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ABSTRACT

The problem of reconstruction of a three-dimensional body internal structure (factor of attenuation,
body density) with help projections which arrive from a computer tomograph is one of most difficult of
3D x-ray computer tomography. Therefore creation of new general method of restoration of internal
structure of the body, based on known schemes of calculation of Fourier’s coefficients of two variables
functions by means of projections which arrive from a computer tomograph is actual.

The work purpose: creation of a new general method of calculation f(x,y,z) in a kind

N N
T(x,y,2)= Y, Y. Cp (2)e* ",

k=—N (=—N
where

G, (2)= zck_/ (z)h(2),

s=1

h.(z)— basic splines (the order 1, 2, 3, ... ) with non-uniform knots of splines and with properties
h(z,)=90,,, 1<s,p<M,
o =1, s=p; o

s.p S,

, =0, s#p; s,p=12,..,
11

Ci(z)) :IIf(xay,Z.Y)e”"z”(’“””dxdy — Fourier’s coefficients of function f(x,y,z,) at fixed value z=z,
00

which find by any known method of the decision of a 2D x-ray computer tomography. For example,
they can be found by a method of convolution of back-projections, direct Fourier's method, an
algebraic method; a method based on use of Poisson’s formula, by wavelets; method based on
optimal approximation by piece-wise constants splines, the method based on use interlineations (the
generalised algebraic method) etc.

In work the theoretical substantiation of the offered method (an error & of approach depending on
A= max (z,,-z), and also from error ¢, = {2§§|Cw(zx)‘éw (zx)| ) is considered. Examples of
application of the developed method on industrial process tomography are given.

Authors thinks that proposed method can lead (after corresponding extension) to optimal algorithms
the solutions of 3D computer tomography problems.

Keywords X-ray computer tomography, Fourier’s coefficients, interflatation, interlineation, wavelets.
1 INTRODUCTION

The problem of restoration of spatial internal structure of a body (factor of attenuation, body
density) on the known projections arriving from a computer tomograph, is one of most difficult
problems of 3D a computer tomography. Besides, direct Fourier method (Gottlieb, Gustafsson, 1998)
decisions of a two-dimensional problem of Radon’s computer tomography in which basis the original
method of calculation of Fourier's coefficients of two variables functions by means of the projections
arriving from a computer tomograph lays is well-known. Authors do not know generalization of the
specified method on a case of calculation of Fourier’s coefficients of three variables functions
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11
II}‘ X, V,Z 7’2”(”"‘+"}'W)dxdydz, -N<p,q,r<N.
00

Use of such Fourier's coefficients allows to describe three-dimensional distribution of attenuation
factors of f(x,y,z) inthe form of a trigonometrical polynom

S/ (0r2)= X2 34,6, e R,

p=—N q=—N r=—N

which is Fourier's sum at Apgr =L =N <p,q,r<N; Fejer's sum at

|P| |q| |r|
A =l1- 1- 1- -N< <N;
par [ N +1 N +1 N+1) N<pgrsi;

. , _ pr qr rw _N< <

Rogozinsky’'s sum at 4, , Cos[z(N+I)JCO{z(N+I)JCOS(z(NH)]’ N<p,q,r<N and so on.
Considering that the theory of approximation of functions by trigonometrical polynoms belongs to the
most developed in the theory of approximation of many variables functions. Therefore the problem of
generalization of direct Fourier's method on a three-dimensional case is actual.

For given time methods of a finding of unknown functions of three variables in the set sections by
means of the projections arriving from a computer tomograph in the form of tomograms are well
studied. But tomograms lay on system of parallel planes, and restoration of all function of three
variables f(x,y,z) can be made in the different ways. Most the general method of such restoration is

the method based on use interflatation of functions (Lytvyn, Pershina, 2005). It consists in construction
of such formulas, which on the set planes coincide in each point with the image of the corresponding
tomogram. It allows to consider, that we can find the approached value of unknown function f(x,y,z)

in each point (x,y,z), and, thus, to find the approached value of its Fourier’s coefficients C, (/). But
for the approached finding of Fourier’s coefficients C, .(f) itis possible to use as well methods which

are already used in a computer tomography, for example, a method of convolution of inverse
projections, algebraic Fourier's method (Gordon, Bender, Herman, 1970), a method based on use
interlineation of functions (the generalized algebraic method), a method based on wavelets (Lytvyn,
Pershina, Nechuyviter, Litvin, Kulyk, 2009).

