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0.1. YpaHeHusi, KOTOpble MOXHO IOHMMaTh KaK ITapHble, BAYKHbl BO MHOIWX
obaactsax Hayku. Tak, Hampumep, pa3inuHbie 3aJayldl MATEeMaTHUeCKON ¥ Teo-
perTnuecKoit (bM3NKH, 3JeKTPOCBS3M, TeOPeTNUYECKON U CTPOMTENBHON MeXaHUKII,
TEOPHH YHIPYIOCTH, CMAPOTEXHHKW U JIPYTHe CBA3aHBI C TAPHBIMA yPaBHEHHAMI
TUTIA CBEPTKH, — MATPUYHBIMU (BO3HUKAIOUIIMY, HATPUMep, B 3aadax oupejele-
HUS e/IAHON MATPUIIbl HarPy3Kil IO YacTH IPOrubOoB ABYX PA3HRIX COBOKYIIHOCTENT
OMHAKOBHIX Tel); — BEKTOPHBIME B R3 1 ero pacumperns; — (GyHKIMOHATIBHRIME
v uabivAa. JIJis yKa3aHHBIX ypaBHEHMI, B TOM UKCKe 18 OBBITHO N3yYaeMbiX 0cobo
Pa3HBIX CIydYaeB MIOCTAHOBOK 3aaull Pa3pelmMMOCTH HHTerPalhHBIX YPABHEHWI C
SIpaMH, 3aBHCAMAMA OT pa3HocTy apryMenros [1]-[5]:

f(t), —o0<1<0,

ot)= ] Hilt = s)p(s)ds

e (1)

o(t) = [ kot - s)p(s)ds = f(1), 0< < o0;

-

rae kj(t)exp{cjt} € Li(—o0,00),¢; € R,j = 1,2, moxuo 0GHAPYXUTH MHOIO
obmero. OblMe KayecTBa HabIIOAAIOTCA C TOUKM 3PEHMS OCHOBHBIX TOJCHKEHMIT
TeopHH Kolell n (hyBKIACHAAbEOrO aHann3a. OHE MOrYyT BKIIOYATH BOIMOIKHYIO
opMy 3aIDACH ypaBHEHUT ¥ UX PEIIeHI; NOCTAHOBKY 33/Ia9ll Pa3pellMOCTH 1
npyrue acrnekTsi. J{IS KOHKpPEeTHhIX HaGOPOB MAPHBIX YpPaBHEHWIl COBCKYNHOCTI
06X KadecTB MOTYT omimuarhesi. CyleCTBEHHO HAJMYHe WM OTCYTCTBHe ac-
COIUATMBHOCTH VMHOMKEHNS B COOTBETCTBYIOUIEM YPABHEHHIO U NPeTONOKeHIAM
KoXbIle R 3neMeHToB. BCKpHITHE [OJX0J0B K MCCJIEJOBAHUIO MPHBOIAT K MOTH-
BaIiy HeoOXONMMOCTH M3yUeHys MapHHIX ypaBHEHU B Koabllax R ¢ daxtopn-
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3oBaHHBIME Tapamu nozxkoxen (RY, R™), nopoxnaemsivu mefictByioummu B R
KOMMY THpYIOIMH npoexTopamu pt, p~ [5]-[8]:

pt(az1zaz) = pt(b),

{ p~(anzaz) = p(c), (2)

rae pt, p~ — cooTBeTCTBYIOWME IIPOEKTOPEI.
0.2. Hmxke paccMaTpuBaloTcss abCTpaKTHBIE TapHbIe ypaBHeHMs obuiero Bua (2)
H

(CIPANE N -NRNN € 73 LN 1 (3)

()" =¢7, (azz)* = bt. (4)

“_”

Kax u p*, p~ B (2), 3makm “4”, “-” B mapHeIX ypaBHerHusX (3), (4) yka3pBalor Ha
NIpHMeHeH’e COOTBETCTBYIOUHUX IIPOEKTOPOB MM Ha NPUHALJIEKHOCTh HEKOTOPhIM
[OIMHOXKECTBAM. ;

B ypasrenusx (2)-(4) Hen3BeCTHBIT 3JieMeHT T OTBICKMBAETCS B COOTBETCTBYIO-
meM Koabile R ¢ ¢akropuzanmonnoi napoi [6]. B cayuae, xorna xoaddunmenth
MIpUHAAJEHAT OJHOMY KOJbIYy R u oGpaTnMbl B HeM; MpaBas 9acTh 3aJaHa, a He-
U3BECTHBIT OTBICKHBaercs B R, paccMaTpuBaeMble MapHbie ypaBHeHus (3), Kak u
(2), marot ob1IT BYJ DAPHBIX ypaBHEHNMIT B aCCONMATHBHOM Koablle R ¢ daxropn-
3armonHolt mapoi nomkouxen ( Rt, R™) [5]-[8]. laproe abcrpakTrOe ypasHene (4)
B caydae, KorJa Koa(UIHeHTs TpUHaIIexaT Boobule pa3HbIM KOJbllaM ¢ (ak-
TOPU3AITHOHHBIMU IIapaMi 1 0OPaTUMbI B 3THX KOJIbIAX H3y4eHO B [6]. Y paBHeHns
(4) Ba)KHBI B M3BECTHBIX ITPHJIOMKEHUAX, B JaCTHOCTH, K ITapPHbIM MaTPUYHBIM M
NapPHBIM MHTETDAJIbHBIM yPaBHEHUAM.

Jlns MOHMMaHUS 3alCH W YTOYHEHWS CMbICHA TApPHBIX ypPaBHEHUII OTHOCH-
TeJIHHO HeM3BECTHOTO T, W POPMYJIUPOBKH YCTAHOBJEHHBIX Pe3yJhTaTOB IOTpedy-
JOTCS CIIEIYIONIIe

1. O6o3nauyeHud, onpeneeHus U obLIMe ITOJOMKeHU

1.1. Canenys [5]-[8] uepes R ob6o3HaumM IPou3BOIBLHOE, BOOOIE, HEKOMMY TATHB-
HOE I, BO3MOXHO, HeaCCOIMaTUBHOe Koubllo ¢ exuuumiel e. [Iycts pt, p~ - kommy-
THPYIOINFE IPOEKTOPhI, T. €. &L {UTHBHEIE U I IeMIIOTeHTHbIe oTobpaxesns B — R.
[Moxosxum: p° := ptp~(= pp*), py = pT — p°. Jlas moBoro moaMHOXKeCTBA
B C R obossaumm B¥0 ;= p¥°B; By := pzB; B* = Bt + B~; B, = B, + B_.
s moboro z € R monaraem: 70 := p¥0z; 22 := px. O6parHnlit 8 R 1is obpa-
tamoro B R aaementa r € R Gymem obo3nayars cuMBOJOM z', CHabGIKEHHBIM, TIPH
Heo6X0IMMOCTH, ZonoAHuTeAbHbIMA. JIJsg Ipon3BoabHEIX ToaMHOoXkecTB A, B C R
onpenemm MEoXxectso inv(A, B) := {x € A : X’ cymectsyer u npuHazIexuT B}.
Monoxum inv(A,A) := invA. Daement ut [- amement v°, anement w™| HasoBeM
npasmisEEM [7], ecm ut € invR* [v° € invR?, w™ € invR™].

1.2. Jonounss [9, 5, 6], nge, B YacTHOCTH, pa3BUBaeTCs MOHATHE (paKTOpH3AIMH
crpykTyphi [7] m mcnoab3ys (8], BBeleM cielylomue ONpe/ereHus.
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Onpenenenne 1. [lapy nodxoaey (RY,R™) [= (R™,R*%)] xoasvya R ¢
edunuyel e bydem nasvieams aesol Paxmopusayuonnotl napot (JIDIT) amozo
koavya R, ecau ona nopoxcdena deticmeyou,umu 6 B xoMMymupyou,umy npo-
exmopamu pt, p~ : RT := pT R, u evinoansomes caedywouue axcuomor:

e € RY; ()
p° - mwwueeoif eomomopdusm RY v R~ B R°; (6)
R'R-C R, )

AHaJOrIYHO BBOJUTCS MpaBasi (pakTOpi3almoHHas Iapa [9]. Ykaskewm, uto
dakropusanus crpykTypsl 8 R [7] 31ech coorserctsyer JIPIT R. Ecan R — kommy-
TaTUBHOE M, BOOBIIe, BCAKIMN pa3, Korga napa (RY, R™) aBasercs oaHOBpeMeHHO
JOI u HOII R, ary napy Oyaem Ha3pBaTh dakropuzaimonsoi mapofr (@II)
KoJbra K.

Onpenenenue 2. Beaxoe xoavyo R ¢ edunuyel e, paccmampusaesoe
smecme ¢ €20 Quxcuposannotl OI1 (RY, R™) [= (R™, RY)] 6ydem naswieams
KOABYOM € Harmopusayuonnot napod.

Herpusnaiprbie npumepsl kodey, ¢ @11 Moo nocTponTh, OTIpasissch, Ha-
[puMep, OT KOJell MaTPHI; — KoJdell abCOMOTHO HHTCIPUPYEeMbIX (GYHKUMIT; — UX
COOTBETCTBYIOUX 1peobpasoBanuil n apyrux [1, 4-9].

1.3. Byzaem rosopurs ([5]-[6] cp. [7], ato anement ¢ € R sonyckaer B R xeByio
(npasyw) daxropusammio (1.¢. (r.d.)) mo mape (R, R™) ecan cymecTByior aie-
merrl T € Rt s® € R°, i~ € R, Takue, uro '

&=ttt = (8)

Muosuresn 7+ € RY, s € R® € R°, ¢t~ € R~ B (8) HassBajoTcs muiioc-,
JHArOHAJBHBIM- 1 Mullyc-dakropaMu, coorsercrBenso. Jlesas (npaBas) dakro-
pusanus (8) HaswiBaeTCs: MpaBIVibHOLN Jesoll (1paBoit) dakropmsammeeit (1.1.¢.
(.r.d.)), eciu rt € RY, % € R, ¢~ € R~ - upaBuabHbIe 9]€MEHTHI; — HOPMUPO-
Basyof Jepolt (1pasoit) dakxropmanuefi (1.1.¢b. (H.r.¢.)), eciu t° = r° = e; — Hop-
MITPOBAHHOI NPaBUIBHON JeBoit (mpasoil) daxropmsaimedt (u.m.l.¢d. (an.r.d.)),
ecan ona spasercs (m.1.¢. (mr.dp.))nt® =10 =e.

2. l'naBHBIA pe3yabTar

2.1. Korna 3ajaya pa3pemMOCTH abCTPAKTHLIX IApHBIX ypaBHeHmi (2)-(4) cTa-
BuTCsH B KoMblle R ¢ dakropusopannoil mapolt (RT, R™), snement ¢ € R* byzem
CYIMTATh MCKOMBIM, a OCTaJbHbIe 3JieMedTsl 3a1aHEbMI. [Ipn 3ToM cunmraeM, uro
¢ € R, bT € Rt, a xoadppunments npernoraraeM obparnmbivu 3 R. Ilon
pemeHueM B R mapmoro ypaBHerus (2) moHUMaeTcs BCAKui aaemeHt T € R, pe-
3yABTAT TIONCTAHOBKHA KOTOPOTO B JEBYIO YaCTh KaXKIOTO M3 COCTAaBILIOMHX (2)
ypaBHeHniT ¢ Momolbio orepamit m3 R u npoekrtopos pt, p~ npeoGpasyercs B
COOTBETCTBYIONIYIO TPABYI0 YaCTh. AHANOTHYHO IS NAPHBIX ypasHeHwmir (3), (4).
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Pa3pemMocTs abCTPaKTHOTO IMAPHOTO ypaBHeHUs (2) B ciydae HOPMHEPOBAH-
HOIT IIPABUJIBHON (DaKTOPU3ALMK XapaKTepu3yeT CJenylomas
Teopema. ITycmbs R = R* - accoyuamusnoe xoavyo ¢ @I (R, R™), nopo-
acdaemoti Kommymupywouumy npoexmopamu pt,p~: R — R.

Ecau xoapduyuenmol abcmpaxmmnozo naprozo ypasnenua (2) a;; € invR;
i,j = 1,2 maxue, wmo aaemenmsl a110y,, a1,022 donycxatom 6 R w.n.l.d. no
nape (R*,R™):

/ BROHT .
a1102; = 7Ty ity 3 9
a a0 = 17895 9)
12022 = T 838y, -
mozda npu awboti npasol wacmu ¢~ € R~, bt € R*, ydosaemeoparwweti ycao-
6UI0 CO2ZAACOBANUR:

[rHerfs9)” = (76t 457T, (10)

amo napwoe ypaenenue (2) umeem 6 R odno u moawvko odno peuwenue. Eeo
MOJCHO Onpedeaumsb no dopmyae:

z = ayyri ([t 0% 45", + e rd s3] )ty ay. (11)

3. HeKOTOpHe CJeNCTBUSA U 3aMe€YaHNsd O IIPUJIOKEeHNIAX

3.1. B paccmarpuBaeMoil CHTyaIliyl NIPpU @11 = G3, G2 = G2, 12 = U] = €
maproe ypasuernue (2) B R ¢ ®II (R*, R™) nepexoaur B nmapHoe ypasrenue (3),
paccMaTpHBaeMoe B TOM ke Kouble. IIpm a;; = ay, a3 = a3, @13 = a3 =
e nmapHoe ypaBHenue (2) mepexoxuT B mapHoe ypasHenue (4). C yuerom aroro
3aMevyaHNs U OYeBUTHBIX PACCY K ICHUI U3 TeOPeMbl 3aKTI09aeM, YTO CIIPABeIJIHBEI
TaKHe CJIeJCTBHS.

