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Non-stationary States of a Gas for the Bryan-Pidduck
Model

V. D. Gordevskyy!, E. M.Buznitska?

! Kharkov National University, Ukraine
2 Kharkov State University of Economics, Ukraine

The Bryan-Pidduck mode! is used to describe the evolution of a gas. In this
model each of molecules has not only linear, but angular velocity, too, and
rotates about its axis. Non-stationary distributions of a special form are
proposed which correspond to the vortical states of a gas, i.e. the flows with
transitional and rotational degrees of freedom. The bimodal distributions
with the vortical modes are constructed for approximate description of
the interaction of two flows. The behaviour of the integral remainder
between the sides of the Boltzmann equation is studied under the different
suppositions on hydrodynamic parameters.

2000 Mathematics Subject Classification T6P05.

1. Introduction

The physically significant model of perfectly rough, rigid spherical molecules
was taken into consideration in [1] and then investigated in [2]. Some later this
model and its generalizations was studied in [3-6]. In the Bryan-Pidduck model
it is assumed that every molecule of a gas is able to rotate about any axis passing
through its center with angular velocity w and move translationally with linear
velocity ». The collision of two molecules happens instantly, and their velocities
are changed in accordance with the formulas [7]:

1 1
v = — m{b(v —v)+a(v-v,a)+ ;z-bd[a X (w 4+ wy1)]},

1 i
'D; =mn+ 'b"'ﬁ{b(’l) ) vl) e (I('U G Ul7a) A §bd[a X (w + w1)]}7

W =w+ El—(—bi—l){[a X (v—u)]+ -;—d[a(a,w +w)—w—w},

of =ur + gragyllox o= )+ gda(ew +on) —w—wl), ()
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wuere d is the diameter of a molecule (for simplicity let us put that the mass of
each molecule equals to a unit), a is the vecter which belongs to the unit sphere
¥ in R3, and the constant b depends on the inside structure of the molecule and
can specify the values between 0 and 2/3. These parameters are connected with
the moment of inertia I of the molecule by the relation:

I= ;b (2)

The state of a gas is described by the distribution function f(t,z,v,w) (here ¢ is

the time, and z is the position of a molecule), which must satisfy the Boltzmann

equation for the Bryan-Pidduck model (as usual, 5-[ denotes the spatial gradient
of the function f):

D(f) = QU ) (3)
o= 3, (4)

n
QUL = %- /m o A ey o b 3 e

) [f(t,@,v*,w*)f(t,m,v’f,w’{) = f(t,m,v,w)f(t,x,vl,wl)} (5)

The construction of the distributions f in a form of the linear combinations
of Maxwellians is one of the methods which give the possibility approximately
describe the interaction between two flows in a gas. In [6,8-11] such the
distributions was studied for the models of hard and rough spheres, when the
Maxwellians are global or stationary local ones. In the last case they correspond
to the screw (spiral equilibrium) fiows, which can rotate as a rigid body about
the ilmmovable axes and {ly only in parallel to these axes.

In the present paper we will consider the Bryan-Pidduck model once more
and use the following bimoda! distributions with non-stationary modes for
approximate description of the process of the interaction between two whirls
(i.e. such the vortical-type flows, which can fly in any direction with arbitrary
speeds): ;

[ =@M+ @2Ms, (6)

where

* \3 ;
M; = M,'(t,.'L', v,w) 0% exp{ﬂ,w?r?}]zi/z (-’%—) exp{-—ﬂ;[(v — ’5,‘)2 -+ ]l(w — Qi)z]},

(7)
% = 0;(t,z) = % + [0 x (z - w;t)), (8)
T? = ;%[05, X (.’L‘ - it — :1:0,')]2, Ak (9)

b s —L[w, ¥ s e 5,0 (10)
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Here 01,y > 0 are some smootii coefficient functions on ¢ and z; p1, p2 > 0 — the
densities of ihe whirls on their axes of rotation; 3, #; — the inverse temperatures
of the flows; wy,w; — the bulk angular velocities; vy, v, — bulk linear velocities
at the origin when ¢ = 0; @, 4, — the drift speeds of the axes; r?,rZ — the
distances from the axes at the point z in a moment ¢; the points zgy, zoz lie on
the axes when ¢ = 0.

As a value which characterizes the deviation between the sides of the
Boltzmann equation (3)-(5), we will take the integral remainder:

A= [ ID() - QU 1) dtdzdvds (11)

In the Section II the remainder (11) is studied for different variants of
behaviour of all the parameters of the distributions (6)-(10).
The Section III is devoted to the discussion of the obtained results.

2. Main results

The aim of this section is to find conditions ensured the infinitesimality of the
remainder (11). For this purpose let us substitute (6)-(10) into (4), (5), (11) with
taking into account of (1), (2). The transformations and estimations analogous
to ones from the papers [6,10,11] yield after the integration with respect to w,w,
and suitable changes of variables in the integrals:

2 5 Ja \
AL <A, =772 ) o m/'mm%/|{2ﬂ4-0mf2+@+{@x(m—mn0-
R re|L Ot

‘ £
%%’ ~24; (ﬂi 2 (u,wi, ;) + (T3, w;, ;) + ([@0; X (x = %t)], @5, iii)) } exp{Biw;*ri}+

AT LT
e du+

; 1 L
+o102 exp{B10; 17 + PBowir i} p;d?n ™2 /RS dwe ‘”2Fi(u,w,t,x)

»

+ @192 exp{ B *1? + Bay 13} pupad®n 2 [ eV Y dudwFi(u, w,t,3)|, (12)
1 25P Ré J \ 7

where

L i

Fi(u,w,t,z) = [uf; 2 +(0;— ;) +[w; X (z — ;1)) — [w; x(a:-—u‘jt)]—wﬁ;ig, i
(13)
and the usual denotations for cross {(vector) and mixed products of the vectors

are used. :
For the existence of the value A} in (12) let us suppose that q,p, are
independent of 31, 32 and have compact supports in ¢ and z. Next, from (12), (13)
it can be easily seen, that for the minimization of A} (and, consequently, of A;)
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we must put that f;,0; — +00, but this assumption requires new restrictions,
namely:
RIS TS e M S PN (14)

where s;,m; > 0,uwp; € R are constants, and
s X wl=0, i=12 (15)

which is necessary for the existence of the finite limits of the expressions
exp{Biw;*r?}, when fy, B2 — +00 — see (9), (10), (14). Moreover, if

e
Wi > g ad 1.2, (16)
then s; can be arbitrary, but if
| o SRl B (17)
‘ %1 5 21 ey
( we must additionally put:
-5 =4 2 (18)
(in the case m; < 1/2 the limit of the value A} does not exist at all).
After the passage to the limit in (12) and some evident calculations we will
have: )
i Opi
lim A} = : / dtd [ X ‘
ﬁl,ﬁ2§}+00 : ij;i#jp R4 - ot sl oz F o
k. + pipjnd’p; |5 — G| + pipind?p; |v; — 17,-|]. (19)
I‘a .
For further minimization of the expression (19) let us assume, like in [6, 9, 10],
: that the functions ¢y, are of a form of finite ”plateaux”, i.e. the smoothed
1, in a special way characteristic functions of some bounded demains in R*.
13 Then the summands %‘% and 6,-%% will have non-zero values only in the small
| neighbourhoods of the boundaries of these domains, so, as it was shown in [9],
. the value (19) can be made arbitrary close to the expression:
|
I‘J 4md®pypa |01 — v /m p1p2didz. (20)
|
' The last value, obviously, can be made infinitesimal, if d2 is sufficiently small
: (almost Knudsen gas), or
‘ v — v — 0, (21)
i | ok ;
/ Y1padtdz — 0 (22)
R4

(in particular, the supports of the ”plateaux” ¢; and ¢, do not intersect each
other).
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Another possibility for the minimization of the value (12) consists in the
assumption:

pi(t, ) = it 2) exp{-Biw;*r?}, i=1,2, (23)

where the functions ;(¢,z) are independent of 81, 8;. After the calculation of

the derivatives Qg—”ti, %“;i with the use of (9), (10) and (23), the formula (12) gives

(the assnmption (14) is used once more, in particular, in (13), but now without

(103}

2
All = 7{'_%2/),'/124 dtd.’E[ wt +’l/)11/)2p]d ™ 2/ dwe™ w2.
=1

Fi(u,w,t,z)+ ﬁ(uﬂ + 0 + 8 [woi X (2~ ﬁit)])+

i_om

+2¢i{5iﬁi5—mi(uawbiy 0; — ;) — s2B7?

i[w—o,' X (.’D - ’lZ,'t)]-

- [woi x u]} - wld)zpjdzw_% /R3 dwe_wzﬂ(u,w,t,x)]e_”2du. (24)

This expression, evidently, exists, if the functions 1;,7 = 1,2 are of finite support
in ¢ and z. Next, it has the limit with #;, 82 — 400, and can be then minimized,
if

1

Besides for m; € [1/4,1/2) the new assumption is required:
[woi x (i — )] = 0, (26)

and for "critical” value (17) at least one of the conditions (18) or (26) must valid
(if m; = 1/4, then the requirements (26) and (18) are necessary together).

It is easy to see, that the value of this limit will be the same as in (19) with
the substitution of v; for ¢;,7 = 1,2. So, if the functions 1); are of a form of the
finite ”plateaux”, the remainder (11) becomes vanishingly small under the same
conditions as (21) or (22) and so on.

3. Discussion

In all the situations considered above both the vortical flows have decreasing
temperatures (8y,2 — +o00) and bulk angular velocities (see (14)). If (23) is
fuifilled, their demsities are independent of the temperatures, and the degree of
deceleration of rotation corresponds to (25), but for the case of comparative quick
rotation (when neither (16) nor (17) are not true) the additioral condition {26)
is imposed. It means, that the axes of the whirls can fly only in the "natural
direction” (i.e. the same direction in which the particles of a gas themselves fly
near the origin in a moment ¢ = 0), because it can be easily seen that in this case

(@i X (2 = wt)) = [@; x (z = 5it)], i=1,2. (27)
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But if the densities of the flows depend on their temperatures (i.e. (23) does not
supposed), the rotation must decelerates rather quickly, in accordance with (16)
or (17), (18), besides (15) is assumed (as one can see from (10), it means that
the axes pass through the origin when ¢ = 0).
In addition to that, at least one of the requirements must be satisfied: or (21),
i.e. the whirls are ”coherent”; or (22) — they are stratificated; or d? is small (near
free molecular flows). Besides, if these requirements are satisfied together, from
(20) it follous that the degree of infinitesimality of the remainder (11) is higher
than of the value d?, i.e.
Ay = o(d?). (28)

Finally, the functions ¢; or 4;,¢ = 1,2 have the form of a finite ”plateaux”, thus,
we consider the whirls not in whole space, but only in some bounded domains in
it.

Let us notice also, that it is possible to consider the different behaviour of the
whirls for 1 = 1 and ¢ = 2, i.e. the interaction between the flows of various kinds.

It will be of interest to make clear such a question: why do the values 1/2 and
1/4 play such a ”critical” role for the parameters my, my in our considerations
and what a physical sense can they have.
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On well-posedness of multi-point integral boundary
value problems in a stripe

E. Kengne!, J. Tayou Simo?

! University of Dschang
Faculty of Science, P.O. Boz 178 Dschang, Cameroon
2 University of Yaoundé 1, Cameroon

Y]

In a domain, which is the Cartesian product of a segment by the entire real
line (stripe), we investigate on well-posedness of a multi-point boundary
value problem with an integral in the boundary condition for partial
differential equations. Conditions of the well-posedness of the problem under
consideration are established in the class of bounded smooth functions.
2000 Mathematics Subject Classification 35B30, 35E20, 35A05.

As far back as at the end of the XIX century, the theory of partial differential
equations obtains a substantial aspect due to the concentration of attention to
the boundary value problems and the refusal to the restriction on the analytical
boundary conditions. The analytical theory, ascending from Cauchy, Weierstrass,
and Kowalewsky in this connection does not loss its significance, but has some
digression, because it has been discovered that the analytic theory does not
guarantee the proper posedness of the boundary value problem [1].

The well-posedness questions for boundary-value problems in the stripe (and
also in the layer) in the different classes for linear partial differential equations
are investigated in the works of many authors [2-6]. In the present work, we shall
be concerned with the question of well-posedness for multi-point boundary value
problems with integral boundary condition. A condition for the well-posedness of
the problem in the class of bounded smooth functions is obtained.

In the stripe [] = [0,7"], we consider the differential equation

du(z,t) (_('_9_) iy
a st P % u(z,t), (1)

under the integral boundary condition

Nz—:x /t"‘” P, (.0_83_:) u(z,t)dt = up(zx), z€R, (2)
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where P(s) and Pi(s) (k= 0,N — 1) are an arbitrary polynomials with complex
coefficients, Po(s)Pn-1(s) x [Tho! (Pe—1(8) — Pi(s)) # 0 (identicaily), 0 = #, <
s < Il Gt =T (N Bk

In the study of phenomena (as a control processes) governed by equations of
form (1), u belongs to some linear spaces, some conditions are usually imposed
on the operator P; moreover, the space variable z is often considered in some
bounded domain of R. But in the present work, we do not impose any a priori
conditions on P(0/0z) in equation (1). In addition, the functions u(-,t) for each
t € [0,T] belong to spaces of bounded smooth functions:

d*o(z)|
-————(’i(:)l < +oo}

Let us set H = Up>0H,,, and introduce, by analogy with Cauchy problem [7],
the following definition.

Hy = {cp € C™(R) : ||¢ll,, = max sup
0<k<m zeR

Definition 1. We say that problem (1),(2) is well posed (in H), if to every
nonnegative integer there corresponds a nonnegative integer | so that for every
boundary function ug(z) € Hy, there exists a unique solution u(z,t) of problem
(1),(2), that for everyt € [0,T] is a function of class H,,, and

sup [[u(-, )]l < Clluwoll;
(0.7}

for some C' > 0.

If the solution u(z,t) of problem (1),(2) and all the derivatives appearing in
equation (1) and also the boundary function ug(z) are absolutcly integrable on
R, then it is obvious that

d_'”(df;at) = P(io)v(c,1), o €R, t€0,T] (3)
N=1 00,
Z / Py (io)v(o,t)dt = vo(0), (4)
k=0 Ytk

where v(0o,1) and vg(0') are the Fourier transform of u(z,t) and uo(z) respectively.
Conditions (3),(4) give
v(a,t) = R(a,t)ve(0),

where R(o,t) = 9 [ A(0);

P~ i(io) x N o Qi(ia)et @) if P(ia) # 0;
A(O’) = ~N . bk i : :
Y k=0 tk X Qr(io), if P(io) = 0,
- Po(io), if k = 0;
Qulio)= & Besilfa)er Lalio); if 0.4 R Vs
Parwilie)siifik =¥,
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Lemma 1 Let A(o) # 0 (¢ € R) and ;21]— #, m; €N, j =1, N. Then there
ezist C > 0 and p € R so0 that

IA(@)| > C (1 +]a])*, VoeR. (5)

| Proof. Because A(g) # 0 (for every ¢ € R) and A(o) € C(R), we
1 conclude that for every oq > 0, A(o) is bounded on R\R,,, where R,, =
{c € R:|o| > 00}. Let oo be sufficiently large (in particular, so that N[P] =
i 4 {o € R: P(ic) = 0} C R\R,,). On R\R,,, we have |A(c)| > Cp and for some
, : Cs, > 0 there exists p,, € R so that |P(io)| < Cy, (1 + |o])#0, for every
f o € R,,. Let us investigate A(c) for 0 € R,,. We have

N .
Z Q(io) x etk P i)

A0)] = [P (i0)| x
k=0

> Crl(1+|a]) 70 x E Qi(io)et Pl

k=0

For the function
N : N |
é(o) = Z Qk(io) X etk Plio) _ Qolio) + E Qx(io) x etk P(io)
k=0 k=1

the conditions of lemma 1 of work [8] are satisfied. By the virtue of the indicated
work, we conclude that there exist C' > 0 and i € R so that

16(0)] > C(1+]o)*, VYo € Ry,

Therefore,

¢ (1+ Ial)ﬁ
|A(0)] 2 Coo (1 + [o])Pe

and lemma 1 is completely proved.

=C'(1+|o])* , Vo € R,,,

Lemma 2 If the conditions of lemma 1 are satisfied, then for every nonnegative
integer j, there exist C; > 0 and p; € R so that

lid R(a, t)

S 7 <Ci(1+ o, Vo € R. (6)

Proof. By induction, we can easily obtain the following formula for the
derivatives of R(o,1t):

o’ R(a t)
o o

= [P(io)A(0)]” "’ZGk,(a el LAY E3 o b 0,195, (D
k=0 i
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where Gyj(o,t) are polynomial with respect to o and 1,
(o, t)<jid ; : . o) —1]).
dgg Gij(o,t) < § ( eg P(io) + 02}%)5\/ deg Qr(io) 1)

If Re(P(io)) < 0, then estimate (6) follows immediately from (7) and lemma
1, applied on A(o). Let Re(P(io)) > 0. In this case, let us set Ae) = A(o) %
e~TP(i9) Then A(o) # 0 (for every o € R) and by apply lemma 1 on A(o), we
obtain ‘A(O‘)l > C(1+ |o])¥, for every o € R. Rewriting (7) in the form

31R(a, B

1\7
: A ~1-j ¥ =T+5(te— i
5 = [Pi0)A@)] ™ 3 Guylo, el HIR),

k=0

we obtain estimate (6). Lemma 2 is proved.

Theorem 1 For well-posedness of problem (1),(2) (in H) in the stripe [], it is
sufficient that the conditions of lemma I should be satisfied.

Proof. Uniqueness of solutions of problem (1),(2) in the class of bounded
functions (and also in the class of the functions of polynomial growth) follows
from work [9].

In order to establish the solvability of problem (1),(2) and the estimate of its
solution, we shall consider problem (1),(2) in the space S’ by analogy with [10]
(here S'is the Schwartz space and S’ is the dual space of tempered distributions).
Because of lemma 2, R(o, t) (for every ¢ € [0,T]) is a multiplicator in §'. Therefore
the Fourier transform v(o,t) of the function u(z,t) is a solution of the Cauchy
problem (3),(4) in S’ and takes the form

etPlic)
v(o;t)= b (75 X vg(0).

Because R(o,1) can be written in the form

R(o,1)

R(o,t) = (1+0") x =75

and by virtue of (6 Rlatl e LYR) for the sufficiently large I, the function
1402

G(z,t)+ F;*{R(c,t)} (F, is the inverse operator of Fourier with respect to o)
is a function of space C(R) N L*(R), on which we can apply (in the sense of
generalized functions) the operator 1 4 (—1)" f:—;,—. Then the solution of problem

(1),(2) in the form of product of convolution reads
u(z,t) = G(z,t) * uo(z).

