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O xoudepernnuu B Cymax

B Cymax 19-22 Hos0ps cocTosIach MeX IyHapoaHas KoHpepeHmmus “MareMa-
THYECK T aHaJIM3 II 3KOHOMI'Ka”, OPraHN30BaHHAS YKPAMHCKOIN akKageMuell GaH-
KOBCKC O JeJa IIPH COXelIcTBHN XapbhKOBCKOTO HAINOHAJHHOI'O YHHUBEPCHUTETa H
DU3MKO-TeXHITYECKOro MHCTUTyTa HU3KuX Temreparyp HAH Ykpawnsl. Ha xol-
depenimm paboTasu IBe CEKIHM — MaTeMaTHYeCKas U 9KOHOMIYecKas. B Ma-
TEeMaTHYeCKOIl CeKIMH YKpauHa OblIa IpelcTaBIeHa MaTeMaTnkaMmu Jlporobsrya,
Honenka, Kuesa, JIpBoBa, Cym, XappkoBa. Cpemn HHOCTPAHHBIX yYaCTHHKOB
kKoHepeHmm 6p1n mpeacrasurenn Poccim, Typuun, [IBemun. B moknanax ma-
TeMaTIYeCKOIT CeKIINI OCBEIAJICh CleayIolie HallpaBJIeHIs.

e Bonpockl pocta u rpaHHYHOrO MOBEXEHHS AHAJUTUYECKHX H CybrapMOHH-
yeckux ¢yHxuuir (Bunanukui, BumnakoBa, I'npasik, I'pumuH, /HJIBHBIA,
3aborourust, Hasunckuit, Komomuen, Mamorun, Mamoruna, IllenapoBuy).

o PacnpeneneHue 3HaYeHHIT aHATUTHYECKUX U MepoMopHbBIX PyHkumit (Map-
yeHKo, HukoJeHKo).

o Borpock! annpokcuMalii aHaTHTHIeCKUX (PYHKINI 1 OPTOrOHaJIbHbIe MHO-
rounensl (Tomuuckmii, [losrowert, Jlenxoposa, Tpury6, Illsenosa, Illes-
YyK).

o ITouru-nepuonudeckne ¢pyHxuuu u psaasl Jupuxie (Bpuruk, ITapgeHoBa,
Cracku, ®aBopoB, XeleHMaJIbM).

e Kpaepas 3azaua Pumana (ArpaHoBud).

o Ilmopucybrapmonudeckue ¢pyukunu (IlTaccape, PamkoBcknit).
o Teopus ontumanabHoro ynpaierus (Qapaurona).

o Pumanossr nopepxroctu (Tanposa).

o Teopus ynpyroctu (Octpuk, TaHueHKO).

e Banaxossl anrebpsr (Caznblk).

o AHannTHYeckue MeToAbI B Teopuu BepostHocTel (TopsnHoB).

Kombepenm-m ObLIa IIpEKPaCHO OPraHII30BaHa M €€ YyYaCTHHKH BBIPA3MJIH II0-
JKeJlaHne, yT0OBI OHA IIpOBOIHJIACH PETYISIPHO.

B macrosmiem c6opuke (cTp. 4-217) mevyaralorcs n3bpaHHble paboThl y4acT-
HIIKOB KOH(pepeHIINH.

A.®. I'pmms, K.I. Mamorus
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Solution of the Homogeneous Riemann Boundary
Problem with n-term Boundary Conditions

P. Z. Agranovich

Institute for Low Temperature Physics National Academy of Sciences, Ukraine

The class Hp, ,,,...p. of holomorphic functions f(z),z € C, is considered
such that each function f(z) can be represented by the following way

f(z) = Ai(arg 2)|z|°* + Ag(arg z)|z|P? + ... + An(arg 2)|2|°" + &(2),
z — 00,
where 0 < [p1] < pn < ... < p1, and the function k(z) satisfies

2T

/ sup  |k(2)|%d|z| = o(T*9*!), T — 00, ¢ > 1.
4 argz€[0,27]

Extending the well-known results of N.Govorov we solve the boundary
Riemann problem in the class Hp, ,,, ... in the case when all zeros of
the holomorphic function f are concentrated on the finite system of rays.
1991 Mathematics Subject Classification 30E25.

1. Introduction

Let K be a simple smooth contour dividing the plane C into two parts: Q%
and Q~; G(t) and g(t) be functions on K. In 1857 Riemann [6] formulated the
problem of the determination of two analytic functions ®*(2) and ®~(z) in the
domains Q% and Q~, correspondingly such that

&t (t) = G(t)® (t) +9(t), te K. (1.1)

This question marked the beginning of active research on a mathematical
problem. It is now known as "Riemann boundary problem” !.

The first result was found by Hilbert in [3]. Then numerous works appeared
in this area 2. Such great interest to this subject can be explained as its

1There are the another names of this problem in the literature.
2An extensive bibliography is in [2, 4].
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applications to the various classes of differential equations. Below we present
only some of the known results.

In 1936 roxy F.D.Gakhov [2] obtained complete description of the solutions
of the problem (1.1) in the case when K is closed contour, the functions G(t)
and g(t) satisfy the Holder condition and G(t) # 0, t € K. This description was
given of the so-called ”index”. Note that under these conditions on the contour
and functions the value of index is finite.

In the sixties N.V.Govorov [4] developed the theory of the Riemann boundary
problem with infinite index of polynomial growth. Later this theory was
generalized by a number of authors in the various directions (see, for example,
[5])-

In this article the another extension of the Govorov theory is given.

2. The main definitions and notations

Definition 2.1. Let 0 < [p1] < pn < pn-1 < ... < p1 be given numbers.
We will say that f(t), t > 0, has polynomial asymptotics with parameters

(p1,P2,---,pn) ast — oo if it can be represented in the following way
f(2) = AqtP + AgtP? + ...+ At + §(2) (2.1)
where Aj, j = 1,...,n, are real constants, and the function ¢(t) is small in

certain sense compared to the previous term. Similarly we will understand the
expression “polynomial asymptotics of the function f(z) with the parameters
(p1y-.--pn) as z — 00, z € C”. In this case in (2.1) the coefficients A; are
functions of = argz and t = |z|.

Further the smallness of the remainder term will be expressed in the uniform
metric and in the sense of the following

Definition 2.2. We will say that a function f satisfies the condition (q, p) if

2T
1@t = oT77), T — oo,
T

where p > 0 u ¢ > 1 are fired numbers.
Let K ={z:Imz=0,Rez>1t,>0}; K =K)\{t}.
Definition 2.3. Let D be the class of continuous functions g(t),t € R,

satisfing the Dini condition, i.e.

/ lg(z + 1) — g(2)|
J t

dt < o0.

We will assume for G from (1.1) that |G(t)| > 7 > 0 at all points of K, and
G satisfies the following two conditions:
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i) (2r)~!argG(t) has the n-term asymptotics with the parameters

(plapZ) sle -ypn)
argG(t) <
S LA e

where p; < 1/2, A; > 0; the function ¢ € D satisfies the condition (g, p,),
g>1,and

1< ) AT + é(t) < 0;

ii) (27)7'In|G(t)| has n-term asymptotics with the same parameters

(Pl,PZ,---,Pn)
In |2G“ t)l Zé 4P3 4 K,(t)

where the coefficient é; € (O,Alctgn'pl), and the remainder term « € D
satisfies the condition (g, pr).

3. The homogeneous generalized Riemann problem

Consider the problem of the determination of a holomorphic function ®(z) in
Q = C\ K which limit values are connected on K by the relation

o+ (1) = G()®@(1), teK,
and such that )
d(re'?) = Z‘yj(O)r”J + a(re'?)

i
Here the function 7;(6) < 0 for all # € (0,27), and supremum of the remainder

term sup |a(re'?)| satisfies the condition (g, py).
6€e(0,2m)
This problem will be called homogeneous generalized Riemann problem.

3.1 Canonical function. Put

x(z) = exp { : /M} ; (3.1)

2 m
mh (1 - 2)

Here at the point 7 = z we consider the integral in the sense of principal
value. Rewrite this expression in the following way:

In |G( r)|dr v arg G(7)dr
x(z) —exp{zll ('[ S }\/ PR )} (3.2)

It is easy to see that by virtue of i) and ii) the integrals in (3.2) converge and
hence the integral (3.1) converges too.
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3.2 Properties of the function x(z).
1) x(2) is analytic in C\ K and continuous up to K.

2) x(z) # 0 everywhere in C\ ({to} U{o0}).
3) It follows from the Sokhotskii-Plemelj formula that

xT(t) = G(t)x(t),t € K.

4) x(0) =1.

5) For the sufficiently small neighborhood of the point %, there exists a € [0,1)
such that

Cilz = t,|* < |x(2)| < Ca. (3.3)

Proof. Indeed let t; be an arbitrary point of the ray K. Then

inopz) 2 L ]1 InG(r)dr L 7 In G(7)dr g ]Oln G(T)dT.
27rzt T—2 27rzt T 27rzt (1 - 2)
o ] 1

As it was shown in [2], near the point z = ¢, the following representation
takes place as z — {,

t

1 InG(r)dr 1 :
57T;t/ ST - inle - 4l{in]G(t)| - arg G(t.)} + O(D).

Put a = — 3= arg G(t,). From i) we have
In|x(z)| = aln|z —t,| + O(1),2 — t,,
where 0 < a < 1. Hence the estimate (3.3) is valid.
6) The function x(z) is bounded® in the domain .

To establish of this let us consider the following two theorems.

Theorem 3.1. For the function x from (3.1) the following asymptotic
representation takes place

n

iy _ ST ; DR
In|x(re”)| = —; = ﬂ_pj(A] cos p;j(8 — )+ 6;sinp;(6 — 7))+
+1p(re’?)
where P(re?) = o(r®), r — oo, uniformly for § € [0,2n] outside some

neighborhood of the point ty.

%In [4] this fact was established with the help of more cumbersome arguments.
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Proof. As it follows from (3.2), i) and ii) the function x can be represented
in the following way

P1 P2 Pn
X(ﬁ:exp{?/élt O teb)f At +K(t)dt}x

A t(t - 2)

AqtPr 4+ AqgtP2 4 ... Pn
X exp Z/ 1 SRAY + +Ant +¢(t)dt .
P4 it —2)

Now to complete the proof we need the following fact.

Theorem 3.2. Let a function v has n-term asymptotics
n
() = D 7t + 4(1), t€ K,
J

where 0 < [p1] =P < pn < Pn—1 < ... < p1 < p+ 1, and the function ¢ satisfies
the condition (q, p,) for some ¢ > 1. Then on the plane C the functions

t)dt
fi(z) = Re {zP+1 tp-;yl((t)_. Z)}
'
and

t)dt
fo(2) = Im {z”HK %} ;

have n-term asymptotics

n

.mPj L 5
fi(z)= - Z AL cos p; (0 — ) + zﬁl(re’o), z =re'?,

= sinmp;
and
Tyt i0 i0
h(x)==-3 = sin pj(0 — ) + Ya(re”), z =re”,
“—~ sin wp;
J=1
correspondingly. Here the functions ¥;(re®) = o(r*n), r — o0, j = 1,2,
uniformly for @ € [0,27] if the point z = re? does not belong to any
Co1-set 4.
If ¢ > 1 then the functions sup |¢;(re®)|, j = 1,2, satisfy the condition
6efo,2m)
(4, pn)-

“The set E is called a Co,1-set if it can be covered by a system of circles K; = {|z — z;| < r;}

3V 1
such that im £ 3 7, =0.
IR R



Solution of the Homogeneous Riemann Problem 9

The proof of this theorem is similar to the proof of Theorem 1 from [1].

The analysis of the proof of Theorem 3.2 shows that the exceptional sets
appear when the functions f; and f; become —oo at some points of the real
axis. In virtue of the property 2) the function x does not vanish everywhere
outside some neighborhood w = {z : |z| < 7o} of the point ;. Hence the required
asymptotics of the function In |x(z)| takes place in C\ w.

Now we prove of the property 6). By virtue of Theorem 3.1
TPl

In|x(re’)| = - (Aycospy(8 — ) + 8y sin py (6 — 7)) + P(re”)

sin 7p;

where the function 9)(re®) = o(r?1), r — oo, uniformly for 8 € [0,27]. Therefore
for any positive € and r > r. the inequality

In x(re®)l < (-

is valid.
From this inequality we conclude that

™

a W i — P1
mmm(ﬂ%mw ) + 61 sin p1 (6 W»+0T

i . TE
max re'’)| < maxexp | ———
6€l0,27] Ix( ) ] . ( 2 sinmwp;

X (Ajcosp1(0 — )+ éysinp(0 — 7)) =

p1
exp <—gsir1;wp1 (A cospy(0, — m) + 61 sin p1(0, — 7r)) AL 3
where tan p;(6, — 7) = 7‘%,90 € (7,3/2m).

From this estimate we obtain that the function x is bounded.

Definition 3.1. The function x satisfying the conditions 1) - 6) is called
canonical function of the generalized Riemann boundary problem.

3.3 Description of solutions of the generalized Riemann problem.
Let Bk be a class of holomorphic functions in  and bounded in any circle
{121 < B}.

As it was shown in [4] by the properties 1) -6) of the canonical function the
general solution of Riemann problem in the class Bg can be represent in the form
of ®(z) = F(z)x(z) where x(z) is the canonical function and F(z) is an arbitrary
entire function®.

To simplify notations we will investigate only the case of two- term asymptotic
representation.

Let p; be any positive noninteger number and 0 < 6; < 0; < ... < 6, < 27.

Put
011 —6;

]0 ol o gl "y i

53] [,01 I ¥ = 0;

™

®Note that in [4] this fact has been obtained under the hypothesis that the function G(t)
satisfies the Holder condition but all reasonings are applied in our case.
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9j+1—0j] ) s 3
m4j = EE0-2004 78 1l i mlere- ol p a0 elimle 1

Label the set {a;}2™~2 in the decreasing order: aj, > O > 1. . 2 O o
We will assume that

Qg = Qg, = ...:akm =541, e T akPM—1+1 = ...=OtkpM ZdM.
Denote by U;(0),j = 1,..., M, the matrix
( cos @;(61 — Op, ;41 —7) ... cos@;(6; — 6, — ) )
Uj = ;

cos &;(Om — Op; ;41 —7) ... cos@;(0m — 0, — )

Definition 3.2. Let [p1] < p2 < p1. We will say that a system of rays Y,
(61,...,65) ts correct if

1 ipoi=

1) the numbers
bi+1—6;
by o
T

are noninteger for any j = 1,...,m — 1;

2) either for some jo,1 < jo < m — 1, the parameter p; > a;,, or if p; < &;,Vj,
then matriz U; has the mazimal rang.

Let H,, ,, be the class of all holomorphic functions f in C\ K with zeros
on the correct system of rays Y,, ,, and having in the domain Q the two-term
asymptotics with the parameters (p;, p2) and with the strictly negative coefficient
of the higher term.

Let us study the generalized Riemann problem in the class H,, ,,.

Theorem 3.3. [4]. Let ®(z) be a solution of the generalized Riemann prob-
lem in the class H,, ,,. Then the order pr of the entire function F(z) =
®(2)x~1(2) does not exceed p;.

Proof. We will prove this theorem by contradiction. Assume the contrary. Then
there exists such sequence of points z, — oo that In |F(z,,)| > |z,|(P11#F)/2, As it
follows from Theorem 3.1

|2(2n)| = [x(20)F(2n)| — o0,

that is impossible. Theorem is proved.

Theorem 3.4. If ® € Bk is the solution of Riemann problem in the class
H,, ,, then the zeros of the corresponding entire function F(z) are concentrated
on the correct system of rays, the order pr does not ezceed p; and F(z) has the
two-term asymptotics with the parameters (py, p2).
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Proof. As it follows from the property 2) of the function x the functions ® and F
have the same zeros except for possibly 5. Hence the zeros of the function F' are
concentrated on the correct system of rays. In view of Theorem 3.1 we conclude
that the function F' has the required two-term asymptotics with the parameters
(p1,p2). The inequality pr < p; was proved in Theorem 3.3. The theorem is
established.

Remark. Note that F is not at all an arbitrary entire function. Its coefficient
of the higher term is such that the coefficient of the higher term of the asymptotic
representation for the function ® is negative.

The converse result to Theorem 3.4 is also true.

Indeed let Y,, ,, be a correct system of rays {argz = 6;,5 = 1,...,m}. We
consider the functions cos py(8 — 6; — 7),j = 1,...,m, on [0,27]. Let us choose
positive values A},j =1,...,m, such that the following inequality

Ajcospi(0 — 7))+ 6y sinpy (0 — ) — Z A} cos p1(6 — 0; — ) > 0,0 € [0, 2],
i=1

is valid.

It is easy to see that due to the continuity of these functions and the selection
of é; such parameters A} exist. Moreover they are not defined uniquely.

Let now the measure p be concentrated on the rays of the system Y,, ,, and
it has the asymptotics

R0 L5m) G0 1,. .., m,

on the ray arg z = 6;.

Then a subharmonic function u with the Riesz measure y has required two-
term asymptotics in the plane (cf. [1]).

In view of the theorem of R.Ulmukhametov [7] there exists an entire function
F such that its zeros are concentrated on the rays {argz = 6;} and

m

Z L cos p1(0 — 0; — ) + P(re?),r — oo,

A=t

In|F(re®)| =

sin Tp

where the remainder term (z) satisfies the condition (g, p2).

Therefore the function ®(2) = x(z)F(z) is the solution of Riemann problem
in the class H,, ,,.

This investigation is partially supported by INTAS-99-00089.
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KommnekcHBII aHAIN3 U ypaBHEHIS B CBEPTKAX

B. B. Boauxkos

Loneyxuti zocydapcmeennvili ynusepcumem, Yxpauna

M3yvalorcsi ypaBHEHHS CBEPTKHM Ha KOMILIEKCHOM runepboIuYecKoM IIpo-
crpauctee H"(C). Haiiaeno obuiee peleHHe OZHOrO Klacca TaKUX ypas-
HEHUI M NOJNy4YeHa JOKaJbHAs TeOpeMa O JBYX paluycax JJsf CHCIEMH CBep-
TOYHHIX ypaBHEHHUI.

