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Abstract

For an entire ridge function of finite order p which is non-vanishing
in the angle {z : |argz — 7/2| < a} U {z : |argz + 7/2| < a}, 0 <
a < /2, the sharp estimate of p in terms of « is obtained. Analogous
result is obtained for ridge functions analytic in the upper half-plane.
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An entire function f, f(0) = 1, is called a ridge function if it satisfies the
inequality

£ (2)] < f(ilmz). (1)

If f is analytic in the upper half-plane C and satisfies (1) there, then we
call it an analytic in C ridge function. In particular, all entire or analytic in
C. characteristic functions of probability distributions are ridge functions.

The well-known Marcinkiewicz theorem [1] states that, if entire ridge
function of finite order p has a few zeros in some sense, then p < 2. This
theorem has been strenghtened and generalized in many directions (see the
bibliography in [2]). In particular, I. P. Kamynin [3] proved that, if an
analytic in C, ridge function of a finite order p has no zeros at all, then
p < 3. The examples of the entire characteristic function of the Gauss
distribution f(z) = exp(—v2% +i8z), (y > 0, 8 € R), and the analytic
in C characteristic function f(z) = (1 —iz) texp(iz® — 32%) (constructed
by I. P. Kamynin) show that both estimates are the best possible. In [4]
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the question about estimate of the order of an entire or analytic in C
ridge function non-vanishing in some angle is considered. The following two
theorems are proved.

Theorem A ([4]). If an analytic in Cy ridge function of finite order p
does not vanish in the angle {z : |argz — 7/2| < a}, 0 < a < 7/2, then
p < max(4;m/a).

Theorem B ([4]). If an entire ridge function of finite order p does not
vanish in the angle {z : |argz — 7/2| < a} U{z : |argz + 7/2| < a},
0 < a<7/2, then

<2, /4 < a<m/2;

p (2)
<7/a, 0<a<m/4

We show that the estimates for p given in Theorem A and Theorem B can
be improved and obtain the best possible estimates.
Denote by v(«), 0 < o < /6, the solution of the equation

cos” (a+ m/v) = — cos(ya) (3)

which belongs to the interval (7/(2a), /). It is easy to see that the function
v(a) decreases and the following asymptotic equality holds

o) =" - 2@(1 +o(1)), a—0. ()

Theorem 1. Let f be an analytic in C ridge function of finite order p
non-vanishing in the angle {z : |argz — 7/2| < a}, 0 < o < 7/2. Then

(), 0<a<m7/6

p< ()
3=7(r/6), 7/6<a<m/2.

Theorem 2. Let f be an entire ridge function of finite order p non-
vanishing in the angle {z : |argz — 7/2| < a} U{z : |argz + 7/2| < a},
0 < a<7/2. Then

(), 0<a<m7/6;
p<<q 7/(2x), m/6<a<m/4 (6)
2, T/4<a<m/2
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Remark. In [5], in particular, the following theorem has been proved.
Theorem. If an analytic in C ridge function f does not vanish in the
angle {z : |arg z — m/2| < 8} for some 8 € (0;7/2] and

Lo 1ot laot | £l —
lim inf y~ log™log™ |f(iy)| =0,

then the function f is of finite order.

Using this theorem, it is possible to weaken the condition of finiteness of
the order in theorems 1 and 2.

Proof of Theorem 1. It is sufficient to prove the theorem for o € (0;7/6).
Assume that Theorem 1 is not valid. Let f be an analytic in Cy ridge
function which does not vanish in the angle {z : |argz —7/2| < a},0 < a <
7/6, and has the finite order p > v(a) > v(7/6) = 3. Let ay = rpe™* be
zeros of f(iz). We shall use the following notations:

() =log| (i)l @

vg(2) = Im(e2 7P 4 2Pe P R™F) =
(127" = [z]PR™%) sin p(or — arg 2); (8)
HR:{Z:1<|z|<R,O<argz<a+7r/p} (R>1); 9)
f=a+7/p (0<F<7/2). (10)

Let us apply the Green formula in the domain []p to the pair (u(z),vg(2)).
Since vg(z) is harmonic in [[p for every R > 1 and, moreover, from (1)
follows Ou/0y|(z0 = 0, 1 < x < R, we obtain

/1R{(— cos pa)u(x) — u(:veiﬁ)}(x’p’l — 2" 'Ry =

B ,
2R_p/ u(Re) sin p(a — 0)df +
0

2mp~t Y (r,” — iR sinp(a — ¢x) + C1 + CoR™, (11)
a‘kEHR

where C and C5 are constants not depending on R.
Denote

A(R) = /IR{(— cos pa)u(z) — u(:z;ew)}(x’p’1 — 2" R dx; (12)



