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1. Beenenne.

B HacTosniee BpeMsl UMEeTCsi HeMHOTO pafoT, IOCBAIIEHHBIX PEIIeHHIO 3a/1a4 3J/1eK-
TPOCTATHKM /15l CHEPUYECKHX CEIMEHTOB B NPUCYTCTBHU GECKOHEYHOTO KOHYyCa
(cem. [1] - [4]) . Bmecre ¢ TeM, aKTyaJbHOCTL TAKMX 3334 CJIe/IyeT, B YaCTHOCTH, U3
T0ro, 9T0 crepUYeCKHuil CErMEeHT SBJISIeTCs XOPOUIell MOJEIbI0 MHOTUX yCTPOHCTB:
AHTEHH, PE30HATOPOB, Y3JIOR 3JIEKTPOHHBIX cucreM. CeKINOHIPOBAHHOE 3aKpYyTJie-
HHe KOHYCA MOXKeT GBITh MO/IEJTBIO TIPOBOIAIIUX Y3108 U ycrpoiicTs Texuukun CBY.
3azeMJICHHBI! KOHYC MOXKHO PAacCMaTpUBATh KaK MOJCTHIAOUIYIO MOBEPXHOCTH
¢ yry6seauem. MHOrounciensble npuMeHenus ¢epudecKux I KOHHYECKUX I10-
BEPXHOCTEH, MMEIOIIUX pPA3JIUYHble FeOMeTPHYECKHe U (DU3HYECKHe MapaMerphl,
CTUMYJIUPYIOT PA3BUTHE METOJIOB PEIIEHNUs IPSIMbIX ¥ OOPATHBIX 33/a4 MaTeMaTH-
yeckoit (PUBUKH, STEKTPOANHAMUKYU U Teopur AUdPaKUUK HA PACCMATPUBAEMBIX
nogepxrocrsix:(cM. [4] - [11]). B narmoit pabore paccMOTpeHa JIeKTpPOCTaTHYe-
cKas 337244 ¢ HEDOBIINM YUCJIOM N1APAMETPOB, OMUCHIBAIOIIMX OCHOBHBIE XapaK-
TEPUCTUKH. MOJIETTUPYEMbIX OOBEKTOB M MaTEPHAJIBHBIX CPEJl, OKPYKAIOmuX 06b-
ekTol. 1lesibio paboThl ABISETCS NPUMEHEHHE MeTOa PEeryJisipu3alil OIlepaTropa
3a[a4M 1eKTPOCTATUKH st Chepru9ecKoro CerMeHTa i CeKIMOHUPOBAHHOTO TTPO-
BOAAIIEro chepuvecKoro 3aKPYIVIEHUdA KOHyca. B pesysibTare pery/adapu3anny 3a-
Ja4a OTHICKAHUA PACIIPEAEICHHUS IEKTPOCTATUYECKOrO MOJIsE B TPEXMEPHOM Mpo-
CTPAHCTBE CBEICHA K PeIleHUI0 MHTerpaibaoro ypasnenus ®pemronsma II poxa
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IS BCnomoraTebHoi dyskuun. OnepaTop MHTErpaJbLHOrO ypaBHEHUs ABJSeTC
KOMIAKTHBIM B npocrpaHcTBe Ly(0,7), 0 < v < 7. B pabore mokasaua, B qacr-
HOCTH, 3¢ DeKTUBHAS PA3PEUINMOCTD NOJIYYeHHOIO MHTErPATILHOTO yPAaBHEHUs!, 2
TaK>Ke II0JIy4eHbl PEeIleH sl JUIs Psi/ia IPEe/Ie/IbHBIX Ciiydaes 3aaaun. OTMeTnM, 410
pemaemasi B paboTe 33/1aya He CBOAUTCS K paHee PaCCMOTPEHHBIM 3ajadam [1] -

[4].

2. IlocranoBka 3anaun.

ITycrs uentp cdepuyueckoro cermenTa, BepiunHa GECKOHEYHOTO OFHONOJIOCT-
HOro KPYroBOTO KOHYCA ¥ LEHTP CEKIMOHUPOBAHHOTO C(PEPUIECKOT0 3aKPYTVICHNs
KOHYCa ITOMEILeHbl B HAYaJI0 JeKapToBoi u cdepuueckoit cucreMm koopauHar. Ilo-
JlaraeM aj - paauyc chepuyeckoro cermenTa, fy - MOISIPHBIA yros, U3Mepsouii
cermenT (Ha cermente 0 < 0 < 6 ), 7y - yron packpsiBa Konyca ( 0 < 6y < 7 < 7).
IIycts morenuunan Vy cdepuueckoro cermenta 3aman u Vy # 0. Ilycrs norenuuan
KoHyca V paBeH Hymo (KoHycC 3a3emiiéH). [lycTs auanekTpuveckas U MarHUTHAS
IPOHMIIAEMOCTH CPeJbl, B KOTOPOH PacCMaTpUBAIOTCA Cpepudeckue 3aKpyrIeHns
KOHYCa, ecTb €1 # 1, 41 # 1 u npoBoaumocts o = 0. ITycTs cdepuyeckuii cerment
¥ CEKIIMOHUPOBAHHOE 3aKPyIJIEHHE KOHYCA ABJISIOTCS M/AeaIbHO IPOBOAAIMMHE (HX
IPOBOAMMOCTb 0 = 00). IlycTh cexumoHUpOBaHHOE 3aKPyTJIEHHE KOHYCA COCTOUT
13 4-X gacreil, pa3/ieJIeHHbIX HEPOBOAAMMMY GECKOHEYHO TOHKMMH [1EPeropo/IKa-
MU, OPUEHTUPOBAHHBIMU nNapayienbHo wiockoctu XO0Y . IMonaraem, 4ro 3anans
TIOJISIPHBIE YIUIbl 0; IEPeropoioK /s CEKUMi 3aKpyrJieHus

D<@y <Oi=y<m,

U NmycTh Kaxkaas (i) - cekuus umeer cBo#t (HesaBucumbli) morenuman Vi (i =
1,2,3,4). QuexrpocTaTudeckue I1oJisi W BEKTOP 3MEKTPUYECKON WHIYKIUH

BCIOJly BHE KOHyCa, BHE CEIMEHTa M CEKIMIOHMPOBAHHOIO 3aKPyTJIeHHs KOHYCa
JIOJKHBI YIOBJIETBOPSTH ypPaBHEHHAM MaKcBeJlsIa ¥ MaTepHaIbHbIM ypPaBHEHUAM

rotE) =) divB =1 El-l—)) = E, (1)

IJle P-IUIOTHOCTh 3apsA0B Ha MOBEPXHOCTH IPOBOJHUKOB.

DJIeKTpOCTaTHIeCKHe TOJIsA, B CHJIy OJHOPOAHOCTM ypasHenuit Makcsesta (1),
NpeJICTABEM, C TOYHOCTBIO J0 KOHCTAHTHI, CKAJISIPHBIMH moTeHumanamu U,
koropeix E = —grad(U). Ilpu srom yuuThiBaeM, 9TO B JAHHON IOCTAHOBKE 3a-
Jag¥ MarguTocraTudeckoe nosie H u MarHUTHas MHAyKNEus B OTCyTCTBYIOT, T
e. H =0, B = 0. ITonnsie norednuaabl U JOMKHBI yI0BAETBOPATH MDAHNIHBIM
yC/IoBAsIM: a) ObITb HENPEpPHLIBHHIMM Ha MOBEPXHOCTH CErMEHTAa U Ha MOBEPXHO-
CTH KaXkK/0# YaCTH CEKIMOHMPOBAHHOrO 3aKPyIVIEHHs KOHyCa; ©) HOpMAJIbHBIE
POM3BOAHBIE TOTEHIMANOB JOKHEI OBTh HENPEPHIBHLIMA HA JIOTIONHEHUM Ce:
PHYECKOTO CEerMeHTa [0 3aMKHYTOro cermenTta. Ilonmble MOTeHUHMAbl JO0/IKHE
ucuesarh Ha 6eckoneunoct U = O(r~1), r — 00 ¥ yJOBJIETBOPATE yCJIOBHIO KO-
HEYHOCTH MHTErpaJia SHepruu B jo6oi orpanudenHon obsactu W npocTpaHCTsa
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OO0 TCA B TH [IOJIHBIE IIOTEHLMaJibl BHE KOH
wlgrad(U 2dw < Tpebyercs Hair OHyCa U BHE
cepuyeckix 3aKpyriIeHni Konyca. B Takoi mocTaHoBKe 3a/ja4a 37eKTPOCTATUKH
HMeeT eJHHCTBEHHOe peueHue [12].

3. Paawsr @ypse-Jlexxanapa i MOTEHIIMAJIOB.

Iycrs B npocrpancree R3 B cepuueckoil cucTeMe KOODAMHAT BbIAEJIEHbI JBE
obmactu: Q) = {r : ap < r < a1}, Q2 = {r : r > a1}; Ana srux obnacreit 6 €
[0,9], ¢ € [0,27]. B nepsoit obsacrun Q; 6yaeM UCKATH BTOPUYHBIE NOTEHIIHAITIBI
Uy, Us, a Bo Bropoii obiactu Qs - norennuasn Us. Jduas arux obnacreit @1, Q2 Ha
noBepxHOCTH KoHyca npu r € [0,00),8 = v, ¢ € [0, 27] BTOpUYHbIE TOTEHIHADI
10 YCJIOBHIO JIOJIXKHBI 00PAIIaThCS B HYJIb:

Uy = Ups Ba.= 0. 2)

Paznenum nepemennbie B ypasueHusix Makcsesna (1) B cepudeckoit cucreme
koopamHaT. Bropuunble morennuasisl mpejgcrasum pagamn Pypse - Jlexanapa,
00€CIIEYMBAIONIVIMY BBIIIOIHEHHE yCJIOBHUSA M3Jly4YeHHsi W YCIOBHs (2):

oo
U= 23" Anr*~1B, (cos6), a9 <7 < a1, 3)
= n=1
1 o0
Ur= 323 BurtePuless0), o <r < 4
n=
1 &
i €1 E Car™*"'P,, (c088), 1 >ai. (5)
n=1

VenoBus (2) ans panoe (3)-(5) 6yayT BeinonHeHbl, TaK Kak Jyis GyHKimit Jle-
xanapa P,(cos#) nepsoro poga aprymenTa cos 6 Ha#ayTcs 1pu PUKCUPOBAHHOM
9 n3 uaTepBata 0 < @ < T MONOKUTENBHbIE HHAEKCHI Vp, ABJIAIONIAECA COOCTBEH-
HBIMH 3HAYEHHSAMH COOTBETCTBYIOLIEro camoconpskeHHoro oneparopa Iltypma -
JInyBU/IS U SBJISIONIMECS PEIIeHNsIMA TPaHCIUeHIeHTHOro ypasuenus [13],[15] -
[16]:

P, (cosvy) =0, P<y=0 < m=12,....

Kosddbunuenrer Ay, Dy, Cy, pagos (3)-(5) 6yaem uckars B rusib6epToBOM 1Ipo-
crpancTBe [? ¢ HEKOTOPBIM BECOM, 00ECIIEUHBAIOIIEM BBITOJTHEHUE YCJIOBUS KOHEY-
HOCTH MHTErpaJjia Hepruu W, KpoMe (2), 'PaHHYHBIX YCIOBHI:

Us=Vy, 0L60<8by, r=a, (6)

10U5 1 08[Uy+Ui]

=a;, 6p<0<9, 7
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Vi, 0<60<6,,
Vo, 601 <6 <0y,

(U1 + U2)lr=ao = Vz, 0; <f< 02, 3
1/4, 93<0<94-

4. OPyHKIUOHAJIbHBIE YPABHEHHUS.

IMocTponm napHsle cymMMaTOpHbIE (DYHKIMOHAILHbLIE YPABHEHUSI OTHOCHTEb-
HO Heu3BeCTHbIX K03 duuuentoB Cp,n > 1 norennmana Us (cm.(5)). Ilepsoe
BCIIOMOTaTeNIbHOe (DYHKIHOHAJIbHbIE yPABHEHHE TIOIYYIUM, UCTIONB3Ys IPaHUYHOE
yciosue (6):
1 o0
— Y Cpai”™ " 'P,, (cos8) =Vy, 0<6< 6. (9)
€1
n=1
Bropoe Bcnomoraresnbroe GyHKUMOHAIBLHOE YPABHEHHE MOJIYYUM M3 I'DaHId-
HOro ycnosust (7):

o0
Z [(l/n - l)a.l""‘"z(Cn - Ay + Vana‘l'"—l] P, (cos8) =0, 6y<0<~. (10)

n=1

QyukumonanbHoe ypasuerne (10) COLepXKHUT TPU NMOCIEJOBATETbHTCTH Heus-
BecTHBIX KO3 duuumentos Ay, B, Cp, (n = 1,2,3,...) noreryuanos Uy, Uz, Us
(cm.(3)- (5)). Chavana wckmouum u3 ypasaenus (10) xosddbunmenter Ay, By,
J BbIpa3uB ux vepe3 kodbdunuents Cp,. s sToro B rpaHuYHbIX ycioBuax (6)
y - (8) Bocmonmw3yemcsi oproronanbHOCTHIO dyHkumit Jlexanapa P, (cosf) ¢ se-
com sinf na unrepsase (0,7) u BomosHMM mHTErpHpoBanue mo 0. B pesynprare
! mosyuuM st Kaxzaoro n, (n = 1,2,3,...), cucreMy JauHelHbIX ajrebpandeckix
ypaBHeHu#l ( OTHOCHTEIbHO HeM3BeCTHbIMU A,, By ):

Apa7 7 g B aly = ChaT Y (11)
1 =iyl 1 v
_Anao ™ + _Bnaon = D-n,, (12)
£1 £1
rae
v
Dy= / (Uy + U2)|r=ao Py, (cos 8)sind db. (13)
0

Pemenne nuneitnoit cucrembt (11), (12) eAuHCTBEHHO , TaK KaK €€ onpezen-
Teb (s KaxXaoro n > 1 ) OTIMYeH OT HyJsis IPH BBINOJHEHWM HEPaBEHCTE
ag < a1, KOTOPOE 33aHO IPY MOCTAHOBKE HCXOJHOMN 3a/1aun SJIeKTPOCTaTHKM. Pe-
menue suHeiiHo# cucremsr (11), (12), oueBnaHo, 3aBucuT oT N > 1:
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Coti 22 108\ £ Doa'™
An A% —vpn—1 : —l/n—‘rlz: l]/.n (14)
ag"ay — Qg
e et
n D n
B A o1l 1 Coty ~E 1y (15)

—vp—1 -V, lu
agra; " —ag " ay"

oxncraBum Ap, By (14)-(15) B (10) 1 npuxoauM K HOBOMY BCIOMOTATEILHOMY
(yHKUMOHAIBHOMY yPaBHEHHIO:

Py (ce88) =10, . 0p < OKor snkl)

i (2vp + 1 ("na,_"""1 (2vp + 1)e1 Dy,
—1 gy e
n=1 aga;" " —a{"ay"" " Ja?
Srum nomyunnu ypasserus (9), (16) orrocurensHo (ToabKo oauux) Koaddu-
wentoB Cp,n > 1. Teneps B (9), (16) BoimonauM nepeobo3HaveHMsE:

.X -+ £1 (ll)
-— - P — bl
(2)Vn+1 1 (it ‘{n+1 agnal Vn a;’n+la0 Un—1
En —-ag" lal e 1, V= LO*El- (18)

B pesvabTare mosydaeM MapHYH CHCTEMY CyMMAaTOPHBIX (DYHKIMOHAJIbHBIX
ypaBHHEHWIi, KOTOPYIO JaJjiee ya06HO Mpeobpa30BLIBATH B MHTErpaJibHbIEe ypaBHe-
HUS:

o0
Z[Xn i a5n+1 Ay anel]PVn (cos )
n=1
R (e o]
=VPy(cos0) + Y XmémPu,(cos), 0<6 < b, (19)
m=1
oo
Z(2un +1)X, P, (cosf) =0, 6p<0<H. (20)
n=1

5. Nurerpansusie ypasaenus I u II poxa.

Cucrema dbyHKIHOHANBHBIX ypaBHerusx (19), (20) siBisieTcs CDABHUTENBHO CI0XK-
HOM: @) B CHCTEMY BXOAAT psjbl 0 yHKImsM Jlexxkanapa nepBoro poja ¢ Apob-
HBIMM MHJIEKCAMHU Uyp, N 2> 1; 6) koadpdunuents B (19), (20) npu HeussecTHBIX X,
UMEIOT aCUMITOTHKY MIPH N2 — 00, OTJIMYAIOLIYIOCH Ha TopsiioK. Jlo cux mop obuie-
ro METO/la PelleHusi TAKUX ypaBHEHHi He HaitneHo. IIpsMble dncieHHbIE METO/IbI
peIlIeHHsI TAKMX CHCTEM M B HACTOSIIEE BPEMsl, BPeMs CBEPX MOIIHBLIX KOMIIbIO-
TepoB, MaJsio npuroanbl. CBejeM 3a4ady oTbiCKaHus K03 duuuernTos X,, n > 1
K peIleHuIo MHTerpajbHoro ypasuenus II poga auist BcromoraresnbHOl yHKIAM.
Jlas sToro B (20) cHauasa BBHIOJIHUM MOACTAHOBKY (1] - [4]
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6o
1
=l (t) cos (Vn + -2-) At i, 2.3, .., (21)
0

B ={sin2'y(—a—P (cos ) | |g=~ - —zP (cos7y) | | = (22)
n 99" v 6= ST Y=, .

ITonaraem, uro ¢yukuus 1(t) B (21) asaserca HenpepblBHO auddepenuupyemoi
dynkmueit na [0,7]. B pesyabrare noacranosku (21),(22) 8 ypasuenue (20) y6e-
xaaemcs, uro (20) Buinossiercst ToxgecTBeHHO. YTo6b1 y6eauTca B 3TOM, CHadala
ciepyer B (20) MOMEHSTH NOPSAAKA MHTErPUPOBAHMA M CyMMMPOBAHMS, TaK Kak
NOCJIEI0BATEIBHOCTh Xy, M > 1 NpuHAIIEKUT [2. Tlocsie 3TOrO BBITIOHHUM HH-
TErPUPOBaHHUe II0 JACTHAM M BOCHOJIB3YEMCsl W3BECTHBIMH CyMMAaMH Pa3pPbIBHbIX
pajos [13]:

oo
Zexp{z'(n +0.5)t} - Py(cosy) =1/+4/2(cost —cosf), 0<t<O<m, (23)
n=0

> Bn[cos <Vn + %) t] P,, (cos )
n=1

= 1(0,t) + (2(cost — cosﬁ))"% ; il (24)
0 P_1,,.(—cosv) cosh(tr)
1(6,t) = — el 3 ; Sty AT AR
©,%) /0 P_%Jm(cos v) P‘%“T(COS @ cosh(7r) a

rae P_ 1 4ir(€O87) - dyHKIUS KOHYCA KOMIUIEKCHOTO MHJIEKCA —% + 47 apryMeHTa
cos7y, a cosh(tr)- kocunyc runepbonuydeckuit aprymenta tr. IlpaBbie wacTu pa-
BeHCTB (23),(24) siBasioTCs NpoM3BOAAIMMY (PYHKUUAMHE JUIsl PAAOB B JIEBBIX Ya-
crax. s nosydenusi, B 4aCTHOCTH, paBeHCTBa (24) HeOOXOAMMO PAacCMOTPETh
GYHKUHIO KOMILIEKCHOIO [IEPEMEHHOTO Z

: 0
N(zt,0,7) = 2e‘(2+%)th(cos 0) [% —(m/2) ctg(zw)] (25)
u napamerpos t,6,v u3 (0,7) [1-5], e P;(cos8), Q.(cos @) dbynknun Jlexanpa
COOTBETCTBEHHO IEPBOI'0 M BTOPOTO POJa KOMIUIEKCHOrO MHJEKCa z. 3aTeM Heol-

XOIMMO BBITIOJHATH MHTerpupopanue dbynkuuu N(z;t,6,7) (25) mo 3amkHyTOMY

KOHTYPY, COfIep:KaleMy OTpe3oK mpsimMoit z = —1/2+it, |t| < oo 1 nonyoKpy*-
HOCTH, 3aMBIKAIONLYIO KOHTYP BrpaBo. Jlanee HeOOXOAUMO IPUMEHUTH, B 4aCTHO-
CTH, TEOPEMY O BHIY€TaX B TOJMIOCAX z = Vp ¥ 2 = n,n = 1,2,3,..., dynxuui

(25) 3a cuer obpamenus B Hy/Ib, B 9acTHOCTH, pyHKuui P;(cosy) , a Takxie Bo:
nonb3osaTbes Jgemmoit ZKopaana [14].
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[Ipeo6pasoBanue dyHKIHOHAILHOrO ypaBHenus (19) HavHeM C IOJCTAHOBKH BMe-
cro bynkunit Jlexxanapa P, (cosf) ux unrerpasbHOro mpeicrasinenus Menepa-

(21)
Hupuxie
V2 [f 1
(22) P, (cosf) = = [cos(vn + E)y]/\/cosy — cos @ dy. (26)
0
emoii Bocnonb3yemcsi paBHOMEPHON €X0AuMOCTBIO psiga B (19) u nomensieM nmopsj-
y6e- KH WHTErPUPOBaHMs M cyMmupoBanud. C NOMOIIBIO 3TOM omepauuu mpeobpa-
gaa 30BBIBAEM B HTOre CymMmaropHoe paseHCTBO (19) B OXHOpPOAHOE HMHTErpasbHOE
¢ Kak ypaBHeHue Tuna AbGesiss mepBOro poxa foo f(y)//cosy —cosfdy = 0 c kopHe-
1 UH- B0t 0COBEHOCTBIO B spe, BOZHUKIIEH B CBsi3u ¢ npuMeHerueM (26) mra dyskiuii
BHBIX Jlexxanapa; 3gecy dynkuusa f(y) € La(0,7), f(0) = 0 u f(y) conepxut TpH-
rOHOMeTpUYeCKre psiabl U uHTerpan Tuna (24). PemuMm mHTErpaibHOE ypaBHE-
are Thna AGesist, IPUMEHssl KOMIIO3UIUIO C €ro sAPOM, ¥ HaiJeM eIMHCTBEHHOE
ero peuenue f(y) = 0, 0 < y < 7. Teneps 3amumem MoTy4YeHHOE DeIIEHHE
(23) fly) =0, 0 <y < 6y << B BUIE HOBOTO ypaBHEHHUs, Takxke yuTs, 4T0 f(Yy)
CONEPYKUT TPUTOHOMETPUYECKHe psijibl ¥ uHTerpas tuna (23) - (25). B pesynabra-
Te MOJIy4aeM MCKOMOe MHTerpaibHoe ypasnenue II poxa orHOCHTENBHO YHKIHUH
Y(y) (21):
1
(24) ) - | K(y, t) (1) ZT cos(vatz)y, O<y<bo. (27)
3aecs 0603HAUEHBI
K(y,t) = Ki(y,t) — Ka(y, 1), (28)
1€HTA
1 pa To=V, w=-05 T,=Dnéfner, n=123,.,
X 4a-
‘pPeTh 9 & ] 1
Ki(y,t) = 3 nz_:le]ﬂn cos (vn + 5) Yy - COS (un + 5) 1 (29)
(25) 9 oo P_1,.(—cosy)-cosh(yr) - cosh(tr)
Kot == [ = dr, (30)
s P_y ;. (cosy) - cosh(mr)
H/pa 3
1e06- rae €, BBenens B (18), Dy, - B (13), a By - B (22).
oM. UrrerpaisHoe ypapaenue (27) umeer ejuHcTBenHOe pemrerne B Lo(0, ). deii-
PYZ CTBHTENBHO, sAPO (28) ypaBHenus (27) sB/sieTCst HEIPEPLIBHOM byHKIUelH apry-
C MeHTOB Y, t, Tak Kak paza (29) u murerpan (30) cxoadTca paBHOMEPHO mO Y, t
KU fa cermenta [0,7]; mpaBad JacTh ypaBHeHMs Takxe HenpepbisHa Ha [0,7]. dnst
} BOC-

ypaBHenusa (27) cnpasepnmea anbreprarnsa Ppearomsma. OgHOpoAHOE ypaBHe-
nue, coorsercrpytomee (27), uMeer eINHCTBEHHOE TPUBHAJILHOE PEIIeHHe.
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Ypasuenne (27) paspemmmo Kak aHAJIMTHYECKH, TaK W ducienHo [16], [17].
HeticTeurensHo, mnpaBasi dactb B (27) u dbymkmua K;(y,t) (29) ssasorcs
Geckoneuno-auddepentupyempiMu GyHKIEAMH 110 Y, t u3 [0, 7], a noabHTerpas-
nas ukuna B Ko(y,t) (30) npu duxcuposannbix y,t u3 [0,~] ybeisaer x Hyso
ObiCTpee SKCIOHEHTHI [IPH T — 00.

