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MuosxecTBo Touek mpocTpadctBa R™! Gynem obosmauates z = (z,y), rue

¢ = (21,22,...,2) €R", y €R, [zl = (/a2 +2d+...+ 22492 Qu(h)
ky6 8 R"*! ¢ nenrpom B Touke z = (z,0) u aruHol pebpa h, Q(h) = Qo(h). Hda-
aee, yepe3 C 0Bo3HauaeTcsi MPON3BOJbHAS KOHCTaHTa (3HaUeHIle KOTOPOI MOXKeT
MeHAThCs), uepe3 mesA — k-MepHas neberosa Mepa MHoxectBa A C R¥, a uepes
capA — JorapudMirgeckas eMKoCTh MHOXKecTBa A C R? mum Hbl0TOHOBa €MKOCTh
yHoxectBa A C RF k > 2.

M. Benemukc B [1] moayum:n ciaelyiouryio BayKHYI0 B IPIJIOXKEHHSX OLEHKY

FapMOIﬂIquKOfI Mephbl MHOXKeCTBa E, JieXKalllero B rimIepIriioCKOCTH IIPOCTPaHCTBa
e

Teopema A. (Beneduxc) Ilyemv E C {y = 0} N Q(r) maxoe 3amxnymoe
MHOJICECTE0, YO

mes (E N Qz(h)) > 6h™ (1)
0as nexomopuiz & > 0,h <t wu ecerz, |z| <1 —h. Tozda
Ch
w(0) < . 2)

2ew(z) = w(z,0Q(r),Q(r)\ E) 2apmonuvecxas mepa zparnuybl 0Q(r) omuocu-
meavrno Q(r)\ E 8 mouxe 2.

M. Comun B [2] nns caydas n = 1 JOKa3bIBaeT HEKOTOPOE YCHJIEHHE TeOpPeMbl
M. Benemxkca.

Teopema B. (Codun) ITycmo E 3amxnymoe nodmmodcecmso seuecmsen-
noti ocu R, das nexomopwrz § > 0,h < 7, u 6cez = € R, maxuz wmo |z| < r—h,
BLINOAHAETNCA HEPABEHCMEO

cap (35 (ENQs(h)) 25
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Toz0a zapmonuvecxas mepa w(z) = w(z,0Q(r),Q(r)\ E) ydosaemeopsem we-
pasencmesy

Ch

rlog(})’

M. ComuH oTMedaer, UTO pe3yabTaThl M METOABI NOKA3aTeIbCTBA, HCIIOAb3Ye-
Mble B [2], MoryT GBITh IepeHeceHHl Ha mpocTpaHcTBo R™! c BemecrsenHofl ru-
MepILIOCKOCTHI0 R™ BMECTO BeleCTBEHHOM OCH.

B Hacrosmelt paboTe MBI IOKa3BIBaEM, UTO yCIOBHE E C R™ B Teopeme B kak B
crydgae n = 1, Tak U B ciydae n > 1 MOKHO 3aMeHHTH Ha boJiee ciraboe, cocTosiiee
B TOoM, yTo E B omnpenenenHoM cMbiciae ”6au3ko” k R™.

Teopema 1. Ilycmb E 3amxnymoe muodcecmeo, aedxcauee 8 obaacmu
{(x, YER™ : |yl <L, ¥ <a(zf+zd+...+ a:,zl)}, 2de o Qocmamouro mano,
nycmo daa nexomopuiz § > 0, h < r, u scex z € Rt |z| < r—h, evinoansemes
HEPABEHCME0

w(0) <

cap (5 (ENQu(h)) 2 6

Toz0a zapmoruvecxas mepa w(z) = w(z,0Q(r),Q(r)\ E) ydosaemeopaem ne-
pasencmasy

wO)< S 3)

Jloka3aTeabCTBO 3TOI TeOpeMbl TaK JKe, KaK M JOKa3aTelIbCTBO TeopeMbl B,
HCIIOJb3yeT CleAyloumil pe3yasrar u3 (3] (KOTOPHIT MBI IPHBOANM B HECKOJBKO
UHOI (HOPMYINPOBKE).

Teopema C. (Jesun-Jozeunenxo-Codun) Ilycmv E 3amrnymoe nodmmo-
acecmeo sewecmeennoti zunepnaockocmu R™. Tozda caedyrowue ymeepicie-
HUA IK6UBANEHMHBL:

a) cywecmeyem § > 0 maxoe, wmo daa awbozo x € R™

s (é%(E n Q,(h))) > § (4)

b) cywecmeyem C = C(é,n) maxas, wmo 0as ecex Pynxyut u(z) €
K(FE) oyenxa

u(z) < %—h

eéepra 0as ecex ¢ € R™.

Yepes K (E) 3necs obo3Hauaercs Kaacc cybrapmormdeckux B R™H! dynxrmm
u(2) mopsnka He GoJblle 1 U THIIa He IIpeBoCXosmero 1:

. u(z)
lim sup —= <
frioos, R

KOTOpBIE€ HE IIOJNOXKHUTEJIbHbBI Ha E.
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JlaHHast TeopeMa GblTa Hoka3aHa B [3] mas ciaydas npoctpanctsa R™*! u muo-
xectBa £ C R™, a B [2] a1s caydas n = 1, Ho npomnsBoabHOrO MHOMKecTBa E 13
cros |y| < 2. Ommaxo mociernee mokasaTemncTBO MOUTH Ge3 M3MEHeHITT epeHo-
CHTCS Ha N-MEPHBIIT CIydail, II03TOMY MBI €ro OILyCKaeM.

ifpn mokasaTeabcTBe TeopeMbl 1 BajKHYI0 POJb HI'paeT TaKiKe CleLylomas
TeMMa.

Jlemma. ITyems E C Q(1)N{lyl < 1} n{y? < a(z? + 23 + ... + z2)},
2de > 1 0ocrmamovno Manas KOHCMANMA, 3a6UCAUAR O PA3MEPHOCTIU NPO-
cmparcmea, u nycmb MHuoxcecmeo E Aeaamca 3aMKHYMbIM, 6Ce MOYKU KO-
Mopo2o pezyaapHbl omHocumenvno npobaemvt Jupuzae 0as onepamopa Jla-
naaca. Ecau w*(z) eapmonuvecxas mepa muoocecmsa {|y| = 3} N 8Q(1) om-
nocumeavro Q(1)\ E, a w(z) eapmonuvecxas mepa muoxcecmea 0Q(1) omno-
cumeavro Q(1)\ E, mo

w(0) < (n + 1)w™(0) (5)

Jra Jemma Obl1a IOKa3aHa BenemukcoMm [1] mis ciydas, KOrga MHOXKECTBO
FE nexur Ha BemecTtBeHHOI rumepmiockoctu R™. Ilpu n = 1 nokas3arenbcTBo,
npuBeJeHHOe beHemIkcoM, Jerko obobuiaeTcss Ha MHOXKeCTBO F, Jexaliee B CJIoe
ly] < %. Oanako mpu n > 1 momobHoe 0GOOLIEHIe CYIIECTBEHHO CIOXKHEe.

Hoxaszameavcmeo aemmul. OOGO3HaAUIIM UYepes w; TapMOHHYECKYIO MepY
{lzil = 3} N 8Q(1) ormocuremsro Q(1)\ E, i=1,...,n, Torma

w(z,y) = wi(z,9) + ...+ wa(z,9) + W (z,7) (6)

ycts ¢*(z,y) pemenue 3amaun Jupnxre mns omeparopa Jlamraca B obiacTu
Q(1) c rpasmraEsMu ycaoBusavu ¢~(€) = 1 pu |y| = § 1 ¢*(€) = 0 Ha ocTaJBHOI
YaCTH PAHNIEL, a @;(z,y) peuerne 3anaun JIupixie ¢ rpaHUIYHBIME YCIOBHSMUI
@i(€) = 1 opu |z;| = % 1 ¢;(€) = 0 Ha ocTaJBHOII YaCTH IPAHUIEI, ¢ = 1,...,7.
Torma ¢yHKIIII

wi(z,y) = ¢i(z,y) — wi(z,y), isR...,n (7)

W'(:L‘, y) 5 cp*(z,y)—w'(x,y), (8)

pemator 3agaunt Jupnxiae B Q(1) \ E mas oneparopa Jlamraca co ciexyomiMiI
KPAEBBIMII Y CJIOBILSIMIL:

j _ [¢i(z,y),  (z,y)€E .
Wz(zay)"' { 0, (x,y)eaQ(l) y l—].,...,’n (9)
* AL sa"(a:,y), (ﬂf,y) €EF

Paccmorpiv dyHKIIm

suls)=anla) e kil il = 155 - i
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3amernM, uTo PyHKIMA ©*(Z1,...,Zn,y) YeTHAS IO BCEM IIEPEMEHHBIM H, TaK KaK

991(:51712,---,%,1/) I QO*(y,(L‘g,...,IEn,Zl) (11)

JUISL MIOBBIX (T1,...,Zn,Y) € Q(1), T0 ¥1(2) = 0 mpu |z4] = |y].
IToroxim

Ky={z€Q(1):|m| <y}, Ki={2€Q(1):y<—|=l},

K3 ={z€Q(1):|y| < z:1}, Ky={2€Q(1):z1 < —|y|}.

Oyuxmus 9;(2) Heorpunarteasta Ha 0K; n 0K,, M03TOMy IO IMIPUHINIILY MaKCH-
myma 1(z) > 0 Ha K, U K. ITo dopmyae ITyaccona mus ||z|| < % nMeeM

3¢ SXnone
ne)=g | ¢u(<) S it 21 i
Taimt (32— 2601+ Eaza +9) + |12112)
rze ¢ = (&1,...,&n,n). Juddepermupys dynxmno 1;(z) mo nepemeHHoll y, mo-
JydnM
0%, (0 2"=1(n + 3) z
002D [ et - 1o =
i<ll=3
geyd 3
043 [ gueyartia? - 1)doc +
51
guri 3
2043 [peaiat - 1o,
S
rae
1
S1={C: i<l = 3} N (K1 U Ky),
1
S2={¢:|lKll = 5} N(K3U Ky).
ITpu npeobpaszoBarmm (£1,€2...,6n,M) — (0,&2,...,&n, &) MHOXKecTBO Sy Iepe-

xomut B S, npu atoM BBuny (11) dyHkums v, (z) MeHser 3Hak. Taxim obpa3om,

9%41(0) _ 120
0y?

/ ()" - €Ddo,

u, TaK Kak ¥;(z) > 0 Ha Sq, 10

9’¢1(0)

o), >0,

T S T rerr o L TR
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AHasormasao noJay4daeM

9%¢:(0) :
9y >0 =)
Ha mrockoctn y = 0 ¢yHrmms 9;(2) HemolokuTerbHa U obpamraeTcs B HyIb
Toabko mas & = 0, u, aHajorm4Ho, pyHKmmH ¥P;(2) 1 = 2,...,n HENOJOXH-
TeJbHBI 11 oOpamaloTcs B Hyab Todbko ipu & = 0, 7 = 2,...,n; TakuM o6pa3oM,
byHKIIISA

P(z) = = ($1(2) + -+ a(2))

Ha wiockoct {y = 0} N Q(1) crporo orpumaressHa, KkpoMe Toukn <z = 0.
BBuay wersoctn dbyukmmt ¢*(z), ¢i(2), ¢ =1,...,n, I0 KaXI0il U3 mepe-
MEeHHBIX Z1,...,Zn,Y IIOJydJaeM, 9TO IIepBbIe IPON3BOAHEIE, 3 TAK}Ke BCe CMElIaH-
Hble IIPOI3BOIHBIE BTOPOrO MOPSIKA PaBHBI HYJI0. BcileacTBue rapMOHNYHOCTH
¢(z) U CIIMMETpII OTHOCHTEJIbHO NEPEMEHHBIX Z1,. .., T, IMeeM

’0(0) _  _ 9%9(0) O¢(0) _ _19%9(0) _
Baform then it jOgdsal dz? n dy?

o st 1kl bl Y

[To dopmyxe Teftnopa

2 "
v(z)zé(aas;g’)yu 2 et )+ oflel),

moatomy (z) < 0 mpm ||z|| < 6 u ¥? < a(2? + ...+ 22) ans mocraTouHO
Mambix . Tak Kak ¢(2) HellpephIBHA U CTPOro oTpHiaTensHa mpu y = 0 u ||z|| > 6,
TO MOYHO BBIGPaTh o TakKmM, uto ¢(2) < 0mpm z € Q(1) m y2 < a(z? +...+ 22).
Takmm obpasoM,

ne™(2) < ¢1(2) + ...+ ¢a(2)

B obJiacTu

ze{zeQ(1): ¥ < oz 2 +...+ z2,2)}.

Tak kak E xesur B atoil obaactu, o u3 (9) u (10) crexyer
nw™(z,y) < wi(z,y)+ ...+ wa(z,y).
[Tosromy u3 (7), (8) 1 u3 Toro, uro
P =0y =0, ¥=1,...,n

cilenyer

nw"(O) Z wl(O) + wz(O) +...4+ wn(O).

Orcrona u u3 (6) BeITeKaeT yTBEpP K IeHIe JeMMBbI.
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Joxazameavcmeo meopemut 1. He ymensbinas obmmocTa, 6yaeM CUnTaTh, 9T0
Ka)KJas TOUKa MHOKecTBa F siBisiercs peryispHoi mis 3amauu Jupuxie oTHOCH-
tenstHO = R™1\ E. O603naumm E, = EU(R™ \ Q(r)) 1 paccMOTpIM BepXHIOI0
orubatomyio kracca K(E,)

vg,(2) = sup u(z).

weK(Ey)
JanHas GyHKINA SBISeTCS CyOrapMOHMYECKON 1 HEOTPUIATENLHOII BO BCeM IIpo-
crpancrBe R™"*1, rapmonmdeckoit BHe MHOXecTBa E, U IpUHIIMaeT HyJeBhle Ipa-
HIYHble 3HaueHHd Ha E,. Tak xak MHO)ecTBOo E, ymoBiIeTBOpsieT ycaoBmio (4),
TO, TI0 TeopeMe C, BepHO cieayloliee HEPaBEHCTBO

vg,(z) < @, Vz € R™. (12)

Paccmorpiv dysxmmo 7 = max{|y| — §;0}. OueBmmno, m1s Bcex Todek Ipo-
crpanctBa R™!, dynkuns 7(2) sBasercs cy6rapMOHIUECKOLT I HEOTPUIATEIbHOIT,
HMeeT ITOPSAIOK He Goxee 1 U THII, He IPEBOCXOAAIINII € IHMHUILY, Ha MHOXeCTBe F,
npHHUMaeT HyJeBsle 3HaueHus. CrenosatensHo, 7(z) € K(E,), 3Hauur

7(2) £ vg,(2), z = (z,y) € R*1,

B toukax mmoxectBa Q(r) N {2 : |y| = §} mmeem 7(z) = §, mpm atom 7(2) > 0
Bcroay Ha 0Q(r), mostomy Ha Q(r)\ E

~

w'(2) < 27(2) < Tog, (2),

CJIeIOBATENbHO,
Ch
w*(0) < —
(0) < or
Orciona u 13 Jgemvsl crenyer HepaBeHCTBO (3). Teopema noka3aHa.
91O UCCieIoBaHNe YaCTHYHO monuep:xuBaercs rpaToM INTAS-99-00089.
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Structure of Maximal Ideal Spaces of a Certain Class of
Banach Algebras
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Let E be the class of infinite dimensional semisimple Banach algebras with
unit elements provided that their subalgebras generated by an arbitrary
nonscalar element and the unit are isometrically isomorphic to the algebras
themselves. In this paper, the structure of such algebras in E will be studied.
It is shown that the disc algebrais in E and that the interiors of the maximal
ideal spaces of algebras in E are not empty. Moreover, if an algebra in E
is uniform then it is possible to give an analytical structure in its maximal
ideal space.

1991 Mathematics Subject Classification 46J10, Secondary 30C

1. Introduction

Let A be an infinite dimensional semisimple Banach algebra such that its
subalgebras generated by an arbitrary nonscalar and the unit element e are
isometrically isomorphic to A itself and let E denote the set of algebras of this
kind. In this paper, the topological structure of maximal ideal spaces of algebras
in E will be studied. This paper consists of three sections. In the first section, it
will be shown that the class E is not empty and that it includes the disc algebra
which has already been the object of much study. To accomplish such a task,
we will make use of the geometric function theory, especially of Caratheodory’s
theory of prime ends [1]. Secondly, the topological structure of the maximal ideal
space M4 of a Banach algebra A in the class E is going to be examined and it
will be proved that its interior is not empty. We will finally see that it is possible
to give an analytical structure to the maximal ideal space of a uniform algebra
from the class E.

