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AHOTALISA

Po0oTy mpHUCBSYEHO TEOPETUYHOMY AOCIIHKEHHIO KBAHTOBOI pediekroMeTpli —
METOJy 30H]IyBaHHSI CTaHy KBAaHTOBUX CHCTEM IIUISIXOM BHUMIpPIOBaHHS BiJOMTOTO pa-
I109aCTOTHOTO CUTHANY KiacudHuM R L(C'-pe30HaTopoM, EMHICHO TIOB’SI3aHUM 3 KBaH-
TOBOIO CUCTEMOIO.

Meta po06oTu — pO3pOOUTH CTPOTY 1 CUCTEMATU30BaHy TEOPII0 KBAHTOBOI pediie-
KTOMETpIi JJ11 130J1b0BAHUX Ta BIAKPUTHUX JBOPIBHEBHUX 1 OaraTopiBHEBUX KBAHTOBUX
CHUCTeM, 110 3a0e3Ieuye aHaITUIHI BUpa3H It e(HEKTUBHUX EMHOCTI Ta OIIOPY 3 SBHU-
MU YMOBaMH 3aCTOCOBHOCTI.

O0’eKT 10CiIKEeHHsSI — JTBOPIBHEBI Ta OaraTopiBHEB1 KBAHTOB1 CHCTEMHU, EMHICHO
noB’s13aH1 3 kKiacuyHuM R LC'-pe3oHaropom; sk (i3U4HI peanizalii po3nisiaoTbes Ko-
MipKa Ha KyNepiBChbKUX Mapax, TPAH3UCTOpP Ha KyIMEpiBCHKHUX Mapax, MOoJBiliHa KBaH-
TOBA TOYKA Ta OIHOCJICKTPOHHUH SIIVK; MPeaAMeT AOCTiXKeHHsI — KBaHTOBA Ta TYy-
HeJIbHA KOMITOHEHTH €(PEKTUBHOI EMHOCTI, @ TAKOXX BIJIMTOBIAHI CKJIaI0OB1 €(DEKTUBHOTO
onopy — omnopu Cizida Tta I'epmeca.

Pe3ysbTaTH i HAyKOBa HOBH3HA — OTPUMAHO 3arajbHi aHAIITUYHI BUpa3u IS
e(peKTUBHOT EMHOCTI Ta OIOPY JI0BUIHHO1 BIIKPUTO1 OaraTopiBHEBOi KBAHTOBO1 CUCTEMU
B pamkax dopmanizmy [opini-KoccakoBcrkoro-Cymapiana-JIinaonana 3 10BIIbHUMHA
oneparopamu cTpuOKiB JIiHI0MaMa 1 MBUAKOCTAMH pelakKcarlii; CTporo J0BEACHO, 10
KBAHTOBA EMHICTh 1-T'0 €HEPTeTUYHOTO PIBHS MPOMOPLIHA JPYTii MOXIHINA BIMOBI-
HOTO PIBHSI €HEPTil 3a 30HAYIOUOI0 HAIIPYTOI0 — 3arajlbHUN pe3ysbTaT i Oy/Ib-sKOi
dbynkiii ['aMUIbTOHA; BCTAHOBIICHO BUPA3M ISl €PEKTUBHOI EMHOCTI Ta OIMOPY «rap-
HOTO» 1 «IIOTaHOTO» KY/AITIB Ta MOKa3aHO, 10 OUIBIIICTh BITOMUX (hDeHOMEHOJOTTYHUX
PE3yJbTATIB CIIPABEJIMBI JIMIIE Y BUMAJKY «ITOTaHUX)» KBAHTOBUX CHUCTEM.

BucHoBKM — po3po0sieHUH MIAXI] € IPUPOAHUM Ta YHIBEPCATIBHUM METOJIOM IS
CUCTEMATUYHOTO OMHCY T1OPUIHUX KBAHTOBO-KJIACUYHUX CHUCTEM 1 JO3BOJISIE€ OTpUMa-
TU e(PEeKTUBHUHN IMIIEIaHC EIEKTPUIHOTO JIAHITIOTA JIJISl ITUPOKOTO KJIacy KBAaHTOBUX CH-
CTEM.

Ki11040Bi ci10Ba: KkBaHTOBa peIeKTOMETPIsl, KyOIT, Ky/IiT, KBAHTOBA €MHICTb, TYHE/b-
Ha eMHicTb, omip Cizida, omip I'epmeca, piBasHHS Jlina6naaa, BIIKpUTI KBAHTOBI CH-
creMu, piBHAHHS [lpeninrepa, panioyactoTHa peduieKTOMETPisl, HAAMPOBIIHI KyOiTH,
KBAaHTOBI TOYKH, KBAaHTOBA €JIEKTPOAMHAMIKA €JICKTPUYHUX KiJI, JBOPIBHEBI CUCTEMH,

JIEKOTePEHITIS.



ABSTRACT

The work is devoted to the theoretical study of quantum reflectometry — a technique
for probing the state of quantum systems by measuring the reflected radiofrequency
signal of a classical RLC resonator capacitively coupled to a quantum system.

Objective — to develop a rigorous and systematic theory of quantum reflectometry
for isolated and open two- and multi-level quantum systems, providing analytical ex-
pressions for the effective capacitance and resistance with explicit validity conditions.

Object of study — two- and multi-level quantum systems capacitively coupled
to a classical RLC' resonator, with physical realizations including the Cooper-pair
box, Cooper-pair transistor, double quantum dot, and single-electron box; subject of
study — the quantum and tunneling components of the effective capacitance, and the
corresponding components of the effective resistance — the Sisyphus and Hermes
resistances.

Results and scientific novelty — general analytical expressions for the effective
capacitance and resistance of an arbitrary open multi-level quantum system are ob-
tained within the Gorini-Kossakowski-Sudarshan-Lindblad formalism, with arbitrary
Lindblad jump operators and relaxation rates; it is rigorously proved that the quantum
capacitance of the n-th energy level is proportional to the second derivative of the cor-
responding energy level with respect to the probing voltage, a universal result for any
Hamiltonian; expressions for the effective capacitance and resistance of the “good” and
“bad” qudits are established, and it is shown that most existing phenomenological results
are valid only for “bad” quantum systems.

Conclusions — the developed approach is a natural and universal method for the
systematic description of hybrid quantum-classical systems, enabling the derivation of
the effective impedance of an electric circuit for a broad class of quantum systems.
Keywords: quantum reflectometry, qubit, qudit, quantum capacitance, tunneling ca-
pacitance, Sisyphus resistance, Hermes resistance, Lindblad equation, open quantum
systems, Schrodinger equation, radiofrequency reflectometry, superconducting qubits,

quantum dots, circuit quantum electrodynamics, two-level systems, decoherence.
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INTRODUCTION

The interaction between quantum and classical systems lies at the heart of modern
quantum physics and quantum engineering. A prominent manifestation is quantum re-
flectometry: aclassical RLC resonator acts as a weak probe, while a quantum electronic
device serves as a load. By measuring the amplitude and phase of the signal reflected
from the resonator, information about the quantum state can be extracted without di-
rect destructive measurement. This technique is now the standard readout method for
superconducting qubits, quantum dots, and spin qubits.

The back-action of the quantum system on the resonator is conveniently encoded
in effective circuit elements: the geometric, quantum, and tunneling capacitances and
the Sisyphus and Hermes resistances. In the literature, most of these quantities are
often introduced phenomenologically, without rigorous derivation or explicit validity
conditions. In particular, the role of relaxation and decoherence in determining the
effective capacitance and resistance has not been studied systematically for multi-level
systems.

The aim of the work is to fill this gap by constructing a first-principles theory of
quantum reflectometry, systematically applicable to both isolated and open two-level
and multi-level quantum systems, with explicit conditions governing the validity of the
results.

Starting from the Lagrangian of the full hybrid system, we derive coupled quantum-
classical equations of motion via the Routhian formalism and treat the probe pertur-
batively to extract the effective admittance. For isolated systems described by the
Schrodinger equation, this approach reveals that the system response is governed by
the geometric and quantum capacitances — quantities entirely determined by the cur-
vature of the energy level with respect to the probing voltage. For open systems de-
scribed by the Gorini—Kossakowski—Sudarshan—Lindblad master equation, we identify
two distinct mechanisms: the Sisyphus mechanism, associated with relaxation pro-
cesses, which gives rise to the tunneling capacitance and the Sisyphus resistance, and
the Hermes mechanism, associated with decoherence, which gives rise to the quantum
capacitance and the Hermes resistance. Furthermore, a sharp distinction is established
between “good” quantum systems, in which relaxation and decoherence is slow com-
pared to the probe frequency, and “bad” ones, in which it is fast — and it is shown that
the widely used phenomenological formulas apply exclusively to the latter case. The
thesis is prepared on the basis of the recent preprint by Kitsenko O. Yu. et al. [1].



SECTION 1
LITERATURE REVIEW

1.1 Effective reactance and resistance

The issue of coupling quantum systems to classical ones appeared from the very
first days of quantum physics. One notable example is the photon box thought exper-
iment [2]. This thought experiment, originally proposed by Einstein, was part of his
effort to demonstrate that quantum mechanics is incomplete. He aimed to challenge the
uncertainty principle by suggesting that, in principle, one could measure both the energy
of the photon and the exact time of its emission with arbitrary precision. The idea was
that by weighing the box before and after the photon escapes, using the deflection of the
box suspended on a classical spring, one could determine the photon’s energy. Simulta-
neously, by controlling the timing of the shutter, it would be possible to specify the time
of emission, apparently violating the time-energy uncertainty relation. Bohr countered
using general relativity: weighing the box causes gravitational time dilation, so localiz-
ing its center of mass introduces time uncertainty, preserving the principle. While such
thought experiments could not be realized a century ago, when quantum mechanics was
still being formulated, experimentalists now routinely work with coupled classical and
quantum systems.

In contrast to natural quantum systems (like photons), artificial ones are often oper-
ated dynamically and are being coupled to driving and readout electronics [3—6]. In this
work we are interested in dissipative semiclassical systems, where a classical electro-
magnetic field is used to probe a quantum electronic system. A driven quantum system
is the object of which the state is monitored by a resonant circuit by means of measuring
its response to a weak probe signal [7-9].

The quantum electronic systems considered in this work are built on a substan-
tial body of prior research. The theoretical foundations of single-electron tunneling
and Coulomb blockade in mesoscopic circuits were established in the late 1980s and
1990s [10-15], and were subsequently extended to Josephson-junction-based devices
and quantum-state engineering with superconducting circuits [16, 17].

The development of circuit quantum electrodynamics demonstrated that supercon-
ducting artificial atoms can be coherently coupled to microwave resonators, establishing
a powerful framework for quantum information processing [18-25]. In parallel, semi-

conductor quantum dots confining single electrons or holes have emerged as a comple-



mentary platform [26, 27].

Across all these platforms, radio-frequency reflectometry has established itself as
the primary technique for fast and sensitive readout of quantum devices, from its early
realization with the RF single-electron transistor [28] to its broad application in gate-
based sensing of quantum dots, spin qubits, and topological devices [29-35].

While the resonant circuit serves as a classical probe, the effective reactance and
resistance extracted from its response are properties of the quantum subsystem itself.
These effective parameters emerge as a linear-response characterization of the driven
quantum system to a weak classical probe and can be accessed experimentally through
the measurable response of the coupled resonator.

For example, for capacitive coupling between the quantum and classical subsys-
tems, the resonator’s response is defined by the induced charge in the quantum system.
A quantum two-level system with ground |E_) and excited state | E, ) will exhibit two
corresponding capacitance responses Cé_) and C(+), respectively. It is further intu-
itively clear that, within the linear response of the quantum system, the impact on the
circuit of a superposition state is defined by the probabilities of the respective cases, p_
and p;, = 1 — p_, so that Cqy = p_C'é_) + p+C’C(2+). Similarly, for a d-level system,
instead of p.. the expressions will contain occupation probabilities of each energy level
Di-

In such a quantum-mechanical system, the effective capacitance may have three
contributions:

(1) a term proportional to the state probabilities, p;, the so called quantum capaci-
tance Cq(p;),

(ii) a term proportional to the derivative of the probabilities p!, the so-called tunnel-
ing capacitance Ct(p}), and

(ii1) the geometric capacitance, Cgeom (defined as if there were no quantum effects).

We note that, if the coupling is inductive, one would introduce corresponding addi-
tions to the inductance [36—40], while otherwise the consideration is similar.

While capacitive components have been extensively studied, the resistive contribu-
tions are less known. When the quantum system is coupled to a dissipative environ-
ment, it acquires a non-trivial effective resistance [41—44]. Historically, a term related
to quantum state relaxation has been dubbed the Sisyphus resistance [41, 42, 45, 46].
The Sisyphus mechanism of dissipation occurs when periodic driving partly excites the

system out of its instantaneous ground state, after which environmental relaxation re-
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Figure 1.1: Quantum reflectometry. A classical resonator (with capacitance C}, induc-
tance L., and resistance R;) is coupled to a generic quantum system. While the latter
can be a multi-level system (see Sec. 5), here we show only a two-level system, with the
energy levels separated by AFE, controlled by the energy bias €. The resonator is biased
by the current [};,s and the reflected signal is probed via the voltage V. The aggregate
system can be described as an effectlve circuit to the rlght with the modified elements
defined as C; = C; + Cefr, Ry = Ry + R, L' = L' + L, where the effective
capacitance Cegr, inductance Legy, and resistance Reff are associated with the quantum
system.

turns it back, resulting in repeated excitation-relaxation cycles and net energy loss per
period, analogous to the myth of Sisyphus [47].

In addition, a term related to decoherence has been dubbed the Hermes resis-
tance [44]. As we show in this work, the Sisyphus term Rg;s(p/., 71) depends on the
derivatives of the state populations and on the relaxation times of the system, whereas
the Hermes resistance Ry (p+,T%) depends directly on the populations themselves
and on the decoherence times of the system. Similarly to the Sisyphus mechanism,
the Hermes process results in energy dissipation, arising, however, from the cost of
maintaining quantum coherence — an ever-turning (moAUTpomos) cycle of coherence
formation and dephasing.

Importantly, such reduced description of the quantum system impact on a classical
resonator can be introduced only if all the characteristic quantum times are much smaller
than the resonator’s period. Arguably, the simplest way to see this mathematically is
the Krylov-Bogolyubov asymptotic expansion technique [48, 49]. This is schemati-
cally demonstrated in Fig. 1.1, which shows the essence of the asymptotic expansion
technique: the nonlinear system (orange box to the left in Fig. 1.1) can be reduced to
oscillations in an equivalent linear system (green box to the right in Fig. 1.1).
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1.2 Reasoning behind the definition of effective circuit elements

Consider now the literature which will bring us to the formulation of the problems
to solve. The notion of a quantum capacitance can be introduced in different ways, as
e.g. in Refs. [3] and [9]. It seems reasonable to call a quantum capacitance what ap-
pears as an addition to a classical geometric Cyeor, component. However, this quantum
correction can be split into two components, the (pure) quantum capacitance Cq and
the tunneling capacitance Cr, for a review see Ref. [9].

To avoid confusions here, following Refs. [9, 50-52], we introduce both corrections,
Cq and Cf, for the total effective capacitance Cefr, and define them as follows: the
quantum capacitance Cq 1s the contribution defined by the adiabatic charge transitions
and non-zero curvature of the energy bands; the tunneling capacitance Cr is defined
by the population redistribution processes. As a result of such definitions [50], the
former contribution, Cq, is proportional to the quantum state occupation probability
and the latter, Cr, is proportional to its derivative in respect to the energy bias, so the

full effective capacitance can be written as

Ceff = Cgeom + CQ(pj:) + CT(p/;t) (11)

Equation (1.1) will be described in more detail further down.

The quantum capacitance Cq was studied in superconducting Cooper-pair
boxes [53-55], quantum-dot based transistors [50], two-dimensional materials such as
graphene [56], carbon nanotubes [57], Majorana-based topological qubits [6, 34, 44, 58],
surface electrons on liquid helium [59], double quantum dots [60], and quantum-dot
arrays [61, 62]. The quantum and tunneling components, both capacitive and inductive
ones, were argued to be useful for non-destructive readout of quantum states [53]. As
a special point, we note that both the quantum and tunneling capacitances, as well as
the quantum inductance, can be significantly /arger than the corresponding geometric
components [7, 63].

The dissipative contribution associated with relaxation processes in a quantum sys-
tem was denoted as the Sisyphus resistance [41, 42,45, 46, 64]. A more detailed analysis
also reveals the emergence of the Hermes resistance [44]. In this work, we demonstrate

that, similarly to the decomposition of the effective capacitance into quantum and tun-
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neling components, the effective conductance can be written as
Rt = Ry (02, o) + Ry (0, Th), (1.2)

where the Hermes resistance arises as a consequence of decoherence processes in the
system and is proportional to the occupation probabilities of the energy levels; while the
Sisyphus resistance originates from relaxation processes and depends on the derivatives
of these probabilities [see Secs. 4 and 5].

What we described above mostly relates to semiclassical studies, when a quantum
system 1s much faster than a slow resonator, treated as a classical circuit. Recently,
similar studies [44, 65, 66] were done to describe both the quantumness of the resonator
and strong coupling to the environment.

To summarize, in most studies of quantum reflectometry the authors naively or phe-
nomenologically introduce the quantum capacitance, inductance, and/or resistance, ig-
noring the dynamics of the quantum subsystem. More elaborated studies give either
numerical or bulky results. This brings us to the questions: how to correctly obtain the
effective capacitance, inductance, and resistance? How to extend these considerations
to multi-level systems? How are the effective circuit elements influenced by relaxation
and dephasing, by temperature, and by driving? It is thus important to develop a natural,
universal, and systematic theory of quantum reflectometry, which is the subject of our

research here.
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SECTION 2
SUMMARY OF THE MAIN RESULTS AND STRUCTURE OF THE THESIS

Our approach to describe hybrid semiclassical systems is done in four steps:

(1) start from the Lagrangian £ of the full system and turn the formalism to Hamil-
tonian for quantum degrees of freedom with the help of the Routh function R;

(2) quantize the Routh function R — # to obtain the quantum Hamiltonian, and
write down both classical and quantum equations of motion for the corresponding de-
grees of freedom;

(3) by considering the classical probing signal perturbatively, obtain analytical re-
sults for quantum reflectometry introducing the effective capacitance, inductance, and
resistance;

(4) by comparing the numerical solution of the motion equations (in step 2) and ana-
lytics (from step 3), clarify the validity of the phenomenological and analytical results.

To illustrate the developed formalism, we apply it to a specific example — a
Josephson-junction-based charge qubit [7]. Still, our approach is quite general: the
main results were obtained for both isolated and open d-level systems with an arbitrary
dependence on the energy bias €.

