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Master Thesis Jingyu YAN “Development of an Unlimited Register Machine
Emulator”, Kharkiv, 2024.

Annotation: This thesis presents the implementation of an Unlimited Register
Machine (URM) simulator as a practical tool for studying computability theory.
The research develops a Python-based implementation that supports the four
fundamental URM instructions through a modular architecture with components
for register management and instruction execution.

The system features program normalization, concatenation, and movement
operations, while utilizing Jupyter Notebook as an interactive development
environment for real-time visualization and debugging. Comprehensive testing
validates the system's correctness across all components, with full code coverage
and extensive test suites for both basic operations and advanced features.

The simulator serves as an educational tool bridging theoretical computability
concepts with practical implementation, enabling hands-on experimentation with
computational models. This work contributes to computer science education by
providing an accessible platform for understanding and exploring fundamental

concepts in computability theory.



1. State-of-Art and Motivation

1.1 .Why Understanding Computability Theory is Important for I'T Specialists
While computational theory's intricacies may seem abstract, an IT professional
must clearly understand its core concepts.

The emergence of computability theory has profoundly influenced how we
approach and solve computational problems. As Cooper [1] demonstrates in his
comprehensive analysis of computability theory, this field represents "computation
with consciousness," marking the crucial transition from merely performing
computations to understanding their fundamental nature and limitations. His work
extensively explores the theoretical foundations that enable IT specialists to
recognize and analyze the inherent boundaries of computational problem-solving,
particularly emphasizing the importance of understanding these limits in practical
applications.

Understanding computability theory provides essential insights into algorithmic
thinking and problem-solving capabilities. Drawing from Leibniz's foundational
work in "The Art of Discovery" [2], we observe that computational thinking offers
a systematic framework for transforming abstract problems into tangible
calculations. In his philosophical treatise, Leibniz establishes the fundamental
principles that would later influence modern computational theory, demonstrating
how logical reasoning can be systematized into calculable processes. This
transformation has become particularly crucial in modern software development,
where practitioners must evaluate whether problems are algorithmically solvable
and determine efficient approaches to their solution.

The theoretical framework established in Turing's seminal paper [3] not only
provided the basis for computation but also demonstrated the existence of
problems that cannot be solved algorithmically. His introduction of the Universal
Turing Machine and the halting problem fundamentally changed our understanding
of computational limitations. As Davis [4] illustrates in his comprehensive

historical analysis "The Universal Computer," these principles directly influence
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how we approach algorithm design and system architecture. Davis meticulously
traces the development of computational thinking from Leibniz to Turing, showing
how these theoretical foundations help practitioners distinguish between
computationally tractable problems and those requiring alternative approaches,
leading to more efficient solution strategies.
Furthermore, the evolving landscape of computation, including quantum
computing paradigms as explored by Bohm [5] in his foundational work on
quantum theory, introduces new dimensions to problem-solving approaches. His
theoretical framework provides crucial insights into how quantum phenomena
might be harnessed for computation, suggesting possibilities beyond classical
computational limits. This expanded understanding empowers IT specialists to
think beyond traditional computational boundaries and develop more effective
strategies for addressing complex computational challenges.
The integration of computability theory with modern software development
practices has led to significant advances in programming language design and
implementation. Pierce [6] demonstrates how type theory, rooted in computational
foundations, provides formal methods for ensuring program correctness and
reliability. This theoretical groundwork has profound implications for software
development, offering rigorous frameworks for verifying program behavior.
Furthermore, as Aho et al. [7] illustrate in their comprehensive work on compiler
design, the principles of computability theory directly inform the development of
programming language processors, particularly in areas such as syntax analysis and
code optimization. Their work shows how theoretical understanding of
computation enables the creation of more efficient and reliable software tools,
bridging the gap between abstract computational models and practical
programming environments.

1.2.The Necessity of a Practical Approach
The integration of theoretical concepts with practical applications has become

increasingly crucial in computer science education and professional development.



In the context of real-world applications, theoretical computability concepts find
concrete expression in daily IT practices. As Sipser [8] demonstrates through
numerous case studies, fundamental computational theories directly inform
practical software development decisions. This practical relevance is further
emphasized by Denning [12] who shows how theoretical foundations enable IT
specialists to better analyze and solve complex computational problems in their
professional work.

The effectiveness of practical exercises in computer science education has been
well-documented through extensive research. Ben-Ari [13] argues that hands-on
programming projects provide students with concrete experiences that help bridge
the gap between abstract concepts and their practical implementation. This
pedagogical approach becomes particularly valuable when teaching complex
theoretical concepts, as it allows students to explore and understand abstract
mathematical ideas through tangible programming exercises and real-world
problem-solving scenarios.

This connection between theory and practice significantly impacts student
motivation and engagement. Jenkins [14] demonstrates that students show
increased interest and dedication when theoretical concepts are presented through
practical challenges that mirror real-world scenarios. The implementation of
theoretical concepts through practical projects not only enhances understanding but
also helps students visualize the relevance of these concepts to their future
professional careers. This motivational aspect is particularly important in fostering
long-term engagement with complex theoretical subjects.

Furthermore, the development of essential computational skills through practical
application has become a cornerstone of modern computer science education. Wing
[15] emphasizes that engagement with computational concepts cultivates critical
thinking patterns that extend beyond programming to broader software engineering
practices. These skills manifest in various aspects of professional development:

from designing scalable software architectures and optimizing algorithms, to

4



analyzing system requirements and solving complex debugging challenges. Such
practical applications help professionals develop a systematic approach to problem
decomposition and solution design, which are fundamental to modern software
development practices.
This integrated approach of combining theoretical foundations with practical
applications creates a comprehensive learning environment that not only enhances
understanding but also prepares students for the challenges they will face in their
professional careers. The practical implementation of theoretical concepts serves as
a bridge between academic knowledge and professional competence, ensuring that
students develop both the theoretical understanding and practical skills necessary
for success in the field of computer science.

1.3.Existing Tools for Modeling Imperative Programs
In modern software engineering practices, a variety of tools have emerged to
support algorithm modeling and program verification, each serving distinct yet
complementary purposes in the software development lifecycle. Visual modeling
tools play a crucial role in algorithm representation and system design. Fowler [16]
emphasizes the importance of visual modeling in his comprehensive work on
UML, particularly highlighting how flowcharts and diagrams serve as essential
tools for understanding and communicating complex algorithmic processes. The
Unified Modeling Language (UML) has emerged as the industry standard for
visual modeling, providing a robust framework for representing both structural and
behavioral aspects of software systems.
Contemporary visual modeling has been significantly enhanced by the emergence
of efficient diagram rendering tools. Modern text-based diagramming tools have
transformed how developers approach visual documentation, as noted in
comprehensive analyses of model-driven software engineering practices [17].
Tools like PlantUML and Mermaid represent a significant advancement in
visualization technology, combining the precision of UML standards with the

convenience of text-based diagram generation. Martin [18] demonstrates how this



comprehensive approach to visual modeling facilitates better system design and
communication among development teams, particularly through modern UML-
based visualization that encompasses sequence diagrams, state machines, and
activity diagrams.

While visual tools address the graphical representation of algorithms, pseudocode
serves as a critical bridge between human reasoning and formal programming
implementations. Knuth [19] established the foundational principles of algorithm
description in his seminal work, demonstrating how pseudocode enables clear
communication of algorithmic logic without the syntactical constraints of specific
programming languages. Cormen et al. [20] further illustrate how pseudocode
facilitates the understanding of complex algorithms by abstracting away
implementation details while preserving the essential logical structure, making it
particularly valuable in academic literature and technical documentation.

The implementation of algorithms relies heavily on modern programming
languages, which have evolved to become powerful tools for algorithm analysis
and implementation. Van Rossum and Drake [21] highlight Python's emergence as
a dominant language in algorithmic analysis and scientific computing, attributing
its success to its clear syntax, extensive library ecosystem, and powerful data
processing capabilities. Géron [22] further demonstrates how Python's ecosystem
provides sophisticated tools for algorithm visualization and computational
complexity assessment, particularly in deep learning applications where
researchers need to analyze and optimize complex neural network architectures.
Complementing these development tools, formal verification represents a critical
advancement in ensuring program correctness. Leroy [23] demonstrates through
his groundbreaking work on CompCert how formal verification can be applied to
real-world compiler systems to guarantee their correctness. Building on this
foundation, Hoare [24] established fundamental principles for program

verification, leading to modern theorem provers like Coq and Isabelle/HOL that



provide environments for developing machine-checked proofs of program
correctness.

