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AHoTasa

B 1iit po6oTi po3misigaeThes rpymna ocumwisitopa. Kitacuuna KoHCTpyKirist
no3Bossie 3poouTu ais miel rpynu JIi anedpy JIi 3 mpupogHoro metpukor Cacaki
Ha JOTUYHOMY pO3IIApYyBaHHI, /1€ 3py4YHO BUBYATH BEKTOPHI MOJS Ta IXHI
BJIACTUBOCTI.

[HIIMMH aBTOpaMu BxKe OyIU AOCTIIKEHI MHOKUHU OJIMHUYHUX
JIBOIHBapiaHTHUX TAPMOHIYHUX BEKTOPHMX IOJIIB Ta TUX, 1110 3a/1al0Th FAPMOHIYHE
B11I0OpakeHHS, TOMY B 1111 poOOTi OyJI0 MOCTABIEHO MUTAHHS II0JI0 MIHIMAJIBHUX
Ta MOBHICTIO T€OJIE3UYHUX OJJUHUYHUX J1BOIHBAPIaHTHUX MOJIIB.

Byro 3HaiiieHo Bci MiHIMaJbHI Ta BCl TOBHICTIO T€OJI€3UYH1 OJMHUYHI
JIBOIHBapiaHTH1 BEKTOPHI MO AJI1 BUNAAKY 4-BUMIPHOT TPYNH OCLHUIISATOPA.
Taxox Oyio 3HalIeHO BC1 I€0/Ie3UYH1 BEKTOPHI MOJIs Ta 3HAHAEHO MHOKHUHY
MIHIMaJbHUX OJMHUYHHX J1BOTHBAPIaHTHUX BEKTOPHUX MOJ1B, T€OAC3UYHUX T
OpPTOTOHAJILHUX OJHOBUMIPHOMY MIAIPOCTOPY, HATATHYTOMY Ha OCTaHHIMH,
creriaabHui 6a3uCHUM BEKTOp Yy OaraToBUMIPHOMY BHUIIAJIKY, Ta C(OPMYIHOBAHO
JOCUTbh 3pYUYHY TEOPEMY JUIsl MEPEBIPKHU HA MIHIMAIBHICTh OJUHUYHOTO
BEKTOPHOTrO 1oJisi Ha MeTpulll Cacaki JOTUYHOTO pO3IIapyBaHHS PUMaHOBOTO
MHOTOBH/IA.

Abstract

In this thesis we consider the oscillator group. Using classical construction
of Lie algebra for this Lie group, we are allowed to build natural Sasaki metric on
it's tangent bundle, where we can study vector fields and their properties.

The sets of left-invariant harmonic unit vector fields and vector fields
defining harmonic maps have been studied by other authors, so in this thesis we

consider the question about minimal and totally geodesic unit left-invariant vector
fields.

We have found all minimal and all totally geodesic unit left-invariant vector
fields in the case of 4-dimentional oscillator group. We have also found all
geodesic vector fields and the set of all minimal unit left-invariant vector fields,
geodesic and orthogonal to the one-dimensional subspace spanned by the last,
special basis vector in the multidimensional case and we also formulate a theorem
for checking the minimality of a unit vector field on the Sasaki metric on the
tangent bundle of a Riemannian manifold.



2 Introduction

A unit vector field £ on the Riemannian manifold (M, g) defines a mapping
& : M — T1 M into a unit tangent bundle 77 M . The canonic Riemannian metric
gs (the Sasakian one) on the tangent bundle T'M gives rise to Riemannian metric
on the image £&(M) C Ty M C TM. In this way £(M) endowed with the intrinsic
and extrinsic geometry.

Consider 4-dimensional oscillator group G. It is connected simply connected
solvable non-nilpotent Lie group whose Lie algebra g is the oscillator algebra,
linearly spanned by 4 elements, let’s call them F,, E5, E3, Ey. Then the only
non-zero commutator relations are:

[E2, E3) = E, [Ea, Eq] = —Es, [E3, Es| = E

It decomposes in a sum of Abelian Lie algebra, spanned by three first el-
ements, and one dimentional Abelian Lie algebra for the fourth and may be
realised as Hs x R, where H3 is Heisenberg group of dimention three.

