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Bicuuk XapKiBCBKOro HAIIOHAABHOTO YHIBCPCHTETY
Cepis “Maremaruka, IpUKIaIHA MaTeMaTuka i MexaHika”
Ne 514, 2001, c. 3-16

K cromermio co mua poxxaerus H. 1. Axmesepa

1O. U. Jlwobuu

IIpomio cro aer co mus poxkaenist Hayma Wasmua Axmesepa. Exeroano
XapbKOBCKOE MaTeMaTIyecKoe obIecTBO cobupaeTcs B MapTe Ha CIellaJbHOe 3a-
ceaHile, IpIypoueHHoe ko nHI0 poxkaeHus Hayma abirya nm nmocssimerHoe ero
maMsaTi. BBLIO MTpourtTaso yike He MeHee JeCsiTH JOKJIAJ0B, OCBEMIAIONIIX Pas/Iiri-
Hble aCIleKThl TBOpuecTBa AXIle3epa, ero 3aMeuaTebHbIe Pe3yabTaThl B TEOPII all-
MPOKCAMAIII M B TIpobJieMe MOMEHTOB, B PelIeHIH KJIACCIYeCKIX 3KCTPeMaJIbHbIX
3ajad, B MareMaTnueckoll ¢pmsmke. OmHako 60OraTcTBa, 3aKIIOUEHHbIE B TPYIaX
YUeHOI'o, JaJeKo He ICYepItaHbl, 00 ero maesx, MeToJaX I pe3yJbTaTaX MOKHO
paccKa3blBaTh ellle He B OAHOM Jecsitke gokaaznoB. C 1928 mo 1936 r. H. 1. Axu-
e3ep OIMyOIMKOBaJ BOJIBIIYIO YacTh CBONX paboT Ha HEMEIKOM f3bIKe B COBETCKIIX
11 3apyDesKHBIX JKypHaJaX, [IPIYeM MHOTHe 13 HHUX Obl1l o11yOINKOBaHbl B MaJIOTII-
pakabix Bhimyckax “Tpyros” n “3ammcok” Maremartigecknx obuects XapbKoBa
n Kasann. ITo stum npuunHaM pan GpyHIaMeHTAJBHBIX HCCTIeIoBaHITT AXiesepa
IPaKTIYeCKH OCTaBaJICs HeJOCTYIHBIM COBPEMEHHOMY UITATeNI0. IT0 00CTOSTe b
CTBO IIpeoJoaeBaeTcs XapbKOBCKIM MaTeMaTIYeCKIM 0O1UIecTBOM, MO ATILION KO-
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roporo B 3narenscrBe “OcHoBa” Byner neuatarnesi cobpanme tpysos H. 1. Axu-
esepa.

Ocpemenne KH3HM, TBOPUECTBA 1 3HAYNMOCTH MATeMaTIUCCKIX Pe3yJabTaToB
H. 1. Axuesepa maBasoch B 10buaefHBIX cTaThsax B Y MH 6:2 (1951), 16:4 (1961).
26:6 (1971) u B mekpoxore (YMH, 36:4 (1981)). Bce ske MBI mmosaraeM yMecTHBIM,
ONIPasACh Ha TH UCTOUYHUKH, ellle pa3 KOCHYTHCSI OCHOBHBIX MOMEHTOB MaTeMaTl-
ugeckoll 6norpadun H. 1. Axuesepa, TeMm Gosee, uTo oHa IIPOAONIKILIACE 11 [TOCTE
ero cMepTH OJarozaps BBIXOLY B CBET HAMCAHHBIX YUYEHBIM B IIOCJeIHIE T'OIbI
AKI3HI BEJHKOJENHbIX JeKIIOHHBIX KypcoB “JleKuim 1o BapHammoHHOMY ICUll-
crenmio” 1 “Jlexmir ob MHTErpaJbHBIX IIpeoOpa3oBaHIgX” I B BLICIIE CTeleHIl
HMHTEPEeCHOIT HCTOPHKO-MAaTeMATHUeCKOI CTAaThH O UeDBbIIeBCKOM HaIpaBJeHIIN B
Teopun (pyHKIHIL.

AxruBHas HayuHas geareabHocTh H. M. Axmesepa mauasach B acrmpantype
y . A. I'paBe, koTopy1o oH mpoxommi ¢ 1925 no 1928 r. Ero mucceprammsa “Ae-
poamHamivai mocaign” (1928) HocHIa NPUKIAAHON XapakTep B COOTBETCTBHI C
ycraHoBkamnt JI. A. I'paBe. OmHako B Hell OBl MOJNyUYeH psiJ MHTEPECHBIX UICTO
MaTeMATHUYeCKIX Pe3yJIbTaToB, B YacTHOCTH (hopMysa 1ias KoH(pOpMHOro oTobpa-
JKeHNs JBYCBSI3HON MHOTOYTOJBHOI OBJACTH Ha KPYroBoe KOJbIO, BIIOC/ENCTBIN
HEOJHOKPATHO TepeoTKpbiBaBiiasics. Bmecre ¢ tem yxe B 1927 r. H. M. Axi-
e3ep HauaJ 3aHUMATLCS TeopHell pocTa HelbiX (GyHKUMI. Ero ocHoBHBIE nccie-
JMOBAHNS I B JaJbHereM ObLIH TeCHO CBSA3aHBI ¢ KOMILIEKCHBIM aHAJN30M Jaike
IPH pEIIeHIH BelleCTBEHHBIX 3aJad. TexHIKa aHAJINTHYEeCKOTO MPOIOJIKEeHIs 11
KoH(bOpMHBIX orobpaskennit B pykax H. M. Axuesepa Hanuia HeosKilgaHHBIe TPU-
noxxenns. [IpuBeneM nBa mpuMepa TPYIHBIX 33Jad, BOCXOAMAIINX 10 IOCTAHOBKE
k kraccmueckiM paboram II. JI. Yebwsimesa n E. . Bomorapesa 1 peurennnix
H. 1. Axnesepom.

I. Haritir MHOTOWIEH CTereHI 7 CO CTAapIINM KO3 IIIIIeHTOM eIITHIIa, Hall-
MeHee YKJIOHSIOUINIICS OT HyJsl Ha OObeINMHEHIH IBYX 3aJaHHBIX OTPe3KOB (1
onpenerentoctn [—1,a] u [3,1], -1 < a < f < 1).

I1. Haittu Morouren z" + o™~ ! 4 pa™ ™2 4 ..,
C 3aJaHHBIMII 0 1I p, HalMeHee YKJIOHSIOUIMIICA OT HyJs Ha orpeske [—1,1].

Mes ny npournm, narepec H. 1. Axnesepa k 3Tim 3a/1auaM BO3HIK B IIeperiicKe
¢ H. I'. YeGorapeBbiM 11, BO3MOKHO, 3TUM OO'bACHAETCS TO, YTO TEPBBIA pe3yabTaT
H. 1. Axmesepa B yKa3aHHOM HallpaBileHHH Obl1 onyGiankoBan B I3Bectisax Ka-
3aHCKOro (br3nmko-mMareMariueckoro obmectsa (1928 r.). On oTHoCHTCS K 3a1aue
1, KoTopas, KaK OKa3aJoCh, pelllaeTcs B TepMuHaX aBToMopdubIX pyukmmit [lot-
Tk, O6ob1IeHITe 3TOTO pellleHHst Ha 1M OTPe3KOB CBOANTCS K MOCTPOEHITIO (hyHKILII
I'puHa murockocTi ¢ 2m — 1 BellleCTBEHHBIMHI pa3pe3aMi (7 HAaHHBIX OTPE3KOB I
emme m — | OTPe3KOB B JaKyHaX MexIy ZaHHBIMIL).

HaupHelmiree passirie 31uX nuefl B 60-11x rogax npuserso H. 1. Axmesepa k
pEelIeHnI0 HeKOTOPBIX 0OPATHBIX 3a/Jau CHeKTPAJbHOI'O aHAJII3a Iy TeM CBeIeHIs K
npobaeme SIkoGH obpaiieHIst TUNeP3JINITHYeCKIIX MHTerpaaoB. TakuM obpa3om,




K cronermio co must poxznenns H. 1. Axnesepa 5

H. 1. Axuesepy yaa1och IpeIBOCXUTHTE BayKHbIE aCIIEKTHI CIIEKTPAJbHOM TeopIr,
IOJIOKeHHble B OCHOBY COBPEMEHHOI TeOPIH HEJNMHEITHBIX 3BOJIOIIOHHBIX YPaB-
HEeHHUIT MaTeMaTHuecKoll (u3nKi, OypHOe pa3BHUTHE KOTOPOI Hayaaoch B 70-ThIX
roJax. 31ech XOUeTcsi CKa3aTh O MOPA3HTENbHBIX [IepeMeHaX BO B3IVIsJaX MaTeMa-
THKOB Ha OCHOBHBIE TleHHOCTH X Hayku. Ecan 8 XIX B. Hanbomee (a, Mosker OBITH,
I eITHCTBEHHO) HHTePeCHBIMI CUHTAJNCH SBHBIE DEIIEHIS TeX WM HMHBIX 3a1a9
(pemreHre aJrebpandecKnx ypaBHEHINT B painKaiaX, a(deKTHBHOe MOCTpoeHrie
HBAPHAHTOB KJIACCHUECKIX TPy, HHTerPIPOBAHIIE B 2JI€MEHTAPHBIX (DyHKIIISX
I KBaJpaTypax OT HIIX, PellleHNUs 9KCTPeMaThHBIX 334aY B aJIeMeHTaPHbBIX LTI CI1e-
UITAJBHBIX (YHKIMAX I T. 1O.), TO B IepBoil mososBuHe XX B. Graromaps rpesie
Bcero I'misbepry Bo3o61amaa abCTPAKTHAS TOUKA 3pEHIs, TpeHedperaolias KOH-
CTPYKTUBHBIMI acrekrtamu (1 maske “koncrpykrmsuct” [lyankape mpoBo3riaaci
mepexoJ or npoodiem peireHus @ QepeHInaabHbIX YPABHEeHHNT K KayeCTBeHHOI
reopun). € abcTpaKkTHON TOUKY 3peHns HeoOXOIMble 1 A0CTaTOuHble (HeTPHBII-
aJbHble, KOHEUHO) YCJIOBIS Ha pelleHre BasjkHee, YeM BO3MOJKHOCTH SIBHOT'O OITI-
canus. Hanprmep, Teopema YebbieBa 06 adbTepHaHce “HHTepecHee” ueM I10Jy-
YeHHBIT JasKe ¢ ee [TOMOUIBbIO SIBHBIT OTBET B TOIT IJIN MHOIT 3aJave HaIlIyuilero
PO K eHIIs.

Omrako BO BTOpOIT MOJOBHMHE XX B. OPHEHTAHS NIKaJbl IeHHOCTell BHOBbL
maMenriack! Ho BHyTpeHHIIT MEP TaKHX KPYNHBIX MaTeMaTHKOB, KakKIM ObLI
H. I. Axuesep, He noasep:keH KoMeOAHIAM MOIBI. ITO TeM GoJee BrieuyaTiset, 4To
B IICCJEJOBAHIAX YUYEHOTO IINPOKO HCHOJIL30BAJINCH, HAIIPIMEp, IAeH 11 MeTO/Ibl
(YHKIITOHAJIBHOTO aHAAN3a, UTO 0CODEHHO OpocaeTcs B IVIa3a IIpH UTEHIII ero OJ1e-
crsumix “Jl ekt o Teoprm ammpokcumari”, tae H. 1. Axnesep merko repexo-
AT 0T OBIIIIX paccMOTpPeHNIT B 6aHaXOBBIX MTPOCTPAHCTBAX II ajredpax K TOHKIIM
AQHAJNTITYECKITM HICCJIeI0OBAaHUSAM BIIOTh O HAXOMKIEHNS TOUHBIX KOHCTAHT B KOH-
CTPYKTHBHOI Teopnn (hyHKII. MokHO npeanonoxuts, uro H. 1. Axmesepy 65611
BHYTPEHHe TIPUCYIL B3TJAJI, aHAJOIHYHBIT IMYyIIKHHCKOMY: “Bee skaHpBI Xopou,
KpoMe CKy4HOro”.

Koib cCKOPO MBI 3aTPOHYJIH TEMY TOUHBIX KOHCTAHT, YIIOMSHEM B PE3yJAbTaTa
YUEHOI'0 CTABIINX KJIACCHYECKIIMIL.

1) Pacemorpnm kaace €7 2r-nepunomrdecknx yHkimmt F(t), mveownx abco-
TIOTHO HerrpepsiBHYyIo npomssoanyio F("=1)(t), ynorersopsiomyio ycaosmio Jnm-
muia ¢ KoHcrauaTo 1 (ams mpoctors! 3amicn). [To reopeme /IikexcoHa,

EWDF) < Ar/n',

n—

(tr) : .
rne A, = const; E ") [F| - Haumenburee paBHOMepHOe yKJIOHeHIIe OT (pyHKIIITI
F' TpuroHOMeTpHUUECKIX TIOJMITHOMOB cTereHn < n — 1.

Teopema Axuesepa—Kpenina—®asapa. [Tycmo

A, =" sup Ent:)l[F]
FecCr
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= TMOYHaAA NOCMOAHHAA 6 HEPABEHCMEE ,.ZIO!CE'K?COH(I. TOZO(I
4 (e e] (_1)k(1+1)

Foniooe 05 1 TN TS
™ & (2k+ 1)

2) Kak moxasax C. H. Bepumrreiis, ecan anaantideckas dbyHKUNA f He IPeBbl-
[IaeT o MOJYJIO eIIHUILI BHYTPH aJruica ¢ dhokycamn -1,1 i moaycymmort ocert
1/g, To ee Hamiyuiee mprdamkerne Ha [-1, 1] anrebpamueckuMi MOMIHOMAMI
crermeHn < n — 1 yIOBIETBOPSIeT HEPABEHCTBY

Teopema H. 1. Axme3sepa. [lycmo f - anaaumuveckan pynryua enympu
ynomanymozo aaaunca, |[Ref| < 1, f sewecmsenna na sewecmeennoil ocu.

Toz0a
0 (_l)k q(2k+1)n

(alg)p ;1 < 8
En—-l [f} = kz—:OZk-*—l 1+q2(2k+1)na

npuUNeM cyuLecmseyiom PynKyu, 08 KOMOPHLT JOCMUAETNCA 3HAR PAGEHCMEA.

Ouenp Muoroe B tBopuectBe H. 1. Axie3sepa Gbl1o CBSI3aHO C TICCjeT0BaHI-
sy C. H. Bepuurrefina, ¢ KoTopsiM AXme3ep HMeJ TeCHble HayUHbIe II JITUHbIE
casi3u (H. . Axnesep BBIIOJHILI TaKyKe OTPOMHYI0 pabory 110 peJaKTHPOBAHIIIO 4-
ToMHOTO akagemnyeckoro Cobpanns counnenmit C. H. Beprmrerina).

Eme 8 1924 r. C. H. BepHurrelin mocTaBml ciaeayomyio GyHIaMeHTAIbHY 0
mpobaeMy.

[Tycrh Ha BemecTBeHHOI ocu 3a1aHa dbyukms ®(z) > 0 Takas, uyto

T

Y

lim

=0 (n=1,2,3,...).

Paccmotpum kaac C'§ HenpepbiBHBIX (GyHKIN ¢(2 ), yAOBIETBOPSIONIIX yCIO-

BIIO
. 9(z)
lim =
lz|—o0 ()
QueBnaHO, BCe MHOIOUJIEHBI BXOAAT B Cg. [Ipu KaKuUX YCIOBUSAX MHOMKECTBO
MHOTOUJIEHOB ILIOTHO B Cg OTHOCHITEJIHHO PaBHOMEPHOIT HOPMbI ¢ BecoM P:

lolle = sup A,
-0z <00 (:L' )
H. 1. Axuesep u C. H. BepHurrelin peunum aty npobaemy B 1953 r. (HesaBucimoe
penrerme noayum C. H. Mepreusia B 1954 1.).

BeprurrerinoBckoe Hanpasierne H. M. Axue3sep pasBuBas Takske B IIaHe all-
NPOKCUMAIIN NeJbIME (DYHKIISAMI KOHEUHOIT CTelleH! (T. €. KOHeUHOro THITa IIpH
HepBOM TIOPsiIKe ). 31eCh eMy YIaJ0Ch BHOBb IIPIIMEHITH CBON aHAJITIYeCKIe Me-
TONB! s SIBHOTO pelleHus 3axad Thita YedbinreBa 1 3odorapeBa. ITH METOIbI
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OKa3aJIlch TaKKe alIeKBaTHBIMI CPEICTBAMII PN 0BOBIIEHII 3HAMEHIITOrO Hepa-
BercrBa C. H. BepHmrerlina Ha dyHKIII, aHaINTHYECKIE BHE HEKOTOPOI'O 3aMKHY -
TOT'O IOAMHOKeCTBa E' BellleCTBEHHOI OCH. JTOM BayKHOI mpobiieMe MOCBSIIEHA
cosMectHas pabora H. M. Axnesepa n b. S. Jlesuna (1960 r. ), rze ycranoBieHo,
YTO 3KCTpeMaJbHas (PYHKINA CBs3aHA ¢ KOH(MOPMHO oTOoGpaskaloulell BepXHIOW
MOJYIIOCKOCTh Ha obaacTh Tnma “rpebemku”. OcHoBaHme “rpebenkn” — Belle-
CTBEHHasl 0Ch — 00pa3 MHOKecTBa F; 3y61ibl, Topuaimie BBepx, — 06pa3bl AOIIOIHII-
TeJbHBIX HHTepBaJoB (JdakyH). Brnocaenctsim “rpebenka” nospiviach B 00paTHbLIX
3a/auaX CleKTpaJbHOro aHaausa omeparopa Ulpemmurepa (B. A. Mapuenko —
1. B. Ocrposckuil, 1975). 3necy poab F urpaer criekTp oneparopa, a CIydail
KOHEeUHOTO 4ic/a JaKyH ( “KOHeYHO30HHSBII IIOTeHIax” ) SBISeTCS OTTIPaBHBIM.

Eme omma norok pabor H. W. Axuesepa, TecHO CBSI3aHHBIX ¢ Teopirell sKC-
TpPeMaJbHBIX 3a/a4,~ 3T0 paboThl 06 OpTOroHaJBHBIX HoJUHOMaX. B 30-ThIX romax
H. 1. Axnesep HavaJ 113yuaTh OPTOrOHAJbHBIE (¢ BECOM ) MHOTOUIEHbI Ha CHCTEMe
ITHTEPBAJOB (B 3aBEPIICHIIT 3THX HCcaenoBarult npuHaa ydactue ). SI. Tomuyk
— omus 13 yuennkoB H. 1. Axnesepa (1963)).