6. Hexoropsie ciiyyau pemreHusi 3aJaqdu.

B kadecTBe TeCTOBOrO BapraHTa PACCMOTPHM TaKo# Cirydaii 3a/jaui, Korja s
chepHyecKoro CerMeHTa yroji packpbiBa fy CTAHOBHTCS MAaKCUMAJIbHBIM, PaBHBIM
7Y, To ecTb Oy = 7. B aTroMm wiyyae koadpduumentsr An,By,Cy [AIg IOTEHIIMAIOB
U,,Uz, Us B (3), (4), (5) BRIYHCISIOTCS SIBHO :

A €1agn+l[Dn i (ao/al)V"Mn]/[l e (ao/al)2u"+1],
B, = €1a1—""[Mn oy Dn(ao/al)""+1]/[(a0/a1)2""+1 X 1]’

U4 = S HYNE Y

rae D, BBegensl B (13), a
v
M= VO/ P,, (cos0)sinf df.
0

3ameruM, 4TO 34€Ch MBI pacCMaTpUBaeM 00J/IaCTh MPOCTPAHCTBA, NPEACTABJISIO-
UIYI0 3aMKHYTYIO TOJIOCTh, OPPAHMYEHHYI0 JBYMs C(hepHYecKUMHU OBEPXHOCTAMH
(pagmycoB T = ag,r = ay1) 4 KoHycoM. Ilpu 3TOM Ha OAHO# M3 cdepuvecKux Io-
BEPXHOCTEH MMEIOTCS CeKIMU, KOTOPble MOXKHO CYATATh CPEepUIECKUMHU JIEHTAMH.
OrMeTuM, 9TO HNOJOCTH M JIEHThl Pa3/IMYHON FeOMETPHH NPEICTABJIAIT CaMOCTO-
sAITeJIbHBIA nHTepec [18].

PaccmoTpuM emié oJuH MpeiesbHbl BapUaHT, KOTja chepudecKuil cerMeHt
HCYe33eT MOSHOCTBIO, TO ecTh By = 0. s sroro sapuanrta noreHnuasn Us, Uy
paBHBI HYJIIO, TaK Kak ux Koadduunentst By,,C, paBubl Hy/0. 1s noreHumnasa
U; B (3) xoacpdunuenTsr A, BHIYHCISIOTCS SIBHO B TAKOBBI:

4 a;+1
An= sm'&"“ Z V,-/ P, (cos0)sin@do, (31)
1=l i

rze
gamll gi=0.3=124d  04=%, Rl

OTmeruM BapHaHT, MMEIOLIHIT NPUKJIQJHOe 3HAYEeHHE NMPH KOHCTPYHUPOBAHHUH
npubOpOB U yCTPOMCTB C 33aJaHHBIM 3aKOHOM PAacHpesie/IeHHeM 3JIeKTPOCTATH e
CcKOro T0/isi B (PUKCHPOBAHHOM 06/IACTH MPOCTPAHCTBA, HANpUMep, BOIU3M coe-
PUYECKUX 3aKPYTVIEHUH y3/I0B ¥ MPUOOPOB JIEKTPOHHBIX CHCTEM. Taxkoe pacmpe-
JleJIeHNE TIOJIS MOYKHO TepBOHAYAJILHO MOJAETMPOBATH C MOMOIILI0 BAPbUPOBAHNA
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BHIOOPOM TPEX MapaMeTpoB 3aJadu: a) BHIOOpoM umciaa N ceKuuii 3aKpyIVIeHud,
6) BeiOOpoM 3Ha4YeHui morenumanos Vi, i = 1,2,.., N 15 KaxXJ0# ceKkuuu,
B) BBIOOPOM a3MMYTAJILHON IIUPUHBI 10 § KaXK/JON CEKLHH.

10.

11.
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IIpo icnyBaHHA MaKCUMaJLHOIO HOpMaJI3aToOpa y
nepioguyni FC-rpymni
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Y pobori goseneHo, mwoO B yCaKiil HemeAeKIHAOBiH npuMapHiil mepioamyHil
FC-rpyni iceye miarpyna, HOpMai3aTop AKOI € MAKCUMAJILHOIO MiArPyTIOL.
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I'pyna G masmBaerbca mepioguunoio FC-rpymoio (abo JIOKaJIbHO HOpMaJIb-
HOI0), AKIO KOXKHA CKiHYeHHA MHOMKMHA 11 €JIEMEHTIB MICTHTbCA Yy CKiHYeHHiH
HopMaUibHil migrpymi. Bigomo (1], mo Bcsaxa nepiogmyHa rpyna 31 CKIHYEHHH-
MH KJIACAMHF CTIPSDKEHUX eJleMeHTiB € nepioguunoio FC-rpynoro i masmaku. Orike
npumapni FC-rpynu — ne p-rpynu 31 CKiHYeHHHMM KJIaCaMH CIIPSXKEHUX eJleMeH-
1iB. JlocizpKeHHs TaKOro Kjacy rpym mposogmiocs B po6orax A.Il dimmana [2],
P.Bepa [3] i II.A.T'onb6epra [4]. CyrreBuit BKIaJ y pO3BHTOK TeOpii mepiopuy-
mnx FC-rpyn (3oxpema B CHiBCbKY Teopito Takmx rpymn) srecam: ®.Xomr [5],
C.M.Yepsixos ([1],[6]), FO.M.T'opuakos [7], M.Tomkincon [8], B.Xapzni [9]. Criz
TaKOK BigMiTHTH mocaigxkenHs FC-rpyn i ix Baxkiusi y3arajnbHeHHs y poboTax
[10], [11], [12], [13], a Takoxk Hu3Ky dyHAamenTasbrux pobir JI.A Kypaadenko
(14], [15] i [16] y ubOoMy HampsiMKy.

VY 1971 poui $1.T.Bepkosuuem i Kp.Xepiarom ([17], crop.817) 6yn0 Bcranos-
JIeHO, 10 Y BCAKI# CKiHveHHiN Heaeaekinaosiit p-rpyni G icHye Taka niarpyna D,
HOpMaJIi3aTop AKOI € MakKcuMaibHOW B G miarpynoo. OCHOBHOIO METoio aBTopa
€ BCTAHOBJIEHHSI aHAJIOTIYHOrO (PaKTy JJId AOBIIBHOI HEAEJEKIHA0BOI IIPUMaPHOL
FC-rpymu. PesyanraTu miei pobotu monosizanmuck Ha X1 MikHapoaHiil HayKoBil
xondepenuii im. akaa. M.Kpasuyka [19].

Bci neBusHaveHi noHATTS i mo3HadeHHs Moxkna 3Hadita y [1], [7] i [18].

Jdema 1 . Hezati G — nededexiridosa p-zpyna 3 xomymarnmom G' nopadxy p. Todi
epyna G micmumv maxy nidepyny H, wo nopmanizamop M= Ng(H) - maxcu-
maavra nidepyna e 2pyni G.

Jlosedenna. Hexait rpyna G 3ag0BosbHsI€ yMoBY Jiemu 1. Ockinbku G - neze-
JeKiH0Ba Ipyma, TO ICHyE IMKJIiYHa marpyna H = <g>, dka He € HOPMaJIbHOIO
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B G. Orxe icHye Takuii esement a € G, mo xomytarop f = [a,g] ¢ <g>. 3a
ymoBoio koMyTanT G'= <f>, me |f| = p, a Tomy G' < Z(G) (aus. (1], nema 1.8),
orxke G — HUIBIIOTEHTHA Ipyla KJjacy 2.

Posrasmemo miarpyny M = Ng(< g >) i nokaxemo, ujo M — MakCHUMaibHa
niarpyna 8 G. Hexait A =< a,g >, Toni A' = G' =< f > i A € 2-nopomxenown
p-rpymnoio 3 komyrantom A’ nopaaky p, a Tomy maemo pisnicte G = A Cg(A) =
A-M, ockinbku Cg(A) < M. Jani maemo: G =<a>-<g> -A'"M =<a> M,
M «G. Ockinbku a? € Z(G) < M, 10 [G : M] = p, 10610 M — Makcumaibha B G
niarpyna. Jlemy 1 goBezeno.

Jlema 2 . Hezaii G - nededexindosa p-zpyna 3 xomymanmom nopaoxy p*. Todi G
micmums maxy nidepyny H, nopmanizamop M = Ng(H) axoi € maxcumarvrown
6 G nidzpynoro.

Joeedenna. Hexait G — HemeaexkinzoBa p-rpyna 3 KomyraHToM G’ nopsiaky
p?. Ouesnano G” = {1}, G - minbnorentna rpyma i G' N Z(G) # {1}. O1xe
icuye enement h € G' N Z(G), |h| = p. Posrasinemo d)a.KTop-rpyny G =G/H, ne
H =< h >. 3posywmino, mo xomyranr G = G'/H, a tomy |G | =

Hpnnyc'mmo mo G — menepekingosa rpyna. Tomi 3a jemoro 1 G wmicTuth
Taky niarpyny B, mo M = Ng(B) = M/H - makcumaibHa marpyna s G,
NPUYOMY 1HIEKC [G M) = p. Hexait B — nosnuii npoobpas miarpymu B B G.
Maemo H < B4 M i [G : M] = p, 38incu Ng(B) > M. fkmo Ng(B) > M, 10
Ng(B) = G, a Tomy B<G, 38iacu B <G, o HeMoxmBo 3a yMoBoio. O xepxa
Ng(B) = M — makcumansHa nigrpyna B G.

Hexait Tenep G — mezexingona rpyna. OCKimeKu IG | =p#1, to G - ramiib-
ToBaHa rpymna, a Tomy G = R x A, ne R — rpyna ksaTepHioHiB 8-r0 mOpsiKy,
a A - enemenrapna abeseBa 2-rpyna, ne R (Biamosizno A)nosHuit mpooGpa3s R
(Biamosizuo A ) y rpyni G. 3po3ymino, mo G = R- A, AdG, R<1G, RNA=H,
[R,A) < H,p=2,|G| =4, G < R. Orxe niarpyna R € po3MIUpPEHHsM LeH-
TpayibHOl miarpynu H =< h > 3a JONOMOrO0 Ipyn# KBaTEPHiOHIB 8-ro mopsaaky
R, a Tomy |R| = 16.

Hexat R =< ©,7 >, ge @2 = v° = [u,?], [g] = 4. 3sigcu Bunimeae, mo
R =<u,v,h >, u? =v2-h* k € {0,1}, orxe enementn u?,v? € Z(R). fxuo
z,y € R, 1o [z,y] = u? - h!, a Tomy KomyTaTOD [Z,y| HANEXUTH LEHTPY rpyTH R,
oTxe Ha R BUKOHYeThCS TOTOXHICTS [z,Y, 2] = 1. Ilokaxemo, mo R’ =< d >, ze
d = [u,v] i R' # H. [iiicHo, Hexait z,y € R, Toxni z = ut-vl - fr,y =kt fy
ze fi € R' < G' < Z(G). 3sixacu [z,y] = [u,v]™ = d™ €< d >. dxmo R’ = H,
to R' = G', mo memoxmuBo, ockinbku |G'| = 4. Takum uunom d # h, a Tomy
G' =< d > x < h >. Ockineku d? = [u,v]? = [u?,v] = 1, 10 |d| = 2 i niarpym
A #< h>. Jlani i3 pisnocri [G,] = ©? maemo [u,v] = u2 hi, nns KesAKOro 4mcia
i > 0. 3sigcu 1 = [u,v]? = ut- h21 = y4, Ananoriuso v? =1, a Tomy |u| = |v| =4
Bigmitamo, mo u? - v €< h >.

Bunanok 1. v2-u? = 1. Maemo u? = v?, atomy 1 # [u,v] = ud-vduw = (u-v)

. 3ol e
Hoxna,ueMo:a=u-v,b=v.To,m:a4=1,b4=1,a-b=uv-'v=u =0-U U -
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v-(u-v)"! =b-a’l, |a| = |b] = 4. Posrnsamemo Bimomy rpymy 16-ro mopsaxy
R =<a,b [a*=b"=1,a-b=0b-a! > Ockineku |R| = 16, 7o R= R, i
<a>N<b>={1}. I'pyna R, mae nume Tpu insomouii a?, b i a®- b?, npugomy
Bouu nenrpaibhi. Ockimbkn R’ = R} =< a® >, 10 a? = d = [u, v]. Pakrop-rpyna
R/ < a® - b* > - rpyna ksarepuionis 8-ro nopsky, a daxrop-rpyma R/ < b >
- rpyna gieapa 8-ro mopsiky. 3sigcu BumsmBae, mo h = a? - b?. Iasomonii a?,
he Z(G), a romy i b? € Z(G).

Posrnanemo dakrop-rpyny G/ < b? >. Bowa micturs miarpymy aieapa 8-
ro mopsiaky R/ < b® >. 3igcu sunmsae, mo G/ < b? > - Hemenekinjosa
rpyna. Ockinbku h,d € G, 0 i b2 € G'. Orxe b*>-nenTpaibaa iHBOMOLISA
i3 komytanTa G'. 3a nonmepeaniM BumIMBaE, mE B rpyni G icHye Taka miarpymna,
HOPMAJIi3aTop SIKOI € MAKCUMAJIbHOW TArpynow B G.

Bunagok 2. v2-u? = h. 3eigcu u? = v2 - hil # [u,v] =ul-v
ud-v3-u-v = (u-v)?-h. Ockinbku (u-v)? € v < h >, To Hexalt (u-v)? = v
u-v=uv-u . 3H0By omepxau rpyny R = R; =< u,v ]u4 =l,vi=1Lu-v=
v-u~! >. Ipunyctumo, mo (u-v)? = v2- h, Toxi [u,v] = v? :

—1.u.v=

2 3Bincu

,a TOMY UV =0-U .
Orxe i y upboMy BHNAJKY oJep:Kyemo, o niarpyna R izomopdua R;. Tenep, ax
i y Bunagky 1, mosomumo, mo rpyna G mictuts miarpyny H, HOpMa/i3aTop siKOi
Ng(H) € makcumasipaolo miarpynoio B G. Jlemy 2 nosejeno.

Jema 3 . Hexati G - nededexindosa p-zpyna, xomymanm G' axoi e cxinvenna
nidepyna. Todi G micmumv maxy nidepyny H, nopmanizamop saxoi Ng(H) -
maxcumaavra nidepyna 6 G.

Josedennsa. Hexait G — HeneneKinaoBa p-Tpyna 31 CKIHYEHHAM KOMYTAHTOM.
dxmo |G'| < p?, To 3a emamu 1 i 2 MaeMo NOTPiGHE TBEPIKEHHSI.

[Ipunycrumo, mo a1a rpynu G komyrant G’ Mae nopsiaok Giybumit p?, TobTO
IG'| > p?. OckisbKu KOMYTaHT CKiHveHHuit, T0 G — HIJILIIOTEHTHA TpyINa i icHye
raka niarpyna D, mo D < G i [G' : D] = p?. 3siacu sumumsae, mo G = G/D —
HEIeIeKIHA0BA IPyna 3 KOMYyTaHTOM G =0 /D nopanky p?. 3a nemomo 2 icaye
raka migrpyna B < G, mo N—@(F) = M - makcumasbHa B G miarpyna i [G : M) =
p. 3posymino, mo BaM < G i [G : M] = p, a rtomy M < Ng(B). llpunycrumo
M < Ng(B). Ockinbku [G : M] = p, 1o Ng(B) = GiB < G. 3Biacu BUIIIMBAE,
mo B < G, wo 3a ymosowo Hemoxksnpo. Orxxe M = Ng(B) — makcumanbha B G
marpyna. Jlemy 3 goBezgexo.

Teopema 1 . Hezaii G - dosiavra nededexindosa npumapna FC-zpyna. Todi G
micmums maxy nidepyny M ,Hopmaaizamop AK0L € MAKCUMAALHOIO 6 G nidzpy-
no%0.

Joeedenna. SAkmo komyrant G’ rpynu G CKiHYeHHHUH:, TO 3a 1eMOK0 3 B rpyIi
G icuye mykana miarpyna M.

Hpunycrumo Tenep, mo |G'| = oco. Hexait D = Z(G) — ueHTp npuMapHoi
FC-rpymn G. fx Binomo [7], D € meperuHOM LEeHTpai3aTOpiB CKIHYEHHHX HOp-
MaJIbHUX IATPYH, NPHYOMY IEHTPai3aTOpy caMi HOPMAJbHI i MAOTh CKiHYEHHI
ingekcu B rpymi G.
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Has nosineroro enementa g € G nosnauumo H(g) malivenury cKiHdeHHy HOp-
MaJbHY miArpyny i3 G, mo wicruts enement g. Hexait T(g) — memrpamizarop
migrpynu H(g) B G. Toai T( ) — HOpMaJIbHA MiArpyna cKinueHoro inpexcy B G,
a Tomy ¢axrop-rpyna G, = G/T(g) - cxinvenna p-rpyma. Ouesunmo, ueurp

Di= ﬂ T(g) i @aKTop-rpyna G = G/D- nignexaprosuii 106yTOK CKiHYEHHHX
9€G

p-rpyn G’

Hpnnyc'mMO o icuye esement g € G Takwuit, mo Gy — HeleAEKiIHI0BA IPYTIa.
3a nemomo 3 B G4 icnye Taka migrpyna M , mo nopmamizarop N (M) e makcumals-
HOIO IATPYINoOIO B rpymi G Hexait H = N(M) i H - nosamit npoobpas miarpymu
N(M) B rpyni G,a M - nosnm‘l npoo6pa3 M B rpyni G, Toai Ng(M) = H. 3siz-
cu BuIUIMBae, mo H — makcuMaiibHa B G miarpyna i Teopemy y LbOMY BHITAJIKY
JIOBEJIEHO.

Hexait Tenep ans xoxworo enementa g € G (baKTop-rpyna G, = G/T(g)
— penexingosa. Ha rpynmi Gy BHKOHYIOTBCS TOTOXKHOCTI: ahuecd, (o, 2}l
[z%,9] = 1, [z,y]? = 1, a ToMy 1i ToTOXKHOCTI MalOTH Micie i Ha Q)aKTop-rpym G=
G/D. BBl,zxcn BUILIMBAE, IO Ipyna G Mae NEHTPATLHUN eleMeHTapHuil abesesuil
KoMyTanT G = = (G/D) = G'- D/D, a tomy Ha camiit rpyni G BHKOHYIOTHC
TOTOXHOCTI [Z,Y,2,t] = 11 [22,y,2] = 1.

Ipunycrumo, mo komyTant G’ He Micturbes y uenrpi Z(G) rpynu G, toxi G'
He micrurbes B D i G = G/D — neabenesa rpyna. Iloknagemo F = D - G'. Slxmo
F=G, o FF=G"=D"[D,G)-G" = G", mo cynepeunTs HiILIOTEHTHOCT
rpymu G, otxe G > F > D i (G /D)’ = F/D - uentpanbna esieMeHTapHa abesieBa
p-miarpyna B dpaxrop-rpymi G = G/D.

[lokaxemo, mo G- Hexemekinmosa rpyma. Jificro, sikimo G — AeaeKiHosa,
t0o G = R/D x E/D, ne R/D - rpyna ksarephionis 8-ro mopszaky, a E/D -
estemenTapHa abenesa 2-marpyna. 3sigcu G = (R/D)’, a tomy G'-D = R'- D
Maewmo |R'| =21 R'«G, 0 R' < Z(G) = D, mo memoxmBo. OTKe BCTaHOBJIEHO,
mwo G =G /D — HepenexkiHAOBa Tpyma.

PosrisigemMo Bumagok, komu y xomyraaTi F/D icuye Biacua migrpyna L/D
cKiHueHoro ingexcy, ans sxoi ¢akrop-rpyna (G/D)/(L/D = G /L - nenenexis-
nosa rpyna. Toxi rpyma G/L Mae ckinuennuit komyTaHT i 3a jemoi0 3 B G/L
icuye Taka miarpyna B/L, nnsa axoi nopMadaizarop N(B/L) — makcumasibHa mift
rpyna B G/L. Hexa#t B - nopuuit npoobpas miarpym B/L 8 rpymi G i N¢(B)
- Hopmastizarop miarpyma B 8 G. Ockineku Ng(B)/L = N(B/L), o Ng(B) -
MakcuMmaJsbHa B G migrpyna i reopemy y LjbOMY BHUIIaJKYy JO0BEAEHO.

