic to G /U if and only if there is no
telescoping of T compatible with gI'g™" for any g € G.
Proof. (i)== (ii) Let Y; := 77!(j), for each j € G/T. Then X = |_| Y;.

JjeG/T
Consider n large so that p(Y;NX,,) > 0 for each j € G/I'. Let g, h € F,,. Since
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7 is G-equivariant, it follows that T},-1Y; = Y},-1; and hence
Thg-+(lgln NY)) = [A]n O Yagj. (2-2)
For each j € G/T" and g € F),, let

dng(7) == p[gln OY;)/p([g]n)-

Then, the set {d,4(j) | j € G/T'} C (0,1) does not depend on g € F,,. Indeed,
for each h € F,,, the Radon-Nikodym derivative of the transformation Tp;-1 is

constant on [k}, and we deduce from (2-2) that

o u([hanYy) gl N Ygry) y ]
bl =Ty T Ay e @

Hence {d,1(j) : j € G/T'} = {d,4(j) : j € G/T'}. Let

Oy = dna (7).
max (J)

We claim that 9, — 1 as m — oo. Indeed, for m > n, let P,, denote the finite

o-algebra generated by the m-cylinders (which are compact and open subsets

of X) that are contained in X,,. Then P, C P,y1 C --- and \/ P, is the

m>n

entire Borel o-algebra on X,,. Hence, for each j € G/T, there is g, € F,,, such

that
1([gmlm NY5)
N([Qm]m)

This implies that d,,, — 1 as m — 00, as claimed. In what follows we consider n

— 1 asm — oo.

large so that 0, > 0.9. Then for each g € F,,, there is a unique I'-coset j,(g) €
G/T" such that 6, = d, 4(jn(g)). It is convenient to consider G/I" as a set of
colors. Then j,(g) is the dominating color on [g],. It follows from (2-3) that
dn(g) = gh™'j,(h), for all g,h € F),. Choose g, € F, such that j,(g,) = T.
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1
Then j,(g) = gg, 'T for each g € F,,. Given ¢ < o1 there is N > 0 such that

6n > 1 — €% for all n > N. Hence for all m >n > N,

(1= uleln) < pu([leln N Y, 00)- (2-4)

We remind that [1¢], = |_| [c]m- Let

Cecn-i—l,m

D={ce Com [ 1ldm NYj,06)) > (1 = €)pllc)m)}-

It follows from (2-4) that

(1= u((lela) < Y pllchn) + 1= Y plcln)

ceD c€Chni1,m\D
—mewle( (el — 3wl )

This yields that Z p(lelm) > (1 —€)u([1g]n) or, equivalently,
ceD

Z Rn+1, m( (1 —e)rn(la). (2-5)

ceD

By the definition of D, an element ¢ € C),11 ,,, belongs to D if and only if j,(1¢)
is the dominating color on [c],,, i.e. jm(c) = jn(1g). Therefore, cg 'T' = g 'T,
i.e. c € g, 'T'gy. Hence (2-5) yields that

’{n+1,m({c € Cn+1,m | c g grjlrgm}) <e€

and (ii) follows.
(i) = (iii) As " is cofinite and (ii) holds, there exist an increasing sequence

0=qy < q < g < --- of positive integers and an element gy € GG such that
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g;l € gol" and

Kgn+1,qn+1 ({C € C ntLqnt1 lcé goFgo_l}) <27

for each n € N. Let q := (gy,)5~- Then gyl is compatible with the g-telescoping
of 7. This implies (iii).

(i) = (i) Denote by T the g-telescoping of 7. Then T (7 goT) © tq 18 & factor
mapping of T onto G/T.

Thus, the first statement of the theorem is proved completely. The second
statement follows from the first one and a simple observation that given two
subgroups I' and I'" of G, the corresponding G-actions by left translations on
G/T and G/T" are isomorphic if and only if I and I are conjugate. O

The following important remark will be used essentially in the proof of the

main result of §3.