B c¢Bsi311 ¢ opTOrOHAIBHBIMIT MHOTOWIEHAMH 3HauNTe bHOe BHIMaHme H. 1. Axii-
esep yaemur rpobieme MoMenToB. Ilepy ydeHoro mpuHamiesnT moHOrpadiis
“Kuaccuyeckas npobiaema momentos” (1961), cozmaromas sipkoe 11 1eJbHOe Blieua-
TieHIte 06 3Tom npeavere. VMeHHO Tpo6aeMoit MOMEHTOB BB 06y CIOBIEH IHTEpec
H. 1. Axuesepa Kk obuiefl TeoOpHil JHHEITHBIX OIepaTopoB, IS KOTOPOIl, 10 CJIOBaM
yUeHOro, mpobiieMa MOMEHTOB Oblia “ITyTeBoAHOI 3Be310i1” . B Teopur onepatopos
ero HanboJIee TIPUBIEKAJ TAKITe BEIlH, KaK CIIeKTPAJIbHbIE PA3IOKEeHIS I HH IeKChI
nedexra. DTOT MaTeprag — cepaieBnHa KHurn “Teopiis JIMHETHBIX OTIepaTopoB B
['us6GeproBom mpocrpanctse” (1950), Hammcannof coBmectro ¢ 1. M. 1'nasma-
HoM. [lo »T1ofl KHuTe, ABaXkAbl nepen3aanHoln (1966; 1977-1978 — B 1BYX TOMax)
I MepeBeJeHHON Ha Psii S3bIKOB, YUILIHCh 1T MPOAOJKAIT YUIIThC] MaTeMaTIKII
1 (DU3NKI-TEOPeTHKII BO MHOTUX CTpaHaX MApa (B YaCTHOCTH, JJS aBTOpa 3THX
CTPOK OHa OBLTa [IePBBIM BBEJICHIIEM B CEPhEe3HYI0 COBPEMEHHYI0 MaTeMaTiKy ). Bol-
X0/ BTOPOTO ee 131aHiis ObLI Iy poueH K Mesk IyHapoIHOMY KOHIPeccy MaTeMa-
11koB B Mockse (aBryct, 1966 r.), i npiBe3eHHble Ha KOHTPECC COTHII 9K3eMILIPOB
KHIIT OBIII PACKYILIEHbI CO CKOPOCTHIO IBUKEHIIS BBICTPOUBLIETICS TIPIT 9TOM OYe-
pe.

Nccaenoanms camoro H. 1. Axuesepa mo mpobiemMe MOMEHTOB ITPOXOAILI B
corpyasirgectse ¢ M. I Kpefinom B nepuosn 1933-1938 rr. im oTHOCHANCH K Tak
Ha3bBaeMoll L- nmpobieme MmomeHTOB A. A. MapkoBa, Iie HCKOMBII BeC OrpaHIyIl-
Baercs allpHOPI 3aaHHOI KoHCcTaHTOoll L > 0. Mexay npoumnM, ¢ 6oiaee mo3aHer
TOUKH 3peHts L-1rpobieMa MOMEHTOB SBISEeTCS 3a,Jauell JITHeITHOTO IIPOTPaMMITPO-
BaHnA (B GeCKOHEUHOM ITpocTpaHCcTBe ), a noryuerHoe B8 1938 r. H. 1. Axme3sepom
u M. I KpeftHom pelieHHe B TepMIIHAX IBOIICTBEHHOIT 3aadll IIpeIBOCXUTILIO
9TOT CTABIIII cefluac MPUBBIYHBIM IOJX0J (KcTaTn, Haunboxee adexrusnsill ¢
MPHKJIATHOI TOYKH 3PeHIs ).

Cson pesyabrarsl H. 1. Axmesep u M. I. Kpefia cobpaan B kunre “O Heko-
TOpBIX Bompocax Teopun MomenToB” (Xappkos, 1938 r.). B 1962 r. AmepukaHnckoe
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MaTeMaTH4YecKoe 0DLIeCTBO BHIILY CTHIIO IIEPEBOI 3TOIN KHUI'M Ha aHIVINIICKOM SI3bIKE,
COYTS, OYeBHIHO, UTO ee COJeprKaHNe 3a 4eTBepTh BeKa He ycTapeso (ckopee, Ha-
000POT, K 3TOMY BPEMEHI OHO CTaJO OCODEHHO aKTYaJbHBIM).

[Tepy H. 1. Axnesepa npuaamiexut 6oree 150 pabor. B npmraraemsiit k Ha-
CTOsIIell cTaThe CITNCOK JNTepaTypbl He BOULIH JIIb HECKOJbKO PaHHIX IyO.amn-
Kalll, Ha KOTOpPble He yIaJOCh HAIITH TOUHBIX CCHLIOK

Kaxk aro 6b110 mpunsto B 30-x 1 40-x romax, H. 11. Axuesep, mutupys Ty mwim
HHYI0 paboTy, 4acTo He AaBaJ IIOJHOIN 6ubimorpadueckorl ccolikn. CIIICOK Ie-
yarHbeIX pabot H. 1. Axuesepa, npuraraeMsill k HacTosel craThe, VIOBIeTBOPSET
coBpeMeHHBbIM TpeboBanusaM. O 6bl1 TmarenrsHo noarorosaern M. JI. ComiHbiM,
KOTOPOMY $i IIPHHOIIY CBOIO 6JarofapHOCTb.
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Transitional Regime Between Spiral Equilibrium States
of a Gas

V. D. Gordevsky

Kharkov National University, Ukraine

The interaction between two spiral flows of a gas of hard spheres is described
by the bimodal distribution which has a form of the linear combination of
stationary inhomogeneous Maxwellians. Each of the flows rotates about
its axis and can move translationally along it. Sufficient conditions for
infinitesimality of the integral norm of a difference between the right- and
the left—hand sides of the Boltzmann equation are obtained.
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I. Introduction

The kinetic Boltzmann equation for the model of hard spheres has
a form [1,2]:

D(f) = QUf. ), (1)
D(f) = g—{ +e§—af (2)

2

QL= %—/R (1’01/2 dal(v; — v, )| [f(t,v;,:v)f(t,v'. T)—

—f(t,vl,m)f(t,v,x)], (3)

where f- the distribution we want to find; g—g— its spatial gradient; t € R'- the
time; = (2',22,2%) € R3- the position; v = (v!,v%,v3) € R3- the velocity of
a molecule; d- its diameter; a € ¥; £~ the unit sphere in R3; v and v}- the
velocities of the particles after the collision, which are defined by the formulae:

v =v—-av-r,a); v =0+ a(v-o,a). (4)

There are well-known exact solutions of (1)-(4) in the form of Maxwellians (global
and local) [1,2], and much progress has been made only in the special case of
Maxwell molecules and some its generalizations [3-14]. For physically significant
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w7 ke Yot shdagix 2 & 1,2, (11)

It is assumed that the coefficient functions ¢;,7 = 1,2 are non-negative and belong
to C''(R*). It is required to find ¢;,7 = 1,2 and a behaviour of all parameters such
that the integral remainder becomes vanishingly small with it. This remainder is
introduced in [18] as follows:

ZM:meAJmLJMﬂ—QUJNM (12)

(if all the considered functions are independent of some argument t or 2%,k =
1,2,3, then in (12) the integral on this argument is absent).

In Section II the low-temperature limits for some upper bounds of Ay are
obtained under several suppositions on a behaviour of the vectors w; and v;.¢ =
3.2,

In Section IIT a number of sufficient conditions for infinitesimality of the
remainder A; are found.

The discussion on the results of the paper is presented in Section IV.

In Appendix A, B we will place some fragments of the proofs.

II. Main results

In this section the behaviour of the remainder (12) in the limit of low
temperatures (if 3; — +00,t = 1,2) is studied. For this reason it is necessary
to transform the right-hand side of (12).

First of all let us calculate and estimate from above the internal integral on
the variable v (the proof one can find in the Appendix A):

[n-aunws 3 [f

i,y=1,1#]

ki S ene ey
(mﬂﬂ&mwmmw>

2
%9 92,2 secn d W io
.e/jt"’x N +‘rpl(’92eljl‘”1rl 6/32“J2r2/)7~—/ dwe7 -
i \/7_l' R3

w a2
—mullpim~3e” " du+t

i

l L G = [w X 2]+ 5+ [wi X 7]
dle—— s — W X T ;+ (wi X z] -
//B-i J by t 1

: 2 d?
+9°1992P1P26“71“?’fe[’w2 / e du/ dwe™"" .
R'l

u © v w
—/E—vj—[w]- X 2] 4.0 + i X 2] = 7=
) J
From (13) we can see, that for the correctness of the definition (12) we must
impose the new conditions on the coefficient functions ¢;,¢ = 1,2 such as finitness
or the fast decrease in the spatial variable 2. So let us suppose that

| (13)

(t,2) = it z)e Pl i =1,2, (14)
@
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—d—h + Bi(u,t,2) + A;j(u,t,2)

'/[at

Let us substitute (18) into (16),(17) and introduce the new denotation:

+ Ai(_u,t,:v)]f'_“‘i du. (229

1
713 72) 3— ?— (23)
(
Then:

; d? 2
Ailu, 1,z )= ¢‘2P.j_\/7 ./R" dwe™"" -

i+ (8 = 75) + sivflwoi X @] — 5577 [wo; X 7] - ”rj'w‘, (24)

0v; i .
Bi(u,t,x) = %(%u + 9 + v2silwoi x 2])+

+ 2¢7i8i{(u, [woi X %)) — sivf[woi X u] - [woi X 2]} (25)

I'rom (24),(25) and (19) one can see, that the function under the integral sign
in (22) is continuous in the variables ¢, 2, u,y. Next, the integral (22) converges
uniformly with respect to the variable v at a,ny compact because of (19) once
more and the presence of the factor e=*". Hence, the value A} is continuous in
7, and we can in (22) pass to the limit with ¥ — 0 (i.e. ; — +00,7=1,2). As a
result we obtain an integral which is the same as (22) but in the values (24),(25)
we must put v; = 7, = 0. After the trivial integration on the variables w and u
we will have (21). -]

Theorem 2. Let all the conditions of the Theorem 1 are valid except (18).
but now it is assumed that

wWoisSi .

Q)= m,z:l,?. (26)
Then such the analogue of (21) holds true:
O o
trice 2 __.__.l_ )
f—-—{}linz 12 = p‘/Rl dtLa + () all+

L,j=1,i#]

+2rd’p1pa |91 — v2|/ df/ dT(¢1¢2)+\/—ZPzSZ wo;i X |/ flt/ dzv;.

(27)
Proof. Let us utilize once more the estimation (22) (but the denotation A}

for its rihgt-hand side we will not introduce temporarily), and into (16),(17)
substitute (26) and (23). Then instead of (24),(25) we will obtain:

d? Ty
Ai(u,t,z) = d’lﬁ’zpjﬁ /Rs dwe™™".

viw + (5 = T) + sivilwoi X 2] — 8;75wo; X @] = v . (28)
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From (34),(35) we can see that the limit with ¥ — 0 of the value A;(u.t, )
will be the same as in the Theorems 1,2, and an estimation from above for the
modulus entering into (15) and including B;(u,t,z), similar to (30), leads now
to the “separation” of a summand independent of v (i.e. of 3;,7 = 1,2), in which
the expressions appear:

2s? /R“ lilwoi X u] + [wo; X 2]| pm"%e‘“2 g = 142 (36)

Further the evident estimation from above for (36) in consequence of (19) yields
(33). [
In the formulation of the following Theorem the functions #;,7 = 1,2 do not
take place at all, i.e. the supposition (14) is not used.
Theorem 4. Let the distribution f be of the form (9)-(11), where the
Junctions ;0 = 1,2 do not depend on 3;,i = 1,2. Let one of the conditions
(18) or (26) holds true and the restriction (32) is fulfilled. Put:

s of (18) istrue, v
ik [ estlooixal’ - if (26) s true. (37)
Let the following functions belong to Ly when 3; — 4+00,1 = 1,2:
trd, 0% guanr |09i] putnt,
s da X
E Biwr?, 89’1 Biwir? . ¢ QQ
@i |[woi X z]| 7% [wo,xr] et gst] (38)
Then the inequality (20) is valid, where
2
lim By Z pi/ dt de-
Bi—r+00,i=1,2 R R! R®
d Jdy;
l( a‘sz + v; iz >H1('L ) + w1z (T)paf (z)rd? pj |9 — l’/l'
+ 2p1pamd? |y — Li}|/ﬁ dt ./R* dafpr(x)pe(x)e1ea). (39)

Proof. The condition (38) ensures the existence of the remainder Ay, as it can
be seen from (13). By (6),(7) and (37) if it is remembered (32) we obtain that if
(18) or (26) is true then the exponential factors in (13) have such a behaviour:

lim €% = pi(a).i=1,2. (40)
Fi—=+o0,i=1,2
Thus, if we estimate from above the value Ay in the same way, as it was done
in the proof of the Theorem 1, and denote this upper bound as Af, then after
the low-temperature passage we will, evidently, obtain (39). |
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Remark 1. In each of Theorems 1-4 is assumed, that both angular velocities of
the spirals wy; and wy tend to zero when /31, 33 — 400 with the common order of
infinitesimality (this order itself may be different according to (18),(26) or (31)).
Of course, we can consider other variants too, when w;,7 = 1,2 have different
behaviour for ¢ = 1 and ¢ = 2. Moreover, the condition (32) can be true or not
for different z, too. This fact leads, as we can see from the proofs of the Theorems
1-4, to the appearance of some “mixed” variants of the limit expression for A}
(it may consists for ¢ = 1 and 7 = 2 of various summands which we can meet in
each of the formulae (21),(27),(33),(39)).

Still we assumed that the values v;,7 = 1,2 are fixed. Let us now give a result
deals with the case when w; and v;,7 = 1,2 tend to zero both and in an agreement
to each other, i.e. by a some “trajectory” in the space of parameters.

Theorem 5. Let the conditions (31) and (19) are valid, and, in addition to
that, -,

5 = %}%z =1,2, (41)
where o; > 0 are arbitrary constants and vp;~ any fized vectors. Then the
inequality (20) holds true, where

2
li Al = / it/ dx
,31_..}.1;3,':1,2 - ;P; R! : R?

4 2
= optlend [ dt [ dellon x all v+
i=1 5

oYy
W. 3

4 2
— iSO X oy 1t dap;. 42
+ﬁ;:1p5cr|[wo xvo]'/;:y(./]?.z(”' (42)

Proof is analogous to the proof of the Theorem 3, but because of absence
of the condition (32) and the appearance of the new condition (41), instead of
(34),(35) now from (16),(17) we will have:

LL‘2 .

d2
du,t,2) = P1hep; — dwe™
At(ulf ‘1) lrll/?pj\/;’?\/Rg we
. h‘,-u, + 0i\/Yiv%i — 95+/7;v0; + Visilwoi X &) — \/7;85[wo; X 2] - '7Jru,'| .. (43)
o, b
Bi(u,t,z)= B_'a:(‘%u + 0iv/7i%i + VTisilwoi X 2])—

— 20is?[woi X U] - [woi X 2] + 2¢i8i0:(u, [woi X Vo)) (44)

Obviously, the contribution of (43) will vanish when 4; — 0,¢ = 1,2, and the
estimation from above of the values which include (44), leads to the separation
of two independent of 74; summands, which are accordingly analogous to (36) and
the last term in (30) (with the change of v; for o;vp;), after that we will obtain

(42). m
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Remark 2. It is possible instead of (41) to consider some other variants of
a behaviour of v;,¢ = 1,2, analogous to (18) or (26). In a combination with
three variants of a behaviour of w;,7 = 1,2, considered in the Theorems 1-3, it
yields many different situations. But the analysis of them shows, that the low-
temperature limit of the value A} will be everytime described by one of the
formulae (21),(27),(33),(39),(42). In such a way one can obtain some analogies
of the Theorem 4 too, but in this case as p;(z),i = 1,2 some other expressions,
than (37), will take place, and in (39) it is necessary to put v; = v, = 0. Let
us also remark , that in the situations, when the degrees of infinitesimality of w;
and v; are different, the vector z;, defined by (6), tends to either 0 or oo, but
if these degrees are equal, then the vector zq; is “stabilized”, i.e. it tends to the
finite value: ot

et [woi X v:] (45)
S “o;
It can be easily seen, that such a behaviour of the vector zo; is impossible if o;
is fixed, as in the Theorems 1-4 (there zg; tends to oo or it simply equals to 0 in
the case, when o; || w;, i.e. (32) is fulfilled).

Remark 3. In the Theorems 1-5 and the Remark 2 we considered only such
the situations, when the vectors w;,7;,7 = 1,2 tend to zero in the inverse
proportionality to some selected degrees of f;,i = 1,2, namely: 1, 1 or . The
choice of these concrete values is connected, first of all, with the structure of the
expression (17). It is not so difficult to see, that for any other degrees of the
tending of these vectors to zero nothing new does not appear in a behaviour of
the remainder Ay and the vector 2¢; in comparison with the situations considered
above.

Remark 4. More “exotic” variants of a behaviour of the vectors w;, v;,7 = 1,2
are possible too, leading to some curious effects. For example, if we put:

31;0;; T — U;;io; Sint0, =17, (46)

then the remainder A} will have, as before, the finite limit, namely:

2
ligd T / dt / i
Bi—tooi=1,2 | ;p “Jr IR

but the vectors zg; will have not neither finite, nor infinite limit, and will
“oscillate” by the following law:

G —

i X
8t 9 (4I)

@i i X Vol !
o) = — - [—9—1——7——0'—] sin 3;. (48)
Si “oi

Remark 5. At last, it is possible, as in the Remark 1, to alter a behaviour
not only of vectors w;,i = 1,2, but 9;,¢ = 1,2 too, in dependence on the
index ¢. It increases very much a formally possible number of the variants of

a behaviour of the remainder, yielding the appearance of the mixed expressions,
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Transitional Regime Between Spiral States o

place and, in addition to that, it is fulfilled at least one of the requirements: the
equality (32), or

5 ol Sl (56)

or
$i— 0, woj || 05, i # j, 4,5 = 1,2. (57)
Proof is evident and leans on (27). [

Corollary 3. Let all the assumptions of the Theorem 3 are valid. Then (49)
holds true, if at least one of the conditions of the Corollary 1 takes place, and, in
addition to that, the requirement (56) is satisfied.

Proof can be easily done because of (33). |

Corollary 4. Let all the assumptzons of the Theorem 4 are valid, and, in
addition to that, the functions @;ePi*imi [woi x 2]|* belong to Ly for sufficiently
large (3;,i = 1,2. Let the functions p;,1 = 1,2 are such that the functions &;,
defined as follows:

& = pipi,i = 1,2, (58)

where p; are as in (37), satisfy one of those conditions 1), 2), which are imposed
on the functions v; in the Corollary 1. Then the statement (49) holds true.

Proof. From (37) we can see, that if (18) is true, then the statement of the
Corollary 4 is trivial, and if (26) is true, then from (58) we will have:

= giemsiloxal® -1 9, (59)
This implies that (see (B.1)):

8991' b3 % =2 woixz)? ; _ .
¥ 8[6 S N1ND- (60)

i v e_sg[wmxﬂz{% — 263} [[Wm X 2] X wol] } (9]
oz

Substitution of (59)-(61) into (39) gives:

9] i | 506 i : . .
pi /R1 di /m \ . —-f— 2687 (0, [woi X 2], woi) +€1€2md’p; |; — z{,-l’+

i,1=1 1?5.1

t2mprnd i -l [ dt [ da@iga). (62)
R1 R3

But because of (32) the mixed product in the third summand in (62) is equal to
zero, hence, (62) formally coincides with (21) if we make the substitution of &;
for v;,4 = 1,2 (it is easy to see that the result will be the same if for ¢ = 1 (18)
is true and for ¢ = 2 (26) is true or conversely). So, in order to, with utilizing of
the Corollary 1, have (49), it is sufficient only to check that the validity of the
conditions of the Corollary 4 for the functions ¢; leads to the fulfillment of the
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Transitional Regime Between Spiral States W

a limit in the sence of the space L; on the variable v, but the internal integral
in (12) endures this low-temperature limiting passage. Let us remind that the
condition (52) corresponds to the near free molecular flow of a gas (i.e. to the
case of a gas close to a Knudsen one [1]), and the equality zo; = 0, which is
equivalent to (32), means, that v; || wo; and the axis of the spiral pass through
the origin; the condition 2¢; — oc shows that spirals unlimitedly go away from
each other; and the case, when zg; tends to a non-zero constant or has not a limit
at all (see Remarks 2,4), corresponds to such a situation, when the spirals axes
do not intersect each other and are stabilized on a finite distance or oscillate.