CaencrBue 1. ITycmb npu npouur ycaosusxr meopems. xodpduyuenmsl a; €
invR napnozo ypasnenus (3) donycxaom e R, coomeemcmeenno, n.n.l.gp. no
nape (R, R™)

PURER ey p iR TR (12)

Tozda npu a10601 Yy0oeaeMeopaI0Uel YCAOBUI COZAACOEBANUS
[ Mg et = ftobtec!so1° 13
[syrTc™r3] = (707 85" s3] (13)

npasoti wacmu ¢~ € R™, bt € R* napnoe ypasnenue (3) umeem 6 R odno u
MOAbKO 0010 peulenue.
Ez20 moxcno onpedeaums no gopmyae:

z =t ([tyb 15789, + [syri'erf] )rd’. (14)

OrTMeTHM, UTO HOXYYeHHas ceffyac KakK CJIeJCTBHe TeopeMbl (opMyia pelleHms
(14) omimyaercs OT NpUBeJEHHON B JOKa3aHHOW aBTOPOM PaHee HenoCPeICTBEHHO
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teopeme 14 u3 paborsl [6] s ypaBHenus (3) ToabKO 0BO3HAUEHUSIMU.

CnencrBue 2. Ilycmb npu npovwur Ycro6UAT meopemb, K0IHHuYyueHmbl
aj € invR; j = 1,2 napnozo ypasnenus (4) maxoev, wmo saemenm a;al
donycxaem 6 R n.n.l.¢.:

ayay = 1%,

Toz0a npu a1060U ydosaemeopau,el YCA08UI0 CO2AGCOBAHUA
[rte™]® = (% b+ (15)

npasoti vacmu ¢~ € R~, bt € Rt napnoe ypasnenue (4) umeem 6 R odno
u moavko odno pewenue. Feo moxcno onpedesums no gopmyane:

$ = A li b e ), (16)

B onpenenennom cmeicae, dbopmyna (16) ob6obiuaer ycTaHOBAEHHYIO IJIA ap-

HBIX WITerpaibublX ypasHennit Tuita cBeprku (1) dopmyny (15) u3 paborsi [4] n
dopmyay (3.4) u3 pabotsi [2, ¢.68]. MeToapl 10Ka3aTeIbCTBA TEOPEMBI U CJI€ACTBUI
1,2 aHATOrHYHbl HCTIOIL30BAHHLIM B [6].
3.2. Psix nmpuiiosKeHU TeopeMbl U CIENCTBHI 1,2 MOMKHO IONYyYNTh, OTIPABJISICH
OT H3BECTHBIX TeopeM O (aKTOpPH3AlNK 3JeMEHTOB B KOHKPeTHBIX Koubiax ¢ ®II
[1,4,7,10-14]. Hanpamep, 1 MaTPHYHLIX TTAPHBIX yPaBHEHHI, HOJIYYaIOUMXCA 13
(2)-(4) mpu R = Rpxn,n 2-2 [7,10] ¢ ®II (R}, .., Rrx.). 3aech R,f)/(; ~ oI
KOJIblla HEKHMX /BePXHUX YWICIOBBIX TPEYTOJbHBIX MATPUL U3 Ry, . AHAJIOTHYHO,
TS TIaPHBIX HHTErpafbHbIX ypaBHEeHH: Tuna cBepTku (1), noiydarommxcs u3 (4)
upu R = L(= Leos) ¢ @I (L+,L7) [1, 2, 4]. Ecaxr ®IT komsua R ~ kaHoHIIe-
ckas [7, 8], To penrerue 3azaun dakropusaumnn siaementa 3 R no ®II (RT,R™)
yipoiaercs. CileoBaTebHO, YIPOIAeTCsl U pelleHHe MapHbIX ypaBHeHmil (2)-
(4). AccommariBHOCTL KOJbIa R CyllecTBeHHa, TaK 9TO, HAIIpIMep, K [aPHLIM
 BEKTOPHLIM YDaBHEHHSM, KOTODhI€ MOJKHO IOCTpouTsh B Ra, R3 [7], Teopema we
[PUMEHIMA.

[IpuMenss m3BecTHBle TeopeMbl O NpaBuIbHON dakropmsamun [1, 4], MoxHO
yAKe B CKaJSPHOM Clydae DapHHIX HHTerpalbHBIX ypaBHewmil (1) momywars Ho-
Bble pe3yibrathl. B wacTHOCTH, mpm R = o aj = 6 — k; (kj(t) € Li(—00,00);
j=1,2;§ - popMaibHas My bTHIINKaTHBEAS emuEmma L[1]) u3 bopmyus (14)
shiTekaer dopmysa (17) u3 paborsi [4], c. 806. Ha ocuose Teopems! mist (2) npu
3TOM TTOJIyYaercs COOTBETCTBYIONIAS TeopeMa CYLIeCTBOBAHNA WM eIWHCTBEHHOCTH
LIS MapHOro WHTer paibBoro ypasserus (1).

OcHoBHBIe pe3yibTaThl paboThl B YHCIE JIPYTHX NOJIOMKEHB aBTOPOM, B YacT-
HOCTII, Ha MeXIyHapoiHOil KoHdepermm no GpyHKuMoHaIbHOMY aHau3y (Kies,
2001) [15].
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06 omHOM 0060001IeHT TeopeMbl Bous-Bopa mis
abCTPaKTHBIX (DYHKIWIA, 3aJaHHBIX Ha T'PYIIIE

C. . Jmvmrposal, I. B. Jlumarpos?

! Hayuonaavnuwril mexnuvecxus ynusepcumem “XIIH”, Yxpauna,
2 9xonomunecxuil ynusepcumem, Bapna, Boazapus

Paccmotpeno pasnoctaoe ypashenue ®(hz) — ®(z) = Fp(z) . Pemenue
®(z) n npasste vactu Fi(z)- dyHKOMM, 3aJaHHHE Ha JEKAPTOBOM IIPOH3-
BeJICHUM TPYIN CO 3HAYeHWsIMA B npocTpaHcTBe Dpelle, He COAEpIKAIEM
HOANPOCTPAHCTBO H30MOP(HOE IPOCTPAHCTBY Co. [loka3aHno, 4To eciau cyuie-
ctByer pemenue P(z), orpaHUYEHHOE HA OTHOCHTEABHO IIOTHOM MHOKECTBE,
TO OHO ABASETCA MOYTH Iepuoanyeckoll (mourn nepmoxmdeckoit no Jlesu-
Tany, NoYTH aBToMopdHON) pyHKIMEN Kak TOTBKO IpaBas 4acTh - m.1.¢.(L-
.., m.a.d.). 2000 Mathematics Subject Classification: 43A60.

Hacrosmas pabora sSBIsSeTCS NPOIOIKEHHEM HCCJIeJOBAHIII aBTOPOB IO Te-
opeme Boas-Bopa [10] 06 uaTerpupoBaHUE MOYTH IIepHOIMYECKUX GysKimi. B
paborax [4-7] aTa TeopeMa IepeHeceHa Ha KPHBOJUHENHbIe MHTETPaJbl IIPH yCJIO-
BHMU He3aBUCHMOCTH MX OT TIyTH MHTerpnpoBaHus. YTobbl IepeHeCTH 3TOT pe3yJib-
TAaT Ha IIPOH3BOJBHEIE TPYIIILI BocloJdb3yemcs mpuemoM P. Ilocca [14]: Bmecto
UHTerpaJja pacCMOTPUM PA3HOCTHOe ypaBHeHHe. [JeficTBUTeNbHO, INS KPHBOJH-

z,y)
gefmoro uaterpaia ®(z,y) = [ P(u,v)du+ Q(u,v)dv, He 3aBUCSIIErO OT Iy TH
(0,0)
MHTerpUPOBaHMs, BBIIOJHIAETCS PABEHCTBO

(z+hy+t)
®(z+h,y+t)—@(z,y) = / P(u,v)du+ Q(u,v)dv—
(0,0)
(z,v) (z+h,y+t)
- / P(u,v)du+ Q(u,v)dv = / P(u,v)du+ Q(u,v)dv =
(0,0) (z:w)

(h,t)
= / Pz +u,y+v)du+ Q(z + u,y + v)dv = Fp4(z,y)
(0,0)
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Takim o6pa3om, kpuBonuHeiHbm uaterpax ®(z,y): R? — Y ssuasercs pemenvem
CJIeyIONIer0 Pa3sHOCTHOI'O YPAaBHEHM:

®(z + b,y +1) — ®(z,y) = Fre(,y),
YTO eCTh YaCTHBIN CIyJall ypaBHEHUS

il o :;hizg S e W Y (1)
s rpymme G = R2.

P. [occ moka3ad, 94To ecau penreHue ypaBHeHHs (1) cyliecTByer u orpaHnYeHO
1 cKaJsgpHble dyHKUnE [ (r) moutn nepuoauyHsl npu JoboM h € G, pemerne
sBISIeTCA TI0YTH reprogudeckoll dyukumei (n.u.d.). B. Boxec [1] 0606uma pa-
syaprarel P. Jocca [14] m M.M. Kaneua [8] n mokasaix, gro teopema P. Jocca
ocraeTcs B cHie IJsi abCTPAKTHBIX TIOYTH JIEPHOINIECKIX M OTPAHNYEHHBIX OYTH
nepuogudecknx no Jesurany dbysxummi (L-mo.d.) co 3HaveHusMu B GaHaX0BOM
[IPOCTPAHCTBE, He COJIepiKallleM MOAIPOCTPAHCTBO N30MOP(MHOE MPOCTPAHCTBY (.
Teopemsr b. Boseca re penraior Borpoc 06 MHTErpaJe, eCIu pelieHye SBIAeTCs He-
orpanmuernoir [ —n.u. pysxumed. JI. Juvutpos 3] pacumpui KIace mpocTpaHCTB
1o npoctparcts Opeme 1 ymeHbUmI TpeOGOBaHHS Ha OIPAHUYEHHOCTH PelleHNs.
M. Jlwobapcrmi [11] Bames ecTecTBeHHYIO POPMYJMPOBKY KJIACCAYECKON TeOpeMbI
Boas-Bopa st YHCIOBHIX (DYHKIIHIL.

B macrosiuert pabore HCCIeIyIOTCA CBOMCTBA PeIlleHNs Pa3HOCTHOT'O Y PaBHEHUS
(1) co 3Havenmamu B rpocrpancrse Ppeire, He colepskalleM NOANPOCTPAHCTBA,
m3oMopdHbIe IPOCTPAHCTBY Co. JlOKa3bIBaeTCst NOYTH TIEPHOAMIHOCTS (IIOYTH TIe-
pHOAUYHOCTS 1o JleBuTaHy, IIOYTH aBTOMOP(hHOCTE) pu Holee ciabbix TpeGoBa-
HUSX Ha OFPAHUYEHHOCTH PEIIEHHS - OrPAHMYEHHOCTh TOJLKO Ha HEKOTOPOM OT-
HOCHTeJbHO TI0THOM MHOXKecTBe. [lonayueHo Takske, 9T0 Ius J106OT0 MHOMKECTBA
abcrpakTabIX mal. (L-m.., m.a.) (hyHKOuI MOYKHO BBECTH TONOJOTHIO Ha Ipynie
G Tak, yro Bce PYHKIMM MHOXKeCTBa OyiLyT HEIPEPHIBHBIMII B 3TOI TONOJOIHN. I
mobas HelpepblBHAS B 3710l Toroxoruu dbyHKIEsS sBiasercs mar( L-m.o.,ma.).

Paccmorpum pasHoctHOe ypaBHerue (1) Ha rpymne G | BBeZeM CIeLyIOlpe
obosuauenns: ¢yukima ®(z):G — Y -pemenue ypaBHeHus (1); mpaBele gacTn
Fi(z):G - Y -3amanssie dyaxmm, h, ¢ € G, e-emmmia rpymis G; Y- nonsoe
JIMHeIHOe MeTpIdecKoe TpocTpancso (pocrpanctso Opemte); {pn(y)}oL, -nommas
BO3PACTAIONIAA CHCTeMa MOJYHOPM, 3aJalouias Tonoxormo Ha Y. Oyskmus f(z)
Ha3blBaeTCH KOMIIAKTHOI, €CIA ee MHOMKECTBO 3HAUEHII ABJISETCS OTHOCHTENbHO
KOMITAKTHBIM MHOXKECTROM B Y.

Janee, 60 6cer paccymcdernusr 6ydem cuumams, ¥mo npocmpancmeo Y ne
codepacum nodnpocmpancms, uzomoppruz npocmpancmay co (Y P co).

Ornpenenenue 1. Muoacecmso E C G nasvieaemes omHoCuUmMenbio naom-
HBLM, €CAU CYWecmseyem Koneunoe wucao saemenmos {a;}™ ,,a; € G, {b;}l,,

b; € G maxuz, wmo G = UL, (aiE) u G = U, (Eb;).
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Onpenenenue 2. Henpepvienaa abempaxmuas gynxyua f(z):G — Y na-
svieaemcsa nowmu nepuoduvecxol (m.av) (no Bopy), ecau daa awbwiz e > 0 u
noaynopmul p(.) muoxcecmeo By, omnocumeavno naommo, 20e

Bfe = {7 € G : sup p[f(arb)— f(ab)] < €}.
a,beG

Onpenenenwne 3.[6] Henpepvienas abempaxmuas pynxyua f(z): (G,) —
Y naswieaemcs nowmu nepuoduvecxoti no Jlesumany (L-n.n.), ecau das awo-
buiz € > 0, noaynopmur p(.) u xoneunozo mnoxcecmea N C G, cywecmsyem
omnocumeavno naomnoe mnoacecmeo E C G maxoe, wmo E~'E C By s, 2de

Bn.s. = {T € G: sup p[f(ath)— f(ab)] < €}.
a,beN

Onpenenenve 3 misi yncaoBbix Gynkumi naro A. Paiixom [15]. U3 Teopems
3 crarem A. Parixa [15] mis uuciaoBeix GyHKIMII caeLyeT SKBHBAJICHTHOCTh JaH-
HOIO OIPEIEJEeHHs OIpeleseHHio L-NouTn MeproIudecKuX (PYHKIMIT U3 CTaTbH
B. Jiesuna [9]. 911 SKBHBATEHTHOCTH BePHKI M IS aGCTPAKTHBIX (DYHKIWIT, KAk
oKasaHo B pabore [6].