In this work, we analytically solve the Schrodinger equation for isolated systems
and the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation [67—70] for open
systems, considering both two- and multi-level quantum systems. In what follows, we
refer to the quantum system described by the Schrodinger equation as an isolated or
“ideal” system. The effective capacitance obtained from the Schrodinger equation is
naturally referred to as the capacitance of the isolated system. Unlike the ideal case,
where the solution is valid for any time ¢, the analytical solution obtained using the
GKSL equation is valid only in the asymptotic limit ¢ > Ti¢1 4, T4ec,j, Where i1 ; and
Taec,j denote the relaxation and decoherence times of a qudit respectively. In the partic-
ular case of a qubit, these correspond to the standard relaxation and decoherence times
Ty and T5. In this regime all coherent effects have vanished and the system has relaxed
to a thermal equilibrium state which is weakly probed by a classical resonant circuit.

There are two possible asymptotic scenarios for open systems.

(1) First, when both the characteristic qubit/qudit frequency wgy/qq and the prob-
ing frequency wy are much smaller than the relaxation and decoherence rates
Wt K Wg/gd K T, T:1 ., the system undergoes fast dissipation and we refer to

rel,s? ~ dec,j?

it as a “bad” open system. As we show later, many previously known phenomenologi-
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cal results are indeed correct but only in this limiting case [36, 49, 50, 54, 60, 63,71, 72];
however, such phenomenology gives no dependence on the relaxation rates. In contrast,
in this work we obtain results valid for arbitrary relaxation rates.

(i1) Second, the opposite limiting case Trgllvi, Td*ei’ i K wif K Wg/qd, Which we refer
to as “good”, 1s of significant interest because of its applications to quantum computing
and engineering.

The results of the different regimes studied in this thesis are briefly summarized in
Table 2.1.

Regime validity Cetr
O’FE
: —1
good qubit T < wrp < wy e
. _ 0 OF
bad qult wrr K Wq < Tl ! _WWth
Al
ideal qubit Ty — kg1 — 0O ——
1dcal qubi1 1,2 O, KB aVZS
: _ O*F
good qudit Treﬁi K wif K Wed T2
: _ 0 OF
bad qLIdlt wrr K Waqd < Trel{i —thh
: : O’E
ideal qudit | Tie1 i, Tdec,; — 00, kg1 — 0 1%

Table 2.1: Brief summary for the effective capacitance Cer of qubits and multi-level sys-
tems (=qudits). The table shows the formulas for the effective capacitance in various
limiting cases. Here V' is a classical probing voltage that perturbs the quantum system.
This voltage is generated by a driven RLC resonator with a period 1 = 27rwr’f1. Here,
E represents the energy levels E; of a quantum system, the definitions of averages As g,
are given in the main text. The times 7} » denote the relaxation and decoherence times
of the qubit, 7;c1; and Ty ; denote the corresponding times of a qudit, and wy/qq 18 the
characteristic qubit/qudit frequency. Note that in many papers the authors phenomeno-
logically use what appears to be the expression for the non-coherent quantum system,
which is valid only for wgg < Tf’Ql, and thus requires a correction in the general case.
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The notation A denotes the statistical average of a physical quantity A, defined as
A = >".piA;, where p; is the probability of the system occupying the state | E;) with
energy F;. In particular, for a system in thermal equilibrium, Ay, = >, p!" 4;, where the
probabilities pi! correspond to the thermal equilibrium distribution, while for an isolated
system described by the Schrodinger equation, Ag = > piAi, where p; corresponds to
the quantum-mechanical occupation probability of the eigenstate | F;).

The ready-to-use analytical expressions for the effective capacitance and resistance
of an arbitrary two-level system coupled capacitively to a classical resonator, obtained

from the solution of the GKSL equation, are summarized in Table 2.2.

Capacitance Conductance (= 1/Resistance)
Cefr = C’geom + CQ(Xth) + CT(X{}N Tl) Rejff1 = Rﬁrlm(Xtha TZ) + Rsii (Xiha Tl)
9? Egeom (ae)?
Cgeom - - 8‘/2 5 CQO - IA 9 1 E _1&2 R_l B é
1 0e Q) ~ 9K 4 K — 7
o= —-——==
e dV
A3 AEy, 1 _q Twore A3 Towre
Co = Cooygaxm: i =tanh <2k:BT> Hm = S0 TAT AR T 1 T3,
Aa’-jo 1 aXth _ _ hwa€Q lef
Cr=C, ! , X = =2 Ryl =R }—" ! d
T POAR T TR Y T g Sis = Q0 TAT AR, T 4 T2

Table 2.2: Summary of the results for two-level systems. The left column presents
expressions related to the effective capacitance Cegr, and the right column corresponds
to the effective conductance Geofr = Re_f%. In the first row, the general formulas for Ceg
and Re’f% are given. The second row shows the geometrical capacitance Cgeom and the
maximum quantum capacitance Cq, as well as the characteristic value of the effective
conductance R(Sé; V is a classical probing voltage, applied to the quantum system. The
last two rows list the expressions for the quantum and tunneling capacitances, and for the
Hermes and Sisyphus conductances. Here A is the minimal energy splitting of the two-
level system, ¢ is the energy bias controlled by the dc component of the probing voltage,
«vis the lever arm, Rx = h/e? is the von Klitzing constant, and AEy = /A2 + €2 is the
difference of ground and excited states energies. The geometric energy Fgeom, Which
gives rise to the geometric capacitance Cgeom, 1S defined as the term proportional to the
identity operator in the system’s Hamiltonian. For further details see Sec. 4.

As can be seen from Eqgs. (1.1, 1.2) and Table 2.2, the quantum Cg and tunneling Crt
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capacitances, and the Hermes Ry, and Sisyphus Rg;s resistances all arise from only two
physically distinct processes, illustrated in Fig. 2.1: the “Hermes”- and “Sisyphus”-type
processes, dominant near the avoided crossing (¢9/A ~ 0) and away from this region
(leo|/A Z 1), respectively. The physical origin of this distinction becomes transparent
from the dynamics of the Bloch vector R = (X, Y, x) shown in Figs. 2.1(c, d).

In the Hermes-type regime, the probe signal primarily drives the coherences X and
Y, while the population y stays close to yi, [see Fig. 2.1(c)]. As a result, the system
response is governed by the equilibrium populations yy, and the decoherence time 75
[see the third row of Table 2.2].

In the Sisyphus-type regime the probe signal primarily changes y, driving it
away from equilibrium yy, [see Fig. 2.1(d)]. The resulting dynamics traces the cyclic
excitation—relaxation Sisyphus cycle (1)—(4) in Fig. 2.1(a). In this case, the system
response is governed by the derivative of the equilibrium population xj, and the
relaxation time 7} [see the fourth row of Table 2.2].

The rest of the thesis is organized as follows. In Sec. 3 we review the phenomeno-
logical approach to introduce the effective capacitance as a response to the dynamics of
the quantum subsystem. In Sec. 4 we develop a rigorous theoretical approach to study
the coupled dynamics of a quantum subsystem with a classical RLC' resonator. Using
this formalism, we study the responses of the stationary states of the qubits as well as
the superposition states either in thermal equilibrium or created by microwave resonant
driving. Then, in Sec. 5, we present the effective capacitance and resistance results for
isolated and open multi-level systems. Finally, Sec. 6 is devoted to examples of other
quantum systems, such as a single-Cooper-pair transistor, a double quantum dot and a

single-electron box. Appendices A—K present details of the calculations.
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Figure 2.1: “Sisyphus” and “Hermes” processes in a two-level system. (a) Energy-level
diagram of a two-level system. Hermes- and Sisyphus-type processes are indicated
in blue and red throughout. The Hermes process at around ¢3/A = 0 is denoted by
the blue caduceus symbol, and the Sisyphus process by the red stone symbol at, say,
eo/A = 2. The blue double-headed arrow and red arrows (1)—(4) illustrate the Her-
mes and Sisyphus processes, respectively. The green curve and arrows schematically
indicate thermal excitation leading to a partial population of the upper energy level.
(b) Corresponding Hermes (Cq, G'um ) and Sisyphus (Ct, G'sis) admittance components,
calculated from Table 2.2. (c), (d) Time dependence of the Bloch vector components
R = (X, Y, y) for the Hermes (cy/A = 0) and Sisyphus (g9/A = 2) processes, re-
spectively. The Bloch vector R is obtained from the numerical solution of the GKSL
equation for the density matrix p = (i +R- 3)/ 2 in the instantaneous energy repre-
sentation. Parameters: Al'°/A = 0.2, hyy/A = 0.01, kgT /A = 2.5, e/ A = 0.03,
huwe/ A = 0.5. For further details see Sec. 4.
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SECTION 3
CONVENTIONAL APPROACH TO EFFECTIVE CAPACITANCE

3.1 Phenomenological introduction of the effective capacitance

For concreteness, we now consider a Cooper-pair box (CPB) [7], shown in Fig. 3.1,
as a simple and suitable example of a quantum subsystem. The superconducting island,
with voltage Vi, is formed by a Josephson junction (JJ) characterized by Josephson
energy Fjy and capacitance Cf, which is capacitively coupled to a measurement electrode
via the capacitor C',,. In a similar manner, as will be shown in Secs. 4 - 6, the effective
capacitance and resistance for a wide variety of other physical systems can also be easily
derived.

(a) GV (b) VL

Figure 3.1: As an example, (a) shows a Cooper-pair box built from a measurement
capacitor Cp, and a Josephson junction with capacitance Cy and Josephson energy Fj.
The state of the system can be probed via the voltage V7, which couples the charge qubit
with a RLC resonator. (b) In the two-level approximation, the qubit can be represented
as an effective capacitance Clg.

We start by noting that the probing signal induces a charge on the top capacitor, Cy,.
The probing voltage,
VL = Vo + dVigcos(witt), (3.1)

1s assumed to contain a constant dc component V7, that tunes the state of the qubit and
an ac component & V;rcos(wyt), allowing the rf phase shift and amplitude change of
the probing signal to be extracted. Following Refs. [51, 54], we define the effective
capacitance as the first derivative of the charge ()., on the capacitor C';,, with respect to

the voltage (i.e., the differential capacitance)

OQm
vy

Cer = (3.2)
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The total charge on the island is
2en = _Qm + QJ = Cm(‘/isl - VL) + CJ‘/ish (33)

where (); is the charge on the capacitance Cj of the Josephson junction, and Vg is
the voltage of the superconducting island. Thus, the average charge seen from the top
electrode (Q,) can be expressed in terms of the average number of Cooper pairs on the

island (n), so that the effective capacitance becomes

CuCi_, Cn0(n)

Ceff = — 3.4
eff Cs € Cs OV, (3.4)
—— N——
Cgeom CQ+CT
where Oy = ()}, + Cj is the total capacitance of the superconducting island and

Coeom = CmCy/Cy is the geometric capacitance, representing the series combination
of C, and C.

To obtain expressions for the quantum and tunneling capacitances one should know
how (n) depends on V;. For this, in the next subsections we consider three important
situations: (1) non-driven isolated quantum system, (i1) an open quantum system at finite

temperature, and (ii1) a driven quantum isolated system.

3.2 Effective capacitance of a non-driven isolated system

An instructive example of the emergence of the quantum capacitance can be pro-
vided by a simple two-level model. When the Josephson energy Ej is much smaller
than the charging energy Ec = e?/2C%, the superconducting island behaves as a well-

defined two-level system with energy levels given by [5]
L 2
Ey = 3 A? 4 &5, (3.5)

A = EJ, Eo = 4Ec(1 - 2ng0) (36)

where

and ny = —CnV7o/2e being a dimensionless charge. The bias ¢ is tuned by the dc

component of the probing voltage V.
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The expectation value of the charge operator (n) for such qubit can be written as

1 €0
() =3 [1 - AE@X] : (3.7)

where AEy = E,—FE_ isthe difference of energies and Yy = p_ — p., assumed constant
here, is the difference between occupation probabilities of the ground and excited states.
Substituting Eq. (3.7) into Eq. (3.4) we obtain

Ce - - — C com C 3 38
ff Cs aVLQS scom + Co(€0) (3.3)
where the quantum capacitance is given by
A3
C = Coo——7 3.9
a(€0) QOAE3X7 (3.9)
with )
C2 Ec 1 Ch
Coop=4—"—=—(2e—] . 3.10
DT A T 2A < ecz> (3.10)
In particular, for the ground xy = 1 and excited y = —1 states, we obtain the capaci-

tances of these states:
A?’

AEY

The fact that for an isolated system the quantum capacitance of the n-th level is

Céi)(&‘o) = :FCQO (3.11)

proportional to the second derivative of the energy band, Cén) o 0?E,,/0ed, is a general
result that will be proven in Sec. 5 for arbitrary bias dependence in the Hamiltonian
H = 7:[(6). We note that the quantum capacitance Cq can be of the same order of
magnitude or larger than the geometric capacitance Cgeom for typical parameter values,
especially at the avoided crossing point, where it attains its maximum value Cqg [7, 54].

To summarize, in the phenomenological approach, one assumes that a classical
RLC circuit does not influence the dynamics of the quantum subsystem at all. This
is why we can find the unperturbed evolution of the quantum subsystem and evaluate
the quantum capacitance by taking partial derivatives with respect to the dc component
of the probing voltage V7.
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3.3 Impact of temperature

When we take into account the interaction with the dissipative environment by solv-
ing the two-level Bloch equations, the expectation value (7n) is still given by Eq. (3.7)
[43], where the difference between occupation probabilities is given by thermal proba-

bilities pf' with

AFE,
th th 0
= = — = tanh ) N
X Xth = P_ — P4 an (2/{3T> (3 2)

Then the phenomenological expression will coincide with the one in Ref. [54]
0 OF

Cth =C, eom — Ats avr
off 8 OV OV ¢

(3.13)

where OF /0V7, stands for the Boltzmann-weighted average of the charge (n)g [43].

Such effective capacitance gives rise not only to a quantum capacitance

A3 AEj
T) = ——tanh .
CQ(g(), ) CQOAES an (ZkBT> s (3 14)

which is directly related to the previous expression (3.9) by replacing x with the thermal

occupation ,, but also to the tunneling one, which is proportional to O, /0V7,

A 82 AEO
Cr(20,T) = C, 0 cosh™? . 1

r(e0, 1) = Coogp 7 A gm 08 <2kBT) (3.15)
From Egs. (3.14) and (3.15) it is clear that for low temperatures we obtain the quan-

tum capacitance of the ground state and zero tunneling capacitance

T Coleo, T) — C.
250 = o(o. 7) ?

(3.16)
A CT(80,T) — 0.

3.4 Microwave driving

Furthermore, in addition to the weak classical probe signal de,¢(t) = dercos(wiet),
we consider the dynamics induced by a strong resonant drive e4(t) = A cos(wqt), with
the driving frequency wy close to the qubit frequency wy = AE/h, when the system
experiences Rabi oscillations. The effective capacitance is given by Eq. (3.4), where
the difference y of the energy level occupation probabilities will be given by the Rabi
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solution
dw?

- 3.17
XR 9%7 ( )

where Qr = V22 4 dw? is the generalized Rabi frequency, 2 = AA/(2RAE)) is the
Rabi frequency at the resonance point, and dw = wy — wqo 1s the frequency detuning.

The effective capacitance now also consists of the quantum and tunneling parts,

A3 dw?
CQ(S(), A,Cdd) = CQOA—EE’Q_%7 (318)
ZA Q% (wq — dw)o
Cr(en, A, ) = 20005, T Wa — 0w)ow (3.19)

AER b
If the detuning frequency dw is much larger dw > (2 than the Rabi frequency (2, the
above expressions [Egs. (3.18, 3.19)] give zero tunneling capacitance, like in the ther-
mal equilibrium case, while the quantum capacitance will tend to the quantum capaci-
tance of the ground state, as in Eq. (3.16).

This phenomenological approach of defining an effective response of the quantum
subsystem can give some useful results for geometric, quantum, and tunneling capac-
itances. However, it is also important to study conditions of validity for the derived
expressions: which restrictions on the amplitude de,¢ and frequency w,s of the probing
signal and other parameters should be there in order for these results to be valid? Con-
ventional phenomenological approaches cannot indicate whether these results can be
applied or not for systems with large and small relaxation 7 and decoherence 75 times.
Therefore, in Sections 4 and 5 we will develop a rigorous theoretical description of the
interaction between classical and quantum subsystems in order to establish the regions
of validity, study the influence of the temperature 7', relaxation and decoherence times
T} » for two- and multi-level systems when there is stationary probe and microwave

driving.
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SECTION 4
COUPLED DYNAMICS OF CLASSICAL AND QUANTUM SUBSYSTEMS

In this section, we develop the theory of interaction between classical and quantum
subsystems and will use it to obtain the effective capacitance and resistance of qubits

with and without resonant driving.

4.1 Classical equations of motion

To derive the coupled classical and quantum equations for an arbitrary system, we
start from the classical Lagrangian £ (1, Pel, ©q, ©q), Which depends on both classical
©c1,; and quantum g ; degrees of freedom, indexed by ¢ and j sub indices, respectively.
It is convenient to decompose the Lagrangian into two parts: a purely classical com-
ponent L(@el, Pe1), Which does not depend on the quantum degrees of freedom, and
a quantum part Lg(@el, Pel; ©q; Pq)> Which depends on both classical and quantum vari-
ables, such that £ = L + L.

In the presence of both classical and quantum variables, the Lagrangian formulation
must be partially transformed into the Hamiltonian formalism to enable the canonical
quantization of the quantum degrees of freedom. This is achieved by introducing the
Routhian function [73]

R(q: Pgs Pets Pet) = ¥ Pajbaj — L ="H — La, (4.1)

J

where pq; = 0Lq/0¢q ;. Upon decomposing the Routhian as R = H — L, the first
term becomes the quantum Hamiltonian after quantization, H — 7. In contrast, the
classical contribution £ gives rise only to a term proportional to the identity operator
and therefore does not affect the quantum dynamics.

After quantization, one obtains the following classical equations of motion from the

Routhian for capacitively coupled quantum and classical systems [see Appendix A]:

d 0Ly 0Ly  OF d<87—2>207

G0 _Oka  OF 040 42
dt Ope;  Opeli  Operi At \OPer; (*2)

A

where F is a classical dissipation function and (A) denotes the quantum-mechanical
expectation value of an observable A. The first three terms of Eq. (4.2) form the Euler-
Lagrange equation, while the last term corresponds to the coupling with the quantum
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subsystem. We emphasize that the developed formalism is equally applicable to systems
with inductive coupling [see Appendix A].

Having developed a general formalism applicable to arbitrary coupled classical-
quantum systems, in the next subsection we illustrate the approach using a concrete

example: a Josephson-junction-based charge qubit.

4.2 Quantization of the Cooper-pair box

In order to study coupled dynamics, we start by adding a classical RLC' circuit to
a CPB in Fig. 3.1. Additionally, in order to include a resonant microwave drive, we
tune the qubit via an additional gate capacitor Cy, as shown in Fig. 4.1, as in Refs. [7,
74]. The corresponding gate voltage Vy; = Vo + V4 cos(wqt) contains a dc component
Voo that sets the qubit operating point and an ac component that resonantly excites the
system. Note that alternatively to the RLC' circuit, a quantum system can be probed via
a nanomechanical resonator [71, 75].