Next, the conditions (51) describe objects (flows of a gas) of an incomplete
dimensionality (their detailed classification carried out in [18]; in that paper
the terminology used below was introduced too), and the fulfillment of (54) or
(55) corresponds to a partial or a full stratification of the objects in R* (in the
stationary case — in R3). Finally, the conditions o; = 0 or #; — 0,i = 1,2 mean
that the ¢-th spiral rotates about its axis but does not move translationally along
it (or slows this movement down).

Taking into account all these facts, it is possible to pick out the following
situations which ensure the validity of the statement (49).

1. Large Knudsen number (d — 0).

Two stationary or non-stationary spirals with the axes, which intersect at
origin or diverge on infinite distance; their densities distribute in accordance
to (51), i.e. they have the incomplete dimensionality and are represent: or
resting bunches or shells (in the non-stationary case bunches are impossible),
or cylindrical (in particular - planar) pancakes, flying along the axes of their
cylinders (along their planes accordingly), or fibres, flying in any way. As an
example of such distribution one can take a sufficiently small neighbourhood of
a rotating cylindrical surface.

2. Arbitrary Knudsen number (d > 0 — fixed).

a). Two spirals which decelerate their rotation and translational movement
in the same degree; the axes are stabilized on a finite distance or oscillate; the
densities are stationary or have an incomplete spatial dimensionality (i.e. bunches
are impossible). This case is described in Corollary 5 and Remarks 2,4.

b). Two stationary spirals, which are the objects of an incomplete dimensionality,
flying almost in parallel to each other (because of (53)), the axes diverge on
infinity.

¢). Statinary or non-stationary spirals, satisfying (51), with arbitrary axes
and velocities which are partially or fully stratificated (i.e. the requirement (54)
or (55) is satisfied).

d). Two resting spirals with axes which intersect at the origin; their densities
correspond to (50).

Remark 6. In all the situations considered above except described in the
Theorem 4 and the Corollary 4, the densities of the spirals are independent
of their temperatures (i.e. of $;,7 = 1,2) at all, and in the Theorem 4 and
the Corollary 4 the mentioned above dependence is, but it is such that when
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D((p ﬁ'w: T: + ¢1¢26ﬁ1w] leﬁ"wz

< %L

+9914P26/31w§rfeﬁw§r§/ G(Mi’Mj)dU]' (A.6)
R2
But, as it is well-known [1]:
/3 G(M;, M;) dv = / L(M)M; dvyi = 1,2, i # j. (A7)
R R?

and [15]
i (A.8)

< d?
L(M;) = Pjﬁ /Ra dw|v

Thus, we can the first integral from the i-th (i = 1,2) summand in (A.6), if it is
remembered (2) and (A.4), give in the form:

ad 0p;
(—c’?&;—er o ) Bl 4 o1ppeP1eit ef2vis.

—w?

3; 3/2 L
p((%) (__,—/61(“*'“1)2 dv. (49)

d?
'Pjﬁ/a dwe
R?
After the change of a variable:
u = +/Pi(v— %) (A.10)

and the substitution of (11) for #;, ¥;, the expression (A.9) yields:

<()z{;i (_u_ I [uJ X .’L]) ) ﬁ.wl r' 18 (,9”926'3“‘}1” 61324127‘2/, _C.1_2_
R\ Ot VBi : ; v \/T_F

o | W o o w 80 o2
./Rs dwe™" ‘\—/TB_j—vj—[wjXar]+v,~+[w,-><:1:]——- pim 2e” " du.

VB;

(A.11)
The second integral in (A.6) can be transformed in absolutely analogous manner,
thus, we will obtain (13). 2]

Appendix B.

To prove (15)—(17) let us substitute (14) into (13) with use of (7) and the fact
that for any constant vector a € R?

%([axz]%:Q[[axw]xa]. (B.1)
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Bicnnk XapKiBChbKOro HalliOHAILHOTO yHIBEPCUTETY
Cepisn “MaremaTuka, IpuKIaiHa MaTeMaTHka i MeXaHika”
YRG5 Ne 514, 2001, ¢. 34-40

KoHTuHYaT HAS MHTEPIIOIAIIIOHHAS 3a1a4a B KJIacce
Ctuitoeca

FO. M. lokapes

Xapvroscxull nayuonaadvnoll ynusepcumem, Yepauna

PaccmoTpena 3azaua o mpeacTaBleHHH OJHOIO KJacca PMUTOBO MOJO AH-
TeabHBIX (DYHKIMIT B BuJe uHTerpana XuxuuHa-Boxmepa mo moayocn. Mut
NOKa3blBaeM, YTO ee MOJKHO HCCIeJ0BaTh ODIMMH METOJaMU pelleHHs HH-
TePNONANUOHHLIX 3a7au B knacce Crurrbeca. 2000 Mathematics Subject
Classification 4TA57, 42A82.

1. BBenenue

B aro11 crathe npuBoIITCS MTOAPODHOE IBI0KEHIe pe3yabTaTa, aHaAHCIPOBaH-
Horo B [1]. MBI paceMoTpHM 3aauy 06 HHTerpaJbHOM NpeICTaBIeHIN HEKOTOPbIX
3PMHTOBO ITOJIOKHUTeNbHBIX (DYHKITHIT. Briepsble Takoro tuma 3anaua 6blia 113y ueHa
B cratbe [2]. C roukn 3penus meroxa B.II. Iloranosa pemenns mHTepHONAIIIOH-
HBIX 3324 aHaIm3a (cM. [3]) mpobieMa IIPOLOKEHI SPMIITOBO MOJOAKUTETLHBIX
hyurmmt 6pi1a pacemMorpena B [4-6).

B ommmurne or npounTHpoOBaHHBIX PaboT B 3TOI CTaThe 113yUeHa 3aada O IIpejl-
CTAB/IEHITIT HPMHUTOBO HOJIOKUTEAbHBIX (DYHKINIT ¢ TOMONIBI0 HHTErpada X IHUIHA-
Boxuepa no noxosxurenbHolt noiyocn. OHa CBOANTCS K MHTEPHOJSIIOHOI 3a 1aue
JUISE CTIUITHeCOBCKUX (DYHKINIT, 4TO TTO3BOJSET HCCAEI0BATh €e MeToJaMi, pa3Bii-
THIMH ISt HHTEePIIOJISIIIIOHHBIX 3a1a4 B Kaacce Crmatbeca [7-9].

2. ITocranoBka 3amauyu

[Tycts menpepwiBHO midppepentuipyemasi omeparop-pyHKis (COKpalleHHo
0.d.) ki(z) ompenerena ma kommakraoM maTepBate [—[.[] C R u upunimaer
3HAUEHIIS BO MHOXKeCTBe JIHefHbIX orepatopos, zeficrsyioumx B C*. U mycrs
o6e o.. ki(z) m ky(z) = ikj(x) ABAMOTCS 3PMHTOBO MOMOKUTETBHBIMII, T.C.
k,(—=z) = k¥(z), r = 1,2 u HeoTpHIIaTeIbHBI HTEI'PaJbHbIe oepaTopsl K1 > 0 1
Iy > 0, 3amaBaemble (hpopMygaMut

l
(K. f)(z) :/0 k(z — E)f(&)dE, K, : L}0,0] — L*[0,1], r=1,2.  (2.1)
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3aech L2[0, 1] - ruip6epToBo MpocTpaHCTBO KBa, IPATITYHO HHTET PIIPYEMEIX BEKTOD-
bymxmmi f: [0, — Cr.

Beenem onepatopnt T : L?[0,1] — L?[0,1], v,uy : C* — L2]0,1], koropsie
3a1a10Tcs PopMyaaMIr

(L)) = =i [ f(0)dt, (og)(@) = g, (wg)a) = ~a(x)g.  (22)

(IIMBOTIOM (,) oboznaumm ckaasproe mpomsseerne 8 C*, a crvsonom ( fi. f2)
fo fi(2), fo(2))dz - cransiproe npoussenenne B L2[0, []. Cuntaem, uto ckaispHble
MPOII3BeIeHTIA JUHETHEL 110 BTOPOMY COMHOZKIITETIO. CornpsizkeHHbIe OIepPATOPLI

T : L2[0.1] — L2[0,1], v*,u} : L2[0,1] — C* nmetor Bux

(T F)( -7/ F(t)dt, v*f = /ft)dr P /k Of (Dt (2.3)

HeHOCpeIICTBeHHI)IM BbIYUHCJIEeHIIEM y6e}m[aeMc.ﬂ B TOM, UYTO IIMeeT MeCTO OcHosroe

Toacdecmeo (OT)

TKy; - Ky = vuj. (2.4)
3 sToro TosKaecTBa JErKo CIeAyIoT elle ABa TOMKICCTBA
The =Bl =08 ~R¥, r=1,2. (2.0)
3nech (uyg)(z) = (Tuzg =i [Z ky(t)gdt, uy : Cr — L2]0,1].
Bsenem o.¢. R(z (1 — 2T)71. Slcuo, uto R(z) — nenas o.¢. [pu kaxiom

(UKCIIPOBAHHOM 2 o.cb. R(2) sBasiercst orpannuenHsM onepatopom B L2[0,1]
neficTByeT 1o hopmy.ie

(R(2)f)(z) = f(z) - iz /0 =16 f(£)de. (2.6)
Jlerko Buzers, uro mas h € C'1[0,1] s1a dopmyna Mosker GBITH 3almiicaHa B BILIE
(R(2)h)(z) = h(0)e™*® + / 28 1 (£)de. (2.7)
0

B uactaoctn Vg € C R(z2)vg = e%%g. Ilaxee

PR
(R*(2)f)(z) = f(2) +i3 / 33 (2.8)

CrmBoaoM €4 0603HAUIM MHOKECTBO Beex 0.¢p. a(1), OmpeieeHHbIX Ha [0y~
ocu [0, 400) U IMPUHIMAIOULIX 3HAYEHHS BO MHOJKECTBE 3DMITOBBIX OIEpPATOPOB,
eficrsyrommx B C, raxnx, uro o(t) MonoronHO Bospactaior 1 || fy° tdo(t)|| < oo.

Jlemma 2.1 Ecau o(t) € £4, mo 6 caabom cmbicae CYu,ecmeyiom UHMEZPanbl
oG O
:/ R(twt" 'do(t)v*R*(1), r = 1,2, ujes -/ R(t)vda(t). (2.9)
0 0

3deco K§, K§ - ozpanuvennble u HEOMPUYAMEALHBLE ONEPAMOPDL & L*[0,1], a
ug ~ onepamop us C* & L2[0,1].
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Joxazameavcmso. 3 onpenenennit v* n R*(t) cremxyer, uro

Joe
(VR () f)(t) = [ e f(6)dE = F(t), Vf € L*[0,1].
0

[loaromy F(t) menpepwuiBra u F(t) — 0, t — oo. Ilycrs B, (f1, f2) =[, (Fi(1),
t'=1do(t)Fy(t)), r = 1,2. fcno, uro B, : L*[0,1] x L?[0,!] — C u ssrsmorcs orpa-
HITUEHHBIMII, HEOTPIIIATEIbHBIMI, ITOJYTOpaJuHelHbiMil (hopMamit. Ilostomy cy-
LIECTBYIOT OIPaHITYeHHBIe II HeoTpHIaTeabHsle onepatopsl A7 : L2[0,1] — L?[0,!]
rakue, yto B, (f1, f2) = (f1, KT f2). Has mobwix f1, fo € L?[0,1] mveem

(fi, K7 f2) = B fisd2)o= (fl»/ooo R(t)t’tT_ldU(T)U*R*(t)h) :

Orciona cireaylT Bce yTBep KIEHIIS JeMMbl OTHOCHTEJNBHO omnepatopoB A n
Kg. Yreepanenne jqeMMbl 06 oneparope uf MOMydaeTcs aHAJOTHUHBIM 00pasoM.
Jlemma 2.1 nokasaHa.

0.d. o(t) € £4 Ha30BeM pewenuem 3a0aut 0 COZAACOSANHOM UHIMEZPUAALHOM
npedcmasaenuu o.¢. ki(x) u ky(x), ecn

ki(z) = /000 e~ tda(t), ky(z) = /Ooo e tdo(1). (2.10)

0.d. o(t) € £+ HA30BeM pewtenHuem 3a0a4U 0 CO2AACOBAHHOM UHMEZPAALHOM
npedcmasaenuu onepamopoe Ky, Ko, ug, eciu

B R i Y (2.11)

Herpyano noka3atk, uro (2.10) u (2.11) sKBHBaJEHTHBI.

3. CucrtemMa OCHOBHBIX MAaTPUUYHBIX HEPABEeHCTB

C pemennem o(t) € £ 3amaun (2.11) MBI cBsiKeM accoyuuposanny o.¢.

< do(t
s(z):/o (f(:(:)’ o(t) € &;. (3.1)

Kak msBectro (cM. [10]), k1ace o.¢., JomycKaloumx MHTerpaibHOe [IpeicTaBleHIIe
(3.1), coBmamaer ¢ KIaccoM roaoMopdHbIX B C\ [0, +00) 0.¢., yaosrersopsoumx
YCIOBIAM

2"s(z) — Z"s*(2)

z2—z

>0, Imz#0, r=0,1, [l¥’s(iy)| = 0(1), y > 1. (3.2)

Kaace Bcex Takux o.¢. oboznavumm Sy.

Teopema 3.1 Ecau o.§. s(z) accoyuuposana c pewenuem o(t) sadavwu (2.11),
mo npu Im z # 0 ona ydosaemsopaem cucmeme Ocrosnvie Mampuunvie Hepa-
sencme (OMH) B.11. Ilomanosa

K, | R(z)[v2""1s(2) — u, ] e e
R PP P Py e B T (3.3)

n
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Joxazameavemeo. Iloacrasigs 8 OMH coorBercTByionme mHrerpaibHbie
peIcTaBIeHIst, IOJIYUlIM paBeHcTBa (7 = 1,2)
K, | R(z)[vz""'s(2) — u,] o [ R(t)v I
ane | € 7 it A 5 2/ I t""Ydao(t) ['v*R*(z) —]
5 Vi i

*

t—2

t— 2

o 1L o

113 KOTOPBIX caenylor HepaBeHcTBa (3.3), 1.K. o(t) /. Teopema 3.1 mokasana.

Teopema 3.2 FEcau o.¢. s(z) ydosaemsopsem cucmeme OMH (3.1) , mo no-
cmpoennvle no s(z) o.¢p.

5:(2) = K. T*R*(2) + R(2)[vz""'s(z) — w,Jv*R*(2), r=1,2 (3.4)

ydosaemsopsiom npu Imz # 0 cucmeme Ipeobpaszosannvie Ocroenvie Ma-
mpuunwie Hepaseneme (IIOMH)

7

K, 4 Se(2) 2 e :
[W)I{H SREHENIERE: ] o

Joxazameavemso. Yuuoxmm OMH (3.3) creBa it cripaBa cOOTBeTCTBEHHO Ha OT1e-

paTopbl
5 46 I | T*R*(%)
R(Z)T | R(2)v |’ 0| v*R*(2) |’

[Tocae npeobpasoBanmil noxyunm Hepasercrsa (3.5). Teopema 3.2 nokasama.

Jdemma 3.1 Ecau zoaomopdras 6 C\ [0,4+00) 0.¢b. s(2) ydosaemsopsem cu-
ememe OMH (3.3), mo s(z) € Sy.

Torazameavemeo. 113 meorpuiareabHocTit 22-6m0k08 crictemsl OMH caeayer, uto
(278(z) = 2"s(2))/(z = %) > 0, r = 0, 1. Orcroga caenyer(cm. [10]), uro o.d. s(2)
JIOMYCKaeT MHTerpajJbHoe TpeIcTaBIeHne

s(z) =7 + /; (tla_({) a(t) /', /f(’l +1)"'do(t) - cxomres, 4 > 0. (3.6)

13 cucreme: OMH (3.3) caenyer, uro Vf € L?[0,{]u Vg € Cr

([ Kaf) | (f, B(z)[0z8(2) — wa]g) }> )
v |lo et -G -2 | ~

[Iycrs ¢, (t) meabra-obpasHas MociesoBaTe bHOCTh CKAISPHBIX ITOMOKIITO -
HBIX (DYHKIIN, HOCHTENIb KOTOPBIX COCpenoToueH B Touke 2o € (0,/). Paccmarpn-
Bas TOCTefHee HEPaBEHCTBO Ha MOC/IeI0BATEILHOCTH f, = @y + ¢, TOLY UM

k3(0) | em==0 {289 (2) + k{(0) — i [5° e* k3 (€)dE}
l 289(z) — 289 (2)

>

(3.7)

2505

z
4




38 0. M. woxkapes

Bmecw kd(z) = (g, kr(2)g), r = 1,2, s9(z) = (g, 8(z)g). IycTs B 370M HepaBeHCTBe
z ="y sy liorna

s9(iy) + 89" (iy)

< k3(0) 5

ro 2
¢V {iys-"(iy) ~ k3(0) - i/g €~y§kg(f)d§}

CyumectByet yo > 0 Takoe, uto €% > y npi y > yo. s Takux y moaydnm

2 (s g‘ 2
< kg(o)ys (1y) + ys (zy).

T
y?s9(iy) — y /0 e ¥k}

2
CrenoBarenasHo,
, o k2(0 %o ko)
4259 (iy) - (y [ e + “) <o [ e + 22
TToatomy

o k.g 2 i
il <2y [ e Ry + £ < 20 [ ede + k(0) <

< 3k:"(0).

Taxmm obpasom, | (g, y2s(iy)g)| < |(g,3k2(0))g)|. Orcrona caeayer, uto ||y?s(iy)|| =
O(1), y > yo. Hoaromy (cm. [10])

s(z) = /_0:0 (:T_ ot T(t) / “/ tdr(t ” i (3.8)

B npencrasrernnsix (3.6) u (3.8) vy, o(t), 7(t) ompenereHsl eIMHCTBEHHBIM 06pa-
30M, IIpI OJMHAKOBOIT HOpMIpoBKe o(t) m 7(t) B Toukax paspsiBa. [lostomy s(z)
Jonyckaer mpencrapienne (3.1), re. s(z) € S;. Jlemma 3.1 mokazana.

Jlemma 3.2 U3 acumnmomuxu |(f, R(iy)h)| = o(1), y — +00, cnpasedausoii
Ve CYo,ll, ||f]] €1 u dan durcuposannot h € C1[0,1] caedyem, wmo h = 0.

loxazameavcmso. Pacemorpiv dyHKImo 7(z) (f,R(z)h). Scuo, uto n(z)
sIBAsieTCs 1eJofl (PyHKINel 3KCIOHeHHaabHOro Tuma. U3 (2.7) monyuaem acum-
nroruku 7(t) = O(1), t € R, n(iy) = 0(1), y < —1. U3 31ux acHMOTOTHK
U yCJOBHIT JeMMbl caefyer, 4yTo 7)(z) OrpaHHUeHa Ha BeUIECTBEHHON I MHHIMOIL
ocax. Ilo reopeme ®parmena-JInnnereda 7(z) = const. Tak kak 7(z) crpemurcs
K HYJIIO BIOJb ITOJOKNTENBHOTO HAIIPAaBIeHIs MHIMOIT octt, To 7(2) = 0. [Toatomy
(R(z)h)(x)= 0. IIpn z = 0 monyunm h(z) = 0. Jlemma 3.2 1oxasaHa.