Onpenenenne 4.[6] Komnaxmuan abempaxmnan dynxyua f(z):G — Y
nasvieaemes noumu asmomopProl (n.a.), ecau das aw0buir € > 0, noayropmol
p(.) u xoneunozo muoxcecmea S C G cywecmsyem muoxncecmso B, co ceoli-
cmeamu: 1)Be -omnocumeavro naomwo; 2)B. -cummempuuno; 3)das awbuiz
s,t €85 uo,m€ B : p(f(sor™1t) — f(st)) < 2¢

Onpemenenne 4 1is YHCIOBBIX IOUTH aBTOMOPGdHBIX ¢dyHKImT nago B. Buuem
[16].

B naxmeinueM HaMm 6yIeT HYXXHa ClegyroUlas JeMMa.

Jlemma 1. [2] Hycmos 8 JIBIT X (ne 0b6azamenbno cex8eHyuaibho NOAHOM)
cyuecmeyem paid Y iy ;,06aada0uutll caedyouumu ceolicmeamu:

1) [(z* 2| < oo “mns scex ‘z*€ X*

2)nocaedosamesbHOCb €20 YACMUNHBLT CYMM Sy = Y 1oy T; HE ABAAEMCA
nocaedosameavrocmyio Kowu. '

Toz0a 6 X cyuwecmeyem nocaedosamenvrocms eexmopos {z;}32,, maxas
umo das awbozo Koneunozo nabopa xodPPuyuenos {A;}, u awbol nenpepuis-
HOU NOAYHOPMBL 6BLNOAHEHO HEPLEEHCTMEO

n
pa(z Aiz;) < Camax |\, Uy . 00,
=1
a zomsa 6vl 0ai 0010l noayHopmul po(T)- BLINOAHEHO HEPABEHCMEO

n
PO(Z Aiz;) > amax ||, a> 0.

i=1
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B 1noxa3aTelbCTBe OCHOBHOM TEOPEMBI TAHHOI CTaThH OydeT HCIOJb30BaHA
uges M. . Kazena - noka3aTeqbCTBO HEMPEPHIBHOCTH CBECTH K CXOIHUMOCTH He-
kortoporo psiza. B pabore [8] M. U. Kazmen noas3yercss Tox 1ecTBOM:

X(Y )= Y. X(r) = [len+ )~ enlldnt
k=1 K==1 0

147 T1+...+Tm-—1
+ [ ot —s@ldnt .+ [ la(n+ ) - a(mldn

1
rae X(t) = [z(n)dn, z(t)(—oo < t < 00)- DyHKIMS CO 3HAUCHUAMHA B GaHAXOBOM
0

TIpOCTPaHCTBE. Bacur Boaec [1] HCIIOAb3YyeT Clelyloilee TOM IeCTBO!:
m
f(t"lm"’tnl) &7 Z f(tﬂl) == [f(t'nm”'tnl) % f(t"m) X f(tnm—l "'tnl )]+
o |

+[f(tﬂm—-l "'tnl) oy f(tnm—l) = f(tnm-z)] + ...+ [f(tnztm) 5 f(tnz) T f(tnl )]’

rae f(t)- pynruns co 3HaueHHsMU B GaHAXOBOM IPOCTPAHCIBE, ONpeieleHHad Ha
rpymre.

B untupoBaHHbIX paboTaxX PaCCMATPHBAJINCH TOABKO OFPAHIYECHHBIE DEIIEeHNS.
Yro6bl yMEHBIINTh OFPAHUYCHIS Ha PelleHne U AOIyCTHUTh K PACCMOTPEHUIO He-
orpaHiyerHble (YHKIEN, Mbl OTKAJKEMCS OT HCIOJb30BAHHS BbIIIE YIIOMSHYTHIX
TOMKJIECTB 1 CKOHCTPYMPYEM HOBOE TOXKJIECTBO, KOTOPOE OTHOCHTCS K IIPABBIM Ya-
crsv ypasaermst (1).

Jlemma 2. Feau ypasnenue (1) umeem pewenue, mo 0Af npasuir vacmed
uMeem Mecmo moAcOecmeo:

n—1 n
Fhuhahohn(Z) = O [Fhyhgodiersh(Pot1%) = Fhyhatieshs (2 Y Fh(2) (2)
=7 =3

Joxazameasemeo. B pasencrse (1) nocienoBatensso 3amesnm h Ha hy, h Ha
hihsy, a 3atem h Ha hy, a T Ha hyz n NONy4YaeM paBeHCTBA:

8(hsa) - 8(z) = Fi, ()
B (hyhez) — (z) = Fiyn,(2)
Q(h]_hgx) et ‘I)(hzz) = F,hl (hgl‘)

Cma.m,ma,ﬂ IIepBoe | Tperee PAaBEHCTBO U U3 CyMMbI BBEIUUT4sSL BTOPOE, NOAYyYaeM

2
Fﬂlhz(m) = Fp,(z) + Fi, (hoz) = Fy, (hoz) - Fhl(z) ;.4 ZFhi(z) (3)

g2z}
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B pasencrse (3) 3amennm h; Ha hihg, a hy Ha hj.

Fh1h2ha (z) 33 Fhlhz(h-'im) T Fhth(x) i thhz(z) sk Fhs(m) (4)

H TaK Jajee

Fuyng..tsn(Z) = Fhyhy.hoi(PaZ) — Fughg.in () F Fryhgohny(2) + Fro(z) (5)

Tosx ectBo (2) BHIBOANTCA CyMMHPOBaHIEM MOJYYeHHBIX PaBeHCTB. JleMMa Hoka-
3aHa.

B nauabHeiem Mel 6yeM mpenonaraTsh BRIIOJNHEHNE yCIoBus (2) Jast npaBbix
vacrell ypasHerus (1).

O6o3naunM uepes H MHOMeCTBO OOIIMX IIEPHOJOB CeMelcTBa MYHKIHN [, :
G—-Y,ac A

H={heG: fq(aha‘lx) = fa(z), Va,Vz € G,Va € A}.

HerpyaHO NmpoBepuTh, 910 MHOXecTBo H SBIIsSeTcs HOpMaJbHOM IIOATPYTIION
rpynmsl G.

Jlemma 3. Ilycmbv 3edano ypaswenue (1) u pewenue ®(z) ozpanuveno
na muoxcecmee H. Tozda, ypaenenue (1) moocno xoppexmmno onpedeaums Hna
paxmop-zpynne G/ H, 20e H- nopmasrvras nodzpynna obuw,uzr nepuodos cemel-
cmea pynxyuil Fr(z),7 € G.

Noxazameavcmeo. CHavasa 3aMeTHM, YTO

®(h) = F(e);
®(h?) — ®(h) = Fy(h) = Fu(e), h€ H;®(h?) = &(h) + Fu(e) = 28(h)
®(h3) — ®(h?) = Fu(h?) = Fu(h) = Fu(e); @(h®) = ®(h?) + Fu(e) = 38(h)...
o(h") = n®(h); p(®(h")) = np[®(h)] < K;, Vn
= p(®h))=0, Vp(.)=> ®(h)=0, he€H.
= ®(th) — ®(h) = Fy(h) = Fy(e) = ®(t); ®(th) = ®(h) + ®(t) = &(2).

Hpu h = t7'hyt ®(hyt) = ®(t), b1 € H. Caenosarensso, Fj,(z) = 0, Vhy €
H. Poxn nosolt equanupl paxtop-rpyust G/ H Gyner BuIoxHsTh noxrpynma H.
[TokaxxeM, uto ecamzy ™! € H, mpaBas 9acTh ypaBHeHus (1) UpuHHMaeT paBHble
3Havenns. Jelicturensto, ty ! € H = z = hy,rne h € H u

Fi(z) = Fi(hy) = Fx(y),
T.K. h-nepuon mias Fr. Jlokaxem, 910
Fy(z) = Fp(z), ecm 7197 '€H.
JleficrBurensHo, Vi, v € G cpaBelimBO TOXAECTBO (3):

F(z) =.F,(z) + Fu(vz), r=uv, n=v, ™ =pe€H,
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Frp-1(nz) =0, Fr (&) =:F(2) + Fy=i{nz) = Fj(z).

TakmM ob6pa3oM Noka3aHo, YTO ypaBHeHHe (1) MOXKHO paccMarpuBaTh Ha aKTop-
rpymie G/H.

3ameuanue 1. B daavuetiwem bydem cuumams, ¥mo 6ce paccmampueae-
Mmble PyRKYUU (HE3A8UCUMO O 020, ABARIOMCA AU NPAELLMU YACTMAMU YPAG-
nenua (1) uau nem) ne umeom obuwuz nepuodos. Hnave, mbl 661 paccmompenu
ur na paxmop-zpynne G[H.

Jlemma 4. Ecau 3adano cemeticmeo abempaxmuuiz n.n. (L-n.n.) gynxyud
fa(z), @ € A na monoaozunecxoti zpynne G, mo cywecmsyem monoao2us nNa
epynne G, 6 Komopol Henpepviénbl 8ce PyHKEYUU IMOo20 cemelicmea u A106aR
pynxyus g(z), xomopas nenpepviéna 8 3motl MONOAOUYU U 8 UCTOIHOU MONO-
nozuu, seasemcs n.n. (L-n.n.) na epynne G.

Joxaszameavemso. Ilycrs 3amano cemefictBo L-n.mdbyrkmmt f,(z), a € A
Ha romnojormdeckor rpymnme (G, ). Ha rpynne G BBeZeM HOByI0 TOomoJormo Sy
(SN < §) npu nomMourH OKpecTHOCTeN

Bjeos = {7 € G s supsup sup palfa(arh) = fa(ab)] < }
n€d ®€0 g be N

rae N, o, A upousBoJnHBle KoHeuHBle MHOMecTBa N C G, 0 C A, A C B.
MuosxecTBa BN f ¢ 0,a ABIAIOTCS KOHEUHBIME CeUeHUSIMH MHOeCTB BHIa By ..
OHu OTHOCHTENBHO TIIOTHBI U JI0OBIe WX KOHEUHBIE MepecedeHnsi OTHOCUTETHHO
mwrotHs! [6]. MHOMecTBa BN f . 0,A OGPA3YIOT NOIHYIO CHCTEMY OKPECTHOCTENT €I-
muusl rpynnsl G [6]. Tak kak ¢yskmm f,(z) He ¥MeT O6mEX IEpPHOIOB, TO
tonosiorns I xaycaopdoa. Qyrkmmn f, () HenpepwiBEb B Heft. Ecan dbymkmmns
¢(z) HempepBIBHA B 2TOI1 HOBOIT TONOJOTUH, TO IS MHOXecTBa By 4 . cymecrByer
OKPECTHOCTh eXUHMILl By 5504 Takas, 910 BN g . D B, f5.0,a. Mcnomssys tor
daxT, 910 BEKTOP, BCE KOMIIOHEHTH! KOTOPOro [, — ILI. yHKIMH, CO 3HAYCHHAMMI
B ZiekapToBoM mpoussesernan Y X Y X ... X Y roxe L — ... [6], moxygaem, aro
CyIIeCTBYeT OTHOCHTENBHO ILIOTHOE MHOMKeCTBO E Takoe, UTO

BngeD B js0n DEYED @ >0,6 > 0:N C:G,M:C:G;

M ,N o, A - KoHeUHble MHOXKeCTBa TpyuInl G.

10 o3mauaet, 910 dyHKNNS ¢(r) L-moUTH NepuomIdecKas.

Ecan dysximm mourn nepuoamdssl, TO TONOXOTHS Sy BBOAUTCS C IOMOIIBIO
OKPECTHOCTEN

Bfeona = {7 € G : sup sup sup pu[fa(arh) - fa(ab)] < €}
n€A a€o q,beG

Jloka3aTelbCTBO IIPOBOJATCS AHAJIOTHYIHO.
3ameuanue 2. Jemma J 6epra u 0ai noumu asmomopPruir Pyrxyul.
B atoMm ciyuae mcxomHas TormoJorus He HyxxHa. OT ¢pyHrman g(2) Tpebyercs
HelpephIBHOCTD B TOHOJOTMM N B OTHOCUTEIbHAA KOMIRKTHOCTH MHOXKECTBA
ee 3Havenmi1. JIoKa3aTedbCTBO AHAJIOTHIHO JAOKA3aTeNbCTBY Jist L — rn.1n.yHKmmit.
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Jlemma 5. ITycmob 3adano ypaenenue (1) ¢ nenpepvienoti npasotl wacmuio.
Ecau pewenue ®(z) ypasnenus (1) cywecmeyem u nHenpepbieno 8 mouxe Iy,
Mo ono Henpepbleno & awbol movke zpynnut G.

Zloxasameabcmeo. BozbMeM ITPON3BOILHYIO TOUKY

2€G, z=0z, tHe 1x0,0 €QG.

PaccmoTpiM pa3sHOCTH
&(hz) — ®(z) = ®(hbzo) — ®(0z0) = ®(60 hzo) — ®(0~ hbz) — [®(0z0)—

~®(z0)] + B0 hbz0) — ®(z0) = Fy(6~ hbzo) — Fp(o) + (6~ hz0) — ®(z0).

Toxoxum m = 6~ 1hf u monyunM TOX1€CTBO
P(hz) — ®(z) = Fy(mzo) — Fyg(zo) + ®(mzo) — ®(z0) (6)

Ecmu V-0oKpecTHOCTh e/IMHNIIBI B TOTIoJOrHdeckoit rpymme G, To 01V 6 Taxxe
SIBJSIETCS OKPECTHOCTHIO €IMHUIBL. Y TBEPIKIeHNe JeMMBl 5 HEMOCPeICTBEHHO Cle-
nyer u3 pasercrsa (6).