We start by writing the classical Lagrange function £(;, ¢;) for the electrical circuit
in Fig. 4.1. To do this, we choose generalized velocities to be proportional to voltages at
the nodes V;, so that the nodal phases ; = %P f V;dt are the generalized coordinates [3].
Equivalently, one may work with the nodal fluxes ®; = (®/27)p; [25], where &y =
h/2e is the magnetic flux quantum.

To be specific, Vi 1, are the classical voltages between the resistance R, inductance
L,, and capacitor C}, Vi, is a weak probe rf signal at the input, Vj is a parameter that
controls the qubit state. These voltages correspond to the phases ¢r r, Yin, and @y,
respectively. So, the Lagrangian can be written as

2¢\ C, . 1 Co . .
(—) L=—¢ (o — 0r)* + =2 (P — o) +

h 2 7L oL, 2
Cy . Cn . . ) 2¢\ 2
+7JQO2 + 7(90 — goL)2 + (E) Ey cos o, (4.3)

which contains “kinetic” terms corresponding to the electrostatic energy of the capaci-
tors and the “potential” terms due to a magnetic energy of the inductance and the energy
of the JJ.

As discussed in the previous subsection, the superconducting phase of the island ¢
must be quantized. Therefore, we introduce the Routhian function R = py — L, where
p = 0L/0¢ [see Eq. (4.1), Appendix B, and Ref. [53]].
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Figure 4.1: Classical resonant RLC' circuit capacitively coupled to the CPB through
the capacitor Cy,,. The JJ-based charge qubit has Josephson energy E and capacitance
(. The system can be driven through the gate capacitor C, via the applied voltage V.
Classical voltages in the nodes between the resistor, inductor, and capacitor are Vz and
V1, respectively. A probe signal Vi,(t) = Vi, cos(wyt) is applied to the resistance, and
the gate voltage V, = Vy + Vi cos(wqt) has a dc component Vy, which tunes the qubit
and an ac component exciting the system.

.

Quantization is done replacing variables related to the quantum subsystem with cor-

responding operators, so that the Hamiltonian H is

C(g‘/g2 . Cmvg
2 2

H = 4Ec(i — ng)? — Eycos ¢ — (4.4)
where Ec = ¢2/2C% is the charging energy with the total capacitance of the island
Cy, = Cy 4 Cy + Cy, 1 = p/h is the dimensionless momentum with the commutation

relation [p, n] = 4, and n, is an effective dimensionless charge

h . :
Ng = ) (Cgpg + CnorL) - (4.5)

The dimensionless charge consists of three terms ng = ngy + dn,¢ + dng, where ngg
is the stationary bias formed by Vo [see Eq. (3.6)], dn,s is associated with the weak
coupling to the classical resonator arising from ¢y, and dng o cos(wgt) represents the
strong resonant drive applied to the system.

In the two-level approximation, valid for £j/4F: < 1, the Hamiltonian can be
written in the pseudo-spin form

~ A e(t) .

H = Egeom[g(t)]i - 5‘5—1‘ - TUZ (4.6)

with e(t) = 4E¢(1—2n,) being the voltage-controlled energy bias and A describing the

tunneling between the nearest charge states. The term Eyeom denotes the geometric en-
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ergy, and is defined in Eq. (B.5). Although it does not influence the quantum dynamics,
it gives rise to a geometric capacitance, thereby providing a more complete description
of the interaction between the subsystems.

The resulting classical equations for ¢y, g, are essentially the Kirchhoff equations
for the electrical currents I, p flowing through the corresponding circuit nodes. These

are: . )
Pin — PR _ YR — PL
R, L ’

. 2e 2dr 67:[ YR — PL
Cror (E) %<8¢L>_ L,

and must be supplemented by a quantum master equation that determines the quantum

4.7)

et d /) OH 0s d jOH
A £
D =—alom) = ~avala )

As will be shown in Secs. 4.4 and 5.2, the quantum current gives rise to both the

(4.8)

effective capacitance and the effective resistance

2e - . VL
- I — Ce .

(4.9)

This equality should be understood as time-averaged on the timescale of the quantum
subsystem, whose frequency wg/qq 18 much greater wgqq >>> wir than the frequency of
the classical subsystem w;r. This results in an effective response only on the timescale
of the classical probing device [76, 77].

So far, we have developed a framework that consistently couples the classical electri-
cal resonator to the quantum subsystem, for the specific example of a charge qubit.The
coupled classical equations (4.7) need to be supplemented by a quantum master equa-
tion. In the following subsections we will see how the effective response of the quantum
system arises both for the isolated (Sec. 4.3) and open (Sec. 4.4) two-level systems.

4.3 Quantum capacitance of an ideal qubit

In contrast to the previous subsection, where we focused on the specific system
shown in Fig. 4.1, here we consider a general two-level quantum system with a pseudo-
spin Hamiltonian given by Eq. (4.6). We assume that the system is being probed by a
classical voltage V' that can be treated perturbatively. We consider a non-driven isolated

system, so that there are no effects of temperature, relaxation, and decoherence. This
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is described by the Schrédinger equation for the evolution operator zh(} — HU with
Hamiltonian (4.6) and bias
e(t) = eg + den(t), (4.10)

where the rf component of the bias is related to the probing voltage via de;y = aedV
with the lever arm
1 Oe

- - 4.11
« edV ( )

The evolution operator U evolves the initial state |¢),) to the state [¢)) = U|ty).
We assume that the coupling between the subsystems is small, so that the probe

signal de,¢(t) can be treated as a perturbation in the Schrodinger equation at
O, huore << A (4.12)

We seek a solution for the classical phase ¢y, in the form ¢, = g sin(wt). Then,

from definition (4.5) and that of the time-dependent energy bias £(t), we obtain
derf(t) = h—=—pp = derpcos(wiet). (4.13)

The solution of the Schrodinger equation for the evolution operator U with the
Hamiltonian (4.6) can be obtained using time-dependent perturbation theory [see
Ref. [78] and Appendix C, Egs. (C.3-C.8)]. After this, we can calculate the time

derivative of the average number of Cooper pairs

B L) = ol 7O ) 4.14)

up to the first order in perturbation.

For an arbitrary initial superposition state

1 11—y .
[90) = | 22 B+ 2 B, (4.15)

the resulting expression for the quantum capacitance is

A3 1
X .
AES) 1— (er/WqO)2

Co = Coo (4.16)

This expression coincides with the phenomenological result, Eq. (3.9), up to terms of
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the order O ((wyr/wqo)?). Here, the states | E.,.) are defined as eigenstates corresponding
to the eigenenergies

hwqo

Ey=EQ, + " (4.17)

of the Hamiltonian (4.6) with the time-independent energy bias £(t) = (, while ¥ is an
arbitrary phase difference.

So far, our formalism yields correct results for the effective capacitance that co-
incides with previously known phenomenological results. In the next subsection we
investigate how the situation changes when the quantum system can no longer be con-
sidered isolated. In particular, we show how the expression for the quantum capacitance
must be modified, and how both the tunneling capacitance and the effective resistance
arise.

In Sec. 5, we will consider a more general formulation and show that, for an arbi-
trary multi-level system, the quantum capacitance is exactly proportional to the second
derivative of the energy with respect to the energy bias, and we will also show how to

obtain general expressions for the tunneling capacitance and the effective resistance.

4.4 Impact of temperature, relaxation and decoherence

Now our task is to describe the interaction of quantum open systems with classical

subsystems.

4.4.1 GKSL equation

To account for temperature, relaxation, and decoherence effects, we must use the
quantum master equation, because the Schrodinger equation can describe only unitary
dynamics. Instead, we now consider the GKSL equation for the density matrix p. This
equation must be written in the instantaneous representation, e.g. [46, 79], obtained by
the unitary transformation S [see Eq. (D.1)], which diagonalizes the original Hamilto-

nian

(), | hA
YN0

Ting = STHE — ihS1S = Egeoml — G, (4.18)
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where AE(t) = \/A? + £2(t). The GKSL equation reads

A

s Ly i wr_l{w }
P— h[Hlnstap]—an:’Va [LapLa 2 LaLOn . (419)

We choose the relaxation rates v, = {7+, 75} and the Lindblad jump operators

Z)a = {04, 0.}, imposing the instantaneous detailed balance condition

Vo _ exp AE(t)
Y- kgT ’

(4.20)

which leads to the Bloch equation. The relaxation rates are chosen in such a way so that

they reproduce the relaxation and decoherence times,
Ti'=y=7+7 and Ty'=2v,+17"/2, (4.21)

in the Bloch equation [see Appendix D]. The expressions for the effective capacitance
and resistance will remain the same in such case.
For small probing amplitude d&,¢, both the Hamiltonian 7:[inst and the relaxation rates

7. can be expanded up to first order as

Hins = HO. 4+ Videws(t) + Vieden(t) (4.22)
and
oy

Yo (€) = Y+ Gey(t) (4.23)

Oe

For the detailed definitions of ﬂfr?s)t, ‘755’55, 7((10), and Ogvéo), see Egs. (D.10, D.11).
The solution for the density matrix is obtained by finding the first-order corrections

to the stationary thermal equilibrium state at times much longer than the relaxation and

decoherence times t > T, T5:
p=p0 4 pW = 5O 1 Ade(t) + Boe(t), (4.24)

where p() is the thermal equilibrium density matrix at the unperturbed energy bias .
Expanding the GKSL equation (4.19) yields two coupled linear matrix equations for the
unknown matrices A and B [see Eq. (D.13)], which can be found analytically. Using

these matrices, we compute the first-order correction to the quantum current (4.9). As
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a result, we obtain expressions for the effective capacitance (D.16) and the effective

resistance (D.17), which are analyzed in Secs. 4.4.2 and 4.4.3, respectively.

4.4.2 Effective capacitance

The effective capacitance (D.16) consists of geometric Cgeom, quantum Cq, and
tunneling Ct components. The geometric capacitance can be written as [see Appendix

A and Sec. 6]
aQEgeom

ovz '
where V' is a classical probe voltage. In this and the next sections, we consider F; =

Cgeom = -

(4.25)

Eseom + E to be the total eigenvalues of the Hamiltonian, including the geometric
energy.

From Eq. (D.18) at w;y < wqo the quantum capacitance is

A3 AE),
= Cop——= tanh 4.2
CQ CQOAES tan (QkBT) , ( 6)
where : )2
ae
= 4.2

1s the maximum value of the quantum capacitance that can be obtained from the known
dependence of the energy bias on the classical probe voltage, with a being the lever arm
defined in Eq. (4.11). The result in Eq. (4.27), unlike the expression in Eq. (3.10), is
valid for an arbitrary two-level system. In particular, by substituting o = 2C},,/Cy, into
Eq. (4.27), one recovers the maximum quantum capacitance of the CPB, Eq. (3.10). In
the quantum capacitance (4.26) the dependence on the decoherence time 75 appears in
the next order of wys/wqo [see Eq. (D.16)].

The tunneling capacitance reads

AEQ AEO 1
Cr = Cop———2— cosh > . 4.28
1= M0 TAEE ©° (2k3T> 1+ T2 (4.28)

From Eq. (4.28) we see that Cy originates from the dynamical redistribution of the
level occupations, which occurs on the relaxation timescale 77. For the bad qubits with
wie < Ty, the populations efficiently follow the classical probe, the redistribution of

the populations of the energy levels remains quasi-equilibrated, and the tunneling capac-
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itance reaches its maximal value. We note that only in this regime the phenomenological
expression (3.15) is applicable.

In contrast, when the probe signal becomes too fast compared to the timescales of
relaxation, T, ' < wy, the populations are effectively frozen out of equilibrium, the
redistribution of the populations is dynamically blocked, and C'r is strongly suppressed.
As it was observed in Eq. (3.16), as the temperature tends to absolute zero, the tunneling
capacitance still vanishes, while the quantum capacitance tends to the capacitance of the
ground state.

The general result for the effective capacitance can be simplified for the limiting
cases of a bad qubit (wrr < wq K Tl_l)

C(bad) o (9 @_E

it 4.29
eff oV OV ( )
and a good qubit (T} ' < wyr < Wq)
oo _ _O°E 430
eff — _8V2th’ ( . )

where F denotes the eigenenergies £y of the Hamiltonian (4.6) [see Sec. 2 for the
definition of average Ag].

These two limits reflect the same physics discussed above: for a bad qubit, the
occupations follow the drive and the response involves the derivative of the thermally
averaged slope of the energy. Whereas for a good qubit the populations are effectively
frozen and the capacitance is determined solely by the curvature of the eigenenergies.

The fact that such results can be written in terms of qubit eigenenergies will be
proven in Sec. 5. We will also show that expressions (4.29, 4.30) remarkably are un-
changed for multi-level systems, as it is sometimes implied [58, 72].

For good qubits at 7! < wyr the tunneling capacitance vanishes from Eq. (4.30)

and we can then deduce that the quantum capacitance can be defined as

O*F'

Co=— oV2m

4.31)

For bad qubits at w,s < T; ~1 the tunneling capacitance reaches its maximum value, as
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can be seen by combining Eqgs. (4.29) and (4.30)

O’E B 0 OF
V2 OV OV

CTmax = (4.32)

4.4.3 Effective resistance

So far, the system was never allowed to dissipate any energy. However, open sys-
tems may exchange energy with their environments, which leads to dynamical dissipa-
tion. Alternatively, from a mathematical perspective, the GKSL master equation intro-
duced a finite response time in the system. At the thermal equilibrium state, this creates
a phase lag between the probe voltage at the input and the electrical current on the out-
put. Thus, the system is dissipating power, which must be accounted for with a resistive
term Refr.

The effective conductance, Eq. (D.17), can be split in two terms, as in Eq. (1.2): the
Sisyphus conductance [41, 45, 52],

_ _ ha}f 82 T1Wf _ AEO
GiS:R.lle r 0 r h2 433
S Sis Q0 kBT AE% 1+ lewer COS —2]<;BT , ( )
and the Hermes conductance [44],
2 AQ T Wq0 AEO
G = Rl = 2RgL =t 2290 _ tanh , 4.34
1 Hrm Q0 wop AEG 1 + T3wg, ol 2k T (4.34)
We have introduced
_ T
Rgy = 5 hc'e’ (4.35)

as the characteristic value of the effective conductance and Rx = h/e? is the von Klitz-
ing constant.
When the temperature tends to absolute zero, the effective conductance simplifies

to:
Gsis = Rs_di — 0,

Q}2
-1 —1 "rf
Hm 7 2fiQO 2
qu

Gum = R

AN Ty (4.36)
Moreover, if the qubit satisfies either 75 — 0 or 75 — oo, then the Hermes conductance
also vanishes.

We note that the effective capacitance Cesr and the effective resistance R.s defined
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in Egs. (D.16, D.17) depend explicitly on the probing frequency wy¢, and therefore Cegr
and R.s should not be interpreted as true circuit elements in the strict sense. A rigorous
identification of the underlying circuit representation would require decomposing the
admittance Y = R;f% + 1wifCefr Into elementary rational functions of w¢ [80].

4.4.4 Graphical results

As a next step, we present and analyze the obtained analytical expressions for the
effective capacitance in Figs. 4.2, 4.3, 4.4, and for the effective conductance in Figs. 4.5,
4.6, and 4.7 for different relevant parameters.

Figure 4.2 shows the quantum capacitance of an isolated quantum two-level system
(blue curve) and the effective capacitance with the geometric contribution subtracted,
Cefr — Cgeom, shown for both limiting cases of good (Tl_1 < wyf, green curve) and bad

(i K T 1_1, red curve) qubits.

- T

0.8 —— Ideal
s [
O i — Bad
~ 0.6F —
S — Good ]
0.4
EE
S

0.2

| | P | |
-3 -2 -1 0 1 2 3
50/A

Figure 4.2: Effective capacitances (without the geometric contribution, Cegr — Cgeom) OF
an ideal qubit in the ground state (blue curve), of a high-coherence (good) qubit (green
curve), and of a low-coherence (bad) qubit (red curve). Expressions for the effective ca-
pacitance of the bad and good qubits are given in Egs. (4.29) and (4.30). Deviations from
the 1solated-system case illustrate the effects of decoherence and energy-level broaden-
ing on the effective capacitance. The temperature for good and bad qubits is set to be
ksT /A =0.7.

Since the green curve corresponds to the good qubit, it represents the pure quantum
capacitance C in accordance with Eq. (4.31), and the difference between the green and

red curves illustrates the maximum value of the tunneling capacitance Ct max, Eq. (4.32).
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As the temperature approaches absolute zero kgT/A — 0 (not shown in Fig. 4.2), both
the good- and bad-qubit curves converge to the quantum capacitance of the ground state.
The maximum value of the effective capacitance at the quasi-crossing point is the same
for both limiting cases and is reduced by a factor of tanh(A /2kgT") compared to C
in the ideal case (at kgT'/A = 0).

We can better understand the obtained results by also examining the full width at half
maximum (FWHM) of the effective capacitance Ceg. Figure 4.3 shows its dependence

on the relaxation rate I' for different temperatures, where the relaxation time is modeled

as [51, 52]
AFE
T ! = TI'°coth . 437
1 co <2kBT> (4.37)
Ay
3.5 kpT/A =1 .
S keT/A = 0.7
= - LI
§ 2.5 u
I - Ideal qubit (T" = 0) ]
2__ | ]
- - kpT/A = 0.3 1
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Figure 4.3: Dependence of the effective capacitance full width at half-maximum
(FWHM) on the normalized relaxation rate I'°/w,¢ for different temperatures. In the
region I'°/w,s < 1, on which the marker V is placed, the qubit is in the good (coherent)
limit and the curve saturates to a constant value. In contrast, for I'°/w.s > 1, on which
the marker e is placed, the qubit is bad (strongly dephased), and the width reflects the
broadening of the effective capacitance at small relaxation times. The marker M is for
an intermediate situation, when the qubit is neither bad nor good. For the cyan, orange,
and blue curves the temperatures are kg7 /A = 0.3, 0.7, and 1, respectively. For the
green, purple, and red markers, the relaxation rates are I'°/w,s = 0.01, 0.5, and 50, re-
spectively. The blue dashed curve corresponds to the case of an ideal qubit, where there
1s no dependence of the FWHM on the relaxation time.
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To obtain the FWHM curves, we solved the equation

Ce eo=0 C eom
Ceff(gO) — Cgeom — ff| v 02 £ (438)

for 9. The difference between the two numerical solutions, \562) - 5(()1)|, gives the

FWHM [see Fig. 4.2]. Interaction with a dissipative environment broadens the effective
capacitance curve. In the limit kg7 /A — 0, the FWHM curve approaches a constant
value corresponding to the FWHM of an ideal qubit (blue dashed line).

In Fig. 4.4 we analyze how the FWHM depends on temperature for different re-
laxation times, corresponding to the good, bad, and intermediate regimes. All curves
tend to the same asymptotic constant value as kg'I" — 0, equal to the FWHM of the
ideal qubit. Furthermore, for the considered model of the relaxation time 7 (4.37), the
FWHM increases asymptotically linearly with temperature, except in the case ['* = 0,

corresponding to a good qubit.