2. Notations

Our notation and terminology are quite standard: A denotes the open unit
disc in the complex plane C and A is the closure of A. A(A) denotes the set of
functions which are analytic in A and which are continuous in A. K denotes an
arbitrary compact set in C while K is the polynomial convex hull of K. Details
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about polynomial convex compact sets can be found in [2]. A(K) denotes the set
of functions which are analytic in the interior (K')° of K and which are continuous
in K. The subalgebra generated by a € A and the unit e € A is denoted by
A(a). A(a) is closed with respect to the norm and is the minimal subalgebra
which includes a and e. Let D be a subset of C. Then D¢ and bdD denote the
complement of D in C and the boundary of D respectively. The spectrum of
z € Ais denoted by sp(z) and sp(,)(y) is the spectrum of y € A(a) due to A(a).
Let A be a commutative Banach algebra and ¥ € A. We denote the image of ¥
under Gelfand transform with ¥.

3. On Nonemptiness of the Class £

To show that the disc algebra A(A)is in E, we will use the geometric function
theory. The concepts and information about Caratheodory’s theory of prime ends
may be obtained from the book [1]. However, it will be usefull to go over some
theorems in a form we need.

Riemann’s Mapping Theorem:

Given any simply connected domain in D in the extended complex plane,
whose boundary contains more than one point, there exists a function w = f(z)
which maps conformally onto the disc A.

This function w = f(2) defines a homeomorphism between D and A, which
we will call the Riemann homeomorphism. Many simple examples show that
extending the Riemann homeomorphism to the closure of D (by uniting the Euclid
boundary) preserving the homeomorphism is not always possible. However, a
bounded and simply connected domain always has a compactification to which
the Riemann homeomorphism has an extension. The works [3], [4] supply further
information about other compactifications satisfying the referred condition.

Boundary Correspondence Theorem:

Let D be a bounded simply connected domain with Euclid boundary I" and
let w = f(z) be any function mapping D conformally onto the disc A. Then
w = f(z) establishes a homeomorphism between D and the closed disc A, and
hence between I' and the circle |w| = 1 if and only if I' is a closed Jordan curve.
(In this case, D is called a Jordan domain.)

Theorem 1. If a nonscalar element f of A(A), then A(f) and A(f(z)) are
isometrically isomorphic.

Notice that p(f) € A(A) and ||p(f)|| = max |p(z)| where p is a polynomial.
zef(A)

Theorem 2. For every nonscalar f € A(A), the boundary of f(&) s a
Jordan curve.
Sketch of Proof.

a) The prime ends of the domain ( f(&))" are of the first kind that is, the
impression of each prime end consists of a single point. In this case, these points
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are accessible which is to say that‘for every boundary point z, of compact f (5)0,
there exists a Jordan curve in (fA))° such that zg is its endpoint.

.b) Every boundary point of f(A) is simple that is, each boundary point of
f(A) defines only one prime end.

¢) If each prime end of a bounded simply connected domain D is of the first
kind and simple, then the boundary of D is a Jordan curve.

Theorem 3. For an arbitrary nonscalar function f(z) in the disc algebra
A(A), A(f(A)) and A(A) are isometrically isomorphic.

Let w = ®(2) be the Riemann homeomorphism from (f(A))° to A. Due to
Theorem 2 and the Boundary Correspondence Theorem @ has an extension from
(A) to A. Hence, the algebras A(A) and A(f (A)) are isometrically isomorphic.

Thus, it is understood, by virtue of Theorem 1 and Theorem 3, that the
algebra A(A) is included by the class E.
Theorem 4. The disc algebra is in the class E.

4. Topological Structure of Maximal Ideal Spaces
of Algebras in E

Concepts and information related to this section may be found in [5]. Let M4
denote the maximal ideal spaces of commutative Banach algebra A.

Proposition 1. If the algebra A is in E then M4 is connected.

Proof. A € E implies that A doesn’t have any idempotent elements different
from the unit element and zero. Therefore, the proof is immediate by Shilov’s
theorem about idempotent elements, (see [5], proposition 12 p. 60)

Proposition 2. If z is the generator of a Banach algebra A then My is
homeomorphic to sp(z) and sp(z) polynomial convex compact set.

Proof. The homeomorphism is defined by = : M4 — sp(z) n(f) = 2(f) =
f (.’E),f € MA- &

Let z € sp(z). From the definition of polynomial convexity, for every
polynomial p

Ip(2)| < sup {Ip(w)l} i {p(2(£))} <l p(=) |l

wEspA x

which implies that the functional ¢(p(z)) = p(z) defined on a dense subal- gebra
of A, has an extension to A just like a complex multiplicative linear functional.
Hence, z € sp(z).

Corollary 1. If A is a Banach algebra and y € A then spyy)(y) is
polynomial convez.

Corollary 2. If = is the generator of a Banach algebra A in E,
(spa(z))° = ¢ and B is an arbitrary subalgebra of A then for every y € B,
spB(y) = spa(y) and therefore for every y € Aspy(y) is polynomial convez.
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Proof. As A(y) is a subalgebra of any algebra including y,spaq)(y) D
spB(y) D spa(y) [5, p. 28]. Besides bdspy,)(y) C bdspp(y) C bdspa(y) [5, p- 28]
By the assumption,A € E,(spa(z))° = ¢. Hence, bdspa(y)A(Yy) = spa(y)(y) and
spa(y) D bdspp(y) D bdspa(y)(y) = spa(y)(¥)- This completes the proof.

Corollary 3. For every Banach algebra A € E, spyy)(y) = spzy).

The proof is obtained with the facts sp(y) C spa(y)(y) and bdspy(y)(y) C
bdsp(y) [5, p. 28] and the definition of polynomial convex hulls.

Before advancing to the main theorem we should remind that there exist
such connected compact sets with empty interiors (continua) containing no arcs
(6, p. 207]. Therefore, the following theorem is not trivial.

5. Main Theorem

Theorem 5. If A € E then the interior of the mazimal ideal space of A is
not empty.

Sketch of Proof. Assume that z is the generator of A. Let 29,21 € sp(z)
so that diamsp(z) =| 21 — 2o | and (sp(z))° = ¢. If @ = exp (2—”12—_—“—61) where

n 21—z

n € N then (sp(a))° = ¢ and sp(a) are connected polynomial convex compact

sets. The set sp(a) lies inside the angle 0 < argz < 2 so that there is only

20 = 1 on the ray argz = 0 and only z; = (%) on the ray argz = 2&. Let r(a)
denote the spectral radius of the element a and r > r(a). Then sp(a) separates

Zie—=c0t1andi zok= re(%) inside the angle 0 < argz < 2—:-, i.e. z7 =0and 2, =
re(%) are on different components in (sp(a))*(\{z € C : 0 < argz < 21}, For
(sp(a™))° = ¢ and sp(a™) is polynomial convex, (sp(a™))° is an open connected
set in C. Therefore, the points z; = 0 and zJ = r can be joined(connected) with
a polygonal line I' in (sp(a™))°. (piecewise continious path).

27k

Let ¢¢c = z€C: 2" € sp(a™) and ax = ae » ,k = 0,1,...,n — 1 then

n—-1
caN2€C:2"€Tl = ¢ and ¢, = | sp(ak).c, is compact and connected for
k_

sp(ax) and sp(ak+1) have a common point.

Let I denote the branch of the function {/z on I joining the points z; = 0
and zo. Let As =2€C:|y|<d,y=2€C:|z|=6. Let us choose § so that
As C (cp) and assume that zs is the last point of IV on y. Without any loss of
generality, let us assume that zs is on one of the rays arg z = %, k= 051N n =
Let I'” be the curve beginning from zs and which is the part of the curve I outside
As.

It is clear that it is sufficient to show that I'"” doesn’t intersect any of rays
argz = 25k = 0,1,...,n — 1 at points satisfying the condition | z [> 1, in order
to prove the theorem.

Let us assume that z; = §e*=*) and I intersects the ray argz = -”Tkg- at
the point z,,. Let | z,, |> 1 and 2, be the first point satisfying these conditions.
Besides, let the point z,,_; be the last point on which I'” intersects argz = 2—’;—"‘1
and | zm—1 < 1. Let us denote the part between 2, and z,_; of I' with

B
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['"".(We can suppose that I'” is a Jordan curve by eliminating some of its parts
if necessary.)

Let P denote the line segment between z,, and z,_;. Then 8 = I"|JP is
a closed Jordan curve and with D, let us denote the domain bounded by 3.
Then sp(ak,) is decomposed into three disjoint sets. The first set lies in D, the

2wkgt

second is in (D |JB) and the third is on 8. The point z = (=) can only be
a limit point of sp(ak, ) D. According to this, the closed sets sp(ax,)()D and
sp(ax) (D°UB) are disjoint. And this is contrary to the fact that sp(ag,) is
connected.

With the help of little modification, it can be shown that I'”” doesn’t intersect
the rays argz = %,k =0,...,n — 1 at points |z| > 1.

6. The Structure of Uniform Algebras in the class E:

In this section the structure of uniform algebras in the class F will be studied.

Theorem 6. Let A be a uniform algebra in E and N be arbitrary component
of (M4)°. Then there ezists a homeomorphism T between A = z € C :| z |< 1 and
N such that for arbitrary v € A,vdor isa holomorphic function on A.

Sketch of Proof. The facts that A € F and that A is uniform, together, imply
that A is a subalgebra of C(sp(a)) where a is the generator of A. In other words,
A consists of functions which can be uniformly approximated with polynomials.
Because sp(a) is polynomial convex, A = A(sp(a)). An arbitrary component of
(sp(a))° is simply connected for sp(a) is polynomial convex. Therefore, 7 may be
taken as the Riemann homeomorphism between A and N.

7. Concluding Remark:

By virtue of the last theorem and the fact that the disc algebra is in F, we
can now advance a conjecture.

Conjecture: If A € E is uniform then A is isometrically isomorphic to the
disc algebra. In order to prove this conjecture, it is sufficient to show that (M4)°
is simply connected and that the boundary of M4 is a Jordan curve.
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AcmvmToTIgeCKNe OIIEHKN KaHOHIYECKUX IIPOM3BEIeHIIT
II0 KOPHSM yPaBHEHIII, COAePIKalmX (OyHKII
Jlexxanmpa

B. . Ocrpux

Yxpauncxaa axademus 6anxoecxozo deaa, 2. Cymol, Yxpauna

Penrennsi HEKOTOPHIX CMEIIAHHHX OCECUMMETPHYHHIX 33134 TEOPUH yIPYro-
CId sl KOHYCa MOTYT OHTb HaiileHH B SBHOM BHJE IIyTeM MX CBEJEHUs K
KpaeBoil 3a1ave PumMana nus anaanTndeckux dpyHkumit. Gakropusanus Ko-
addunmenra 3agaun Pumana, sBasiomerocs ApobGHO-THHENHON yHKIMEN
oTHOCHTeNbHO pyHKImi JIexkanapa, IpoBelieHa B KAHOHUYECKUX IIPOU3BEe-
Huax. IlonrydeHH acumnroTHdeckue pOPMYJIH LIS HyJedl U MOJIOCOB KO3(-
dunuenra 3agayn PuMaHa, ¢ TOMOIBIO KOTOPHX HallIEHH aCUMITOTHYECKUE
OLIEHKHM KAHOHMYECKUX NIPOU3BEAEHHN.

1991 Mathematics Subject Classification 73C02.

OcecivMeTpuyHas 3a1a49a TEOPHH YIIPYTOCTH O KOHTAKTHOM B3aMMOENCTBIH
C TPEHIIeM YIIPYTOro U XKeCTKOrO KOHYCOB, [IEPBOHAUAIBHO COIPHKACAIOUINXCS CBO-
IMI BepIUNHAMI, MeTOIOM, OIIICAaHHBIM B pabore [1], ¢ ucrmoxs3oBaHmeM obuero
pellleHHsl ypaBHEHUIT paBHOBECHS MJIS yIPYroro KoHyca [2], cBoOAUTCS K KpaeBoil
3agave Pumana [3]:

O* (1) = G(1)D™ (1) + 9(t) (~o0 < t < 00) (1)

s dyskmmit OF(z), @~ (z), aHAIUTHIECKUX COOTBETCTBEHHO B BepxHell (Im z >
0) i mkaell (Im 2z < 0) moxymrockoctu. Koaddmment G(t) 1 cBoboIHBIT WiIeH
g(t) 3amaum (1) mmeroT BuZ

G(t)=g—_txi()—%.(—t;—iﬂ, (2)
T—a-f G()

g(t)=— m1\/2_7r AT
A(s) = (s(s -1)- mlctgza) cos a( P;_1(cos a))’+

(s — (25 —1)scos’ a + 2m1ctgza) P;_1(cos @) Ps_z(cos )+
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(s(s -1)- mlcosecza) cos a(Ps_z(cos @))?,

A(s) = (s+ 1) coseca - [P,_l(cos a) — cos aP;_5(cos a)] X
2
P;41(cos a) — cos aPs(cos a)] + pom;! {(32 —2s— mg) cos a | Ps_1(cos a)] -
[mz(s - 1)+ (s — 2 — my)(2s — 1) cos? a] X

P;_1(cosa)Ps_z(cosa)+ (s —2 — mz)(s — 1) cos [Ps_g(cos a)] } 3

my =2(m—1)/m, mq=(m-2)/m,

rae 2a, 23 — yrasl IpH BepIINHE B OCEBOM CEUEHHH YIIPYTOoro M KECTKOro KOHYCOB,
m — uucyo Ilyaccona ynpyroro MaTepuaila, po — koaddument tpenus, Ps(cos a)
— ¢yuxmus JlexxaHIpa mepBoro pona.
MoxHo moka3ats, uro ¢yHKImA A(S) yxoBaeTBOpseT (YHKUNOHAILHOMY
YPaBHEHIIO
A(l-s) A(s) 3
Ay = 5 (3)

u3 KoToporo, B cuny ycaosus A(1) # 0, 3akmiodaeM, uto s = (0 — IBYKpaTHbIN
Hyab yHrmm A(s), a TakKe, YTO Ha KOMIUIEKCHOI IIIOCKOCTH OCTAJbHBIE ee
HyJIH PACIIOJOXKeHbl CHMMETPIYHO OTHOCHTENHHO TOUKH $ = 1/2. Dynkums A(s)
IMeeT IPOCTOIl HyJb B Touke s = 0. MoskHo noka3ats, uyro ¢dyHKmm A(s), A(s),
kpome s = 0, He UMelT HyJiell Ha MHUMON OCH, a (pyHKIHS A(S) HMMeeT OIUH
[elICTBUTENBHBIN OTPHIIATENbHBI HYIb So. TakuM obpa3oMm, koadduuuent G(t)
3amaun (1) He MMeeT Ha AefICTBUTENHHOIN OCH HIH HyJell, HH IIOJIOCOB.

J1st U3ydeHNsl aCHUMIITOTIYECKOTO ITOBeIeHIIs] KOPHell TPaHCIIeH JIeHTHBIX ypaB-
mermit A(s) = 0, A(s) = 0 6yzeM HCXOAUTH U3 aCHMIITOTHYECKOTO Pa3IoKeHus [4]:

1 I'(s+1) 3
V2risina I'(s + 3/2)

[ei(s+1/2)ap(1/2, 1/2;3/2 + 8;1/2 — (i/2) ctg o)+

Ps(cosa) =

et t1/2)ap (179 1/2:3/2 4+ 5:1/2 + (i/2) ctga)|, Res — oo 4
(1/2,1/2;3/2+ s;1/2 4 (i/2) ctga)|, ; (4)

rre F(a,f;7;z)— rumepreomerpideckmmt psan. Popmyaa (4) mos3poisieT 3amicarh
JBYYJI€HHOE aCHMIITOTHYeCKOe pa3noxkeHne ¢pyHkimn JlexaHapa:

Py(cosa) = {cos((s+1/2)a—7/4)+

TSsin

(1/8)s™! cosec a - [sin((s +3/2)a—m/4)—
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3sina-cos((s+1/2)a—7r/4)]}+0( ),Res—»oo. (5)

1
C momoursio dbopmys! (5) moxydaem

A(s) = =17 1A (s) + o(1), Res —» o,

Aoo(s) = cos(2s — 1)a — (s + 1/2) sin 2¢, (6)
A(s) = =171 o(8) + 0(1), Res — oo, Aoo(8) = sin(2s — 1)a — cos 2a—
Ko 2(mm—_—21) cos(2s — 1)a + (ﬁ(s -1/2)- 1) sin Qa] : (7

3amcaB ypaBHeHHIEe Aqo(s) = 0 B Buze

W g ; i(20=1)a
s 3 22,O[Ln((2.s+1)sm2oz—e )
I B3SB B KauecTBe HYJEBOIO IPHOIMKEHIS KOpHeN sQ =1 /2 + (mn)/a (n =
1,2,...), Hoxy4nM acuMITOTHKY KopHeit u3 I kBagpanTa (Res > 0, Ims > 0) ypas-
HerHnst A(s)=0:

T 1 1 2tn
s Zn+§—%ln (——a——sm2a) + o(1), n — 00. (8)
AHaJOrm4HO MoJaydYaeM aCHMIITOTIUECKOe HoBeeHne KopHelt u3 I u II kBanpaHTOB
ypaBHerust A(s) =0 :

s 1 1 1 %
ST (Tl + Z) + 3 %ln(qn) +0(1), (9)
HEG 5 PV i
Sp= -2 (n+3)+5 - gmlalan) +o(1), n—oc,
45 2T Hom sin 2¢

a 2(m-1)—ipg(m—-2)"

HPII HaXOXXIeHII aCHMIITOTHKII KOpHQfI S;L HCIIOJB30BaJIOCh COOTHOIIIEHIIE

Py(cosa) = P_s_1(cosa) .
Jns pemenus 3amaun (1) Tpebyercss dakropmsoBars ¢ymkmmo G(z), Te.