Teopema 3.3 Ilycmp s(z) asasemca pewenuem cucmemvt OMH (3.3) u o(t)
~ 0.¢p. us npedcmaeaenua s(z) 6 sude (3.1). Tozda uy = ug, 20e onepamop uj
onpedenen 6 (2.9).
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oxasameavemso. Ilycts B mepasenctse (3.7) ||f|] < 1 u ||g|| < 1. Torza npn
z =1y, y > 1 umeem

|(f, R(iy) [viys(iy) — uz]g)|* < || Kall - [Is(iy)]].
| Jaaee ||y?s(iy)]| = O(1), y > 1 (cM. ToKa3aTeabCTBO prevne 3.1). IToaTomy
I(f, R(iy) [viys(iy) — uz]g)| = o(1), y — +oc.

113 nokasarenbcrBa Teopems! 3.1 BuaHo, uro Bropoe 3 OMH ocraercs B ciue,
ecIn B HeM 3aMeHUTh Ky Ha K, a us Ha uf. IloaTomy, moBTopsisi mpiBetenHble
BBIIIE PACCYAKACHUS, TIOTY UM

(£, R(iy) [viys(iy) — u3 )g)| = o(1), y — +oc.

s ABYX IIOCJeIHIX aCIMIITOTIIK IIMeeM

I(f, R(iy) [uz — u3 ]g)| = o(1), y — +oc.

[To xemve 3.2 mveem [uz — ug Jg = 0. Orcroga crenyer, 9ro ug = ug. Teopema 3.3
JIOKa3aHa.

Jlemma 3.3 Ecau 5,(z) ydosaemsopsem (3.5), mo y||S.(iy)|| = O(1), y > 1.

Aoxazameavemso. Iycrs f € L2[0,1] u ||f|| < 1. Toraa u3 (3.5) caexyer, urto
s(iy)s(iy) < ||| - {s(iy) — 5(iy)}/(21y), s(iy) = ([, Sx(iy)f), y > 1. Orcrona
(ys(iy) + |1 K11/(20)) - (y3(iy) = [| B[/ (238)) < || K,]|? /4. Tosromy |ys(iy)| < || K,]].
CrenoBatensto y||S,(iy)|l < || K. Temma 3.3 nokazana.

Teopema 3.4 [lycmb s(z) asasemea pewenuem cucmemvt OMH (3.3) w o(t)
= 0.p. us npedcmasaenua $(z) 6 sude (3.1). Tozda K, = KZ, r = 1,2, 20¢
onepamopur K7 onpedeaensvt 6 (2.9).

okazameanvemeo. Ilo pemenmio cucremsr OMH s(z) nocrponu no dopmyae (3.4)
o.. S1(z), KoTOpas yIoBIeTBOpsieT mepBoMy i3 HepaBeHctB (3.5). [lycts f €
10,1, ||f]l € 1 - nponssoabHas, a h € C'[0,!] - pukcnposannas dyskuns. Ilo
aemMe 3.3 u HepaserncBy Ilsapua |(h, S1(iy)f)| = o(1), y — +oc.

Hepasenctsa (3.5) ocrajorcs B cile, ecil B HIX 3aMeHuTh Ay Ha A, a S1(z)
Ha S{(z) = K{T*R*(2)+ R(z)[vz""1s(z) —u3]v* R*(Z). Orciona, Kak 1 BbIIIe, ITO-
ayunm acnmnrotuky |(k, ST(iy)f)| = o(1), y — 4o0o. U3 aByx mocremHnx acnu-
ntotuk mmeem |(h, (S7(iy) — Si1(ty))f)| = o(1), y — +oc. ITo mpeabraymert Teo-
peme up = ug. Ioaromy S7(2)— S51(z) = (K] — K1)T*R*(Z). Teueps nociennioio
aCHMIITOTHKY MOJKHO 3armicath B Biae [(h, (K7 —K1)T*R*(2)f)| = o(1), y — +0oc.
O1croza, o semme 3.2, mveem T'(K{ — Ky)h = 0. B crury HenpepbiBHOCTH (hYHK-
LI, Ha KOoTOpylo zeftctByeT ornepatop T', nmeem (A{ — A’y )h = 0. Taknm obpaszom.

- .
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oneparopsl K{ 1 Ky cosnanator va ("'[a.b]. Oun orpanmenn na L2[a. b] 1, cie-
noBarenbHo, Ky = K{ Ha L%[a,b]. AnajsormunsiM o6pa3soM JOKa3bIBaeTCs, UTO
K, = Kg. Teopema 3.4 noka3ana.

Taxum obpa3om, 3a1aua 06 IMHTErPAIBHOM TIPEACTABACHIT 3PMUTOBO 100 AKU-

TeJABHBIX (DYHKINT B BlLZe NHTerpata XIHUIHa-BoxHepa 1o moayocn cpemeHa k
KOHTIHYaJbHOIl MHTePHOJAINOHHON 3aJa4e IS CTHITBECOBCKUX (DYHKIINT (M.
(8-9]).

]
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BBenenue

Pasnoskenns HeMOHOX POMATHUECKIX [OJIell B HEOAHOPOAHOI HeCTallloHaPHOIT
cpene, 3aIOJHSIONIENT IJITHIPIMUECKHIT BOJHOBO C IIEAJbHO MPOBOISIIEN TO-
BEPXHOCTBIO, 10 CHCTEMe CIeINATbHBIX MOIOBBIX II0JelT OBLIH PpacCMOTpPeHs! B [2, 3]
IS CJy9asi OJHOCBS3HOrO IOIEPEUHOr0 CeueHIs BOJMHOBoAa. B [3] uccaemyiorcs
CBOTICTBA ITPOEKIINIT peleHInt ypaBHeHIT MakcBemria Ha TIOMIIPOCTparcTBa Beltis

[6] a TaKiKe IIPHUBOAATCA YyCJOBIS CYIIEeCTBOBaHIA U €JMHCTBEHHOCTII Da3lCHBIX

peureHuit - MonoBbix E-momelt u H-moxefi. B gamHOIT craThe IJIsi BOJTHOBOJA C
MHOT'OCBSI3HBIM ITOTIEPEYHBIM CeueHneM S CTPONTCS pa3lorKeHIe IO 10 CUeTHOI

TpexmepHoit obiacti ([7]).

1. UcxonHabIe IpearoJoKeHnsa WU ITIOCTaAaHOBKa 3aJdadu

BOJTHOBOJA yIOBJETBOPSET YpPaBHEHIISIM MaxkcBera

d d
rot’ H _(-)—ZD + .7, ol _E)_tB’

v P a'p Taiv B

Il

clicTeMe MOJOBBIX COCTOSHIII, BKJIOYAONIell KOHEYHYI0 TIOACHCTeMY MOJAOBBIX T-
noxelt ([4, 5]). JloKa3bIBaloTCst yCIOBIS CyIIECTBOBAHIL 1 €IITHCTBEHHOCTI CIIeT-
aJbHBIX peIeHIll, XapaKTepHBIX I MHOTOCBs3HOI obacti. Pasnoskenne nouay-
YeHO Ha OCHOBAHIII OPTOTOHAJBHOTO pa3bHeHHs IPOCTPAHCTBA BEKTOP-(hYHKIILIIL,
KBaIPATITIHO CYMMITPYeMbIX 10 ILTOCKOIT MHOTOCBs3HOM obiractn S C R?, kotopoe
OCTPOEHO B COOTBETCTBIN ¢ pazbmenniem Befuis [6] st caydas MHOPOCBS3HOI

Llmris gpirgecKiiT BOJTHOBO/L € 1 I€aJibHO MTPOBOAAIIEN IOBEPXHOCTHIO X 3a110J-
HeH HeCTallloHapHOIT cpeJoll, HeoJHOPOIHOI BIOAL ocnl Z BoaHoBoza. [lomepeu-
noe cevenne S = {(z,y)} ects MHOrOCBS3HAS OBIaCTb ¢ rpammiel 95 = (JN_; L,
obpa3zoBaHHOIN BHeNHUM Lo I BHyTpeHHHMH Lq,..., LN KyCOYHO TVIaIKUMIT KOH-
typamit. CBoGogHbIE 3apsiabl 1 cBOGOJHBIE HCTOYHHIKH OTCYTCTBYIOT. [loe BHYTpII
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rae &, H - BeKTOPB! HAIPSIKEHHOCTelT 31eKTPIUeCKOro I MarHHTHOTO nojel. D.
B - BeKTOpB! 3JIeKTPHYECKOll 1 MarHHTHOII nmaaykouil. [InorHocrn toka J u 3a-
psia p CTOPOHHHX HCTOYHHKOB €CTh 3a/JaHHble (DYHKIII, CBA3AHHbIe ypaBHEHIIEM
HenpepsiBHOCTH div.] + g;p = 0. I'pannyHbIe yCIOBHS 1IMEIOT BILI :

[£.n]|2=0, ('H,n)IE:O. (1.3)

rjie B BEKTOPHOM I CKaJsiPHOM IIPOHM3BEJEHISIX N - OPT BHelrHell HOpMaJil K I10-
BepxHocTn Y. Marepnaibuble ypaBHeHNs: B aGcTpakTHOI (hopme

D=DE, B=BH (1.4)

cozepsKaT JiHellHble npeobpasopatis D, B (nuaykmnonnsle onepatops [2]), ko-
TOpPbIe TIMEIOT BILI NHAroHAJbHBIX MATPIII

oo

D9 B
Pe=i.0.D vcod® =10 . (1.5)
0 0 0

Dy

rax uro D€ = (DE,, DE,, D\E.)",BH = (BH,, BH,, ByH.)T. 3nect D, D), B,
By - mumeftaple mHTerpo- MddepenImaibibe MpeobpasoBails Hal CKaJspHBIMIL
(YHKINIAMII OT NEpeMeHHBIX z, ¢, TO3BOJSIONLIIE YUUTBIBATL BPEMEHHYIO I IIpO-
CTPaHCTBEHHYI0 BIOJb ocn Z mucniepenio cpenst ([1]-[4]). EcrecrBennsle obractin
olpe/IeJIeHIIs TIHeITHbIX IH IyKIMOHHEIX ormepaTtopos D, B yTouHs0TCS B Kask 10M
KOHKDETHOM CJIydJae.

Boijesns  momepeuHble 1 IIPOJOJBHBIE COCTAB/SIOUNIE BEKTOPOB  I10JIS
£ =E+ FE.z, H=H + H,z, nepenutem rparnynsie ycaosus (1.3) B Bue :

0, E,|,o=0, (H,n)

[E,n]l, =0,

85T as ER
rie z - opr ocit Z ( [n,z] = 1 - opr KacatensHoll k 0.5 ). Duepris noas mpeimo-
JaraeTcs OrpaHHYeHHOI B [IOIIePeYHOM CedeHIH .S BOIHOBOAA, YTO COOTBETCTBYET
TpeGoBaniio E,H € L3(S) @ 0n E., H, € Ly(S5) npu PpUKCHPOBAHHLIX 2, 1.
Ha ocroBanmi opToroHaJpHOrO pa3bueHust mpocTpaHCTBA L3(S) mas vuo-
TOCRENEON dRtRrma § suienm crenmansEse Gasnos » npocipasctse LISy =
L3(S) & L\ S) TpexmepHbix BeKTOD-pyHKINT F(z, 7). KOMIOHEHTbI KOTOPHIX CyM-
MIpyeMbl C KBAIPATOM B CEUEHNT S BOHOBOIA. PaslosiM 110 5TiM Hazrcam He-
npepmsio addepermmmpyemoe (raanxoe) pemenye £, H sanatm ( Lby(L4). Blo-

v P T . "
KAACM, YO 110Yeioe pasiic YALCHNE Deerins COIBETCTRYET PAIOASHINIO 11O 9
« M, 0N

o cuerHofl cucremMe MOA0BbIX COC’IUHH_llfl, BRJAIOYatoefl KOHEeYHYI0 [MoACHCTeMy
crieliaJbHbIX HOJIGI"I, KOTOpbIe MOTYT CyuiecTBoBaTh TOJIBKO B BOJIHOBOE C MHOI'O-
CBSI3HBIM TTOTI€peYHbIM ceyeHmeM.
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rae £, H - BeKTOPB! HANIPS/KEHHOCTElT 3JeKTPHUECKOro I MarHHTHOTO ToJefl, D,
B - BeKTOpB! 3JeKTPHYECKOIl 1 MarHuTHOM meaykouf. [InorHocTi Toka J u 3a-
psifa p CTOPOHHUX HCTOYHHKOB eCTh 3aJaHHble (DYHKIIIN, CBS3aHHbIe YpaBHEHIeM
HenpepsBHOCTH div.] + g;p = 0. I'paHnyHbIe yCIOBUS HMEIOT BILI :

[€:n]lg =0, (H,n)|; =0, (1.3)

rje B BEKTOPHOM I CKaJIiPHOM IIPOM3BEJEHIsIX N - OPT BHelIHell HopMaJll K Io-
BepXHOCTH Y. MaTepnaJsbHble ypaBHeHIs B abcTpakTHO (hopme

D=DE, B=BH (1.4)

coaepskar JanHerlHble npeobpasoanus D, B (muaykunonusie onepatops [2]), ko-
TOpbIe IIMEIOT BIL IHAarOHAJLHBIX MaTPIILL

==
us]
I

o 8 B 0
D=| 0 D 0 B (1.5)
0 0 0 0

tU(DO

Dy

trak yro D€ = (DE,, DE,, DH,EZ)T, BR= (B0, BH.,, B“H:)T. 3necs D, Dy, B,
By - mumefble mHTerpo- mnddepentnanbube IpeobpasoBaHIisL Hal CRANSPHBIMI
(YHKIIAMII OT IlepeMeHHBIX 2, {, MO3BOJISIONIE YUNTBIBATH BPEMEHHYIO II IIpPo-
CTPaHCTBEHHYIO BAONb ocn Z mucnepcuio cpexnsi ([1]-[4]). EcrecrBennnie obaacti
OlIpeIeJIeHIIs TITHEITHBIX HAYKIIOHHBIX oepatopos D, B yToUHSIOTCS B Kask I0M
KOHKDETHOM CJIyYae.

BbizesmB  momepeuHble U NIPOJOJbHBIE COCTABJSIONUNIE BeKTOPOB  IIOJS
£E=E+ FE.z, H=H + H,z, nepenuuem rpannynsle yciosus (1.3) B Buie :

[E,n]l,s=0, Eilps=0, (H,n),q=0,

as 35S

rae z - opr ocnt Z ( [n,z] =1 - op1 KacarexsHOlT K 0.5 ). DHeprisa nous mpero-
JIaraeTCst Or paHIUeHHOIT B IIOIIEPEYHOM CedeHMn S BOJHOBOAA, UTO COOTBETCTBYeT
tpebosanmio E,H € L3(S)@ 0u E,, H, € Ly(S) npn dpukcnposannbx z, 1.

Ha ocHoBaHHH OpPTOroHaJLHOTO pasbueHust npocrpaHcrtsa L3(S) ans mmo-
rOCBSI3HOM 06JAcTHl S BBIJENNM CIENIalbHble Gasichl B IpocTpaHctse Li(S) =
L3(S) & Ly(S) rpexmepubix BekTop-yHKm F(2, ). KOMIOHEHTH KOTOPBIX CyM-
MUpPY€eMbl ¢ KBaJAPATOM B CeUeHIN 5 BOJHOBOZA. Pa3nosKiM 1o 1iv Hasncam He-
npepsiBHo middepenimpyemoe (raankoe) pemenne £, H sanaui (1.1)-(1.4). [To-
KasKeM, UTO TOJyYeHHOe PA3JOKeHIe PEIleHUsl COOTBETCTBYeT Pa3loKeHII0 TTos
[0 CYETHOI CHCTeMe MOJOBBIX COCTOSHIII, BKJIIOUAONIEl KOHEUHYI MOACHCTeMY
CIIeNIaJbHBIX TI0JTell, KOTOPhle MOTYT CYLIeCTBOBATh TOJHKO B BOJHOBOJE ¢ MHOI'O-
CBSI3HBIM TIOTIEPEYHBIM CeUeHIeM.
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2. OproroHajsbHOe pa3loskeHue U H6asuc mpocrpancrBa L3(S)

ITpoctpancTBO BeKTOp-(bYHKINNT, KBaJAPaTIYHO CYMMIIPYeMBIX II0 3aJaHHOI
obactir, I'. Beflub pas6iur Ha TP B3alIMHO OPTOrOHAJIbHBIE TTOAIIpocTpaHcTBa ([6]).
B pabote [7] mccaexoBara CTpyKTypa OJHOrO 113 MOANpoCcTpaHcTB Befina o mpu-
Besenbl pasnoxkenns L3(§) B cayuae muorocssissoft obaactn ) C R3. IToctpoinm
opTOroHaJbHOe pasbuente npocrpanctBa Li(\S) mis muockofi orpaniryeHHON MHO-
rocssi3aolt obaactn S C R?, coorercTBylouee pasnoskenmio [7]. Jlas coxpame-
HIISL TePMITHOJIOINH I 0603HAUEHIT TPeXMepHOro ciIydas 6y/1eM BKIaIblBaTh IPO-
crpanctso L3(9) B mpoctparctso £ = L2(S) @ 0 co ckaaspHBIM Mpom3Be1eHmeM
(F.Q)c = /‘(F.G)ds B /ﬁ(F{C?T + F,G,)ds.

PaC(‘,MOTiS)HM JIByCBﬂ'sHyio 061acTh S, 3aKII0UEHHY 10 MeK Iy BHEUTHIM L 11 BHY-
TpeHHnM L; Kycouno riagknmn koHTypamin. [lycTs i - HecaMoriepecekaoumics
3aMKHYTBIIl KOHTYP B 5, coepxauniil BHyTpu cebs kKoHTyp L. Opuenrarms Lg, [;
- IpOTHB, a L1 - o 4acoBOIlt cTpenke. B mpocrpancTBe L BbIIENNM IiiaJKIe [IOTeH-
unaisasle Bekropsl F(z,y) = Vf(2,y) (rotF = div[F,z]z = 0) u conesonnan-
Hele Bektopsl G(z,y) = [z, Vg(z,y)] (divG = 0). Crauasipabie dynkmm [ 1 g B
obiiemM ciIydae SBJASIOTCS MHOTO3HAUHBIMI B S (DYVHKUMSIMIL, M3MEHSIOMIIMICS Ha
NOCTOSHHYI0 TIpH 0b6xoxe koutypa tnna ;. [Ipn atom F nu G ectb oaHO3HauHBIe
BexTOp-hyukumu. upkynsimis norenimaisusix BekTopos F, [G,z] no xoutypy

turta [y He 3aBucur or BeiGopa [ u 3amaer nepuoast ([7]) : C[F] = / (F.1)dl
1
u C [[G,z]] = / (G, n)dl. IlukII9ecKyio MOCTOSHHYI0 CKAISIPHOTO MOTEHLITAIA
h

f(z,y) npn obxoze kourypa l; obozraunm gepes C[f] : C[f] = C[Vf] = / —'7—{ dl.
Jiy -

I'pagmenTsl rapMoHiuecknx B S (yHKImT u(z,y) ABISIOTCA U MTOTEHOIANb-
HBIMII, I coJeHongaJbHbiMi BekTOpamut U(z,y) (rotU = divU = 0). byaem
0603HaUaTh COTPSKEHHYIO K % MapMOHIUecKylo (dbyHKIO uepes u*. B coorser-
crein ¢ yeaopusmn Komm-Puvana : Vu*(z,y) = [z, Vu(z, y)]. Torma U(z,y) =
vu("‘* y) = [VU*(.T, '_lj),Z]-

Beizemm B S conpsizeHHble TapMOHIUecKne (DYHKITNN, KajkIas 13 KOTOPHIX
HOPOINT OJZHOMEPHOe MOMITPOCTPAHCTBO B OPTOTOHAJIBHOM Pa3noKeHnr L.

