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Àíîòàöi¨

Â¹ïðiê Ì. I. Îäîìåòðè÷íi ôàêòîðè íåñèíãóëÿðíèõ äié ðàíãó

îäèí

Äëÿ äîâiëüíî¨ çëi÷åííî¨ äèñêðåòíî¨ íåñêií÷åííî¨ ãðóïè G ââåäåíî íåcèí-

ãóëÿðíi äi¨ ðàíãó îäèí. Äëÿ âêëàäåíî¨ ïîñëiäîâíîñòi Γ1 ⊋ Γ2 ⊋ · · · êîôiíi-

òíèõ ïiäãðóï ó G ç
∞⋂
n=1

⋂
g∈G

gΓng
−1 = {1G}, ïðîåêòèâíà ãðàíèöÿ îäíîðiäíèõ

G-ïðîñòîðiâ G/Γn ïðè n → ∞ ¹ G-ïðîñòîðîì. Íàäiëèâøè öåé G-ïðîñòið

åðãîäè÷íîþ íåñèíãóëÿðíîþ íåàòîìàðíîþ ìiðîþ, ìè îòðèìà¹ìî äèíàìi÷íó

ñèñòåìó, ÿêó íàçèâàþòü íåñèíãóëÿðíèì îäîìåòðîì. Çíàéäåíî íåîáõiäíó i

äîñòàòíþ óìîâó òîãî, ùî çàäàíà íåñèíãóëÿðíà ñèñòåìà ðàíãó îäèí áóäå içî-

ìîðôíîþ çàäàíîìó íåñèíãóëÿðíîìó îäîìåòðó. Òàêîæ çíàéäåíà íåîáõiäíà

òà äîñòàòíÿ óìîâà òîãî, ùî çàäàíèé îäîìåòð ¹ ôàêòîðîì çàäàíî¨ íåñèíãó-

ëÿðíî¨ ñèñòåìè ðàíãó îäèí.

Vieprik M. I. Odometer factors of nonsingular actions of rank

one

For an arbitrary countable discrete infinite group G, nonsingular rank-

one actions are introduced. Given a nested sequence Γ1 ⊋ Γ2 ⊋ · · · of

cofinite subgroups in G with
∞⋂
n=1

⋂
g∈G

gΓng
−1 = {1G}, the projective limit

of the homogeneous G-spaces G/Γn as n → ∞ is a G-space. Endowing

this G-space with an ergodic nonsingular nonatomic measure we obtain a

dynamical system which is called a nonsingular odometer. A necessary and

sufficient condition has been found that a given nonsingular rank-one system

will be isomorphic to a given nonsingular odometer. We also found necessary
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and sufficient condition for nonsingular rank-one system to factor onto an

odometer.
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Âñòóï

One of the most well-known Dynamical Systems problems is the isomorphi-

sm problem: how to determine whether two arbitrary dynamical systems are

isomorphic. If we consider the corresponding isomorphism equivalence relati-

on, then it will not be Borel on the class of ergodic dynamical systems. But

the restriction of this equivalence relation to the subclass of tranformations of

rank one will be Borel. Thus, the problem of isomorphism for transformati-

ons of rank one is considered more promising to �nd a solution. The rank

one transformatons form a wide class of dynamical systems. They appear as a

source of examples and counterexamples in ergodic theory. A generic ergodic

transformation is of rank one. In this paper, a partial case of the isomorphism

problem is solved, namely, when one of the transformations is of rank one, and

the other is an odometer. In previous works, a similar problem was considered

for the action of the group Z ( [11]) and the action of the group Zd ( [12]), where

d is natural. In this work we deals with the actions of arbitrary countable in�-

nite groups. Also, arbitrary nonsingular actions of groups are considered here,

whereas in the previous works only measure-preserving ones were considered.

In these general settings the problems under considerations are more di�cult.

We encounter new phenomena that were absent in the previous works.

We now brie�y outline the content of this work, which consists of 5 secti-

ons. Section 1 is divided into 5 subsections. In �1.1 we de�ne, for an arbitrary

countable group G, nonsingular G-actions of rank one. According to this de�ni-

tion, a nonsingular G-action T is of rank one if T is free and T admits a re�ning

sequence of Rokhlin towers that approximate both the entire σ-algebra of Borel

subsets and the G-orbits and, in addition, the Radon-Nikodym derivative of T

5
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is constant on each transposition of the levels within every tower (see De�niti-

on 1.1). De�nition 1.1 can be considered as an abstract de�nition of rank one.

In the case of probability preserving Z-actions, there exist several equivalent

constructive de�nitions of this concept [10]. One of the most useful of these

is the cutting-and-stacking construction, which explicitly associates a rank-one

transformation to a sequence of integer-valued parameters.1 This transformati-

on is de�ned on the unit interval. It preserves the Lebesgue measure. A natural

generalization of this construction for general countable groups was suggested

in [9] and [3] in similar but non-equivalent versions. We call it the (C,F )-

construction. The most general version of the (C,F )-construction, including the

versions from [9] and [3] as particular cases, appeared in [5]. However, [5] deals

only with measure preserving actions. In �1.2�1.3 here we de�ne nonsingular

(C,F )-actions. �1.2 is preliminary: we de�ne (C,F )-equivalence relations and

related quasi-invariant (C,F )-measures. The nonsingular (C,F )-actions related

to the (C,F )-equivalence relations and (C,F )-measures appear in �1.3. They

include all the nonsingular rank-one transformations (and actions of Abelian

groups) that have been studied earlier in the literature: see [1], [2], [13], [3], [4],

[7] and references therein.

Important concept of telescoping for the parameters of (C,F )-actions is

introduced in �1.4.

In �1.5 we discuss the case of nonsingular Z-actions of rank one along

intervals in more detail. It is shown in �1.5 that the (C,F )-construction in this

case is equivalent to the classical cutting-and-stacking with a single tower at

every step of the construction. However, in contrast with the measure preserving

case, the towers are now divided into subtowers of di�erent width.
1Thus, the class of rank-one transformations is parametrized with a nice Polish space of integer

parameters. However, di�erent sequences of parameters can de�ne isomorphic rank-one maps. One of the

most challenging open problems in this �eld is to �nd necessary and su�cient conditions on the parameters

which determine isomorphic transformations.
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Section 2 is devoted to description of �nite factors of rank-one nonsingular

actions. We remind that a factor of a dynamical system is an invariant sub-σ-

algebra of measurable subsets. Equivalently, a factor of a system is a dynamical

system which appears as the image of the original system under a nonsingular

equivariant mapping. Hence, the �nite factors of an ergodicG-action correspond

to the G-equivariant mappings onto homegeneous G-spaces G/Γ, where Γ is a

co�nite subgroup in G. Each nonsingular (C,F )-action is parametrized by an

underlying sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 of (C,F )-parameters, where

Cn and Fn−1 are �nite subsets of G, κn is a probability on Cn and νn−1 is

measure on Fn−1 for each n ∈ N. These parameters have to satisfy some condi-

tions listed in �1.3. The following is the main result of �2 (a stronger version of

it is proved in Theorem 2.3; see also Remark 2.4).

Theorem. A nonsingular (C,F )-action action T ofG has a �nite factorG/Γ

if and only there is a telescoping T = (Cn, Fn−1, κn, νn−1)
∞
n=1 of the (C,F )-para-

meters of T and a coset gΓ ∈ G/Γ such that

∞∑
n=1

κn

(
{c ∈ Cn | c ̸∈ gΓg−1}

)
<∞.

An explicit formula for the factor mapping is obtained.

In �3 we consider topological G-odometers as the projective limits of

homogeneous G-spaces G/Γn for a nested sequence Γ1 ⊋ Γ2 ⊋ · · · of co�nite

subgroups in G such that
∞⋂
n=1

⋂
g∈G

gΓng
−1 = {1G}. By a nonsingular G-odometer

we mean a topological G-odometer endowed with a G-quasiinvariant measure.

In �4 we study the odometer factors of nonsingular (C,F )-actions. The main

result of the paper is the following (see Theorem 4.4).

Theorem. Let (X,µ, T ) be the nonsingular (C,F )-action of G associated

with a sequence of (C,F )-parameters T . Let O be the topological G-odometer
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de�ned on the projective space Y = proj lim
n→∞

G/Γn corresponding to a nested

sequence Γ1 ⊋ Γ2 ⊋ · · · of co�nite subgroups in G such that
∞⋂
n=1

Γn = {1G}. A

measurable G-equivariant mapping π : X → Y exists if and only if there exist

a telescoping T ′ = (Cn, Fn−1, κn, νn−1)
∞
n=1 of T and an element (gnΓn)

∞
n=1 ∈ Y

such that
∞∑
n=1

κn

(
{c ∈ Cn | c ̸∈ gnΓng

−1
n }
)
<∞.

An explicit formula for π is obtained. Necessary and su�cient conditions for π

to be an isomorphism of (X,µ, T ) onto (Y,O, µ◦π−1) are given in terms of T ′.

As a corollary, criteria for a (C,F )-action to have an odometer factor or to be

isomorphic to an odometer factor in terms of the underlying (C,F )-parameters

are obtained in Corollaries 4.6 and 4.7.

