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АНОТАЦІЯ

Роботу присвячено теоретичному дослідженню квантової рефлектометрії —
методу зондування стану квантових систем шляхом вимірювання відбитого ра-
діочастотного сигналу класичним RLC-резонатором, ємнісно пов’язаним з кван-
товою системою.

Мета роботи— розробити строгу і систематизовану теорію квантової рефле-
ктометрії для ізольованих та відкритих дворівневих і багаторівневих квантових
систем, що забезпечує аналітичні вирази для ефективних ємності та опору з явни-
ми умовами застосовності.

Об’єкт дослідження—дворівневі та багаторівневі квантові системи, ємнісно
пов’язані з класичним RLC-резонатором; як фізичні реалізації розглядаються ко-
мірка на куперівських парах, транзистор на куперівських парах, подвійна кван-
това точка та одноелектронний ящик; предмет дослідження — квантова та ту-
нельна компоненти ефективної ємності, а також відповідні складові ефективного
опору — опори Сізіфа та Гермеса.

Результати і наукова новизна — отримано загальні аналітичні вирази для
ефективної ємності та опору довільної відкритої багаторівневої квантової системи
в рамках формалізму Горіні-Коссаковського-Сударшана-Ліндблада з довільними
операторами стрибків Ліндблада і швидкостями релаксації; строго доведено, що
квантова ємність n-го енергетичного рівня пропорційна другій похідній відповід-
ного рівня енергії за зондуючою напругою — загальний результат для будь-якої
функції Гамільтона; встановлено вирази для ефективної ємності та опору «гар-
ного» і «поганого» кудітів та показано, що більшість відомих феноменологічних
результатів справедливі лише у випадку «поганих» квантових систем.

Висновки— розроблений підхід є природним та універсальним методом для
систематичного опису гібридних квантово-класичних систем і дозволяє отрима-
ти ефективний імпеданс електричного ланцюга для широкого класу квантових си-
стем.
Ключові слова: квантова рефлектометрія, кубіт, кудіт, квантова ємність, тунель-
на ємність, опір Сізіфа, опір Гермеса, рівняння Ліндблада, відкриті квантові си-
стеми, рівняння Шредінгера, радіочастотна рефлектометрія, надпровідні кубіти,
квантові точки, квантова електродинаміка електричних кіл, дворівневі системи,
декогеренція.
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ABSTRACT

Thework is devoted to the theoretical study of quantum reflectometry—a technique
for probing the state of quantum systems by measuring the reflected radiofrequency
signal of a classical RLC resonator capacitively coupled to a quantum system.

Objective— to develop a rigorous and systematic theory of quantum reflectometry
for isolated and open two- and multi-level quantum systems, providing analytical ex-
pressions for the effective capacitance and resistance with explicit validity conditions.

Object of study — two- and multi-level quantum systems capacitively coupled
to a classical RLC resonator, with physical realizations including the Cooper-pair
box, Cooper-pair transistor, double quantum dot, and single-electron box; subject of
study — the quantum and tunneling components of the effective capacitance, and the
corresponding components of the effective resistance — the Sisyphus and Hermes
resistances.

Results and scientific novelty — general analytical expressions for the effective
capacitance and resistance of an arbitrary open multi-level quantum system are ob-
tained within the Gorini-Kossakowski-Sudarshan-Lindblad formalism, with arbitrary
Lindblad jump operators and relaxation rates; it is rigorously proved that the quantum
capacitance of the n-th energy level is proportional to the second derivative of the cor-
responding energy level with respect to the probing voltage, a universal result for any
Hamiltonian; expressions for the effective capacitance and resistance of the “good” and
“bad” qudits are established, and it is shown that most existing phenomenological results
are valid only for “bad” quantum systems.

Conclusions — the developed approach is a natural and universal method for the
systematic description of hybrid quantum-classical systems, enabling the derivation of
the effective impedance of an electric circuit for a broad class of quantum systems.
Keywords: quantum reflectometry, qubit, qudit, quantum capacitance, tunneling ca-
pacitance, Sisyphus resistance, Hermes resistance, Lindblad equation, open quantum
systems, Schrödinger equation, radiofrequency reflectometry, superconducting qubits,
quantum dots, circuit quantum electrodynamics, two-level systems, decoherence.
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INTRODUCTION

The interaction between quantum and classical systems lies at the heart of modern
quantum physics and quantum engineering. A prominent manifestation is quantum re-
flectometry: a classicalRLC resonator acts as a weak probe, while a quantum electronic
device serves as a load. By measuring the amplitude and phase of the signal reflected
from the resonator, information about the quantum state can be extracted without di-
rect destructive measurement. This technique is now the standard readout method for
superconducting qubits, quantum dots, and spin qubits.

The back-action of the quantum system on the resonator is conveniently encoded
in effective circuit elements: the geometric, quantum, and tunneling capacitances and
the Sisyphus and Hermes resistances. In the literature, most of these quantities are
often introduced phenomenologically, without rigorous derivation or explicit validity
conditions. In particular, the role of relaxation and decoherence in determining the
effective capacitance and resistance has not been studied systematically for multi-level
systems.

The aim of the work is to fill this gap by constructing a first-principles theory of
quantum reflectometry, systematically applicable to both isolated and open two-level
and multi-level quantum systems, with explicit conditions governing the validity of the
results.

Starting from the Lagrangian of the full hybrid system, we derive coupled quantum-
classical equations of motion via the Routhian formalism and treat the probe pertur-
batively to extract the effective admittance. For isolated systems described by the
Schrödinger equation, this approach reveals that the system response is governed by
the geometric and quantum capacitances — quantities entirely determined by the cur-
vature of the energy level with respect to the probing voltage. For open systems de-
scribed by the Gorini–Kossakowski–Sudarshan–Lindblad master equation, we identify
two distinct mechanisms: the Sisyphus mechanism, associated with relaxation pro-
cesses, which gives rise to the tunneling capacitance and the Sisyphus resistance, and
the Hermes mechanism, associated with decoherence, which gives rise to the quantum
capacitance and the Hermes resistance. Furthermore, a sharp distinction is established
between “good” quantum systems, in which relaxation and decoherence is slow com-
pared to the probe frequency, and “bad” ones, in which it is fast — and it is shown that
the widely used phenomenological formulas apply exclusively to the latter case. The
thesis is prepared on the basis of the recent preprint by Kitsenko O. Yu. et al. [1].
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SECTION 1
LITERATURE REVIEW

1.1 Effective reactance and resistance

The issue of coupling quantum systems to classical ones appeared from the very
first days of quantum physics. One notable example is the photon box thought exper-
iment [2]. This thought experiment, originally proposed by Einstein, was part of his
effort to demonstrate that quantum mechanics is incomplete. He aimed to challenge the
uncertainty principle by suggesting that, in principle, one could measure both the energy
of the photon and the exact time of its emission with arbitrary precision. The idea was
that by weighing the box before and after the photon escapes, using the deflection of the
box suspended on a classical spring, one could determine the photon’s energy. Simulta-
neously, by controlling the timing of the shutter, it would be possible to specify the time
of emission, apparently violating the time-energy uncertainty relation. Bohr countered
using general relativity: weighing the box causes gravitational time dilation, so localiz-
ing its center of mass introduces time uncertainty, preserving the principle. While such
thought experiments could not be realized a century ago, when quantummechanics was
still being formulated, experimentalists now routinely work with coupled classical and
quantum systems.

In contrast to natural quantum systems (like photons), artificial ones are often oper-
ated dynamically and are being coupled to driving and readout electronics [3–6]. In this
work we are interested in dissipative semiclassical systems, where a classical electro-
magnetic field is used to probe a quantum electronic system. A driven quantum system
is the object of which the state is monitored by a resonant circuit by means of measuring
its response to a weak probe signal [7–9].

The quantum electronic systems considered in this work are built on a substan-
tial body of prior research. The theoretical foundations of single-electron tunneling
and Coulomb blockade in mesoscopic circuits were established in the late 1980s and
1990s [10–15], and were subsequently extended to Josephson-junction-based devices
and quantum-state engineering with superconducting circuits [16, 17].

The development of circuit quantum electrodynamics demonstrated that supercon-
ducting artificial atoms can be coherently coupled tomicrowave resonators, establishing
a powerful framework for quantum information processing [18–25]. In parallel, semi-
conductor quantum dots confining single electrons or holes have emerged as a comple-
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mentary platform [26, 27].
Across all these platforms, radio-frequency reflectometry has established itself as

the primary technique for fast and sensitive readout of quantum devices, from its early
realization with the RF single-electron transistor [28] to its broad application in gate-
based sensing of quantum dots, spin qubits, and topological devices [29–35].

While the resonant circuit serves as a classical probe, the effective reactance and
resistance extracted from its response are properties of the quantum subsystem itself.
These effective parameters emerge as a linear-response characterization of the driven
quantum system to a weak classical probe and can be accessed experimentally through
the measurable response of the coupled resonator.

For example, for capacitive coupling between the quantum and classical subsys-
tems, the resonator’s response is defined by the induced charge in the quantum system.
A quantum two-level system with ground |E−⟩ and excited state |E+⟩ will exhibit two
corresponding capacitance responses C(−)

Q and C(+)
Q , respectively. It is further intu-

itively clear that, within the linear response of the quantum system, the impact on the
circuit of a superposition state is defined by the probabilities of the respective cases, p−
and p+ = 1 − p−, so that CQ = p−C

(−)
Q + p+C

(+)
Q . Similarly, for a d-level system,

instead of p± the expressions will contain occupation probabilities of each energy level
pi.

In such a quantum-mechanical system, the effective capacitance may have three
contributions:

(i) a term proportional to the state probabilities, pi, the so called quantum capaci-
tance CQ(pi),

(ii) a term proportional to the derivative of the probabilities p′i, the so-called tunnel-
ing capacitance CT(p

′
i), and

(iii) the geometric capacitance, Cgeom (defined as if there were no quantum effects).
We note that, if the coupling is inductive, one would introduce corresponding addi-

tions to the inductance [36–40], while otherwise the consideration is similar.
While capacitive components have been extensively studied, the resistive contribu-

tions are less known. When the quantum system is coupled to a dissipative environ-
ment, it acquires a non-trivial effective resistance [41–44]. Historically, a term related
to quantum state relaxation has been dubbed the Sisyphus resistance [41, 42, 45, 46].
The Sisyphus mechanism of dissipation occurs when periodic driving partly excites the
system out of its instantaneous ground state, after which environmental relaxation re-
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Figure 1.1: Quantum reflectometry. A classical resonator (with capacitance Cr, induc-
tance Lr, and resistance Rr) is coupled to a generic quantum system. While the latter
can be a multi-level system (see Sec. 5), here we show only a two-level system, with the
energy levels separated by∆E, controlled by the energy bias ε. The resonator is biased
by the current Ibias and the reflected signal is probed via the voltage V . The aggregate
system can be described as an effective circuit to the right with the modified elements
defined as C̃r = Cr + Ceff, R̃−1

r = R−1
r + R−1

eff , L̃−1
r = L−1

r + L−1
eff , where the effective

capacitance Ceff, inductance Leff, and resistance Reff are associated with the quantum
system.

turns it back, resulting in repeated excitation-relaxation cycles and net energy loss per
period, analogous to the myth of Sisyphus [47].

In addition, a term related to decoherence has been dubbed the Hermes resis-
tance [44]. As we show in this work, the Sisyphus term RSis(p

′
±, T1) depends on the

derivatives of the state populations and on the relaxation times of the system, whereas
the Hermes resistance RHrm(p±, T2) depends directly on the populations themselves
and on the decoherence times of the system. Similarly to the Sisyphus mechanism,
the Hermes process results in energy dissipation, arising, however, from the cost of
maintaining quantum coherence — an ever-turning (πoλύτρoπoς) cycle of coherence
formation and dephasing.

Importantly, such reduced description of the quantum system impact on a classical
resonator can be introduced only if all the characteristic quantum times aremuch smaller
than the resonator’s period. Arguably, the simplest way to see this mathematically is
the Krylov-Bogolyubov asymptotic expansion technique [48, 49]. This is schemati-
cally demonstrated in Fig. 1.1, which shows the essence of the asymptotic expansion
technique: the nonlinear system (orange box to the left in Fig. 1.1) can be reduced to
oscillations in an equivalent linear system (green box to the right in Fig. 1.1).
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1.2 Reasoning behind the definition of effective circuit elements

Consider now the literature which will bring us to the formulation of the problems
to solve. The notion of a quantum capacitance can be introduced in different ways, as
e.g. in Refs. [3] and [9]. It seems reasonable to call a quantum capacitance what ap-
pears as an addition to a classical geometric Cgeom component. However, this quantum
correction can be split into two components, the (pure) quantum capacitance CQ and
the tunneling capacitance CT, for a review see Ref. [9].

To avoid confusions here, following Refs. [9, 50–52], we introduce both corrections,
CQ and CT, for the total effective capacitance Ceff, and define them as follows: the
quantum capacitance CQ is the contribution defined by the adiabatic charge transitions
and non-zero curvature of the energy bands; the tunneling capacitance CT is defined
by the population redistribution processes. As a result of such definitions [50], the
former contribution, CQ, is proportional to the quantum state occupation probability
and the latter, CT, is proportional to its derivative in respect to the energy bias, so the
full effective capacitance can be written as

Ceff = Cgeom + CQ(p±) + CT(p
′
±). (1.1)

Equation (1.1) will be described in more detail further down.
The quantum capacitance CQ was studied in superconducting Cooper-pair

boxes [53–55], quantum-dot based transistors [50], two-dimensional materials such as
graphene [56], carbon nanotubes [57], Majorana-based topological qubits [6, 34, 44, 58],
surface electrons on liquid helium [59], double quantum dots [60], and quantum-dot
arrays [61, 62]. The quantum and tunneling components, both capacitive and inductive
ones, were argued to be useful for non-destructive readout of quantum states [53]. As
a special point, we note that both the quantum and tunneling capacitances, as well as
the quantum inductance, can be significantly larger than the corresponding geometric
components [7, 63].

The dissipative contribution associated with relaxation processes in a quantum sys-
temwas denoted as the Sisyphus resistance [41, 42, 45, 46, 64]. Amore detailed analysis
also reveals the emergence of the Hermes resistance [44]. In this work, we demonstrate
that, similarly to the decomposition of the effective capacitance into quantum and tun-
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neling components, the effective conductance can be written as

R−1
eff = R−1

Hrm(p±, T2) + R−1
Sis(p

′
±, T1), (1.2)

where the Hermes resistance arises as a consequence of decoherence processes in the
system and is proportional to the occupation probabilities of the energy levels; while the
Sisyphus resistance originates from relaxation processes and depends on the derivatives
of these probabilities [see Secs. 4 and 5].

What we described above mostly relates to semiclassical studies, when a quantum
system is much faster than a slow resonator, treated as a classical circuit. Recently,
similar studies [44, 65, 66] were done to describe both the quantumness of the resonator
and strong coupling to the environment.

To summarize, in most studies of quantum reflectometry the authors naively or phe-
nomenologically introduce the quantum capacitance, inductance, and/or resistance, ig-
noring the dynamics of the quantum subsystem. More elaborated studies give either
numerical or bulky results. This brings us to the questions: how to correctly obtain the
effective capacitance, inductance, and resistance? How to extend these considerations
to multi-level systems? How are the effective circuit elements influenced by relaxation
and dephasing, by temperature, and by driving? It is thus important to develop a natural,
universal, and systematic theory of quantum reflectometry, which is the subject of our
research here.
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SECTION 2
SUMMARY OF THE MAIN RESULTS AND STRUCTURE OF THE THESIS

Our approach to describe hybrid semiclassical systems is done in four steps:
(1) start from the Lagrangian L of the full system and turn the formalism to Hamil-

tonian for quantum degrees of freedom with the help of the Routh functionR;
(2) quantize the Routh function R → Ĥ to obtain the quantum Hamiltonian, and

write down both classical and quantum equations of motion for the corresponding de-
grees of freedom;

(3) by considering the classical probing signal perturbatively, obtain analytical re-
sults for quantum reflectometry introducing the effective capacitance, inductance, and
resistance;

(4) by comparing the numerical solution of the motion equations (in step 2) and ana-
lytics (from step 3), clarify the validity of the phenomenological and analytical results.

To illustrate the developed formalism, we apply it to a specific example — a
Josephson-junction-based charge qubit [7]. Still, our approach is quite general: the
main results were obtained for both isolated and open d-level systems with an arbitrary
dependence on the energy bias ε.

In this work, we analytically solve the Schrödinger equation for isolated systems
and the Gorini-Kossakowski-Sudarshan-Lindblad (GKSL) equation [67–70] for open
systems, considering both two- and multi-level quantum systems. In what follows, we
refer to the quantum system described by the Schrödinger equation as an isolated or
“ideal” system. The effective capacitance obtained from the Schrödinger equation is
naturally referred to as the capacitance of the isolated system. Unlike the ideal case,
where the solution is valid for any time t, the analytical solution obtained using the
GKSL equation is valid only in the asymptotic limit t ≫ Trel,i, Tdec,j , where Trel,i and
Tdec,j denote the relaxation and decoherence times of a qudit respectively. In the partic-
ular case of a qubit, these correspond to the standard relaxation and decoherence times
T1 and T2. In this regime all coherent effects have vanished and the system has relaxed
to a thermal equilibrium state which is weakly probed by a classical resonant circuit.

There are two possible asymptotic scenarios for open systems.
(i) First, when both the characteristic qubit/qudit frequency ωq/qd and the prob-

ing frequency ωrf are much smaller than the relaxation and decoherence rates
ωrf ≪ ωq/qd ≪ T−1

rel,i, T
−1
dec,j , the system undergoes fast dissipation and we refer to

it as a “bad” open system. As we show later, many previously known phenomenologi-
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cal results are indeed correct but only in this limiting case [36, 49, 50, 54, 60, 63, 71, 72];
however, such phenomenology gives no dependence on the relaxation rates. In contrast,
in this work we obtain results valid for arbitrary relaxation rates.

(ii) Second, the opposite limiting case T−1
rel,i, T

−1
dec,j ≪ ωrf ≪ ωq/qd, which we refer

to as “good”, is of significant interest because of its applications to quantum computing
and engineering.

The results of the different regimes studied in this thesis are briefly summarized in
Table 2.1.

Regime validity Ceff

good qubit T−1
1 ≪ ωrf ≪ ωq −∂

2E

∂V 2 th

bad qubit ωrf ≪ ωq ≪ T−1
1 − ∂

∂V

∂E

∂V th

ideal qubit T1,2 → ∞, kBT → 0 −∂
2E

∂V 2 S

good qudit T−1
rel,i ≪ ωrf ≪ ωqd −∂

2E

∂V 2 th

bad qudit ωrf ≪ ωqd ≪ T−1
rel,i − ∂

∂V

∂E

∂V th

ideal qudit Trel,i, Tdec,j → ∞, kBT → 0 −∂
2E

∂V 2 S

Table 2.1: Brief summary for the effective capacitanceCeff of qubits andmulti-level sys-
tems (=qudits). The table shows the formulas for the effective capacitance in various
limiting cases. Here V is a classical probing voltage that perturbs the quantum system.
This voltage is generated by a driven RLC resonator with a period Trf = 2πω−1

rf . Here,
E represents the energy levelsEi of a quantum system, the definitions of averagesAS,th
are given in the main text. The times T1,2 denote the relaxation and decoherence times
of the qubit, Trel,i and Tdec,j denote the corresponding times of a qudit, and ωq/qd is the
characteristic qubit/qudit frequency. Note that in many papers the authors phenomeno-
logically use what appears to be the expression for the non-coherent quantum system,
which is valid only for ωq/qd ≪ T−1

1,2 , and thus requires a correction in the general case.
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The notation A denotes the statistical average of a physical quantity A, defined as
A =

∑
i piAi, where pi is the probability of the system occupying the state |Ei⟩ with

energyEi. In particular, for a system in thermal equilibrium,Ath =
∑

i p
th
i Ai, where the

probabilities pthi correspond to the thermal equilibrium distribution, while for an isolated
system described by the Schrödinger equation, AS =

∑
i piAi, where pi corresponds to

the quantum-mechanical occupation probability of the eigenstate |Ei⟩.
The ready-to-use analytical expressions for the effective capacitance and resistance

of an arbitrary two-level system coupled capacitively to a classical resonator, obtained
from the solution of the GKSL equation, are summarized in Table 2.2.

Capacitance Conductance (= 1/Resistance)

Ceff = Cgeom + CQ(χth) + CT(χ
′
th, T1) R−1

eff = R−1
Hrm(χth, T2) + R−1

Sis (χ
′
th, T1)

Cgeom = −
∂2Egeom
∂V 2

, CQ0 =
(αe)2

2∆
,

α =
1

e

∂ε

∂V

R−1
Q0 =

π

2
R−1
K α2, R−1

K =
e2

h

CQ = CQ0
∆3

∆E3
0

χth, χth = tanh

(
∆E0

2kBT

)
R−1
Hrm = 2R−1

Q0
ℏωrf
∆

∆3

∆E3
0

χth
T2ωrf

1 + T 2
2ω

2
q0

CT = CQ0
∆ ε0
∆E0

χ′th
1

1 + T 2
1ω

2
rf
, χ′th =

∂χth
∂ε0

R−1
Sis = R−1

Q0
ℏωrf
∆

∆ ε0
∆E0

χ′th
T1ωrf

1 + T 2
1ω

2
rf

Table 2.2: Summary of the results for two-level systems. The left column presents
expressions related to the effective capacitance Ceff, and the right column corresponds
to the effective conductance Geff = R−1

eff . In the first row, the general formulas for Ceff
and R−1

eff are given. The second row shows the geometrical capacitance Cgeom and the
maximum quantum capacitance CQ0, as well as the characteristic value of the effective
conductanceR−1

Q0; V is a classical probing voltage, applied to the quantum system. The
last two rows list the expressions for the quantum and tunneling capacitances, and for the
Hermes and Sisyphus conductances. Here∆ is the minimal energy splitting of the two-
level system, ε0 is the energy bias controlled by the dc component of the probing voltage,
α is the lever arm,RK = h/e2 is the von Klitzing constant, and∆E0 =

√
∆2 + ε20 is the

difference of ground and excited states energies. The geometric energy Egeom, which
gives rise to the geometric capacitance Cgeom, is defined as the term proportional to the
identity operator in the system’s Hamiltonian. For further details see Sec. 4.