In the 2n + 2 dimentional case G, (\) = G(A1, A2, -+, \n), and again we
have a connected simply connected solvable non-nilpotent Lie group, whose
Lie algebra ¢, (A) = gn(A1A2---A,) is the oscillator algebra, spanned by 2n+2
elements, Xq,---,X,, Y7, -+ ,Y,, P,Q, whose non-zero commutator relations
are:

[(Xi, Y;] =055 P, [Q, X;] = A\;Y;, [QY)] = =N X;, 1 <4, 5 <n

We know it could be considered as a product of 2n+ 1-dimentional subgroup
(odd-dimentional Heisenberg group) by 1-dimentional subgroup, the linear span
of the last, special basis vector.

In [6](2019) left-invariant harmonic unit vector fields and vector fields defin-
ing harmonic maps were obtained for 2n 4 2-dimentional oscillator group. Fur-
thermore, in [5](2020) in a special left-invariant metric the set of all Killing,
parallel and geodesic vector fields (on 4-dimentional oscillator group for that
metric they are the same) and some other properties of the oscillator group
were also studied.

In this thesis we study the sets of all minimal and totally geodesic unit vector
field on 4-dimentional oscillator group and find a new minimality criteria for a
unit vector field.

Furthermore, when our group is G(A1, A2, -+, An) = G(A),l.e. Ay = Ag =
-+« = A\, = A, which we consider firstly for the case A\ = 1, it is proved in
[6] that the set of {P,Q,Z?:l aiXi + aniYi| 20 a2 = 1} is the set of all
left-invariant harmonic unit vector fields and vector fields defining harmonic
maps for 2n + 2-dimentional oscillator group, and it appears again with other
properties in [5]. In 4-dimentional case (n=1) we find it is also the set of all
minimal unit vector fields on G (E4, E5 or any unit vector field in the plane,
spanned by E7, Es). Therefore we have decided to check those fields in 2n + 2
dimentional case also. We have proved this set is the set of all geodesic vector
fields on G. Then we consider apart, as they make direct product, @ and its
complement subspace. @ is obviously geodesic, minimal and totally geodesic.
P is also geodesic and minimal, and we checked also & € P+ C Q* and find out
all of them are also geodesic and minimal.



Theorem 1 Let G be Riemannian manifold, equipped with Sasaki metric
on it’s tangent bundle, and let & = (a1, az,..a,) arbitrary unit vector field. Then
& is minimal if and only if:

S 1—1—%‘2 ((Ve,v,As)ei +AR(E, Afei)e") - (Tf %)5
v : i=0 ¢

Where o; are singular values for £, i.e. square roots of eigenvalues of AgAg,
Ae X = —Vx& - covariant derivation operator.

Theorem 2 Let G be the oscillator group, spanned by FEy,FEs, E3, Fy,
equipped with Sasaki metric on it’s tangent bundle, and let £ = a1 E1 + agFEs +
asFEs 4+ agFEy arbitrary unit vector field. Then & is minimal if and only if:

as = 1,a1 = as = az3 = 0, which means & = Ey, or

as =1,a1 = ag = a4 = 0, which means £ = Es3, or

az = aq = 0, which means £ = a1 F1 + as Es, a% + a% =1.

Theorem 3 Let G be the oscillator group, spanned by Fi,Fo, Es, Ey,
equipped with Sasaki metric on it’s tangent bundle, then the only totally geodesic
unit vector field is Ej.

Theorem 4 Let G be 2n+2-dimentional oscillator group, spanned by

X1>"' aX’rHYla"' 7Y’I’L7PaQ

equipped with Sasaki metric on it’s tangent bundle, and let

n

§= Z(%‘Xi + n+iYi) + a2n11 P + az2n42Q
i=1

arbitrary unit vector field.
Then if & is either P or Q ory i (a; X; +an4iY;), 22221 a? =1 it is gedesic
and minimal. There are no other geodesic unit vector fields on G.

3 Preliminaries

Consider 4-dimentional oscillator group G.
Let’s call standart basis E1, Fo, F3, E4. The only non-zero commutator re-
lations are:

(B2, Es| = Ev, [Ea, Ey] = —E3, [E3, E4] = E»
Define { arbitrary unit vector field £ = (a1, a2, as,a4), operator AcX =
-Vx€.