1991 Mathematics Subject Classification 53C65.

1. BBenernue

ITycts R™ — BelllecTBeHHOE €BKJINIOBO IIPOCTPAHCTBO pa3MepHOCTH n, I —
OTKpPBITOE BBITYKJOe ImoaMHOKecTBo R™, T' — HeHyseBoe pacmpeneinerne B R™ ¢
KOMIaKTHBIM HocureneM supp 7. O6o3HaunmmM

Qr={z€R":z—y€ Q nupuscex y € suppT}.

Oyuruns f € C*() HaspiBaeTcsA NEepPHOINYECKOll B cpeJHeM OTHocuTelbHO T,
ecJI

(T*f)=z)=T(f(z-y)) =0, ze€Qr, (1.1)

roe pacmpeneneHne T meficCTBYyeT IO IepeMeHHOI ¥.

O mHOIT U3 TIIaBHBIX IPOGJIEM TEOPI ITePHOIIMYeCKUX B CpeTHeM (YHKITHIT SBIIS-
eTcs mpobieMa CIIeKTPAJbHOIO CHHTe3a I CYIIeCTBOBAHUS HHTETPAJbHBIX IIpel-
crapienmt ®ypoe mus pemermt (1.1) (cM., Hampimep, [1]). Kiaccmueckme pe-
3yJbTaThl B 3TOM HaIlpaBJeHII mpuHasiexar Jeascapty, [IIBapiy, Maasrpanixky,
Dpermnpeiicy, [TanamonoBy, Xépmannepy u ap. (cum. [1]). Cpexn Goxee mo3zHuX
JOCTIXKEHMIT B 3Toll obaactn orMeTuM paboThl BepeHcreiiHa, 3aubiMana, Teil-
nopa, ['as, Crpymmsl, Hanmaakosa, Kyumenra n ap. (cm. [1]-[3] u 6ubanorpaduio
K 9THM paboraMm).

TeopeMsl 0 IpeacTaBiIeHIn pelleHIil ypaBHeHns (1.1) UrpaioT BaKHYI POJb
B 3a/J]a4aX, CBS3aHHBIX C T€OMETPHYECKIIMII aCIIEKTaMI [IepHOMIYHOCTH B CpeIHEM
(cMm. oB3opst (1], [4], a Taksxe [5]-[20]). KalodueBsiM MOMEHTOM B psilie TaKHX 3aJay
SIBJISIETCS BULZ OIIIICAHIS [EPIOINYeCKNX B cpexHeM dbyHKmi. lI3BecTHas Teo-
peMa anmpokcumaimn Masbrpanka-Xeépmanaepa (cM. [2] ra. 16, Teopema 16.4.1)
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YTBepXKJaeT, YTO CyKeHHe Ha () BceX JMHEITHbIX KOMOMHAINI 3KCIIOHEHIINAJIbHO-
TIOJIIHOMHAJIBHBIX pellleHnlT ypaBHeHus (1.1) IIOTHO B IPOCTPaHCTBE BCEX ero pe-
IIeHT B TomoJoruu, mHaynupoBarHoil C*® (). 3HauuTenbHOe IPOIBUIKEHIIe B
3TOIT TeMaTHKe OBLIO JOCTHTHYTO DpeHmpaiicoM [21], [22] u mesaBucumo ITanamo-
noBbIM [23]. VIX pe3yabTat, H3BECTHBIN IO Ha3BaHMeM ” DyHIaMeHTaJbHOTO PIH-
umna’”, JaeT dKCIIOHeHIIHaJbHOe IIpeICTaBIeHIe PellleHNIT JHHEHbIX YpaBHeHIIT B
YaCTHBIX IIPOH3BOIHBEIX C IIOCTOSHHBIMH Ko3ddiueHTaMu (CcM., Hampumep, [1],
teopeMma 2.3). Ilo3sxke GBI IOMydYeHB! aHAJOTH (PYHIAMEHTAJILHOIO IIPHHIIIIA
IUIsl ypaBHeHHIT B cBepTkax n ux cucreM ([1], Teopema 2.13). OTmerum Taxike
teopemy Bepencrefna-I'as ([1], Teopema 2.19), B KoTOpOIT M1 OBPATHMBIX pac-
npeznenernit T’ (cM., HanpuMep, (2] riaBa 16, onpenenerue 16.3.12) pemenne (1.1)
IIpeJICTABJEHO B BHe PsJa IO 3KCIIOHEHIIHAJIbHBIM IIOJHHOMAaM, IIePHOJHYECKIIM B
CpeIHeM OTHOCHTEJBHO 1'. ITH pe3yJbTaThl IOJYyUeHb! C IOMOUIbI0 METOIOB MHO-
IOMEPHOT'O KOMILIEKCHOTO aHAJIN3a.

B caryuae, korma () — map, IPUHIMIINAJIGHO HOBBII METOX IIPEIJIOKEH B pa-
Borax [6], [10], [19]. Or maer sBHOe pelieHHe ypaBHEHWs CBEPTKHU B BILIE PA3io-
skeHns B psit Oypbe CIIEIIaJIbHOTO BHAA [0 cepruecKuM rapMoHnkam (cM. [19]).
9TO MO3BOJIIIO, B YaCTHOCTH, IIOJYYHTh OKOHUYaTeJbHble Pe3yJbTaThl B psle 3a-
[lad, CBSI3aHHBIX C WIAPOBBIMHI M cdepmdeckmMu cpenammu (cM.  [5]-[20]). B
paborax [7], [15] comepxkurcsa 0b6oGLIEHIE TON METOAUKH IJsi Golee LIIPOKOro
Kiaacca MHOXKecTB §). B cBS31 ¢ MHOIOUNCI€HHBIMI IIPHJIOKEHISAMH, GOJBIION HH-
Tepec MpenCcTaBIseT Pa3BHTHE TAKON TEXHHKH IS HEKOMIIAKTHBIX IBYXTOUEYHO-
OIHOPOIHBIX IPOCTPAHCTB. B COOTBETCTBHM € HX KiIaccHguKanuell (cM., HalpH-
mep, [24] ra. 1 § 3, . 3) — 3TO B TOYHOCTH €BKJIIIOBBI IPOCTPAHCTBA, MHIIEPOOIIH-
yeckire nipoctparctBa H™(R), H™(C), H™(H ) u runep6oamdecKoe IpOCTPAHCTBO
Kamu H'®(Cay). B manuofl paboTe M3y4yaloTcs ypaBHEHHs CBEPTKU Ha KOMILIEKC-
HoM rurnep6oimyeckom npocrpascrBe H™(C). HalineHo obluee peleHne oIHOTO
KJacca TaKUX yPaBHEHMIT I IOJydeHa JOKAJbHas TeOpeMa O IBYX paluycax Ijs
CHCTeMbl CBEPTOYHBIX ypaBHeHINI. AHajormusble pesyaprathl nis R™ u H™(R)
conepskarcs B pabote [29)].

2. OcHOBHBIE pe3yIbTaThl

IIycts C* — KOMILIEKCHOE eBKJIAOBO IIPOCTPAHCTBO PAa3MEPHOCTH 1 > 2 ¢
5PMITOBBIM CKaJAPHBIM Ipom3BeneHueM < -,- >, B = {z € C" : |z| < 1}, rze
|2|? =< 2,z >. Obosnaumm d(z,w) — paccTosHNe MeXx Iy TOouKaMmu z,w € B B
Merpuke beprmaHa, TO ecTh

1, (l=<w,z>|+V|w-zP+[<w,z> 2= [z[?[w]?
d(z,w) = zln
2 \[l-<w,z> |- [w—-2P+[<w,z> = [z]*[w]?

(2.1)

Kak m3Bectro (cm., HamprMep, [25]), KOMILIEKCHOe THIlepGOIIdecKoe IpOCTpaH-
crBo H™(C) pa3mepHOCTH n m30oMeTpiyHO wapy B ¢ merpukoit (2.1). Ompenemm
Ha B Mepy T paBeHCTBOM

dm(z)

1 Son s A
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rme m — Mepa JleGera B C", HopMupoBaHHas ycioBueM m(B) = 1. Mepa 7
IHBapUAHTHA OTHOCHTENBHO Ipymisl G Bcex 6HrosoMopdHbIX 0TO6paskeHNl mapa
B na cebs (cm. [26]). I'pymma G ects rpymma Jlu mpeoGpasoBammit (cMm. [27]
ri1. 3), ZeficTByIOIIasi TPAH3NTHBEO Ha ape B. YHuTapHas rpymmia U (n) spisgercs
rorpymmoit n3orpormu Toukn z = 0 B G, TO ecTh 0LHOpOAHOE IpocTpaHcTBO G/
U(n) cosmazaer ¢ B.

IIycts § = {z € C* : |z| = 1}, p,0 — mnoxsipusle koopauHaTel B C"
(VzeC" p=|zl,aecmn z # 0, T0 0 = z/p), {S,(,{cq)(a)} (pog.= 0515, oo 40K
k < Q(n,p,q)) — dHUKCIPOBaHHBIT OPTOHOPMHUPOBAHHEIIT 6a3lC B IPOCTPAaHCTBE
cepirgeckix rapMoHHK 6ucrenenu (p,q), pacCMaTpHBaeMOM KaK IIOAIPOCTPaH-
ctBo Ly(S) (em. [25]). O6osnaumm

P.q I(v+ ¢)T(v + p)T'(n) p+q
B = Totprore) £ o

P ) F(v+q,v+p;n+p+gq;p°),

((P) = g (2270, m=01,

roe v = , A € C, F — rumnepreomerpudeckas ¢pyHkims, I' — ramma-pyHKIms.

Ilatee, kak 06srun0, D(M) — mpocTpaHcTBO GHHUTHBIX GeckoHeuHO midde-
PEHIIIpyeMbIX (YHKIINI Ha IiaIkoM MHoroobpasmu M, n D'(M) — mpoctpas-
ctBo pacmpenenenint Ha M. Caenys [24], obo3naunmM uepes T; X Tp cBepTKy
mByx pacnpenenermit Ha H"™(C), oZHO M3 KOTOPBIX HMeeT KOMIIaAKTHBII HOCH-
tenp. Ilycte BR = {z € B : d(0,2) < R} — OTKpBITHII reoJe3m4ecKuit
nrap pamnyca R, T — maHHOoe paqualbHOe paclipeleleHne Ha Br ¢ HocuTeieM
supp T = B, (0 < r < R). Pamaasrocts T o3Hauaert, yto 1s awoboro U € U(n)
T(p(2)) = T(p(U™'2)), ¢ € D(BRr). PaccMoTpim ypaBHeHHe CBEPTKH

(fxT)(z) =0, z€ Ba_y, (2.2)

n—i\
2

rne f € D'(BR). B cayuae, korna f € C®°(BR), mMeeM

(fxT)g0)=T(f(92))=0 VgeG: g0€ Bp;.

Teopema 2.1. ITycms pacnpedeaenue f € D'(BRr) aeasemca pewenuem
ypasHenus (2.2) u npu nexomopom € > 0 f =0 6 B,y.. Tozda f = 0 e Bp.
Ecau f € C*®°(BR), dannoe ymeepacdernue eepro u npu € = 0.

OTMeTinM, UTO ycIOBHA Ha f B Teopeme 2.1 B obwieM clIydae oCTabHTh HeMb3s.
[Mycts M(T) — MHOecTBO KOpHefl A cepirdeckoro npeobpa3oBaHus T(/\)
T(QO 0(|z|)) Takix, 4ro —% < argA < 5. OBosHaunmm n) — KPATHOCTh KOPHSA
X\ € M(T). Janee npemmonoraem, uto MHoxectBo M (T') mpu |A| — 400 ynosie-

TBOpSET YCJIOBHSIM:

1

[TmA| = O(tnlN]),  ma=0(1), [T™VN]> 5,

(2.3)

rae w > 0 He 3aBHCHT OT A
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Teopema 2.2. Obujee pewenue (2.2) 8 C°(BRr) umeem eud
o0 Q(nvp1Q)( ny—1

F1EE0 i o zcx.m.p,.,,@a;z,l(p)) 500,

p,q=0 k=1 AEM(T) m=0
2de  max _|cxmpqkl = O(|A|%) npu || = 400 u awbom a < 0.
0<m<n,y-1
Anamorn Teopem 2.1, 2.2 mus K-WUHBapHAHTHBIX pacCIpeNeJeHHII Ha CHM-
MeTpHuecknx mpocrpancrBax X = G/K panra 1 HeKOMIAKTHOIO THIIA 10Ty YeHbI
B pabore [19].
ITycts N > 2. PaccmoTpum cucreMy

(fxTollad=0,. 2C8p o =1 0N (2.4)

rre f € D'(Br), T; — paImaiabHOe pacIpeleleHHe ¢ HOCHTeJIeM Frj C Bg.
Teopema 2.3. Ilycmb pacnpedesenue Ty ydosaemeopaem ycaosusam (2.3),

N
f € D'(Br) — pewenue (2.4). Tozda ecau 21<n.22xN(r1 +r;) < Ru () M(Tj) =0,
S5 =1

mo f = 0.

B cayuae, korna T; — unmikaTop mapa B; |, 10106HBII pe3yIbTaT COAEPIRUTCS
B pabore [25]. JpyruM ciIeacTBIEM TeOpeMbI 2.3 SBISETCS aHAJIOT M3BECTHOIT Teo-
pems! Bumepa o 3aMbikaHum cIBuroB [28].

Iycts ¥; — 3a1aHHBle paInajipHble GyHKmm 03 Ly(B) ¢ HocuTexsyx B_,J

Teopema 2.4. IIycmb ¥, ydosaemsopsem (2.3), 8 — omxpwuimoe noo-
MHodCECME0 B co caedyouumu ycaosuamu:

a) Q C B;
6) ecaxyio mouxy u3 ) MONCHO NOKPbLMb 2€00€3UNECKUM WAPOM paduyca
R > max (r1 + r;), npunadaexcawum Q.
2<5<N
Toz0a 0As 3aMEHYMOCTAU CUCTEMbL

{vi(g7'2), 9€G, ¢B,cQ, j=1,.,N} (2.5)

6 npocmpancmse Ly() npu 1 < p < 00 Heobrodumo u docmamoyuno, “mobo
N

N M(¥;)=0. Kpome mozo, cucmema (2.5) ne asasemca samxnymod 6 npo-
i=1

cmpancmse Lo(2).

10 N
OtmMeriv, uTO B ciydae, korma ) ¢ B ycaosue (| M(¥;) = () He sBasercs,
1=1
BOOB1IIe FOBOPS, HEOOXOMIMBIM ISl 3AMKHYTOCTH CHCTeMSI (2.5).
Ilaree, cienys [15], BBeaeM ciemylolee olpeelIeHIIe.
Onpenenenue 2.1. Henycmoe omxpwimoe muoxacecmeo 2 C B bydem Ha-
avieamsb §-ob6aacmyvio (6 > 0), ecau sbinoanensl caedyou,ue Yca06uA:
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a) 6CAKYI0 TMOYKY U3 Q moacHo NnoxpulMmdb 3AMEXHYMbIM 2e00e3unecKum ua-

pom paduyca 6§, npunadaencawum §Q;

6) yenmpol 068YT A106LLT 2e0le3uneCKUT Wapos paduyca §, NPuKadAeHCAW,UT

Q, MmoxucHo coedurnumb aomanoll max, umo 6cAxKul 3amxnymuill zeode-
suveckutl wap paduyca § ¢ yenmpom na amoti nomanol npuradaescum

Q.

Teopema 2.5. ITycmb ¥y ydosaemeopaem (2.3), 8 — obaacms 6 B co cae-

0Y0UWUMU YCAOBUAMU:
a) QC B;

6) Q codepacum nexomopuill zeode3uveckull wap paduyca R > 2r<n_aéxN(1'1 +7;);
<i<

8) ) asasemca 6-obaacmoio npu § = min ;.

1<5<N

Tozda evinoanendv. 6ce ymeepacienus meopemuvl 2.4.

Jpyrite pe3yIbTaThl 00 aNIIPOKCHMAINN (PYHKITIT JUHETHBIMI KOMONHAIIMIMI

caBuUroB mMelorcs B paborax [8], [29].

JUTEPATYPA

Bepencrefmn K. A., Crpymma /I. KoMniekcHbIT aHaIN3 1 ypaBHEHUs B CBepT-
kax.// Uroru Hayku u TexH. CoBpeM. mpoba. mateMm. QPyHIaM. HalpaBJIeHNs,~
1984.-54: BUHUTHN.-C. 5-111.

Xepmanoep JI. Ananu3 quHemHBIX g depeHIaJbHbIX 0IIepaTOPOB C YacT-
HbIMII TIpousBomHbiMu. JluddepeHInalbHble ONepaTopbl € IOCTOSHHBIMHI
Ko3ddmmenTamu.—M.: Mup,-1986.-2.

Hanaaxoe B. B. YpaBHeHUs CBePTKH B MHOTOMEPHBIX IIpOCTpaHCTBax.—M.:
Hayxka,-1982.

Zalcman L. A bibliographic survey of Pompeiu problem.// Approximation
dy solutions of partial differential equations / ed. B. Fuglede et al.,~1992.—
P. 185-194.

Bosukos B. B. Hosrle Teopembl 0 cpenHeM s pelleHNs ypaBHeHus [enabm-
roabiia.// Marewm. ¢6.,-1993.-184.-Ne 7.-C. 71-78.

Boaxukos B. B. OkoHuaTe bHBIT BapHaHT JOKAJBHOII TEOpeMbl O ABYX pajH-
ycax.// Marewm. ¢6.,-1995.-186.-N¢ 6.-C. 15-34.