In �5 we construct a rank-one action of the Heisenberg group H3(Z) which

has an odometer factor but which is not isomorphic to any odometer action.



Ðîçäië 1

Rank-one nonsingular actions of

countable groups and

(C,F )-construction

1.1. Nonsingular actions of rank one

Let G be a discrete in�nite countable group. Let T = (Tg)g∈G be a free nonsi-

ngular action of G on a standard σ-�nite non-atomic measure space (X,B, µ).

By a Rokhlin tower for T we mean a pair (B,F ), where B ∈ B with 0 <

µ(B) <∞ and F is a �nite subset of G with 1G ∈ F such that

� the subsets TfB, f ∈ F , are mutually disjoint,

� the Radon-Nikodym derivative
dµ ◦ Tf

dµ
is constant on B for each f ∈ F .

Given a Rokhlin tower (B,F ), we let XB,F :=
⊔
f∈F

TfB ∈ B. Of course,

µ(XB,F ) < ∞. By ξB,F we mean the �nite partition of XB,F into the subsets

TfB, f ∈ F . If x ∈ TfB then we set OB,F (x) := {Tgx | g ∈ Ff−1}.

De�nition 1.1. Let {1G} = F0 ⊂ F1 ⊂ F2 ⊂ · · · be an increasing sequence

of �nite subsets in G. We say that T is of rank-one along (Fn)
∞
n=0 if there is a

decreasing sequence B0 ⊃ B1 ⊃ · · · of subsets of positive measure in X such

that (Bn, Fn) is a Rokhlin tower for T for each n ∈ N and

(i) ξBn,Fn
≺ ξBn+1,Fn+1

for each n ≥ 0 and
∞∨
n=0

ξBn,Fn
is the partition of X into

singletons (mod 0),

9
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(ii) {Tgx | g ∈ G} =
∞⋃
n=1

OBn,Fn
(x) for a.e. x ∈ X.

It follows from (i) that XB0,F0
⊂ XB1,F1

⊂ XB2,F2
⊂ · · · and

∞⋃
n=0

XBn,Fn
=

X. The piecewise constant property of the Radon-Nikodym derivative on the

Rokhlin towers yields that:

(iii) if TcBn+1 ⊂ Bn for some c ∈ Fn+1 then

µ(TfcBn+1)

µ(TfBn)
=

µ(TcBn+1)

µ(Bn)
for each f ∈ Fn and n ≥ 0.

Proposition 1.2. Let T satisfy (i) from De�nition 1.1. Then T is ergodic.

In particular, every rank-one nonsingular action is ergodic.

Proof. Let two subsets A1, A2 ∈ B be of positive measure. It follows from

(i) that there are n > 0 and f1, f2 ∈ Fn such that

µ(A1 ∩ Tf1Bn) > 0.9µ(Tf1Bn) and µ(A2 ∩ Tf2Bn) > 0.9µ(Tf2Bn).

As (Bn, Fn) is a Rokhlin tower, Tf2f
−1
1
Tf1Bn = Tf2Bn and

dµ ◦ Tf2f
−1
1

dµ
(x) =

µ(Tf2Bn)

µ(Tf1Bn)
at a.e. x ∈ A1.

It follows that

µ
(
Tf2f

−1
1
A1 ∩ Tf2Bn

)
= µ

(
Tf2f

−1
1
(A1 ∩ Tf1Bn)

)
= µ(A1 ∩ Tf1Bn)

µ(Tf2Bn)

µ(Tf1Bn)

> 0.9µ(Tf2Bn
).

Therefore µ(Tf2f
−1
1
A1∩Tf2Bn∩A2) > 0.8µ(Tf2Bn). Hence, µ(Tf2f

−1
1
A1∩A2) >

0, as desired.
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1.2. (C,F )-equivalence relations and nonsi-

ngular (C,F )-measures

Fix two sequences (Fn)n≥0 and (Cn)n≥1 of �nite subsets in G such that F0 =

{1G} and for each n > 0,

1G ∈ Fn ∩ Cn, #Cn > 1,

FnCn+1 ⊂ Fn+1,

Fnc ∩ Fnc
′ = ∅ if c, c′ ∈ Cn+1 and c ̸= c′.

(1-1)

We let Xn := Fn × Cn+1 × Cn+2 × . . . and endow this set with the in�nite

product topology. Then Xn is a compact Cantor space. The mapping

Xn ∋ (fn, cn+1, cn+2 . . .) 7→ (fncn+1, cn+2, . . .) ∈ Xn+1

is a continuous embedding of Xn into Xn+1. Therefore the topological inducti-

ve limit X of the sequence (Xn)n≥0 is well de�ned. Moreover, X is a locally

compact Cantor space. Given a subset A ⊂ Fn, we let

[A]n := {x = (fn, cn+1, . . .) ∈ Xn, fn ∈ A}

and call this set an n-cylinder in X. It is open and compact in X. For brevity,

we will write [f ]n for [{f}]n for an element f ∈ Fn.

We remind that two points x = (fn, cn+1, . . .) and x′ = (f ′n, c
′
n+1, . . .) of Xn

are tail equivalent if there is N > n such that cl = c′l for each l > N . We thus

obtain the tail equivalence relation on Xn.

De�nition 1.3 ( [5]). The (C,F )-equivalence relation (or the tail equi-

valence relation) R on X is de�ned as follows: for each n ≥ 0, the restriction

of R to Xn is the tail equivalence relation on Xn.
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The following properties of R are easy to check:

� Each R-class is countable.

� R is minimal, i.e. the R-class of every point is dense in X.

� R is hyper�nite, i.e. there is a sequence (Sn)∞n=1 of subrelations of R such

that S1 ⊂ S2 ⊂ · · · ,
∞⋃
n=1

Sn = R and #Sn(x) < ∞ for each x ∈ X and

n ≥ 0. Indeed, we can de�ne Sn by the following: (x, y) ∈ Sn if either

x, y ̸∈ Xn and x = y or x = (fn, cn+1, . . . ) ∈ Xn, y = (f ′n, c
′
n+1, . . . ) ∈ Xn

and cm = c′m for all m > n.

We remind that the full group [R of R is the group of all Borel bijections

γ : X → X such that (x, γx) ∈ R for each x ∈ X. A Borel measure µ on X

is called R-quasi-invariant if µ ◦ γ ∼ µ for each γ ∈ [R]. Then there is a Borel

mapping ρµ : R → R∗+ such that

ρµ(x, y)ρµ(y, z) = ρµ(x, z) for all (x, y), (y, z) ∈ R

and ρµ(γx, x) =
dµ ◦ γ
dµ

(x) at a.e. x ∈ X for each γ ∈ [R]. The mapping ρµ is

called the Radon-Nikodym cocycle of (R, µ).

Suppose that for each n ∈ N, a non-degenerated probability measure κn on

Cn is given. We now let µ0 := ν0⊗κ1⊗κ2⊗· · · , where ν0 is the Dirac measure

supported at 1G. Then µ0 is an (R ↾ X0)-quasi-invariant probability on X0. Of

course, µ0 is non-atomic if and only if

∏
n>0

max
c∈Cn

κn(c) = 0. (1-2)

By the Kolmogorov 0-1 law, (R ↾ X0) is ergodic on the probability space

(X0, µ0). There are many ways to extend µ0 to an R-quasiinvariant measure

on X. However all such measures will be mutually equivalent. Select for each
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n ∈ N, a non-degenerated �nite measure νn on Fn such that

νn+1(fc) = νn(f)κn+1(c) for each f ∈ Fn and c ∈ Cn+1. (1-3)

It is often convenient to consider νn and κn as �nite measures on G supported

on Fn and Cn respectively. Then (1-3) means that νn+1 ↾ FnCn+1 = νn ∗ κn+1,

where the symbol ∗ means the convolution. We now de�ne a Borel measure µ

on X by setting

µ([f ]n) := νn(f), for each g ∈ Fn and every n ∈ N.

It is straightforward to verify that µ is a well de�ned σ-�nite Radon measure.

Moreover, µ is R-quasi-invariant and

ρµ(x, y) =
νn(fn)

νn(f ′n)

∏
m>n

κm(cm)

κm(c′m)
,

whenever x = (fn, cn+1, . . . ) and y = (f ′n, c
′
n+1, . . . ) are R-equivalent points

that belong to Xn = Fn × Cn+1 × Cn+2 × · · · for some n > 0.

The following de�nition extends [3], De�nition 4.2, where the case of Abelian

G was considered.

De�nition 1.4. If (1-2) and (1-3) hold then we call µ the (C,F )-measure

on X determined by (κn)
∞
n=1 and (νn)

∞
n=0.

Consider another sequence (ν ′n)
∞
n=0 of non-degenerated measures on (Fn)

∞
n=0

respectively (in n) such that ν ′0 is the Dirac measure supported at 1G and

ν ′n+1(fc) = ν ′n(f)κn+1(c) for each f ∈ Fn and c ∈ Cn+1 for each n > 0. Then

the (C,F )-measure µ′ determined by (κn)
∞
n=1 and (ν ′n)

∞
n=0 is equivalent to µ

and
dµ′

dµ
(x) =

ν ′n(fn)

νn(fn)
if x = (fn, . . . ) ∈ Xn.