Applying it to the standart basis, we obtain matrix of this linear operator:

I -

_ a3 0 _ a1 a1

2 2
A=l e _a g

2 2

0 0 0 0



Eigenvalues and eigenvectors of A are:

Xo,1 = 0,v9 = (—a1, —ag,as3,0),v1 = (2a1,2a,0, a3)

— [a2 4+ a2 — o2 [a2 4+ a2 — o2 2, 2
ve = (agy/ai + a3 — a3 — ai1as, —a1y/aj + a3 — a3 — agas, aj + a3,0)
N = = a? +a3—a3
3 2 1 2 39

— 2.4 .2 2 2,2 2 2, 2
vz = (—ag4/aj + a3 — a3 — a1a3,a14/ai + a3 — a3 — agas, aj + a3,0)

Then we calculate matrix A*A and it’s eigenvectors and eigenvalues in order
to obtain singular basis and singular numbers.

1.2, 1,2 1 1
703" + 702 —7 0102 1 0103 —5 0103
1 1.2 ,1,. 2 1 1
AtA —Z ai1a9 ZCE3 —|—Za1 4a2a3 -3 az20a3
e = 1 1 12,1, 2 12 1.2
Zalag Zagag ZaQ —|—4a1 —2CL2 —5(11
1 1 1
—3 0103 —3 (203 —3 a2 — 5 a1° a1® + az?

We call o; singular values, i.e. square roots of eigenvalues of AEA& and we
find corresponding frame of eigenvectors:

0—8 = 0-% = 07 up = (_ah _a27a370)7 uy = (2&1,2@27(),&3)

1 1
o3 = Za% + Za% + Za%, ug = (—ag,a1,0,0)
o2 = Za% + Za% + Zag, u3 = (ayas, asas, a® + a3, —2(a? + a?))
Then to simplify some further calculations we find in the plain (ug,u1) a

geodesic vector eg, wich also belongs to eigenvectors of AAT with eigenvalue
zero, but Ve eq = 0.

From the Koszul formula we can calculate all covariant derivatives on G.

Using Gramm-Schmidtt ortogonalization, we obtain new ortonormal basis,
where

2 1
eyg = (0,0, %, ﬁ)

(a1,a2, —tas, 2a3)
vai+a3

(ara3,azaz, ai + a3, —2(ai + a3))
V(at +a3)(a3 +5(af + a3))

€1 =

€g —

€3 =

And we also know that

(VxAz)Y = Vx(AzY) — Ay (VxY)

(VxAz)Y = —AAZyX + Az(AyX)



or
(VxAz)Y = —Vx(VyZ) + vayZ

And we use R(X,Y)Z = (VxAz)Y — (VyAz)X Riemann tensor.

4  Minimal vector fields in 4-dimentional case

If ¢ is globally defined, then ¢ is called minimal if (M) has minimal volume
under variation of the vector field. Minimality of £ is equivalent to minimality
of (M) C (T1,9s) as a submanifold. It follows that minimality of £(M) make
sense even if £ is defined locally.

In [3] it is stated that vector field £ is minimal when the mean curvature
vector is zero, and is given such expression for mean curvature components:

1 2 g(Ve, Ad)ei, fi) + g(AcRIE, Ace)er, fr)

H =
g ny/1+ 0}, =5 1407
G
H,. = ve,»A e; +AcR ,A €;)e;, >
k ”mi—01+059<( Ag) eR(E, Agei)eis fr

Theorem 1 Let G be a Riemannian manifold, equipped with Sasaki metric on
it’s tangent bundle, and let & = (a1, ag, ..a,) arbitrary unit vector field. Then &
is minimal if and only if:

n—1 1 n—1
1+ 012

((VeiAs)ei + AsR(faAsei)ei) = (Z 1112012)6

=0

(]

i=0

Where o; are singular values for £, i.e. square roots of eigenvalues of AZA&

e; diagonalising basis, or left singular basis, i.e. orthonormed basis of eigenvec-
tors for the operator AzAg, and A¢ X = =V x¢ - covariant derivation operator.

Proof. We have defined (f)r=0..n—1 is right singular basis for £, fo = &, and
so fo should be ortogonal to all other fr,k=1..n—1
It means this sum should be proportional to &.

n—1

1

> 1502 ((veiAg)ei + A¢R(E, Agei)eZ) _y:
=0 7

Let’s multiply by &:

n—1

1 _:0_2 <((Ve71A§)€i +A§R(5,Agei)ei),§> =\

K2

Il
=)

i

But in this sum

(AcR(€, Acei)e;, &) =0Vi=0,1.n—1

because, as we know, (A:X,&) = 0. It happens because A¢ X = —Vx¢, and ¢
is unit vector field, (Vx&,£) = 0. So there have left only

§ (Vaddend) _

= 1+ a?