The classical solution of problem (1),(2), having a given order of smoothness
and satisfying the estimate, indicated in the definition, can be obtained by analogy
with works [12-13]. The proof of the assertion is complete.
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Bicauk XapKiBCHKOTO HAIlIOHAJIBHOTO yHIBEPCUTETY
Cepist “MaremMarnka, NIpUKIaIHAa MaTeMaTNKa 1 MeXaHiKa’

YIK 517.948 Ne 582, 2003, c. 15-25

O XapaKTepUCTIYeCKOM CBOMCTBE MHOTOWIEHOB,
VIOBICTBOPSIOUX PA3HOCTHOMY COOTHOIIEHHIO 4-T0
MIOPATKA

C. M. 3aropeaniok

Xapvrosckuti nayuonasbubili ynusepcumem, Yxpauna

B namHoi paGoTe Mul M3ydaeM chcTeMbl MHOrowieHoB {pn(A)}S%,, vaosie-
TBOpstomue cootHomenuio: Jsp(A) = A%p()), tae Js - nATHAMArOHAIBHEIE,
spMuUTOBH, noxyBeckoreunsie Mmazpuubl u p(A) = (po(A), p1(A), pa(A), ...)7,
a TaKIKe COOTBETCTBYIONLYIO CHMMETPIYHYIO ITpobieMy MomenToB. Jloxa3aHkl
WCIIpaBIeHHbLE BAPUANTH KPUTEPHsi Pa3peliuMOCTH NMpobieMbl MOMEHTOB U
anasora TeopeMmst ®aBapa Ans Takux cucreM MHOrowieros. [lokaszaso, uro
HAJHYKe COOTHOUEHHUI OPTOHOPMAJIBHOCTH CIENUAIBHOIO BY,1a ABISAETCS Xa-
PAKTEPUCTUYECKUM CBOMCTBOM TaKMX CUCTEM MEOroujieHoB. [lokaszana cBsasb
¢ MAaTPUYHBIMA MHOPOYJICHAMH W MaTpH4YHOI MpobiaeMoli MOMEHTOB.

2000 Mathematics Subject Classification 42C05, 39A05, 44A60.

[Ipenmerom Hammero n3ydenss GyAyT CHCTeMbI MHOTOWIEHOB {Pn(A) 2, (pn(A)
MMeeT CTEeIeHb N I MOJOMHTENbHBIN CTapimil K03(UINERT), yLOBIeTBOPSIONIe
PA3HOCTHOMY COOTHOIIEHUIO CJIEIYIONIEero BILA:

an—an—Z()\) - ,Hn—lpn-—l(/\) % 7npn(>‘) it ﬁnp-n.-}-l(’\) + anpn+2()‘) = A2pn(/\),
RN U e (1)
e oy > 0,00 € Coyn € Rom =0,1,2,.; ag =a_3 = 0,0, =0n @-uld )ess

P—2(A) = 0;po(A) = a, p1(A) = eA+ bya,e > 0,b€ C.
970 COOTHONIEHIIe MOMKHO 3alNCaTh B MaTpudHOi dopme:

Jp(A) = A*p(X),
Yo Bo pdilhs &0

Bo m B ax 0 0
e J = Qg .Bl 2 ﬂZ Q3 0 ¥ y O > 07lg‘n = C"J'Yn = R,'ll e

0 a1 B2 73 B3 o3

0,1,2, ..., - ngTHIAaroHadbEAN, TOTyDeCKOHeUHad, 9pMUTOBa MaTpPUIIA,

p(A) = (po(A), p1(A), P2(A), ) T3 po(A) = @, pi(A) = e + b,a,¢ > 0,b € C.
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CucreMbl MHOIOWIEHOB, yIOBJIeTBOpsioume Gojee obieMy pa3sHOCTHOMY COOTHO-
mermo nopsinka 2N, N - HaTypaJbHOE YHCIO, U € BelleCTBEHHBIMI K03 dbuiuen-
TaMU:

N :
t"pa(t) = cnoPa(t) + D (cnkPnk(t) + CnthPrsk(t)); (2)
r=1

|

Ile C,; BeulecTBeHHEe, ¢, N # 0,i = 0, N m p; = 0 mpu j < 0, N € N, nsyua-
auck A.J. Duran [1, 2, 3], W.Van Assche [2] (B pabore [2] paccmarpuBasics
caydaill KOMILIEKCHBIX K03 dHUUMEeHTOB, HO JOKa3aTelbCTBO TeOPeMbl 3TOH CTaThU
He SBASETCS IIOJHLIM B CHIY HEKOPPEKTHON CCHUIKHM Ha aHaJjor Teopemnl PaBopa
JIIST MATPHYHBEIX MHOrouieHoB). Takske orMernM paBory 10 ZaHHON Teme [4].
B paborax [1, 2, 3] ykasaHsl XapaKTepHCTUYECKHEe CBOIICTBAa MHOI'OYJIEHOB B
| pa3aHyHBIX GopMax, U3ydeHa CBA3b C OPTOrOHAJBHBIMI MATPHYHBLIMU MHOT'OYJIe-
HaMH Ha BeHIeCTBEHHON OCH.
Taxke B 3TuX paboTax pacCMaTPHBANIOCh COOTHOMEHNE BUIa (2) ¢ JxeBoil da-
. croio Buga h(t)pn(t), tme h(t) - muorouren crenemn N ¢ BelieCTBEeHHLIME K0dd-
¢mmesTaMI 1 yCTAaHOBJIEHbI aHAJIOTWYHEBIE Pe3yJIbTaThl.

ITo npepnoxenuio B.A. 3oxorapesa, cucremsi, yaoBiersopsitonme (1) n3yda-
Jsuch Hamu B [5, 6]. Bolin mocTpoeHbl HeTpUBHAJIbHBIE IPHMEPEI I10/I00HBIX CHCTEM U
COOTHOLIEHISI OPTOHOPMAJIBHOCTH Ha BEIeCTBEHHON M MHUMOI OCHX CHENaJIbHOrOo
suga aas vux [5, Ex. 1-3, p. 259-260, Theorem 4, p. 262], moxyyers HeobXomm-
Mble U JOCTaTOUHbIE YCJIOBHS Ha MATUIHAIOHAJIBHYIO MAaTpuIy J 11s TOro, 4Tobhl
BRITOJHSLIOCH: J3p(A) = Ap(A) ¢ HEKOTOPOI KOMILIEKCHON TPeX IMaroHaIbHON Ma-
rpunieit J3 [5, Theorem 5, p. 272 |, moxyuena ¢yHraMeHTAIbHAS CHCTEMA PEIICHHIT
pasHocTHOro ypasnenus tuma (1) {6, Theorem 3, p. 200], anasor dopmyas I'puaa
[6, Theorem 4, p. 202 ], u3yuaics oOmmit BOIPOC O HAJMUINNI OPTOHOPMAIBHOCTH
[6, Theorem 2, p. 195-196 |.

B sannoit pabore Mbl yCTAaHOBUM HCIIPABICHHBI BapHaHT TeopeMbl PaBapa nus
cuctem Bua (1) [6, Theorem 2, p. 195-196 | m noKaskeM TeopeMy © peKyppPeHTHOM
coorHomenrn. Ha ocHOBe 3THX TeopeM HOJTyYaeM XapaKTEPUCTHUECKOE CBONCTBO

{ MHOTOWIeHOB, yaosiersopsioumx (1). Takike Mbl yCTAHOBUM CBS3b JaHHBIX MHO-
FOYJIEHOB ¢ MATPHYHEIMU OPTOrOHAJHHBIMA MHOTOUIEHAMH. 3aTeM Mbl CPaBHVIM
3TN pe3yJNbTaTH C pe3yabTaTaMil APYTHWX aBTopoB. Taxrke Ham nonazoburcs Hc-
IpaBJeHHbIl BapHAHT KPUTEPHUS PaspellluMocTi npo6iieMbl MOMEHTOB, CBS3aHHO
¢ MHOTOWIeHaMH, yaosaereopsiompmi (1) {5, Theorem 6, p. 274 .

C cucremamu Muorounesos u3 (1) TecHo cBs3aHa cremylonias sagada (M. (8,
c. 252 ], [5, p. 265-266 ]):

ed L S DB S Al

T 33 PEY

adition _{ a1(A) o)
Hafiti MaTpuuHylo yHKImIL o(A) = ( ws(X) ast))
GYHEKIMA, 32 JaHHbe Ha BeMIeCTBeHHON B MHMMON ocsx, i = 1,4, A € RUT,T =
(—to0,100), TaKy®, YTO: ‘

1/ o()) - apMuTOBa, MOHOTOBHO HeyObIBalOWAs MATpUIa-PyHKINS, T.C.: ;

),ai(/\):RUT——>C~

A A
o(A2) 2 (A1), A2 2 A di, de € B; o(Aa) 2 0(M), 2 T M €T, (3)
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2 [ Ok (-3)")do(3) ( } ) ol Ml e g

i (Ak-‘,<—A)k"‘)da(A)( o ) =mek = 1,2, )
RuT ’

e {8k o0, {ME}RY, - PUKCHPOBAHHBIE NOCTENOBATENLHOCTH KOMILIEKCHBIX Hi-
cea.

Bynem HaswpBaTh 3Ty 3aJauy CAMMeTPHYHON [pobleMoli MOMeHTOB.

Ormermy, gro B [5, p. 265-266 | a1a 327aua HasbBasach HaMu 06OBIIEHHOL
CHEMMeTpUYHON MpobGremMoii MOMeHTOB, HO 3ateM B (8, c. 252 | MBI OTKa3aJuCh OT
TaKoro repMiHa. CHMMeTPIYNyIo IPoDIeMY MOMEHTOB, KOTOPAs CTABIIACH B [5, P.
265 | masniRaeM Telieps: CHMMETPUYHON MPobieMolt MOMEHTOB B Kaacce abCOMOTHO
HEIIPEPBIBIBIX DYHKIHIT.

PaceMo1puM TaKikKe CIeayIomyo 3aagy:

a3(A) oa(A)
dyHKUNM, 3a/JaHHbIEe HA BeIeCTBEHHON 1 MHMMON ocsX, ¢ = 1,4,A € RUT,T =
{~100,200), TaKy10, 4YTO:
1/ o(X) - apmMurroBa, MOHOTOHHO HeyGbiBalOWas MaTphila-DYHKIMS, T.e.:

0(/\2) > 0'()\1) A2 > A, AL, A € R; U(/\z) > 0'()\ ) 53 > —A—]— , AL, Az €T ’5)

A\

Hality MaTpuyHylo dyaxumo o(A) = ( o1() o2(3) ) ,0i(A): RUT = C -

2/ [ (MK, (- ,\)")J\do(z\)J,\( ):.«.:,.-c,k-_—.(),l,...,

T B3y PSS

RUT
/ k=1 ¢ yyk-1 oy .
| (A"5, (X)) dada(N)Jy o e MR N (6)
RUT
1
e h = ( ; & ), {8k} 20, {mi}72, - duxcupoBaHHble HOCIEIOBATENTLHO-
DY

CTH KOMIUIEKCHBIX YHCeN, 35e300uKa * 0603HauaeT KOMILICKCHO CONPSKeHHYI) Ma-
rpuiy. lIpn 3ToMm, npu BRIUTICIEHNN TTONMHTErPAJBHON (MYHKIMH B HyJIe CJaelyer
1

Gpath pereibRble 3Hauenns upn A — 0 Bepaxewmt (A%, (=A)%)J,, J3 1) B

repsom HuTerpade B (6) u Brpaerudt (A¥~1, (=A)*1) gy, J3 ( __)‘)‘ ) BO BTOPOM

wrTerpade B (6).

ByleM Ha3bIBaTh 3Ty 3aJady CHMMETPHYHOM I1pobiaeMoil MOMEHTOR ¢ OCOGeH-
HOCTBIO B HYyJIE.

Onpenenenue ([5, p. 266 ]). Ilapy nocaedosamenvrocmetl { sk, Mr41}52,,
sp € Cympyy € Cok = 0,00, 6ydem nasveams cummempuunoti, eCAU GbLNOA-
HENO:

S2k+1 = M2k415 32k = S2k, Makyz = Mak42,k = 0, 00. (7)

Tewrpansua nayvkora Gi6niorexa
Xapive s o000 HARIOHANBHOTO
yaigepew oy b, 2UEHL Kapa3zina
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Omnpenenenue ([5, p. 266 |). ITapy nocaedosamensnocmeti {sg, mr41}5,
sk € Cympyq € C,k = 0,00 6ydem Ha3vieamsb no3umusnol, eCAU 6bLNOARAIOMCA
CAEOYI0UUE COOMHOULEHUA:

So S1 R Sk So 31 . Sk
my mo e R [ my my o . My
89 83 5% Si8po >0, k=21'+ 1; 1 s2 383 o v O > 0,
mrg Mgy . . Mg Sk Sk41 - - S2k
k=Ml =0,00 (8)

Hawm nonanobnrcs ciefyioiee omnpeelieHne:
Onpenenenne. Pewenue o(A) cummempuunol npobaemv,. MOMENMOS €

0cobeRHOCMbIO 8 Hyne OYdem HA3BIBAML CYU,ECTNEENHO PACTRYULUM, €CAU 6bl-
NOAHENO:

N
/R UT(R(A),R(—/\))J,\da(A)J,\( R((_ ke ) >0, 9)

0aa n106020 He paenozo moxcecmeenno nyaw muozouaena R(N).

CnpaseqnBa crefyronas TeopeMa, SBISIOMAICS HUCIIPAaBIeHHON TeopeMolt 13
[5, Theorem 6, p. 274]:

Teopema 1. Jas mozo, wmobvl CuMMempuunas npobaema MOMEHMOE ¢
0CObEHHOCMEIO 8 HYAE UMENA CYU,ECTNBEHHO PACMYULEe PeuLeHUue, Heobrodumo
u docmamouno, umobvl napa nocaedosamervrocmels {Sp, My}, bolaa cum-
MEMPUYKOU U NO3UMUBHOU.

/oxasameavcmeo. Ilokaxkem nocrarounocts. Ilycrs mapa mociaenoBatensao-
crelt {Sp, Mpy1 152, CAMMETPUYHA U NO3UTHBHA. BBEIEM CIeyIoNIyio Iocke/(0Ba-
TeABHOCTh MATPHIL:

5 m
Sy = i i S % e
Son41  Mon42

W3 ycoBus CHMMeTPUYHOCTH HOCJENOBATEABHOCTE {8y, Myt }5%, CaEIyeT, 410
Sy, 3pMHTOBBI MaTpUIEl. M3 yciosuii CHMMeTPHYHOCTH ¥ HO3BMTHBHOCTH
{Sny Mn41}52 3aKII09aEM, YTO

So 51 52 Sn Xo X()
o s o 58 s o iy W e T o
Sn S'n+1 Sn+2 S‘Zn Xn Xn

(10)
rre X; = (X2, XHT € C?,i = 0,n - He BCe HyxeBHIC H < .,. > - CKAaJIAPHOE
npomssenenue B C", '

e
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Paccmorpum MaTpuuHylo mpobieMy MoMmerntoB [9, c. 52 | ¢ mocaenoBaresnsHO-
crbio {5,122,

/ t*dT(\) = Sp,k = 0,1,2, ... (11)

B cuay (10) CyIecTByeT [9, c. 52 ] orpannuenHas (a 3HAUMT U 3PMUTOBAS, T10JTa-
ras, ecxn tpebyercs T(A) = 3(T(A) + T*()) ) marpuua bysxmus T(X), yaosre-
tBopsuomas (11). Byzem cumrars, uro T(\) HopMmupoBana yciosuem: 7°(0) = 0.

2
Beeznem dbyuxmio o(\) = { __711,((’\)‘2))’ 't\ee[[oo’ CZOOZ)) . Tornma

B k= [_0 t*d(—o (V1)) + /0 TRV =D= V= /R +A2’°da()\)=

+UT"

) A2k 0 1% & (/\2k)+ (,\2k)-—
—/R+uT+ ( b )da()‘)< 0 1 ) = /;HuT“* ( (AkHL)+ (\2kH1)- )*

*da(,\)( ng Eigf ) (12)

rie pt(X) = EQ)i.}’!'—'\),p“(/\) = g@—%?—'—'\l,p € P, P - mpocTpaHCTBO BCeX
mrtorouiteros, Rt = [0,00), T = [0, i00).
M3 (12), yunrsiBas onpeueneHe Sk, U 3alUChBas TOKOMIIOHEHTHO, IMEEM:

n s (1)+ Al n ny— o b
/mw((,\ (") )da(,\)( (1)- ) ~sn,/mw((,\ )Y, (A% )do(N)

*( 8{: )  Fsipowe 02,55

Orciona n caesyer, yunrsiBas onpegeienue pt, pt, BhionHeHe MOMEHTHBIX pa-
Bercts (6). [lus mposepku (9) aast muorownera R(A) = Y% a; A crenyer pacmm-
cath vHTerpas 13 (9) B cyMMy, BOCIOIb30BATHCS MOMEHTHEIMY paBeHCTBaMu (6) n
HO3UTHBHOCTBIO {Sn, Mnt1}oo-

Hokaxem HeodxoznmocTs. Iycts o(A) - pemenne 3axaun (5)(6) 1 BhIOIHEHO
(9). CrvMeTpIIBHOCTD {85, Mp41}5% CrexyeT U3 BUaa uHTerpadia B (6). Jas Muo-
roanera R(A) = 3, a;\' pacimcsiBaem maTerpai B (9) B CyMMy M HOIB3YSCh
MOMEHTHBIMH paBeHcTBaMu (6), ycTaHABINBaeM HO3UTEBHOCTD {Sp, Mn41 }aeq-

Teopema noka3zaHa.

3ameuanue. Yraxcem na 0pyzol 603moxcHbll nymsb k¥ 00KA3GMEALCTNEY
nocaedneti meopemol. Joxaszameabemeo 0OCMAMONHOCTIU MONCHO B8ECTRU GHU-
a0zuno dokasameavcmey meopemot [5, Theorem 6, p. 274 |, bepa 6 xavecmse
fasuca cobemeennulz nodnpocmpancms &, & [5, p. 276 ] eexmopa euda:

129“:(/\1') B (M)
* () P 5 ) I N

1514(/.(“)\1') 13;1.(..’\:‘)

o
4

il
4

!
+

|
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2de pt(A) := E(i)%:ﬁ’p—()\) t=e ’iw;—f(_—’\),p € P, P - npocmpancmeo ecex
MHozouneno06. Hcnoab3ya amu 6eXmopa, MONCKO CIMPOUMDL KYCONHO HENPEPLLE-
nywo Pynxyuro on(A) u nepezoda x npedeay, ucnoabays meopemvi Xeaau, noay-
wums peuienue npobaemov. momenmos. JJoxazameabemso neobrodumocmu npu
amom abcoaomno anasozuyno doxazamenbemey weobrodumocmu [5, Theorem
6, p. 274 . _

Cuenyer ykasarh Ha T0, 4TO ycIoBHe (9) He 9KBUBAJCHTHO HAJIHUMIO HECKOHEY-
HOI'O UlCJia TOUeK pocta (A), T.e. TOUeK, B 1060 CKPeCTHOCTH KOTOPOlt (hyHKILL
o(A) owmrana ot nocrosmaof. Hampumep, nycts ¢(A) - KycouHo nocrosHnas, co

.t CKauKaMH B T09KaX Ay = n,n = 0,1,2,...: 0(An + 0) — 0(A,) = e ( 1 i )

& Torzna cymecTByloT Bce cTeneHHbIe MOMeHTH o), HO

/R (1-2 1+,\)J,\da(/\)JA( 1+:\\ ) /RuT((l— At (1= A))do(V)x

Lt el ) (&)

= 0.