As can be seen from Eqs. (1.1, 1.2) and Table 2.2, the quantumCQ and tunnelingCT
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capacitances, and the HermesRHrm and SisyphusRSis resistances all arise from only two
physically distinct processes, illustrated in Fig. 2.1: the “Hermes”- and “Sisyphus”-type
processes, dominant near the avoided crossing (ε0/∆ ≈ 0) and away from this region
(|ε0|/∆ ≳ 1), respectively. The physical origin of this distinction becomes transparent
from the dynamics of the Bloch vector R⃗ = (X,Y, χ) shown in Figs. 2.1(c, d).

In the Hermes-type regime, the probe signal primarily drives the coherencesX and
Y , while the population χ stays close to χth [see Fig. 2.1(c)]. As a result, the system
response is governed by the equilibrium populations χth and the decoherence time T2
[see the third row of Table 2.2].

In the Sisyphus-type regime the probe signal primarily changes χ, driving it
away from equilibrium χth [see Fig. 2.1(d)]. The resulting dynamics traces the cyclic
excitation–relaxation Sisyphus cycle (1)–(4) in Fig. 2.1(a). In this case, the system
response is governed by the derivative of the equilibrium population χ′

th and the
relaxation time T1 [see the fourth row of Table 2.2].

The rest of the thesis is organized as follows. In Sec. 3 we review the phenomeno-
logical approach to introduce the effective capacitance as a response to the dynamics of
the quantum subsystem. In Sec. 4 we develop a rigorous theoretical approach to study
the coupled dynamics of a quantum subsystem with a classical RLC resonator. Using
this formalism, we study the responses of the stationary states of the qubits as well as
the superposition states either in thermal equilibrium or created by microwave resonant
driving. Then, in Sec. 5, we present the effective capacitance and resistance results for
isolated and open multi-level systems. Finally, Sec. 6 is devoted to examples of other
quantum systems, such as a single-Cooper-pair transistor, a double quantum dot and a
single-electron box. Appendices A–K present details of the calculations.
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Figure 2.1: “Sisyphus” and “Hermes” processes in a two-level system. (a) Energy-level
diagram of a two-level system. Hermes- and Sisyphus-type processes are indicated
in blue and red throughout. The Hermes process at around ε0/∆ = 0 is denoted by
the blue caduceus symbol, and the Sisyphus process by the red stone symbol at, say,
ε0/∆ = 2. The blue double-headed arrow and red arrows (1)–(4) illustrate the Her-
mes and Sisyphus processes, respectively. The green curve and arrows schematically
indicate thermal excitation leading to a partial population of the upper energy level.
(b) Corresponding Hermes (CQ,GHrm) and Sisyphus (CT,GSis) admittance components,
calculated from Table 2.2. (c), (d) Time dependence of the Bloch vector components
R⃗ = (X, Y, χ) for the Hermes (ε0/∆ = 0) and Sisyphus (ε0/∆ = 2) processes, re-
spectively. The Bloch vector R⃗ is obtained from the numerical solution of the GKSL
equation for the density matrix ρ̂ = (1̂ + R⃗ · ˆ⃗σ)/2 in the instantaneous energy repre-
sentation. Parameters: ℏΓc/∆ = 0.2, ℏγϕ/∆ = 0.01, kBT/∆ = 2.5, δεrf/∆ = 0.03,
ℏωrf/∆ = 0.5. For further details see Sec. 4.
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SECTION 3
CONVENTIONAL APPROACH TO EFFECTIVE CAPACITANCE

3.1 Phenomenological introduction of the effective capacitance

For concreteness, we now consider a Cooper-pair box (CPB) [7], shown in Fig. 3.1,
as a simple and suitable example of a quantum subsystem. The superconducting island,
with voltage Visl, is formed by a Josephson junction (JJ) characterized by Josephson
energyEJ and capacitanceCJ, which is capacitively coupled to ameasurement electrode
via the capacitor Cm. In a similar manner, as will be shown in Secs. 4 - 6, the effective
capacitance and resistance for a wide variety of other physical systems can also be easily
derived.

Figure 3.1: As an example, (a) shows a Cooper-pair box built from a measurement
capacitor Cm and a Josephson junction with capacitance CJ and Josephson energy EJ.
The state of the system can be probed via the voltage VL, which couples the charge qubit
with aRLC resonator. (b) In the two-level approximation, the qubit can be represented
as an effective capacitance Ceff.

We start by noting that the probing signal induces a charge on the top capacitor, Cm.
The probing voltage,

VL = VL0 + δVrf cos(ωrft), (3.1)

is assumed to contain a constant dc component VL0 that tunes the state of the qubit and
an ac component δVrf cos(ωrft), allowing the rf phase shift and amplitude change of
the probing signal to be extracted. Following Refs. [51, 54], we define the effective
capacitance as the first derivative of the charge Qm on the capacitor Cm with respect to
the voltage (i.e., the differential capacitance)

Ceff =
∂Qm

∂VL
. (3.2)
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The total charge on the island is

2en = −Qm +QJ = Cm(Visl − VL) + CJVisl, (3.3)

where QJ is the charge on the capacitance CJ of the Josephson junction, and Visl is
the voltage of the superconducting island. Thus, the average charge seen from the top
electrode ⟨Qm⟩ can be expressed in terms of the average number of Cooper pairs on the
island ⟨n⟩, so that the effective capacitance becomes

Ceff =
CmCJ

CΣ︸ ︷︷ ︸
Cgeom

− 2e
Cm

CΣ

∂⟨n⟩
∂VL︸ ︷︷ ︸

CQ+CT

(3.4)

where CΣ = Cm + CJ is the total capacitance of the superconducting island and
Cgeom = CmCJ/CΣ is the geometric capacitance, representing the series combination
of Cm and CJ.

To obtain expressions for the quantum and tunneling capacitances one should know
how ⟨n⟩ depends on VL. For this, in the next subsections we consider three important
situations: (i) non-driven isolated quantum system, (ii) an open quantum system at finite
temperature, and (iii) a driven quantum isolated system.

3.2 Effective capacitance of a non-driven isolated system

An instructive example of the emergence of the quantum capacitance can be pro-
vided by a simple two-level model. When the Josephson energy EJ is much smaller
than the charging energy EC = e2/2CΣ, the superconducting island behaves as a well-
defined two-level system with energy levels given by [5]

E± = ±1

2

√
∆2 + ε20, (3.5)

where
∆ = EJ, ε0 = 4EC(1− 2ng0) (3.6)

and ng0 = −CmVL0/2e being a dimensionless charge. The bias ε0 is tuned by the dc
component of the probing voltage VL.
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The expectation value of the charge operator ⟨n̂⟩ for such qubit can be written as

⟨n̂⟩ = 1

2

[
1− ε0

∆E0
χ

]
, (3.7)

where∆E0 = E+−E− is the difference of energies andχ = p− − p+, assumed constant
here, is the difference between occupation probabilities of the ground and excited states.
Substituting Eq. (3.7) into Eq. (3.4) we obtain

Ceff =
CmCJ

CΣ
− ∂2E

∂V 2
L S

= Cgeom + CQ(ε0), (3.8)

where the quantum capacitance is given by

CQ(ε0) = CQ0
∆3

∆E3
0

χ, (3.9)

with

CQ0 = 4
C2
m

CΣ

EC

∆
=

1

2∆

(
2e
Cm

CΣ

)2

. (3.10)

In particular, for the ground χ = 1 and excited χ = −1 states, we obtain the capaci-
tances of these states:

C
(±)
Q (ε0) = ∓CQ0

∆3

∆E3
0

. (3.11)

The fact that for an isolated system the quantum capacitance of the n-th level is
proportional to the second derivative of the energy band, C(n)

Q ∝ ∂2En/∂ε
2
0, is a general

result that will be proven in Sec. 5 for arbitrary bias dependence in the Hamiltonian
Ĥ = Ĥ(ε). We note that the quantum capacitance CQ can be of the same order of
magnitude or larger than the geometric capacitance Cgeom for typical parameter values,
especially at the avoided crossing point, where it attains its maximum valueCQ0 [7, 54].

To summarize, in the phenomenological approach, one assumes that a classical
RLC circuit does not influence the dynamics of the quantum subsystem at all. This
is why we can find the unperturbed evolution of the quantum subsystem and evaluate
the quantum capacitance by taking partial derivatives with respect to the dc component
of the probing voltage VL0.



21

3.3 Impact of temperature

When we take into account the interaction with the dissipative environment by solv-
ing the two-level Bloch equations, the expectation value ⟨n̂⟩ is still given by Eq. (3.7)
[43], where the difference between occupation probabilities is given by thermal proba-
bilities pth± with

χ = χth = pth− − pth+ = tanh

(
∆E0

2kBT

)
. (3.12)

Then the phenomenological expression will coincide with the one in Ref. [54]

C th
eff = Cgeom − ∂

∂VL

∂E

∂VL th
, (3.13)

where ∂E/∂VLth stands for the Boltzmann-weighted average of the charge ⟨n̂⟩th [43].
Such effective capacitance gives rise not only to a quantum capacitance

CQ(ε0, T ) = CQ0
∆3

∆E3
0

tanh

(
∆E0

2kBT

)
, (3.14)

which is directly related to the previous expression (3.9) by replacing χwith the thermal
occupation χth, but also to the tunneling one, which is proportional to ∂χth/∂VL,

CT(ε0, T ) = CQ0
∆

2kBT

ε20
∆E2

0

cosh−2

(
∆E0

2kBT

)
. (3.15)

From Eqs. (3.14) and (3.15) it is clear that for low temperatures we obtain the quan-
tum capacitance of the ground state and zero tunneling capacitance

kBT

∆
→ 0 ⇒

CQ(ε0, T ) → C
(−)
Q ,

CT(ε0, T ) → 0.
(3.16)

3.4 Microwave driving

Furthermore, in addition to the weak classical probe signal δεrf(t) = δεrf cos(ωrft),
we consider the dynamics induced by a strong resonant drive εd(t) = A cos(ωdt), with
the driving frequency ωd close to the qubit frequency ωq = ∆E/ℏ, when the system
experiences Rabi oscillations. The effective capacitance is given by Eq. (3.4), where
the difference χ of the energy level occupation probabilities will be given by the Rabi
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solution
χR =

δω2

Ω2
R
, (3.17)

where ΩR =
√
Ω2 + δω2 is the generalized Rabi frequency, Ω = A∆/(2ℏ∆E0) is the

Rabi frequency at the resonance point, and δω = ωd − ωq0 is the frequency detuning.
The effective capacitance now also consists of the quantum and tunneling parts,

CQ(ε0, A, ωd) = CQ0
∆3

∆E3
0

δω2

Ω2
R
, (3.18)

CT(ε0, A, ωd) = 2CQ0
ε20∆

∆E3
0

Ω2(ωq − δω)δω

Ω4
R

. (3.19)

If the detuning frequency δω is much larger δω ≫ Ω than the Rabi frequency Ω, the
above expressions [Eqs. (3.18, 3.19)] give zero tunneling capacitance, like in the ther-
mal equilibrium case, while the quantum capacitance will tend to the quantum capaci-
tance of the ground state, as in Eq. (3.16).

This phenomenological approach of defining an effective response of the quantum
subsystem can give some useful results for geometric, quantum, and tunneling capac-
itances. However, it is also important to study conditions of validity for the derived
expressions: which restrictions on the amplitude δεrf and frequency ωrf of the probing
signal and other parameters should be there in order for these results to be valid? Con-
ventional phenomenological approaches cannot indicate whether these results can be
applied or not for systems with large and small relaxation T1 and decoherence T2 times.
Therefore, in Sections 4 and 5 we will develop a rigorous theoretical description of the
interaction between classical and quantum subsystems in order to establish the regions
of validity, study the influence of the temperature T , relaxation and decoherence times
T1,2 for two- and multi-level systems when there is stationary probe and microwave
driving.
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SECTION 4
COUPLED DYNAMICS OF CLASSICAL AND QUANTUM SUBSYSTEMS

In this section, we develop the theory of interaction between classical and quantum
subsystems and will use it to obtain the effective capacitance and resistance of qubits
with and without resonant driving.

4.1 Classical equations of motion

To derive the coupled classical and quantum equations for an arbitrary system, we
start from the classical Lagrangian L(φcl, φ̇cl, φq, φ̇q), which depends on both classical
φcl,i and quantum φq,j degrees of freedom, indexed by i and j sub indices, respectively.
It is convenient to decompose the Lagrangian into two parts: a purely classical com-
ponent Lcl(φcl, φ̇cl), which does not depend on the quantum degrees of freedom, and
a quantum part Lq(φcl, φ̇cl, φq, φ̇q), which depends on both classical and quantum vari-
ables, such that L = Lcl + Lq.

In the presence of both classical and quantum variables, the Lagrangian formulation
must be partially transformed into the Hamiltonian formalism to enable the canonical
quantization of the quantum degrees of freedom. This is achieved by introducing the
Routhian function [73]

R(φq, pq, φcl, φ̇cl) =
∑
j

pq,jφ̇q,j − L = H−Lcl, (4.1)

where pq,j = ∂Lq/∂φ̇q,j . Upon decomposing the Routhian as R = H − Lcl, the first
term becomes the quantum Hamiltonian after quantization, H → Ĥ. In contrast, the
classical contribution Lcl gives rise only to a term proportional to the identity operator
and therefore does not affect the quantum dynamics.

After quantization, one obtains the following classical equations of motion from the
Routhian for capacitively coupled quantum and classical systems [see Appendix A]:

d

dt

∂Lcl

∂φ̇cl,i
− ∂Lcl

∂φcl,i
+

∂F
∂φ̇cl,i

− d

dt

〈 ∂Ĥ
∂φ̇cl,i

〉
= 0, (4.2)

where F is a classical dissipation function and ⟨Â⟩ denotes the quantum-mechanical
expectation value of an observable Â. The first three terms of Eq. (4.2) form the Euler-
Lagrange equation, while the last term corresponds to the coupling with the quantum
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subsystem. We emphasize that the developed formalism is equally applicable to systems
with inductive coupling [see Appendix A].

Having developed a general formalism applicable to arbitrary coupled classical-
quantum systems, in the next subsection we illustrate the approach using a concrete
example: a Josephson-junction-based charge qubit.

4.2 Quantization of the Cooper-pair box

In order to study coupled dynamics, we start by adding a classical RLC circuit to
a CPB in Fig. 3.1. Additionally, in order to include a resonant microwave drive, we
tune the qubit via an additional gate capacitor Cg, as shown in Fig. 4.1, as in Refs. [7,
74]. The corresponding gate voltage Vg = Vg0 + Vd cos(ωdt) contains a dc component
Vg0 that sets the qubit operating point and an ac component that resonantly excites the
system. Note that alternatively to theRLC circuit, a quantum system can be probed via
a nanomechanical resonator [71, 75].

We start by writing the classical Lagrange functionL(φi, φ̇i) for the electrical circuit
in Fig. 4.1. To do this, we choose generalized velocities to be proportional to voltages at
the nodes Vi, so that the nodal phases φi =

2e
ℏ
∫
Vidt are the generalized coordinates [3].

Equivalently, one may work with the nodal fluxes Φi = (Φ0/2π)φi [25], where Φ0 =

h/2e is the magnetic flux quantum.
To be specific, VR,L are the classical voltages between the resistanceRr, inductance

Lr, and capacitor Cr, Vin is a weak probe rf signal at the input, Vg is a parameter that
controls the qubit state. These voltages correspond to the phases φL,R, φin, and φg,
respectively. So, the Lagrangian can be written as(

2e

ℏ

)2

L =
Cr

2
φ̇2
L − 1

2Lr
(φL − φR)

2 +
Cg

2
(φ̇− φ̇g)

2+

+
CJ

2
φ̇2 +

Cm

2
(φ̇− φ̇L)

2 +

(
2e

ℏ

)2

EJ cosφ, (4.3)

which contains “kinetic” terms corresponding to the electrostatic energy of the capaci-
tors and the “potential” terms due to a magnetic energy of the inductance and the energy
of the JJ.

As discussed in the previous subsection, the superconducting phase of the island φ
must be quantized. Therefore, we introduce the Routhian functionR = pφ̇−L, where
p = ∂L/∂φ̇ [see Eq. (4.1), Appendix B, and Ref. [53]].
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Figure 4.1: Classical resonant RLC circuit capacitively coupled to the CPB through
the capacitor Cm. The JJ-based charge qubit has Josephson energy EJ and capacitance
CJ. The system can be driven through the gate capacitor Cg via the applied voltage Vg.
Classical voltages in the nodes between the resistor, inductor, and capacitor are VR and
VL, respectively. A probe signal Vin(t) = Vin cos(ωrft) is applied to the resistance, and
the gate voltage Vg = Vg0 + Vd cos(ωdt) has a dc component Vg0 which tunes the qubit
and an ac component exciting the system.

Quantization is done replacing variables related to the quantum subsystem with cor-
responding operators, so that the Hamiltonian Ĥ is

Ĥ = 4EC(n̂− ng)
2 − EJ cos φ̂−

CgV
2
g

2
− CmV

2
L

2
, (4.4)

where EC = e2/2CΣ is the charging energy with the total capacitance of the island
CΣ = CJ + Cg + Cm, n̂ = p̂/ℏ is the dimensionless momentum with the commutation
relation [φ̂, n̂] = i, and ng is an effective dimensionless charge

ng = − ℏ
4e2

(Cgφ̇g + Cmφ̇L) . (4.5)

The dimensionless charge consists of three terms ng = ng0 + δnrf + δnd, where ng0
is the stationary bias formed by Vg0 [see Eq. (3.6)], δnrf is associated with the weak
coupling to the classical resonator arising from φ̇L, and δnd ∝ cos(ωdt) represents the
strong resonant drive applied to the system.

In the two-level approximation, valid for EJ/4EC ≪ 1, the Hamiltonian can be
written in the pseudo-spin form

Ĥ = Egeom[ε(t)]1̂− ∆

2
σ̂x −

ε(t)

2
σ̂z (4.6)

with ε(t) = 4EC(1−2ng) being the voltage-controlled energy bias and∆ describing the
tunneling between the nearest charge states. The term Egeom denotes the geometric en-
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ergy, and is defined in Eq. (B.5). Although it does not influence the quantum dynamics,
it gives rise to a geometric capacitance, thereby providing a more complete description
of the interaction between the subsystems.

The resulting classical equations for φL,R, are essentially the Kirchhoff equations
for the electrical currents IL,R flowing through the corresponding circuit nodes. These
are: 

φ̇in − φ̇R

Rr
=
φR − φL

Lr
,

Crφ̈L −
(
2e

ℏ

)2
d

dt

〈 ∂Ĥ
∂φ̇L

〉
=
φR − φL

Lr

(4.7)

and must be supplemented by a quantum master equation that determines the quantum
current

⟨Î⟩ = − d

dt

〈 ∂Ĥ
∂VL

〉
= − ∂ε

∂VL

d

dt

〈∂Ĥ
∂ε

〉
. (4.8)

As will be shown in Secs. 4.4 and 5.2, the quantum current gives rise to both the
effective capacitance and the effective resistance

2e

ℏ
⟨Î⟩ = Ceffφ̈L +

φ̇L

Reff
. (4.9)

This equality should be understood as time-averaged on the timescale of the quantum
subsystem, whose frequency ωq/qd is much greater ωq/qd ≫ ωrf than the frequency of
the classical subsystem ωrf. This results in an effective response only on the timescale
of the classical probing device [76, 77].

So far, we have developed a framework that consistently couples the classical electri-
cal resonator to the quantum subsystem, for the specific example of a charge qubit.The
coupled classical equations (4.7) need to be supplemented by a quantum master equa-
tion. In the following subsections we will see how the effective response of the quantum
system arises both for the isolated (Sec. 4.3) and open (Sec. 4.4) two-level systems.

4.3 Quantum capacitance of an ideal qubit

In contrast to the previous subsection, where we focused on the specific system
shown in Fig. 4.1, here we consider a general two-level quantum system with a pseudo-
spin Hamiltonian given by Eq. (4.6). We assume that the system is being probed by a
classical voltage V that can be treated perturbatively. We consider a non-driven isolated
system, so that there are no effects of temperature, relaxation, and decoherence. This
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is described by the Schrödinger equation for the evolution operator iℏ ˆ̇U = ĤÛ with
Hamiltonian (4.6) and bias

ε(t) = ε0 + δεrf(t), (4.10)

where the rf component of the bias is related to the probing voltage via δεrf = αeδV

with the lever arm
α =

1

e

∂ε

∂V
. (4.11)

The evolution operator Û evolves the initial state |ψ0⟩ to the state |ψ⟩ = Û |ψ0⟩.
We assume that the coupling between the subsystems is small, so that the probe

signal δεrf(t) can be treated as a perturbation in the Schrödinger equation at

δεrf, ℏωrf ≪ ∆. (4.12)

We seek a solution for the classical phase φL in the form φL = φL0 sin(ωrft). Then,
from definition (4.5) and that of the time-dependent energy bias ε(t), we obtain

δεrf(t) = ℏ
Cm

CΣ
φ̇L =: δεrf cos(ωrft). (4.13)

The solution of the Schrödinger equation for the evolution operator Û with the
Hamiltonian (4.6) can be obtained using time-dependent perturbation theory [see
Ref. [78] and Appendix C, Eqs. (C.3-C.8)]. After this, we can calculate the time
derivative of the average number of Cooper pairs

d⟨n̂⟩
dt

=
i

ℏ
〈
[Ĥ, n̂]

〉
=
i

ℏ
⟨ψ0|Û †[Ĥ, n̂]Û |ψ0⟩ (4.14)

up to the first order in perturbation.
For an arbitrary initial superposition state

|ψ0⟩ =
√

1 + χ

2
|E−⟩+

√
1− χ

2
eiϑ|E+⟩, (4.15)

the resulting expression for the quantum capacitance is

CQ = CQ0
∆3

∆E3
0

χ
1

1− (ωrf/ωq0)
2 . (4.16)

This expression coincides with the phenomenological result, Eq. (3.9), up to terms of
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the orderO
(
(ωrf/ωq0)

2
)
. Here, the states |E±⟩ are defined as eigenstates corresponding

to the eigenenergies
E± = E(0)

geom ±
ℏωq0
2

(4.17)

of the Hamiltonian (4.6) with the time-independent energy bias ε(t) = ε0, while ϑ is an
arbitrary phase difference.