2 GENERAL METHOD OF CALCULATION C ON THE BASIS OF METHODS

p.q.r

OF RESTORATION OF FACTOR OF ATTENUATION ON SYSTEM OF
PLANES z=z, s=1n

Let for functions f(x,y,z,), s=1LM (generally speaking, unknown) their Fourier's coefficients which

can be found by means of methods of a computer tomography (a method of convolution of inverse
projections, an algebraic method, direct Fourier's method, a method based on interlineation of
functions (the generalized algebraic method), a method based on wavelets, etc.) are known

11
C;‘; = ”.f(x,y,zs, Ye TP dxdy, 0 < |p| <N, 0< |q| <N.
00
Then for a finding
111
Cour= I'”f(x,y,z)ef"z”(”””y”z)dxdydz
000
the method is offered
jsm(z {Cohe ™z,
where
Spa({Crah) = ZC;‘;hxz)
h,(z) — basic functions (polynoms of degree n—1 or splines of order m, 1 <m < 3) with properties

h(z,)=6,, v=LM.

/JV’
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Let's enter designations
C,,(2)= ”f(x y,z)e TP Wdxdy, 0<|p|.lg|< N, CS),0<|pl.|g|<N — Fourier coefficients, finding by

one of the method the solution 2D tomography problem for the section of the body by planes
z=z,, s=1,M (by direct Fourier method or other methods mentioned above) and

x |CO—CY=0(e), & —0.

0<\P\ M<N

Theorem 1. For an estimation of error |C,,(z)- S, (z{C') )‘ for a case when S, (z.{C()}) are a

—2), Vf(x,y,2) e C"*"V[0,17 the following is valid

s+1

splines of order m, 1<m<3,A= max (z

max max

0<|pllglsN 0<z<1

Proof follow from known approximate properties of the spline of order m .
For proving theorem 2 we used next statement

S, (2{COD=S,,(2{C0h|=0(2,), &, 0.

C,, (-5, (z {cob=0(a"")=0(s), Vf(x,y,2)eC**"[0,1T .
1

max max
0<\p\ lgsN 0<z<1

next estimation is valid

Theorem 2. Let €S,,, = S (z,{C Ve gz . Then for error [C,  —CS,..,
P9 pq Pq5
0

— €S,

=0(&)+0(s,), & >0, &, —>0.

pqr

Proof. From theorem 1 and statement for C @SW we can write

psgsr?

@Spqr <

i I (€, (2) =S, (2AC Pl "l

pqr

1
j C, (2)e ™ dz ~ j S, ,(z{C\) he > dz| =
0

1

<

0

ACON+S, (2 {C0))-S, (. {C0) D= <

D=5, ,(z{COhdz=0(£)+0(z,), & >0, &, > 0.

The theorem 2 is proved.

Then by this found Fourier’s coefficients @'p,q,r it is possible to approach unknown function f(x,y,z) in
a kind

f(an’aZ)zFN,N,N(xayaZ) ’
where
N
Fyyy(x,p,2)= z z Z ﬂpqr@pqr i2a(prhgpiE) |
p=—N g=—N r=—

Theorem 3. For f(x,y,z)e C™""*"*! the following estimation of an error is valid

1 3
‘f(xayaz)_FN,N,N(xayaZ)‘ < ‘f(x,y,z)—SNf(x,y,Z)H‘SNf(x,y,Z) _FN,N,N(xﬂy’Z)‘ < O(an+1)+(2N+1) O(g +¢,) .

o 1 . .
Proof. Here we used a known estimation n_lex|f(x,y,z) —SNf(x,y,z)| = O(W) and inequality

z z Z ﬂpqr( l’qr_@p,q,r)eiiZE(p'qu*’Z) <

p=—N q=—N r=—N

- @p,q,r

|SNf(x’y’Z)_FN,N,N(xayaZ)|

<Y ¥ Yl

p=—Ng=—Nr=—N

SQ@N+1Y°0(¢, +5,) .