Jlemma 2.1. ITycmo 2apmonuvecxas 6 S Pynxyua ui(z,y) ydosaemsopaem
kpaesotl 3adave :

ity =0, u1|Lo N u1|Ll =v, vER, v#0. (2.1)

Toz0a conpaxcennan e2apmonuveckas Pynxyua ui(T,y) ecmb MHO203NHAUHAA
Pynryua, yoosaemeopanow,as xpaesoil :'fa()a«ae
Duf =0, withe =0,
npuvem Cluj] = v=1|Vuq||2.
Joxazameasvemeo. CONPSKEHHYIO K %, TapMOHIUECKYI0 (DYHKIIIO %} HAXO-
MM ¢ TOYHOCTBIO [0 a/IHTHBHOLN MOCTOAHHOL, HHTErpIpPYsi BEKTOPHOe PaBeHCTBO
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Vui(e,y) = [z, Vuy(x,y)]. Pysrums v} sgBiseTcs MHOrosHauHol (yHKIIerl, 13-
MeHsomelics npu obxose KoHTypa Thiia /; Ha HHKINYecKylo rocrosanyio Clu].
u* P 3
[Moxkaxem, uro Cluf] # 0 : Cluj] = /1 —tdl = /l([z,Vul],l) & = —/ 4 dl
1 1 1
(cymecTBOBaHIIe ;387’“1 Ha 05 MoKeM YTBep/KAaTb, YCUINB, H-P, TpeboBaHIsA Ha

TJIaIKOCTb I‘p&HII[IbI) B CILTIy COJeHONIaJbHOCTII VU] B KOJbIIE, OI'DaHITYeHHOM

___l _L
KOHTypamil {; u Ly, IMeeM : . n = / sdl.
1

Oyuxuust uq(z,y) B S OTINYHA OT MOCTOSHHOI, CJIe0BATeNbHO,
[|Vuy||% :/ uy 24 il dl - / wy Dy ds _/ uy 24 dl = 1// 4. dl = vCluj] # 0.
aS L

Orciona Clu}] = v }|Vuy||2 = v 1||\7ul||[; # 0. Jlemva nokasama.

= ||Vuillc = 1. B cuny aemmsl

C[u3] = v~1. Bagamm B £ oxsomepusie noanpoctparctsa Uy i Uy kak annelibie

obomoukn Bekrop-dyrkmnl Vuy u Vui : Uy = Lin{Vu; }, Uy = Lin{Vuj}.
OnpezenuM TOCIeI0OBATEILHO JITHEAIbl IIAJKIX B 00JacTH S B3aIMHO OPTO-

TOHAJBHBIX BEKTOPOB, HCIIOMb3ysi 0DO3HAUECHNSA COOTBETCTBYIOUIIX JIITHEANOB 115

cuayuasi TpeXxMepHoit obacti [7]. Buigearny B mpocTpancTBe L OPTOrOHAJIbBHBIE JII-

HeaJIbl :j - IVIaJIKHe COJeHON 1aJlbHble BeKTOphI Bilia [z, Vp(z, y)], t1e ¢f o = 0, n
(7 - raKile MOTEeHINTa bHble BeKTOphl BiAa Vib(z, y). FIX opToroHaIbHOCTD JIerko
[IPOBEPSIeTCH :
([z, V], Vi) / div(¢ [V, z])ds — / e div[V,z]lds = — L cp%e(ll =5k
B G soizernm amHeams! : U 1 G! - Tuaikne TOTeHINATbHBIE BEKTOPH BILIA
V'(z,y),y koropsix C[¢'] = 0. ITIpoBepum nx oproroxaasaocts : (Vui, Vi), =
(2, V), V¢ C::—/mrlﬁfdl: —V/ o e /'“ dl = vC§] = 0
i 05 Ly ? L
Jaxee B (' MozHO BBLIeauTh anreaus! : U’ - rpamnentsr Vu(z, y) raaskux 8 S
OIHO3HAUHBIX TAPMOHITYeCKNX (pyHKIM u(2, y), ans koropeix Clu*] = Clu] = 0,1

H

15}
(' - raankie TOTeHINTadbHbIE BEKTOPSI Biiaa V' (2, y), nie ' MpuHIMAKT nocTo-

stHBle 3HadeHns ¢ € C'! Ha CBS3HBIX KomroHentax Ly rpammmst 05 (@', = ¢,
3
k =0,1). [TokaxeM OpTOTOHAJIBHOCTH JITHEAJIOB :

(Vu,V¢') = / 99'35 dl = —/ mj[ = ~Eo/ ng;dl — (71/ "“ dl =
¢ as i 5
= (61 — 50)[ % dl = (¢; - éo)C[u*] ="

1

5 5
Hakoner, B G’ 3amaamm smHeadsl Uy u G - rIagKie MoTeHIINAIbHBIe BEKTOPBI BILIA
V(z,y), rae ¢l o = 0. FIX opTOroHAILHOCTH OUYeBILIHA.

3amerim, 4To JrHeaJsl Uy 11 .JJ MOMKHO ObLIO ONpeaenTh, Kak MHOKeCTBA BeK-
: 2 :

o
TopoB Buaa [z, F], rae coorsercrBentio F € Uy wm F € (. Bsenem anasorirassy

% o o]
obpasom JmHeassl J, J, J' DIagKIX coMeHONIAIbHbIX BEKTOPOB :

J={[zF|:FeG}), J={aF]:Fed&), J={F]:Fecd)
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[ToampocrpancTBa, 0Opa30OBaHHBIE 3AMBIKAHILAMIT BCeX BBEIEHHBIX BbIIIE JIIHEAIOB,
OyzeM obo3HaUYaTh TEMIH e CIMBOJAMII 6e3 TILIbIbI.
Teopema 2.1. Hmeem mecmo caedyiou,ee opmozoHanbHOE PA3AOICEHUE

] o
npocmpancmea L @ L C +U+ U + U+ J.
o o]
C'oomeememeenno (’—l—J =t L = (”+ ]’ g =Lt ]
o o
u G+J G=G+4+U,G'=G"+U', G'=G+ ;.
oxazameavemso. Jlocra‘Tquo [I0Ka3aTh, 4TO J1}060ﬁ rora ki Bekrop F € L

[peICcTaBUM B BILZe CYMMBI ITPOEKIINIT Ha BBeIeHHbIE JITHEAJbl, a 3aTeM IepeiiTi K
3aMbikaHno. JlokaxkeMm, 4To

F(z,y) = [z, Vor(z, )] + aVui(z, y) + Vu(z,y) + BVu(2,y) + Viealz, y),

roe a, B € C1, «,91}35 = 992|35 = 0 u u(z,y) ecTtb OHO3HAUHAS IapMOHIIYECKAS
dbyurust, mas koropoit Clu*] = Clu] = 0. Fapmonrueckas dbyHkuns uq(z,y)
yIOBIeTBOPsieT KpaeBolt 3auave (2.1), mpmuem |Vuy|lz =1 u Cluj] = v=1.
Oyuxmm @(x,y) 1 @z(x,y) HallzeM Kak pelieHus KpaeBbiX 3a1ad :
Apy =div[F,z], p1];3=0 n Apy=divF, ¢, = 0.
Paccmorpum Bekrop F/ = F — [z, V] — V,. Ouesnano, divF' = 0, rot F/ =
div[F',z]z = 0 u F/ = Vh(z,y), tae h(x,y) - rapMonndeckas B S yHKIILS.

Harizem seamunny nepuogos C[F'] u C|[z, F']

C[F] = (] /(F’ Fid i /(F' 1) dl = / (F.1)di+

g 0991
+/L (e Vo sy = —/ P~ [ Fha,

C.[[z,F']] Ch*] = /(F’ dl_/L (F,n)dl—/Ll ‘3:9*;2 dl.

[Tokaskem, uro F' npencrasum B Buge : Vh = aVui + Vu + 3Vuy. 3aecs jgocra-
Touso nonoxuth @ = vClh] n f = vC[h*]. Toraa Bekrop Vu = F' —aVui -V
npunaiTesxnT ameany U’. JlefictButeasno, ¢ yyerom (u})* = —u;, HAXOMIM :
Clu] = C[h] — aC[uj] = BClwy1] = C[h] — av™! = 0 u C[u*] = C[h*] + aClu] -
3C[u3] = C[h*] = Br~! = 0. Teopema HoKa3aHa.

Paccmorpum  obamacts S obmero Bumma. I[lycte Lg - BHemHMT KOHTYD,
Ly,..., Ly - BHYTpeHHIe KOHTYPbI, OrpaHiunBapoune obracts S, a [p - Heca-
MOTIepeceKalomicss 3aMKHYTBIT KOHTYD B S, couepsKaluiil BHYTpH cebs KOHTYP
L,k = 1,..., N. llukimyeckyo MOCTOSHHYIO CKaJAPHOTO moTeHumata f(z,y)
npir 06xo1e KoHTypa ) Gynem obosnadats uepes CF[f].

Beizennv B £ cncremsl Bektop-yrkumit {Vii(z,y)} n {VIi(z,y)}Y, rae
Yk - TapMOHIYecKie B S (DYHKIIIII, yAOBIETBOPSIONINE KPAeBbIM 3aJauaM :

Ad =0, ﬂk‘Lm e N R B ) = R T (2.2)

a ¥} - conpsiKeHHBle K ¥ MHOrO3HAaUHble FapMOHNYeCKHe (DYHKIIL, y KOTOPHIX
2 19 .o = 01 C*[W;] # 0. Cucrema Bextop-bynkumit {V,}Y mmefino we-

an klas
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3apuciMa B S. Meronom oprororanmsamim I'masbepra-IlIvnara B £ npeobpa-
syem cuctemy {Vx}Y ({[z. VUi]}Y) B oprosopmuposannyio crcremy {Vug}
({lz, Vurl ).

Pasioxenne npocrpatctsa £ noldydaeTcs aHaJormyubiM obpasom. B ompezne-
aenmsx gmneanos G! 1 ' Tpe6oBaHme 0GpAlICHI B HyIb HAKJIAIBBACTCS Ha ITI-
KJIITYecKIle TTOCTOSHHbIE CKAJSIPHBIX MTOTEHIIIAI0B [IpH 06X0/1e 110 BCeM KOHTypaM
lp, k=1,...,N. Teopema 2.1 cnpasemnuBa gis (N + 1)-cBsizHOi obaacTir S, HO
roabko /7, Uy ectb N-MepHBIe MOAIIPOCTPAHCTBA BILIA :

Uy = Lin{Vuy,...,Vun}, Uz = Lin{Vu3,...,Vu}}.

Ha ocroBaHim teopemsl 2.1 BhIZeIIM B IIPOCTPaHCTBe L ABa OPTOHOPMHPO-

BaHHBIX Gasmca. ITycts {27}5°, {7} }0 - MHOKeCTBa COBCTBEHHBIX 3HAUEHIIT, a

. oc «
{ei(z, )%, {¥i(2,9)}5 (2.3)
- monusle B L3(.5), OpTOHOPMUPOBAHHBIE CICTEMBl BelIeCTBEHHLIX COOCTBEHHBIX
(hysKIIIT onIepaToOpOB, MOPOK IEHHBIX B S JalllaciiaHOM —/\ 1 MPAHITUHBIMI YCI0-
Busivut I, Il poxa coorBercrBenHO :
. oG o i o 2 s W e
Dpi + =ip; = 0, “leas =0, Ay + 1 i 0, %UJIEIS = 0.
3mecn ae? > 0, 7]2 > 0 1 cobcTBeHHOMY 3HaueHN 7o = 0 oTBeuaer cobCTBeHHas!
dyHKIIIA P9 = const.
Jlemma 2.2. Kaxcdas us cucmem eexmop-$ynryut
1 e 100 N 1= ; oo
{ & Vei JIPU{Vu }1 U{5:[V¥j,2] }1° u
{5 V¥ 15990 { [z, V] 1 U{ %[z, Vil }i
obpasyem opmonopmuposarnvlli basuc 6 npocmpancmee L.
Lorazameavemeo. Boigeasst 6a3nchkl B HOMIPOCTPAHCTBAX, OTBEYAIOIIIX pas3-
o
nosxernio L = G' 4+ Uy + J, DoKakeM HOJHOTY BTOPOIN clicTeMbl (repBasi co-

OTBETCTBYeT pa3foKeHno L = Go + Uy + J'). B G morno MHOKeCTBO TJia KX
IIOTeHITHAJbHBIX BEKTOPOB BuIa Vi(2, Yy ), rie %zﬂ 98 = 0 ([3]). Ecan ga ux noren-
umassl Y(2,y) JOTMOMHUTETbHO HaloxuTh TpeboBamme CF[v] = 0,k = 1,..., N,
TO MHOJKECTBO TAKIX BEKTODOB Vzb Oyzer mioTHBIM B nomnpocrpanctee 7. Tak
kak B (2.3) dymkmm ¥;(z,y),j = 1,2,..., SBISI0OTCA OZHO3HAYHBIMII JIBAJK /bl
HeTpepbIBHO All(b(bepeﬂunpyeMbIMn B S (YHKIAMII, ¥ KOTOPBIX —;—J,-lw] ag = 0

01 (:,‘,k[‘dv-] = Wl—gck[ij] = Opkii= 1. o Ny10 Vepi(z,y) € G CrereMa
{'y Vi 1° o6p]a3yeT OPTOHOPMIPOBAHHBITT Ha3ric B noanpoctparcTee G/, a cu-
crema {E[z’ Vi]}5° - B noampocrpaHcTse J ([3]). lemma nokazaHa.

3. CucreMa MOIOBBLIX COCTOSSHUU

B cBobonnom BoaHoBome (J = 0, p = 0) BBLICIIIM CUeTHBIE CICTeMbl IOITe-
peunblx MarHuTHBIX (H, = 0) n nomepeunsix ajxekrpuuecknx (E, = 0) nouerl,
VIOBJIETBOPSIONIIX OJTHOPOAHBIM ypaBHeHsiM Makcseana :

rol i = %'D, TOHE = ——d—B, div D= 0, « dnB a0, 34

ot
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Hasosem modosvismu E-noasmu Ef, Hi,, modosvismu H-noaamu Ef, Hiy (i, j =

1,2,...) 1 nyav-modosvim noaem &y, Hy cnemmanbubie pemrerns 3azaun (3.1),
(1.3), (1.4) Buma :

ffi‘ = ai(2,0Veilz,y) + 9i(z, U)pi(2, y) 2, HE = bi(z,1)[z, Vei(z, y)],
Ei=¢;(z,0)[VY(x,y),2), Hi=hj(z,)VYj(z,y)+ fi(z,. )¥;(2,y) 2, (3:2)
E0 =0, Mo = folz,t)Yoz,

rae ysrmmm @i(2,y), ¥;(,y) - 2aements 6a3ucos (2.3), a pyskuum a,,b;, g;,
€j,hj, fj 1 fo TlepeMeHHBIX 2,1 yIOBIETBOPSIOT CHCTEMAM :

d J 0b;

OtD“gz Th o8 b =N EDCL«,' + '5:— =

g—fBbi-}-%(—?:gi, ED“_qi—aeffDai:O, =P 1,

0 : 0 Oe )
aB”fj-{—ﬁ/jej:O, BN =—Bhj'+ dl =10 (3.3)
0 Oh; 0 ;

()tD i —-f], EB”fj“’)’]thj =0, j=12,.

0 0
aano =0, 52'B||fo = 0.

MogoBsie nost (3.2) moayueHbl METOIOM pa3leleHus MmepeMeHHbIX (z,y) i (2,1) B
paborax [1, 2]. Hauanbable MHOTOOOpa3iist, YCAOBIS CYLIECTBOBAHIS I €AIIHC TBEH-
HOCTH JIJIS CTIEIAJIbHBIX pemreHIn (3.2) paccmorpens! B [3].

B ciyyae MHOTOCBSI3HOTO CeUeHHs S METOJOM pa3iefeHIs TepeMeHHbIX TI0JY-
yaeMm uicTo nonepeunsie nois (H, = £, = 0) ([4, 5]) Biaa

87’5 = vk(z,t)Vur(z, ), ’ijl = (2,3 2, Vurlz, 9} ], (3.4)

k = 1,2,....N, Koropsle HazoBeM M0008biMu T-noaamu. Qyuxunn uy 8 (3.4)
JNOJKHBI ObITh TApMOHIUECKIMH B objactu S (DYHKIIAMI, TPIHIMAIOLIIMII Ha
KoHTypax L, rpaHmusl 05 = U;;LO L,, mocTosiHHble 3HAUEHISI Ck,. B olHO-
cBs3HOI obsactnn (0S5 = Lg) Takue (PyHKIINI TOXKIECTBEHHO PaBHBI KOHCTaHTe,
I UX TpaJieHTsl He MoposkganT MoaoBeix T-morxeft. B (N41)-cBs3uoll obracti
S pyHKUMHI ug npeicTaBEMBI B BIAe ux(Z,y) = SN _o ChmPm(T,y). 3aech rap-
voHmTaeckne (ynkmmn cucteMsl {Y;}) yIOBIeTBOPSIOT KpaeBbiM 3amauam (2.2),
ado(z,y) =1 -0, Ix(z,y). Cucremsr ckanspubix dynkmnt {U;}) n BexTop-
dymxmmmit { Vg, }Y annefno vesasucmmbr B S. Onpeneany 8 (3.4) cucremy { Vg }Y
KaK OPTOHOPMIIPOBAHHYK CHCTEMY BEKTOP-(DYHKIII, MMOMYUYEHHYIO I3 CICTeMb
{VU,}Y meronom oproronamsammn I'nasbepra-1Imiara B npocrpanctse L.
Oynrim vg(z, 1), wi(z,t) T-nomus (3.4) yaoBIeTBOPSIOT CIICTEMe ypaBHEHNUI :
d dwy, d Jvg

— —_—= = Kses 1320 3.0
atka+ 57 0, dBwk+ 3 = () (3:5)

['nagkocts YHKIMIA Vg, Wy YTOUHNM HIKE.
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I[Tpocrpanctso L3(S) mpeacTaBnM B BHIe OPTOTOHATNBHON CYMMBI [IOIIIPO-
crpaHcts : L3(S) = L+ M, rae wepes £ = L3(S) B0, M = 0 0@ Ly(S5)
0003HaYeHbI IIOIITPOCTPAHCTBA IIOIIePEUHBIX I IPOJIOJILHbBIX BeKTOp-(pyHKLIITT. Bhi-
H6paB Ha OCHOBAHII JeMMbI 2.2 1Be Ha3lCHBIe CIICTeMBl B noanpoctpancrse L 11 B
cooTBercTBHII € (2.3) - ABa Ha3uca B MOAIIPOCTPaHCTBe M, BBIIENIM BO BCeM [IPO-
crpaHcTBe L3(S) BeuectBennble oproroHaabhble 6asmckl (3.6) i (3.7) :

{Voi, ¢z} U {[V¥),2] )i U {Vur }, (3.6)

Yoz U { [z, Ve }° U { Vi, $;2}7° U {[2, V] }7. (3.7)
Paccmorpnu riazkme pemreHus mexomsolfl 3amaun (1.1)-(1.4). Ilpn kaxaom
(z,t) pasnoxmm € B pan Pypoe 1o Hasiucy (3.6), H - mo 6asncy (3.7) B mpocTpan-

crse L3(5), coxpanuB mis koadduumerros Pypne 0b0o3HaUCHNS COOTBETCTBYIO-
mux QyHKI or z,¢ B MOAOBLIX moasx (3.2), (3.4) :

s i( aiV‘pri )+Z(61[V%J’Z]L> ZV:( AR ),

gi Pi

1=] = 1 =1
(3.8)
R (blm el S (V) e (el V)
b ;( 0 +i§1 Ti¥j +:£; 0 + fo oz,

rne vk(z,1) = (B, Vup)e, wi(z,t) = (H,[z, Vug])e,
a‘i(zvt) i ?%?(Eyvsoi)ﬁa bi(Z,t) = 'aT:IaT(H [Z V(P])Cv gi 7 ) = (E:ﬁroi)Lgv

6‘j(2,t) = 'y%-( [vd’]v ]) L h](z b= (H Vd)])La f7 ~-t) = (Hz, ¢’ )Lz 1
fo(z,t) = (HZ,¢0)L2 (crvBoa “L” A SRR Bektopa 113 R?2 &0 B R?).