]_0: L
8 — Bad
6:__ Intermediate
4 -
L
= 4 —— Good
as .
=
.
2_
1 1 | 1 1 1 | 1 1 1 1 | 1 1 1 ]
0.1 0.5 1 5
kT /A

Figure 4.4: Dependence of the effective capacitance full width at half-maximum on the
normalized temperature kg7'/A for good, intermediate, and bad cases (corresponding
to the respective markers in Fig. 4.3). All parameters are the same as in Fig. 4.2.

At sufficiently high temperatures, the two-level approximation breaks down, as the
presence of additional quasi-crossings bounds the maximum value of the FWHM. De-
spite this limitation, by using the results from Sec. 5, we can still obtain the correct
values for the FWHM, as it cannot exceed unity due to the periodic structure of both
the energy levels and the effective capacitance with respect to the dimensionless gate

charge n,.
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We also analyze the obtained expressions for the effective conductance Gegr = e_f%
in units of Ggo = R(Sé. Here, the relaxation time is modeled as in Eq. (4.37), and
the decoherence time is given by T, ! = T, '+ (211)~!. First, we study its tempera-
ture dependence in Fig. 4.5. From Eq. (4.36), in the limit kg7'/A — 0, the effective
conductance is determined by the Hermes term. As the temperature increases, the Sisy-
phus conductance reaches its maximum value at kg7' ~ A. With a further increase in

temperature, kg1’ > A, the effective conductance tends to zero, as one can see from
Egs. (4.33, 4.34).

20— —————
i  WT/A=3 ]
I  kyT/A=1 1
o 15_ 1
= [ kT /A = 0.4
x [ _ kT/A =0 ]
=10 .
S
~—
£ 0
O 5/
-4 -2 0 2 4
SQ/A

Figure 4.5: Dependence of the effective conductance Geg = Re’f%, in units of Ggp =
R(Sé, on the energy bias ¢, for different temperatures 7". The parameters used in this
figure are hI'°/A = hw,e/A = 0.1 and T,A/h = 0.5.

As follows from Eq. (4.33), the Sisyphus conductance reaches its maximum exactly
at Thw,r = 1 for constant 77, in agreement with Ref. [45], where it was assumed that the
maximum occurs around 7jws ~ 1. This indicates that losses in the quantum system
are maximal when the classical probing signal excites the system on the same timescale
as strong relaxation occurs.

By varying the pure dephasing time in Fig. 4.6, one can observe how the Hermes
conductance is affected. In particular, for 7;, = 0, Eq. (4.34) yields Rﬁrlm = 0; the
maximum value of R}, is achieved at Thwqy = 1. As the dephasing time T tends to
infinity, 75, — 277, the Hermes conductance saturates at a finite value, as one can see
from Eq. (4.34).

Furthermore, not only does the Hermes resistance represent a novel contribution to

the effective conductance, but there also exists a parameter range in which the Hermes
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Figure 4.6: Dependence of the effective conductance Gegr = R on the energy bias g at
different times of the pure dephasing 7;,A /h. The temperature is set to be kg7'/A = 0.4.
Other parameters are the same as in Fig. 4.5.

conductance significantly exceeds the Sisyphus one. In Fig. 4.7(a), we plot both the
Sisyphus and Hermes conductances for a representative set of parameters and identify
the maximum values of the respective contributions, G4 and G,

To determine which contribution dominates, we plot the ratio GS?;X) / Ggir;ax) as a
function of the temperature kg7’ /A and the relaxation rate A/ A in Figs. 4.7(b) and
4.7(c), respectively. The horizontal dotted line marking unity separates the regime
where the Sisyphus contribution dominates (below) from the novel regime where the
Hermes contribution dominates (above), the latter occurring for either large or small

relaxation rates or low temperatures kg7 /A < 1.

4.5 Microwave driving

Now, consider a microwave resonant signal to be applied to the gate capacitor C,
(see Fig. 4.1). The corresponding quantum current in Eq. (B.6) should be substituted
into the system Eq. (4.7) with

Ve = Vo + Vinw cos(wat). (4.39)

It appears that this problem cannot be treated using conventional perturbation theory
due to the three-timescale structure of the system, w;y < {2r < wq, and the applicability

conditions of perturbation theory near resonance, which give rise to Rabi oscillations
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and the emergent Rabi timescale Tx = 27/ )R.
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Figure 4.7: (a) The Sisyphus (red curve) and Hermes (blue curve) conductances as
functions of the energy bias ¢y for kg7//A = 0.5, hI'*/A = 10, h/TyA = 0.5, and
hwie/A = 0.05. The dotted lines indicate the maximum values of the Sisyphus and

Hermes conductances, G and G\, respectively. (b) The ratio Gim™ /GU™) as

a function of the normahzed temperature kgT /A for several values of the relaxation

rate Al'°/A. (c) The ratio G max) ] GSIS as a function of the normalized relaxation rate
hI® /A for several Values of kBT /A. The horizontal dotted black lines in panels (b)

and (c) refer to G max) iy Gsr:;ax = 1, indicating equal maximum conductances. The red
(blue) shadlng 1nd1cates the Slsyphus-dominated (Hermes-dominated) regime, where
max /Gsrlr;ax < 1 (G max /GSI'II;aX 1).

However, this problem can be addressed using multi-timescale quantum averaging
theory (QAT) [76, 77]. The essence of QAT lies in systematically separating the dy-

namics of a quantum system in accordance with its different timescales. The procedure



39

begins by representing the evolution operator as a product of a fast, rapidly oscillating
unitary part Upg = exp(i®) expressed as a Magnus expansion with & = o ™ and
an effective evolution operator Ueff that evolves only on slower timescales. The effec-
tive Hamiltonian Heg can be found by re-normalizing the fast dynamical phase ™ in
every order. By iteratively applying this separation, one can progressively isolate the
fastest, intermediate, and slowest dynamics in the system. This approach effectively fil-
ters out the fast oscillations and allows one to construct an averaged description of the
system that captures the slower, physically relevant dynamics (in our case the timescales
of the classical resonant circuit) without losing information about the influence of the
faster processes.

Within the framework of QAT, it becomes possible to write explicit expressions
for the quantum and tunneling capacitances while also rigorously identifying the limits
where phenomenological approaches remain valid [81]. QAT thus provides a controlled
and systematic way to handle multi-timescale quantum dynamics that cannot be treated
accurately with standard perturbative methods. As a result, we obtained formulas like
Egs. (3.18, 3.19) for the quantum and tunneling capacitances [81]. These results will
be presented elsewhere.
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SECTION 5
EFFECTIVE CAPACITANCE AND RESISTANCE OF A MULTI-LEVEL SYSTEM

In this section we prove several general results related to qudits. Section 5.1 is de-
voted to the general treatment of the isolated system dynamics. There we prove that an
arbitrary d-level Hamiltonian, which is dependent on the energy bias £(t), has the quan-
tum capacitance proportional to the second derivative of the energy levels. Section 5.2
1s devoted to the study of quantum open systems. There we show how to generalize the
approach of Sec. 4.4 onto d-level systems described by the GKSL master equation with
arbitrary dependence on relaxation rates and Lindblad jump operators. We show how
the effective capacitance and resistance could be obtained and we analyze interesting
limits of good and bad qudits. In Sec. 5.3, we demonstrate that the general formalism
developed for d-level systems reduces to the qubit case for d = 2, reproducing the
previously obtained results for the effective capacitance and resistance.

In our approach, we start from the classical Lagrangian, which is dependent on
several classical ¢ ; and quantum ¢4 ; degrees of freedom. Using the formalism devel-
oped in Sec. 4.1, we obtain the Hamiltonian after quantization, L. The total effective
capacitance (including the geometric, quantum, and tunneling contributions) as well as
the total effective resistance (including the Sisyphus and Hermes components) can be
derived from the quantum current (Z) o d/dt(9H /d¢e) [see Eq. (4.8)].

5.1 Effective capacitance of an isolated qudit

Let us now consider the Schrodinger equation for the evolution operator ih(} — HU,
with the Hamiltonian H = #{(¢(t)), where the energy bias includes a small probing sig-
nal, (t) = eg+de(t). The system can be described correctly using time-dependent per-
turbation theory, for which the formal conditions are that the amplitude and frequency
of the probing signal are much smaller than the minimal distance between the energy

levels:
Oers, e < hwqd ‘= min |Ez(€) - Ej(5)|7 (5.1)
6’7’7]

where F;(¢) are the eigenenergies of the Hamiltonian, defined by

H(e)| Ei(e)) = Ei(e)] Eile))- (5.2)
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Since the Hamiltonian includes the geometric energy term proportional to Egeomi, as in
Sec. 4 we write E; = Egeom + .

Following the procedure outlined in Sec. 4.4, we begin by applying the unitary trans-
formation S [see Eq. (E.12)] to express the Hamiltonian in the instantaneous eigenbasis.
Using the Hellmann-Feynman theorem, we then obtain the corresponding instantaneous
Hamiltonian g, whose explicit form is presented in Appendix E, Eq. (E.14).

Since the instantaneous Hamiltonian depends on the time-dependent energy bias,
we expand it perturbatively in the small probe de,s and its time derivative d¢,y, as in
Eq. (4.22). Explicit expressions for ?:ti(r?s)t, Vs and Vj: can be found in Eq. (E.18).

As shown in Sec. 4.1, the interaction term between the classical and quantum sub-
systems in the classical equations of motion (the quantum current) can be written as
(I) o d/dt(dH/de) [see Eq. (4.8)], since there is a linear dependence of the energy
bias ¢ on the classical probing voltage V. This means that we have to evaluate the time
derivative operator in the instantaneous representation, (87—Z /O€ )inst, to determine the
effective capacitance of the system. The p}rocedure 1s straightforward and is discussed
in Appendix E [see Eq. (E.17) for the (9. )inst]-

After all the preparation steps, we are ready to construct time-dependent perturba-
tion theory. First, using Eq. (4.22) for the Hamiltonian, we find the first-order correc-
tions to the evolution operator U. Next, we E:alculate the quantum current, defined as

the quantum-mechanical average (¢o|UT(0-H)instU |10). Up to first order, we obtain

d<aﬂ>_dv02—E 5.3)

dt\oV/ — dt ov2s
where V' is the classical voltage that probes the quantum system. The straightforward
procedure for converting from the energy bias ¢ to the probing voltage V' is described
in Appendix E.5. We note that the response of the quantum system, given by Eq. (5.3),
includes a statistical average over the Hamiltonian eigenstates, where the probabilities
p; correspond to the occupations of the energy levels | ;).

The effective capacitance consists of geometric and quantum components. The tun-
neling capacitance is zero, because there are no redistribution processes yet. While the
expression for the geometric capacitance (4.25) remains valid for qudits, the quantum
capacitance contribution associated with the n-th energy level is equal to the second
derivative of its energy with respect to the probing voltage (when the geometric en-
ergy Eyeom coming from the diagonal part of the original Hamiltonian is not taken into
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account):
2
C(n) B _5 £
Q 2
The total quantum capacitance is given as the sum of partial contributions from each

(5.4)

energy level

d 2 v
w  OPE
= Gyl =——— . 55

5.2 Effective capacitance and resistance of a dissipative qudit

We start with the GKSL master equation (4.19) written in the instantaneous repre-
sentation of the initial Hamiltonian 7 = #((t)). Analogously to Sec. 4.4, we first find
perturbative correction for the density matrix, and then obtain the effective capacitance
and resistance, assuming that both the Lindblad jump operators and the relaxation rates
in the GKSL equation may be bias-dependent: L, = L, () and v, = 7a(¢).

To solve this problem, we use the Liouville space [82], where the GKSL equation

takes the form of a linear first-order differential equation

0) = Z1p) (5.6)

with respect to the superket |p)), that is obtained by applying the vectorization map to
the density operator, which consists in reshaping the d x d matrix p into d>-dimensional
column vector by stacking its columns sequentially. The definition of the Liouvillian
superoperator is given in Eq. (F.5).

Similarly to the previous subsections, the Liouvillian .# can be perturbatively ex-

panded within the small probe and its derivative
L = f() + g&égrf(t) + o%ééérf(t)7 (57)

provided that the corresponding assumptions are satisfied, as discussed below. A short
introduction to the Liouville space, discussion of the unperturbed Liouvillian £, prop-
erties and perturbation decomposition .Z5. 5: could be found in the Appendices F.2, F.3
and Eqgs. (F.22-F.25) respectively.

The system can be correctly described using perturbation theory, provided that the
conditions (5.1) are satisfied. Additionally, to perform a series expansion of the relax-

ation bias-dependent terms 7, (¢) in Eq. (4.23), the probing amplitude needs to be small
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enough

0

1070 /01| |0, /0|

where we assume that the relaxation rates may depend on dimensionless combinations

5€rf < kgT

(5.8)

of the form x; = F;/kgT. Since |0F;/0¢| is a dimensionless quantity typically of the or-
der of unity (not in the vicinity of quasi-crossing points, where the next non-zero series-
expansion term needs to be written), the problem may happen primarily at very low tem-
peratures T < dei¢/kp for a fixed amplitude of the classical probing signal. However,
because the relaxation rates tend to constant values at low temperatures k71" < hwgg,
the corresponding derivatives |07,/0x;| vanish, and the perturbation theory remains
valid under the conditions (5.1).

The solution for the density matrix can be found in the same form as in Eq. (4.24) by
searching for the first-order corrections to the thermal equilibrium state [p("))) att — oo
for times that are much larger than all relaxation and decoherence times of the system
t > Trelis Tdec,j

o) = 1p™) + Gen(t) |A)) + 62ult) |B) (5.9)

All relaxation and decoherence times can be defined as 7,, = —Re ([,,), such that 7, > 0,
where /,, are eigenvalues of the unperturbed Liouvillian %, % |[lr.a)) = Ca [(Ra)),
corresponding to the right eigenvectors |(r ,)) [see Appendix F.3]. It is also possible to
find corrections to the dynamics of the quantum system analytically for times ¢ which
are not restricted by such strong inequality ¢ > Tl i, Thec j [83].

By substituting the ansatz (5.9) into the GKSL equation (5.6) with the Liouvillian
being expanded within the small classical probe up to first order (5.7), we obtain two
coupled equations on unknown superkets |[A)) and |B)) [see Eq. (F.27)]. Thus both
|A, B)) can be found [see Eq. (F.28)].

The quantum current (Z) is still proportional to d/dt(9H, /d¢) [see Eq. (4.8)]. The
first-order corrections with respect to the small classical probing signal results in both

the effective capacitance

Corr = —(ae)* [ (0-(0.H)04 | PV + (O ls ) +
HUOAW [1+ (L] (Ll — 160]]. (5.10)
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and the effective conductance
Rt = —(ae)*((O-H)h% [1+ (Lofwe)®] [ Zelp ) — 1600 (5.11)

The effective admittance Yo = twpsClgr + Re_f% can be found as

1

Verr = —iws(ae)?| (002004 | p) + (OH) g Do+
- (0) Lo/ wit (0) )
HQOH) g ) (5.12)

Equations (5.10), (5.11), and (5.12) constitute the central result of this work: they pro-
vide fully general analytical expressions for the effective capacitance, resistance, and ad-
mittance of an open multi-level quantum system coupled to a classical resonator within
the GKSL framework. These expressions are valid for arbitrary system Hamiltonians
H(e), relaxation rates o (), and jump operators L, (), when the conditions (5.8) and
(5.1) for the applicability of perturbation theory are satisfied.

Consider now how different terms of Egs. (5.10) and (5.11) contributes to the ge-
ometric, quantum, and tunneling capacitances, as well as to the Sisyphus and Hermes
conductances.

The first term of Eq. (5.10) can be computed exactly [see Eq. (F.42)], and contributes

to both the geometric and quantum capacitances,

O*FE

Coum = Co = 51,

(5.13)

This results in the same geometric capacitance as in Eq. (4.25), while the quantum ca-

pacitance reads

0*E’
V24

Co = (5.14)

and can be seen as a generalization of Eq. (5.5) [for the derivation see Appendix F.§8].

The tunneling capacitance consists of the last two terms of Eq. (5.10),

Cr = —(ae) | {(OH) o)+
QA [+ (o)) 1 %aelo O — 152)]]. (5.15)
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The first term of Eq. (5.15) can be computed using Eq. (F.43), and thus from its qubit
analogy, Eq. (4.32), can be associated with the maximum possible value of the tunneling

capacitance

CT,max - = . v oV (516)

The effective conductance consists of two terms. The term proportional to the occupa-
tion probabilities [p(?))), by analogy with the qubit case (4.34), generalizes the Hermes

conductance,
Righ = —(ae)* (-1l % [1 + (Lo /)] Ll ), (5.17)

while the term proportional to the derivatives of the occupation probabilities \p((;g) ), with
its qubit analogue given in Eq. (4.33), yields the generalized Sisyphus conductance,

Rg! = (ae)*((0-H) % [+ (Lo /wr)?] 105 (5.18)

The structure of Eq. (5.12) provides an intuitive picture of the origin of each contri-
bution to the effective admittance. The first term gives rise to the geometric and quan-
tum capacitances (5.13). The second term, in the good qudit limit Trgﬁi, Tc;é ;< wrf,
ensures the correct definition of the admittance [see Eq. (C.16)], and simultaneously
determines the Hermes conductance (5.17). The third term gives rise to both the tun-
neling capacitance (5.15) and the Sisyphus conductance (5.18). This reveals a common
origin of the quantum capacitance and the Hermes resistance, as well as of the tunneling
capacitance and the Sisyphus resistance [see Fig. 2.1].

The results for the effective capacitance and resistance can be significantly sim-
plified in the limiting cases of good and bad qudits. To obtain such expressions one
needs to estimate the magnitudes of each term in Egs. (5.10) and (5.11) and drop terms
X Wwrf, Wqd for the case of a bad qudit, or drop terms o< wy, Trgl’li, Td;i’ i for the case of a

good qudit [see Appendix G for detailed calculations]. The resulting effective capaci-
tance of a bad qudit (wyr K wy K T T:L ) becomes

rel,s? — dec,j

o) _ 0 OF !
Cegp = VOV (5.19)
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while for a good qudit (T}, Til . < wif < Wqd)

rel,i? ~ dec,j

C(good) . 82 E

& =g (5.20)

The effective conductance Re_ﬂl vanishes in both limiting cases.

For the graphical analysis, we consider a multi-level superconducting island in the
regime where the condition £j/4F¢ < 1 is no longer satisfied, such that the two-level
approximation breaks down. Figure 5.1(a) shows the first four energy levels for the ratio
Ej/4Ec = 0.3. Figure 5.1(b) presents the effective capacitance in the limiting cases of
a good and a bad qudit at different temperatures. The black curve corresponds to the
quantum capacitance of the ground state within the two-level approximation centered
around n, = 0.5. The blue curve shows the exact quantum capacitance of the ground
state, while the red and green curves correspond to the effective capacitances at finite
temperatures kg7 /A = 0.5 and kg7 /A = 1, respectively, with solid and dashed lines
representing the good and bad qudit limits. For a similar realization of a multi-level
system — a multi-electron double quantum dot — see Ref. [72].

