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3anponoHOBaHMU HaMH HiAXin HpHpogHO 06’enHye nobpe Bimomi meTomu
rapMoHi#iHoro asauidy, poapobneni JI. PyGenom i B. Te#tnopom mns
dyskui opmiei kommiekcHoi 3MmirHOi Ta A. Knesepom, B. Ilronnem,
P. Kyronowm i I1. HoBepa3zom st dyHKuj# 6ararboX KOMILIEKCHHX 3MiHHEX.
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1. Beryn. VY 1899 p. Iencen [1] orpumas TouHe chHiBBiAHOIIEHHS
MiX cepexHiM 3HadeHHsaM Ha koui {z € C : |z| = r} norapudma moxyns
rosiomopdHoi B kpy3i {z € C : |z| < R} dbyskuii f(f(0) = 1) i ycepeanenow
niynabHEO0 dyskuiero N(r,0, f) nocaigosrocTi Ti
{z€eC:|z| <r}:

1 2m .
N(r,0,f)= Y log ITJJ-I A ﬂ/o log|f(re®)|d, O0<r<R.

laj|<r

Ouesnano, mo ¢opmy:a Iencena — ne popmyiia ayist Hy/Ib0BOro Koedinienra @yp’e
dbynkuji log |f(re¥)|. ®opmymu pns yeix immmx xoedinienTin

1 2 hal ]
(rloglfl) = 5 [ e loglf(re®)| a6,  keZ

OPUPOJHO PO3IVISAATH, fK y3araibHeHHs i€l dopmymu. Taki ysaranbHeHHS,
Hacmpasi, BcraHoBuB mie caMm Iences [1].

B 1923 - 1925 p.p. ®pirreod i Ponsd Hepamninnu [2|, [3] (muB. Takox [4,
c. 15-16]) BcTaHOBWIM HH3KY iHTerpaJbHHX 300pakeHb Jiorapudma MepoMopdHOT
dynkuii (30kpema, i Bimomy dopmyuy Ilyaccona-Iencena), siki cTaim migBanHaAMH
CTBOPEHOI HHMM TeOpil PO3NOALTY 3HA4YEHb AHAJITHYHHX Ta MepoMOpdHHX
dyskui. 3 uux 306pakeHb MOXKHA OTPUMATH CIIiBBiJHOMEHHS 1Jis KoedilieHTin
ck(r,log|f]) (k € Z) mepomopdnoi dyskuii f, mo 306paxkarorTe ix uepe3
MOCJII0BHOCTI HYJIB, HOJIOCIB Ta KoediuieHTIB TeiopoBoro po3suneHHs log f B
nesixoMy okouti Hysns. Y 1927 p. ue 3po6us H. 1. Axiezep [5] (zuB. Takox [4, c. 85-
88]) i maB ix mepime NPHUHIMIIOBE 3aCTOCYBAHHS JO HOBOTO JOBEJEHHS TEOPEMH
Jlingenvoda mpo Ten uiioi ¢yHKuil nijgoro nopsaaky. IIpuHarinHO 3ayBaxuMmo,
mo sK cmiBBigHOmeHHs Ajasa ck(r,log|f]|), Tak i dopmyny Ilyaccoma-lencena,
HEOZHOPA30BO TepeBiKpuBaiu 6araTo MaTeMaTHKIB, 30kpema, M. Kaprpaiir (6],
I. Kuezep [7], A. IIdpmorep [8], A. Expeit i B. ®yxc [9]. Ilpore, ui poboru
HOCHJIA PO3DPi3HEHMM XapaKTep i He NMpU3BEM A0 MHMPOKHX 3aCTOCyBaHb METOZLY
paznis @yp’e. CBOro x CHCTEMAaTHYHOTO PO3BUTKY Ta INMPOKHX 3aCTOCYBaHb (IHB.
ornaau [10] - [12] Ta monorpadii [13], [14]) Merox paxnie @yp’e mns Jsorapudma
MOAy/asi IUMX Ta MepoMopdHHX GyHKIiMH HabyB Jume nicas JOCTiAXKeHb
JI. Py6ena i B. Te#tnopa, anoncosanux B 1963-66 p.p. [15] - [18] i Buksagennx B
pobori [19]. Meroz psiaie @yp’e Py6ena-Teitnopa icrorso gonosaumm 1. Maiins
ta JI. Ile#t (mus. ornszm [10] - [12] Ta Mororpadii [13], [14]).