[IPEICTaBUTh €€ B BILIE

X*(2)

X=(2)’

G(2) = (10)
roe X*(z) u X~ (2) - dyHsxmm, roroMopdHble 1 He obpalnalonmecs B HyJlb CO-
OTBETCTBEHHO B BEepXHeIl M HIKHEN IOJYIIOCKOCTH.

®akropusamiio (10) ocyuiecTBIM IIyTeM pa3loyKeHHs MepoMopdHOI yHKIRII
G(z) B GeckoHe4yHOe IpoN3BeJeHNe IO ee HyXaM H momiocaMm. Ilemble dyHKIm

B e i
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A(s), A(s) npu |s| — oo mMeroT mopsiIok pocTa, pasHbil 1. CrezoBarensHo (5], nx
KaHOHITYeCKUe [IPOM3BeJeHNs MIMEIOT PO/, PABHEIN 1, I 3aIUCHIBAIOTCH B BUJE

A(s)=s exp{als +az} H (1 + —) exp {——s—} (1 - ;) exp {;gn-} X

el Zn 12y 12,

(1- o) et e e =
PGS iy it M ¢ dguay ¥ dos TR 6 A

A(s) = sexp{azs + a4} (1 - %) exp {;—0} ﬁ (1 - i) X

n=1 Sn

e (o} (.~ 5p) st 0w sl omice il s sma

rie ap,das, a3, 4 — ONpedeNeHHble TMOCTOSHHBIE. Bhigenss B GeCKOHEYHOM IIPO-
mBeneHun Qs GyHKIUN G(z) MHOXKHTEXN € HYJISAMH U IOJIOCaMH M3 BepXHel
[IOMYTILTOCKOCTH, TIOJydaeM

2= DE ) ) fmD)loe) o o

Cxonsmeecss 6eCKOHEUHOEe ITPOH3BeIeHIe 3KCIIOHEHT, KOTOpPOe SBJISAETCA aHaJUTH-
YecKoll Ha BCeil KOMILIEKCHOI IIOCKOCTH (yHKImel e**(a = const), OTHECEHO K
bysxmm X *(2). Acumnrorukn kopaeit (8), (9) rapaHTHPYIOT CXOIMMOCTh Hecko-
HeuHoro nponsseneHus (11).

Teopema 1. Pynxyusa X ~(z), npedcmasaennas becxoneunvim npoussede-
nuem (11), umeem acuMNMOMUECKYIO OYENKY

X7(2)=0(|z"), |2] — oo (Imz < 0)

=3 po(m — 2) ( 1>
T — t Epe 12
p =3z 7_arch( my 0<p<2 (12)

Jloxaszameavcmeo. AcumuroTudeckue dopmyast (8),(9) mossoasior mpeacra-
BUTH pa3ioxkenne ¢pyuknm X ~(z) (11) B Buze

. canon § 3-2j
X~ (2) = (1 X 5) I 11 Hl (1 S Z(ntp)+i+ (—l)kvj(n)) ’

n=1k=1j=
(13)
rze
1 2rn
m(n) = —ln (Ig|n) + o(1), 72(n) = =——1In (—a— sin Qa) + o(1), n — o0,
1 1 1 po(m — 2)
S —_ 9 — | — o, S— . 14
P P+ 4’ P2 Oa P o argq o arctg 2( ) ( )
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Jlorapudmupys nponssenenne (13), moxyqanm

InX"(2)=1In (1 + E) +
S0

g4t Fa fy x
a 1,2_3( D / : ( TP W gy 1>'=7,<[t1))d“]’

ILIH, IIOCJIe HHTETPHPOBAHUA IO YaCTAM,

InX"(2)=In (1 + E) +
S0

o S 3 lf“/m(u ~1) 220, ([) %

k=17=1
-1
Sf T ik S e TS
(t4+0:+ 5= + (0 S0, - Z2)

(14234 o+ (D 20D) et

Ob6o3nauasa

a =1
fit2) = (t405+ 5= + (0P - 52)

(t +p;+ % + (—U"%‘ﬁ([t])) = ;

== [ ey Jengin S -
_Zm] fkjnz)~_sz]nz)~_§m_i¥§:
4a2 (w( 3 —Z) 3! ¢(1)) ~ i : h‘TZ Vel oo
W= (hi=12)
Torma

In X~ (2)=In|z| + za_z Z Z( 1)+1 /[t]fk_,(t z)dt + o(In |2|), |2] = oo.

k=1 =1

BBuny toro, uro

71 = 5o nllgh) +0(1), t = 00 (a1 =4, 22 = = sin2a)
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MOJKEM 3aIlCaTh:
In X7 (z) =In|2|+

-1

o5 31 / 1) (4 8+ g2 + (-1 g (gl - 52)

k=1 j=1

ARSI I i -
(t+2+ 32+ (-D 2m,ln(|qJ|t)> gt +o(lnlsl), |zl — oo.

IIpencraBiuss mexyio gacts ¢ B Buze [t] =t —b (0 < b < 1) u BHIIOXHSS 3aMeHy
IIepeMEeHHOII HHTErPUPOBAHUS = 12U, IMeeM

1

00
. taz E, b D; a
1 4 i+1 / < i (& PG
nX (z)=In|z|+ ;Z( 1) U=t +
1i=1
(- 1)klnz a)"l (u+& £y )klnz) ldu+
2K2: BT . 2miz 27z
o(ln|z]), |z| = oo, Ve € (0;1).
BbInoJHNB HHTErPHPOBaHKeE, HAXOLIM
= 1
InX (2)~(1-2(p1 —p2))In|z| = (5 - 2p) In |z|, |z| = oo.

O1crona, ¢ yyeToM BelpakeHns (14) mas p, moaydaeM acCHMITOTHYECKYIO OLEHKY
(12). Teopema 1 moka3aHa.

OTMeTHM HEKOTOpble H3BECTHBIE Pe3yJbTaThl, KaCaloUecs OleHOK GeckoHed-
HBIX [IpON3BeleHuil. B paGote [5] HalieHB! aCHMITOTHYECKHE PA3JIOKEHHs KaHO-
HITYECKIX [IPOHN3BeJEeHMIT HyIeBOIO PO C paclpeleleHneM HyJell OIpeJeléHHOTO
Bua. TaM ke M3ydeHbI OIIEHKH CBEPXY M CHI3Y MaKCHMyMa MOJIYJIs KaHOHITJeCKUX
IpOH3BeIeHNIT Ha OKPY KHOCTH |2| = r. ACHMITOTHYECKas OIleHKa IIPON3BeIeHHs

1+ 2)on{-4) enmnsrro(2)

n=1

1
ﬁn=c1n+C3+O<;),n—>oo

noxydeHa B pabore [6].

IIpuMeHIM OIMCAHHBIM IOAXO/ K NCCIIeJOBAHUIO aCHMIITOTHKY KOPHeiT i 6ecKo-
HeYHOro IIpon3BeieHIs 1iis 6olee obIIell 0CeCHMMETPIYHOMN 33124l TEOPHHI YIIpY-
roctu. KoHTakTHas 3aa4a 0 B3aMMOJENCTBUN C TPEHNEM ABYX YIPYTHX KOHYCOB
CBOAUTCS TaKke K 3agade Pumana (1) ¢ xoadpdmmenrom G(t) (2). Ilpm atom
dbyuxmm A(s), A(s) 3amicsBaloTcs B BIIe

A(8) = A1(8)A2(8), A(s) = A1(8)Az(s) + A2(8)A1(s), (15)
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Ai(s) = (s(s -1)- mgk)ctgzak) cos o, (Py—1(cos ax))? +
(s — (25 — 1)scos® oy + 2mgk)ctg2ak) P;_;(cos ag)Ps—2(cos ag)+
(s(s -1)- mgk)coseczak) cos ay (Ps—z(cos ax))?,

Ak(s) = mgk)Gl (mgl)Gk>_1 (84 1)cosec a x

[Ps_l (cos ax) — cos a Ps_2(cos ak)] [Ps+1 (cos ag) — cos ag Ps(cos ax )] -
% 2
(—1)F oGy (mgl)Gk) : {(52 - 25— mgk)) oS Qi [P,_l(cos ak)} -
[mgk)(s -1)+ (s -2- mgk)) (2s — 1) cos? ak] P;_;(cos ag)Ps—_2(cos o)+

(s e mgk)) (s — 1) cos ax[Ps—_2(cos ax) ]2} )

m{®) = 2 (m® — 1) /m®), m$®) = (m® — 2) /m®),

r1e 20— yroa B oceBoM ceuernmm, m(¥)— uncao Iyaccona, Gy~ MOIyIb CIBUTa 11
k-ro konyca (k = 1,2), oy < /2, a3 > /2.

AcummroTuka KopHelt u3 I kBanpanTa ypaBHeHut Ag(s) = 0 moxydeHa B Iipe-
IbLAyIIEN 3a1ade I MMeeT BHI

AL A (2_-32 ) k=1 1
iz akn+2 2iakln = sin2ag | + o(1), n — oo ( s2) 5L 18)

Jns dbyHkmm A(s) mMeeM:

et 2
M(s) = 172 (8) + (1), s = 00, Aea(s) = (m{?) 7 61 3 G5 {m¥) x
k=1

[sin(?s — 1)ag — cos Zak] — (=1)*uo [mgk) cos(2s — 1)ax+

(s -1/2- mgk)) sin 2ak]} [cos(?s - 1)ag_k — (s +1/2)sin 2013—1:] , (17)

AcuMmToTHUeCKOe TIOBeeHIe KopHell u3 I kBaapanTa ypasHeHus A(s) = 0 crenmy-
Jolee:
T 1-k 1 1

ALy sl F N A (¥) £ =
Sy 54 (n+ 1 )+2 2iakln(q n)+o(l),n — oo (k=1,2), (18)

q(l) prl 2_7r ] qo sin 201

. (1) (2)_2\’
01 2642 —1iug (:(4)-1 - K,:(,)_l)
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D el Wsinz%

@2 m; "qo

m(l) m(2) =3 2) G1m£2)

90 = 2k + tp0 (m(l)-—l BT 1 "m’

IIpoBons daxropusammo (10) yrkmm G(z), CONIACHO U3I0MKEHHOMY BBILIE

oIy 4aeM
X 2978
PR Mo
(Z) ( 20) 4

oo 2 . 2 -1 Ly
2z 1z z z
1+ -] [1+ ) [1- =5 14— , 19
EE( s&"’)( sﬁl")( z,&"’) ( z‘!") o

Ile zo— HaHMeHBIINT IO MOLYIio (MHIIMBIT) KopeHb ypaBHeHUsS Az(—iz) = 0 u3
BEpXHell IOJYILIOCKOCTH.
Teopema 2. Becxoneunoe npouseederue (19) umeem acumnmomuuecxyo
0YEeHKY
X~ (2) = 0(|z)"), |z] = (Imz < 0), (20)

R T po GimW(m2 - 2) — Gom® (m() — 2)
(= s 7ra,rctg (—2— . Glm(l)(m(z) rildk sz(z)(mu) e (0<p<).

oxazameavcmeo. O6o3HaunB
i)
pM = —argg®  (k=1,2)

1 ITOBTOPSAA PACCYyXIOE€HNs, IIDINBENECHHbIE B JOKa3aTEJbCTBE TE€OPEMEI 1, ImMeeM:

1
o) =g, o) = 0, pP) = p® — = ()

1
4 2’
In X~ (2) ~ (=1 = 2(p{") = p{ + p{? — pPYIn |2| =

1 [ |
(3-20%+5™) 1n el = (5 - 7org(®e®) Inlal, o] = oo.

Otciona, ¢ yuérom srpakermit misa ¢, ¢(2) u3 dopmyx (18), momyuaem aciu-
nrorudeckylo oueHky (20). Teopema 2 moka3zana.

[Tomyuennsle acumnToTHYecKIIe oteHKH (12), (20) obecreunBaloT CyIecTBOBa-
HIle HHTerpaJoB, BO3HIKAIONUINX IPH pelleHun 3a1aun Pumana (1).

ABTOp BBIpa)kaeT NPH3HATEILHOCTH Ipodeccopy I'prmmmy A.QD. 3a momours,
OKa3aHHYIO IIPH BBINOJHEHHN JAaHHOI paboThI.
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1. Introduction

There are several quantative characteristics for behaviour of a plurisubhar-
monic function u near its singularity point (that is, a point z € C* such that
u(z) = —o0). The most famous one is the Lelong number v(u,z) introduced
originally in [10] as the (2n — 2)-dimensional density of the Riesz measure of u at
z. It can be defined equivalently as

v(u,z)= tlir_n t~1\(u, z,t),

where A(u, z,t) is the mean value of u over the sphere |z — z| = €', see [6]. When

u = log |f|, f being a holomorphic function with f(z) = 0, v(u,z) is just the

multiplicity of the zero of f at the point z. Various results on Lelong numbers

and their applications to complex analysis can be found in [11], [13], [4], [5], [12].
Consideration of the mean values A(u,z,a) over the sets

Ta(z) = {2 :X|2k = 22| = expiop, '1 -k '<n},’ -a= (By, !5} 7an) € R",
leads to the refined, or directional, Lelong numbers (7]
¥(u,z,a)= tlim t\(u,z,ta), a€ RZ%.
——00

When taking the mean values with respect to a part of the variables z,
it produces the partial Lelong numbers [8], [17]. Namely, for a p-tiple J =
(J1r---1dp)s 1 <51 £... < jp < n,and ' € RE,

vj(u,z,a") = tggloo t7'As(u,z,ta’), o €RE,
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As(u,z,a’) being the mean value of u over the set
Tu(z)={2€C": |zr—ax|=expaj,j€J, zx =21, k¢ J}, a €RP.

In the above definitions, the mean values can be replaced with the suprema
of u over T,(z) and Ty(z) without effecting the values of the Lelong numbers.
Note that the standard and directional Lelong numbers are particular cases of the
general notion of the Lelong number with respect to a plurisubharmonic weight
due to J.-P. Demailly [3], and it is not the case for the partial numbers.

If uw!(—o0) is a discrete set, then the complex Monge-Ampere operator
(dd°u)™ is well defined, and the residual mass 7(u,z) = (dd°u)"|(} is also an
important characteristic of the behaviour of u near z (here d = 9 + 0 and
d° = (0 — 9)/2ri). For example, if z is an isolated zero of an equidimensional
holomorphic mapping f, then 7(log|f|,z) is just the multiplicity of this zero.

Finally, a very useful information is given by the integrability indez (or Arnold
multiplicity)

I(u,z) =inf{r > 0: e € L} (z)},

see [16], [1], [8].

In the one-dimensional situation, all these values are equal (moreover, the
three above types of the Lelong numbers coincide by definition), while for
n > 1 they are quite different that reflects a diversity in the behavoiur of
plurisubharmonic functions near singularity points. We recall some known
relations:

(i) v(u,z)=v(u,z,(1,...,1)) [7];
(i) vs(u,z,a') > v(u,z,a) Va€R}: aj =a}, j€J;

(iii) 7(u,z) > [v(u,z)]"; more generally, 7(u,z) > [v(u,z,a)]*(a1...a,)"" for
any a € R% [15];

(iv) sup{v(u,z,a): Y a; = 1} < I(u,z) < v(u,z) [8],

the strict inequalities in (ii)—(iv) being possible.

It was shown in [17] that if u satisfies certain regularity conditions near z,
then v(u,z,a) — vj(u,z,0a') as ay — +o0, k ¢ J, and a; = a}, j € J. A problem
of such a relation for the general situation was posed by C.0. Kiselman [8].