So far, our formalism yields correct results for the effective capacitance that co-
incides with previously known phenomenological results. In the next subsection we
investigate how the situation changes when the quantum system can no longer be con-
sidered isolated. In particular, we show how the expression for the quantum capacitance
must be modified, and how both the tunneling capacitance and the effective resistance
arise.

In Sec. 5, we will consider a more general formulation and show that, for an arbi-
trary multi-level system, the quantum capacitance is exactly proportional to the second
derivative of the energy with respect to the energy bias, and we will also show how to
obtain general expressions for the tunneling capacitance and the effective resistance.

4.4 Impact of temperature, relaxation and decoherence

Now our task is to describe the interaction of quantum open systems with classical
subsystems.

4.4.1 GKSL equation

To account for temperature, relaxation, and decoherence effects, we must use the
quantum master equation, because the Schrödinger equation can describe only unitary
dynamics. Instead, we now consider the GKSL equation for the density matrix ρ̂. This
equation must be written in the instantaneous representation, e.g. [46, 79], obtained by
the unitary transformation Ŝ [see Eq. (D.1)], which diagonalizes the original Hamilto-
nian

Ĥinst = Ŝ†ĤŜ − iℏŜ† ˙̂S = Egeom1̂− ∆E(t)

2
σ̂z +

ℏ∆ε̇
2∆E2(t)

σ̂y, (4.18)
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where ∆E(t) =
√

∆2 + ε2(t). The GKSL equation reads

ˆ̇ρ = − i

ℏ
[Ĥinst, ρ̂] +

∑
α

γα

[
L̂αρ̂L̂

†
α −

1

2

{
L̂†
αL̂α, ρ̂

}]
. (4.19)

We choose the relaxation rates γα = {γ±, γϕ} and the Lindblad jump operators
L̂α = {σ̂±, σ̂z}, imposing the instantaneous detailed balance condition

γ+
γ−

= exp

[
∆E(t)

kBT

]
, (4.20)

which leads to the Bloch equation. The relaxation rates are chosen in such a way so that
they reproduce the relaxation and decoherence times,

T−1
1 = γ = γ+ + γ− and T−1

2 = 2γφ + T−1
1 /2, (4.21)

in the Bloch equation [see Appendix D]. The expressions for the effective capacitance
and resistance will remain the same in such case.

For small probing amplitude δεrf, both the Hamiltonian Ĥinst and the relaxation rates
γα can be expanded up to first order as

Ĥinst = Ĥ(0)
inst + V̂δεδεrf(t) + V̂δε̇δε̇rf(t) (4.22)

and

γα(ε) = γ(0)α + δεrf(t)
∂γ

(0)
α

∂ε
. (4.23)

For the detailed definitions of Ĥ(0)
inst, V̂δε,δε̇, γ

(0)
α , and ∂εγ(0)α , see Eqs. (D.10, D.11).

The solution for the density matrix is obtained by finding the first-order corrections
to the stationary thermal equilibrium state at times much longer than the relaxation and
decoherence times t≫ T1, T2:

ρ̂ = ρ̂(0) + ρ̂(1) = ρ̂(0) + Âδεrf(t) + B̂δε̇rf(t), (4.24)

where ρ̂(0) is the thermal equilibrium density matrix at the unperturbed energy bias ε0.
Expanding the GKSL equation (4.19) yields two coupled linear matrix equations for the
unknown matrices Â and B̂ [see Eq. (D.13)], which can be found analytically. Using
these matrices, we compute the first-order correction to the quantum current (4.9). As
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a result, we obtain expressions for the effective capacitance (D.16) and the effective
resistance (D.17), which are analyzed in Secs. 4.4.2 and 4.4.3, respectively.

4.4.2 Effective capacitance

The effective capacitance (D.16) consists of geometric Cgeom, quantum CQ, and
tunneling CT components. The geometric capacitance can be written as [see Appendix
A and Sec. 6]

Cgeom = −
∂2Egeom

∂V 2
, (4.25)

where V is a classical probe voltage. In this and the next sections, we consider Ei =

Egeom + E ′
i to be the total eigenvalues of the Hamiltonian, including the geometric

energy.
From Eq. (D.18) at ωrf ≪ ωq0 the quantum capacitance is

CQ = CQ0
∆3

∆E3
0

tanh

(
∆E0

2kBT

)
, (4.26)

where
CQ0 =

(αe)2

2∆
(4.27)

is the maximum value of the quantum capacitance that can be obtained from the known
dependence of the energy bias on the classical probe voltage, with α being the lever arm
defined in Eq. (4.11). The result in Eq. (4.27), unlike the expression in Eq. (3.10), is
valid for an arbitrary two-level system. In particular, by substituting α = 2Cm/CΣ into
Eq. (4.27), one recovers the maximum quantum capacitance of the CPB, Eq. (3.10). In
the quantum capacitance (4.26) the dependence on the decoherence time T2 appears in
the next order of ωrf/ωq0 [see Eq. (D.16)].

The tunneling capacitance reads

CT = CQ0
∆ ε20

2kBT∆E2
0

cosh−2

(
∆E0

2kBT

)
1

1 + T 2
1ω

2
rf
. (4.28)

From Eq. (4.28) we see that CT originates from the dynamical redistribution of the
level occupations, which occurs on the relaxation timescale T1. For the bad qubits with
ωrf ≪ T−1

1 , the populations efficiently follow the classical probe, the redistribution of
the populations of the energy levels remains quasi-equilibrated, and the tunneling capac-
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itance reaches its maximal value. We note that only in this regime the phenomenological
expression (3.15) is applicable.

In contrast, when the probe signal becomes too fast compared to the timescales of
relaxation, T−1

1 ≪ ωrf, the populations are effectively frozen out of equilibrium, the
redistribution of the populations is dynamically blocked, and CT is strongly suppressed.
As it was observed in Eq. (3.16), as the temperature tends to absolute zero, the tunneling
capacitance still vanishes, while the quantum capacitance tends to the capacitance of the
ground state.

The general result for the effective capacitance can be simplified for the limiting
cases of a bad qubit (ωrf ≪ ωq ≪ T−1

1 )

C
(bad)
eff = − ∂

∂V

∂E

∂V th
(4.29)

and a good qubit (T−1
1 ≪ ωrf ≪ ωq)

C
(good)
eff = −∂

2E

∂V 2 th
, (4.30)

where E denotes the eigenenergies E± of the Hamiltonian (4.6) [see Sec. 2 for the
definition of average Ath].

These two limits reflect the same physics discussed above: for a bad qubit, the
occupations follow the drive and the response involves the derivative of the thermally
averaged slope of the energy. Whereas for a good qubit the populations are effectively
frozen and the capacitance is determined solely by the curvature of the eigenenergies.

The fact that such results can be written in terms of qubit eigenenergies will be
proven in Sec. 5. We will also show that expressions (4.29, 4.30) remarkably are un-
changed for multi-level systems, as it is sometimes implied [58, 72].

For good qubits at T−1
1 ≪ ωrf the tunneling capacitance vanishes from Eq. (4.30)

and we can then deduce that the quantum capacitance can be defined as

CQ = −∂
2E ′

∂V 2 th
. (4.31)

For bad qubits at ωrf ≪ T−1
1 , the tunneling capacitance reaches its maximum value, as
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can be seen by combining Eqs. (4.29) and (4.30)

CT,max =
∂2E

∂V 2 th
− ∂

∂V

∂E

∂V th
. (4.32)

4.4.3 Effective resistance

So far, the system was never allowed to dissipate any energy. However, open sys-
tems may exchange energy with their environments, which leads to dynamical dissipa-
tion. Alternatively, from a mathematical perspective, the GKSL master equation intro-
duced a finite response time in the system. At the thermal equilibrium state, this creates
a phase lag between the probe voltage at the input and the electrical current on the out-
put. Thus, the system is dissipating power, which must be accounted for with a resistive
term Reff.

The effective conductance, Eq. (D.17), can be split in two terms, as in Eq. (1.2): the
Sisyphus conductance [41, 45, 52],

GSis = R−1
Sis = R−1

Q0
ℏωrf
kBT

ε20
∆E2

0

T1ωrf
1 + T 2

1ω
2
rf
cosh−2

(
∆E0

2kBT

)
, (4.33)

and the Hermes conductance [44],

GHrm = R−1
Hrm = 2R−1

Q0
ω2
rf

ω2
q0

∆2

∆E2
0

T2ωq0
1 + T 2

2ω
2
q0
tanh

(
∆E0

2kBT

)
. (4.34)

We have introduced
R−1
Q0 =

π

2
R−1
K α2 (4.35)

as the characteristic value of the effective conductance and RK = h/e2 is the von Klitz-
ing constant.

When the temperature tends to absolute zero, the effective conductance simplifies
to: 

GSis = R−1
Sis → 0,

GHrm = R−1
Hrm → 2R−1

Q0
ω2
rf

ω2
q0

(
∆

∆E0

)2 T2ωq0
1 + T 2

2ω
2
q0
.

(4.36)

Moreover, if the qubit satisfies either T2 → 0 or T2 → ∞, then the Hermes conductance
also vanishes.

We note that the effective capacitance Ceff and the effective resistance Reff defined
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in Eqs. (D.16, D.17) depend explicitly on the probing frequency ωrf, and therefore Ceff

andReff should not be interpreted as true circuit elements in the strict sense. A rigorous
identification of the underlying circuit representation would require decomposing the
admittance Y = R−1

eff + iωrfCeff into elementary rational functions of ωrf [80].

4.4.4 Graphical results

As a next step, we present and analyze the obtained analytical expressions for the
effective capacitance in Figs. 4.2, 4.3, 4.4, and for the effective conductance in Figs. 4.5,
4.6, and 4.7 for different relevant parameters.

Figure 4.2 shows the quantum capacitance of an isolated quantum two-level system
(blue curve) and the effective capacitance with the geometric contribution subtracted,
Ceff − Cgeom, shown for both limiting cases of good (T−1

1 ≪ ωrf, green curve) and bad
(ωrf ≪ T−1

1 , red curve) qubits.
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Figure 4.2: Effective capacitances (without the geometric contribution, Ceff−Cgeom) of
an ideal qubit in the ground state (blue curve), of a high-coherence (good) qubit (green
curve), and of a low-coherence (bad) qubit (red curve). Expressions for the effective ca-
pacitance of the bad and good qubits are given in Eqs. (4.29) and (4.30). Deviations from
the isolated-system case illustrate the effects of decoherence and energy-level broaden-
ing on the effective capacitance. The temperature for good and bad qubits is set to be
kBT/∆ = 0.7.

Since the green curve corresponds to the good qubit, it represents the pure quantum
capacitanceCQ in accordance with Eq. (4.31), and the difference between the green and
red curves illustrates the maximum value of the tunneling capacitanceCT,max, Eq. (4.32).
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As the temperature approaches absolute zero kBT/∆ → 0 (not shown in Fig. 4.2), both
the good- and bad-qubit curves converge to the quantum capacitance of the ground state.
The maximum value of the effective capacitance at the quasi-crossing point is the same
for both limiting cases and is reduced by a factor of tanh(∆/2kBT ) compared to CQ0

in the ideal case (at kBT/∆ = 0).
We can better understand the obtained results by also examining the full width at half

maximum (FWHM) of the effective capacitance Ceff. Figure 4.3 shows its dependence
on the relaxation rateΓc for different temperatures, where the relaxation time is modeled
as [51, 52]

T−1
1 = Γc coth

(
∆E

2kBT

)
. (4.37)
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Figure 4.3: Dependence of the effective capacitance full width at half-maximum
(FWHM) on the normalized relaxation rate Γc/ωrf for different temperatures. In the
region Γc/ωrf ≪ 1, on which the marker ▼ is placed, the qubit is in the good (coherent)
limit and the curve saturates to a constant value. In contrast, for Γc/ωrf ≫ 1, on which
the marker • is placed, the qubit is bad (strongly dephased), and the width reflects the
broadening of the effective capacitance at small relaxation times. The marker ■ is for
an intermediate situation, when the qubit is neither bad nor good. For the cyan, orange,
and blue curves the temperatures are kBT/∆ = 0.3, 0.7, and 1, respectively. For the
green, purple, and red markers, the relaxation rates are Γc/ωrf = 0.01, 0.5, and 50, re-
spectively. The blue dashed curve corresponds to the case of an ideal qubit, where there
is no dependence of the FWHM on the relaxation time.
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To obtain the FWHM curves, we solved the equation

Ceff(ε0)− Cgeom =
Ceff|ε0=0 − Cgeom

2
(4.38)

for ε0. The difference between the two numerical solutions, |ε(2)0 − ε
(1)
0 |, gives the

FWHM [see Fig. 4.2]. Interaction with a dissipative environment broadens the effective
capacitance curve. In the limit kBT/∆ → 0, the FWHM curve approaches a constant
value corresponding to the FWHM of an ideal qubit (blue dashed line).

In Fig. 4.4 we analyze how the FWHM depends on temperature for different re-
laxation times, corresponding to the good, bad, and intermediate regimes. All curves
tend to the same asymptotic constant value as kBT → 0, equal to the FWHM of the
ideal qubit. Furthermore, for the considered model of the relaxation time T1 (4.37), the
FWHM increases asymptotically linearly with temperature, except in the case Γc = 0,
corresponding to a good qubit.
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Figure 4.4: Dependence of the effective capacitance full width at half-maximum on the
normalized temperature kBT/∆ for good, intermediate, and bad cases (corresponding
to the respective markers in Fig. 4.3). All parameters are the same as in Fig. 4.2.

At sufficiently high temperatures, the two-level approximation breaks down, as the
presence of additional quasi-crossings bounds the maximum value of the FWHM. De-
spite this limitation, by using the results from Sec. 5, we can still obtain the correct
values for the FWHM, as it cannot exceed unity due to the periodic structure of both
the energy levels and the effective capacitance with respect to the dimensionless gate
charge ng.
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We also analyze the obtained expressions for the effective conductanceGeff = R−1
eff

in units of GQ0 = R−1
Q0 . Here, the relaxation time is modeled as in Eq. (4.37), and

the decoherence time is given by T−1
2 = T−1

ϕ + (2T1)
−1. First, we study its tempera-

ture dependence in Fig. 4.5. From Eq. (4.36), in the limit kBT/∆ → 0, the effective
conductance is determined by the Hermes term. As the temperature increases, the Sisy-
phus conductance reaches its maximum value at kBT ∼ ∆. With a further increase in
temperature, kBT ≫ ∆, the effective conductance tends to zero, as one can see from
Eqs. (4.33, 4.34).
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Figure 4.5: Dependence of the effective conductance Geff = R−1
eff , in units of GQ0 =

R−1
Q0 , on the energy bias ε0 for different temperatures T . The parameters used in this

figure are ℏΓc/∆ = ℏωrf/∆ = 0.1 and Tϕ∆/ℏ = 0.5.

As follows from Eq. (4.33), the Sisyphus conductance reaches its maximum exactly
at T1ωrf = 1 for constant T1, in agreement with Ref. [45], where it was assumed that the
maximum occurs around T1ωrf ∼ 1. This indicates that losses in the quantum system
are maximal when the classical probing signal excites the system on the same timescale
as strong relaxation occurs.

By varying the pure dephasing time in Fig. 4.6, one can observe how the Hermes
conductance is affected. In particular, for Tϕ = 0, Eq. (4.34) yields R−1

Hrm = 0; the
maximum value of R−1

Hrm is achieved at T2ωq0 = 1. As the dephasing time Tϕ tends to
infinity, T2 → 2T1, the Hermes conductance saturates at a finite value, as one can see
from Eq. (4.34).

Furthermore, not only does the Hermes resistance represent a novel contribution to
the effective conductance, but there also exists a parameter range in which the Hermes
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Figure 4.6: Dependence of the effective conductanceGeff = R−1
eff on the energy bias ε0 at

different times of the pure dephasing Tϕ∆/ℏ. The temperature is set to be kBT/∆ = 0.4.
Other parameters are the same as in Fig. 4.5.

conductance significantly exceeds the Sisyphus one. In Fig. 4.7(a), we plot both the
Sisyphus and Hermes conductances for a representative set of parameters and identify
the maximum values of the respective contributions, G(max)

Sis and G(max)
Hrm .

To determine which contribution dominates, we plot the ratio G(max)
Hrm /G

(max)
Sis as a

function of the temperature kBT/∆ and the relaxation rate ℏΓc/∆ in Figs. 4.7(b) and
4.7(c), respectively. The horizontal dotted line marking unity separates the regime
where the Sisyphus contribution dominates (below) from the novel regime where the
Hermes contribution dominates (above), the latter occurring for either large or small
relaxation rates or low temperatures kBT/∆ ≲ 1.

4.5 Microwave driving

Now, consider a microwave resonant signal to be applied to the gate capacitor Cg

(see Fig. 4.1). The corresponding quantum current in Eq. (B.6) should be substituted
into the system Eq. (4.7) with

Vg = Vg0 + δVmw cos(ωdt). (4.39)

It appears that this problem cannot be treated using conventional perturbation theory
due to the three-timescale structure of the system, ωrf ≪ ΩR ≪ ωq, and the applicability
conditions of perturbation theory near resonance, which give rise to Rabi oscillations
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and the emergent Rabi timescale TR = 2π/ΩR.
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Figure 4.7: (a) The Sisyphus (red curve) and Hermes (blue curve) conductances as
functions of the energy bias ε0 for kBT/∆ = 0.5, ℏΓc/∆ = 10, ℏ/Tϕ∆ = 0.5, and
ℏωrf/∆ = 0.05. The dotted lines indicate the maximum values of the Sisyphus and
Hermes conductances, G(max)

Sis and G(max)
Hrm , respectively. (b) The ratio G(max)

Hrm /G
(max)
Sis as

a function of the normalized temperature kBT/∆ for several values of the relaxation
rate ℏΓc/∆. (c) The ratio G(max)

Hrm /G
(max)
Sis as a function of the normalized relaxation rate

ℏΓc/∆ for several values of kBT/∆. The horizontal dotted black lines in panels (b)
and (c) refer to G(max)

Hrm /G
(max)
Sis = 1, indicating equal maximum conductances. The red

(blue) shading indicates the Sisyphus-dominated (Hermes-dominated) regime, where
G

(max)
Hrm /G

(max)
Sis < 1 (G(max)

Hrm /G
(max)
Sis > 1).

However, this problem can be addressed using multi-timescale quantum averaging
theory (QAT) [76, 77]. The essence of QAT lies in systematically separating the dy-
namics of a quantum system in accordance with its different timescales. The procedure
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begins by representing the evolution operator as a product of a fast, rapidly oscillating
unitary part Ûfast = exp(iΦ̂) expressed as a Magnus expansion with Φ̂ =

∑
n Φ̂

(n) and
an effective evolution operator Ûeff that evolves only on slower timescales. The effec-
tive Hamiltonian Ĥeff can be found by re-normalizing the fast dynamical phase Φ̂(n) in
every order. By iteratively applying this separation, one can progressively isolate the
fastest, intermediate, and slowest dynamics in the system. This approach effectively fil-
ters out the fast oscillations and allows one to construct an averaged description of the
system that captures the slower, physically relevant dynamics (in our case the timescales
of the classical resonant circuit) without losing information about the influence of the
faster processes.

Within the framework of QAT, it becomes possible to write explicit expressions
for the quantum and tunneling capacitances while also rigorously identifying the limits
where phenomenological approaches remain valid [81]. QAT thus provides a controlled
and systematic way to handle multi-timescale quantum dynamics that cannot be treated
accurately with standard perturbative methods. As a result, we obtained formulas like
Eqs. (3.18, 3.19) for the quantum and tunneling capacitances [81]. These results will
be presented elsewhere.
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SECTION 5
EFFECTIVE CAPACITANCE AND RESISTANCE OF A MULTI-LEVEL SYSTEM

In this section we prove several general results related to qudits. Section 5.1 is de-
voted to the general treatment of the isolated system dynamics. There we prove that an
arbitrary d-level Hamiltonian, which is dependent on the energy bias ε(t), has the quan-
tum capacitance proportional to the second derivative of the energy levels. Section 5.2
is devoted to the study of quantum open systems. There we show how to generalize the
approach of Sec. 4.4 onto d-level systems described by the GKSL master equation with
arbitrary dependence on relaxation rates and Lindblad jump operators. We show how
the effective capacitance and resistance could be obtained and we analyze interesting
limits of good and bad qudits. In Sec. 5.3, we demonstrate that the general formalism
developed for d-level systems reduces to the qubit case for d = 2, reproducing the
previously obtained results for the effective capacitance and resistance.

In our approach, we start from the classical Lagrangian, which is dependent on
several classical φcl,i and quantum φq,j degrees of freedom. Using the formalism devel-
oped in Sec. 4.1, we obtain the Hamiltonian after quantization, Ĥ. The total effective
capacitance (including the geometric, quantum, and tunneling contributions) as well as
the total effective resistance (including the Sisyphus and Hermes components) can be
derived from the quantum current ⟨Î⟩ ∝ d/dt⟨∂Ĥ/∂ε⟩ [see Eq. (4.8)].