p.g.r

The theorem 3 is proved.
Thus, unknown function f(x,y,z) in the offered method can be found approximately in the form of

Fourier's sum on variables x,y with coefficients which are functions from z and are represented in
the form of the corresponding splines @',{),(z) constructed on a basis approximately found for each

z=z,s=1,M of Fourier's coefficients.
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3 METHOD OF CALCULATION OF FOURIER COEFFICIENTS OF TWO
VARIABLES FUNCTIONS BY FINITE HAAR SUMS

The new method of calculation of Fourier coefficients of two variables functions f(x,y) which is used

at mathematical modelling in a computer tomography by Fourier’s or Fejer’s trigonometrical polynoms
is offered. The method uses replacement of projections (integrals from function f(x,y) along the set

of lines, which cross object of research) the corresponding wavelet sums.
Let's use such auxiliary statements.

11
Theorem 4. At calculation of Fourier coefficients CF , = ”f(x,y)e”'z”(’ﬁ”’”dxdy for k=0, 1=0;
00

k=0,1>0;, k>0, /=0 by projections equalities are fair

CF,, =

o'—,.—‘

jf(xydxdy Iyz )y, 7,(v)=[f(x.y)dx
0 (]

f(x,y)ef"z’[k”dxdyzjyl(x R yl(x) If X,y dy,
0

ot—,_

1

1
CFo =[]
0

0

0

1
CFoJ = Ij.f(x,y)e—izzzlydxdy _ j'yz (y)efiZEIydy .
00 0

For k<0, 1 <0 we have CF , =CF,; CF,_, =CF,, .
For k>1,121 and k>1: CF,,=1+1,+1;,
1 —i27zl 1
F(zl)e ™ dz k-1 ~i2alLez(k-1)]
11:1£ e ,12:k2+12£F2(l+z(k—l))e dz,

k+Zl) —i27( k+zl)dz
kK +1°

k
T
kt—Iv lt+kv
,  Where F(7)= j( jdv,
! I, K+ K+

ot—,_

¢ (kt=Iv It+kv g
Fz(t): jl. f(k2+12’k2+12 dV’F3(t):1
_L, k2= wke ]
k 1
Similar formulas for other values of indexes k and / use other designations for projections (instead of
F, designations G, , ¢,, ®,, x#=1,2,3). We omit them.

kt—Iv lt+kv
' . dv
f(k2+lz k2+lzj

Let's notice, that for values k, ! satisfying to conditions &, /<-1, equalies CF, ,=CF, ;

, =123 are the

CF,, =CF,_,, a+if=a-if are used. Written above function 7, , G, , ¢,, @

projections received by integration of function f(x,y) along stralght lines, crossing square [0,1]2 and
pass in parallel direct kx+Ily=¢. In practice the specified experimental data can be received by
computer tomograph for a discrete set of values of variable ¢.

The method consists in replacement of functions y,(x), 7,(v), F(zl), F (l+z(k—l)), by Haar’s

wavelet sums and in exact calculation of the received integrals. It is possible to use except Haar's
wavelets as well others wavelets.

Theorem 5. For the approached calculation of Fourier's coefficients by finite Haar's sum wavelets and
a discrete set of projections we have formulas

1 & 1 & M P
CFo,o ~ CFo,o,M :_271,, :_z}/zq ) CFk,o ~CF, oy :zylpe M,
Mp:l M q=1 p=1

M "
CF, = CFy = 272,,6 M,
q=1

CF, =~CF y=1,,y+1

2,k,01,N,
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) e M1 - (z +z j szl q
F|Ze "atl e v, F(z)=F(zl), z, =—,
1Lk,l,N, k2 +lz —1272'1 = 1 2 1( ) 1( ) q ]\[1
*lzﬁﬁ
k=1 | e ™M-1|& - (z+z s k) 9
I = F,| 2o et N E(2)-F(l+z(k=1)), z, =,
ThLNy g2 2 —i27r(k—l) = 2( ) je 2 (Z) 2( Z( )) Z N,