Another useful observation is that given (κn)
∞
n=1, we can always �nd (νn)

∞
n=0



14

satisfying (1-3). Thus, the equivalence class of a nonsingular (C,F )-measure is

completely determined by (κn)
∞
n=1 alone. In particular, we may always replace

a σ-�nite nonsingular (C,F )-measure with an equivalent �nite nonsingular

(C,F )-measure.

Remark 1.5. We note that R is Radon uniquely ergodic, i.e. there is a unique

R-invariant Radon measure ξ on X such that ξ(X0) = 1. We call it the Haar

measure for R. It is σ-�nite. Let kn be the equidistribution on Cn and let

νn(f) =
n∏

k=1

κk(1G) for each f ∈ Fn and n ≥ 0. Then (1-2) and (1-3) holds for

(κn)
∞
n=1 and (νn)

∞
n=0. Of course, the Haar measure for R is a (C,F )-measure

determined by (κn)
∞
n=1 and (νn)

∞
n=0. The Haar measure is �nite if and only if

∞∏
n=1

#Fn+1

#Fn#Cn+1
<∞.

It is easy to verify thatR is conservative and ergodic on the σ-�nite measure

space (X,µ). This means that for each R-invariant subset A ⊂ X, either

µ(A) = 0 or µ(X \ A) = 0.

1.3. Nonsingular (C,F )-actions

Nonsingular (C,F )-actions were de�ned in [3] and [4] for Abelian groups

only. We extend this de�nition to arbitrary countable groups. Given g ∈ G, let

Xg
n := {(fn, cn+1, cn+2, . . . ) ∈ Xn | gfn ∈ Fn}.

Then Xg
n is a compact open subset of Xn and Xg

n ⊂ Xg
n+1. Hence the uni-

on Xg :=
⋃
n≥0

Xg
n is an open subset of X. Let XG :=

⋂
g∈G

Xg. Then XG

is a Gδ-subset of X. Hence XG is Polish and totally disconnected in the

induced topology. Given g ∈ G and x ∈ XG, there is n > 0 such that x =
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(fn, cn+1, . . . ) ∈ Xn and gfn ∈ Fn. We now let Tgx := (gfn, cn+1, . . . ) ∈ Xn ⊂

X. It is straightforward to verify that

(i) Tgx ∈ XG,

(ii) the mapping Tg : X
G ∋ x 7→ Tgx ∈ XG is a homeomorphism of XG and

(iii) TgTg′ = Tgg′ for all g, g
′ ∈ G.

Hence T := (Tg)g∈G is a continuous G-action on XG.

De�nition 1.6 ( [5]). The action T is called the topological (C,F )-action

of G associated with (Cn, Fn−1)
∞
n=1.

This action is free. The subset XG is R-invariant. The T -orbit equivalence

relation coincides with the restriction of R to XG.

Proposition 1.7 ( [5], Proposition 1.2). XG = X if and only if for each

g ∈ G and n > 0, there is m > n such that

gFnCn+1Cn+2 · · ·Cm ⊂ Fm. (1-4)

Thus, if (1-4) holds then T is a minimal continuous G-action on a locally

compact Cantor space X. Moreover, T is Radon uniquely ergodic, i.e. there

exists a unique T -invariant Radon measure ξ on X such that ξ(X0) = 1.

From now on, T is a topological (C,F )-action of G on XG and µ is the

nonsingular (C,F )-measure on X determined by (κn)
∞
n=1 and (νn)

∞
n=0 satisfying

(1-2) and (1-3). Since XG is R-invariant, we obtain that either µ(XG) = 0 or

µ(X \XG) = 0. In the latter case T is µ-nonsingular, conservative and ergodic.

Proposition 1.8. The following are equivalent.

(i) µ(X \XG) = 0.
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(ii) For each g ∈ G and every n ≥ 0,

lim
m→∞

νm
(
(FnCn+1Cn+2 · · ·Cm) ∩ g−1Fm

)
= νn(Fn).

(iii) For each g ∈ G,

lim
m→∞

κ1 ∗ · · · ∗ κm(g
−1Fm) = 1.

Proof. (i)⇔(ii) Since µ(X \XG) = 0 if and only if µ(Xn ∩Xg
m) → µ(Xn)

as m→∞ for each g ∈ G and n ≥ 0, it su�ces to note that

µ(Xn ∩Xg
m) = µ([Fn]n ∩ [Fm ∩ g−1Fm]m)

= µ([FnCn+1 · · ·Cm]m ∩ [Fm ∩ g−1Fm]m)

= µ([FnCn+1 · · ·Cm ∩ Fm ∩ g−1Fm]m)

= νm((FnCn+1 · · ·Cm) ∩ g−1Fm)

and µ(Xn) = µ([Fn]n) = νn(Fn).

(ii)⇒(iii) We set κ1,m := κ1 ∗ · · · ∗ κm. Then

κ1,m

(
(C1 · · ·Cm) \ g−1Fm

)
= νm

(
(F0C1 · · ·Cm) \ g−1Fm

)
= νm(F0C1 · · ·Cm)− νm

(
(F0C1 · · ·Cm) ∩ g−1Fm

)
= ν0(F0)− νm

(
(F0C1 · · ·Cm) ∩ g−1Fm

)
.

Hence, lim
m→∞

κ1,m

(
(C1 · · ·Cm) \ g−1Fm

)
= 0 according to (ii). As κ1,m is

supported on C1 · · ·Cm, it follows that

lim
m→∞

κ1,m(g
−1Fm) = lim

m→∞
κ1,m

(
(C1 · · ·Cm) ∩ g−1Fm

)
= lim

m→∞
κ1,m(C1 · · ·Cm) = 1,

as desired.

(iii)⇒(i) Fix g ∈ G. Take arbitrary n ≥ 0 and f ∈ Fn. Then it follows

from (iii) that for µ-a.e. x = (1G, cn+1, cn+2, ) ∈ [1G]n, there exists m > 0 such
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that gfcn+1 · · · cm ∈ Fm. This means that for µ-a.e. y = (fn, cn+1, cn+2, . . . ) ∈

Xn,

gfncn+1 · · · cm ∈ Fm eventually in m,

i.e. y ∈ Xg. Hence µ(X \Xg) = 0 and (i) follows.

In the case where µ is the Haar measure for R, the equivalence (i)⇔(ii)

of Proposition 1.8 was proved in [5].

De�nition 1.9. If µ(X \ XG) = 0 then the dynamical system

(X,µ, T ) (or simply T ) is called the nonsingular (C,F )-action associated with

(Cn, Fn−1, κn, νn−1)
∞
n=1.

From now on we consider only the case where µ(X \ XG) = 0. As X =

XG mod 0, we will assume that T is de�ned on the entire space X. Then for

each n and every two elements g, h ∈ Fn, we have that Thg−1[g]n = [h]n and

the Radon-Nikodym derivative of the transformation Thg−1 is constant on the

subset [g]n. More precisely, this constant equals
νn(h)

νn(g)
.

We now state the theorem from the [8].

Theorem 1.10. Each nonsingular (C,F )-action is of rank one. Conversely,

each rank-one nonsingular G-action is isomorphic (via a measure preserving

isomorphism) to a (C,F )-action.

1.4. Telescopings

Let a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satisfy (1-1)�(1-3) and Proposi-

tion 1.8(ii). Denote by T = (Tg)g∈G the (C,F )-action of G on X associated

with T . Let µ stand for the the nonsingular (C,F )-measure on X determined

by (κn)
∞
n=1 and (νn)

∞
n=0.

Given a strictly increasing in�nite sequence of integers l = (ln)
∞
n=0 such that
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l0 = 0, we let

F̃n := Fln, C̃n+1 := Cln+1 · · ·Cln+1
, ν̃n := νn, κ̃n+1 := κln+1 ∗ · · · ∗ κln+1

.

for each n ≥ 0.

De�nition 1.11. s We call the sequence T̃ := (C̃n, F̃n−1, κ̃n, ν̃n−1)
∞
n=1 the

l-telescoping of T .

It is easy to check that T̃ satis�es (1-1)�(1-3) and Proposition 1.8(ii). Hence

a nonsingular (C,F )-action T̃ = (T̃g)g∈G of G associated with T̃ is well de�ned.

Let X̃ denote the space of T̃ and let µ̃ denote the nonsingular (C,F )-measure on

X̃ determined by (κ̃n)
∞
n=1 and (ν̃n)

∞
n=0. There is a canonical measure preserving

isomorphism ιl of (X,µ) onto (X̃, µ̃) that intertwines T with T̃ . Indeed, if x ∈

X then we select the smallest n ≥ 0 such that x = (fln, cln+1, cln+1, . . . ) ∈ Xln.

Let

ιl(x) := (fln, cln+1 · · · cln+1
, cln+1+1 · · · cln+2

, . . . ) ∈ X̃n ⊂ X̃,

where X̃n = F̃n × C̃n+1 × C̃n+2 × · · · . It is a routine to verify that ιl is a

homeomorphism of X onto X̃ such that ιlTg = T̃gιl for each g ∈ G, as desired.