Pronounced additional peaks at n, = 0, =1 emerge due to the contribution of higher
excited states at high-enough temperature, in particular, the transition between the sec-
ond and the third energy levels, which is absent in the two-level model. Our theory for
qudits explains the origin of the experimental observations reported in Ref. [74]. For the
parameters of that experiment, Tfl < wyf, SO that the qudit is good, relaxation-induced
broadening is weak, and additional peaks at integer values of n, can be resolved. This
clearly demonstrates that multi-level effects can strongly modify the effective capac-
itance, even at relatively small Ej/4FEc. In contrast to the two-level prediction, the
effective capacitance does not vanish far from the quasi-crossing points. This behavior
originates from the parabolic structure and finite curvature of the energy levels.

Just like for qubits, at finite temperature, the thermal population of the excited states
reduces the maximum value of the effective capacitance and increases the FWHM,
while the difference between the good and bad qudit limits becomes more pronounced,

reflecting the contribution of relaxation effects into the tunneling capacitance.
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Figure 5.1: (a) Energy levels of a charge qudit at Fj/4FEc = 0.3. (b) The effective ca-
pacitance minus the geometric capacitance, Cer— Cgeom, Of the four-level qudit. Consid-
ering that the upper levels effective capacitances of both good and bad qudits saturates
at non-zero value because capacitance is proportional to the second derivative of the
energy levels Co o< 9?F/0e? and the energy levels are essentially parabolic. The de-
pendencies are shown for three different temperatures, namely kg7'/A = 0, 0.5 and 1.
Capacitances of good and bad qudits coincide for the limit kg7/A = 0. The black
curve depicts the quantum capacitance in the ground state within the two-level approx-

imation.

5.3 From qudits to qubits: d = 2

It is instructive to point out that the general results of the analysis above for d-level

systems can be directly mapped onto the previously obtained results in Sec. 4.4 for

qubits.
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To see this, one takes the expressions for the effective capacitance (5.10) and resis-
tance (5.11) of a d-level system with a known Hamiltonian H, relaxation rates Yal€),
and the Lindblad jump operators L, (¢) for d = 2. The Liouville space then consists
of four-dimensional superkets, super-bras, and 4 x 4 superoperators [see Egs. (I.1-1.7)].
One can obtain the expressions for the effective capacitance and resistance simply by
calculating the dot products of the relevant objects in Egs. (5.10) and (5.11). The final
results, Egs. (I.10-1.13), with the use of Eqgs. (4.27) and (4.35), totally agree with the
effective capacitance (D.16) and effective conductance (D.17) obtained in Sec. 4.4 and

Appendix D.
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SECTION 6
OTHER QUANTUM SYSTEMS

In this section, we demonstrate that an arbitrary quantum system coupled capaci-
tively to a classical resonator can be modeled as a collection of the effective capacitance
and resistance, connected in parallel, as illustrated in Fig. 6.1(a). This “quantum black
box” representation provides a universal framework for describing the back-action of
quantum systems on classical probing circuits.

Using our results for qubits [see Eqs. (4.25—4.28) for the effective capacitance, and
Egs. (1.2-4.35) for the effective resistance] and qudits [see Egs. (5.10-5.18)], we show
how to derive analytical expressions for the effective impedance for other quantum
systems. For convenience, all qubit results are summarized in Table 2.2.

Once the effective capacitance and resistance for a given system have been deter-
mined, one can readily calculate the phase shift © acquired by the reflected signal [84],

7 — Zy

I'=|[e® = N (6.1)

where Z; = 502 is the characteristic impedance of the transmission line. The load
impedance Z is given by

. -1 . -1
—1 —1
R—l
cff * (wrfceff> * (er0r>

since the geometric, quantum, and tunneling capacitances together with the Sisyphus

-1
7 -

+ Ly + R, (6.2)

and Hermes resistances all enter the effective circuit connected in parallel.

In what follows, we consider four particular systems [see Fig. 6.1]. First, we start
with the Cooper-pair box, which was described in Sec. 4, Fig. 4.1 and Ref. [7], by
demonstrating that all the results from Table 2.2 are self-consistent. After that, we
explore the single-Cooper-pair transistor [53] in Sec. 6.2, the double quantum dot [51,
52] in Sec. 6.3, and the single-electron box [41, 85] in Sec. 6.4.

One can obtain expressions with the use of Table 2.2 when the parameters of the sys-
tem of interest are completely mapped onto the energy bias £(¢), its dependence on the
probing voltage ce = 0e/0V , minimal energy splitting A, relaxation time 77, and deco-
herence time 75. To this parameter mapping procedure we mainly devote Table 6.1: the

resulting expressions for the effective capacitance and conductance can be obtained by
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Figure 6.1: (a) Any quantum system (“black box’’) coupled capacitively to an RLC
circuit can be represented as a collection of geometric Cgeom, quantum Co, and tunneling
Ct capacitances, as well as Sisyphus Rgjs and Hermes Ry, resistances, connected in
parallel. In the circuit diagrams (b), (c¢), and (d), the classical resonator is not shown
explicitly; it is coupled to the quantum systems as depicted in (a) via the rf voltage
Vit. (b) A single-Cooper-pair transistor (SCPT) coupled to a classical RLC' circuit [53].
The SCPT consists of a superconducting island formed by two Josephson junctions (JJs)
with energies Fj(1 £ §) and capacitances (' 2, forming a loop threaded by a magnetic
flux ®. We introduce the superconducting phase difference ¢ across the two junctions.
The island is coupled to a gate voltage Vo via the capacitor Cy, from which the energy
bias ¢ could be controlled. The SCPT is coupled to the classical circuit via the capacitor
(. (c) A single-electron box (SEB) coupled to a classical RLC' circuit. The capacitor
Cgc tunes the working point, while the capacitor Cg is coupled to the classical probing
device. The SEB is terminated to ground via a JJ with capacitance Cy and losses Rt and
R)oss, which arise due to dissipation in resonators normal top layer [41]. (d) Schematic
representation of a double quantum dot (DQD) connected to a classical resonant RLC'
circuit [51, 52]. The islands with phases ¢ 5 correspond to quantum dots, coupled to
each other via a tunnel barrier with mutual capacitance C',. Each island is connected
to source and drain tunnel barriers with capacitances Cy; » and Cpy o, respectively. The
dots are coupled to the classical circuit via gate capacitors Cg ».

substituting the corresponding parameters from Table 6.1 into expressions in Table 2.2.

In the literature, e.g. Refs. [41, 52], it is common to see theoretical treatments devel-
oped by solving the two-level quantum master rate equation, which is applicable only
for bad quantum systems [see Appendix H]. We show how these results can be readily

obtained from the GKSL formalism and highlight the changes that arise with a more
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Quantum

system System parameters ¢, A, 71, T, Expressions for Cyeom, Cqo, Rqo
C
C(geom = Um (1 - C_r;l>’
Cooper-pair box e(t) = 4Ec(1 — 2nyg), 922 [ 2
from Sec. 4 [7], o o 2% A= E Cqo = 2 <_m) ,
Fig. 4.1 CPB =0y =~ A \ Cx
9 2
R — c %
=7 (a)
Cg
e(t) = 4Ec(1 — 2ny), Cgeom = Cg (1 - C—E)
Single-Cooper- ascpT = 2—=2, 9 2
pair transistor Ce Cqo = c (%) ,
[53], Fig. 6.1(b) é Y A\ Cx )
A:QE] COS§‘ 1+ 4% tan 5 R—lzé %
QK \ Cx
6:ECl(l—Qngl)—ECQ(l—Qngg), . - Co1 o Coo
=Csp1~— SD2 ~ >
Dougi)et ?;lza]n tum apgp = o/, A=A, geom Cs Cya
. : 2 2
Fig. 6.1(d) . AE _ (ed)” g (ed)
Tyt =Teeothorms, Ty =0, Coo =55 oo ="75
Crrf C«rf
€<t) = EC(l — an), OSEB = —g’ Cgeom = Oéf 1— C_g R
Single-electron Cx z
box [41], 1 AEO RK AEQ 2
: Ty ' = ——— coth ——
Flg. 61(0) 1 h RT co ZkBT’ - 1 62 Céf
CQ()—OO, RQO—_ -
A=0, T, =0. 4h \ Cx

Table 6.1: Summary of parameters for different quantum systems. For each system
listed in the first column, the second column contains the corresponding expressions
for the energy bias ¢(t), minimal energy splitting A, relation between the energy bias
and the classical probing voltage ce = Je/0V, as well as relaxation and decoherence
times 7} 2. The third column contains expressions for the resulting geometric capaci-
tance Cgeom, maximum quantum capacitance Cqy, and characteristic conductance value
Raé. By substituting these parameters from the second and third columns into the gen-
eral two-level expressions summarized in Table 2.2 yields the effective capacitance and
conductance for each system. For the double quantum dot the expression for the geo-
metric capacitance and lever arm apqp are valid only for Cp,, < Cfy; [see Eq. (K.9) for
exact geometric capacitance].
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precise theoretical treatment.

We show that all our results perfectly coincide, within the given limiting cases, with
the expressions for the effective capacitance and resistance reported in [7, 41, 52, 53].
Moreover, our results, obtained from the solution of the GKSL equation, are more gen-
eral. In particular, we can show how the predictions change when the rate equation

approach is no longer applicable.

6.1 Cooper-pair box

For the CPB in Fig. 4.1 from Sec. 4.2, the main parameters of the Hamiltonian are
e(t) = 4Ec(1 — 2ny) and A = Ej. The dependence of the energy bias on the probing
voltage V}¢ can be obtained from Eq. (4.5) as

1 0e  _Cn

=__— =2 6.3
QCPB e a‘/;f 027 ( )

while the relaxation time should be taken as in Eq. (4.37) and the decoherence time as
T, = Tq;1 + (271) ! to reproduce the results in Figs. 4.3-4.7.

6.2 Single-Cooper-pair transistor

Now we consider a single-Cooper-pair transistor (SCPT) [53], Fig. 6.1(b). We start
from the classical Lagrangian, quantize the system and consider the two-level approx-
imation. After the unitary transformation, the pseudo-spin Hamiltonian can be written
in the form (4.6) [detailed discussion can be found in the Appendix J].

The geometric energy Fgeom, given in Eq. (J.7), results in a geometric capacitance
Coeom = Cy(1 — Cy/Cx) [see Eq. (J.8)]. The energy bias has the standard form for a
superconducting system £(t) = 4Ec(1 — 2ng) and the minimal energy splitting

A = 2EJ‘ cos %’\/1 + 2 tan? % (6.4)

that can be tuned by external magnetic flux ¢ = 27P /Py,
The energy bias ¢ and the probing voltage V¢ are related as
1 Oe C

_ = — 98 6.5
QSCPT ¢ OV CE’ ( )
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so that the maximum quantum capacitance Cqy is

2 Cy 2
= — (== . 6.6
Cqo A (Cz> (6.6)

To compare with Ref. [53] we set 75y = oo and kgT" = 0, which results only in
a quantum capacitance of the ground state Cq = Cqo(A/AFy)3. Thus the effective
capacitance Cer = Cgeom 1+ Cq totally coincides with Eqgs. (1) and (2) of Ref. [53],
while the tunneling capacitance, the Sisyphus and Hermes conductances are zero for

such theoretical treatment.

6.3 Double quantum dot

As anext example, we consider a double quantum dot (DQD) [51, 52]. Its capacitive
model is shown in Fig. 6.1(d). The DQD is coupled to a classical RLC circuit in parallel
with the classical capacitor C; just like in the previous subsection.

In the same manner we start from the classical Lagrangian and find the Routhian
function for quantum phases of the two quantum dots ;2. The detailed procedure
can be found in the Appendix K. After quantization in the two-level approximation,
the Hamiltonian reduces to Eq. (4.6), where the geometric energy Fgeom 18 defined in
Eq. (K.7).

The energy bias ¢ is tuned by the applied voltage on the input Vi, = Vj +
dVircos(wyet). The dc component of the voltage tunes the working point £y and the
ac component de,r probes the system. The relation between the energy bias and the
probing voltage V in the typical experimental situation with C,, < Cy; is given by

10
apQED = E{ﬂzf =a' =a; —ay, (6.7)

where «; = Cg;/CY; is the lever arm of the i-th QD and Cy; = Cg; + Cs; + Cp; + Cy
[results with no restrictions on C}, can be found in Appendix K].

In order to compare the results with the quantum master balance equation approach
of Refs. [51, 52], we set

Yo = OO0, V4 = I‘Cnphv Y- = Fc(l + nph)7 (68)
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where ny, = [exp(AE/kgT) — 1]7'. This results in relaxation time

T;' =~, +~v_ =TI coth (ﬁi) , (6.9)
as in Eq. (4.37), and decoherence time T, = 0. After this we can immediately calculate
the effective capacitance and resistance with the use of Table 6.1.

The geometric capacitance i8S Cgeom = » ; @;Csp;, the quantum capacitance is the
same as presented in Table 2.2 with Cqoy = (ea’)?/2A being the maximum quantum
capacitance of the ground state, while the expressions for the tunneling capacitance can
also be readily obtained.

Since T, = 0, only the Sisyphus component of Eq. (1.2) contributes to the effective
resistance. Results for the effective capacitance and resistance are in total agreement
with Egs. (5) and (18) of Ref. [51], and Egs. (11-13) of Ref. [52].

We note that in the limit v — oo, we recover the effective capacitance of a bad qubit
[see Eq. (4.29) and Eq. (20) of Ref. [51]], while for v — 0 we obtain capacitance of
a good qubit [see Eq. (19) of Ref. [51] and our Eq. (4.30)]. However, our results are
obtained within the GKSL formalism thus could be used also in the case, I' > wqp,
where the rate equation does not hold [see Appendix H]. Moreover, since expressions
(5.19) and (5.20) for the effective capacitance of good and bad systems depends only
on the energy levels structure and are valid for any multi-level system we can see how
the expressions (19) and (20) of Ref. [51] algebraically coincide with our more general
expressions for given energy levels ;.

In these two limiting cases (of a good and bad qubits) the conductance still tends to
zero Rz — 0, as we have shown in Sec. 5.2. Since in the equivalent scheme [shown in
Fig. 6.1(a)] all of the capacitances and the resistances are coupled in parallel, this simply
means that no current flows through the resistance and the response of the quantum
subsystem is purely capacitive. The Sisyphus conductance is zero in the quasi-crossing
point g = 0. The effective conductance becomes non-zero in the point £y = 0 if we
account for finite rate of dephasing, since the Hermes contribution in Eq. (1.2) can no
longer be omitted.

6.4 Single-electron box

As a final example we consider the single-electron box (SEB) [41], shown in

Fig. 6.1(c). It turns out that the system description is very similar to that in Sec. 6.1.
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The only difference is that for the SEB, we consider a normal (non-superconducting)
system, for which the minimal energy splitting is A = 0. This results in the energy bias
e = Ec(1—2n,), which differs by a factor of four compared to ¢ in the superconducting
case. The coupling of the bias with respect to the probing voltage is also reduced by a

factor of two compared to Eq. (6.3):

19e Cf
= _ = _5 6.10
(YSEB ¢ OV Cs. ( )
In order to compare with Ref. [41], we set
_ AFEyRg AE
Ty =~y = th 11

and 75 = 0, since the theoretical treatment is based on the rate-equation approach. This

results in the effective resistance

Refr = Rsis =

ORr knT AEN A2 4 o2
T B 'h( 0>7+“ff (6.12)

a%EB AEO i kBT ’72 ’

which coincides with Eq. (4) of Ref. [41].
The capacitance Cqy is ill-defined, as A — 0 [see Table 6.1], but still the quantum
capacitance and the Hermes conductance are zero dueto A = 0 and 75 = 0, respectively.

Remarkably, the tunneling capacitance does not vanish,

(6&5153)2 _9 AEO ’y2
Cr = ~SEB) o 6.13
U7 T Y \2keT ) 2+ 02 (6-13)

but for the given values of the experimental parameters one finds Rs_é > wC'r, such
that the Sisyphus conductance dominates the response of the quantum system.

The finite value of C't can be explained as follows. The quantum capacitance is
proportional to the second derivative of the energy levels with respect to the probing
voltage, Cq o< 0%F;/0V2, whereas the tunneling capacitance is proportional only to
the first derivative, Ct o OFE;/0V;s (for a bad qubit), and therefore does not vanish
until the qubit becomes sufficiently good, T; ' < wys. Our theory remains applicable
for systems with energy-level crossings A = 0, provided that the energy bias satisfies
leo| =1 AEy > huwe [see Egs. (4.12) and (5.1)].
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CONCLUSIONS

We developed a rigorous four-step framework to describe hybrid semiclassical
qubit/qudit-resonator systems. First, we derive the Routh function from the full
Lagrangian to separate classical and quantum variables. Second, we quantize the
Routh function and obtain coupled classical-quantum equations of motion. Third,
we treat the probe signal perturbatively and derive analytical expressions for the
effective capacitance and resistance. Finally, we compare the analytical theory with
numerical solutions of the full dynamics, establishing the range of validity of the
phenomenological description.

Although the formalism is general, we illustrated it using a Josephson-junction-
based charge qubit in Sec. 4. We showed that the influence of a quantum system on
a classical resonator can be captured by a combination of geometric, quantum, and tun-
neling capacitances, as well as Sisyphus and Hermes resistances arising from coupling
to a dissipative environment.

In Secs. 4 and 5, we derived general expressions for the effective capacitance and
resistance of arbitrary two- and multi-level isolated and open quantum systems with
arbitrary relaxation rates y,(¢) and Lindblad jump operators L, (). In Sec. 6, we
demonstrated how these results can be readily applied to different quantum systems,
including the Cooper-pair box, single-Cooper-pair transistor, double quantum dot, and
single-electron box.

Several directions for future work follow naturally from the present results. A prac-
tically important extension is the driven-probed regime, in which the quantum system
is simultaneously subject to both a weak probe signal and a resonant driving field re-
sulting in a multitimescale dynamics. Another natural direction is the study of transient
behavior of the effective impedance: rather than the stationary asymptotic regime con-
sidered in this work, one may ask how the effective capacitance and resistance evolve
in time as the system relaxes from an arbitrary initial state towards thermal equilibrium.
Furthermore, the quantum averaging theory (QAT) — a systematic operator method for
problems with multiple timescales — has so far been developed for closed quantum sys-
tems; its extension to open quantum systems described by the GKSL equation would
provide a complementary analytical tool for the driven-probed regime. Finally, while
the present work focuses on capacitively coupled systems, the developed Routhian for-
malism applies without modification to inductively coupled systems as well, where the
effective inductance plays the role analogous to the effective capacitance derived here.
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APPENDIX A
LAGRANGIAN AND HAMILTONIAN FORMALISMS

In this Appendix we develop a general formalism to obtain equations of motion for
classical degrees of freedom when a classical subsystem is coupled to a quantum one.
Consider Lagrangian £(@c1, P, ©q, Pq) = Lai(@et, 1) + Lq(@el, P, 4, q) With both
classical ¢ ; and quantum ¢ ; degrees of freedom [see Sec. 4.2].