/ eﬂ N | (z +z j -2 q
= F|elle ™ [ F(z)-F(k+zl) z, =—.
NP il J 2 +(2)-1( ) 2, N,

Theorem 6. For error |CF,,-CF,, | of approach of Fourier's coefficients CF,, of functions

f(xy)eC[0,1] by formulas CF,,, which turn out replacement of functions by wavelets
/4 u=1,2,3 the estimation from above is fair (similar estimations also it is possible to write for

N,
E (W, O )

G, 4,,,)
In particular, at approach by Haar's wavelets it is had |CF,, - CF,, ,|=0(N™").

CFk,l - CFk,l,N| = 0(

The analysis of results of computing experiment, in which for visualization of function f(x,y) Fourier's

and Fejer’s were used, given in (Lytvyn, Pershina, Nechuyviter, Litvin, Kulyk, 2009).
Thus, by means of the received factors, it is possible to construct corresponding tomograms in a kind
2D Fourier sums.

4 METHOD OF CALCULATION OF FOURIER’S COEFFICIENTS FOR
SECTIONS f(x,y,z,), a = 0,M BY MEANS OF THE ALGORITHM, USING

OPERATORS INTERLINEATION WITH THE SET PROJECTIONS TO THE
FIXED SYSTEM OF LINES.

Let the investigated object is located in square D -EE =[0,1] and its characteristic is defined by
function f(x,y,2),

S(x,,2)=0, (x,y,2) ¢ D.
Let's find Fourier coefficients for functions f(x,y,z,) as follows.
Let's spend through area G =[0,1]* straight lines T :x=x;(¢), y= i (¢), k=L N. It is considered
known projections along these straight lines y; =y s = _[ S(x,y,z5)ds, k= 1,N . We will state a method

v

of restoration of function f(x,y,z,) with the help of projections along the specified lines on way.

For z =z  we build the interlineation operator ON({f}{,s};Us;x,y) =0y (x,y,zg) With properties

ON (i s U2, ) = f(x3,29) = F (0 (0,94 (0.25) = fi s (). (x.1) €T, k=L N,

J=Lp .
where t- parameter ,U* = [Uf} _ —unknown matrix.
i=1,r

Theorem 7. There are such operators Jj ¢ = Ji (7 ;U st) = fi 5(0), k = I,N that operator

On({Jk s }:U%;x,y) satisfies to conditions I OnN(J s iU sx.0)ds =y, =7 5» 5.p=1N irrespective
r
)

of a choice of elements of matrix US..
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Example. Let’s
f(x:yszs):fs(xsy)y N=m+n,

1 1
7D =[£Gy, i=Lm; ) =[ f(ej)dx, j=T,n - set numbers,
0 0
0<x;,y; <1, i=1,m, j=1,_n, x0=y0=0, X1 =yps1=1.
Let's
ON(x,y,Zs)=0N({7fj);7§-,2s) hU%x, ),
m n
Oy (x.7.2)= 3 )| 72+ Y (Uf =72 oy |+
i=1 j=1
n m m n
Y H j(y)[yﬁz +3(vp —yﬁ{i)v/i(x)] 3> h(0)H j (30U,
J=1 i=1 i=1j=1
where functions y;(x), @;(y), hi, H; have following properties
0 (0g)=8q Vilep)=5ip i,p=0m; [y (x)dx=[g;(y)dy=0; j.g=0n,
0 0

hi(xp)=06; p, ,p=0,m; H;j(yy)=6;,4, j,4=0,n.
Theorem 8. For Oy (x,y,z;) next equation is valid

ON(xp,v0,25) =Up YUy € R,

1 1 1 1
2 . 1 ) - _
[o Gy z)dy =72 =[£Gy, [ON ey z)de =y () = [ fGevpdx, k=Lm, £=Tn.
0 0 0 0
Unknown U;/ it is found from condition Rj(U®)— min, where
d S