Bemem anms koaddummentop ®yphe BYHKIIT CTOPOHHNIX IICTOUHIKOB
J =3+ J.z u p obosmaverms : jF = (I, Veie, Jff = (3, [Vej2))e,

]E = (J,Vur)z, ji = (Jz59i)L,, pi = (py¢i)L,. CripoekTUpyeM JeBbie I paBbie
YaCTH TIePBOTO I3 BEKTOPHBLIX paBeHCTB (1.1) Ha axemeHTsI Hasnca (3.6), Broporo
BEKTOPHOI'O ypaBHEHUS - Ha ajeMeHThl Oasnca (3.7), ckaaspHble paBeHctBa (1.2)
- #a (yukm 6a3ucos (2.3) COOTBETCTBEHHO IT MOJYUNM CIICTEMBbl 3BOIIOIIIOHHbIX
ypasHenut ([3, 4]) :

0 db;

(;)tD“gz + b = —ji, al)ai LT P —jf,

(iBb ° %‘it e %P'lgi osaoB0; & ps)it LT 2L =,
%B“fj +12; =0, %Bh,- B % £, (3.9)
the] %%:fj-j}’, %B,,fj g Bhii= 0y1:5:= 4y Qv svns
%ano =0y %B”fn = 0

oéDz;‘—I—a(;U —j,?, S)Buk-k%vf 0, et N\
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IIpn J = 0, p = 0 cucremst B (3.9) cTaHOBATCA OTHOPOJHBIMII I COBIAJAIOT
¢ cucremamn (3.3), (3.5) mas omHoNMeHHBIX (DYHKIIIT MOAOBHIX IoJefl. Takim
obpasoM, pasaoacenue (3.8) eaadroeo pewenus €, H 3adavu (3.1), (1.3), (1.4)
no 6asucam (3.6), (3.7) coomsememseenno ecms PU3NOANCEHUE PEULEHUA

& doaviluda AR 2 (. Ed A
H_HO+;H,§+;:1H}3]+I§HT’“

no cucmeme modosvixr noaeti (3.2), (3.4) e npocmpanemee L5(S) = L3(S) &

L%(,S') npu GURCUPOSANNHBIT 3HAMENUAT NEpemeNHblT 2z, t. OTMeTIM, UTO B pas-

JIOJKEHHT TVIa,IKOro pereHust cyMMbl MoaoBhIX E-nonelt &g, HE, H-noxelt £y, Hy

un T-moneit &7, Hr Takxe SBISIOTCA TVIAAKUME penreHmsMu 3amaun (3.1), (1.3),

(1.4) ([3]). IIpu rauom (z,t) OHU B3auMHO opToroHaJbHbl B LS(S) 11 npumaie-
o

o
#ar noanpocrpadcrsaM 1 &g € G +M, Hg € J; &g € J', Hy € G' + M;
Er € Uy, Hr € Us.

B obwem cayuae, korma J # 0, p # 0, pelleHne HaYaJIbHOIT 3a1a9il ISl Ka-
AJION HEOJHOPOAHOI clicTeMbl 13 (3.9) npencTaBaseTcsi B BILLE CYMMbl pelleHIIs
HauaJbHOT 3aJaull JJAs COOTBETCTBYIOMIEI OJTHOPOIHOI CHCTEMBI H CIELNAJbHOI0
pellleHIs HeoTHOPOIHOI CHCTeMbl ¢ HYJIEBBIMH HAUAJbHBIMHI YCJAOBHAMIL. Takim
0bpa3oM, oJie B BOMTHOBOIE PACKIAABIBACTCS B PSI IO CHCTEMe MOIOBBIX COCTOS-
HIITT, e KasKIasi MOJa SBASETCA CyMMOI MOJIOBOTO IOJs (hIKCHPOBAHHOIO THIIA
II HEKOTOPOT'O BBIHY K JIEHHOTO COCTOSIHIIS TaKOIl A&e MOJOBOII CTPYKTYPHI.

4. Ycs10BUS CyNIeCTBOBAHUS U € IMHCTBEHHOCTHU MOJTOBLIX
T-1monent

[Tycrs mnayknmonssnt onepatop B (1.5) umeer mnaroHaJjbHbI 6ok B Baa

d
ds"

rie By - obparmmbilt omeparop. Hampivep, By ecTh olepaTop YMHOMKEHIS Ha
dbyurmmo p(z,t) > 0, a uaTerpo- mddepenunaipHoe Ipeodbpazopanie By vuIThl-
BAeT BPEMEHHYI0 T TMPOCTPAHCTBEHHY0 MICIIEePCI0 HeCTAalOHaPHOIT Cpeibl, HeOI-
HOPOAHOIT BA0AL ocu Z BoanoBoma ([1]-[4]).

[Mocrasriu HavaxabHele yeaosns pig T-moas (3.4)

B =Bo+ B+ (4.1)

sl = vg(zy), wi(z,%0) = 'wg(z). (4.2)

Ucnoxn3ys mpeacrasiente (4.1), Boipasim wy(z,1) uepes vi(2,1), w%(:) :

J d )
u:k(:.t):BJI{B] [EDW(" t)+ —Eu' (:)} —/t a(—vk(f )(lr}—}-wg(:) (4.3)

11 cBeieM cricreMy (3.5) K ypaBHEHHIO /1S cbyHKmm vi(2,1) :

oy 0 d 5 »
(14 255t0.) (Soo+ ) - Lot [ Luteirr=0.



50 E. B. ITonoza

ITpn sTom mpeamoxaraeM, yuntbiBasg (3.5), 9TO B HAUAJbHBINT MOMEHT BpeMeHI
BBIIIOJHEHO YCJIOBHE :

—d~w2(z') =G (4.5)

d
= Dvp(z, )], + Iy

ot
I[aJIee IpeAIIoNoKIIM, YTO Cpela SABJIsdeTCsI CTaHHOHapHOI'I, T.e. HHIYKIIIOHHbIE
oneparopsl D, B (1.5) nEBapmaHTHLI BO BpeMeHH I JAefICTBYIOT Ha (PYHKIIIT OT
nepemennoit z. /Iuddepernupyem o t ypasuene (4. 4) BBIIOJNHASA (DOPMATBHY IO
[IepecTaHOBKY MHTerpo- At dhepeHINTaibHON orepalin i B ' 1o [IepeMeHHOI z 1
onepamm HHTer pIpOBaHILA 110 nepemeHHon f, OIIpaBIaHHYIO IS KJaccCa cby HhILIIII
vk(z,1) COOTBETCTBYIONIEIT IVIAIKOCTI
d ) ) ) d

I+ —By'By ) —Dv. — —B;'—

ot Dz ot 8s 2 8¢

o = 0. (4.6)

Jas Toro, urodsl penreHite vy ypaBHeHNs (4.6) Obl10 pelneHneM ypasHenis (4.4),
Heo6X0IMO I JOCTATOYHO BBIIOJTHEHHS ycaoBus (4.5).
Bsenem obosnaueniia npeobpaszobanil B ypaBHeHun (4.6) :

Q=1+ %35131, A=QD, C= ~—;—B0 d‘{ n M= ;:. (4.7)
Bynewm cunrraTs, uro npeobpasosanig D, Bu . M, A, C' 3a1a10T niHelHbIe ollepa-
TOPbl B HEKOTOPOM GaHaXOBOM ITPOCTPAHCTBe CKaJspHbIX dyHruul {¢(z)} = X.
B coorBercTBHII ¢ HCXOTHOIN 3J€KTPOMMHAMHYECKOIN 3a1advefl MOAYMHUM (yHK-
LIy 13 obJacTell onpeje/ieHus ONepaTOPOB YCJIOBHSAM Ha GeCKOHEUHOCTH (HM3/y-
YeHIsl, OrPaHIUeHHOCTH I obpamenus B 0 npu |z| — 00) B caydae HeorpaHu-
YEHHOT'O BOJIHOBOJA, JI00 OJHOPOIHBIM T'PAHNYHBIM YCJIOBHSM Ha KOHIAX OTpe3Ka
21 < z < z B clIy4dae KOHEUHOro BOJMHOBOJA ([ - e TUHITYHEIN omepatop Ha X ).

YTOUHIM TJIaAKOCTh (DYHKIMIT Vg, W) B ONpeaeseHit Mo10BbIX T-roxef (3.4).
Ilon pemennem 3ajyaun (4.6),(4.2),(4.5) dyrzem noummarh pemeniie vi(z,1) =
vi(t)(z) abcTpakTHOI HAUAJILHOI 3a1adIl

2

d d
7 —Avi + Cvi =0, vi(tg) = vk, ——ka o). ~a—wk, (4.8)

d dt

rne dyuKIms Vi @ [to,+00) — X aBaskapl HenpepwiBHO AudipepeHimpyeMa B
HOpMe TIpocTpacTBa X BMecTe ¢ AV (1) u Dvi(t), mpidem B Kaska0Ml Touke ¢ > tg
3HaueHNs V(1) npuHaatexar obaactn omnpeenerus D(A) N D(C') orreparoproro
nyuka AA + C' # vy yIoBJIeTBOpsieT aOCTPAKTHOMY ypaBHeHIO 3ajaull (4.8) B
GaHaXoBOM IpocTpaHCcTBe X (TeopeMbl CYUIeCTBOBAHUS I €NTHCTBEHHOCTI pelle-
HiIT 3T0T0 abCTPAKTHOrO ypaBHEHIS IpHBeleHbl B paborax [2, 3, 8], B ToM urcie
C BBIPOJKICHHBIM omepaTopoM A [8 ]) B onpenenenin monosoro T-moss cunraem
wy cooTBeTcTBeHHO (PyHKUMel wi(z,t) = wWi(t)(z) : [to. +o0) — X, HenpepriBHO
g depenmnpyemoit BMecte ¢ Bwy(t) B Hopme mpocrpanctsa X . ITpumenus dop-
Myay (4.3) K pemrerio vi(t)(z) sagaun (4.8), Haxomm (yHr0 Wi (1)(2).
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Teopema 4.1. [Tycmb 0af cMAUUOHAPHBIT UHOYKYUOHHBIT ONEPATOPOE
(1.5) u onepamopoé (4.7) evinoanenvr ycaoeus :

D samxnym u umeem mpueuaavuuili annyasamop, B npedemasum 6 eude
(4.1); Q,C 3amrnymul u @ umeem MpueUALLHBLT GHHYAATMOP;

obaacmo 3navenutl A coenadaem co ecem npocmpanemeom X, a obaacmo
onpedeaenus nodwunena sxarvenuio D(A) C D( C)

To20a dan awbvixr Pynxyul v)(z) € D(A), wd(z) € D(M), k = 1,...,N,
u3 Havaavuule ycaosull (4.2) cywecmeyem e&uncmaeumm CUCMEMA MOJOEBLT
T-nonet (3.4).

Joxazameasvcmeo. Onepatopsl (), A mMeror orpaHnuennble obpartnble Q!
A™! = D71Q™!, kak 3aMKHYyTBIe OIlEpPaTOpbI, OIpeleJeHHble Ha BCeM MPOCTPAH-
cree X . Kasnoe pemenne 3amaun (4.8) vi(t) co smauennsamu B D(A) noposkaer
pewerrie q,(t) = Avi(t), t > to, HaUAJIBLHOI 3a1a4ll

d? d
77 Y 4+ CA™1q, =0, qute) = Av}, 77 I (to) Q-—wk. (4.9)
1 obpatHO, qi(t) mopomxmaer pemenrne vi(t) = A~'q({) 3amzaun (4.8), s

KOTOPOTO CYIIECTBYIOT HepepbIBHbIE IIPON3BOIHbIE ; Vi, —;Avk I —;ka =
e j—%—qk. Hanee, CA™! ecTh orpaHIyeHHBI oepaTop, OMNpeleJeHHbIN Ha BCeM
X. Nas Vg (to), %qk(tg) € X mavasibHas 3a1a4a (4.9) nMeeT e IHCTBEHHOE pelile-
HIle 3KCIIOHEHIUAJBHOTO TUIIA 11 A1 va(z) € D(A), wk( ) € D(M) cymecTiByer
emmHCTBeHHOe pemerne vi(t) sazaun (4.8) ([3]). Teopema moka3saHna.

3ameuanmue. B ciayuae, Korga mHIYKIMOHHLIT onepatop D (1.5) mveer ama-
ronaabublll 610k D Buma (4.1), cucrema (3.5) MoskeT ObITH cBeleHa K OJHOMY
VPaBHEHHIO OTHOCHTeIbHO (DYHKIINN wk(2,1), I cylecTBOBaHIe MOJAOBBIX T-roJerl
JOKA3BIBALTCS aHAJOTIIIHO.

[IpomnocTpiipyeM TeopeMy, pacCMOTpPeB KOHEUHBII OTPe30K BOJHOBOIA Me-
Ay cedeHHSMHN z; = 0 0 29 = [, B KOTOPBIX CTOAT MeTaJUINUECKIe 3ar/IyIIKI.
BuiGepem B kauectse X mpoctpanctso C'[0,1].

B nepsom mpumepe 3amammM B X momepeunsle Gjoku D, B cTaloHapHbIX
HHIYKIIIOHHBIX oflepaTopoB B Buze : D = ¢(z)1 — %a’(z)%, B = utz)!, we
HaKTaapiBass orpaHnuenuit ma Gaokn Dy, B). 3zecs dynrmm £(z) € ( 0.1,
a(z),u(z) € CHO, ) 1 e(z) > 0, u(z) > 0, &(z) > 0 1w ¢ = 0. I3 rpamnmy-
HBIX veroBmil (1.3) Ha 3arayukax BoJHOBOIA caenyeT. uto vg(0,t) = vp(l. ) = (]
O6nactn onpenererns D(D) = {q(z) € C?[0,] : ¢(0) = ¢(!) = 0}, D(B A
Oneparop B m\aee'r Bug (4.1),tme B = B, By =0. Torna Q = I, M = 24‘ A 18,
nC =-£14 npruem D(C) D(D) = D(A) u D(M) = {J(z) € C*[0,1]}.
Oneparopm Tpra Juysmwis D u C umeror orpanndeHHble obpaTHble, olpene-
JeHHble Ha BceM X . YCJIOBHA TeOpPeMbl BBIIIOJTHEHBI.

Bo BropoM npnvepe paccMOTpuM B IpocTpaHcTBe X oneparopsl @ D = &(z) [ —
z)

%cr(:)dd Wi — p(:)[—%ﬂ(:)%. Tnankocts dyrkmnt a(z) > 0, 8(z) > 0, ;1(
Oue(z) > 0 (mum ¢ = 0) yrouHnM Huzke. 3a1a11M 0D1aCTI onpeﬂenemm D([)) =
{4(z) € C?[0,1] : q(0) = ¢(1) = 0}, D(B) = {p(2) € C?[0,1]: p'(0) = p'(I) = 0},
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cuntas, uTo ¢gusmyeckne ycxous s T-moser obecrieunBalor dbynkimaM wi(z, t)
BBIIIOJIHEHIE T'PAHITIHBIX YCIOBHIT : E%wk|z o= a,wk' ;- Oneparop B mveer Bz
(4.1),rne Bo = p(2)I, D(By) = X nu By = — £ 43I, T) ‘By) = {r(z) € C'0,]]:
r(0) = (1) = 0}. oayuaem Q = ( =1 — $ﬁ£)ﬂl, (G = —%ﬁ-j—z, AZQD M=
Qd%, ToJaras 3zech 1 B ompeenenni onepatopos D, B dynxumu u(z) € C'10,1],
e(2), B(z ) € C?0,1], a(z) € CS[O l]. O61acm ompenenennst D(Q) = D(C) =
D(D), D(A) = {6(=) € C’“[O 1:0(0) = 6(1) = 0}, D(M) = {J(z) € C3[0,]] :
#(0) = ¥(l) = 0} m D(A) C D(C). OnepaTopm D, @, C nMeror orpagndyeHHble
ofbpaTHble, oIpeeleHHbIe Ha BceM X .
B nepBoMm u BTOpoM IpuMepax cOIMacHO Teopeme 4.1 st m06b1x yHKINIT
9(z) € D(A), w(z) € D(M), k = 1,..., N, 13 HAauaJIBHBIX yCJIOBII (4.2) cyute-
CTBYeT eJNHCTBEHHas cucTeMa MooBbix T-mouert (3.4).
Astop 6aarogapur A.I'Pyrkaca 3a BHIMaHIe U 3aMedaHiis K CTaThe.
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On state space representation for linear discrete-time
systems in Hilbert spaces
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For a linear continuous-time control system in Hilbert space with state
z(t) is associated a discrete-time system where the state variable is 2z, =
(2((k + 1)h) + z(kh))/2, with small h. This allows to introduce a discrete
derivative Azp = (x((k+ 1)h) — 2(kh))/h. The obtained discrete-time
system has structural properties with a similar formulation as continuous
system. Stability is equivalent to the fact that the spectrum of the
state operator of discrete-time system is in the left half plane, Lyapunov
and Riccati equation are similar. 2000 Mathematics Subject Classification
93C25, 93C55

1. Introduction

We are concerned with systems described by equations

@(t) Az(t) + Bu(t), (1)
ult) =. C2{1},

where z, u and y take values in Hilbert spaces X, U and Y respectively. A, B

and ' are linear operators. B is bounded and A is the infinitesimal generator

of a Cp-semi-group of bounded operators S(t), ¢t > 0. The mild solution of the
system (1) is given by:

t
xU):SUﬂo+l;ﬂt—ﬂBMTMt

A direct discretization of the mild solution gives a discrete system with bounded
operators

h
F=S(h), G:/Sﬁﬁﬁ,H:Q
0

respectively for the state, input and output:

Thi1 Fzy + Guy,
2
{ Yk e ka, ( )
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and 3
Yiows i it hact B ,
k ) (5)
where @, = 2(kh) as for the system (2). In this paper the following assumption
is made: h > 0 is chosen such that the operator I + S(h) = I + F is bounded

invertible. The following discrete-time state space system can be associated to

i)
Az = Fyz 4+ Gaug, (6)
v = Hazi + Equy,

where the operators Fy, Gy, Hy, E; are defined later (7). In this system, z is the
“state” and Azp is the “derivative”. The new term Fjuj is the consequence
of the discretization: strictly proper system become proper. For this system
several control problems are discussed. The main results are that this system
is a pseudo-continuous version of the continuous-time system (1). It is shown
also that several formulations are similar to those of continuous-time system:
Lyapunov and Riccati equations, stability and stabilizability conditions.

2. State representation of discrete-time system

In this section, we show how the system (6) is obtained and how this system
converge, in some sense, to the system (1).

Theorem 1. Let 2(t) be the mild solution of the system (1) and zj = x(kh)
and ur = u(kh) for h > 0 and k € N and let z; and Az be given by () and (5).
Then zj. is the solution of the equation

Az = Fazr + Gaug
and the output y, is given by
vk = Hazp + Equy,
where the operators Fy, Gq, Hy and E4 are bounded and expressed by the relations:
Fy=3F-I)NF+I)™', Gg= %(F—{— LY
Hy=2H(F+1)71, E,=-H(F+I)G.
The operator F + I = S(h) + I being bounded invertible by the choice of h.
Proof. Let us choose first h such that S(h) + I is bounded invertible. If
p(S(h)) denote the resolvent set and o(.S(h)) the spectrum of S(h). Then it is well
known [7] that €"?(4) C a(S(h)), where o(.) is the spectrum of the corresponding
operator A. This means that if A € 0(A), and if hA # 2kwi, then —1 € p(S(h))
and S(h) + I is bounded invertible. These values of A are said admissible. It is

easy to see that A may be chosen arbitrary small. From the definition of 2} and
the relation (2) between z14; and @y, we get

22 = Fap + Gup + 2 = (F + Iy + Guy,
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which gives
zr'= 2 F+ D2z = (P+ B Gu;. (%)

In the same way, we get for Az, the relations:

1 ] 1. » ,
Az 7 (Tpg1 — Tk) = o [(F = Dag + Guy].