Remark 2.4. In fact, we obtained more than what is stated in Theorem 2.3.
We proved indeed that given a factor mapping 7 : X — G/, there exist a coset
gol' and a gyI'-compatible g-telescoping T of T such that 7 = T(F goT) © La- To
explain this fact, we use below the notation from the proof of Theorem 2.3. For

n € N, let

X, = |_| ([fuln N Y (1) C X
n€F,

We remind that p(X) < oco. Since d,, — 1 and p(X,) — pu(X) as n — oo,

it follows that pu(X, ) — pu(X) as n — co. We can assume (passing to a

subsequence of (g,)> if needed) that Z,LL(X \ X ) < oco. Then, the Borel-
n=1
Cantelli lemma, yields that for a.e. x € X, we have that x € Xén eventually in

n. Hence, for a.e. v € X,

7(z) = lim j, (f,,) = lim f, g, T = lim f, gT, (2-6)

m—0o0
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where f, 1is the first coordinate of x in X, , ie. z = (f, ¢4, +1,---) € X,

On the other hand, it follows from (2-1) and (2-2) that

7 oy ta()) = T fy g0 (27

at a.e. v € X. Therefore, (2-6) and (2-7) yield that 7 = T gor) © L almost

everywhere, as desired.
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Nonsingular odometer actions of

residually finite groups

From now on G is residually finite. Then there is a decreasing sequence I'y 2

I'y D -+ of cofinite subgroups I, in G such that

() oTwg ' = {1c}. (3-1)

n=1geG

Consider the natural inverse sequence of homogeneous G-spaces and G-

equivariant mappings intertwining them:

Denote by Y the projective limit of this sequence. A point of Y is a sequence
(gnl')o2 such that g,I',, = g1y, ie. g;lgnﬂ e I', for each n > 0. Endow Y
with the topology of projective limit. Then Y is a compact Cantor G-space. Of
course, the G-action on Y is minimal and uniquely ergodic. Denote this action
by O = (Oy)ec. It follows from (3-1) that O is faithful, i.e. O, # I if g # 1.

We note that a faithful action is not necessarily free.

Definition 3.1. The dynamical system (Y, O) is called the topological G-
odometer associated with (I';)>" ;. If v is a non-atomic Borel measure on Y
which is quasi-invariant and ergodic under O then we call the dynamical system
(Y, v, 0) a nonsingular G-odometer. By the Haar measure for (Y, O) we mean

the unique G-invariant probability on Y.

28
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We note that (3-1) is in no way restrictive. Indeed, let ﬂ ﬂ glg ! =
n=1 geG
N # {1g}. Define (Y,0) as above. Then N is a proper normal subgroup

of Gand N = {g € G| O, = I}. We now let G := G/N and T, :=
[,,/N. Then fn is a cofinite subgroup in G for each n € N, fl ) fg D

—

- and ﬂ ﬂ gL' = {15} Let (Y, O) denote the topological G-odometer
n=1 geé N N N
associated with the sequence (I';,);2 ;. Then, of course, Y =Y and O, = O,y

for each g € G.
We now show that the classical nonsingular Z-odometers of product type

are covered by Definition 3.1.

Example 3.2. Let G = Z and let (a,);>; be a sequence of integers such that
a, > 1 for each n € N. We set '), := a;---a,Z. Then I'y 2 I'y D --- and
ﬂ [, ={0}. Theset D,, :=aq---a,-1-{0,1,...,a, — 1} is a [',-cross-section

n=1
in I';,_1. Hence, in view of (3-4), the space Y of the Z-odometer O = (O,)nez
associated with (I";)>°; is homeomorphic to the infinite product D = Dy X

n=1

Dy x - --. We identify D,, naturally with the set {0,1,...,a, — 1}. Then
D={0,1,...,a1 — 1} x{0,1,...;a0 — 1} x -+~

To define O explicitly on this space we take y = (y,,)neq € D. It is a routine to
check that if there is £ > 0 such that y; = a; — 1 for each j < k and y;, # ai, —
1 then

Oly - (07 . 707yk‘+ 17y/€+17yk‘+27"')'

If such a & does not exist, i.e. y; = a; — 1 for each j > 0, then Oy =
(0,0,...). Let k,, be a non—degenerated probability measure on {0, 1,...,a, —

1} and let H max k,(d) = 0. This means that (i) and (ii) of Proposition 3.2

0<d<a,

hold. Of course, Proposition 3.2(iii) holds also. Hence, by Proposition 3.2, the
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nonsingular odometer

(@{0,...@”—1},@/{”70)

is of rank one. Thus, in this case our definition of nonsingular odometer coincides
with the classical definition of nonsingular Z-odometers of product type (see

[1], [7]). Moreover, the Z-odometers of product type are of rank one.

We note that there exist nonsingular (even probability preserving) G-

odometers which are not of rank one.