1.4. Comparing Existing Tools with URMs
The simplicity of Unlimited Register Machines lies in their minimal instruction set,
which fundamentally distinguishes them from other computational models. As
Shepherdson and Sturgis [25] originally demonstrated, URMs operate with just
four basic instructions: zero, successor, transfer, and conditional jump. This
minimalistic design, while complete in computational power, provides remarkable
clarity in understanding fundamental computational processes. This foundational
work established both the theoretical framework and the fundamental properties of
the URM computational model, demonstrating how URMs provide a concrete
representation of computability while maintaining mathematical rigor.
The theoretical significance of URMs is further enhanced by their practical
applicability. Cutland [26] elaborates how this simplicity facilitates both theoretical
analysis and practical implementation of computational concepts. The URM model
provides a practical framework for studying both decidable and undecidable
problems in computability theory, making abstract computational concepts
accessible through their register-based architecture. In their original formulation
[25], URMs demonstrated how a model could combine theoretical completeness
with operational simplicity, making them particularly valuable for understanding
the relationship between abstract computability theory and concrete computational
processes.
The elegance of URM's design becomes particularly apparent when compared to
modern programming languages and tools. While contemporary languages offer
extensive features and abstractions, URMs strip computation down to its essential
elements. As noted by Cooper [1] in his analysis of computability theory, this
reduction to basic operations makes URMs an ideal tool for understanding the core
principles of computation without the complexity of modern programming

constructs. This simplicity not only aids in theoretical analysis but also provides a



clear framework for understanding how complex computations can be built from
elementary operations.

Building upon the theoretical foundation and simplicity of URMs, their educational
value becomes particularly significant in computer science pedagogy. The minimal
instruction set of URMs makes them an excellent pedagogical tool for introducing
fundamental programming concepts. The four basic instructions provide a clear
framework for understanding how complex computational structures can be built
from simple elements.

The pedagogical advantages of URMs are enhanced by their theoretical
completeness. Through URMs, students can grasp essential programming
constructs in their most fundamental form: loops can be understood through jump
instructions, conditional statements through the comparison operations, and
recursion through the systematic manipulation of registers. This reduction to basic
operations facilitates a deeper understanding of computational principles without
the overhead of complex programming language features.

Furthermore, the bridge between theoretical concepts and practical implementation
that URMs provide offers a unique educational opportunity. Students can trace the
execution of programs step by step, understanding exactly how each instruction
affects the machine's state. This transparency in computation makes URMs
particularly effective for teaching both the theoretical foundations of computer
science and the practical aspects of program execution.

In conclusion, the integration of URMs with modern computational tools presents
a powerful educational framework. While flowcharts and UML diagrams provide
visual representation, pseudocode offers algorithmic abstraction, and modern
programming languages supply practical implementation capabilities, URMs
contribute a fundamental theoretical foundation that bridges these different
approaches. This synthesis creates a comprehensive learning environment where
students can move seamlessly between visual representations, theoretical concepts,

and practical implementations. The combination of URM's theoretical rigor with



contemporary modeling and development tools enables educators to create a multi-

faceted approach to teaching computability theory, making abstract concepts more

accessible while maintaining mathematical precision. This integrated approach not

only enhances understanding of fundamental computational principles but also

prepares IT specialists to apply these concepts in their professional practice.

2.Theoretical Background

2.1. Introduction

The Unlimited Register Machine (URM), as an important computational model,

holds a significant position in computational theory research. First proposed by

Shepherdson and Sturgis [25] and later simplified and refined by Cutland et al.

[26], this paper will discuss the development of a URM simulator.

The basic structure of a URM consists of an unlimited number of registers (Ri, Ro,

Rs, ...), each capable of storing a natural number. Its computation process is

controlled by a finite sequence of instructions, including:

1. Zero instruction (Z instruction): Z(n) sets the content of register R, to 0

2. Successor instruction (S instruction): S(n) increments the content of register R,
by 1

3. Transfer instruction (T instruction): T(n,m) copies the content of R, to R,

4, Jump instruction (J instruction): J(n,m,q) compares the contents of R, and R,
jumping to the qth instruction in the program if they are equal

Baxter further proved in his research that the class of computable functions on

URM exactly constitutes the class of partial recursive functions [27]. This

important conclusion provides profound insights into computational theory,

demonstrating that URM possesses computational power equivalent to Turing

machines.

In practical applications, Hampton's work demonstrated how to implement a URM

simulator using ALGOL, providing an important reference for subsequent research

[28]. Based on the theoretical foundations of predecessors, this paper will explore

an improved URM simulator implementation scheme using high-level
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programming languages, aiming to provide a more efficient and user-friendly
computational model simulation environment.
Notably, although physical computers have a finite number of registers, through
appropriate memory management and virtualization technologies, we can simulate
the infinite register characteristics of URM i1n actual systems. This simulation not
only has theoretical significance but also provides practical tools for teaching and
research.
As a typical application example, the computation of the factorial function well
demonstrates the computational capability of URM. This recursive function, which
can be simply expressed in high-level programming languages, can also be
implemented on URM, albeit requiring more basic instruction sequences.

2.2. Registers
The core characteristic of the Unlimited Register Machine (URM) lies in its
unlimited storage capacity, manifested in two key dimensions: first, the infinity of
register quantity, consisting of a countably infinite sequence of registers Ri, Rz,
Rs, ...; second, the infinity of storage capacity for each register, meaning that the
values ro, 11, 12, 13, ... in each register can be any natural number N = {0,1,2,...}
without digit limitations.
Two core properties of the URM register system:
1. Infinite Number of Registers:
e Register sequence can extend infinitely
e New registers can be used at any time
e No constraint exists on the upper limit of register quantity
e Registers at any position can be used as needed
2. Infinite Storage per Register:
e FEach register can store natural numbers of arbitrary size
e Stored values are not limited by number of digits

e No constraint exists on the upper bound of values
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e Supports numerical storage with arbitrary precision
This dual infinity ensures that URM is not limited by storage resources during
computation, providing an ideal abstract model for studying computational theory.
Although there are limitations in physical implementation, this setting of infinity
has important significance for understanding the essential characteristics of
computation.

2.3. Input
Input is a fundamental building block of any program, and URM programs are no
exception. The parameter expression forms for URM program inputs can be:
e An ordered k-tuple (x1,x5,...,x;) € N¥
e Or anatural number x € N
To simplify the discussion, we can view a single natural number as a 1-tuple
(x;,)) EN'=N.
This way, we can uniformly treat all URM program inputs as tuples, avoiding
repetitive discussions for k = 1 and other cases.
2.3.1. Initial State Convention
The computation of a URM program P typically follows these conventions:
e The input tuple (x4, x5, ..., Xx) is stored in registers Ry, R,, ..., R respectively
e All other registers used by P are initialized to 0
In mathematical language, the initial state of URM can be expressed as:
o Vie([l..k]l,; =x;
o Vi>kri=0A1=0
2.3.2. Important Notes
It should be noted that during program execution, input values (in whole or in part)
may be overwritten.
This means that at program termination, registers Ry, R, ..., R may not
necessarily still contain the initial input values x4, x5, ..., X,

unless the program specifically includes code to protect these values.
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2.4. Output
After the execution of a URM program, we define the value read from register R,
as the program's output result. Therefore, during URM program development,
using R as the register position for return values should be treated as an important
rule in program design.