B po6orax II. Hosepasa [20], [21] Buxizni momoxkenns Merony psazis ®yp’e
Py6ena-Teitnopa nommupeno Ha cybrapMoHiitai Ta §-cybrapmonifini B C, a Takox
mopicybrapmonittai B C* (n > 2) ¢yukuii. Jns cybrapmonifinux 8 R™ (m > 3)
dynkuil, 6mmuspkuit g0 merony Py6ena-Teitnopa, Meron chepudyHHMX TapMOHIK
(Meron psais @yp’e-Jlamnaca) sunepme pospobuB A. Komapariok [22] - [24].
IIuTaEHES MOXJIMBOCTI pO3POOKH TAKOrO METOAY IJIsi CyOrapMOHI#fHMX B IIPOCTOpI
dyukui#t 6yno mocrasnene JI. Pybemom B orasiai [10]. Ilomamsmoro csoro
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po3BuTKy Merox psaniB ®yp’e mna cybrapmonifiamx i J-cybrapmoniiinux B C
dysknitt HabyB B kKaHaUAATCHKiM aucepramnii 1. Bacuiabkisa [25].

Teopemy Jlinpenmvoda Ha BHUmMaOK Himmx Ta Mepomopdbuux B C" dynxmii
eKCIIOHeHIIi#fHoro Tumy y3aranabHeHo B pobori B. Illtosuis [26]. B ocmoy
niei poboTu mnokianaeHo onuH BapianT ¢opmymm Ilyaccona-lencena [27] pns
MepoMopdpHEX GYHKIiH 6araThOX KOMIUIEKCHMX 3MiHHMX 1 il eKkBiBajeHT -
po3BuHeHHs Jjorapudma 1iei MepoMopdHOi GYyHKUl B psn MO OXHOPIZHMX
nosiHOMaxX meBHOro BUrIAAy (merami gus. B [26]). P. Kyiona [28] pospobus
aHaJjior Teopii Py6ena-Teitnopa s mimx i Mepomopdrnx 8 C* (n > 2) dynxniit,
y3araJIbHUBIIK IPH IbOMY Ha GLIbII 3arajJbHHi BUIIAJOK OCHOBHI Pe3y/bTaTH 3
[26].

3azmaummo, sk i B pobori I1. Hoeepasa [21], Tax i B pobori P. Kyionu [28],
nust Bignosigaux 06’ekiB B C" (mmopicy6rapmoni#tunx dyHKi# Ta sorapudmis
MozyJiB MepoMOpdHEX (YHKIi#) BEUKOPHCTOBYETHCSI TEXHIKa 3pi3-DyHKIiM, Ka
JI03BOJIsI€ 3BOAUTH GaraToBHMIpHi 3a/ad4i 40 ogHOBHMipHOro Bumaaky. OcHoOBHa
Mera 1i€l po6OTH, Ha OCHOBI METOAIB rapMOHIMHOrO aHaii3y, pPo3pobJeHOro
A. Heitinpxxenom Ta Y. PynimuM pgns Teopii yHiTapHO iHBapianTHMX HpOCTOpIB
bynxuitt [29] (mus. Takox [30], [31]), o6’¢mmarm mimxomm, 3ampomonHOBaHi B
poborax JI. Pybena ta B. Teitmopa [19], A. Kresepa [7], B. Ilronnsa [26],
P. Kyromm [28] i II. Hosepasa [21]. A came, ans mwmopicybrapMoHiiHUX B
C" (n > 2) dysxuist BcranoBuTn axajor ¢opmyian Ilyaccona-Iencena-IllTomns
(nuB. Teopemy 1 Ta 3ayBakeHHs 1) i, Ha Iiit OCHOBI, 3AIXCHUTH PO3BUHEHHS TAKUX
dyrxmnilt B pag 00 OAHOPIAHKX rOJOMOPGHUX Ta AHTHrOJIOMOP(HMX moTiHOMAX
(muB. Teopemy 2 Ta 3ayBaxkenHs 3). KpiM Toro, y sixocTi 3acToCyBaHHS, 1aTH A5
wiopicyorapmosiliaux B C" dyHKOji# aHaIorn Ta yTOYHEHHS ASKUX Pe3yJ/IbTaTiB
. Maturza i 1. Illes 3 poGorur [32] (quB. Teopemy 3 Ta Hacmigok 4).