Bosnukos B. B. Peirenue npo6iembl HocuTexs AJIsi HEKOTOPBIX KJIaCCOB (DyHK-
wit.// Matewm. ¢6.,-1997.-188-Ne-9:-—6:43-30—————
JeHTpanbHa Hayxkn2a f THY

XHY im. 8.H.Kapoaina

B P et




18

B. B. Boaukos

10.

bl

12.

13.

14.

15.

16.

17,

18.

19,

20.

21

228

23.

Boruxos B. B. 9kcrpemanpHble 3a1aun o MHOXKecTBax [lommertio.// Marewm.
cbopHuk,-1998.-189.-Ne 7.-C. 3-22.

Boaruxos B. B. O MHOXecTBaX HHBbEKTHBHOCTH IIpeobpa3oBanus Ilommermo.//
Marem. cbopruk,-1999.-190.-Ne 11.-C. 51-66.

Boaukos B. B. HoBble Teopembl 0 AByX pamiycaX B TEOPHH I'apMOHIYECKIX
dynkumi.// Ussectus PAH, Cepus matem.,—1994.-58.—-Ne 1.-C. 182-194.

Bomukos B. B. O MHO»ecTBaXx MHBEKTHBHOCTH Ipeobpa3oBaHus PanoHa Ha
cdepax.// Ussectus PAH, Cepust matem.,~1999.-63.-Ne 3.-C. 63-76.

Boxukos B. B. 06 oxHoit npobieme 3aapiMaHa 1 ee 0606uerusx.// Marem.
3ameTkn,—1993.-53.-Ne 2.-C. 30-36.

Boaukos B. B. OkoHuaTenbHBI BapHaHT TE€OPEMBI O CPEOHEM B TEOPHUI Tap-
MoHmyeckux Gyskiuit.// Marem. 3amerkn,—1996.-59.-Ne 3.-C. 351-358.

Bomuxos B. B. TeopeMb! e TMHCTBEHHOCTH IS HEKOTOPHIX KIACCOB hYHKITHIT
¢ HyaeBbiMu cepuueckumu cpenauvu.// Martem. 3amerkn,—1997.-62.—Ne 1.—
C. 59-65.

Bouaukos B. B. Teopemb!l emIHCTBEHHOCTH AJMS KPATHBIX JAaKyHAapPHBIX TPHIO-
HoMeTpuyeckux psgoB.// Marem. 3amerku,—1992.-51.-Ne 6.-C. 27-31.

Bosukos B. B. HoBble TeopeMbl 0 cpeaHeM IS IOJHAHAJHTHYECKHX (DYyHK-
miit.// Marem. 3amerkn,-1994.-56.-Ne 3.-C. 20-28.

Boaukos B. B. Teopems! 0 cpexHem [isi 0JHOrO KJacca moamHoMoB.// Cub.
MaTeM. XKyp.,—1994.-35.-Ne 4.-C. 737-745.

Volchkov V. V. Morera type theorems on the unit disk.// Anal. Math. -
1994.-20.-P. 49-63.

Borukos B. B. IIpo6aemsr trma Ilommerio Ha mHOroo6pasmsx.// okrais
AH Yxpauns1,—1993.-Ne 11.-C. 9-12.

Boaukos B. B. Teopems! o mByx pamiycax Ha IIDOCTPAHCTBaX IIOCTOSHHOI
kpususnbl.// Joknamsr PAH,-1996.-347.-Ne 3.-C. 300-302.

Ehrenpreis L. The Fundamental Principle for Linear Constant Coefficients
Partial Differential Equations.—In: ”Proc. Intern. Symp. Linear Spaces”,
Pergamon, Oxford,-1961.-P. 161-174.

Ehrenpreis L. Fourier Analysis in Several Complex Variables.-New York:
Wiley Interscience,~1970.

ITanamonos B. II. JIunefasie middepeHIaIbHbIe OIIEPATOPHI C IIOCTOSHHBIMEI
koadrmmentamu.—M.: Hayka,~1967.



| sl . ciaati Vel it s s R e

KomnnekcHblft aHanTu3 I ypaBHEHHS B CBEPTKaX 19

24. Xearacor C. I'pymms! n reomMerpuyeckmit aHam3.—M.: Mup,-1987.

25. Harchaouri M. Inversion de la transformation de Pompeiu locale dans les
espaces hyperboliques reel et complete (Cas de deux boules).// J. Analyse
Math.,-1995.-67.-P. 1-37.

26. Pymun Y. Teopus ¢yHxmm B exmramrasoM 1ape u3 C*.-M.: Mup,-1984.

27. Kobascu III. I'pynmel npeobpa3oBaHmil B audgQepeHIHaIbHON reoMeTPHI.—
M.: Hayka,—-1986.

28. Bumep H. UnuTerpan @ypre u HeKkoTOphle ero npumeHeHus.—M.: ®u3aMaTrus,—
1963.

29. Boaukos B. B. Ammpoxcumanms ¢pyHKIINT Ha OrpaHITUeHHBIX obaacTax B R™
JIHeHpMI KoMOuHarmsavn casuros.// Jokaagst AH Poccrm,-1994.-334.-
Ne 5.-C. 560-561.



20

Bicauk XapKiBCHKOrO HallilOHAJILHOIO yHIBEPCHTETY
Cepis “MaTeMaTuKa, NIpUKIaIHa MaTeMaTHKa 1 MexaHika”

YK 517.535.4 Ne 475, 2000, c. 20-44

General properties of subharmonic functions of finite
order in a complex half-plane
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One of the most important problems in the theory of subharmonic functions
in angular domains is the problem of connection between the growth of the
subharmonic functions and the distribution of associated measures.We give
a compact presentation of general properties of subharmonic functions in a
complex half-plane, based on the concept of complete measure. This is a
new version of some previous results of one of the authors.
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1. Introduction

General theory of entire functions is presented in the book of B.Ja. Levin
[1]. Now it is evident that many sections of the theory of growth of entire
functions in the ordinary way can be extended to the theory of growth of functions
subharmonic in the whole complex plane. In B.Ja. Levin’s book, some questions
of theory of holomorphic functions in an angle are considered as well. Our note
deals with functions subharmonic in a complex half-plane.We believe that growth
of such functions can be described in the best way by a special measure which
is called here the complete measure. All authors investigating meromorphic,
holomorphic, subharmonic functions in a complex half-plane or in a half-disc,
made use of concepts congenial to the complete measure. We invite the reader’s
attention to the following sources: R. Nevanlinna [2], W.K. Hayman [3], works
of N.V. Govorov presented in [4], It6 Jun-Iti [5], one of the authors [6]. The
definition of the complete measure was introduced in [7].

2. Green function of half-disc

Here we give necessary for us formulas related with the Green function of the
half-disc. Beforehand we give denotations of sets used in the note:

Cy ={2: 9z >0}, C(z,a)={w: |w-z| <a},

Ci(z,a)={w: |w-z|<a,Sw>0}, B(z,a)={w: |w-1z|<a},
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By(z,a)={w: |lw-2|/<a,Sw>0}, CE=C\E.
Let G(z,() be the Green function of C4(0, R). The following formulas are true:

_ =R - 2() 9G(z,t) _

Rl iveeap iy e
i R? _2r(R?—r?)(R2—1*)sin® = 4
" (t —z iR —tz)) N PR L S B s e

8G(z, Re'?) i% Re*+2z Re % +z\  4r(R?—r?)sinfsing

on T R \Ret* —z Re**—2z) |Re"¥ — z|2|Re~t¥ — 2|2
where n is the inner normal for C(0, 7). In what follows we use these formulas
without additional recalling.

3. Kernels K, and their properties

In theory of subharmonic functions in the complex half-plane C,, the kernels
K,(z,() play an important role. They are defined as follows.

{2 ().

K(z,¢) = Ko(2,() = |z - (2

z=z+iy=re’, (= E+in=Te?,

Js',,(z,c)=se%ic[1n:g.+§(-2——%)+...+%(Clp—c-1—p)],le-

We shall consider the kernels K, for Sz > 0, ¢ > 0. The kernels K, are
extended to the real axis I = 0 by continuity. If Iz > 0, then K,(z,2) = —o0,
and K,(z,z) is meaningless for $z = 0. It is convenient for us to put K,(z,{) =0
if Sz < 0or &C <O0.

It is easy to prove the following relations:

1 -2 : -
1) K(z,t)= 2%2 7 - = $)2y+ el z =1 + 1y, t is real;
. 1 2P zPt1
2) I\p(Z, t) = 2 (_ ST A tp+1) = 2gt7’_':1(z——t) =
P+1(r sin pf — s
i (rsin pf — tsin(p + 1)0), el
trtl|z — ¢?

3) K(z,() is negative for &z > 0, ¢ > 0;

4) Ky(2,() = Z l—; sin kfsin kp, r < T;

TSlank




22 A. F. Grishin, T. I. Malyutina

5) Kp(2,¢) =

2 r2k _ k k
i _E - mnkOsmkcptglk A smkesmkcp), T

6) 1K (2 () € —%—

=
pp+1
7) 1Kp(2,0)| < 45 7 T2 2
1
8) |Kp(2, )l S 47 ,,+1, <onp2l;
4 £
; K = =
9) IK(z,Ql<— <57

-1 -0),0<p<¥b
160 i ‘P(ﬂ' )’ A
10)/ te ,Te )dt Tsincp{(ﬂ—cp)B,BﬁcpSﬂ"

The following property 6] requires more attention.
11) If |z —(| = ar, z = re', then
1 a 1 a
In X
r1n3sm0+a 2s1n0+a <K< rsm0+a1 2sinf + a
The arguments giving a proof of the next property are presented in [8, section 4].

12) Let a(z) be a bounded finite measurable function. Then

b(¢) = / K(z,()a(z)dzdy, z=z+iy,is a continuous in C4 function.
4. Classes of functions and measures

An absolutely continuous function p(r), r € (0,0), is called a prozimate order
in the sense of Valiron if the following two conditions are valid:

1) rangop(T) = p € (—00,00),
2) rli’rgo rlnr p'(r) = 0 (we take p'(r) = 0 if p'(7) is meaningless).

Some results on proximate orders are presented in [1], some new results are
presented in [9]. We denote the function 7#(") by V(r). When p > 0, the function
V(r) is increasing in some neighbourhood of infinity. We can assume without loss
of generality that V(0) = 1 and V(r) is an increasing function on the ray [0, co)
if p> 0.

A proximate order p(r) is said to be a formal order of a function v subharmonic
in the whole plane C (upper half-plane C, ), if there exists a constant M; such
that v(re'?) < M;V(r), 8 € [0,27](6 € (0,7)). The notion of formal order was
introced in [5]. By SF(p(r)) we denote the class of subharmonic functions having
p(r) as a formal order. A proximate order p(r) is a formal order of the measure
p if |u|(B(0,7)) < MpV(r) where |pu| = py + p—, pp = py — p— is the Jordan
decomposition of the measure p.
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A proximate order p(r) is said to be a semiformal order of a function v
subharmonic in Cy if it is its formal order and there exist values ¢ € (0,1),
6 €(0,%), Mz € (—o0,0) such that every collar domain D(R,q,6) = {z: ¢R <
lz| < %R, 0 < argz < ™ — 6} has a point zp with v(z9) > M3V (|20|). The latter
condition appeared in a theorem of Levin [1, part II, theorem 7], so we call it
Levin’s corn lition. We prove later that any formal order is a semiformal order if
p > 1. Thus the difference between formal and semiformal orders happens only
for p < 1. By SHF(p(r)) we denote the class of subharmonic functions having
p(r) as a semiformal order. The concept of semiformal order is usefull for the
theory of subharmonic functions in C4. For example, if p(r) is a semiformal
order of v, then the half-trajectory Tyv = 1"-,(2—?)1, t > 1, of the dynamical system of
V.S. Azarin [10] is a compact set in the topology of Schwarz distributions. The
definition of semiformal order was introduced in [11].

In our note, the main characteristic function of subharmonic function v in Cy4
is M(r,v) = su? )v({). B.Ja. Levin and N.V. Govorov considered M(r,v)

¢eC4+(0,r
as characteristic function of v as well. They studied the case v(z) = In|f(z)],
where f is a holomorphic function. The class SF(p(r)) is, by the definition,
related with the characteristic function M(7,v). A subharmonic in C4 function
can have different order of growth and diminution as, for example, the function
v(z) = —rsinf. To remove this obstacle, we introduce the semiformal order. For
the above function v we have v € SF(0), v € SHF(1).

A subharmonic in C4 function v is said to be a function of finite order if there
exists a proximate order p(r) such that v € SF(p(r)).

Let v be a subharmonic function in C,. Denote by FE, the set of numbers p;
of the form p; = TI_J_EEO p1(r) where p;(r) is a semiformal order of v. The number
p = inf E, is called the order of the function v.

The feature of the given definition is that this order does not coincide, in
general, with the order of the characteristic function M(r,v). This definition
differs from the equivalent definitions of Titchmarsh and Govorov [4, §1].

A deficiency of M(r,v) as characteristic function is that it does not control
the diminution of v. It is easy to see other deficiencies of M(r,v). Even the
condition M(r,v) < oo is a hard restriction for functions subharmonic in Cy.
Many simple functions do not meet this condition. We have no characteristic
function convenient for measuring of growth in the class of all subharmonic
functions in C;. Because they study individual classes of functions. Only in
the DZrbaSian theory [12] the whole class of subharmonic functions in the disc is
investigated.

One of the interesting classes of subharmonic functions in Cy is the class SK.
A function v € SK if it has a positive harmonic majorant in any bounded domain.
The class SK is sufficiently extensive. It includes subharmonic functions v with
M(r,v) < oo, all positive harmonic functions. The class JM of the meromorphic
in C; functions f which is defined by the condition In|f| € SK — SK is
the widest class of functions having the meaningfull Nevanlinna characteristic
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function T'(r, f) [8]. Functions v € SK have the following properties. There
exists a measure v on the real line R such that

b
lim [ v(z + ty)dz = v([a,d]) - %u({a}) - %v({b}) . (4.1)

y—+0
a

The measure v is called the boundary measure of the function v. There exists
o(t) = lhilo v(t + ty) almost everywhere on R, v(t) € Ljoc(—00,00) and the
y—>

identity dv(t) = v(t) dt + do(t) holds where o is a singular measure with respect
to the Lebesgue measure. The measure o is called the singular boundary measure
of v. If the function v is bounded above in the half-disc C4(%o,€), then the
restriction of o to the interval (tp — €,%p + €) is a negative measure. The only
situation permitting to insert the limit into the integral in (4.1) is when o is the
zero measure. For functions v € SK the complete measure A is introduced as
follows. The restriction of A to C; is the measure 27 (¢ du(¢) where p is the
Riesz measure of v. The restriction of A to the real line is the measure —v. The
restriction of A to C_ = {2 : §z < 0} is the zero measure. The complete measure
A has the following properties:

1) |M(K)| < oo for any compact set K,
2) the restriction of A to Cy is a positive measure,

3) the restriction of A to C_ is the zero measure.

If a measure A has properties 1-3, then there exists a subharmonic in Cy
function v € SK with the complete measure A. The complete measure A
determines the function v uniquely up to a summand Sg(z) where g is a real entire
function. More precisely, if functions v; and v, have the same complete measure
)\, then there exists a real entire function g(z) such that v(2) — v1(2) = Sg(2),
32> 0. If ve SK, X is the complete measure of v, D is a bounded domain,
D c C;, C4(z0,€) C D, then

W) =5 [[ KEGODEQ+uE)
DuUdDNR

where v, is a harmonic function in D having continuous extension by zero to the
interval (zg — €, 2o + €).
We define the order of the measure A as
— In |A|(B(0,r
= BABE.)

r—00 Inr

In what follows, we show that if v is a subharmonic function of order p and A
is the complete measure of v, then p) < 1+ p. This inequality is no longer true
if p changes to p;, where p; is the order of v in the sense of Titchmarsh and
Govorov. Thus, our definition of order of subharmonic function in C; preserves
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the statement that the order of the measure is estimated by the order of the
function, as is for functions subharmonic in the whole plane. Inverse estimations
for subharmonic functions in C4 are more complicated. In general, statements
on connection between growth of a subharmonic function and the growth of its
Riesz measure for subharmonic functions in the whole plane have no analogs for
the case of the half-plane if we use the given definition of order of subharmonic in
C4 function. The anology takes place only for functions with positive complete
measure. Such functions are named just subharmonic [8]. Thus the theory of
just subharmonic functions in Cy is similiar to the one of subharmonic functions
in the whole plane. The theory of subharmonic in C; functions of the class SK
is similiar to the one of §-subharmonic functions (4-subharmonic function is a
difference of subharmonic functions) in the whole plane. For the functions of the
class SK and moreover for the functions of the class SK — SK we can introduce
the Nevanlinna characteristic function

iy, )i % / vy (re'?) sinf.dd + / Azs(t) dt + :—0 / o (7o &Ysind 26,
To 0

0

The same function v can have a finite order with respect to the characteristic
function T'(r,v) and have infinite order with the characteristic function M(r,v).

Considering M(r,v) as the main characteristic function, we call p(r) the
proximate order of the function v provided

rfwvz)@( v+ 2l ))e(o )

5. Representation formulas and Carleman formula

Later we will need the following formulas and denotations. Let v be a
subharmonic function in C4+(0, R;) having a positive harmonic majorant. Let
R € (0,R;), G(2,() be the Green function of the domain C4(0,R), n be the
inner normal for C(0, R), v be the measure defined as in (4.1), s be the Riesz
measure of v. Then the Riesz-Martin theory gives the representation formula

R
v(2) = - // G(z,¢)du(¢) + 517-; / aGa(;’t) dv(t)+
C+(0,R) i
2£1r / ?E%M”(Rew)d% z € C4+(0, R). (5.1)

0

Let H be the least positive harmonic majorant of the function v in the domain
C4+(0, R). Then we have for z € C4(0, R)

H(z) = ;W 4 BGB(Z — dv(t) + 0/ e (erzew) vy (Re®) dp.  (5.2)
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Formulas (5.1) and (5.2) together give

// G(z,()dﬂ(()+2—1- / aG(z D g|()+

C+(0,R) -R

T 0G (z, Re
_2137;0/ G (2, Re! )| R |d<p=2H(z)—v(z),z€C+(0,R). (5.3)

Let us denote

dym(C) = ”;"’ ™ LAAC),  Ym(r) = Ym(B(0,T))

where % is defined in ordinary way for ¢ = 0, 7. Making use of formula (5.1)

v € S1 P} .