[IpunycTuMo Temnep, mo KoxkHa BjacHa miarpyna L/D i3 komyranTa F/D =
(G/D)' ckimgennoro innexcy 8 F/D e raxoio, mo G/L = (G/D)/(L/D) - ramin-
ToHOBa rpymna. Ak komyraur F/D - HecKiHUeHHHH, TO (€ HEMOXKJINBO, OCKIJIb
ku B F/D icuye niarpyna L/D ianexc skoi ne menme 4. Takum 9HHOM F/D%
ckinvenHa migrpyma y rpym G = G/D. Ockinbku BOHA HefeJeKiHIO0Ba, TO 33
nemoro 3 icuye niarpyna B/D 8 G/D raka, mo Hopmaiizarop N(B/D) — makck
maibHa B G/D miarpyna. Hexa#t B — nosauit npoobpas 8 G niarpynu B /D, Togi
nopmastizarop Ng(B) - makcumaibaa B G miarpyna.
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Bunagox G’ ue micrurbes B Z(G) posrisinyTo noshicTio. Hexait Tenep komy-
raur G' < Z(QG).

ns HeckinyenHoro komyranta G’ MOXIMBI BUNAAKH:

Bunazok 1. Komyraur G’ micruts ksasinukaiuny nigrpymy C.

Bunanok 2. G’ ne MicTUThL KBa3iIMKIIYHAX MiArpyIM.

Posrnianemo Bunamok 1. Ockinmbku C — mosma rpyma, To G' = C xH ([20],
reopema, 21.2). IIpunycrumo, mo G’ = C, Tobro H = {1}. 3a ymoBow G - Heze-
JeKiHJOBa rpymna, a TOMY iCHy€E ejieMeHT g € G Takwuii, o < g > He € HOPMAJIbHOIO
BG,C- < g >=Cx <t > ne micrurbcst B Z(G). fxmpo migrpyna < t > <G,
[<t>G <CN<t>= {1}, atomy Cx < t >< Z(G), 10 HEMOXKJIHBO.
TakyM 9MHOM BCTAHOBJIEHO, IO < ¢ > HE € HOpMaJIbHOK B G. OQuyeBHIHO MOXKHA
BBaxkaru, mo tP € Z(G). Poarnansemo niarpyny T = Cx < t >. 3posymio,
mo T < G i icHye Takuit enemenr a € G, wo [t,a] =c# 1,c€ C =G < Z(G).
Maemo [t,aP] = [tP,a] = cP, a Tomy |c| = p. Posrasuemo miurpyny M = Cg(t).
Togi M = Ng(<t>)iT - <aP >< M. Ockinbkn < t > He € HOpMaJIbHOI B G,
10 M < G iingexc [G : M| < oo i maemo piBHicTs [< t >, G] =< ¢ >. Ockinbku
I 0BLIbHOTO eeMeHTa Yy € G Maemo [t,yP] = [tP,y] = 1, To y? € M.

Ipunycrumo, mo Ma # My i [t,y] = ¢ # 1. Iloknagemo a™* - y = d. Maemo:
t,d =[t,a™-y] = [t,a]™* - [t,y] =c - ' =1, a Tomy d € M, 3Biacu BumIMBaE,
mo yM € {M,aM,...,aP"* - M}, o610 [G : M] = p. OT:xke M — MaKcHMATbHA
marpyna B G.

[punycrumo Temep, mo G' = C x H i H > {1}. Ockimbku G’ < Z(G), To
H 4G i dpaxrop-rpyna G = G/H mae xomytanr C = C i 3a nonepeaniv G/H
mictuth Taky miarpyny B/H, mo sopmanizatop Ng(B/H) = M/H - makcu-
manbHa miarpyna i3 G/H. Hexait M — nosuuit npoo6pa3 M/H y rpyni G. Toai
M - makcumanbHa migrpyna B G. 3 inmoro 60ky, Hexait B — noBHui npoobpa3 B
G nigrpynu B/H. 3posymisio, mo B < M i M = Ng(B). Teopemy y Bunazaky 1
JIOBEJIEHO.

Poarnanemo Buna ok 2. 3a yMoBow G’ He MICTHTH KBa3ilUKJIIYHOI MArpyny.
Omxe G' - meckinyenna abeneBa pexykosana p-rpyna ([20], crop.120). Cene [21]
BCTAHOBUB, 110 abeseBa rpyna Oyje MOBHOK TOAL i TIIBKM TOJi, KOJH BOHA CIi-
Brajae 3i croero miarpynow ®Pparrini. 3BijacK BHIUIKBAE, IO Y PeAyKOBaHi#i rpyri
niarpyna @paTini € BAaCHOW MiArpyroo, a ToMy y KomyTanti G' icHye miarpyna
T ingekca p?. Orke KomyTanT akrop-rpymn G = G/T mae nOpsig0K p?, a TOMy
G- Henezexinzosa p-rpyna. 3a jemoro 2 icuye Taka miarpyna B/T < G/T, upo
nopmasizarop Ng(B/T) € makcumassnoto niarpynowo 8 G/T. Hexait B- nosuuit
npoobpas miarpynu B/T y rpyni G, Toai Ng(B)- makcumanassa niarpyna B G.

Teopemy 1 j0BeieHO MOBHICTIO.

Besnocepeauno i3 Teopemu 1 BumMBae HacTymHe TBep/KeHHs (Teopema Kp.
Xepinra;[17],cTop.817).

Hacaimok 1 . Beaxa cxinuenna nededexindosa p-zpyna G micmumsb maxy nio-
epyny A, nopmanizamop sxoi Ng(A) e maxcumaavror e G nidepynoro.
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MynbTUnNKATHBHAS CTPYKTYPa PE30OIbBEHTHON MaTPHIb]
NpoOJIeMbl MOMEHTOB Ha KOMITAKTHOM HHTEPBaJIe
(cmywait 4eTHOrO YMCIA MOMEHTOB)

MN.1O. Cepuxkosa
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B craree momyueHo pasiodkeHue Ha MPOCTEHIINE COMHOMHUTENH Bisimke-

[MoranoBa pe3obBeHTHOM MATPUIILI BIIOIHE HEOTIPEALIEHHOH TTPOBIeMbI MO-
MEHTOB Ha KOMIIAKTHOM UHTEpBAaJe.

2000 Mathematics Subject Classification 4TA5T, 42A82.

§1. BBenenue

Crenennas npobeMa MOMEHTOB Ha KOMIIAKTHOM WHTEPBAJIE B CKAJISPHOM CJ1yvae
6ea uccnegoBana M.I. Kpeitnom (cm. [1]). Ha marprusbiil ciyyaii pe3ynbTaThl
M.T. Kpeitaa 6bun 0606mens: B paborax [2] - [3]. B arux crarpsax Bnepsbie Gbi-
J1a ToJTyYeHa siBHasi (pOpMyJIa JUIst Pe30JIbBEHTHOM MaTPHUIbl MPOGIeMBI MOMEHTOB.
Baxknyto poss B u3ydesun npobiieMbl MOMEHTOB UI'DAET PA3JIOKEHHE Pe30JIbBEeHT-
HOM MaTpHILbl B IPOU3BeieHue npocrefimmx Muoxuresei Bisiuke-IToranosa. s
npo6iem momentos ambyprepa u Cruirbeca Taxas dhakropusamus 6biia mosye-
na B crarbsax M.B. Kopammunoii [4] u FO.M. Tiokapesa [5]. Oxnaxo, MysbTum-
KaQTHBHASA CTPYKTYPa PE30IbBEHTHON MATPHIBI IIPOOIEMbI MOMEHTOB Ha KOMIIAKT-
HOM MHTEpBaJie paHee He Obl1a ucciegoBana. OCHOBHBIM Pe3y/JIbTATOM 3TON CTATHH
SIBJISIETCSl PA3JIOXKEHNe Pe30JIbBEHTHOM MaTPHIbI IPO6IeMbl MOMEHTOB Ha KOM-
NAKTHOM UHTEpBaJie B Npou3BeaeHue comHoXKuTenel Biamke-[loramosa.

ITycTh 33JaHBI BelIeCTBEHHbIE YMCIa @ < b W HaTypaibHoe uuciao m. Cuu-
Bosiom C™*™ 06Ho3HAYMM MHOXKECTBO KOMILIEKCHBIX KBaJPATHBIX MaTPHUIL HOPAL-
ka m. MHOXecTBO S5pMUTOBBIX MaTpuy 0603naunm CF ™. MHOXKeCTBO HEOTPHLE-
TeNbHBIX ¥ TOOKATENbHBIX MaTpuly o6o3aazum CT*™ u CT*™ coorsercTBeHHo.
JIisi HEOTPUIATEMBHBEIX (IIOIOXKATEIBHBIX) MATPHUIL MBI TakxKe OyJeM HCIosb3o-
BaTh obo3Hauennsa A > 0 (A > 0). CumBonamu I, € C™*™ 1 0y € C™*™ GyneM
0603HaYaTh CAUHUYHYIO ¥ HYJIEBYIO MATPHUIIBI.

UsnoxuMm, cieays cratbe [3], Heobxommmbie HaM AaKThl O MATPUIHOM pob-
JleMeé MOMEHTOB Ha KOMIIAKTHOM HMHTepBaJe.
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Badurcupyem | € N i paccMOTPUM NOIEIOBATE/ILHOCTh KOMILJIEKCHBIX 110 X 1M
MATPHI], {sj}g-zo. B npobisieme MOMEHTOB Tpebyercss OMHCaTh BCE HEIPEPbIBHBIE

(leBa MOHOTOHHO Bo3pacTatomue Marpunbi-byrknun (M®) o : [a,b] - CF*™
TaKKe, 4TO

b o
/tjda(t)zsj, Bcisl (1)

MHOKECTBO pelleHuit ¢ 370l mpobieMbl MOMEHTOB 0003HAYMM CHUMBOIOM M.
C kax o 0 € M; cesaxem M®P

b
ste) = [ 42 @)

t—2

M® s nasbiBaeTCsi accoyuuposartoti ¢ mpobaemoit Momentos (1). Muoxectso
M® s, acconuupoBaHHBIX ¢ npobiemoit (1), obosnaunm cumsonaom Fi. I3 dopmy-
ab1 o6pamerus CTUATHECA CJIEAYET, YTO COOTBETCTBUE, YCTAHABIMBAEMOE MEXy
Fi u M; dopwmynoit (2), seisercs B3auMHOOAHO3HAHBIM. [TosTomy, BMeECTO oru-
CaHus MHOXKECTBA M|, Mbl MOKEM OrPaHUYUTHCH ONUCAHHEM MHOXKecTBa Ji. Beio-
1y pasiee HygeT pacCMATPUBATLCA MaTpUYHas Mpobsiema ¢ YeTHBIM KOJHYECTBOM
momenToB, T.e. | = 2n+ 1, n € {NUO}.

C npo6aiemoit (1) cesaxem creayioume oobekTsl (cM. [3]).

S0
Ty = [01;:;m on?nn;m ] o i [ onf:;m ] i 851 ’
Sn
: B il
Ry, (n)(2) = Umnyr) = 2T(m)) ' = zI:m I:n Ojn o e
z".Im z"—.llm e I;n
S0 8 v 84 81 83 ot Sn4l
Hl,(n) 7y o R e ) f{2,(n) o 512 813 Sﬂ:ﬂ-2 )
Sn: Sntl ity Sn Sp4+1 Snt2 0 S2n4l

g RT,(n) (b)u2,(n) = RT,(n) (a)ul,(n) = U(n),
Hy () = —aH) (n) + Ha,(n), Ha,(n) = bH1,(n) = Ha(n):

Cumposiom [(,,) 0603Ha4NM MATPHILY | FERERENG N 3
Jlerko BHIETH, YTO HMEET MECTO MOoAHCIeCTNEOM CNAETNEHUA

(@ = b)Rr,(n) (@)0(n) 8] () BT (0) (@) = R (O) By (@) Ho () + Hom)- (4)

Onpeaenenne 1. IIpo6aema momenTos (1) Ha3pIBAETCA BIIOJIHE HEONPE/ETICH-
HOM, ecyiu Hl,(n) =04 H2,(n) > 4.
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Omnpepnenenue 2. MO

() (2) | By (2) } e [ Im — (2 -a)uéﬂ}(f)HfZIRT(a)v |
Yn)(2) | O(ny(2) (z — a)(z — b)v*Ry(2)H; ' Rr(a)v |

wiRy(2)H{ 'Ry a)u1 ] 5)
Im + (2 — a)v*Ry(2)H] 'Rr(a)u,

Uioy(s) = |

Ha3bIBAETCA Pe30JIbBEHTHOH MaTpuueit 3agaqu (1). (s ynpouenns 3amicu Hux-
Huit uggekc (n) 6buT omymieH. )

§2. MyasTUILIMKATABHAA CTPYKTYpPa Pe30JIbBEHTHON MaTPHILbL.

[Iycts nana BrnosnHe HeonpejeneHHas npobiema MomenToB (1). Marpunpt H, ()
UMEIOT ClIeaytomuye 61049HbIe TIPEACTABICHUS

b { Hy (1) Br,(n)} Tum — Onmxm
"WT Bl G |7 | BwHifney I 6
X [ Hy(n-1) Onmxm ] o Hr—(n 5 )
Omxnm Hr,n Omxnm I'm

vae Hrpn = Cr(n) = By Hy o1y By T = 1,2
W3 Brosiae neonpeaesnentocry 3anayan (1) cienyer, uro Hyp > 0 gna r = 1,2
Orciona u u3 (6) nmeem

—1
;- _[ Inm _Hr,(n-l)BTy(")]

m(n) Omxnm m (7)
" H—,(n 1) Dhotyoh Inm Onmxm
Omxnm  Hpp ¥ (n)Hr,(n—l) Im

[Mycte M® w; ,, u 9y, n € N onpenenensr dpopmynamn

Win = —8p — Dy (n)Hi-(n 1)RT (n—- l)(a)ul (n—1)»
e — a Iy, — B2,(n) 2,(n_1)Rq~,(n_1)(a)v(n_1).

Torzna.

H{ ()

1,(n)

Rr(n-1)(@)v(n-1) ] it Tnm Onmxm | B (a)v
E) & e : ).
[ -B: ™) H2 1] L (n) (n

[ Ry (n-1)(@)uy,(n-1) ] W [ G Tnm On}n: e ] Ry (ny(@)u1,(n),

Win

®)

Un
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Teopema 1. [[aa énoane neonpedeaennoti npobaemv. momenmos (1) umerom
Mecmo caedyrousue moocdecmea

(a §! b)RT,(n—l) (a)v(n—l)wr,n = _H2,(n—1)H1_;(1n_1)Bl,(n) o BZ,(n)' (9)

(a = b)onwi, = Hin+ Haop. (10)
(@ = b)onu (1) RT (n-1) (@) = (@ = b)l(n—1) Rr(n-1)(a) H1 (n-1)
+ B} (2) = B () Hs (n1y BT (n-1) O B, (n—1) () Hy (1) .
Jloxaszameavcmeo. JTIOMHOXKKM TOXKIECTBO CrieTeHusi (4) cieBa Ha
b B*(I)ng{(n X On;::m ] , a CIpaBa Ha l: Oi';':m Hl—("I—m)Bl*(") . [Ipu-

MeHHB ToxjecTBa (8) K JieBoif wacTH paBeHCTBa M ToxzecrBa (6) - k mpasoi,
[OJIY 9UM

Ry (n-1)(@)v(n- " A )
(a—b)[ T,( 1%(71)( 1) ] [ul)(n_l)RT,(n_l)(a) wlm]

Inm Onmxm 1 (n 1) Onmxm
* - bR a %

l: B2 (n)H2 (n—1) ] R‘I‘(n)( ) T(n)( ) [ ( ) Hl,n
b [ H(n-1) Ban) ] [ Inm —Hig, 1yBim)

Omxnm H2,n Omxnm Im

Orcrona u u3

-1 _ | Brm-y®Brn-1(a)  Onmxm
Ry ()R () (a) [(a_ SR R

nmeeM

Ry (1 (@)v(— g : )
(U» e b) [ T,(n 1’)0(11 )U( 1) ] [ul,(n—l)RT,(n»-—l) (a) wl’n]
Ril(n—l)(b)RT,(n—l)(a) Onrnscm }
[—Bgi")H?—»(lﬂ—l)Ril(nﬂ)(b) +(a— b)‘(n—l)] Ryn-1)(@)  Im

Hy(n1) Onmxm } [ Hj (n-1) "H2,(n—1)H1—)(1n_1)Bl,(n) + Ba,(n) }
B! H T j
1,(n) 1,n

R;l(n 1) RT(n 1y(a)Hy (n—1) |
[ B oy Hy -1y 1) (b B 1)J Ry n-1)(a )Hl,(n-U*BT,(n)I

] Hy (n1y —Hz,("—l)Hl,(ln-l)Bla(n) + By (n)
+ b
0mxnm H2,n

Omxnm H2,n
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Takum obpazom,

Rr (n_1(a)v(,— & * *
(a"‘b)[ g 1)»( ) ] [ul,(n—l)RI‘,(n—l)(a) wl’"]

Un
£y |: R’};l(n_u(b RT(n 1)(0' Hl J(n—1) l
l—BS,(mH{,(ln_1)3%,‘(n_1)(b)+( = b)ln- 1)J Rr,(n-1)(@)Hy (n-1) + B} (n)i

l Onmxm ] 4 H2,(n—-1) ”H2,(n—1)H1-:(n_1)Bl,(n) + B2,(n)
Hl,ﬂ Omxnm H2,n

IIpupaBusaB 6J10KM 3TOr0 paBeHCTBa, moayunM Toxaecrsa (9) (cm. 6ok 12), (10)
(eM. 6ok 22), (11) (cm. 6ok 21). Teopema gokazaHa.

[Iycts wo p = —wi, . VIMeeT MecTO TOXAECTBO

H i U2, (n— 1) 12
i B [ W + (= bl(n 1) +Bj (n)H 1,(n— 1))RT(" 1)(b)u2 (B3 :| 3

Ob6osnaunm wy 0 = uy (o) ¥ o = Im.
Onpeaenenue 3. MO

_ [ 9a(2) | Ba(2)
ke {%(z)l&(z)]

4 Im ¥ (z e a)w;,nIh{Z—,rlzﬁ(n) | H nWin (13)
(z—a)(z— b)ﬁz‘n)H{’},ﬁ(n) | Im + (z a)'u(n)Hl,nwl,n

Ha3pIBaeTcss MHokuTeseM Basmxke-Iloranosa (n € {NU 0}).

Teopema 2. ITycmv Up(z) asasemca pesoaveenmnoti mampuyet n-ol
enoane neonpedeaennoti npobaemvi momenmos (1), Up_y)(2) - pesoaveenmuol
mampuyeti (n — 1)-oti npobaemv. momenmos u by (z) onpedeaervi 6 (13).

Tozoa

Uin)(2) = Utn-1)(2)bn(2)- (14)
Joxasameavcmeso. Iycrs X (z) = Up—1(2)bn(2). Toraa, uz (5) u (13) nmeex

Un_l(z)bn(z)=[§;8 §;§§§§}=[an_l(z) B (2 ;H (2 ; 3n(z)]

Yn— (z) O~ 1( Yn ( Sn(z)
0 [ an-1(2)én(2) + Pn- 1(2)¥n(2) an-—l(z)én( )+13n-—1( ){i (2) ]
i 1(2)@n(2) + 6n-1(2)n(2) Yn-1(2)Bn(2) + 0n-1(2)0n(2 )
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Takum 06pa3oMm, [Jis JOKA3ATEIbCTBA TEOPEMBI JIOCTATOYHO yOeAUTHCS B CIpa-
BEJJTMBOCTH CJIEAYIOIINX PABEHCTB

an(2) = an-1(2)a(2) + fn-1(2)¥(2), (15)
Bn(2) = an-1(2)B(2) + Bn-1(2)8(2), (16)
n(2) = Tn-1(2)&(2) + dn-1(2)¥(2), (17)
6a(2) = Mm-1(2)B(2) + n-1(2)8(2). (18)

Hokaxem pasenctso (15). Mmeem
on(2) = Im — (2 — a)“;,(n)R;",(n)( JH, (n)RT (n)(a)v(n) =1In

Inm Onmxm

[ Ry (n-1)(@)v(n-1)
R ;

Un

- (z — a)ug (n)RT (n)(z) 2 (n) B3 @

13 (12) wrieayer

Al
an(2) = an-1(2) — (2 — @)uj (, 1) § — B (n-1)(2)H 2n-1)B2,m +
2l
On
+Rp (1) (b) : + Ry 1y (0 Hy 1y Bi(n) + Whin ¢ Hopn-
—bl,,
BOCHOJH)BOBaBH]HCb OYEeBHUAHBIM TOXKIECTBOM
2R} (y_1)(2) = DR (1) (b) = (2 = B) R, (1) (Z) BT, (1) (b)),
NOJTY 9UM
an(z) 5 an—l(z) g¥ (z 5 a)'u';,(n—l) (_R’;‘,(n—l)(2)H2—,(ln—1)B2:(n) A R;‘,(n“l)(b)
Om
XHl_,(ln—l)Bl,(n) + (2 =0 Ry () DR -y | 1 |+ Wy n H2—1]1:A
Im
(19)

Beruncmam X11(2). Umeem
X11(2) = an-1(2)&(z) + Bn-1(2)7(2)
= (Im - (2~ a)u;,(n—l)R;‘,(n—l)(Z)Hé:(ln~l)RTy(n“1)(a)v("—l))
x (Im = (2 = @)w3 B30 + (2~ @) (= = B)i (1) B 1) D H
X Ry (n-1)(@)uy, (n_l)ﬁ;ﬁ{;ﬁn = op-1(2) - (z —a)w3, nﬁz‘;ﬁn - (2 —a)uy (1)
( (z —a)R} (n~1)(z) (n 1)R’I'(n—l)(a)v(n 1)“’2 nH2 nln
+z = 5) B o1y O REEn 1) (@) Ry (B Hp 1y B 1) (@)1 01y 93 Hp a8 ) -
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Orciona u u3 roxaecrs (9) u (11) crenyer, aro

* rr—1a Z2—a)
X (2) = ana(2) = (2 ~ usazhon - Sz
X (—(2 ~ G)R},(n—n(Z)Hf,(ln_l)BL(n) + (2 —a)Ry (,_1)(2) 2_,(17.—1)32,(")

+ (2 = O)RL 1) O Ry (1) (@) R (ny D) Hy o1y Brm) = (2 = )Ry (2)

Om
~1 * * ;5 5 e
XHy (o _1yBa,n) + (2 = O)RE (n_1y (D) Ry (1) (2) | H; ptn = on-1(2)
I,
~ (2 = a)w} , H; 160 — (2 — a)up ,_yy (R’;’,(n—l)(b)Hl_:(ln—l)Bl:(")
Om
_R:I‘,(n—l)(E)Hz-,ln_UB?,(n) =t (z 5% b)R}‘,(n—l)(b)R’;‘,(n—l)(‘E) 1 2_,73@"'
I,

Orcroa u u3 (19) umeeM oy (2) = an-1(2)&(2)+Pn-1(2)7(2). Pasencrsa (16)-(18)
NPOBEPAIOTCs aHAJIOrMYHO. Teopema JoKazaHa.