2. O3snauvenns ta ¢opmysmoBaHHd pe3yiabrariB. Haramaemo (mus.,
nanpukiaz, [30, c. 134]), mo aificHo3HauHa HamiBHeNepepBHa 3BepXy (yHKIls
u(¢), u({) # —oo, ¢ € C", HasuBaeThCa WiOpicybrapmonituow B C*, sxmo ans
JOBiIbHOI KOMIUTEKCHOI IpsiMoi ¢ = a+bz, a € C*, b€ C", z € C, 3pi3-dynkuis
uq p(2) := u(a + bz) € cybrapMmoniitHOI0 DYHKIIIEI0 OAHIET KOMIUIEKCHOI 3MIHHOI 2.

Oneparopu 30BHImELOrO audepenniopanas @ i 0 B C" BH3HAYAOTHCS
cuiBBigHOMEHHsMY (IUB., Hanpukiag, [33, [asa 1))

= 9 - ™
_kg-a—z;de, s =16_Ekd ks

Ae zp = Tk +4Yk, Zk = Tk — iUk, {Tk, Uk} CR, k=1,2,...,n,2

TR,
sz axk Byk ! sz 2 a.’L‘k ayk

— omneparopu ¢opmatbHEX noxiguaux. Ilokmamemo

n

0 17}
d:=0+0= (a_m;dzk+5ﬁll_kdyk),
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e At 00 0
= 1(3—6) =Z (a—w:dzk—'a—z—,;dyk) .

k=1
Hexaix
n—1 1 i 2 - n
W™ (n) = ( zd"d log|n| ,  neC\ {0},
— opHopigHa Merpu4Ha dopma Py6ini-ITyai,
1 K/
a(n) =— s d* log |n| Aw™'(n)

— merpuyHa ¢opma Ilyankape (Tob6ro HOpMOoBaHa ¢opma 06’emy Ha cdepax
S(r)={neC":|ng|=r}, 0<r < +00).

Hosinbhi#t mwmopicybrapmonifinitt B C" ¢yHknii © B3aEMHO-OLHO3HAYHO
BiJTOBija€ MOAATHHY 3aMKHEHHI NOTIK (AuB., Hanpukaaz, [34])

&u(n)
0n; om

P -dldu(n) = —aau(n) 5 ;
-

d"j A dﬁka

e Toximi %"%); BH3HaueHi sk posnoaim (dynkuis u € LL (C")).
3a3HauMMo, IO 3BYXeHHs TOTOKY t,({) Ha KOMIUIeKCHy mpamy 7 = az,
a €S :=8(1) cC" zeC, gopiBaioe

n=az =% [i %%%Z—aﬁk] dzANdZ =

] —dzAdZ = Au,(2) - dz/\d2=21rdpua(z),

8 ua(2)
0207
ne A - omeparop Jlannaca B C, a dpu,, — Mipa, acomifoBana 3a Picom 3
cybrapmoHi#iHOIO dYHKIIE Ug(2) = u(az).