A more precise relation than (iii) can be obtained by means of local indicators
introduced in [14]. The local indicator ¥, . of u at z is a plurisubharmonic
function in the unit polydisk D} = {y € C* : |yx| < 1, 1 < k < n} such that

‘I’u,z(y) = _V(u7 Z, a’)

with @ = —(log |y1],...,l0g|yn]) for y1...yn # 0. It is the largest negative
plurisubharmonic function in D} whose directional Lelong numbers at 0 coincide
with those of u at z, and the relation is

R . R R R R R R R R R R R T EIEEE S IERIRIEEEE AassaaE o e i S iR s
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(iii’) T(u,z) > N(u,z):=7(¥yz,0).

Since

Vuz(y) = Yuz(l91ls- -5 [9nl) = e Co(ltals . lonl) Ve>0,  (L1)

the right-hand side in (iii’) can be effectively calculated, see [15]. In particular,
for a holomorphic mapping f with isolated zeros, N(log | f|, ) equals the Newton
number of f at z as defined in [9].

For the indicators themselves (that is, nonpositive plurisubharmonic functions
® in D7 satisfying the homogeneity condition stated in (1.1) for ¥, ), we have

v(®,0,a) = —B(e™™,...,e7*") VYa€eR]}

and
vj(®,0,a") = —@(e"“i, P ola g i) ..,0)

with J = (1,...,p). By continuity of ®, ¥(®,0,a) — v;(®,0,d) as a; — d},
1<j<p,a; — 400, j > p. Besides, ¥g9 = &, so 7($,0) = N(®,0). And it is
easy to see that I(®,0) = sup{v(®,0,a): Y a; = 1}.

All these relations easily extend to plurisubharmonic functions satisfying the
regularity condition

im u(z) £
3 lim wineH 1. (1.2)

In spite of the fact that there is always the equality

Bt _u(z—)

=1
sz Qo (z~2) '

this condition seems to be too restricting, see Theorem 2.1 below.

In the present note we examine these relations for a wider class of plurisub-
harmonic functions whose behaviour near z is asymptotically independent of the
arguments of zx — zx, 1 < k < n. Namely, we will say that a plurisubharmonic
function u on a domain Q@ C C* has a multicircled singularity at a point z € §
(or that u is almost multicircled near a point z € ) if there exists a multicircled
plurisubharmonic function v (i.e. v(2) = v(|z1],...,|2r])) in a neighbourhood of
the origin, such that

e ST Lt (1.3)
z—z v(z — 1)
In the terminology of [18], it means that u has a standard singularity generated
by a multicircled function. It is easy to see that u has multicircled singularity at
z if and only if it satisfies relation (1.3) with v equal to some ”circularization” of
u, say
uS(2) = sup{u(zy + 21€,...,2, + 2,€""): 0< 09, < 21} (1.4)

It was shown by C.O. Kiselman [8] that for every multicircled plurisubharmo-
nic function u, I(u,z) = sup{v(u,z,a): Y a; = 1}. It follows immediately from
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definition of almost multicircled functions that they keep this property, too. And
the subject of this note is to study the relations between the Lelong numbers and
the residual Monge-Ampére masses. It will be shown that there is a gap between
the directional and partial Lelong numbers even for multicircled functions, while
the residual measure 7(u,z) of any almost multicircled function u always equals
its Newton number N(u,z).

In what follows we will assume z = 0 € , and the collections of all
multicircled and almost multicircled plurisubharmonic functions on  will be
denoted by PSH(Q) and PSH®(Q2), respectively. For the sake of brevity, ¥,
will stand for ¥, o, 7(u) for 7(u,0), and N(u) for N(u,0).

2. Directional and partial Lelong numbers

Theorem 2.1. (a) For every plurisubharmonic function u in Q with ¥, # 0,

(b) There exists u € PSH(D%) such that ¥, # 0 and

! u(2)

PTG

Proof. (o) Let DP = ¥z : Il '€, 1ocie < g} £C 8], r << 1, then

u(z) < ¥u(r~'z) + C; in D} [14]. Take any € € (0,1). If z € D7, then
U,(r712) < (1 — €)¥,(z) and hence

>

u(z) g (1-e)¥u(2)+C;
Py ™ . (2)

as z — 0, that gives us

—1—c¢

i Q3 uf2)
> 1.
hrzn_}(x)lf U,(2) ~ }

If it equals 1 + 26 > 1, then in a neighbourhood of the origin we have u(z) <
(14 6)¥,(z). Therefore, ¥, < (1+6)¥, and ¥, =0.

(b) Let
vj(2) = 5= max{~|log =%, j1og |1}, (2.1)
then A
v(z) 1= Z v;(z) € PSHS(D}), v # —oo. (2.2)
j=1

For R > 1 and z € D? with z;2; # 0, denote

B(R,z) = R™%|log |z || log ||| ™.
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By definition of the indicator,
ol = - -1 R R
\I"u(z) T R]—J»IBOOR ’U(Ile a|z2l )
= lim +°°l Y illoglz|-R7: Y j7%loglallz| =0
<B(R,z) j>ﬁ(R,z)

for all z with z;2; # 0 and thus identically on D2.

Now the function u(z) = wv(z) + max{log|z|,log|z2|} has the indicator
¥, (z) = max{log |z |,log|z2|} and satisfies
u(2)

. . u(z) o~ =2

lim su > limsu =1+ N7 >l
z—»Op ‘I’u(Z) 2,—0, 211;0 ‘I’u(z) 21:

The proof is complete.

Such a non-regularity yields the negative answer to Kiselman’s question (see
Introduction) even in the class of multicircled functions:

Corollary 2.1. There ezists a functzon v € PSHE(D?)N L2, (D?\ {0}) such
that lim v(v,0,a) < v1(v,0,d") as a; — @' > 0, az — +00.

Proof. We just take the function v defined by (2.1)-(2.2). It was shown that
¥, =0, so v(v,0,a) = 0 for every a € RZ. On the other hand,

o0
v (v,0,a") = tlix_noot-l > i7%d >0 Va'>0
1

which proves the assertion.

This phenomenon can be explained in the following way. Given a negative
function u € PSHS(D}), the functions ug(z) = R~ u(|21|F,. .., |2.|®) increase
in R — 400 to a function U(z) whose upper regularization U*(z) coincides with
the indicator ¥,(2). If 21...2, # 0 then u(z) is convex in log|z;| and so is
U(z). Hence the exceptional set {z:U(z) < U*(2)} is a subset of {z:21...2, =
D)uctIbue w0 2y,ds zp, yerey0)y, 21...2p # 0, then U(2) = —vy(u,0,a’) with
Jr=hil, wis p) and d = —(log|21|, .,log|z|) € RE. In this case, the upper
regulanzatlon of U with respect to the first P coordmates gives a function from
PSH(D?), the partial indicator of u.

3. Residual measures of almost multicircled functions

In order that the Monge-Ampeére operator (dd°u)™ of u € PSH®(Q) be well
defined in a neighbourhood of the origin, the function u is assumed to have the
only singular point 0 and thus, without restriction of generality, to belong to the
class

PSH! = {ue PSH*(C*)N L5.(C* \ {0}) : u < 0 on DT}.

Besides, the collection of all multicircled functions from PSH2¢ will be denoted
by PSH¢.
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Proposition 3.1. Let a function u € PSHE have partial Lelong numbers
vj(v,0,1)=v; >0,1< j <n. ThenVe >0 3r € (0,1) such that

u(z) > sup(v; + €)log|z;| Vz € Dy.
j

Proof. Consider the function u;(¢) = u(¢,0,...,0), { € D}. Since the ratio
u1(¢)/ log || decreases to vq as |(| \, 0, we have u;({) > (1 + €)log|(]| for all
( close enough to 0. Therefore, u(z) > ui(21) > (11 + €)log|z1|, |z1] < r1. The
same arguments for j = 2,...,n complete the proof.

Theorem 3.1. 7(u) = N(u) VYu € PSHZ .

Proof. Due to Demailly’s Comparison theorem ([4], Theorem 5.9), it suffices
to prove the statement for multicircled functions u only. As was mentioned in the
end of the previous section, the functions ur(z) = R~ 1u(|z1|R,...,|z.|?) / U(2)
as R — 400,z € D},and U* = ¥,. Let r € (0,1) be chosen as in Proposition 3.1
for e = 1/2, and L = (sup,v; + 1)logr. Denote vr(z) = max{ugr(z),L}, V =
max{U, L}, W = max{¥,, L}. By the choice of 7 and L, vg = ug near 9D} for
all R > 1,and W = ¥, there. Then

/D (don)" = /D (ddur)" > r(ug) = 7(x) (3.1)

since

r(up) = lim /D (ddup)" = lim /D  (dd°u)" = 7(u).
r AR

On the other hand, vg / V, V* = W, and by the convergence theorem for
increasing sequences of bounded plurisubharmonic functions [2],

fim. {. (ddSop)" = / (dd°W)" = / (dd°T,)" = N(u).
R Dr Dnr Dp

—+00

Being compared with (3.1) it gives us 7(u) < N(u). As the opposite inequality
is true for every plurisubharmonic function with isolated singularity at 0 (see
relation (iii’) in Introduction), the proof is complete.

Corollary 3.1. For every u € PSHZ®, 7(u) > 0 <= v(u,0) > 0.

Proof. Theorem 3.1 yields 7(u) > 0 if and only if 7(¥,) > 0, and the latter
relation is equivalent to the condition ¥, < 0 on D} and hence to v(u,0) > 0.

Corollary 3.2. Let u € PSH and v/ be the limit of the values v(u,0,a) as
aj — 1, ap — +00, k # j. Then

rw) < [[ v

1<j<n
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Proof. As in the proof of Theorem 3.1 we may examine only the case of
u € PSHZ. Proposition 3.1 then gives us a lower bound for « which would imply,
again by Demailly’s Comparison theorem, a weaker conclusion

T(u) < H vj(u,0,1).

1<j<n

However an application of the Comparison theorem to ¥, instead of u yields the
relation
N(u) < H vj(¥,,0,1).
1<j<n
It has been already noticed that the partial Lelong numbers of the indicators are
the limits of their corresponding directional numbers, so v;(¥,,0,1) = I/_;-, and
the assertion then follows from Theorem 3.1.
Remark. As can be seen from an example of the function

u(2) = log [|21|k +|z2|* + Izlzzl‘] , 0<e<<1<<k,

no upper bound for 7(u) is possible in terms of the standard Lelong numbers (in
spite of the relation in Corollary 3.1).

Finally it is worth noting that the Newton number N(u,z) for any plurisub-
harmonic function u is just the residual measure of its circularization:

Corollary 3.3. Let w € PSH(Q) be such that ¥, . is locally bounded on
D} \ {0}. Then N(u,z) = 1(uS,0), uS being the circularization of v defined by
(1.4) (or in terms of the mean values of u over T,(z)).

This investigation is partially supported by INTAS-99-00089.
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Pemenme KoHTaKTHOI 3a1aull O B3aIMOJIECTBIIL
JKECTKOI'O KJIMHa C YIIpDYI'M CJI0O€EM

H. . Taguenko

Yxpauncxas axademus 6anxoecxozo deaa, 2. Cymel, Yxpauna

N3yyvaercs miockas 3afavya TEOPHHM YIOPYTOCTH O KOHTAKTHOM B3aMMOJEN-
CTBMH KECTKOrO KJIMHA C YOPYTuM cioeM. IlolydeHHOe MHTErpajbHOE ypas-
HeHMe 3a]]a4M pelleHo YucaeHHo. HalineHo pacnpeneienne KOHTAKTHHX Ha-
NP KEHUN.

1991 Mathematics Subject Classification 73C02.

BraBiuBaHMe >X€CTKOTO KPYrOBOrO IMJIMHIPAa B HAIPaBJIEHWUH, IepIeHINKY-
JSIPHOM €ro OCH, B YIIPYTHIT CJIOI PaCcCMaTPHUBAJIOCh MHOTMMH aBTOPAMH IJIS CIY-
JaeB OTHOCHTEIHHO TOJCTOrO MJIN TOHKOTO (II0 CPAaBHEHUIO C ILIONIA, KO KOHTAKTA)
caos. O630p auTEpaTyphl IO 3TOMY BOIPOCY MOXKHO Haiitk B kHure [1]. Tam sxe
MIPUBOAUTCS pelleHre 33aJaYil O BHEIPEHUH YKeCTKOro KJIWHA B YIIpyToe MOJyIIpo-
cTpaHcTBO. KOHTaKTHOEe B3aIMOIEIICTBHE JKECTKOr'O M YNPYTOro KJINHBEB HCCIe-
noBaHO B pabore [2].

PaccmoTpuM ympyruil ciiofl, KOTOPHIT B HelepOpMIPOBAHHOM COCTOSHII 3a-
HIMaeT obaacth —00 < T < 00, —00 < ¥ < 00, 0 € z < b u mokouTCs Ha
sxéctkoM ocHoBaHmm 2 = 0. IIpemmosokmM, 4To DO HArpy»KeHHUA >KECTKUI KJHH
3aHEMaeT 06JIacTh —00 < T < 00, —00 < Y < 00, |z|ctga + b < z < 0 (a —
YO IONypPacTBOpa KIIHA) U KacCaeTcs CJI0s BAOJb IpsaMolt z = 0, —oo < y < o0,
z = b (puc.l,a). IlycTs xécTKmil KIMH IO HeficTBHEeM CIIbl P, HampaBieHHOI
nporuB ocu Oz, BIABIMBAETCA B YIPYruil cioil. B pesyibTaTe Harpy xeHNs KJHMH
IepeMelnaeTcsi Ha HEKOTOPOe PACCTOSHUEe § B OTPHIIATENHHOM HAIIPaBJeHHH OCH
Oz. JedopMupoBaHHas IOBEPXHOCTh CJIOS BXOAWUT B KOHTAKT ¢ Oeperamu KiMHa
BOMm31 ero pebpa. OBpasyercs obiaacts KoHTakTa — < z < [, —00 < y < o0,
z =| z | ctga + b — é§ ximHA co croeM (puc.l, 6), npuuém pasmep ! obractn
KOHTaKTa 3apaHee HEH3BECTEH U OIPeNelseTCs pellleHNeM 3aJaull.

BekTop mepemenieHus U= (u,v,w) YacTHI yIpyroro CJIos yIOBIETBOPSET
ypaBHeHmo Jlame

(m— 2)V2U + mgrad div0 =0, (1)

rae m — wunciao Ilyaccona ympyroit cpems, V2 — omepatop Jlamraca. B cioe
yCTaHaBINBaEeTCA IUIOCKas JedopMallis, IPH KOTOPOIl KOMIIOHEHTa ¥ BEKTOpa Iie-
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peMellleHHs TOXKIEeCTBEHHO paBHa HYJIO, a KOMIIOHEHTHl U M W He 3aBHCAT OT KO-
opiuHaTH Y. KoMmoHeHTa u ecTh HeuyéTHad MO T (YHKIMS, a KOMIIOHEHTa W —
YéTHaS 10 T PYHKINIA.

a) IO Harpy KeHIIs; 6) mocie HarpyJKeHus.
Puc. 1: KoHTaKT yXeCTKOro KJINHA U YIPYTOro CJIos.