B )
B(R) = 2R /O w(Re®)sin p(a — 0)do;  (13)
S(R)=2mp™t Y (" — iR ¥)sinpla— ). (14)

akEHR
Using these notations we can rewrite formula (11) in such a way
A(R) = B(R) + S(R) + Cy + CoR™?". (15)

Subtracting from (15) the formula obtained by replacing R by r in (15),
1 <r < R < 0o, we obtain

A(R) — A(r) = B(R) — B(r) + S(R) — S(r) + Co(R™*" — r7%). (16)

Now let us estimate from below the left-hand side of (16). Since f is a ridge
function, u(x) is convex on R ([1]). Therefore without loss of generality we
may asuume that u(x) is positive and monotonically increases in x when
x > 0. Further we shall denote by K positive constants not depending on r,
R not necessary equal. We have

A(R) — A(r) = /1 * (ule) — u(we®)) (x ! — 2P R-*)da —
/lr (u(m) — u(xeiﬁ)) (z7P~t — 2P 2 dx —
(1 + cos pav) /1Ru($)(:1:_”_1 — 2" R™*)dx +
(1 4 cos pav) /; u(z) (™"t — 2P ) dr >
R )
/r (u(x) — u(xezﬂ)) (z7P~ ' — 2P TR dx —
(1 + cos pav) /R u(z)z ™" rdx — (1 + cos par) /j u(z)z?tr*dr >
' R
/T (u(x) — u(x cos B)) (z7P7 ' — 2P ' R™*)dx —
(1 + cos pav) /R u(z)z ™" rdr — (1 + cos par) /; w(z)z" r*dy >
' R
/T {(— cos pa)u(z) — u(x cos ﬁ)}x’pfldx —

R r
/ u(z)z? PR~ dx — (1 + cos pa) / w(z)z" tr~%dy >
r 1
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R Rcosf
(—cos pa)/ u(z)z " 'dx — cos” B u(z)z " dr —

rcos 3

Ku(R)R™" — Ku(r)r—*(— cos pa — cos” 3) /R u(z)z " dr —

cos’” 8 u(z)z™"rde — Ku(R)R™" — Ku(r)r—* >

rcosf3

(— cos pa — cos” B) /TR u(z)z " rdr — Ku(R)R™" — Ku(r)r—".  (17)

The function h,(p) = — cos pa — cos? f = — cos pa — cos’(a + 7/p) has the
unique root y(a) on the interval [7/(2a); 7/«), and h(7/a) > 0. Therefore
using our assumption p > y(«) we have ¢ = h,(p) > 0. Substituting estimate
(17) into (16) and dividing by £ > 0 we obtain

/ “u(@)e e < K(BR) - B(r)) + K(S(R) - S() +
Ku(R)R™? 4+ Ku(r)r=". (18)

(we have applied positivity and monotonic increasing of u(z)).
Let us estimate the right-hand side of (18) from above.
1. To estimate B(R) we use the following Lemma.
Lemma 1. ([4])
|IB(R)| < Ku(R)R™". (19)

Proof of Lemma 1. We use the Carleman formula for function f(z) ([8,
p.224]):

L | og | (Re)] sin e + L /R(t_2 — R)log | (1) f(—t)|dt =
TR Jo 2 )1
Z (ret —1meR7?) cos gy, + by + by R72, (20)

1<rp<R

where 1 < R < 00; by, by do not depend on R. Since f(z) is a ridge function,
f(0) =1, we have |f(t)| <1, t € R. Hence (20) implies

1 = ,
—/ log | f(Re™)| sin 0df > by + by R™2. (21)
TR Jo
Using the fact that 0 < 8 < 7/2 and (21), we obtain

/240 .
B(R)| < KR [ , [loglf(Re?) [0 <
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_ w/2+5 N » - o .
KR p//2 (log™* [ £(Re™)| +log™ | f(Re™)|) sin 0 <

KR"u(R) + KR~ / "log™ |f(Re™)| sin 0d6 <
0
KR (u(R) + mhy R+ by R™"). (22)

Since f is an unbounded in C analytic ridge function we have by [1] R =
O(log" f(iR)), R — +o00. Therefore from (22) we obtain the statement of
Lemma 1. l

Using the statement of Lemma 1 we obtain
B(R) — B(r) < Ku(R)R™" 4+ Ku(r)r~*. (23)

2. To estimate S(R) — S(r) we shall use the fact that function f(iz) does
not vanish in the angle {z : 0 < arg z < a}. We have