Ilycrs (G,S) Takasd TONOJOrMYeCKas IpyIma, B KOTOPOI OKPECTHOCTH SIBJIS-
I0TCS OTHOCHTEJHHO TUIOTHBIMU MHOXKECTBaMU.

Jlemma 6. Ecau cywecmeyem nenpepuviéroe pewenue ®(z) ypasnenus (1)
na (G,$) ¢ xomnaxmuol npasoti wacmuio Fp(z) npu awbom $uxcuposannom
h € G, mo ono asasemcs xomnaxmot Pynxyued.

oxazamenvcmaso. 1lo 3aaHHOM NOJYHOPME P U TIPOU3BOJBHOM £ > () MOXKHO
HallTy oKpecTHOCTH emmHupl Ue rpynmel G Takyio, 4To

p(®(€) - ®(e)) <, £€U..

Bosbmem 1rpon3ssoasHoe T € G. Tax Kak

G:= U a; Uz,
3=1
10 Ji Takoe, uto z = @;€, € € U, a; € G. MHoxkecTBO Fy,(G) ABIsI€TCA KOMIAK-
ToM. V13 paBeHCcTBa
®(z) — Fa(z) = 2(£) — 2(e)

ClIefyeT, 9TO IJIsi MHOXKECTBA
{®(z)}zec MHONKECTBO

U Fa@) = U U {Fule)}

=1 1=1z€qG

ABJIACTCS KOMITAKTHOM £-ceThio. B m0b6oM pocrpascTse @pelile 3aMKHYTOE MHOKe-
cTBO, ObJiasaloniee KOMITAKTHON &-CeThlo, ABiIsercs KoMmakToM. CiexoBarelbHO,
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muokecTBo {®(z)}rec ABasiercs KommmakToM, T.e. pemenne P(z) sBIseTCT KOM-
MAKTHOI (yHKITeH.

Jlemma 7. Ilycmo 3adano ypaswenue (1) na (G, ) ¢ nenpepuienoti npa-
ot wacmuio Fi(z), dan xaxcdozo h € G. H3 ozpanuvennocmu pewenus ®(z)
ypasnenus (1) na nexomopom omuocumensvro naomuom muoxcecmse E cae-
dyem ez0 ozpanuvennocmb 6 nexomopol oxpecmuocmu edunuybt epynnst G.
Oxpecmnocmb 3asucum om 6b.60pa NOAYHOPMbL.

Joxazameavcmeo.Tak kak E 0THOCHTENHHO IUIOTHOE MHOXECTBO, TO

Hai}iy, a6 €G: G=1 J(a:k).

g1

Bo3sbmem npoussosbHoe 2 € G, torma Ji: z = a;€, £ € E. Paccmorpim
8(z) = ®(€) — (2(€) - 2(z)) = B(€) - [¥(a; ') — @(z)] = B(§) — F,-1(2)

Tax kak pasble Jacti F,-1(2) HelpephIBHBI, TO AJXS 33JaHHON IONYHOPMBI P
BHIGHpaeM OKpecTHOCTh emuHuInl U Tak, 410
max p(F -1(z My, =z -
lsl_aSnp( “il( ))< 2, eU
Iyctn
p(2(€)) < M.

Torna
VzeU  p(®(z)) < p(2(§)) + p(F,-1(2)) < My + Ma.

Jlemma Jroxa3aHa.

Teopema 1. [Tycmb na monoaozuvecxot zpynne (G, S) 3adaro pasnocmmoe
ypaenenue (1) ¢ nenpepwuienoti no  npasotl wacmeio Fy(z). Ecau cyuwecmeyem
pewenue ®(z) ypasnenua (1), xomopoe ozpanuveno na HeXOMOPOM OMHOCU-
MeALHO NAOMHOM MHOICECTEGE, ™o one nenpepuléno na (G, ).

Joxasamenvcmeo. JlomycraM, uro B Tonosorun § pemenne ®(z) reprmt pas-
pBIB B euHMle, T.e. Jgo > 0, MociaesoBaTeNsHOCTh {1, 152, — e U MOXyHOPMA Py,
TaK#e, 4To :

Pko(Q(tn)) 2 €0, n=12,.., (7)

Bo3sMeM moayHOPMY pp. B cmay orpanumdenmoctn pemerus $(z), cormacno
JemMe 7 RafizeM okpectHOCTh Uy:

pi(Fz(e)) = p(®(z)) <Cy mpn z€l;

Buibepewm t,, € Uy u nonowum hj = t,, . U3 nenpepusroctn dyrxmu Fj, (z) u
CXOMMOCTH TocienoBaTeasHocTl {t, 2., — e BhibupaeM hg = t,, Tak 4TOGH!

hy € Uy, hihy € Uy
P1(Fh; (ha) — Fry(€)) < 1/2
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IIycts Ha n-ToM arare BHIGPaHbI 3JeMeHTH hy, Ay, ..., hy,. VI3 cxommMocTn mocneno-
BaTeJbHOCTH {1, }°2;, — e i HempephIBHOCTH F}(Z) MOKHO BHIGPATh hipyy = 1
TaK 9TOOKI:

Nm+41

hny1 € U1, whpyr € Uy
sup p1(Fr(hm41) — Fr(e)) < 1/2™ >

rie m mpoberaer Bce YaCTHUHble ITPOH3BeNIeHUs 3JeMeHTOB h;; ® = hphg..h,,
1<p<gqg< ..<r<mpgq,..r,m € N. BiOop MOXXHO IIPOJONIKUTEL He-
orpaHmyeHo. MOHOTOHHOCTE HOPM obecieunBaeT 3TO HepaBeHCTBO I BCeX Io-
JyHOpM C HOMepaMu MeHbumx m. Jus ao6oit moamocaenoBaTeabHOCTA {gk }72,
nocxeoBaTeabHOCTH {h;}52, BHIOJHAIOTCSA YCIOBHS:

9192---9k € Ul (8)
pl(Fglgz yk(gk+1) 9192 gk(e)) < 1/2k

N3 sepasencTBa (8) cieayer CXOIUMOCTh PAIOB BHIA:

o0

Z 91g2 gk(gk+1) 9192 gk(e)] < Kl’ (9)

rae {gk} 32, IPOH3BOIbHAS MIOAIIOCTENOBATENLHOCTH TIoCaefoBaTeabHOCTH {h;}32, .
M3 ycaoBus Teopemn caenyer, uro py[Fr(e)] < Cy upn moboMm h = g192...gx. U3
ToxzecTBa (2) crexyer:

m—1
Z ng(e)] < ;[Fgyg,.. Qm(e)] e Z Pl[Fm ox(Gk41) = Fyy.. @] <Ci+ K,
k=1 k=1

(10)
113 mocnenosatenbrOCTH {h; }$2, BHIGIpaeM 0ANOCIIEI0BATEIBHOCTD {h( )}, -5
IIst KOTOPOIT BepHBI HepaBeHCTBa (8)-(10) ¢ 3aMeHOI IOJIYHOPMBI p; Ha P2, OKpeCT-
soct U; Ha U,. TakuM o6pa3oM, IIpOIECC MOMKHO NPOAOJIKUTH M JJIS KaXKJOM
TIOJlyHOPMBI Py B OKpecTHOCTH Uy Oyler HafifileHa IIOCKeI0BaTeIbHOCTS { h(k))},_l,
k =1,2,3,.... Ucnous3ys maaronabrbil nponecc Kantopa sribupaem nociaesosa-
resrocts {£;}%2, = {A"}2,, t; = H). Jlnbas nomocrenosatemsnocts {£}%2,
nocaenoBaTeabHocTH {1;}52,; cosepxuT He Gogee s 3JEMEHTOR, KOTOphle HE IIpH-
ragnexar {h;(s))}52, u nosToMy I HEKOTOPOIT KOHCTAHTH 1) BHIIOJHEHO:

ps(z Ff(e)) <T {él =1 C {t }I"

=1

Pan 300, Fi,(€) cxomares ciabo abeomorro. Y3 sepasencrsa (7) BhTeKaer,
9TO YaCTHYHBIE CYMMBI 3TOTO Psijga Y Fj, (€) He 06pa3yioT nocie0BaTebHOCTb
Koum. Taxim obpa3oM BeoMHEHS! ycaoBus JemMbl 1. IIpogonixas paccyxnerne
Kak B Teopeme 1 paBoTsl [2] moiydaeM, 4TO MPOCTPAHCTBO Y CONEPIKUT MOAIPO-
CTPaHCTBO, H30MOP(HOE IIPOCTPAHCTBY €y, & ITO IIPOTUBOPEYHT YCIOBHIO TEOPEMBI.
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9JTO IOKa3bIBAET, YTO pelleHue HelpephiBHO B exuHure. HenpepuBHoOCTh penteHus
®(z) B 1106011 TOUKE CIELYET U3 JEMMBI 5.

3ameuanue 3. Ozpanuuennocms pewenus B(z) na nexomopom omuocu-
meabHo naomuom mroxacecmee E noseossem paccmampueams u HeozpanuyeH-
HbLE PEULEHUA.

Teopema 2. ITycmb na zpynne G 3adano pasnocmuoe ypasnenue (1) ¢ no-
umu nepuoduyecxoll das xaxcdozo h npasot wacmuvio Fi(z). Ecau cywecmsyem
pewenue ®(z) ypasnenua (1) u oHo 02PANUNENO HA HEKOTNOPOM OMHOCUMEALHO
NAOMHOM MHOACECTNGE, MO OHO NOYMU NEPUOJUNHO.

Aoxaszameavcmeo, Ha G BBemem tonosoruo Sy. Be BBemennoi Tomosormm
byuxmmu Fy(z) Henpepbisubl. OkpectHOCTH By ABIAIOTCS OTHOCHTENBHO ILIOT-
HbIMI MHO3KecTBaMu. CoramacHo demme 7 penierne $(z) orpaHndeHO B HEKOTOPOI
oxpecTHOCTH emuHuuB! U rpymmsl G, KOTOpas SBASETCS OTHOCHUTENLHO IIOTHBIM
muoxkectBoM. 13 Teopemsr 1 cienyer HempepsiBHOCTs $(2) B Tonomornu Sy, uTo
COTJIACHO JeMMe 4, O3HaYaeT IOYTH HepHonIHocTh dyHKmmm ®(z).

3ameuanue 4. B pabore [13] JI. AMepro npmBoOAHUT IpUMep abOCTPAKTHON
noutu nepuoanueckoit dyuxmm f(¢) = {1cost}2, co sHaueHmsME B IpOCTpaH-
ctBe cg. Murerpan or 3roit GpyHKM - orpaHUYeHHas (PYHKINS, HO He IBISETCS
. gyuaxomeri. Taknv obpasoM,e meopeme 2 6videner MAKCUMAALHBLY Kaace
NPOCMPancme, 8 KOMopoM Meopema 6epPHa.

Teopema 3. ITycme na zpynne G 3adano ypasuenue (1) ¢ nowmu nepuodu-
yeckol no Jlesumany npasoti wacmew Fy(z). Tozda, ecau cyuecmeyem ozpanu-
YEHNOE HA OMHOCUMEAbHO NaomHoM muoxcecmee E pewenue ®(z) ypasnenus
(1), ono L-nowmu nepuoduxno.

/oxazamenbcmeo. Ha rpynme G BBesem tonosornio Sy. Janee mokasareis-
CTBO aHAJOIHMYHO Teopeme 2. Ionyuaem, uro pemrerne ®(z) HenpepsBHO B TOMO-
Jorvmu Sy, 3HAUNT, COrTACHO Aemme 4, sBiusiercss L — 1.1, yHKImer.

3ameuanue 5. Yucaossle byuxkmmm P o @

sinz + V2sin/ 2z

Pl
(@) = (4 + cosz + cos\/2z + cosy + cos\/—y)2
P siny + v/3sin/3y
= (4 + cosz + cosy/2z + cosy + cos\/3y)?
SBASIOTCA L-TIOUTH nepuoardecknMi. KpuBoImHeHbIN THTEr paJ
(z.y) ! ]
1) T,Y)= / Pdz + Qdy = Bty o
( J) o0y ¢ Q 4 4 4 cosz + cosﬁz + cosy + cosx/f}_y 8

ABIseTcA HeorpammuenHon L — m.u. dbymkumeit. Tak xak bysknus ®(z,y) orpa-
HIUEHA Ha OTHOCHTENHHO IJIOTHOM MHOXKECTBE

A={(z,y):|®(z,y) — 2(0,0)[ < 1}
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TO IIpUBEIeHHEIN IPUMep TOKa3kIBaer, YTo mpebosanus meopemul 4 donycxaom
X PACCMOMPEHUI U HEOZPAHUNEHNBLE PEUEHUA. .

Teopema 4. ITycmv na zpynne G 3adano ypaenenue (1) ¢ nowmu asmo-
mopdroti npasot wacmvw Fi(z). Tozda, ecau cywecmeyem ozpanuuennoe Ha
omnocumeavno naomuom muoacecnee E pewenue ®(z) ypasnenus (1), mo ono
nowmu asmomopPro. :

Jloxazameabcmeo anatormaHo TeopeMe 3. Bmecro seMMbl 4 Mcoab3yercs 3a-
meuanie 2. Komnakraocts dbyskmm ®(z) caexyer n3 meMmur 6.
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Inertial manifolds for reaction-diffusion equation on thin
two-layer domains
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The paper is concerned with the asymptotic behavior of solutions to
semilinear parabolic equation on 2D thin two-layer domains. The problems
of such kind may arise as models for reaction-diffusion processes in thin
sandwich films separated with permeable membranes. It is shown that
there exists an invariant finite dimensional C'*-manifold which exponentially
attracts as t — oo every solution to the problem. In other words, the initial
infinite-dimensional dynamical system asymptotically can be described in
terms of a finite system of ordinary differential equations.