Namely, we obtain

/v(rew) sinkfdf = —
0

R2k ) T2k
2krF e 1+

R ™
v Y }
_k/ (tzk R'-”‘) dyi(t) + o5 /v(Re’“’) sin ko de.

Integrating by parts, we get

U

R ™
= [o(Re)sinkodo = [ Zz’;(ﬁ dt+ = [ o(re®)sin kg ds.
0

0 T

In particular,

%z-/v(Rew) sinfdf = / AD dt + - /v(re‘o)sm0d0
0

T

Such type formulas are known as the Carleman formulas. The last formula
stresses once more that the complete measure is convenient for investigation of
subharmonic functions in the complex half-plane.
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6. Estimations of potentials of kernels K,

Estimations of the canonic Weierstrass product is the first step in the studying
of growth of entire functions. We give similar estimates for the potentials of
the kernels K,. The main distinctions with the plane case are as follows. The
complete measure A of a subharmonic function in C; is a signed measure in
contrast to the Reisz measure. The negative part A_ is supported by the real
line. In addition, the singularity of the kernel K,(z, () is stronger on the real line.
It changes essentially the character of estimations near the real line. There is one
simplified property for the half-plane case, namely the kernel K(z, () is negative

unlike the kernel In ‘1 - %l corresponding to the case of the whole plane.

Theorem 6.1. Let A be a measure with positive restriction to Cy and zero
restriction to C_. Let a prozimate order 1+ p(r), p = rlim p(r) > 0, be a formal
—00

order of the measure A\. Let in addition, if the number p is natural, there erist
numbers c, and M such that v°|6,(r)| < MV (r) where

6(r)=c,+ % // MM_)’ (= Te’."’,

psing rP+1
B(0,r)

Ar, 18 the restriction of X to the set CB(0,70). Let p = [p] and let

1 P
= [[ K@od©+5: [[ K00+ ) det
B(O TO) CB(O TO) k=1
where dy, is arbitrary if p # p and d, = c,, and di is arbitrary for k < p — 1 if

p=Dp.
Then the following properties are valid.

1) v is a subharmonic function in C; with the complete measure A.

2) v(re?¥) < M

V(T) ! i3 Z To.

sin @

3) flv(re‘9)| sin@df < MV(r), r2>ro.
0

v 2
4)f|v!te!dt<M{f dt ,0—0,
V(r), p>0,72>2r0
and the low limit of the integration in the left hand side can be changed to
0 if the measure A does not charge some neighbourhood of zero.

5) If measure A_ is absolute continuous and %ﬂ < MV (|t]), in particularly,
if \_ =0, then v € SHF(p(r)).

Remark. That the theorem remains to be true for the case p = 0, is a further
usefull property of the complete measure. For other measures, the case p = 0 needs
special arguments [13]. We omit the standard proof of this theorem.
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7. Functions of class SHF(p(r))

The class SH F(p(r)) is the simplest class of subharmonic functions in C;..
In this section we investigate functions of this class.

Theorem 7.1. Let v € SHF(p(r)) and let A be the complete measure of v.
Let p = Tli_’rroxop(r), p = [p] and let 19 > 0 be a fized though arbitrary number.

Then
1) |Al(B(0,7)) < MrV(r), r > 7o,

2) [|v(re®)|siné dd < MV(r), r > o,
0
3) let p=p > 0. Then there ezist constants ¢, = c,(r0), M1, My such that

r|8p(r)] < My V(r), P|8,(r)| < M2V (r)

p(T) = ¢ 3 2 // SH{?‘P d’\(C) C = Teicp’

psing TP+’
B(Or

where

Bk ol it
op csfre) = %’—(gg + -——p/v(roe"") sin dp,
TPTq T Ty

b =ats [[ (5 15) g 40

B(O )
and A, is the restriction X to the set C B(0,7o).

Proof. Let R > 1 be arbitrary and let 29 € D(R,q,6) be a point for the
inequality v(zo0) > M3 V(|20]) > M4V (R).
Writing formula (5.3) for the corresponding values of the parameters, we get

Zp
J| G0+ [ 22D amy
¢, (02R) ~2p

R 710G (zo, %Rei")
qr J on

v (gRei*">
q

The relation zy € D(R,q,6) implies the following inequalities

ng = 2H(20) e ’l)(Zo) S M5V(R)

MSG(ZOa C) 2

221C, (ISR, SC>0,

oG (20 -Re ‘p) - sinap

0G(zo,t 1
M7___(z°_)> 5 2, g

— <
Vo aaiiiaadd Al S s My
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Therefore

J| wscau© < Ms [[ 60,0 du(0) < MeMsV(B),

C+ (O,R) C+ (OvR)

R R
% / djv|(t) < My / 3—G(£Eﬁd|u1(t) < M:MsV(R),
oR “R

IAI(B(0, R)) < MoV(R),

7 0G (20, 2Re™
sin pdp < quwq%/ ( 0; )
0

i / v (gRei‘p)
4 q

By the Carleman formula,

S q7TM8M5V(R) = MlOV(R)

[ 8 f iv /’\t) / iv
QRO/ ( Re )sm<pd<p dt+R v(Re'?)sin p de.

< M;;V(R). Together with the

™ .
Consequently, we obtain { Jv(Re*®)sinpdep
0
inequality vy (Re?) < M2V (R) it gives

[ 1o(Re*)lsinpdip < MV (R)
0

Thus assertions 1 and 2 are proved. Next, we write the Carleman formula in the

form
1 1 1
Aol / v(re'*)sin pdp = % (———— ;2—”) ¥p(T0)+

1 1 1)\sinpp / it
9 // (sz T2p> psin dA\(() + = | v(roe'?)sin @ dep.
B(0,r)\B(0,r0) 0%

Furthermore,

V('I‘) ™ V(’l") 7rp1-0

™ P ™
A / v(re*?)sinpdp = b (7p(To) +'= P / v(r0e'?) sin ¢ dp+
07
0 0

P ififal sinpp -1 1
* - = dX o A ot :
+7"/<T2p T2p) psing (© wprPV(r)‘Yp(TO)

To




30 A. F. Grishin, T. I. Malyutina

It gives 7|6,(r)| < M4V (r). Now the formula

6p(r) o 5,,(7') 7rr2p .// SmpLP X ld}‘ro(C),

psin @
B(o,r)

and assertion 1 yield r?|8,(r)| < M5V (7).
Assertion 3 and the theorem are proved.

Remark. Assertion 3 is called the Lindelof balance relation for v. The
distinguishing feature of this relation is to be true for the complete measures of
the functions v € SHF(p(r)) but not for arbitrary measures of the formal order
p(r). If the complete measure X does not charge some disc neighborhood of zero,
then the function v(z) in this neighborhood has the expansion

#(z) = Z dp$2*
k=1

Choosing rq sufficiently small, we obtain ¢, = dp.

8. Representation formula for class SHF(p(r))

We recall the definition of the measure g,

sinkg ;_ i
dn(Q) = ot Q). (=re

The restriction of 7 to the real line is the measure —kt*~! du(t) where v is the
boundary measure of v.

Theorem 8.1. Let v € SHF(p(r)), p= rlirrg(jp(r), p = [p], ro > 0 and let A
be the complete measure of v. Then

v(z) = / K(2,0)dX{)+ 2i // Kp(z,¢)dA(C) +ch\sz

B(O T0) CB(0,ro)
where 2
1 yk(ro) , 2 Sk
& 2" W—Tgo/v(roe ?)sinpdep.

Proof. We have

)=~ [[ GO+ 5 f 200 auoy+

C+(0,R) <R

R /" 9G(z, Re'¥)

o - v(Re¥)dp =1 + I, + I, 2 € C4+(0,R)
0
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where G is the Green function of the domain C4(0, R), p is the Riesz measure
of v, v is the boundary measure of v. By using theorem 7.1, these values can be
transformed to the form:

/ / K(2,¢) dX(C) + 2% / / Kp(2,) dA(()+

C+(0,70) C+(0,R)\C+(0,r0)

1P k k-1 1 sin k
}-Zrksmké‘ // (Rzk - .,-k+1) ksinZdA(C)+o(l), R — o0,
o C4+(0,R)\C+(0,70)

z is a fixed complex number,

1 ; 1 (-
h=5 [ KGOOQO+5 [ Kz0d0+
(=70,70) [=R,R]\(-r0,r0)

S Selmusgd 1), R
;Zr sin k6 / *1 T Rk v(t) +o(1), R — oo,

[-R,R]\[-70,70]

P
I; = Z Z %@/ v(Re*?)sinkpdp+ o(1), R — oo.
¥ k=1 0

Resulting, we obtain

=2i7r // K(z,()dA(C)+% // Kp(2,¢)dMO)+

C(0,ro) B(0,R)\C(0,r0)

pay : k-1 il sin k¢

1 ' s A

Z ,CZ_.: " sin k@ // ( R2k  rk+1 ] Eksing ey
=1 B(0,R)\C(0,m0)

T

;k /v(Re"") sin kcpdcp) +0o(l), R— o0

0

Evidently, the formula remains true if C(0, rp) changes to B(0, rp).
Now using the Carleman formula we obtain

=5 [[ KeOD@+5  [[ K&

B(0,ro) B(0,R)\B(0,r0)

TT
0%

1 2% f 1 %;
Zr sin kﬂ( 5 71‘(220) + —/v(roe'“’) singodcp) +0o(1), R — oo.

Taking R — oo, we get the theorem.
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Remark. The ezpansion formula for v remains true if the condition v €
SHF(p(r)) changes for v € SK — SK, T(r,v) < M1V (r) where

iy A(t
T(r,p)= ;/v+(re"'°) sinpdy + / =l dt + —/v_(roe“p) sin p dp.
0
In fact, due to the Carleman formula, T(r,v) = T(r,—v). It gives

/lv(rei“’)l sinpdp < MV(r).
0

/"\I at < m¥), 3"“ /'M(t) at < M7 ) < sV ().

Therefore the arguments applied for the proof of the theorem are true for the
considered case as well.

9. Functions of class SF(p(r))

Here we shall see that SF(p(r)) = SHF(p(r))if p > 1. If p < 1, v €
SF(p(r)),then the value |A|(B(0, 7)) need not be estimated by MV(r) contrary
to the case v € SHF(p(r)).

Theorem 9.1. Let v € SF(p(r)), p = Tlirrgo p(r) and let A be the complete
measure of v. Then the following properties are valid:
1) If p> 1, then v € SHF(p(r)).

2) Ifp< 1, thenf%}l<oo,
0

v(2) = 2% /K(z,()d)\(g') +cay, ¢ <0.
8)clf p=1, then

w2)= 5 [ K@ODO+5 [[ Ke0d©+ay @)

B(0,70) CB(0,r0)

réy(r) < MV(r)

where :
~ 1 1 1
61(1") =C + ;/ (ﬁ - 7‘_2) d)\ro(T)
0

and )\, is the restriction of A to CB(0,7o).
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Proof. Let R > 1, q € (0,1), 20 € C4+(0,q), v(20) > —o0, H be the least
positive harmonic majorant of v in the half-disc C4(0, R), G be the Green function
of C4+(0, R). We have

aG(Zo,

)
) dlw(t)+

Glz0,¢) du(() + o /

C4+(0,R) AR

R [ 0G(zo, Re) Q1T
5?0/ ——5——=|o(Re"*)| dp = 2H(20) ~ v(20),

H(zo)=$_4 e dnytr) + 57 / 2GR, (Re) o

The condition v € SF(p(r)) yields o4 = 0 where o is the singular boundary
measure of v. Thus dv,(t) = vy(t)dt < M,V (|t])dt. The inequality Eéi—%ﬁ 0
Mgle#t2 implies

R
1 [ 8G(z0,1) V(t) e
) / TR0 v, (1) < Ms 0 —: MsW(R).

The inequality ﬂ%’TMﬁ < M4%‘e implies

R [ 8G(z0, Re'®) ! 1
Bt e At e SEEA < — .
- 0/ 22 o (Re*)dp < MsV (R)

Thus, we have
H(z0) < Mo(W(R) + FV(R), 2H(z0) = o(20) < Mr(W(R) + ZV(R)).

Now the inequalities

2S¢ 0G(2o,1 1
MBG(ZO3C) 5 1:\|Z|2’ 9 a: ) Z 1+t2)
0G|z, Re“") sin ¢
Mio on ¥hed
give a
/ [ 218 < wuwm)+ v, (92)
0,R)

/ [o(Re™*)|sin ¢ dg < Mya(RW(R) + V(R)). (9.3)
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If p > 1, then the L’Hospital rule yields
. RW(R) 1
li =
ey -1
so inequality (9.3) proves assertion 1 of the theorem.
Let p < 1. Then inequality (9.2) gives the first part of assertion 2.

T dx
Furthermore, the convergence of the integral f J;léﬂ implies the relation

L IO, B))

R—oo R? =07

Let us consider the function
1
u() = 5 [[KG@QN©Q, $2>0
We have

/|v1(rei9)|sinodo < 51;///|I((re"9,()|sin0d|)\[(() A
0

7 ///|A(re“’,c)|smododl,\|(g)—_ [ ano

B(o,r)

r / Q) _ RIEBO,r)) o /dlz\I(T)
it .

i 30T 2r

CB(0,r)

Therefore, v; is a well defined function. It is a function of the class SK and A is
the complete measure of v;. Besides we have

T__)oo /|v1 (re')|sinfdf = 0.

The complete measure of the function v(z) — v1(2) is the zero measure, so

v(z) = n(z) = ch\sz Sz >0,

gckrk = /(v(rew) — vy(re'?)) sin pé db.
0

We investigate the case p < 1, v € SF(p(r)). It gives v € SF (%), v €
SHF (%) According to theorem 7.1,

/lv(reio)| sinfdf < Mysr®?, r>1,
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Zlerlr < [(lo(re®)| + [on(26?))| sinpbl d6 < Muar®?, 72 1.
0
This gives cx = 0, k > 2, v(2) = v1(z) 4+ ¢1y. Further we have

gcl = %/v(reie)sinﬁdﬂ - %/vl(reio)sin 6do <
0 0

M;s

Vir) ! %/|v1(rei9)|sin0d0.
0

Taking r — oo we obtain ¢; < 0. Assertion 2 is proved.
Now let p = 1. Then v € SHF(2) and theorem 8.1 gives identity (9.1).
Further the Carleman formula can be written as follows

7‘51(7‘)= %/v(reig)singde-kéfr—r;ﬁ, T>To.

0
It gives assertion 3. The theorem is proved.

Remark 1. For a function v € SHF(p(r)), p = 1, we proved r|é;(r)| <
MV (r). We have

. AlRR
réy(r) = réi(r) + M, T > T0.
T
For v € SH F(p) the inequality li(’)_;r'\iﬂz)_l < MV(r)is true and the boundness
of the values ﬁél(r) and —‘ﬁgl(r) happens simultaneously.

_ It is no longer true for v € SF(p(r)). We have the above estimate only for
réy (7).

Remark 2. The condition v € SF(p(r)) does not determine the growth of
the value |A\|(B(0,7)). We have only the inequality

dIAl(¢ 1
// = I<I2 < M(W(r) + -V(r),
B(o,r)

whereas the condition v € SH F(p(r)) gives |A|(B(0,7)) < MrV(r), r > ro. For
p = 1 the condition v € SF(p(r)) gives ré;(r) < MV (r) whereas the condition
v € SHF(p(r)) gives r|é1(r)] < MV(r). The inverse estimates are stated in
theorem 6.1.
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10. Functions of order 1

In C,;, subharmonic functions v of order 1 are more complicated for study
than the ones of another order. There are two reasons for it. First, for functions
v of integer order, the same growth of v and the value |)|(B(0,r)) takes place
only under the Lindel6f balance condition. Second, for p < 1 the implication
v € SF(p(r)) = v € SHF(p(r)) fails. In other words, the order of growth and
the order of deminuation of the function v can be different. The condition v €
SHF(p(r)), roughly speaking, means that the orders of growth and deminuation
of the function v are V(r) or smaller. Let A be the complete measure of v and
Ar, be the restriction of A to the set CB(0,7g). For the functions v of order 1
the values

”

a=a+ s [ LoD o) = 2, (BO, )

h(r)=c + = /( ) dAo(7),

¢ = (Tg) + — v(roe'e) sin 6 d#,
Tr§ 7o

and

where

can be considered for the role of the Lindeléf balance function. The first is raised
in theorem 6.1 in the natural way, the second is raised in theorem 9.1. We have

3 Aro(T)
61(7‘) = 61(7‘) + T°T2—'.
For functions v € SHF(p(r)), due the theorem 7.1, the inequality |A,,(r)

MrV(r) is true and the Lindelof balance relations r|6y(r)| < MV(r), r|é1(r)
MV (r) are equivalent. In what follows the value

| <
| <

r

b} = / 6, (t) dt

0

will be involved. Changing the order of integration we get
0(r) = —r261(1‘) - To('r) —1'251(1').

For the second value 8(r) = [ t8;(t) dt, we have the formula
0

B(r) = B(Fy L / Ao 44 . g(r) — 4(r).