Again we use Age; = —V.,&, 50 ((Ve, Ag)ei, &) = (Aces, Age;) = o2
So we obtain

A= S o
= 1+ 0?2
So we have:
nol n-l o o
2Ty o? ((Vev,Ag)@i + AgR(E’Asei)ei) = (; ﬁ)f

Remark 1 We haven’t used anything special for oscillator group or dimention
4 - we only used scalar product and covariant differentiation, so it works for any
Riemannian manifold.

Theorem 2 Let G be the oscillator group, spanned by E1, Fo, E3, Ey, equipped
with Sasaki metric on it’s tangent bundle, and let £ = a1 Eh+asFEo+asEs+agsFy
arbitrary unit vector field. Then & is minimal if and only if:

aqs = 1,01 = as = ag = 0, which means £ = Ey4, or

az3 =1,a1 = as = a4 = 0, which means £ = Es3, or

as = ag = 0, which means & = a1E1 + as Fo, a% + a% =1,

Proof. Than for our case we calculate that:

In order to find some covariant derivatives we use operator A¢, as we know,
Ae X = —Vx¢&, and so for every vector X, for example, for derivation our basis
vectors, e;, we should obtain matrices A, in the same way as A¢ and multiply
the vector in which direction we want to derivate by corrresponding matrix, i.e.
AeiX = —VXei.

0 ¥ oo
_5
A, = 20 00
0 0 0 0
0 0 0 0
So we see that
0 5 0 0\ /0
_V5 0
Vioeo = L0 0 0 i
0 0 00|
o o0 o0 o \
In the same way we obtain
0 -—% 2 _p5q
1 ~% 0 -k 5
/2543 + 2543 + 5ad | 22 —bm 0
0 0 0 0



And so V., e; is obtained easily as

3CL3 (—(ZQ, ai, 0, O)

ve 61:A el =7
1 e1®1 2 2, 12
5 aj+aj+ zaj

And so on,

Vez €9 = 0
30,3

= 2% (—a3,a1,0,0
v rag P

Veg €3

We can note that both V., e, V. es are collinear to es.
Let’s calculate (V., A¢)e;, i =0..3

(VeyAe)eo = 0

3a3
10(a? + a3 + %a%)

(Ve,Ag)er = (a1as3, azaz, —(ai + a3),0)

1
(Ve,Ag)ea = 1(01,02,03,0)

1
5 (a1(=25(ai +a3) +a3), ax(~25(at +a3) +a3),

1
Ve, Ac)es = -
(Ves Ag)es 4 —5(a? + a3) + a3

ag(—ll(af + a%) + ag),O)

Then we find all AcR(§, Ace;)e;:
Besides, it appear that

R(f, A560)60 = R(S,qu)el = R(f,Ageg)eg =0

and only
1
R(fa A£€3)€3 = 1&3(—042, ay, 07 O)

So
AcR(E, Acep)eo = AcR(E, Acer)ey = A¢R(E, Ageg)ea =0

and only

1
AfR(f,Afes)es = *gas(ala&azas, a% + a%a 0)

Remark 2 For our case we can note some simplifications, provided with special
properties of Ey, which on 4-dimentional oscillator group (in fact, not only
4-dimentional, but now we are examining this case only) behaves in a way,
different to other basis vectors, and nearly doesn’t take part in our calculation.

In fact, A¢ does not depend on a4, and if we mark that our sum has no
projection on FEy, we can conclude that

3 2
ag;
_ Vi -0
(Z 1+012>a4

=0



So either a4 is 0 or o; = 0 (they are non-negative). If o; = 0,& = (0,0,0,1),

a parallel vector field. If a4 = 0, while ¢ is unit we can use a3 +a3+a3 = 1.Then

2 5 2 2 1
0'3 =21 a3,02 1

Therefore we obtain Z
collinear to ¢

Ve, A¢)ei+ Ae R(E, Ace;)e;, which should be
i=0 1+o’ 41 3 3

a1(a3(a?—1)+10a3—34)

(a3+5(af+a3+1))(a3—5)

3 1 (agz(a3ga§—1%+1(;31(4—234))

eiA €Z+A Rf A e;)e; = az+5(aj+az+1))(az—>5

;HU? ) ARG gei)e as(a3(aj+a3)—a3—9)