S(R) = S(r) = 277/)1( Y (" =R sinpla — ¢) —
1<rig<R
a<pr<p

> () —rprT)sinp(a - w)) =

I<rp<r
a<ep<f

2 (X A= R )singta o) +

1<rip<r
a<pr<pB

X (i R sinpta )| <0. (20
r<rp<R
a<pp<f

Substituting (23) and (24) into (18), we obtain
R
/ u(z)r " tdr < Ku(R)R™" + Ku(r)r~". (25)

To complete the proof we shall use the following elementary lemma:
Lemma 2 ([4]). Let w(xz) > 0 be continuously differentiable non-decre-
asing function on [1;00) and for all r and R, r < R, the inequality

w(R) —w(r) < KRw'(R) + Krw'(r). (26)

holds. Then for all sufficiently large x we have:
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1) if w(oo) = 0o, then w(x) > Kaf;
2) if w(oo) < 0o, then w(oc) — w(z) < Ko~°,
where 0 is a positive number.
Proof of Lemma 2.

1. Let w(oo) = oo. Then by (26) we have Rw'(R) — oo, R — 0.
Substituting » = 1 into (26) and using the last statement, we have

w(R) < KRw'(R) (27)
(with a larger K).
Hence W (R) )
w((R) = KR’ (28)

Integrating the last inequality from 1 to r, we obtain statement 1) of Lemma2.

2. Let w(oo) < oo. Then there exists a sequence Rj, — oo such that
Ryw'(Ry) — 0, k — oo. Making R — oo along the sequence { Ry}, we
have

w(oo) —w(r) < Krw'(r), (29)
hence ) |
w'(r
_— > 30
w(oo) —w(r) — Kr (30)
Integrating last inequality from 1 to r, we obtain
w(oo) — w(r) 1K
—log ——4——2 > logr!/ 31
" (o) —w(m = o

that implies statement 2) of Lemma 2.

Using Lemma 2 with w(z) = [{ u(t)t~?~'dt, we obtain contradiction to
the assumption that p is the order of the function f.

Theorem 1 is proved. Il

Proof of the Theorem 2. Since f is an analytic in C ridge function we
have p < v(a) for 0 < a < /6. Therefore it is sufficient to prove Theorem
2 for /6 < a < 7w/4, 2 < p < 3. Without loss of generality we can assume
that f is an even function (we can consider the function f(z)f(—z) instead
of f(2)). Suppose the contrary that there exists an even entire ridge function
f non-vanishing in the angle {z : |argz — /2| < a}U{z : |argz+7/2| < a}
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and having the finite order p > 7/(2a). Let us denote by a, = rpe'?*
zeros of function f(iz) lying in the half-plane {z : Rez > 0}. We use the
notations u(z) and vg(z) introduced in the proof of the Theorem 1. Denote
Cr={2:1<|z| <R, 0<argz < w/2}, R > 1. Let us use the Green
formula in Cg for functions u and vg. Since vg is harmonic in Cg, and f(2)
is even and satisfies (1), we obtain du(z,0)/dy = 0, Ju(0,y)/0x = 0. Hence

/1R{(— cos pa)u(z) — (— cos p(a — W/Q))u(ix)}(x_p_l — 2P TR d =
2R™* /OW/2 u(Re) sin p(a — 0)df +
2mp~t Y (r” = rPR7¥)sinp(a — ox) + C1 + CoR™,(32)

ar€CRr
where C7 and Cy are positive constants. By our assumption (— cosp(a —
m/2)) > 0 holds. Since f, f(0) = 1 is an even entire ridge function, the
function u(x) is positive and monotonically increases in z, z > 0. As in the
proof of Theorem 1 we denote

A(R) = /IR{(— cos pa)u(z) — (— cos p(a — W/Q))U(Zl’)} X

(z7P~t — 2P T R™)du; (33)
B(R) = 2R" /0 " (Re) sin plar — 0)d6: (34)
S(R) =2mp™ Y (=R ) simpla— o). (39)

ar€CRr

Substacting from (32) the formula obtained from (32) by changing R by r,
1 <7r< R < o0, we have

A(R) — A(r) = B(R) — B(r) + S(R) — S(r) + Co(R™* —r=2).  (36)
Let us estimate the left-hand part of (36) from below
R
A(R) — A(r) = / (= cos pa)u(z)(z™ "t — 2P 'R dx —
1
/T(— cos pa)u(x)(z™Pt — 2Pl dy —
1

(—cos p(a — m/2)) /1R u(iz)(z™""! — 2P P R™*)dx +
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(—cosp(a —1/2)) /; u(iz)(x= P~ — 2P~ de >
R
x(— cos pa) /1 u(z)(x P~ — 2P TR dw —
(— cos pav) /; u(z)(x= "t — 2P ) de >
(— cos pav) /TR u(z)(z P~ — 2P R dr >
R
(— cos pa) /T u(z)r " rdr — Ku(R)R™". (37)