2.5. Basic Instructions

The URM model includes four basic instructions:
Instruction Code  Effect Description

0 - R, Store 0 in register R,, and execute the next
Zero Z(n) . .
ip + 1 - IP 1nstruction

1, + 1 = R, Increment the value in register R,, by 1 and
Successor S(n) _ .
ip + 1 — IP execute the next instruction

,m, = R, Copy the content from register R,,, to register

Copy C(m,n) . .

ip + 1 - IP R,, and execute the next instruction

Tm — Ry If If the contents of registers R,,, and R,, are
Jump J(m,n,q) 1, = 13, else equal, jump to instruction q; otherwise,

ip + 1 — IP execute the next instruction
Table 2- 1

2.6. Program
URM's program consists of a finite set of URM instructions: P = (I3, 15, ..., I,),
where:
e 1 is the nlength of the program, which can also be defined using the function

Size(P) =n

e Each J; is a valid URM instruction

e Instructions are numbered sequentially from 1 to n

12



2.6.1. State

The program state is represented by an ordered pair: (ip, f), where:

e ip € N* is the instruction pointer, indicating the number of the currently
executing instruction

e f:N — N is the register content function, where f (i) represents the value in
register R;

2.6.2. Initial State

The program's initial state is defined as:

e Instruction pointer ip = 1

e Forinput (xq,...,xx)
o Vi€e|[l..k],f(i) =x;
o Vi>k,f(i))=0
o f(0)=0

2.6.3. Termination Conditions

The program terminates under the following conditions:

e ip = 0, program jumps to instruction 0

e ip > n, instruction pointer exceeds program length

e Or reaches a specifically defined halting state (if any)

2.7. Operation
When a URM runs a program, it always starts by executing the first instruction.
After executing an instruction, it moves to and executes the next instruction, with

exceptions for instructions that include jump functionality, such as Jump.
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.Ygram: P=1lla...1k
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(ip=1)
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Execute I_ip Halt

(ro)

;

Picture 2- 1
2.8. URM Program Techniques

In terms of URM program application techniques, we often need to use certain
methods to operate on one or more URM programs to build and combine new
URM programs capable of performing more complex tasks.

2.8.1. URM Program Size

The size property of a URM program represents the number of instructions
contained in the instruction tuple of a URM program: size(P)

The size attribute of an URM program represents the number of instructions

contained in the instruction tuple of an URM program: size(P)

1. Case 1: If P is an empty program, i.e., size( ), then size(P) = 0

2. Case 2: If P is a non-empty program, i.e., P = (I3, I,,...,1,),n = 1, then
size(P)

2.8.2. URM Program haddr

The highest address position (haddr) in a URM program represents the maximum

address position accessed among all instructions in the instruction tuple of a URM

program: haddr(P)

1. Case 1: If P is an empty program, i.e., P = (), then haddr(P) is undefined

14



2. Case 2: If P is a non-empty program, i.e., P = (I, I5,...,I,) n = 1, then:
haddr(P)

m ifn=1landl; =Z(m)or l; = S(m)
max(m, k) ifn=1andl, = C(mk)orl, = J(m k,q)
max(haddr(ly...I,_1),m)  ifn>1andl, = Z(m) or I, = S(m)
max(haddr(ly...In_1), mk)ifn>1andl, = C(mk) orl, = J(mk,q)

2.8.3. Normalized URM Programs
For determining the normalization of URM:
1. Case 1: If a program P is empty, i.e., P = (), then P is normalized
2. Case 2: If P 1s a non-empty program, i.e., P = (I}, 1,,...,I,) n = 1 then:
For any jump instruction J(n, m, k) in P, k must satisfy one of the following
conditions:
e 1<k<n
o k=size(P)+1
normal(P)

_ true ifP=(
B {Vi €{l,..,size(P)}[I; =J(n,m k) = (1 <k <n)Vk =size(P) + 1)]

Any URM program P can be converted into an equivalent normalized program,
denoted as P°. This conversion does not change the program's computational
behavior but makes the program structure more standardized.
2.8.4. URM Program Concatenation
Suppose we need to concatenate two URM programs to form a more complex
program; given two URM programs P and Q, we define their concatenation
operation P &> Q as follows:
1. Case 1: If program P is empty, i.e., P = (), then P > Q = Q
2. Case 2: If P is a non-empty program, i.e., P = (I3, I,,...,I,;) ,n = 1, then:
a. Normalize P to get P° = normal(P) = (I3, 13, ..., I})
b. For instruction tuple in Q, Q = (I; ... I,;,) if there exists a jump instruction

I; = J(k, 1, q), it needs to be modified:
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[ e {](m,n,k + size(P°)) l:fk > O,
J(m,n, k) ifk<0
other types of instructions remain unchanged
c. Through the above steps, we can obtain the concatenated program P &> Q =
(11, .., I, 1T o 1)
2.8.5. URM Program Movement
Suppose we need to change the register position area operated by instructions in a

URM program, moving it as a whole backward; given a URM program P and a

non-negative integer of f, we define the shift operation move(P, of f) as follows:

1. Case 1: In special cases, move(P,off) =Pif P=(Qoroff =0
2. Case 2: In general cases, for each instruction I}, (1 < k < n):
Z(i+off) if I, = Z(i)
n={ S(i+off) .ifIk_z S(.i).
Ci+off,jtoff) ifl=CGJ)
JG+off,j+off,q) if Ik =J(j,q)
2.9. Main Tasks
This project aims to develop an Unlimited Register Machine (URM) programming
toolkit for studying computability theory. The core objective is to provide
standards for URM program writing, execution, and environment analysis, helping
researchers understand computability theory and verify the URM computability of
functions.
2.9.1. Implementing URM Core Architecture in Python
Python, as a high-level programming language, features excellent readability and
rich standard library support. Its dynamic type system and automatic memory
management characteristics are particularly suitable for implementing URM's
unlimited register abstraction and instruction system. Additionally, its concise
syntax facilitates theoretical researchers' intuitive understanding and verification of
program correctness [29]. We will use Python to develop the URM computational

model, implementing data structures and management mechanisms for unlimited
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register space, and designing the logic and control for instruction execution

Processces.

2.9.2. Basic Implementation of URM Computing System

We will develop the basic functionality of the URM computing system, which

serves as the foundation for subsequent URM computational models, including:

Register class design

Instruction class design

Implementation of four basic instructions

o Zero: Z(n)

o Successor: S(n)

o Copy: C(n, m)

o Jump: J(n, m, k)

Container design for instruction lists

Basic property functions for URM programs
o size(P)

o haddr(P)

2.9.3. Functions for Operating URM Programs

By developing functions for operating URM programs, we can help implement

more complex computations using URM programs, including the following

functions:

Execution functionality: core module, designing the logic for executing URM
programs

Normalization functionality: used to standardize URM programs, providing
normalization features for more complex URM program combinations,
reducing the risk of program errors

Program concatenation functionality: through concatenation functions, multiple
URM programs can be combined into a program capable of handling more

complex computations
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e Movement functionality: moving URM programs to run in different memory

blocks
e Parallel computation: implementing simulated parallel computation of multiple

URM programs
2.9.4. Developing a Universal Program
In the development of the universal program library, a string-based universal
encoding scheme is used to represent URM programs. This design not only
provides uniformity and extensibility in program representation but also effectively
supports program storage, transmission, and dynamic generation through string
serialization and deserialization mechanisms. It also facilitates program syntax
analysis and transformation operations, providing flexible expression methods for
implementing basic arithmetic operations and complex control flows. While
ensuring theoretical rigor, this encoding strategy also takes into account usability
and maintainability in practical applications.
2.9.5. Test System Development
The test system needs to adopt a layered testing strategy, ensuring the correctness
and robustness of URM implementation through systematic unit testing and
integration testing. Based on Python's unittest framework, a comprehensive set of
test cases has been constructed, covering various levels from basic instructions to
complex programs, to verify both the theoretical correctness and practical usability
of the system. The main test scope includes:
1. Function Testing:

o Instruction execution correctness

o Register state changes

o Program logic and control flow updates
2. Exception Handling Testing:

o Illegal instruction handling

o Boundary checking

o Type error handling
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3. Universal Program Testing:

o Simple program testing: such as addition, subtraction, multiplication

o Decision function handling: such as greater than, less than

o Recursive function handling: Fibonacci numbers
4. Boundary Condition Testing:

o Empty program handling

o Maximum value handling

o Recursive depth limits
3.Software Implementation

3.1. System Architecture Design

3.1.1. Overall System Architecture Design
The system is based on a modular, layered architecture design, aiming to
implement a feature-complete, extensible, and maintainable URM (Unlimited
Register Machine) simulator. By dividing functionality into three main levels -
foundation layer, instruction layer, and execution layer - it achieves separation of
concerns and component decoupling, laying the foundation for system extensibility
and maintainability.
In terms of design philosophy, the system follows the "Single Responsibility
Principle" and "Open-Closed Principle", with each module having clear functional
boundaries and responsibilities [30]. The foundation layer handles low-level data
structures and memory management, providing stable infrastructure for upper
layers; the instruction layer encapsulates URM's core instruction set and program
representation, ensuring instruction execution correctness and consistency; the
execution layer handles program compilation, runtime state management, and
instruction execution, implementing flexible control flow.
From a technical perspective, the system chooses Python as the implementation
language, fully utilizing its language features and ecosystem advantages. Python's