From (R), we obtain

2 : 1 : :
Az, = E(F - I)F+ 1)z - il 5 D(F 1 D™ 'Guy + %Guk.

(F-D(F+D)'G=(F+T-2D)F+D7'G=G-AF + )G,

this gives
2 -1 2 -y -1,
Azk:E(F—I)(F+I) zk+z(1‘ + 1IN Gug.

and then
Azp = Fyz, + Gauy

with Fy and Gy given by (7).
For the output relation, from (8), we have

g = Hep = 2H(F + )7z — H(F + )" 1Guy,

which gives
Yk = Hazp + Equy,

with the needed operators Hy and Ej.
Remark 1.7he original continuous-time system is strictly proper:

lim T(s)=0.
R(s)—o0
The discrete-time system is only proper. If the continuous-time system is proper,
i.e. given by
Ax(t) + Bu(t),

= Cuz(t) + Du(t), (9)

,-—-/H
= R
—_
~ o~
S s

|

then, in the corresponding discrete-time system, the operator Ey will be given by

Ed:D—H(Fﬁ-I)_lG.

This is the case when the output is not modified. One can also consider a new
output §. = Hzy, but this means that we observe in fact Hayyy also and this
system is not causal.
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representation and converge, when h — 0, to the continuous-time system in the
sense given by the Theorem 2 and related results of the following section.

The above mentioned properties show that this approach is quite different
from that of the construction of pseudo-continuous system from discrete system
via the Tustin transformation (see [3] for the infinite dimensional case).

Theorem 2.For all zy € D(A), * € X and u € U, we have

1

i

l

The above discrete-time representation may be called pseudo-continuous {
l

|

lim Fyapi=iAzg] elim'Gau =By olim Hoe.= Hz.n lineFau=.0,
h—0 h—0 h—0 h—0

the value of h being admissible. If the operator A is bounded, then the limits exist
in the uniform operator topology.
Proof. Note that

- g
= %(F - D(F+ D = o(F 4 I

As A is the infinitesimal generator of the semigroup S(t), we have

Ao PO P 2 ,
}Ll_r'lh ; .lo—}LlE})——h-——.LQ—A.Lo, (10)

for all g € D(A). On the other hand,
’1113})(F+I)x:}111_1}})(5(h)+1);r:2.1: (11)

for all € X because of strong continuity of the semigroup. Then, for sufficiently
small h,

I(S(h) + Izl > ||z]].
This gives
llell = I(S(h) + D)(S(h) + 1) ell 2 I(S(h) + 1)~ all,

which implies [|(S(h)+ I)~!|] < 1. Then

~2S(h)+ D7z -z|] € —(S(h) +1 1||||21~ S(h)+ Iz||
< =2z —(S5(h)+ Iz
and by (11), this gives
. ¢ O e
lim 2(F + 1)~z = lim 2(S( (k) + 1)z = =,

Then, by a simple calculation and using (10), we get, for 2o € D(A),

4 5(h) -1
h

lim Fyzg = lim 2(S(h) + 1) By=ABg:
h—0 h—0
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Theorem 3. The system (6) is power stable if and only if the spectrum of F.
noted o(Fy) is in the interior of the left half plane:

o(Fg) C C_g = {s: R(s) < -B6}.
The corresponding Lyapunov equation is
F;P+ PF; = -Q,

Jor positive definite linear bounded operator Q).
Proof. Tt is well known (cf. for example [3, 5, 8]) that the discrete-time system
(2) is power stable if and only if 7(F") < 1, where 7(F) is the spectral radius:

r(F)=sup{|A|: A€ a(F)}.

The transformation

Fr Fy= %(F DB )78

maps in the same way the spectrum of F:
2 =1
PirA— = —/—()\—1)()\-!—1) y Al
1

The spectrum of F'is in the interior of the unit ball if and only if o(Fy) C C_3,
because the application ¢ maps the open unit ball into the open left half plane.
On the other hand the condition o(F;) C C_p is equivalent to the existence of
positive solution of the Lyapunov equation [3]: F;P + PF; = —@Q, with self-
adjoint, positive definite operator ().

3.2. Stabilizability

The above result on stability induce similar criterion on stabilizability.

Definition 2.The system (1) is said stabilizable iff there exists a linear
bounded operator K such that the semigroup generated by A+ BK is exponentially
stable. The system (6) is power stable iff there exists a linear bounded operator
Ky such that Fy + Gk, is power stable.

There are several conditions of exponential and power stabilizability. All the
known conditions may be extended to the pseudo-continuous system (6) provided
that Fy + G4 K4 is power stable iff o(Fy + G4 K4) C C_p for some positive 3. In
particular, the stabilizability condition may be formulated via the solution of a
Riccati equation.

Theorem 4. The system (6) is stabilizable if and only if there exist a positive
operator Py such that:

F;Pd + PyFy — PdeG;Pd +Q =0,

and the stabilizing feedback is given by Kq = —GPy. The relation between the
feedback K, and the feedback stabilizing the discrete-time system (2), say K, is
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5. The input-output relation

In this section we show that the transfer function may be calculated in the
same way as for the continuous-time system using the state-space expression of
the pseudo-continuous system.

Let £ denote the discrete Laplace transform (in fact the so called z-transform).
By L(z1) we mean the Laplace transform of the sequence {zg,zy,...}. Assume
that the initial condition 2o = 0. Then we have L(zj4+1) = (L(2k), where ( is the
discrete Laplace variable, and

From both relations, we obtain

s, eoidegaed .
LAazn) = perghla)
Putting
2¢-1
9% Ber o
we get

L(Az) = wl(zk),

which gives the Laplace transform of the pseudo-derivative. Applying this calculus
to the pseudo-continuous system (6), leads to

Lye) = [HalwI = F2) G + Ed] Llug).
This means that the input-output relation is given by the transfer function

@(w) = Hd(‘wf — Fd)_lGd + Fy.

The relation (13) between the Laplace variables of the discrete-time system (2)
and the pseudo-continuous system (6) is also a Tustin transform like the transform
(3), but is applied to the exact discrete system (2) in order to obtain a (pseudo)
continuous-time system which is also exact, closed to the continuous-time system
(1) and with similar properties. Hence, this approach is quite different from the
classical one.
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1 nenTidrxaims MaTeMaTIIeCKol MOIEIIT JTITHEeITHOM
OTHOMEPHOII VIIPABISEMOIT CIICTeMbI

A. C. Coxun

Xapvroscrutl nayuonarbubllt ynusepcumem, Yxpauna

B crarpe craBurcs u pemaercs 3azava WIAEHTHDUKAINIM MaTeMaTHUeCKO
MOJEJIH CHCTeMBI YIpaBleHHs, ONHChBaeMOoil OOBIKHOBEHHBIM JuchchepeHii-
aJbHBIM yPaBHEHHEM POU3BOJILHOrO MOPAIKA M0 HAOAI0LaeMBIM (hHHAJIBHBIM
COCTOSIHMAAM CUCTEMBl NPH HUMIYJILCHEIX ynpasiaenusax. 2000 Mathematics
Subject Classification 93B30.

IIpu nccaegoBaHmI CHCTEM aBTOMATITUECKOIO YIIPABIEHIIS THITIIHBIM SIBISETCS
cayuail, Korja Harlepe] M3BeCTHa CTPYKTYpa MaTeMaTHUeCKOIl MOJETH CICTeMbI
Il HEM3BECTHbl HEKOTOPble ee IapaMeTphl. 3aJadell HAeHTH(IKAININ Ha3blBaeTcs
3a/lava OTIpeleNeHIs HTUX TTapaMeTPOB [0 HEKOTOPHIM HKCIePIMEHTaIbHO HabI10-
JIA€MbIM 3HAYCHIISIM COCTOSIHIS CIICTEMBI IIPH ee (DYHKIIOHIPOBAHITIL.

[TycTs MeeTcss paBHOBeCHas JMHeITHAS HECTAIIIOHAPHAS CIICTeMa, YITP aBJICHILs,
COCTOSIHIIE KOTOPOIT orpeiensieTcss CKaJsipHoTl GyHKumell y(t), yAoBieTBopsioLert
obeIkHOBeHHOMY M1 hepeHIIaIbHOMY YPAaBHEHIIO [TPOHM3BOTHHOIO TOPSIKA

Y™ = Aty + B(t), t€(0,00), e

I HaYaJbHBIM YCJIOBITSAM

=i} 7 oy =102 (l’)

3necs A 1 B — mecranmonapusle mndepeHIaibHbie 0lepaTopbl BILTA

n

Aly) = A(t)y = Y ai(t)y?, B(u)= B(t)u = ibj(t)u“’, 0<m<n, bu#0
=0

1=0

¢ HEM3BECTHBIMI JOCTATOUHO TVIAIKIMI OBICTPO yObIBatommMu npi ¢ — 00 Koad-
¢dummenravu, Cucremy (1) - (1') obosnaunm {A, B}. Oyukuns u(t), Ha3piBaeMast
VIIPaBJIeHIIeM I BXONOM CHCTEMbI, [PIHAIEKNT ceMelicTBY (DYHKII, 3aBH-
CAINX OT CKajsipHoro mapamerpa. Omnepatop A oOIChbiBaeT BIMSHNE Cpeibl HA
(bYHKIIMOHIPOBaHIE CIICTEMBI, OTlepaTop B omrchiBaeT CTPYKTYPY yNPABISIONUIEIO
yCTPOICTBA.



64 A. C. Coxun

Koad duimeHTs! conpsizeHHOTo oIlepaTopa

A(2) = A1)z = Y (=1 (aiz) = Y (- D)a(t)z)®)

$==0 1=0
BBIPa KAIOTCS Uepes K03 (UIeHTsl ICXOHOro orneparopa no gpopMyiam

1~ — 1 - . : L, .
(=D)a;(t) = :4;(-1 ML AT 0y o e oz (2)

AHAJIOTIYHO HaX0ANM K03 )IIIIeHTsl

m
(=1)%i(t) = >_(=1)*eple=(t), i=0,...,m, (24
=1
COTpAKeHHOTo onepaTopa B*.

Ypasrerns y("t1) = A(t)(y), (-1)"t1z("t) = A*(t)(z) mpu 0< t < o
HAa3bIBAIOTCS, COOTBETCTBEHHO, OJHOPOTHBIM yPaBHEHIIeM 1 OJHOPOIHBIM COIpS-
JKEHHBIM ypaBHeHIeM, oTBevajonnvil ypasrermo (1). Cucremy {A, 1}, rae I - to-
JK IeCTBEHHBITT oTtepaTop, HazoBeM npocteimmeii. Cocrosmie cuctembl { A, B} ormpe-
JeIseTcA PaBeHCTBOM

t
y(z‘):/g(f,s)B(u)(ls. fic)
0

rae ¢(t,s) — dyuxunsg Koum, To ecTh (byHKIIIS, yA0BIETBOPAIOMIAsA OJIHOPOIHOMY
YPABHEHITIO

dn+1g
it = Altg(t,8), € (s, 00), (4)
11 HaYaJbHbIM YCJIOBIAM
{ '
—(———g— =), - fq — N e (4’)
dt 1=0,...,n—1 dt™

[Toncrasusisi B paBeHCTBO (3) BMecTo B(u) ero 3HaueHte n3 ypaBHenns (1) 1 mHTe-
IPHpPYS 110 YacTHM, TOIyunM, uto hyHKINA ¢(1, $) 10 epeMeHHOIT s yI10BIeTBOpseT
COTIPSIKEHHOMY OTHOPOIHOMY yPaBHEHIIIO

+1 d"tlg *
(—1)" m:A (.s‘)g(t.s), se(0,1), (5)
11 (PIHAJBHBIM Y CJIOBIISIM
li dn
ol iy i oy e Sl (5")
ds' |i=o,...n-1 ds"

ITosiasionecst TPH HHTErPHPOBAHIN 10 YacTSM BHEHNHTerpaJbHble cjaraeMble
paBHBI Hy/II0 B CIULy HawaJbHbIX ycxosuil (17) m (4').

L
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B kauecTtBe BBIXOZA ClCTeMBI OyreM paccMaTpHUBaTh HabII0JaeMoe KCIepH-
MEHTAJIBHO COCTOSHIIe ClcTeMbl ITpu ¢ — oo, [logaBas ynpasieHus, 3aBucsiuiie oT
napameTpa, OyaeM nMerh KoahHUIUEeHTH aCHMITTOTHKI, 3aBIICSIIIE OT [apame-
Tpa. 3alada nAeHTH(UKALINN COCTONT B OIpeIeJeHNI Hel3BeCTHBIX ITapaMeTpoB-
byskumit ;(t), @ = 0,...,n, b;(t), 7 = 0,...,m, no HabIr0TaeMBIM KO3 DuLH-
entaM acrMnToTnkn. QyHrmus ¢(t, s), IpoaoiKeHHas HydeM 1 ¢ < S, Ha3blBa-
eTcst BecoBoll (hyHKuuell mpoctefiuert cricreMbl. OHa ABJsieTcs peakiiell ClcTeMbl
Ha HMIIyJIbCHOe ylipaBieHire d4(t), cocpeaorouennoe mpu t = s (65(¢)~ pynxums
Hupaxa). B kauectBe BbIXOma mpocTelielt cucteMpl HyzemM paccMaTpiBaTh aciiv-
OTOTIKY BECOBOTI (hyHKIIHI

n o

9(t8) = " ren(s) +o(1), 1= oo, (6)

a-O

KoaddurrenTs acnMITOTHKE HAXOZATCS HIPeIedbHBIM IepexogoM Mo (popMyram

i (z‘.s) = U (g ) = eqt™ fai]
( ) tl—wx t"/ cll-l(‘s) i th—}gl tn_l/(n_l)! ’ L8 %
: A :
co(s) = lim {g(t,s) - I;)Cka - (6")

B [1] paccmaTpuBaercs 3amava uaeHTIIKaINI cuctemsbl { A, B} no m3BectHOIT
BecoBolt (pyHkumm. /Ipyrie 3amaun naeHTIhHIKALIN B IPOCTEIIIX TOCTaHOBKAX
paccmarpuBatores B [2], [3]. B nanHoft paGore peuraercs 3aaua raeHTHdIKaI
110 TeXHIYECKH eCTeCTBEHHBIM MIHIMAJIBHO HeODXOMIMMbIM FKCTIePIMeHTAILHO Ha-
6110 1aeMbIM (PIHAIBHBIM COCTOSHHAM CHCTEMBI.

Pacemorpum npoctpancTBa (yHKIINIT, B HOpMAaX KOTOPBIX Gy/eM OIeHIIBaTh pe-
LIeHIe HCCaeayeMblX ypaBHeHnil. B pabore HCmoib3yeTcst okTas Ipideckas HopMa
BEKTOpa 1 OTBevalollas el HopMa Marprupl. Hopmy Bexropa a Gyzem obosHadath
la|, ompenexuTens Marpmipl, cocrasientoft u3 croxbuos Al A% ..., A", kax
SR T Ay ;

Jlemma 1. ITycmo (l+t2”)a§1) € L1(0,00), 1=0,...,n. Toeda

(14827 a;, (1+2M)87, 1+ )5 € L,(0,00), i=0,...,n.

B cripaBemamBoCTI JTeMMbBI MOJKHO yOeaNTCSl HEIIOCPeICTBEHHOIT ITPOBEPKOIT.

S .
O6osnaury  p(t) = Zz—,, m(t) = k'r‘x(l)ax %, t >0, p(t) = m(t)p(t),

RS

8

) = 1+ 827, >0, a(t) = p(t)]a(t)], a(t { (s)ds, B(t) = p(t)a(t),

fﬁ(s)ds, Ly ,(0,00) — MHOkeCTBO BeKTOP-(hyHKIMIT ¢ KOMIOHEeHTaMII
t

ai(t),i=0,...,n, nogunHeHHBLIX yciaoBio p(t)a;(t) € Ly(0,00).
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Jlemma 2. IIpocmpanemsa Ly ,(0,00) u Ly 5(0,00) axsusaaenmmuoi.

B crnpaBemimBoOCTI JIEeMMBI MOXYKHO JIETKO YOeIIITCS TIPI TIOMOIIIH OIEHOK CTe-
meHubIx GyHimm ¢, ¢ = 1,...,n—1, uepe3 dynrimo 141",
(

IIycrn L 1 ’n) (0,00) — MHOKeCTBO BeKTOP-(DYHKINI ¢ KOMIOHeHTaMu a;(1),
. o .
¢t =0,...,n, yIOBIETBOPSIOUIMI YCJI0BIIO p(t)ag )ELI(O. 00 o —i (e £57

Jlemma 3. ITyems a, b, @, b - sexmop-dpynnyuu xosddhuyuenmos onepamo-
pos A. B, A*, B* coomsemcmeento.

O ~ 7 0.
Tozda uz a,b¢€ L(1 & )(0,00) caedyem @,be Lg 2 "(0,00), u obpammo,
ooyl 0,...,71

u3 a, be L( )(0,00) caedyem a,b € Lg'p )(0,00).

I[oxasafrenbcmo HETPYAHO TOJNYYUTh N3 IpeAcTaBIeHns a 1 b mo ¢gropMynam
(2) 1 (2') uepes au b u Ta,xnx JKe 0OpaTHBIX IpeacTaBIeHHIl.

v
Teopema 1. Ilpu a € AN )(0,00) CYWECTNEYIOM AUNETHO HEZAGUCUM bLE

1; p
peweruA y.l( ), D= 0, s 00 0.0 0()%0[)0()71.020 YpasHeRUA U AUHETUHO HEIAGUCUMBLE
PEWEHUA ’(,/'l'(f), = st ol o CONPAACEHHO20 0()7{0])0()}{020 YPAGBHEHUA, UMENW UE

acumnmomuxy  @i(t) = 1'/il+o(1), i(t) = (=)' /il +0o(1), t— oc.
/loxazameavcmeo. Beenem ob6o3HaueHNs

e(t) = (1,t,...,t%/nY)", E(t):(e(t),e'(t),...,e(”)(t)), @ =(Por. - s Pu)"

o(t) = (¢,¢',...,¢<")). e-(t) = (1,=t,...,(=0)"/nl)*,

E=(t)= (e—, =€l (=1)"e™) () = (9, ¢/, (<)) .

Torna sekTop-dyHKINS @(t) n Marprua-GyHKms P(¢) yIoBIeTBOPSIOT ITHTe-
rpaJbHbIM ypaBHeHIsAM Boabreppa

n' s)a(s)ds.

o(t)=e(t)+(~1)"H / D" p(s)pl)ds=e(t) (-1 /
i

t

n—1
O(t)=E(t /@(.s (( 3 (s l_t (8),(=1)" (—nt)l——a(s),...,—a(s)> ds.