CneacrBue. ITyemv mmuooscumenu Baswxe-Ilomanosa onpedeservi dopmy-
ao0ti (18) dan ecex n € {NUO}. Tozda, pesoarveenmnas mMampuya 6noAHe Heonpe-
denennoti npobaemov. momermos (1) mooicem Gvims npedcmasaena npousgedenues
mrooicumeneti Baswxe-ITomanosa

Uy (2) = bo(2) % b1(2) X -+« X bp(2), n € {NUO0}. (20)

®opwmyia (20) momy4yaercs NOCIeA0OBATEIbHBIM IPUMEHEHUEM TeOpeMbl 2.

3ameuyanue. B guccepramuu [6] Gbut0 moayydeHo aaqMTHBHOE TpEACTaBIE:
HH€ Pe30JIbBEHTHON MATPHIIbl B TEPMHHAX OPTOrOHAIbHBIX MATPHUYHBIX MHOTOYJE:
HOB. B 3r0i1 crarhe ucciesoBaHa MyJIbTHIUIMKATHBHAA CTPYKTYPa Pe30JbBeHTHOI
MaTPHIIbI, YTO SIBJISIETCS CYLIECTBEHHBIM JONOJHEHNEM K pe3ysbTaTaM JHuCCepTa:
uuu [6].
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06 ycnoBusX MPUHAIEKHOCTH TIOBEPXHOCTH TPEXMEPHO
chepe

f1.C. Tannypa
OPTHHT HAH Yxpaurw. um.B.H. Bepxuna

B pabore paccMaTpuBaroTcs yeaoBus IPH KOTOPBIX ABYyMepPHAs IOBEPXHOCTD
C BBIPOKJEHHBIM 3JJIMICOM HOPMAJILHOM KPUBM3HBI HE MPUHAIJIEKUT HAKA-
KOif TpexmepHoi cdepe.

2000 Mathematics Subject Classification 53A05.

Ecin gBymepnas nosepxnocts F?2 B 4eTBIpEXMEPHOM €BK/IHAOBOM IIPOCTPAHCTBE
E* nexxur Ha TpexmepHOi cepe S3, To ee JOKATIBLHBIE TEOMETPUUECKHE HHBA-
PUAHTBI yJIOBIETBOPSIIOT HEKOTOPHIM ycioBusM. V1 HaoBOpOT, €ciiu 9TH yCJIOBUS
BBIIIOJIHSIIOTCSL, TO moBepxHocTs F2 C S3. D1u yenosus copMyIHpoBaHs B Cie-
ayromeil Teopeme, nokasanuoit B [1, riasa 6, ¢.159]

Teopema 1 Ecau nosepznocme F? npunadaescum mpexmeproti chepe S° padu-
yca R, mo & xaoicdoli ee mouke T, 34AUNC HOPMAALHOU KPUBUIHDL BHPOHCIEN 6
ompe3ox nNpamoti, HaTOOAWEUCA HA NOCTNOAHHOM PacCmosnuy 3 = 71%- om MmouKu
z. Haobopom, ecau 344unc HOPMasbHOT KPUBUIHDL 8HLPOAHCIEH 8 OMPE3OK NPAMOT,
paccmoanue Komopot om mouku T NOCMOAHHO U PABHO [3, G 2aYCCO6a KPUGUINA
nosepzrocmu K # B2, mo F? neowcum 6 mpezmeproti chepe S° paduyca %

Taxum 06pa3oM, B BO BTOPO# YaCTH TeOpeMbl He ObLI PacCMOTpPeH Ciy4ail,

. : 2

Korya rayccosa kpuBusHa K = 2. B aroit 3ameTKe mokaxeM, 4To yciosue K # f
B 9TOW TeopeMe CYIIEeCTBEHHO. A MMEHHO, JOKaXKeM CIeAyIOULyI0 Teopemy.

Teopema 2 B esxaudosom npocmpancmee E* cywecmeyem noseprnocmo, 6
xaowcdoti mowke KOMOPoli SAAUNC HOPMAALHOT KPUBUIHOL 8HIPONCOEH 6 OMPE3ok
npamoti, HaTodAWETCA HA NOCTNOAHHOM PACCTMOARUY [3 0OM MOYKU T, U C 2GYCCo-
60t Kpueuanot K = 2, ne npunadaescawan nuxaxot chepe 5,

ITocTpoeHne TAKOM OBEPXHOCTH MPOBEAEM C IIOMOIIBIO BBIGOpa Koo durimes-
TOB 11€PBOil KBaAPATUIHON POPMBI ds? = Edu® + Gdv?, xoscbpunuenToB BTOPHIX
kBajpaTugHbix Gopm Lf; u k09 DUUIEHTOB KPYUEHUS [iog/i; YHAOBIETBODHI-
mux cucreme ypapaenuit [aycca-Koganuu-Puaun. Torga no 00001EeHHOIT Teopeme

140
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Bomne [1, rasa 4 ¢.99] um 6yseT COOTBETCTBOBATE MOBEPXHOCTH F'2, nexamast B
E*.

[Ipeanonoxum, 4ro Takas moBepxHocTb F2 cymectByer. IlycTh KOOpAUHATEHI
Ha moBepxHOCTM F'?2 M B HOPMAJIBLHOM TIOCKOCTH BbIOPaHbI CHELUATbHBIM 06pa-
30M onucaHHOM B [2] miu [1, riaBa 6. TIpu sToM HOpMan| 1) U N NapaJLIeIbHbI
0CSIM 3JUIUIICA HOPMAJIbHOM KpuBu3HBL. IlycTe o M B - KOOpAMHATBI LEHTPA 3I-
JIATICAa OTHOCUTEJIbHO JAHHOH CHCTeMbl KOoOpauHAT, a a u b ero momyocu. Torza
K03 pULIMEHTHI BTOPO# KBAAPATHIHON (DOPMBI UMEIOT BHI:

L{l = (a+a’)E’ L%Q i O, L%g = (a e G,)G,
LLI)I = ,BE, L%z = bv EG, L%z = ,BG

Ameror MecTo 4erbipe ypaBHeHUst Kojamum [iisi JBYMEpPHOH IIOBEPXHOCTH F? B
B,

o 77 i T T

ik~ Likg = trojilis = broyiLins
PIE e =025 o = 23

Kosdbdunuentsr kpydenus: pig/; 6asuca ny u ny, 0bo3HauuM Hepes v; Ilpn

HaleM BHIGOpe KOOPAMHAT TH ypABHEHHs 3aIlMChIBAIOTCA B ciedyromeM suje 1,
riaBa 6]

—%b\/EG — VEGby + BuE — (a+ a)Evy =0, (1)
——%ib\/EG e g s et o Y )
(aE)y + ayE + Evy; — bVEGY, =0, (3)
—(aG)y + auG + BGv; — bV EGr,; = 0. (4)

Hmeer mecro dopmyra Kaprana aisa rayccoBoii KpuBu3HSI [2]
K=0a?+p%-a%>-b%

Korga sn1mnc HOpMaJsibHOM KPUBU3HBI BHIPOXK/IEH B OTPE30K NMPSIMOi, MOXKEeM I10-
aoxuth b = 0. Tax kax no ycrosuio K = 2 u3 dopmyast Kaprana, creayer, 4ro
a? — a? = 0. Jlanee, pacCMOTPUM IIOBEPXHOCTH C ycioBueM a = a. Ilycrs a # 0.
YaurhiBag, b= 0, a = a, f = const u3 (1) BeBoauM, uro vy = 0. YpasHaenue (2)
BLITIOJTHEHO TOXKECTBEHHO. Y paBHeHue (3) gaer cBsa3b Mexay a U F,

D500 SH
=2 =y,
a - E
HHTErPUPYS €ro, HaXOIUM
a’E = g(u),

rie, g(u) - HekoTopas dyHKuus or u. 3MeHeHueM mapamerpa Ha 6a30Boi#t Ko-
OpJAMHATHOM U-JMHHU MOXHO a00uThesi, 4t0 g(u) = 1. Takum 0Bpazom, MOXKHO
CYUTATH, YTO




e
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U3 ypasuenus (4), noacTaBuB B HEro BhIpaKeHMe AIS @, TOJYYHUM U 4Yepe3 Ko-
3¢ duIMeHTH epBOI KBaApaTHYHON DPOPMBI.

Gy
BOVE (5)

Kax u3BectHo, koacdbpuuments kpyuenus nosepxuoctu F2 8 E4 ynosnersopsior
ypaBHEeHUI0 Puyun,

V=

o ) g e - 2abV EG.

31ech 3ansTeie 0603HAYAIOT KOBAPUAHTHbIE IPOM3BOIHBIE KOIMDMDHUIMEHTOB KPY Ye-
HH#, HO B JIAHHOM CJIy4ae MX MOXKHO 3aMEHUTH Ha OObIYHbIE IPOM3BOJHbIE. Y uU-
ThIBad, 4T0 V9 = 0,b = 0 monmy4um:

6111

v

CrezoBaTenbHo, v ABJIsIETCH HEKOTOPOU (DyHKIHME! 3aBUCALIEH TOJIBKO OT u. Y ul-
ThIBas BIpaxkeHue (5) s vy, umeem:

Gy
GVE

B nanbHeiimem MoxeM cuuTaTh, yro yHkuus f(u) 3aganna. Mcenonb3yem Takxke
ypaBHeHue I'aycca, KOTOpoe B OPTOrOHAJIBHBIX KOOPJHHATAX MMeeT CJIeLyromiuil
BUI:

= f(uw). (6)

m e (e + (2

2WEG VEG"' “VEG
W3 Boipaxkenus (6), Haxoqum V'E u nozcrapnsiem ero B ypasuenue Laycca. Ilony-
YUM HEKOTOPOE ypaBHEHME Ha ofHy pyHKuu G:

4G 41y G? — 4G 4y Gy G —10G 1y G, G+10G G2 +2G* f fu,+ GG (f2 +48°%) = 0. (1)

)u} =7 ﬂz-

Taxkum ob6pa3oMm, cucmema ypasHenuti Ha NOCMPoeHUE NOSEPTHOCTNEU F? ¢ B
maxoti, WMo AAUNC HOPMAALHOUT KPUBUIHBL GUPOHCIEH 6 OMPE3OK NPAMOU U
HATOOUMCA HA NOCTMOAHHOM PACCTMOAHUY [3 OM MOYKU T, G 2GYCCO8A KPUBUSHI
K = (2, ceesact % Ouddepenyuasbiomy ypasHerur0 6 YacmHuls NpouscodHus
mpemvezo nopadka wa 00ny Pyrxyuro G.

ITocTpOMM HEKOTOPOE YAaCTHOE PelleHwe Ipeanosaras, 4yro ¢gpynkuusa G 3asi
cur Toneko ot u: G = G(u). Torna u3 ypasuenus (7) umeem:

dr
G fr+4p%
WnTerpupys 910 BhIpaxkenue HaxoauM 4T0 G = 755y, T/Ie MOXEM CUUTATh, §10
c=1.
Bamevarue: Bonee obmiee pemeruwe 3TOro ypapHeHusi umeer Bui G =
G(u)p(v), HO ¢ MOMOMmBIO NapaMeTPU3AIMK Ha KOOPAMWHATHOM V-JIMHMN MOXKH
nobutbes uTobbl @(v) = 1.
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N3 ypasuuus (6)naxomum:

= _2f‘u
VE= e

Jltst TOro, YT06bI BHIIQJIHSIIOCH YCIOBUE MOJIOXKUTENLHOCTH v E B PEryIsapHOCTH
nosepxuoctu F2, monoxum f, < 0.

Taxkum obpasom, Bce ypasaenus [aycca-Kopauuu-Puaun, aist Janaoro Bei6o-
pa K03 UIMEHTOB NEPBOi W BTOPBIX KBaApaTW4IHBIX (PopM 1 KoddduunesTon
Kpy4eHusi BInosiHeHbl. Y o Teopeme BoHHe cymecTByeT IOBEPXHOCTh ol
KOTOpas UM COOTBeTCTBYeT. IlokaXkem Temepsb, YTO 3Ta MOBEPXHOCTH 1pu f(u) # 0
He JIEXKUT HU B Kakoit cepe S°.

Jdemma 1 . Ecau nexomopas nosepzrnocms M? C E* aescum e chepe S%, mo
HOPMAALHYITE 6EKTOP MOt NOGEPTHOCTIU HANPABAEHHBTE NO paduyc-6exmopy che-
Pol, NEPNEHOUKYAADEH OMPEIKY — BUUPOHCOCHHOMY IAAUNCY HOPMAALHOU KPUBU3-
HbL.

Jokaszarenscrso B |1, riasa 6).

Jemma 2 . Ecau nexomopas noseprnocmo M? C E* aescum 6 chepe S3, mo
HOPMAALHBLT 6EKMOP HANPABAEHHBIT O OMPEIKY — BBPONHCIEHHOMY IAAUNCY HOD-
MAADHOT KPUBU3HDL, ABAACTNCA NAPAALCABHO NEPEHOCUMBIM 6 HOPMAALHOM DAC-
CAOEHUY.

JleHCTBUTENIBHO, IyCTh Hauasuo Koopaunar E* peibpano B uenrpe cdepb 5
nr = r(u',u?) - pamnyc sexrop mosepxuocru M?. [lonoxum ng = {7, Toraa
eIMHUYHBIA BEKTOP 71, OPTONOHAJIEH K 72, Ty, Tyy2. II03TOMY €ro MOXHO 3a111CaTh
KaK BEKTOpHOe mpousBesienne B B4 arux Tpex BekTopoB.

ny = )\[T, ’I’ul,’r‘uz].
Ilo onpenenennio, KO3MOUUMEHTE KPYYEHUS fog/i = (Noyi,Ta). s gokasa-

TeJbCTBA JIeMMBl 2 HEe0OX0AUMMO MOKa3aTh, YTO K03(pHUIMeHTH KpydeHus IpU
yKa3aHHOM BbIGOpe HOpMaJsieil paBHbI HYJII0. 3aluIeMm

r
Ki2/i = (nQu‘anl) 5 A((m)uivra rularuz) =0

JlemMma 2 moka3zana.

Bepremcs Teneps K paccMarpusaemoit mopepxuoctu F2. Ilpu ee mocrpoenu
HOpPMaJIb 77 GblIa HAIIPABJIEHA BAOJIL OTPE3Ka — /UIMICA HOPMAJIbHOH KPUBH3HEI.
Ecii 611 moBepxHOCTH JIexkasia B cdepe TO COOTBETCTByOmue KodpduimenTst
KpydeHus 10 jemme 2 6otk 661 paBHBl HyJ0. Ho MbI mMeeMm crieayroniee BhIpa-
xenue B cuiy (5) u (6) ansa vy = é # 0. Tlosromy moBepxuocTh F? He nexur HU
B Kakoii cdepe, 9TO U JOKA3bIBAET TEOpeMy 2.
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3amenanue. IloBepxHOCTH ¢ MepBO# KBaApaTHYHON BOPMO
4f2
ds? = iy
(£ +4p%)2
MOXKHO TIPUBECTH K CHEpPHYECKOil MeTpukKe.
2
eficTBUTENBHO, MPOU3BEAEM 3aMeHy (77%'5257‘1"2 = dz?, nonyunm z =

Z‘;arctan(-z%), Haliiem Bhlpaskenue 11 f yepes z, umeeM f = 23 tan(Bz). U mycts
dy? = 4—§7dv2, TOT/]a METPUKA [TOBEPXHOCTHU 3AIALIETCS B BHIE

€ 2
f2+4ﬁ2dv :

ds? = dz? + cos®(Bz)dy*

ITapamerpsl ¢ u y B cdepudeckoit merpuke u3MmeHsiorcss B mnpezesnax (0, 27)
(=%, %) — cooTBeTCTBEHHO, A1 6ol hyHKIMY f.

JlokazaHHas Bbllle TeOpeMa 2, NMPE/ICTABJSIeT JIOKAJIbHbIA pe3ysbraT. B cBsasu
¢ BonpocoM 3aaaHHbIM A.A . BopuceHko, 0 BOBMOXKHOCTH MOrpyxenus: "B ueaom",
paccmoTpuM robassHbI cay4ait. Hanpumep, cymecTByer jin MOBEPXHOCTh U30-
MeTpUYHAsA HeKOTOpOl AByMepHoii chepe S? ¢ yKA3aHBIMH YCIOBUSAMH HA 3JLTHIC
HOPMAJILHOM KPMBM3HBI M HA TayCCOBY KPHBU3HY, He NMpuHaIexKanias chepe S°7
OTBer Ha 3TOT BOIPOC JaeT CleAyiolee 3aMeYaHue.

3amenanue. Cywecmeyem usomempuueckoe nozpyoicernue deymepnoti chepy
5? 6es deyz nomocnmz mouex, xpususnee K = 2 ¢ B, maxoe wmo 6 xaoicdoi
OYKE T 3AAUTC HOPMAALHOT KPUBU3HDL BBIPONCIEH 8 OMPEIOK NPAMOT, KOMOPIA
HATOOUMCA HA NOCTNOAHHOM PACCMOAHUU [ oM MOoyuKyu T, U 00pa3 NOZPYHCEHUA
He npunadesicas nuxaxoti chepe S°.

JeicrBurenbHo, nycTh f = —u, U MepBOHAYAJIbHAA METPUKA TOH IOBEPXHO-
CTH 3alUIIETCS B BUJE:

4y?

1 2
= @ rapp™

ds? 24
[ToBepxHOCTH yA0BJIETBOPSIET BCEM YCJIOBHSIM TEOPEMBl 2, & 3HAYMT OHA HE Mpi-
HaATeXuT cepe S3.

BeisichuM, 6yJeT JiM CymIecTBOBATh DPETyJsipHOe INOrpy»KeHue Beeit cdep
S? g E*. Tlpu Hamelt MeTpWKe MapaMeTpbl U ¥ U H3MEHSIOTCS B IpeJeJax
u: (—00,+00); v : (0,27), u nomocs! gocturaioTcs npu u = £00. Tak Kax, JmHa
3aMKHYTON KpUBOH u = const MpH ¥ — 00 CTPEMUTCs K HyJIIO, TO IIOCTPOCHHAA
TIOBEPXHOCTb HENMPEPHIBHA B TOYKAX, COOTBETCTBYIONMX U = £00.

Jns paibHeRero u3yYeHus peryJspHOCTH IOBEPXHOCTH B ITUX TOYKAX 3arli-
memM paaioxenne Laycca-Befiaraprena, st IOBEPXHOCTH C IEPBOiA KBaApATHHOI

dopwmoit B Buge (8) u Bropoil KBaapaTHyHOH dOPMOH B BUE:

—4du?
IIl =.551%B—§, II2 =,Bd32;

[oC/I€e MOACTAB/IEHHs 9TUX (DOPM B CUCTEMY HMeeM:
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E’)ﬁ > . SN 4 . Bu
u? T wrtrapE T wrrapE (u? + 4/32)2n2’
Brcir weriodh Pre B B
oudv  u?+4p32 LI Rl £, B ey )
ony 2 2 u ony
i S5 4 p—— —
du (’U, £ :B )ru ﬂn2a o0 0,
Oy u ong
b i ~ o "ﬂ‘nl, o, ~PBry,

rje n1 | Ny — HOpMaJiu IIOBEPXHOCTH.

PaccMoTpuM rpaccMaHoB 06pa3 IMOBEPXHOCTH BJOJIb HEKOTOPOH 3aMKHYTOMN
KpHBOM u = const, 3T0 €CTh HeKoTOpasi KpuBas B mpocrpanctse E°. Yerpemnm
KPUBYIO Ha MOJYYEHHO! NMOBEPXHOCTH K IOJIIOCY, TO eCTh, ¥ — +o0o. B mpexese
NOJTyYUM 06pa3bl MMOJIFOCHBIX TOYEK.

Haitnem aauay rpacemanosa obpasa [1, miasa 8| kpusoit u = const.

2m 27

2r
bk / 53] = / tviymaafurlrr raglldors f Bir. |dv.
0 0

0

I3 ns170ro M CempMOro ypaBHeHHi B cucTeMe Beitnraprena m u3 ypasHeHus (8)

creayer
2nf

Nk
B npeaene npu u — oo JumHa 9TOH KpuBOM paBHa Hymo. Takum obpasoM, B
ofpase IO/II0COB UMEETCsl eAMHCTBeHHAsT HOPMaJIbHAs IJIOCKOCTb.