TosopsaTs (aus. [29], abo [30, I'nasa 12, [31, I'nasa 1, §3]), mo mosirom M B C"
HA3MBAETBCS 00HOPioHUM cmenena k, sxkmo M (2¢) = 2 M(¢), z € C, ¢ € C™.
Hexatt Py (k € Z,) — npocTip BCiX OJHOPiJHMX KOMILUIEKCHO3HAYHAX MOJIHOMIB B
RN c'renenxk a My — mignpoctip Bcix h € Py, ana skux Ah =0, ge A = (%27+

1
44 —r oneparop Jlamtaca B RY. Yepes R[w;, ..., wn,) nosrauumo Kitsue

BCix xomn.nexcunx nojiHOMIB Bij 3MiHHHX wi,...,w, € C. Haragaemo, mpo

npocrip H(p,q) (p,q € Z4) — nie BekTOpHHiA ni,zmpoc'rlp 00HOPIOHUT 20PMOHITHUT
noainomie hpg(¢) € R[¢1,...,¢ni 1y - -+ Cp] bicmenena (p,q), Tobro:

a)Vz € C:  hpy(2¢) = 2279 hpe((), me ¢ = (C1)- .-, 6n) € C;

6) V¢ € CM: Ahyl(() = zamck

Ipu mpomy, mpoctip H(p,0) cknanaerscs i3 zoaomopdruz, a mpocrip H{0,p)
- i3 anmuzoaomopPHUT ONHOPIAHMX NOJIHOMIB CTeHeHs p. 3ayBaXKMMO, MIO
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k
= @ H(j,k — j). Taxkox maemo L%(S) = @ H(p,q), Tounime koxna
=0 9,420
byukuis h € L?(S) eaunuM 4MHOM DO3BHBAETHCA B Pafl h = 3. hpg, ze
P20
hpq € H(p,q), sixuit 36iraetscst g0 h B Tomosorii L?-mopm. Kpim Toro, mna

noBibHEX (p,q) i BCix { € S icHye eauue TBipHE 31p0 Kpe((,e) i3 H(p,q) Take,
110

Vheﬁ@ﬁﬂmMO=meKMde%

ne mpy — oprompoekropn 3 L?(S) ma H(p,q). Ilpm mpomy, ockimbku
Kpq(¢,®) € C(8), To ue 103B0IIsIE POMUPHTH 06IACTH BUSHAYEHHS Tpg 10 L1(S).

Hexait u(z) — wmopicybrapmonittaa B C" i mmopirapMoHiitHa B A€SIKOMY OKOJT
rouku 2z = 0 pyukuis, u(0) =0, i

bu(ri0) = s [ E(Gmot), >0, CeS,

— opronpoexuii dbyrxui#t u,(n) = u(rn) va H(p, g)-npocropu, se

pHaFn—-1

D(p, q, n) := dim H(p, Q) p+n—2 Ci q+n—2 AL

y n22,

212
Kpq(¢,m) = D(p,g,n) (¢, m)P(n,C) F (—p, e hadils __ll(ﬂ,lr;yp)

— TBipHi sapa B npocropax H(p,q), ((,n) = (s +... + (ully i

+oo [k—-1

k=0 \j=0 v + ]

- rinepreomerpu4Ha dyHKnia. BigmiTumo, mo Kpo(¢,n) = Cj, +p_1 (¢, n)P.
Hexait Taxox B(t) = {n € C" : |n| < t} i B(t) = {n € C" : |n| < ¢},
p,q€EZy, 0<t<+o00, ¢ €8S. Iloknanemo

1 n
vy Liiscekis o K’(,—)d : 1
pq( ¢) m™-1D(p,q,n) B) pa | € Il pu(n) (1)
ae dpy(n) = %tu(n) A w™l(n) i ty(n) - 3amxmeHuit momaTHMM mOTIK,

aconifioanut 3 u. 3aypaxmmo, mo n(t) := ngo(t;¢) = 7 "uy(B(t)). Yepes
supp iy CKpi3b Hazaji Gyzemo mo3nadaTw Hoci#t mipu Pica u, mmopicy6rapmo-
HiltHOI PyHKIT u.