Poz i 4
Odometer factors of nonsingular

(C, F)-actions

The following concept is an “infinite” analogue of Definition 2.1.

Definition 4.1. Let a sequence T = (C,,, Fy,—1, Kn, Vp—1)pey satisfy (1-1)-
(1-3) and Proposition 1.8(ii) and let a sequence (I',)5”; satisfy (3-1.) Denote
by (Y,0) the topological odometer associated with (I',)>" ;. Given y =
(gnl'n)02y € Y, we say that T is compatible with y if

oo

Y kn(feeCylcd gilng,'}) < oo

n=1
Denote by T the (C, F')-action of G associated with 7. Let X be the space
of T and let u stand for the the nonsingular (C, F')-measure on X determined
by (kn)req and (V)02 As

900Gyt = gni1lngnin D Gne1lni1ity for each n € N,

it follows that if 7 is compatible with y then 7 is compatible with the coset
gnl'yy € G/T), in the sense of Definition 2.1 for each n € N. Hence the (T, g,I',)-
factor mapping w4, : X — G/I', for T'is well defined (mod 0) for each

n € N. Moreover, a measurable mapping

oo

T(Ty) = Xo>r— (W(T,gnpn)(x)> eyY

n=1

is well defined (mod 0) too. Of course, 7y o Ty = Oy o m(, for each g € G.

Hence the nonsingular odometer (Y, [ O 7r(_71 4)’ O) is a factor of (X, u, T).

31
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Definition 4.2. We call 7(1 ) the (T ,y)-factor mapping for T'

In the proposition below we find necessary and sufficient conditions (in

terms of the parameters 7) under which 7y ) is one-to-one, i.e. the dynamical

systems (X, p,T) and (Y, o W(_,rly), O) are isomorphic via m7p,,).

Proposition 4.3. Let T be compatible with y. The following are equivalent:
(i) 774 is one-to-one (mod 0),

(ii) for each n > 0 and € > 0 there are | > 0 and a subset D; C G/T'; such
that M([1G]nm(7{glm(z)l)) < ¢ and

(iii) for each n > 0 and € > 0 there are |l > 0, a subset D; C G/I'; and M >
0 such that v, (Cn+1 O f € B | faly € Dl}) < € for each m >
M.

Proof. (i)<(ii) Denote by B and Q) the Borel o-algebra on X and Y
respectively. Of course, 7( ) is one-to-one (mod 0) if and only if B = 77(}1 (D)
(mod 0). Since

— B is generated by the family of all cylinders in X and
— B is invariant under T,

it follows that B = 7/ (2) if and only if [1¢], € 77, () for each n >
0. Let 9); C 2) denote the finite sub-o-algebra of subsets that are measurable
with respect to the canonical projection G — G/T';. Then 97 C Yy C -+ and

the union U 9); is dense in ). It follows that [15], € W(_%y)(iy) if and only if
I=1

: —1
min /L([lg]nﬁﬂ(T’y)(A)) —0 asl— oo

It remains to note that {W(_%’y)(A) | Ae} = {77(_7},911%)(1)) | D C G/I'j}.
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(ii)<(iii) We note that for all n > 0, [ > 0 and a subset D C G/I,

M([ cln AWTQF)(D)> ~ lim u([ &l AWTQF)(D)H[Fm]m) and

m—00

nll_rizo@/ﬁ]({x— C; j>m€C X Chpiq X -+ |cj€glFlgl_1 VjZm}) —

j>m

The latter follows from the fact that 7 is compatible with y. It implies that

lim u({x - (fm;cn+1a . ) S [F ]m | (T ,qiT) ( ) fmglrl}) = M([Fm]m)'

m—0o0

Hence, for each D C I,

N(DG] A TglFl)(D)> = %%N([IG]nA |_| [f]m)

fEFm7fglFleD

— lim ym(CnH---CmA{f € F, | fol) e D}).

m—0o0

This equality implies the equivalence of (ii) and (iii). [

The following theorem is the main result of this section.