Let l = (ln)
∞
n=0 and m = (mn)

∞
n=0 be two strictly increasing sequences of

integers such that l0 = m0 = 0. If T̃ is the l-telescoping of T and S is the m-

telescoping of T̃ then S is the l ◦m-telescoping of T , where l ◦m := (lmn
)∞n=1

and ιm ◦ ιl = ιl◦m.

1.5. Nonsingular Z-actions of rank one along

intervals and (C,F )-construction

Let G = Z. Suppose that a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satis�es

(1-1)�(1-3) and Proposition 1.8(ii) and there is a sequence (hn)
∞
n=0 of positive
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integers such that Fn = {0, 1, . . . , hn − 1}. Denote by (X,µ, T ) the (C,F )-

dynamical system associated with T .

We now show how to obtain (X,µ, T ) via the classical inductive geometric

cutting-and-stacking in the case of Z-actions. On the initial step of the

construction we de�ne a column Y0 consisting of a single interval [0, 1) equipped

with Lebesgue measure. Assume that at the n-th step we have a column

Yn = {I(i, n) | i = 0, . . . , hn − 1}

consisting of of disjoint intervals I(i, n) ⊂ R such that

hn−1⊔
i=0

I(i, n) = [0, νn(Fn)).

Then we de�ne a continuous n-th column mapping

T (n) :
[
0, νn(Fn)

)
\ I(hn − 1, n)→

[
0, νn(Fn)

)
\ I(0, n)

such that T (n) ↾ I(i, n) is the orientation preserving a�ne mapping of I(i, n)

onto I(i+1, n) for i = 0, . . . , hn−2. It is convenient to think of I(i, n) as a level

of Yn. The levels may be of di�erent length but they are parallel to each other

and the i-th level is above the j-th level if i > j. The n-th column mapping

moves every level, except the highest one, one level up. By the move here we

mean the orientation preserving a�ne mapping. On the highest level, T (n) is

not de�ned.

On the (n + 1)-th step of the construction, we �rst cut each I(i, n) into

subintervals I(i+ c, n+ 1), c ∈ Cn+1, such that I(i+ c, n+ 1) is from the left

of I(i+ c′, n+ 1) whenever c < c′ and

the length of I(i+ c, n+ 1)

the length of I(i, n)
= κn+1(c) for each c ∈ Cn+1.

Hence, we obtain that
⊔

j∈Fn+Cn+1

I(j, n + 1) =
[
0, νn(Fn)

)
. Next, we cut the

interval
[
νn(Fn), νn+1(Fn+1)

)
into subintervals I(j, n + 1), j ∈ Fn+1 \ (Fn +
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Cn+1), such that the length of I(j, n+1) is νn+1(j) for each j. These new levels

are called spacers. Thus, we obtain a new column Yn+1 = {I(j, n + 1) | j ∈

Fn+1} with
⊔

i∈Fn+1

I(i, n + 1) = [0, νn+1(Fn+1)). If an element c ∈ Cn+1 is not

maximal in Cn+1 then we denote by c+ the least element of Cn+1 that is greater

than c. We de�ne a spacer mapping sn+1 : Cn+1 → Z+ by setting

sn+1(c) :=

c+ − c− hn if c ̸= maxCn+1,

hn+1 − c− hn if c = maxCn+1.

The subcolumn Yn,c := {I(i+ c, n+ 1) | i ∈ Fn} ⊂ Yn+1 is called the c-copy of

Yn, c ∈ Cn+1. Thus, Yn+1 consists of #Cn+1 copies of Yn and spacers between

them and above the highest copy of Yn. More precisely, there are exactly sn+1(c)

spacers above the c-copy of Yn in Yn+1. The (n+ 1)-th column mapping

T (n+1) :
[
0, νn+1(Fn+1)

)
\ I(hn+1 − 1, n+ 1)→

[
0, νn+1(Fn+1)

)
\ I(0, n+ 1)

is de�ned in a similar way as T (n). Of course,

T (n+1) ↾
([
0, νn(Fn)

)
\ I(hn − 1, n)

)
= T (n).

Passing to the limit as n→∞, we obtain a well-de�ned nonsingular (piecewise

a�ne) transformation Q of the interval [0, lim
n→∞

νn(Fn)) ⊂ R equipped with

Lebesgue measure such that

Q ↾
([

0, νn(Fn)
)
\ I(hn − 1, n)

)
= T (n) for each n ∈ N.

It is possible that lim
n→∞

νn(Fn) = ∞ and then T is de�ned on [0,+∞). Of

course, this transformation (or, more precisely, the Z-action generated by Q) is

isomorphic to (X,µ, T ). The according nonsingular isomorphism is generated
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by the following correspondence:

X ⊃ [i]n ←→ I(i, n) ⊂
[
0, lim

n→∞
νn(Fn)

)
, i ∈ Fn, n ∈ N.

Without loss of generality we may assume sn(maxCn) = 0 for each n > 0 (see,

for instance, [6]). This means that there are no spacers over the highest copy

of Yn in Yn+1.



Ðîçäië 2

Finite factors of nonsingular

(C,F )-actions

Let a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satisfy (1-1)�(1-3) and Proposi-

tion 1.8(ii) and let lim
n→∞

νn(Fn) < ∞. Let Γ be a co�nite subgroup of G. We

consider the left coset space G/Γ as a homogeneous G-space on which G acts

by left translations. It is obvious that for each coset gΓ ∈ G/Γ, the subgroup

gΓg−1 ⊂ G is the stabilizer of gΓ in G.

De�nition 2.1. Given a coset gΓ ∈ G/Γ, we say that T is compatible with

gΓ if
∞∑
n=1

κn

(
{c ∈ Cn | c ̸∈ gΓg−1}

)
<∞.

Denote by (X,µ, T ) the (C,F )-action of G associated with T . Then µ(X) =

lim
n→∞

νn(Fn) <∞. For a point x = (c1, c2, . . . ) ∈ X0 = C1 × C2 × · · · , we let

π(T ,gΓ)(x) := lim
n→∞

c1c2 · · · cngΓ ∈ G/Γ

whenever this limit exists1. It follows from the Borel-Cantelli lemma that if T

is compatible with gΓ ∈ G/Γ then π(T ,gΓ)(x) is well de�ned for µ-a.e. x ∈ X0.

It is straightforward to verify that for each h ∈ G,

π(T ,gΓ)(Thx) = hπ(T ,gΓ)(x)

1The quotient space G/Γ is endowed with the discrete topology.

22
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whenever π(T ,gΓ)(x) is well de�ned and Thx ∈ X0. It follows that the mapping

π(T ,gΓ) : X0 ∋ x 7→ π(T ,gΓ)(x) ∈ G/Γ

extends uniquely (mod 0) to a measurable G-equivariant mapping from X to

G/Γ. We denote the extension by the same symbol π(T ,gΓ). It is routine to verify

that if x = (fn, cn+1, cn+2, . . . ) ∈ Xn for some n ∈ N then

π(T ,gΓ)(x) := lim
m→∞

fncn+1cn+2 · · · cmgΓ. (2-1)

De�nition 2.2. We call π(T ,gΓ) the (T , gΓ)-factor mapping for T .

We need some notation. Given 1 < n < m, we denote the subset Cn · · ·Cm

of G by Cn,m. Let κn,m stand for the probability measure κn ∗ · · · ∗ κm. It is

supported on Cn · · ·Cm. We now state the main result of the section.

Theorem 2.3. The following are equivalent.

(i) There is a measurable factor map τ : X → G/Γ, i.e. for each g ∈ G,

τ(Tgx) = gτ(x) at µ-a.e. x ∈ X

(ii) There exists a sequence (gn)n>0 of elements of G such that

lim
N→∞

sup
m>n≥N

κn+1,m

(
{c ∈ Cn+1,m | c /∈ g−1n Γgm}

)
= 0.

(iii) There exist a coset g0Γ ∈ G/Γ and a g0Γ-compatible telescoping of T .

It follows that T has no factors isomorphic to G/Γ if and only if there is no

telescoping of T compatible with gΓg−1 for any g ∈ G.

Proof. (i)=⇒ (ii) Let Yj := τ−1(j), for each j ∈ G/Γ. Then X =
⊔

j∈G/Γ

Yj.

Consider n large so that µ(Yj ∩Xn) > 0 for each j ∈ G/Γ. Let g, h ∈ Fn. Since
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τ is G-equivariant, it follows that Thg−1Yj = Yhg−1j and hence

Thg−1([g]n ∩ Yj) = [h]n ∩ Yhg−1j. (2-2)

For each j ∈ G/Γ and g ∈ Fn, let

dn,g(j) := µ([g]n ∩ Yj)/µ([g]n).

Then, the set {dn,g(j) | j ∈ G/Γ} ⊂ (0, 1) does not depend on g ∈ Fn. Indeed,

for each h ∈ Fn, the Radon-Nikodym derivative of the transformation Tgh−1 is

constant on [h]n and we deduce from (2-2) that

dn,h(j) :=
µ([h]n ∩ Yj)

µ([h]n)
=

µ([g]n ∩ Ygh−1j)

µ([g]n)
= dn,g(gh

−1j). (2-3)

Hence {dn,h(j) : j ∈ G/Γ} = {dn,g(j) : j ∈ G/Γ}. Let

δn := max
j∈G/Γ

dn,g(j).