Crenyomas Teopema fBIASeTCSA UCIIPaBIeHHON TeopeMoit u3 [6, Theorem 2, p. 195-
196 | u npexncrasasier coboit aHador Teopemsl PaBapa IS CHCTEM MHOTOUJICHOB
u3 (1). -

Teopema 2. Ilycms dana cucmema mnozourenos {pn(A)}15%, (Pa(A) umeem
cmenenb n U nosoxcumeavivili cmapwuti xoadPuyuenm), ydoesemeopsou,an
coomnowenuto (1). Tozda evinoaneno coomnowenue opMOHOPMAALHOCTIU:

A)
n(A), pa(—=A))Iado(A)JX Pm( e bl A 1
/RUT(p ( ) b )) 3 0'( ) ,\( pm(—A) ) > ( )

_ [ 1(A) a2(})
20e o(A) = ( TS IPMUMOEA, HEYOLLEANUW,aR Mampuua-ﬁytqcuux

Ha ew,ecmeennoll u MHUMOU OCAT. : ‘

Joxaszameavcmeso. JIocHOBHO IOBTOPSEM HAYAJO JOKA3aTENILCTBA T€OPEMBI M3
[6, Theorem 2, p. 195-196 |: crponm dymxmmonan o(u,v),u,v € P u cumme- |
TPUYHYIO ¥ IIO3UTHBHYIO Napy MOCTeXoBaTeIbHOCTEN {85, Myt }o2,. Torma crm-
MeTpIUHas MpobiaeMa MOMEHTOB € 0COBGeHROCTRIO B Hyae (5)(6) ¢ JanHbIME nOCTe-
JOBATENBHOCTAME {Sp, Mn41}52, UMeeT pelleHue, YTO CIeLyeT W3 IIpebluyureit
reopembl. ITycts o()) - narmoe pemerue. Oupenennm dyakuponan &(u, v) cremy-
onmM obpasoM:

3o, 5 = /R UT(u(/\),u(-z\))J,\da(A)J,‘\'( v'(’(_"j) ),u,'v P (14)
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B cuny cymrectBoBaHms CTeleHHBIX MOMEHIOH, 3T0T YHKIGICHA ONpeIeNeH i
neex 4, v € P, spisiercs OMIMHERHHIM 0 B CUY CTPYKTYPHl HOCHTENS MMeeM:

(A%, v) = 6(u, \?v),u,v € P.
Taxxe 3aMeTHM, YTO
(0%, 1) = s, 6(VE,0) = mpyq,k=0,1,2, ...

[ToBTOpsist JOCKOBHO PACCy K IEHHUS IOCIe OlpeaeJeHns GyHKIHoHa€a 6(u, v) B [6,
p. 198 | 3akai09aeM, 9TO BHIIOJHAIOTCS TpebyeMble COOTHOMEHMS OPTOHOPMAIBHO-
CTH.

Teopema Joka3aHa. 5
Huxe MBI yKaJkeM ellie OOUH BO3MOYKHBIN ITyTh K JOKA3aTeNbCTBY NAHHON Te-
OpeMBl.

CripaBeqiuBa Clle/IyONUIas TEOPeMa O PEKYPPEHTHOM COOTHONICHMM:

Teopema 3. ITyems 3adana cucmema mnozourenos {p,(A)}52, maxas, wmo
pu(A) umeem cmenens n u nosoxcumensrbiii cmapuiut xoadPuyuenm u yodo-
saemsoparuas coomuowenuw (13) ¢ nexomopot apmumosot, neybueaueti
smampuyeld gynxyueil na eeuecmeennoti u muumol ocaz o(A). Tozda mnozo-
waenvt po(A) ydosaemsopsiom pexkyppenmuomy coommuowenuo suda (1).

Joxasameavemeo. Iycts {p,(A)}5%, - cHCTeMa MHOIOWICHOB € IIOJOMKHTENb-
HBIM CTapiunM KoadduumentoM n yaosiaerBopsiomas (13) ¢ HekoTopoit Marpuriei
byuxnuet o(A). IHockoubKy pn(A) IMeeT HONOKATENbHBII CTAPIHN K03 huL-
enT, 10 A%p,(A) MOKHO Pa3IOMKUTL B CYMMY:

A'pa(A) = Enng2Prs2(A) + Enmt1Pnr1(A) + o+ €nopo(A),n = 0,1, 2, ...,
e e Gie= 0,1, SAF N =0 1,2,... (15)

CpapunBasi Koa(MUUEEHTH NPH CTaplMX CTeNeHsX, 3aKmodaeM: &nn.i2 > 0.
Onpenennm dbyuxmponas 6(u,v) no dopmyxe (14). Toraa

n+2 n+2
5(Apu(X), pm(N)) =1 603 &nimi(A), pm(N) = 3 £ni6 (mi(A), pm(X)) =1
=0 1=0
g R R T TR o (16)
B cnay crpykrypsl HocuTeas B (14) nmeem:
m+-2 'm.+2_
&(A2pn(/\), Pm(A)) = 6(pa(A), )‘2pm()‘)) = 48), o(pn(A), Z Emipi(A)) = E €m,i*
=0 =0
m+2 :
3 ; RETCE =e L 0,m+2<n e
$3(pa(N), (V) =0 ,g &m,i0ni = { B e 2300 ,mn=0,1,2,...

(17)
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;

\

| .

i U3 (16) u (17) caenyer, uro:

's En,m =0 =012 .. n~ n=0.4d .. (18)

fn,n-—Z = En—2,na n= 2a3v ---;En,n-l = En—l,‘nyn =1, 2, '--;fn,n = fT,r;a n= 0’ & yiored

i - (19)

IoxoxuMm mo onpeneyieHuIo:

l Qn = fu,n+2,ﬂn 5 €n,n-|-117n = En,mn =0,1,...c

3ameTnm, 9TO
T g i b g
fn,n—l =(19) En-l,n e ﬂn-—l, n=1,2 .

Eninad =(19) Si-snmB g, h=8,3, .4 (20)

3HAUMAT, NCTIOJB3YS ONPENeNeHNHe Qn, Bn,Vn 1 (18), (20) umeem:

Azpn()\) = an—ZPn—Z(A) + ﬁn—lpn-l(’\) b 7npn(’\) S ﬂnpn+l('\) E anpn+2(/\),
=2 By

Eciu monoxnts a_y = a_; = _; = 0, Torma nociaenHEne paBeHCTBa CIIpaBe, B
oy unpu n = 0,1. Ho mo cnpenerenmio a, = &, nt+2 > 0 Kak Mul 3aMeTHIH paHee 1
3 3aunt (1) BHITOTHEHO.

Teopema nokazaHa.

ConocraBiss rpeasigyliEe JBe TEOPeMbl MOolyyYaeM cJaelcTBHe: \

Crnencraue (XxapakTepHCTHYECKOE CBOMCTBO MHOTOYJIEHOB, YIO-
BJIETBOPAIOIINX Pa3HOCTHOMY COOTHOILUEHUIO 4 - ro mopsaxa). [Tycmo |
sadana cucmema mnozouaenos {pa(A)}52, maxas, ymo p,()\) umeem cmenensv
7 U NOAOACUMEAbRBLY cnapuiull KoaPPuyuenm. Jas mozo, wmobvl mMHozouAEHbL
Pn(A) ydoeaemsoparu pexyppenmmuomy coomnowenui (1) neobrodumo u do-
€Mamouno, ¥mobsl evinoArAN0CH coomuowerue (13) ¢ nexomopol mampuyeti
pynxyuetd o(A).

CesiokeM MBorouaeHs! 13 (13) ¢ MATPIYHEIME OPTOrOHAIBHEIMI MHOTOYIEHAMIL.
3amMeTiiM, YTO BCerIa MOXKHO HafiTu Mepy ¢(A) ¢ HOCHTEJNEM Ha iIOJOMUTENbHRIX
noxyocsx RY, T u ¢(0) = 0, nonaras 6(A) = ¢(A) —a(=A),A € Rt UT*. Us
(13) caenyer, uro

(). p- PR (A} and =
Ao CTR e

p;-n(A) p'—n(’\) o P;m(A) p+m I(A) : s .
L+UT+ ( Pint1(A) P;:H()‘) )d (A)( Pam(A) p;mil(,\)') = Lénm;

Cruenaem 3ameRy A = \/1:

J ( PV pa(V) )d,(ﬁ)(p;m(\/i) p;“mﬂ(\/i))__ s
{0,00)U[0,—00)

P;n+1 (V1) Pant1 (\/Z) Pz_m(\/t_) P2m+1 (V1)
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pg’n+1(\/f) P2_n+1(\/£) me(\ﬁ) P;m+1(‘/t.)

rae 6(t) = { a(V2),1 € [0,00) womi=0,1, 2., (21)

—C0

o /w( PV pr(VA) )d&(t)(p;fm(s/i) p;*mﬂ(x/t')):,am

—o(V1),1 € [-00,0] ’
Buaunt P, (1) = ( PRV PV

B {1 - CHCTEMa MaTPHUHBIX MHOTOUJIEHOB
Pang1 (V) Ponia (V) ) i

OPTOTrOHAJBHBIX Ha BEECTBEHHON OCH.
Obpatro, ecan {P,(t)}%%, - HeKOTOpas CHCTeMa OPTOTOHAJIBHBIX MaTpUy-
: pRO(t) ppt(1)
HEIX MHOTOWIeHOB, P,(t) = 5 42, y TOLHA Pan(t) := p2O(2) +
p0(1) Py (1) )
tp%1(1?), pant1(t) 1= pLO(+?) + tpL'(1?) oproHOpMATHHELI Ha BelECTBEHHOM U MHH-
MOJT OCAX M Mephl CBs3aHEI cooTHomeHHeM (21). CxomueiM 06pa3oM cBs3b ¢ Ma-
TPHYHLIMU MHOTOUJeHaMi ycraHoBiena A. J. Duran m W. Van Assche B [2], [3].
[IpuBenem Teneps cpaBHeHHe HANINX PE3YJILTATOB C Pe3yJbTaTaMU JAPYTHX aB-
Topos. Ilycts cucrema MiorousreHos {p,(t)}o2, (crenens p,(t) pasra n) yxosie-
TBOpsieT cooTHomen o (2). A.J. Duran ycraHoBmI CileAyIouIyio TeopeMmy:
Teopema 4 ([1]). Ecau mnozonrens {p,(t)}°%, (cmenens p,(t) pasna n)
ydosaemeoparom (2N + 1) uaennomy pexyppenmuomy coomnowenuio (2), mo-
20a Cyw ecmeyem noAOACUMENbHO ONPEPEAENHAR MAMPUY G MED
b= (fomm! Jm,m'=0,...,N~1, MAKAA, YN0 MHOZONAENDL Pr(A) OpmONOPMANLHBL 11O
OMHOWEHUIO K CKAAAPHOMY NPU3EEIeNUI0

Bp,g)="21)5 / RN m(P) RN mr(q)dbm mi- (22)
o<mm/<N-1"R

(nN+m)
3aeck By m(p)(t) =3, ”Tm?n-glt”,m 7iBels i it

Has cnygas N = 2 coornoumenne (22) MOKHO 3aIicaTh Tak:

B(p,q) = /R(Rz,o(l’)»Rz,l(P))dﬂ ( g:‘:ggg ) . (23)

3amMeTM, YTO MOKHO HOIBITATLCH TaKiKe JOKa3aTh TeopeMy 2 o6obmas, eciu 370
BO3MO3KHO, MeTomuky A.J. Duran [1] na cayvait koMmrekcHbix MaTpun (9TO 11pu-
BOJWT K 3a/a49e, SBIAIONIENICSH JACTHEIM CIydaeM HepeluesHol 3auaun [4, Problem
1, p. 252 ]) u nepexonst 3aTeM, 110 BO3MOXKHOCTH, K TpebyeMOMY COOTHOIIEHHIO Op-
ToHOpMatbHOCTH. O 1HAKO, MBI BOCIIO/IG30BAJIACH HAIMMHA Pe3yJbTaTaMHU 110 CMMe-
rputHOf npobiaeMe MoMeHTOB. Boobine, 1S ciydas IPOM3BOABHOIO 71, METOIUKY
NOCTPOCHNS CHEKTPANbHON (DYHKIMM (ATHAHAroHaJbHON Marpuun ([5, p. 274-
281 |) MoxHO pacnpocTpaHaTh Ha (27 + 1) IMaroHalbEbie MATPUILI, UCTOIB3YS
Bexropa w3 mMuorowrenos p(A), p(re), ..., p(Ae" 1), p(A) = (po(A), p1(N),...)T, € -
11epBOOOPa3HbIl KOPeHs 1 - I crerneHu n3 1. MOMKHO paccMaTpmBarh COOTBETCTBY-
0Iy10 MpoBIeMy MOMEHTOB M JOKa3kIBaTh aHaJor TeopeMi ®aBapa ¢ cooTHolle-
HUeM OPTOHOPMAJBHOCTH THIIA [5, p. 281, mocxemrss dopmyrna |.
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A.J. Duian moaydun s cucreM u3 (2) COOTHONEHHs OPTOHOPMAJALHOCTH OT-
HOCHTENBHO CKaJaspHOre iipovspenenns {4, Theorem 4.3, p. 250 |:

B(p0) = [ a()du(®) +4 [ polt)ao(t)av(0) (24)

—p(~t t)—g(—t
re po(t) = -’iw—z’i(—),qo(t) = ﬂ—%—l U [,V - HEKOTOPhIE Mephl, KOTOphIe He
BCeria MOYKHO BBIOPATH IIOJOKHTENBHBIMA.
A.J. Duran m W.Van Assche Take yCTaHOBHJIN, YTO MHOTOYJIEHb]

Rno(pan)(t) Ry N-1(pnn)(t)
Po(t) = Ruo(pnn+1)(®) o BNN-1(Puv41)(t)

RN o(paN+N-1)(1) RN,N—l(pu.N-{-N—l)(t)

ecTh MaTPUYHbIe MHOIOWIEHb!, OPTOrOHAJIbHEIE Ha BeUECTBEHHOM OcH [2].

Wrak, Hailtn pe3yabTaThl OTHOCATCS K MHOIOWIEHAM, CBSI3aHHBIM C KOMILIEKC-
HBIMY, 9PMUTOBBIMI, [IATHAHAIOHAJILHEIMI MAaTPAIAME (M HX MOXKHO 0606IIaTh Ha
cayudait (2n + 1) - JuaroHaJpHBIX MaTpuu), a pesyabrarsl A.J. Duran, W.Van
Assche COOTBETCTBYIOT MHOI'OUNEHAM, CBSA3AHHBIM C BEIIECTBEHHBIMH, CHMMETDH-
gyeckuMu (2n + 1) - AMAaroHAJILHBIME MATPHIIAMI M HMeloT Apyryio dopmy. Ecru
CpaBHIBATL Pe3yJabTaThl It OOIIEro cIyuyas MHOTOWIEHOB, CBS3AHHBIX C IATU-
JAaroHaJbHBIMI CHMMETPHYECKMMH MATPHIAMI, TO MOJXKHO CKa3aTh CJemyollee.
Cpasrusas (13) u (23) Bummm, uro B (13) B owmumn or (23) mox mHTErpajoM
J HCIIONB3YIOTCS HENOCPeACTBEHHO 3HaYeHHs P, (), uTo yIobHee B ajrebpamdecKix
' BEIpaJKeHMAX (B YaCTHOCTH, BHIHO, uto A? "nporocutcs” 1oz uirerpajiom). Co-
ortnouenne (24), B ontranm ot (13), (23) mcmoak3yeT HeMONOKUTETbHEIE MEPHI.
A Ecim roBopuTh 0 COOTBETCTBIH MEX Ay MATPHIHBIMI MHOTOYJIEHAMH, TO 3aMeTHM,
' uro upu 3, - BemecTBeHHBIX B (1), MEOrOwNeHS {p,(A)}32, 3 (1) yaoBaeTBOpsIOT
cootHomenu© Buga (2) ¢ N = 2. Mrorowrenst P,(t), nocTpoeHHBIe It 3TOTO
COOTHOUIEHTIS!, KaK Jerko IPOBEPHTH, COBNALAT ¢ P (t).

Ecan roBopuTh 0 COOTBETCTBHY MHOI'OWIeHOB 13 (13) ¢ MaTpHYHBIME MHOrO-
wremamn P, (1), T0 37Iech MOKHO yKa3aTh Ha aHAJOIHIO C COOTBETCTBHEM MEXKIY
MHOTOYJICHAMI, OPTOrOHaJbHLIMI Ha OTpe3ke W Ha OKpyxkHoctu. Takoe coorser-
- CTBHE [IOJIe3HO, K TIpUMepY, IPH BHIYACISHNH aCAMITCTUKY MHOrOwIeHoB, OIHaKo
'\ y 3THX KJIaCCOB MHOTOWIEHOB pa3iinuHble obmue cBOCTBa HyIell ( paclopoxeHne,
KPaTHOCTh, COBMECTHEIEC KOPHH).

Ormermv, uto cootHowenue (13), B owmmumm or (21) 3amaer GMINHETHEIN

3 bynxmmonaa 6(u,v) no dopmyae (14) rakoit, uro 6(pi,p;) = 6ij,1,7 = 0,1,....
N 9710 MOKeT OBITh MCIIONH3OBAHO IIPU PA3NOXKeHMH (GYHKIMI B PAILI 110 MHOIO-
wrenaM {pn(A)}oZo f(A) = YZoaipi(A) B mpocTpancTBax Lelo) = {fta) s B

| fRuT(f(A),f(—A))JAdaJ;( 2 ) <o |

3aMeTnM, YTO MHOIOYJI€Hbl, OPTOrOHAJbHBIE Ha PaJHAJbHBEIX JydaX C IEHTPOM
7 7
B HyJe B KOMILTEKCHOII miockocTy m3ydamucs G. V. Milovanovié [10].
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Calculation of the Lyapunov Exponent of Linear
Ordinary Equation with Rapidly Oscillating Coefficients

M. G. Lyubarsky
Kharkov National University, Ukraine

We study perturbed exponentially decomposable system assuming the
integral norm {B} = sup,,,| :+' B(t)dtl (0<t<o0,0<s<1)of the
perturbation B(t) to be small. If B(¢) is a rapidly oscillating matrix this
condition can be fulfilled without making the values of B(t) small. We give
an iteration method for evaluation of the Lyapunov and Bohl exponents of
the system. This may have many applications in physics. As an example we
evaluate the increment of plasma beam instability. One more application is

an averaging theorem for system of linear differential equations with small
parameter.

2000 Mathematics Subject Classification 34D30, 58F10, 58F 15, 58F 30.

1. Introduction

There are many physical processes having unbounded increase of relevant physical
quantities in time or space. At the initial stage these processes can be described
by linear differential equations. At this stage an important feature of the
process is its rate of increase. Its value is called the Lyapunov exponent of the
equation. If all coefficients of the equation are constant, the greatest real part
of its eigen-values coincides with this exponent; so, in this case the problem
of calculating the Lyapunov exponent is mathematically trivial. In the general
case the conditions that govern the process are non-stationary or spatially non-
uniform, and one has to deal with an equation with non-constant coefficients.
There are no general analytical methods for finding its solutions. So the general
practice is to try to represent the equation as a small perturbation of some "non-
perturbed” equation. Of course, oue needs to know the solutions of the non-
perturbed equation. Even at this point the problem by no means is a trivial cne.
Among thoroughly investigated cases there are equations with small or slowly
varied perturbations (Fréman,N. Froman,P.(1977)) especially in the systems of
Hamiltonian type (Daleckiy, Yu., Krein, M.(1974)) or systems with periodical
coefficients (Yakubovich, Starzhinskii, (1975)), (Daleckiy, Yu., Krein, M.(1974)).
In this paper the perturbation needs not be necessarily small, instead it has to

|

|
!
'
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oscillate quickly around its mean value. Here is the problem in its simplest form.
Let

P > J
- Az, t>0 (1.1)

be a finite-dimensional non-perturbed equation with a constant operator A and
let a perturbed equation have the form

% =Ar+ B(t)z, t2>0 (1.2)
where B(t) fulfills the condition
t+s
{B}= sup '/ B(r)dr| < o0 (1.3)
£>0,0<s<1'/t

We say that B(t) is integrally bounded on ¢ > 0 and {B} is its integral norm.

Our purpose is to find the Lyapunov exponent of a perturbed equation
supposing {B} is small enough. This condition is satisfied if the perturbation
B(t) is small or changes its sign (argument, if it is complex-valued) rapidly, as is
the case in many important applications.