Theorem 4.4. Let a sequence T = (Cyp, Fli—1, Kn, Vn—1)eq satisty (1-1)—
(1-3) and Proposition 1.8(ii). Let T be the nonsingular (C,F)-action of
G associated with T and let (Y,0) be the topological G-odometer associ-
ated with a sequence (I',)>° satisfying (3-1). Then for each G-equivariant
measurable mapping 7 : X — Y there exist an increasing sequence q of
nonnegative integers and an element y € Y such that the g-telescoping T =

(C’n, Ey 1 Fon,s U 1)02, of T is compatible with y and
T(Fy) ©lq =T (4-1)

Moreover, T is one-to-one (mod 0) if and only if for each n > 0 and € > 0 there
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are |l > 0, a subset D; C G/T'; and M > n such that for each m > M,
;m<5n+l Tt émA{f € ﬁm | fglFl € Dl}) < €.

We preface the proof of Theorem 4.4 with auxiliary simple but useful facts

about factor mappings.
Lemma 4.5. Let I',I'; be two cofinite subgroups in G and I'y C I". Then

(i) if T is compatible with a coset gI" € G/T" then for each increasing sequence
a = (ay);>, of nonnegative integers with ag = 0, the a-telescoping T of

T is also compatible with gI" and
T(TT.gT) = T(F g1y © Las (4-2)
(ii) if T is compatible with two cosets gI' € G/I" and g1I'1 € G /I’y then
T OT(T gTy) = T(Tgr) if and only if qg ' eT,

where r : G/T'y — G /T denotes the natural projection.
Proof. (i) For each n > 0, we let Cp := Cy 11+ Cy and Ry = Kq,_, *
-+ x Ko . Then

Qn

Fn({c€Culedglg}) < > wi({eeCilegglg™}).

Jj=an_1+1
Hence,
ZEH({C eC,|céd gLg™'}) < Z/@'j({c €Cjlcg glg™'}) < o0
n=1 j=1

Thus, T is compatible with gI'.

The formula (4-2) and the claim (ii) are verified straightforwardly. [
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Proof of Theorem 4.4. We note that 7(x) = (7,,(x)); for each z € X,
where 7,, : X — G/I'), is a G-equivariant mapping for every n.

From now on, we will argue inductively. At the first step we apply Remark 2.4
to T and 71: there exist a coset ¢1I'; € G/T'; and an increasing sequence q1 of
nonnegative integers such that the g'-telescoping 7 of T is g1['1-compatible

and

T(Ti,qiTy) © gt = T1- (4-3)
At the second step we we apply Remark 2.4 to the (C, F')-action T of G associ-
ated with 77 and the factor mapping m o Lq1_1 of T there exist a coset gol's €

G /T3 and and an increasing sequence g of nonnegative integers such that the

q*-telescoping T of T is goI's-compatible and

-1
T(Ta,g2T2) © tg? = 720 Lgt - (4_4)

Consider the natural projection wey : G/I's — G/I'y. Since weq 0 70 = 71, it

follows from (4-3) and (4-4) that

W2,1 © T(T3,9oT5) © Lq? = T(T1,9:T1)

Then Lemma 4.5(i),(ii) imply that gog;* € T';. Continuing inductively, we
obtain a sequence (g, ), of elements in G and a sequence (g")~; of increasing

sequences of nonnegative integers such that for each n > 0,

(a1> gnggil € Fn—l:

n) (n) _(n) \oo

() the g"-telescoping T, = (C,gn),Fk(_l,/fk Uy 1 )pe1 of Tp—1 is compatible
with the coset g,1',, and

(a3) (76,1, © Lgloogn = Ta.

We now choose an integer a,, > 0 large so that
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n n _ 1
() Yo m (fee O e guTugy'}) < —

k>an,
for each n > 0. It follows from (aq) that the sequence y := (g,I's)02, is a

well-defined element of Y. Of course,
1 2. 1
g o q° is a subsequence of q",

q' o q* o @’ is a subsequence of ¢' o ¢°

and so on. Hence, utilizing the diagonalization method, we can construct a

sequence q = (¢y,).—; of integers such that
—0=q<qa <<
— g is a subsequence of g' o - - o ¢" and
— Gn 2 On

for every n > 0. Denote by T the g-telescoping T = (5n, Ey_1, Fon, Up—1)pq of
T. We are going to show that T is compatible with y. By the construction of

g, for each n > 0, there are integers d,, » > d,,1 > a, such that
C, = Cé:?l e C’C(ZZL and Ry = Kq,, %% K,