Now we determine the Routhian function R with use of Eq. (4.1) in order to write
down classical equations of motion with conjugated quantum variables. We note that
in the definition of the canonical momentum p, ; = 0L/J¢, ; we can exchange £ with
L4 since only the quantum part of the Lagrangian depends on the quantum degrees of
freedom. We further can write down the Routhian as R = H — L with

H= qu,ijq,j — Lyq (A.1)
J

being essentially quantum part of the Routhian function. With such definition, the equa-

tion of motion for the classical degrees of freedom with the dissipation function F is

dOR OR _OF
dtdp;  Opi 0P

(A.2)

and can be rewritten as

d 0Ly 0L oF d OH OH
dt a@cl,i 8Socl,i aSpcl,z' dt 5%1,@ 8@01,@' ( )

Here we suppose that the dissipation function F depends only on classical degrees of
freedom, however the approach can be easily generalized for the explicit dependence
on quantum degrees of freedom as well. After the quantization procedure the last two

terms of Eq. (A.3) should be exchanged with corresponding quantum averages

d OH d<87:l> 8H_><87-A[>7

— = = (= A4
dt Opa; At NOPei/ Opa Opel,; (A4)
and we obtain the final system of classical equations
d oLy 0Ly O d ;) oM OH
S FRd .‘F——<.—H>+< H>:0. (A.5)
dt Operi  Operi  Operi  dE\NOPeri Opel,i
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For capacitively coupled systems, the Hamiltonian does not depend explicitly on the
classical coordinate ¢ ;, so that the fifth term in Eq. (A.5) vanishes and the equation
reduces to Eq. (4.2). In contrast, for inductively coupled systems the Hamiltonian does
not depend on ¢ ;, and therefore the fourth term is zero instead.

A.1 Toy example: quantum LC' oscillator

To better understand the meaning of the quantum contributions in Eq. (A.5), con-

sider a simple LC' circuit as an illustrative example. We start from the Lagrangian ap-

proach to the problem in which the energy of a capacitor E; = (2)2 CT‘pQ is associated

n
with the “kinetic” energy and the energy of an inductor £, = (2—5) ’ % is associated with
the “potential” energy. Following the convention introduced in Sec. 4.2, the Lagrangian
reads )
2e C 1
) L= D2 P A.6
where ¢ = 2—,; [ Vdt is the node phase. The conjugate momentum is
oL ([ h\’ h
— = Z) cp== A7
P=55 (26> v =50 (A7)

which is proportional to the charge () = C'V on the capacitor. The Hamiltonian is then

. Q2 (1)2
—pp— L =4 A8
H=py 5c T oL (A.8)
recovering the standard result [25], where ¢ = 2—2@ is the flux threading the inductor.
Upon quantization, ¢ — ¢ and p — p with the commutation relation [p, p] = ih, or
equivalently [CiD, Q] = 1h, and the system becomes a quantum harmonic oscillator with
frequency w = 1/+/LC. In accordance with Eq. (A.4), the two quantum contributions

evaluated at the quantum variable ¢ read

Ao dQ) M @) Vi
dt 0¢ dt ’ dp 2 L L’

(A.9)

which are simply the current through the capacitor and the inductor, respectively, recov-
ering the standard Kirchhoff equations for an LC' circuit.

From the above observation, the two quantum contributions in Eq. (A.5) have a
clear interpretation: the term d(0# /) /dt arises from the response of the charge
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degrees of freedom of the quantum subsystem, while (8?:[ /O¢e;i) arises from the flux
degrees of freedom. In the low-frequency limit, for an isolated quantum system, these
two contributions give rise to the effective capacitance and inductance, respectively,
while for open systems both terms additionally contribute to the effective resistance
[see Secs. 4.4, 5.2, and 6].
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APPENDIX B
QUANTIZATION OF A SUPERCONDUCTING ISLAND

Consider now the quantization of a superconducting island. The total Lagrangian of
the system shown in Fig. 4.1 is given by Eq. (4.3). The classical part of the Lagrangian
L consists of the first two terms of Eq. (4.3) and L, contains the remaining part asso-

ciated with the quantum subsystem. Resistance R, can be included via the dissipation

(BN (¢r — ¢in)’
F = <%) T (B.1)

Since the phases ¢; and @p are purely classical variables, we solve the Euler-

function

Lagrange equations for them, but the phase ¢ is a quantum degree of freedom so it
needs to be quantized. For that we must first turn to the Hamiltonian representation
with respect to the phase ¢. We write down the Routhian function R (4.1)

where p = 0L/0¢$ = nh. The Routhian is given by
R=H — Lo =4Ec(n —ny)* — Ejcos p—

(Y G L ®3

with ng from Eq. (4.5). The classical equations for the generalized coordinates oy,  are

given by Eq. (4.2) with the classical Hamiltonian

C'g‘/g2 . Cmvg
2 2

H =4Ec(n — ng)2 — Ejcosp — (B.4)

in which we have no dependence on classical phases ¢y, g, so that 9 /0pr r = 0.

The first two terms in both R and H relate to the Hamiltonian of the charge qudit.
However, up to this point all equations have been purely classical. To quantize the
system, we replace the classical variables ¢ — ¢ and p — p, imposing the commutation
relation [, p| = ih. The resulting quantum Hamiltonian is then given by Eq. (4.4).

We emphasize that upon quantization H — 7, the terms proportional to the iden-
tity operator are deliberately retained in the Hamiltonian. Although such terms do not
influence the quantum dynamics, they give rise to the geometric capacitance Cgeom and
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are therefore essential for a unified and systematic derivation of all three contributions
to the effective capacitance.
In the two-level approximation the Hamiltonian reduces to Eq. (4.6) with the geo-

metric energy

Cgv;f . CmVL2

: : (B.5)

Egeom = 2Ec(1 — 2ng + 2n3) —

Next, in the second equation of the system (4.7), with the use of Egs. (4.6) and (B.5),

the quantum current can be computed as

2e 2 d 87:[ . 8ECCm d<ﬁ> Ong .
— | = — 75 )= eom - ) B.
(h) dt<6gbL> CoeomPL = =50 T ¢y, 7 (5-6)

where
82Egeom B (Cg + Cy)Ch

ovE Cs

1s the geometric capacitance of the quantum subsystem, while the second term of

(B.7)

C1geom = -

Eq. (B.6) & d(n)/dt gives both quantum and tunneling capacitances, as well as Sisy-
phus and Hermes resistances, and the last term describes the capacitive coupling of the
time-dependent gate drive to the dynamics of the classical subsystem. We note that
the geometric capacitance is obtained from the diagonal part of the Hamiltonian H

proportional to the identity matrix 1.
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APPENDIX C
QUANTUM CAPACITANCE FOR IDEAL TWO-LEVEL SYSTEM

C.1 Perturbation theory for the evolution operator

Consider the Schrodinger equation with the Hamiltonian (4.6) and the bias
e(t) = £9 + derpcos(wit). This detuning leads to the Hamiltonian # = H, + V, with

. A

7%:—5%—%@ (C.1)
and 5 .

ﬁf:__gﬁajw“)az (C2)

being the unperturbed Hamiltonian and the perturbation, respectively.

It is beneficial and pedagogical to build a perturbation theory for the evolution op-
erator instead of using the standard state-based treatment. Of course, the conventional
perturbation theory formulated directly for the state vectors yields the same corrections
to the expectation values of all observable operators, and therefore leads to the same
quantum capacitance.. However, the approach presented below turns out to be more
compact and elegant, and allows for a more transparent derivation of the final expres-
sions.

The evolution operator U evolves the initial state |(¢)) to the state |1), such that
1) = U(t, to)|¥(t)). For this work, we always take ¢ty = 0. The evolution operator
up to the first order in the classicgl probe can be written as U = Uy + U;. The solution
for the unperturbed problem, ihU,y = 7:[0U0, with the initial condition UO(O, 0) = 1, is
given by

l%::iamf§f+¢ Zé%@f+23%&zsm3%f, (C.3)
where wg = AFy/li = /A2 + €2/h.

To solve the Schrodinger equation with a perturbation, it is convenient to seek the
first-order correction in the form

~

U, = UyU. (C.4)

This substitution is equivalent to transforming to the interaction picture with respect to
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the unperturbed propagator . 1t leads to

i = v, (C.5)
The solution of this equation is
ot
U= —%/ TV U, dt, (C.6)
0

which explicitly reads

2 z55rf Agg )
U = / s(wyet) [ — A—Eg (1 — cos(wqot)) 04
0

2 2
. &5+ A cos(wqot)
_AEO sin(wgqot )0y + NG T2 dt. (C.7)
The state vector can then be written as
ot
~ ~ ) AL A A
o) =00 |1~ [0V Tyt [vo), 8

0

where | 1) = | (¢t = 0)) is the initial state.

C.2 First-order corrections to the quantum current

As a next step we need to find the first-order corrections to the expectation value of
the rate of change of the Cooper-pair numbers on the superconducting island d(n)/dt,
and from Egs. (4.7) and (4.9) determine the quantum capacitance. We note that only
terms ox exp(tiwyt) in d(n) /dt will contribute to the quantum capacitance, since terms
o expli(Fwrr + kwgo)t)] will average out to zero for integers k& # 0 on the much faster
timescale wyr < wqo.

First, the time derivative of the excess number of Cooper pairs can be written as

)

T %<w|m,m|¢> — %<¢om¢to,mmw0>, (C.9)
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where we have used the fact that [V, 7] = 0.
We now introduce the decomposition 7 = 10411, such that (v|n|1g) = d(n)/dt,
with

. e n A A
H0) — %Ug [Ho, 2)Uy = %&y cos(wqot) + (A&Z — 50695) sin(wgot), (C.10)

2AFyh

and

nl) = % Ul Ho, n)Us + U [Ho, ﬁ]m} = U + 07, (C.11)
where we have used Ul = 170(7 .
We are interested only in those terms of n(!) that have the time dependence of the

form exp(+iw,t). To isolate these contributions, we expand n as
Al =370 exp(ikwgpt), (C.12)
k

such that only the component fzél) contains terms proportional to exp(=iw,t). We find

7%(1) _ AQ 55rfwrf
O AEZ (AE? — h2w?)

Ho sin(wit). (C.13)

C.3 Quantum capacitance

Since fz(()l) o H,, it is convenient to work in the eigenbasis of the unperturbed

Hamiltonian . Therefore, we expand the initial state | ) in the energy eigenstates

| E1) of Hy. At the initial moment of time the state |¢)) can be written as

1 — Y
) = X B} 4y [ e ) (C.14)

Finally with the use of Egs. (4.7), (4.13), and (C.13) we find

| 8EcC d{R)
ho dt

= Codr. (C.15)
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where the quantum admittance is

(C.16)

The capacitance C is given by Eq. (3.10). For the limiting case ws < wqo wWe obtain
Eq. (3.9).
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APPENDIX D
EFFECTIVE CAPACITANCE AND RESISTANCE OF AN OPEN TWO-LEVEL
SYSTEM

D.1 GKSL equation

We will start from solving the GKSL equation which has to be written in the instan-
taneous energy representation. By introducing the unitary transformation S such that

[4) = S|y'):
S=M1+i\ g, (D.1)

with

(D.2)

W
RYZ VA2 4 2(t)
which results in the instantaneous Hamiltonian (4.18). The GKSL equation for the

density matrix is given by Eq. (4.19). We introduce the Bloch vector to parameterize

the density matrix

1 -
p=3 [1 + R&] , (D.3)
where B = (X,Y,x). Similarly, we rewrite the Hamiltonian in the form Hingt =
_gﬁinstéa with
- Aé  AE(t)
inst — y ) . D.4
Hins <0 AE2(t) h ) (D4)
The GKSL equation reads
5 == X Y x—xf)
— inst — e R ) D
R =R X Hins <T2 TR (D.5)
where from Eq. (4.20)
—_ AE(t
Xo(t) = T+ " _ tanh < ( )> : (D.6)
Y+ T Y- 2kg T
where
-1 -1 1
Y+ +r-=7=T7", 15 =2+ 57 (D.7)

2T,
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and x((t) is the instantaneous difference in the level occupations. From Eq. (D.5), we
emphasize that both the relaxation and decoherence times, 7} » = 71 2[¢(t)], can depend

on the energy bias.

D.2  Quantum current operator

The impact of the quantum subsystem on the classical one in Eq. (4.7) is real-
ized through the quantum current oc d(OH /) /dt = d(OFH /D) /dt - De/Dpy [see
Eq. (4.9)], where . = 2¢V/h. From Eq. (4.6)

d <a7%> _ PBgeom . 1d(52)

d/oHN _ D.8
AGE 092 © 2 dr (D-8)

so that the first term results in a geometric capacitance (4.25).
The Pauli matrix &, has to be transformed in the same way as any operator with
the use of the unitary transformation S, the current can be rewritten with the use of the
GKSL equation
1d(c, 1d . d1 AX —¢
3 <dt L ~yq 1 (510:50) = 33 [1 —AE@X] -
L[AY  AX | e(x—xlt)
2| Th T DAEGD) T TAEQ ]

(D.9)

D.3 Perturbation theory

In this subsection we will develop a perturbation theory for a small classical probe
0&,r at long times ¢ — oo.

The instantaneous Hamiltonian can be decomposed as in Eq. (4.22), with

. . AFE
0 0
Hi(ns)t - Eég())ml - Oz, (D.10)
. 9BV 4 ) KA
Vi — geoml . 5 _ A
T oe ONE, T T 2ARZY
while the relaxation rates can be written as

Y+ = (D.11)

OTi(e) © ¥ T 2D(e)  4Ti(e)
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From Egs. (D.6) and (D.11) the derivatives of the relaxation rates 8€7é0) can be read-
ily obtained. The stationary solution for the Bloch vector is B = (0,0, xm) with
Xt = tanh (AEy/2kgT). The first-order correction to the density matrix can be found
in the form (4.24). Since Tr A = Tr B = 0to preserve unit trace of the density matrix,

Tr p = 1, we can parameterize both Aand B as
3 3
A=Y "Ai6;, B=) B (D.12)

By substituting Eq. (D.12) into the ansatz (4.24), and after this, by substituting
into the GKSL equation (4.19), and by expanding up to the first order with the use

of 0¢ = —w?de this gives a system of six linear equations for unknown coefficients A,
and B;
(15 g 0 i 0 0\ (A} (o)
wo Top 0 0 —wi 0 Ay 0
0 0 Ty, 0 1 0 —wi|| 4| _|w | D.13)
0 1 0 we Thy O B, 0
\0 0o 1 0o o 7¢)\B) \o)
where Ti})l = 1/T;(ep), and
_ 1 — = V. D.14
U = (o) TheTAE, (|~ X v N (D.14)

The system (D.13) can be solved analytically; however, the explicit solution is omitted

for brevity.

D.4 Effective capacitance and resistance

By substituting the density matrix up to the first order into Eq. (D.9), and also by

expanding this equation up to first order we obtain

v
Resr

d <a}2 (D.15)

gy ) = Ca¥ +
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with the effective capacitance

A3 AE 2 AE
Cefr = C'geom + C1Q0 N3 tanh 0 + 0 COSh_2 0 _
AL )

B A3 wer Tgwgo [1 — T22(w6210 — wff)} - ( ) ) (D.16)
AL} ngo 1+ T24(Wr2f - ngo)2 + 275 (Wer + Wgo) 2kpT

and the effective resistance

_ _ huw f 52 le f _ AEO
R 1 — R 1 r 0 r h 2
off = Tt { ke T AEZ 1+ T2a% o\ 2kgT

A2 w2 Towqo [1+ T (w2 + )] )tanh (AE0> } .17

+2
AFE? w?lo 1+ T24(wr2f - w?lo)? + 273 (wx + w?lo 2kgT

where Cqp and R(Sé are defined in Eqs. (4.27) and (4.35) respectively.
From Eq. (D.16) we see that at 7} » — oo without any restrictions on wys and wqo

one obtains
A?)

1 AE
= tanh D.18
oty ) o

wq()

which totally agrees with Eq. (C.16), when one considers populations given in the ther-
mal equilibrium, y = y.

Expression for the effective capacitance and conductance can be further simplified
in the limit of small probing frequency wr < wqo. The effective capacitance then reads

3
A anh (AEO) + (D.19)

Coff = Coeom + C
eff geom T Q0 AE{% kT

£

+ cosh ™ AL
2kpTAE? (1 + waff) 2kgT

)

since the third term in Eq. (D.16) o< (wit/wqo)? f (Towqo) with f(z) = 2%(1 — 2%) /(1 +
x?)%, which is bounded |f(z)| < 1 for all 2. The first term in Eq. (D.19) is a quantum

capacitance Cq, while the second term is a tunneling capacitance Cr.
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The effective conductance in the leading order of ws/wqp is

Foog €2 Tiw, AE
Rt = R | oty cosh ? (320 )

ke T AEZ 1+ T2 \ 2ksT

A% w2 T AFE
+2 5 wgf ngo 5~ tanh ( 0 >

(D.20)

Here both terms are o w3 and therefore can be of the same order [see Fig. 4.7]. The
first term is the relaxation-defined Sisyphus conductance Rg;., while the second term is
the decoherence-defined Hermes conductance Ry .

D.5 Good and bad qubits

Further, in the limit wy < wy < Ty ', Ty ' we obtain the effective capacitance of
a bad qubit

3
(bad) A AEjy
— eom tanh D.21
Cogr Cgeom + CQo AE an (ZkBT>+ ( )
2
h
T oksTAR: " <2kBT> !

As we show in Sec. 5, this result can be written in a general form as

0z \* 0 OF 0 OF
obad) (=) 292 © U7 D.22
eff IV ) Oe Octh OV OV w’ (D.22)
For a good qubit in the limit 77!, Ty ' < wir < wqo We obtain
A3 AE
O = Clyoom + Co g tanh | - — D.23

which can be rewritten in a general form as

2 92 2
(od) _ (02" 0L _ OFE D.24
Cor ™ = (8‘/) 02w OV2m (D.24)

From Eq. (D.20) we see that both for the cases of a good (7} 1_1, T{l < wrf K Wyqp)
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and bad (wrr < wgo K T ', Ty ) qubits the effective conductance is zero:

G = ai? =o. (D.25)

In the bad qubit limit (77, 75 — 0), the relaxation and decoherence times are much
shorter than the probing period, so the energy levels populations follow the classical
probe instantaneously and no dissipation occurs. Conversely, in the good qubit limit,
T1, Ty — o0, the system cannot relax on the timescale of the probe signal, Tif = 27 /wy,

and the response is again purely reactive.
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APPENDIX E
EFFECTIVE CAPACITANCE OF AN ISOLATED d-LEVEL SYSTEMS

To solve the system of coupled quantum and classical equations of motion, we need
to develop a formalism that can be seen as a natural extension of Appendix C. A non-
trivial generalization arises from the fact that the calculations need to be performed in a
general form, without any particular knowledge of the Hamiltonian or the structure of
its energy levels.