powerful object-oriented features support the system's modular design, while its
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type annotation system and exception handling mechanism enhance code
reliability. Python's unique advantages are particularly evident in:
e Implementing singleton pattern and comparison operations for natural numbers
through special methods (like new, eq)
e Providing type-safe interface design using type annotations and typing module
e Implementing efficient storage and retrieval based on built-in data structures
e Simplifying code structure through decorator pattern and functional
programming features
e Optimizing performance using generator expressions and lazy evaluation
From an engineering practice perspective, the system's architecture design
particularly emphasizes testability and maintainability. Through clear interface
definitions and dependency relationships, each component can be unit tested
independently. The loose coupling design between modules minimizes the impact
scope during maintenance and upgrades. Meanwhile, the system's extensibility is
reflected in multiple aspects: supporting extension of new instruction types,
allowing custom program transformation operations, and providing flexible
runtime configuration options.
In terms of performance optimization, the system adopts multiple strategies to
balance execution efficiency and resource consumption. Caching mechanisms
reduce repeated calculations, while lazy evaluation avoids unnecessary
computational overhead. In memory management, an intelligent dynamic
allocation strategy is implemented, ensuring both the abstract concept of unlimited
registers and avoiding excessive resource occupation. The exception handling
mechanism design ensures system stability and reliability under various boundary
conditions.
3.1.2. Core Components and Their Interaction Relationships
The system's overall architecture adopts a bottom-up layered design approach. By
decomposing the complex URM simulation system into several independent but

collaborative core components, each component focuses on specific functional

20



domains and interacts through clear interfaces. This componentized design not
only improves system maintainability and testability but also provides a good
foundation for future functional extensions. Each component of the system is

carefully designed to ensure its functional completeness and interface stability.

Memory NaturalNumber
-List[nat] registers -Dict[str, Self] _used
___ —————manages +size: int ——stores—>
+__new__(prototype)
/ +read(addr) +__eq__(another)
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\ Program
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-instructions: Tuple[ins] Instruction
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- +Successor(n
> +get_instruction() I
+compile(text) generates v ) executes +Copy(m,n)
+parse_line() +concat() +Jump(m,n,k)
+validate() +move()

Picture 3- 1

3.1.3. Foundation Layer Components

e NaturalNumber Component This component is the system's basic data type
implementation, specifically designed for handling natural number
representation and operations. It optimizes object creation through a clever
caching mechanism, avoiding performance overhead from repeated
instantiation. Main features include:
o Uses singleton pattern to manage natural number instances
o Implements equality comparison for natural numbers
o Provides type-safe value conversion mechanisms
o Achieves efficient object reuse through global singleton dictionary

e Memory Component As URM's core storage manager, the Memory component
implements the abstract concept of unlimited registers. It not only provides
basic read-write operations but also implements intelligent space management

strategies:
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o Dynamic register allocation mechanism
o Automatically expandable storage space
o Zero-value initialization strategy
o Type-safe access operation interface
3.1.4. Instruction Layer Components
¢ Instruction Component This component encapsulates URM's basic instruction
set, implementing instruction representation and basic operations through
elegant class design:
o Supports four basic instructions: Zero, Successor, Copy, Jump
o Provides standardized string encoding representation methods and
preprocessing functionality for instructions
o Implements instruction parameter validation mechanism
o Maintains instruction object immutability
e Program Component The Program component manages complete URM
programs, providing a series of program-level operations and transformation
functions:
o Storage and access of instruction sequences
o Program normalization processing
o Support for program concatenation operations
o Implementation of program movement transformations
3.1.5. Execution Layer Components
o InstructionExecutor Component As the core processor for instruction execution,
this component is responsible for converting instructions into specific state
changes:
o Implements instruction semantic interpretation
o Manages state transitions during execution
o Handles conditional jump logic

o Ensures execution atomicity
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e Runtime Component The Runtime component is responsible for controlling the
overall program execution flow and monitoring state changes in various
components during program computation:

o Manages program counter

o Coordinates instruction execution
o Handles program termination

o Maintains execution environment

e Compiler Component The compiler component preprocesses and translates
generic URM program string encodings into simulator-recognizable URM
programs:

o Implements conversion from source code to instruction sequences
o Provides syntax checking mechanism

o Supports comment and blank line processing

o Implements error location and reporting

3.2. URM Core Implementation

3.2.1. Natural Number Class Implementation

In the implementation of the URM simulator, the representation and operations of

natural numbers are the most fundamental components. The system implements a

specialized natural number class 'nat' by inheriting Python's int type, ensuring the

uniqueness and consistency of natural number objects through the singleton design
pattern [31]. The system implements the singleton pattern using dictionary
caching, maintaining already created natural number objects with the class variable

__used, where the dictionary's keys are string representations of natural numbers

and values are corresponding nat instances. This design not only ensures that

natural numbers with the same value share the same object, effectively reducing
memory usage, but also provides efficient storage and operation mechanisms
through Python's built-in data types.

In terms of type safety, the system implements strict type checking and conversion

mechanisms by overriding the new method. All input values undergo strict validity
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validation, ensuring that only valid non-negative integers can be converted to
natural number objects. Additionally, the system implements a comprehensive
error handling mechanism, providing clear error messages for various exceptional
cases (such as negative input, type errors, etc.), significantly improving system
reliability and debuggability.

The system particularly focused on the following key points during
implementation:

1. Type Conversion Mechanism

e Supports safe conversion from types such as integers and strings

e Implements strict input value validity checking

2. Comparison Operation Implementation

e Overloads equality comparison methods to ensure type safety

e Reuses basic comparison functionality through inheritance from int class

3. Performance Optimization Strategy

e Uses dictionary caching to avoid repeated object creation

e Minimizes memory usage and object creation overhead

This implementation not only meets URM's theoretical requirements for natural
numbers but also ensures system efficiency and reliability through reasonable
engineering practices. The implementation of the natural number type provides a
solid foundation for the entire URM simulator, enabling safe and efficient
execution of upper-level instruction and program operations.

Code presentation:

from typing import Any, Dict, Tuple, List
from typing_extensions import Self

class nat(int):
__used: Dict[str, Self] = {}
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def __new__ (cls, prototype: Any) -> Self:
try:
IX = int(prototype)
except ValueError:
raise ValueError("bad prototype for nat()")
ifix<0:
raise ValueError("invalid prototype value for nat()")
# return super().__new__ (cls, ix)
sx = str(ix) # determine the key of ix
if sx not in nat.__used:
# a natural number is created only if it isnot in __used
nat.__used[sx] = super().__new__(cls, ix)

return nat.__used[sx]

def __eq__ (self, another: Any) -> bool:
if type(another) != nat:
# two natural numbers can be equal only
return False

return super().__eq__(another)

def __ne__ (self, another: Any) -> bool:

return not (self == another)

3.2.2. Register System Design and Implementation

The register system is one of the core components of URM, requiring simulation of
an infinite register sequence capable of storing arbitrary natural numbers. In actual
systems, the concept of infinite registers needs to be implemented through finite
physical resources, requiring design considerations that maintain both the abstract

characteristics of the theoretical model and the feasibility and efficiency of
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practical implementation. This system implements the memory class by inheriting
Python's list type, cleverly solving this problem through a dynamic expansion
strategy.

In the specific implementation, the system uses dynamic arrays to simulate infinite
register sequences. When accessing registers outside the current array range, the
system automatically expands the array space and performs initialization. This on-
demand allocation strategy not only ensures theoretical "infinity" but also avoids
unnecessary memory usage. Registers that haven't been explicitly written to are
initialized to 0, consistent with URM's theoretical model. Through this design, the
system successfully simulates the behavior of an unlimited register machine within
finite physical resources.