Therefore we deduce from (ay) that

dn2
~ ~ — - n n — 1
Fo{e € Cul e glugy ) < 3w ({ee G [ e # gulug, ")) < —.
k=dy 1

o0
Hence, ZEn({c € Ch|cdgalng,'}) < oo, ie. T is compatible with y, as
n=1
desired.
We now prove (4-1). Of course, T is a telescoping of the q' o --- o ¢"-

telescoping of T for each n. In view of (as), the g' o - - - o g"-telescoping of T
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equals 7,,. Thus, T isa telescoping of 7,,. Denote by 6,, the canonical isomorphi-
sm corresponding to this telescoping. Then tq = 0, © tg16...0qn. It follows from

this and («g3) that

Tr(%mgnrn) © Lq = Tr(%agnrn) © en © [/qlo._.oqn - Tr(ﬁwgnrn) © quo"'oqn = Tn

for each n € N. Hence T(F,) = T as desired.
The second (the last) claim of the theorem follows from the first one and
Proposition 4.3. ]
As a corollary, we obtain a criterion for the existence (or non-existence) of

odometer factors for rank-one nonsingular actions.

Corollary 4.6. Let T be the nonsingular (C, F)-action of G associated wi-
th a sequence T = (Cy, Fy—1, K, Un—1)se satistying (1-1)—(1-3) and Proposi-
tion 1.8(ii). Then T has no nonsingular odometer factors if and only if for

each decreasing sequence I'y D I's O --- of cofinite subgroups in G satisfying

e.¢]

o1, L.e. for each

(3-1), no telescoping of T is compatible with the sequence (I'),)

sequence 0 =q; < qo < -+ -,

(0.¢]
Z KQn‘Fl Kook K/QnJrl({c E CQn+1 o CQn+1 ‘ c € Fn}) = Q.
n=0

Proof. Tt is sufficient to utilize Theorem 4.4 and the following remark.

Let Y be a G-odometer associated with a decreasing sequence (I',)7°, of
cofinite subgroups in G such that (3-1) holds. Let y € Y. Then y = (g,1',)r2y
with gnggil € I, for each n € N. Of course, g1'1g;" D golagy! D -+
and the sequence (g,I'ng, )%, satisfies (3-1). Denote by Y, the space of

the G-odometer associated with (g,I,g,%)°°,. Then there is a canonical G-

equivariant homeomorphism ¢, : Y — Y. It is well defined by the formula

soy((znfn)io:1) = (Znanﬁl)Zoﬂ = (znggl(gnrnggl))zo:y
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It follows that there is a G-equivariant map from X to Y if and only if there
is G-equivariant map from X to Y. ]
In a similar way, we obtain a criterion when a nonsingular (C, F')-action is

not isomorphic to any nonsingular odometer.

Corollary 4.7. Let T be the nonsingular (C, F)-action of G associated
with a sequence T satisfying (1-1)-(1-3) and Proposition 1.8(ii). Then T is
not isomorphic to any nonsingular odometer if and only if for each decreasing
sequence I'y D T'y D -+ of cofinite subgroups in G satistfying (3-1) and each
increasing sequence q of nonnegative integers such that the g-telescoping T of
T is compatible with the point (I',)>>; € projlim G/T',,, there exist n > 0 and

n—oo

€0 > 0 such that for each | > 0, D; C G/T'; and M > n, there is m > M with

gm(6n+1 e 5’mA{f € va ‘ fglrl S Dl}) > €.
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Example of Heisenberg group action of

rank one
In this section we consider the 3-dimensional discrete Heisenberg group

H3(Z). We remind that

( \
1 z =z

-~

Hs(Z)=< 101 y||zy,2€Z
0 01

/

This group is non-Abelian, nilpotant and residually finite. For brevity, we will

1 » 2

write (z,y, z) for the matrix | 0 1 y |. It is straightforward to verify that
0 01

(z,9,2) - (1,91, 21) = (T + 21,9 + Y1, 2 + 21 + 21).

(xayaz) ) (551;?/1721) ' (%Z/az)_l = (551791, 21 +xyr — y$1)~

The center of H3(Z) is {(0,0,2) | z € Z}. Given a,b,c > 0, we let
(a,b,c) :={(x,y,2) € H3(Z) |0 < x < a,0<y<b0<2z<c}.

It is straightforward to verify that if a, — 400, b, — 400, ¢, — 400 and

bn
— — 0 as n — oo then (Il(ay, by, ¢,))

9
n=1

is a left Folner sequence in Hs(7Z).