(a2+5(a?+a3+1))(a?—5)
0

Using our simplifications we obtain:
a1 (a3+34)
5(a2+5(af+a2+1))
3 as(aZ+34)
> 5 (Ve Ac)ei + AcR(E, Agey)e; = | Sladtblaitai+))
Pl az(a3+9)
5(az+5(af+a3+1))
0

while unit vector field £ = (aq, az, as, aq).
As we already know, we have such cases: either £ = (0,0,0,1) = E4 or
aq = 0. In that case we have £ = (a1, az, as, 0) is collinear to

( a1 (a3 + 34) az(a3 + 34) az(a3 +9) )
5(a3 4+ 5(2 —a3))’ 5(a% +5(2 —a?))’ 5(a3 + 5(2 — a3))
Here we see that a1 = ag = 0, and £ = (0,0,1,0) = Ej3, or a3 = 0 and
f: (al,a2,070) S (El,EQ), CL% —|—a% =1.
|

5 Totally geodesic vector field in 4-dimentional
case

Vector field £ is called totally geodesic when the image of £ : M — T1 M is
totally geodesic submanifold in the unit tangent bundle. As it was said in [1],
we are looking for £, such that the second fundamental form

QE(X7Y) = Hesst,Y) + AEH’ITLE(X,Y) - g(AgX, AEY) =0
for any X,Y € X(M).
Here we know that
1
Hess§(X, Y) = 5((VXA§)Y + (VyAg)X)

is rough hessian and

Him(X,Y) = L(R(AX, )Y + R(AY,)X)

is harmonisity tensor.



Theorem 3 Let G be the oscillator group, spanned by E1, Fo, F3, Ey, equipped
with Sasaki metric on it’s tangent bundle, then the only totally geodesic unit
vector field is Ey.

Proof. While Q¢(X,Y) must be 0 on all X,Y, let’s calculate it at least on
some basis vectors. For example, we obtain

Qf(E47E4) = 7(&1(&% + a’% - 1)7a2(a% + ag - 1)a a3(a% + a%)a a4(a% + a%))
So we see that either ay = a3 = 0 or a? + a3 = 0.
Then considering Q¢ (Fo, F4) and Q¢(E1, Ey), we see that

Q¢ (B, Ey) =

1
E(9a1a2a3, a3(2af + llag), —a2(3(a% + a%) - 8a§ + 8),8asazay)

and

Qe(Er, Ey) =
1 2 2 2, 2 2
6 (ag(1laj + 2a3),9a1az2a3, —a1(3(af + a3) — 8as + 8),8arasas)

So if a4 = a3 = 0 then also as = 0 and a; = 0, no solution.

So there should be always a? + a3 = 0.

From Q¢ (E4, E4) we see that it follows then also a1 = 0 and ay = 0.
We calculate also Q¢(E1, E3):

1
Qe (Er, Es) = —E(Qag(llaf + a3 — a3 + 4), 5a1a0a3,

3
- §a1(af + a3 — 3az +4),4a1a3a4)

from which we see that also as = 0, and so we have to check only if £ =
Es = (0,0,0,1) gives us solution. Simply checking all Qg, (E;, Ej),i,j = 1.4
we see they are all zero. But while all components of € are linear, it’s enough
to check it on basis.

6 Minimal and geodesic vector fields in case
Ganta(1)

Consider 2n + 2-dimentional oscillator group G = G(1), (i.e., we firstly con-
sider simplier case, when \; = Ay = --- = A,, = 1) which is equipped with Sasaki
metric on it’s tangent bundle and in standart basis X1, -+, X,, Y1, ,Y,, P,Q
it has only following non-vanishing Lie brackets:

[Xi7)/j] = 5ijP7 [QvX]] = }/ja [QaY]} = _Xja 1 < Zv] <n

Define & arbitrary unit vector field £ = (a1, - , agn42), operator AcX =
—V x&. By Koszul formula we can calculate all covariant derivatives.

10



Applying it to the standart basis, we obtain matrix of this linear operator:

2 T2 Tant+1
0 0
0 0 0 e famalam g,
—22ntl 0 0 0 -4 ax
A = g
0 0
0 _MT/H 0 0 —&o G
e og e =g 00
0 0 0 0 0

We call éx = >0 a;X; and &y = D" | any;Y;, and I, the identity matrix
n X n.
Now we can write

0 mmp Ly gy
U e (R B T2
(-
S 13 S
0 0 0 0

Our group G is direct product of 1-dimentional subgroup, associated with
the last basis vector, Q, and 2n + 1-dimentional subgroup, spanned by

le"' 7XnaY1a"' aYnaP

and taking into attention the results of 4-dimentional case in previous chapters
and 2n + 2 dimentional case, considered in [6], we will look for the answer
€ C Q*. To simplify some further calculations, let us look at geodesic vectors
in subspace Q*. As we know, geodesic vector field has V€ =0, and, while we
assume aon42 = 0, we are looking for £ s.t. A:£ =0.