5.1 Effective capacitance of an isolated qudit

Let us now consider the Schrödinger equation for the evolution operator iℏ ˆ̇U = ĤÛ ,
with the Hamiltonian Ĥ = Ĥ(ε(t)), where the energy bias includes a small probing sig-
nal, ε(t) = ε0+δεrf(t). The system can be described correctly using time-dependent per-
turbation theory, for which the formal conditions are that the amplitude and frequency
of the probing signal are much smaller than the minimal distance between the energy
levels:

δεrf, ℏωrf ≪ ℏωqd := min
ε,i,j

|Ei(ε)− Ej(ε)|, (5.1)

where Ei(ε) are the eigenenergies of the Hamiltonian, defined by

Ĥ(ε)|Ei(ε)⟩ = Ei(ε)|Ei(ε)⟩. (5.2)
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Since the Hamiltonian includes the geometric energy term proportional toEgeom1̂, as in
Sec. 4 we write Ei = Egeom + E ′

i.
Following the procedure outlined in Sec. 4.4, we begin by applying the unitary trans-

formation Ŝ [see Eq. (E.12)] to express the Hamiltonian in the instantaneous eigenbasis.
Using the Hellmann-Feynman theorem, we then obtain the corresponding instantaneous
Hamiltonian Ĥinst, whose explicit form is presented in Appendix E, Eq. (E.14).

Since the instantaneous Hamiltonian depends on the time-dependent energy bias,
we expand it perturbatively in the small probe δεrf and its time derivative δε̇rf, as in
Eq. (4.22). Explicit expressions for Ĥ(0)

inst, V̂δε and V̂δε̇ can be found in Eq. (E.18).
As shown in Sec. 4.1, the interaction term between the classical and quantum sub-

systems in the classical equations of motion (the quantum current) can be written as
⟨Î⟩ ∝ d/dt⟨∂Ĥ/∂ε⟩ [see Eq. (4.8)], since there is a linear dependence of the energy
bias ε on the classical probing voltage V . This means that we have to evaluate the time
derivative operator in the instantaneous representation, (∂ ˆ̇H/∂ε)inst, to determine the
effective capacitance of the system. The procedure is straightforward and is discussed
in Appendix E [see Eq. (E.17) for the (∂ε ˆ̇H)inst].

After all the preparation steps, we are ready to construct time-dependent perturba-
tion theory. First, using Eq. (4.22) for the Hamiltonian, we find the first-order correc-
tions to the evolution operator Û . Next, we calculate the quantum current, defined as
the quantum-mechanical average ⟨ψ0|Û †(∂ε

ˆ̇H)instÛ |ψ0⟩. Up to first order, we obtain

d

dt

〈∂Ĥ
∂V

〉
=
dV

dt

∂2E

∂V 2 S
, (5.3)

where V is the classical voltage that probes the quantum system. The straightforward
procedure for converting from the energy bias ε to the probing voltage V is described
in Appendix E.5. We note that the response of the quantum system, given by Eq. (5.3),
includes a statistical average over the Hamiltonian eigenstates, where the probabilities
pi correspond to the occupations of the energy levels |Ei⟩.

The effective capacitance consists of geometric and quantum components. The tun-
neling capacitance is zero, because there are no redistribution processes yet. While the
expression for the geometric capacitance (4.25) remains valid for qudits, the quantum
capacitance contribution associated with the n-th energy level is equal to the second
derivative of its energy with respect to the probing voltage (when the geometric en-
ergy Egeom coming from the diagonal part of the original Hamiltonian is not taken into
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account):

C
(n)
Q = −∂

2E ′
n

∂V 2
. (5.4)

The total quantum capacitance is given as the sum of partial contributions from each
energy level

CQ =
d∑

n=1

pnC
(n)
Q = −∂

2E ′

∂V 2 S
. (5.5)

5.2 Effective capacitance and resistance of a dissipative qudit

We start with the GKSL master equation (4.19) written in the instantaneous repre-
sentation of the initial Hamiltonian Ĥ = Ĥ(ε(t)). Analogously to Sec. 4.4, we first find
perturbative correction for the density matrix, and then obtain the effective capacitance
and resistance, assuming that both the Lindblad jump operators and the relaxation rates
in the GKSL equation may be bias-dependent: L̂α = L̂α(ε) and γα = γα(ε).

To solve this problem, we use the Liouville space [82], where the GKSL equation
takes the form of a linear first-order differential equation

|ρ̇⟩⟩ = L |ρ⟩⟩ (5.6)

with respect to the superket |ρ⟩⟩, that is obtained by applying the vectorization map to
the density operator, which consists in reshaping the d×dmatrix ρ̂ into d2-dimensional
column vector by stacking its columns sequentially. The definition of the Liouvillian
superoperator is given in Eq. (F.5).

Similarly to the previous subsections, the Liouvillian L can be perturbatively ex-
panded within the small probe and its derivative

L = L0 + Lδεδεrf(t) + Lδε̇δε̇rf(t), (5.7)

provided that the corresponding assumptions are satisfied, as discussed below. A short
introduction to the Liouville space, discussion of the unperturbed Liouvillian L0 prop-
erties and perturbation decomposition Lδε,δε̇ could be found in the Appendices F.2, F.3
and Eqs. (F.22-F.25) respectively.

The system can be correctly described using perturbation theory, provided that the
conditions (5.1) are satisfied. Additionally, to perform a series expansion of the relax-
ation bias-dependent terms γα(ε) in Eq. (4.23), the probing amplitude needs to be small
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enough

δεrf ≪ kBT
γ
(0)
α

|∂γα/∂xi||∂Ei/∂ε|
, (5.8)

where we assume that the relaxation rates may depend on dimensionless combinations
of the form xi = Ei/kBT . Since |∂Ei/∂ε| is a dimensionless quantity typically of the or-
der of unity (not in the vicinity of quasi-crossing points, where the next non-zero series-
expansion term needs to be written), the problemmay happen primarily at very low tem-
peratures T ≲ δεrf/kB for a fixed amplitude of the classical probing signal. However,
because the relaxation rates tend to constant values at low temperatures kBT ≪ ℏωqd,
the corresponding derivatives |∂γα/∂xi| vanish, and the perturbation theory remains
valid under the conditions (5.1).

The solution for the density matrix can be found in the same form as in Eq. (4.24) by
searching for the first-order corrections to the thermal equilibrium state |ρ(0)⟩⟩ at t→ ∞
for times that are much larger than all relaxation and decoherence times of the system
t≫ Trel,i, Tdec,j

|ρ⟩⟩ = |ρ(0)⟩⟩+ δεrf(t) |A⟩⟩+ δε̇rf(t) |B⟩⟩ . (5.9)

All relaxation and decoherence times can be defined asTα = −Re (lα), such thatTα > 0,
where ℓα are eigenvalues of the unperturbed Liouvillian L0, L0 |ℓR,α⟩⟩ = ℓα |ℓR,α⟩⟩,
corresponding to the right eigenvectors |ℓR,α⟩⟩ [see Appendix F.3]. It is also possible to
find corrections to the dynamics of the quantum system analytically for times t which
are not restricted by such strong inequality t≫ Trel,i, Tdec,j [83].

By substituting the ansatz (5.9) into the GKSL equation (5.6) with the Liouvillian
being expanded within the small classical probe up to first order (5.7), we obtain two
coupled equations on unknown superkets |A⟩⟩ and |B⟩⟩ [see Eq. (F.27)]. Thus both
|A,B⟩⟩ can be found [see Eq. (F.28)].

The quantum current ⟨Î⟩ is still proportional to d/dt⟨∂Ĥ/∂ε⟩ [see Eq. (4.8)]. The
first-order corrections with respect to the small classical probing signal results in both
the effective capacitance

Ceff = −(αe)2
[
⟨⟨∂ε(∂εH)

(0)
inst | ρ

(0)⟩⟩+ ⟨⟨(∂εH)
(0)
inst|ρ

(0)
δε ⟩⟩+

+⟨⟨(∂εH)
(0)
inst|
[
1 + (L0/ωrf)

2
]−1

[Lδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]
]
, (5.10)
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and the effective conductance

R−1
eff = −(αe)2⟨⟨(∂εH)

(0)
inst|L0

[
1 + (L0/ωrf)

2
]−1

[Lδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]. (5.11)

The effective admittance Yeff = iωrfCeff +R−1
eff can be found as

Yeff = −iωrf(αe)2
[
⟨⟨∂ε(∂εH)

(0)
inst | ρ

(0)⟩⟩+ ⟨⟨(∂εH)
(0)
inst|

1

1 + iL0/ωrf
Lδε̇|ρ(0)⟩⟩+

+i⟨⟨(∂εH)
(0)
inst|

L0/ωrf
1 + iL0/ωrf

|ρ(0)δε ⟩⟩
]
. (5.12)

Equations (5.10), (5.11), and (5.12) constitute the central result of this work: they pro-
vide fully general analytical expressions for the effective capacitance, resistance, and ad-
mittance of an open multi-level quantum system coupled to a classical resonator within
the GKSL framework. These expressions are valid for arbitrary system Hamiltonians
Ĥ(ε), relaxation rates γα(ε), and jump operators L̂α(ε), when the conditions (5.8) and
(5.1) for the applicability of perturbation theory are satisfied.

Consider now how different terms of Eqs. (5.10) and (5.11) contributes to the ge-
ometric, quantum, and tunneling capacitances, as well as to the Sisyphus and Hermes
conductances.

The first term of Eq. (5.10) can be computed exactly [see Eq. (F.42)], and contributes
to both the geometric and quantum capacitances,

Cgeom + CQ = −∂
2E

∂V 2 th
. (5.13)

This results in the same geometric capacitance as in Eq. (4.25), while the quantum ca-
pacitance reads

CQ = −∂
2E ′

∂V 2 th
, (5.14)

and can be seen as a generalization of Eq. (5.5) [for the derivation see Appendix F.8].
The tunneling capacitance consists of the last two terms of Eq. (5.10),

CT = −(αe)2
[
⟨⟨(∂εH)

(0)
inst|ρ

(0)
δε ⟩⟩+

+⟨⟨(∂εH)
(0)
inst|
[
1 + (L0/ωrf)

2
]−1

[Lδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]
]
. (5.15)
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The first term of Eq. (5.15) can be computed using Eq. (F.43), and thus from its qubit
analogy, Eq. (4.32), can be associated with the maximum possible value of the tunneling
capacitance

CT,max = −
∑
n

∂En

∂V

∂pthn
∂V

. (5.16)

The effective conductance consists of two terms. The term proportional to the occupa-
tion probabilities |ρ(0)⟩⟩, by analogy with the qubit case (4.34), generalizes the Hermes
conductance,

R−1
Hrm = −(αe)2⟨⟨(∂εH)

(0)
inst|L0

[
1 + (L0/ωrf)

2
]−1

Lδε̇|ρ(0)⟩⟩, (5.17)

while the term proportional to the derivatives of the occupation probabilities |ρ(0)δε ⟩⟩, with
its qubit analogue given in Eq. (4.33), yields the generalized Sisyphus conductance,

R−1
Sis = (αe)2⟨⟨(∂εH)

(0)
inst|L0

[
1 + (L0/ωrf)

2
]−1 |ρ(0)δε ⟩⟩. (5.18)

The structure of Eq. (5.12) provides an intuitive picture of the origin of each contri-
bution to the effective admittance. The first term gives rise to the geometric and quan-
tum capacitances (5.13). The second term, in the good qudit limit T−1

rel,i, T
−1
dec,j ≪ ωrf,

ensures the correct definition of the admittance [see Eq. (C.16)], and simultaneously
determines the Hermes conductance (5.17). The third term gives rise to both the tun-
neling capacitance (5.15) and the Sisyphus conductance (5.18). This reveals a common
origin of the quantum capacitance and the Hermes resistance, as well as of the tunneling
capacitance and the Sisyphus resistance [see Fig. 2.1].

The results for the effective capacitance and resistance can be significantly sim-
plified in the limiting cases of good and bad qudits. To obtain such expressions one
needs to estimate the magnitudes of each term in Eqs. (5.10) and (5.11) and drop terms
∝ ωrf, ωqd for the case of a bad qudit, or drop terms ∝ ωrf, T

−1
rel,i, T

−1
dec,j for the case of a

good qudit [see Appendix G for detailed calculations]. The resulting effective capaci-
tance of a bad qudit (ωrf ≪ ωqd ≪ T−1

rel,i, T
−1
dec,j) becomes

C
(bad)
eff = − ∂

∂V

∂E

∂V th
, (5.19)
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while for a good qudit (T−1
rel,i, T

−1
dec,j ≪ ωrf ≪ ωqd)

C
(good)
eff = −∂

2E

∂V 2 th
. (5.20)

The effective conductance R−1
eff vanishes in both limiting cases.

For the graphical analysis, we consider a multi-level superconducting island in the
regime where the condition EJ/4EC ≪ 1 is no longer satisfied, such that the two-level
approximation breaks down. Figure 5.1(a) shows the first four energy levels for the ratio
EJ/4EC = 0.3. Figure 5.1(b) presents the effective capacitance in the limiting cases of
a good and a bad qudit at different temperatures. The black curve corresponds to the
quantum capacitance of the ground state within the two-level approximation centered
around ng = 0.5. The blue curve shows the exact quantum capacitance of the ground
state, while the red and green curves correspond to the effective capacitances at finite
temperatures kBT/∆ = 0.5 and kBT/∆ = 1, respectively, with solid and dashed lines
representing the good and bad qudit limits. For a similar realization of a multi-level
system — a multi-electron double quantum dot — see Ref. [72].

Pronounced additional peaks at ng = 0, ±1 emerge due to the contribution of higher
excited states at high-enough temperature, in particular, the transition between the sec-
ond and the third energy levels, which is absent in the two-level model. Our theory for
qudits explains the origin of the experimental observations reported in Ref. [74]. For the
parameters of that experiment, T−1

1 ≪ ωrf, so that the qudit is good, relaxation-induced
broadening is weak, and additional peaks at integer values of ng can be resolved. This
clearly demonstrates that multi-level effects can strongly modify the effective capac-
itance, even at relatively small EJ/4EC. In contrast to the two-level prediction, the
effective capacitance does not vanish far from the quasi-crossing points. This behavior
originates from the parabolic structure and finite curvature of the energy levels.

Just like for qubits, at finite temperature, the thermal population of the excited states
reduces the maximum value of the effective capacitance and increases the FWHM,
while the difference between the good and bad qudit limits becomes more pronounced,
reflecting the contribution of relaxation effects into the tunneling capacitance.
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Figure 5.1: (a) Energy levels of a charge qudit at EJ/4EC = 0.3. (b) The effective ca-
pacitance minus the geometric capacitance,Ceff−Cgeom, of the four-level qudit. Consid-
ering that the upper levels effective capacitances of both good and bad qudits saturates
at non-zero value because capacitance is proportional to the second derivative of the
energy levels CQ ∝ ∂2E/∂ε2 and the energy levels are essentially parabolic. The de-
pendencies are shown for three different temperatures, namely kBT/∆ = 0, 0.5 and 1.
Capacitances of good and bad qudits coincide for the limit kBT/∆ = 0. The black
curve depicts the quantum capacitance in the ground state within the two-level approx-
imation.

5.3 From qudits to qubits: d = 2

It is instructive to point out that the general results of the analysis above for d-level
systems can be directly mapped onto the previously obtained results in Sec. 4.4 for
qubits.
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To see this, one takes the expressions for the effective capacitance (5.10) and resis-
tance (5.11) of a d-level system with a known Hamiltonian Ĥ, relaxation rates γα(ε),
and the Lindblad jump operators L̂α(ε) for d = 2. The Liouville space then consists
of four-dimensional superkets, super-bras, and 4× 4 superoperators [see Eqs. (I.1-I.7)].
One can obtain the expressions for the effective capacitance and resistance simply by
calculating the dot products of the relevant objects in Eqs. (5.10) and (5.11). The final
results, Eqs. (I.10-I.13), with the use of Eqs. (4.27) and (4.35), totally agree with the
effective capacitance (D.16) and effective conductance (D.17) obtained in Sec. 4.4 and
Appendix D.
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SECTION 6
OTHER QUANTUM SYSTEMS

In this section, we demonstrate that an arbitrary quantum system coupled capaci-
tively to a classical resonator can be modeled as a collection of the effective capacitance
and resistance, connected in parallel, as illustrated in Fig. 6.1(a). This “quantum black
box” representation provides a universal framework for describing the back-action of
quantum systems on classical probing circuits.

Using our results for qubits [see Eqs. (4.25–4.28) for the effective capacitance, and
Eqs. (1.2–4.35) for the effective resistance] and qudits [see Eqs. (5.10–5.18)], we show
how to derive analytical expressions for the effective impedance for other quantum
systems. For convenience, all qubit results are summarized in Table 2.2.

Once the effective capacitance and resistance for a given system have been deter-
mined, one can readily calculate the phase shift Θ acquired by the reflected signal [84],

Γ = |Γ|eiΘ =
Z − Z0

Z + Z0
, (6.1)

where Z0 = 50Ω is the characteristic impedance of the transmission line. The load
impedance Z is given by

Z =

[
R−1
eff +

(
−i

ωrfCeff

)−1

+

(
−i
ωrfCr

)−1
]−1

+ iωrfLr +Rr, (6.2)

since the geometric, quantum, and tunneling capacitances together with the Sisyphus
and Hermes resistances all enter the effective circuit connected in parallel.

In what follows, we consider four particular systems [see Fig. 6.1]. First, we start
with the Cooper-pair box, which was described in Sec. 4, Fig. 4.1 and Ref. [7], by
demonstrating that all the results from Table 2.2 are self-consistent. After that, we
explore the single-Cooper-pair transistor [53] in Sec. 6.2, the double quantum dot [51,
52] in Sec. 6.3, and the single-electron box [41, 85] in Sec. 6.4.

One can obtain expressions with the use of Table 2.2 when the parameters of the sys-
tem of interest are completely mapped onto the energy bias ε(t), its dependence on the
probing voltage αe = ∂ε/∂V , minimal energy splitting∆, relaxation time T1, and deco-
herence time T2. To this parameter mapping procedure we mainly devote Table 6.1: the
resulting expressions for the effective capacitance and conductance can be obtained by



50

Quantum 
Black Box

Figure 6.1: (a) Any quantum system (“black box”) coupled capacitively to an RLC
circuit can be represented as a collection of geometricCgeom, quantumCQ, and tunneling
CT capacitances, as well as Sisyphus RSis and Hermes RHrm resistances, connected in
parallel. In the circuit diagrams (b), (c), and (d), the classical resonator is not shown
explicitly; it is coupled to the quantum systems as depicted in (a) via the rf voltage
Vrf. (b) A single-Cooper-pair transistor (SCPT) coupled to a classicalRLC circuit [53].
The SCPT consists of a superconducting island formed by two Josephson junctions (JJs)
with energies EJ(1 ± δ) and capacitances C1,2, forming a loop threaded by a magnetic
flux Φ. We introduce the superconducting phase difference φ across the two junctions.
The island is coupled to a gate voltage Vg0 via the capacitor Cg0, from which the energy
bias ε could be controlled. The SCPT is coupled to the classical circuit via the capacitor
Cg. (c) A single-electron box (SEB) coupled to a classical RLC circuit. The capacitor
Cdc
g tunes the working point, while the capacitor C rf

g is coupled to the classical probing
device. The SEB is terminated to ground via a JJ with capacitanceCJ and lossesRT and
Rloss, which arise due to dissipation in resonators normal top layer [41]. (d) Schematic
representation of a double quantum dot (DQD) connected to a classical resonant RLC
circuit [51, 52]. The islands with phases φ1,2 correspond to quantum dots, coupled to
each other via a tunnel barrier with mutual capacitance Cm. Each island is connected
to source and drain tunnel barriers with capacitances CS1,2 and CD1,2, respectively. The
dots are coupled to the classical circuit via gate capacitors CG1,2.

substituting the corresponding parameters from Table 6.1 into expressions in Table 2.2.
In the literature, e.g. Refs. [41, 52], it is common to see theoretical treatments devel-

oped by solving the two-level quantum master rate equation, which is applicable only
for bad quantum systems [see Appendix H]. We show how these results can be readily
obtained from the GKSL formalism and highlight the changes that arise with a more
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Quantum
system System parameters ε, ∆, T1, T2 Expressions for Cgeom, CQ0, RQ0

Cooper-pair box
from Sec. 4 [7],

Fig. 4.1

ε(t) = 4EC(1− 2ng),
αCPB = 2

Cm
CΣ

, ∆ = EJ.

Cgeom = Cm

(
1− Cm

CΣ

)
,

CQ0 =
2e2

∆

(
Cm
CΣ

)2

,

R−1
Q0 =

e2

ℏ

(
Cm
CΣ

)2

Single-Cooper-
pair transistor
[53], Fig. 6.1(b)

ε(t) = 4EC(1− 2ng),
αSCPT = 2

Cg
CΣ

,

∆ = 2EJ

∣∣∣ cos ϕ
2

∣∣∣√1 + δ2 tan2
ϕ

2
.

Cgeom = Cg

(
1−

Cg
CΣ

)
,

CQ0 =
e2

∆

(
Cg
CΣ

)2

,

R−1
Q0 =

e2

ℏ

(
Cg
CΣ

)2

Double quantum
dot [52],
Fig. 6.1(d)

ε = EC1(1−2ng1)−EC2(1−2ng2),
αDQD = α′, ∆ = ∆c,

T−1
1 = Γc coth

∆E

2kBT
, T2 = 0.

Cgeom = CSD1
CG1
CΣ1

+ CSD2
CG2
CΣ2

,

CQ0 =
(eα′)2

2∆
, R−1

Q0 =
(eα′)2

4ℏ

Single-electron
box [41],
Fig. 6.1(c)

ε(t) = EC(1− 2ng), αSEB =
Crf
g

CΣ
,

T−1
1 =

∆E0

h

RK
RT

coth
∆E0

2kBT
,

∆ = 0, T2 = 0.