Product of two terms with a small integral norm is not necessarily small. This
makes calculation of Lyapunov and Bohl exponents much more complicated task
in the case when perturbation has a small integral norm without being small
itself.

A wide class of equations of the type
%:— = ea(t)z
with small parameter € can be reduced to equations of the type (1.2) if one
assumes existence of averaged operator

— ]j 1 e ldl
a—S—-I»I;o—.S_'_/, a(s")ds

which does not depend on s. In this case A = @ and the perturbation is
7 W
B(t) = a(z) - a

Its integral norm is small if ¢ is small.

The principal tool in the investigation is a special linear transformation which
makes the perturbation quasi-diagonal with respect to invariant subspaces of A,
each of them corresponding to set of all eigen-values with the same real part. The
equation obtained in this way has the same Lyapunov exponent as the original
one. Moreover, the most rapidly growing solutions of both perturbed and non-
perturbed equations belong to the same invariant subspace. The transformation
enables us to consider the equation in each subspace separately. In particular, in
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order to determine the Lyapunov exponent, we have to consider only the subspace
corresponding to the eigen-values with the biggest real part. The problem is
reduced to one equation of the first order if only one such eigen-value exists and
in addition it is simple. Then the Lyapunov exponent can be readily obtained.
Such situation is typical if the system (1.2) is not of Hamiltonian type or it does
not have symmetry properties. The equations that describe physical instabilities
are usually of this kind.

First, we explain how the transformation in question may be constructed with
an arbitrary accuracy. Second, given the norm of the error for some approximate
transformation we estimate the Lyapunov exponent error which appears due to
use of the approximate transformation instead of the exact one.

Two examples are given to display the method. The first one relates to plasma
electronics (Bliokh, Lyubarskii (1999)). The second shows how one can get an
averaging theorem for some equations with small parameter. In this example we
use an idea of LI, Gichman (Gihman (1952)).

. Actually, the paper deals with 2 more general problem: () may be a function
b with values in some Banach space. Matrix A is replaced by an operator-function
ki A(t) in this space. We assume that A(#) is exponentially decomposable (see the
W definition in section 2).

4 Two basic facts are important for our costruction. The first one is that the
property of an equation to have an exponential decomposition is stable with
! respect to perturbations with small integral norm. The second is the stability of
i the Bohl exponents and invariant subspaces with respect to these perturbations.
Below we establish these facts and thus give a generalization of (Daleckiy, Yu.,
| Krein, M. (1974)) in which the case of small {17 ||B(o)||do for all 0 < 7 < 1 and
4‘1 t < 0 is considered ( see also (Bodine, Sacker(2000)).

2. Basic definitions

|
!
) Let X be a Banach space. We start with the equation

dz
i =A(t)z, 120 (2.1)

; assuming A(?) is a bounded operator-function. Let U(t) be the Cauchy operator
it of this equation and P be some projector in X. Then there exist limits
I

lnllU(t)P I g nllPUTI @)

k(P) = T CK(P) =

—»oo i

t
}
:
i They are cailed the upper and lower Lyapunov exponents of the equation (2.1)
i in the subspace PX. The limits '

1n||U(8)PU (it + 9l

t s—-—»oo i

——n ||U(t + s)PU (s)]|

t,s—00 t

» ko(P) =

1
; ko(P) = Tim
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are called the upper and lower Bohl exponents respectively. Obviously we have
K\(P) < K(P) < k(P) < ky(P) (2:2)

If P is identical operator, we just write k, k', k,, k/
Let
I=P1+P2+"°+Pn (23)

be any decomposition of identical operator in X-space (PP, = 0, k # s). The
Lyapunov exponent k equals the biggest of the Lyapunov exponents k(P;), | =
1,2,...,n. The decomposition is called admissible if A(¢) commutes with all its
components: PA(t) = A(t)P,. In this case equation (2.1) splits into the system
of separate equations in the corresponding subspaces X; = P X:

dz;

‘E? ‘—‘HA(t)IE[, i — 1,2,...,n

Definition 1. If there is an admiésible decomposition such that
ko(P) S (P, U= 520, ,n~1 (2.4)

then equation (2.1) is called exponentially decomposable (with respect to this
decomposition). In this case the Cauchy operator U(t) of equation (2.1) satisfies
the inequalities

WU@PUT ()| < NP =) 2> 7, ([U@BRUT ()] € NeotT0),
F20 Dakwiks Blassainp (2.5)
with some constants
Ni>0, < pi<az<f<...<0o,<f, (2.6)

If (2.5),(2.6) hold for some decomposition (not necessarily admissible), we say
that equation (2.1) admits an exponential splitting.

Fach finite-dimensional equation with a constant operator A is exponentially
decomposable in invariant subspaces of A, each of them corresponding to a group
of eigenvalues with the same real part.

Definition 2. Equations

d4y;

7 = Aj(t)y]', g

are called kinematically similar if there is an one-to-one correspondence between
the sets of their solutions

y(t) = Q(t)ya(t)
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Q(t), t > 0 being a uniformly bounded operator-function with uniformly bounded
inverse.

Obviously, any two kinematically similar equations have the same set of
corresponding exponents. If one of them is exponentially decomposable, so is
the other. In Hilbert spaces each equation is exponentially decomposable if
inequalities (2.2) hold for some (not necessarily, admissible) decomposition of
the identical operator that is if it splits exponentially.

3. Quasi-diagonalization of the perturbed equation

Let (2.1) be exponentially decomposable with respect to decomposition (2.3).
Consider the perturbed equation

d

—di = A(t)z + B(t)z (3.1)
the integral norm of operator B(t) being bounded by a small § > 0. We want to
find an operator C(t) which commutes with projectors P, and also makes the

equation

fdf = A(t)e + C(t)s (3.2)

kinematically similar to equation (3.1). In this section we show that such operator
exists and can be found if we know solution of a certain nonlinear differential
equation. In the next section we show that this equation has a solution if {B}
is small enough and can be found by a simple iteration method. This means
that the property of being exponentially decomposable is stable with respect to
perturbations with small enough integral norm.

We begin with the known construction (Daleckiy, Yu., Krein, M.(1974)) which
vields the above mentioned nonlinear integral equation.

The kinematical similarity of equations (3.1) and (3.2) means that ) in the
definition of similarity is related to operators A(t), B(f) and C(t):

19 _ (a0 + BOIQW - QOIA® +C(0)] (33)

We have to find a quasi-diagonal operator C(2)

C(t) = Z PkC(t)Pk
k

such that equation (3.3) has a solution @(t) which is bounded together with its
inverse operator Q~1(t). To fulfill these requirements we put Q(t) = I+ S(t) and
demand ||S(t)|| < d < 1.

According to (3.3) we can write

= A@)S(1) - S(AQR) + F(2) (3.4)
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where
F(t) = B()[I + S(1)] - [T + S(£)]C(2) (3-5)

It is easy to check that in the case when F(t) is bounded and also satisfies the
condition

Y P F(t)P =0 (3.6)
k

a solution of equation (3.4) is given by expression

i oG
St)= 3 / PULTF@OU(r,OPdr— Y [~ RUT)F)U(r, ) Pudr
s,k;s<k o s,k;s>k t
(3.7)
U(t,7) = U(t)U~Y(r) being the evolution operator of non-perturbed equation
(1.2). The integrands in (3.7) decrease exponentially as |t — 7| — oo since

WPU(, Il - N (7, ) Pil| =
= [[U@PU ()|} - |U(T)PU T @)|| € Ny NyelPomar)t=1) (3.8)

which in turn follows from (2.5). Therefore the integrals in (3.7) exist and one
may differentiate them under the integral sign. Notice that any solution of (3.7)
has the property

Y PSP =0 (3.9)
k
It follows from (3.5) that condition (3.6) can be rewritten as

Y Bl + S@))Pe =Y PlI + S@)]C(1) P
k k

The latter equality as well as (3.7) become identities if C(t) is chosen as follows
C(t) =) _ PcB()I + S(t)|P:
k

This choice yields
F(t)= Y PJI - S@)B®)I+ S(t)|Ps (3.10)
k,s,k#s
Substituting this expression into (3.7) we obtain

s@=Lisi= Y /0 " RU, T - S(OBE + SO (r, £) Pedr)-

s,k,s<k

2. /tm PU(t,T)II = S(r)]B(r)I + S(r)|U(r, t) Pedr

s,k,s>k
(3.11)

This integral equation is the key to the problem of quasi-diagonalization of
perturbed equation (3.1).
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4. Existence and uniqueness of solution of the integral equation

In this section we show that equation (3.11) has a unique solution with small
norm if {B} is small enough.

Lemma 1. If for some § > 0, the inequality {B} < § is fulfilled. Then
1@ < 36, i=1,2 (4.1)

where

i3 Ve /: ¢t B(r)dr and Jy(t) = /t " T B(r)dr (4.2)

Proof. Suppose a = —oc. Taking any number 0 < h < 1, we represent J; as

=1 t+(k+1)h
h(t)= 3 JE(t) where JF = / et B(r)dr (43) |
k=—o00 o

Integration by parts yields

i+(k+1)h t+(k+1)h T
JE = e(k“)h/ B(r)dr —-/ iy B(o)dodr
t

t+kh +kh t+kh
Consequently

t+(k+1)h t+(k+1)h T

E < e [ a4 [ e [ Bloydolfir <
t+kh t+kh T4+kh
t4+(k+1)h
5{€(k+1)h o e"_td‘r} = §(2eFH1R 4 gkh) (4.4)
t+kh
and hence g
121l < 6(-——= +1)

Choosing 1 > h > In 2 we obtain (4.1) for ¢ = 1. The case 7 = 2 is similar.
If a # —00, (4.1) remains valid. We omit the proof.

Let us introduce a metric space K,q, ¢ > 0, @ > 0 which consists of all
operator-functions S(t) such that

: ds
Isoli<a, ||Z0|| <@ t20 (4.5)
Define distance p(S1, 52) as
3 dS; dS,
P(SI,SZ) = |82 = 51| +| -

where

5] = sup [|S ()]
: >0
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Our next step is to investigate continuity properties of the operator L(S)
introduced by (3.11) The following lemma shows that under certain conditions
operator L(S) maps K, g into itself, and its square L? is a contracting operator.

Lemma 2. Suppose equation (2.1) is exponentially decomposable. Let A(t)
and B(t) be bounded:

A1) < Ma, |B@] < Mp, t>0 (4.6)

and also {B} be bounded by 6§ > 0. Then, for each value of ¢ (0 < ¢ < 1), there
are three numbers Q > 0,Cy > 0 and Cy > 0 independent of é, such that

dL[S
IL[S]| < C16, |-d—[t-1| < 2M4C16 + % (S € K,q) (4.7)
and :
p(Lz[Sz],LZ[Sd < Cz6p(52,51) S € Kq,q, Se € Kq'Q (4.8)

We prove the statement of the lemma choosing

Q =2Mp(1+q)*P, P= ) Py, Pyp=||Pll- |2 (4.9)
s,k;s#k

Proof. To obtain (4.7) and (4.8) as well as several others inequalities, we
introduce the operators

Zs k[ Hy, Hol(t) = /ot PU(t, 7)Hy(7)B(7)Ho(T)U(T,t) P (5 < k),

ZolHy, Ha(t) = — /t 7 PUG, ) Hy(r)B(r) Hy(r)U(r,)dr Py (s > k) (4.10)

and
Z[H, Hy)l= ) Z,4[H, Hj (4.11)
s,k;s#k
Obviously,
L(SY(t) = Z[I - S,I+ S] (4.12)
There are two useful relations:
d—Z[-%‘-t’f-I—’“’]- = A(t)Z[H,, Ha] - Z[Hl,Hz]A+ > P,H;BHP,  (4.13)
s,k;s#k
and
dH dH
|2, o)l < 36{[C(1+ 2M) + P) - |H| - | Hal + C (| Hal|52| + 1Bl =2 ) }

.4 14)
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where

NN,
C'= B gyie sOppk Py itk

(4.15)
s,k;s£k ﬂ’ it Pk

The first of these relations is an immediate consequence of identities

dU(t 1') = AU, 7) a U((i‘;', t)

= =U(r, 1) A(t)
To prove (4.14) we transform as follows the operators Z, ; in (4.10). In the
case s < k we replace B(T) by its representation

B(r)=J(t)+ Z—i-(r) where J(t) = /ot e’ ' B(r)dr;

and get rid of derivative %ﬂ by integrating by parts. To estimate the obtained
expression we use Lemma 1 and inequality (3.8). The case s > k is similar.

To obtain (4.14) we just make summation over all (s, k), s # k.

To estimate the expressions

5, 4LLS] dL[S;]  dL[Sy]
L(S), N L[S2) — L[S;] and - dtl’ s,.sl, Sre Ky
we use another inequality:
dZ[Hy, Hy)|
[dlt - < 2M|Z[Hy, Hy)| + MpP|H| - | H| (4.16)

As a simple consequence of (4.14), we obtain
IL(S)| < 36{[P + (1 + 2MB)(1 + ¢)* + 2C(1 + ¢)Q} = 16 (4.17)

This proves the first inequality in (4.7). To prove the second one we use (4.16)
and obtain

dL|
S]I < 2M4|L[S]| + MB(1 + q)2P < 2M4C16 + . Q

Thus, (4.7) is proved. We see that L maps the metric space K g into itself.
To prove the remaining inequality of Lemma 2, we use the subtraction identity

Z|Hy, H3)(t) = Z[Hy, Hy(t) = Z[H} ~ Hi], H3)(t) + Z[Hy, Hy — Ha(1)
which is valid for all bilinear forms, so:
L[S3] = L[S1] = Z[I - S2,52— $1] = Z[S2 = $1,1 + §1] (4.18)

To estimate the right hand side of (4.18), we use (4.14) and conclude

IZ,[SI T b s Sz]l <
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36{[P+(1+2MA)C]|SI 52|(1+¢1)+C'[ OIS TS )IdSI d,zz”}

Obviously the same estimate is true for the second sum. Therefore

ds; d$

|L[Sz] L[S]]l < CnlSz - Sll + C12|——— 7 dt

(4.19)
where

e = 66[CQ + (P + C(1+ g +2Ma)(1 + ), cn=66(1+q)  (4.20)
Our next step is to estimate the difference of the derivatives

dris;]  dL[si]
dr dr

According to (4.16)

dL[S dL[S
| tgt i d[t ‘]I < 2MA|L[52] 23 L[Sl]|+2MBP(1 +9)IS2= 5] (4.21)
If we eliminate in this relation .|L[52] — L[84]| and use (4.19) we obtain
dL[S] dL] Sl] dS; d$ :
I 7 | < en|S2 — 81| + ez F_Fl (4.22)
where
Ci1 = 2MBP(1 + q) +2MA611, c22 = 2Mycq2 (423)
Thus for any 53,52 € K4, one has
p(L[S3], L[51]) < (11 + ez + 21 + c22)p(S2, 1) (4.24)
To estimate :
dL dI?
]12[52] e LZ[Sl]l and [Sz] [Sl]

we put L[S;] instead of S§;, (i = 1,2) in inequalities (4.19) and (4.22) and
eliminate |L{S2] — L[$1]] and 'dld[fﬂ - dL(gfll‘
inequalities. We obtain

once more using these two

IL2[52] - Lz[slll < An1]S2 — S| + Arz % - % (4.25)
|
b dL? dL? i dS, dS; :
’ g L [51] < A8z — 51| + Az 2ol (4.26)
where :
A = Y ity 3= 1,2 (4.27)

I=1
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According to this equalion, (4.20) and (4.23) each A;; (¢,7,= 1,2) is less than
const - 6.
i3 1 Now we have

p(L?[S2), L*[S1]) < (An1 + A12 + Az1 + A22)p(S2, 51) = Ca6 (4.28) #

We have proved (4.8) and finished the proof of Lemma 2.

Lemma 2 together with the contraction principle shows that integral equation
(3.10) has unique solution in K, ¢ if integral norm of B(t) is sufficiently small.
Together with reasoning of the previous section this yieids

= e a'Ft;Ex\: =

‘-1

Theorem 1. Let equation (2.1) with bounded operator A(t) be exponentially
decomposable and the norm of B(t) be bounded by Mp. Then, for any fixed non-
perturbed equation (2.1), there exists § > 0, which depends on Mg only, with the
property: if the integral norm of B(t) is less than é then there exists a mapping

z(t) = [+ S()]y(t)

that transforms (3.1) into kinematically similar quasi-diagonal equation

W _ (A + Y- BB+ SOIBy (4.29)
k=1

The integral norm of the perturbation in this equation becomes arbitrarily small
as 6 approaches zero.

Operator-function S(t) is a solution of nonlinear integral equation (3.10) and 8
can be found by iteration method. Moreover, the inequalities

|S| < €16, and |§| 05 (4.30)
dt
) hold.
| 5. Stability of Bohl exponents

In this section we show that the Bohl exponents are stable with respect to
perturbations with small integral norm. More precisely this is stated in o

Lemma 3. Let A(t) and B(t) be bounded on positive axis. Then, for any e
~ €> 0, there exists § > 0 such that Bohl exponents k, and k; of (3.1) satisfy

kg <ks+e and K, >k, - (5.1)
if {B} < 6.

|

T Proof. By the hypothesis the evolutionary operator U(t,s) = U(t)U~'(s) of
il equation (2.1) satisfies the inequality
|

i

I U, )l < NP9, s < ¢ (5.2)




Calculation of the Lyapunov exponent 37

for any 8 > k; and some N > 0, which depends on 3. Denote by V{¢,s) the
evolutionary operator of (3.1). It satisfies the equation

dV(t,s)

dt T A(t)V(t’S) RN, S)V(t, s)

and, consequently,

V(t,s) = Ut s) + / U, TV B(r)V (7, 5)dr

To estimate the last integral we integrate by parts and obtain

/St U(t,7)B(r)V(r,s)dr = J(t,s)V(t,s) - ’/st Ut,t){[-A(r) + I}J (7, s) -
J(7,8)[A(T) + B(7)]}V (7, s)dr
where
Jil,8) = /: e~ "B(r)dr
Acic;rding to Lemma 1 one may write [|J(,s)|| < 36. Therefore, (5.3) and (5.2)
yie

t
IVt )]l < Ne =) 4 38|[V (2, )| + INE(L + 2M4 + M) [ LV (2, ) ldr

s

with arbitrary M4 > |A| and Mp > |B|.
Since § can be made arbitraryly small we obtain

i
IV(t, $)l| < 2N [~ 4 36(1 + 2M4 + Mp) / =)V (r, sl|dr]

or

#(t) < 2N [e“-'fﬁﬂ +6(14+2M4+ Mp) /t d)('r)d'r] =cie P  feyd /t #(r)dr (5.4)

where
#(t) = e PV (3, 5)|

and constants ¢; and ¢y are independent of . As is well known, the last inequality
means that
¢(t) < cle—ﬂseqé(t-—s)

Returning to the operator V(¢,s), we rewrite this relation as follows

V(z )il < ere@+0)ne)

This means :
kg <B+egé
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The first inequality in (5.1) is a consequence of this relation because § is
any number greater than k,. The second inequality concerning the lower Bohl
exponent can be proved similarly.

Let us draw an important consequence of this Lemma. The non-perturbed
equation and quasi-diagonalized perturbed one have the same set of subspaces in
which they are exponentially decomposable. Therefore the Lemma is applicable
to each of these subspaces; as a result we obtain

Theorem 2. Let equation (2.1) with a bounded operator A(t) be exponentially
decomposable in subspaces X; = P,X, | =1,2,...,n and B(t) be bounded by
Mp. Then, for any ¢ > 0, there exists a § such that Bohl exponents I};(Pk) and
k'(Py) of (3.1) obey the inequalities

ky(Pr) — € < ki(Px) < k(Pe) < ko(Pr) + €

as soon as {B} < é. § depends only on equation (2.1) and numbers Mg and .