We claim that δm → 1 as m→∞. Indeed, for m ≥ n, let Pm denote the �nite

σ-algebra generated by the m-cylinders (which are compact and open subsets

of X) that are contained in Xn. Then Pn ⊂ Pn+1 ⊂ · · · and
∨
m>n

Pm is the

entire Borel σ-algebra on Xn. Hence, for each j ∈ G/Γ, there is gm ∈ Fm such

that
µ([gm]m ∩ Yj)

µ([gm]m)
→ 1 as m→∞.

This implies that δm → 1 as m→∞, as claimed. In what follows we consider n

large so that δn > 0.9. Then for each g ∈ Fn, there is a unique Γ-coset jn(g) ∈

G/Γ such that δn = dn,g(jn(g)). It is convenient to consider G/Γ as a set of

colors. Then jn(g) is the dominating color on [g]n. It follows from (2-3) that

jn(g) = gh−1jn(h), for all g, h ∈ Fn. Choose gn ∈ Fn such that jn(gn) = Γ.



25

Then jn(g) = gg−1n Γ for each g ∈ Fn. Given ϵ <
1

2
, there is N > 0 such that

δn > 1− ϵ2 for all n > N . Hence for all m > n > N ,

(1− ϵ2)µ([1G]n) < µ([1G]n ∩ Yjn(1G)). (2-4)

We remind that [1G]n =
⊔

c∈Cn+1,m

[c]m. Let

D := {c ∈ Cn,m | µ([c]m ∩ Yjn(1G)) > (1− ϵ)µ([c]m)}.

It follows from (2-4) that

(1− ϵ2)µ([1G]n) <
∑
c∈D

µ([c]m) + (1− ϵ)
∑

c∈Cn+1,m\D

µ([c]m)

=
∑
c∈D

µ([c]m) + (1− ϵ)

(
µ([1G]n)−

∑
c∈D

µ([c]m)

)
.

This yields that
∑
c∈D

µ([c]m) > (1− ϵ)µ([1G]n) or, equivalently,

∑
c∈D

κn+1,m(c) > (1− ϵ)κn(1G). (2-5)

By the de�nition of D, an element c ∈ Cn+1,m belongs to D if and only if jn(1G)

is the dominating color on [c]m, i.e. jm(c) = jn(1G). Therefore, cg
−1
m Γ = g−1n Γ,

i.e. c ∈ g−1n Γgm. Hence (2-5) yields that

κn+1,m

(
{c ∈ Cn+1,m | c ̸∈ g−1n Γgm}

)
≤ ϵ

and (ii) follows.

(ii)=⇒ (iii) As Γ is co�nite and (ii) holds, there exist an increasing sequence

0 = q0 < q1 < q2 < · · · of positive integers and an element g0 ∈ G such that
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g−1n ∈ g0Γ and

κqn+1,qn+1

(
{c ∈ Cqn+1,qn+1

| c /∈ g0Γg
−1
0 }
)
< 2−n

for each n ∈ N. Let q := (qn)
∞
n=0. Then g0Γ is compatible with the q-telescoping

of T . This implies (iii).

(iii)=⇒ (i) Denote by T̃ the q-telescoping of T . Then π(T̃ ,g0Γ) ◦ ιq is a factor

mapping of T onto G/Γ.

Thus, the �rst statement of the theorem is proved completely. The second

statement follows from the �rst one and a simple observation that given two

subgroups Γ and Γ′ of G, the corresponding G-actions by left translations on

G/Γ and G/Γ′ are isomorphic if and only if Γ and Γ′ are conjugate.

The following important remark will be used essentially in the proof of the

main result of �3.

Remark 2.4. In fact, we obtained more than what is stated in Theorem 2.3.

We proved indeed that given a factor mapping τ : X → G/Γ, there exist a coset

g0Γ and a g0Γ-compatible q-telescoping T̃ of T such that τ = π(T̃ ,g0Γ) ◦ ιq. To

explain this fact, we use below the notation from the proof of Theorem 2.3. For

n ∈ N, let

X ′n :=
⊔

fn∈Fn

(
[fn]n ∩ Yjn(fn)

)
⊂ Xn.

We remind that µ(X) < ∞. Since δn → 1 and µ(Xn) → µ(X) as n → ∞,

it follows that µ(X ′qn) → µ(X) as n → ∞. We can assume (passing to a

subsequence of (qn)
∞
n=1 if needed) that

∞∑
n=1

µ(X \X ′qn) < ∞. Then, the Borel-

Cantelli lemma yields that for a.e. x ∈ X, we have that x ∈ X ′qn eventually in

n. Hence, for a.e. x ∈ X,

τ(x) = lim
m→∞

jqm(fqm) = lim
m→∞

fqmg
−1
qm
Γ = lim

m→∞
fqng0Γ, (2-6)
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where fqm is the �rst coordinate of x in Xqm, i.e. x = (fqm, cqm+1, . . . ) ∈ Xqm.

On the other hand, it follows from (2-1) and (2-2) that

π
(̃T ,g0Γ)

(ιq(x)) = lim
m→∞

fqmg0Γ (2-7)

at a.e. x ∈ X. Therefore, (2-6) and (2-7) yield that τ = π
(̃T ,g0Γ)

◦ ιq almost

everywhere, as desired.



Ðîçäië 3

Nonsingular odometer actions of

residually �nite groups

From now on G is residually �nite. Then there is a decreasing sequence Γ1 ⊋

Γ2 ⊋ · · · of co�nite subgroups Γn in G such that

∞⋂
n=1

⋂
g∈G

gΓng
−1 = {1G}. (3-1)

Consider the natural inverse sequence of homogeneous G-spaces and G-

equivariant mappings intertwining them:

G/Γ1 ←− G/Γ2 ←− · · · . (3-2)

Denote by Y the projective limit of this sequence. A point of Y is a sequence

(gnΓn)
∞
n=1 such that gnΓn = gn+1Γn, i.e. g

−1
n gn+1 ∈ Γn for each n > 0. Endow Y

with the topology of projective limit. Then Y is a compact Cantor G-space. Of

course, the G-action on Y is minimal and uniquely ergodic. Denote this action

by O = (Og)g∈G. It follows from (3-1) that O is faithful, i.e. Og ̸= I if g ̸= 1G.

We note that a faithful action is not necessarily free.

De�nition 3.1. The dynamical system (Y,O) is called the topological G-

odometer associated with (Γn)
∞
n=1. If ν is a non-atomic Borel measure on Y

which is quasi-invariant and ergodic under O then we call the dynamical system

(Y, ν,O) a nonsingular G-odometer. By the Haar measure for (Y,O) we mean

the unique G-invariant probability on Y .

28
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We note that (3-1) is in no way restrictive. Indeed, let
∞⋂
n=1

⋂
g∈G

gΓng
−1 =

N ̸= {1G}. De�ne (Y,O) as above. Then N is a proper normal subgroup

of G and N = {g ∈ G | Og = I}. We now let G̃ := G/N and Γ̃n :=

Γn/N . Then Γ̃n is a co�nite subgroup in G̃ for each n ∈ N, Γ̃1 ⊋ Γ̃2 ⊋

· · · and
∞⋂
n=1

⋂
g∈G̃

gΓ̃ng
−1 = {1G̃}. Let (Ỹ , Õ) denote the topological G̃-odometer

associated with the sequence (Γ̃n)
∞
n=1. Then, of course, Y = Ỹ and Og = ÕgN

for each g ∈ G.

We now show that the classical nonsingular Z-odometers of product type

are covered by De�nition 3.1.

Example 3.2. Let G = Z and let (an)
∞
n=1 be a sequence of integers such that

an > 1 for each n ∈ N. We set Γn := a1 · · · anZ. Then Γ1 ⊋ Γ2 ⊋ · · · and
∞⋂
n=1

Γn = {0}. The set Dn := a1 · · · an−1 · {0, 1, . . . , an−1} is a Γn-cross-section

in Γn−1. Hence, in view of (3-4), the space Y of the Z-odometer O = (On)n∈Z

associated with (Γn)
∞
n=1 is homeomorphic to the in�nite product D = D1 ×

D2 × · · · . We identify Dn naturally with the set {0, 1, . . . , an − 1}. Then

D = {0, 1, . . . , a1 − 1} × {0, 1, . . . , a2 − 1} × · · · .

To de�ne O explicitly on this space we take y = (yn)
∞
n=1 ∈ D. It is a routine to

check that if there is k > 0 such that yj = aj − 1 for each j < k and yk ̸= ak−

1 then

O1y = (0, . . . , 0, yk + 1, yk+1, yk+2, . . . ).