The implementation of the register system focuses on the following aspects:

1. Core Interface Design

e size property: returns the current number of allocated registers

e read method: safely reads the register value at specified address

e write method: writes value to register at specified address

2. Memory Management Strategy

e Automatic memory space expansion during write operations

e Initializes newly allocated registers with nat(0)

e Allocates new registers only when necessary

3. Type Safety Guarantee

e Strict input parameter validation

e Unified natural number type conversion

e Comprehensive exception handling mechanism

This implementation approach successfully transforms URM's theoretical
requirements into efficient engineering implementation. Through reasonable
abstraction and optimization, the system both guarantees the theoretical

characteristics of infinite registers and achieves efficient operations in practical
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systems. The register system design provides reliable infrastructure for URM
instruction execution, ensuring the correctness and efficiency of the entire

simulator.

class memory(list):

def __new__ (cls) -> Self:

return super().__new__(cls, [])

@property
def size(self) -> int:

return len(self)

def read(self, addr: int) -> nat:
try:
n = nat(addr)
except ValueError:
raise ValueError("memory.read() error! Bad argument')
try:
return self[n]
except IndexError:

return nat(0)

def write(self, addr: int, value: Any) -> None:
try:
n, v = nat(addr), nat(value)
except ValueError:
raise ValueError("memory.write() error! Bad argument(s)")
diff = self.size - n

if diff <= 0: # access to a register that is not yet allocated
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self += (1 - diff) * [nat(0)] # allocate additional registers

self[n] =v

3.2.3. URM Instruction Set Implementation

The implementation of the URM instruction set is the core part of the simulator.
The system implements the ins class by inheriting Python's tuple type, providing a
unified representation and processing mechanism for the four basic instructions
(Zero, Successor, Copy, and Jump). This design not only ensures the immutability
of instruction objects but also provides type-safe instruction creation and operation
methods.

In the implementation, the system uses tuples to represent instructions, using the
first digit to identify the instruction type and subsequent digits to represent
operands. Specifically, Zero instruction is represented as (0, n), used to set register
R,, to zero; Successor instruction is represented as (1, n), used to increment the
value in register Rn by 1; Copy instruction is represented as (2, m, n), used to copy
the value from register R,,, to R,,; Jump instruction is represented as (3, m, n, k),
used for conditional jump control. This encoding method is concise and uniform,
facilitating system processing and validation.

The system focused on the following aspects during instruction implementation:

1. Instruction Creation and Validation

e Implements strict parameter quantity and type checking

e Ensures operands are non-negative integers

e Provides friendly error messages

2. Instruction Representation Method

e Provides standard string representation through str method

e Supports readable instruction display

e Facilitates debugging and logging

3. Factory Method Design
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e Provides class methods like Z(), S(), C(), J()

e Encapsulates complexity of instruction creation

e Ensures type safety in creation process

This implementation makes the creation and use of URM instructions simple and
safe, providing a reliable foundation for upper-level program execution. Through
reasonable abstraction and encapsulation, the system successfully transforms

URM's theoretical instructions into practically executable computer instructions.

class ins(tuple):

def __new__(cls, *args: Tuple[int]) -> Self:
if not (2 <= len(args) <= 4):
raise ValueError("ins() error! Invalid number of arguments™)
if not all(type(arg) == int for arg in args):
raise ValueError("ins() error! Invalid type of argument(s)")
if args[0] > 3:
raise ValueError("ins() error! Invalid instruction code")
if not all(arg >= 0 for arg in args[1 :]):
raise ValueError("ins() error! Invalid value of operand(s)")

return super().__new__ (cls, args)

def _ str_ (self) -> str:
if self[0] ==0:
return f*Z({self[1]})"
if self[0] == 1:
return f'S({self[1]})"
if self[0] == 2:
return f"C{self[1 :]}"
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# self[0] ==
return f'J{self[1 :]}"

@classmethod
def Z(cls, n: Any) -> Self:
try:
return ins(0, n)
except ValueError:

raise ValueError("Z() error! Bad operand")

@classmethod
def S(cls, n: Any) -> Self:
try:
return ins(1, n)
except ValueError:

raise ValueError("S() error! Bad operand")

@classmethod
def C(cls, m: Any, n: Any) -> Self:
try:
return ins(2, m, n)
except ValueError:

raise ValueError("C() error! Bad operand(s)")

@classmethod
def J(cls, m: Any, n: Any, k: Any) -> Self:

try:
return ins(3, m, n, k)

except ValueError:
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raise ValueError(*"J() error! Bad operand(s)")

3.2.4. Implementation of Instruction Execution Engine

The instruction execution engine is the core execution unit of the URM simulator,
responsible for interpreting and executing various URM instructions and
maintaining program execution state. The system implements the instruction
execution engine through the apply function, which takes instruction objects and
current memory state as input, returning the next instruction's position information
and updated memory state, thus achieving step-by-step execution of URM
programs.

In the specific implementation, the apply function adopts a unified processing
framework for different types of instructions. The function first performs type
checking on input parameters to ensure the validity of instruction objects and
memory state. Then, based on the instruction's operation code (0-3), it executes
corresponding operations: Zero instruction directly writes value 0, Successor
instruction reads and increments register value, Copy instruction performs data
copying between registers, and Jump instruction determines the next instruction's
position based on conditions. This design ensures the correctness and efficiency of
instruction execution.

The system focuses on the following aspects during instruction execution:

1. Execution State Management

e Returns tuple (how to change IC, new memory state)

e Uses None to indicate sequential execution of next instruction

e Uses specific line numbers to indicate jump targets

2. Type Safety Guarantee

e Strict parameter type checking

e Unified error handling mechanism

e Robust exception handling process
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This implementation ensures the reliability and predictability of instruction
execution, providing a guarantee for the correct execution of URM programs. By
abstracting instruction execution as a state transformation function, the system
implements clear execution semantics, facilitating program debugging and
verification.
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Picture 3- 2

Code presentation:

def apply(i: ins, to: memory) -> Tuple[Optional[int], memory]:

if type(to) '= memory:

raise ValueError("do() error! Invalid type of memory")
if type(i) !=ins:

raise ValueError("do() error! Invalid type of instruction")
if i[0] ==0:

to.write(i[1], 0)

return (None, to)
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if i[0] == 1:
to.write(i[1], to.read(i[1]) + 1)
return (None, to)
if i[0] == 2:
to.write(i[2], to.read(i[1]))
return (None, to)
#i[0] ==
return (i[3] if to.read(i[1]) == to.read(i[2]) else None, to)

3.2.5. URM Program Compilation Implementation

The URM program compiler is a key component connecting human-readable
source code with machine-executable instruction sequences. The system
implements the conversion from text-form URM programs to instruction sequences
through the compile function, supporting program parsing, validation, and
transformation, providing users with a convenient program development interface.
In the specific implementation, the compilation process is divided into two main
phases: source code preprocessing and instruction generation. In the preprocessing
phase, the system first processes the input text line by line, removing blank lines
and comments, extracting valid instruction text. In the instruction generation phase,
compile line function parses each line of text, identifying instruction types and
parameters, and generating corresponding instruction objects. This layered design
makes the compilation process clearer and more maintainable.

The system focuses on the following aspects in compilation implementation:

1. Text Parsing Mechanism

e Supports flexible instruction format and whitespace handling

e Implements comment recognition and filtering

e Provides clear syntax error prompts

2. Instruction Conversion Strategy

e Strict instruction format validation

33




e Parameter type checking and conversion

e Complete error handling mechanism

This implementation provides users with an intuitive program writing experience
while ensuring the correctness and reliability of generated instructions. Through a
standardized compilation process, the system effectively converts human-readable
program text into executable instruction sequences, providing a solid foundation

for URM program development and execution.

def compile(text: str) -> Tuple[ins]:
if not isinstance(text, str):
raise ValueError(*compile() error! Invalid argument type")
# split “text’ into the list of non empty lines
lines = [line for line in [item.strip() for
item in text.split(\n")] if
line]
# the function compiles a line
def compile_line(line: str) -> ins:
# remove the tail of 'line’ beginning with ")’
item, sep, _ = line.partition(’)")
if not sep: #")"is absent in the line
raise ValueError(*compile_line() error! Bad instruction format")
code, sep, item = item.partition('(")
if not sep: #'("is absent in the line
raise ValueError("compile_line() error! Bad instruction format™)
if code.strip() =="'Z".
try: # to recognize Z-instruction
return ins.Z(int(item))
except ValueError:

raise ValueError("compile_line() error! Bad Z-instruction™)
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elif code.strip() =='S"
try: # to recognize S-instruction
return ins.S(int(item))
except ValueError:
raise ValueError(compile_line() error! Bad S-instruction™)
elif code.strip() =="'C".
opl, sep, item = item.partition(',")
try: # to recognize C-instruction
return ins.C(int(opl), int(item))
except ValueError:
raise ValueError("compile_line() error! Bad C-instruction™)
elif code.strip() =="J"
opl, sep, item = item.partition(’,")
op2, sep, item = item.partition(’,")
try: # to recognize J-instruction
return ins.J(int(opl), int(op2), int(item))
except:
raise ValueError("compile_line() error! Bad J-instruction™)
raise ValueError("compile_line() error! Bad instruction format™)
# end of compile_line()

return tuple(compile_line(line) for line in lines)

3.2.6. URM Program Structure and Execution

The implementation and execution of URM programs are key components of the
simulator. The system implements structured representation and execution control
of programs through the program class and run function respectively, providing
complete runtime support for URM programs.