Cgeom = Crf
g

(
1−

Crf
g

CΣ

)
,

CQ0 = ∞, R−1
Q0 =

e2

4ℏ

(
Crf
g

CΣ

)2

Table 6.1: Summary of parameters for different quantum systems. For each system
listed in the first column, the second column contains the corresponding expressions
for the energy bias ε(t), minimal energy splitting ∆, relation between the energy bias
and the classical probing voltage αe = ∂ε/∂V , as well as relaxation and decoherence
times T1,2. The third column contains expressions for the resulting geometric capaci-
tance Cgeom, maximum quantum capacitance CQ0, and characteristic conductance value
R−1
Q0 . By substituting these parameters from the second and third columns into the gen-

eral two-level expressions summarized in Table 2.2 yields the effective capacitance and
conductance for each system. For the double quantum dot the expression for the geo-
metric capacitance and lever arm αDQD are valid only for Cm ≪ CΣi [see Eq. (K.9) for
exact geometric capacitance].
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precise theoretical treatment.
We show that all our results perfectly coincide, within the given limiting cases, with

the expressions for the effective capacitance and resistance reported in [7, 41, 52, 53].
Moreover, our results, obtained from the solution of the GKSL equation, are more gen-
eral. In particular, we can show how the predictions change when the rate equation
approach is no longer applicable.

6.1 Cooper-pair box

For the CPB in Fig. 4.1 from Sec. 4.2, the main parameters of the Hamiltonian are
ε(t) = 4EC(1 − 2ng) and ∆ = EJ. The dependence of the energy bias on the probing
voltage Vrf can be obtained from Eq. (4.5) as

αCPB =
1

e

∂ε

∂Vrf
= 2

Cm

CΣ
, (6.3)

while the relaxation time should be taken as in Eq. (4.37) and the decoherence time as
T−1
2 = T−1

ϕ + (2T1)
−1 to reproduce the results in Figs. 4.3–4.7.

6.2 Single-Cooper-pair transistor

Now we consider a single-Cooper-pair transistor (SCPT) [53], Fig. 6.1(b). We start
from the classical Lagrangian, quantize the system and consider the two-level approx-
imation. After the unitary transformation, the pseudo-spin Hamiltonian can be written
in the form (4.6) [detailed discussion can be found in the Appendix J].

The geometric energy Egeom, given in Eq. (J.7), results in a geometric capacitance
Cgeom = Cg(1 − Cg/CΣ) [see Eq. (J.8)]. The energy bias has the standard form for a
superconducting system ε(t) = 4EC(1− 2ng) and the minimal energy splitting

∆ = 2EJ

∣∣∣ cos ϕ
2

∣∣∣√1 + δ2 tan2
ϕ

2
(6.4)

that can be tuned by external magnetic flux ϕ = 2πΦ/Φ0.
The energy bias ε and the probing voltage Vrf are related as

αSCPT =
1

e

∂ε

∂Vrf
= 2

Cg

CΣ
, (6.5)
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so that the maximum quantum capacitance CQ0 is

CQ0 =
e2

∆

(
Cg

CΣ

)2

. (6.6)

To compare with Ref. [53] we set T1(2) = ∞ and kBT = 0, which results only in
a quantum capacitance of the ground state CQ = CQ0(∆/∆E0)

3. Thus the effective
capacitance Ceff = Cgeom + CQ totally coincides with Eqs. (1) and (2) of Ref. [53],
while the tunneling capacitance, the Sisyphus and Hermes conductances are zero for
such theoretical treatment.

6.3 Double quantum dot

As a next example, we consider a double quantum dot (DQD) [51, 52]. Its capacitive
model is shown in Fig. 6.1(d). The DQD is coupled to a classicalRLC circuit in parallel
with the classical capacitor Cr just like in the previous subsection.

In the same manner we start from the classical Lagrangian and find the Routhian
function for quantum phases of the two quantum dots φ1,2. The detailed procedure
can be found in the Appendix K. After quantization in the two-level approximation,
the Hamiltonian reduces to Eq. (4.6), where the geometric energy Egeom is defined in
Eq. (K.7).

The energy bias ε is tuned by the applied voltage on the input Vin = V0 +

δVrf cos(ωrft). The dc component of the voltage tunes the working point ε0 and the
ac component δεrf probes the system. The relation between the energy bias and the
probing voltage VG in the typical experimental situation with Cm ≪ CΣi is given by

αDQD =
1

e

∂ε

∂Vrf
= α′ = α1 − α2, (6.7)

where αi = CGi/CΣi is the lever arm of the i-th QD and CΣi = CGi + CSi + CDi + Cm

[results with no restrictions on Cm can be found in Appendix K].
In order to compare the results with the quantum master balance equation approach

of Refs. [51, 52], we set

γφ = ∞, γ+ = Γcnph, γ− = Γc(1 + nph), (6.8)
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where nph = [exp(∆E/kBT )− 1]−1. This results in relaxation time

T−1
1 = γ+ + γ− = Γc coth

(
∆E

2kBT

)
, (6.9)

as in Eq. (4.37), and decoherence time T2 = 0. After this we can immediately calculate
the effective capacitance and resistance with the use of Table 6.1.

The geometric capacitance is Cgeom =
∑

i αiCSDi, the quantum capacitance is the
same as presented in Table 2.2 with CQ0 = (eα′)2/2∆ being the maximum quantum
capacitance of the ground state, while the expressions for the tunneling capacitance can
also be readily obtained.

Since T2 = 0, only the Sisyphus component of Eq. (1.2) contributes to the effective
resistance. Results for the effective capacitance and resistance are in total agreement
with Eqs. (5) and (18) of Ref. [51], and Eqs. (11–13) of Ref. [52].

We note that in the limit γ → ∞, we recover the effective capacitance of a bad qubit
[see Eq. (4.29) and Eq. (20) of Ref. [51]], while for γ → 0 we obtain capacitance of
a good qubit [see Eq. (19) of Ref. [51] and our Eq. (4.30)]. However, our results are
obtained within the GKSL formalism thus could be used also in the case, Γc ≫ ωqb,
where the rate equation does not hold [see Appendix H]. Moreover, since expressions
(5.19) and (5.20) for the effective capacitance of good and bad systems depends only
on the energy levels structure and are valid for any multi-level system we can see how
the expressions (19) and (20) of Ref. [51] algebraically coincide with our more general
expressions for given energy levels Ei.

In these two limiting cases (of a good and bad qubits) the conductance still tends to
zeroR−1

eff → 0, as we have shown in Sec. 5.2. Since in the equivalent scheme [shown in
Fig. 6.1(a)] all of the capacitances and the resistances are coupled in parallel, this simply
means that no current flows through the resistance and the response of the quantum
subsystem is purely capacitive. The Sisyphus conductance is zero in the quasi-crossing
point ε0 = 0. The effective conductance becomes non-zero in the point ε0 = 0 if we
account for finite rate of dephasing, since the Hermes contribution in Eq. (1.2) can no
longer be omitted.

6.4 Single-electron box

As a final example we consider the single-electron box (SEB) [41], shown in
Fig. 6.1(c). It turns out that the system description is very similar to that in Sec. 6.1.
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The only difference is that for the SEB, we consider a normal (non-superconducting)
system, for which the minimal energy splitting is∆ = 0. This results in the energy bias
ε = EC(1−2ng), which differs by a factor of four compared to ε in the superconducting
case. The coupling of the bias with respect to the probing voltage is also reduced by a
factor of two compared to Eq. (6.3):

αSEB =
1

e

∂ε

∂Vrf
=
C rf
g

CΣ
. (6.10)

In order to compare with Ref. [41], we set

T−1
1 = γ =

∆E0RK

hRT
coth

(
∆E0

2kBT

)
, (6.11)

and T2 = 0, since the theoretical treatment is based on the rate-equation approach. This
results in the effective resistance

Reff = RSis =
2RT

α2
SEB

kBT

∆E0
sinh

(
∆E0

kBT

)
γ2 + ω2

rf
γ2

, (6.12)

which coincides with Eq. (4) of Ref. [41].
The capacitance CQ0 is ill-defined, as ∆ → 0 [see Table 6.1], but still the quantum

capacitance and theHermes conductance are zero due to∆ = 0 andT2 = 0, respectively.
Remarkably, the tunneling capacitance does not vanish,

CT =
(eαSEB)

2

4kBT
cosh−2

(
∆E0

2kBT

)
γ2

γ2 + ω2
rf
, (6.13)

but for the given values of the experimental parameters one finds R−1
Sis ≫ ωrfCT, such

that the Sisyphus conductance dominates the response of the quantum system.
The finite value of CT can be explained as follows. The quantum capacitance is

proportional to the second derivative of the energy levels with respect to the probing
voltage, CQ ∝ ∂2Ei/∂V

2
rf , whereas the tunneling capacitance is proportional only to

the first derivative, CT ∝ ∂Ei/∂Vrf (for a bad qubit), and therefore does not vanish
until the qubit becomes sufficiently good, T−1

1 ≪ ωrf. Our theory remains applicable
for systems with energy-level crossings ∆ = 0, provided that the energy bias satisfies
|ε0| =: ∆E0 ≫ ℏωrf [see Eqs. (4.12) and (5.1)].
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CONCLUSIONS

We developed a rigorous four-step framework to describe hybrid semiclassical
qubit/qudit–resonator systems. First, we derive the Routh function from the full
Lagrangian to separate classical and quantum variables. Second, we quantize the
Routh function and obtain coupled classical-quantum equations of motion. Third,
we treat the probe signal perturbatively and derive analytical expressions for the
effective capacitance and resistance. Finally, we compare the analytical theory with
numerical solutions of the full dynamics, establishing the range of validity of the
phenomenological description.

Although the formalism is general, we illustrated it using a Josephson-junction-
based charge qubit in Sec. 4. We showed that the influence of a quantum system on
a classical resonator can be captured by a combination of geometric, quantum, and tun-
neling capacitances, as well as Sisyphus and Hermes resistances arising from coupling
to a dissipative environment.

In Secs. 4 and 5, we derived general expressions for the effective capacitance and
resistance of arbitrary two- and multi-level isolated and open quantum systems with
arbitrary relaxation rates γα(ε) and Lindblad jump operators L̂α(ε). In Sec. 6, we
demonstrated how these results can be readily applied to different quantum systems,
including the Cooper-pair box, single-Cooper-pair transistor, double quantum dot, and
single-electron box.

Several directions for future work follow naturally from the present results. A prac-
tically important extension is the driven-probed regime, in which the quantum system
is simultaneously subject to both a weak probe signal and a resonant driving field re-
sulting in a multitimescale dynamics. Another natural direction is the study of transient
behavior of the effective impedance: rather than the stationary asymptotic regime con-
sidered in this work, one may ask how the effective capacitance and resistance evolve
in time as the system relaxes from an arbitrary initial state towards thermal equilibrium.
Furthermore, the quantum averaging theory (QAT)— a systematic operator method for
problems with multiple timescales— has so far been developed for closed quantum sys-
tems; its extension to open quantum systems described by the GKSL equation would
provide a complementary analytical tool for the driven-probed regime. Finally, while
the present work focuses on capacitively coupled systems, the developed Routhian for-
malism applies without modification to inductively coupled systems as well, where the
effective inductance plays the role analogous to the effective capacitance derived here.
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APPENDIX A
LAGRANGIAN AND HAMILTONIAN FORMALISMS

In this Appendix we develop a general formalism to obtain equations of motion for
classical degrees of freedom when a classical subsystem is coupled to a quantum one.
Consider Lagrangian L(φcl, φ̇cl, φq, φ̇q) = Lcl(φcl, φ̇cl) +Lq(φcl, φ̇cl, φq, φ̇q) with both
classical φcl,i and quantum φq,j degrees of freedom [see Sec. 4.2].

Now we determine the Routhian function R with use of Eq. (4.1) in order to write
down classical equations of motion with conjugated quantum variables. We note that
in the definition of the canonical momentum pq,j = ∂L/∂φ̇q,j we can exchange L with
Lq since only the quantum part of the Lagrangian depends on the quantum degrees of
freedom. We further can write down the Routhian asR = H−Lcl with

H =
∑
j

pq,jφ̇q,j − Lq (A.1)

being essentially quantum part of the Routhian function. With such definition, the equa-
tion of motion for the classical degrees of freedom with the dissipation function F is

d

dt

∂R
∂φ̇i

− ∂R
∂φi

=
∂F
∂φ̇i

(A.2)

and can be rewritten as

d

dt

∂Lcl

∂φ̇cl,i
− ∂Lcl

∂φcl,i
+

∂F
∂φ̇cl,i

− d

dt

∂H
∂φ̇cl,i

+
∂H
∂φcl,i

= 0, (A.3)

Here we suppose that the dissipation function F depends only on classical degrees of
freedom, however the approach can be easily generalized for the explicit dependence
on quantum degrees of freedom as well. After the quantization procedure the last two
terms of Eq. (A.3) should be exchanged with corresponding quantum averages

d

dt

∂H
∂φ̇cl,i

→ d

dt

〈 ∂Ĥ
∂φ̇cl,i

〉
,

∂H
∂φcl,i

→
〈 ∂Ĥ
∂φcl,i

〉
, (A.4)

and we obtain the final system of classical equations

d

dt

∂Lcl

∂φ̇cl,i
− ∂Lcl

∂φcl,i
+

∂F
∂φ̇cl,i

− d

dt

〈 ∂Ĥ
∂φ̇cl,i

〉
+
〈 ∂Ĥ
∂φcl,i

〉
= 0. (A.5)
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For capacitively coupled systems, the Hamiltonian does not depend explicitly on the
classical coordinate φcl,i, so that the fifth term in Eq. (A.5) vanishes and the equation
reduces to Eq. (4.2). In contrast, for inductively coupled systems the Hamiltonian does
not depend on φ̇cl,i, and therefore the fourth term is zero instead.

A.1 Toy example: quantum LC oscillator

To better understand the meaning of the quantum contributions in Eq. (A.5), con-
sider a simple LC circuit as an illustrative example. We start from the Lagrangian ap-
proach to the problem in which the energy of a capacitor Eφ̇ =

(
2e
ℏ
)2 Cφ̇2

2 is associated
with the “kinetic” energy and the energy of an inductorEφ =

(
2e
ℏ
)2 φ2

2L is associated with
the “potential” energy. Following the convention introduced in Sec. 4.2, the Lagrangian
reads (

2e

ℏ

)2

L =
C

2
φ̇2 − 1

2L
φ2, (A.6)

where φ = 2e
ℏ
∫
V dt is the node phase. The conjugate momentum is

p =
∂L
∂φ̇

=

(
ℏ
2e

)2

Cφ̇ =
ℏ
2e
Q, (A.7)

which is proportional to the charge Q = CV on the capacitor. The Hamiltonian is then

H = pφ̇− L =
Q2

2C
+

Φ2

2L
, (A.8)

recovering the standard result [25], where Φ = ℏ
2eφ is the flux threading the inductor.

Upon quantization, φ → φ̂ and p → p̂ with the commutation relation [φ̂, p̂] = iℏ, or
equivalently [Φ̂, Q̂] = iℏ, and the system becomes a quantum harmonic oscillator with
frequency ω = 1/

√
LC. In accordance with Eq. (A.4), the two quantum contributions

evaluated at the quantum variable φ read

d

dt

∂H
∂φ̇

→ d⟨Q̂⟩
dt

,
∂H
∂φ

→ ℏ
2e

⟨Φ̂⟩
L

=
VL
L
, (A.9)

which are simply the current through the capacitor and the inductor, respectively, recov-
ering the standard Kirchhoff equations for an LC circuit.

From the above observation, the two quantum contributions in Eq. (A.5) have a
clear interpretation: the term d⟨∂Ĥ/∂φ̇cl,i⟩/dt arises from the response of the charge
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degrees of freedom of the quantum subsystem, while ⟨∂Ĥ/∂φcl,i⟩ arises from the flux
degrees of freedom. In the low-frequency limit, for an isolated quantum system, these
two contributions give rise to the effective capacitance and inductance, respectively,
while for open systems both terms additionally contribute to the effective resistance
[see Secs. 4.4, 5.2, and 6].
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APPENDIX B
QUANTIZATION OF A SUPERCONDUCTING ISLAND

Consider now the quantization of a superconducting island. The total Lagrangian of
the system shown in Fig. 4.1 is given by Eq. (4.3). The classical part of the Lagrangian
Lcl consists of the first two terms of Eq. (4.3) and Lq contains the remaining part asso-
ciated with the quantum subsystem. Resistance Rr can be included via the dissipation
function

F =

(
ℏ
2e

)2
(φ̇R − φ̇in)

2

2Rr
. (B.1)

Since the phases φL and φR are purely classical variables, we solve the Euler-
Lagrange equations for them, but the phase φ is a quantum degree of freedom so it
needs to be quantized. For that we must first turn to the Hamiltonian representation
with respect to the phase φ. We write down the Routhian functionR (4.1)

R(φ, p, φi, φ̇i) = pφ̇− L(φi, φ̇i), (B.2)

where p = ∂L/∂φ̇ = nℏ. The Routhian is given by

R = H−Lcl = 4EC(n− ng)
2 − EJ cosφ−

−
(

ℏ
2e

)2 [
Cr + Cm

2
φ̇2
L +

Cg

2
φ̇2
g −

1

2Lr
(φL − φR)

2

]
(B.3)

with ng from Eq. (4.5). The classical equations for the generalized coordinates φL,R are
given by Eq. (4.2) with the classical Hamiltonian

H = 4EC(n− ng)
2 − EJ cosφ−

CgV
2
g

2
− CmV

2
L

2
, (B.4)

in which we have no dependence on classical phases φL,R, so that ∂H/∂φL,R = 0.
The first two terms in both R and H relate to the Hamiltonian of the charge qudit.

However, up to this point all equations have been purely classical. To quantize the
system, we replace the classical variablesφ→ φ̂ and p→ p̂, imposing the commutation
relation [φ̂, p̂] = iℏ. The resulting quantum Hamiltonian is then given by Eq. (4.4).

We emphasize that upon quantization H → Ĥ, the terms proportional to the iden-
tity operator are deliberately retained in the Hamiltonian. Although such terms do not
influence the quantum dynamics, they give rise to the geometric capacitance Cgeom and
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are therefore essential for a unified and systematic derivation of all three contributions
to the effective capacitance.

In the two-level approximation the Hamiltonian reduces to Eq. (4.6) with the geo-
metric energy

Egeom = 2EC(1− 2ng + 2n2g)−
CgV

2
g

2
− CmV

2
L

2
. (B.5)

Next, in the second equation of the system (4.7), with the use of Eqs. (4.6) and (B.5),
the quantum current can be computed as

−
(
2e

ℏ

)2
d

dt

〈 ∂Ĥ
∂φ̇L

〉
= Cgeomφ̈L − 8ECCm

CΣ

d⟨n̂⟩
dt

+
CmCg

CΣ
φ̈g, (B.6)

where
Cgeom = −

∂2Egeom

∂V 2
L

=
(Cg + CJ)Cm

CΣ
(B.7)

is the geometric capacitance of the quantum subsystem, while the second term of
Eq. (B.6) ∝ d⟨n̂⟩/dt gives both quantum and tunneling capacitances, as well as Sisy-
phus and Hermes resistances, and the last term describes the capacitive coupling of the
time-dependent gate drive to the dynamics of the classical subsystem. We note that
the geometric capacitance is obtained from the diagonal part of the Hamiltonian Ĥ
proportional to the identity matrix 1̂.
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APPENDIX C
QUANTUM CAPACITANCE FOR IDEAL TWO-LEVEL SYSTEM

C.1 Perturbation theory for the evolution operator

Consider the Schrödinger equation with the Hamiltonian (4.6) and the bias
ε(t) = ε0 + δεrf cos(ωrft). This detuning leads to the Hamiltonian Ĥ = Ĥ0 + V̂ , with

Ĥ0 = −∆

2
σx −

ε0
2
σz (C.1)

and
V̂ = −δεrf cos(ωrft)

2
σz (C.2)

being the unperturbed Hamiltonian and the perturbation, respectively.
It is beneficial and pedagogical to build a perturbation theory for the evolution op-

erator instead of using the standard state-based treatment. Of course, the conventional
perturbation theory formulated directly for the state vectors yields the same corrections
to the expectation values of all observable operators, and therefore leads to the same
quantum capacitance.. However, the approach presented below turns out to be more
compact and elegant, and allows for a more transparent derivation of the final expres-
sions.

The evolution operator Û evolves the initial state |ψ(t0)⟩ to the state |ψ⟩, such that
|ψ⟩ = Û(t, t0)|ψ(t0)⟩. For this work, we always take t0 = 0. The evolution operator
up to the first order in the classical probe can be written as Û = Û0 + Û1. The solution
for the unperturbed problem, iℏ ˆ̇U0 = Ĥ0Û0, with the initial condition Û0(0, 0) = 1̂, is
given by

Û0 = 1̂ cos
ωq0t

2
+ i

[
∆

∆E0
σ̂x +

ε0
∆E0

σ̂z

]
sin

ωq0t

2
, (C.3)

where ωq0 = ∆E0/ℏ =
√

∆2 + ε20/ℏ.
To solve the Schrödinger equation with a perturbation, it is convenient to seek the

first-order correction in the form
Û1 = Û0

ˆ̃U. (C.4)

This substitution is equivalent to transforming to the interaction picture with respect to
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the unperturbed propagator Û0. It leads to

iℏ
d ˆ̃U

dt
= Û †

0 V̂ Û0. (C.5)

The solution of this equation is

ˆ̃U = − i

ℏ

t∫
0

Û †
0 V̂ Û0 dt, (C.6)

which explicitly reads

ˆ̃U =
iδεrf
2ℏ

t∫
0

cos(ωrft)

[
− ∆ε0

∆E2
0

(1− cos(ωq0t)) σ̂x

− ∆

∆E0
sin(ωq0t)σ̂y +

ε20 +∆2 cos(ωq0t)

∆E2
0

]
dt. (C.7)

The state vector can then be written as

|ψ⟩ = Û0

1̂− i

ℏ

t∫
0

Û †
0 V̂ Û0 dt

 |ψ0⟩, (C.8)

where |ψ0⟩ = |ψ(t = 0)⟩ is the initial state.