If such a k does not exist, i.e. yj = aj − 1 for each j > 0, then O1y =

(0, 0, . . . ). Let κn be a non-degenerated probability measure on {0, 1, . . . , an−

1} and let
∏
n>0

max
0≤d<an

κn(d) = 0. This means that (i) and (ii) of Proposition 3.2

hold. Of course, Proposition 3.2(iii) holds also. Hence, by Proposition 3.2, the
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nonsingular odometer ( ∞⊗
n=1

{0, . . . , an − 1},
∞⊗
n=1

κn, O

)

is of rank one. Thus, in this case our de�nition of nonsingular odometer coincides

with the classical de�nition of nonsingular Z-odometers of product type (see

[1], [7]). Moreover, the Z-odometers of product type are of rank one.

We note that there exist nonsingular (even probability preserving) G-

odometers which are not of rank one.



Ðîçäië 4

Odometer factors of nonsingular

(C,F )-actions

The following concept is an �in�nite� analogue of De�nition 2.1.

De�nition 4.1. Let a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satisfy (1-1)�

(1-3) and Proposition 1.8(ii) and let a sequence (Γn)
∞
n=1 satisfy (3-1.) Denote

by (Y,O) the topological odometer associated with (Γn)
∞
n=1. Given y =

(gnΓn)
∞
n=1 ∈ Y , we say that T is compatible with y if

∞∑
n=1

κn

(
{c ∈ Cn | c ̸∈ gnΓng

−1
n }
)
<∞.

Denote by T the (C,F )-action of G associated with T . Let X be the space

of T and let µ stand for the the nonsingular (C,F )-measure on X determined

by (κn)
∞
n=1 and (νn)

∞
n=0. As

gnΓng
−1
n = gn+1Γng

−1
n+1 ⊃ gn+1Γn+1g

−1
n+1 for each n ∈ N,

it follows that if T is compatible with y then T is compatible with the coset

gnΓn ∈ G/Γn in the sense of De�nition 2.1 for each n ∈ N. Hence the (T , gnΓn)-

factor mapping π(T ,gnΓn) : X → G/Γn for T is well de�ned (mod 0) for each

n ∈ N. Moreover, a measurable mapping

π(T ,y) := X ∋ x 7→
(
π(T ,gnΓn)(x)

)∞
n=1
∈ Y

is well de�ned (mod 0) too. Of course, π(T ,y) ◦ Tg = Og ◦ π(T ,y) for each g ∈ G.

Hence the nonsingular odometer
(
Y, µ ◦ π−1(T ,y), O

)
is a factor of (X,µ, T ).
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De�nition 4.2. We call π(T ,y) the (T , y)-factor mapping for T .

In the proposition below we �nd necessary and su�cient conditions (in

terms of the parameters T ) under which π(T ,y) is one-to-one, i.e. the dynamical

systems (X,µ, T ) and (Y, µ ◦ π−1(T ,y), O) are isomorphic via π(T T ,y).

Proposition 4.3. Let T be compatible with y. The following are equivalent:

(i) π(T ,y) is one-to-one (mod 0),

(ii) for each n > 0 and ϵ > 0 there are l > 0 and a subset Dl ⊂ G/Γl such

that µ
(
[1G]n△π−1(T ,glΓl)

(Dl)
)
< ϵ and

(iii) for each n > 0 and ϵ > 0 there are l > 0, a subset Dl ⊂ G/Γl and M >

0 such that νm
(
Cn+1 · · ·Cm△{f ∈ Fm | fglΓl ∈ Dl}

)
< ϵ for each m >

M .

Proof. (i)⇔(ii) Denote by B and Y the Borel σ-algebra on X and Y

respectively. Of course, π(T ,y) is one-to-one (mod 0) if and only ifB = π−1(T ,y)(Y)

(mod 0). Since

� B is generated by the family of all cylinders in X and

� B is invariant under T ,

it follows that B = π−1(T ,y)(Y) if and only if [1G]n ∈ π−1(T ,y)(Y) for each n >

0. Let Yl ⊂ Y denote the �nite sub-σ-algebra of subsets that are measurable

with respect to the canonical projection G→ G/Γl. Then Y1 ⊂ Y2 ⊂ · · · and

the union
∞⋃
l=1

Yl is dense in Y. It follows that [1G]n ∈ π−1(T ,y)(Y) if and only if

min
A∈Yl

µ
(
[1G]n△π−1(T ,y)(A)

)
→ 0 as l→∞.

It remains to note that {π−1(T ,y)(A) | A ∈ Yl} = {π−1(T ,glΓl)
(D) | D ⊂ G/Γl}.
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(ii)⇔(iii) We note that for all n > 0, l > 0 and a subset D ⊂ G/Γl,

µ
(
[1G]n△π−1(T ,glΓl)

(D)
)
= lim

m→∞
µ
(
[1G]n△π−1(T ,glΓl)

(D) ∩ [Fm]m

)
and

lim
m→∞

⊗
j≥m

κj

({
x = (cj)j≥m ∈ Cm × Cm+1 × · · · | cj ∈ glΓlg

−1
l ∀j ≥ m

})
= 1.

The latter follows from the fact that T is compatible with y. It implies that

lim
m→∞

µ
(
{x = (fm, cn+1, . . . ) ∈ [Fm]m | π(T ,glΓl)(x) = fmglΓl}

)
= µ([Fm]m).

Hence, for each D ⊂ Γl,

µ
(
[1G]n△π−1(T ,glΓl)

(D)
)
= lim

m→∞
µ

(
[1G]n△

⊔
f∈Fm,fglΓl∈D

[f ]m

)

= lim
m→∞

νm

(
Cn+1 · · ·Cm△

{
f ∈ Fm | fglΓl ∈ D

})
.

This equality implies the equivalence of (ii) and (iii).

The following theorem is the main result of this section.

Theorem 4.4. Let a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satisfy (1-1)�

(1-3) and Proposition 1.8(ii). Let T be the nonsingular (C,F )-action of

G associated with T and let (Y,O) be the topological G-odometer associ-

ated with a sequence (Γn)
∞
n=1 satisfying (3-1). Then for each G-equivariant

measurable mapping τ : X → Y there exist an increasing sequence q of

nonnegative integers and an element y ∈ Y such that the q-telescoping T̃ =

(C̃n, F̃n−1, κ̃n, ν̃n−1)
∞
n=1 of T is compatible with y and

π(T̃ ,y) ◦ ιq = τ. (4-1)

Moreover, τ is one-to-one (mod 0) if and only if for each n > 0 and ϵ > 0 there
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are l > 0, a subset Dl ⊂ G/Γl and M > n such that for each m > M ,

ν̃m

(
C̃n+1 · · · C̃m△{f ∈ F̃m | fglΓl ∈ Dl}

)
< ϵ.

We preface the proof of Theorem 4.4 with auxiliary simple but useful facts

about factor mappings.

Lemma 4.5. Let Γ,Γ1 be two co�nite subgroups in G and Γ1 ⊂ Γ. Then

(i) if T is compatible with a coset gΓ ∈ G/Γ then for each increasing sequence

a = (an)
∞
n=0 of nonnegative integers with a0 = 0, the a-telescoping T̃ of

T is also compatible with gΓ and

π(T T,gΓ) = π(T̃ ,gΓ) ◦ ιa, (4-2)

(ii) if T is compatible with two cosets gΓ ∈ G/Γ and g1Γ1 ∈ G/Γ1 then

r ◦ π(T ,g1Γ1) = π(T ,gΓ) if and only if g1g
−1 ∈ Γ,

where r : G/Γ1 → G/Γ denotes the natural projection.

Proof. (i) For each n > 0, we let C̃n := Can−1+1 · · ·Can and κ̃n := κan−1
∗

· · · ∗ κan. Then

κ̃n

(
{c ∈ C̃n | c ̸∈ gΓg−1}

)
≤

an∑
j=an−1+1

κj

(
{c ∈ Cj | c ̸∈ gΓg−1}

)
.

Hence,

∞∑
n=1

κ̃n

(
{c ∈ C̃n | c ̸∈ gΓg−1}

)
≤

∞∑
j=1

κj

(
{c ∈ Cj | c ̸∈ gΓg−1}

)
<∞.

Thus, T̃ is compatible with gΓ.

The formula (4-2) and the claim (ii) are veri�ed straightforwardly.
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Proof of Theorem 4.4. We note that τ(x) = (τn(x))
∞
n=1 for each x ∈ X,

where τn : X → G/Γn is a G-equivariant mapping for every n.

From now on, we will argue inductively. At the �rst step we apply Remark 2.4

to T and τ1: there exist a coset g1Γ1 ∈ G/Γ1 and an increasing sequence q1 of

nonnegative integers such that the q1-telescoping T1 of T is g1Γ1-compatible

and

π(T1,g1Γ1) ◦ ιq1 = τ1. (4-3)

At the second step we we apply Remark 2.4 to the (C,F )-action T̃ of G associ-

ated with T1 and the factor mapping τ2 ◦ ιq1
−1 of T̃ : there exist a coset g2Γ2 ∈

G/Γ2 and and an increasing sequence q2 of nonnegative integers such that the

q2-telescoping T2 of T1 is g2Γ2-compatible and

π(T2,g2Γ2) ◦ ιq2 = τ2 ◦ ιq1
−1. (4-4)

Consider the natural projection ω2,1 : G/Γ2 → G/Γ1. Since ω2,1 ◦ τ2 = τ1, it

follows from (4-3) and (4-4) that

ω2,1 ◦ π(T2,g2Γ2) ◦ ιq2 = π(T1,g1Γ1)

Then Lemma 4.5(i),(ii) imply that g2g
−1
1 ∈ Γ1. Continuing inductively, we

obtain a sequence (gn)
∞
n=1 of elements in G and a sequence (qn)∞n=1 of increasing

sequences of nonnegative integers such that for each n > 0,

(α1) gng
−1
n−1 ∈ Γn−1,

(α2) the qn-telescoping Tn = (C
(n)
k , F

(n)
k−1, κ

(n)
k , ν

(n)
k−1)

∞
k=1 of Tn−1 is compatible

with the coset gnΓn and

(α3) π(Tn,gnΓn) ◦ ιq1◦···◦qn = τn.