In terms of program structure, the system implements the program class by

inheriting the tuple class, providing standardized representation forms and
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operation interfaces for URM programs. The program class has three core
properties: length returns the number of program instructions, haddr obtains the
highest register address used by the program, and get instruction method is used to
obtain instructions for specified line numbers. This design both ensures the
immutability of program structure and provides necessary program information
query functionality. Each instruction in the program undergoes strict type checking,
ensuring program correctness.

Program execution process is implemented through the run function, which accepts
program objects and input data, returning the program's execution results. The
main steps of the execution process are as follows:

1. Initialization Phase

e Validate program object validity

e Convert input data to natural numbers

¢ Initialize memory state and instruction counter

2. Execution Loop

e Get current instruction

e (Call apply function to execute instruction

e Update program counter and memory state

e Check program termination conditions

The system adopts strict type checking and error handling mechanisms during
program execution, ensuring the reliability of the execution process. Through the
get instruction method to obtain instructions and apply function to execute
instructions, the system implements a clear execution control flow. Program
execution results are obtained by reading the RO register value, consistent with
URM's theoretical model.

This design approach not only implements the basic functionality of URM
programs but also provides good error handling and type safety guarantees.

Through standardized program representation and reliable execution mechanisms,
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the system provides complete support for URM program development and

operation.

class program(tuple):

def __new__(cls, instructions: Tuple[ins]) -> Self:
if not type(instructions) == tuple:
raise ValueError("program() error! Invalid argument type')
if not all(type(instruction) == ins for instruction in instructions):
raise ValueError("program() error! Invalid type of argument member")

return super().__new__ (cls, instructions)

def _ str_ (self):

return "\n".join([f"{ni + 1: 3d}: {i}" for ni, i in enumerate(self)])

@property
def length(self):

return len(self)

@property
def haddr(self):
temp=0
for i in self:
temp = max(temp, *i[1 : 3])

return temp

def get_instruction(self, lineno: int) -> Optional[ins]:
if type(lineno) = int:

raise ValueError("program.get_instruction() error! Bad line number")
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if lineno < 1:

return None
try:

return self[lineno - 1]
except IndexError:

return None

def run(prgm: program, *data: Tuple[Any]) -> nat:
if type(prgm) != program:
raise ValueError("run() error! Bad program")
try:
data = (nat(x) for x in data)
except:
raise ValueError(*run() error! Invalid data")
m = memory()
for addr, value in enumerate(data):
m.write(addr + 1, value)
ic=1
while True:
I = prgm.get_instruction(ic)
if i is None:
return m.read(0)
q, m = apply(i, to=m)
ic=ic+1ifqgisNoneelseq

3.2.7. Normalized URM Programs
The normalization of URM programs is an important step in ensuring correct

program execution. In actual program execution processes, the target line numbers
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of jump instructions might exceed the valid range of the program, which could lead
to unpredictable program execution behavior. The system implements program
normalization processing through the normalize function, ensuring all jump
instructions have valid target line numbers.

The core idea of normalization processing is to adjust invalid jump targets. When
there are jump instructions (J instructions) in the program, the system checks
whether their target line number k is within the valid range [1, program_size]. If a
target line number is found to exceed this range, the system adjusts it to
program_size + 1, ensuring that the program can terminate normally when
executing such jump instructions. This processing method ensures both program
execution safety and normal program logic.

The system particularly focuses on the following aspects in normalization
implementation:

1. Instruction Processing Strategy

e Special handling only for Jump instructions

e Maintaining original form of other instructions

e Preserving instruction sequence integrity

2. Boundary Handling Mechanism

e Strict validation of jump targets

¢ Unified handling of out-of-bounds jumps

e Ensuring program terminability

This normalization processing provides important security guarantees for URM
program execution, ensuring programs can terminate as expected under any
circumstances. Through this mechanism, the system successfully resolves the

uncertainty issues that jump instructions might bring in URM programs.

def normalize(P: program) -> program:
if type(P) !'= program:

raise ValueError("normalize() error! Invalid argument type")
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if P.length == 0:
return P
normalized_instructions =[]
program_size = P.length
for i, instruction in enumerate(P):
if instruction[0] == 3:
m, n, K = instruction[1:]
If not (1 <= k <= program_size):
k = program_size + 1
normalized _instructions.append(ins.J(m, n, k))
else:

normalized _instructions.append(instruction)

return program(tuple(normalized_instructions))

3.2.8. URM Program Concatenation

URM program concatenation is an important program combination mechanism that
allows two programs P and Q to be combined into a new program, making the new
program execute all instructions of P first, then execute Q's instructions. The
system implements this functionality through the concat function, providing strong
support for modular development of URM programs.

In the implementation of concatenation operations, the system first performs
normalization processing on program P, ensuring the validity of its jump
instructions. Then, the system needs to adjust the jump instructions in program Q,
offsetting their target line numbers based on the length of program P to ensure
jumps to correct positions. This processing method ensures correct execution after

program concatenation.

def concat(P: program, Q: program) -> program:
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if not (isinstance(P, program) and isinstance(Q, program)):
raise ValueError(*concat() error! Invalid program type")
if P.length == 0:

return Q

P_normalized = normalize(P)
offset = P_normalized.length
Q_adjusted =]
for instruction in Q:
if instruction[0] == 3: # Jump instruction
m, n, k = instruction[1:]
new_k =k + offset if k > 0 else k
Q_adjusted.append(ins.J(m, n, new_Kk))
else:

Q_adjusted.append(instruction)

cat = list(P_normalized) + Q_adjusted

return program(tuple(cat))

Suppose we have programs P and Q, and need to concatenate these two programs:

P & @, as shown in the following table:

Line number Program P Program Q
1 Z(0)

2 C(1,2)

3 S(0)

4 J(3,4,0)
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5 S(0) S(0)

6 J(3.4,0) 1(3,4,0)

7 Z(0) Z(0)

8 C(1,0) C(1,0)
Table 3- 1

3.3. Program Development Environment and Usage Specifications

This system is designed as a Python software package, primarily aimed at studying
and researching computability theory of Unlimited Register Machine (URM),
providing an interactive URM program development environment through Jupyter
Notebook with Python backend. This design not only facilitates users in writing
and testing URM programs but also provides users with a good visualization
interface and simple yet effective note-taking functionality.
3.3.1. URM Program Writing Specifications
The system defines clear URM program writing specifications. URM programs
written in structured text format can be easily recognized by the system, and it also
supports certain fault tolerance mechanisms, allowing relaxed input that doesn't
affect semantic information to be successfully translated into usable URM
programs:
1. Instruction Format Specifications:

o Recommended to write each instruction on a separate line, but no line breaks

are also processable by the system

o Supports four basic instructions: Z(n), S(n), C(m,n), J(m,n,k)

o Parameters are separated by commas and enclosed in parentheses

o Instruction names are case-insensitive and support extra spaces
2. Program Structure Specifications:

o Supports blank lines and comments to improve code readability

o Comments are marked with # symbol, can be placed after instructions or on

separate lines
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o No explicit line number marking needed, system handles automatically
o Supports indentation to show program logical structure

Program example:

text =
C(2, 0)
Z(2)

J(1, 2, 0) check loop condition
S(0)
S(2)

J(0, 0, 3) repeat loop

3.3.2. Advantages of Jupyter Notebook Development Environment
Adopting Jupyter Notebook as the development environment brings significant
advantages to URM program design and development. As an interactive computing
environment, Jupyter Notebook provides a flexible and powerful platform that not
only supports code writing and execution but also organically organizes code,
documentation, and execution results together, providing users with a complete
development experience. During development, users can fully utilize Notebook's
interactive features. Thanks to Python backend support, code can be executed
instantly with feedback, making program debugging and verification exceptionally
convenient.
The system focuses on the following aspects in development environment design:
1. Interactive Development Support
e Equipped with flexible Python backend, supporting instant code execution and
result verification

e Provides step-by-step code debugging and state viewing functionality
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e Supports independent execution of code blocks, facilitating experimentation
and testing

e Integrates rich text editing, convenient for documentation writing and comment
addition

2. Visualization Capabilities

e Real-time display of program execution state

e Dynamic updates of register contents

e Provides execution process step tracking

e Supports formatted result display

In terms of educational applications, another important advantage of the Notebook

environment is its support for teaching and learning. By combining code and

documentation, teachers can create high-quality teaching materials, while students

can quickly understand concepts through practice. Particularly with online

platforms like Google Colab, users can start programming practice without

complex environment configuration. This ready-to-use feature greatly reduces the

learning threshold, making URM program design more accessible.