2000 Mathematics Subject Classification 35K57.

1. Introduction
Consider the semilinear parabolic equation
Ouu; = Au; — au; + f(ug), t>0, (1.1)
on the two-dimensional two-layer domain Qg ¢ = Q4,6 U Q2,4,,c, Where
Qoe={(z,9) ER*:0<y < gi(z,¢), 0<z<l}

D205 = {(z,y) eR?: "92(3:,5) eyl D<),

e €[0,1],1 > 0, and g1, g2 : [0,/] x [0,1] — R are positive functions of class C?
such that
gi(z,0)=a; > 0.

We supplement (1.1) with the initial condition
u|t=0 = Uo, (12)

and boundary conditions of the form
a uy ou
(5; i* K(z)) ( U2 )

.’:0, -5;

F

=g, (1.3)
Q. \T'
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where
_{ k=) —k(z)
A ( —K(z) k() )
with the function k(z) € C*[0,!] such that

f k(z)>0, 1.4
sinb) (2) (1.4)
I' = 00 4, N O aze is the interface boundary, u;(z,y) = u(z,y) for (z,y) €
Qi o, e, and finally 7 is the unit outward normal to 982 ;.
We assume that o > 0, f € C?(R) and that there exist 7y, C > 0 such that

() < C(A+u]), uweR. (1.5)
Function G(u) = [’ f(v)dv is assumed to satisfy the following requirements.
G(u) < 6u* + Cs, u € R, (1.6)
for every § > 0 with some Cs > 0, and
uf(s)-EG(u) <(, weR, (1.7)

for some £, ¢ > 0. Conditions (1.4)—(1.7) ensure that there exists a compact
dissipative semigroup generated by the problem (1.1)-(1.3) (see Theorem 2.1).

In the present paper we study the asymptotic dynamics of the solutions to
(1.1)-(1.3) when the domain €, is getting thin in the y-direction. We show
that the semigroup associated with the problem (1.1)-(1.3) possesses an inertial
manifold (IM) of class C, i.e. an invariant finite-dimensional C'-smooth manifold
which attracts with an exponential speed every solution to (1.1)-(1.3) (for a
precise definition of IM see Def. 3.1 in Section 3). This result manifests that the
asymptotic behavior of our infinite-dimensional dynamical system can be well
described by a smooth flow on a finite-dimensional vector space.

The problem (1.1)—(1.3) was studied from a different viewpoint in [1] where
it was shown that under the assumption of thinness of the domain every solution
to (1.1)—(1.3) stabilizes to a single equilibrium point. We also refer the interested
reader to the papers [2] and [3] where similar interface problems are treated in
the case of thin uncurved domains.

There has been intensive study of reaction-diffusion equations on thin domains
starting from the basic work of Hale and Raugel [4]. They used IM of class C* to
show that the semigroup defined by the scalar parabolic equation

Ou=20u+ f(u), t>0,(z,y) €N,

ou

an .
on thin (one-layer) domain ) is topologically equivalent to the semigroup of
some one-dimensional reaction-diffusion equation on the corresponding global
attractors.

=0, it> 0, {z,y) €055
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The construction of IM in [4] relies upon the infinite-dimensional version of
the Hadamard method proposed by Mallet-Paret and Sell [5]. In the present
paper an inertial manifold theorem is obtained by an application of a modified
version of the Lyapunov-Perron approach (see [6] and the references therein). It
seems that in the context of thin domains problems the latter method saves one
from some tedious technicalities which Hale and Raugel had to encounter. This
version of Lyapunov-Perron method is basically an application of the contraction
principle in some space of functions of controlled exponential growth. However, a
direct application of the contraction principle is impossible in our situation. The
nonlinear map which defines the IM is not a contraction for 2D reaction-diffusion
equations no matter how thin the domain € is. The proof of Theorem 3.1 which
is a technical core of this paper is essentially devoted to overcoming this obstacle.

Qur main result is contained in the following statement.

Theorem 1.1 Let conditions (1.4)-(1.8) be satisfied. Then there exist n €
N, 6 > 0,e0 = eo(a1,az), such that for every 0 < a1, a2 < &, ¢ € [0,¢0)
the evolutionary semigroup S, (t), t > 0, generated in the space H'(Qy4,) ®
HY(Q2,4,,) by system (1.1)-(1.3) possesses an n-dimensional inertial manifold
of class C.

The paper is organized as follows. In the next section we rewrite problem
(1.1)-(1.3) as an abstract parabolic equation, give the corresponding well-
posedness result and show how to apply our general theorem on existence
(Theorem 3.1) of IM in our situation. Section 3 is entirely devoted to a proof
of existence of IM for abstract parabolic equations.

2. Functional setting of the problem

The primary aim of this section is to write (1.1)-(1.3) in the form of a Cauchy
problem in a Hilbert space

Ou+ Au= B(u), t>0, u(0)= ug, (2.1)

with a self-adjoint positive operator A and ‘weakly nonlinear’ mapping B. We
then verify that (2.1) defines a global evolutionary semigroup in a suitable phase
space which satisfies in the case of ‘thin’ domain the sufficient conditions for
existence of IM (see Theorem 3.1 in the next section).

Let us introduce the Sobolev spaces

}IS = II:,E - Hs(Ql,al,E) @ Hs(taaZIE)’

where ay, a3 > 0, ¢ € (0,1], s > 0.
Consider the bilinear form #,.(-,-) on H*

2 . .
toe(u,v) = / ((Vu,Vv)+ auv) dz dy + Z (=1 /(k vju; Yivi)(o) do,

B Hi=1 r
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where the function k(z) € C(T') is the one appearing in (1.3), and the
trace mapping u; +— 7;u; is a continuous operator from H'(;., ) onto
HY?(09; 4,),1 = 1,2. The bilinear form t,.(-,-) is closed and symmetric in the
Hilbert space H = L?(). Hence, the triple {H?', H, t,(-,-)} defines a unique
unbounded operator A, . in H with the domain D(A,.), such that

tay€(u7 v) = (Aa,euv 'U)H (22)

for every u € D(A,.), v € D(5c). The operator A, . is self-adjoint in H and
thanks to (1.4) it is positive. Using the regularity conditions imposed on functions
gi(z), k(z) and applying standard techniques of the theory of boundary elliptic
problems it can be shown that D(A4,.) C H? and

(Ageu)(z,y) = —Au(z,y) + au(z,y), (z,y) € Q.

Let us remind that the mapping u; — 7;(9u;/0n;) (n; is the unit outward normal
to 09 4,.) Which is defined on C%(; 4, ) N C*(Q 4, ) has a unique continuous
extension as an operator v, from H%(;,,.) into H1/2(395,%5) forat.=r 112
We say that the function u € H? satisfies the boundary conditions (1.3) if the
following relations hold

(7niui)laﬂ.'\l_‘ =0,
(it — (=1)'k7i(u1 — u2))r =0, i =1, 2.

By using property (2.2) and applying the generalized Green formula we show
that every u € D(A, ) satisfies the boundary conditions (1.3). On the other
hand, having a function u € H%(Q) which satisfies (1.3) it is easy to show that u
belongs to D(A, ). Note also that D(AS ) C H? for every s > 0 and

D(A;,e) T H2a, s € (0,3/4)1

since 7,, cannot be defined on spaces H?* for any s < 3/4. Moreover, it can be
shown that for any 0 < s < 1, @ > 0, there exist constants C = C, 4, £0 = €0(a, s)
such that for any 0 < a3, a3 < a, 0 < € < gg, we have

lullgze < CsllAgeull, € D(Aq). \ (2.3)

Since A, . is a self-adjoint positive operator in H it determines an isomorphism
of D(A,,) C HZ, on H. This implies that A, . has a compact inverse on H, and the
spectrum of A, . consists of a denumerable set of eigenvalues of finite multiplicity.

The key property which allows one to establish the existence of IM for
parabolic equations of the form (2.1) is the presence of a large gap in the spectrum
of the operator A. This condition is assumed to be fulfilled in most papers on
IM (see, for instance, Chapter 3 in [7] and the references therein). The following
lemma guarantees the availability of such gap provided the domain £, . is thin
enough.
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Lemma 2.1 For every n € N there exist ay, a; > 0, such that for any
a; € (0,a;), 1 = 1,2, we have

. ot TR R R MR G Qi -
il_l}(l)llsnkagnlAk'a‘E a-7°(k-1)1"% =0,

where Apqe, k € N, are all the eigenvalues of A, taking account of their
multiplicities.

Proof. Let us first consider the situation of uncurved domain, i.e.
gi(X,e)=a;, €€[0,1], i=1,2.

It is shown in [2] that under condition (1.4) for every n € IN there exist ay,
ay > 0, such that for every a; € (0,e;), ¢ = 1,2, the first n eigenvalues of the
operator A, o are the same as the corresponding eigenvalues of the 1D differential
operator

Av = —0Ogzu+au, 0< z <,

with Neumann boundary conditions. (Actually, in [2] we studied the case of
periodic boundary conditions in z-direction but all necessary modifications are
" straightforward.) In other words, for every n € N there exist ay, a; > 0, such
that for every a; € (0,;), ¢ = 1,2, we have

Akao = a+ 72k —1)272,
Therefore, it suffices to show that

i [Akae = Akl = 0, k € N. : (2.4)
&~

At this point it would be convenient to transform the variables (z,y) € £, . to
make our differential operators be defined on the same fixed domain. If we make
the change of variables

D= A "
{ y=gi(X,e)Y, (2,9) € Qige, 1=1,2, (2)

we will obtain the transformed domain © = @, U Q, where ; = (0,1) x (0, 1),
Qg = (0,1) x (-1, 0). Let H, (¢ € [0,1]) be the space H = L*(2) endowed with
the inner product

2
(w,0)m, =3 / (uiig:)(X,Y) dX dY .
$=2b Q

Thanks to the continuity of g;, : = 1, 2, we have that

tim [(u, 0}, — (,0)r,] = 0 (2.6)



Inertial manifolds for reaction-diffusion equation 167

uniformly for bounded u,v € H.
By the change of variables (2.5) we transform the bilinear form t, (u,v) into
the form

ST SETp e R / (k5 750)(X) dX,

1,7=1

where

Ox i
Locu(X,Y) = (Oxu ~ 29 gy, —ayu.)
for (X,Y) € Q;. The space H' = H(Q) ® Hl(Qz) serves as the natural domain
of definition for every form t; (-,-). Evidently the form #(-,-) is symmetric

and closed in H,. Hence, the triple {H!, H,, t: %) defines a unique self-adjoint
operator A; . on H, with the domain D(A47,), such that

t;,s(u7 v) = (A;,su7 U)Hc

for every u € D(A},),v € H'. Transformation (2.5) generates the isometry
U.: L*Q,.) — H. determined by the relation

(U)X V) = w(XX) = ufXs el Xe)Y ), £X,Y) € Qiy oi=1,2,
Clearly, we have U.D(A, ) = D(A}.) and
UcAs u="A; Ucti, u€ D(A,,.),

so the spectra of A, and A}, are the same. The operators A7, are no longer
symmetric in the space Hy but they are still m-sectorial (in the sense of Kato

[8]). Note also that D(A'1/2) = H! and for any ay, a; >0

im  sup  [J(ASY? - ALl = (2.7)
e ueH, |lull <1

The latter relation is a direct consequence of (2.6) and the following inequality
(which can be easily verified)

I(Las — Lao)ull < Macllullsn, u € H'.

Thanks to the well-known results concerning the stability of spectra of m-sectorial
operators under perturbations (see Ch. 6 in [8]) (2.7) implies (2.4). This completes
the proof.

Let us now consider the Nemitskii operator

(F(u‘))(xa y) & f(u(zay))’ (IE, y) €, i=1,2
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The hypothesis (1.5) implies that F is well defined on H;, with values in H and
for every r > 0 we have

|F(u) - F(v)l| £ Crllu = |z,
(2.8)
IF)| £ Cry  u,v€ Hy, el [Iolla <,

with some constant C, > 0. The inequalities (2.3) and (2.8) show that the
nonlinearity F is ‘subjected’ to the operator A, ., thus the problem (1.1)-(1.3)
can be inserted in the general framework of the theory of semilinear parabolic
equations (see [9]).

Write (1.1)-(1.3) in the abstract operator form

Ou+ Ageu = F(u), t>0, u(0)=uo. (2.9)

Definition 2.1 We say that the function u(t) : [0,400) — H is a sirong
solution to problem (2.9), iff u(0) = uo,

u(t) € C([0, +00); Hy ) N C((0,+00); H, o) N C((0,+00); D(Aae)),
and u(t) satisfies equation (2.9) on the interval t € (0, +00).

Theorem 2.1 Let conditions (1.4)-(1.8) be satisfied. Then Cauchy problem
(2.9) possesses a unique strong solution u,(t) for every uo € H} ., ai,ag > 0,
0 < € < 1. In addition, for every s € [0,1), a; > 0, i = 1,2 there ezists a number
R > 0, such that for every r > 0 there is t = t(r), such that

sup{|| A3 Sac(ull : u € H,, [|A}2u]| <7} <R (2.10)

for every t > t(r) > 0, a; € (0,a;), € € (0,1], where S, .(t) is an evolutionary
semigroup, defined in the space H , by problem (2.9), Soe(t)uo = uq.(1)-

Proof. In the case of uncurved thin domains (g;(X,¢) = a;,€ € [0, 1]) this theorem
was proved in [3] (Theorem 2.1). Extension of the arguments presented there to
the general case is straightforward and is omitted here.

Theorem 2.1 states in particular that the semigroups S, (t) are uniformly
dissipative in H?,_, 1 < s < 2. This implies that if one interested in asymptotic

a,e’

dynamics it suffices to study the behavior of S, .(t) on one of the sets
{ue H, :||4gcull < R},

where R = R(s) is a number given by (2.10). Thanks to the continuous embedding
H:, C L®(Re), s > 1, (2.10) implies that for any a; > 0, r > 0 there exists
t = t(a,r) > 0, such that

sup{[|Sa,e(t)ull=, v € H', |47 2ull < v} < K
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for every ¢ > t(r), a; € (0,a;), € € (0,1], and some constant K > 0.