We now choose an integer an > 0 large so that
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(α4)
∑
k≥an

κ
(n)
k ({c ∈ C

(n)
k | c ̸∈ gnΓng

−1
n }) <

1

n2

for each n > 0. It follows from (α1) that the sequence y := (gnΓn)
∞
n=1 is a

well-de�ned element of Y . Of course,

q1 ◦ q2 is a subsequence of q1,

q1 ◦ q2 ◦ q3 is a subsequence of q1 ◦ q2

and so on. Hence, utilizing the diagonalization method, we can construct a

sequence q = (qn)
∞
n=1 of integers such that

� 0 = q0 < q1 < · · · < qn,

� q is a subsequence of q1 ◦ · · · ◦ qn and

� qn ≥ an

for every n > 0. Denote by T̃ the q-telescoping T̃ = (C̃n, F̃n−1, κ̃n, ν̃n−1)
∞
n=1 of

T . We are going to show that T̃ is compatible with y. By the construction of

q, for each n > 0, there are integers dn,2 ≥ dn,1 ≥ an such that

C̃n = C
(n)
dn,1
· · ·C(n)

dn,2
and κ̃n = κdn,1 ∗ · · · ∗ κdn,2.

Therefore we deduce from (α4) that

κ̃n({c ∈ C̃n | c ̸∈ gnΓng
−1
n }) ≤

dn,2∑
k=dn,1

κ
(n)
k ({c ∈ C

(n)
k | c ̸∈ gnΓng

−1
n }) <

1

n2
.

Hence,
∞∑
n=1

κ̃n({c ∈ C̃n | c ̸∈ gnΓng
−1
n }) < ∞, i.e. T̃ is compatible with y, as

desired.

We now prove (4-1). Of course, T̃ is a telescoping of the q1 ◦ · · · ◦ qn-

telescoping of T for each n. In view of (α2), the q
1 ◦ · · · ◦ qn-telescoping of T
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equals Tn. Thus, T̃ is a telescoping of Tn. Denote by θn the canonical isomorphi-

sm corresponding to this telescoping. Then ιq = θn ◦ ιq1◦···◦qn. It follows from

this and (α3) that

π(T̃ ,gnΓn)
◦ ιq = π(T̃ ,gnΓn)

◦ θn ◦ ιq1◦···◦qn = π(Tn,gnΓn) ◦ ιq1◦···◦qn = τn

for each n ∈ N. Hence π(T̃ ,y) = τ , as desired.

The second (the last) claim of the theorem follows from the �rst one and

Proposition 4.3.

As a corollary, we obtain a criterion for the existence (or non-existence) of

odometer factors for rank-one nonsingular actions.

Corollary 4.6. Let T be the nonsingular (C,F )-action of G associated wi-

th a sequence T = (Cn, Fn−1, κn, νn−1)
∞
n=1 satisfying (1-1)�(1-3) and Proposi-

tion 1.8(ii). Then T has no nonsingular odometer factors if and only if for

each decreasing sequence Γ1 ⊋ Γ2 ⊋ · · · of co�nite subgroups in G satisfying

(3-1), no telescoping of T is compatible with the sequence (Γn)
∞
n=1, i.e. for each

sequence 0 = q1 < q2 < · · · ,

∞∑
n=0

κqn+1 ∗ · · · ∗ κqn+1
({c ∈ Cqn+1 · · ·Cqn+1

| c ̸∈ Γn}) =∞.

Proof. It is su�cient to utilize Theorem 4.4 and the following remark.

Let Y be a G-odometer associated with a decreasing sequence (Γn)
∞
n=1 of

co�nite subgroups in G such that (3-1) holds. Let y ∈ Y . Then y = (gnΓn)
∞
n=1

with gng
−1
n+1 ∈ Γn for each n ∈ N. Of course, g1Γ1g

−1
1 ⊃ g2Γ2g

−1
2 ⊃ · · ·

and the sequence (gnΓng
−1
n )∞n=1 satis�es (3-1). Denote by Yy the space of

the G-odometer associated with (gnΓng
−1
n )∞n=1. Then there is a canonical G-

equivariant homeomorphism φy : Y → Yy. It is well de�ned by the formula

φy

(
(znΓn)

∞
n=1

)
:= (znΓng

−1
n )∞n=1 =

(
zng

−1
n (gnΓng

−1
n )
)∞
n=1

.
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It follows that there is a G-equivariant map from X to Y if and only if there

is G-equivariant map from X to Yy.

In a similar way, we obtain a criterion when a nonsingular (C,F )-action is

not isomorphic to any nonsingular odometer.

Corollary 4.7. Let T be the nonsingular (C,F )-action of G associated

with a sequence T satisfying (1-1)�(1-3) and Proposition 1.8(ii). Then T is

not isomorphic to any nonsingular odometer if and only if for each decreasing

sequence Γ1 ⊋ Γ2 ⊋ · · · of co�nite subgroups in G satisfying (3-1) and each

increasing sequence q of nonnegative integers such that the q-telescoping T̃ of

T is compatible with the point (Γn)
∞
n=1 ∈ proj lim

n→∞
G/Γn, there exist n > 0 and

ϵ0 > 0 such that for each l > 0, Dl ⊂ G/Γl and M > n, there is m > M with

ν̃m

(
C̃n+1 · · · C̃m△{f ∈ F̃m | fglΓl ∈ Dl}

)
> ϵ0.



Ðîçäië 5

Example of Heisenberg group action of

rank one
In this section we consider the 3-dimensional discrete Heisenberg group

H3(Z). We remind that

H3(Z) =



1 x z

0 1 y

0 0 1


∣∣∣∣∣x, y, z ∈ Z

 .

This group is non-Abelian, nilpotant and residually �nite. For brevity, we will

write (x, y, z) for the matrix


1 x z

0 1 y

0 0 1

. It is straightforward to verify that

(x, y, z) · (x1, y1, z1) = (x+ x1, y + y1, z + z1 + xy1).

(x, y, z) · (x1, y1, z1) · (x, y, z)−1 = (x1, y1, z1 + xy1 − yx1).

The center of H3(Z) is {(0, 0, z) | z ∈ Z}. Given a, b, c ≥ 0, we let

Π(a, b, c) := {(x, y, z) ∈ H3(Z) | 0 ≤ x < a, 0 ≤ y < b, 0 ≤ z < c}.

It is straightforward to verify that if an → +∞, bn → +∞, cn → +∞ and
bn
cn
→ 0 as n → ∞ then (Π(an, bn, cn))

∞
n=1 is a left Følner sequence in H3(Z).

If, in addition,
an
cn
→ 0 then (Π(an, bn, cn))

∞
n=1 is a 2-sided Følner sequence in

H3(Z).

Example 5.1. We construct a probability preserving (C,F )-action T of

39
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H3(Z) that has an odometer factor but T itself is not isomorphic to any

odometer. For that, we �rst de�ne recurrently a sequence (hn)
∞
n=0 of positi-

ve integers by setting

h0 := 1 and hn+1 := 16hn + 9 · 4n+1.

It is easy to check that hn = 42n+1 − 3 · 4n for each n ≥ 0. We set

C
(1)
n+1 :=

{
(a, b, 0) | a, b ∈ {0, 2n}

}
and

C
(2)
n+1 := {(0, 0, jhn) | j = 0, . . . , 7} · {(0, 0, 0), (0, 0, 8hn + 2 · 4n+1)}.

We now de�ne a sequence (Cn, Fn−1)
∞
n=1 by setting

Fn := Π(2n, 2n, hn) and Cn+1 := C
(1)
n+1C

(2)
n+1 for each n ≥ 0.

It is straightforward to check that (1-1) is satis�ed. We de�ne measures κn on

Cn and νn on Fn by setting ν0(1) = 1 and

κn(c) :=
1

#Cn
=

1

64
, νn(f) :=

1

64n
for each c ∈ Cn, f ∈ Fn, n > 0.