HopmaibHoe 0, 1 KacaTelbHOE T,, HAIPSKEHUS, NeICTBYIOIIE Ha IJIOLIA, IKe,
TeperneH INKyIsipHO ocu Oz, BEIPAXKATCA Uepe3 KOMIIOHEHTHI BEKTOpa IlepeMe-
IeHIS:

o, 1 0u m-10w 7, 1 /0u Ow
ey e ) R @)
rie G — MOMIyJb COBUTA. O, SBIAETCS YETHOI IO T (PYHKIMEMN, T,, — HEUETHOIL.
[IpeamonaraeM, UTO yIpyTHIl CJIOI ILIOTHO IIpILIeraeT K OocHoBaHMI 2z = 0,

Mest BO3MOXXHOCTh CBODOIHO IIPOCKaJIb3bIBATh BIOOJb HET'O, YTO COOTBETCTBYET CJle-
AYIOUIHIM I'DAaHITYHBIM YyCJIOBHSM:

w|z=0 =0, szl;:o = 0. (3)

Ha BepxHell rpaHuie z = b crof B 30He KOHTaKTa I'PaHHYHOE yCJIOBHE Ha
epeMellleHIIe W OIIpenessieTCs IMOJOXKEeHNeM MXECTKOTro KJINHA U IMeeT BHI,

W= = |z]ctga -8 (-1<z <) (4)

BHe 30HBI KOHTaKTa ITIOBEPXHOCTD Closf 2 = b cBoGoIHA OT HampskeHWl: 0, = 0,
72z = 0. B 30He KOHTaKTa CHJBI TPEHIIS He yUNTHIBaeM, CUNTad Ty, = 0. Taxm
obpa3oM IoxydyaeM, 4TO

Tzzlz:b =0 (5)

KaK B 30He KOHTaKTa, TaK I BHe e H
o= 0 . @<AL2>1) (6)

B 30me konrakra —! < z < [, 2 = b Ha rpaHuNy cJ0os DefICTBYeT HEM3BECTHOE
HaIlpsi’KeHNe O,, BbI3BAHHOE KOHTAKTOM C JKECTKIM KJuHOM. Ileabio penreHms
3a/laull ABJIAETCS OIpejeleHIle KOHTAaKTHOTO HANPSIKEeHUs 0, |,=p npn — <z < [.
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O6uiee pemrenne ypaBHeHus Jlame (1) I ynpyroro cios Ipy IIPOM3BOIBHO
3a]aHHOM HOPMAJbHOM HAIIDSYKEHNH Ha IpaHUne z = b, yZoBileTBOpsIollee Ipa-
HUYHBIM ycaoBusaM (3), (5), MoxkeT GHITH OCTPOEHO C IOMOIIBIO HHTETPAJIBHOTO
npeobpasoBarus Oypbe. B wacTHOCTH, Ha BepxHeil rpaHuIe cios [3]

m—1T ch2bs—1
=2 = 0/ s(2bs + sh2bs)a(s) cos szds, (7)
2G ) /a(s) cos szds. (8)

0

B cootHourerusix (7),(8) dyrkums a(s) ects kKocuryc-npeobpasopanue Pypre Ha-
npsixeHns o,/(2G) npu z = b:

l

a(s) = 2 [ o(y) cossydy, (9)

0
roe

o(z)= — (0s< 2 <l (10)

2G

Bripaskenue mis a(s) u3 (9) moncraBuMm B coorHoureHue (7), ¢ IOMOWIBIO KO-

Toporo ynosiaerBopmM yciosuio (4). Ilocre u3MeHeHNs MOPSAIKA HHTETPUPOBAHISA
OJ[y4NM MHTErPAJbHOE ypaBHEHHe

2=b

l
[ otwko(e, )y = < (actga - 8) (0<z<D), (11
0

riue

T ch2bs—1
= [ —/—mm———— ds. 12
ko(z,y) 0/ 5(2bs + sh2bs) cos Sz cos syds (12)

Wcnonb3ys 3HaUeHNe MHTErpaJa
/ —— cOs ST cos syds = ———1n (th |z — ylth (x + y))
SO MHTerpaJbHOro ypaBHeHus (11) mpeacTaBuM B BuIe

ko(a,4) = —3 1 (thTle — ylth To(e + 1)) -

2b/ T :}-l:;%s COs ST cos syds. (13)
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luddepertmpys ypasrerne (11) ¢ sapom (13), mosydaeM cHHTYIApHOE HH-
TerpaJbHOe ypaBHEHIe

l
2
[owk@pdy=54, A= ctga (0<2<l),  (19)
0

k(z,p)& (cosech 2b(z -y)+ cosech (z + y))

sthbs
4b /2bs+sh2b sin sz cos syds . (15)

Hnrerpansaoe ypaBHeHme (14) mMeer MHO)KeCTBO pelleHINT B Kiacce (byHKIIIT,
HEeOTpaHUYEeHHBIX B OKPeCTHOCTH Touyknm y = [. Pemenmne o(y), orparmyennoe B
TouKe Yy = [, eMIHCTBEHHO [4].

B cayuae monynpocrpanctsa (b — o0) ypasuenue (14) npunmMaer BILI

jqw(ziy+ziy)@=J§A Beeih) (16)
0

Ero pemenne, orparmyenHoe npn y = [, u3BectHo [1]:

1+ v1-(y/l)?
y/l '

YUuTHIBas MOBeJeHIe KOHTAKTHOIO HaIpsiyeHNns o(y) B OKPeCTHOCTAX TOUEK
y =0, y = [1], pemenue nnTerpaibHoro ypasHenus (14) mmem B Buge

Th=mnt Z/—l(y/l)2+\/l—(y/l)29(y) (0<ys<h, (18)

rie B — HemsBecTHas mocrosHHas, ((y) — HeusBecTHas (YHKINA, peryispHas
Ha orpeske [0;1].
Coornomenms (16)—(18) mo3BosI0T 3amicaTs HHTErpaibHOe ypasHeHte (14) B

BILIE
1 ~ 2
0/\/1 = (%) Qy)k(z,y)dy+ Bf(z) = 72 (0<2<), (19)

s %+~@um )

0(Y)|p—oo = Aln

(17)

l
141 (y/l)? 1 1 2
/ln ol (k(z,y) - k(z,0 - + —) dy.

SESIR T

[Ipu aTOM MoApIHTErpaIbHasA (YHKINIS B IOCTEIHEM HHTerpaje OrpaHnYeHa B UH-
repBaJe (0;1).



174 H. 1. Tanuenko

UmncreHHas peaJu3allis CHHIYJISPHOrO MHTErpaJbHOro ypasHeHus (19) mpo-
BelleHa MeTOJOM MeXaHIJeCKHX KBaJpartyp (5, 6]. VIHTerpaibHoe ypaBHeHie
(19) cBemeHO K cuCTeMe JMHENHHIX ajreOpalyecKHX ypaBHEHMI B y3JdaX Z; =
lcos(m(2¢ — 1)/(4n)) (¢ = 1,2,...,n) oTHOCUTeNbHO 3HaueHWT pyHKIEH Q(y) B
y3nax y; = lcos(wj/(2n)) (7 = 1,2,...,n — 1) u mocrosteroi B. Ilpn TakoM BEI-
fope y3I0B KaK peryiaspHble, TaK U CHHIYJISpPHbIe HHTErpajbl Ipeobpa3yloTcs mo
KBagpatypHoll popmyine ['aycca-YebrieBa

! n—1
T ,
/F(xf,y)dy K > F(zi, yj)/12 - gl s 1,250 =1),
0 =1

KOTOpas MMeeT HaNBBICIIYIO aJredpandyecKylo CTeleHb TOYHOCTH.
I'ny6uHa MpOHIKHOBEHUS YKECTKOr'O KJINHA B YIPYTHII CJIOMN

4m-—1
6=-w z=h,0=0 —abagd
T

!
/U(y)ko(O, y) dy. (20)

0

ITocsre nHTErpUpPOBAHIIS IO YACTSAM M BhIIEJIEHUS JOTapu(pMITIecKOl 0COGEHHOCTIH
B IIOJBIHTErpaJbHOM BhipakeHnH (20) mveeMm

L
0\= Fﬁctga, (21)

0= B(k°(0’1)+ln2)+9(0)+%0_/'[3111 (1+ e (%)2) g

% (%)29(;,)1%(0,3,) +(Bln2+9(0)in ¥ - %B% (ln ' 1) k(y,O)] i

3uauenue ((0) onpenensercs mo ¢opMyJIe HHTEPIIONIIII

n—1 ; y2
QO0)~2) (-1)r! (1 - l—;) Q(y;).

=1

Pa3smep ! obracT KOHTaKTa CBsi3aH ¢ cuiaoil P ycloBreM paBHOBECHS
l
2 / bihiils gl (22)
0

Pe3yabTaThl pacuéra KOHTAKTHBIX HampsukeHMI mpu m = 10/3 u pasamdsbix
3HayeHHsAX oTHowleHus [/b mpencrtaBreHsl Ha puc. 2. 3Hadenue [/b = 0 coor-
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BETCTBYeT CIy9al0 KOHTAKTa JKECTKOrO KJHMHA C YIPYTHM IOJYIPOCTPaHCTBOM
(b = 00).

N\

0 Ul on o usT 2

|

Puc. 2: PacnpeneneHie KOHTaKTHBIX Hanpsikermit (m = 10/3).
3HaUeHII BeIIYNHBI § PN Pa3TIYHBLIX OTHOMeHNsX /b mams! B Tabmume 1.

Tadamma 1.
[1/6 |0 Joo1|o002]00s|01 [o2 [os [[1 |15 |2 |3 |

|5 oo |679] 610 519|451 | 387|320 29 |303]313]337]
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aIredpaIrIeCKIMI IIOJIMHOMaMU ¢ K03 dUImeHTaMi 13
JTAHHOTO MHOJXK€eCTBa

P. M. Tpury6

[Honeyxut I'ocydapcmeennviii Ynueepcumem, Yxpauna

B craThe HcCIeAyIOTCS BOMPOCH O BO3MOJIKHOCTH PaBHOMEPHOU allpOKCHMa-
LM Ha KOMIIAKTaX KOMILIEKCHON INIOCKOCTH aHAJIUTUYECKUX PyHKIUHA MHO-
royleHaMH ¢ KoadpHUIUEeHTaMH M3 JAHHOTO Jyda WM ABYX Jydeill U O Io-
psaKe NpUOIMKEHUS MMAJKUX (DYHKIMHA MHOTOWIEHAMH C MO0 KATEIbHEMHU
K03 dULIMeHTaMU, IeJEMHA ¥ HATypaJbHEIMHU.

1991 Mathematics Subject Classification 41A60.

1. BBenenue

B HacTosmell 3ameTke IPHBOASATCS yTBEPIKIEHNS O MPUOIMKEHNN byHKIHI
TOJITHOMAMII C IeTBIMH K03(hUIIIEeHTaMII, T0JI0XKNTEIbHBIMI, HaTy PaJbHBIMIL.

91y TeMy I OTpe3Ka BeuecTBeHHOI ocu mHmpmpoBal A. Q. leasdonz (cm.
(1]). Hampivep, v Doka3aHsl psivble TeopeMbl ( aHajgoru TeopeM JlxeKCOHa U
BepHiureltHa) o mpubnxeHIn IOIMTHOMAMH C LeabIMI KoadduumenTamu Ha [0, 1].
[IpiBe1eM aCIMIITOTIYECKH TOUHBIN Pe3yJbTar.

Teopema 1. Vr € N 3 xoncmanwma v = v(r) maxas, wmo 0aa nwbol
Pynxyuu f, y xomopot npouseodnas fr=1) a6contommno nenpepwiena na [0,1]
u nowmu ecrody |f((z)] < 1, wucaa LFM(0) u LF(1) npu0 < v <7 -1
yeavle (amu apuPpmemuuecxue Ycao6us Heobrodumbl ), 0as awbozo n > 4r +
1 ModcHO nocmpoumd NOAUHOM @, CMENEHU HE 6bLWE N CO 6CEMU YEABLMU
xoappuyuenmamu, ydosaemeopawwul Vz € [0, 1] nepasencmey:

T r—1
|f(z)—qn(x)|5K,(M) +7(\/-’D(1—_x)) .

n nr+1

(o] k(r+1)
» -1
Hpu ImomM KoHCmarmy I\r = % Z %ﬁ'ﬂﬁn’ 8 npaGOiZ wacmu HepasenHcmea
5=0

YMEHBW UMD HEAB3A, 8000WE 2080PA.
Bes orpanuyenmm Ha ko3¢ duIMeHTs 3Ta Teopema moidydeHa B [2]. OGume
TIpSIMBIe T€OpeMBbl O LIEJOUICIEHHBIX MPUOIMIKEHNAX NI JI0O0ro OTpe3Ka MJIMHEI
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MeHblIle YeThIpeX MOJyJeHbl aBTOPOM B JuccepTamym [3], saummuénsoi 8 XI'Y (cm.
TaKxxe MoHorpadimio [4]).

Obmas TeopeMa 0 BO3MOXKHOCTH PaBHOMEDHON AIIPOKCHMAIINI HOJITHOMAMI
¢n Ha KOMIaKTaX KoMiuleKcHoll mrockocTu C mveercs B [5]. Kommakt momxen
OBITH C TPAaHCOUHUTHBIM ANAaMETPOM MEHBIIE eIMHUIE], 2 (DYHKIUS J0TKHA JOIIOI-
HUTEJIbHO YIOBJETBOPATh HEKOTOPBIM apH(MMETHYeCKHM yCAOBHSIM. A BOT IpsMas
teopema (tmma B. K. [I3sapika) moxywena moka jummb aus kBagpata: 0 < Re z,
Imz <1 [6].

Hepnasuo J. F. Toland [7] B cBsi3u ¢ 08Ol 3a1a4ell O CIIEKTpPE HIOJIOKATEIHHOTO
oIrepaTopa IOXYYII CIeIyIoumil pe3yabTal. Jliobas BellecTBeHHas HelpephIBHAS
Ha [a, 1] mpi a < —1 ¢yHKIIs, KoTOpas paBHa Hyo Ha [—1, 1], nomyckaer paBHo-
MepHOe IIpHOJIIIKeHIe MOJIMHOMAMH C MTOJOXKUTEIbHBIMI KoaddmmienTamu. Cu.
Takxe (8].

Janee K — xommakt B C co cBs3ubiM nomoxnerneM C \ K. Yepes A(K)
0003HAUNM MHOXKECTBO HENPephIBHBIX (YHKIMI Ha K U aHAJIUTHYECKHX BO BHY-
TpeHHUX Toukax K, ecan TakoBsle mMetorcs. Yepes A, (K') 0603HaWINM MHOXKECTBO
dynxmmt 13 A(K'), fomycKaomuxX paBHOMEPHOE IIPUBINKEeHIe TOINHOMaMH C KO-
addrmenTaMu 13 faHHOrO 3aMKHyTOro MHOXKecTBa W C C. CHauaxa 6yzmeTr uaru
peub 00 YCILIEHHH H3BECTHOI ammpoKcuMarmoHHoll Teopembl C. H. MepreasHa.
WMeer 3HaueHMEe pacmonaoxkeHue Hyas otHocuteasHo K. Ecau 0 € K, 10 Hy>XKHO
npemmonarath, uto f(0) € W, a ecim 0 — BHyTpennss Touka K, 1o f(*)(0) € W
1t mo6oro nexoro v > 0. Ry =[0,400),Zy = ZNR,.

Teopema 2. K — xomnaxm 36e30HbllU OMHOCUMENLHO HYAR.

I. IIycmo ewe xomnaxm K = K (cummempuuen omnocumeavno eeuse-
cmeernol ocu R) u cocmoum u3 edunuunozo xpyeza (¢ yewmposm 6 Hyae) u
KOHewH020 wucaa ompedxos eéne nezo, a K N Ry = [0,1]. Zdas mozo wmobw
f € Ag,(K), neobzodumo u docmamouno, wmobtr f € A(K), f(Z) = f(2)
Vze K u f)(0)>0 Vv € Z,.

II. ITycmb 3amxnymoe muoxcecmeo W ua C ydosaemsopsaem caedyouwemy
ycaosuto: YA € Ry AW C W. Ecau 0 — enympennsaa mouxa K u zpanuya K
He codepacum Hu 00HO20 OMPE3KA, AEACAU,EL0 HA AYYE, BLLTOOAUEM U3 HYAR,
mo awbas Pynryua f € A(K) ¢ ycrosuem f*)(0) € W Vv € Zy npunadaexncum
Ay(K).

Teopema 3. ITycmb K N (0,+00) =0, a W, = Ry Ue®Ry, 20e £ ¢ Z (dea
aya).

I. Ecau0 ¢ K, mo Aw,(K) = A(K). Ecau 0 € K, mo awbas gynxyus f u3s
A(K) ¢ ycaosuem f(0) € W, npunadaexcum Aw,(K).

II. Ecau ewe K = K, mo 0as mozo wmobu $ynxyus f € Az, (K), neob-
zodumo u docmamouno, ymobw f € A(K), f(Z) = f(z) Vz € K, a f(0) € Ry,
ecau( € E.

TeopeMs! 2 U 3 BMecTe C JOKa3aTelbCTBOM yake omybankosans! B [9]. Ocraus-
Hble TeopeMbl HaCTOSIEN 3aMeTKH IyOJINKYIOTCS BIIepBBIe.

IlepBbie obumie mpsiMble TeOpPeMbl O MPUOIMKEHHN [NIaJKUX (YHKINI Ha OT-
pe3ke OTPHIATENLHON MOJIYyOCH MOJINHOMAMI C IOJOXKUTEIbHBIMH Ko3ddummen-




IIpubanixenne anaauTHIecKux QpyHKIHA 179

TaMil, BKJII0Yas OJHOCTPOHHNIE I KOMOHOTOHHbIe npubamkenus, cM. B [10]. 3xecs

PaCcCMOTPHM IPHUOIMMKEHIIA ITOINHOMAMH ¢;f ¢ HAaTypaJbHBIME KO3 hIIIIeHTaMIL.
Teopema 4. Ilycmo 1 € Zy, f € C'[-2,0], a LfM(0) e Zy (0< v < 1),

Li(-1)eZ(0<v<r)unpu(0<v <)

1 T
gu=r-1 (l_/_!f(")(_Q) Q Z: %C};(-2)k—"f(k)(0)) €Z

(sce amu apupmemuuecxue ycaosus neobrodumsl). 3 nocmoawnas v = v(r),
306UCAWAA AUWD OM T, MaKas, ¥mo Yn > 37 + 3 MONCHO NOCMPoumMb NOAUHOM
gt ¢ xoafpPuyuenmamu u3 Z, ydosaemsoparouuti Vz € [—2,0] nepasencmesy
0<v<r)

1f)(2) = (¢ ()] <
7( 1_|—2: ($+2))T_V< (f(") 1/'.’17“2}-{—2’) v $|($+25)’

n n

2de w(g; h) — modyav nenpepuisnocmu Pynxyuu g.

s mosmHOMOB Ge3 orpaHNJYeHHI Ha K03 PUIMEHTH 3Ta TeOpeMa IOLydYeHa
HesaBucumo C. A. TeasxoBckmm (v = 0) u . E. Tomenraysom (o6ummt ciayvait).