To this end, first, in Appendix E.1, we obtain the necessary properties of the en-
ergy levels F; and eigenfunctions | E;) when the Hamiltonian depends on a parameter,
H = 7:[(5), which will be physically interpreted as the energy bias. After that, we
choose the instantaneous energy representation as the most convenient one for finding
a solution. In this representation, we derive the quantum current operator responsible
for the effective capacitance in Appendix E.2, construct the perturbation theory for the
evolution operator in Appendix E.3, calculate the first-order corrections to the quantum
current operator in Appendix E.4, and present the final result for the effective capaci-
tance of an arbitrary isolated qudit in Appendix E.5.

E.1 Hellmann-Feynman theorem

We start from the Hellmann-Feynman theorem, which states that

oF N
0.E), = a—j — (Ex|0.H|Ey). (E.1)

This relation can be obtained by differentiating the eigenenergy Ej, written in the form
Ejy(¢) = (Ey(e)|H(e)|Ex(¢)), with respect to the bias e, using the fact that
0
52 (Bi(e)| Bi(e)) = 0. (E.2)
3
We are now interested in obtaining expressions for the second derivative of the
energy levels, 0°E),/0c?, as well as the first derivatives of the energy eigenfunctions,
| E},) /Oe. Let us differentiate the eigenvalue equation (H. — E;)|E)) = 0 and derive
the expression for 0| Ej,) /O from it:

(H - Ezc)&‘Ek> = <% - a—H> | Ex). (E.3)

Oe Oe Oe
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Multiplying by (F;| with [ # k yields

(E|0-H|Ey)
E, — E;,

0
E|—|Ey) = E.4
(B 5 6| k) (E.4)
The coefficient for [ = k cannot be obtained in this way. However, we note that the

phases of the energy eigenstates can always be redefined as

|E(e)) — explixk(e)]|Er(e)), (E.5)

so that
-~ 0 - p

while all other matrix elements with [ # k remain unchanged. Indeed, substituting
Eq. (E.5) into Eq. (E.6) gives

Ok

0
e = i<Ek‘%‘Ek> =: fu(€). (E.7)

From Eq. (E.2) we see that Imf;, = 0. By choosing x;(¢) = [ fi(e) de, we satisfy
Eq. (E.6). Hereafter, we assume that the phases y;(¢) have already been chosen such
that [86]

0
<Ek|£|Ek> = 0. (E.8)

Thus, we obtain

0| EL) (E|0-H|Ey)
— E E E.9
Oe Ek — El | l>7 ( )
I#k
with the analogous expression for the bra vectors:
O{Ey| (Ex|0-H|Ep)
= El. E.10
9 > (£ (E.10)

Differentiating Eq. (E.1) with respect to € and using Egs. (E.9) and (E.10), we obtain
the expression for the second derivative of the eigenenergy:

82Ek 924 ’<Ek‘667:”El>}2
(Ex|?H|Ey) +2) oy

- (E.11)
2
Oe 7
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E.2 Instantaneous energy representation

Now we consider the Hamiltonian #{(¢) with a time-dependent parameter £ = (¢).
We transform the Hamiltonian into the instantaneous representation using the unitary

matrix

S = |En)(ml, (E.12)

where | m) denotes the standard orthonormal basis vector, i.e., a column vector with a
single nonzero entry 1 at the m-th position.

The Hamiltonian in the new representation is
Hinse = STHS — ihSTS, (E.13)

and can be written explicitly using Egs. (E.9) and (E.10) as

v . (En| 0-H | L)
”Hmst—;Em\mMm zhe%lmﬂkl B E (E.14)

where both the eigenenergies F,,(¢) and eigenvectors | £, (¢)) acquire time-dependence
through the energy bias € = ¢(t).

Since the expectation value of the quantum current operator is proportional to (f ) X
d (857:0 /dt, we need to determine the time derivative of the operator 8. in the instan-
taneous energy representation.

For any operator A, its time derivative in the instantaneous representation can be
expressed as

ag;““ + % [”Hinst, Am] | (E.15)

i o

= S22 L [, $TAS] =
h

For A = 857:[, its instantaneous representation is

(OH)inss = Y _ Im) (k[ (E| O-H | Ey) - (E.16)
m.k
Using Egs. (E.12), (E.13), (E.14), and (E.15), we obtain

CENIED [é(@f?—l)ng n iwnl(aﬂ)m] In) (], (E.17)

n,l
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where w,; = (F, — E})/h, and, starting from this point, we will use the shorthand
notation A,; = (E,|A|E;) for matrix elements of A.

E.3 Perturbation theory for the evolution operator

In this subsection, we build a general perturbation theory for d-level systems. The
energy bias in the Hamiltonian €(¢) = ¢y + derrcos(wyet) contains a stationary point
o and a small classical probing term. Since both the probing amplitude d¢,s and the
probing frequency w; are small [see Eq. (5.1)], we can find the first-order perturbative
correction to the instantaneous Hamiltonian (E.14) in the form (4.22), with

~ oE,,
IIlSt Z E |m m ) ‘/;55 — 88 ‘m> <m| Y
~ . 657:[ m
v&=z§:L—%Jmmwy (E.18)

m#£k Wink

Then the first order of Eq. (4.22) can be written as

H) = Vs beni(t) + Vpeéyg = Feint 4 frighont (E.19)
where 5
=2t [Vag Z.wrf%é} . (E.20)

As in Appendix C, we construct the perturbation theory for the evolution matrix U.
The zeroth-order term is

Uy = exp [—g”ﬂm ] S e E I m) (E.21)

m

while the first-order term can be found in the same form as in Eq. (C.4), (71 = UOU ,

yielding
~ z(wfg,)c—wrf)t —1 6i(w$,l+wrf)t -1
U= Z Im) (k| [ ok + Fin— . (E.22)
i, — i) Ui + wrr)
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E.4 First-order corrections to the quantum current

We note that (857;)inst from Eq. (E.17) itself consists of both zeroth- and first-order

terms:

(8 H)mst - (8 7-[)mst (8 H)mst’ (E23)
where the zeroth-order term arises from the second term of Eq. (E.17):
QA% = D il @FON Im) (1] (E24)

n,l

while the first-order term arises from both the first and second terms of Eq. (E.17):

(6 H)mst Z [58rf((927‘[) + 255rf( )886 (wnl(ag?:[)nl)(o) ’TL> <l| . (E.25)

n,l

Next, we search the first-order correction to the expectation value of the quantum

current: R
(O H)
dt
This expectation value also contains both the zeroth- and first-order contributions:

= ((0-H)inst) = (W0l U (DA )ins U 0. (E.26)

(O )inst) = (A )ins)® + ((O-F)imse) V. (E.27)

To distinguish terms of different orders, we introduce the operators 1 of the zeroth

and first orders

<¢0‘] W)O> <(8 7_t)mst> (E28)

from which

0 = gi(0.7) 00, (E.29)
[ = O 4 jOF 1 i o.57)W (E.30)

1nst

Operators 1 and I™ can be obtained directly from Eqgs. (E.21), (E.22), (E.24), and
(E.25). The final results read

10 = 3wl (A e n) (E31)
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and

) | 9 NG
= Zewmt{agr 027) ) +zasrf(t)%(wnl(agy)m) 1 In) (1| -

n,l

(0) (0) (0

1 ei(wi‘y,wrf)t N ezwnmt . ei(wnl +wf)t _ ezwmzzt
P N Jim+ he.|
n,m,l Wy — Wit Wini + Wrf

(E.32)

We are interested only in the part of /() proportional to e*“. If we define 7\ such

that
Z et (E.33)

the relevant part for the quantum current reads
Iy =31 (E.34)

Such terms arise only forn = [ in Eq. (E.32). Furthermore, the second term of Eq. (E.32)

vanishes atn = m since wq(%) = 0, so that only the off-diagonal elements of F contribute

to the effective capacitance. From Eq. (E.20) for m # [, we obtain

OErflore (857:[)7(22
Py = I (E.35)
Wil

Using Eq. (E.35), the first term of Eq. (E.32) at n = [ is proportional to (837:[)7({2,
while the second term 1s proportional to |(857:[)$L%|2 / WT(L%, exactly as needed to obtain
the second derivatives of the energy levels 0*E,, /Oc? [see Eq. (E.11)]. Then it is straight-

forward to obtain the final result

a nm2
&srfz 82 hz ff|( ) |2 n)(n|. (E.36)

m#n n (w”m - rf)

The second term vanishes for w,s < wé%. With this condition satisfied, for an arbitrary

initial state written in the energy representation

[ o) = ) ol m) (E.37)
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we finally obtain

= 58erpn ‘|— Z ant m777 (E38)

n#m

where p, = |c,|? is the occupation probability of the n-th energy level, and the second
term represents the high-frequency contributions to the quantum current associated with
the internal oscillations of the quantum system at qudit frequencies wﬁl%, which do not

contribute to the rf response extracted on the timescale of the classical resonator.

E.5 Effective capacitance

From Eqgs. (4.8) and (E.38), we obtain

26 s O2F

h av Oe 2 5€rf (E.39)

Cefr Yol =

Since poq = 2eV /h and dé;r = vV (0e/0V), the effective capacitance of an arbitrary
isolated qudit is

9z \* O’E 0’F
Co— [ 2= - E.40
eff (av) de2s  OV2s (E-40)
This can be split into the geometric capacitance

0? Eyeom

Cleom = — a‘f?; (E.41)
and the quantum capacitance
0L’

Cq = — (E.42)

oV2s
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APPENDIX F
THE EFFECTIVE CAPACITANCE AND RESISTANCE FOR AN OPEN d-LEVEL
SYSTEM

In this Appendix, we derive general analytical expressions for the effective capac-
itance and resistance for the dynamics governed by the GKSL master equation. Anal-
ogously to how Appendix E generalizes Appendix C, the present Appendix extends
Appendices D and E to open quantum multi-level systems.

First, in Appendix F.1, we discuss the structure of the GKSL equation in the instan-
taneous energy representation. Then, in Appendix F.2, we formulate the problem in the
Liouville space. Next, in Appendix F.3, we point out properties of the GKSL equation
in Liouville space that will be used throughout Appendices F and G.

In Appendix F.4, we derive expressions for the time derivatives of operators in Li-
ouville space, which are used to calculate the expectation value of the quantum current
operator. Finally, in Appendices F.5 and F.6, we develop a perturbation theory to ana-
lyze the system near thermal equilibrium and calculate the first-order corrections to the
quantum current. The final expressions for the effective capacitance and conductance
are presented in Appendix F.7. In Appendix F.8 we briefly discuss how to introduce

geometric, quantum and tunneling capacitances.

F.1 GKSL master equation in the instantaneous energy representation

Let us write the quantum master equation (4.19) in the instantaneous energy repre-
sentation, where the instantaneous Hamiltonian Hjn is defined in Eq. (E.14).

In the absence of microwave driving and classical probing, the instantaneous Hamil-
tonian 7:[inst is diagonal, and we expect the system to relax to a thermal equilibrium state
P as t — co. In this limit, gy, = 0 and [p©), Hing] = 0. This requirement constrains
the relaxation rates for a given choice of the Lindblad jump operators.

For example, by choosing L, = Eij = |i)(j| with y, = ;;, we obtain
1
Z %j&mp}h — 5 Z(le + ij)élmp;ha (Fl)
J j

(0)

Im
detailed balance condition (F.1) is satisfied if we impose the stronger condition [for

where we have used p, / = 5lmp}h, and p}h are the thermal equilibrium populations. The
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m = [ and for all j]

E; — E

= (F.2)

Wbl =P = g = jiexp

For the case of a time-dependent bias, € # 0, we generalize Eq. (F.2) to an instanta-

neous detailed-balance condition:

Ej(e(t) — Ei(e(t))
T l : (F.3)

Yij = Vi1 €XP

analogously to Eq. (4.20) in Sec. 4.4.

F.2 Liouville space

It is convenient to work with the GKSL equation in the Liouville space [82]. The
motivation for working in Liouville space is to construct a perturbative expansion and
obtain the first-order correction to the density matrix. The ansatz (4.24) leads to two
coupled operator equations for A and B, which in Liouville space reduce to a linear
system for the superkets |A)) and | B)).

In the Liouville space, the master equation becomes

) = Zlp)) (F4)

where . = J¢,s+ & is the Liouvillian superoperator. The Hamiltonian and dissipative

superoperators are defined as
i = 1 i, T, (F5)
7= 0 | ue ()7 51k Rl
Here, the super-commutator and super-anti-commutator are defined as

[01,0:] = 01 © 05 — 0, @ O, (F.6)
[01,05]+ = 01 ® OF + 0, ® OT, (F.7)

where Of denotes the transpose of the operator O,. In what follows, the following
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1dentities will be used:

1010503)) = (01 @ 03)]0,)), (F.8)
(01]0)) = Tr (0]0,), (F.9)

and the combination of the two previous identities gives

(01102 @ O] |03)) = Tr (0]0:050x). (F.10)

F.3 Important properties of the GKSL equation in the Liouville space

In this subsection, we summarize several important properties of the GKSL Liou-
villian superoperator . [82] that will be used throughout the rest of the Appendices.

The Liouvillian superoperator %, is generally non-Hermitian. As a result, the
right and left eigenvectors are not related by Hermitian conjugation and instead form a

biorthogonal basis. The eigenvalue problem is defined as

2 ’eR,n» = Iy ’eR,n»a <<€L,n‘ L =1, <<£L,n|- (F.11)

The right and left eigenvectors satisfy the biorthonormality condition ((¢1, ;| (R 1)) = Omn

and form a complete basis in the Liouville space,

> 1ra) (Ll = Le. (F.12)

n

Using this basis, the Liouvillian superoperator admits the spectral decomposition

Ly =Y ullra) (Lrnl. (F.13)

The density matrix of the thermal-equillibrium state /() satisfies
Z1p) = 0. (F.14)

This equation expresses the fact that (%) is a steady-state solution of the GKSL equation.
Trace preservation of the density matrix implies the existence of a left zero eigen-
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vector of the unperturbed Liouvillian,
(1% =0, (F.15)

where (1| corresponds to the identity operator in the Liouville space, ((1|p)) = Tr p.
In what follows, we assume that the thermal equilibrium state is the unique station-
ary state of the unperturbed Liouvillian [87], so that the dimensionality of its kernel is
unity
dim ker %4 = 1, (F.16)

which guarantees the ergodicity.

The dependence of the relaxation rates and jump operators on the bias parameter ¢
is redundant and will not appear in the final results. To see this, we differentiate the
stationary-state condition (F.14) with respect to the stationary bias ¢, which yields

Zselp ) = — Lol (F.17)
where 0
0y _ Olp
= F.1
‘pés >> (950 ) ( 8)

and %5, = 0.2, /0¢. This quantity relates to the first-order correction term of . and

will be subject of the next subsection.

F.4 Time derivative of an operator

For an arbitrary operator Aing in the instantaneous energy representation, its time
derivative can be obtained by differentiating the expectation value (Ajg) = Tr (5 Ajnst)

and using the GKSL equation for pA The resulting time-derivative operator reads

5 ‘ _ 0 Ainst
nst a t

(A ~ Spoa o oa L(ars o
+ ﬁ[Hinsta Ainst] + Z Yo [LLAinstLa - 5 {LLLOM Ainst}] . (F19)
Alternatively, in the Liouville space we have

W An)  d(Amdlo) ;
= g = (Ainalp), (F.20)
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with the definition of the super-bra time derivative

<<Ainst| — <<atAinst| + <<Ainst| Z. (le)

F.5 Perturbation theory

Now we construct a perturbative solution for the density matrix. In principle, the
evolution superoperator can be constructed following the procedure outlined in Ap-
pendix E.3. Its detailed investigation will be reported elsewhere [83]. However, the
same results for the effective capacitance and resistance can be derived using an alter-
native approach, which we describe below.

We consider a small rf probing of the energy bias, e(t) = €+ dey¢(t) [see Egs. (5.1)
and (5.8)]. This allows us to expand the Liouvillian superoperator .2 up to the first

order in de,y, yielding Eq. (5.7). The corresponding superoperators are defined as

Ly = A+ Do, A= —[HD L], (F.22)
Lse = Voe + Dses Lse = Ve, (F.23)
{APESEN (APESEN
%E — _ﬁ[[%é?;]ld]]a %E' — _ﬁ[[‘/&é;]ld]]a (F24)
09,

-@0 — @‘82807 965 (F25)

=50
We note that in the dissipation superoperator, both the relaxation rates v, and the jump
operators L, may depend on the energy bias . The definitions of ?Qi(r?s)t, Vs2, and the
Berry connection Vs are the same as in Eq. (E.18). Since the superoperator Z: is
derived from the Berry connection, it can be interpreted as a Berry superoperator.

As stated in Sec. 5.2, the solution for the density matrix can be sought for in the

form (5.9). Substituting this ansatz into the first-order GKSL equation
‘,O>> - (g() + g&&grf + g&ségrf)’p» (F26)

and retaining only the first-order terms, while using the fact that d&¢(¢) = —wrzf der(t),

one obtains a system of two linear equations for the superkets |A)) and |B)). The zeroth-
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order term vanishes exactly, since % ‘ p) >> = 0:

~wi|B) = 4 |A) + %5 [p"))

(F27)
|A) =% |B) + L |p!V))
whose solution is
( % 9 1
4) = |12+ (2) ] w2 + L] |0,
< " (F.28)

The above result can be further simplified by noting that Vs. is diagonal [see Eq. (E.18)].
Therefore,

Y5 p V) = ——|[Vse, pV]) = 0. (F.29)

i
— |
since p\) is also diagonal in the instantaneous energy basis. Consequently, in all expres-
sions above, .Z. can effectively be replaced by Z5. alone, as the diagonal Hamiltonian

contribution 5. vanishes.

F.6  First-order corrections to the quantum current

A

As shown in Eq. (4.9), the quantum current (Z) contributes to both the effective
reactance Cesr and the effective resistance Rg for open quantum systems. Here, the
calculations are performed in the Liouville space. The expression for the quantum cur-
rent operator, Eq. (E.17), must be modified accordingly. The quantum current operator
should therefore be defined using Eq. (F.21) as

<<(ae7'z)inst‘ - 8.<<as(ae7'[)inst| + <<(86H)inst’$- (F-3O)

Analogously to Eq. (E.28), we introduce the zeroth- and first-order quantum current
superbras (1% such that

(OH)inst| = (1] + (1Y), (F.31)



85

Here, the zeroth-order term is
(1] = ((0: 1)), (F.32)
and the first-order term reads
(10 = G | (0-(0H) UL + (DM A o] +
02 | (0-(0H)0A + ()54 L] (F33)
Thus, the expectation value of the quantum current reads
(I) = (1O + 1W)p 1 5eA 4 56¢B)). (F.34)
Using Eq. (F.14), this simplifies to

() = G | (A Zoc o) + (O-H) )L/ A) | +

inst inst

02 | (0-(OH) P ) + (O H) Al Loolo ) + (OFOAIBY]. (F33)

F.7 Effective capacitance and resistance

From Egs. (4.8), and (F.35), for an arbitrary dissipative qudit we obtain the final
expressions for the effective capacitance

Ceft = — (g—‘i)? {«86(867'[)535)‘[ PO+

RGN RZRPR B (CEDCARZAND] (F.36)

and the effective conductance

R&%:—(S—é) (@A Lol ™) + (A0 Al AY . (®3D)

These expressions can be further simplified. We observe that the superkets | A)) and
| B)) appear only in combination with .Zj in the final expressions. Using Eq. (F.17), we
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obtain
( 92” 9 -1
% 1) = w22 |1+ (2 ] )+
PN
7 ﬂd2+( 0)] Ll ),
rf
X 1 (F.38)
2o 0)
L |B) = —wi L5 |1 + o Ll ™)+
N\
L Hd2+< ) ] 5)-
L Wrf
Using the identity
20\ AN E
L g + ( °> ] = WAL —WEL T 1 + ( °> ] , (F.39)
Wrf Wrf
we can simplify the effective capacitance as
Cerr = —(@e)? [ (0-(0H) 4 | 1) + ((O-H) s ) +
+((O-H) ] [T + (Lofwn)®] ™ Y1) — 5] (F40)

Similarly, the effective conductance reads

Rt = —(ae)*((0-H)\ WL [Le + (Lofwn)?] ™ [Pelo ™) — [P00]. (F41)

In the next subsection we briefly discuss how to correctly split the effective capaci-

tance into corresponding components.