U

) 2
s ) (2.7 J 2 s
Ri(U*) = JDJ {zo(ON({yﬁ.j,y},s)};u‘;x,y)) +ﬂll[—ax0N({y§,§,y§,3};U‘;x,y)j -

2
a ) (2)y.,
[EON({yﬁj,y},s)};v‘;x,y)] ]+

2 2
52 1 2 S 52 1 2 S
+2 [gom{7§,§,y§,s)};U‘;x,y)} +2[M0N({7§,§,y§,s)};U‘;x,y) -

US

2
of, |

2
62
+[—2 ON({75~12,71~(§)};US;x,y)] dedy + ﬂ‘
ay ] 9

2 non 2
X205
i=1j=1
A0.41,4, 8 — some numbers ( S —regularization parameter). For not differentiated functions f; (x,y) it
is possible to put 4y =1, 4 =4, =0. As a result for a finding of optimum point U* we receive system
of the linear algebraic equations
R (U”)

N
aUPa‘]

After the decision this system of the linear algebraic equations for z=:z, s=1,_M we find

=0, p=Lm; g=1n.

ON({Jk,S};US;x,y)=0N(x,y,zs) and can write for f(x,y,z) next approximate 3D explicit form

M
f(xy.2)~ f*(x,,2)=2.0,(x,y,2,)h,(z) and Fourier's coefficients of function f *(x,y,z) usual way,

a=l1
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if it is necessary.
5 EXAMPLES

Example 1. Research of cracks in a sphere of radius 1 with the centre in a point (0.5,0.5,0.5) (for
simplification we assume, that the crack looks like a parallelepiped). In this case investigated function
looked like

f( ) L if (x—0.5)2+(y—0.5)2+(z—0.5)2SO.SZA(lx—0.5|2avly—0.5|2bv|z—0.5|2c),
JI\XY,2)=
0, if (x—O.S)2 +(y—0.5)2 +(z—0.5)2 > 0.5 v(lx—0.5|< a/\|y—0.5|<b/\|z—0.5|< c).

For the image of the first approached function its two-dimensional sections received by means of

k -
tomograms f(x,y,z;), zx =10 k=1,9 were used.

In fig. 1 we give only five sections as at z > 0.5 images of sections will repeat, owing to symmetry of
object with respect to plane z=10.5.

0 0006

F|g1 The image offunctlons Sfi(xp.zt)
) fl(xayao'l)i b) fl(xayao'z)i ) fl(xay903) ’ d) fl(xayao'4)1 ) fl(xay,OS) .

Example 2. Finding of Fourier's coefficients of the body having the form of "screw-driver" (a detail
transferring twisting moment). In this case investigated function looked like

S2(x,p,2)= Rd[wwm(x,y,Z),szm(x,y,Z)] ;
where

wlpm(x,y,z)=Rk[w1p(x,z),w1m(x,z)], wzpm(x,y,z)zRk[wzp(y,z),wzm(y,z)],
wlp(x,z)z—(x+c~z—d), wlm(x,z)z—(—x+c~z—d), wzp(y,z)z—(y+c~z—d),

wzm(y,z)z—(—y+c~z—d),Rd(u,v)z ~(u+v+|u—v|),Rk(u,v)= ~(u+v—|u—v|).

1 1
2 2
Sections of this body are set of planes z =z, z; = 1]; k=0,9.

On fig. 2 images of functions f,(x,y,z;) are presented. On fig. 2 are presented the level-by-level
image of function f,(x,y,z;) in the field of its definition
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) h) i) g) K

Fig. 2. The image of functions f;(x,y,z;) :
a) f2(x,0); b) f2(x,»,0.1),¢) f(x2,02),d) fr(x,5,03);f) f2(x,»,04);

i) f2(x,9,0.5);h) f3(x,3,0.6) ;1) f2(x,5,0.7) 9) f2(x.,0.8);K) fo(x,»,0.9).

)

Fig.3. The level-by-level image of border of area in which f; (x,y,z)function is defined

Let's notice, that at construction of this function were used V. L. Rvachov’s R — functions (Rvachev,
1982): R -conjunction — Rk (u,v) and R -disjunction — Rk (u,v).
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