Let B : H' — H be the Nemitskii mapping associated with the function
n(u2K=?)f(u), where n(r) € CP(R;R), n(r) = 1 for every r € [0;1]. For
technical reasons it is more convenient to work with the problem

Ou+ Ageu = B(u), t>0, u(0)=ug, (2.11)

instead of (2.9). Clearly, every IM (see Def. 3.1, below) for the semigroup
associated with (2.11) is at the same time an IM for S, ((t).
The useful properties of the mapping B are collected in the following lemma.

Lemma 2.2 The mapping B transforms H in itself and satisfies the following
properties.

(B1) There ezist constants My, My such that for any u,v eH
1B(u)]] < M,
1 B(u) = B(v)|| < Msfju — »||.
(B2) B maps H(f,s n H;,E for any 6 € (1,2) and it satisfies the inequalities

1Bl < Ma,

1B(w) = Bz, < Mallu—vllgg,, u,v€ H,,
with some constants M3, My which may depend only on 6.

(B3) The restriction of B to the space H,f’s belongs to the class Cl(H(f,s, H).

(B4) For every u € HY_ the Frechét derivative B'(u) € L(H,, H) can
be extended to the operator (denoted by the same symbol) from the class
L(H, H), such that for any u,v € H2’€

1Bl < Ms,
1B (w) = B'(0)ll < Mol = vllng,

There exist ay, ag > 0, such that all the constants M; in (B1)-(B4) can be chosen
irrespective of ay € (0,a1), az € (0,a3), € € [0,1].

Proof. This statement is standard and its various versions can be found in many
sources (see, for instance, Ch. 1 in [10]).

Now, in order to prove Theorem 1.1 we note that thanks to the resulls of this
section we are in a position to apply Theorem 3.1 to problem (1.1)~(1.3). Indeed,
Lemmata 2.1, 2.2 and Theorem 2.1 show that the problem (1.1)-(1.3) generates
a semigroup S, (1) in the space H, . for which all the conditions of Theorem 3.1
are satisfied (with an arbitrary 1 < 8 < 2) if the domain §, ¢ is sufficiently thin.
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3. Inertial manifolds for abstract parabolic equations

Let H be a real separable Hilbert space endowed with the inner product (-,-)
and the norm || - || (depending on context the symbol || - || may also denote the
operator norm in the space of linear continuous operators L(H,H)). Let A be
a self-adjoint positive operator in H, such that the spectrum o(A) consists of a
denumerable sequence of eigenvalues of finite multiplicity

O <ARE X9 < R ARSs on'h

Let Pr(Qk), k € N, be the spectral projector corresponding to the set {A € o(A) :
A< Aeds (A € 0(4) 1 A 2 M )):

Define in a standard way the powers A? for § € R and the spaces H? =
HY(A) = D(A%/?) endowed with the norm | - || = ||A%/2 - ||. Our assumptions
imply that

||A° Pe~t4]| < Mleriltl, t e R,
(3.1)

145 Qe ul| < (7% + Ai)i~Re N1t A% ), 2 > 0.

forevery i € N, 8 > 0, 0; > 0, > 0, u € H?% (see, for instance, Ch. 2 of [7]).
Let B be a nonlinear map from H in itself, satisfying conditions (B1)—-(B4) of
Lemma 2.2. Then the Cauchy problem

% + Au = B(u), t>0, : u(0) = up € H, (3.2)

has the unique strong solution (see [7], [9])
u(t) € C([0,+00); H) N CY((0,+00); H') N C((0, +00); H?).

The mapping ug — S(t)uo = u(t) defines a continuous semigroup {S(¢): ¢t > 0}
on H.
Let us remind a concept of inertial manifold (cf. [4]-[7], [11]).

Definition 3.1 Let there ezist a number n € N and a mapping ® €
CY(P.H, Q,H) such that

|®(p1) — ®(p2)ll < Callpr — p2ll, P1,p2 € PoH, (3.3)

the set
M={p+®(p):pe P,LH} CH (3.4)

is (positively) S(t)-invariant, i.e.
S(M=M, 120,
and for some constant v > 0 and any bounded set D C H we have
distu{S(t)D, M} < Cpe™, t > 0. ' (3.5)
Then we say that M is an inertial manifold (IM) for the semigroup S(t).
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Note that M contains the global attractor of the semigroup S(i) (in case where
it is dissipative) and it is a C'-manifold, the dimension of which is equal to

n
dim P,H = ) dimker(4 — X;).
=1

The main result of this section gives the sufficient conditions under which 5(t)
has an IM.

Theorem 3.1 Let there be given a self-adjoint operator A with a compact
inverse and a nonlinear mapping B : H — H satisfying conditions (B1)-(B/4) of
Lemma 2.2. Let also there ezists a number n € IN such that for some 0 < ¢ <
2-1/2,1< 6 <2 we have

B-a>2Mq (14 k)7 4 g1/, (3.6)

where a = An, = Anp1, M = max{M}, k = (0/2)%/2 [° t=0/2¢~*dt. Then

there is a mapping ® € C'(P,H, Q;ﬁ) such that the set M of the form (3.4) is
an IM for the semigroup S(t). The exzponent v in (3.5) can be taken equal to

Yo=a+ 2Mq'1a(o"1)/2.

Proof. We are going to exploit the classical Lyapunov-Perron method adapted for
abstract parabolic equations in Banach space by Chow and Lu [6]. Consider the
formal nonlinear integral operator

(p,u) — Fplu)(t) = e 4p - fto e~ (= APB(u(r))dr+
(3.7)
St e "T4QB(u(r))dr, pe PH, t<0,

where P = P,, Q = Q,. Following the arguments of [6] one looks for an IM of
the form (3.4) with

0
8(p) = QBL)0) = [ eQB(u(r))dr, (3.8)
where u = u(t,p) is a solﬁtion to the equation
u = Fplu] (3.9)

For any v > 0, s > 0 we define the space C,, of H’-valued, continuous on
(—00,0] functions such that

|uls,y = sup e"t||u(t)]|s “h6o.
<0

Evidently, (Cs.,|uls) is a Banach space.
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Lemma 3.1 Under the conditions of Theorem 3.1 F, maps C,_, in itself and
is a contraction operator on this space for s € {0, 0},

vy =a+2Mqg1alt-1/2,
0.l
and for any p € PH. Furthermore, there is a number o € (0,7) such that F, is a

contraction mapping on Cs ., with the same s, 7. The ‘coefficient of contraction’
is not greater than q in both cases.

(3.10)

Remark 3.1 Since one has the continuous embeddings
Csiy-0 C Csy C Coy

foranys > 0,7 >0,0< o <7, the fized points s —o(p), Us~(P), Uo~(p) of the
restrictions of F, to the corresponding spaces coincide provided F, is contracting
on each of these spaces (with respect to the corresponding norm). Therefore, we
will drop the subscripts in the designation of this single fized point u(p).

Remark 3.2 Let (C, |.|¢) be one of the spaces mentioned in Lemma 3.1. As
far as F, is a g-contracting mapping on C (i.e. |Fp[u] — Fp[v]lc < qlu — v|c),
we have the standard estimate for the successive approzimations uy € C, Uppy =
Fylu,), n € N, p € PH to the solution u = u(p) to equation (3.9)

|4 = tny1]e < |y = ug)c, n e N. (3.11)

Siqt s
Proof of Lemma 3.1. In fact it is well-known (see [6], [7]). When estimating the
difference (F,[u1] — Fpluy]) in the appropriate norm, we use inequalities (B1),
(B2) and relation (3.6). The continuity of the mapping

Fy[u](t) : (~00,0] = H*, u € C,q, p€ PH, s € {0,6}

follows from the regularity results for semilinear parabolic equations ([9], Ch. 3).

‘Lemma 3.1 allows us to define the set M as in (3.4) with ® given by (3.8).
M is invariant with respect to S(t) and is a finite-dimensional Lipschitz manifold
which attracts exponentially every orbit of S(t), as the following lemma shows
(see, for instance, Ch. 3 of [7]).

Lemma 3.2 Under the conditions of Theorem 3.1 the following estimates are
valid -
12(p1) — @(p2)ll < g lp1 = p2ll, p1,p2 € PH,

el < L(1 + [ipl)), p € PH,

where the constant L depends only on a, B, 0, M, q. Besides, for any ug € H
there is vy € M such that

I1S(0y0 — S(tpoll < oD e [ Quo ~ B(Puc)l)

(gLg)® =
where vy is as in Lemma §8.1.
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Thus, Lemmata 3.1, 3.2 imply that M satisfies conditions (3.3)—(3.5) and it
remains to show that ®(p) € C1(PH; QH). In order to achieve this, we will apply
(with some necessary modifications) the approach of Lu [12].

Let v be a positive number and £, = £L(PH;Co,) be the Banach space of
linear continuous mappings from PH in Cp, endowed with the norm

llvllc, = sup supe”|lv(t)p]
llpfl<1 <0

(we remind that || - || is the norm in H). Consider the operator F, ,[v], which is
a formal Frechét derivative of F,[u] with respect to p:

Fpulv](t) = e7t4F — /t Oe-U-T)APB'(u(r))u(T) dr

+/j e_(t‘T)AQB'(u(T))v(r)dr, t<o,

where u(t) is an arbitrary element of Cg . The following lemmata contain some
basic properties of F,, ,[v] as a linear operator on the space L.,.

Lemma 3.3 Under the conditions of Theorem 3.1 F, ,[v] is a g-contracting
linear operator on the both spaces L., L_, for any p € PH, u € Cy,, and 7, o,
q as in Lemma 4.1. The corresponding fized points v(p) satisfy the estimate

lv(®lle,-r < (1-¢)7", p€ PH. (3.12)

Proof. We verify here only (3.12) (the contraction property can be shown in the
same way ). Given u € Cy_, consider the (unique) solution u = u(p) of the equation

v(t) = Fpulv](t), t<0,p€ PH.
Using (B4), (3.1), (3.6) one obtains for t < 0, p € PH

0
e(—y—-o)t”v(t)” < e('y-_er)t (e—at +/ e-—(t—‘r)aMe(“’Y-l—a)'r“v”b’_a dr
i

t
+/ e"(‘“f)ﬁMe(“”'”)’||vl|£7_, dr),
(o ]
SO
1 + 1§
VY G %t [Bhont Y

Iolle,— < 1+ 3 ( ) lole,-o < 1+ alolc,..

which implies (3.12).
Lemma 3.4 Under the conditions of Theorem 3.1 the estimate
1 Fpua (0] = a0l < (€T + € |ux = ualo)lIvlle, o

holds true for any p € PH, uj,uy € Coy, v € Ly, T < 0, and v, 0 as in
Lemma 3.1.
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Proof. For every t < 0 one has
" (1 Fp,us [v](2) — Fpup [0) (D]

<e /to lle= =4 P(B'(u1) - B'(up))v(r)|| dr

t
+et / ”€—(t-T)AQ(B'(u1) — B'(u))v(7)||dr < I + I,

where

0
1S / e~ (=72 | B'(uy) — B'(up)| [Jo]| dr

t
Fed /_ 2 e~ =78 || B (uy) = B' ()| [|v]| dr,

(3.13)

on account of (3.1). For given T < 0 and any ¢t < T one obtains by using (B4)

p |
/ e~ (=D | B (uy) = B'(ug)]] |[o]] dr

T
A 2Me'7t/t g~ (=Tla o~l7-0)r lvllc,—. dT

2M
< oT
< e ol
and, also,

0
/T e~ =12 | B(uy) — B'(us)|| ||v]| dr

0
<M= sup jus(r) = ua(®)llo [ e O Jolc, dr
T<7<0 24

M
< su ulT)lle {|v]ic
7_”511;0“ (Mo llvllc,

where u = u; — uy.
Reasoning similarly in case where 7' < t < 0, we deduce the estimate

M
< su u(7 )|l l|V||c
1< sup flur)lelvlle,

which together with (3.14) and (3.15) yield for any t < 0, T < 0,

2M

Ty i< ~denisia kel o Bu w(T)o)llvll e —s-
LS (€T e,

In the same way, one shows that

2M

0% T &M
e R

(€T + sup [lu(r)llo)llvllc,--
T<7<0

(3.14)

(3.15)

(3.16)

(3.17)
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From the condition (3.6), we infer that
1 1
2u ( +
y—Med Jea-q

for any ¢ > 0 which is small enough, and using (3.13), (3.16), (3.17), we conclude
the proof of Lemma 3.4.

><q<1

In order to complete the proof of Theorem 3.1 one has to show that the fixed
point u = u(p,t), t < 0, p € PH of the mapping F, : Co, — Co defined by
(3.9), belongs to the class C1( PH; H) for every ¢ < 0.

Let uq : PH X (—00,0] — H be any function satisfying the conditions

(a) ui(p,t) € CY(PH, H) for any ¢ < 0.

(b) Dyuy € L,_, for any p ¢ PH and also

sup “‘Dpul(p)”[-'y—cr < 0.
pePH

(C) ‘U-1(ZJ) € C@,’y—o‘a P = PH7

where the numbers v, o are as in Lemma 3.1. Clearly, the function u;(p,t) = 0
complies with (a)-(c). Consider the sequence u;, ugs1 = Fyug, k € N. Thanks to
(¢) and Lemma 3.1, one has ug(p) € Cg,, for any p € PH, k € N. The estimate
(3.11) implies that

qk
¥ g

s luk1(p) — u(p)loy <

( sup |ur(p)loy + sup [uz(p)loy)
lpll< lipll<R lpll<R

for u = F,(u) and any R > 0, k € N. By the first of the inequalities (B2), one

obtains
[wa(Ploy < ™2[lpfl + M(a®/*71 4 BO1271),;

so for any R > 0 there is Cr > 0, such that

sup |ups1(p) — w(p)lon < Cre*, ke N, (3.18)
llpll<R

Applying the differentiation Lebesgue Theorem yields
ur(p,t) € CY{(PH, H), t <0, ke IN.

and also
Dp}:‘[uk] biid fpy""k[DT)'ltk]? p E PH, k E N.