OT™meTiM elle TONBKO, YTO B JOKA3aTEIbCTBE TEOPEeMBl 4 CYLIECTBEHHYIO POJb
IrpaeT cilelyoliee IpeIOXKeHHe, OCHOBAHHOE HAa HEKOTOPHIX apH(MeTIIecKIX
CBOICTBaX K03 (PHINEHTOB MOJIMHOMOB ebhimieBa.

Jlemma 1. Vn € N 3 noaunom ¢ maxoti, wmo Vz € [—2,0]

il
122 + 22 ()| < 16 min {;,5 Lo s 2)|} ;

Bepremcsa k o6um kommaktam K C C. Ioxoxnm mas f € A(K)

En(f; K, W) - ckGW(°<k<") zGK

x|f(z) — Z k2

Teopema 5. ITycms r(K) = max{|z|,2 € K} < 1.

I ITycmo ewe KNRy = {0}, a Wy = Z4Ue™®Zy, 20e & ¢ Z. Ecau f € A(K)
u f(0) € Wy, mo f € Aw,(K). Aecau K =K, f(Z) = f(z) Vz € K, f € A(K)
u f(0) € Zy mo f € Az, (K).

II. Tyeme K = K, u0 ¢ K. 3 nocmoannas vy = y(r) maxas, vmo Vf € A(K)
uVn >0

En(f; If,Z.}.) < En(f; I(,R_*_) -+ ‘)’('n + 1)3/2 - max {r"(I\,), l¢(]6)|n } ’

20e ¢ — at0bas Pynxyua, omobpaxcaow,ar xonpopmro enewnocms K na enew-
HOCTb eQUHUYHO20 KpYy2a ¢ ycaosuem G(00) =
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Jlemma 2. IlIpu ycaosuaz meopemul 5(1I) 3 nocmoannas v = v(K) maxas,
wmo VYn € N 3 noaunom pI_l (¢ nosoxcumenvrbLMU K03 Puyuenmamu) maxoti,
Ymo

ma‘x‘l T zpn l(z)l < 7\/_I¢(O)In

JloKa3aTeJbCTBO JeMMBEI OCHOBAaHO Ha HEKOTODHIX CBOMCTBax mojuHoMoB Pa-
bepa xommakTa K.
BriBenem Teneps u3 gemvel 2 Teopemy 5(II). Ilycrs

max | f(z) - Pr(2)| = En(f; K,Ry).

Torza B cuity JeMMbl 2 (HCIIONB3yeTCs 3HAK LEIOI YacTH )

- : Vn
157 (0) = [P (0)] + (P (0) = [57 (0)])2p; 4 (2)] < Uronk

I 3HAQYNT, IPH HEKOTOPHIX Koadbdmmmentax a1 x > 0 (1< k< n)Vze K

\/1_;
=Yg

IToBTOpsAs 3TOT Ke mpueM, mMeeM IIpHt az x > 0 (2 < k < n)

57( vn Izlx/n_—_l)

5H(2) — O] + 3wt
=y

PO [0y

P (2) = [ (0)] = [a12]2 + Zn: az k2"
k=2

Taki 06pa3oM, IorydaeM IONMHOM ¢ Takoil, 4To

155 (2) - 6 (2 mz'z” e bl

v=0 I

< 7(n+ 1) max{r"(K), |(0)|"}.
9T0 U eCTh HCKOMBIIT ITOJITHOM.
[pusenem omus npumep. Ilycts mpu 7 € (0,1) ma € (0,%)
K=K, ,={z€C:|z|]<r,Rez < —rcosa}

(cerment kpyra), a f(z) = )\ € R\ Z.
Torma mpu r < 2sin

2(27r a)
p TQ
nanéOE (X K,Z,) = 281n——2(21r_ a)!

. uges
Ecmun xe r > 2sin r—a

PalllOHaJbHBIM YHCJIOM, TO

HT = %, HaIpuMep, a A He SBJISETCS IBOMYHO-

— 1 % 1
Jim ER (X K,Z4) = 5

Sk e Ll L e Nl
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Jns onenky npubamxeHus cBepxXy mpumeHsieM Teopemy 5(II), a aus ouenkn
CHH3Y B IIepBOM ClIy4dae — H3BeCTHYI0 JeMMy DepHiurefHa 0 pocTe MOLyJs I1OJIH-
HOMa, a BO BTOPOM IIpH 2 = % — apH@MEeTHYECKYI0 IPUPOLY YHCIa A.

AHaJOrmyHO NOKa3BIBAETCA CIEAyIOlIas TeOpeMa, B KOTOPON BhIIeNEHBI CJIy-
Yall, KOrJa IOpSJOK yOBIBaHUS HamIyumnx npubmmxermi E,(X;[a, ], Z;) KoB-
crauTtsl A € (0,1) moamHoMamu ¢ ymaroch HafiTH.

Teopema 6. ITycmb -1 < a< < 0,a A€ (0,1).

I. Ecau |B] < |a|(}i_%)2 uau a + 3 = —% npu ¢ € N u /[a+ B|(V]B] +
Viel) < 2(v/a] = VIBI), mo

En(Ni [, 8],2Z4) x (%)

(deycmoponnee HePABEHCMEO C NOAOACUMENLHBLMU KOHCMAHMAMY, He 3a8UCA-
wumu om n).

2
II. Ecau |B] > lal(%) o ol —%, mo YA # {; (p, ¢ us € N) npu
6eCKOHEUHO MHOZUT N
En(X; [, 8], Z4) X |of”

(oyenxa ceepry cnpasedausa Vn ).
II. Ecau0,1< |B]| <3< || <148 ul# g’? mo npu 6eCKOHEYHO MHOZUT
n

En(’\) [a7ﬂ]’ Z+) » A

(oyenxa ceepry cnpasedausa Vn ).

1v. Emu/\zfg,a+ﬂ=—§,ﬁz-—;ﬁi (p,q us €N), moVn

p—-a >"
E.(\|e,08],Z,) < (————— ’
n( [ 7ﬂ] +) |Ot +ﬂl
Omus gacTHBIT crydalt (a+ 8 = —1), B KOTOPOM COIEPIKUTCS OTBET Ha BOIIPOC

C.H. BepHiTelTHa 0 LIeJOYICIEHHbIX IPHOINKEHIAX KOHCTAHTHI, IPIBEIeH B [3].
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On stabilizability of evolution systems of partial
differential equations on R" X [0, +00) by feedback
control

L. V. Fardigola
Kharkov National University, Ukraine

In this work the problem of stabilizability by feedback control is investigated
for evolution systems of partial differential equations on R" x [0, +00). We
obtain a criterion (a necessary and sufficient condition) for stabilizability
of these systems. To prove the criterion, we use the Fourier transform
method. To apply this method, we have to investigate deformations of
algebraic hypersurfaces under some polynomial perturbations and have to
obtain estimates of semi-algebraic functions on semi-algebraic sets by using
of the Tarski—Seidenberg theorem and its corollaries. In the work we also
analyse the obtained criterion and give some examples of stabilizable and
nonstabilizable systems.

1991 Mathematics Subject Classification 93D15, 35B37, 35G30, 35A22.

1. Introduction

Consider a system of the form

£{jﬂzAw+Bu, t>0, (1.1)
ot
where w(-,t) € H, u(-,t) € H (t > 0), H, H are Banach spaces, A, B are linear
operators, u is a control (input).

The system (1.1) is said to be stabilizable if there exists a linear operator P
(satisfying some given conditions) such that every solution of this system with the
feedback control u = Pw tends to 0 with respect to the norm of H as t — oo.

A number of mathematicians have investigated questions of stabilizability
and stability for systems of the form (1.1) ([1]-[5] and others). Most of them use
methods of semigroup theory and harmonic analysis. As a rule, if operators
A considering in these works are differential ones then they are defined on
spaces of functions on bounded domains and have only discrete spectrums. Such
assumptions make it possible to represent the semigroup generated by A in terms
of eigenelements. Thus for such kind of differential operators A the method of
the Fourier-series expansion with respect to eigenelements is commonly used.
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However, differential operators defined on spaces of functions on R™ (and other
unbounded domains) have continuous spectrums. Therefore solutions of systems
of the form (1.1) cannot be represented by Fourier series for these operators. But
for such systems we can use the continuous generalization of the Fourier-series
expansion. On this way we have to study deformations of algebraic surfaces under
some polynomial perturbations and have to obtain estimates for semi-algebraic
functions on semi-algebraic sets to solve the stabilizability problem for systems
of the form (1.1).

In the present paper we consider the following system

aw(g::,t) = A(D;)w(z,t) +b(Ds)u(z,t), <€R™ >0, (L2
where D, = (-i0/0z1,...,—10/0%,), A(0o) is an arbitrary polynomial matrix

(m x m), b(g) is an arbitrary polynomial, w : R" X [0,400) — C™ is
an unknown function, v : R™ X [0,400) — C™ is a control (input). We
assume that w(-,t) € CI = {g € CT(R™) | lg]l? < +oo} for all ¢ > 0, where
lglly = sup{|Dzg(z)|(1+[z])™" |z €R"Alal < g}, ¢,7 € No = NN {0},
a = (a1,...,0y,) is a multi-index, | - | is the Euclidean norm of R¥.

Definition 1.1. The system (1.2) is said to be stabilizable in the class of
functions with polynomial growth v € Ny if there ezists such a polynomial matriz
P(c) (mxm) that for each r € Ny there ezists ¢ € Ng such that for every solution
of this system with the control

u(z,t) = P(D;)w(z,t) (1.3)

under the initial condition
w(-,0) € C,‘i (1.4)

the following two assertions are true
Vi>0 w(-,t) € C3, (1.5)

(- O, — 0 ast —s +oo. (1.6)

Such a matriz P is called a stabilizing matriz for the system (1.2), and such a
control u is called a stabilizing control for this system.

To investigate the system (1.2), we use the Fourier transform method that
was proposed by I.G.Petrowsky (6] to study the well-posedness property of the
Cauchy problem for the evolution systems on a layer R™ x [0,7]. Later this
method was generalized by I.M.Gel’fand and G.E.Shilov [7].

On using (formally) of the Fourier transform with respect to z to the system
(1.2) with a control of the form (1.3), we obtain the system of ordinary differential
equations

dv(o,t)
dt

= (A(9) +b(0)P(0))v(0,t), t20, (1.7)
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where 0 € R™ is a parameter.

In Section 4 we prove that the system (1.2) is stabilizable in the class of
functions with polynomial growth 4 € Np iff there exists a polynomial matrix
P(c) (mxm) such that all the solutions of the system (1.7) tend to 0 as t — +o0
for all o € R™.

Obviously, every solution of (1.7) tends to 0 as t — +o0 for all o € R™ iff

Vo € R" [det (A(0) 4+ b(0)P(c) = AI) =0 = RA < 0] (1.8)

where I is the identity matrix.

Thus for a given polynomial matrix A(c) (m x m) and a given polynomial
b(c) we can consider the problem of finding of a polynomial matrix P(o) (m x m)
such that (1.8) holds instead of the stabilizability problem for the system (1.2).

This new problem is rather complicated. Even in the case m = 1 (the case
when the system (1.2) contains only single equation), it is not evident whether it
is solvable if » > 2 (o € R").

In Section 2 we prove that this problem is solvable iff

Vo € R" [b(0) =0 = Ag(0) < 0] (1.9)

where Ap(o) = sup {RA | det (A(o) + b(c)P(c) — AI) = 0}. Necessity of (1.9) is
evident. To prove sufficiency of (1.9) (i.e., to construct a polynomial matrix
P(o) (m x m) satisfying (1.8)), we use the Tarski—Seidenberg theorem [8] and
its corollaries [9, 10].

We apply the same theorem and corollaries to get a sharp exponential estimate
of Ap(o) in Section 2. In Section 3 this estimate is used to obtain the following
criterion for stabilizability of the system (1.2):

Theorem 1.1. The system (1.2) is stabilizable in the class of functions with
polynomial growth v € Ny iff (1.9) hold.

From this theorem we obtain

Corollary 1.1. If for the system (1.2) we have

Vo €R™  b(o)#0 (1.10)

then this system is stabilizable in the class of functions with polynomial growth
7 € Np.

In Section 4 we analyse the obtained criterion for stabilizability

In Section 5 we give some examples of stabilizable and nonstabilisable systems.

2. Auxiliary statements

Lemma 2.1. Let A(o) be an arbitrary polynomial matriz (m x m) and b(o)

be an arbitrary polynomial. Assume also that (1.9) holds. Then there ezists a

nonnegative polynomial 7(c) such that the matriz P(o) = b(o)r(o)l satisfies the
condition

Vo € R" Ap(o) < 0. (2.1)



186 L. V. Fardigola

Proof. 1t is easy to see that if
Vo €R™  Ao(o) — |b(0)|?r(c) < 0 (2.2)

where 7(0) is a nonnegative polynomial then for P(c) = b(o)r(o)I the estimate
(2.1) is true.

Let us prove that there exists a nonnegative polynomial 7(o) satisfying the
condition (2.2). Denote

v(r)=inf {|f —n|[ £ € R* A €] =7 A Ao(£) 2 0Ab(n) = 0}.

From (1.9) it follows that »(r) > 0 (r > 0). It is clear that for every 79 > 0 there
exists C(ro) > 0 such that

Vr € [0, 7] v(r) > C(ro). (2.3)

Due to the Tarski—Seidenberg theorem [8] and its corollaries [9, Appendix A] we
obtain that
v(r) = +o0 as r — +00 (2.4)

v(r)= Nr¥(140(1)) asr— 400 (2.5)

where N > 0, ¢ € Q. From (2.3)—(2.5) we have
V>0 (r)>2Q (1417 (2.6)

where @ > 0 (if (2.4) holds then g is an arbitrary rational number). Hence for
the set

0={oeR |3 R O =0nlr-e<Q (1+1oP)"]}
the estimate

Vo € Q Ao(O’)(O

is true therefore for each nonnegative polynomial (o) the estimate
YoeQ  Ag(o) - |b(o)|*r(c) < 0 (2.7)

is also true.
Now let us estimate |b(c)|> on R™"\Q. On using [10, Lemma 2], we get

Vo €R"  [b(o)* 2 B (1+|of*)" (dlo, N {b}])° (28)

where N{b} = {0 € R"|b(0) = 0}, d[o, N{b}] is the distance between o and
N{b},B>0,a€Q,p € Q, moreover, 8 > 0 if N{b} # 0 and B = 0 otherwise.

Hence
a+Bq

Yo eR\Q  [b(0)[? > BQ (1+]o]?) (2.9)
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Obviously,

Vo € R™  |Ao(0)| < my/tr(A*(0)A(0)) < m (1 +tr(A*(0)A(0)))  (2.10)

where A* is the conjugate matrix for A. Denote
r(0) = (14 m) (1 +tr (4°(0)A(0)) B'Q " (14 |of?)’
where [ € Ng and [ + a + fg > 0. With regard to (2.9), (2.10) that gives
Vo e R"™\Q  Ao(o) — |b(0)|*r(0) < 0.

Taking into account (2.7), we have from here that (2.2) holds. The lemma is
proved.

Lemma 2.2. Assume that A(c), b(o), P(o) satisfy the condition (2.1). Then
there exist L > 0 and | € Q such that

1/2
Yo €R"  Ap(0) < —L(1+][o?) 2

Proof. On using the Tarski—Seidenberg theorem and its corollaries [9,
Appendix A] we have

(2.11)

/2
vr20  ur)<-L(1+12)" (2.12)

for u(r) = sup{Ap(c)| o € R" A |o| = 7} where L > 0, ! € Q (for obtaining this
estimate we use the same reasonings as for obtaining the estimate (2.6) in the
proof of the Lemma 2.1). Therefore (2.11) is true as was to be proved.

3. Conditions for stabilizability

Statement 3.1. If the system (1.2) is stabilizable in the class of functions
with polynomial growth v € Ng then (1.9) holds.