0
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For v € SF(p(r)), due the arguments in theorem 9.1, we have the inequality
[ Anl(t
/ —%(—l dt < MW (r).
0

It yields

o< 2 [220D 6 < prw),
0

We shall see later that the value () is inessential. The results of this section
are a revision of [11]. At first, we give a sufficient conditions for v to be of the
class SF(p(r)), p=1.

Theorem 10.1. Let v € SK, A be the complete measure of v, v(t), t €
(—00,0), be the boundary values of v, M(r) = Is?p v(¢), p(r) be a prorimate

¢I<Lr

order, p = Tlirrolo p(r) = 1. Let the following conditions be realized:

1) v(t) < MV (),
#) Jim S = 0]

Sl
3) of 1|+|TT < 00,

4) 6(r) < MrV(r).
Then v € SF(p(r)).

Proof. Condition 2 gives that the proximate order p(r) = 2 is a formal and,
consequently, semiformal order of v. Then due to theorem 8.1 we have

v(z):% // K(z,()d)\(()-i—% // Ka(z,¢) dA(Q) + Q1 (2)

B(O,To) CB(O,To)
where @, deg @; < 2, is a polynomial with real coefficients. Since the integral

// %‘_1’\_(0_, (:'re"‘p,

2sing 713
CB(O,To)

is convergent, we have

W)= [[ K@ODNO+5 [[ KO0 +9Q6),
B(0,r0) CB(0,rq)

™

degQ < 2. Since the integral [ [ |K;(re®,()|sin8dfd|A|(¢) is finite, we
CB(0,r0) 0
have due to the Fubini theorem

2% ] // K1(re®, ¢) sin 20 dA(C)d6 =

0 CB(0,r0)
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2% // ] Ky(re®, () sin 20 dOdA(C) =

CB(0,r0) O
. 2 .
_% // 51'1129on,\(€)+1'_ // s1f12<p d/\(SC)'
4r sin ¢ 4 sin@ . T
B(0,r)\B(0,r0) CB(0,r)

Therefore,

5 / / K1(re®, ¢)sin 20 dA(¢)db| < II\I(B(TO T)) 2 /dIAl(T).

0 CB(0,ro)

It follows from condition 2 of the theorem (see, for example, [9]) that there exists
a proximate order p;(r) such that

ME)Y_ o O

T—00 Vl(r) ’ r5c0 2

=0, lim py(r)=2
where Vy(r) = r71(). Tt gives v € SF(pi(r)), v € SHF(p1(r)),

S MV]('I‘)

/ v(re?) sin 20 df
0

Let Q(z) = ¢18z + ¢2822. Now, the identity

Ter? = / v(re“’)-zi7r // K(re®, ¢) dA(()-
0

B(O,T‘o)

51; Ky(re®,¢)dA(C) | sin 206
CB(0,ro)

yields ¢ = 0, so
=.21_ // Ixz()d/\(C)-i—— // R1(z (i Grionn
B(0.r0) CB(0,ro)

Let A; be the restriction of A to C4. We write

zT)——— // K (ir, ()d,\(()+ // ( 1-2_2—,‘7-5%“99_1_1,2

2sm<p n + 2rrsinp + 72
B(O "'0) CB(O To)

+2£) dAl(c)-%r / tir, ARt

[t|>7o
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Straightforward calculations show that

1 r2 — 2r7sin @ + 72 4rt
max - n - = = :
veo,n] sing 12+ 2rTsin @ + 12 r2 4 72

It gives

oin) < 5= // K (ir, () dA(Q) + 5= 7(‘?212'3 + 2%) P TETTEN

B(O 7o)

'I'

— [[ xaronno+= / e LAQREY

B(O o)
Recalling the value 6(t), we get

0 ]
8r /(t; (t)2)3 dt = —2r° /G(t)d(t2 ) =2r /(t;_ll_(g dt =

C]t 1 3// ro(u) g3
2r /t2+1‘2)2 T ddt2+ it

ar+ %rs/—l\r—‘@—dt.

12(¢2 2
] 2 +17)

Consequently,

v(ir) < - s // K(ir,¢)dA(¢) + 8r / (t2t_0|_(t,-)2)3 dt.

B(O T0)

It is an interesting inequality because the right-hand side depends in essential
way on the Lindel6f balance function only. Now, condition 4 yields

T ur
oir) < Mr* [ (t V(?)S dt = M/ (ZV( =

M1+ o(1)V(r) /( g du < MiV(r), oo, (10.1)

Condition 2 shows o, = 0 where o is the singular boundary measure of
v.Adjoining condition 1 we get

limv(z) < MV (|t]), z—1t, S2>0. (10.2)

Now the Phragmen-Lindelof theorem, inequalities (10.1) and (10.2) provide
v(re??) < MV (r), 6 € (0, 7). The proof is finished.
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Remark. Since~|0(r) — 8(r)| < MrW(r) and Jim %(rf)l = 0, we can change
condition 4 for 4") 6(r) < MrV(r).
Now we prove a similar theorem for the class SH F(p(r)).

Theorem 10.2. Let v € SK, X be the complete measure of v, M(r) =

sup v(z). Let p(r) be a prozimate order, lim p(r) = 1. For the relation
CeEC+(O,r) i

v € SHF(p(r)) it is necessary
1) |1M(B(0, 7)) < MrV(r), r 2 0,

2) r|61(r)| < MV (r)
and sufficient that
3) ’U(t) < MV(ItI); te (—00,00),

4) lim 2 =,

5) D < o,
6) |6(r)| < MrV(r).

Proof. ”Necessary” part of the theorem follows from theorem 7.1. The
conditions of the second part give, due to theorem 10.1, v € SF(p(r)) as well as
the representation

W) =5 [ KOO+ [ Kuz0OdAQ)+ e

B(0,r0) CB(0,r0)

In its turn, it brings

r

T i0N\ . s _lA(TO) l/ T2 —t2 E
O/v(re )sinfdf = S + - Ay dA(t) + 51T

To
Recalling the formulas for @, we obtain

m

/v(re”)sinode = %(T) L. % (10.3)
0

Now condition 6 of the second part of the theorem shows |[ v(re'®)sin6df| <

0
MV (r). Together with the relation v € SF(p(r)) it implies

ug

[ |v(re®®)|sindd < MV (r), v € SHF(p(r)). The proof is finished.
0

Remark. Consider the system A of conditions:

1) v(t) < MyV((t]),
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2) lim M) — o,

T—00

3) f 1+T

4) r|8i(r)| < MRV (r)
and the system B coming out from A by changing 4 for

a"|6(r)| < MarV(r).

We assume that the inequalities are true for some constants M. It is evident
that inequality 4 brings 4’, so the implication A => B is evident. Theorem 7.1
gives that A is necessary for v € SK to be in the class SH F(p(r)), and theorem
10.2 gives that B is sufficient for v € SK to be in the class SH F(p(r)). We deduce
the interesting fact. The necessary conditions are formally stronger (if neglecting
the sence of §;) than the sufficient conditions. The implication B = A can be
obtained as the consequence of theorem 10.2. We have no straightforward proof
of the implication B =—> A. We transform this observation into a theorem of
Tauber type.

Theorem 10.3. Letw be an absolutely continuous function on the ray [0, 00)

and let w be zero in some vicinity of the origin. Let the following conditions be
fulfilled:

1) sw'(s) £ My,
2) fl—'f@dt < o0,
0

3) |fz,. )dt| < Myps?.

Then
4) |w(s)| < Ms, 5) [ 1]/ (2)] dt < Mys.
0

Proof. Let us consider the function

—%/( <2 >t2 A e s (10.4)
0

The function u is a subharmonic function of the class S K. The complete measure
A of u is defined as follows. The restriction of A to the set C\ [0,00) is the zero
measure. The restriction of A to the ray [0,00) has the form dA(t) = —t2w’(t) dt.
Identity (10.4) can be rewritten as follows

U(Z)=% /Kl(z,C)d/\(C), z € C.

We consider the proximate order p(r) = 1, consequently V(r) = r. We have
u(s) = 0, s € (—0,0), u(s) = s?w'(s), s € [0,00). Thus u(s) < M;V(|s|) due
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to condition 4 of the theorem, and the first condition of the system B is true.
The second condition of the theorem implies the third condition of the system
B. Furthermore we have

r

&)= %/M = -—-71Fw(r).
0

t2

Consequently, the third condition of the theorem gives the fourth condition of
the system B.

Finally, we estimate the function u(z). Let I; = [%r, %r], I, = [0,er] where ¢

is a small strongly positive number, I3 = [0,00] \ 1 \ I5. Let

Y 1 1
S\ (zpi ;/ (It £ e t_2) 2u(t)dt, k=1,2,3.

k

Let t € I, 0 = argz € [§, 7). Then

3

1 2/ |w'(2)]

et Pl < —_dt.

|t = z|2 ek~ Msr, |u1(2)[ < Mgr : . d
1

IftEII,GE(0,%),then'tflz|7—;ly>0,so

w@ =% [ (i -7) P <
I

1

y 1 1> < 7:)
ETT ol s < =)
Mlﬂl/(|t—z|2 ) tdt < Mrr, 6e (0, 2
1

Furthermore,

y ’ 21/|w'(t)| 1 27|w'(t)|

= < — e <eg— t.
lug(2)] < W/|w (t)|dt < er y: : dt < eﬂ'r - d
I I, 0

Finally, we consider the function uz. For t € I3 the inequality

1 1

t—z]2

3

_<_ MsT

is valid. It gives
/
lus(2)| < MQTZ/LQ@dt.
I3
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Let M(r)= sup u((). Our arguments show rlingo Mr—@ = 0. Thus, we obtain
¢eC4(0,r) 20

the second condition of the system B. Theorem 10.2 gives u € SH F(1). Besides,

by the same theorem

M(BO, ) = [ E1/(0]dt < Mios?,  slas(s)] = Zle(s)] < Mus.
0

The integration by parts gives [ t|w’(t)|dt < Mi2s. The proof is finished.
0

Remark. We know no straightforward proof of theorem 10.3 which i< 2 simply
formulated proposition in the differential and integral calculus. The proc, s based
on properties of the class SHF(p(r)). The similar construction for the class
SF(p(r)) leads to a trivial proposition.
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IIpo omus BapianT Teopemu Ileni-Binepa

B. M. [dinxsHmx

Apozobuybxull depacasnuill nedazozinnuil ynisepcumem, Yxpaina

3HailIeHO OMMC KyTOBHX TPAHUYHUX 3HAUEHb Kiacy pyHKIIN, aHATITHYHAX
y niBmromuHl Re z > 0, aus sxkux

+o00
sup { / |f(ret®)|e=orlsin “’Idr} < 400, 0< 0 < +oo.
0

lel< %

1991 Mathematics Subject Classification 30E05.

ITosnaummo uepes EP[C(a, ()], 0 < f—a < 27,1 < p < 0o, mpocTip dyHKIII,
anagitunux B KyTi C(a, f) = {z: a < argz < (}, nus skux

+o0
Ifll := sup {/ lf(reie)l”dr} < +00.
a<l<p °

OyHKUil 3 WX IpocTOpiB MalwTh Mafke ckpi3b Ha 0C(a,f) KyToBi rpaHmyHi
sHauenss F(z) i F € LP[0C(a, B)].

ITo3naumumo uepes HP(C, ), 0 < 0 < 400, mpocrip yHKIil, aHATITIYHIX Y
miBmionmsi C; = {2z : Rez > 0}, nus sux

+00
sup { / |f(re“")|”e‘P”'|3‘"¢|dr} < Yoo,
0

lel<F

a uepe3 L2 (R) — mpoctip Takux BumipHux ¢yskuiit f(iy), wo f(iy)exp(—oly|) €
LP(R). ®ynkuii 3 mpocropy HP(C;), 0 < p < oo Mmaloth [1] mafke ckpisp (M.
c.) Ha 0C; kyroBi rpanuyHi 3HaueHHs f(iy) i f(iy) € LE(R). Y Bumaaky o = 0
npocropn HP(C, ) 36iratotses [2] 3 mpocropamu Xapai HP(Cy ). Jo6pe Bizomo [3]-
(5], wo dbynruis fo € LP(AC4), 1 < p < 2, 6yzxe KyTOBOI IPAHIYHOI (PYHKIIEIO
st pesikol dyukuii f € HP(Cy) (1obTo, MmO KyToBi rpaHmyHi 3HadeHHs f Ha
ysBHIl oci M. c¢. cmiBmazawTs 3 fo(iy)) Tox i Tinbki Toxi, koam ii obepHeHe
neperBopenss Oyp’e piBHe HyJeBi M. c. Ha Bin'emHifll mificHil miBoci. Jlas p=2
e TBepakerHs Hadexkuth P. Ilexi ta H. Bimepy [3]. B [6]-[8] BcTaHOBIEHO, MmO
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s Toro, mob dyskuia fo(iy) € LE(R), 1 < p < 2, Gyna KyToBOI I'PaHIYHOIO
dyskuieo meskol dynkuil f € HP(C, ), HeobXimHO i HocuTH, 06 3HAMILIACH TaKa
dbynxuis fz, wo:

a') f2 = chr(c'i')a
6) f3(iy) = fi(iy) + f2(iy) € LP(—00;0), fi(3y) := fo(iy)e P7Y;

B) mus Mafixke Bcix 7 < 0
400 1 400 0
/fl(iv)e"”dv-!— 7 / fo(u)e™du + / fa(iv)e'™dv = 0. (1)
0 0 —00

ITuraHHs IpO CIpaBelINBICTh JOCTATHHOI YACTHHU IIHOTO TBEPIXKEHHS IJIsi p = 1
3aJMIIA€THCSA BIAKPUTHM. Y 3B’SI3Ky 3 UM JOBEJEMO HACTYIIHE TBepAyKeHHS.
Teopema. Axwo 0az Pynxyii fo(iy) € LL(R) snatidembca maxa Pynxyia
f2, wo euxonylomeca ymosu a)-6) i
2) 0as fz icnye cKinvenna ainilina xombinayis y(z) Pynxyil cucmemu

e—,\z
——:2A>0;,
(1+2)?
wo p(z) i= fo(2) — 1(2)e¥7* € LI[OC(~%;0)], mo icnye Pynryin | € HY(Cy),
wo mae fo C60€10 KYMOB0I0 2PaAHUYHOI0 PYHKYLE.
Jlast moBeJeHHs TeOpeMH CKOPHCTAEMOCS JNONOMIXKHUMHU TBEPAXKEeHHSIMIIL.
Jlema 1. Axwo 0aa ananrimuunoi e Cyp Pynxyii g it xymosa epanuyna

Pynxyia g(iy) € L1(0Cy) i

(Ve >0) (Je1):  sup

2'2

+oco
[ latreeerdr <
0

mo g € H(Cy).
Jlema 2. Axwo k € E'[C(a; )], mo

k(z)dz = 0.
aC(a;P)

Jlema 1 BumumBac 3 pesyasraris Cemnenxoro (2], yacTkoBo moBomuthes B (9] i
il dopMymioBaHHs HaBoauThCs B [10], a mema 2 MicTuTbes B [6).
IlepefineMo MO IOBeIEeHHS TBEepIKEHHsS T€OPEMH. 3 yMOBHU T') BHILINBAE, IO

+c0

(Ve > 0) (3cz): sup / |;L(rei“’)|e_‘72dr <es. (2)
v€(=30) 3
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Tokaxemo, mo p € EYC(~%;0)]. Hexait Q(z) := u(v/ze™'1)/+/z, me sitka
kopeHs B C; BuGpaHa craHzapTHIM umHOM. Toxi

+o0 +o00 (T%ei(%—%))
/ |Q(re*®)le ™ dr = / .z e etdris
0 0 A

+00
2/|,u (tei(‘g—%))|e""2dt.
0

Bpaxysasum (2), 3 zemn 1 6auumo, mo @ € H(C;), a Tomy, oueBHIHO, i p €
E'C(-%;0)]. 3 memu 2 Maemo

400 0
(Vr <0) % / p(u)e™du + / p(iv)e™dv = 0.
0 -0

BiznsBum ocranHw piBHiCTS Bix (1), omeprximMo

/ fi(iv)e™dv+ 1

2
0

O\‘-é-

0
y(u)e* e du+ / (f1(iv)+7(iv)e ?")e™dv = 0. (3)

3 J1emMu 2 Ma€Mo, 1O

1 +o0 400
(Vr <0) A / y(u)e? e du = /7(iv)e_2°”ei""dv.
0 0

BizmsBum ocrtanHio piBHiCTH Bix (3), omepakyeMo

400
/ n(iv)e™dv =0, T<0,

—00

me vy (iv) = fi(iv) + y(iv)e~27Y € L}(R). Tomy 3a Bike 3raJyBaHIM Pe3yJbTaTOM
11 mpoctopy Xapai icaye v € HY(Cy), Ansa sKol v € KyTOBOK TIPaHIIHOIO
byHKmien. 3 mbOro MaeMo, U0 fp € KYTOBOI TPaHHYHOK GbyHKIi€ (QyHKII
f(w) := v(w)e ¥ + y(w)e*” € HY(C, ). Teopemy noBezeHo.

BirzaeThcs mMpaBIoONOAIGHIIM, IO YMOBA T') BHKOHYETHCSA MJIS KOXKHOI (PyHKIII
f € H},(C), ane mu He MOXXeMO Lie JOBECTH.
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JIOl"apI’ICl)MII‘IeCKaﬂ ACIIMIITOTHKA ITOJIMHOMOB,
OPTOI'OHaJIBHBIX Ha KOMIIAKTE KOMILJIEKCHOM ILTOCKOCTH

A. A. osrouent

Hruemumym npuxaadnoti mamemamuxu u mezanuxuy HAH Yxpaunw, Yxpauna

Iycts {P,} - cucTeMa MOTMHOMOB OPTOHOPMUPOBAHKIX Ha KoMmakTe K KoM-
IUVIEKCHOR MIOCKOCTH OTHOCHTENbHO MepH du. Jlorapudmudeckas acHMITO-
THKa IJIs 3THX TOJMHOMOB OXapaKTepH3OBaHA B TepMHHAaX HEPABEHCTB Me-
#xny cynpemym u L2(dp) nHopmamu.
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1. OGuame onipeneneHus 11 0603HaAUYEeHU S

Jns moboro moaMuoxkecTBa B kommiekcHoi mrockocTu C ero BHyTpeHHOCTS,
IPaHMIIa, 3aMbIKaHITe I MHOYKECTBO IIpeIeJbHbIX TOUeK eCTh COOTBETCTBeHHO Int B,
0B, Bu B'. Ecin f — venpepbiBHas Ha B GyHKIUS, TO

718 := sup{|f(2)| : =z € B}.