The theorem shows that equation (4.29) exponentially decomposes in subspaces
X and its Bohl exponents are ordered in the same way as those of (2.1) if the
integral norm of B(t) is small enough. In particular, the Lyapunov and the Bohl
exponents attain their greatest values in subspace X, = P, X

6. Calculation of Lyapunov and Bohl exponents

According to Theorem 1, perturbed equation (3.1) is kinematically similar
to (4.29), if B is bounded and has sufficiently small integral norm. Therefore
equation (3.1) can be decomposed into a system of separate equations in subspaces
Xr= P X, k=1,2,...,n defined by the non-perturbed equation. As is stated in
Theorem 2, the Lyapunov exponent of (4.29) is attained in the subspace X,,. Thus,
the upper Bohl and Lyapunov exponents of perturbed equation (3.1) coincide
with the respective exponents of the equation

%—t’—‘ = A(t)yn + PaBA)I = S()]yn, Yn € Xn - (61

We will use a more simple decomposition
F =Pl PSP A P PRI PLy S P 2Py

We resort to matrix notation and write, for instance, A;; instead of P/AP].
The second of equations (6.1) may be written as follows:

dy,

¢ = [A2a(t) + Baa(t) + B (8)S12()]y2

The term B2y(1)S522(t) is not present because S;3(t) = 0. Consider an important
particular case:
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(i) subspace X3 = P, X is one-dimensional.
In this case we easily find the solution and obtain the following expressions
for the both exponents

k= th?rol;-} /(;t RC{A22(T) + B22(T) + BQI(T)Slz(T)}dT (62)
k= :Exg% :H Re{A3(7) + Baa(7) + Bai(7)S12(7)}d7 (6.3)

We will use the following consequence of these formulas.

Lemma 4. Let k and k, be defined by relations (6.2) and (6.3) in which S,
is replaced by its approximation Sy;. Then the estimates

|k — k| < 26p(512, S12), |k — kgl < 26p(512, 512) (6.4)

are true.

Proof. We have

Ik - k| < Sl:p{ﬂ/ot Bo1(7)[S12(T) = S12(7))dr

2

Now (6.4) can be obtained just by integration by parts and then using the same
technique as in the proof of lemma 1.

In order to find approximate values of Lyapunov and Bohl exponents it
remains to find some aproxlmate S;3(t). This can be done by an iteration method
beginning with any function S9, € K, and using (3.11). The latter can be
rewritten as a system of two separate equations. We need just one of them

Sia(t) = L[S12)(1) = / Ut = Sua(r))B()( s + Sualr)Una(, dr

A more convenient equivalent form of the last equation is

S12 = L[S12] =

‘/ot Uu(t,T)[Blg(T)—-Sm(T)Bzz(T)-{*B]1(T)Su(T)—312(T)B21(T)Su(‘l‘)]Uzz(T, t)dT

(6.5)
Define the successive approximations

S5 e 0 Sh & BSETL PEE (6.6)

According to Lemma 2 we can write

p(S12, ST5+?) = p(L¥[S12), L2[ST3)) < C26p(S12, ST3)
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Hence

p(Slz,Sﬁ»") S C 6mp(312, 0) and p(bm,SZm l) -3 C;n—16m—1p(312’5112)
(6.7)
According to the same Lemma the operator-functions $p9 and 59, = 0 both
belong te K, g and, consequently,

p(S512,0) = |S12] € ¢+ Q

In order to estimate p(Si2, S1,) we represent it as

p(L[S1al, L0]) = |E[S1a] — L{0] + i USu] _ dulSi] |

and use (4.21). We obtain
p(S12,S1z) < |L{S1a] = L{0)| + 2M4|L[S1a] ~ LIO]| + 2M P(1 + )| Sus]
By (4.7) the right hand side of this inequality is less than
2C16[1 + 2M 4 + MBR(I +q)]
So,

p(S12,515) < Ca6 where Cy=2C;(1+ 2Ma+ MpP(1 +¢)) (6.8)
Now we can rewrite (6.7)
p(S12,815") < CT™(q + Q) and p(S12, S35 ") < C3C37'6™  (6.9)

We have proved

Theorem 3. If the Lyapunov exponent and upper Bohl exponents are
calculated by substituting the approximates Siy' ' or S¥ in (6.2) and (6.3)
insiead of Syy, then the resulting errors are less than

F02 _16’", F= ma.x{Cz(q+Q),C3}.

Coefficients Cy,C, and Cj5 are given by (4.15),(4.15), and(6.8). .

We see that there is no guaranteed gain in accuracy when we pass from an
odd approximates to the next one.

For instance, if we want to obtain an approximate value of k£ with the error
less than C3C,6% we can use the approximate formula

Y AR (6.10)




Calculation of the Lyapunov exponent

K!' =

?{/ Bel () + Baa(r) + Baa(r) [ Una(r,7)BualUaa(r'), )i dr}
(6.11)

7. Calculation of Lyapunov and Bohl exponents in some
particular cases. Two examples

In this section we obtain some convenient approximate formulas for Lyapunov
and Bohl exponents. To avoid cumbersome expressions and simplify the statements
of obtained results we use symbols O(6) and Oy(6). We shall write below

u(t) = 0(6) and wv(t) = 0:(6) (7.1)
in order to denote that there is an independent of § constant M such that
; dv
lu()] < M6, |o(t)] < M6, | =] < M6

For instance, according to Lemmas 1-2 we can write

1@l = 0(8); L[S} = O(8),

and p(L2[Sa], L*[S1]) = p(S2, 51)0(8) (51,52 € Kq)
Approximate equality (6.10)) can be rewritten as
k=K' 4+ 0(6%)

We will say that the last relation has the second order of accuracy. To raise the
order of accuracy to the third one we have to make two more steps in the iteration
process (6.6). This may result in very cumbersome expressions.

In the one-dimensional subspace X, the operator Upp(t) = PU(t)P, takes
the form

t
Up(t) = exp{/ ,\(T)dr}Pg}
0
A(t) being a scalar function. Therefore (6.5) can be rewritten as

S12 = L[S12] =

/ot Vn(t, T)[Blz(’r)-—-Sm(‘f)Bzz(T)+Bu(T)Slz(T)—SIQ(T)le(T)Slz(Tj]dT (72)
where
) Vaalty 1) = Un(t,1)Uaalr,8) = Un(t,7) expf - / Ma)da) o (7.3)




42 M. G. Lyubarsky

We are going to derive two simple expressions for the Lyapunov and Bohl

';].-4 ‘ exponents having the third order of accuracy. According to Lemma 4 and
&t | Theorem 3 it suffices to this end to evaluate
83 = Zu[I - 84,1+ 5% (7.4)
.‘é ] ‘r'
e with the second order of accuracy. Since S = O(§) the expression Z15(S%, 5%)
. is equal to O(6?). By (4.16) the same expression is equal also to 01(62) Therefore

one can write

8%y = ZualI, I — Z1a[S3y, 1) + Zra[I, S3) + 01(6?) (7.5)

Ll n This representation of S7, may be made still simpler because any term of order

 0(6?) in 5%, generates in 57, a term of order 0;(§%). Therefore one may drop N
all such terms in 57, and among them the term Z;5[S},, 51,] when substituting
S%, in (7.5). Let us use this observation, when assumption (i) is fulfilled and, in
addltlon,

(ii) Perturbation B(t) is a quasi- sca.la.r operator B(t) = b(t)B, integral norm
of the scalar function b(t) is less than é, and B is a constant operator.
We show that

1
k=1 % Re{Agz(T) + Bzz(T)-—
(4]

t—o0

3B (MANDIA () + I(DAIu(D)Bu fdr +0(%)  (16)

[ where the operators J11(7) and Ax(7) are defined by the relations

‘ )= [ Vaa(t, r)b(r)dr (7.7)

and

Ax(T) = A(T) — A(7)

The functions Jy1(t) and V4;(¢, 7) have two obvious properties

A —— T

' QV_IZ%LT) = A\(OVult, 7), d—Vl?:(}-Q —Vii(t, 7)Ax(T) (7.8)
1 .and diJ
! -J&‘t(_t) = b(t) + Ax(t)J1s(2) (7.9)

By repeating the argument used in the proof of Lemma 1 one can easily see that
Ju(t) = O(6). So according to (6.5)

Slz(t) = [: b(T)Vn(t,T) [Bu - -5'12(1')322 + BnSn(T)] dr + 01(52)
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Slz(t) i Ju(t)Blz - /ot Vn(t, T)b(T)Su(T)dTBn-}-

/0 Vaa(t, 1) Buab(r)Sia(r)dr + 04(5%)
Let us calculate S}, and S7,. According to (7.2) and (7.7) we have
S12(t) = L[STy(t)] = L[0] = J11(t)B1a
and by (7.10)
§%(t) = L[J11(t)Bia] = J11(t) Bia = Yi(t) B12 Bz + B11Ya(t) Bia + 01(6%) (7.11)

where i
Y; E/O Vi(t, 7)b(r)J11(7)dT B2

t
Y, EA Vll(t,T)Bllb(T)Jll(T)dT

To find the order of these integrals we will transform them. As a starting
point we take identity

d dJn(t)

2 dJn(t)
@) = e ) —a—

and substitute the derivative by its expression (7.9). We obtain

-‘%Jﬁ(t) = 2b(t)J11 () + Ax(t)JZ(t) + J1a(t) Ax(t)J1a(2)

(a0 = 2410 Lo+ moaomel @)

Now the integral Y; takes the form

/ Vn(t T BndJ:il(T)

T . ;
5 | Vit DBulAx() () + T (r) Ax(r)n(r)ldr

- The first term is equal to

1 1.
§BllJfl(t)+ 5/0 Var(r)AxJi(7)dr
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The both remaining integrals in the last two relations are of the order 0;(§?%)
Thus

i
Y2 = 5 BuJi(t) + 01(6%)

Similarly .
= §J121(t)312 + 04(6%)

Relation (7.11) takes the form
S2,(t) = Jy1 (8)Bug ~ %Jfl(t)Blan Fl —;—BllJf](t)Blz +0:(6%)  (7.13)
According to this relation §%,(t) = J11(¢)B12 + O(6%). Therefore
St2 = L[J11(t)Bra] + 01(8%) = S7,(t) + 01(6?)

In other words we can replace S%(t) by S7,(#) in the left hand side of relation
(7.13).
To calculate Lyapunov exponent we have to calculate the integral

‘/Ot b(T)S:lsz(T)dT = /Ob(T)Ju(T)dTBlg - %At b(T)lel(T)dTBlngg +

1 t .
5Bu [ W)k (r)dr B+ 0(8%)

To this end we will use two identities: (7.12) and a similar identity
1d 1
MO = L0 - AT + IO @TA® + O AO ()
They yield
t i T ;
| oo = 5740 = 5 [ AT + Ju() s In()]dr

and

/0 O P

$9800) ~ 3 [ IO + DA + I AT
0

The first terms in these two relations vanish after dividing them by ¢ and passing
to limit t — oco. The same procedure applied to the integral in the second relation
reduces it to a third order constant O(§%), and we obtain expression(7.6) for the
Lyapunov exponent. :

In a similar way we find:

—-.'-—1
ky = t,l;-IPoo—t-

s+t d
{/3 Re{Azz(T) + Bay(7) — 5321[14,\("')-521("')4"
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Ju(T) AN} (7)) Buz}dr b + O(6%) (7.14)

In order to cbtain the Lyapunov exponent or the upper Bohl exponent with
the first order accuracy in the case when the assumption (i)-(ii) is fulfilled, one
needs just By among all entries forming B. In other words, one has to find the
Lyapunov exponent of the equation which is the projection of perturbed equation
(3.1) on the (one-dimensional) invariant subspace of the non-perturbed equation
with the biggest Bohl exponent.

Example. The following example was first considered in [1]. Plasma-beam
instability may be described by a system of two differential equations:

2
éd% st Zkob(t)E = —2[1 + pob(t)]@, gd—t—?. = —;—E (7.15)
where ¢ is the space coordinate, £ = E(t) and ¢ = ®(t) are functions representing
the electromagnetic field amplitude and the state of the beam, respectively. The
function b(t) describes plasma non-uniformity and is assumed to have integral
norm small enough.
The non-perturbed equation i.e.(7.15) with b = 0, has a constant operator A.

The corresponding characteristic equation is A> = —4/2. It has three roots
il BB it bid V3
B 24/3 ’ i 51_/_:;’ 3 = 24/3 b

all with different real parts. The perturbation operator depends on a scalar
function. Thus both conditions (i) and (ii) are satisfied and to calculate the
Lyapunov exponent one may use (7.14). Equation (7.15) takes the form

o, X ne 3 0 ; 1oaly d& 1 A1 A2 A3
a:( 0 /\2 0 )I"l—b(t){gk‘o(l 1 1)+§P0< /\1 Az Ag)}l‘

0 0 Xs 1230 el A1 A2 A3
in the basis that makes the non-perturbed operator diagonal. This means that
o : :
A = (%), Bz =(3ko+ 3p0%s), B =( gho+ Tpod %ko+ Fpoda ),
oy AR B SE ~ Vi (3 1
Au={ 4 A, ), A=A3, Bz= (5k0+ gpo'\:s)( 1 )
(7.16)
and .
A1 0
. 1u(t,7) exp{ f 1(7) 'r} exp{ 0 A }
Thus, according to (7.10) and (7.7)
& A1 — As 0
Vu(t,T)—eXp{’ 0 /\2 _,\3 (t T)}’

At ; As Xa E Xs “(t - ‘r)}b(r)dr = '

" ol




46 Ny

where :
oot /0 exp{A;(t — 7)}b(T)dr, Aj=X—A3, j=1,2
Substitution (7.16) and (7.17) in (7.6) yields:

ROty e '
k = Reds — sRe{(iko + pods) 3 A;(iko + poX;)Q;
i=1

where b
Q; = TE? J3(r)dr} + 0(8%)
0

t—o0
Averaging Theorem. Consider the equation

dz(s)
ot ea(s)z (7.18)

€ being a small parameter. We assume that the coefficient a(s) can be averaged,
i.e. the limit

» 1 [5+S Nds' =5
Jim 3—[ a(s')ds' =@ (7.19)

exists and does not depend on s, and the expression under the limit sign
approaches its limit uniformly with respect to all positive s. Notice that any
almost periodic function has this property. Now we introduce ”slow time” { = ¢s
and make (7.18) acquire the form of equation (1.2)

' d

g,
it + B(t)z

B(t) = a(é) g

The integral norm {B} is small. Indeed, for any t > 0 and 0 <t < 1, we have

/:Ho B(t")dt' = [i+io [a (g—) —aldt’ = e[’+t0‘-l [a(s') - @lds' =

1 s+toc‘1
to[ / a(s')ds' - a‘]
s

t0€—1

By (7.19) the last expression approaches zero as € — 0. We denote it by &
Thus, the results of this paper can be applied to equations of the form (7.18).
Theorems 1 and 2 lead to

where

Theorem 4. If the coefficient A(s) of finite dimensional equation (7.18) is
bounded and ¢ is small enough then the equation

dzanll.
'Td-t—_ T : (720)
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exponentially decomposes in the same subspaces as averaged equation (7.20).

The Bohl exponents of these two equations in each of these subspaces are
closely related to each other. The difference between the Bohl exponents of
equation (6.10)and the real parts of the corresponding eigen-values of the operator
a approaches zero as O(6).

8. Discussion

Let us replace the assumption that the perturbation B(?) is integrally small by

a stronger one, namely, Banach norm of B(t) is small. In this case the integral

operator L[S] (see (3.11)) is a contracting operator ( Daleckiy, Krein 1974) This

means that the rate of convergence of approximations $”(t) doubles. For instance,

substitution of S}, for S5 in formula (6.11) yields an approximate value of
) Lyapunov exponent, which has the third order of accuracy, while the same formula
in general case guarantees only second order of accuracy.

If, on the contrary, we waive the assumption (i) then the considered problem
becomes much more complicated. Consider, for instance finite-dimensional equation
(1.1) with a constant matrix coefficient A. Even a small perturbation may cause
) phenomena similar to the parametric resonance. This happens in the case when
the operator A has two eigenvalues with the same real part and the perturbation
B(t) has a harmonic term, which frequency is equal to the difference of these two
eigenvalues. :

The invariant subspace corresponding to the eigenvalues with the biggest real
part is called the senior subspace. All others are called junior subspaces. We
have shown in this paper that to find the Lyapunov and Bohl exponents of the
perturbed equation it suffices to investigate only the senior subspace if the integral
norm of the perturbation is small enough. Theorems 1 and 2 of the paper reduces
the considered problem to the case when all eigenvalues of the operator A are
imaginary. This problem is not solved except when the perturbation is periodical
and small enough. To avoid these difficulties we have assumed that the senior
subspace is one-dimensional.
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OyHximoradbHas Mogenb jas omepartopa cxartus I (||T|| < 1), nefictsyio-
1iero B rmrs0epToBoM npocrpancTse H , Buiepssie 6bLta mocTpoera b. Cekedaassu-
Hazem u Y. Qosimrem [2]. [TocTpoerne ¢yBKUMOHAIBHON MOJEIH, KOTOPas Ipejl-
CTaBISICT CODOI OTEPATOP YMHOYKEHHS Ha He3aBHCHMYIO TePEMEHHYI0 B Clelyalb-
HOM IIPOCTPAHCTBe (QYHKIIMI, OCHOBAHO Ha CHEKTPAJHHOM PA3VIOKEHNH YHHTAp-
Horo onepatopa U, npudem U sBisieTcs munarammen cxxats 17 (PyU™ |gp = T™,
VY € Z,.). Pazmmurbie GyHKINOHAILHbE PeaTH3alii TAKON MOJENH 6bLIN [IOLy-
uensl Takxke B. C. IlaBnosev (6] m JI. ne Bpamxem — JIk. PosHskoMm [7].

[ompiTkir mocTpoennst (HyHKIIMOBAJIbHBIX MOMIENEN ISl TPOU3BOIBHBIX OI'pa-
HIYEHHBIX omepatopoB 1’ HATAJIKMBAJINCH Ha CYIIECTBEHHSIE TPYAHOCTH, MpPUYEM
0JHA M3 OCHOBHBIX IpobaeM 3/ech COCTONT B TOM, 4To jmiataiws U ssasercs J-
yHuHTapHLIM onepaTopoM, U*JU = UJU™* = J (J-unBoaiomis), 1Jas KOTOPOro, Bo-
ob1Le roRops, ClIieKTpaJbHbIe Pa3lioIKEHs OTCYTCTBYIOT. TeM He MeHee B pabore B.
A. 3onorapésa (1] Gbura monyyena dbyHKIHOHAIbHAA MO/IEIb IIPOU3BOIBHOIO OTPa-
HIYEHHOTO OTlepaTopa, KoTopas oboburaer m3secrHyio Mogensb B. C. Ilasuosa [4, 5].
B nammoOl pabore, OCHOBHIBASICh Ha pesyabraTax [1], noaydena dyHKIMOHATbHAS
MOJieb JI060ro orpaHrdYesHoro oneparopa I’ (CKMMaeMOCTh KOTOPOI'O HE ITpel-
TNOJNATaeTCs ), SBISIOUIASCS aHAJIOrOM yHKuHoHAIbHOI Mogean b. Cekedarbu-
Hazs n Y. ®osma [2].