Proof. Assume that the system (1.2) is stabilizable in the class of functions
with polynomial growth ¥ € Np, but the condition (1.9) does not hold. Let
o € R™ be a point such that b(og) = 0 and Ag(op) > 0. Let Ao € C be an
eigenvalue of the matrix A(og) such that Ag(og) = RAg and v, |vo| = 1, be its
eigenvector corresponding to this eigenvalue. Assume that P(c) is a stabilizing
matrix for the system (1.2). Consider this system with the control u = P (D) w:

8___w((;,t) = (A(D;) + b(D;) P(D;))w(z,t), z€R" t>0, (3.1)

under the following initial condition

w(z,0) = v exp{i(z,00)} (3.2)
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where (-, -) is the scalar product in R™ corresponding to the Euclidean norm. It
is clear that

w(z,t) = exp {tA(00)} voexp{i(z,00)} = exp{tAo + i(z, 7o) }vo (3.3)

is a solution of the Cauchy problem (3.1), (3.2). Since |w(z,t)] =
exp{tRAo} = exp{tAo(co)} then tliTrEw lw(-,t)[I3 > 0, i.e., condition (1.6) is
not satisfied. The obtained contradiction proves the statement.

Statement 3.2. Assume that (1.9) holds for the system (1.2). Then there
ezists such a polynomial matriz P(c) (m x m) that for any v € Ny and any
T € No there ezist ¢ € Ng and a continuous function v(t) on [0,+00), v(t) — 0
as t — +o00, such that for each solution w of the system (1.2) with the control
(1.3) under the initial condinion (1.4) the following two assertions are true:

Vi>0  w(-t)eC, (3.4)

lw(-, DI < v(@)llw(-, 0)]13. (3.5)
Proof. Due to Lemmas 2.1, 2.2 we have that there exists a polynomial matrix
P(0) (m x m) such that for Ap(o) the estimate (2.11) is true for some L > 0 and
le Q.
With regard to [7, Chapter 1, §6] we have

Vo €R™  |[lexp {t[A(0) + b(o)P(o)]}I| < K (1 + |o])(™ VP exp {tAp(0)}

where K > 0, p is the maximum of degrees of elements of the matrix A(c) +
b(c)P(o). Here and further for a matrix G we denote by ||G|| the norm of the
corresponding linear operator in C™. Applying (2.11), from here we obtain

Vo € R"  ||Dg exp {t[A(0) + b(o)P(o)]}|
< Ko(1+ |of)em=Dr-lelexp {t1(1 +|0])'}  (3.6)

where K, > 0.

Let § be the Schwartz space and let S’ be the dual space [11]. Let v € Ny
and r € Np be fixed. Assume that ¢ > r+ (n+ 7+ m)p+ v, w® € C3, and for
the system (3.1) consider the Cauchy problem with the initial condition

w(z,0) = w(z), z € R"™ (3.7)

Applying the Fourier transform (with respect to ) to the problem (3.1), (3.7)
in 5/, we obtain the Cauchy problem in S’ for the system (1.7) under the initial
condition

v(a,0) = v%0) (3.8)

where v(-,t) = Fw(-,t), v° = FwC. Here and further F is the Fourier transform
operator. With regard to (3.6) we obtain that

v(-,t) =exp{t[A+bP]}° (5 (3.9)
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is a solution of (1.7), (3.8) in S’. Hence
w(-,t) = Flo(t) (5" (3.10)

is a solution of (3.1), (3.7). This solution is unique in $ [11] therefore in C7.

It remains to prove that (3.4) and (3.5) are true. Further throughout
the proof we assume that z € R™ o € R™ t > 0. Let e(z) be an
infinite differentiable function on R", let suppe C {z € R"||z| < 1}, and let

> e(z — k) = 1. Denote wR(z) = e(z)w’(z + k), v) = Fu®. Then
keZn

ve(0,t) = exp {t [A(o) + b(0) P(0)]} v2(0) is a solution of (1.7), (3.8) with v° = v
therefore

wi(z,1) = (Fur(-,1)) (2)
is a solution of (3.1), (3.7) with w® = wQ. Here k € Z".

Obviously, [wQ]|? < M [|w®| (1 + |k|)” where M > 0 does not depend on
k € Z™. Then we have

|0 (4(0)| < € [w]] @+ 11y
where C > 0, |8] + |A| < g, |a] = n + v + 1. With regard to (3.6) that gives
D (oPvi(a,1))|
< €' [u]] (1 + fafylietmtrtel-Pexp {t1(1 + [o)'} (1 + k])"

where C' > 0, [A\| = (Ja| + m = 1)p—|a| + n + 1, |8] < 7. Applying the inverse
Fourier transform with respect to o, we get

|D2ui(z,1)] < Cu() [w°]] (1 + |2~ #D (@ + [kl

where C* > 0, v(t) = (1 + t)'/'if I < 0 and v(t) = exp{—tL} otherwise. Since
(14 |k|) < (14 |z + k])(1 + |z|) that leads to

|D2wi(z,0)] < C*w() |0°] (1 +1a + R+ Je) 7

Hence
w(z,t) = Z wi(z — k,1)
kEZ™
and the assertions (3.4), (3.5) are true. The statement is proved.

Statements 3.1 and 3.2 yield Theorem 1.1 and Corollary 1.1.

Remark 3.1. Note that if m is large enough then it is rather hard to calculate
Ao(o) for the system (1.2) therefore the finding of a stabilizing matriz P(o) runs
into great difficulties. But if the condition (1.10) holds then we can use the
relation

VYo € R" m (1 + tr (A*(0)A(0))) — |b(a)|*r(c) < 0 (2.2
instead of (2.2) (because of (2.10)) to determine a stabilizing matriz P(c) by the
method of Lemma 2.1. .



190 L. V. Fardigola

4. Analysis of the conditions for stabilizability

From the proof of Statements 3.1 and 3.2 we see that the system (1.7) (that is a
system of linear ordinary differential equations with polynomial with respect to a
parameter o € R" coefficients) plays important role when we study stabilizability
of the system (1.2).

The system (1.7) is said to be polynomial stabilizable if there exists a
polynomial matrix P(¢) (m X m) such that for all ¢ € R™ every solution of
this system with the feedback control © = Pv tends to 0 as ¢t — +o0.

Statements 4.1 and 4.2 (see below) show that the stabilizability property of
the system (1.2) and the polynomial stabilizability property of the system (1.7)
are equivalent.

Reasoning as in the proof of Statement 3.1, we obtain the following

Statement 4.1. Let P(o) be a stabilizing matriz for the system (1.2). Then
Ap(o) satisfies the condition (2.1).

Statement 4.2. The system (1.2) is stabilizable in the class of functions with
polynomial growth v € Ny iff the system (1.7) is polynomial stabilizable.

Proof. Let the system (1.2) be stabilizable in the class of functions with
polynomial growth v € Ng. Due to Statement 4.1 we obtain that there exists a
matrix P(o) satisfying the condition (2.1). Hence (1.8) holds and every solution
of the system (1.7) tends to 0 as t — +oo for all o € R™.

Now let all the solutions of the system (1.7) tend to 0 as ¢ — +o0 for all
o € R™. Therefore (1.8) is true. Hence (1.9) holds and according to Statement 3.2
the system (1.2) is stabilizable in the class of functions with polynomial growth
v € No. The statement is proved.

Statements 3.1 and 3.2 demonstrate that if the system (1.2) is stabilizable in
the class of functions with polynimial growth 4 € Ng (see Definition 1.1) then

there exists such a polynomial matrix P(o) (m x m) that the following assertion
holds:

(ST) For any r € Ny there ezist ¢ € No and a continuous function v(t) on
[0,4), v(t) — 0 ast — 400, such that for each solution w of this

system with the control (1.3) under the initial condition (1.4) the assertions
(3.4) and (3.5) are true.

Naturally, if the system (1.2) is stsbilizable then the following question arises:
for which stabilizing matriz P(o) the assertion (ST) holds? Statement 4.3
answers on this question.

Statement 4.3. Let P(o) be a stabilizing matriz for the system (1.2). Then
for any v € No the assertion (ST) is true.

Proof. According to Statement 4.1 the estimate (2.1) holds. Due to the proof
of Statement 3.2 we obtain the required assertions.
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5. Examples

Now we illustrate the obtained criterion for stabilizability (Theorem 1.1) by
examples.

Example 5.1. Consider the system

unlm:1) _ i) 5 @O0 (2.1) :
OQwy(z,t)  0%wy(z,1) = 0%wo(z,1) , z€R% 120,
1 ot o dz? : dz? 3 2P vafz, 1)

where b(o) is an arbitrary polynomial. Obviously,
—07

A(a)E( W, 23) Ao(0) = 0.

According to Theorem 1.1 this system is stabilizable iff b(c) satisfies (1.10).
Assume that (1.10) holds. Then r(o) = 1 satisfies (2.1). Therefore

u(z,t) = b(D;)w(z,t)
is a stabilizing control for this system.
Example 5.2. Consider the system

Owy(z,t)  0%wy(z,t) = 0%uy(z,t)

ur(e,t) . Dunlard) , Doonter )Ml(r,t) Pusz. 1)
wo(z,t)  0%wy(z,t wa(z,t _ 0%ug(z,t it
gren i\ TaigpE ol ToRpE Y I RUTN T (oo gy Ll

z€R? t>0. (5.1)

It is easy to see that

3 : 3
o0 0 i -1 if 0102 <-1
= (—01 - o3 —1) ISP T, fglal= o103 if o103 > -1
We have
_ | =1/a% if |og] > 1
Ao(o) = [ 1P o < 1 on N{b}

therefore (1.9) holds. Applying Theorem 1.1 we conclude that (5.1) is stabilizable
in the class of functions with polynomial growth v € Np.

Now we construct a stabilizing control for this system by the method described
in Lemma 2.1. We have

Vo e N{b}  Ao(o) <~ (1+1]0P)”
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therefore 3 3
Voe R  Aoo) < -3 (141012 (5.2)

where Q = {a eR"|d[o, N{d}] <1 (1+ |a|2)_1}.
Let us obtain an estimate of the form (2.8) for b(c) = o102 + 1. At first,
assume that |o3| > |o1| and |o| > 1/4. Then

o1 + il > d[o, N{b}].
g2

Hence
lorog + 1|2 > |o)?

o1 Ui| > |ogl? (d[o, N{b}])? .

Since

1 1 1 2\ 1/2
o2l 2 5 (ol + loz]) 2 5lol 2 15 (14 1o1?)

it follows that

lovos + 1) > —1—(1)—0 (1+ Iof?) (d o, N{B}])? (5.3)

Obviously, if |o2| < |o1| and |o| > 1/4 the estimate (5.3) is also true. If |o| < 1/4
then d[o, N{b}] < 2 therefore

1 2
Alle qq 2) (d]o, N{b}))? < —
5 (1+101) (dlo, N {B)])? < o
and
15
|0'10'2 + 1| 2 1— |0'10'2| Z E

All this implies that (5.3) is true for all o € R?
With regard to (5.2) that gives

1
2 2 2 2
Vo eRAQ  Joroz + 11 2 s (1+012) (d[o, N {b})

> ﬁ (141077 (5.4)

On the other hand,
2
Vo €R?  [Ao(0)] < (1+]0]?)

Denoting
3
r(o) = 800 (1 + |a|2) 5
we obtain from (5.4), (5.5) that

2

Vo eRAQ  Ao(o) - [b(o)r(0) < — (1+10l?)
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Taking into account (5.2), we conclude

Vo €R?  Ao(o) - [b(o)Pr(c) < —% (1+10?) 7" (5.6)

With regard to the proof of Statement 3.2 we obtain that

( ) ( 92 9?2 )3
u(z,t)=800(1 - — — — | w(a,t e
o3 " 823) v B

is a stabilizing control for (5.1) and for any ¥ € Ng and any r € Ng each solution
of this system with the control (5.7) under the initial condition (1.4) satisfies the
following estimate

Viz 0 flw( 0l < Cra(1+ )72 u(-, 0)]2

where C;, > 0, ¢ > r + 57 + 16.
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Dirichlet series. The problems center around the Dirichlet series version of
the Hardy space. We mention what the space of multipliers is, as well as
the collection of bounded composition operators. Convergence issues are
also mentioned. The focus in the paper is on open problems.
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1. Introduction

(o]

The study of Dirichlet series of the form Y a,n~° has a long history
n=1

beginning in the nineteenth century, and the interest was due mainly to the

central role that such series play in analytic number theory. The general theory
of Dirichlet series was developed by Hadamard, Landau, Hardy, Riesz, Schnee,
and Bohr, to name a few. However, the main results were obtained before the
central ideas of Functional Analysis became part of the toolbox of every analyst,
and it would seem a good idea to insert this modern way of thinking into the
study of Dirichlet series. Some effort has already been spent in this direction; we
mention the papers by Helson [10, 11] and Kahane [12, 13]. However, the field did
not seem to catch on. It is hoped that this paper can act as a catalyst by pointing
at a number of natural open problems, as well as some recent advances. Fairly
recently. in [7], Hedenmalm, Lindqvist, and Seip considered a natural Hilbert
space H? of Dirichlet series and began a systematic study thereof. The elements
of H? are analytic functions on the half-plane

of the form X
flsy=">"a,n™* (1.1)
n=1

where the coefficients a,as.as,... are complex numbers subject to the norm
boundedness condition

+00 i
17l = (X lanl?) " < +oo.
n=1
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In a natural sense, this is the analogue of the Hardy space H? for Dirichlet
series. In [7], the pointwise multipliers of H were characterized, and the result
was applied to a problem of Beurling concerning 2-periodic dilation bases in
L?([0,1]). The reader is referred to [8] for some historical comments on the topic.
We need to introduce the right half plane

C; ={s€C: Res> 0},

and the space H* of bounded analytic functions on C; which are given by a
convergent Dirichlet series of the form (1.1) in some possibly remote half-plane
Res > 0g. By a theorem of Schnee [17], which was later improved by Bohr [1],
the Dirichlet series for a function in H* actually converges on C,.

2. Multipliers

We formulate the main result of [7]. We say that an analytic function on the
half-plane Cy is a multiplier on H? if of € H? whenever f € H2.

Theorem 2.1. The collection of multipliers on H? equals the space H™.

The above theorem is analogous to the following well-known result for Hardy
spaces: the (pointwise) multipliers of H? are the functions in H*°. A noteworthy
difference, however, is that the multipliers in the Dirichlet series case are defined
as bounded and analytic on a bigger half-plane than the functions in the space.
It should be mentioned that the proof of the above theorem in [7] is based on
modelling H? as the Hardy space on the infinite-dimensional polydisk D*°, an
idea which goes back to a 1913 paper of Bohr.

3. Convergence issues

The convergence and analyticity of f € H? given by the series (1.1) in the half-
plane C: is a simple consequence of the Cauchy-Schwarz inequality. A deeper fact
is that the boundary values of f on the ’critical’ line 8C1 ={seC: Res=1}
are locally L2-functions (see [15, formula (29), p. 140] or (7, Theorem 4.11]).
It is well-known that functions in %2 need not have any analytic continuations
beyond the half-plane C1 , and so the Dirichlet series need not converge in any
strictly larger open half- plane The question, then, is what happens precisely on
the boundary dCy. Here, we can compare with Carleson’s theorem for Fourier

2
series: given f € L? on the unit circle, the corresponding Fourier series converges
almost everywhere [2]. Recently, Hedenmalm and Saksman [9] established the
validity of the counterpart for Dirichlet series of Carleson’s convergence theorem
(R is the set of all real numbers).

400
Theorem 3.1. Let Y |a,|? < +0o. Then the series

n=1

+00
ay n-7tit

n=1

converges for almost every t € R.
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The proof uses an equivalent dual formulation of the strong L? maximal
function estimate used to prove Carleson’s theorem, in the form of a Strong
Hilbert inequality.

Problem 1. Suppose the function

+o00
(3 = Z G 02
n=1
belongs to H*, so that the series converges on C,. Does the series then also
converge almost everywhere on the imaginary azis?
We mention another type of convergence theorem. Given a function f of the
form (1.1), we form the functions

ARG B o (3.1)

where x(n) is a character, which means that x(1) = 1, x(n) € T for all n, and
x(mn) = x(m) x(n) for all m and n. The functions f, are known as the vertical
limit functions for f. The terminology is explained by the fact that f,(s) is
obtained from f as a limit of a sequence of vertical translates f(s—1t), with ¢t € R.
Each character is determined uniquely by its values on the set of primes P =
{2,3,5,7,11,...}, and the values at different primes may be chosen independently
of each other. The set of all characters is denoted by =, and we realize that it
can be equated with the infinite-dimensional polycircle T* by identifying each
dimension with a prime number (see [7] for details). The polycircle T* has a
natural product probability measure defined on it, denoted dw, the product of
the normalized arc length measure do in each dimension. The set of characters
= constitutes the dual group of the multiplicative group of positive rationals Q,
if the latter is given the discrete topology. The Haar probability measure on the
compact group = coincides with dw. A natural question arises: given f € H,
what is the almost sure convergence behavior of the series (3.1) for f,(s), where
s is a point in the complex plane, and x is a character? It is mentioned in [7] that
for almost all x, fy(s) extends to a holomorphic function on the right half plane
Res > 0, and that this is best possible. The behavior of most of the vertical
nit functions is thus in sharp constrast with that of individual functions! As a
matter of fact, in [11] (see also [7], Theorem 4.4), Helson shows that for almost
all x, the Dirichlet series (3.1) actually converges in the half-plane Res > 0. By
Theorem 4.1 of [7], the function f,(it) makes sense as a locally L? summable
function on the real line, for almost all x. This makes us suspect that we have
convergence in (3.1) for almost all s on the imaginary line Res = 0 and almost
all x. In [9], the following theorem is obtained.