0 =2, %fY =&y Ex (a2n41 — Gont2)Ey

Vel = — _ajn%[” 0 —%ﬁx x €y _ _1 —(agn+1 — G2nt2)€x
§£§’ _%f& 0 0 A2nt1 2 0
0 0 0 0 A2t 0

Let us define a special vector

n n

o) = ¢(Z(G¢Xi + anyiYi) + aonp1 P + a2n42Q) = Z(aiYi — UntiX5)
i=1 i=1

We can simplify our notation:

Vet = 4 (@1 — a2 2)0(6) = 0

11



While we decided to look for our solution in ¢ € Q+ it mean we need either
€ =Poa; =0,i=1.2n2n+20r apy1 = Gap2 = 0, £ € PY C Q*(looks
similar to 4-dimentional case (n=1), when we had either Es5, or Ey4, or any unit
vector in the plane of F1, E3). So now we can assume as,+1 = dopt+o = 0, and
rewrite

0 0 i¢ —£
2 ~16(8) (9
0 0 —lex & .
Ag = 1t et 0 0 = _§¢(§) 0
28y Tatx 0 0
0 0 0

Now we know all vectors ¢ € P+ C @ are geodesic. Let us check their
minimality applying Theorem 1.

In order to find singular values and singular basis for ¢ we calculate matrix
AEAg and find it’s eigenvalues and eigenvectors:

&yl -y etk 0 1 .
o e 19(&)ee) 0 0
. —16x 08 &x @& 0 1 L
0 0 i -1
L2 0 -1
0 0 -1 1 2
2
Eigenvalues and eigenvectors of AgAg are:
2 . 2
- = =1.2n—-1 = -
0; Oa ? n y O2n 4

5
2 _ 2 _
Oon41 = 1 Oopto =0

e; = ortonormal basis C ¢(&)* ¢ P c Qt fori=1.2n—1

n

e = 0(&) = _(a:V; — antiX;)

i=1

1
€ant1 = %(*P +2Q), eani2 =

For the minimality of vector field £ we need

1
%(2P +Q)

2n+1 1 2n+1 0_2
; m((vew‘l&)ei +A£R(faf4£€i)€i> = (; m)f

As we can easily see from the structure of A¢ matrix, all covariant derivatives
in P+ C Qt are zero, i.e.

VXePtcQt VxX=0
And so we can note that

Aeiei = —Veiei =0
(Ve Ag)ei = Ve, (Agei) — Ag(Ve,ei) =0
Vi=1.2n—1

12



It means we need to check our sum only on the last three vector of singular
basis, all other components are zero. So we calculate

0 -~ 0 0 e 0 —a a1
0 0
0 0 — an
0 0 — dndl Anp41
V82n62n = _A62ne2n = - 2 *
0 0 ;
0 0 0 0 —%  ay,
T -4 - %0 0
0 0 0 0 0 0
0O .- 0 0 - 0 Mg,
: o o0 i i | e
0O --- 0 0o --- 0 “n gy, : 0
0 0 0 a —a2n .
cee “ee a1 aq :
A&'e?n = 2 (1'1 = 0
0 . 0 . . . . . : _%
” Gp 0
0 0 0 - 0 -% g, 0
ooy ooy 0 0 [0
0 0 0 0 0

(v€2n Ag)egn = vezn, (A§62n) - AE (vegn eQn) -

—O0pt1

I,
—a2n

1

0 -3
Ly 0 1
4-n aq

0 0

0 0

o O o O
oS O o O

13

—0n+1

—A2n
ai




0 R 0 0 e 0 % —Qn+1

0 0
0 0 0 0 % —a 0
Ace ! ! ’ " " o "
2n+1 = -
0 0 0 0 % ?
an;l agn 7%1 7“7" 0 0
0 0 0 0 0
Ve =~ (E)
25
0 —3I, 0 0\ [0
1|4, 0 00
Vesnir€2nt1 = AR 0 0 0 ()1 =0
0 0 0 0 2