Cn

If, in addition, % 5 0 then (I(ayn, by, cn))peq is a 2-sided Fglner sequence in
Cn

H3(Z).

Example 5.1. We construct a probability preserving (C, F)-action T of
39
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H3(7Z) that has an odometer factor but 7' itself is not isomorphic to any
odometer. For that, we first define recurrently a sequence (h,),>, of positi-

ve integers by setting
ho := 1 and hy,4q = 16k, + 9 - 4",

It is easy to check that h, = 427 34" for each n > 0. We set

W= {(a,b,0) | a,b € {0,2"}} and
C® = {(0,0,5hy) | j=0,...,7}-{(0,0,0),(0,0,8h, +2- 4"},

We now define a sequence (C),, Fj,_1)>>; by setting

F, :=11(2",2" h,) and C,4 := ! +1C for each n > 0.

n

It is straightforward to check that (1-1) is satisfied. We define measures &, on

C,, and v, on F), by setting (1) = 1 and

1 1 1
r :6_4’ Vn(f) ;:@ for each c € C,, f € F,,, n > 0.

kn(c) ==

Let T := (Cy, Fy_1, Kny Vn—1). Then (1-2) and (1-3) hold for 7. Since #F,, =
4"(4%" —3.4") and #C,,,1 = 64, we obtain that
F, 4n+2 3 9

Mrses M1 (1 *aw - 3)) o
Of course, (F,)r"; is a 2-sided Fglner sequence in Hs(Z). Hence, Propositi-
on 1.8(ii) holds. Then the (C, F')-action T' = (Ty)4cm,(z) associated with T is
well defined on a measure space (X, 1), where p is the (C, F')-measure determi-
ned by (Kpn, Vn—1)peq. Moreover, T' preserves p, i.e. p is the Haar measure for

the (C, F')-equivalence relation on X, and pu(X) < oo in view of (5-1) (see
Remark 1.5).
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Next, we define a measure preserving odometer action of Hs(Z). Given n >
0, we let

T, = {(i-2",5-2" k-2") € Hy(Z) | i, ], k € Z).

Then T',, is a normal cofinite subgroup of H3(Z), I'y 2 T's 2 -+ and ﬂ I, =
n=1

{1}. Denote by O the Hj3(Z)-odometer associated with the sequence (I'),)7°

n=1-
We call it the 2-adic odometer action of H3(Z). This odometer is normal. It is

defined on the compact metric group

Y := projlim H3(Z)/T,,.

n—oo

Denote by v the Haar measure on Y. Since C),,1 C I';, for each n € N, it follows

that T is compatible with (I',,)>2; € Y. Hence the (T, (I';,):2 ;)-factor mapping

n=1
T(T,r,) - X — Y intertwines T" with O. For brevity, instead of 77 r, )= )

L'on Y is finite and invariant under

below we will write m. The measure po m™
O. Since O is uniquely ergodic, it follows that o7 ' = u(X) - v. Thus, the
2-adic H3(Z)-odometer is a finite measure preserving factor of (X, u, T').

We claim that (Y,v,O) is the maximal odometer factor of T, i.e. every

odometer factor of T is a factor of O. Let Ay D Ay D --- be a sequence
of cofinite subgroups in H3(Z) with ﬂ (]g/\ng_1 = {1} and let Q =
n=1 geG

(Qg)ger,(z) stand for the associated H3(Z)-odometer which is defined on the
space Z := projlim H3(Z)/A, equipped with Haar measure. If there is an
Hg(Z)—equivarig;toomapping 7 : X — Z then, by Theorem 4.4, there exist a
sequence ¢ = (qn)ny and an element z = (g,A,)."; € Z such that 0 = ¢y <
q1 < @2 < ---, the g-telescoping T of T is compatible with z and 7 = T(F 2 ©
tq- Replacing A,, with gglAngn for each n € N, we pass to an isomorphic (to

()) odometer as a factor of X (see the proof of Corollary 4.6). We denote it by

the same symbol Z. Therefore, without loss of generality, we may assume that
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T is compatible with z = (A,,),. It follows that there is N > 0 such that for
each n > N
#{c € Cppa---C

dn+1

lcd A} <6471,

As #Cq1 = 64 and #(Co1---Co,py) = #(Co11)3(Cppra- - Cy,y), a

version of Fubuni theorem yields that there exists at least one element d €

Cypiz--C

Qn+1

such that C, 11d C A,,. Hence,
{(2%,0,0),(0,2%,0)} C {cc' | ¢,c € Cy 11} C A,
Therefore, the subgroup
Yo i=H(i-2%,5-27 k- 4%) € H3(Z) | i,7,k € Z}

is contained in A,. This implies that Iy, C X%, C A, for each n > 0. The

natural projection

H3(Z)[Taq, — H3(Z) /Ay

is H3(Z)-equivariant for each n. Passing to the projective limit as n — oo,
we obtain a Hj(Z)-equivariant projection n : Y — Z. It is straightforward to
verify that 7 =n o m, as desired.