The upper estimate of B(R) — B(r) we obtain in the same way as in the
proof of Theorem 1. We have

B(R) — B(r) < Ku(R)R™" + Ku(r)r~". (38)
Since function f has no zeros in the angle {z : |argz — 71/2| < a}
S(R)=5(r) <0 (39)

holds.
Substituting (37), (38), and (39) into (36), we obtain

/Ru(x)a:_p_ldx < Ku(R)R™" + Ku(r)r". (40)

As in the proof of Theorem 1 we see that (40) contradicts to the fact that p
is the order of function f.

Theorem 2 is proved. Il H

The next statement shows the sharpness of the estimates of p in Theorems
1 and 2.

Theorem 3. 1. For each «, 0 < a < 7/2, there exists an entire charac-
teristic function f nonvanishing in the angle {z : |argz — 7/2| < a} U {2z :
|arg z + /2| < a} and having the order

(), 0<a<mn/6
p= { 7/(2a), 76 < a< /4 (41)
2, /4 < a<T7/2.



2. For each o, 0 < a < 7/2, there exists an analytic in C, characteristic
function f non-vanishing in the angle {z : |arg z — 7/2| < a} and having the

order
(), 0<a<7/6

p= (42)
3, /6 <a<m/2.

Proof of Theorem 3. 1. For o € [7/4;7/2] we can take the Gauss char-
acteristic function f(z) = exp{—72? +i8z} (v > 0; 8 € R) as an example.
Consider a € (0;7/4). For constructing an example in this case we shall use
a result of [6]. Let h(0) be a 2m-periodic function on R, let p be a number
greater than 2. Suppose that the following conditions are satisfied:

1) h(0) is a p-trigonometrically convex function;

)
2) 36 > 0,A > 0;h(0) = Acos p(m/2 — 0) for |1/2 — 0] < §;
3) h(w/2+6) = h(m/2—6), for § € [0;7/2];
4) h(m/2+60) < h(m/2) cos?(m/2 — 0), for 6 € [0;7/2].

Theorem [6]. There exists an entire characteristic function f of order p
having completely regular growth (in sense Levin-Pfluger) with the indicator
h(#) and non-vanishing inside the angles where h(f) if p-trigonometric.

We shall construct function h() satisfying conditions 1)—4) and such that
h(0) is p-trigonometric for 6 € [r/2 — a; /24 . Since h(#) will be an even
function satisfying 3), it is sufficient to construct h(f) when 6 € [r/2;7].

a). Consider a € [0;7/6], p = () > 3. Define h(#) by the formula

cosp(m/2 — ), 0en/2;m/2+ af;
ho) = —cos” Ha +7/p)x
cosp(@+a/p+7m/p*—a—7/2), 0€[n/2+a;7/2+ a+7/pl;
cos’(m/2 — 0), belr/24a+m/p;m].
(13)
It is easy to verify that h(f) is a p-trigonometrically convex function (we
use the fact that p = ~(«) satisfies equation cos?(a + 7/p) = — cos pa)

and h(0) satisfies 1)—4). Therefore Theorem of [6] cited above yields that
there exists an entire characteristic function f of order p and of completely
regular growth having indicator h(#). Since h(f) is p-trigonometric for 6 €
[—7/2 —a; —7/2+ o] U [1/2 — a; /2 + a], the function f does not vanish in
the angle {z : |argz — 7/2| < a} U{z: |argz + 7/2| < a}.
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2. Consider « € [7/6;7/4], p = 7/(2ct). Define

cosp(n/2—0), 0€r/2;m/2+ al;
h(0) = (44)
0, 0 €n/2+ a;m].

The function h(6) is p-trigonometrically convex and satisfies 1)-4). Therefore
the above Theorem of [6] yields that there exists an entire characteristic
function f of order p and of completely regular growth having indicator h(9).
Since h(0) is p-trigonometric for § € [—7/2—a; —7/2+a]U[r/2—a; 7 /24 al,
the function f does not vanish in the angle {z : |argz — /2| < a} U {z:
|arg z + 7/2| < a}.

2. When o € (0;7/6] we can take as example the entire function con-
structed in a). When « € [r/6;7/2] we can take f(z) = (1 —iz) ' exp(iz® —
322).

Theorem 3 is proved. Il M

Remark. Using methods of the theory of the cluster sets of subharmonic
functions developed by V. S. Azarin [9], A. E. Fryntov in [7] proved indepen-
dently some more general statement than Theorem 2.
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