)
(Vesn 1 Ae)e2nt1 = Ve, (Aceani1) — Ae(Vey,  e2n41) = *ﬁvcmﬂ‘ﬁ(@ =

0O -+ 0 0 e 0 -5 a
0 0
0 0 0 0 =t On
N 1]l 0 0 0 0 —" anp
= 7A¢(§)62n+1 =3 _
0 0 :
0 0 0 0 _agn A2np
— _gn gt —azm 0
0 0 0 0 0 0
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0o - 0 0 -+ 0 =g,

0 0
0 0 0 0 “Zn —ag, 0
1 0 0 0 0 -5 a :
Ageonia = ﬁ of=0

0 0 2
0 . 0 0 s 0 —% Qn !

a"2+1 .. aQTn 70«71 e 70’7" 0 0

0 0 0 0 0 0

v€2n+2 €2n+2 = 0
(v62n+2A§)62n+2 = V€2n+2 (AEGQTH-Q) - Aﬁ(vezn+262n+2) =0

First term is 0 for all 7 exept i = 2n and i = 2n + 1, where it is parallel to
¢, and we have to calculate Riemannian tensor now.

R(§7 A§€2n+1)62n+1 =—Aa A562n+1£ + A€2n+1 (AA5€271+1£) + AAegn_H 5‘458271"!‘1_

€2n41

3 3 3
—Ae,, ., (AcAceay, =—A - —=A,, ., (A — ——=Aa, +
wir(Aedeeanin) = 522 da., 08 ~ op A (Asl) = 754,600
3
+——=A.,, (A =0
2\/5 n+t ( §¢(£))

R(&, A¢eania)eanta =0

For our sum there have left only two terms, and it is parallel to £ for all a;, and
it is

2n+1 1 15 §§
Z 1 +O'l-2 ((veiAg)ei +A5R(6,A56i)ei) = 1 i% + 1:—% =
. 1 5 2n+1 0_2

B (14% +ﬁ>§: (; 1—1—102.2)6

soall >0 | (a; X; + antsYs), 22221 a? = 1 are minimal.

7 Minimal and geodesic vector fields in case
G2n+2(>\)

Now let us consider broader case, when 2n 4 2-dimentional oscillator group
G = Gapy2(N), (i-e., we consider the case, when Ay = Ao =--- =X, = A #1)
again equipped with Sasaki metric on it’s tangent bundle and in standart basis
Xy, . X, Y1, , Yy, P, Q it has only following non-vanishing Lie brackets:

(X5, Y;] =055 P, [Q, X;] = AjY;, [Q, Y] = =X X5, 1<, j<n
Define ¢ arbitrary unit vector field £ = (a1, - , agn42), operator Ac X =

—V x&. By Koszul formula we can calculate all covariant derivatives.
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Applying it to the standart basis, we obtain matrix of this linear operator:

0 e 0 “271% . 0 “n% A1
0 0
0 0 0 Bkl G2 ag,
4 = —damal 0 0 0 o A\ay
0 " 0
0 .. _‘MEA 0 e 0 —&a Aan,
Gnt1 .. 2z —a L 0 0
0 0 0 0 0 0
Theorem 4 Let G be 2n+2-dimentional oscillator group, spanned by
X1, , X, Y1, Y, P,Q

equipped with Sasaki metric on it’s tangent bundle, and let

&= Z(%Xi + anyiY;) + a1 P + a2n42Q
i=1

arbitrary unit vector field.

Then if € is either P or Q ory i i (a; X; + antiY;), 21221 a? =1 it is gedesic
and minimal. There are no other geodesic unit vector fields on G.

We are going to use absolutely same procedure and same notations. Only
a little have changed, indeed. For the same reasons, we are looking firstly for

£E€QT, V& =0

0 e 13 Y3 Ex
Vet = - — iy, 0 —3éx Ax Sy _
138 —1&y 0 0 a2n11
0 0 0 0 Q2n+2
(a2n+1 — Aagn42)Ey
_ 1 —(a2n+1 - )\azn+2)§x
= -3 .
0

So we have £ € P+ C Q' or P, or Q as all geodesic again. Let’s apply
Theorem 1. We need singular values and singular basis.