The latter relation together with the condition (b) and Lemma 3.3 allow us to

conclude that
v = Dpuk(p,t) €Ly ,,pePH ke N.



176 A. M. Rekalo

Let us now show that for any R > 0

sup [lok(p) — v(p)llc, = 0, k — oo, (3.19)
lIpll<R

where v(p) = Fp, u(p) is the single fixed point of the operator 7, y) 1 Ly—6 —
Ly—g, the existence and uniqueness of which is provided by Lemma 3.3. From
Lemma 3.3, we infer also that

llok+1(P) = v(P)lley = 1Fp,uelvk] = Fp,ua[vlllcy + 1Fp, wi[v] = Fp,ul]lle,

< qllve(p) = v(P)llc, + 1Fp, un[v] = Fo,u[vlllc,
k-1

< ¢*llea(p) = v(®)lc, + ) ¢ 1P, ui_y 0] = Fp ul0]llc, (3.20)

for any k € IN. Taking in the inequality of Lemma 3.4 T = 0~ In¢ and using the
inequality (3.18), one obtains

sup [|Fp,unlor] = Fpuslvllic, < (€ +€77Crg*~37) S Hv(P)IIcq oy
lleli<R lirll<R

foranye, R> 0,k e N, j=0,1,...,k — 1. After substituting into the latter
inequality the estimate (3.12) and using it in (3.20), we will have

sup [|ok41(p) = v(p)llc, < 4* sup [lva(p) - v(p)llc,
Ipll<R Ipll<R

k-1
1 Y ;
et DUACELEL iy
=

k J ﬂCR
<¢ ag lex®lle, + 7 AR Z q(l Z q
]—0

q* € ke"sCR 1y

< g* st v + +
<gq pGI?HH 1(P)llc, il

for any k € IN. Now, taking k = k() sufficiently large, we see that (3.19) holds
true. This implies that the Frechét derivatives Dpui(p) converge to the function
v(p) in the space £, uniformly for p € PH, ||p|| < R, R > 0. Therefore, for any
<0, R =10

lim sup sup ||(vk(p,t) — v(p, )| < e~ hm sup ||vk(p) —v(p)|lc, =0,
k=0 |IplI< R (il <1 =0 |z

and from (3.18) we infer at once, that

u(p,t) € C(PH, H), v(p) = Dyu(p) € L,
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for any p € PH, t < 0. Hence, the mapping ®(p), defined by (3.8) belongs to
C'(PH, H) and

0
D,,<I>(p)=/ e" QB (u(p, 7)) Dyu(p, ) dr.

This completes the proof of Theorem 3.1.
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U fToamascxuti zocydapcmeennbiii nedazozuteckutl ynusepcumen
um. B.I. Kopoaenxo ,Vxpauna
2 Hucmumym mamemamuxy HAH Yrpaunw, Kues, Yxpauna

Pemena 3amauva rpyumnoBoidl KiaccupUKALNM KBa3WINHEHHLIX ypaBHEHM
BHAA Uzt = Ugy + g(L, &, u)Uy + f(L, 2,u), gy # 0. Ilonyven moansii cnmcok
npeacTaBuTeNeii HeAKBUBAJECHTHBIX KJIACCOB yPaBHEHHUIT, MMEIOUIUX HETPHBU-
aJbHblC CHMMETPUIHBIE CBOHCTBA.

2000 Mathematics Subject Classification 42A70.

1. Beenenue

BounoBsle ypaBHeHHs 3aHHMAIOT Ba)KHOE MeCcTO cpeiu (yHIaMeHTAJbHbIX
yPaBHEHHIT MaTeMaTHuyeckoil ¢um3nkn. K HIUM, B YaCTHOCTH, HPHEBOIAT 3aJadll
(IpuGIIKEHHOT0 ) OIMCAHIS TIPOIIECCOB KOMeOARII pasinaHOl IPIPOIb] B TePMIH-
mHax mrdpdepeHnnaabHEIX ypaBHeHmit. [Ipm 9T7oM, Kak IPpaBHIO, OrpaBIYNBAIOTCS
NEePBEIM TPUOIIIKeHITeM, oAyUYas JTuHeliHble ypaBHeHrsi. OCHOBHOe HpeiMylie-
CTBO TAKOI'0 MOAXOHAA COCTONT B TOM, 4To AuHenHble mud) deperimaibable ypaBHe-
HIS YIOBJIETBOPSIOT TIPIHIUITY JMHEMHOM cymeprosunuy. VIMeHHO 3TOT ITpRHII
obycaaBruBaet 3(pheKTHBHOCTE TIPNMEHEHIIS CYleCTBYIONIEro B HacToMllee BpeMs
MaTeMaTHUeCKOTO anmapaTta s UCCIeAOBAHIA I HHTEI'PHPOBAHNS TAaKHX VPaRHe-
HOIT. :

Ho Bo MEOrux ciryuasx oImumcaHme ITPOIeccoB KOJMEDAHNT B TepMUHAX JUHel-
HBIX YPaBHEHUI ABISETCS HEeyIOBIETBOPUTENLHBIM, NOCKOIBKY COOTBETCTBYIOMIAS
MaTeMaTHuyecKas Mojelnbh He “dyBcrsyer” Goilee TOHKUX HeJnHemHbIX 3(hQer1oB,
KOTOpBIe CBOMCTBEHHEI UCCICAYEMOMY TIPOTIECTY. RJFACCHIECKAM MPUMEPOM 3TOTO
SIBIAIOTCA COJIMTOHHBIE ypPaBHEHNUs, KOTOPhIe ONUCHBAIT CYUIECTBEHHO HeJMHel-
HBllT 3ddert da3zoBoro caBUra B3aNMONENCTBYOIMY COTHTOHHBIX peirenuir. Pe-
HICHVST JINHEAPU3HPOBAHHBIX COMITOHHBIX YPABHEHMIT HEe NMEI0T TAKOI'O CBOIICTBA.
CireoBarTenbHO, caeayoneMy (6oxee TOUHOMY ) IPUOIIKEHIIO COOTBETCTBYET He-
NMHefHad MaTeMaTHuecKas 3ajada, QIS PelleHus W aHajlu3a KOTOPON HMeercs
JOCTATOUYHO OTPaHWYEHHBIT MaTeMaTHYeCKIit annapal.
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9Ta CHTyalus CYIUECTBEHHO M3MEHSETCs, eCIu HeluHeiHoe nuddepeHumals-
HOe ypaBHEHUe MMeeT HeTpHBUAJbHbIe CHMMETPHITHBIe CBOMCTBA. B TakoM ciydae
JIJIS ero aHaJu3a M WHTErPHPOBAHMA MOKHO MCIIOJNH30BATh METOIBI TEOPHH T'PYIIT
n auarebp Jlu [1]-[3]. B cBsi3u ¢ 31HM aKTyaJdbHON ABAAETCS 3aJava BHIICICHUS M3
3a/IaHHOIO KJACCa yPaBHEHMI TeX, KOTOphIe JONMYCKAal0T HeTPHUBUAJbHbIE I'DYIIIIbI
cumMerpud (mHBapuaHTHOCTH). OTMETHM, YTO 33124 OIHMCaHusA JuddepeHImas-
HBIX YPaBHEHHIT 10 WX TpyIaM WHBAPUAHTHOCTH SBISETCS ONHON M3 OCHOBHBIX
3a/1a4 KJACCHUECKOro TPYIIIIOBOro aHalu3a JuddepeRnuaapHbix ypasHeHmt [1], a
COOTBETCIBYIOLIAS TPOIleNypPa Ha3bIBaeTcs IPYNIoOBON Kiaccuduraumedn mugde-
PEHIIAJIBHBIX yPaBHEHHI.

ITpobaemy rpynmosoil kiaaccudukamum muddepeHnInalbHBIX yPaBHEHUA C
JaCTHBIMI TIPOH3BOJHLIMI BTOPOTO MOPAIKA B IPOCTPAHCTBE ABYX HE3aBHCHMBIX
nepemennbix usydan emé C. Jlu [4, 5]. O , B yacTHOCTH, JOKa3aJl TeOpeMy, KO-
TOpasi yTBEepIKIaeT, 4ro JuHeliHoe nnddepeHnnaisHoe ypaBHEHWe BTOPOIo TO-
pAlKa ¢ AByMs He3aBHCHMBIMM TepeMeHHBIMM JOIyCKaeT He boiee yeM Tpexia-
paMeTpUUecKylo TPYIIly HeTPUBHAJBHBIX IIPeoOpPa30BaHUII, a TaKiKe MONHOCTBHIO
HCCJaeI0BA) CHMMETPHITHEIE CBOMICTBA ypaBHeHHs BoHHe uy, = exp u. IloaHoe pe-
1IeHIe 3aJayull TPYIIOBOM KIaCCH(PHKAIMA TNHEHBIX IuddepeHIraIbHbIX ypaB-
HEHUIT BTOpPOro nopsiika 6s11o noaydeno JI.B. OscsaankoseM [6]. K HacTosmmemy
BpEMEHH 3Ta 3a/a4a PACCMOTPeHa Ui MHOT'HX KJaCCOB BOJHOBBIX yPaBHEHMII C
OJIHOI IIPOCTPAaHCTBEHHON TepemeHHON. [lojiHOe €€ pelleHme MOXYYeHO I Ta-
KAX YpaBHeHMI:Uy = [2(Z)ugr (7], wse = [f(u)uz]s (8], wee = uzz + F(u) (9],
Uy = Fugz) [10], uge = f(ug)uge [10, 11], uy = vl Uy + f(u) [12),ue + f(u)u, =
(9(u)uz)s + h(u)uz, g(u)# 0 [13].

Jlis mcciieJoBaHus IIPUBEICHHBIX Bbllle yPaBHEHUI ObLI MCIOJIb30BAH METON,
npemaoxensbit JI.B. OBCAHHNKOBLIM B CTaBuIell KIaccuyeckoi pabote [14], omy-
6INKOBaHNE KOTOPOI M IOJOXKHIO HAUAJIO HeJbIM IMKJIaM paboT, HOCBAIEHHBIM
rpynnosoit kiaccudbukanuy g depeHmaibEbIX ypasHeHml. CymecTBeHHOM oco-
BerocTbIo aT0oro Merona (Merona JIu—OBcANHUKOBA) SBAFETCS TO, YTO OH I03BO-
JIeT Oy IHTH IOJHOe PellleHre 33 a4l I'PYIIIOBOI KIACCH(pUKAIUM 1)1 TeX ypaB-
HeHUl1, KOTOpble colepKaT MPON3BOJbHEE (PYHKIMU OZHOrO apryMmenTa. Tak, mc-
TOJIb30BaHIe 3TOr0 MeTo/a ISl HCCueqoBanms ypasHenut uy = ( f(z,u)uz)y [15],
Uit AUgy = g(U,ux) [16], Ut = (f('“')uz sk g(:l,',’ll,))z [17]1 Ut = f(.’E, uz)uzz 3
g(z,uz) [18] mano BOZMOXKHOCTh HOJNYUUTh HOBhIE KJACCHl yPaBHeHNN C HeTPUBH-
aJbHBIMI CHMMeTPUITHBIMU CBONCTBaMM, HO IIOJHOTO PEMeHNUs 3aJa4il I'PYIIIOBOM
KlaccuUKanuy 3THX yPaBHEHMN OCYIECTBHTH HE ITO3BOJMIO.

B nacrosnuell pabore Mbl pacCMaTpUBaeM 3a4ady T'PYIIIOBON KJIacCH(pUKaITIN
KBa3WJIMHETHBIX YPaBHEHMI I'IIepOoJTIecKOro THia

U = u$$+g(t7zau)ux+f(t7z’u)’ gu#o (1)
311ec1> n gaJjee u = ’U,(i, .’E), U = %, Uy = %Ifl T.O., f H g—TIPpOMU3BOJIbHEIE I'1aJKHEe

¢dyHKIUN CBOUX apryMeHToB. s pemieHus 3aJa4ud Mbl HCIIOAb3yeM MeTOM, Ipej-
JoxeHHHBIN B paborax [19, 20], KoTopslil, COGCTBEHHO I'OBOPS, SBISETCA CHHTE30M
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merona JIu—OBCSHHUKOBA, H3BECTHBIX PE3yJIhTATOB T€OPHM ADCTPAKTHHIX aJjrebp
Jlm 1 MeToga MCHOJB30OBAHUS IIPeOOPA3OBAHMUA SKBHBAJEHTHOCTH. Ero MCIonb3o-
BaHUE [TO3BOJISIET 3HAUUTENLHO PACUIMPHTh MHOMKECTBO ypPaBHEHWIl, IS KOTOPBIX
[IOJHOE pelleHre 33 Jaud I'PYHIIOBON KJIACCH(MUKAIN CTAHOBUTCS KOHCTPYKTHB-
ubiM. Tak, ¢ ero npumenenueM B (21] moJdHOCTBIO pellleHa 3a1a4a IPYNIIOBON KIac-
cuduKanmy s Hanbosee obUIEro 3BOJIONMOHHOIO yPaBHEHUSI BTOPOTO IOPSIKA
-C OJHOII MPOCTPAHCTBEHHOI ITepeMeHHOIT.