Jlas noKa3aTeabCTBa CYNIECTBOBAHISA M €IMHCTBEHHOCTH PELUeHTs MHTerPasb-
HBIX YPaBHEHHI JOCTATOYHO IHCCJAeI0BATh CXOMIMOCTh COOTBETCTBYIOLINX PSIOB
Hefmmana, cymmbl ROTOprX SIBJSIIOTCST PeIlleHIeM IHTer paJbHbIX ypasHeHil. O6o-

spauwim 1, (z) At / ! o z(s)ds, Torma MHTErpaTbHbIE ypaBHEHIIs PII-
obpeTaloT BILI
v =) + I.(Ap) = (o) + In(®a), @) = €(t),

D= @(0) + (In(®a), I—1(®a),. .., lo(Pa)), q)(O) =0E(t),
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o0 o0
a wiensl panoB Helivana ¢ = Z Py = Z P (x), umelor crexyroui B
k=0 k=0
Po) = e(l), Plk+1) = In(AL,D(k)) = In(Q(k)(L), k=10l ga

D)= E(t), Py = (In(‘I’(k)a),In-l(‘P(k)a), ---Jo(@(k)ﬂ')) ALY L A

[TprauMas Bo BHIManne, uto p(t) > 0 mpu ¢ > 0, HaXOANM CJIeIyIONIIe OMeHKIT
uneHoB psnoB Helimana:

o0

@) ()]l = p(t), [yl < /777-(-»‘>’)|“(5)|||‘I’(0)(8)Hd-S < @(t),
t

1@ (k41)(D)]] < /m(s)|a(s)| 1@ ky(s)]|ds < /a(s)H(I)(k)(s)Hds, Rad 2.
t t

113 nocaemnero Hepasenctsa creayer, uto ||y (t)]| < [d(t)]k Jhl, s kb =duBiuds .
Anajornuno, yunrsisas HepaBeHcTBo s"/n! < m(s), Haxommm

o0

le) (D] < p(1), [oy(1)] < (), |W(k+1)(f")|S/0(8)||‘3?(k)(8)|

t

i e S gt

u, cIenoBaTensHo, |@x(t)| < [a(t)]F/k!, k=1,2,....
Taxim o6pasom, psamsr HefiMaHa cXomsTCst I CIIpaBeLINBbI OIICHKIT

lp(t) — e(t)] < exp(a(t)) —1, [|®(t) — E(t)|| < exp(a(t)) - 1. (7)

Joist pelieHnTT CONPSIKEHHOTO YPABHEHIIS aHAJOIIYHO MOy YaeM
Wt —e-(] <exp (A1) =1, [ ¥() = B Sexp (A1) - 1. (7

3ameuast, uro E_(t) = E7Y(t), E(t)E_(s) = E(t — s), HerpyiHo moaiyunth
TaKsKe TaKylo OLEHKY:

IR (1) - 1| < exp (B(1)) - 1. (1)

3aMeTrM, UTO exp (ﬂ(t)) —1—0 mpu t — oo.
Herpyaso npoBepuTs HEoCpeIcTBEHHO, UTO BECOBYIO (DYHKIIIIO MOKHO IIpe-
CTaBUTH B BHIE

_ e(8),9(8)s - -, 9 1(s), (2)]
P O B R 951

Pasnaras onpenenurensh B unciamrenae hopMmyasl (8) MO 3ieMeHTaM IOCIeIHero
cTonb1Ia, MOJYUHIM

el e (8)

g(t.8) = Y _@ilt)di(s), t>s, (8)
o
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rne  di(s) = Ain(s)/A(s), An(s) - arrebpamueckoe IONOJHEHHe -0 3Je-
MeHTa n-ro cToabua, A(s) — olperenuTenb, 3alNCAHHBIT B 3HaMeHaTexe (hopMyJibl
(8). B crmny acnmmrorukn auasi pyHKIu ¢(t) 3aktwouaem, uto di(s) = c¢;(s),
i =0,...,n. AHAJOrM4YHO paccykias, Ha OCHOBAHUI TOr0, 910 (PYHKIUS ¢(1, $)
SBJISETCA 10 $ PellleHHeM COTPSKeHHOI 3ataui (5)—(5'), moayyaeM paBeHCTBO

[¥(2), ¥'(2), ..., " 1(t), ¥(s)]
[v(t) ,w'(t yoen s P(R)]

Amnagornuydo paseHcTBY (8'), paBeHcTBO (9) MOKHO 3aIlICaTh B BILIE

g(t,s) = (-1)" {sMg 8, (9)

git,s) = Zdzi(s)ri(t), t>s, (9
=0

roe 7:(t) = Ain / A(t )5 [&in(t) — aJrebpairdeckoe JOIMOJHEHIe i-I'0 dJ1eMeHTa n-To
croabua, A(t) — ompeennTeNn, 3aMICAHHBIT B 3HaMenatene dopmyant (9). Tak
kak (pyHKIIS ¢(t, $) 10 mepeMeHHoI ¢ YIOBIETBOPSOT OJHOPOJIHOMY YPaBHEHITIO,
a 110 IepeMeHHOIT $ yIOBJIeTBOPSAET OJHOPOTHOMY COMPSKEHHOMY VPABHEHI0, TO
u3 pasencts (8') u (9') 3akmouaem, uro d;(s), 1 = 0,...,n, SBIAIOTCS PEIICHUSMI
OJTHOPO/IHOT'O CONPSKEHHOTO ypaBHeHns, a dhyukuym r;(t), ¢ = 0,. .., n, gBiasiorcs
pelleHNsIMI OJHOPOIHOTO yPAaBHEHUS.

Teopema 2. Qyuxyusa g(t,s) npu t > s AGAAEMCA PEWEHUEM UHME2PAAL-
HO20 YPAGHEHUA

t
t—s)" fe AL
ot,9)= =l [El )00 (10)

U 0AA HEE CNPABefAUBbL CAEIYIOW,UE OYEHRU

|A(t)g(t,s)| <

t)exp /6(0)d0 V0 s sa<ti) (L)

l9t,8) < L= Lexp /6(0 , 0<s<t, (11')

2de (o Zcr" Map(o)|/(n — k).

,Ionaaame/zbcmeo. OueBnaHo, HHTerpadbHoe ypasHenne (10) 3KBHBaIeHTHO
middepentnanpaoil 3azade (4)-(4'). CyumecrBoBaHIe I e/IMHCTBEHHOCTH pelle-
Hi1a ypasHenus (10) Jgerko ZokasaTh uccieZoBaHIeM cxoarmMoctTil psa Hefim-

o0 t n
ama g(t,s) = Y. gk, tme go = (1 — 8)"/nl, g = [ EFEA(0)gi-1(0, 5)do,
k=0 s

k=Rl 21 CyMLZa panza HefivaHa siBIsleTCS NCKOMBIM pelIeHIeM. 3aMeTIM, UTo
A(o)g(o,s)=G(0,8)a(0), rue G(o,s) = (g(o,s),dg(o,s)/do,...,d"g(o,s)/do™)" .
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Torna nns dyskmm ¢(t,s) n Bekrop-dynkmn G(t,s) noayuurs omenkn (117) u
(11) moskHO HenocpeacTBeHHO. 13 nurerpasbHoro pasenctsa ( 10) Haxomm aciv-
NITOTHKY (DYHKIINH

n t-i _S)n—i o0 n—i
g(t’s):Zﬁ ((‘n—i)! +/((na) a1 G(o,s)-a(o)do +¢,(t,s)|, t— oo.

% )n 1
-0 .
Octatok ¢;(t,s) / G(o,s)a(o)doc — 0 upn t — oo B CHLY OLUEHKII
(n—1)

t

(1) n ycrosust @ € Ly ,(0,00). Comocrasisiai HocieHee paBeHCTBO C PaBeHCTBOM
(8') m yunrrhiBas acUMITOTHRY ;(t) mpu ¢ — 00, HAXOANM ACHMIITOTHKY

( Sn 1
(n—1)!

O8] 25 vl

T (n=-9)!

dls) > +/ U)H—lG(a s)a(o)do +o(1), s— o0.

Takum obpasom, d;(s) = Pp—i(s), ¢ = 0,...,n, T.e. Ko3dPUINEHTH ACIMIITO-
THKI SIBJISIOTCS PEIIeHMSIMIT COIIPS/KEHHOTO yPABHEHIIsSI, UMEIOUIMII YKa3aHHY K
aCHMIITOTHKY.

OKoHUATETBHO IIMeeM IIpecTaBieHe BecoBoll (DYHKIIN uepe3 pelieHis OIHO-
POJHOTO U OJHOPOTHOTO COIPSIAKEHHOI'O YpaBHEeHIs

& St (NS 8 (12)
1=0

CpapuuBas pasenctsa (8') u (9'), sakaouaeMm, uto 7i(t) = @,-i(t), 1 =10,...,n

Ormpenemnv rereps K03 HUIIEHTH OJHOPOIHOIO CONPSAAEHHOTO ypaBHEHIIs
yepe3 HabIi0laeMble KCIEPIIMEHTANbHO JHHEeTHO He3aBIICHMble pelleHisi 2TOro
ypaBHEHHSI ¢ YKa3aHHOI acuMOTOTHKON. [loacraBass mX B oZHOpOIHOe COTIpS-
KeHHOe ypaBHEHIIe, IOy JIM CICTeMY JITHeITHBIX aJrebpanuecKix ypaBHeHnil 1is
K03 huImeHToB @;(s) B BeKTOpHOI (opme

> (=1)'9Da(s) = (-1)* 9" D(s), s € (0,00), (13)
1=0
I B MaTpuyHOil ¢ropme
Y(s)a(s) = (=1)"Hyp"* (). (13)
Penrenne onpenemsiercs mo gopmy.ie
i(s) = (~1)"H e (s)plmH)(s) (13)

win 1o popmyaam RKpamepa @;(s) = Ai(s )/ A( A( s),1=0,...,n, B KOTOPBIX OIpeje-
aurenb A;(s) momyuaem n3 onpexenantens A(s)= | (8), = (s). L ) P
3amerofl i-ro croabua (—1)), i = 0,...,n, Ha croaben (—1)*+1ypliti)(g).
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Onpenemnrens A(s) # 0 B ciuly JHHENHON HE3aBHCIMOCTH CTOAGLOB ¥, ¢, . ..,
(M), Tak kak A**(s) = A(s), T0 KoadbduIITenTH @€;($) BEIpaKa0ICT yepe3 Koad-
dbumments (—1)'a;(s) mo TakmM ke Kak (2) dopmyiam

ai(s) = Y _(-1)%ci(-1)*a@>"N(s), i=0,...,n.

=1

Bekrop-dyukimo f(s)=1(s)—e_(s) HazoBeM BEKTOPOM HaOII0ICHII CIICTeMb
{A, I}, matprmty F(s)=(f,=f"s...,(=1)"f(")(s)) — marpumeit Hab1101eHmIT.

[IpuBeneM HEKOTOpPble BajkKHble B JaJbHellIeM CBOMCTBA HaBII01aeMbIX BeJll-
UIIH, BBITEKAIOUINe 13 IPeIblIYUIIX PacCy K ICHIIT.

1. ||E(s)F(s)|| < oo mus Bcex s€[0,00] n Jim |[E(s)F(s)]| = 0.

2. Ef+1) ¢ Ly ,(0,00), uto crenyer u3 cpopmyasl (13) Ha ocHOBaHHI paBeH-
ctBa f(t1) = g(ntl),

Tak kak det(E) =1, 1o det(EV) = det(¥). Matpuma ¥(s) yiosiersopser
mmddepentmanbaoMy ypasrermo ¥ = W([%,... ", d), 0 < s < oc, rae ¥ ects
k-it croxbers e mHIYHON MaTpuIBl pasMepHocTu (1 4 1)x(n + 1).

ITo Teopeme JImyBmiis ompemernTessb Zi(s) = det(V¥) yuoBuaerBopsier mid-
(¢epeHIITIaNEHOMY YpaBHEHIIO Al = spur(/?,.. LIMAA, 0 < s < oo, Oue-
pamo  spur(I?,...,1",@) = dn(s), Tak uTO Al = an(s).&(s), IR < s N o)
B cmny pasenctBa sllpolonE(.s)f(s)H = 0 mveem A(oo) = 1. CreroBatenbHo,

Zl('s) = exp <— f 5n(s)ds) u |5(s)| > exp(—3(0)) = d > 0.
Takim obpazom, umeem

3. det(I + E(s)F(s)) > d > 0 pasroMepHO 110 $ € [0, oc].

Tak Kak a € L(O""’")(O,oc-). TO 110 JemMMe 3 a € L(U”"’n)(().oo). B cmny
1,p L,p

paseHcTBa @ = (—1)"t1(I + EF)~'E f("+1) nonyuaewm, uro
L s EF)—-IEf(n+1)€L(l(’)/,)...,n)(0’ 00).
Onpenennm Teneps koaddiments! oneparopa B. Iycts nocienopatesrsHOCT

vipasienuit ug(s,(), k=1,2,... sBasgercsa 6-obpasyouiell ocier0BaTelbHOCThIO

¢yukumit. Torna B paBeHcrBe (3) mocie HHTeTPIPOBAHMSA T10 YACTAM ITOIYUNM
t

el Gili= /w(t,s)uk(s,g)ds, roe dpyuximsa w(t,s) = B*(s)g(t, s), mporonaxen-

0
Has HyJieM ;s t < 8, Ha3blBaeTcs BecoBoil (yHKIimell cucteMbl { A, B}.

BruennTerpaJbHble claraeMble paBHBI HYJIO B CILIY COCPeIOTOYEHHOCTH (DYHK-
it uy(s, () B okpectHocT Toukn ¢ auas Bcex k = 1,2,.... [loxcraBassg BMecto
g(t,s) ee BeipaskeHte 13 dopmyinl (12), noxyumm

hinly= Z%‘(f)/ B*(s)[¢i(s)]ur(s,C)ds + o(1), t — .
& J

A T —
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Tak uro Habxi0JaeMble BEJITUNHBI IIPH KOHeUHbIX £ = 1,2... ecThb
o0
¢ 1(0) :/B* [¥i(8)]ur(s,{)ds+o(1), i=0,...,n,
0

IpH ynpaBiaeHUAX uy(s,(). B mpemere mpn & — oo, Tak Kak B caaboM CMbICTIe
up(8,¢) — 6¢(s), MOKeM CUNTATh H3BECTHBIMII IIPeeIbHble 3HAUCHIIS C; j ©

kl_i_}n;Q Ciklah=gilg) = B P8 ot = 0,5 0, 0
B BekropHOIT chopMe rocaeqHee paBeHCTBO MMeeT BIL
B (s)¥i(s) = ¢(s) = (0. -+ ¢n)" (14)

Eci m < n, 1o BBegeM BekTop b = (bo, ..., b, 0,...0) pasmeproctu n+1. Torma
paBeHCTBO (14) ABiIsieTCSA CHCTEMONT JITHEMHBIX aJreGpaiuecKIlX ypaBHeHINT OTHO-

CHUTeJbHO BeKTOp-CTOJI6Ha- 5 BUIa
U(s)b(s) = g(s), (14")

u3 koroporo HaxomuM b = (EW)~1Eq. Pemenue moskno HafiTn Tak:xe no ¢gopmy-

1am Rpamepa ’5.,' = éJ:A(#), U="00 Ty ple A= det(/ + EF), a onpenenireib

A,(q) noayuaem 3ameroft j-ro croabua [+ + E f() ma cronden Eq, j =0, ..., n.

Ecm m < n, 10 b; = 0, % > m, 11 IMeeM CBs3M Mex Iy HabiIiogaeMbIMI (g, 1,
. vy {n CJEIYIOLIero BHIA

A1 =0," ¢ =m+l. . A (16)

o nafinennsm b;(s), 7 = 0,...,m, HaxoamM koadgdbunnents b;(s), j =0,...,m,
m

onepatopa B no dopmyram b;(s) = Z(—1)0(7&(-—1)“1)5“"“(3).
b

Berrop-dyukum { f(s), ¢(s), 0<s<J 00} Ha3oBeM JaHHBLIMI HaOJI0AeHI s
cucrembl {A, B} misa nckombx a,b € L(lf)/;""Yl)(O,oc‘)ﬂLl,,,(O,oo). Kak 11 pambie
ycTaHaBJIUBaeM, uTo HabawaeHne ¢(s), 0<s<oo, obiaaaeT CBOMCTBAMIIL:

5. EqeLy ,(0,00).

6. (I +EF)EqeL"™(0,00).

HokaskeM Terephb, YTO TIpUBEIEHHbIE CBOIICTBA JIOCTaTOIIHbI JUISL pellieHIls 3a-
JIAYI IAeHTI(IKALII B KJIAacCe IICKOMBIX (DYHKINTT 13 L L (0,00) (N L1,,(0,00).
I3 cBoficts 1, 2 i 3 Beitekaer, uro [|([+EF)™1|| < o pa,BHOMepHO mo s € [0, 00]
u, 3naunt, @ = (—1)"tY(I+EF) 1 Ef(*+) ¢ L, ,(0,00). CBoficTBO 4 yTBep* Maer,
910 @ € L(O ’n)(O oo): ITo memme 3 mMeem, uto a € L(O’ m) (0,00) N L1,,(0, 00).
113 cBoficTs 5 1 1 aHAJOTHYHO CIeayeT, UTo b € L, ,(0, oo), 113 cBOIicTBA 6 caenmyer,
aro b€ L1 - =" (0, 00), 1, CIEIOBATENBHO, b € L(U "")('O,OO)HLL,)(O,OO).
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Teopema 3. IIpu ycaosuu a,b € L( 3 ’n) (0,00) N L1 ,,(0,00) 3adaua uden-
mugurayun umeem eduncmeennoe p(wcnue.

Joxazameabemeo. Hycrb {f(s),q(s)} - nabmonaemble, obiagaionme cBOII-
creamu 1 — 6. ITycrs {a®(s),6%s), 0 < s < 0o} — pemrenne 3amaun maeHTH(IKA-
[, TOTJA

(E_+F)&° = (=1)(v+1) flnt), (16)
(E_+F)° = q. (16')
[ycts {f%(s),¢%s), 0 < s < oo} — nabuiosaemble, Haiizenusie no {a®(s), b°%(s),

0 < 8 < o0}, TOTga CIIpaBe/LIIBLl PABEHCTBA

dn+1 fO

~0 -

(B_+EFT = (1) =, (17)
(E=+FO)° = ¢°. (17')

13 (14), (15) careoyer, uto BeKTop (IZ)VHI\HIH{I s)=f—f9, s€(0, ), yioBreTBOpSIET

ypasgenmo (—1)7+1p(nt1) }:a ) 1 pusasbHBIM yeaosus lim r(“)| o 5.

B cuay emmHCTBEHHOCTH pemeHnﬂ aToft 3aaun nMeeM 7(s)=0. B cury nokaszan-
Horo pasercTBa F'=F° u3 papencrs (16') u (17') caenyer, uro ¢g=¢°.

113 npuBeI€HHBIX PACCY K IEHUIT BbITEKALT OKOHUYATe bHAS (POPMYIHPOBKa yC-
JIOBIIT Ha TaHHBIE HAOII0IEHIS.

Teopema 4. /[laa mozo wmobu eexmop-pynryuu {f(s q(a), O<s<oo} ,
A6AAAUCH QanHbiMu Habawdenus cucmemvt {A, B} npu a,b € L\ I',""")(O,oo)ﬂ :
Ly,,(0,00), HeobTOOUMO U Jocmamouno: ’

1) Eft) Egely ,(0,00); \

2) ||E(s)F(s)||[<oc pasnomepro no s € [0, 00] u lim E(s)F(s) = 0; :

3) det(l + E(s)F(s)) > d > 0 pasromepro na [0 oo] {

i) I+EF —lEf(ﬂH) (I+EF)'Eqe L™(0,00); |

5) A g) = "0 2=(¥1)% . b 206 F ’(’s) = (e(s),€(s),...,el"(s)), :
e( s}l Ty Syencnsnbn o dis (f,——f’,...,(—l)”f(“)) , onpedeaumens &,-(_q) no- :

ayuaemes us onpedeaumean |I + EF| 3amenol j-20 cmoabya na cmoadey Fq.
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