L. Hanomsmu, uro wepes [H, H] npuasTo 0603Ha9aTh MHOMKECTBO BCEX OTpa-
 HUNEHHBIX THHETHEIX OIIepaTOpPOB, HEMCTBYIOIMX B IMIbOEepTOBOM IIPOCTPAHCTBE
H. Pa,CCMOTpHM orpanudeHHb1 oneparop 7' B rmiasbepToBoM mpocrpaHcTBe 1.
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CoBOKyIHOCTH

< AAPR
a=(smuaorv=|] 2| ners). )

HazopeM (1] yHMTADHBIM MeTpHYeCKuM y3ioM (YHHTAPHBIM PacCUIHDEHHeM), ecam

gz
L
npocrpancts H @ E 8B H @ F, ynopiersopseT COOTHOIIEHUSM

[ 4[4

oneparop V = , OTODPaKAIOIHIT OPTOrOHAJNBHYI0 CYMMY THIBOEPTOBBIX

= 0« Jg

Ig 0 Ig O
v e ,

0 Jg 0 Jr
rae Jg u Jp — camoconpskéHnble onepaTopsl B E 1 F' COOTBETCTBEHHO, IpudeM
J}g = Ig u J% = Ip. llpesxe Bcero oTMeTHM [1], uTo mus mw6oro orpammyen-
Horo onepartopa 7" B H MOXHO IOCTPOUTH COOTBETCTBYIOLIHE 3JEMEHTH y3na A
(1), urobn BRmoxEAMHCH yeaoBus (2). Tak kak omeparopw Jg u Jp sBisiorcs
mnBoxomasmu, JE = Ig, J3 = Ip, 10 Jg = Qf - QF, JF = QF — QF, tne
Q}E., wa — OpTONPOEKTOPHI, I KoTophix QFQ% = @FQF = 0. Hanommmm [2),

gro oneparop U € [G,G] HaspiBaercs murarauumeit onepatopa T € [H, H}, ecim
GDH,n

(2)

T"h = PyU™h (Vh € H,YNn € Z,), (3)

rae Py — opronpoextop Ha H. J{nnaranusa U Ha3pBaeTCS YHUTAPHON (M30MeTpPU-
yeckoil), ecan oneparop U o6xataer yHUTApPHOCTBIO (M30MeTPHYHOCTEIO) B (5.
Yepes 13,(E) obosHaumM ruasbepToBo MPOCTPAaHCTBO BekTop-(ymkmui u(k)
JMCKPEeTHOTO apryMenTta k € M, rme M — moamuoxectBo B Z, M C Z, co
3HaYeHHAMH B ruiabsbeproBoM npocrpanctse F, u(k) € E nns Bcex k € M takux,

> (k)i < co.

keM
PaccmorpnM masnee ruiib0epTOBO IIPOCTPAHCIBO

G=17 (E)o H@lz,(F) (4)

Bexrop-pyskimit f = (u(k); h;v(k)) € G ¢ ecrecTBeHHO® CTPYKTYpoil OpTOTO-
‘ ; -1

HaJIbHOM CyMMEI T'MILOEPTOBBIX LpocrpaHcTs, rue: u(k) € l"’Z_(E) g ek CRLE

h € H, a v(k) € IZZ+(F) = f@F. Onpegemum B G ngaedurnTHYI0, Boobie
0 ‘

rosops, J—merpuky, (J.,.), rie

Jf = (Jgu(k); h; Jpo(k)).

¢
W
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3agammm B8 G oneparop U,
Uf = (Pu(k — 1); u(~1)+ Th; 5(k)), (5)

tie: P_ —— omepatop cysenus Ha Z_, a dymkmus o(k) m3 l2Z+(F) paBHa,
9(0) = Ku(-1) + Yh, 6(k) = v(k — 1) npu k > 0. Jlerko BuIeTH, 4TO U3 y37I0-
BBIX CoOOTHOIeHMIT (2) ms A HeMeIleHHO caexyer, uro omeparop U (5) yrurapen
(J-ymurapen) B J-MeTpHKe, TO €CTh

O, = s ANET 50

Kpome toro, ouernaro, yro pacumpenne U (5) obaalaer IMIaTallMOHHBIM CBOJ-
cBoM (3) 1o oTHOmEHHIO K OCHOBHOMY oneparopy T yama A (1).
Teopema 1. Ilpouseoavnwiii onepamop T' € [H, H| obaadaem Oduaamayuet
U (5) 6 G (4), xomopas asasemca J-ynumapnsim (6) onepamopom.
Momnpocrpauncrea D = 122_(1'}’) .05 lzz+(F ) SIBISIOTCS COOTBETCTBEHHO
NPUXOASUINM ¥ YXOISIEM MHOJATpocTpancTBamu maatamun U (5) B cMbicae
Jakca-Onunmmnca [3], a UMEHHO CIpPaBeITNBLI COOTHONIECHNS !

1) D+ & D__,
2) U*D,CDy, kel (7)
3 (UMD C Dy R E date

II. OmHocToporHmMi caBuT, KoTophill MHAynupyer onepatop U (5) Ha Dy, a
U*, cootBercrBeHno, Ha [_, eCTeCTBEHHO NPOIONKNATE 0 IBYCTOPOHHEI'O CIBATA.
B rurnbeproBoM mpocTpaHCTBe

B(F) = i oF (8)

3aa M MeTPHKY Jp (KOTOpYI0 MOXKHO PacCMaTpPHBaTh Kak eCTeCTBeHHOe IIpo-
Jomxerne J-meTpuxn ¢ nomrpocrpauctsa Dy ) (Jp.,.),

(Jrv)(k) = Jro(k),
e v(k) € IZZ(F ). Beesem B IZZ(F) OHEepaTOp TPAHCISIIN
(Upv)(k) = v(k 1), (k)€ I7(F), (9)

~ KoTopwlit OylieT yHUTADHBIM Kak 8 MeTpuxe I'minbepra (.,.) mpocTpaHCTBa I?Z(F),
- 1ak 0 B Jp merpuke (JF.,.). AHagOrmUHRIM 06pa3oM, B MPOCTPAHCTBE lzz(E) 3a-
. Jajum JE METPHKY M COOTBETCTBYIOUMII omeparop ciasura Ug,

(Ugu)(k) = u(k - 1), (10)
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rre u(k) € 15(E).

B nanbrefrem uepes P, m P_ 6Gyzem 0603HauaTh COOTBETCTBYIOUIWE OPTO-
npoexTopsl (B mpoctpancrsax G, % (F), 15(E)) na vamrexauee yxonsmee D, u
npuxoasuee D_ oIpocTpaHCTBA.

; ITI. Cpaapmas acuMiroTHveckoe nosesenue rpancisuut Uy, U u onepatopa
e sunaranun U, 3a1am0M BoJaHOBBIE oniepaTopsl Wi, — ’

W-=s- lim U"P_Uz" (I3(E)— G)
ar Wy =3 lim U="PLUp (B(F) - G (11)
\ I.tll}}““
et upu atom U~ = JU*J, B cuny (6). Koppextrocts pnejcnnnx onepatopos Wi
3 ouesnana, u60 G NI4(E) 2 D_, GNI34(F) D D,. Scuo, uro }
I Z AS +
i W_P.=P_., WyPy=P,. (12)

il Kpome Toro, umeor MecTo COOTHONIEHHS CIICTAEMOCTH:
i W_Ug =UW_, W,Up=UW,. : (13)

, ‘ OcHoBBsM BonipocoM st Wy smiisercs Bopoc o cyuecTBoBaHuu mipeeqos (11).
g Paccmorpum gonpeliersroe Bhipaxernne B (11) mus W_,

% fa=U"P_Uz"u (u€lf(E),n21). (14)
‘v B pabore [1] noayuena caenyomas hopmyna:

' n+k

h fn+k —fa= Z U'P_lUE’u, (15)
| s=n+1

Teopema 2. [1] IIpednosoxncum, wmo onepamop T asasemcs cacamuem,
I7)| < 1. Tozda eoanoebie onepamopes Wy (11) cywecmsyiom u aéastomes uso-
mempusmu u3 1%, 6 npocmpancmeo G, Npu MOM BTOANAIOMEA COOMNOUEHUR

i
é vie n, k € Ly, au€ l3(E).

Bocrioabzyemcst jfastee 3TOM OLEHKOM JIA TOTO, YTOOBI HAWTU JOCTATOYHEIE
ycnosust (MO CyTH BRLIEJNCHHE KIaccoB (DYHKIMA %), KOTOPbie MrapaHTHPOBAIN Obl
(yHIaMeHTaJIbHOCTD B npocTpanctse G (4) mocneoBarensHocTa f,, (14).

BrizesuM B mpocTpaHCTBE lzz(E’) TaKoe JuHeHOe MHOrooOpaswne GyHKIUN «,
Y10

il (12) u (13).

i B obmefi curyarmu, Korga cxxnmaeMocts T' He mpeamonaraercs, u3 (15) cie-
| AyeT, 9TO

i-’ n+k

[; | frtk = Fall < D NU°N - liu(s = DI (16)
1 n+41

|

i lu(s)lla® < oo, (174)

s=0

1
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rme a = ||U|| > 1.
BBezem BecoBy10 1OCTEIOBATEILHOCTE

= Bf(9) = { et

rie ¢ > 1 u onpenennM ruab6epToBO IPOCTPAHCTBO

IZ(E,6%) = {U(k) €eb:ke Z;i lu(N*85 = llullj < °°}~ (19+)

Iycrs u € 12(E,B%(c)) (194), tze ¢ > a? (a = ||U|| > 1), rorma [1] mua
- bysxipit u w3 [2 (E pt(c)) npenen W_u (11) cymecrByer.

IlpaMensis aHaJOrMIHbIe COODPAKEHIIS, OTHOCAIHECS K CYLIECTBOBAHUIO Olle-
patopa W, (11), mst moxyuum, uro B npocrpanctse 12 F) HeoGXommMo BbiAemTh
TaKoe MHOrooGpasue BeKTOp-(YHKUMI v, A1 KOTOPHIX HMeeT MecTo

=1
Yo lle(s)fell < oo, (17.)

§=—00

e b = ||U~Y||. Paccmorpr terieps (amanoruuno (184 )) BecoByio nocienoBatemrs-
HOCTH Ha JIEBOII MOJYOCH ¢ ot

|sl. .
- =4 (d)= {d; ji%;; (18.)

e d > 1, u onpemeanM TIbOEPTOBO IIPOCTPAHCTBO
(oe]
B(F,57) = {v(k) e F ik e ZY ()67 = lloll3- < oo}. (19-)
-0

Bropoii Boumosoit oneparop W, (11) byzer cyuiecmonal‘b KAK CHJBHBIN IIpe-
Jex Ha BekTopax u3 mpocrpanctea I%(F, 4 (d)) (19-),tne d > b* (b = U] > 1)
{1].

Ameror mecto [1] coorHOMeHMS

(JWiv, Wov')g = (JF'U,'U’)I2Z(F); (20)
(JW_u,W_u")e = (JEu, u’)pz(E)

,wmmoﬁmxu,u € I5(E,B%) (194) m v, v' € 5 (F, ) (19-).
2 Teopema 3. [1} Bonuosue onepamopwt W_ u W, (11), deticmeynouyue coom-
~ eemcmeenno uslZ(E,B%) (194) uusld(F,57) (19-) (20e c > a, d > b, npunen
-~ a=|U|,b= ||U ~1|) 8 npocmparcmeso G, (4) cywecmsyrom u obaadarom J-
'”':_’néoMempuwocmbm (20), npu amom umerom mecmo coomuowenus (12) u (13).
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IV. Crexys rpammmonHoii [3, 4, 5] cxeme, Mo BoaHOBEIM onepatopam Wa. (11)
3a/la UM OTiepaTop PacCesHus

S =wilw_ (B(E,8) - 15(F,67)), (21)

IIPH 3TOM Wg_—l] = P,zz (F,8-)/W3iJ B cuny (20), rae P127 (F,6~) — OPTOLPOEKTOp B

12Z(F ) Ha ITOAIIPOCTPAHCTBO 12Z(F, B7). Cymecrsennro, uro nis W_[,__ll HMeeT MecTo
IpeJcTaBlIeHne, aHajormanoe (11). '

]

Teopema 4. [1] Onepamop Wfl ABAAENCA CUALHBIM NPEDEAOM,

wil = s - lim Uz"PLU. (22)

n—00

Ananormuso (13) mus WE_—I] u3 dopmyasl (22) caenyer, uto

wiy = ypwl, (23)
ITostomy [1] S-oneparop (21) ciuieraer TpaHCASIIT
SUg = UpS. (24)
Kpowme Toro, u3 (12) crenyer [1], aro
PSP =0. (25)

Taxnum obpa3som, ;
Si3_(E)C 1 (F,57).

Teopema 5. Ozpanuvennviil (coucumaouut 6 cayxae ||T|| < 1) onepamop
pacceanus S (21) obradaem mpancaayuonnot unsapuanmuocmvio (24) u ydo-
saemeopsem coomuoueruio (25).

V. Paccmorpmym teneph otoGpaxenne Byp, w3 I5(E, %)+ I12(F,3~) B upo-
crpaictBo G (4), 3a1aBaeMoe hopmynon

Bnr,g = BNF, g+ ) =(W--W,S8)g+ + Wyg- =

| we-wes Wy
4, 0 g

(26)

xe g4 € I5(E,B%), g- € I5(F,57).
IIpoo6pa3 nomipocrpanctsa Dy npu orobpaxenun Byr, , B cury (12), mveer
B

Dy(F) = ( 2 O(F) ) (27)

k—
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Hartzem nipoobpas momnpocrpanctea D_. Tak kak

g
(1) oo (1)

¥ = i o
=| _g |- mouydaem

~ ol iy
2= ( s iy )

OueBnso, 94TO

W- W;
e g e A B B
IBnr, gl <[ Wa Wiw, [\o_ )\ o- )]

Wn = W:W_ s W:W.'.S e S*W:_W_ + S‘W_:W.;.S;
W12 = W:W+ S S*WI_W+,
War = WiW. — WiW,S5.

IloatoMy ecrecTBeHHO OIIpeneNuTh THIHOEPTOBO MPOCTPAHCTBO

B(Wnr,) = {g = ( g+ ) : 9+ € I5(E, %),
g—& IZZ(F,,B_);<VVNF+Q,§>[2 < 00} ’

e Wi, , B cury (29), mveer Bux

AL Wiy Wi,
Wnr, = [ W WiWs ] @)

Buiancmmv 6aokn oneparopa Wy r, (31), Bocnomssopasumcs caeayonmvm ¢op-
Myaamu [1]:
WIW_ =14+ 2W2Q W_. - Qg);

WIW_ =5+ 2WiQ™W_ - QpS);
WIW, = 8§ +2(W2Q W, —S5°QFp);
WiWy = I+ 2W;Q W; - QF)

Wi =1~ S§*S+2[(W* - S*WHQ ™ (W- - Wi8)+
+5°Q7S - Q5
Wia = (W2 - "W )Q Wy
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W21 = W:_Q—(W_. = W+S)

Iloaromy oneparop Wip, (31) MoxnO 3armicaTth B Bue

W, == DR | (32)
rae
Wi = (W2 = S5"W1)Q~ (W- - W,.8)+ S*QrS — QF; (33)
Wa = WiQ W, - QF,
koTophli B ciydae cxatusd T (Q~ = Qr = @ = 0) nMeeT TPaIMIMOHHKII BHI

[2]:

I-5*S o}_ (34)

WNF+:[ ov i<t

W3 coorronrenmit crteraemoctd (13) caenmyer, uyro muiatamis U Ha BekTopax
BN, g (26) u, 3smaqut, Ha BceM mpocrpanctse [5(Wnr, ) (30) mefictByer Tpamc-

JSITAOHHBIM 00pa3oM — .
& Ueg+
Vg = - 35
g ( g (35)

OuesmanoO, 9TO B CHIY CTPYKTYpPhI TpocTpaHcTBa quiaramun G (4) u Buga D_(F)
(28), D4 (F) (27) B upoctpancrse [3(Wnr, ) (30) mcxomsoe mpocrpanctso H m3o-

MopdHO,

5 12 (E)
HE . = 13(WnE) S ( . 2 : 36
NF ﬂ( +) VZ+(F)+312Z_(E) ( )
noaroMy omepatop 1’ peannsyercs B I? ,"\; j TOCPEJICTBOM CIBHTR,

| 4 U .0 - :
’ T‘quﬁ;p[ 0 UF]g VQEH;;F (37)

Teopema 6. Ociosnoil onepamop T npocmozo ynumapnozo MempuiecKozo
y3aa A, deticmsyouwull 8 zuabbepmosom npocmparcmese H, u ezo J—ynumapnas
Quaamayus U (5) 6 G (4) ynumapho sx6uearenmmbl Mpancaiyuonnoil modeau
T (37) ¢ H (36) u U (35) & 2unvbepmosom npocmpancmee B(Wnr,) (30)
COOMBEMCTREENNHO.

OtmernM, uto B cayuae cakaras T’ (||T)| € 1) Me1 upuxoaum K M3BeCTHOI 2] :
mozeapHOn peasmsaiyn B. Cexedaassu-Hana u Y. Qosmra, Tak Kak 1B

I-55 0
lé(WNFJ:lz( 0 I>

B cury (34). :
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VI. Kasxmoit Bexrop-dbyakumn u(k) € {3 %(E) conocrasuM npy noMOuy mpe-
obpasoBanus Pypbe F BeKTOD-(DYHKINIO u(0) € LA(E),

(>}

u(8) = F(u(k)) = Y u(k)e’*. (38)

—00

IIpu a1oM cxommmocTs psiia (38) mormMaercs B Tomonormn npoctpanctsa Li(F)—
GbysKnmll, 33 aHHEBIX B M3MEPHMBIX Ha emHIIHON okpyxHoctu T (8 € [0,27]),
€O 3HaueHHSMH B r'mibbepToBoM mpoctpaHcBe F, KBajpar E—HOPMBI KOTODHIX
CyMMHDYeM. :

IIpeobpasosarue Pypre F (38) orobpariaer ecTrecTBeHHBIM 0Bpa3oM 12 (E)
n npoc'rpa.HC'rBe Xapm H +(E), KoTopoe obpa3yoT E—3HauHbIE (bymcmm 3

L%(E), nmetomme roxomopdmroe nposomxenne B kpyr D = {z € C: |z <1}
AHaJIorntmLIM obGpa3om, IZ_( E) nepexomur B npocrparcrso Xapau H2(E)—romxo-
MopdHBIX (DyHKII, oTBeyalomux BHemHocTn Kpyra D (|z| > 1), npu atom oue-
BUAHO, UTO

Ly(EY= H}(E)® H(E).