C.2 First-order corrections to the quantum current

As a next step we need to find the first-order corrections to the expectation value of
the rate of change of the Cooper-pair numbers on the superconducting island d⟨n̂⟩/dt,
and from Eqs. (4.7) and (4.9) determine the quantum capacitance. We note that only
terms∝ exp(±iωrft) in d⟨n̂⟩/dtwill contribute to the quantum capacitance, since terms
∝ exp[i(±ωrf + kωq0)t)] will average out to zero for integers k ̸= 0 on the much faster
timescale ωrf ≪ ωq0.

First, the time derivative of the excess number of Cooper pairs can be written as

d⟨n̂⟩
dt

=
i

ℏ
⟨ψ|[Ĥ, n̂]|ψ⟩ = i

ℏ
⟨ψ0|Û †[Ĥ0, n̂]Û |ψ0⟩, (C.9)
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where we have used the fact that [V̂ , n̂] = 0.
We now introduce the decomposition ˆ̇n = ˆ̇n(0)+ˆ̇n(1), such that ⟨ψ0|ˆ̇n|ψ0⟩ ≡ d⟨n̂⟩/dt,

with

ˆ̇n(0) =
i

ℏ
Û †
0 [Ĥ0, n̂]Û0 =

∆

2ℏ
σ̂y cos(ωq0t) +

∆

2∆E0ℏ
(
∆σ̂z − ε0σ̂x

)
sin(ωq0t), (C.10)

and

ˆ̇n(1) =
i

ℏ

[
Û †
1 [Ĥ0, n̂]Û0 + Û †

0 [Ĥ0, n̂]Û1

]
= ˆ̃U † ˆ̇n(0) + ˆ̇n(0) ˆ̃U, (C.11)

where we have used Û1 = Û0
ˆ̃U .

We are interested only in those terms of ˆ̇n(1) that have the time dependence of the
form exp(±iωrft). To isolate these contributions, we expand ˆ̇n(1) as

ˆ̇n(1) =
∑
k

ˆ̇n
(1)
k exp(ikωq0t), (C.12)

such that only the component ˆ̇n(1)0 contains terms proportional to exp(±iωrft). We find

ˆ̇n
(1)
0 = − ∆2 δεrf ωrf

∆E2
0 (∆E

2
0 − ℏ2ω2

rf)
Ĥ0 sin(ωrft). (C.13)

C.3 Quantum capacitance

Since ˆ̇n
(1)
0 ∝ Ĥ0, it is convenient to work in the eigenbasis of the unperturbed

Hamiltonian Ĥ0. Therefore, we expand the initial state |ψ0⟩ in the energy eigenstates
|E±⟩ of Ĥ0. At the initial moment of time the state |ψ0⟩ can be written as

|ψ0⟩ =
√

1 + χ

2
|E−⟩+

√
1− χ

2
eiϑ|E+⟩. (C.14)

Finally with the use of Eqs. (4.7), (4.13), and (C.13) we find

−8ECCm

ℏ
d⟨n̂⟩
dt

= CQφ̈L, (C.15)
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where the quantum admittance is

CQ = CQ0
∆3

∆E3
0

χ
1

1−
(
ωrf
ωq0

)2 . (C.16)

The capacitance CQ0 is given by Eq. (3.10). For the limiting case ωrf ≪ ωq0 we obtain
Eq. (3.9).
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APPENDIX D
EFFECTIVE CAPACITANCE AND RESISTANCE OF AN OPEN TWO-LEVEL

SYSTEM

D.1 GKSL equation

We will start from solving the GKSL equation which has to be written in the instan-
taneous energy representation. By introducing the unitary transformation Ŝ such that
|ψ⟩ = Ŝ|ψ′⟩:

Ŝ = λ+1̂+ iλ−σ̂y (D.1)

with

λ± = ± 1√
2

√
1± ε(t)√

∆2 + ε2(t)
, (D.2)

which results in the instantaneous Hamiltonian (4.18). The GKSL equation for the
density matrix is given by Eq. (4.19). We introduce the Bloch vector to parameterize
the density matrix

ρ =
1

2

[
1 + R⃗σ⃗

]
, (D.3)

where R⃗ = (X,Y, χ). Similarly, we rewrite the Hamiltonian in the form Ĥinst =

−ℏ
2H⃗inst ˆ⃗σ, with

H⃗inst =

(
0,− ∆ε̇

∆E2(t)
,
∆E(t)

ℏ

)
. (D.4)

The GKSL equation reads

˙⃗
R = R⃗× H⃗inst −

(
X

T2
,
Y

T2
,
χ− χ0(t)

T1

)
, (D.5)

where from Eq. (4.20)

χ0(t) =
γ+ − γ−
γ+ + γ−

= tanh

(
∆E(t)

2kB T

)
, (D.6)

where

γ+ + γ− = γ = T−1
1 , T−1

2 = 2γφ +
1

2T1
, (D.7)



67

and χ0(t) is the instantaneous difference in the level occupations. From Eq. (D.5), we
emphasize that both the relaxation and decoherence times, T1,2 = T1,2[ε(t)], can depend
on the energy bias.

D.2 Quantum current operator

The impact of the quantum subsystem on the classical one in Eq. (4.7) is real-
ized through the quantum current ∝ d⟨∂Ĥ/∂φ̇cl⟩/dt = d⟨∂Ĥ/∂ε⟩/dt · ∂ε/∂φ̇cl [see
Eq. (4.9)], where φ̇cl = 2eV/ℏ. From Eq. (4.6)

d

dt

〈∂Ĥ
∂ε

〉
=
∂2Egeom

∂ε2
ε̇− 1

2

d⟨σ̂z⟩
dt

, (D.8)

so that the first term results in a geometric capacitance (4.25).
The Pauli matrix σ̂z has to be transformed in the same way as any operator with

the use of the unitary transformation Ŝ, the current can be rewritten with the use of the
GKSL equation

−1

2

d⟨σ̂z⟩
dt

= −1

2

d

dt
Tr
(
S†σ̂zSρ

)
=

d

dt

1

2

[
1 +

∆X − εχ

∆E(t)

]
=

=
1

2

[
∆Y

ℏ
− ∆X

T2∆E(t)
+
ε (χ− χ0(t))

T1∆E(t)

]
. (D.9)

D.3 Perturbation theory

In this subsection we will develop a perturbation theory for a small classical probe
δεrf at long times t→ ∞.

The instantaneous Hamiltonian can be decomposed as in Eq. (4.22), with

Ĥ(0)
inst = E(0)

geom1̂− ∆E0

2
σ̂z, (D.10)

V̂δε =
∂E

(0)
geom

∂ε0
1̂− ε0

2∆E0
σ̂z, V̂δε̇ =

ℏ∆
2∆E2

0

σ̂y,

while the relaxation rates can be written as

γ± =
1± χ0(t)

2T1(ε)
, γφ =

1

2T2(ε)
− 1

4T1(ε)
. (D.11)
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From Eqs. (D.6) and (D.11) the derivatives of the relaxation rates ∂εγ(0)α can be read-
ily obtained. The stationary solution for the Bloch vector is R⃗ = (0, 0, χth) with
χth = tanh (∆E0/2kBT ). The first-order correction to the density matrix can be found
in the form (4.24). Since Tr Â = Tr B̂ = 0 to preserve unit trace of the density matrix,
Tr ρ̂ = 1, we can parameterize both Â and B̂ as

Â =
3∑

i=1

Aiσ̂i, B̂ =
3∑

i=1

Biσ̂i. (D.12)

By substituting Eq. (D.12) into the ansatz (4.24), and after this, by substituting
into the GKSL equation (4.19), and by expanding up to the first order with the use
of δε̈ = −ω2

rfδε this gives a system of six linear equations for unknown coefficients Ai

and Bi 

T−1
2,0 −ωq0 0 −ω2

rf 0 0

ωq0 T−1
2,0 0 0 −ω2

rf 0

0 0 T−1
1,0 0 0 −ω2

rf

1 0 0 T−1
2,0 −ωq0 0

0 1 0 ωq0 T−1
2,0 0

0 0 1 0 0 T−1
1,0





A1

A2

A3

B1

B2

B3


=



0

0

v0

v1

0

0


, (D.13)

where T−1
i,0 = 1/Ti(ε0), and

v0 =
1

T1(ε0)

ε0
4kBT∆E0

(
1− χ2

th
)
, v1 =

∆

2∆E2
0

χth. (D.14)

The system (D.13) can be solved analytically; however, the explicit solution is omitted
for brevity.

D.4 Effective capacitance and resistance

By substituting the density matrix up to the first order into Eq. (D.9), and also by
expanding this equation up to first order we obtain

− d

dt

〈∂Ĥ
∂V

〉
= CeffV̇ +

V

Reff
(D.15)
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with the effective capacitance

Ceff = Cgeom + CQ0

{
∆3

∆E3
0

tanh

(
∆E0

2kBT

)
+

ε20
2kBT∆E2

0(1 + T 2
1ω

2
rf)

cosh−2

(
∆E0

2kBT

)
−

− ∆3

∆E3
0

ω2
rf

ω2
q0

T 2
2ω

2
q0
[
1− T 2

2 (ω
2
q0 − ω2

rf)
]

1 + T 4
2 (ω

2
rf − ω2

q0)
2 + 2T 2

2 (ω
2
rf + ω2

q0)
tanh

(
∆E0

2kBT

)}
(D.16)

and the effective resistance

R−1
eff = R−1

Q0

{
ℏωrf
kBT

ε20
∆E2

0

T1ωrf
1 + T 2

1ω
2
rf
cosh−2

(
∆E0

2kBT

)
+

+2
∆2

∆E2
0

ω2
rf

ω2
q0

T2ωq0
[
1 + T 2

2 (ω
2
rf + ω2

q0)
]

1 + T 4
2 (ω

2
rf − ω2

q0)
2 + 2T 2

2 (ω
2
rf + ω2

q0)
tanh

(
∆E0

2kBT

)}
, (D.17)

where CQ0 and R−1
Q0 are defined in Eqs. (4.27) and (4.35) respectively.

From Eq. (D.16) we see that at T1,2 → ∞ without any restrictions on ωrf and ωq0
one obtains

CQ = CQ0
∆3

∆E3
0

1

1−
(
ωrf
ωq0

)2 tanh

(
∆E0

2kBT

)
, (D.18)

which totally agrees with Eq. (C.16), when one considers populations given in the ther-
mal equilibrium, χ = χth.

Expression for the effective capacitance and conductance can be further simplified
in the limit of small probing frequency ωrf ≪ ωq0. The effective capacitance then reads

Ceff = Cgeom + CQ0

[
∆3

∆E3
0

tanh

(
∆E0

2kBT

)
+ (D.19)

+
ε20

2kBT∆E2
0(1 + T 2

1ω
2
rf)

cosh−2

(
∆E0

2kBT

)]
,

since the third term in Eq. (D.16) ∝ (ωrf/ωq0)
2f(T2ωq0) with f(x) = x2(1 − x2)/(1 +

x2)2, which is bounded |f(x)| ≤ 1 for all x. The first term in Eq. (D.19) is a quantum
capacitance CQ, while the second term is a tunneling capacitance CT.
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The effective conductance in the leading order of ωrf/ωq0 is

R−1
eff = R−1

Q0

[
ℏωrf
kBT

ε20
∆E2

0

T1ωrf
1 + T 2

1ω
2
rf
cosh−2

(
∆E0

2kBT

)
+ (D.20)

+2
∆2

∆E2
0

ω2
rf

ω2
q0

T2ωq0
1 + T 2

2ω
2
q0
tanh

(
∆E0

2kBT

)]
.

Here both terms are ∝ ω2
rf and therefore can be of the same order [see Fig. 4.7]. The

first term is the relaxation-defined Sisyphus conductanceR−1
Sis , while the second term is

the decoherence-defined Hermes conductance R−1
Hrm.

D.5 Good and bad qubits

Further, in the limit ωrf ≪ ωq0 ≪ T−1
1 , T−1

2 we obtain the effective capacitance of
a bad qubit

C
(bad)
eff = Cgeom + CQ0

[
∆3

∆E3
0

tanh

(
∆E0

2kBT

)
+ (D.21)

+
ε20

2kBT∆E2
0

cosh−2

(
∆E0

2kBT

)]
,

As we show in Sec. 5, this result can be written in a general form as

C
(bad)
eff = −

(
∂ε

∂V

)2
∂

∂ε

∂E

∂ε th
= − ∂

∂V

∂E

∂V th
, (D.22)

For a good qubit in the limit T−1
1 , T−1

2 ≪ ωrf ≪ ωq0 we obtain

C
(good)
eff = Cgeom + CQ0

∆3

∆E3
0

tanh

(
∆E0

2kBT

)
, (D.23)

which can be rewritten in a general form as

C
(good)
eff = −

(
∂ε

∂V

)2
∂2E

∂ε2 th
= −∂

2E

∂V 2 th
. (D.24)

From Eq. (D.20) we see that both for the cases of a good (T−1
1 , T−1

2 ≪ ωrf ≪ ωq0)
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and bad (ωrf ≪ ωq0 ≪ T−1
1 , T−1

2 ) qubits the effective conductance is zero:

G
(good)
eff = G

(bad)
eff = 0. (D.25)

In the bad qubit limit (T1, T2 → 0), the relaxation and decoherence times are much
shorter than the probing period, so the energy levels populations follow the classical
probe instantaneously and no dissipation occurs. Conversely, in the good qubit limit,
T1, T2 → ∞, the system cannot relax on the timescale of the probe signal, Trf = 2π/ωrf,
and the response is again purely reactive.
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APPENDIX E
EFFECTIVE CAPACITANCE OF AN ISOLATED d-LEVEL SYSTEMS

To solve the system of coupled quantum and classical equations of motion, we need
to develop a formalism that can be seen as a natural extension of Appendix C. A non-
trivial generalization arises from the fact that the calculations need to be performed in a
general form, without any particular knowledge of the Hamiltonian or the structure of
its energy levels.

To this end, first, in Appendix E.1, we obtain the necessary properties of the en-
ergy levels Ei and eigenfunctions |Ei⟩ when the Hamiltonian depends on a parameter,
Ĥ = Ĥ(ε), which will be physically interpreted as the energy bias. After that, we
choose the instantaneous energy representation as the most convenient one for finding
a solution. In this representation, we derive the quantum current operator responsible
for the effective capacitance in Appendix E.2, construct the perturbation theory for the
evolution operator in Appendix E.3, calculate the first-order corrections to the quantum
current operator in Appendix E.4, and present the final result for the effective capaci-
tance of an arbitrary isolated qudit in Appendix E.5.

E.1 Hellmann-Feynman theorem

We start from the Hellmann-Feynman theorem, which states that

∂εEk :=
∂Ek

∂ε
= ⟨Ek|∂εĤ|Ek⟩. (E.1)

This relation can be obtained by differentiating the eigenenergy Ek, written in the form
Ek(ε) = ⟨Ek(ε)|Ĥ(ε)|Ek(ε)⟩, with respect to the bias ε, using the fact that

∂

∂ε
⟨Ek(ε)|Ek(ε)⟩ = 0. (E.2)

We are now interested in obtaining expressions for the second derivative of the
energy levels, ∂2Ek/∂ε

2, as well as the first derivatives of the energy eigenfunctions,
∂|Ek⟩/∂ε. Let us differentiate the eigenvalue equation (Ĥ − Ek)|Ek⟩ = 0 and derive
the expression for ∂|Ek⟩/∂ε from it:

(Ĥ − Ek)
∂|Ek⟩
∂ε

=

(
∂Ek

∂ε
− ∂Ĥ

∂ε

)
|Ek⟩. (E.3)
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Multiplying by ⟨El| with l ̸= k yields

⟨El|
∂

∂ε
|Ek⟩ =

⟨El|∂εĤ|Ek⟩
El − Ek

. (E.4)

The coefficient for l = k cannot be obtained in this way. However, we note that the
phases of the energy eigenstates can always be redefined as

|Ẽk(ε)⟩ → exp[iχk(ε)]|Ek(ε)⟩, (E.5)

so that
⟨Ẽk|

∂

∂ε
|Ẽk⟩ = 0, (E.6)

while all other matrix elements with l ̸= k remain unchanged. Indeed, substituting
Eq. (E.5) into Eq. (E.6) gives

∂χk

∂ε
= i⟨Ek|

∂

∂ε
|Ek⟩ =: fk(ε). (E.7)

From Eq. (E.2) we see that Imfk = 0. By choosing χk(ε) =
∫
fk(ε) dε, we satisfy

Eq. (E.6). Hereafter, we assume that the phases χk(ε) have already been chosen such
that [86]

⟨Ek|
∂

∂ε
|Ek⟩ = 0. (E.8)

Thus, we obtain
∂|Ek⟩
∂ε

=
∑
l ̸=k

⟨El|∂εĤ|Ek⟩
Ek − El

|El⟩, (E.9)

with the analogous expression for the bra vectors:

∂⟨Ek|
∂ε

=
∑
l ̸=k

⟨Ek|∂εĤ|El⟩
Ek − El

⟨El|. (E.10)

Differentiating Eq. (E.1) with respect to ε and using Eqs. (E.9) and (E.10), we obtain
the expression for the second derivative of the eigenenergy:

∂2Ek

∂ε2
= ⟨Ek|∂2εĤ|Ek⟩+ 2

∑
l ̸=k

∣∣⟨Ek|∂εĤ|El⟩
∣∣2

Ek − El
. (E.11)
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E.2 Instantaneous energy representation

Now we consider the Hamiltonian Ĥ(ε) with a time-dependent parameter ε = ε(t).
We transform the Hamiltonian into the instantaneous representation using the unitary
matrix

Ŝ =
∑
m

|Em⟩⟨m|, (E.12)

where |m⟩ denotes the standard orthonormal basis vector, i.e., a column vector with a
single nonzero entry 1 at them-th position.

The Hamiltonian in the new representation is

Ĥinst = Ŝ†ĤŜ − iℏŜ† ˆ̇S, (E.13)

and can be written explicitly using Eqs. (E.9) and (E.10) as

Ĥinst =
∑
m

Em |m⟩ ⟨m| − iℏε̇
∑
m̸=k

|m⟩ ⟨k| ⟨Em| ∂εĤ |Ek⟩
Ek − Em

, (E.14)

where both the eigenenergiesEm(ε) and eigenvectors |Em(ε)⟩ acquire time-dependence
through the energy bias ε = ε(t).

Since the expectation value of the quantum current operator is proportional to ⟨Î⟩ ∝
d⟨∂εĤ⟩/dt, we need to determine the time derivative of the operator ∂εĤ in the instan-
taneous energy representation.

For any operator Â, its time derivative in the instantaneous representation can be
expressed as

ˆ̇Ainst =
∂(Ŝ†ÂŜ)

∂t
+
i

ℏ

[
Ĥinst, Ŝ

†ÂŜ
]
=
∂Âinst

∂t
+
i

ℏ

[
Ĥinst, Âinst

]
. (E.15)

For Â = ∂εĤ, its instantaneous representation is

(∂εĤ)inst =
∑
m,k

|m⟩ ⟨k| ⟨Em| ∂εĤ |Ek⟩ . (E.16)

Using Eqs. (E.12), (E.13), (E.14), and (E.15), we obtain

(∂ε
ˆ̇H)inst =

∑
n,l

[
ε̇(∂2εĤ)nl + iωnl(∂εĤ)nl

]
|n⟩ ⟨l| , (E.17)
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where ωnl = (En − El)/ℏ, and, starting from this point, we will use the shorthand
notation Anl = ⟨En|Â|El⟩ for matrix elements of Â.