IIposepum Oyaer i IMpUHAZIEKATH IIOBEPXHOCTh B JAHHBIX TOYKAX KJIACCY
C?. Jlna sToro HaiijieM BeKTOp cpeiHell KpuBu3HbI noepxuoctu H = H ny +
H%n,. Tak Kak, neppasi KBaApaTu4nas ¢opma (8) umeer AUaroHajJbHBIH BUJ, TO
_LIn 1%

29 ge
nonyqaem H! = —l‘fiz—‘*é—z-, H? = . Iymna storo Bekropa ly = /B2 + g____)_u2+:ﬂ2 2

[pu u — 00, lg — 00, & 3HAYUT HAIIA NOBEPXHOCTh HE NPUHAIJIEIKUT KJIACCY £

HU
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[Tocrpoenne kordOPMHOro 0TOOpasKeHUA KOIbLEBBIX
CEeKTOPOB Ha €JUHUYHBIN KPYT

.M. Aunuioros

anopooicerutl nayuonaashuti merruneckuti yrusepcumen
Yrpaura

ITocrpoeno kordOpMHOE 0TOOparKEHHE CedeHMH TOBPEXKISHHON ¥ HEroBpe-
KIEHHOM UMJIMHIPHYECKOH O0BOJIOYKM Ha eAMHUYHLIN Kpyr. Emxunoobpasue
IIOCTPOeHHuA 0TObparkeHuit 0b6enx obacTel JOCTUrAETCA ¢ MOMOLILIO IPUMe-
Henusa uHTerpana Kpucrodens-IlIsapua. Pesynsrar paborsl — nocrpoenue
dyHKIpM, MO3BOIAIONIMX HOMYYUTh PEIIEHUsS] COOTBETCTBYIOMIUX 3a0a4 Te-

OPHUH yNPYrocTu i obenx obsacTeit B CONOCTABUMBIX YCIOBUAX.
2000 Mathematics Subject Classification 30C20.

. 1. Beenenwne. IIpn usyuenuu konebauuii crepxuett |1, 2], obonouex [3| n
JPYTUX MEXaHUYECKHX OOBEKTOB C IMOBPEXKJIEHUEM HCIOIL3YIOT SMIHPHYECKYI
KoHIenuuoo "aermameit TpemuEel". B paMkKax 3TONW KOHUENIUH [OJIAraior, 49To
| JKECTKOCTh KOHCTPYKLUU B MOMEHT PACKPBLITHSI TPEIIUHBI CKAYK00OPa3HO yMeHb-
i IIAETCH, & IIPH CMBIKAHUYU OE€PEeroB TPEIUHBI BOCCTAHABINBAET CBOE IIEPBOHAYATD-
Hoe 3HadeHue. COOTBETCTBEHHO, Kojie0aHHsi OKA3bIBAIOTCS HEJMHEHHbIMH, H HX
napamerpbl (HapUMep, aMIUIMTY/bl FADMOHHMK CIIEKTpa KosiebaHuit) orpejes-
IOTCS TOJIBKO OTHOCHUTEJIbHBIM YMEHbBIIIEHHEM KECTKOCTH. BenudyuHa oTHOCHTE b
HOrO YMEHBIIEHUsI KECTKOCTH, B CBOIO OYEpeib, 3aBUCUT OT PACIIOIOXKeHUsA, op-
MBI B Pa3MEPOB TPEIIUHEI. IIPaKTUYECKH JKe Ty BEIUYHHY ONPENEITI0T KOCBEHHO:
9KCIEPHUMEHTAIbHO U3MEPAIOT OTHOCHTEIbHOE YMEHbIICHUE YaCTOThI COOCTBEHHbIX
KosiebaHutt, 06yCJIOBJIEHHOE BO3HUKHOBEHHEM TPEIIWHBI. Pe3ynbTaTbl TaKuX 9KC-
[IEPUMEHTOB sl CTepyKHel u3BecTHB! [4], ogHako opMaIbHOe PACIPOCTPaHEHH e
i | THUX PE3YJILTATOB Ha 000JOYKU HE MO3BOJISIET yYECTh BJINAHNE KPUBU3HBI CPeJIHH-
HOI TIOBEPXHOCTU HA BO3HUKAIOUIUE HeJUHEHHbIe 3D DEKTHI.

AnbTepHATUBON TAKOMY TIOAXOAY SABJIAETCS PellieHue COOTBETCTBYIOIIMX 33l
TEOPUM YNPYTOCTH M TMOCIEAYIOWMI aHAIU3 MOoJIeil HaNpsyXKeHUu| 1 nepeMenieHui.
§ OuH U3 METOIOB pelIeHus TAKUX 3aJa4 JJs AByMepHbIX obiacreif paspaborad b
i [5]. B ciiygae opsocBsi3HBIX ObsacTeit 3TOT MeTOZ TPeOyeT NOCTPOeHH byHKIHH,
KOH(MOPMHO oToOparkaromei 3aJaHHy0 00J1aCTh Ha eUHUIHBIA KPYT.

Jlna OUeHKH yMeHbIIEHHs YKECTKOCTH HeoOXOAMMO CPaBHUTH PelleHud ABYyX
rpaHUYHBIX 3aJa4 [UIsl ABYX PA3IMYHBIX obsiacTeit — COOTBETCTBYMOIIMX OTCYT-
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ITocTpoenue kordOPMHOrO 0TOOpaKEHUA

crBUIO U HasM4mio nospexaenud. Obe oty 3a7aum yJ00HO pemarh B COIOCTA- -
BUMBIX ycioBusx. [Tosromy kenarenbHo n06uthesi eluHOOOpa3usd INPH HOCTPOE-

HIH PyHKUMHA, KOHMOPMHO 0TOOParKAIOMKUX KaXK Y0 U3 obacTeil Ha e HHIIHbIH

kpyr. [Ipeacrasisiercs renecoobpa3HbiM B KayecTBe HHCTPYMEHTa, 00ecreynBaro-

mero Takoe eauHoobpasue, ucnosb3osarh unrerpasn Kpucrogena-IIsapna. Kax

ykaspiBaercsi B (6], orcyrcrBue obiiero crocoba ornpejiesleHud 1apaMeTpoB 3TOr0

npeofpazopanua "...ymanser upakTuyeckoe 3uadenue dopmyssr Kpucrodens-

[lIBapua". Tem He MeHee, B pacCMATPUBAEMOM CIy4ae 3Ty TPYIAHOCTb yJaETCA

NpPeoioJIeTh, MPUYEM MPAKTHYECKH OJUHAKOBBIM CIIOCOGOM /st KaxKaoh u3 obma-

CTei.

TakuMm ob6pa3oM, Haia 3aJada 3aKJ/IOYaeTCs B HCIOIB30BAHHM HMHTErpalia
Kpucrodens-IlIsapua ais nocrpoenuss pyHKImA, KOHGOPMHO OTOOpaXKAIOMIMX
JBe pa3muHBle 06IacTH Ha equuEuHblit Kpyr. Jdaee 6yaem canrars, 4ro (Ta wim
uHas1) 00J1ACTh JIEXKUT B IJIOCKOCTH KOMIUIEKCHOTO IIEPEMEHHOTO 2, a €UHHYHbIHA
KPyr — B IUIOCKOCTH KOMILIEKCHOTO nepemerHoro (. ITosTomy Haxox/eHHIo moj-
nexar pysxuun z = w(().

2. ITocranoBka 3agauu. [lycrs umeercs UHIMHAPUYECKas 000JI09Ka paauy-
ca a v TonuuHbl A (puc. 1), usrubaemMasi MOMEHTOM, PABHOMEPHO PaClipe/e/IEHHbIM
BJIOJIb KOHTYPHBIX 06pasyronmx. Jljis J0CTaTOYHO AIMHHBIX 0607104€eK, npesebpe-

e

Puc. 1: Bo3HUKHOBEHME KOJIBIIEBOIO CEKTOPA

X

rasi KpaeBbIMHU 3(pdeKTaMu, MOXKHO CIATATH, YTO HANPSKEHHO-1e(OPMHUPOBAHHOE
COCTOSIHME ABJIAETCA COCTOSTHUEM IUIOCKOM gedopmanuu (OTCYTCTBYIOT CMELeHHA
ToueK BAOAL ocu z ). Torga mM3ydeHHe ITOTO COCTOAHHUA CBOAMTCA K PEIICHHIO
3a/Jla9¥ T€OPUU YHPYTOCTH JJIS 3/JIeMEHTa NMPOU3BOILHON MaJsoit Tommunbl Al, Bbl-
pe3aemMoro 3 0600YKH IJIOCKOCTAME T = Zg U T = Zg + Al. Takum obpasom,
nepBasi 00J1aCTb, KOTOPYIO HY»XHO KOH(POPMHO 0TOOPa3HuTh Ha €JUHHYIHBIA KPYT,
ABJIAETCS ce4eHueM 060/I09KH IIIOCKOCTBIO & = const U MpeAcTaBiIgeT cobolt Kotb-
nesoit cexTop ¢ paguycamu Ry = a — h/2 u Ry = a + h/2. Henrpanbseiit yron
9TOr0 CeKTopa OyAeM CYUTATh PABHBIM Ymaz-

Paccmorpum Tenepb 060/104Ky € NOBpEXKJEHHEM B BHJE TPEIMHbI rTyOHHOM
h1, PACIIOJIOKEHHOM Ha BBITYKJIOH TTOBEPXHOCTH BJo/b Hanpasnenns NN (puc. 1).
AHaJOTHYHBIE PACCYy’KAE€HHus IPUBOASAT HAC K BBISBJIEHHIO (DOPMBI BTOPO# 06J1a-
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cri, Tpebyiomeli MoCTpoeHUst KOH(MOPMHOTO 0TOGPAsKEHUS — KOIBIEBOIO CEKTOPA
¢ BoIpe3oM (puc. 2). Bsipes npencrasiser coboit Takyke KOIBIEBOH CEKTOP, HO C

Puc. 2: KonblieBoit CeKTOP ¢ BLIPE30M

paauycamu Rz = Ry — hy u Rs u ueHTpaibHbiM yriom A,

3. Cayuaii cekropa 6e3 Bbipe3a. Cravasa 0T06pa3uM NPSIMOYTOIBHUK B
IJIOCKOCTH HEKOTOPOI'0 MPOMEXKYTOYHOTO KOMILIEKCHOTO IIEPEMEHHOr0 X Ha elu-
HOYHBIM KPYT B IUIOCKOCTU (, & 3aTéM — KOJbIEBOH CeKTOp 6e3 BhIpe3a Ha 3TOT
IPSIMOYTOJIbHHK.

ITocTpouM KOMIO3UIMIO APOBHO-JIMHEHHOTO 1Peobpa3oBaHud, 0TOOPaKaomIC-
ro BEPXHIOI MOJNYIUIOCKOCTh Ha eJUHHYHLI Kpyr, u uHrerpaina Kpucrodens-
IIsapua, 0ToOparkaoniero NPSMOYroJIbHAK Ha BEPXHIOK MOJIYIIOCKOCTh:

] x(¢) = Z szll ( ” E—J)_ ac' (1)

3nech (! — Tekymas nepeMeHHasi WHTErPHUPOBAHUS, NPAYEM IYTh UHTEIPUPOBA-
HHsI He JOJI’KeH BBIBOAMTH 3a Tpeenbl enunumdnoro kpyra |[¢| < 1. 3nauenue
nokazaTeJisi CTeneHu obecredyuBaeT PABEHCTBO BCEX BHYTPEHHMX YIVIOB BEJIMYUMHE
7/2. Toukn (; = ezxp(if;) — npoobpasel Oy/yluX BEPUINH NPSMOYTONbHUKA. C
TOYHOCTBIO JIO JIMHEHHOro Npeobpa3oBaHus ITOT NPSMOYTONBLHEK 0baaaaer o/Hoil
reoOMeTPUYECKOH CTeneHbio cBo6Ob! -~ OTHOLIEHHEM € I cTopoH. C Apyro# cro-
POHBI, KaK H3BECTHO u3 Teopuu unrerpana Kpucrodens-IlIsapua [6], mpooGpassi
Tpéx mobbIX BepumH (akTHyecKu — Tpu JobbIX yria 6 u3 HeThIPEX) MOryr
6BITH BHIOPAHBI 0 M3BECTHOHN CTENEHU IPOU3BONILHO (Mib ObI cpeau HUX He Obl-
JI0 OIMHAKOBBIX) ¥ 3a]UKCHPOBAHLI, & TPeOYeMOro OTHOLICHMS JAJIMH BCEX CTOPOH
MOXKHO JOOHTBHCS, BAPbUPYs OCTAJbHBIE YIVIBI (B HalIeM CjIydae — OAMH M3 YIJOB
6;). HeynobcTBO TAKOro MOAXOAA COCTOHT B TOM, YTO NPH U3MEHEHHH 3TOrO yI/a,
HapALy C OTHOLIEHWEM €, U3MEHSIeTCs TaK)Ke OPHUEeHTAllUsi NPSMOYrojbHUKA Ha
wiockocTH . Bosee yo06HBIM TpeCTaBAAETCS M3MEHSTh BCe YIVIbl 0, TOIOXKNB

8, = 6 + (~1)*1 . A9 (puc. 3). Yrmet 6\ = —r/4+j-7/2, j =1,2,3,4, mpw
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Puc. 3: K oTob6pax«eHuo NpsiMOYyroJibHAUKA HA €IMHUYHBIA KPYT

HUMAIOTCsl B KA9€CTBE HAYAJbHBIX HpuO/xenuit. B aToM ciyyae He3aBUCHMBIM
CHOBa SIBJISIETCSl €AMHCTBEeHHbIA napamerp — Af. Byjaem HasbIBaTh €ro yrioBBIM
npupamenuem. Ha unrepsane —7n/4 < A6 < ©/4 orHowenue € = yo/zo (Benn-
YHHBI T ¥ Yo BBEAEHbI HA PUC. 3) CTOPOH MPSIMOYTOJIbHUKA SIBJISIETCSI, OYEBUIHO,
MOHOTOHHO# ¥ HENpPEepBLIBHON (DyHKIUHUEH YIVIOBOrO HPHUPAIIEHUS, T09TOMY HaXO-
KjaeHue Tpedyemoro 3Hadenus A6 110 U3BECTHOMY OTHOLICHUIO € CTOPOH ABNAETCS
3ajiadeil, paspemumoi ogHo3HauHO. K€ peuienne Jierko moiayduTh 0b6o#t urepa-
TUBHO# Tpoueaypolt, Hanpumep, auxoromueii. IToce Haxoxaenus Heob6xoauMoit
BesuuuHbl A6 yIII0BOrO NpUpAINEHUs] OKA3bIBAIOTCS ONPeJe/IEHHBIMU TaKXKe 1 BCe
gersipe yriia 6, a BMecTe ¢ HUMH — U npeobpazosanue (1).

ITpenmyIecTBO PACCMOTPEHHOrC CIOCO0a PACIIOIOXKeHUs TPoobpa30B BEPIIUH
COCTOMT B TOM, 94TO KO3(MUIMEHTHl PA3/I0XKEHHs! TOABIHTETPATBHON (DYHKINA B
(1) B crenenHoit psig 1o cremneHsaM ( OKa3bIBAIOTCS JeHCTBUTEIbHBIMU YHC/IAMH.
B ckazannoMm Jjierko ybeaurbcs, paccMarpuBast GOpMYIIbl sl BEIYHC/IEHHs 9TUX
koapduuuenTos. [Tomydum atu dpopmy/sl B pamkax Oosiee mogpoOHOr0 ONMMCAHKS
BblaucIeHust uaTerpasa (1).

0603Ha4MM COMHOXKUTEIH B MOABIHTErpasibHON yHKIMK naTerpana (1) yepes
£i(¢") = (1 = ¢'/¢;) "2 . Pasnoxeune dbyuxmuu f(z) = (1 — 2)~Y/2 B crenennoit
psJL UMeeT BUJ

o o] n
1
= A n = = o N.
=Y Anz®,  Ag=1, An (1 %), e
n=0 k=1
Pazmyc cxopumocTu 3T0Oro psina papeH

i Todape Y b
(nl—l-)rg:: A, ) Tds

Tockonbky anisi Touex (' eaummanoro kpyra |¢'/¢;| = |¢('e™%| = 1, To upuse-
JIEHHOe Pa3JI0’KEHUEe MOXKET ObITh IMPUMEHEHO K KaXKJOMY COMHOXKMTENO f; mpu
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BBINOJTHEHUH ToAcTaHoBKU 2 = ('/(;. IIpu sToM MBI 6yseM monydaTs psfbl, pas-
HOMEPHO CXOJSIIIUECs: BHYTPH eJUHUYHOro Kpyra [¢’| < 1.

B nogpmTerpasbHoit pyrkumu (1) crpynnupyem COMHOXHUTEH, COOTBETCTBY-
omue yriaay 65, CHMMETPHYHO PACIO/IOXKEHHbIM OTHOCHTENbHO och Re(. Hanpu-
Mep, paccCMOTpuUM npousseneHue fifq. YuursiBad, uro 04 = 27 — 61, umeeM

fi-fa= Z A, ((')" e~ ind1 Z A, ((f)" oHind

n=0 n=0
Bocnons3oBaBmucs hopMyioi

M

o0 o0 n
Z Gt Z by = Z (z” . Zakbn_k) +o (zM)
k=0

n=0 n=0 n=0

[IEPEMHOXKEHHS PAIOB, MOJIYYUM

M
fi-fa=) _ Pu- () +o ((C')M) .
n=0
31ecs 0603HAYEHO
e i AkAn_kei("—%)o‘ .
k=0
Hecnoxuble npeobpa3oBaHus BhIpaXKeHHusi 1isi K03 durmenToB P, npuBoIaT K

cneayomuM pesyasrataM. Ecm n = 0, To P, = Py = A = 1. Ecm n — uérnoe
MOJIOXKUTEJIBLHOE, TO

n—2

2
P, =2 ApAn_xcos(n —2k)6: + A7, .
k=0

Ecnan n veuérHO, TO

n—1

i B
P, =2 ApAn_jcos(n — 2k):.
=0

Amnajorudso

M
farfs =3 Qu- ()" +o(()™).
n=0
Kosdbdumuents @, MOTYT GbITH BEITHCIEHBI 1O TEM 2Ke (POpMyJIaM, ITO U K03+
dbunuenTH P, TOMBKO BMECTO yrira ) ciiefyer uCrnoib30BaTh yroJ 05, 0, = m—0;. ‘
TIpu nepemHOXeHuu npoussesennit fify u fof3 nonydaem

ﬁfa' (€)= JXWZDn ()" +o(€)™)

n=0
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31ech
n
Dn = Z Pan—k-
k=0

Torma, MHTErpUPYS MOYJIEHHO, C TOYHOCTBIO A0 CJIAraeMbIX MOPAIKA O ((( ! )M 'H)

noJIy 9aeM
M+1

x() = Z xn¢",
n=1

rae
Dn—l

An-—— .
n

Cumemenne HyMmepanuyn ko3 duuuento D, Ha €JUHUIY TIPOUCXOLUT B IPOIECCEe
HAXOXKJeHus! IepBo06pa3Hoi B unrerpaie (1). YaursiBas npesesbl HHTErPHPOBa-
nust 8 (1), B paznoxkenuu x(¢) mor nonoxmwiu xo = 0. Koadbdunuenter x,, Kak
BU/MM, OKA3aJIMCh JEHCTBUTENbHBIMA YucaaMu. VM3 9TOro, B 4acTHOCTH, CIeLy-
€T, 9TO CTOPOHLI MPSMOYIOJBHUKA, [IOJYYEHHOTO B IUIOCKOCTH X, NapaJiiesibHbl
KOOP/IMHATHBIM OCSIM B 3TOM IIOCKOCTH npy jiobom 3uadernn Af. IlenTp npsamo-
YrOJIbHUKA TIPH 3TOM coBnagaer ¢ Toukoil ¥ = 0. CiesoBaTesbHO, KOODAUHATHI
XapaKTepHbIX ToueK paBHbl To = Rex(Cy), Yo = Ix((us). 3mech |G| = |Cux| = 1,
a arg (s, arg (e — MPOM3BOIbHBLIE YIiibl U3 uHTepBaioB (—01; #1), (61; 62) co-
orsercTBeHHO. IlpakTHyecku ymo6HO B3siTh 3T yribl paBabiMu 0 u m/2. Torma
OTHOIUIEHWE JJINH CTOPOH MPSIMOYIOJBHMKA,

_ Im x()
T Rex(l)’

9TO COOTHOUIEHME FABJISETCS] KOHKpeTH3arueil ¢yHKIuu
e = g(A). (2)

BaBucumocts €(Af) umeer MecTo, MOCKOIbKY KoaddumuenTel Py, 3aBucaT oT yria
0, = w/4 + A8, a koapdbunments @, 3aBucar or yra ; = 3r/4 — Af. I'padux
dbyukuuu (2) npeacrasien wa puc. 4 (yriosoe npupamnienne Af BHIpaXKeHo B yT-
70BBIX rpajycax). IIpu pacyerax Beau4YHHBI € B PA3JIOKEHUH IIOJLIHTErPATbHOM
byukuuu (1) B crenernoit psg yaepxano 10 craraemsix (toukn) u 200 ciarae-
Mbix (cruiomHas swmaust). JlasibHeiinee yBeqndeHne KOJIMYECTBA yAEPKHUBAEMBIX
ClaraeMblX K BU3yaJIbHBIM OTIMuusiM rpadukoB B unrepsane 0 < Af < 42° yxe
He TPUBOJAT.

st orobparkeHuss KOJIBIEBOro CeKTopa 6e3 BhIpPe3a Ha NOTy4YeHHBIH MpSMO-
YPOJBHUK OCYLIECTBAM OKOHYATENbHOEe ITpeoOpa3oBaHue BHJIA

z = CePx. (3)

3necs C u B — HEKOTOpBIE AEUCTBUTEILHDIE TIOJIOKUTE/IbHbIE KOHCTAHTBI. IIpeot-
pasoBanue (3) orobpaxaer TOYKM z = Ry, 2 = Ry, 2 = Ry - et¥maz/2 ya Touky
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A B

Puc. 4: 3aBUCUMOCTL OTHOIIEHUS] CTOPOH NPSAMOYTOJBLHUKA OT YTJIOBOIO MPHpa-
[IEHUs

X = Zg, X = —To, X = T + 1Yo COOTBETCTBEHHO. DTH TPH YCJIOBUsI JOCTABJISAIT
HaM CHCTEMY YpPaBHEHUH

CePo
CeP2o
C eB(@o+iyo)

YuureiBas, 4to Ry — Ry = h u %(Rl + Ry) = a, u 0603HaYasT OTHOCHTEIbHYK
TOJIMHY 4Yepe3 a = h/a, U3 9TOi CUCTEMBbI HAXOAUM ‘

Ymaz

n(22)

a

E =

C=ay1-a?/4, ,B=¢—m23:-.