Teopema 1 Hezati u(Q - naopicybzapmoniling @ﬂmia_y 610xpumiti 36 A3l
muoocuni G C C", B(r) C G, naropizapmoniting 6 B(s), de 0 < s < r
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i u(0) = 0. Hezati maxoowc, F({) — 2osomoppra 6 B(s) dynxuia maxa, wo
u(¢) = ReF(¢), ¢ € B(s). Axwo ¢ € B(s), mo

r =2 [t | (=) 1] o+
i /8 [;"ITI /a5|n|5t (1 Jr (?I—ﬁl—t—ln_(z_rﬁ)n) d"“(")} (‘?'Jf
B S e PR

de nepwuti i mpemiti inmezpaau € zosomopPrumu 6 B(r) dynxuiamu, a dpyeut
— 2onomopProro 6 B(s) dynxuiero.

Baznauumo, mo s ¢ysxuii F(¢) Takox npaBuibHE HACTYIHE 300parkeHHSsI
(ams. [30, c. 48])

O = [wom 2 (=) - 1], ceBlo

Ina w € C, |lw| <1in € N nosnauumo (gus. [26, c. 403], a6o [27, c. 165])

1 a1

D T =],

L(w) := Lp(w) :=

e cuMBOoJI Log 03Ha4a€ roJioBHE 3HAYEHHS JorapudmMa.
3ayBaxkenns 1. Hexa#t BukoHyroThcss ymoBH Teopemu 1. Toxi ans Bcix

¢ € B(s) A
r© =1 [[uen) | (=)~ o0

A rofen [ (2) - 2 (%2)] dumio. @)

IMoxaxkemo, mo 300paxkenHs (3), micis BiANOBIAHMX NEpeTBOpeHb, Habyze
purnsaay (2). Crpasai, cnodaTky nojamo ChiBBifHOmIEHHs (3) y HacTymHOMY
BUIJISLZ

PQ =2 [utn) [ (=7) —1] ot
vt fo £ () 2 (F)) bt
e ) (58]
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Toni (aus. 26, c. 405]), BpaxoBytoun, mo ans w € C, |w| <1 :

1 +00
L(w) = Z pin—1 e T p2=:00§’+n—1 w?,

i To#t paxT, mo uy(n) = 0 s n € B(s), maemo

o (£(5) -2(52) amio-
b$@@%%ﬁmn«
y _/0' | Inl<t (Z Cpon-1 «my) "(")] pHl

p=1

[ = / (1~ () ) o]

i, BigmOBiAHO,
o Ml
- '",rnl—l /ﬁ(r) (z Ohnit (Cz,mp) d pu(n) / =1 dt =
[ [ o (Bt ) anio] e

[ Lo, (- () ) | %

BpaxoByoun cka3aHe BHIIE, OJEPKyeMO (2).

[oni6ue ao (3) 3o6paxenns y Bumaaky u = log|f| (F = log f), xme
f — mepomopdua B C* ¢dynkuisi, sunepme Bcranosus B. Illtosns B 1949 pomi
(nus., nanpukax, Teopemy 1.7 3 [27]). HaBenemo ii dopmysmoBanss mume ajis
BunaaKy rosomopduoi B obiacti G C C* dynkuii.

Hexa#t f - ronomopdua B obnacti G C C* dynknia, Z; = f~1({0}) =
= {¢ € G: f(¢) = 0} —ii Hy;bOBa MOBEPXHH, a V§ — (DYHKIIis KPATHOCTi HYIHOBOI
nosepxsi Z¢, To6to mapa (Zy,vy) := Dy — musisop bysknii f (aus., Hanpukmaz,
[33, [naBa 1], [35, ['nasa 1]).
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Teopema A (®opmyna Ilyaccona-Iencena-Illronns, [27]). Hezati f #0
— 20n0mopPra y eidxpumitl 3e’asnit mroocuni G C C". Ilpunycmumo, wo
B(r) C G i Z;NB(s) = 0 npu deaxomy 0 < s < r < +00. Ipunycmu.uo maxoorc,
wo f(0) = 1. B xyai B(s) susnavumo dynxyiro log f({) ymosorw log f(0) = 0.
Sxwo ¢ € B(s), mo