E.3 Perturbation theory for the evolution operator

In this subsection, we build a general perturbation theory for d-level systems. The
energy bias in the Hamiltonian ε(t) = ε0 + δεrf cos(ωrft) contains a stationary point
ε0 and a small classical probing term. Since both the probing amplitude δεrf and the
probing frequency ωrf are small [see Eq. (5.1)], we can find the first-order perturbative
correction to the instantaneous Hamiltonian (E.14) in the form (4.22), with

Ĥ(0)
inst =

∑
m

E(0)
m |m⟩ ⟨m| , V̂δε =

∑
m

∂Em

∂ε
|m⟩ ⟨m| ,

V̂δε̇ = i
∑
m̸=k

(∂εĤ)mk

ω
(0)
mk

|m⟩⟨k|. (E.18)

Then the first order of Eq. (4.22) can be written as

Ĥ(1)
inst = V̂δεδεrf(t) + V̂δε̇δε̇rf = F̂ e−iωrft + F̂ †eiωrft, (E.19)

where
F̂ =

δεrf
2

[
V̂δε − iωrfV̂δε̇

]
. (E.20)

As in Appendix C, we construct the perturbation theory for the evolution matrix Û .
The zeroth-order term is

Û0 = exp

[
− i

ℏ
Ĥ(0)

instt

]
=
∑
m

e−iE
(0)
m t/ℏ|m⟩⟨m|, (E.21)

while the first-order term can be found in the same form as in Eq. (C.4), Û1 = Û0
ˆ̃U ,

yielding

ˆ̃U = − i

ℏ
∑
m,k

|m⟩⟨k|
[
Fmk

ei(ω
(0)
mk−ωrf)t − 1

i(ω
(0)
mk − ωrf)

+ F ∗
km

ei(ω
(0)
mk+ωrf)t − 1

i(ω
(0)
mk + ωrf)

]
. (E.22)
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E.4 First-order corrections to the quantum current

We note that (∂ε ˆ̇H)inst from Eq. (E.17) itself consists of both zeroth- and first-order
terms:

(∂ε
ˆ̇H)inst = (∂ε

ˆ̇H)
(0)
inst + (∂ε

ˆ̇H)
(1)
inst, (E.23)

where the zeroth-order term arises from the second term of Eq. (E.17):

(∂ε
ˆ̇H)

(0)
inst =

∑
n,l

iω
(0)
nl (∂εĤ)

(0)
nl |n⟩ ⟨l| , (E.24)

while the first-order term arises from both the first and second terms of Eq. (E.17):

(∂ε
ˆ̇H)

(1)
inst =

∑
n,l

[
δε̇rf(∂

2
εĤ)

(0)
nl + iδεrf(t)

∂

∂ε

(
ωnl(∂εĤ)nl

)(0)] |n⟩ ⟨l| . (E.25)

Next, we search the first-order correction to the expectation value of the quantum
current:

d⟨∂εĤ⟩
dt

= ⟨(∂ε ˆ̇H)inst⟩ = ⟨ψ0|Û †(∂ε
ˆ̇H)instÛ |ψ0⟩. (E.26)

This expectation value also contains both the zeroth- and first-order contributions:

⟨(∂ε ˆ̇H)inst⟩ = ⟨(∂ε ˆ̇H)inst⟩(0) + ⟨(∂ε ˆ̇H)inst⟩(1). (E.27)

To distinguish terms of different orders, we introduce the operators Î(i) of the zeroth
and first orders

⟨ψ0|Î(i)|ψ0⟩ := ⟨(∂ε ˆ̇H)inst⟩(i), (E.28)

from which

Î(0) = Û †
0(∂ε

ˆ̇H)
(0)
instÛ0, (E.29)

Î(1) = ˆ̃U †Î(0) + Î(0) ˆ̃U + Û †
0(∂ε

ˆ̇H)
(1)
instÛ0. (E.30)

Operators Î(0) and Î(1) can be obtained directly from Eqs. (E.21), (E.22), (E.24), and
(E.25). The final results read

Î(0) =
∑
n,l

iω
(0)
nl (∂εĤ)

(0)
nl e

iω
(0)
nl t|n⟩⟨l| (E.31)
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and

Î(1) =
∑
n,l

eiω
(0)
nl t

[
δε̇rf(∂

2
εĤ)

(0)
nl + iδεrf(t)

∂

∂ε

(
ωnl(∂εĤ)nl

)(0)]
|n⟩ ⟨l| −

− 1

ℏ

[∑
n,m,l

iω
(0)
nm(∂εĤ)

(0)
nm

[
Fml

ei(ω
(0)
nl −ωrf)t − eiω

(0)
nmt

ω
(0)
ml − ωrf

+ F ∗
lm

ei(ω
(0)
nl +ωrf)t − eiω

(0)
nmt

ω
(0)
ml + ωrf

]
|n⟩⟨l|+ h.c.

]
.

(E.32)

We are interested only in the part of Î(1) proportional to e±iωrft. If we define Î(1)nm such
that

Î(1) =
∑
n,m

Î(1)nme
iω

(0)
nmt, (E.33)

the relevant part for the quantum current reads

Î
(1)
rf =

∑
n

Î(1)nn . (E.34)

Such terms arise only forn = l in Eq. (E.32). Furthermore, the second term of Eq. (E.32)
vanishes at n = m since ω(0)

nn = 0, so that only the off-diagonal elements of F̂ contribute
to the effective capacitance. From Eq. (E.20) form ̸= l, we obtain

Fml =
δεrfωrf

2

(∂εĤ)
(0)
ml

ω
(0)
ml

. (E.35)

Using Eq. (E.35), the first term of Eq. (E.32) at n = l is proportional to (∂2εĤ)
(0)
nn ,

while the second term is proportional to |(∂εĤ)
(0)
nm|2/ω(0)

nm, exactly as needed to obtain
the second derivatives of the energy levels ∂2En/∂ε

2 [see Eq. (E.11)]. Then it is straight-
forward to obtain the final result

Î
(1)
rf = δε̇rf

∑
n

∂2En

∂ε2
+

2

ℏ
∑
m̸=n

ω2
rf|(∂εĤ)

(0)
nm|2

ω
(0)
nm(ω

(0)2
nm − ω2

rf)

 |n⟩⟨n|. (E.36)

The second term vanishes for ωrf ≪ ω
(0)
nm. With this condition satisfied, for an arbitrary

initial state written in the energy representation

|ψ0⟩ =
∑
n

cn|n⟩ (E.37)
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we finally obtain

d⟨∂εĤ⟩
dt

= δε̇rf
∑
n

pn
∂2En

∂ε2
+
∑
n ̸=m

eiω
(0)
nmt⟨Î⟩nm, (E.38)

where pn = |cn|2 is the occupation probability of the n-th energy level, and the second
term represents the high-frequency contributions to the quantum current associated with
the internal oscillations of the quantum system at qudit frequencies ω(0)

nm, which do not
contribute to the rf response extracted on the timescale of the classical resonator.

E.5 Effective capacitance

From Eqs. (4.8) and (E.38), we obtain

Ceff φ̈cl = −2e

ℏ
∂ε

∂V

∂2E

∂ε2 S
δε̇rf. (E.39)

Since φ̈cl = 2eV̇ /ℏ and δε̇rf = V̇ (∂ε/∂V ), the effective capacitance of an arbitrary
isolated qudit is

Ceff = −
(
∂ε

∂V

)2
∂2E

∂ε2 S
= −∂

2E

∂V 2 S
. (E.40)

This can be split into the geometric capacitance

Cgeom = −
∂2Egeom

∂V 2
(E.41)

and the quantum capacitance

CQ = −∂
2E ′

∂V 2 S
. (E.42)
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APPENDIX F
THE EFFECTIVE CAPACITANCE AND RESISTANCE FOR AN OPEN d-LEVEL

SYSTEM

In this Appendix, we derive general analytical expressions for the effective capac-
itance and resistance for the dynamics governed by the GKSL master equation. Anal-
ogously to how Appendix E generalizes Appendix C, the present Appendix extends
Appendices D and E to open quantum multi-level systems.

First, in Appendix F.1, we discuss the structure of the GKSL equation in the instan-
taneous energy representation. Then, in Appendix F.2, we formulate the problem in the
Liouville space. Next, in Appendix F.3, we point out properties of the GKSL equation
in Liouville space that will be used throughout Appendices F and G.

In Appendix F.4, we derive expressions for the time derivatives of operators in Li-
ouville space, which are used to calculate the expectation value of the quantum current
operator. Finally, in Appendices F.5 and F.6, we develop a perturbation theory to ana-
lyze the system near thermal equilibrium and calculate the first-order corrections to the
quantum current. The final expressions for the effective capacitance and conductance
are presented in Appendix F.7. In Appendix F.8 we briefly discuss how to introduce
geometric, quantum and tunneling capacitances.

F.1 GKSL master equation in the instantaneous energy representation

Let us write the quantum master equation (4.19) in the instantaneous energy repre-
sentation, where the instantaneous Hamiltonian Ĥinst is defined in Eq. (E.14).

In the absence of microwave driving and classical probing, the instantaneous Hamil-
tonian Ĥinst is diagonal, and we expect the system to relax to a thermal equilibrium state
ρ̂(0) as t → ∞. In this limit, ρ̇lm = 0 and [ρ̂(0), Ĥinst] = 0. This requirement constrains
the relaxation rates for a given choice of the Lindblad jump operators.

For example, by choosing L̂α = L̂ij = |i⟩⟨j| with γα = γij , we obtain∑
j

γljδlmp
th
j =

1

2

∑
j

(γjl + γjm)δlmp
th
l , (F.1)

where we have used ρ̂(0)lm = δlmp
th
l , and pthl are the thermal equilibrium populations. The

detailed balance condition (F.1) is satisfied if we impose the stronger condition [for
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m = l and for all j]

γljp
th
j = γjlp

th
l → γlj = γjl exp

Ej − El

kBT
. (F.2)

For the case of a time-dependent bias, ε̇ ̸= 0, we generalize Eq. (F.2) to an instanta-
neous detailed-balance condition:

γlj = γjl exp

[
Ej(ε(t))− El(ε(t))

kBT

]
, (F.3)

analogously to Eq. (4.20) in Sec. 4.4.

F.2 Liouville space

It is convenient to work with the GKSL equation in the Liouville space [82]. The
motivation for working in Liouville space is to construct a perturbative expansion and
obtain the first-order correction to the density matrix. The ansatz (4.24) leads to two
coupled operator equations for Â and B̂, which in Liouville space reduce to a linear
system for the superkets |A⟩⟩ and |B⟩⟩.

In the Liouville space, the master equation becomes

|ρ̇⟩⟩ = L |ρ⟩⟩ , (F.4)

whereL = Hinst+D is the Liouvillian superoperator. The Hamiltonian and dissipative
superoperators are defined as

Hinst = − i

ℏ
JĤinst, ÎdK, (F.5)

D =
∑
α

γα

[
L̂α ⊗ (L̂†

α)
T − 1

2
JL̂†

αL̂α, ÎdK+] .
Here, the super-commutator and super-anti-commutator are defined as

JÔ1, Ô2K = Ô1 ⊗ ÔT
2 − Ô2 ⊗ ÔT

1 , (F.6)JÔ1, Ô2K+ = Ô1 ⊗ ÔT
2 + Ô2 ⊗ ÔT

1 , (F.7)

where ÔT
1 denotes the transpose of the operator Ô1. In what follows, the following
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identities will be used:

|O1O2O3⟩⟩ = (Ô1 ⊗ ÔT
3 )|O2⟩⟩, (F.8)

⟨⟨O1|O2⟩⟩ = Tr (Ô†
1Ô2), (F.9)

and the combination of the two previous identities gives

⟨⟨O1|Ô2 ⊗ ÔT
4 |O3⟩⟩ = Tr (Ô†

1Ô2Ô3Ô4). (F.10)

F.3 Important properties of the GKSL equation in the Liouville space

In this subsection, we summarize several important properties of the GKSL Liou-
villian superoperator L [82] that will be used throughout the rest of the Appendices.

The Liouvillian superoperator L0 is generally non-Hermitian. As a result, the
right and left eigenvectors are not related by Hermitian conjugation and instead form a
biorthogonal basis. The eigenvalue problem is defined as

L0 |ℓR,n⟩⟩ = ℓn |ℓR,n⟩⟩, ⟨⟨ℓL,n|L0 = ℓn ⟨⟨ℓL,n|. (F.11)

The right and left eigenvectors satisfy the biorthonormality condition ⟨⟨ℓL,m|ℓR,n⟩⟩ = δmn

and form a complete basis in the Liouville space,∑
n

|ℓR,n⟩⟩⟨⟨ℓL,n| = Id2. (F.12)

Using this basis, the Liouvillian superoperator admits the spectral decomposition

L0 =
∑
n

ℓn |ℓR,n⟩⟩⟨⟨ℓL,n|. (F.13)

The density matrix of the thermal-equillibrium state ρ̂(0) satisfies

L0 |ρ(0)⟩⟩ = 0. (F.14)

This equation expresses the fact that ρ̂(0) is a steady-state solution of the GKSL equation.
Trace preservation of the density matrix implies the existence of a left zero eigen-
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vector of the unperturbed Liouvillian,

⟨⟨1|L0 = 0, (F.15)

where ⟨⟨1| corresponds to the identity operator in the Liouville space, ⟨⟨1|ρ⟩⟩ = Tr ρ̂.
In what follows, we assume that the thermal equilibrium state is the unique station-

ary state of the unperturbed Liouvillian [87], so that the dimensionality of its kernel is
unity

dimkerL0 = 1, (F.16)

which guarantees the ergodicity.
The dependence of the relaxation rates and jump operators on the bias parameter ε

is redundant and will not appear in the final results. To see this, we differentiate the
stationary-state condition (F.14) with respect to the stationary bias ε0, which yields

Lδε|ρ(0)⟩⟩ = −L0|ρ(0)δε ⟩⟩. (F.17)

where
|ρ(0)δε ⟩⟩ =

∂|ρ(0)⟩⟩
∂ε0

, (F.18)

and Lδε = ∂L0/∂ε0. This quantity relates to the first-order correction term of L and
will be subject of the next subsection.

F.4 Time derivative of an operator

For an arbitrary operator Âinst in the instantaneous energy representation, its time
derivative can be obtained by differentiating the expectation value ⟨Âinst⟩ = Tr (ρ̂ Âinst)

and using the GKSL equation for ˆ̇ρ. The resulting time-derivative operator reads

ˆ̇Ainst =
∂Âinst

∂t
+
i

ℏ
[Ĥinst, Âinst] +

∑
α

γα

[
L̂†
αÂinstL̂α −

1

2

{
L̂†
αL̂α, Âinst

}]
. (F.19)

Alternatively, in the Liouville space we have

d⟨Âinst⟩
dt

=
d⟨⟨Ainst|ρ⟩⟩

dt
= ⟨⟨Ȧinst|ρ⟩⟩, (F.20)
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with the definition of the super-bra time derivative

⟨⟨Ȧinst| = ⟨⟨∂tAinst| + ⟨⟨Ainst| L . (F.21)

F.5 Perturbation theory

Now we construct a perturbative solution for the density matrix. In principle, the
evolution superoperator can be constructed following the procedure outlined in Ap-
pendix E.3. Its detailed investigation will be reported elsewhere [83]. However, the
same results for the effective capacitance and resistance can be derived using an alter-
native approach, which we describe below.

We consider a small rf probing of the energy bias, ε(t) = ε0+ δεrf(t) [see Eqs. (5.1)
and (5.8)]. This allows us to expand the Liouvillian superoperator L up to the first
order in δεrf, yielding Eq. (5.7). The corresponding superoperators are defined as

L0 = H0 + D0, H0 = − i

ℏ
JĤ(0)

inst, ÎdK, (F.22)

Lδε = Vδε + Dδε, Lδε̇ = Vδε̇, (F.23)

Vδε = − i

ℏ
JV̂δε, ÎdK, Vδε̇ = − i

ℏ
JV̂δε̇, ÎdK, (F.24)

D0 = D |ε=ε0, Dδε =
∂D0

∂ε0
. (F.25)

We note that in the dissipation superoperator, both the relaxation rates γα and the jump
operators L̂α may depend on the energy bias ε. The definitions of Ĥ(0)

inst, V̂δε, and the
Berry connection V̂δε̇ are the same as in Eq. (E.18). Since the superoperator Lδε̇ is
derived from the Berry connection, it can be interpreted as a Berry superoperator.

As stated in Sec. 5.2, the solution for the density matrix can be sought for in the
form (5.9). Substituting this ansatz into the first-order GKSL equation

|ρ̇⟩⟩ = (L0 + Lδεδεrf + Lδε̇δε̇rf)|ρ⟩⟩ (F.26)

and retaining only the first-order terms, while using the fact that δε̈rf(t) = −ω2
rf δεrf(t),

one obtains a system of two linear equations for the superkets |A⟩⟩ and |B⟩⟩. The zeroth-
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order term vanishes exactly, since L0

∣∣ρ(0)〉〉 = 0:−ω2
rf |B⟩⟩ = L0 |A⟩⟩+ Lδε

∣∣ρ(0)〉〉 ,
|A⟩⟩ = L0 |B⟩⟩+ Lδε̇

∣∣ρ(0)〉〉 , (F.27)

whose solution is
|A⟩⟩ =

[
Id2 +

(
L0

ωrf

)2
]−1 [

−ω−2
rf L0Lδε + Lδε̇

]
|ρ(0)⟩⟩,

|B⟩⟩ = −ω−2
rf

[
Id2 +

(
L0

ωrf

)2
]−1

[L0Lδε̇ + Lδε] |ρ(0)⟩⟩.
(F.28)

The above result can be further simplified by noting that V̂δε is diagonal [see Eq. (E.18)].
Therefore,

Vδε|ρ(0)⟩⟩ = − i

ℏ
|[V̂δε, ρ̂(0)]⟩⟩ = 0. (F.29)

since ρ̂(0) is also diagonal in the instantaneous energy basis. Consequently, in all expres-
sions above, Lδε can effectively be replaced by Dδε alone, as the diagonal Hamiltonian
contribution Vδε vanishes.

F.6 First-order corrections to the quantum current

As shown in Eq. (4.9), the quantum current ⟨Î⟩ contributes to both the effective
reactance Ceff and the effective resistance Reff for open quantum systems. Here, the
calculations are performed in the Liouville space. The expression for the quantum cur-
rent operator, Eq. (E.17), must be modified accordingly. The quantum current operator
should therefore be defined using Eq. (F.21) as

⟨⟨(∂εḢ)inst| = ε̇⟨⟨∂ε(∂εH)inst|+ ⟨⟨(∂εH)inst|L . (F.30)

Analogously to Eq. (E.28), we introduce the zeroth- and first-order quantum current
superbras ⟨⟨I(0,1)| such that

⟨⟨(∂εḢ)inst| = ⟨⟨I(0)|+ ⟨⟨I(1)|. (F.31)
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Here, the zeroth-order term is

⟨⟨I(0)| = ⟨⟨(∂εH)
(0)
inst|L0, (F.32)

and the first-order term reads

⟨⟨I(1)| = δεrf

[
⟨⟨∂ε(∂εH)

(0)
inst|L0 + ⟨⟨(∂εH)

(0)
inst|Lδε

]
+

+δε̇rf

[
⟨⟨∂ε(∂εH)

(0)
inst|+ ⟨⟨(∂εH)

(0)
inst|Lδε̇

]
. (F.33)

Thus, the expectation value of the quantum current reads

⟨Î⟩ = ⟨⟨I(0) + I(1)|ρ(0) + δεrfA+ δε̇rfB⟩⟩. (F.34)

Using Eq. (F.14), this simplifies to

⟨Î⟩ = δεrf

[
⟨⟨(∂εH)

(0)
inst|Lδε|ρ(0)⟩⟩+ ⟨⟨(∂εH)

(0)
inst|L0|A⟩⟩

]
+

+δε̇rf

[
⟨⟨∂ε(∂εH)

(0)
inst|ρ

(0)⟩⟩+ ⟨⟨(∂εH)
(0)
inst|Lδε̇|ρ(0)⟩⟩+ ⟨⟨(∂εH)

(0)
inst|L0|B⟩⟩

]
. (F.35)

F.7 Effective capacitance and resistance

From Eqs. (4.8), and (F.35), for an arbitrary dissipative qudit we obtain the final
expressions for the effective capacitance

Ceff = −
(
∂ε

∂V

)2 [
⟨⟨∂ε(∂εH)

(0)
inst | ρ

(0)⟩⟩+

+⟨⟨(∂εH)
(0)
inst |Lδε̇|ρ(0)⟩⟩+ ⟨⟨(∂εH)

(0)
inst |L0|B⟩⟩

]
(F.36)

and the effective conductance

R−1
eff = −

(
∂ε

∂V

)2 [
⟨⟨(∂εH)

(0)
inst |Lδε|ρ(0)⟩⟩+ ⟨⟨(∂εH)

(0)
inst |L0|A⟩⟩

]
. (F.37)

These expressions can be further simplified. We observe that the superkets |A⟩⟩ and
|B⟩⟩ appear only in combination with L0 in the final expressions. Using Eq. (F.17), we
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obtain 

L0 |A⟩⟩ = ω−2
rf L 3

0

[
Id2 +

(
L0

ωrf

)2
]−1

|ρ(0)δε ⟩⟩+

+L0

[
Id2 +

(
L0

ωrf

)2
]−1

Lδε̇|ρ(0)⟩⟩,

L0 |B⟩⟩ = −ω−2
rf L 2

0

[
Id2 +

(
L0

ωrf

)2
]−1

Lδε̇|ρ(0)⟩⟩+

+ω−2
rf L 2

0

[
Id2 +

(
L0

ωrf

)2
]−1

|ρ(0)δε ⟩⟩.

(F.38)

Using the identity

L n
0

[
Id2 +

(
L0

ωrf

)2
]−1

= ω2
rfL

n−2
0 − ω2

rfL
n−2
0

[
Id2 +

(
L0

ωrf

)2
]−1

, (F.39)

we can simplify the effective capacitance as

Ceff = −(αe)2
[
⟨⟨∂ε(∂εH)

(0)
inst | ρ

(0)⟩⟩+ ⟨⟨(∂εH)
(0)
inst|ρ

(0)
δε ⟩⟩+

+⟨⟨(∂εH)
(0)
inst|
[
Id2 + (L0/ωrf)

2
]−1

[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]
]
. (F.40)

Similarly, the effective conductance reads

R−1
eff = −(αe)2⟨⟨(∂εH)

(0)
inst|L0

[
Id2 + (L0/ωrf)

2
]−1

[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]. (F.41)

In the next subsection we briefly discuss how to correctly split the effective capaci-
tance into corresponding components.

F.8 Geometric, quantum and tunneling capacitances

The first two terms in Eq. (F.40) can be readily computed. The first term is ob-
tained by differentiating Eq. (E.16) with respect to ε, using Eqs. (E.9–E.11). Applying
identity (F.9) and noting that ρ̂(0) is diagonal, only the diagonal elements ∂ε(∂εĤ)inst,nn,
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which are just the second derivatives of the energies, contribute to the final result

⟨⟨∂ε(∂εH)
(0)
inst | ρ

(0)⟩⟩ =
∑
n

∂2En

∂ε2
pthn . (F.42)

Similarly, the second term in Eq. (F.40) evaluates to

⟨⟨(∂εH)
(0)
inst|ρ

(0)
δε ⟩⟩ =

∑
n

∂En

∂ε

∂pthn
∂ε

. (F.43)

From Eq. (F.42) we see that the first term of Eq. (F.40) results in both geometric and
quantum capacitances

Cgeom + CQ = −∂
2E

∂V 2 th
= −

∂2Egeom

∂V 2
− ∂2E ′

∂V 2 th
. (F.44)

Thus, the second and third terms of Eq. (F.40) contribute to the tunneling capacitance

CT = −(αe)2
[
⟨⟨(∂εH)

(0)
inst|ρ

(0)
δε ⟩⟩+

+⟨⟨(∂εH)
(0)
inst|
[
Id2 + (L0/ωrf)

2
]−1

[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩]
]
. (F.45)
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APPENDIX G
EFFECTIVE CAPACITANCE AND RESISTANCE OF GOOD AND BAD d-LEVEL

SYSTEMS

This Appendix is devoted to the derivation of the effective capacitance and resis-
tance in the limiting cases of the good and bad qudits [Eqs. (5.19) and (5.20)], starting
from Eqs. (5.10) and (5.11).