2y0

Takum obpaszom, byskmust z = w(() A1 CIydas KOIbIEBOro cekropa G6e3
BBIPE32a IIOCTPOEHA B BHJE KOMIO3uluy npeobpasosanuit (1) u (3), npudém Bbipa-
enus ans napamerpos C, B npeobpasosanus (3) momydens B sBuoM Buze (5), a
napamerp Af npeobpasosanus (1) MoxkeT GBITH ONpe/e/IEH KaK PelIeHne ypasHe-
uus (2). Pemasi 970 ypaBHeHue, B JI€BO# YaCTH CI€AyeT HCIOIL30BATH 3HAYEIHHE
€, mocraBisieMoe BhipakenueMm (4). DTo MO3BOJSIET NP OCYIECTBJIEHNH MPeod-
pasopanus (1) NosyYUTH NPAMOYrOTEHUK MMEHHO C TAKMUM OTHOIIEHHWEM CTOPOH,
KOTOpOE FapaHTHUPYeT MOJTydYeHHe KOIbLUEBOro CeKTOPa ¢ HaNepé/l 33/1aHHbIMK Md-
paMeTpaMu a, &, Pmegy NPU OCYIIECTBIEHUH NOCIEAYIOWEro npeobpazosanus (3).




0T

O
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ITocrpoenne xoudopmHOro orobpakenus

4. Ciny4ait cekropa ¢ Beipe3om. CrHauasia oTo6pa3uM HEBBITYKJIBIA BOCH-
MUYTOJIbHUK B [JIOCKOCTH HEKOTOPOTO MPOMENKYTOYHOTO KOMIUIEKCHOI'O IepeMeH-
HOT'O X Ha €AMHUYHBIN KPYT B IJIOCKOCTH (, & 3aTeM — KOJILLIEBOM CEKTOD C BHIPE30M
HA 9TOT BOCHMHYTOJIbHUK.

ITpumem Teneps KOMNO3ULKIO APOOHO-TMHEAHOrO IPeobpa30BaHusa U HHTEIPa-
na Kpucrodensa-11Isapua B Buze:

Touxu (; = exp(ib;), j = 7,8 — 1poobpa3bl BEPIUKUH C BHYTPEHHUMH yriaamu 3 /2,
a BHYTPEHHHE yIUibl IIPH OCTATBHBIX IECTH BEPIIMHAX, KaK U [IPeXK e, PaBHbI /2.
[lepBoHaYAIbHO OIOKUM

6 = n/8+j-m/4, i=1,2,..,7, 6 = /8.

leomeTpusa BO3HMKAIOLIETO NPU 3TOM BOoChMuyronapbHuka AB...H onuchiBaercs
CTeIYIOMMME NATHI0 XapaKTePHBIMHM KOOPAWHATAMU: Z1, T2, T3, Y1, Y2 (puc. 5).
Bocemuyrompuuk AB ... H ¢ To4HOCTHIO A0 JuHEHHOro npeobpasoBanus obia-

Am ¢
Imy
c Y1 B8
Y2 H A
—>Re
X X %] F x
) ey E

Puc. 5: K orobparkeHut0 BOCBMUYTOIbHIKA Ha €IMHUIHBIA KPYyT

Jaer TpeMs reOMeTprUuYeCKUMU CTENeHaMH CBO60,I];bI. ﬂeﬁCTBKTeﬂbHO, OTHOILIIEHU I
JIFOOBIX €ro JIMHEHHBIX pa3MepoB TOJHOCTBIO ONPEAEIATCA TpeMs BeJIMYMHAMH

CD VAT AH"  zg—as WGHY, Y2 (7)

HEBE Ve A B T b FADD o

BenuuuHa €1 aHAJOIMYHA BEJUUUHE € IPEeAbIAYIEro IMyHKTa, BEJIMINHA €2 ONHU-
CBIBAET OTHOCHTE/IBHYIO IiIyOHHY, a €3 — OTHOCHTEJIbHYIO [mpuHy Bhipesa. ITosro-
My /151 ynipasjienust (hopMOii BOCEMUYTOJIBHUKA CJIeJlyeT OPraHu30BaTh CMEIIEHHe
TOYeK 6§ C MOMOWIBIO TPEX HE3ABHCHMBbIX yIJIOBBIX MpHPAIEHUH Aby, Ay, Abs.
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C mesbio COXpaHEHUS BEUIECTBEHHOCTH KOMDMUIMCHTOB Pa3/IOXKEHUs TObIHTE-
rpasibHOM pyrkiun B (6) B cTeneHHON psij CHOBA Pa3sMeCTUM TOYKHU 6, cummer-
pudHO oTHOCHTENNLHO ocu Re ¢ (puc. 5), nonoxxus

05 =00 + 06, 6, =6+ 20, 0,=00 + 06,
0, =00 — A8,  05=0" —N6,  65=06 — A6

0) H(0 m
Yrusl 0:(3 ), 9£ ) ocrasum HecMernéHHbIME U dukcupyem. [Ipu rakum o6pasom omnpe-
JeEHHBIX yriax 6,60, . . ., 05 xapakTepHble KOOPAUHATHI MOTYT OBITH BBIUYUCICHBI,
HaIpUMep, CJIEAYIOMUM 06pa3om

z1 = Re X(_1)7 T2 = Re x (ei.ﬁt_oz) ’ z3 = Re X(l)a

% 02 +03 )
b

- 8g+61
y1=Imx(e 2 y2=Imx(e" 5 )

Baecs x(¢) - dyHkums, 3Ha9eHHsT KOTOPOl MOXKHO BBIYMCIUTB, pasjaras HHTE-
rpa (6) B crenenHON psiJi aHAJIOTUYHO M3JIOXKEHHOMY B peabiaymeM nynkre, [1o
npuYKHe NosiBjieHust npoobpaszos exp(if;), exp(ifg) paccykIeHnus ciieiyeT Jonoi-
HUTH aHAMM30M comuoxkuTens g(z) = (1 — z)*1/2. Coorrercrrytommit crenesHof |
Pl UMEEeT BUL

o0
g(x) =3 " Baahit' By =1,
n=0

Ero paguyc cXoquMoCTH Tak»Ke PaBeH €QuHHUIE.
Teneps, yunrsiBas (7), MOXKHO CIMTATh, YTO OHpEAEIeHb! (DYHKIUN

€1 = €1(A0,A0;,A03);
gg = e2(A6), A0y, Abs); (8)
e3 = €3(A6,, A6z, A3).

Pemmenue 3TO# CHCTeMB! NIPU 3aaHHBIX JIEBBIX YACTAX JOCTABUT HaM Tpebyemble
3HAYEHMsI YIVIOBBIX NPUPAIIEHUH, T.6. KOHKpeTH3upyer npeobpasosannc (6).

Jlns orobpaskeHus KOIBLIEBOrO CEKTOpPa C BBIPE30M Ha IOJIYUeHHbIH BOCHLMHU-
YTOJILHUK OCYIIECTBAM OKOHYAaTe/NbHOe mpeobpa3oBanue BHIA

!
z=C'éPx (9)
Bmech C' u ' - HeKOTOpBIE AEHCTBUTEBHBIE IIOJOXKUTENbHbIE KOHCTAHTHL
Ipeo6pasosanme (9) orobpaxaer Touku z = Ry, z = R3, z = Ry - eBv/2,
z = Ry - e"¥mes/2 ya toukm x = z1, X = 23, X = T2 + iy, X = T2 + Y1 O
OTBETCTBEHHO. DTU YeTbipe YCJIOBUsI JOCTABJIAIOT HaM CHCTEMY ypPaBHEHUI
!
Clefr, = ol
’
Clef®., =" Ry, i
Cleﬂl(xz+ty2) sy R2€1' 7
Clef@tiv) = Rl ™%*
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Hcnonsays (7), u ob6o3nauasi OTHOCUTENbHYIO INiybUHY Bhipesa uepes 7y = hy/h,
U3 3TOH CHCTEMBI HAXOIUM

Ymaz In mfl———fﬂ o Ay (10)

&l F S TR R0t €3 =
In (32’ In (%:2) Ymas’
a TaKXKe
"/)ma:c ’ 2a
g O =T G

Takum obpazom, dyHkuust z = w(() A5 Caydasi KOJbUEBOIO CEKTOPA C Bbi-
pe3oM IIOCTPOeHa B BHAE KOMIO3MIUU npeobpasosanuit (6) u (9), npuuem BbI-
paxenus st napamerpos C’, B’ npeobpasosanus (9) mosyueHbl B SIBHOM BH/E
(11), a mapamerpsr Af;, Ay, Af3 npeobpazosanus (6) MoryT ObITH ONIpeEsIEeHbI
Kak pemenue cucrems! (8). Pemas a1y cucreMmy, B JIeBOM YacTH CJieyeT UCIOIb-
30BaTh 3HAYEHUsl £, €9, €3, AOCTaBIAAeMble BhipaxeHusmu (10). Dro mossonser
Ip4 OCyuiecTBIeHUH npeobpasoBanua (6) MOIyYuTh HEBBIMYKJIBIH BOCHMHUYTOIb-
HUK MMEHHO C TAKHMHU OTHOUIEHUSIMH CTOPOH, KOTOPbI€ IMAPAHTUPYIOT IOJIyYeHHe
KOJIBL[EBOTO CEKTOPA ¢ HAIepE 33JaHHBIMU IAPAMETPAMH @, &, Ymaz, 7Y, A1) IpK
OCYIIECTBJIEHAY OCeyIomero npeobpasosanus (9).

5. 3ame4yanne K HAXOXKJAEHUIO yrjoBbix npupamenuii. Cucrema (8), B
oTIMYMe OT ypaBHeHus (2), UMeeT He eJUMHCTBEHHOe peiueHue. JleMCTBUTEHHO,
nycth Tpoiika (Af7, Af3, Af3) — nekoropoe pemenue cucrems! (8). Toraa Tpoiika
(A6, AO3 + /4, AG; — w/4) ~ TakKe peleHHe, NOCKOJIbLKY IIPH MEPEXoje OT 1ep-
BOIf TPOIKHU KO BTOPOH MPOMCXOAUT TOJIBKO B3auMo3amena yrios 0y u 6. Ilogbin-
rerpasibias Gyukuus B (6) npu sToM He n3mensiercs. CoOTBETCTBEHHO, OCTAIOTCH
NPEeXXHUMU 3HAYCHUS] XaPAKTEPHbIX KOOPPAUHAT 1, L2, T3, Y1, Y2, & CIeJ0BATE/b-
10 — U 3HAYEHHs] OTHOLIEHUH £1, €2, £3.

Mbl, OHAKO, BIOJHE MOXKEM OTDAHWYUTHCH HAXOXKIEHHEM XOTs Obl KaKoro-
HubyabL oxHOro pemenusi cucreMmb! (8). Ilpu 3ToM, M3MeHssT B Xoe HTEPaTHUBHOM
IpolleAyPhl 3HAYEHHUS YTJIOBBIX Mpupanienndi, HeoOX0AMMO CJIeUTE 33 BBITIOJIHE-
nieM HepaseHcTB 0 < g < 6y < 03 < 63, mim

0< 6 + A6, <8 + A6, < 00 + 265 < 65.

BrimosHenue 3THX HEPABEHCTB 0OeCIeYHBaeT COXPAHEHUE IOPSAKa CJIeIOBAHHUA
npoobpaszos BepmuH mpu obxoxe Kourypa |(| = 1. [Toaromy, uameHss yrioBblie
IPHPAINEHHs! C BBIOJIHEHHEM 3THX HEPABEHCTB, Mbl MOXKEM OCTABATHCS HA TOU
xe BerBu peurenus cucremsl (8). Kpome Toro, HapyiieHue STUX HEPABEHCTB MO-
JKeT TIPUBECTH K HEJOIYCTUMOMY MCKazKeHuIo popMbl BoChbMHyrosbHuKa. [Iycrs,
HaIpHUMep, 0K23aJ10Ch, YTO IPU HEKOTOPBIX 3HAYEHUAX yIJIOBBIX NPHUPAIIECHN BbI-
nosmeno HepaseHcTBO 0 < 0] < O3 < 62 < 63. Pesynprar Takoro HapymeHud
~ 06pa30BaHUC HEBBLITYKJIOTO BOCBMUYTOJIbHHUKA, HO YK€ He C Bbipe3oM, a ¢ "Ha-
pocrom". @opMaIbHO TaKasl CATYANUsl ONMHMCHLIBACTCS OTPUIATEIbHBIM 3HAYEHHEM
OTHOCUTEIbHOM TIyOWHBI 7y BBIpE3a.
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6. O6 obparHom orobparkenun. Koneunoii nebio mocrpoenus: dbyHKImi

z = w(() (12)

SBJISIETCS] AHAJIN3 HANPSKEHHO-1eDOPMUPOBAHHOTO COCTOSHHUS B MPOU3BOJILHOM
Harepé 3aJlaHHOH TOYKe 2, KOJBLIEBOrO CeKTOpa. I109ToMy HEOOXOZUMO PEeInTH
ypaBHenue (12) nmpu z = z, ua muoxecrse |[(| < 1. O4eBuaHO, 3TO peuienue cy-
IEeCTByeT ¥ eQUMHCTBEHHO B CHJIy KOH(OPMHOCTH oToOparkenusi. IlocTpoum ure-
PAIMOHHBIN IUAr PEMIeHUs] STOr0 YPABHEHMUS.

IMycts (o — npesiayuee, a {3 = (o + p + 1q — MocaeAyIOUIee NPUOIKEHIE.
Iycts 21 = w((1). Pacemorpum dynkumio L(p, q) = 4 |z1 — z,|>. Benmunsel p, g
onpeaeauM U3 ycaoBus L — min, NPUBOASAIIEro K CHCTEME

.= 0
pLmY Ih (13)
-5‘; = 2

OTa cucTeMa OKA3bIBAETCs CAMMIKOM I'PDOMO3JKOM, MOITOMY BEIMYMHY 2; OyJAcM
BBIYHMCIATD NPUGIHKEHHO, UCIOIL3YS TONBKO JIMHEHHbIN YiIeH Pa3/IoyKeHNd PYyHK-
muu w(¢) B crenenHoit psix: 21 = w((o) + w'(¢o)(p + iq). IIpu sTom cucrema (13)
OKa3bIBAETCS JIMHEUHON OTHOCHUTENBHO MCKOMBIX MONPaBOK P, ¢. Ilockosmbky oTo-
Hpaxenus: z = w(() xoudopmusl, T0 W' (¢) # 0 BCIOAY BHYTPHU €JUHHYHOIO Kpyra
B miockocTu (. Mcxoas w3 aToro, jerko nokasarh, 4ro cucrema (13) saBuisiercs
HEBBIPOXK/IEHHOM, U 1109TOMY €€ peuenue (p,q) CyUIeCTByeT ¥ eIMHCTBEHHO.

7. BeiBoapl. Takum o6pa3om, B HacToAIIEH paboTe MOCTPOEHB! (DYyHKIIUN, KOH-
dopmHO oTObOparkalolme CeYeHUe MOBPEXKAEHHON M HEMOBPEXKAEHHOH 060s1049eK
Ha eguHudHb Kpyr. [lomyyennsie pe3yssTraThl IPUTOAHb! )1 MOCTPOEHUA Perie-
HHH COOTBETCTBYIOIUX 33/a4 TEOPUM YIPYLOCTH W IIPOBEJEHUS aHAIU3a I10Jed
nepeMeleHnii C [eJIbIo ONpe/eseHus] BIAUsIHIS BbIpe3a Ha ociabiienue xKECTKOCTH
060I0YKH.
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In this paper we classify those finite metric spaces K which provide the
Banach space Lip(K) of all real functions on K with the alternative
Daugavet property or, equivalently, with the property that the numerical
index n(Lip(K)) equals 1. Also, we characterize those metric spaces K for
which Lip(K) is isometric to I7. '
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1. Introduction

It was shown by LK. Daugavet in 1963 [1] that every compact operator T' on
C[0, 1] satisfies the equation

I1d+T|| =1+ T} (1)

which has become known as the Daugavet equation. Over the years, (1) has been
extended to larger classes of operators on various spaces. Following [6] we say
that ‘

Definition 1 A Banach space X satisfies the Daugavet property (X € DPr) if
every I1-dimensional operator T: X — X satisfies the Daugavet equation.

Then all weakly compact operators also satisfy the Daugavet equation. The
Daugavet property is present in such spaces as C(K), Li(p), and Loo(p) for
any compact Hausdorff space K without isolated points and for any atomless
positive measure pu.

A weaker property was introduced in [7]:

Definition 2 X satisfies the alternative Daugavet property (X € ADP) if every
1-dimensional operator T: X — X satisfies the alternative Daugavet equation

max ||Id + wT|| = 1 + |7,
weT

where T stands for the unit sphere of the base field K (R or C).
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In this case actually all weakly compact operators on X satisfy the alternative
Daugavet equation [7].

While the definitions of these two properties look very similar, the alternative
Daugavet property is essentially weaker than the Daugavet property. For
example, if X has the Radon-Nikodym property, then it fails to have the Daugavet
property [6]; in particular, finite dimensional spaces never enjoy the Daugavet
property. On the other hand, the alternative Daugavet property takes place even
for the 1-dimensional space R.

Let us introduce the definition of the Banach space Lip(K). Throughout,
(K, p) stands for a metric space. For every pair of distinct points #1,#; € K, the
slope of a function f: K — R between #; and ¢ is defined as

ft2) — f(t1)
p(t17t2) ;

The linear space of all real-valued Lipschitz functions on K will be equipped with
the seminorm

f(ta;t2) =

|fIl = sup{|f(ti;t2)|: t1 # t2 € K}.

If one quotients out the kernel of this seminorm, i.e., the constant functions, one
obtains the Banach space Lip(K), whose norm will also be denoted by || - ||.

The recent result [5] shows that in the case of a compact space K the Daugavet
property for Lip(K) is equivalent to the so-called locality condition on K. In this
paper, respectively, we study the question about the form of those metric spaces
K for which Lip(K) satisfies the alternative Daugavet property. The result is
obtained for the finite-dimensional case, which is especially interesting because
of the principal difference between the Daugavet and the alternative Daugavet
properties in this case.

In the finite-dimensional case the alternative Daugavet property is closely
related to another widely known concept.

In 1968 G. Lumer introduced the concept of numerical index of a Banach
space. [t is a parameter relating the norm and the numerical range of operators

on the space.

Definition 3 The numerical range of an operator T € L(X) is the subset V(T')
of the scalar field defined by

VAT =4z (Tx)1: & € 86X), 12* €. 5(X"), & (z) = 1}.
Definition 4 The numerical radius of T' is the seminorm defined on L(X) by
- o(T) = sup{|\| : A€ V(T)}

for each T € L(X).
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?eﬁnition 5 The numerical index of the space X is the constant n(X) defined
Y
n(X) :=inf{o(T) : T € L(X), ||T| =1}

or, equivalently, the greatest constant k > 0 such that k||T| < v(T) for every
T € L(X).

Note that 0 < n(X) < 1, and n(X) > 0 if and only if v and || -|| are equivalent
norms on L(X) (the numerical radius can be a non-equivalent norm on L(X); see
(8, Example 3.b]).

A number of recent papers are dedicated to studying Banach spaces with
numerical index 1.

It is a well-known result (see [2, §9]) that

v(T) = max lim lid+ealds 1.
weT all «

This implies that

o) =Tl =  maxfld+wT|=1+|T|

(see [7, Lemma 2.3]). Hence we see that n(X) = 1 if and only if for every operator
T € L(X) holds

max [|[Id+wT|| =1+ ||T].
weT

As we can see this property is very similar to ADP and in case of dim(X) < oo
the property of having numerical index 1 and ADP coincide. Consequently, the
restlts of this paper relating to the ADP also hold for the property of having
numerical index 1.

One of the most natural examples of a space with numerical index 1 is the
space I". In this paper we also give an interesting and simple characterization of
all metric spaces K for which Lip(K) = 12,.

This paper consists of 6 sections. The first one is this introduction. In the
second section, "ADP in terms of extreme points", we establish a characterization
of the alternative Daugavet property which will be used in further considerations. -
In section 4, "Criteria of the ADP in Lip(K)", the main theorem is formulated
and proved on the base of necessary notions and their simple properties which
are introduced in section 3, "Dividing property and polygons". In section 5,
"Constructing finite spaces K with Lip(K) € ADP", we find a simple algorithm
which allows to construct any finite metric space K providing Lip(K) with the
alternative Daugavet property. In the last section, "When Lip(K ) equals I%.",
characterize those metric spaces K for which Lip(K) is isometric to 3.
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2. ADP in terms of extreme points

In this section we establish theorem 1 which is a characterization of the ADP
in terms of extreme points of the unit ball B(Lip(K)). This theorem will come in

useful in further results.
Recall the following characterization of extreme points of B(Lip(K)) [4].

Lemma 1 Let K be a finite metric space, f € B(Lip(K)). f is an eztreme point
of B(Lip(K)) if and only if for every pair of distinct points t,7 € K, there is a
sequence Sq,...,8, € K with sg = t, s, = T such that |f(si—1;8:)| = 1 for all
=

Besides, recall the following geometrical characterization of the alternative
Daugavet property [7}:

Proposition 1 A real Banach space X has the alternative Daugavet property if
and only if for every € > 0 and every z € S(X)

B(X)=co{ye B(X): lz+yl|l>2—¢ V |z -yl >2—¢}.
Let z and y be Lipschitz functions lying in B(Lip(K)). Then the condition
lz+yll>2-¢ VvV llz—yl|>2-¢ (2)
obviously implies that K contains a pair of distinct points #; and ¢ such that
lz(t1;t2)] >1—¢ and |y(t1;t2)| > 1—¢. (3)

On the other hand, if (3) holds, then (2) is also true with 2¢ instead of €. Taking
this together with proposition 1, we obtain the following lemma to deal with the
alternative Daugavet property in spaces Lip(K).

Lemma 2 Lip(K) satisfies the alternative Daugavet property if and only if for
every € > 0, f € S(Lip(K)), and g € B(Lip(K)) there is a finite set of elements
zx € B(Lip(K)) with min{|zk(tx; )|, |f (tx; %)} > 1 — € for some ty, 7, € K,
such that their convex combination Y} _, A\xx) approzimates g:

n
“g - Z)\kwkll <3E.
k=l

Theorem 1, as well as the main result of this paper, is formulated also on the
base of the following two simple notions:

Definition 6 We say that a point s € K lies between two distinct points t and
T in K if

p(t, S) 4 p(S, T) = p(t, 7).
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Definition 7 A (not ordered) pair (t,7) of distinct points in K is said to be a
gap in K if K does not contain any other points between t and 7.

Theorem 1 For a finite metric space K, Lip(K) satisfies the alternative
Daugavet property if and only if for every gap (t,7) in K and for every extreme
point h of B(Lip(K)), the slope |h(t;7)| = 1.