: Hycts K - xommakt B C, a C — pacimpernas mrockocts C = CU {0}, Torma
Q:=C\K, Q:=C\K.

Ecmn Q - cBsasHo 1 morapudmmyeckas eMKocTs cap K > 0, To kommakt K Ha-
3pIBaeTCS JOMYCTUMBIM. B 3TOM ciyuae ompeznerneHa dyHkumsa ['pura obaactu 2
¢ momocoM B Geckoneunoctn G(z) = Gi(z). MHoxkecTBa peryJisipHBIX U Hppe-
ryasipasix [6, c. 75, 261], (mas 3amaun J{upuxie) rpaHHYHBIX TOUek obiaact §2
Oynem ob6osHauaTh uepe3 Fr m E; coorBercTBeHHO. Bclogy B mauapHermueMm p —
[OJIOJKUTeNbHAS, KOHeUHasl, bopeseBCcKas Mepa, HOCHTexb KoTopoll supp 4 C K u
CoIepKUT GECKOHEUHOe UCIO TOUEeK, # Supp i = 00.

Kak o6pramo, L2 = L%(du) = L?(du, K) - npocTpaHCcTBO (byHKIHII, HHTErpu-
pyeMBIX ¢ KBaIpaToM mo JleGery orHocuTeabHO Mephl p. Jans f u q u3 L?(du)

(fo0) = [ F@9@d, 1l = Iflla = (£ £)F.
K
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Opromopmupys B L*(du) mocienoBaremsHocTs cremereft {2"}92, moiyumy
cucreMmy moamHoMOB Z = { P},

n
[Tl = 0o TR = pin?” + D 002 T
k=1
rae 6;; — civBoa Kponekepa, a f1, MOXXHO BHIOPATh NOJOXKHTETBHBIM.
3aMeTiM, YTO yCJIOBHE # Supp g = 0O NIPHUBOAUT K TOMY, UTO pa3iI4HbIe
[OJITHOMBI He MOTYT COBIIaJaTh II.B. OTHOCHTEJIBHO MepHI [, a 3TO, BMeCTe C He-
PaBEHCTBOM i, > 0, rapaHTHPYeT CyIIeCTBOBAHNE H €INHCTBEHHOCTh IOCJeI0Ba-
TeNBHOCTI Z.
JluHelTHOE IIPOCTPAHCTBO BCEX MHOTOUJIEHOB CTEIIeHH He BBINIE 7. Hajee 06o-
3Hagaercs uyepe3 II,, cicrema {Pj }—o — 6asuc B II,.

2. OcHoOBHBIE pe3yJbTaThl

[Ipemver HacTOsIIEl pabOTHI MOYKHO ONIPENeNTUTh KaK H3yueHHe ~Jorapudmu-
weckoft”, min "n-th root” acmvmroruku mouuzoMoB P,. Kiaccudukammo acum-
[TOTHYECKIX COOTHOIIEHINT JIsi OPTOTrOHAJBHBIX IOJMHOMOB MOYKHO HafiTH B [7].

OCHOBHBIMII pe3yJbTaTaMH SBJISIOTCS CPOPMYyIHPOBaHHBIE HIDKE TeopeMbl 1,
2, 3.

Teopema 1. ITycmb K —donycmumuli xomnaxm u muodcecmeo Ep—
3aMKHYMO, M020a YMEEPACOEHUA S U Sy IKBUBAAEHMHBL.

$1) Aan awbozo € € (0,cap K) natidemca xomnaxm E = E(e) C K maxot,
ymo €+ cap E >cap K u

Vn € N3e; = e1(E(e),n) VP € I, : || PllE £ | Pllz2(dp)- (1)

Ipuvem dasn awbozo € € (0,cap K)
lim sup(c1(E(e), n))= < 1. (2)
n—oo
s2) Pasnomepro no z € () 6binoAHAEMCA HEPABEHCMEO
1 4
lim sup —In | Po(2)| < G(2)- (3)

Teopema 2. ITycmb K — npoussoavhbili donycmumblli KoMnaxm, mozda Sy
IKE6UBANEHTMHO TMOMY, YMO CNPAEENAUBO S1, U HEPABEHCTMEO (2) 6bINOANAEMCA
pasnomepro no € € (0,cap K).

Teopema 3. ITycmb K —npouseoavrbili donycmumblli Komnaxm, mozda sz
6aevem caedyouee Yymeeprcoerue.

s3) JAaz awbol nodnocaedosameavnocmu Zy C Z cywecmeyem nodnocae-
dosameavnocme Zy C Zy, Zy = {Pnk}z‘_’__l U CYW,eCTNEYem OZPAHUYEHHOE HE
6oaee wem cuemnoe muoxcecmeo A = A(Zy), A' C K maxoe, umo

veie ol s | B D), (4)
k—o0 Nk
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npuvem crodumocms 8 (4) pasnomepra no z ene awboti oxpecmuocmu V. mmo-
acecmea AU K.

3ameuanue 1. Ilycts ¢(n, m)—mpeficTBuTensHO3HAUHAS (DYHKINIA, 3aJaH-
Hag Ha mpomsBeleHmu N X M, rae N-MHOXecTBO HaTypaJbHBIX umcen, a M-
npousBosbHO U @ : M — R. CootHoluenme

lim sup ¢(n, m) < @(m)
n—oo
BBITIOJIHSETCS PAaBHOMEPHO o m € M, ecan
Ve >0 3 ng =ng(e) Ym € M Vn > ng : p(n,m) < &(m) + €.

3ameuaHue 2. Be3 motepu obumocTH KoMmakTsl E(€) B 8; MOXKHO CUHTaTh
nonyctumbivu. Ecim E(€) He siBasieTcst JOIIYCTHMBIM, TO JOCTATOYHO B3STh I1OJIU-

HOMIJbHO BBIIyKIylo obonouky E(g). Ilpu aTom Hu HOpMa || P £(c), HE €MKOCTD
cap E(e) He m3meHATCS.

Teopema 3 omiIChIBaeT CTPOEHIE BO3MOXKHBIX IIPeIeNbHBIX (hYHKIMIT ITOCIIeI0-
BateabHOCTH {2 In |P,(2)|}. IIpH HEKOTOPHIX NPEIIIONOKEHNAX O PacIIpeIeeHHH
uyJeft P,(z) takas nperenbHasi OyHKIUS €IIHCTBEHHA.

IIycts f’n(z) = ﬁ (z — 2ni),
=1

*\ OO
{Zj }j=1 = {211, 221, 222, 231, 232, 233 -y Znly -y Znmy o or } =

YIOpSIOYeHHAs [IOCJI€eI0BATEIbHOCTD Hy el ITOJIMHOMOB CUCTEMBI Z .
Teopema 4. ITycmb K —npousdeoavruili donycmumulli KomMnaxm u {z;}j‘;l

He umeem npedeabhbl mouex 6 §), mozda s; eaevem caedyouee ymeepicoe-
Hue.

84) Jas scex z €
. -
A —1In |Pa(2)] = G(2), (5)

npuvem crodumocmsv 8 (5) paenomepra no z ene awbol oxpecmuocmu K. A
ecau ) —pezyasapras obaacmb, mo u S4 = S3.

CaencrBue. Ecau xomnaxm K aeasemca 8binyxablm, mo S1,S2 U S4 IK6U-
8ANEHNHBL.

3 TeopeM 1-4 serko BEIBOIUTCS CJeLylOlIee.

Teopema 5. ITycmb QQ —ozpanunennas obaacmes, K — noaunomuasbro 6bi-
nyxaas obonouxa Q. Tozda xaxcdoe u3 sy,8,33 IKEUBANEHMHO CAEIYIOW,EMY.

85) Aaa awbozo xomnaxma E CC Q u awbozon € N

ez =co(E,n)V Pelly: ||P|E < c2ll Pll2(ap),

TIpIdeM
1
lim sup(cz(E,n))» < 1.
n—0oo
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A ecun u Bce mpenenbHbIE TOUKHI {z;‘ 52, mpuHayiexar K, To u s4 = ss.

W3 mocaenseit TeopeMsl clenyeT, HallpIMep, YTO OPTOHOPMHPOBAHHBIE ITOJH-
HOMBI B mpocTpaHcTBax Xapmn H?(Q) u Beprmana L2(Q) ymoBreTBOpsioT acmu-
nrorideckiM cootHoureHusM (3)—(5) [3].

PesynpraThl HacTOsIel paboOThl 1Ie1eCO06Pa3HO CPABHUTH C M3BECTHBIMU pe-
syapratamu Illtans n Toruka. (IIpuBenenHas Hinke (HOPMyJIHPOBKa SBJISETCS
JHIb KOMOHMHAIMET JacTell COOTBeTCTBYIOIIX TeopeM. IlouHble dopMyanpoBKi
moxkHo Hafiti B [10], Teopems! 3.2, 3.3).

ITycts K = supp p.

Teopema. (H.Stahl and V.Totik) Jaa npoussoavrozo donycmumozo xom-
naxma K caedyrowue ymeepiuclenus IK6USANEHMHYL.

L. Jloxaavno pasnomepro 6 C

lim sup If’n(z)|% < exp G(2).

II. Jlas a060t nocaedosamenvrocmu { P, }5% P, € Il,, xeasu-eciody na 0N

1
lim sup (M)n <Ol

n—0o ”Pn”Lz(du)

Ecau obaacmps Q — pezyaspra, mo axeusasenmmubl caedylow,ue ymeepacoe-
HuA

III. Pastomepro 6 C
lim sup | P, (2)|= exp(~G(2)) < 1.
n—oo

1V. Hmeem mecmo pasencmeo

. 2] )
lim sup ( sup ——— ] =1.
n—oo \ Pell, [|PllL2(dp)

OTMernM pasmmums MeXXIy 3TOoil TeopeMoll u TeopeMoil 2. B Teopeme IllTans-
ToTHKa BepXHsis FPAHUIIA B aCHMIITOTHKE BHIIIOJIHIETCS PaBHOMEPHO Ha KOMITAaKTaX
B C — 6e3 ycoBus peryJaspHOCTH U paBHOMepHO B C — IIpH HaJWYUH peryJsipHO-
CTH, a B TeopeMe 2 rapaHTHPYeTCS PABHOMEPHOCTH B ) 6e3 KaKuX-JIubo yCJIOBIIT
peryaspHoct. KpoMme Toro, B yrBepxaeHnn 1 (cM. paszmen 4 HacTosuell paboTh)
JIOKa3aHO HEPaBeHCTBO C SUP-HOPMOII 1o £, O4eBHIHO Iepexosilee B PaBeHCTBO
u3 1. IV B cayuae peryasipHoit {2 u Gosee cuiIbHOe, YeM HepaBeHCTBO u3 I 11, BEI-
noJHsIoleecs kBa3u-Bcoay Ha 0. OcTaHOBHMCS TaK)Ke Ha OCODEHHOCTH TEOPEeMbI
3. B Hell paccMaTpuBaeTCsi CXOIIMOCTH II0O ITOAIIOCI€EI0BATENBHOCTH BCIoay B §) 3a
HCKJIIOUeHIeM, OBITh MOJXKeT, He GoJlee UeM CUeTHOro MHOkecTBa. [luns cpaBHeHNs
3ameTnM, uTo B TeopeMe 3.1 [10] Ha MHOMkecTBe 2 Nconv K (conv K — BBIIyKJIas
obonouka K') paccCMOTpeHa CXOIUMOCTb IO eMKOCTH.

B HacTosmelt cTaThe ICIIONb30BaHBEI HEKOTOPBIE CXeMbl JOKa3aTelbCTB u3 [3].
Kpowme Toro ciexyer oTMeTuTh BANAHIE PaBoThl [12].
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3. IlpenBapuTesbHEIE CBENEHUS

3.1 ®yuxuus I'puma. Kaxk ussecrtro [6, c. 267], o6obuienHas, ¢ MO0
coM B Beckoneunoctn ¢yskmia ['pura G obaacti ) xapakTepusyercs clenylo-
LIIIMI CBOITICTBAMII.

1) @yukis G rapMoHNYHa B (2.

ii) CyutectByer moxasipuoe MuoxkectBo Eo C 002 V€ € 00\ Eyp :

131_13 G(z) =0, (6)

zZEN

a V€ € Ey dysxmus G(z) octaercs OrpaHIYeHHOI IIpH z — § U3HYTPU 0OJacTH
Q.

iii) @ynruus ®(z) := (G(z) — In |z|) orpamryena mpu z — oo.

13 Teopemsl 06 yCTpaHHMBIX OCODEHHOCTSX IapMOHHYECKHX (yHKImd (cM.,
HampiMep, [9, . 54]) crenyer, uto &(z) = G(z) — In |2| npononxaercs xo rapmo-
mugeckolt B = C/ K. Ilpmuem

P(o0) = zllrrgo(G(z) —In|z|]) = —Ilncap K. (7)

MHuosxectBo A 6yneM Ha3blBaTh IOIAPHBIM, €CJIH OHO ABJIAeTCS 00beJIHEHNEM
CYeTHOTO YNCJa KOMITaKTOB Hy.1eBoll eMkocti [6, c. 230]. MHoxecTBO Touek Of2,
B KOTOpBIX He BhIMouHsiercs (6) cosmagaer ¢ E; (a10 pesyasrar Bymmrana [1]).
Ecmn E; = ¢, To obaacts §) Ha3biBaeTcsi peryuasipHont (mis 3amaum Jlupuxie).
MoskHO moka3ath, uro Er = ER Torma m TOJbKO Torma, Korma ) = Q/A, rzme
(Q—peryasipHas 06JacTh, 3 A—TIOISIPHOE MHOXECTBO.

CdopyyanpyeM B BILIE JeMM HECKOJBKO ITOJE3HBbIX IS JaJbHeIero pe3yb-
TaTOB.

Jlemma 1. ITyemv K — npoussoavnuili donycmumuiti xomnaxm, Er —
MHOIICECTNEO PELYAAPHBLT 2PaAHUNHBIT movex §, mozda

cap Eg = cap K. (8)

Joxazameavcmeo. Ilyctse Grp — yukmus I'puna obractu Qr — He-
orpasiryerHoit kommorenTs! C/E . (Pyrxims G g cymecTsyer, T2k Kak cap Eg >
0; nHaye 0} — mousipHoe MHOkecTBO). IlycTs Ep — moasipHOe MHOXKECTBO M3 ii
nas G(z), (torma Eg D E;) u E; — Takoe e MHOXecTBO 41 GR(z). Ilormosxnm
Gr = GRrlq. Torma nis G r BbImoaHSeTCs i, iii n pus Beex £ € OQ\(Eo U E3)
mmeer Mecto (6). Tak kak Eg U Fy noagpHoe MHOXeCTBO, TO

Vze: GK(Z) = G’R(Z), (9)

u 13 (7) caenyer (8).

3ameuanue. Mo)XHO MOKa3aTh, uto cap Eg = cap K.

IToae3Holt sBIseTcA XapakTepucTnka G(z) Kak HaUMeHBIIEN IOJOKUTEIbHOMN
B ) dyHKIImM co cBoficTBamu i u iii (cu., Hanpmmep, [9, c. 105], 6, c. 270]).

B e i e e
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Jlemma 2. ITycmb neompuyameavraa gynxyua ¥(z)—eapmonuura 6 Q u
pynxyua U(z) = ¥(2z) — In |z| ozpanuvena 6 nexomopol oxpecmuocmu becko-
neuno ydaaennold mouxu. Tozda

Vz e Q:¥(2) > G(2),

npuvem, ecau romsa 6v. 8 0dnol mouxe 29 € Q, ¥(z9) = G(20), mo u daa scex
z2€Q:¥(2) = G(2).
Cuenmyomuiee yTBep)kIeHHe HEMHOTO YCHJIHMBaeT M3BeCTHYIH0 JeMMy DBepHinteliHa-
Yomura [11, c. 77).

Jlemma 3. Ilycmv E xomnaxmmuoe nodmHuoxncecmeo 00NYcmumozo xom-
naxma K u cap E = cap K. Tozda dan awbozo P € II,, u awboti z €

|P(2)| < || P||E exp(nGk(z)). (10)
loxaszameavcmeo. Tak kak F C K, To mo jemme 2
Vze Q: Gg(z) < Gg(z).

Paccmorpum dbynkmuio ¥(2) := Gg(z2) — Gk(2). B obmractu Q dyHkums
¥(z) > 0 u rapmonmyHa. B cmay (7) zlivlgo ¥(z) = 0. CuxemoBartembHo, ¥(z2)

nponokaercs 1o rapmormdeckoit B @ = C/K, n ¥(o0) = 0. Touka co — BHy-
tpennss mis (). Dapmormryeckas dynxmms ¥(z) IOCTHTaeT JOCTITAET MaKCHMyMa
BO BHYTpeHHell Touke obxacti §), creoBartensHo, Vz € Q : G e(2) = Gk(2).

ITo memme Beprurrefina-Youra

VP € II,, Vz € Q : |P(2)| < | P||E exp(nGE(2)).

3amenus B 3ToM HepaBeHcTBe GE Ha G moxyumm (10).
CaencrBue. V P € I, Vz € Q: |P(2)| < ||P||gg exp(nGK(2)).
Joxazameavcmeso. dto crenyer u3 (10) u (8).