It remains to show that 7 is not one-to-one (mod0). For that, it suffices to
show that the restriction of 7 to Xj is not one-to-one. Let ) and k2 be the

equidistributions on CS) and 07(12) respectively, n € N. We let

(Xél),/-;l) = (Cfl) X 02(1) X e ,®/1711) and
n=1

(X ?) = <c§2> O x .. @)
n=1

Then X, Xél) and XéQ) are compact subsets of the Polish group Hg(Z)N. The
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mapping
oy (2) 1,2 1,2
a: Xy xXy7 2 (v, 2%) = rat € X

is a homeomorphism that maps the product measure x' ® k* to p | Xj.

Moreover, for each (z', 2?) € X(gl) X X(gQ)

m(x'a?) = m(ah)m(2?). (5-2)

Let Z stand for the center of H3(Z). Denote by Yj the center of Y. It is routine
to verify that

Yy = projlim ZT,/T",, = projlim Z/(Z NT,).

n—oo n—oo

Denote by Y, the quotient group Y/Yj and by w the quotient homomorphism
Y — Y5. Then we obtain a short exact sequence of compact totally disconnected
groups

1l —Y,—Y S35 —Y, —1.

Denote by \g and Ao the Haar measures on Y, and Y5 respectively. It is strai-
ghtforward to verify that

Yy = projlim H3(Z)/(ZT,,) = projlim Z*/2"Z* and

n—oo n—oo

wom(z') = ((a1,b1) + 2Z°, (as, by) + 2°Z°, .. .)

for each z! = ((al,bl,()), (a9, bs,0), . ) € Xél). Hence w o 7 is a measure
preserving homeomorphism of (Xél), k') onto (Ya, A2). We now define a conti-

nuous mapping s : Yo — Y by setting

s(w(r(z"))) = m(ah). (5-3)
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Then s is a cross-section of w. Hence, the mapping

B:Y 5y (ys(w(y) ™ wly)) € Yo x Vs

is a well defined measure preserving homeomorphism of (Y, /) onto the product

measure space (Y x Y2, \g ® As). It follows from (5-2) and (5-3) that
Bomoa(z',z*) = w(n(z")r(2?)) = (n(2”),w o w(z"))
for each (z',27%) € Xél) X XSQ). Moreover,
(k'@ K)o (Bomoa)™t =X ® .

Therefore, 7 is not one-to-one (p-mod 0) if and only if the mapping 7 | XéQ) —
Y} is not one-to-one (p®-mod 0).

Our purpose now is to show that 7 | XéQ) — Yy is not one-to-one. Let

C® = {0, by, 2hn, 3ha},
CW = {0,4h,} + {0,8h, +2- 4™},

k3 and k2 are the equidistributions on C'¥ and C' respectively for each n >

0 and let .
(X(()?’), k) 1= <C’f3) X 02(3) X e 7®“i) and
n=1
(X(§4),/<a4) = <01(4) X 02(4) X - ,®Iii).
n=1

Then X(()?’) and X(()4) are compact subsets of H3(Z)Y. The mapping
Xég) X Xé4) > (2%, 2%) = 2?2t € XéQ)

is a well defined homeomorphism that maps the product measure x> @ k?* to



45
k2. Moreover, for each (2°, 2*) € X(()?’) X X(()4),

m(23z) = (2w ().

In view of that, it suffices to show that the mapping 7 | XB 5 Vyisaa

bijection and % o (m | X®)™1 = ). We leave a routine verification of these

facts to the reader.



Bucuosknu

In this work we found the explicit criterion when the action of nonsingular
rank one is isomorphic to the odometer, and when the odometer is the factor
of the nonsingular rank one transformation. It is a step forward to a solution
of the isomorphism problem in Dynamical Systems. This work can be used
for solving this problem further and for generalizations to broader classes of

transformations.
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