2

og J(¢) =2 | s 1) [(‘W " 1] St

vz g @ (2 (5R) -2 (42)) e

3 ormsmy Ha no6pe Binomy dopmyny Ilyamkape-Jlenona (aus., Hanmpukiag,
[33, c. 71, [35, c. 161]), maemo: [Dy] = &Bglog \f], ze [Dy] - morix,
nopozkenut ausizopom Dy. Ane, dynkuis u = log |f|, me f — ronomopdna B
G C C", e wnopicy6rapmosiiiaoto B G. Orox, [Dy] = t,/(27) i cuiBsigHOmenHs
(3) (abo (2)) € ysarasbHeHHsM HaBezieHOi B TeopeMi A copmymu Ilyaccona-
Iencena-IllTomns.

Teopema 2 Hezati u(z) — nawopicybzapmoniting 6 C* pynxuyia, naropizapmonitina
+00

6 B(rg), u(0) =0 i u(z) = Re Y ap(z) e B(rg) , de op(z) - odnopioni
p=1

20a0mopPHi noainomu cmenena p, apo(() = ap(()/C: in-1, 7o = inf{r > 0:

supp py N B(r) # 0}. Todi

u(r() = Y hpe(ri¢)y  r>0, (€S,
9,420

i " n(t)
hoo(1”;C)=/o ant;

(i) = Jaml©+ 5 [ [G)+ ()] 25 ar
hop(r;¢) = hpo(r3C);  hpe(r;() =0 npu pg #0.

Tlpu 0 < r < 400 moknagemo (auB., Hanpukax, [21])

N(riu) = /S u(rn) o(n) = /0 W )

Tri) = [[wnot),  mariv) = ( [ 0(n)>1/2,
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ae ut = max{u;0}. ayBaxumo, mo npu 0 < r < +00 MpaBWIBHI HACTYIHi
CITiBBiJHOIIIEHHS

T(r;u) < 2T(r;u) - N(ryu) = /s fu(rm)| o(n) < ma(rsu),

a Takox (muB. [30, TBepmxenus 1.4.7])

ma(r;u) = ( /; 9% 02”u2(re‘07])d0)1/2.

Teopema 3 Hezati u(z) — nawopicybeapmoniting 6 C* i naropizapmoniting e
deaxomy oxoai mouxu z = 0 dynxyiz, u(0) = 0. Todi das dosiavroi nenepeperoi
dymnxyii v : (0;+00) — (1;2] i dasnscizp €N, ( € S, 0 < r < 400,
BUKOHYIOMBCA HEPIBHOCTE

p — r)) 2
It 01 < @T e = M) [ (579) + 55 meay |

V2loga(r) |

Hacainok 1 Hezati y(r) = /1 + e(log T'(r;u)), de e(t) - nenepepsna dodamma
nespocmama Pynxyis, eusnavena na [to; +00) maxa, wo e(t) = 0 nput — +o0
i [[T®e(t)dt < +o0o. Todi dan eciz T > ry (to = log T(ro;u)) 306mi, moocauso,
Mno:ucuuu crinyennoi nozapudmiunoi mipu, das eciz p € N i ( € S euxonyromoca
HEPIBHOCME

ma(riu) < (2T(v*(r)r;u) — N(r;u)) [1 4 AR0E 2 V“gﬁ}

® =
|hp0("'§ Q)| < (2eT(r;u) — N(r;u)) [(7(1,‘))? ™ 12p(11g’)7)(7')p]

ma(r;u) < (2eT(r;u) — N(r;u)) [1+ s T(r;u))] r

3. osenenns pe3yabrariB. Ilpu gosemenni Teopemm 1 icrorHO
BHKOPHCTOBYIOThCSI HACTYIIHI JBa ONEPATOPH:
1°. inTerpanpuuit oneparop —

1
519)(¢) = (n—1) /0 (1 - )2 g(t¢) dt,

20, mudepennianbEHi onepaTop —

-1
dnls) = gy gt 00