3.2 OproroHajabHbIE IIOJHUHOMEI. PacCMOTPHM CHCTeMYy OPTOrOHA.Ib-
HeX B L?(dy) MOHITUECKIX TIOJINHOMOB

P.(2):= #if’n(z).

n
CraHzapTHBEIM 06pa30M IOKa3bIBAIOTCS CJeIyHoUIne pe3yibTaThl (CM., HAIPI-
mep, [4, c. 19]).
Jlemma 4. I[Tycmb B — npouseoavnbili monuueckull noaurom us Il,, mozda

I Pallz2(ap) < I1BllL2(du)s

npuvem, pa6eHCmMeo 803MONCHO auwb npu B = P,.

JlemMma 5. Ilpu abom n € N ece nyau P, aexcam 6 conv K — swinyxaotl
obonouxe K.

Cienylolee yTBep K IeHIe eCTh YaCTHBII ciIydail semmbl Buzoma [12, Lemma 4].

Jlemma 6. Jas awbozo xomnaxma X wucao nyaet P,, npunadseacawuz
X, ne npesoczodum (c yuemom KpamHocmu) Hexomopozo m, NPUNEM 6EAUNUNA
m 3aeucum moavko om X U He 3a8UCUM OM HOMEPA M.
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4. Jloxka3aTelbCTBO TEOPEM

CHauaJya ynobHee pacCMOTPETh IIPOM3BOJBHBIN JOITYCTHMBII KOMITAKT U JOKa-
3aTh TeopeMy 2.
ZHoxazameavcmeo meopemer 2. OueHuMm HOpMEI ToruHOMOB P, Ha ER.

Jlemma 7. ITyems K — npoussoavubili donycmumbiii KOMNAKM U 6biNoA-
Heno Sy, mozoa

Vg > 1 3c3 = ¢3(q) Yn € N : || Bl g5 < cag™ (11)

Joxazameavcmeo. 3adurcupyem ¢ > 1. Bribepem € > 0 Takimm o6pa3oM, 4TOOB!
expé < ¢. Torna u3 s, crenyer, uro I ng =np(e) Vo >ngVzeQ:

|Ba(2)] < (exp ne) exp(nG(2)).

Oycte 7 > 1u Y, := {z € Q:1 < exp(G(z)) < 7}. Bribepem T u3 ycroBus
Texp € < ¢, TOTa IPH N > Mg

VzeY,:|P(2) < q"
Tak kak npu Jawbom £ € ER Buimoansercs (6), To
YrslaEBalY..

CileoBaTe bHO, TIPH . > no, ||PallEgr < ¢". 3 mocuemsero HepaBeHCTBa Ode-
BuHO crenyer (11).

Paccvorpim B II, mee mopmer || - |lEp # || - [lz2(ap)- ITycrs
Fo (I, || - ||L2(du)) = (T, || - ”En)’

¥ Pl . B P)= P
Ecmt Dy, — emmsrassnit map B (I, || - ||£2(4y)), T0 HOpMa onepatopa F,
IFnll := max{||P|lz, : P € Dn).
[IycTh MaKCHMyM B 3TOM BbIpajkeHHH nocturaercs Ha P, € D,. Torna

n 1/2 s n 1/2
< (Z|Li|2) (Z IP.-(z)P) =

1=0 1=0

i L,-P,-(z)

1=0

|Pn(2)] =

v 1/2
(Sikcr)

Orcroma u U3 JeMMBI 7

2 1/2
|1 Frll < (Z Ilf’ill?sﬂ) < c3(g)(n + 1)/2g".

s=1
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B cuny npoussossHOCTH ¢ > 1,

lim sup(|| F,||)*/™ < 1.
n—oo

Takmm o6pa3oM, JOKa3aHO CJIedyloulee.
YrBepoxaenue 1. I[Tycmb K — npoussoavrblli donycmumulli xomnaxm u
6bLNOAHAEMCA Sg, M020a

IPliz, )1/" i3

lim sup | max <
(”P”U(dy)

n—oo Pell,

Tak kak mo Jemve 1 cap Eg = cap K, To U3 yTBep)KIeHHs 1 clemyer, 4To
B s; MoxkHO cuntath E(¢) = Eg npu mobom € u3 (0,cap K) u (2) ouesmmso
" BBIIIOJHSAETCS PAaBHOMEPHO” TIO €.

Jlnst 3aBeplIeHNs IOKa3aTeIbCTBA TE€OPEMBI 2 JOCTATOYHO [IPOBEPUTH CIIPABE-
JIIBOCTh CJIEIYyIONIETO.

YrBepkaeuue 2. [Tycmv K — nouseobhbil donycmumblil xomnaxm, mo-
2da u3 s; u moezo, umo (2) evinoansemca pasnomepro no € € (0,cap K) cae-
dyem s;.

Hoxazameavcmeo. Ilycts E(€) — xoMmakTsl u3 s;. IToxoxmM

it U E(e),

e€(0,cap K)
Torma cap U = cap K. Jlerko Bumers, 4To
Y Byt | Bally = | Ball = sup{|Ball e : € € (0, cap K)} <

sup{ci(E(e),n): € € (0,cap K)}.

CuenoBaTenbHO, B CIIy paBHOMepHOCTH B (2)
Vg >13eq = ca(q) VB, : ”PHHU e q™.
Orcrona mo aemme 3
Vz € Q:|Pu(2)| < cag™exp (nGk(2)).

Takum obpasom
1 - 1
VzeQ: ;ln|Pn(z)| < ;lnc‘; +In g + Gk(2).

CaenoBaTenbHO, (3) BHIIOIHSIETCS PAaBHOMEPHO IO 2 € ().

TeopeMa 2 moka3saHa.

Zoxazamenavcmeo meopemul 1. YINTHIBASI TEOPEMY 2, OUEBHIHO, JOCTATOYHO
[IPOBEPUTH CIIPABENIHBOCTH CJIEIYIOIIErO.
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YrBepsxaernue 3. ITycmb MHONCECTNE0 PELYAAPHBIT 2PAHUNHBLT Movex ()
3amxnymo u cnpaeedaueo s;. Tozda nepaserncmeo (2) evinoansemcs paeHo-
mepro no € € (0,cap K).

Moxazameavcmeo. Ilycts Gr — dynkuus 'praa obracti (g — HeorpaHu-
YeHHOIT KOMIIOHEHTBI HOIOJHeHus Egr. DieMeHTapHBIE TONOJOTHYecKHe coobpa-
JKeHHs ToKa3biBaloT, uto E; = Qp\Q. Tak xak F; — Hurze He mJIOTHO, TO ) —
BCIOJy ILIOTHO B §)R, a Tak Kak mMeeT mecrto (9), To

VE€EER: lzl_I.I% Ggr(2) = 1213 G(z) = 0.

z€EQR zZEN

CuenoBaTeasHO (g — peryasipHasi 06aacTh.

ITycts E(€) KOMIIAKTHI 113 BHICKA3bIBAHIA 51, G g(c) — COOTBETCTIBYIOLINE (DYHK-
mm ['puna, onpenenenusie B o6aactsx Q. = C/E(e) 2 Q (cMm. 3amevanue 2 mocie
teopemsl 2). B cuy moasiproctin E; = Qp/Q dynkmm G.:=G E(e)|S2 mponoa-
KalTcs 10 rapMoHmuecknx ¢yuxmmt G Ha Qg. (cM. [6, c. 255]. Ilokasxkem, uto
npu ¢ — 0 ¢yakwm G, — GRr paBHOMEPHO Ha KOMITakKTax u3 {)g.

[Monoxin F, := G, — Gr. Ilo memme 2 3ta dyHKIMS, JHOO MONOXKHUTEIbHA
1l rapMoHnyHa B g, aubo V z € Qg : F(z) = 0. Bymem cunrats, uto F, —
nonoxuTeabHa B g mpu awboMm £. (IIporuBomonoxHBIN cIydail MHOTO IIpoOIle
I TpebyeT JINIb OUEBNIHBIX M3MEeHeHWII B JOKa3aTelbcTBe). B cmiy (7) xwobas
bysxkmis F, orpaHIdeHa B OKPECTHOCTH OO M IIO TeopeMe 06 yCTpaHHMOII OCO-
BeHHOCTH TpofoKaeTcs 10 Fr — yHkmmm rapmommraeckoit 8 Qp = Qg U {oo}.
Omnsath, ucnoassys (7) u demmy 1 moxyuaem

. - cap K
FE(OO) =—In cap E.+1n cap K<In ap_pl?—-_é"
Cire1oBaTeIbHO
lin}) F.(0) =0.
£—

[lycts £ — KoMmmaKTHOe IIOAMHOMecTBO obaacti g, oo € E. Kak ussectHO (2,
c. 194], 115 MONOKITEIBHBIX TaPMOHHYECKUX DyHKIIII

3¢5 = c5(E,QRr) Vz € E Ve € (0,cap K): Fe(z) < csFp(00). (12)

O1ciona oueBILIHO, 4TO 1pH € — 0 dyHKimu G, — G'R pPaBHOMEPHO Ha KOMITaKTaX
m3 Qpg.

Termeps, Kak U IpH JIOKa3aTeIbCTBe yTBEPHKAEHHs 1, JOCTaTOYHO NPOBEPUTH
(11).

BriGepey B (11) mpomssoasHoe ¢ > 1 1 dukcupyem q; € (1,¢). Ha Ty, = {z:
Gr(z) = ¢} npu mobom ¢ € (0,cap K) BoimonHsiercs HepaBeHCTBO Ge(2) > q1.
BriGepem mpom3BoabHO ¢z € (q1,¢). B cuny paBHOMepHOI cxommoctu G, — GR
Ha KoMmakTe ['g,

JeoVzeTly :Gey(2) < ga.
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Taxmm obpaszom
Ly C M= e flin i0< G, (2) € ),

ITycts
Neggo 1= {zeQ:0< GE(eo)(z) < g2}
Tax xak (M50-92\N501Q2) C E;, 10

N50172 A M501q2 D I‘QI'

Ucnons3ys memmy Bepminreiia-Yomma u (1), BHIuM, 94TO BO BCeX TOYKAaX z €
N¢y,q, 1 B gacTHOCTH Ha [y

VneN:|Py(2) < c1(E(eo), n)g5.
B cuy HepaBeHcTBa (2) MOXKHO BBIOPATh OCTOSHHYIO €5 TaK, YTO
Vné€N:c(E(o),n) < csq3,
rae g3 > 1, ¢3¢z = ¢. CaenoBaTenbHO
VneN: ”Pn”[‘ql < esq".

OcTaJoch 3aMeTHUTh, YTO B CHIYy peryiaspHocTa (g, Fr — IOIMHOYXeCTBO IIOJIU-
HOMHMAJBHO BBHIITYKJIOI 000J0UKH MHOKecTBa ['g, 1 cillenoBaTeqbHO

|PallEn < esq™

Teopema 1 moka3saHza.

oxazameabcmeo meopemut 3. 3aliMeMcs JT0rapidMITIecKON acIMIITOTHKOL
CTApIINX K03 UINIEHTOB fiy.

YrBepskaenue 4. ITycme K — npoussoavruili donycmumblli KoMnaxm.
Ecau evinoansemcsa s, mo

lim /u

n—00 cap Ix

Joxazameavcmeo. Ilycts t,(2) = Z c(") — n-bIi1 moaHOM YebbI-

1IeBa KOMIIaKTa I(, T.e. MOHITYECKHIT HOJIIHIOM CTeIleHn n, IMEIOLITIIT HalMEeHBIIY 10

HopMy || - ||k Mcoms3ys memmy 4, Bummm
1
red I Pallz2(any < ltallzzqan < p(E)litallx- (13)

Kak m3Bectro [5, c. 287, 302] HopMsI ||t,||x (Ha3bIBaeMble elle IIOCTOSTHHBIMI
Yebpimrena) 1 cap K CBA3aHBI COOTHOIICHHEM

lim (||tnllx)™ = cap K.

n—oo
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Orcrona u u3 (13)
lim sup(un)_l/" <cap K.
n—oo
ITokaxxem, uTo
liﬂior.}f(pn)"l/" >'cap K. (14)

9TOro, OUeBHJHO, JOCTATOYHO JJIs 3aBepIIeHIIs [OKa3aTelbCTBA.
IIycts € > 0 mpoussBoasHO. Bribepem K(¢) C K, cap K, > cap K — ¢, Tak
4To6s! BeImoaHATOCH (1). Torma

c1(K(€), n) | Pall2(any = 1Pallke) 2 Ntallx(e)s
rae t& — n-Th11 MHOrOwIeH YebbiureBa koMmakTel K (¢). CiaenoBarensHo

lim sup(ea (K (), m)™ lim inf () /" >

c1(K(g),n)

Hn
Orciona, ucrmoas3ys (2), moxydaeM (14).

Cuenyioulee yTBep K JeHIe BHIBOIUTCS U3 JeMMbl 6 (r1emmbl Buzoma).

Jlemma 8. ITyemv K — npouseoavnuill donycmumwvll xomnaxm, Z; —
npouseoabvras nodnocaedosameaviocms Z. Tozda cyuecmsyem nodnocaedosa-
meavnocmov Zy C Zy, Zy = {Pnk 12, u cywecmsyem oepanuvennoe, e bonee
vem cuemmnoe muoxcecmeo A, A’ C K maxoe, umo 0asa awboll oxpecmuocmu
V muoacecmea AU K natidemcs ko maxoe npu k > ko xopnu ecex Pn,, € Z,
aexcam 6 V(AU K).

Noxazameavcmeo. Ilycts Z; — NpPOHU3BOJBbHAS IIOIOCIENOBATEIBHOCTh Z,
w — mpou3sBoabHasa Touka {). IlocraBuM B coorBercTBue mape (w, Z;) CeMeNCTBO
nocaenoBatenbHocTell B(w) = B(w, Z1) no clenyomeMy IPaBHIIy:

1/n
lim inf ( ) >cap K —e¢.

n—oo

(l ={B, )}, € B(w)) < ({nk}32, — crporo Bo3pacraer,
[ C Z;, u cymecTByeT OCIeI0BATeNbHOCTY Xk } heq
takas, uto P, (xx) =0, kljm =)
— 00
s mpousBosibHOro Kommakra W CC Q monoxiM

B(W) = B(W,Z):= |J Bw).
wew

IIycts | € B(W), Ha3oBeM HaTypaJbHOe YHCIO M DPaHIOM IOMIOCJeNOBaTelNb-
woct [, m := r(l) := r(l,W), ecin cymecTByeT m-3jJeMeHTHOE MHOXXECTBO
{wy,w2, ...,wm} C W Takoe, uto

le ﬁ B(w,-),

=1
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HO IS JI060r0 m + 1-31eMEHTHOrO TIOMHOMKECTBA { W], W2, «.ey Winy Wm1 } MHOIKE-

crBa W
m+1

¢ () B@)

i=1
ITo xemme 6 nus ao6oro kommakTa W CC Q3 m = m(W)Vie B(W) : r(l) < m.

IIpeskne yeM OBHTATHCS HAJbIe, IPOAHAIN3NPYEM BO3MOXKHEIE AJbT€PHATHBEI.
IIpeamomoxxim, gTo

IICZIVWCC Q: BW,l) = ¢, (15)

TOrJa JOCTATOYHO MOJOXKHUTh Zo = [, A = ¢ u JeMMa moka3aHa. Iloatomy Gyzem
CUIITaTh, YTO
VICZ,3WCC Q:B(W,l)#¢. (16)

Bribepem otkpoiThiil kpyr D O K. Ilo semme 5 xopuu Bcex P, mexar B D.
Iocrpomv {W;}$2, — kommakTHOe ncyepnanue obaacta D N Q:

oo
VieN:W;=W;, Int Wi, DW; DnQ=JW..
1=1
B cuny (16) MoskHO cunrats, uro B(Wi, Z1) # ¢. Bribepem n3 B(W;, Z;) noce-
JIOBATENBHOCTH /] — MaKCHMaJBHOTO PaHTa m

he () B@), a7
i=1

w; € Wi, 1 <1 < m. Ilyctb 1y — mocienoBaTelbHOCTh, 3J€MEHTAMH KOTOPOIT
SIBJISAIOTCSA BCe KOPHH ITOJMHOMOB ITOCJHeI0BaTeNbHOCTH l1, dexxaume B Wi. Obo-
3HAYIM Uepe3 T; MHOYKECTBO IIpeJel]bHbIX TOUYEK IOCIel0BaTeJbHOCTH T1, TOLIA

THE— {wl,w% "'7wm} g Wl,
rae w; — touku u3 (17). B camoMm neie, Jerko BUIETH, YTO
{wr,wa, ...,wm} C 7.

IIpenmonoski, 410 & € 71 \{w1,w2, ...,wn }. Torma Hafinercs mocenoBaTe D
Hocth [ C 1y, 1 € (B(@)) N (Ni%; B(w;)). Takmm obpasom

r(i,W) >m+1>m=r(l,W),

a 3TO MPOTUBOpeUNT MakcuMaabHocTH 7 (11, Wh).

Teneps MOBTOPHM IIpOLIEIypY, B3sB l; BMecTo Z; u ncuepmanme {W;}$2, Bye-
cro {W;}2,. Haiftmem l; C I, uMeromyno MakcuMalbHBII panr 7(ly, W3), n
no l, moctpomM coorBercTByrouiee o C Wi, Amnanormuno HaxommM I3 C lp n
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3 C W3 u 1.1. O6o3HauuM yepes Z; MOCIeNOBATEILHOCTD, HOJIYYEHHYI0 KaHTO-
POBCKIM JIHaroHAJbHBIM IIpoueccoM u3 cemeiicta {ly,l2,l3,...,In,lnt1,...} H 1O-

aoxmM A = |J72; ;. llocTpoennsle Z; n A yIOBIETOPSIOT BCEM YCIOBHSM JOKa-
3BIBaEMOIT JeMMBI.