Let T := (Cn, Fn−1, κn, νn−1). Then (1-2) and (1-3) hold for T . Since #Fn =

4n(42n+1 − 3 · 4n) and #Cn+1 = 64, we obtain that

∏
n>0

#Fn+1

#Fn#Cn+1
=
∏
n>0

4n+2 − 3

4(4n+1 − 3)
=
∏
n>0

(
1 +

9

4(4n+1 − 3)

)
<∞. (5-1)

Of course, (Fn)
∞
n=1 is a 2-sided Følner sequence in H3(Z). Hence, Propositi-

on 1.8(ii) holds. Then the (C,F )-action T = (Tg)g∈H3(Z) associated with T is

well de�ned on a measure space (X,µ), where µ is the (C,F )-measure determi-

ned by (κn, νn−1)
∞
n=1. Moreover, T preserves µ, i.e. µ is the Haar measure for

the (C,F )-equivalence relation on X, and µ(X) < ∞ in view of (5-1) (see

Remark 1.5).
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Next, we de�ne a measure preserving odometer action of H3(Z). Given n >

0, we let

Γn := {(i · 2n, j · 2n, k · 2n) ∈ H3(Z) | i, j, k ∈ Z}.

Then Γn is a normal co�nite subgroup of H3(Z), Γ1 ⊋ Γ2 ⊋ · · · and
∞⋂
n=1

Γn =

{1}. Denote by O the H3(Z)-odometer associated with the sequence (Γn)
∞
n=1.

We call it the 2-adic odometer action of H3(Z). This odometer is normal. It is

de�ned on the compact metric group

Y := proj lim
n→∞

H3(Z)/Γn.

Denote by ν the Haar measure on Y . Since Cn+1 ⊂ Γn for each n ∈ N, it follows

that T is compatible with (Γn)
∞
n=1 ∈ Y . Hence the (T , (Γn)

∞
n=1)-factor mapping

π(T ,(Γn)∞n=1)
: X → Y intertwines T with O. For brevity, instead of π(T ,(Γn)∞n=1)

below we will write π. The measure µ ◦ π−1 on Y is �nite and invariant under

O. Since O is uniquely ergodic, it follows that µ ◦ π−1 = µ(X) · ν. Thus, the

2-adic H3(Z)-odometer is a �nite measure preserving factor of (X,µ, T ).

We claim that (Y, ν,O) is the maximal odometer factor of T , i.e. every

odometer factor of T is a factor of O. Let Λ1 ⊃ Λ2 ⊃ · · · be a sequence

of co�nite subgroups in H3(Z) with
∞⋂
n=1

⋂
g∈G

gΛng
−1 = {1} and let Q =

(Qg)g∈H3(Z) stand for the associated H3(Z)-odometer which is de�ned on the

space Z := proj lim
n→∞

H3(Z)/Λn equipped with Haar measure. If there is an

H3(Z)-equivariant mapping τ : X → Z then, by Theorem 4.4, there exist a

sequence q = (qn)
∞
n=0 and an element z = (gnΛn)

∞
n=1 ∈ Z such that 0 = q0 <

q1 < q2 < · · · , the q-telescoping T̃ of T is compatible with z and τ = π(T̃ ,z) ◦

ιq. Replacing Λn with g−1n Λngn for each n ∈ N, we pass to an isomorphic (to

Q) odometer as a factor of X (see the proof of Corollary 4.6). We denote it by

the same symbol Z. Therefore, without loss of generality, we may assume that



42

T̃ is compatible with z = (Λn)
∞
n=1. It follows that there is N > 0 such that for

each n > N

#{c ∈ Cqn+1 · · ·Cqn+1
| c ̸∈ Λn} < 64−1.

As #Cqn+1 = 64 and #(Cqn+1 · · ·Cqn+1
) = #(Cqn+1)#(Cqn+2 · · ·Cqn+1

), a

version of Fubuni theorem yields that there exists at least one element d ∈

Cqn+2 · · ·Cqn+1
such that Cqn+1d ⊂ Λn. Hence,

{(2qn, 0, 0), (0, 2qn, 0)} ⊂ {c̃c−1 | c̃, c ∈ Cqn+1} ⊂ Λn.

Therefore, the subgroup

Σn := {(i · 2qn, j · 2qn, k · 4qn) ∈ H3(Z) | i, j, k ∈ Z}

is contained in Λn. This implies that Γ2qn ⊂ Σn ⊂ Λn for each n > 0. The

natural projection

H3(Z)/Γ2qn → H3(Z)/Λn

is H3(Z)-equivariant for each n. Passing to the projective limit as n → ∞,

we obtain a H3(Z)-equivariant projection η : Y → Z. It is straightforward to

verify that τ = η ◦ π, as desired.

It remains to show that π is not one-to-one (mod 0). For that, it su�ces to

show that the restriction of π to X0 is not one-to-one. Let κ
1
n and κ2

n be the

equidistributions on C(1)
n and C(2)

n respectively, n ∈ N. We let

(X
(1)
0 , κ1) :=

(
C

(1)
1 × C

(1)
2 × · · · ,

∞⊗
n=1

κ1
n

)
and

(X
(2)
0 , κ2) :=

(
C

(2)
1 × C

(2)
2 × · · · ,

∞⊗
n=1

κ2
n

)
.

Then X0, X
(1)
0 and X

(2)
0 are compact subsets of the Polish group H3(Z)N. The
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mapping

α : X
(1)
0 ×X

(2)
0 ∋ (x1, x2) 7→ x1x2 ∈ X0

is a homeomorphism that maps the product measure κ1 ⊗ κ2 to µ ↾ X0.

Moreover, for each (x1, x2) ∈ X
(1)
0 ×X

(2)
0 ,

π(x1x2) = π(x1)π(x2). (5-2)

Let Z stand for the center of H3(Z). Denote by Y0 the center of Y . It is routine

to verify that

Y0 = proj lim
n→∞

ZΓn/Γn = proj lim
n→∞

Z/(Z ∩ Γn).

Denote by Y2 the quotient group Y/Y0 and by ω the quotient homomorphism

Y → Y2. Then we obtain a short exact sequence of compact totally disconnected

groups

1 −→ Y0 −→ Y
ω→−→ Y2 −→ 1.

Denote by λ0 and λ2 the Haar measures on Y0 and Y2 respectively. It is strai-

ghtforward to verify that

Y2 = proj lim
n→∞

H3(Z)/(ZΓn) = proj lim
n→∞

Z2/2nZ2 and

ω ◦ π(x1) =
(
(a1, b1) + 2Z2, (a2, b2) + 22Z2, . . .

)
for each x1 =

(
(a1, b1, 0), (a2, b2, 0), . . .

)
∈ X

(1)
0 . Hence ω ◦ π is a measure

preserving homeomorphism of (X
(1)
0 , κ1) onto (Y2, λ2). We now de�ne a conti-

nuous mapping s : Y2 → Y by setting

s(ω(π(x1))) := π(x1). (5-3)
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Then s is a cross-section of ω. Hence, the mapping

β : Y ∋ y 7→ (ys(ω(y))−1, ω(y)) ∈ Y0 × Y2

is a well de�ned measure preserving homeomorphism of (Y, ν) onto the product

measure space
(
Y0 × Y2, λ0 ⊗ λ2

)
. It follows from (5-2) and (5-3) that

β ◦ π ◦ α(x1, x2) = ω(π(x1)π(x2)) =
(
π(x2), ω ◦ π(x1)

)
for each (x1, x2) ∈ X

(1)
0 ×X

(2)
0 . Moreover,

(κ1 ⊗ κ2) ◦ (β ◦ π ◦ α)−1 = λ0 ⊗ λ2.

Therefore, π is not one-to-one (µ-mod 0) if and only if the mapping π ↾ X(2)
0 →

Y0 is not one-to-one (µ
(2)-mod 0).

Our purpose now is to show that π ↾ X(2)
0 → Y0 is not one-to-one. Let

C
(3)
n+1 := {0, hn, 2hn, 3hn},

C
(4)
n+1 := {0, 4hn}+ {0, 8hn + 2 · 4n+1},

κ3
n and κ4

n are the equidistributions on C(3)
n and C(4)

n respectively for each n ≥

0 and let

(X
(3)
0 , κ3) :=

(
C

(3)
1 × C

(3)
2 × · · · ,

∞⊗
n=1

κ3
n

)
and

(X
(4)
0 , κ4) :=

(
C

(4)
1 × C

(4)
2 × · · · ,

∞⊗
n=1

κ4
n

)
.

Then X
(3)
0 and X

(4)
0 are compact subsets of H3(Z)N. The mapping

X
(3)
0 ×X

(4)
0 ∋ (x3, x4) 7→ x3x4 ∈ X

(2)
0

is a well de�ned homeomorphism that maps the product measure κ3 ⊗ κ4 to
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κ2. Moreover, for each (x3, x4) ∈ X
(3)
0 ×X

(4)
0 ,

π(x3x4) = π(x3)π(x4).

In view of that, it su�ces to show that the mapping π ↾ X(3) → Y0 is a a

bijection and κ3 ◦ (π ↾ X(3))−1 = λ0. We leave a routine veri�cation of these

facts to the reader.



Âèñíîâêè

In this work we found the explicit criterion when the action of nonsingular

rank one is isomorphic to the odometer, and when the odometer is the factor

of the nonsingular rank one transformation. It is a step forward to a solution

of the isomorphism problem in Dynamical Systems. This work can be used

for solving this problem further and for generalizations to broader classes of

transformations.
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