F.8 Geometric, quantum and tunneling capacitances

The first two terms in Eq. (F.40) can be readily computed. The first term is ob-
tained by differentiating Eq. (E.16) with respect to ¢, using Eqgs. (E.9—-E.11). Applying
identity (F.9) and noting that 5(*) is diagonal, only the diagonal elements 85(857:[)1115@””,
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which are just the second derivatives of the energies, contribute to the final result

82En
(0-(0-H)u | P = D 5w (F:42)

Similarly, the second term in Eq. (F.40) evaluates to

o, 008
Oe O

(OH) ol o5 = (F.43)

From Eq. (F.42) we see that the first term of Eq. (F.40) results in both geometric and
quantum capacitances
0’E 0*Fgeom O*F'

— = — — ) F.44
OV 2 oV?2 oV2m ( )

Cgeom + CQ = -

Thus, the second and third terms of Eq. (F.40) contribute to the tunneling capacitance

Cr = —(ac) | {(OH) o)+
QA [Le + (LoJw)?] ™ Pa:1 0O — 1050]] . (F.45)
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APPENDIX G
EFFECTIVE CAPACITANCE AND RESISTANCE OF GOOD AND BAD d-LEVEL
SYSTEMS

This Appendix is devoted to the derivation of the effective capacitance and resis-
tance in the limiting cases of the good and bad qudits [Egs. (5.19) and (5.20)], starting
from Egs. (5.10) and (5.11).

First, let us estimate different terms appearing in the expressions for the effective
capacitance and resistance. In particular, the expressions (F.40) and (F.41) involve the
following relevant quantities: % = 4 + %y, L3¢, ((((‘357-[)535)t : ((@(@H)i(gs)t], 1O,
and [p}).

For any qudit, the Hamiltonian and dissipation superoperators scale as
% ~ Wqd, ‘@O ~ Yqd, (Gl)

where, analogous to the definition of wqq in Eq. (5.1), 744 1s the minimal relaxation rate

of the system:
Yad = Wi Y, (€). (G.2)

Since Tr s = 1, we have [p(¥)) ~ 1. The superket |p((52>>> can be estimated as
|p((52) ) ~ 1/kgT. There is no need to estimate 7j., since it always appears in the trivial
combination #.|p(*))) = 0. From Egs. (F.24) and (E.18), the remaining part of the Li-
ouvillian superoperator scales as .Z5: = ¥5: ~ 1/wqq, because OH /0 ~ OF, [0 ~ 1.
Similarly, we have (((9.7)\%)| ~ 1 and (8.(8.7)0)| ~ (Fwea) "

inst in
Altogether, we obtain
M~ waa, Do~ Yoty Loe ™~ Wig s OH /0= ~ 1,
(0-(0-H) gy | ~ (hwga) ' [p ) ~ 1, o) ~ 1/ksT. (G3)

ns

G.1 Good qudit

For a good qudit, we consider the regime of very small relaxation rates, 74 <
wrf K wqd. To compute the inverse of the superoperator in Egs. (F.40) and (F.41), we
note that .7 can be decomposed in the basis P, ® P, where P, = |k)(k|. Indeed, we
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can write the unperturbed instantaneous Hamiltonian as
1O =SBV A, (G.4)
k
and the identity operatoras 1 = ) P Substituting these into Eq. (F.22) gives

Hy=—iy wyP® B (G.5)
k.l

Consequently, any function of .77 can be evaluated as

f) =" f(—iwy) P P (G.6)

This decomposition will be needed when inverting []Idz + (%) wrf)z] in the expressions

for the effective capacitance and resistance.

G.1.1 The effective capacitance

Using Egs. (F.24) and (G.6), we can evaluate the last term in Eq. (F.40):

(O] [T + %/wrf)?]‘l V5: 0™ — |p2)] =

07 _ 5017
-1y () Pr =3/ [ Vi p 2] PPl
kil 1= <wkl /wrf>
@E 8 . 87—[(0) 2
R R N L
R W {1 - <sz /er) }

Here, the first term in Eq. (G.7) cancels the second term in Eq. (F.40). The second term

is proportional to w%/w?;, which is much smaller than the first term in Eq. (F.40) that

1
scales as Wed -

qd>

Hence, for a good qudit, the effective capacitance is dominated solely by the geo-
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metric and quantum components: C_g gOOd = Cgeom + Cq:

2 2 2
(good) . % 0 En th _a_E
Cor ™ = (av) 92 P T TV (G8)

G.1.2 The effective resistance

Since in Fig. 6.1(a) both the effective capacitance and resistance are coupled in

parallel, the total impedance of the quantum system can be written as in Eq. (6.2):
Zetr = [Ryg + iweiCenr] (G.9)

From Eq. (G.8), we have wrfC’éffOOd) X wyf/wed. Meanwhile, using Eq. (F.41) and a
derivation analogous to Eq. (G.7), the effective conductance is zero in this order of
approximation.

The next-order correction can be estimated as

2
wl‘f ]- h ] rf
R o max < ) G.10
eff X Vqd ( wqd) [ Wad ke T Wad ( )

Therefore, in the limiting case of a good qudit, the response of the quantum system

is dominated by the effective capacitance, and in the first order in wr/wqq We can write

GEed — . (G.11)

G.2 Bad qudit

For a bad qudit, we consider the regime wyr < wgq K Yqa- To compute the effective
capacitance and resistance, we need the eigen-decomposition of ;. As discussed in
Appendix F.3, there is only one zero eigenvalue dy = 0 [see Egs. (F.14) and (F.15)].

Thus, for any function of %, we can write

Zf N Zra) (Pl = FOIPOVC + Y F(dn)| Zra) (Pral- (G.12)
n#£0
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Applying Eq. (F.39) to %, and using the decomposition (G.12), we obtain

-1
Z\°| (0) Wi
7% - w?

T + (—0) =0 (—f> , (G.14)
Wrf Yaqd

since only the nonzero eigenvalues d,, o< 744 contribute to the corrections.

and

Dy

G.2.1 The effective capacitance

Let us evaluate the last term of Eq. (F.40) for a bad qudit. Using Eq. (G.13), we
obtain

(OAH)D) [Le + (ZoJw)?] " [Paclp ) — 920 =
= (01 p O (1| [F5:] 0@ — [p0] = o, (G.15)
because .
(U5l p ) = =5 Tr Vi, p] = 0 (G.16)
and
(o) =Tx i) = 0.1 =0, (G.17)

Thus, the final expression for the effective capacitance (F.40) of a bad qudit contains

only the first (F.42) and second (F.43) terms, giving

) _
(bad) [ O OE, 0 0FE
Cor ™ = (av) % 9 T vV (G-18)

G.2.2 The effective resistance

Using Eq. (G.14), we can estimate the effective conductance as

Wer [1 h] < Wrf

wqd

(G.19)

since yqq 1s assumed to be much larger than all other relevant parameters.
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Therefore, in the limiting case of a bad qudit, the effective conductance is negligible:

Gl — o, (G.20)
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APPENDIX H
FROM THE GKSL EQUATION TO THE RATE EQUATION

In this Appendix, we examine how to derive the quantum balance equation for a
multi-level system from the GKSL equation and discuss the approximations involved
in this procedure.

We start from the GKSL equation (4.19) with the instantaneous Hamiltonian (E.14).
We choose the Lindblad jump operators as ﬁij = [¢)(j|. By substituting them, with
relaxation rates v;;, into Eq. (4.19), we obtain equations for every element of the density
matrix: _

Pim = —%(minst, O)im + EJ: Y1j0umpPjj — LimpPrm, (H.1)
where I, = > (vt + vjm) /2.

For the balance equation, only the diagonal entries of the density matrix are con-
sidered to be nontrivial, while all off-diagonal density-matrix elements are neglected.
Furthermore, the balance equations do not include the unitary evolution term [7:[inst, Pl

If we choose A
(O-H)m
Wkm, SM < Vims (H.2)
(hwmk)
the first term in the r.h.s. of Eq. (H.1) can be neglected, so that for the diagonal elements

the GKSL equation reduces to the Pauli master equation
pnn = Z TniPji — Pnn Z YVin, (H3)
J J
while for the off-diagonal elements with [ # m

plm - _Flmplm (H4)

the dynamics is purely dissipative. However, in order to neglect the off-diagonal matrix
elements, one additionally needs to consider the solution on the timescale ¢ 2 Fl;i, and
the contribution of the off-diagonal elements to any observable must be small compared

to that of the diagonal elements.
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APPENDIX I
FROM QUDITS TO QUBITS

I.1 Super-bras, -kets, and -operators for a two-level system

In this Appendix, we show how to obtain expressions for the effective capacitance
and resistance of a two-level system from Eqgs. (F.40) and (F.41) with the known struc-
ture of the Hamiltonian, relaxation rates, and jump operators.

For a two-level system, the Hamiltonian is given by Eq. (4.6). Relaxation rates and
jump operators are the same as in Sec. 4.4.

To obtain the effective capacitance and resistance, we need to know the superbras
{((0- H)lnst\ ({85(857-[)i(l?s)t|, the superkets |p(*))) , |p((52) )), and the superoperators 74, %,
Y5z

The superbras are

/ A A /
+ Egeom’ 2AEy’ 2AEy’ QAEO + Egeom> (I'l)

(A = (58

and

A A
<<a (a H)mst‘ ( 2AE3 + Eglg/eoma _QA%Jga _QA%)S; 2AE3 + Egeom> . (12)

The superkets are

T
1 1—
\p<0>>>:( g Xth) (13)
2 2
and
) co(1 —x3) eo(1—x2)\"
oy = (U Aw) g g S0 X)) (1.4)
4kgTAE, 4k TAE,

where ygq = tanh(AEy/2kgT).
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The unperturbed Liouvillian %, and Berry superoperator 7;. are

—7- 0 0 Y+
0 —T,'+i 0 0
Ly = 2 Tl D (1.5)
0 0 =15 —iwg O
V- 0 0 —V+
and
0 -1 -1 0
A 1 0 0 -1
Ve = ———5 1.6
0O 1 1 0
respectively.

To evaluate the effective capacitance and resistance in Egs. (5.10) and (5.11), we
need to compute the matrix inverse [I5 + (% /wi)?] L

( 1—4 0 0 o
2] 1 0 0 0
rf 0 0 = 0
1+ Q2
o0 01—
where
~ YV+
= 1.8
’Yj: /_)/2 + (,(_)r2f’ ( )
and _ .
O =15 +iwg G — =15 — iwgo (19)
Wrt ’ Wrf . '

[.2 Effective capacitance

Let us now calculate the effective capacitance. Since the eigenenergies of the Hamil-
tonian (4.6) are E; = Eyeom = AEy/2, the sum of the geometric and quantum capaci-
tances from Eq. (5.13) is

eom = - h({—— , I.1
Cieom + Co Sor T (av) NG ( ) (1.10)
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which with the previous definition of the Cyg (4.27) perfectly coincides with Egs. (4.25)
and (4.26). The tunneling capacitance, from Eq. (5.15), is the sum of three terms

de \’ g2 AE
Or=— (=) [ =50 cosh?
T (av) { 4k TAER " <2kBT> i

N A? Tiwgi [1— T22(wc210 —wj)] tanh ( AEj )
2AE] 1 + Ty (wly — wi)? + 273 (wly + wh) 2kgT
p 2
50 wrf -9 AEO :|
h : L.11
T eTAE G+ 12 <2k:BT> @10

The sum of geometric, quantum and tunneling parts (I.10, [.11) coincides with the ef-

fective capacitance (D.16) obtained previously.

1.3 Effective resistance

Now we calculate the effective resistance from Eq. (F.41). The Hermes conductance
(5.17) is

- ( e )2 AT ( AFE, ) 1+ T3 (wyp + wiy)
rm - n Y
i ov ) 2AE} 2kpT ) 1+ T (w2 — wi)? + 2T5 (Wl + wh)
(1.12)
while the Sisyphus conductance (5.18) is
e \? ey w? AE,
Rgl = . i h™? . 1.13
Sis (av) IhsTAR wh+2 0\ 2ksT 1.13)

The sum of Hermes and Sisyphus conductances (I.12, I.13) also agrees with the previ-
ously obtained expression (D.17).
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APPENDIX J
SINGLE-COOPER-PAIR TRANSISTOR

We now start from the classical Lagrangian of a single-Cooper-pair transistor [53] by
choosing the phase differences across junctions to be (; and (-, so that the phase on the
superconducting island is defined symmetrically as ¢ = (¢1 + 2)/2, while the phase
difference is constrained with the flux quantization condition ¢ — o = 27P /Dy = ¢,
where ® is the total time-independent magnetic flux and &, = h/(2¢) is the quantum

of magnetic flux [see Fig. 6.1(b)]. Then the Lagrangian reads

2e C| 1

2
r . Ci+ Csy . C
(Y =G L e+ O G

S22
5 90+2(90 Pg) "+

2L,

+%(@ — g’;go)z + Ey(1 4 §) cos (go + %) + E5(1 —6) cos <90 - %) . J.1)

Here, the classical part of the Lagrangian £ consists of the first two terms of
Eq. (J.1) and the quantum part £, contains all the other terms. The Routhian is given
by

R = 4Ec(n — ng)* — 2E; cos % cos ¢ + 20 Eysin % sin p—

— = 24 =82 (o — : 2
<26> { 5 it = a0 — 57 (o = @R) J.2)

where nh = 0L /0y, Ec = €®/2Cy is the total charging energy of the island with the
total capacitance Cs, = Cy + Cgo + C + C5 and the dimensionless charge is defined as

h . :
Ng = T 02 (Ceopg0 + Cytprr) - (J.3)

The Hamiltonian after the quantization  becomes

2 ¢ ¢ n\’C
H =4Fc(n — ng)2 — 2F; cos B cos ¢ + 20 Ey sin B) sin o — (2—> fgbé. (J.4)
e

Using e*?| n) = | n & 1), in the two-level approximation we obtain cos ¢ = 6,/2,



sin ¢ = —d,/2 and the two-level Hamiltonian

2 ~ AL JAV e(t) .
H:Egeom1—70m—7yay—(7)az,

where the tunneling amplitudes along the x and y directions are
A, =2FEycos(¢/2), A, =20Eysin(¢/2).

The energy bias is £(t) = 4E¢(1 — 2n,). The geometric energy is defined as

C, h‘zbrf ’
Egeom = 2EC(]. — 2ng + 271;) — 7g (2—e> .
Thus the geometric capacitance is
82Egeom Og
Cgeom - - 8‘4% = Cg 1— _CE .

With the help of the unitary rotation around z-axis
go = exp (ZCZQO-Z)

tan((,) = ——

with
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(1.5)

(1.6)

(1.7)

(1.8)

(1.9)

(J.10)

the Hamiltonian 7 = 5”87—25’0 can be turned into its standard pseudo-spin form, Eq. (4.6),

with minimal energy distance A = /A2 + Ag given by Eq. (6.4). The energy bias ¢

is connected to the probing voltage Vi via the following relation

N _185 _2%
SCPT = cOV. Oy

(J.11)
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APPENDIX K
DOUBLE QUANTUM DOT

We start from the classical Lagrangian of a double quantum dot [see Fig. (6.1)]
2e C; 1 Cn . L \2
(E)L:'?%f ﬂ;wﬁ—wm-+3—Wr—w)+

Cai

. . Cao . w2 Cspi Csp2 .5
T(@l_Sﬁrf) ‘|‘T(<,02 SOrf) + 5 90%-% 5

9b27 (KI)

where Csp; = Cs; + Cp, and the dissipation function JF is the same as in Eq. (B.1). In
Eq. (K.1), the classical part of the Lagrangian £ consists of the first two terms of the
Lagrangian and £, contains all other terms.

The Routhian is given by

R = Ec1 (711 — ng1)2 + ECQ(n2 - ng2)2+

h)[C+Q2 1

25, — [ —
+2Lc12Mm1N9 ( 9 Prf — 2L

> (e = or)" (K.2)

where 2n;h = 0L/0¢;, and the factor of 2 is due to the fact that only electrons rather
than Cooper pairs tunnel onto the dots. We have also introduced charging energies of
individual dots E¢; and coupling energy Fcqo:

e? E—1 €2

e = &5 Bew ==,
ng%@ 12 ¢ 20,

(K.3)

where £71 = 1 — C2/Cx,Cx, and the total capacitances of the dots are Cx; = Cg; +

Csp;i + Cm. The dimensionless charges ng; are

h@rf
e 9,2

hgprf

5 Pyl (CG1 + Cm&2> Ngo =

Ngl = (CG2 + C(moﬂ) (K4)

where «; = Cg;/CYy; and the additional capacitance C. is

2
C. = 26Cha1an + Z Coi [1+ (£ —1)ay]. (K.5)

1=1
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The Hamiltonian after the quantization # becomes

, A . . (h\C. .
7’[ = ECl(nl — ng1)2 -+ Ecg(ng — ng2)2 + 2Ec12n1n2 -1 (2—€> é@ff (K6)
As a next step we consider the two-level approximation formed by the nearest charge
states n; = 0 and ny = 1 associated with |0) := |01) and n; = 1 and ny = 0 associated

with | 1) == | 10), respectively. In the two-level approximation, the Hamiltonian is given
by Eq. (4.6), where

2 . 2
hipr
2Egeom = » _ Eci(1 — 2ng; + 2n3) — Co ( 2906 f) 7 (K.7)
1=1
E(t) = ECl(l — 2ng1) — Ecg(l — 2ng2), (K8)

and A is introduced as the tunnel-coupling energy between the nearest charge states.
The dependence of the energy bias ¢ on the probing voltage Vs is given by apgp = £/,
which leads to the geometric capacitance

§

C eom — o~  ~
& Cy1Cso

C:61Csp1Cs2 + C2CspaCs1 + Cin(Co1 + Ca2)(Cspr + Csm)} :
(K.9)
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