Oxonuanue doxaszameavcmea meopemst 3. Ilycts K — Mpou3BOJBHEII AOMY-
CTUMBIT KOMITaKT. IIpoBepmM, 4To $2 = S3.

IIpenmonosximM, 4To Z; — KaKasd-TO IOCIENOBATeAbHOCTs Z. Bribepem Z,; C
2y, Zy = {Pnk},;";l u MHOKecTBO A, A’ C K, cymecTBoBaHUe KOTOPHIX FapaHTH-
pyer aemma 8. Ilycts k£ € N, momosxmm

=inf{e>0:V2€Q G(2)+e> —73—1n|Pnk(z)|},
k

B CHJIy PAaBHOMEPHOCTH B (3) klim ex = 0. JlokaxkeM, 4TO BHe JI0OOI OKPECTHOCTH
—00

V(AUK) cpaBemnuso (4) u cxomumocTs B (4) paBHomepHa 110 z € C/V. IIpocToe
paccyIKIeHre IOKa3bIBAaeT, UTO HafleTCs OrpaHIYeHHOe OTKpPhIToe MHOecTBO U
1711 KOTOPOT'O

AUKCUcCUCV

u MuOkecTBO /U — cBasano. ITo memme 8 cymectsyer ko Takoe, ato npu k > ko
yHKIIT

1 %
Pu(2) 1= G(2) + ek = 7 In | Buy (2)

rapmortrass! B o6nactu /U = C/U. PacknagsBas P,, Ha MHOKUTEII, TIOLY M

1 o 1L
I | Py ()] = In(un, )™ + Inl2l+

-—-j{jl ‘1 ) i g

[To semme 5 B OKpeCTHOCTH GeCKOHEYHO yIaJeHHOI TOUKI [OCTeIHee cIaraeMoe B
npasoit wactu ects O(|z]™1). Orciona, ncnoassys (7), moxydim

cap K

L.
ﬁgﬁ%@)=m( )+wk—mwm)
IIpozomxmm ¢ B 06macts C/U. Ucnonb3ys yTBepskIeHne 4 U yCIoBUs klim =
—00
0, moxy4uuM
lim ¢g(o0) = 0.
k—oo

13 cooTHOmeEHNs, aHaI0rugHOro (12) i1 HEOTPIMIATEILHOCTH (), CIENYeT, YTO PaB-
HoMepHO Ha Kommaktax u3 C/U dynkuwim @) ctpemsrcs k Hyao. Tak kak C/V —
KoMmakTHOe noamuoskectBo C/U n

C/VoC/V
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TO TeopeMa 3 IOKa3aHa.

Joxasamenvcmeo meopemst 4. IlycTh BHINONHSIOTCS YCIOBHUS TeopeMbl 4.
Bribepem B nemme 8 Z; = Z. Torma cmpasemmuso (15), Z; = Z, A = ¢ u (5)
crenyer u3 (4). IlpeamomoskmM, uro ) — peryaspHas obiracts. Ilokaxkem, 4To
84 = $2. Ilycts BBIMONHEHO S4. Bribepem ¢ > 1 mpomssosbHo. Tak Kak cxomu-
MocTh B (5) paBHOMepHa Ha KOMIIaKTaX 13 {2, To IoCIefoBaTeabHOCTS L In | B, (2)]
cxomurcs kK G(z) paBHOMepHO Ha

Ly ={z:expG(2) = a1},

rre 1 < ¢; < q. Kovmakr K mipHHAIIEKUT IOJMHOMHUAJILHO BBITYKJION 060JI0UKe
L,,, crenoBatensHO mMeeT MecTo (11), U, Kak IIOKAa3aHO B yTBEPIKIEHUH 2 3TOTO
JOCTATOYHO [JIsi CIIPABeIIUBOCTH Sj.

[oxasameabcmeo meopemsl 5. JIOCTaTOYHO yCTAHOBHUTH KBHBAJIEHTHOCThH
5 = 51. 3aMeTHM IpesK e BCEro, 4TO B YCJOBUAX TeopeMsl 5 obaacts () := C/K
OHOCBSI3HA H, CleIOBAaTeNbHO, peryispHa (3To cTapsiil pesyasraTr IlerpoBckoro
(8]). ITokaskeM, uTo s5 = $1. IlocTpoum mocaenoBaTeasHOCTS { K,y }S0_; CBS3HBIX
KOMITaKTOB HCUEePIIIBAIOUIMX 061acTh @

Ko el V) Ki=Q

m=1
IIycts e HeorpaHITUeHHas KoMmrloHeHTa cBsisHOcTH C/K,,. Jlerko Bmmets,
aro Q@ — smpo mocrenosatersHOCTH obmactelt {Q,}%_,. Ilycts &,,(2)(®(z2))

KOH(OPMHO 1 OHOMIICTHO 0TOGpaxkaer (Y, ({)) Ha BHEIIHOCT €IUHITIHOTO KpyTa
®,,(0) = 00, ®/,(c0) > 0 (®(00) = 00, ®'(00) > 0). Hcnoassys teopemy
Kapareozopu o cxommmocTs K sapy [5, c. 55], BILIUM, YTO

Jim 3 (00) = ®'(c0).

Tak Kak JorapudMiIdecKas eMKocTh K, paBHa KoHGOPMHOMY pamycy (lm, (5,
c. 302] BuamM, TO 1
lim cap K,, =cap K.

m—00

CrenoBarenbHO S5 = §1. OOpaTHas UMILUIMKAIMS CleLyeT M3 yTBep kKIeHus 1.

JUTEPATYPA

1. Bouligand G. Domains infinis et cas d’exception du probleme de Dirichlet.-
C.R. Acad. Sci. Paris 178,-1924.-P. 1054-1057.

pig Bpero M. OcHoBHI KiIaccudeckoil Teopun norenmmadia.—M.: Mup,-1964.

3. Dovgoshey O. On ortogonal polinomials in the Hardy space, Dziadyk
Conference Proceedings Kyiv.-1999 (8 meuarn).




JlorapudMnyeckass acCHMITOTHKA ITOJIIHOMOB 63

10.

ik

12

lafiep JI. JIekimmi o TeopHH aIlIpOKCHMAINH B KOMILIEKCHOM ob6xacTi.—M.:
Mup,-1986.

loxysun I'M. Teomerpuueckass Teopus GYHKINNI KOMILIEKCHOTO
nepemenHoro.—M.: Hayka,—1966.

Xeitman Y.K., Kemmemn II. Cy6rapmonmueckme ¢yskmm.—M.: Mup,~
1980.-T. 1, 2.

Lubinsky D.S. An Update on Ortogonal Polinomials and Weighted
Approximation on the Real Line.—Acta Applicandae Mat. 33,-1993.—
P. 121-164.

Ilerponckt I1.T. Meron Ileppona pemrenns 3amaun Jupnxae.// Y.M.H.,-
1941.-Ne 8.- C. 107-114.

Cromuos C. Teopus dbyHKI KoMiIekc=oro nepeMerHoro.—M.: M HocTpus-
nmat, —1962.-T. 2.

Stahl H., Totik V. N-th Root Asymptotic Behavior or Orthonormal
Polynomials, in ”Orthogonal Polynomials: Theory and Practice” NATO
ASI Series, —-1990.-C. 395-417.

Walsh J.L. Interpolation and Approximation by Rational Functions in the
Complex Plane, 5-th edition. Providence: Amer. Math. Soc,~1969.

Widom H. Polynomials Associated with Measures in the Complex Plane,
J.Math and Mech. 16,-1967.-P. 997-1013.



64
Bicauk XapKiBCHKOro HaI[lOHAJBLHOI'O yHIBEPCUTETY
Cepis “Maremartnka, IpUKIaAHA MaTeMaTHKa i MexaHika”
YK 517.53 Ne 475, 2000, c. 64-69
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Hexaft u-6opexiBcbka Mipa B mpoctopi R™, m > 3, n(t) = n(t,p) = p({z :
|z| < }),n(1) =01
400

/ du(t) < +o00.

tm—1
Toni mias Bcix ¢ € R™ € Bu3HaueHOw (YHKIIA
P@)=Paiw)= [ (™™ |- al™™)du(a),
la|]<+o0

AKy Ha3MBaloTh HHIOTOHOBUM IIOTEHIaJOM HyaboBoro poxy. Ilosmaummo (d,, =
m — 2)

I@)=I@w= [ (=™ -|eP ™ du(a),
la—z|<|z|

N =N = [ (ot =) duta) = dn [ 2D

el<r 0

Teopema 1. Hezati necnadna dodammna na [0,+400) Pynxyia w maxa, wo
0as desxozo A € (1,2) i sciz documb seauxur T

w(2r) < Aw(r). (1)

To0i, axw,o
W(F) O (r)Fm i) cpres] (2)

P(z) = —I(z) + N(r) + O(u(r)), r = o] +oo.
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Jlosedenna. 3ammiueMo
Pe)={ [ + [ Yo" ~lo-al (@)= I+ Lo
la|<2r  |a|>2r
Ias I, MmaeMo
I = -I(z)+ N(2r) - / |z — a|> ™ dp(a) - r2~™n(r,z) + (2r)>"™n(2r),
D(z,a)

e D(z,a) = {a € R™ : |z —a| > r,|a| < 2r}, n(r,2) = p{t: It — z| < |z]}).
OcKiIbKH

0< / |z — a|> ™ dp(a) < n(2r)r?™™, n(r,z) < n(2r),
D(z.a)

2r
N(@2r)=N(r)+dn / {:71(% dt < N(r) + n(2r)r*™™, n(r) = o(r™ 2w(r)),

TO
I = —I(z) + N(r) + O(w(r)), 1 — +oo.
BpaxoByloulr, o A1s ¢ > 27 BUKOHYETHCA

 haal ¢ B ™2 < (m- AN GBS

(¢ +i0)" 7202 (< (mi— 2)@/2)" Ty,

0JIepAYEMO

(t + T)m—2tm—2 tm—1 2

+o0 Mg & s +o0 o
125/(t+r) L zdn(t)zO(r)/d(t)

2r

(t ey T)m—Ztm—Z tm-—l

S m—2 _ ym—2 R 4 n
L> f v K dn(t):O(r)/fi—(t—).
2r 27

Jlaxi, BpaxoBytount (1) Ta (2), MaeMo

: / dn(t) o(1) / n(t) 4 _ o(r)f 27T%t_)_ o

2r n=1 gn,

n(2nt1y 1% (9nt+l, m—2,, gn+l,
o(r )Z (2(3 m— 3 O(T);(z ()2n7-)m—(1 ) -
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ntly(r
03 Gt = 0twtr), 7 4,

IO JOBOANTH TeopeMy 1.
. - m-—1
BaysasxenHs 1. IIpuxaad mipu p, daa axoi n(t) = t—m, t > to, noxaaye,
wo 6 ymosi (1) meopemu 1 obmexncenns na cmaay A icmomnue.
ificHo, TOmi

dn(t) _ T n(t) dt r
T/ 1 S (m )T/ o

2r 2r

a omke, I # O(w(r)), r — o0, me w(r)=r/In’r .
ITosnaummo uyepes cap E BiHepoBy eMHicTh GopeniBcbkoi MHOuHN FE C R™,
m > 3. BigHocHoIo eMHicTI0 E Ha3IBaTIMeMO HACTYIHY BeawduHy [1]

oo 2P (ENU(r))

= LR S
L S S e U(r)={z e R®: |z| £°7

Teopema 2. Hezrall euxonylomsca ymosu meopemu 1 3 006iabH0I0 cmanoio
A > 1. To0i das dosinvnoi gynxyii ¥, P(r) —» +oo (r — +00),

I(z) = o(¢(r)w(r)), r=|e|—o00, z¢FE,

de E — mnoxcuna nyaboeoi 6idnocHoi emHocmi.
Josedenna. He 3MeHIIy0uN 3araJbHOCTI, BBaXKa€eMo, o GyHKLis ¢(r), 7 €
[0, +00), € 3pocratouow. ITokranemo mist a > 0

Eo ={z € R™: I(z;p) 2 ay(r)w(r)}.
ITokaxkemo, o mpu n — +00
cap [Eo N U(2")\ U(2"1)]/ cap U(2") — 0. (3)

JificHo, fAKWIO Ile He TakK, To IisA Jeskoro ¥y > 0 i mocmigoBHOCTI (nk), np —
S00 R =R 06

cap [Eq NU(2™) \ U(2™71)] > 2y cap U(2™).
Bubepemo xommakr L,, C Eo N U(2™)\ U(2™!) rak, mob
cap Ln, > cap U(2™).

Hexaill v,, — piBHOBaroBMIl pO3NOIi1 OAUHITYHOI MipH Ha Ly, . Toni

/ I(2) dvmy(2) > ap(2*V)w(2™1). (4)

e,
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3 inmoro Goky, MaeMo

/ (%) dung(2) / dvy, (z) / |z — a|> ™ dp(a) <
Is.

Lny, le—al<|e|

dll’(a) / Ix == a|2—m dl/nk(:l:) = (ca,p Lnk )-—ln(2nk+1) <
[a|<2mkH1 Ln,
7—12—nk(77'l—2)0(w(2nk+1)(2‘nk+l)m—2) R’ O(w(2"k+1)), S

wo cynepeunts (4). Otxe, (3) noBeneHo.
Bubepemo Termep MOHOTOHHO CIIaJHY IO HyJIs IOCTiJOBHICT umcel oj. 3 (3)

BHILTHBAE, WO iCHY€ 3pOCTaloya IOCTiJOBHICTh HATypaJbHUX uymcesl k; Taka, 11O
s k > k;j

cap [Eo, NU2¥)\ U(2¥ )] < a; cap U(2%). (5)

ITokaazemo

400
E = | J{Ea; \U(2Y)}.

i=1

3ayBasKuMo, 1O IpH £ — 00, & ¢ E, BUKOHY€ETHCS
I(2) = o(w(r)u(r)).
Hani nna k, k; < k < kjyq, Maemo
EOUEHGUEE ) = B oG\ T2t ).
3 (5) BumuBae, mo MHOXKNHA E 3a0BOJBHAE YMOBY
cap [ENU(2M)\ U(2" )]/ cap U(2") = 0, n — +o0,

i Tomy [1, c. 1295] E mae Hyab0By BimHOCHY eMHicTh. Teopema 2 moeneHa.
Teopema 3. Hezal h(r) — dodammna nosiavro 3pocmaiva 0o +00 Ha
(1,+00) pynxyia maxa, wo
n(r) = o(h(r)r™2%), r— +oo. (6)
Tooi :
P(z) = —I(z) + N(r) + o(h(r)), 2z — oo,
I(z) = o(h(r)), z—> 400, z¢EFE,

de E — mnoxcuna nyabo80i 610HOCHOT emHocmi.
Jlosedennsa. Ilokaamemo

86(r) = sup{n(t)/(t™2h(t)) : t >}, w(r) = h(r)é(r).
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Toni
n(r) < w(r), w(2r)<(1+o(1))w(r), r— +oo.

Ockinbku, 3aBasxu (6), 6(r) | 0, 7 — 400, T0 3 Teopemu 1 oTpIMyeMO
P(z) = —=I(z) 4+ N(r)+ O(é(r)h(r)) = =I(z) + N(r) + o(h(r)), z — oo.

[aui, BisbMemo B Teopemi 2 ¥(r) = 1/6(r) . Tomi

I(z)=s0 (%w(r)) =o(h(r)), r— +oo, z¢&E.
Teopema 3 noBenmeHa.

Hexaft u = u; — up — 4-cybrapmoniiina B R™, m > 3, dyukuis. He 3men-
IIyI0Yl 3araJbHOCTI, mpuIyckaemo, mo u%;(0) = uz(0) = 0, u;, u2 — rapMoHilHi B
OKOJIi TOUKH HyJIb, IOPAIKHI (DYHKIII %) Ta Up He IePeBULLYI0Th MOPSAKY (YHKIIII
u. 3a IUX yMOB KOxKHa §-cybrapMmosiiitna B R™ dyHKIis HyasoBoro poay 3o6pa-
XKYEThCSA y BHMVIAA (2, c. 174]

u(z) = P(zﬂ-‘l) o P(a:,ﬂZ)’

ze fi1, g2 — Mipu Picca dyHkuisa u; Ta u;. 3 Teopem 1 Ta 2 oTpIMyEMO HacCTyIIHE
TBEepKEHHS.

Hacmimox. Hezatli u = uy — uy — §-cybeapmonitinag 6 R™ pynxyia nyavo-
6020 pody, mipu Picca py ma py 3adosoavraroms ymosu (1) ma (2). Todi das
dosiavroi Pynxyii P(r), Y(r) = 400, r — 400

u(z) = N(r,uy) — N(r,u2) + o(¢(r)w(r)), z— oo,z ¢ E, (7)

de E — mnoxcuna nyabosoi sidnocroi emnocmi, N(r,u;) = N(r,u;), 1= 1,2.
3ayBaskeHHS 2. B [3] nobydosano npuraad cybeapmonitinoi gynxyii v,
04 axoi n(r,v) < (14 0o(1))r™2In%r, r— +oo,

g 2
1/4 < r_lirilooN(r,v)/ln L

i mnoxcuna {z € R™:v(z) < —Aln?r}, de A — dosinvna dodamna cmana, ne
e CO-muoxncunomw (a 3navums, He € MHONCUNOI HYAbOBOT 6I0HOCHOT eMHOCT).
3oxpema, yum noxasarno, wo 6 (7) (a, omace i 6 meopemi 2) 3aAUWKOBUT YAEH
o(Y(r)w(r)) ne moxcna saminumu na O(w(r)).

3ayBaxxeHHS 3. 3 meopemu 3 3pasy 6uNAUEANMb ACUMNMOMUNHI HOp-
MYAu 0as deaxuzr nidxaacieé cybeapmoniinuz 6 R™,m > 3, Pynxyill nyavosozo
nopadxy (dus. meopemu 3 ma 4 3 [4]; meopemu 2-4 3 [3]).
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