First, let us estimate different terms appearing in the expressions for the effective
capacitance and resistance. In particular, the expressions (F.40) and (F.41) involve the
following relevant quantities: L0 = H0 + D0, Lδε̇, ⟨⟨(∂εH)

(0)
inst|, ⟨⟨∂ε(∂εH)

(0)
inst|, |ρ(0)⟩⟩,

and |ρ(0)δε ⟩⟩.
For any qudit, the Hamiltonian and dissipation superoperators scale as

H0 ∼ ωqd, D0 ∼ γqd, (G.1)

where, analogous to the definition of ωqd in Eq. (5.1), γqd is the minimal relaxation rate
of the system:

γqd := min
α,ε

γα(ε). (G.2)

Since Tr ρ̂(0) = 1, we have |ρ(0)⟩⟩ ∼ 1. The superket |ρ(0)δε ⟩⟩ can be estimated as
|ρ(0)δε ⟩⟩ ∼ 1/kBT . There is no need to estimate Vδε, since it always appears in the trivial
combination Vδε|ρ(0)⟩⟩ = 0. From Eqs. (F.24) and (E.18), the remaining part of the Li-
ouvillian superoperator scales as Lδε̇ = Vδε̇ ∼ 1/ωqd, because ∂Ĥ/∂ε ∼ ∂En/∂ε ∼ 1.
Similarly, we have ⟨⟨(∂εH)

(0)
inst| ∼ 1 and ⟨⟨∂ε(∂εH)

(0)
inst| ∼ (ℏωqd)−1.

Altogether, we obtain

H0 ∼ ωqd, D0 ∼ γqd, Lδε̇ ∼ ω−1
qd , ∂Ĥ/∂ε ∼ 1,

⟨⟨∂ε(∂εH)
(0)
inst | ∼ (ℏωqd)−1, | ρ(0)⟩⟩ ∼ 1, |ρ(0)δε ⟩⟩ ∼ 1/kBT. (G.3)

G.1 Good qudit

For a good qudit, we consider the regime of very small relaxation rates, γqd ≪
ωrf ≪ ωqd. To compute the inverse of the superoperator in Eqs. (F.40) and (F.41), we
note that H0 can be decomposed in the basis P̂k ⊗ P̂l, where P̂k = |k⟩⟨k|. Indeed, we
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can write the unperturbed instantaneous Hamiltonian as

Ĥ(0)
inst =

∑
k

E
(0)
k P̂k, (G.4)

and the identity operator as 1 =
∑

k P̂k. Substituting these into Eq. (F.22) gives

H0 = −i
∑
k,l

ω
(0)
kl P̂k ⊗ P̂l. (G.5)

Consequently, any function of H0 can be evaluated as

f(H0) =
∑
k,l

f
(
− iω

(0)
kl

)
P̂k ⊗ P̂l. (G.6)

This decomposition will be needed when inverting
[
Id2 + (H0/ωrf)

2
]
in the expressions

for the effective capacitance and resistance.

G.1.1 The effective capacitance

Using Eqs. (F.24) and (G.6), we can evaluate the last term in Eq. (F.40):

⟨⟨(∂εH)
(0)
inst|
[
Id2 + (H0/ωrf)

2
]−1

[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩] =

= Tr
∑
k,l

(∂εĤ)
(0)
instP̂k[−i/ℏ[V̂δε̇, ρ̂(0)]− ρ̂

(0)
δε ]P̂l

1−
(
ω
(0)
kl /ωrf

)2 =

= −
∑
k

∂En

∂ε

∂pthn
∂ε

+
2

ℏ
∑
k ̸=l

|(∂εH(0)
kl )|2

ω
(0)
kl

[
1−

(
ω
(0)
kl /ωrf

)2]pTl . (G.7)

Here, the first term in Eq. (G.7) cancels the second term in Eq. (F.40). The second term
is proportional to ω2

rf/ω
2
qd, which is much smaller than the first term in Eq. (F.40) that

scales as ω−1
qd .

Hence, for a good qudit, the effective capacitance is dominated solely by the geo-
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metric and quantum components: C(good)
eff = Cgeom + CQ:

C
(good)
eff = −

(
∂ε

∂V

)2∑
n

∂2En

∂ε2
pthn = −∂

2E

∂V 2 th
. (G.8)

G.1.2 The effective resistance

Since in Fig. 6.1(a) both the effective capacitance and resistance are coupled in
parallel, the total impedance of the quantum system can be written as in Eq. (6.2):

Zeff = [R−1
eff + iωrfCeff]

−1. (G.9)

From Eq. (G.8), we have ωrfC(good)
eff ∝ ωrf/ωqd. Meanwhile, using Eq. (F.41) and a

derivation analogous to Eq. (G.7), the effective conductance is zero in this order of
approximation.

The next-order correction can be estimated as

R−1
eff ∝ γqd

(
ωrf
ωqd

)2

max

[
1

ωqd
,

ℏ
kBT

]
≪ ωrf

ωqd
. (G.10)

Therefore, in the limiting case of a good qudit, the response of the quantum system
is dominated by the effective capacitance, and in the first order in ωrf/ωqd we can write

G
(good)
eff = 0. (G.11)

G.2 Bad qudit

For a bad qudit, we consider the regime ωrf ≪ ωqd ≪ γqd. To compute the effective
capacitance and resistance, we need the eigen-decomposition of D0. As discussed in
Appendix F.3, there is only one zero eigenvalue d0 = 0 [see Eqs. (F.14) and (F.15)].
Thus, for any function of D0 we can write

f(D0) =
∑
n

f(dn)|DR,n⟩⟩⟨⟨DL,n| = f(0)|ρ(0)⟩⟩⟨⟨1|+
∑
n ̸=0

f(dn)|DR,n⟩⟩⟨⟨DL,n|. (G.12)
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Applying Eq. (F.39) to D0 and using the decomposition (G.12), we obtain[
Id2 +

(
D0

ωrf

)2
]−1

= |ρ(0)⟩⟩⟨⟨1|+O

(
ω2
rf

γ2qd

)
(G.13)

and

D0

[
Id2 +

(
D0

ωrf

)2
]−1

= O

(
ω2
rf

γqd

)
, (G.14)

since only the nonzero eigenvalues dn ∝ γqd contribute to the corrections.

G.2.1 The effective capacitance

Let us evaluate the last term of Eq. (F.40) for a bad qudit. Using Eq. (G.13), we
obtain

⟨⟨(∂εH)
(0)
inst|
[
Id2 + (D0/ωrf)

2
]−1

[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩] =

= ⟨⟨(∂εH)
(0)
inst|ρ

(0)⟩⟩⟨⟨1|[Vδε̇|ρ(0)⟩⟩ − |ρ(0)δε ⟩⟩] = 0, (G.15)

because
⟨⟨1|Vδε̇|ρ(0)⟩⟩ = − i

ℏ
Tr [V̂δε̇, ρ

(0)] = 0 (G.16)

and
⟨⟨1|ρ(0)δε ⟩⟩ = Tr ρ̂

(0)
δε = ∂ε1 = 0. (G.17)

Thus, the final expression for the effective capacitance (F.40) of a bad qudit contains
only the first (F.42) and second (F.43) terms, giving

C
(bad)
eff = −

(
∂ε

∂V

)2

∂ε
∑
n

∂En

∂ε
pthn = − ∂

∂V

∂E

∂V th
. (G.18)

G.2.2 The effective resistance

Using Eq. (G.14), we can estimate the effective conductance as

R−1
eff ∝ ω2

rf
γqd

max

[
1

ωqd
,

ℏ
kBT

]
≪ ωrf

ωqd
(G.19)

since γqd is assumed to be much larger than all other relevant parameters.



92

Therefore, in the limiting case of a bad qudit, the effective conductance is negligible:

G
(bad)
eff = 0. (G.20)
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APPENDIX H
FROM THE GKSL EQUATION TO THE RATE EQUATION

In this Appendix, we examine how to derive the quantum balance equation for a
multi-level system from the GKSL equation and discuss the approximations involved
in this procedure.

We start from the GKSL equation (4.19) with the instantaneous Hamiltonian (E.14).
We choose the Lindblad jump operators as L̂ij = |i⟩⟨j|. By substituting them, with
relaxation rates γij , into Eq. (4.19), we obtain equations for every element of the density
matrix:

ρ̇lm = − i

ℏ
([Ĥinst, ρ̂])lm +

∑
j

γljδlmρjj − Γlmρlm, (H.1)

where Γlm =
∑

j(γjl + γjm)/2.
For the balance equation, only the diagonal entries of the density matrix are con-

sidered to be nontrivial, while all off-diagonal density-matrix elements are neglected.
Furthermore, the balance equations do not include the unitary evolution term [Ĥinst, ρ̂].
If we choose

ωkm, ε̇
(∂εĤ)mk

(ℏωmk)
≪ γlm, (H.2)

the first term in the r.h.s. of Eq. (H.1) can be neglected, so that for the diagonal elements
the GKSL equation reduces to the Pauli master equation

ρ̇nn =
∑
j

γnjρjj − ρnn
∑
j

γjn, (H.3)

while for the off-diagonal elements with l ̸= m

ρ̇lm = −Γlmρlm (H.4)

the dynamics is purely dissipative. However, in order to neglect the off-diagonal matrix
elements, one additionally needs to consider the solution on the timescale t ≳ Γ−1

lm , and
the contribution of the off-diagonal elements to any observable must be small compared
to that of the diagonal elements.
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APPENDIX I
FROM QUDITS TO QUBITS

I.1 Super-bras, -kets, and -operators for a two-level system

In this Appendix, we show how to obtain expressions for the effective capacitance
and resistance of a two-level system from Eqs. (F.40) and (F.41) with the known struc-
ture of the Hamiltonian, relaxation rates, and jump operators.

For a two-level system, the Hamiltonian is given by Eq. (4.6). Relaxation rates and
jump operators are the same as in Sec. 4.4.

To obtain the effective capacitance and resistance, we need to know the superbras
⟨⟨(∂εH)

(0)
inst|, ⟨⟨∂ε(∂εH)

(0)
inst|, the superkets |ρ(0)⟩⟩ , |ρ

(0)
δε ⟩⟩, and the superoperators H0, D0,

Vδε̇.
The superbras are

⟨⟨(∂εH)
(0)
inst | =

(
− ε0

2∆E0
+ E ′

geom,
∆

2∆E0
, ∆

2∆E0
, ε0

2∆E0
+ E ′

geom

)
(I.1)

and

⟨⟨∂ε(∂εH)
(0)
inst| =

(
− ∆2

2∆E3
0
+ E ′′

geom, − ∆ε0
2∆E3

0
, − ∆ε0

2∆E3
0
, − ∆2

2∆E3
0
+ E ′′

geom

)
. (I.2)

The superkets are

|ρ(0)⟩⟩ =
(
1 + χth

2
, 0, 0,

1− χth
2

)T

(I.3)

and

|ρ(0)δε ⟩⟩ =
(
ε0(1− χ2

th)

4kBT∆E0
, 0, 0, −ε0(1− χ2

th)

4kBT∆E0

)T

, (I.4)

where χth = tanh(∆E0/2kBT ).
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The unperturbed Liouvillian L0 and Berry superoperator Vδε̇ are

L0 =


−γ− 0 0 γ+

0 −T−1
2 + iωq0 0 0

0 0 −T−1
2 − iωq0 0

γ− 0 0 −γ+

 (I.5)

and

Vδε̇ =
∆

2∆E2
0


0 −1 −1 0

1 0 0 −1

1 0 0 −1

0 1 1 0

 (I.6)

respectively.
To evaluate the effective capacitance and resistance in Eqs. (5.10) and (5.11), we

need to compute the matrix inverse [I4 + (L0/ωrf)
2]−1:

[
I4 +

(
L0

ωrf

)2
]−1

=


1− γ̃− 0 0 γ̃+

0
1

1 + Ω2
0 0

0 0
1

1 + Ω̄2
0

γ̃− 0 0 1− γ̃+

 , (I.7)

where
γ̃± =

γγ±
γ2 + ω2

rf
, (I.8)

and
Ω =

−T−1
2 + iωq0
ωrf

, Ω̄ =
−T−1

2 − iωq0
ωrf

. (I.9)

I.2 Effective capacitance

Let us now calculate the effective capacitance. Since the eigenenergies of the Hamil-
tonian (4.6) are Ei = Egeom ± ∆E0/2, the sum of the geometric and quantum capaci-
tances from Eq. (5.13) is

Cgeom + CQ = −
∂2Egeom

∂V 2
+

(
∂ε

∂V

)2
∆2

2∆E3
0

tanh

(
∆E0

2kBT

)
, (I.10)
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which with the previous definition of theCQ0 (4.27) perfectly coincides with Eqs. (4.25)
and (4.26). The tunneling capacitance, from Eq. (5.15), is the sum of three terms

CT = −
(
∂ε

∂V

)2 [
− ε20

4kBT∆E2
0

cosh−2

(
∆E0

2kBT

)
+

+
∆2

2∆E3
0

T 2
2ω

2
rf
[
1− T 2

2 (ω
2
q0 − ω2

rf)
]

1 + T 4
2 (ω

2
q0 − ω2

rf)
2 + 2T 2

2 (ω
2
q0 + ω2

rf)
tanh

(
∆E0

2kBT

)
+

+
ε20

4kBT∆E2
0

ω2
rf

ω2
rf + γ2

cosh−2

(
∆E0

2kBT

)]
. (I.11)

The sum of geometric, quantum and tunneling parts (I.10, I.11) coincides with the ef-
fective capacitance (D.16) obtained previously.

I.3 Effective resistance

Nowwe calculate the effective resistance from Eq. (F.41). The Hermes conductance
(5.17) is

R−1
Hrm =

(
∂ε

∂V

)2
∆2T2ω

2
rf

2∆E3
0

tanh

(
∆E0

2kBT

)
1 + T 2

2 (ω
2
q0 + ω2

rf)

1 + T 4
2 (ω

2
q0 − ω2

rf)
2 + 2T 2

2 (ω
2
q0 + ω2

rf)
,

(I.12)

while the Sisyphus conductance (5.18) is

R−1
Sis =

(
∂ε

∂V

)2
ε20γ

4kBT∆E2
0

ω2
rf

ω2
rf + γ2

cosh−2

(
∆E0

2kBT

)
. (I.13)

The sum of Hermes and Sisyphus conductances (I.12, I.13) also agrees with the previ-
ously obtained expression (D.17).
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APPENDIX J
SINGLE-COOPER-PAIR TRANSISTOR

We now start from the classical Lagrangian of a single-Cooper-pair transistor [53] by
choosing the phase differences across junctions to be φ1 and φ2, so that the phase on the
superconducting island is defined symmetrically as φ = (φ1 + φ2)/2, while the phase
difference is constrained with the flux quantization condition φ1 − φ2 = 2πΦ/Φ0 = ϕ,
where Φ is the total time-independent magnetic flux and Φ0 = h/(2e) is the quantum
of magnetic flux [see Fig. 6.1(b)]. Then the Lagrangian reads(

2e

ℏ

)2

L =
Cr

2
φ̇2
rf −

1

2Lr
(φrf − φR)

2 +
C1 + C2

2
φ̇2 +

Cg

2
(φ̇− φ̇g)

2+

+
Cg0

2
(φ̇− φ̇g0)

2 + EJ(1 + δ) cos

(
φ+

ϕ

2

)
+ EJ(1− δ) cos

(
φ− ϕ

2

)
. (J.1)

Here, the classical part of the Lagrangian Lcl consists of the first two terms of
Eq. (J.1) and the quantum part Lq contains all the other terms. The Routhian is given
by

R = 4EC(n− ng)
2 − 2EJ cos

ϕ

2
cosφ+ 2δEJ sin

ϕ

2
sinφ−

−
(

ℏ
2e

)2 [Cr + Cg

2
φ̇2
rf +

Cg0

2
φ̇2
g0 −

1

2L
(φrf − φR)

2

]
, (J.2)

where nℏ = ∂L/∂φ̇, EC = e2/2CΣ is the total charging energy of the island with the
total capacitance CΣ = Cg+Cg0+C1+C2 and the dimensionless charge is defined as

ng = − ℏ
4e2

(Cg0φ̇g0 + Cgφ̇rf) . (J.3)

The Hamiltonian after the quantization ˆ̃H becomes

ˆ̃H = 4EC(n̂− ng)
2 − 2EJ cos

ϕ

2
cos φ̂+ 2δEJ sin

ϕ

2
sin φ̂−

(
ℏ
2e

)2 Cg

2
φ̇2
rf. (J.4)

Using e±iφ̂|n⟩ = |n± 1⟩, in the two-level approximation we obtain cos φ̂ = σ̂x/2,
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sin φ̂ = −σ̂y/2 and the two-level Hamiltonian

ˆ̃H = Egeom1̂− ∆x

2
σ̂x −

∆y

2
σ̂y −

ε(t)

2
σ̂z, (J.5)

where the tunneling amplitudes along the x and y directions are

∆x = 2EJ cos(ϕ/2), ∆y = 2δEJ sin(ϕ/2). (J.6)

The energy bias is ε(t) = 4EC(1− 2ng). The geometric energy is defined as

Egeom = 2EC(1− 2ng + 2n2g)−
Cg

2

(
ℏφ̇rf
2e

)2

. (J.7)

Thus the geometric capacitance is

Cgeom = −
∂2Egeom

∂V 2
rf

= Cg

(
1−

Cg

CΣ

)
. (J.8)

With the help of the unitary rotation around z-axis

Ŝ0 = exp

(
iζzσ̂z
2

)
(J.9)

with
tan(ζz) = −∆y

∆x
(J.10)

the Hamiltonian Ĥ = Ŝ†
0
ˆ̃HŜ0 can be turned into its standard pseudo-spin form, Eq. (4.6),

with minimal energy distance ∆ =
√

∆2
x +∆2

y given by Eq. (6.4). The energy bias ε
is connected to the probing voltage Vrf via the following relation

αSCPT =
1

e

∂ε

∂Vrf
= 2

Cg

CΣ
. (J.11)
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APPENDIX K
DOUBLE QUANTUM DOT

We start from the classical Lagrangian of a double quantum dot [see Fig. (6.1)](
2e

ℏ

)2

L =
Cr

2
φ̇2
rf −

1

2Lr
(φrf − φR)

2 +
Cm

2
(φ̇1 − φ̇2)

2+

CG1

2
(φ̇1 − φ̇rf)

2 +
CG2

2
(φ̇2 − φ̇rf)

2 +
CSD1

2
φ̇2
1 +

CSD2

2
φ̇2
2, (K.1)

where CSDi = CSi + CDi and the dissipation function F is the same as in Eq. (B.1). In
Eq. (K.1), the classical part of the Lagrangian Lcl consists of the first two terms of the
Lagrangian and Lq contains all other terms.

The Routhian is given by

R = EC1(n1 − ng1)
2 + EC2(n2 − ng2)

2+

+2EC12n1n2 −
(

ℏ
2e

)2 [
Cr + Cc

2
φ̇2
rf −

1

2Lr
(φrf − φR)

2

]
, (K.2)

where 2niℏ = ∂L/∂φ̇i, and the factor of 2 is due to the fact that only electrons rather
than Cooper pairs tunnel onto the dots. We have also introduced charging energies of
individual dots ECi and coupling energy EC12:

ECi = ξ
e2

2CΣi
, EC12 =

ξ − 1

ξ

e2

2Cm
, (K.3)

where ξ−1 = 1 − C2
m/CΣ1CΣ2 and the total capacitances of the dots are CΣi = CGi +

CSDi + Cm. The dimensionless charges ngi are

ng1 = −ℏφ̇rf
2e2

(CG1 + Cmα2) , ng2 = −ℏφ̇rf
2e2

(CG2 + Cmα1) , (K.4)

where αi = CGi/CΣi and the additional capacitance Cc is

Cc = 2ξCmα1α2 +
2∑

i=1

CGi [1 + (ξ − 1)αi] . (K.5)
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The Hamiltonian after the quantization Ĥ becomes

Ĥ = EC1(n̂1 − ng1)
2 + EC2(n̂2 − ng2)

2 + 2EC12n̂1n̂2 − 1̂

(
ℏ
2e

)2
Cc

2
φ̇2
rf. (K.6)

As a next step we consider the two-level approximation formed by the nearest charge
states n1 = 0 and n2 = 1 associated with | 0⟩ := | 01⟩ and n1 = 1 and n2 = 0 associated
with | 1⟩ := | 10⟩, respectively. In the two-level approximation, theHamiltonian is given
by Eq. (4.6), where

2Egeom =
2∑

i=1

ECi(1− 2ngi + 2n2gi)− Cc

(
ℏφ̇rf
2e

)2

, (K.7)

ε(t) = EC1(1− 2ng1)− EC2(1− 2ng2), (K.8)

and ∆ is introduced as the tunnel-coupling energy between the nearest charge states.
The dependence of the energy bias ε on the probing voltage Vrf is given by αDQD = ξα′,
which leads to the geometric capacitance

Cgeom =
ξ

CΣ1CΣ2

[
CG1CSD1CΣ2 + CG2CSD2CΣ1 + Cm(CG1 + CG2)(CSD1 + CSD2)

]
.

(K.9)
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