Theorem 3.2. Let f € H be of the form (1.1), and let f, € H be defined by
(3.1). Then the series

Belit)y= Z an x(n) n~t
n=]
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converges for almost all characters x and almost all reals t.

It is possible to use the above theorem to derive estimates of the almost sure
growth behavior of partial sums of random characters. More precisely, we have,
almost surely,

N

Y x(n)=0 (\/NlogA (loglog N)l/“") , as N — 4oo.

n=]

Problem 2. Find the best possible growth bound for the almost sure behavior
of the above partial sums.

This problem has an unmistakable Erdés-type flavor, in its combination of
probability and number theory. And sure enough, in [3, pp. 251-252], Erdos
states as a problem to determine the almost sure growth of the analoguous sums,
where the x(p) for prime indices p are replaced by independent random variables
assuming the values +1 with equal probabilities % Erdos looks to compare
the growth of the partial sums with the classical law of the iterated logarithm
(see [19]), where all the terms x(n) are independent and take values +1 with
equal probabilities % In Erdos’ problem, as in ours, the characters have the
multiplicative property x(mn) = x(m)x(n), which reduces the randomness and
introduces a number-theoretic ingredient. A complete solution should thus shed
light on the multiplicative structure of the integers. Some progress on Erdos’

problem was obtained by Haldsz [5].
4. Composition operators

Let f € H? be of the form

o=

400
f(s):Zann_s, s€Cy.
n=1

Pixvatk'=i1;253; piat hen
fi(s) = f(ks) = Zan ; SGC%,

is another function in H?2, of the same norm as f. In other words, if ®(s) = ks,
and Cg is the associated composition operator,

Caf(s) = fod(s), s€Cy,

then Cg is an isometry on H2. One would tend to ask what other kinds of
composition operators might be around. Recently, Gordon and Hedenmalm found
a complete answer to this question. The space D consists of somewhere convergent
Dirichlet series.
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Theorem 4.1. An analytic function ®:Ci — C, generates a bounded
composition operator Co : H — H if and only if.? i
(a) it is of the form
®(s) = ks + ¢(s),

where k € {0,1,2,3,...} and ¢ € D; and
(b) ® has an analytic extension to C;, also denoted by ®, such that

(1) ®(C4) C Cy if k>0, and

(i1) ®(Cy) C Cli if k =0.

This constitutes a genuine Dirichlet series analogue of Littlewood’s subordination
principle [14]. Indeed, in case ® fixes the point 400, which happens precisely

when k£ > 0, the composition operator Cs is a contraction on H2.
Note that we again have this dichotomy that sometimes the half-plane C; is
2

relevant, and sometimes we need the whole right half plane C, instead.

Problem 3. Suppose oo = ®(+0) € C}E. Find the optimal estimate of the
norm ||C|| in terms of a. Note that it is clear that ((2 Rea) < ||Cs]|?.

Problem 4. Characterize the compact composition operators on H?*. Compare
with Shapiro’s characterization [18] of the compact composition operators on H?
in terms of the Nevanlinna counting function.

5. Integral means

It is well-known that the norm on H? can be expressed in terms of integral
means of the function itself, provided the function is “nice”. Suppose

+oo
f(s) = Z I
n=1

where the sum is finite, that is, all but finitely many of the a,’s are 0. We might
call such functions Dirichlet polynomials. Then

y iy Y
1 2 o |an|?
— / |f(o + it)|°dt — e a8 T — +oo, (5.1)
2T £ opine

for each real 0. We can think of this as a Plancherel formula. However, it is not
really useful for calculating the norm of functions in H?, as such functions need
not even be defined along the imaginary axis where the integral mean should then
be computed. In fact, functions in H? need only be defined in Ci, which is quite
far from the imaginary axis! We shall view (5.1) as a combination of two things:
¢ a Plancherel formula, and

e an ergodic theorem.
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The “genuine” Plancherel formula involves the characters we met earlier:

[ieranto = 3 4,

where we recall the notation

+00
= Z an x(n)n=*°
n=1

for the vertical limit function associated with the character y. The characters of
the form
xi(n) = n7%, teR,

constitute a dense “one-dimensional” subset of Z; moreover, we can think of
them as the result of a motion in =. To make the latter idea precise, just think
of the transformation T3(x) = x:x which moves the point x along the time flow
parametrized by ¢. This flow is ergodic, because there are not subsets of = of
intermediate mass (that is, not equal to 0 or 1) which are preserved by it. The
general ergodic theorem then says that the time average along the flow of a
continuous function equals the space average, that is, the integral. And the limit

2 e
im / f(o+it)Pdt = lim / [fra(o)Pdt

is exactly a time average, whereas
JUEGIRESY

is the space average. Now, we see that (5.1) holds for more general Dirichlet
series f; what is needed is that f,(c) defines a continuous function of x € =. For
instance, this is true for all ¢ with 0 < 0 < 400 if f € H*.

Problem 5. Suppose f € H*, so that f has well-defined nontangential
boundary values almost everywhere on the imaginary line. Is it true that

T g

1 <1\12 2

= / f(it)Pdt » 3 |an? as T — +oo?
_T n=1

6. Hardy spaces for Dirichlet series

Suppose f is a Dirichlet polynomial (which means that the Dirichlet series is
finite). Fix a p, 1 < p < +00. One can show that the limit

T
1
vk e
Aim, 37 | 1GoPe




Topics in the theory of Dirichlet series 201

exists with ergodic methods like in the previous section; it equals the p-th power
of the LP(Z) norm of x — f,(0). As a consequence, we can use the above limit to
define 2 norm on the Dirichlet polynomials, and then form the completion of the
space with respect to it. The result is the space HP, the Hardy space for Dirichlet
series. For each p, the elements of HP are Dirichlet series that define analytic
functions on C% , and generally speaking, not on any other bigger domain.

Problem 6. Find another scale of spaces (perhaps of Orlicz type) which s
able to resolve the jump from finite p when the functions are analytic on C., to
2

p = +oc, when the functions are analytic on Cy..

Problem 7. Study the properties of the spaces HP in more detail.

7. General Dirichlet series

The theorem of Schnee [17] (see also the book of Hardy and Riesz [6])
mentioned earlier says the following: if

+00
f(s) = Z ™
n=1

converges in some (possibly remote) half-plane Re s > 0p, and the function has an
analytic continuation to the right half-plane C,., and satisfies the growth bound
for each € > 0,

|f(s)l = O(ls[°), as |s| — +o0,

in every half-plane Res > § with § > 0, then the Dirichlet series for f(s)
converges on C;. Schnee’s theorem also applies to more general Dirichlet series
of the form

400
f(.s) = Z ane—/\ns’
n=1

where A, € R for all n, and A\, — +00 as n — +00; the classical case corresponds
to having A\, = logn. Schnee’s theorem has certain regularity assumptions on
the A,’s. So, for instance, it does not apply when this sequence of frequences
“clumps together” too much.

Problem 8. Is it possible to handle the case when we have “clumping
together” of the frequencies by enforcing a stronger growth condition on the
function?

Problem 9. To what extent are the results mentioned in the previous sections
peculiar to A, = logn?
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IIpo iHTepmOAINIITHI TOCIIIOBHOCTI AeSKIX KJIaciB
AHATITHYIHUX PYHKITIH

I.b. IllemapoBiry

Apozobuybxuil depacasnuti nedynisepcumem iment Isana Ppanxa, Yxpaina

Bka3aHo HOBI KpuTepil iCHyBaHHS PO3B’SA3Ky 1TepHOJALiAHOI 3a4a4l B Kiaci
miTux YHKIIHN 13 cnemiadbHUM OOMEIKEHHAM pocTy. MU po3riszaeMo aHa-
JIOTIYHY 3aayy s DYHKI(A aHATITUYHUX Yy ONUMHUYHOMY KpPY3i.

1991 Mathematics Subject Classification 30E05.

Hexail 7 — 3pocraroua noxata Ha [0; +00) dyHKUis Taka, wo In 7(r) € omy-
KJI010 BizHOCHO In 7 Ha [1;+00) i In7 = o(n(r)) mpu r — 400, (A,) — mocui1os-
HICTh Pi3HHX KOMIUIEKCHHX YHCeJ TaKuX, 1o |A,| / 00; n,(t) — KiabKicTh TOYOK
An, SKi Jexxath B Kpy3i {(: | — 2| < t};

N(r) = /0 (iz(t)—t‘—lﬁdt, (na(t) = 1)* = max{n,(t) - 1; 0};

N(r) = /0 wdt + n(0)Inr, n(t) = no(t);
Qoslz) = H (1-=2/Xi), 6 €(0;1).

[Ai=An|<8]|An]

Yepes ¢y, Cg, . . . TO3HAUNMO O€SKi TOOATHI CTaJi, a dyepe3 Tp,Ta,... — JdesKi cTai
3 mpoMmizkky (0, 1).

IIpoBGieMa omicy iHTePIIOJIAIIHIX IOCJIi IOBHOCTEN Pi3HUX ITi IKJIACIB aHATiTIIY-
HIIX yHKUIN gocaimkyBaaack B npamsx b.J. Jlesina, A.®. Jleontsena, O.C.
Qipcakosoi, JI. Kapnecona, K. Bepumrefina i B. Tefmopa, K.I. MauroTina,
[.I1. Jlamina, A.B. Bpatmuesa, FO.®. KopoGefnuka, A.Il. I'pimmnza Ta 6aratsox
iHumx (mus. [1]). 3okpema, B [2] BcTaHOBIEHO, IO IS TOTO LIOO iHTEPIIONAIIHA
3a1a4a

MaJia PO3B’S30K IJIs KOYKHOI IIOCi IOBHOCTI (b, ) KOMILIEKCHUX YICeN 3 BIaCTHBICTIO

(Vn) : |bn| < exp(can™(cs|Anl)), (2)
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B KJaci mianx YHKIIN f TaKix, 1o

(Vz € C) : [f(2)| < exp(c1n™(e1]2])), (3)
HeoOXiTHO 1 I0CIITh, 110D
(¥ 2 0) N(r) < e2™(ear) (4)

i BIIKOHYBa.IaCsl OJHa 3 HACTYITHIIX yMOB:

1) 118 zesxol minoi dyHkmii L 3 kracy (3), mo Mae IpocTi HyJIi B TOUKaX A,
(Vn) : [AnL(An)] 2 exp(—can™(ca|Anl)),

2) (36 € (0,1)) (Vn) : [An®], 5(An)] 2 exp(—esn™(cs5|Anl)).

MoskHa oTpuMmart 1T iHII KpuTepil iCHYBaHHS PO3B’S3KYy IHTepPIIOSIINHOI 3a-
zadi (1) i, 30kpema, kpuTepil B TepMiHax, 6anspkux a0 [3, 4].

Teopema 1. /Jasa mozo w06 0aa xoxcroi nocaidosnocmi (by,) xomnaexcrur
wucea 3 6aacmueicmio (2) icnysana yina Gynxyia f, wo 3a00804bHAE YMOSU
(1) i (3), neobxidno i docums, w06 6uxonyeasaca ymosa (4) i odna 3 Hacmyn-
HUT YMO6:

3) (36 € (0,1))(Vn) : Na,(8lAal) < cn™(colAal),
4) (36 € (0,1))(Vz € C) : Nu(61]2]) < eon(crl2]),
5) (¥6' € (0,1))(Vn) : N, (81Aa]) < csn™(cslAnl),

6) (V61 € (0,1))(Vz € C): N,(61]2]) < cgn™(e9|2]).

Josedenna. Ananoriuno sk i B [3] 3 piBHOCTI

A, Sk
¥ st .y iy :/ [ROM ogaim anl -8 o
; Ai 0 [An
1#n
A = An| < 6|An]
|An
In —
Z [l
1#n
[Ai = An| < 6]An|

BUILTIBAE PiBHOCILIBbHICTH yMoB 2) i 3). Kpim mporo, 3 3) BmminBae 5), 60 mpu
6 > 6
Nan(8'|An]) = Nxn(6]1An]) < c12n™(e12|Anl)-

Jaui, mob 1oBecTir ekBiBaJeHTHICTH yMOB 3) i 4) HocuTh MOKa3aTH, WO 3 3) BII-
winBac 4), ockimpkn iMmuikauist 4) = 3) € oueBnuHow. Hexaill A\, — Halomnxya
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TOUKa MO z, mo Jexutb B Kpy3i {¢ : [( — z| < t}. Tomi {¢:|C—2| <t} C {¢:
|¢ — An| £ 2t} i n,(t) < ny,(2t). Tomy mpu 6; < 1/3

81z| ()= —_6_1—|,\,-.| = 1k
Nz(51|2|)=/01 u)t—l)dts/o‘ i wdt:

N, (261/(1 = 61)|Anl) < e6n™(c6]An]) < €11m™(e11]2]),

iMmurikanis 4) = 6) I0OBOAUTHCS aHAIOTIYHO.
Taxki » pe3y.IbTaTI MOYKHA OTPIIMATH 11 (DYHKIIN aHAJITIMHUX B Kpy3i D =

{z: |2| < 1}. Hexait (A\,) — mOCIiOBHICTb Pi3HHX KOMILIEKCHIIX YIICeJ TAKIIX,

wo |[A,| /11
Gn,&(z) ol H X ’\ X,2'
I\i=Anl<8(1=|Anl) 4

CripaBeIJIIIBIMII € HACTYIIHI TBEpIKEHHS.
Teopema 2. Hezau

(Vr € (0,1)): N(r) < ein™ (e /(1 = 7). (3)

To0i icnye nocaidoenicms (pp) — YIAUT HEBID EMHUT HUCEA TMAKG, WO PYHKYIA

HE(1-|A al? pn):

I}( )i (E5)

e anaatmuunow 6 kpy3t D = {z: |z| < 1} i 3adosoavnse ymosy

(Vz,|2] < 1) : |L(2)] < exp (ean™ (c2/(1 — |2]))).- (6)

Teopema 3. Jas mozo w06 011 xoxcHoi nocaidosnocmi (by,) KosnaexcHuz
yucea 3 64ACTNUEICTNIO

(Vn) : |bn| < exp (e3n™ (ea/(1 = |Anl)))

ICHY6AAA AHANTMUNHA 6 00UHUNHOMY KDPY3i Pynxyia f, wo 3a00601bHAE YMO6U
(1) i (6), neobziono t documsp, w06 suxonyeasacs ymosa (5) i odna 3 nacmyn-
HUT YMOS:

a) dan deaxoi Pynxyii L 3 xaacy (6), wo sae npocmi nyai 6 moukar A,

(V2) : [(1 = [Aa[)L'(An)| 2 exp (—ean™(ca/(1 = |Anl)),
6) (36 € (0,1)) (V) : |(1 = |An]) G, 5(An)| 2 exp(—esn™(es/(1 = [Ax]))),
8) (36 € (0,1)) (Vn) : Nx,(8(1 = |An])) < een™(cs/(1 = |An])),
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2) (Vé1 € (0,1)) (Vz € C) : No(61(1 = |21)) < ern™(er/(1 - |2])),

/loBe1eHHS i€l TeopeMIl IIPOBOANTHLCS AHAJONIYHO JOBEIEHHIO TeopeMn 3 3 [2]
Ta TeopeMII 1, 3a3HAUIIMO TIJIBKH, WO PYHKUIS f OyAyeTbCs y BUIUISII

= =
(=)L) \1=-X2 )
Ze ($,) — MOCJIiJOBHICTh LIINX HeBiN €MHUX dIice], BUBIp KOl 3MifICHIOETHCS K i
B TeopeMi 2 3 [2], a miabip nmocaizosHOCTI (p,) B TeopeMi 2 — sK B Teopemi 1 3 [2].
3ayBaskIimMo, 1o y Bumaaky 7(t) = t” i3 TeopeMn 3 OTpUMy€EMO KpUTepiil po-

3B’s13yBaHOCT] iHTepHosawifiHOl 3azaui (1) B Kiaaci aHAJITHYHUX B OLIHUYHOMY
Kpy3i GYHKIIN CKiHUEHHOTO MOPSIKY.
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