Proof. Define R = max p(s1,s2) and r = min p(s1,s2). Let Lip(K) be a space
s1#82 51782

with the alternative Daugavet property. Assume that the condition is not satisfied,
i.e. there is an extreme point A of B(Lip(K)) with a slope |A(¢;7)| < 1 for some
gap (¢,7) in K. Let us show that for a gap (¢,7) in a finite space K, a Lipschitz
function f can be defined such that |f(¢;7)| = 1, but |f(¢';7')| < 1 for any other
pair t' # 7' € K. Denote r(z) = p(t, 2), s(z) = p(2,7), and d = p(¢t, 7). Since (t,7)
is a gap, r(z) + s(2) > d for every z € K\{t,7}. But K is finite, so, the value

SRLTIRIE L b L5 Y

2¢{t,r}  7(2) + 8(2)

is positive. This implies for every z ¢ {t, 7}, that
d < (1 —&o)(r(z) + s(2)).

Take € > 0 such that

dig
— <r and 2¢ < e¢g.
el —c¢

Now, define

_ [ max{d/2 - (1 —¢€)s(z),0} if r(z) > s(2),
f(z) = { AR AR (1o O3 “paday % B,

For z € K with r(z) = s(z), z does not lie in {¢,7}, so, (4) implies that
d/2 — (1 —¢€)s(z) < (1 —¢g9)s(z) — (1 —¢€)s(z) <O,
d/2—(1—¢e)r(z) < (1 —go)r(z) — (1 —e)r(z) < 0.
So, both parts of the definition (5) yield 0; f is defined correctly. Let us show
that f is a Lipschitz function with ||f]| = 1. The only critical case is to estimate

f(z2) — f(21) when f(22) > 0+and f(z1) < 0. In this case r(21) < s(21) and
r(z2) > s(z2). Then for all such elements including ¢ or 7,

d < (1—eo)r(z1) +8(z1) and d <r(ze)+ (1 —eo0)s(22) (6)
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(for =z ¢ {t,7} apply (4); for z; = t and z2 = 7, the inequalities hold directly).
Now we can estimate

f(z2) = f(z1) = (d/2-(1-¢€)s(z)) + (d/2 — (1 -€)r(21))
r(z2) + (1 — 2¢)s(22)

< 5 — (1 —€)s(z2)
S TATFEIH
g r(z2) — s8(z2) = s(z1) —r(z1)
2 2
_ rlz)—r(z1) | s(z) —s(z2)
2 2
< p(z1,22).

Also, the norm is attained at ¢, 7, since f(7) — f(¢) = d.
Let us show that |f(z1;22)] < 1 for any {21,22} # {¢,7}. Assume f(z2) —
f(z1) = p(21, 22). Obviously, it implies that f(z,) < 0 and f(z2) > 0. Then

(1 *6)/0.(21_,22) < p(z1,22) = f(22) — f(z1) = d/2—(1—¢€)s(22) +d/2— (1 —¢€)r(21),

therefore,
d
T(Zl) 4 P(Zl, 22) s 3(22) < 1———5— (7)

Let us estimate the value of r(z1). The inequality (7) implies that

(8)

r(z1) + s(z1) < 7 is'

On the other hand; 7(z1) < s(21), so, the first inequality (6) hold, which implies

that
r(z1) + s(z1) > d + gor(21).

Combining this with (8), we obtain

1"(z)<i g -1 o d 5 <1
1 eg\1—¢ Ea 1 E X

which immediately implies that z; = ¢. It follows from (7) by the same argument
thati¥zg ="

Return to the extreme point h. Take a § > 0 small enough to satisfy |h(t; 7)| <
1—4. Besides, by the result on f above, we may also assume that |f(21;22)] < 1—6
for any pair z; # zp different from the pair ¢, 7. By the alternative Daugavet
property of Lip(K), h can be approximated by a convex combination of functions

Tk:

|- g M| <8, where < g,
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and min{|zg(tx; 7%)|, | f(tk; 76)|} > 1 — B > 1 — 4. The last condition is possible
only when {tx, 7%} = {t,7}. So, |zk(t;7)] > 1 - 8.

Let us pass from the set {z1,...,z,} to a pair of functions {y1,y2} with the
same properties. Define for that

Ay = fkizulti?) > Y= B}y Al kvl r) <148} ={1,...,n}\44,

p1 = Zkk, M2 = Z/\k-

k€A k€A

Yl= Z %ﬁwk, Yoi= Z o

keAy rea M

':Obviously, p1y1 + paye is a convex combination equal to ), Axzk, consequently,

I\h — (131 + poy2)|l < B. Moreover, each function y; is a convex combination of
the corresponding functions zj, therefore, it lies in the unit ball B(Lip(X)) and
satisfies

rr>1~-5 and 7)< -1+5, (9)

respectively. By lemma 1, a finite sequence sg = t, s1, ..., S5 = 7 can be found
for h such that |h(s;—1;s;)| = 1 for all « = 1,...,m. Obviously, we may also
assume that m < |K|. For all ¢ we have

[(h = (p1y1 + p2y2))(si-1;8:)| < B. (10)

We are going to show that for at least one number k € {1,2}, |(h — y&)(Si—1; Si)]
is small for all 7. Observe that p; > 1/2 for at least one value k € {1,2} and
denote another one by j. For a fixed value of i, denote s;_; and s; by s’ and s” in
such order that h(s’;s”) = +1. Finally, denote y; = y1(s’;s”) and y2 = ya(s';s").
Then by (10), p1y1 + poys > 1 — B. Now, two different cases are possible. In the
first case, let yx > y;. Then yx > piys + paye > 1 — B = h(s';s") — B. In the
second case, yx < y;j. Then yx < p1y1 + p2y2 < y;. Since pg > pj, we have

payt + p2ye — yr = (ke — Dyk + piy5 = t5(y5 — uk) < pe(yj — ye)

= (1 — pj)yj — prys = yj — (pay1 + paye) <1-(1-8) =B

Therefore,

Yk = p1y1 + paye — (v + poye —yk) > 1 — B — B =h(s';s") — 28.
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So, |(h — yk)(si—1;8i)] < 2B for all i =1,...,m. But then
I(h = ye)(7) = (A —we) ()] < Z [(h = yi)(si) = (b — yk)(si-1)]

(R — yi)(si-15 83)|-p(si-1, 8i)

Il
Ma I

e
2m o-r ]
< ; 28R < |K|2BR < |1r<|24'K| ZR=3r
< gp(t,f)-
So, lyk(t; 7)| < |(h —yk)(t;7)| + |h(t;7)| < 6/2+1—6 < 1, which contradicts

9).

Let us prove the theorem to the other direction. Consider f € S(Lip(K)),
g € B(Lip(K)), and £ > 0. Since K is finite, f attains its norm at a gap (¢, 7).
The space Lip(K) is finite dimensional, so, its unit ball is compact and then
B(Lip(K)) is the closed convex hull of its extreme points by the Krein-Milman
theorem. Applying this to function g, we approximate it by a convex combination
>k Achi of extreme points kg of B(Lip(K)):

“g = Xn:)\khk“ SIE
k=1

By the condition of the theorem, |y (t;7)] = 1 > 1—¢, so, the condition of lemma
2 is satisfied and Lip(X') has the alternative Daugavet property. O
For example, consider the space {ti,%2,t3} with p(¢;,t;) = d;;. It does not
satisfy the condition of theorem 1 (take h(s) = p(s,t1), (t,7) = (t2,13)).
Another example is the space K = {t1,t2,13,t4} with

p(tljt2) s p(t2’t3) = p(t3,t4) = p(t47t1) 3 17 p(tlat3) = p(t2)t4) =2.

Then Lip(K) satisfies the alternative Daugavet property. Indeed, let h be an
extreme point of B(Lip(K)) and (t,7) be a gap of K. We may assume that (¢, 7)
is (t1,t4) without loss of generality. Take a sequence so=ty, ..., sp,=t4 as in lemma
1. We may assume that the points s; newer repeat, so, n < 3. Consider the case
of n = 2. Then s is either ¢3 or 3. Let s; = t5 (the second case is similar). Then
t, lies between the points s; and s2. The modulus of the slope of h between them
is 1; in particular, the modulus of the slope of h between ¢; and %4 is also 1. Now,
assume that n = 3. If sg = t9, then the previous argument can be applied. Let
§9 = f,3, S =19, Then

h(ti;ts) = h(t1;t2) + h(t2;t3) + h(ts; t4) € Z. (11)

Since ||h|| < 1, h(t1;t4) € {—1,0,+1}. But the number of summands in the sum
(11) is odd and each of them equals +1, therefore, h(t1;t4) # 0. So, h(t1;t4) = £1.
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Finally, we remark that this proof just repeats the proof of theorem 3 in the
special case of K. Application of the theorem proves the statement immediately.

3. Dividing property and polygons

In this section we establish some notions and their basic properties which are
used in the latter theorems to characterize the alternative Daugavet property.

Definition 8 Consider a gap (t,7). A point s € K lies on the side of point t
with respect to the gap (t,7) (s lies on the t-side of (t,7)) if t lies between s and
T.

Definition 9 We say that K satisfies the dividing property (K € DP ) if for any
gap (t,7) in K, every point s € K lies either on the side of t or on the side of 7.

In the other words, K € DP if for every gap (f,7) in K and every point s € K,
lo(s, t) — p(s, 7)| = p(t, 7).
For example, if K can be isometrically imbedded into R, then K € DP.

Definition 10 For a pair of gaps (t,7) and (t',7"), we say that (t',7') fronts
(t,7) if the points t' and 7' lie on the different sides of (t,7).

More concretely, if ¢’ lies on the ¢-side of (¢,7) and 7/ on the 7-side, respectively,
we write (t',7') — (t,7).

Proposition 2 If (t',7") — (t,7), then t does not lic on the '-side of (t',7") and
T- does not lie on the t'-side of (t',7').

Proof. Assume to the contrary that ¢ lies on the 7'-side of (#,7'). Then p(t',t) =
p(t', ') + p(r',t) = p(t',7') + p(7',7) + p(7,1) > p(t',7) + p(7,%). On the other
hand, p(t',t) < p(t',7) + p(7,t). So, p(t',t) = p(t', 7) + p(7,t). It means that ¢’ lies
on the 7-side of (¢,7), which is a contradiction with the condition (¢',7') — (¢,7).
The 7-part of the statement is proved analogously. o

Assume that (¢',7') fronts (¢,7), say, (¢,7') — (¢,7), and (¢, 7) fronts (¢',7’).
Then proposition 2 implies that (¢,7) — (¢/,7'). In this case write

(t,7) < (t',7).
Proposition 3 The following properties hold:
1 If (¢, 7') = (t,7), then p(t',7') 2 p(¢, 7).

2. If K € DP, then (¢,7') — (t,7) implies that also (t,7) — (t',7'), so,
t,7) e (7).

3. If (t,7) & (¢,7"), then p(t,7) = p(t',7) and p(t,t') = p(r,T").
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Proof. Let us prove statement 1. By the triangle inequality and the condition of
the statement,

p(t', ') + p(r',7) 2 p(t',7) = p(t', 1) + p(t,7), (12)
p(t,t') + p(t',7') 2 p(t,7') = p(t,7) + p(7, 7).

Summing these inequalities, we get 2p(t',7") > 2p(¢, 7), as needed.

Statement 2. Let us prove that ¢ lies on the t'-side of (¢#,7'). By the dividing
property of K, t lies on one of the sides of (¢, 7'). But it can not lie on the 7'-side
because proposition 2 holds. 7 lies on the 7’-side of (', 7’) by the same argument.

Statement 3. In this case we can write a system of equations instead of
inequalities (12). Summing and subtracting these two equations, we get the
announced result. o

Definition 11 A finite cyclic sequence T = {t1,ta,...,tn,thy1=t1} C K s
called a polygon if the following conditions hold:

1. all of the n elements of T' are different from each other;
25 >3
3. the successive pairs (t1,t2),(t2,%3),. .. (tn=1,tn), and (tn,t1) are gaps in K.

Two polygons are said to be equal if they are equal as sequences under a proper
choice of starting elements and directions of movement.

The elements of polygons will be called vertices and the gaps formed by
successive vertices will be called edges. All other pairs of vertices are diagonals.
p(T') stands for the perimeter of polygon 7"

p(T) = D pltk, teta)-
k=1

For a vertex tx4; we will say that it comes after the vertex t; (as well as #;
comes after t,). In the other words, ty comes before tyy1 (t1 comes before ty,
respectively).

Fix a pair of distinct points ¢ and 7 in a finite space K. Then, obviously,

n
p(t,T) = ,mifl{z p(si-1,8i)
=<l
ne€N,sg=t,8, =7, and (8;-1,5;) are gaps Vi}. (13)

Definition 12 If n € N, so=t, s,=7, and (sj-1,5;) are gaps for all i, then
the sequence {so,...,s,} (or the sequence of gaps {(s0,51)---,(8n—1,82)}) will
be called a path connecting t and 7. The length of the pass {so,...,sn} is
S p(si-1,8:). Every path connecting t and T on which the minimum (13) is
attained is called a shortest path between t and 7.
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Proposition 4 For a polygon T in a finite space K, the following conditions are
equivalent:

- 1. The ends of every diagonal of T can be connected by a shortest path which
consists of edges of T

5 2. The ends of every diagonal of T' can be connected by a shortest path which
~ contains a vertez of T

3. Between the ends of every diagonal of T' there is a vertex of T.

Proof. The implications 1 = 2 = 3 are obvious. Let us prove that 3 implies
1. Consider a diagonal {t,7}. We have to find a shortest path between ¢ and 7
which is made of edges of T. Define a sequence P = {t, 7} and apply the following
inductive procedure. Assume that P contains a pair of neighboring elements s’
and s” which form a diagonal of 7. Then by condition 3, T' contains a point s
between s’ and s”. Add this point to the sequence P between s’ and s”. Since
p(s',8) + p(s,s") = p(s',s"), the total "length"of P does not change and equals
p(t, 7).

This procedure finishes when all pairs of neighboring elements of P are not
diagonals of T, i.e. they are gaps. It means that P is a path connecting its ends

t and 7; since the length of P equals p(t,7), it is a shortest path. 0
Consider the negation of property 3. It means that T receives a diagonal {t, 7}
without any other vertices of T' between ¢ and 7. Consider pathes P, ; = {t,...,7},

Py = {7,...,t} (with a fixed direction of movement along T'), and a shortest
path D between ¢ and 7. By the negation of 3, DNT = {¢,7}, so, DN P, =
DN P;; = {t,7}. Consequently, DU P,, and D U P, ; are polygons. Since P, ,
and P;; contain a number of vertices beside ¢ and 7 which do not lie between
t and 7, the lengthes of P;, and P;; are greater than p(¢,7). Consequently, the
perimeters p(D U P, ;) and p(D U P;;) are less than p(7T'). In a figurative sense
we can say that a polygon T which does not satisfy the conditions of proposition
4 can be divided by a diagonal into two polygons with smaller perimeters.

Definition 13 A polygon T which satisfies the equivalent conditions of proposition
4 will be called undividable or minimal.

Now consider the case of spaces with the dividing property. In this case
Theorem 2 below gives another criterion of minimality.

Firstly, consider an edge (¢,s) of a polygon T'. Fix a direction of movement
by T such that s comes after ¢ and let s’ € T be a vertex which comes after s.
We mark that in this case s’ does not lie on the t-side of (¢,s). Indeed, if s lied
on the t-side, then ¢ would lie between s’ and s, but (s, s’) is a gap. In the case
of K satisfying the dividing property it mines that s’ lies on the s-side of (¢, s).
The same argument shows that a vertex t' € T' which comes before ¢ must lie on
the t-side of (¢, s).
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This implies that for every edge (t,s) of a polygon T in a space K with the
dividing property, T necessarily contains vertices on both ¢- and s-sides of (¢, s).
Observe that the length of every diagonal {¢{,7} of T is not greater than
p(7T)/2. Indeed, the length of a shortest path between ¢ and 7 is not greater than
the lengthes of P ; and P, therefore, it is not greater than their arithmetic mean

p(T)/2.

Theorem 2 Let K be a space with the dividing property. Then a polygon T is
minimal if and-only if for every vertex t € T a vertex 7 € T can be found such
that p(t,7) = p(T)/2 (say, from every vertez a main diagonal can be drawn).

Lemma 3 A shortest path for a diagonal {t, 7} never contains another diagonal
{t', 7'} with p(t', ') > p(t,7)).

Proof. Assume that it does contain. Consequently, ¢’ and 7’ lie on a shortest path
between t and 7. Since {t',7'} is different from {¢,7}, at least on of the points
t' and 7' does not lie at the end of the path. So, p(¢’,7’) is less than the length
p(t, ) of the path. a

Proof of theorem 2. Consider a minimal polygon 7" and a vertex ¢t € T". Let
(t,s) be an edge of T and fix a direction of movement by 7' such that s comes
after t. Since K satisfies the dividing property, the vertex coming after s lies on
the s-side of (t,s) and the vertex coming before ¢ lies on the t-side, respectively.
Consequently, there is an edge (¢, s') of T such that ¢' comes after s', ¢’ lies on
the t-side, and s’ lies on the s-side of (¢,s). Observe that (¢,s') ¢ (¢, s).

The vertices t, s, s’, and ¢’ divide the set of all edges of the polygon T into
four parts. The first part is just the edge (t,s), the second is the sequence of
edges between s and s’ which does not meet vertices ¢ and '. Denote this set of
edges by Ps. The third part is the edge (s’,t'). And the last part is the sequence
of edges between t' and ¢t which does not meet vertices s and s’. This set of
edges is denoted by P,. Since T is minimal, there is a shortest path between ¢
and ¢’ which equals either P; or {(¢,s)} U P; U {(s',t)}. Observe that, by the last
statement of proposition 3, the length of the diagonal {s, s’} is equal to the length
of the diagonal {¢,#'}. Then lemma 3 implies that a shortest path between ¢ and
t' is P;. The same argument shows that a shortest path between s and s is P;.

Consequently,
p(t,s) + p(s, 'SI) i3 9(3,1 tl) + p(tl)t) = p(t,s) + p(Ps) + p(slatl) + p(P) = p(T),

where p(P) stands for the length of the path P. In this equality p(t,s) + p(s, s’)
and p(s',t') + p(t',t) just equal p(t,s’), since (t',s') > (¢,8). So, p(T) is just
2:p(t,s"); {t,s'} is the main diagonal.

Let us prove the backward implication. Let {¢,s} be a diagonal of a polygon
T. We have to find a shortest path between ¢ and s which consists of edges of
T. By the condition, T' contains a vertex 7 such that p(¢,7) = p(T)/2. It means
that ¢ and 7 divide T on two pathes such that each one of them is a shortest
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path between ¢ and 7. In particular, this is true for Py, the part of 7" between t
and 7 which contains vertex s. Obviously, a "subpath"of a shortest path is also a
shortest path between its ends, so, in order to construct a shortest path between
t and s we have just to take the part of Py lying between ¢ and s. D

4. Criteria of the ADP in Lip(K)

Let us call a polygon with an even number of vertices an even polygon for
short.

Theorem 3 For a finite metric space K, the following conditions are equivalent:
1. Lip(K) satisfies the alternative Daugavet property.
2. Every polygon in K is equilateral and even.
3 Every minimal polygon in K is equilateral and even.

4. Every minimal polygon in K is equilateral and K satisfies the dividing
property.

Proof. Let us prove that 1 implies 4. Assume that Lip(K) has the alternative
Daugavet property. Firstly, we prove that K satisfies the dividing property. For
this purpose, assume that it is not true, i.e. K contains a gap (¢, 7) and an element
s such that p(t,7) > |p(t, s) — p(7, s)|. Consider a metric subspace Ky = {t, 7, s}
and define on it a Lipschitz function h

h(s) =0, h(t) =p(t,s), h(r)=p(7,s),
which is an extreme point of B(Lip(Kj)). Observe that

cr)| = |P(T,3) ] p(t,s)|
bt )| = 2K

<. (14)

Extend A to an extreme point of B(Lip(K)). It suffices to extend h to one new
point repeatedly, where the value of A on the new point is defined as the highest
or the lowest possible value with respect to all previously defined values; on each
step h is an extreme point on the unit ball of the corresponding Lipschitz space
by lemma 1. By theorem 1, inequality (14) implies that Lip(K) does not satisfy
the alternative Daugavet property, which is a contradiction. So, K satisfies the
dividing property.
Now, let T' be a minimal polygon in K which is not equilateral. Then 7'
contains a pair of neighboring edges with different lengthes r and R (r < R). Fix
‘ the starting element ¢; as the joint element of these two edges, and the direction
‘of movement such that R = p(t,,t1), r = p(t1,t2). By theorem 2, minimality of
T implies that p(T)/2 = p(t1,tx) for a vertex tx € T. Define a Lipschitz function

h(t) = p(t,tk) = X(t,}-2r-
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Let us estimate the slope of h between the vertices of T'. For 2 <i <i+ 1 < n,

p(tisa, tx) — p(ti t)| _ pltis tig1) _
p(ti tiv1) p(ti, tiv1)

it et} =

because (t;,%;41) is a gap in a space with the dividing property. Since {¢1,tx} is
the main diagonal of T, all vertices of T lie between ¢; and ¢;. In particular,

r+ p(ta, tk) = p(t1,tk) and R+ p(tn, tk) = p(t1, k).

Therefore,
Ih(t1§ t2)| 5 |p(t27tk) nE f:}tl’tk) = 27'! £ |p(t27tk) =7 [T o p(t27tk)] T 27" a1,
4
’h(tlt )l e !p(tnvtk) o p(tl)tk) i 2’!‘] o |p(t'natk) B [R 4 p(tﬂ,tk)] = 2’I"|
s bn R R
—2
.|R - 7| -

since R—2r < R and 2r — R < 2R— R = R. So, the slope of h is not greater than
1 between the ends of every edge of T'. Let us estimate it between the ends of the
diagonals. Since T' is minimal, a shortest path between the ends of every diagonal
{t,7} can be constructed of edges of T. Denote the lengthes of these edges by
p1,- - - ,pm and the corresponding increments of h by hi,...,hp. Then

_ it ] Rl ] prttpm _ A7)
PltsTinont s ibpllr)e siustsle A, 1) p(t;7)

So, |hllLipery = 1. Since |h(t1;t2)| = - -+ = |A(tn—1;ta)| = 1, h is an extreme point
in B(Lip(T)). Extend h to an extreme point of B(Lip(K)). Since (t1,%2) is a gap
in K and |h(t1;tn)| < 1, Lip(K) fails the alternative Daugavet property.