In order to find singular values and singular basis for £, we calculate matrix
AgAg and find it’s eigenvalues and eigenvectors:

1 1 t
iy @iy mabv @t 00 L©s©)' 0 0
1 t 1 t 4
. —16x®&  &x®&k 0 0 1 1
AgAg = 0 0 ! N 0 i T2
4 2 _l)\ )\2
0 0 RSN 0 2
2



Eigenvalues and eigenvectors of AgAg are:

1
o?:@i:Lan—Laizz
2 2 5 0
Tan+1 = A" F 75 Odntp =
e; = ortonormal basis C ¢(&)* ¢ Pt c Qt fori=1.2n—1

n

ean = B(&) = Y (Vi — anyi X;)

=1

1
(_P + 2)‘Q)7 €on42 =

—_— ———(2\P +
AN+ 1 4)\2+1( Q)

€o2nt+1 =

Only the last two vectors have changed and only one singular value.
For the minimality of vector field £ we need

2n+1 1 2n-+1 2

g
; Ta_iz((veiAE)ei JrAgR(f,Agei)@i) = (; @)5
Again first 2n-1 terms are zero, let’s calculate the last three ones:
vegne2n == 7A827,, €2n =
0o - 0 0 e 0 - \ay
0 .0 : : ~Ontl
0 x 0 - Aay,
a —a2n
0 0 0 0 -~ Aang a
- _ ' =0
0 0 :
a n
0 0 0 0 -4 Aag, 0
-4 . _“n% oo —fzu 0 0 0
0o - 0 0 e 0 0 0
0 ) 0o .- 0 e
0 t. . 0 —An+41
0O .- 0 0o --- 0 Un  agy, : 0
—A2n .
0 ) 0o - 0 _a Aaq a :
Agezn = ' ' .2 . .1 = 0
0 0 : _%
Qn n O
an2+1 9. _o —% 0 0 0
0 0 0 0 0
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(Vea, Ag)ean = Ve, (Agean) — Ag(Ve,, e20) =

—Op41

—a2n
a1 1

o o o o
o o o o
Il
|
Iy

For this term no changes, as expected. Let’s check last two ones:

0 R 0 0 ce 0 an% —Aant1
0 0
0o --- 0 0O --- 0 o —Nag, 0
1 0o --- 0 o -~ 0 -4 Aay :
A = i . S
0 L0 : : : : -1
0 0 0 0 =% A 2
An+41 ng _% —Qn 0 O
0 0 0 0 0 0
1 2
+2A
_ 3
= Ve &= R 1¢( )
1
0 —-%I, 0 0 0
1 %In 0 0 0 :
V82n+162n+1 =T e o7 0 =0
4N +11 0 0 00 -1
0 0 0 0 2\
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(v€2n+1A§)62n+1 = V82n+1 (A562n+1) - AE(v€2n+1€2n+1) =

142)2 VAN2 + 1

e e— e —_— 714 n =
N2 + 1v 2n41 ¢(§) 9 ¢(&)€2n+1
0o --- 0 0 0 —u A\aq
0 0
0O --- 0 0 0 =n Aa,, 0
1 0o --- 0 0 0 — 4 Ayt : 7(4)\2_%1)5
T2 : S : : : N
0 .. 0 . .. . . . _1
0o --- 0 0 0 —~%n Aay, 22
S 0
0 0 0 0 0 0
o - 0 0 -+ 0 = Xy
o . 0
0 ) 0 0 2 — a2 0
4 1 0O -~ 0 0 - 0 % g : .
£Com42 = 0| =
VA2 + 1 . . . . . .
* 0 -0 : " : : : 2\
0o --- 0 o - 0 -% \a, 1
Lo s o_nom 0
0 0 0 0 0 0

v62n+2 eant2 =0
(v€2n+2 A§)€2n+2 = V€2n+2 (A562n+2) - Aﬁ(v€2n+2 62n+2) =0

All terms with Riemannian tensor are again zeros.
For our sum there have left only two terms, and it is parallel to £ for all a;,
and it is

Al if (4’\1+1)§
Ve, Ag)e; + A¢R ,Aee-)z + =
;1+0i2(( e; 5)1 5(5 51)1 1_’_% )\2_’_%
1 )\2+l 2n+1 2
(e the- (8
1+Z )\2-1—1 =0 1"‘0’1

so all 27 (i X; + antiYi), Yo", a? = 1 are minimal, and the result does not
depend on .
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8 Results

In this thesis we have found all minimal and all totally geodesic unit left-
invariant vector fields in the case of 4-dimentional oscillator group. We have
also found all geodesic vector fields, and the set of all minimal unit left-invariant
vector fields, geodesic and orthogonal to the one-dimensional subspace spanned
by the last, special basis vector in the multidimensional case and we also formu-
late a theorem for checking the minimality of a unit vector field on the Sasaki
metric on the tangent bundle of a Riemannian manifold.
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