All these features make Jupyter Notebook an ideal environment for URM program

development, providing not only complete development tools but also strong

support for teaching and learning. This choice of development environment

significantly enhances user experience, making URM program design and learning

more efficient and enjoyable.

3.4. Execution Control and Debugging Features

In the design of the URM simulator, execution control and debugging functions are

important support for ensuring program correctness. Through the interactive

features of the Jupyter Notebook environment, combined with the core

functionality of the URM simulator, we have implemented program execution

control and debugging mechanisms.
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3.5. Execution Control (Single-step/Continuous Execution)
The system displays URM program execution state through visualization, mainly
including:
e Current instruction position
e Real-time state of register contents
e Possible execution paths for next step
Using Jupyter Notebook's output capabilities, the system can update and display
this information in real-time, helping users intuitively understand the program

execution process. For example:

m = memory()
for n in range(10):

m.write(n, n)
print(f*{13 *' }tm = {m}")
next, m = apply(ins.Z(9), to=m)
print(f'next = {next}; m = {m}")
next, m = apply(ins.S(9), to=m)
print(f"next = {next}; m = {m}")
next, m = apply(ins.C(9, 0), to=m)
print(f"next = {next}; m = {m}")
next, m = apply(ins.J(1, 9, 5), to=m)
print(f'next = {next}; m={m}")
next, m = apply(ins.J(2, 3, 10), to=m)
print(f'next = {next}; m = {m}")

3.5.1. Step-by-Step Execution Control
Step-by-step execution control is an important feature of the URM simulator.
Thanks to Jupyter Notebook's Code Cell execution mechanism, users can finely

control the program execution process. Each code block is an independent
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execution unit, and the system maintains its execution state until the current block
completes running. This mechanism allows users to accurately observe the results
of each execution phase, and memory state is maintained between blocks, thus
supporting progressive program debugging and verification. For example, users
can first execute the code block that initializes memory, then execute subsequent
instruction blocks step by step, observing register state changes at each step. This
fine-grained control not only aids program debugging but also provides ideal
support for teaching demonstrations.

The system provides fine-grained execution control mechanisms:

1. Single-step Execution Functionality

e Step mode through run function

e Display state changes after each step

e Support for pausing and continuing execution process

2. Execution Trace Tracking

e Record instruction execution sequence

e Save key state changes

e Support execution history backtracking

3.5.2. Debugging Feature Implementation

The implementation of debugging features fully utilizes Jupyter Notebook's
interactive characteristics and Python's dynamic execution environment. In the
Notebook environment, execution results of each code block are displayed
immediately, allowing users to observe program behavior in real-time. Especially
in URM program debugging process, the system displays program execution state
through intuitive output forms, including current instruction execution effects,
register value changes, and possible error messages. This immediate feedback
mechanism makes the program debugging process efficient and intuitive. Users
can modify code immediately when problems are discovered, without needing to

restart the entire program, greatly improving debugging efficiency.
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The system implements the following key features in debugging support:

1.

State Monitoring Mechanism

Real-time display of register status

print(f*Current memory status: {m}")

next, m = apply(instruction, to=m)
print(f'Result: {m}")

Through these debugging features, users can conveniently locate and resolve
problems in programs, significantly improving URM program development
efficiency and reliability. Particularly in teaching scenarios, these features help

learners better understand program execution processes and problem causes.

The testing and verification work of the URM simulator is crucial for ensuring
system correctness and reliability. The system adopts a multi-level testing strategy,
from unit testing to integration testing to performance testing, building a complete
testing system. Through the Jupyter Notebook environment, these tests can be

intuitively displayed and verified, making the testing process more transparent and

Dynamic tracking of program counter

Error Handling Functionality

Precise location of type errors

Prevention and prompting of boundary access

Detection and reporting of illegal instructions
Interactive Debugging Support

Support for dynamic code modification and re-execution
Provide rich state query interfaces

Allow insertion of debug instructions during execution

3.6. Testing and Validation

controllable.
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The system's unit testing is implemented using Python's unittest framework,
following the Test-Driven Development (TDD) philosophy, with complete test case
sets designed for each core component [32]. The design of test cases follows these
principles: completeness (covering all functional points), independence (test cases
are mutually independent), and reproducibility (test results can be reproduced).
3.6.1. nat Class Test Cases

nat Class Test Case Design Table

Expected
Test Item Test Purpose Test Case

Result
Object Verify correctness of Compare nat(5) with ~ Objects are
Creation singleton pattern nat(5) identical

_ _ _ . Correct
Type Verify conversion from  String conversion, .
_ ) ) ) conversion to

Conversion different types to nat integer conversion

nat
Boundary Verify handling of invalid Negative numbers, Exception
Check inputs non-numeric types thrown

Table 3- 2

Below is a unit test code snippet

class TestNatural(unittest. TestCase):
def test_singleton(self):
nl = nat(5)
n2 = nat(5)
self.assertls(nl, n2)

def test_conversion(self):
self.assertEqual(nat("5"), nat(5))

def test_invalid_input(self):
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with self.assertRaises(ValueError):
nat(-1)

Table - Natural Number Class Test Coverage Statistics

Test Item Number of Test Cases Code Coverage Pass Rate
Object Creation 4 100% 100%
Type Conversion 3 100% 100%
Boundary Check 5 100% 100%
Comparison Operations 4 100% 100%
Type Safety 3 100% 100%
Exception Handling 4 100% 100%
Table 3- 3

3.6.2. ins Class Test Cases

Test Item Test Purpose Test Case Expected Result
Parameter _ _ ValueError
S Verify parameter count ins(0) .
Validation Exception

_ ValueError
ins(0,1,2,3,4) _
Exception
. . ValueError
Type Check Verify parameter types ins("0",1) _
Exception
. ValueError
ins(0,"1") .
Exception
Instruction Code o . . ValueError
Verify instruction code range ins(4,1) .
Check Exception
Verify operands are non- . ValueError
Parameter Range ' ins(0,-1) .
negative Exception
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. Verify Zero instruction .
Zero Instruction ' _ ns.Z(5)
creation and formatting

Successor Verify Successor instruction
. . ns.S(3)

Instruction creation

. Verify Copy instruction .
Copy Instruction . ins.C(2,4)

creation

. Verify Jump instruction .

Jump Instruction ins.J(1,2,3)

creation

Table 3- 4

Code implementation of local test cases:

"Z(S)"

HS(3)"

HC(Z, 4)"

HJ(I , 2, 3)"

class TestInstruction(unittest. TestCase):
def test_parameter_count(self):

"""Test parameter count validation

Check if ValueError is raised when:

- Too few parameters are provided

- Too many parameters are provided

with self.assertRaises(ValueError):
ins(0) # Too few parameters

with self.assertRaises(ValueError):

ins(0,1,2,3,4) # Too many parameters

def test_parameter_type(self):

def test_instruction_code(self):
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def test_operand_range(self):

ins Class Test Coverage Statistics

Test Item Number of Test Cases Code Coverage Pass Rate
Parameter Validation 4 100% 100%
Type Check 3 100% 100%
Instruction Code Check 2 100% 100%
Zero Instruction 3 100% 100%
Successor Instruction 3 100% 100%
Copy Instruction 4 100% 100%
Jump Instruction 4 100% 100%
Instruction Immutability 2 100% 100%
Table 3- 5

3.6.3. Instruction Execution Engine Test Cases

The instruction execution engine is a core component of the URM simulator, and
its correctness directly affects the reliability of the entire system. This section will
explain in detail the test design and implementation of the instruction execution
engine.