In order to prove the implication 4=>3 we have to show that every minimal
polygon T is even. Consider an edge (¢,7) of 7' and find another edge (t',7')
such that (¢,7) « (#,7') (7 comes after ¢t and t' comes after 7'). Observe that
for a point s € K which lies on the 7-side of (¢,7), every point s’ between 7
and s also lies on the 7-side of (¢, 7); the same is obviously true for the ¢-side of
(t,7). It implies that the vertices between T and 7' lie on the 7-side of (¢,7), and
the vertices between ¢ and t' lie on the t-side, respectively. So, the only edge of
T which fronts the edge (¢,7) is (t,7"). Accordingly, the only edge of T' which
fronts (¢',7') i1s (¢, 7).

It means that < defines a relation of equivalence on the set of all edges of T'
and each equivalence class consists of two edges. Hence, T' is even.

Let us prove that 3 implies 2. Consider a polygon T'. If T' is minimal, then it
is even and equilateral by the condition. Assume that 7' is not minimal. Then T'
contains a diagonal without any other vertices between its ends. This diagonal
divides T into two smaller polygons T and 7% in the sense that each edge of T'

|h(t; 7)1

B |
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belongs also to one (and only one) of the polygons Tj, all other edges of T; belong
to both of T\ and T, and the perimeters p(T;) are less than p(T).

If some of the polygons T; are not minimal, apply to them the same dividing
procedure. Each dividing procedure produces polygons of smaller perimeter.
Therefore, since the set of all possible perimeters of polygons in a finite space
K is also finite, the process will be finished at some step. We obtain a dyadic tree
of polygons with the polygon 7' being the root and a family of minimal polygons
being the leaves of the tree.

If a pair of polygons T] and Tj in the tree is made by dividing some other
polygon 7" in the tree, then, by the construction, T and T3 have common edges,
and all the edges of T" belong also to the polygons 77. Consequently, if 7] and
T, are equilateral, the same will be true for 7". By the condition, the leaves of
the tree are equilateral polygons, so, applying the argument to every branching
in the order inverse to the order of constructing the tree, we deduce that the root
polygon T is equilateral.

Let us prove that T' is also an even polygon. Observe that for a polygon T'
which is divided into polygons 7} and T4 the number of edges n(T") of a polygon
T' differs from the sum n(77) + n(7%) by the double number of common edges of
T and Tj. So, provided that 7] and Tj are even, 7" is also even. The leaves of
the tree are even polygons, so, applying the argument to every branching of the
tree, we deduce that the root polygon 7' is even.

Finally, let us prove the implication 2=>1. For an extreme point h of
B(Lip(K)) and for a gap (¢,7), we have to prove that |h(¢;7)] = 1. Take a
sequence sg=t, 81, ..., Sp=7 such that |h(s;—1;s;)| = 1fori =1,...,n. Obviously,
we may assume that all elements s; are different from each other and that
each pair (s;—1, ;) is a gap (otherwise, add new elements between s;—; and s;).
Moreover, |h(t;7)| < 1 implies that n > 1.

These properties of the elements s; just mean that the sequence {sg, ..., s}
is a polygon in K, which will be denoted as T'. By the condition, T is equilateral
and even. Denote the length of its edges by r. Then

h(r) = h(t) = 3 _(h(si) — h(si)) = Y #r € rZ.

=1 =1

The number of summands in these sums is even, so, h(7) — h(t) is different from
zero. And since |h(7) — h(t)| < r, |h(7) — h(t)| = r = p(t,7), which means that
|h(t;7)| = 1. a

5. Constructing finite spaces K with Lip(K) € ADP

By theorem 3, in order to prove that Lip(K) ¢ ADP we just have to prove
that K contains a minimal polygon which is not equilateral or not even. The
proof of Lip(K) € ADP requirés verification of the conditions for all minimal
polygons in K. In this section we establish a simple algorithm of constructing any




When Lip(K) satisfies the ADP or is isometric to (3, 173

finite space K with Lip(K) € ADP. So, the alternative Daugavet property can
be indicated by constructing K as a result of applying the algorithm.

Let (K, p) be a finite metric space. Denote the set of all its gaps as G. Then
(K, G) will denote the positively weighted graph (in the sense that every edge has
a positive weight) where the set of vertices is K and the set of edges is G. The
weight w(g) of a gap g = (¢, 7) € G equals p(t, 7).

Define for any pair £, 7 in a finite space K,

n
wmaltr) = min{z w(si—1,8;):n €N, (8i-1,8)) EG Vi, sg=t, 8, = 'r}. (15)
i=1
Obviously, mg(t,7) equals p(t,7), so, the metric p is completely defined by its
values on G. The metric space (K, p) can be identified with the corresponding
graph (K, G).

Definition 14 A positively weighted graph (K,G) generates a metric on K if
for some metric p on K,

1. the set of all gaps in (K, p) coincides with the set of all pairs of adjacent
vertices, i.e. the set G,

2. the length of every gap is equal to the weight of the corresponding edge.

The following proposition 5 describes the set of positively weighted graphs
which determine metrics.
Firstly, let us fix the following definition for short:

Definition 15 For a pair of vertices t, T in a weighted graph (K,G), a shortest
path between t and T is a sequence of edges (or the corresponding sequence of
vertices) at which the minimum (15) is attained.

Proposition 5 For a positively weighted graph (K,G), the following conditions
are equivalent:

1. (K,G) generates a metric;

2. (K,G) is connected and for every edge g = (t,7) € G, the only shortest
path in (K, G) between t and 7 is g itself.

Observe that the last condition for an edge g € G means that either the set G\{g}
is not connected or w(g) < me\(43(9)-

Proof. Assume that (K, G) generates a metric p. It is connected because any two
points can be connected by a shortest path in (K, p). If for a gap (¢,7), a shortest
path between ¢ and 7 different from the gap (¢,7) could be constructed, then the
points lying on the pass would lie between ¢ and 7, which is not possible, since
(t,7) is a gap.
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Assume that the second condition holds and let us prove that (K, G) generates
a metric. Since G is connected, the function mg(¢, 7) is defined for any ¢, 7 in K.
Take p(t,7) = mg(¢, 7). This is a metric due to the triangle inequality

p(t.s) +p(s,7) = mg(t,s) +mg(s, )

n m
min {Z w(8si—1,8i) + ZW(59—1,3;')5 n € Nym e N,
=1 i=1

(8i-1,8:) and (sj_y,5;) € G Vi and j,

/ !
t:so,sn=s=so,sm-——r}

n
> min {z w(si—1,8i): n € N, (si-1,8;)€G Vi, so=t,sn=‘r}
=]

= mG(taT) = p(t7 T)'

Let us prove that edges of (K,G) coincide with gaps of (K, p). Consider an
edge (t,7) € G and assume that it is not a gap, i.e. for some s € K, mg(t,7) =
mg(t, s) + mg(s, 7). Then the shortest path between ¢ and 7 can be constructed
as a union of a shortest path between ¢ and s and a shortest path between s and
7. Such shortest path is constructed of at least one additional point s except ¢
and 7, so, it differs from the path (t,7), which contradicts the condition. Now,
let ¢t and 7 be a pair of vertices in (K, G) which are not adjacent. Then there is a
shortest path {so=t,s;,...,8,=7} between ¢ and 7 in (K, G) which contains at
least one point s & {¢,7}. Then

k n
mg(t, sk) + ma(sk,7) < Y Wlsion,8) + Y w(si1,8:) = mg(t,7).
31 i1=k+1

It means that s; lies between ¢ and 7, which is impossible for the gap (¢,7) in
(K, p).
At last, by the condition, the only shortest path between two adjacent vertexes
t and 7 is the edge (t,7). Therefore, mg(t,7) = w(t,7), so, the length of every
edge is equal to its weight. O
Now we introduce two classes of basic transformations of graphs (K, G). These
transformations will be used as basic steps for the required algorithm.

Definition 16 P;: consider a number r > 0, a vertez s € K, and a new element
t ¢ K. Then Py transforms K to K U {t} and G to G U {(t,s)} with w(t,s) =r.

Definition 17 P»: consider a number r > 0 and a pair of distinct vertices t,s €
K which are not adjacent. Assume additionally that G contains an odd path with
the length of every edge equal to r and the number of edges in the path being
at least 3. Then P, does not change K and transforms G to G U {(t,s)} with
w(t,s)=r.
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Naturally, a path in the definition of P, is understood as a sequence of edges of the
form {(sg,s1),(s1,82),--.,(Sn-1,58n)} (equivalently, the corresponding sequence
of vertices) such that no vertices (and thus no edges) are repeated. Odd path is a
path constructed of an odd number of edges.

It is easy to see by proposition 5 that a result of applying a transformation P,
to a graph (K, G) which determines a metric, is again a graph which determines a
metric {say, P; is always a correct transformation). Generally, this is not the case
for the transformations P,. For example, consider the set K = {so, 81, 2, $3, 2}
with G = {(30, 31)1 (311 32)) (32a 53)7 (z’ 50): (Z, 83)}: W(Si—l’ S‘i) = 1= W(Zv 33)
(i = 1,2,3), and, say, w(z, so) = 3. Obviously, (K, G) determines a metric. Take
r = 1 and denote (sg,s3) as (s,t). The path {sg, s1,s2,s3} is odd and consists
of 3 edges of length r, so, the transformation P, can be applied. But for all that
w(so,83) + w(ss, z) = 2 < 3 = w(so, 2), S0, by proposition 5, the new graph does
not determine a metric.

Nevertheless, it will suffice for us to use in the case of P, the following
statement:

Proposition 6 Every connected subgraph of a graph which determines a meiric,
1$ also a graph which determines a metric.

The proof of proposition 6 is obvious due to proposition 5.

The metric space determined by a result of applying P; to a graph (K, G)
will be denoted by P;(K) for short. The corresponding graph will be denoted by
Fi(K,G) or (P(K), Pi(G)).

Theorem 4 If Lip(K) satisfies the alternative Daugavet property, then so do
Lip(P1(K)) and Lip(Py(K)).

Proof. Further, the alternative Daugavet property will be considered as a property
that all polygons are equilateral and even (theorem 3). Consider a space P;(K) =
K U {t} with P(G) = GU{(s,t)} and a polygon T in P;(K). The point ¢ is
not a vertex of 7' since P;(K) contains only one gap which includes point ¢.
Consequently, 7" is a polygon in the original space K, and then, T is equilateral
and even.

Consider a space Py(K) = K with P»(G) = G U {(t,s)} and a polygon T in
Py(K). If (t,s) is not an edge of T', the conditions for 7" are satisfied because
Lip(K) € ADP. Let (t,s) be an edge of T'. By the definition of P, the space
Py(K) also contains an even equilateral polygon S with an edge (%, s). Fix point
t as the first vertex in 7" and S and make s the last point by choosing a proper
movement directions for the polygons. Observe that if T = S, then the required
properties of T are already established, so, consider the case when T is different
from S. We are going to move from t to s by the edges of T and S simultaneously
and to construct of these edges a sequence of polygons depending on intersections
of T and S.

B oo |
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In the sequel, for a polygon R with a fixed direction of movement and for a
point p € R, we denote the vertex of R which goes after p by p_, g for short. The
symbol {p,...,q}r stands for the set {p,pr, (P—r)=R,-..,q}, where p and ¢
are two different elements of R.

Let us define a point ¢'. If the points t_,7 and t_,g are different, take t* = t.
Otherwise, skip a number of common vertices of 7' and S and let ¢! be the first
common vertex such that the next points t!,, and t%, ¢ are different. In the latter
case I; will stand for the sequence of edges between ¢ and

Let s be the first vertex in {t.,.,...,s}r which lies also in S. Then t' and
s are the only common elements of the sets {t!,...,s'}7 and {t!,...,s'}s. It
means that the union of these sets is a polygon; denote it by Q.

Apply the following inductive procedure. Let a polygon Qk_l be already
constructed on the base of a pair of points t*~1 and s . If s¥=1 = s, then the
process is finished. Assume that sk=1 +£ 5. If the points s and s are different,
then take t* = s*¥~!. Otherwise, skip a number of common vertlces of T and S
and let ¥ be the first common vertex in {s*;7},...,s}r (and in {s*74,...,5}s)
such that the next points t* Y. and ¢ %5 are dlfferent In the latter case deﬁne
I, as the sequence of edges corresponding to {s*~1,... t*}p. If such point t*
does not exist at all, then define I as the sequence of edges corresponding to
{sk=1,...,s}r and finish the process. We assume that t* exists. The polygons T
and S merge at point s or earlier. Define s* as the first vertex in {t¥ ;,...,s}r
which lies also in {t* ¥ g1 --+»8}s. Then t* and s* are the only common elements
of the sets {t*,..., sk} and {tk,...,s*}s. It means that the union of these sets
is a polygon; denote it by Q.

Continue this process until the point s is reached. Observe that the vertexes
t1,51,1t2,82,... (in both polygons T and S) follow under the fixed direction of
movement from ¢ to s. It implies that all the edges of T' (except (s,*)) are covered
within this movement exactly once; the same holds for S.

Let us prove that T is equilateral. Every edge (u,v) of T' which does not equal
(s,t) belongs also to either Q or Iy for some k. If (u,v) lies in a set Ij, then it is
also an edge of the equilateral polygon S, so, p(u,v) = p(t,s). Assume that (u,v)
belongs to a polygon Q. Since Q. lies in the original space K, it is equilateral.
Besides, Qi contains a number of edges from the polygon S. Consequently, the
length of the edge (u,v) is equal to the length of an edge in the polygon S. So,
again p(u,v) = p(t,s). T is equilateral.

Finally, let us show that T' is even. For any polygon R, denote the number of
its edges by n(R) for short. Since S is even, it suffices to prove that n(7") +n(S) is
an even number. By the construction of sets Iy and polygons Qg, n(7") + n(S) =
Sk n(Qr) + 23", n(Ix) (where n(Iy) stands for the number of edges in Ij). This
proves the evenness of ne(7") because the Qj’s are even. O

1

Theorem 5 Let K be a finite metric space such that Lip(K) satisfies the
alternative Daugavet property. Then a sequence of metric spaces can be built
such that the first element is a single point, each following element is a result of
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applying either Py or Py to the previous one, and the last element is the space K.

Proof. We start constructing (K, G) from a singleton K; = {t}. Since (K, G) is
connected, for every proper subset M C K, there are t € M and s € K\M such
that (#,s) € G. In particular, there is an element s # t such that (¢,s) € G.
Define (K3, G3) = Pi(K1,9) = ({t, s}, {(t,s)}). Again, for M = K3, take a pair
of G-adjacent elements t € Ky and s € K\Kj; define (K3,G3) = P(K2,G2) =
(Ko U {s},G2U{(t,s)}). Continue the same way until the set K will be reached
by the set of vertices of a graph (Kpn,Gr).

Assume that G contains some edges which are absent in G, otherwise the
theorem is proved. Let us show that for a subgraph (K,G’) C (K, G) such that
G’ O Gy, and for an edge g € G\G', the graph (K, G'U{g}) is a result of applying
P, to (K, G') and determines a metric. Then, just apply this statement repeatedly
for the rest of the edges.

Indeed, observe at first that (K,G’) is connected since G' O Gy. For the
edge ¢ = (t,7) find a path P between t and 7 constructed of edges of G’,
which is possible due to connectivity of G’. The combination of the path P with
the edge g forms a polygon in (K, Q). By the alternative Daugavet property of
Lip(K), the polygon is even and equilateral. Consequently, adding g to G' is a
Py-transformation. Finally, (K, G'U{g}) generates a metric by proposition 6. O

6. When Lip(K) equals (7

Let (K,p) be a finite set. Consider the space X = Lip(K) of Lipschitz
functions defined on K. The goal of this section is to find a criterion of X
being isometric to % . Comparing the dimensions of these spaces we can see
that it is sufficient to deal with K consisting of n + 1 points. In the sequel
K = {0,1,2,...,n} equipped with a metric p. Consider R**! as the space of
all real functions on K, and let L C R™*! be the subspace of constants. Then
X = R"*!/L as a linear space.

Let X be isometric to I. It is easy to see that the unit ball of the space X
equals

B(X) = {z € X : |a(k) — 2(5)| < p(k,j) Vk,j =0,1,...,n (k #j)}

If one considers the standard duality between R"*! and R"*!, then X* = Lt. The
coordinate functionals 6 on R™"*! §;(z) = z(k), can be considered as canonical
basis vectors in R™*1. Denote
O — 0
U = {Akj £ _’E_.l}
p(k, ) k,j=0,1,...,n, k#j

Then B® = U°® = aconvlU. Denote M = exaconvU. If X = [7 then B is actually
an n-dimensional cube, so aconvU = B° should have only 2n extreme points:

—-———”

C X okt
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|[M| = 2n. Since U is finite and symmetric, M C U and all the n(n + 1) points of
U should be located inside the absolute convex hull of M — 2n-point subset of U.

Note that all the n(n + 1) points of U can be considered as ﬂﬂ— pairs of
opposite points. Since we deal with absolute convex hull the set M cons1sts of n
such pairs. Let M = {£§;}-,, where § = Ag,j;.

Let I' be a graph with vertices {0,1,2,...,n}. Vertices k and j we connect
with an edge if and only if Ax; € M. The graph T built in such a way has n + 1
vertices and n edges.

Proposition 7 The graph I is connected.

Proof. Assume I' is not connected. Then it has at least two connected
components 'y and I'. Choose any p € I'; and g € T'y. Consider the point Ap,.
We have chosen p and ¢ in such a way that Ay, doesn t belong to M So, Apq
is a convex combination of M elements. So, Apy = E ax€ where E log| < 1.

k=1 k=1
Since I'; and T’y are connected components of I' for any Ag; € M there are 3
possibilities:

1. {kaj} CFI
2. {k,j} =il
3R PC P\ Ul =15

Then M = M; U My U M3, where My = {Ag; € M : {k,j} CT1}, My = {A; €
M = {k,]} & Fz}, M; = {Akj €E M : {k,]} (& Fg}. Then qu =S + S2 + S5,
where S; = 3" axé (i = 1,2,3). For a vector z = (xg,...,Zn) € R**! denote
EEM;
suppz = {k : zx # 0}. Under this notation suppS; C I';. So S; # 0 and S # 0
because supp Ay, has non-empty intersection with both I'; and T';. Since all the
Ak, ; have zero sum of coordinates then so do Sy and S3. Then each of S; and S,
has at least 2 non-zero coordinates. Therefore Ay, = S; + Sz + S3 has at least 4
non-zero coordinates. So we have obtained a contradiction. O

Proposition 8 The graph T" is a tree.

Proof. We already know from Proposition 7 that I" is connected. Assume I’
contains cycles. We’ll show that the number of edges of ' in this case is greater
than n. If there is at least one cycle we can delete any of the edges in this cycle
and the graph will remain connected. After deleting several edges we’ll obtain
connected graph without cycles i.e. a tree. It is a well-known fact that any tree
with n + 1 vertices contains n edges. Since several edges were deleted then graph
I" contained more than n edges. We have a contradiction, so the graph I' is a tree
itself. o
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Proposition 9 Let P = {p1,p2,...,pm} be any path in I (this means that for

any k = 1,...,m — 1 the vertices pr and pry1 are connected with an edge). Then
m-—1

p(p1,pm) = D p(Pk; Prt1)- (16)
k=1

Proof. Consider the point Apipy,. It is obvious that it doesn’t belong to M,
but it is located inside the absolute convex hull of M. So it can be represented
as absolute convex combination of M elements, i.e. there exist real numbers
ai,...,0p such that

n

Y el <1 (17)
=1

and

n
S aiti = App,
=1

By the definition of &; the last equality gives the following:

n
MR S P
o ———t = " 18
; *p(kiji)  p(p1,Pm) i

Denote My = {& : a; # 0}, Go = Ugem, supp€. Let I'g be the following
graph: its vertices are elements of Go; vertices k and j we connect with an edge
if and only if Ag; € My. Ty is a subgraph of ', so it does not have circles. Let
us say that & € Gy is a loose end of Ty, if it belongs to only one edge of I'g. In
the equation (18) the support of left-hand side must contain all the loose ends of
I'g, but the support of the right-hand side consists of {p;,pm}. So the only loose
ends of I'y are p; and p,,. This means that Gy = P and the graph T is just the
path pi,p2,...,Pm- So, erasing the zero summands in the left-hand side of the
equation (18) we get an equation of the following form:

&1
gL ,in g 6Pi+1 5 5p1 = 5pm 1
2.8 = . (19)
~ " p(pi,pir1)  p(P1,Pm)
with
m—1
Yo lal <1 (20)
=1
If we compare the coefficients near ép,, 2 = 1,...,m in the equation (19) we

obtain easily that 8; = p(pi,pi+1)/P(P1,Pm), 2 = 1,2,...,m — 1. So, (20) can be

rewritten as
m-—1

p(pk)pk+l) < 1

g plapm i,

O i s .
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or equivalently
m—1

Z P(Pk,PkJrl) = p(plvpm)'

k=1
By the triangle inequality

m—1

> ook, Pes1) = p(P1,Pm)-

k=1

These two inequalities imply (16).

Let us introduce the following notion.

Definition 18 A finite metric space (K, p) is called tree based if there exists a
tree I' whose set of vertices equals K, and such that for every path p1,p2,...,pn
the condition (16) holds.

Thus we obtain the following
Theorem 6 If Lip(K, p) is isometric to I, then (K, p) is tree based.

Now we will prove the converse statement.

Theorem 7 Let (K, p) be a tree based metric space, |K| = n+1. Then Lip(K, p)
is isometric to I7,.

Proof. Let T' be the tree from definition of tree based metric space. Consider
any function f in Lip(K). The definition of norm in Lip(K) gives us

ik f(k) = f(5)
A s i 3 T

For any pair k,j € K,k # j find the path P = {p1,p2,....0m} (P11 =k, pm =
j) connecting corresponding vertices in I'. If we restrict our metric space to it
subspace corresponding to vertices of path P this metric space will be isometric
to a finite subset t; < t; < ... < t,,, on real line with euclidian metric. For such
an interpretation it’s easy to see that

F) = Fltm)| oy L0 = SCas)] o)
p(t1,tm) i=L.m~1]  p(titiy1)
Let E be a set of edges of the tree I'. Thus (21) follows
1) - 1G)|
ket | p(k,9)

Obviously, |E| = n. Now it is straightforward to obtain that Lip(K) = I, by
choosing correct basis. o

£l =
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