O6pa’r1mcx Teneph K Imas0epToBY NPOCTPAHCTBY I3 7(E, B*) (194) u pasio-
HuM Kaxayw ¢yukimmo u(k) W3 3TOrO NPOCTPAHCTBA Ha JBe OPTOI'OHAJIbLHBIE
kommorentsl, (k) = u_(k) + uy(k), mpm atom suppuy C Zy. OueBmmno, yro
u_(0)—Pypne-o6pa3 u_(k) ronromopdro npogomxaem B obractu {z : |z| > 1},
qro e Kacaercs uy(6) = F(uy(k)), 1o psn

. oo
Z u(k),’.keikg

0

Gymer cXoThCA B Merpmce L3 (E) npu 0 < r < +/c. Takum oBpasom, dyHKImM
u4(0) 1 u—(0) nvelor oburyio oﬁnac*m ronouopd)ﬁocm——xom,no BHe Kpyra D

T(l‘c)={z€(c:1<]z|<\/z}. (39)

O6osuaunmv H ’_2[‘(1,0)(E ) THALGEPTOBO HPOCTPAHCTBO XapAyu IOXOMOPMHBEIX B
koubtie T ¢y (39) £ —3maunsix ¢ynxummt, kBagparsl £—H0opM KOTOPEIX CyMMEDY-
MBI Ha rpamme T (o ects Ha okpyxkHOCTIX |2| = 1 1 |2] = \/c). Taxum oﬁpasoM,
FIH(E, %) = Hiy o(E)-

AnanornausM 06pa3oM, pacKiIagbiBad KaxIyio dyskumic v(k) U3 mpocTpas-
ctBa I%(F, ™) (19-) ma oproromaunmse xommosents v(k) = vy(k) + v-(k),
rie supp v4(k) C Zy, n ocymecTBass mpeoGpasopanue Dypve F (38) nomywmm,
yr0 Qypbe-obpas v4(0) = Foy(k) mMeer aHaIHTHYECKOE MPONOJIKEHHE B KPYT
D={2€ C:|zl <1}, av_(8) = Fv_{k), cooTBeTCTBEHHO, TIPOAOIIKALTCS B

. obracts {z € C : |z| > Vd}. CirenoBatensno B 3TOM Cilydae MBI IIPHXOMUM K

KONBITY

T(L,d)={zeC:1< 2| < Vd}, (40)
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rae d > 1. B ommume oT mpocTpaHCTBaA H%‘(l C)(E) dbysrmm v4.(0) He nmeror
obmelt obractu roromopdrocty u 3naunt Fl5(F,f7) = LT(1 d)(F); rie THIb-
GepTOBO ITPOCTPAHCTBO LT(I, (') cocront n3 bynxmmit v(#), kKoropsle 06aaxaloT
OpPTOrOHAJNBHBIM pasnoxernueM v(f) = vy (0) @ v_(0), npudem v (8) u v_(8) roo-
MopdHO mpooKaeMsl BHYTps 1 BHe Koabla T(1,d) (40) coorBercrserno. Tomo-
JOTHUS B L2T(1, 4) 3a1aercs L?* merpukoit Ha okpyxHOCTAX |z| = 1 mus vy () m Ha

|2| = V/d nna v_(6) coornercrenno. ITo cymn
L (F) = H(F) © HX(F, d), (41)

roe H3(F) u H2(F,d) npescrasisior coboit Kiracchl Xapmi, oTBedalonmye o6ura-
ctam D u {z € C: 2| > Vd}.

EcrectBerno, uro st npocrpaHcTsa Xapma H. .21‘(1, ¢) TONOMOP(HEIX B KOJbIe
(39) dyHKUMT cIpaBeATUBO OPTOrOHAJBHOE PA3IOKEHNe

Hiq,0(E) = Hp,o(E)® H2 1 o(E),

rne H? (1,)(E) mpencrasasmor kaacce Xapmr dymkumit ws M 2(1 o(E), roro-
Mop(dHO IpojoKaeMbIX BO BHyTpeHHOCTh D koxbma T(1,c) (40) U BHEUHOCTh
{z€C:]e| > e}

OrmernM, yTO WIS Kiaacca Xapan H,:i.(l C)(E’) Oyzner UMeTh MecTo

2

inf / lu(re?)||%d8 < 0o, sup [ [lu(re)||%db < . (42)
1<r<\/E0 1<ry/ed

Caenytouumit pesyasrar [1] ycranaBiuBaer, BO 4TO IepexoIuT onepaTop pacce-
stang S (21) mocae npeo6pasoBanns Oypre F (38)
g Teopema 7. Jaa awboti pynxyuu u(k) € 12 Z(E,Bt) onepamop pacceanus S
, (21) nocae npeobpaszosanus Pypve F (38) nepexoaum 8 ONEPAMOP YMHOANCEHUS
na zapaxmepucmunecxywo Pynxyuo Sa(e’) = K + V(eI - T)'® yara A—

F(Su(k)) = Sa(e”)u(b), (43)
20e F(u(k)) = u(8). ‘.

B naabpsefmeM, yToOhl He 3arpoOMOXKIATh NHAEKcanMio, yepe3. Py u P_ Gyiem [
0603HAYATH OPTOIPOEKTOPHI B IpocTpaHcTBax H. '%‘(1, oM L% a, d)(F)H ? ma mogmpo-
crpancTBa Xapan dyHKIMI, aHAJMTAYECKH IPOIOKAeMBIX BHYTPh Koabua (39),
(40) u Bre Komsma (39), (40) coorBercTBEHHC; Yepes Sa — XapaKTePHCTHUECKYI0
bynxmmo Sa(e'?).

Ob6parumcs Teneps k Haxoxaenmo Qypre-obpasos 6aokos sxpa Wyr, (32),
UCIOAb3Y s CleAyloume Bripaskenns [1]:

F(W2@ W_ - Qp)u(k)) = {SAQFP+Sa — Q5 } Pyu(8);

e T —
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F(W;Q W_ - QiS)u(k)) = Jr {Q7P-Sa - SaP-Q}u(®);  (44)
F ((W_“_Q‘W+ - 5*Q7)v(k)) = {SAP-QF ~ QEP-SA } Jru(B);
F((W3Q W, ~ Qp)e(k)) = Tr {SaQEP-S3 - QF } JrP-v(d).

CymMapyst o1 hOPMYTH HeTpyIHO HafTH
F(Wiu(k)) = [SAQFSa - Qp + I+

+S4JrSa)QEP-(I + SaJrSa)| w(8) = Wan(6)u(0);
F(Waru(k)) = [~JrSaP-Qp(I + S3JrSa)| u(8) =

' = W (6)u(9);
F(Wigo(k)) = [~(I + SaJrSa)QpP-54Jr] 0(8) =

= Wia(8)v(6);
F(Wao(k)) = [Jr{SaQEP-54 ~ Qr}IrP-| v(6) =

= Wag(8)v(8).

Teopema 8. [Ipeobpasosarue Pypve F (38) delicmeue onepamopa Wy,
(32) nepeodum e onepamop ymuodcenus na onepamop-gynxyuro Wyr, (e?) :

F(Wnr, 9(k)) = War, (¢°)9(8), (46)

2e g € 3(Wn,), 9(0) € Hy o(E)+Lyp,q)(F). Onepamop-gynxyus Wy, ()
npu amom umeem sud

3 I-S%5a 0 Wy W
TR R PO G R

2e Sp — zapaxmepucmuvecxar Pynxyua ysaa A u Wiy, Way, Wi, Way us

(45)-
Ouernaso, 9ro npeobpasosarne Oypse F (38) orobparkaer rurbsGepToBO IpoO-
crparictso {3(Wnr, ) (30) B mpocrpancTso

o) = {50 = ( 940} ) 04000 € B3 (8)
()

2T ‘
g-(@) e L?r(l,d)(F);/(WNF}(e‘o)g(a),g(o))do <,
; 0
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rne Wnp, (e'?) mmeer Bun (47). Jaxee, B cuiy (34), oueBnaHo, yro munaramus U
B IIPOCTPAHCTBE L%c, d)(WN F, ) (48) Gyzer pealm3oBBIBATECS OTIEPATOPOM YMHOKe-
HUS Ha HE3aBHCHMYIO IIepeMeHHY10,

(Ug)(6) = e’ 9(6). - (49)

IIpocTpancTBo ﬁ;} r (36) B aTOM caydae byner MmMeTs BUA

Hp =L} n(Wnr,) O HZ(F) (50)
NF (c.d) 5 Hi(F) P SAHZ(E)
Omneparop 7' B H f\} 7 Oyzmer uMeTh BUI
(Tg)(8) = Peg(8) Vg(6) € A. (51)

Takum 06pa3oM, MBI IPUXOJHM K ClelLylonlell Teopeme.

Teopema 9. Ocnoenotl onepamop T' npocmozo yrumaprozo Mempusecxozo
yaaa A, detdcmeyrouuti 6 2uabbepmosom npocmpancmse H, u ezo J—ynumapras
Juaamayua U (5) 6 G_({) ynumapno sxsusarenmust Gynxyuonasvrot modeau
T (51) 6 Hf; (50) uU (49) 6 2unvbepmosom npocmpancmee L(c o(Wnr,) (48)
COOMBEMCTNEERHO.

B cayuae cxarus T (Qp = Qp = 0) orcyrcryer BTOpOE Claraemoe y
W, (e) (47), 90 1 OPUBOANT K XOPOMIO M3BeCTHON (hYHKIMOHAIBHON MOeI
B. Cekedamssu-Hans u 9. Qosmua [2].

VII. Ilpemnonoxmm, uro Sa — J-BHyTpeHHss DyHKINSA, TO eCTh
JE =SaJrda, (52) |
TOrZA JETKO BUJIETh, YTO ‘

\ , Wy = SAQrSa — QF; . '

Wiz = Wy = 0. (53)

snympennan Pynxyus. Ilpeobpasosanue Pypve F (38) delicmeue onepamopa
Wnr, (32) nepesodum 6 onepamop ymHodcenus na onepamop-Gynxyumn
WNF+(€'9) (46). Onepamop-pynxyus WNF+(e'0) npu ImoM umeem 6ud

AR R S e &

)
Teopema 10. ITycmb zapaxmepucmuvecxas Pynxyus yssa A Sp — J- I
|
!
|

0 i 0 Wy

20e Wiy ua (58), Way ua (45).

Ouesn o, uro npeobpasoanne Pypve F (38) orobpaskaer riuabpbepToBO IpO-
crpancso [3(Wnr,) (30) B mpoctpanctso L(c d)(WNF+) (48), tne W, (€¥)
nMeeT B (54) E:

. |
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U Ipocrpanctso H7p (50) B aToM cirygae mveer Bi
= =T e ntwyg )
N 7% f2 (c,d)\"YNF, )} -
9) : (I - 2QpP-)SaJrf; € HI(E); (55)
f2 +2Jr{SaQ5P-5A - Qe}rf; € HA(F)},
' RSy =P_f.
0) Teopema 11. Ecau zapaxmepucmusecxas ¢pynxyus yasa A Sp — J-

gnympennaa Pynxyus, ocrosnoll onepamop T npocmozo ynumaprozo mempu-
yeckozo yaaa A, deticmeywwul 6 zuavbepmosom npocmpancmee H, u ezo
J—ynumapnas duaamayus U (5) 6 G () ynumapno sxsueanenmubl ynxyuo-

1) naavnoti modeauT (51) 6 Hip (55) u U (49) 6 2unvbepmososm npocmpancmee
L, oy(WNF,) (48) coomsememeento.

20 Asrop Beipaxaer 6aarozapHocth B. A. 3or0TapéBy 3a Hay4yHOE PYKOBOJCTBO
s 1 BHIIMaHue K pabore.
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Bicauk XapKiBCBKOTO HAIIOHAJILHOTO YHIBEPCHTETY
Cepig “MaremaTnKa, IPUKIAJHA MATEMATHKS 1 MeXaHIKa”’
YK 517.5 Ne 582, 2003, c. 62-70

Kanommmueckne, N-3kcTpeMasbHbBIE U TVIABHEBIE PEIICHIS
0000IIeHHO MHTEPIOJSIIIMOHHON 3a,0aull /I
CTWITHECOBCKMX (DYHKIIA

FO.M. [Twkapes

Xapvrosckull nayuonarbubllii ynueepcumem, Yxpauna

B »10it cTaThe BBelEHH U MCCIELOBAHK KAaHOHMYECKHE, N-3KCTpeMadbHble 1
IIIaBHEE pelieHnst 0006UIeHHON HHTEPHOMAIMOHHOM 3aJa4t IS CTHITHECOB-
CKMX oneparop-byHKIui. J0Ka3aHO, YTO MHOMKECTBO KAHOHMYECKUX pele-
HE nepBoro (BToporo) poJa COBN2IaeT CO MHOMeCTBOM N-sKCTpeMaabHBIX
pemenuit nepporo (Broporo) poja. Msyuens riapHbe pemerus oB60BImeHHON
MHTEPIONANMOHHON 3aa4d U I HUX NONYYEHH siBHEE OPMYJIHL.

2000 Mathematics Subject Classification 4TA57, 42A82.

BBenenue

Ilycts Gy, G - cemapabensHsie u H - KOHEYHOMepHOE I'MILGEPTOBEI TIPOCTpaH-
crBa. Ilycts cumBox {Gp,G2} obo3dHauaeT MHOMKECTBO BCEX OTpaHMYEHHBIX JIH-
HelHBIX OIlepaTopoB, melicTByloummx 3 Gy B G, cumBon {G1,G1}y - MHOMKe-
CTBO OrPaHHMYEHHKIX 3PMHTOBBIX omepatopos B Gy, cumsoix {G1,G1}> - MHOXKe-
CTBO OTPAHMUYEHHBIX 3PMUTOBLIX HEOTPHUATENBHBIX onepaTopoB B (G, a CHMBOI
{G1,G1}> - MHOKeCTBO OrpaHWUYEHHLIX U OrPAaHNYEHHO OOPATHMEBIX 3PMUTOBBIX
HEeOTPHIATENBHBIX O11epaTopoB B G.

IIycrs mambl omeparopnl K; € {G1,Gi}y, Ko € {G3,Ga2}>, L1, Ly €
{G2,G1}, 1 € {H,G:}, uy € {H,G,}, yIOBIETBODSIOUINE OCHOBHOMY MONCOE-
cmey

LoKy — KLy = ’0111.;. (1)

W nycrs, naduee,
T1 = L‘ZLI, T;) = L'{Lg, Vg = L'{’Ul,_ U = LQ’U.z. (2)

Beenem obosHavermst Ry = {t e R:t >0}, R_={teR:t<0},C, ={z ¢
C:9:>0,,C_={2eC:92<0},C; =C, uC..

Bynem cumrarb, 9TO B (C\ R+ Mepomopdusl 06e oneparop-dyskumm (0.¢.)
Ry, (2) = (I = 2T1)™Y, Rp,(z) = (I — 2T2)"!. MHOXecTBO 0COBBIX TOUEK O.¢.
Ry, u R, 8 C\ R, o6osmaumm cumsonom 2. U myers Z = {z € C:z ¢ 2}.

| 1
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Henocpectsenno u3 onpenexenmit crenyer, uto (Vz € C\ {R; u 2})
T1L2 = L2T2, T2L; = L;Tl, RTI(Z)Lz = LzRTz(Z), RTZ(Z)L; = L;RTI(Z). (3)

Iycrs namki MoHoToHHO Bospacralomas o.b. ¢ : Ry — {H,H}y, v €
{#,H}5, F € {H,G3}, W1 € {G1,G1}>, Ws € {G3,G3} 5.

Hepeuncaennsie Boune obvexrtsl {0, vy, F, Wi, W} HasnBatoTcs pewenuem
300a4U 0 CO2AACO8ANHOM UNNEZPAALHOM NPeJCMmasaenuy , eci onepaTopsl K1,
K 1 uy, yuacTByIonme B OCHOBHOM ToxIecTBe (1), ZOMyCKalOT ciiexyiomiye mpe-
CTaBJICHIS

K, = [5° R, (0)o, 0" do(t)or Ry, (8) + Wy + (r = )FF", r = 1,2,
uy = — fo° Ry, (t)vado(t) + Fy\/2 )

1 BRIOJIHEHB! YCJIOBHSA
oC
Wily =0, LsW, = 0, LyF = vjy'/?, / (1+4t)"'do(t) — cymecrsyer.
0

Bee urrerpass nonnMaem B caabom cMbicie. MojkeM cunTaTh, He M3MeHss 3HaUe-
HAlt ETEI'PAJIOB, UTO 0.(p. 0 yUOBJIETBOPSET CJIeAyIOUM yCIOBUAM HOPMIPOBKM:
o(t) menpepriBHa caesa 1pn ¢ € (0, +00) 1 0(0) = 0. Beroay B atoit pabore 6ynem
PEATIONAraTh BHITOJHCHHBIMI 3TH yCJIOBMS HOPMUPOBKH.

Onpenenenwne 1. Ilycmo onepamop v u 0.gh. 0 yuacmeyom 6 unmezpans-
nuiz npedcmasaenuaz (4). O.4.

s@) =1+ [ (t-2)"do(t) )

Hasbieaemca accoyuupoeannotl ¢ 3adavel o npedcmasaenuu (4).

3anauy (4) 0 COrMACOBaHHBIX HHTEIPAJbHEIX IPEICTABICHUSIX MBI GYIeM Ha3bl-
BaTh 060CIIEHHON MHTePNOMISINOHHOMN 3a1a4el, a o.d. s Buaa (5) — penreHmsmMu
0BobuIeHHON MHTEPNONSIMOHHON 3amaun (4). SicHo, 4To s onpeznereHa M roJo-
vopdra 3 C\ R, s : C\ R, - {H, H}. Ilo dopmye obpamerns Cruirseca
COOTBETCTBHE MEKAY O.¢. 8 M OepaTopoM Y U HOPMHPOBaHHOM 0.¢. 0 SBISeTCS
B3aMMHO O[HO3HAYHBIM. [103TOMY MBI MOJKEM OIDAaHWUMTHCS ONACAHUEM MHOMKE-
CTBa aCCOLMMPOBAHHMIX 0.¢. B2 (5), KoTopoe oGo3HawIM CHMBOJIOM F .

Mg1 ByeM pacCMaTpHUBATh 6704HE HEonpedeaen iyl 3a1ady O COrIacOBaHHOM
mHTerpadbHOM npencrasiennu, koraa Ky € {G1,Gy}s, K2 € {G2,G3}s n vz =
iz = 0. ;

Pacemorpum aBe o.¢.

‘ E . [ a(z) Piz) ] s [ I+ 205 Rys(2)K;5 0y | —z03 Re(2)K'y |

n1(z) 61(2) uiRry(2)K; uy | I- zuiRry(2)K; vy |

I+ zvRys(2)K; uy | —2viRre(2) K70

UW)’[ uiRry(2)K5 wy |1~ zuiRep(2)K; o | o
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3nech Rrs(2) = (I - 2T¥)~1, r = 1,2. Scuo, uro 0.d. U; u Uz roromopdus! B
C\{R,uZ}ut,,0,: C\{RyuZ} - {H® H,H® H}. Pasbuenne na 610kn
B (6) moHNMaeM B cooTBeTcTBHH C npeacraBierweM H ¢ H.

0.¢. U; vasniBaercs pe3oabsenmuoti mampuyeti. MaoxxecTso F onmchiBaercs
(cm.[1]) ¢ momomsio cucremsr OMH (r = 1,2)

U7V (2)JU A (2) [ I

i(z - 2) & )

Onpenenenue 2. [lapa col[p(z) q(2)], mepomopdnuz ¢ C\ R, o.4., npu-
numarnuuz 3navenus 6 {H, H}, nasvieaemesa cmuambecosckoll, ecau 0asn nee
cyuwecmeyem ducxpemnoe ¢ C\ R, mnoocecmso mouex Dy, maxoe, umo

L p*(2)p(2) + ¢*(2)a(2) > 0, 2 € C\ {R, U Dy}

2 ()@l )[;’gj;]zo,zeci\qu,.f=[}} -;’].

1z s*(2)] ] >0, ze Co\{2UZ}). (1)

3. [p*( z),zq (2)] [ P(z) ] >0,"¢e CL\ Dy

z(z z) 2q(2)

Moxuo JOKa3aTh, YTO B 3TOM OlIpelejieHun yCJIoBue 3 MOJKHO 3aMEHUTL 3KBHBa-
JIEHTHBIM YyCJOBHEM

A ONC)S [f’gg] 20, R2<0, 2 ¢ Dy, ,_[ﬁ g].