Instruction Execution Engine Test Case Design Table

Test Category Test Purpose Test Case Expected Result
Parameter Verify correctness  Pass non-memory  Throw ValueError
Validation check of parameter type object Exception
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types

Pass non-instruction Throw ValueError

type object Exception
Zero Verify Zero
. ' ' ~ Execute Z(9) on R9 value becomes 0,
Instruction Istruction execution ' '
. register R9 sequential execution
Execution effect
Check other register Other register values
values remain unchanged
Successor Verify Successor R9 value increases by
. . . ~ Execute S(9) on R9 _
Instruction instruction execution 1, sequential
. with value 0 .
Execution effect execution
Check other register Other register values
values remain unchanged
Copy Verify Copy
' . . ~ Copy fromR9to RO gets R9's value,
Instruction Instruction execution ) )
. RO: C(9,0) sequential execution
Execution effect
Check source Source register and
register and other  other values remain
register values unchanged
Verify Jump
Jump . .
. instruction Compare equal . .
Instruction N _ Jump to specified line
. conditional register values
Execution )
branching

Compare unequal  Continue sequential

register values execution

Table 3- 6

Local code snippet:
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class TestInstructionExecution(unittest. TestCase):

def test_zero_instruction_execution(self):

""""Test Zero instruction execution

Verify:

- Register value is set to 0

- Next instruction is None (sequential execution)

- Other registers remain unchanged

next_ins, mem = apply(ins.Z(9), to=self.memory)
self.assertlsNone(next_ins) # Should continue to next instruction
self.assertEqual(mem.read(9), 0) # Target register should be zero

self.assertEqual(mem.read(8), 8) # Other registers unchanged

def test_successor_instruction_execution(self):

Table: Instruction Execution Engine Test Coverage
Test Item Number of Test Cases Code Coverage Pass Rate

Parameter Validation 2 100% 100%
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Zero Instruction
Successor Instruction
Copy Instruction

Jump Instruction

4
4
Table 3- 7

3.6.4. URM Program Test Cases

Test Item

Addition Operation

Predecessor

Operation

Multiplication

Operation

Comparison

Test Purpose

Verify basic addition

functionality
Verify zero value handling
Verify commutative law

Verify normal predecessor

calculation

Verify minimum value

boundary case
Verify zero value protection

Verify basic multiplication

functionality

Verify zero value handling (left

operand)

Verify zero value handling

(right operand)

Verify large number

multiplication

Verify greater than case
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100% 100%
100% 100%
100% 100%
100% 100%
Test Case Fxpected

Result

add(2,3) RO=5

add(0,3) RO=3
add(3,0) RO=3

pred(5) RO=4

pred(1) RO=0

pred(0) RO=0

mult(2, 3) RO=6

mult(0, 5) RO =0

mult(5, 0) RO =0

mult(3, 4) RO = 12

gt(5,3) RO=1



Operation

Verify less than case gt(3,5) RO=0
Verify equal case gt(4,4) RO=0
. o . . add("a",
Error Handling Verify illegal input handling 3 ValueError
. o muliCL,
Verify input range checking 5) ValueError
Table 3- 8

Table: URM Basic Program Test Coverage Statistics

Number of Number of  Test Input

Test Program Pass Rate
Test Cases Instructions Range

Addition (Add) 6 6 [0,100] 100%
Predecessor (Pred) 4 6 [0,100] 100%
Multiplication

5 11 [0,20] 100%
(Mult)
Greater Than (GT) 5 6 [0,10] 100%

Table 3- 9

3.6.5. Table: Instruction Execution Engine Test Coverage

Test Item Number of Test Cases Code Coverage Pass Rate

Parameter Validation 2 100% 100%

Zero Instruction 3 100% 100%

Successor Instruction 3 100% 100%

Copy Instruction 4 100% 100%

Jump Instruction 4 100% 100%
Table 3- 10
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3.6.6. URM Program Test Cases

Test Item

Addition Operation

Predecessor

Operation

Multiplication

Operation

Comparison

Operation

Error Handling

Test Purpose

Verify basic addition

functionality
Verify zero value handling
Verify commutative law

Verify normal predecessor

calculation

Verify minimum value

boundary case
Verify zero value protection

Verify basic multiplication

functionality

Verify zero value handling (left

operand)

Verify zero value handling

(right operand)

Verify large number

multiplication

Verify greater than case

Verify less than case

Verify equal case

Verify illegal input handling
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Expected
Test Case
Result

add(2,3) RO=5

add(0,3) RO=3
add(3,0) RO=3

pred(5) RO=4

pred(1) RO=0

pred(0) RO=0

mult(2, 3) RO=6

mult(0, 5) RO =0

mult(5, 0) RO =0

mult(3, 4) RO =12

ot(5,3) RO=1

gt(3,5) RO=0
gt(4,4) RO=0
add("a",

3)

ValueError



.  multl,
Verify input range checking 5) ValueError
Table 3- 11
Table: URM Basic Program Test Coverage Statistics

Number of Number of  Test Input

Test Program Pass Rate
Test Cases Instructions Range

Addition (Add) 6 6 [0,100] 100%
Predecessor (Pred) 4 6 [0,100] 100%
Multiplication

5 11 [0,20] 100%
(Mult)
Greater Than (GT) 5 6 [0,10] 100%

Table 3- 12

4.Conclusion

This research has successfully implemented a Python-based URM (Unlimited

Register Machine) simulator. Through systematic design and implementation, it

not only achieved the expected technical goals but also provided practical tool

support for research and teaching in computability theory.

4.1 Summary of Main Work

The main contributions of this research include:

1. Core Functionality Implementation

e Designed and implemented complete URM computational model, including
abstraction mechanism for unlimited registers and implementation of four basic
instructions

e Developed efficient memory management mechanism and instruction execution
system, implementing dynamic memory allocation and state management

e Implemented advanced features like program normalization, concatenation and

movement, supporting complex program construction and optimization
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Ensured good collaboration between system components through elegant class
design

Development Environment Optimization

Built interactive development environment based on Jupyter Notebook,
providing friendly user experience

Provided intuitive program writing and debugging interface, lowering learning
and usage threshold

Supported real-time execution state visualization, facilitating understanding of
program execution process

Integrated rich documentation and examples, enabling users to quickly get
started

Testing and Validation

Established complete testing system, covering all levels from unit testing to
integration testing

Achieved 100% code coverage, ensuring comprehensive system performance
validation

Verified system correctness and reliability, providing assurance for practical
applications

Verified system stability under various conditions through numerous test cases

4.2 Innovative Features

The system's main innovations include:

1.

Technical Innovation

Used Python's dynamic features to implement unlimited register abstraction,
solving limited physical resource problem

Optimized natural number storage and management through singleton pattern,
improving system efficiency

Implemented flexible program combination and transformation mechanisms,

supporting complex program construction
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Design Innovation

Adopted modular design, providing clear system architecture
Implemented extensible instruction system, facilitating future functionality
expansion

Designed intuitive user interface, improving system usability

Application Innovation

Provided rich teaching support functions

Implemented flexible program debugging mechanism

Supported multiple program development modes

4.3 Application Value

The system has important application value in the following aspects:

1.

Educational Value

Provided practical platform for teaching computability theory, helping students
understand abstract concepts

Enhanced teaching effectiveness through visualization and interactive features
Provided rich examples and exercise resources

Research Value

Supported validation and research of complex computational models
Provided tool support for further theoretical research

Facilitated algorithm complexity analysis

Practical Value

Provided complete program development environment

Supported modeling and solving of practical problems

Possessed good extensibility and adaptability

4.4 Future Prospects

Future research can be expanded in the following areas:

1.

Functionality Extension
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e Develop more program optimization and transformation functions, enhancing
system practicality

e Enhance visualization and interactive features, improving user experience

e Extend support for complex computational models, expanding system
application scope

2. Performance Optimization

e Improve execution efficiency of large-scale programs

¢ Optimize memory management mechanism

e Improve program analysis functionality

3. Teaching Support

e Develop more example programs and teaching resources

e Design systematic teaching cases

e Provide online learning platform

4. Tool Integration

e Integration with other development tools

e Support import/export of multiple file formats

e Provide API interface support, helping users quickly build more complex URM
programs
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