Ha miosecTBe nap BBeJeM OTHOIIEHWE 9KBHBaJeHTHOCTH: maphl col [py(2) ¢:1(z)]
n col [pa(z) ¢2(2)] Ha3bBaOTCH 3KBUBAJEHTHBIMH, €CIH CYIECTBYeT MepoMopd-
nast n mepomopdso oopamumas 8 C\ R, o.d. Q(z), npuaumalomas 3uaverus 8
{H, H}, raxas, aro py(2) = p2(2)Q(2) 1 ¢1(2) = q2(2)Q(z). MHOKeECTBO KNaCCOB
3KBHBAJEHTHOCTH CTUNThECOBCKUX Map 0003HauuM 4Yepe3 Soo.

MuosxecTBo F MOKHO OIACATh M B TEPMHHAX IKPOOHO-JIMHEIHBIX IIpeodpa3o-
sarutt (cu. [1]). A mvenro, dopmyna ‘

s(2) = (m(2)p(2) + 61(2)a(2)} - {aa(2)p(2) + Bu(2)a(2)} (8)

yCTaHaBAWBaeT GHEeKTHBHOE COOTBETCTBUE MEXAY F U Sco.

Kanouuueckne u N-akcTpeMajibHBIE pellieHUs
Ilycts onepaTopsl py, ¢1 € {H, H} TakoBH, uTO

{
l
i
|
¢
I
l
PipL+4iq > 0, pig = gip1 2 0. (9 §

ITpu me6oit MepomopdHO 1 MepoMopdHO 06paTNMOlT B (C\ R+ o.d. Q(2) mapa I‘
/ E
eol[p(2) 4(2)] = collps 1)1 (2), o) |
i

|



cs

TOYKaX 2z € C:E 3a HCHKJIOUYEHHEM HEKOTOPOro MAUCKPETHOI'O MHOXKeCTBa TOYEK.
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spusiercst cruarbecosckoit. ITapsl Bua (10) HasbIBAIOTCA KANONUMECKUMU CTNUA-
MbECOBCKUMU NAPAMU NEPEO20 POda.
[Tycts oneparopsl pg, g2 € {H, H} Takosbl, 4T0

P3Pz + 4392 > 0, pig2 = q3p2 < 0. (11)
IIpu 10601t Mepomopdroit 1 Mepomopdro obparmmoit 8 C\ R, 0.¢. Q4(2) mapa

col[p(2) q(2)] = col[py 27 g2]Qa(2), (12)

smasercs cruiatbecoBckoil. 1lapsl Buaa (12) Ha3BIBAOTCH KAHOHUYECKUMU CTRUA-
MbECOBCKUMU NAPAMU 8MOPO2O POOG.

Ecan B kiacce 3KBHBAJEHTHCCTH CTHATHECOBCKHMX IIap XOTs O OIHA Iapa
OKa3aJach KaHOHHYECKOIT mepBoro (COOTB. BTOpOro) poja, TO BCe Naphl H3 3TOT0
Kaacca 6yayT KaHOHIHUYECKHMH IepBOro (COOTB. BTOPOTO) POJa.

Onpenenenne 3. O.¢. s € F 1a3bi6aeMCA KAHOHUNECKUM PEULEHUEM NED-
6020 (6mMopozo) poda, ecau CMUAMbECOSCKAR napa 6 ee npedcmasaeruy (8)
Aeasemcs napoti nepeozo (8mopozo) poda.

Jlast cxaasipuoit rpobiaems! MomeHTOB CTHAThHEC2 KAHOHNUECKIE PeileH s 11ep-
BOTO M BTOPOTO pona OBUIN paccMoTpeHb! B crathe [2]. Mbi BBOAMM 1 uccienyem
KaHOHITIECKVe peIueHus Jisi 000OIUIeHHON HHTePHOAAIMOHHON 3aaun (4).

Onpenenenne 4. O.¢. s € F nasvieaemca N-3KCMpemarbiblm peueniem
nepeozo (6mopozo) poda, ecau nepasercmeo (7) obpawaemca 8 pasencmeso npu
r=1 (r=2) das nexomopozo zo € Cy \ {ZU Z}.

Teopema 1. Ecau o.4. s € F asasemca N-3KCMpemarbiblm peuienuem
nepeozo (emopozo) poda, mo nepasencmeo (1) obpawaemcs 8 paeHCINEo NPu
r=1(r=2) 0an scex z € C4 \ {ZUZ}.

Joxazameavemeo. Ilycrs s € F u spiasercs N-sKCTpeMaJbHBIM pelIeHNeM
nepsoro pona. Hapa col[p(z), ¢(2)] = U7 (2)col(I, s(z)] svasiercs cTinTHECcOBCKOI,
1.k. s ynosaersopser cucreme OMH (7). IToaTomy B TOuKe Zzo, y4acTBylomICH B
onpeseneHun 4, pMeeM

[p*(20), ¢"(20)]-—= ey [ P(20) } = [I s*(20)] Ufl'.(z.O)JUl'l(zo) [ I ] - 0

q9(20) (20 — 20) s(zp) i

1lo npuBIMIy MaKCAMyMa AJs CTHIThecoBCKux map (cum. [3]) orcioua crenyer, 9To
napa col(p(z), g(z)] sBAAETCS KAHOHIIECKOMN CTUITHECOBCKOIT IIAPONT IIePBOTO POJIA.
Teneps, ¢ yuerom (9) u (10), umeem

l"z e 7 Z
o @A L, et | 6 ]

iz - 2) q(z)

* J rpl] z) =
""Q()[pl?ql]( z)l Q()—O

TaxmM o6pa3om, HepasencTBO (7) upn r = 1 ofpalraeTcs B paBeHCTBO BO BCexX

o=
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O1cro12 u U3 HempephIBHOCTH caexyeT, 4o (7) obpalmaercs B PaBEHCTBO BO BCeX
toukax z € Ci \ {Z U Z}. Teopema noxasama mus cayvas r = 1. Ilpu r = 2
JIOKa3aTeJbCTBO IPOBOJUTCS AHAJIOTMUHLIM obpasoM. O

Teopema 2. 0.¢. s € F AGAAEMCA KAHONUNECKUM PeWeHUEM NEP8O2Zo (6mo-
pozo) poda mozda u moabko mozda, xozda ona Aeasemci N-IKCMpemasbHbim
pewenuem nepeozo (6mopozo) poda.

Joxazameavemeo. Heobrodumocms. Ilycts o0.¢d. s € F siBisercd KaHOHIYe-
CKHM pelleHneM mepsoro poga. Torna ona gomyckaeT mpescraBiaenue (8), B KOTo-
POM yuacTByeT KaHOHWYECKas CTUIThecoBCKas mapa Buza (10). Iloaromy

S [ |

= {m(2)p + A(2)a} " [pied(2) +aiBi(2) Pivi(2) + 4i61()]

U (2)JU7(2) [ aa(2)p1 + Bi(2)m =}
X= i(z— zl) [ 11(2)p1 + 61(2)¢n } {aa(@)ps + Br(Z)ar)

o -1
= {n(2)pn + B} o} a0z (0) DY (Z)W’[’ZI]

i(z - 2)
x {a1(2)p1 + i(2)a } ' = {aa(2)pr + Bi(2)a}
X:-M-:*ﬂl {o1(2)p1 + ﬂl(z)lh}-l =0,Vze (Ci \{ZuZ}.

g
ITocaennee paBenctso caexgyer u3 (9). Takum ob6pa3soM, s sBiagercs N-3KCTpeMath-
HBIM pelleHNeM IIePBOTo Poja.

Hocmamounocmo. Ilycts o.db. s € F sBasercs N-3KCTpeMaJbHLIM pele-
HueM IepBoro poga. [Ipm goka3areiabcTBe TeopeMbl 1 GhLIO IOKa3aHO, YTO Iapa
col{p(z),q(2)] = Uy (2)col[I,s(z)] ABASETCH KAHOHIMUECKON CTUATHECOBCKOI IIa-
poit mepsoro poma, Te. collpy,¢1]Q(z) = Uy '(z)col[l,s(z)]. Orciona memocpen-
CTBEHHO CJeyeT, 9T

s(2) = {m(2)p1 + 81(2)ar} - {oa(2)p1 + Bu(2)an} "

T.e. UTO § SBJSETCS KAHOHMYECKHMM peIleHneM IlepBoro pona. Teopema Ioka3aHa
JUISL KaHOHMYeCKHX W N-3KCTpeMaJbHBIX pelleHHit mepsBoro poza. ljasi BTroporo
POJia JIOKA3aTeNbCTBa IIPOBOJATCA aHAJOrMYHbIM obpasoM. O

I'naBHBIE pemieHUS b

Jlerxo BuaeTh, 9yTo Kaskaas us map col [/ 0] u col [0 I] sBusercs KaHOHMYe-
CKOJ1 CTHJITHhECOBCKOI Mapoil U IepBoro u Broporo poja. Iloacrasiass 3T napsl B
npobHo- nHefiHOe Npeobpazosanue (8), MOXIYIMM ABa INIABHBIX pelneHns oboburen-
HOIl WHTEPUOJSAIMOHHOI 3a1aun

sp(z) = 11(2)eg (2) € F, sk(z) = 61(2),31‘1(2) € F. (13)

-\ E
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Kaxcioe n3 aTux pemenmii sBJseTcs KAHOHMYECKUM pellleHHeM U 1epBOro U BTO-
poro poaa. Pemenne sp Ha3piBaercs pemeHnem ®puipuxca, a pellleHUe Sk — pe-
mennem Kpefima. [lns ciydyas ckajspHOR mpoGieMbl MOMEHTOB TaKde TepMIHBI
OblIT DpeLIoKeHsi B cTaThe [3]. MBI BBoxuM M M3ydaem pemenus ®pmapuxca u
Kpeiia nns 060611enHOl HHTEPIOIAIMOHHOMN 3a1aun (4).

Teopema 3. Pewenus @pudpuzca u Kpetina donycxarom npedcmassenus

sp(2) = u3(Kz — 2L{K1L1) Y ug, sk(2) = {vi(LoKoL — 2Ky) 20y} 2. (14)
Joxazameavcmeo. Y13 pasencrsa
sr(z) = K5 (1 - 2K L K L K Y ) K P,
i CBOFICTB Pe30JbBEHTH HEOTPHIATEJbHBLIX 3PMUTOBHIX OIEPATOPOE CIEIyeT, UTO
sr(z) m3 (14) onpenenena u roromMopdHa B C\ R,. Janee mmeen
up(Ky — 2L1 K1L1) Y ug - 0(2)
= up(Kq — 2L} K1 Ly)  tup{I + zv;RT;(z)Kgluz}
= u3(Ky — 2Ly K1 Ln) 7 {Ka(I — 2T5) + zugvy }Ryp(2) K7 g
= uy(Ky — 2L} K1 L) " H{Ko(I - 2T3) + ZUgU;L1}RT;(l)K2—1'M2
us(Ky — 2L K1 L1 )" Ko(I — 2T3) + 2(Ko L} - LIKl)Ll}RT;(z)K{lm
= uy(Ky — zL1K1L1) " {K3 — zL] K1 L1 } R (2) K7 uy
- u;RT;(z)K{luz =nlz).

B aroft nenouke paBeHCTB mepBoe BhITeKaeT u3 (6), Tperbe - U3 (2), yeTBepTOE -
s (1), maroe - u3 (2), cexpmoe - (6). Taxmm obpasom, sp(z) = 71(2)a;’(2) =
u3{Ky—2L; K1L1} 'uy. llepsoe us pasencrs (14) noxaszaro. Bropoe u3 paBeHcTn
(14) noka3kIBaeTCS AHAJIOTIYHBIM ob6pasoM. O

Teopema 4. [Tycmb dana 0606UENNHAR BNOANE HEONPEDEAEHHAR UNMEPNO-
asyuonnas 3adeva (4) u F obosnauaem muoocecmeo ee pewenuti. H nycmo,
danee, sp u Sg ~ 2nasnbie pewenus 3adavu (4). Tozda o.p. {sk(z) — sp(z)}!
onpedeaena u zoaomopdra C\ {RL  UZUZ} u

1. {sk(2)-sr(2)} 1=

—2v; Rry (2) KT Ry, (2)v1 + 2203 Rrp(2) K5 Ry (2)va,  (15)
2. si(z) > sp(z), Vo € R_\ 2, sg(z) > sp(z), Ve e R_, (16)
3. sp(z) < s(z) < sk(z), Vse F, Ve e R_. (17)

Jloxazameavcmeo. 1. Iycts z € R_ \ Z. HenocpencTBeHHble BHIYUCICHNS €
ucnons3osarneM (1), (2) n (3) upmsonsr k pasenctsy J — Uy (z)JUy () = 0. Ho
rorga (M. [5]) u J — Uf(z)JUs(z) = 0. Orcroma n u3 (6) caexyer, aro

~ai(z)n(z) +7i(2)ea(z) —0i(2)éi(z) + 7i(z)Bu(z) } 5 [ i AL ]
I 97
- (18)

=Bi(z)n(z) + 6i(e)en(z) —Bi(2)éi(z) + &1 (2)Ba(w)
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Taxmm obpasom, — 7 (z)11(z) + 6f(z)ar(z) = I. B cany (14) sg(z) = sy(z).
IToaromy 8

onde) <up(m)e BV (2)65(z) ~ m(2)ey ' (z) ¢
= A7 (e){E1(2)en(2) - Bi(z)m(z)}ai' (z) = B (z)oi (2)-

Jlasee nmeeM

{sk(z) - sp()} " = ey (2)Bi ()
=—z{l + szRT;(:L‘)K{luz}{v{ T Ry, (z)v1}
= —z{vi K Ry, (z)v + :w;RTZ-(:v)K{l(—L;Kl + Ko L3) KT Ry, (z)v }
= —z{vi K{' Rr,(z)v; — zv;RT;(z)Kf;lLIRTI(z)vl
+avy Rys(2) L3 K" Ry, (2)v1}
= —z{v] K7 'Ry, (z)vy — zv;RT;(z)K{lL’;‘RTI(z)vl
+a:v’1'L1L§RT1-(z)K1‘1RT1 (z)n}
—z{v{ KT" Ry, ()vy — 2v Ry () K5 L R, (z))
+zv{T{‘RT;(z)K{'1RTl(m)v1}
= —z{vj[I — Ty + zT{]RT;(z)K{'IRTl(z)vl
—zv3 Ry (2) K5 LT R, ()01}
ad —z{v;’RT;(z)K{lRTl(m)vl - zv;RT;(z)Kz’lL{RTl(z)vl}
= —x{vi*RTl—(z)KflRTI(:v)vl - zv;RT;(z)K{IRTZ(:r)vz}.

B 3T0fl memouKe paBeHCTB BTOpoe paBeHCTBO caenyer u3 (6), rperse — m3 (1),
nsToe, mecroe u gessiroe — u3 (2) u (3). Taxmm obpasom, npn z < 0

{sk(z) — sp(z)} ' = —x{v{RT;(w)K{lRTl(z)vl - IET);RT;(QI)K«_,_IRTz(.’E)’Dg}.

Orciona, B cuy asaanTUaHOCTH, crexyer (15).

2. Ilepsoe u3 Hepasencts B (16) caexyer u3 (15). Bropoe u3 mepasescts (16)
HONyJYaeTcs IPOJOJIKEHTeM [0 HEIPePLIBHOCTH MepBoro u3 HepaseHcTs (16) B
Touxs z € R_N Z.

3. Iycts 0.¢. s € F. Torna ona gomyckaer npeacraBieHue (8) ¢ HekoTopoi
cTIIThecoBCKoit mapoii col [p g]. Mycs z € R_\ {Dp,UZ}. Paccmorpum pasnocts

sm(e) — s(2)
= 61(2)87'(2) = (n(@)p(z) + 81(2)a(2)} - {en(2)p(2) + Bu(2)a(2)} !
= 87" (2)81(2) — {n(2)p(z) + 6i(2)a(2)} - {ou(2)p(z) + Bu(z)e(2)}
= A7 () {[8i(2)en () ~ B (z)n1(2)]p(z) + [67(2)B1(2) — B7 (2)bx(2)]a(=)}
x {ea(2)p(z) + Pu()a(2)} " = BT (2)p(z) {en(2)p(z) + Pu(z)a(2)} " -




(z).

1),

16)
3) B

port
)CTh

z)}
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B atoit nemouke paBeHCTB BTOPOE PaBEHCTBO CIENyeT U3 3PMHTOBOCTH Sps(Z), a
nocaengee — u3 (18). OxoHvarensHO

sm(z) - s(z) = B (2)p(2) {ea(2)p(2) + fi(2)a(2)} " .

Taxum 06pasoM, pasHocTs sps(z) — s(z) npeacraBreHa B Bue ApOoGHO-IMHENHOTO
1peobpa3oBaHusA, MATPHUIIA KOTOPOTO

U(z) = [ﬂ?‘(z) ﬂ‘ém) ] g

Ouepngpo, uro eé J,-dopma mveer B

-

~ S 3 z)a¥(z) + an(2)3*(2)187Y (z
ﬁ*(x)u,(z)_h:{ﬂﬁ( )[B(z)ai( )4(—) 1(2)B*(2))87 " () 3]- (19)

Hernocpencraennbie Brancaenis ¢ ucronbiosanmem (1), (2) u (3) mpusozat K cie-
JyIOIeMy BhipayKeHIo Jst J,-dopmn M.d. Uy

Ul(z)J,,Uf(a:) - Jx
i [ ai(2)Bi(2) + fi(z)ai(z)  —I+ ar(2)8i(z) + Bi(2)7i(2) }
—I+m(2)8(2) + Bi(2)ai(z) - m(2)8i(z) + 61(2)1i(z)

A [ s } R (2) K7 R (2)[on, wi]
1
+2 [ ‘”u?;z ] RT;(z)KJIR};(z)[sz, w)], ze R_\ 2.

Crenosarensuo, Uy(z)J-Ui(z) — J» > 0, re. Bi(2)ai(z) + ai{z)Bi(z) > 0. Or-
croza 1 u3 (19) mveem U*(z2)JrU(z) > Jr. C yderoM 3TOro HepaBeHCTBA [OIydaeM

B« A s a1(z)p(z) + B1(z)q(z)
[p*(2)ei(z) + ¢ (2)Bi(z), p* ()87 (2)}]x [ B (2)p(z) ]

e ey (@@ 5@ ] [ a@  A@) ][ sle)
= [p*(z, ¢"( ))J[ﬂf(m) 0 }Jr[ﬂl—l (z) 0 }{q(z)]

= [p*(z, ¢ ()0 (2)J.U(z p(z) *(z, ¢*(= pz)
~[P(»fI())]U()JWU(){q(x)]Z[P(,fI())]Jr[q(x)]ZO-

[locueree HepaBeHCTBO BhITeKaeT H3 onpenenenns 2. Takmm obpasoM

" (2)oi(a) + " (@)Bi(), 58 (@))e [ A } >0

YMHOKHM 3TO HepaBeHCTBO cmpaBa Ha omeparop {ai(z)p(z) + fi(z)g(z)} 1, a
clieBa ~ Ha, COTPSKEHHBIN onepaTop. [Toxyunm

(1, spu(z) - ()} Jx [ ’ ] 2 0.

sm(z) — s(z)
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Wnn, yaureBas sug J,
su(z) — s™(z) + sm(z) - s(z) > 0.

0.¢. sy u s npuHaLIEKAT F M, CIEHOBATEIBHO, JOIYCKAIOT IPeCTaBIEHNA B
(5). Orkyna crenyer, aro sp(z) m s(z) spmurossl. Ho Torma m3 mociensero He-
PaBEeHCTBa CIelyeT, U4To Spr(z) > s(z). IT0 HepaBeHCTBO MPOAOIKACTCA B TOUKA
z € R_nD,, N Z no wenpeprmroctu. Hepasencrso sp(z) < s(z) mokasbiBaeTcs
aHAJOI'MYHBIM obpaszom. O
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