2. IlpeaBapuTenbHas rpynmnoBas KiaacCuUKALUS

Ilpexxne Bcero oT™MeTHM, 4TO BCe Halll MCCJeJOBAHIA OTHOCATCA K JOCTATOUHO
MaJbiM 0BJACTAM U MBI [TpeIIoJaraeM, uTo Bce (YHKIM, KOTOphle HaM BCTpeda-
0TCS, SBIASIOTCS HEIIPePhIBHBIMH M HMEIOT HellpepbiBHBIE IIPOM3BOJHbIE HY KHBIX
MIOPSIIKOB. ‘

Ha niepBom 1are rpyImoBoli KiaccuguKalmi, ¢ HCIoJIb3oBaHneM MeToqa JIu-
OBCAHHMKOBA, HIIEM OIE€paToOphl CHMMETpUN ypaBHeHus (1) B Kacce omepaTopos

Q= r(t,a:,u)at# E(t,z,u)0r + n(t, z,u)0y, (2)

rae 7,&, 7--TpoU3BOIbHbIE JENICTBHTENbHbIe I[aJKie (PyHKIMH, OlpeleNéHHbIe B
HEKOTOPOM MOJIpocTpaHcTBe mpoctpancta V. = R? x R! mHesasmcumbix R? =
(t,z) n 3aBucnmont R' = (u), u = u(t,z), nepemenssix. Onmeparop (2) remepn-
pyeT HeKOTOPYIo 0AHONapaMeTpUyecKyo IPYNIy CHMMeTprn ypaBHerus (1), ecim
MIMEeeT MEeCTO PaBeHCTRO

Pt — @™ — g% — (191 + €9o + N9u)te — Tfe — Efe — Nfu

=, (

rie ‘
@' = Di(n) — wD(1) — uz Dy(£),
@® = Dy(n) — w4 De(7) — uz Du(§),
@' = Di(¢") — vuDe(7) — s Di(§),
@™ = Da(¢”™) — utrDr(T) ~ gz Dy (£),
D;, D,—o6ob6owennsie oneparopsl MuddepeHIPOBAHAS 110 IIepeMeHHbIM ¢ U T
COOTBETCBEHHO. Y CJIOBHE ) B (3) obo3Hatiaer 3aMeHy ty; B MOJYYEeHHBIX BhIpaske-

HUSX 118 @, %%, o' a ug, + gug, + f.

OcCymecTBUB JOBOJBLHO I'POMO3/IKNE, HO CTaHAapPTHEIE BLIYHCIEHNS, IIPHXOIIM
K CJe[yIoleMy pe3yJbTary.

Ipennosxcenue 1.Ipynna cummempuu ypaenenus (1) zenepupyemca un-
PUNUMESUMAALHBLM ONEPATROPOM

Q = (At +M)8: + (Az + A)8; + (h(z)u + r(t,2))0y, (4)

ede Pynnyuu h = h(z),r = r(l,z) u nocmoannsie A, A1, Ay ydosaemeopsiom
maxyw cucmemy 08Yr paseHCMS:
—2h' — Ag = (At + A1)gt + (Az + A2)gz + (hu + 7)gu,
—h"u + 14— Tz + (B = 20 f = (M + M) fe + (Az + Ao fut (5).
+(hu + 7)fu + g(hu+ r5),
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ITonyyernas cucreMa paBeHCTB (5) CIyKuT IS OlpeneJaeHus B ga dpyHkumi f u
g B ypaBrenun (1), yHKImm A, 7 1 TOCTOSHHBIX A, A1, A2 B oneparope (4), 1 Ha3kl-
BaeTCs CHCTEMOIT onpejesionnx ypasHenmii. [lockoabky oHa CBSI3bIBaeT YeThipe
[IPOHU3BOJIbHbIE (DYHKIMH, IBe U3 KOTOPHIX SBISIOTCH (DYHKIMSMU TPEX IMepeMeH-
HBIX, TO BOIIPOC O €€ TOJHOM MHTEIPHPOBAHMY OCTAETCs OTKPHITHIM, YTO U He JaéT
BO3MOXKHOCTH OCYIIECTBUTH [OJHYIO I'PYINIOBYI0 KiaccuduKammio ypasHerns (1)
meronoM JIn-OBcsaaukoBa. OTMETHM TOJBKO, YTO B CJIydae NPOM3BOJIBLHBIX 3HA-
yenmi f u g u3 (5) crenyer, uto A = Ay = A2 = h = r = 0, T.e. oneparop (4)
SIBJISIETCS. HYJIEBbIM OIlePaTOPOM.

Jlanee octaHOBUMCS Ha Ipymire skBuBaJeHTHOCTH & ypaBHeHus (1). I'pymmy &£
COCTaBJISIOT TaKie HeBLIPOXKJIeHHBIe 1Ipeobpa3oBaHis POCTPAHCTBA V, KOTOpHIE
ocraBisioT Buj ypasHenus (1) nenmsmenusM [1]. IIpsiMbie BRIYUCTEHHS TTOKA3aJIH,
YTO CIIpaBe/INBO CJIeAyIollee yTBePIK ICHHe.

Ipennosxenne 2. I'pynny € ypasnenua (1) cocmasaziom maxue npeobpa-
306anus npocmparcmesa V:

t=kt+ky, T=ckz+ksy, v=X(z)ut+Y(2), (6)

edek #0,X #0,e = £1,k,ky, ks € R, X,Y —npoussoavubie 2aadxue Pynxyuu
C60UT NEPEMEHNBLT.

B nausuefimem npeobpasoBanus (6) HCIOAB3YIOTCS It Pa3DHEHISI MHOXKeCTBA
Bcex ypaBHeHmit Biia (1) Ha KJIacCH 3KBUBAJEHTHLIX yPaBHEHMII, 1.e. yPaBHEHNIT,
KOTOpbie 3aMeHaMM IIepeMEeHHBIX U3 IPYImbsl £ CBOAATCSA OXHO B jpyroe. Tem ca-
MBIM /LIS pellleHHsl 3a,1a4u PPYIIoBoil KaaccuduKaimy ypasaenns (1) focratodso
ormucaTh 10 OJHOMY IIPeICTaBUTEINI0 U3 KayKJOro TaKoro Kiacca ypasrermil. [lo-
CKOMBKY B oblieM ciaydae ypasHeHue (1) He HOIyCKaeT ONepaTopoB CHMMETPHI,
omeM CHauajla ypaBHeHus Buia (1), MMelomiiie HU3NINEe CHMMETPHITHBIE CBOII-
CTBa.

Teopema 1. Cyuwecmeyrom npeobpasosanus (6), xomopwie ceodam onepa-
mop (4) & o0nomy U3 MaxuxT onepamopos:

Q = m(td; + zd,), m #0;
Q:at+ﬁaza .BZO, Q:at+0(z)ua‘ua 0#07
Q & s @ i olz)nth P G A = 8t 2)R. M+ 9.

Jloxasameabcmso. 3amena nepeMeHHbIX (6) cBomaT oneparop (4) k omepartopy

Q = k(At+ 2)0; + ek(Az + A2)0z+ )
+Yi( Mt + A1)+ (Az 4 A)(X'u + Yz) + X (hu + 7)]0,.

Ecmn B (4) A # 0, 10, nonoxus B (6) ky = A7I\k, k3 = éX"TAk, a X u
Y (X # 0) paBHbIME HHTErpaJaM CHCTEMB! ypaBHeHMI

X'(Az + A2)+ Xh =0,
Yi(At+ X))+ Ya(Az + Ag) + Xr =0,
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cBoamM omepartop (1) k Buiy
Q = A(#0; + z0z).
Ecmun B (4) A = 0, a Ay # 0, T0 aHATOrHYHO NPUXOJUM K TaKHM OlEpPaTOpaM:
Q=0;+pP0, B>0; Q=0+0(z)vd, o#0.

Ecus (4) A=A =0, Ay #0, 10, nonowms B (6) k=eX;,a X nY (X #0)
PaBHBIM MHTErpaJaM ypaBHEHHUI

XX+ hX =1, Y,+rX =0,

cBomm oneparop (7) K onepatopy Q = ;.
Haxownern, ecin B (4) A = A\; = Ay = 0, T0 HeTpyAHO yOEIMTHCS, UTO B 3TOM
Cllydae BO3MOMKHBI TaKNe CJLydau:

Q = o(z)vd,, Q= 0(,&)0,.

BepryBumics kK Ha4a TbHBIM 0003HAUCHUIM TiepeMEHHbIX,, IIPUXOAUM K OIIepaTopaM,
KOTOpble HaBeJIeHbl B (DOPMYJIMPOBAHUI TEOPEMBI.

Teopema noka3aHa.

Caencreue 1. B pamkar copmyauposannoti 3adauu cyuecmsyom nams
ypasnenul (1), xomopvie donycxawm oJHONAPAMEMPUNECKUE ZPYNNbL AOKANL-
noiz npeobpasosanutl. Coomseememeywu,ue 3navenus pynxyull f u g 6 ypasne-
HUAT, a maxace odnomepnvie anrzebpol JIu UHPUHUMESUMANBHBLT ONEPaAmMOPos,
2ENEPUPYIOWUT U ZPYNNbL, NPUSEIEHBL HUICE:

AL = (10, +0.) s g = 25, ),
f= $_2f("/)7u)’¢ = tz—l,.au 74 0;
A} = (004 B0:) : g = §(n,w), f = f(n,u),
77=55”5ta ﬂZO’ g‘u#oy
A3 = (8, + o(z)udy) : g = —20'c In |u| + §(p, z),
f = (0'o")?uln? |u| — 0’0" 1§(p, z)uln|u| — c~1"uln |u] + uf(p, z),
p=ue, o#0;
AY = (0:) T = glh, w)y [ =T, BP0
A3 = (o(z)udy) : g = 20’ n|u| + §(t,2), f = (0'c7!)’uln? ju|-
—(o7 0" + oV o’§(t, z))uln |u| + uf(t,z), o #0.
Joxazameavcmeo. Ecin ypasaenue (1) nomyckaer ofHONapaMeTPUYeCKy 1o IPYINLY
- MHBAapHAHTHOCTH, TO OHA IeHEPHPYeTcs HEeKOTOphbIM omepatopoM Buma (4). Co-

IIACHO TeopeMme l, BCe€ TaKHe OIllepaTOphl C TOYHOCTHIO JO 3KBHBAJEHTHOCTH HC-
YEpIbLIBAITCA OJHMM M3 IIeCTH IOJYyUeHHbIX TaM OIlepaTOpOB. HOBTOMy OCTaETCH
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JUISL KaJKJIOrO M3 3THX OIlepaTOPOB IIPUHTErPHPOBATH COOTBETCTBYIOILYIO OIpee-
asonryro cucreMy (5), KoTopast yaxe GyneT CHCTEMOIT ABYX ypaBHeHHMIT s OIpe-
nenenus aByX ¢yskmmit. J{Ja NepBRIX ISITH OIEPaTOPOB COOTBETCTBYIONIME pe-
IIeHNsi ONpelelsiouNX ypaBHeHUI MMeIOT BUJ, TPUBEIEHHBIT B (GOpPMYJIHPOBKe
CJIeICTBHS.

s nocrensero oneparopa @ = 0(t,u)d, cucrema (5) umeer Buz

Oy — Oy = afu ik 039, ogu =0,

OTKyJa, B YACTHOCTH, Clelyer, 4To g, = 0, T.e. 3TOT omepaTop He MOKeT OHITh
OIIepaTOPOM CHMMETPWH ypaBHEHHS, KOTOPOe yIOBIeTBOPsiIo Obl ycaosusi cgop-
MYJMPOBAHHOI 3aJadM.

HesKBIBaJIEHTHOCTD IIONYYEHHBIX yPABHEHHII CIeAyeT U3 HeSKBHBAJEHTHOCTH
COOTBETCTBY IOIIX UM ONEPATOPOB CHMMETPHH.

Cruencrsue JOKa3aHo.

Teopema 2. B xaacce onepamopos (4) ne cyuwecmeyiom peasusayuu npo-
cmoiz anzebp Jlu.

Aoxazameavemeo. J1ns noKa3aTedbCTBA TEOPEMbI JOCTATOUYHO y6eUThCs, YTO
He CYIIECTBYIOT TaKie peajn3anun (IpeIcTaBieHus ) s HU3LMX IPOCTHIX aarebp
JIm, KOTOpbIe ¢ TOYHOCTHIO JIO M30MOP(dU3IMA MCUEPIBIBAIOTCS ABYMS ajrebpamm
(22]:

s0(3) = (e1,eq,e3) : [e1,e3] = €3, [e1,e3] = —ea, [e3,e€3] = ey;
sl(2, R) = (e1,e2,€3) : [e1,e2] = 2e2, [e1,e3] = —2e3, [e2,e3] = €1.

IIpm aToM, HYIKHO DOKa3aTh, YTO HE CYUIECTBYIOT TaKHWe TPONKM JHHEMHO He3a-
BUCHMBIX omepaTopos Buza (4), KoTopsie 6Bl YIOBJIETBOPSIN KOMMYTAIIMOHHBIM
COOTHOIIEHUSIM, onpeiensiomyuM airebpsl so(3) u sl(2, R). Cpasy ormernm, uTto,
COTVIACHO C pe3yJbTaTaMH TeopeMbl 1 m crexcTBust 1, MBI MoskeM omuH u3 Hasuc-
HBIX OIIepPATOPOB KaKJOM U3 auredp mpeobpasoBaHusMu (6) cBECTH K OIHOMY 13
MOy YeHHBIX TaM IISTH OIIepPaTOPOB.

ITockoabKy paccMOTpeHHas HUXKe ITPOole Iy pa IPOBOANTCS aHAJIOIMIHO IS Ka-
JKJOTO M3 TSTH OIIEPATOPOB, 3I€Ch MBI OI'DAHMUMBAEMCS CIIYyJaeM ONepaTopa

t0; + z0;. (8)

Urak, nycrs B aurebpax so(3) m si(2, R) omepatop e; mmeer Bug (8). B arom
ciaydae qus oreparopa ¢ (4) uMeer MecTo COOTHOINIEHHe

[e1,Q] = —A10: — A20; + [zh'u + 274 + t74]0,,

A 3HAUUT, BCJIEICTBHE BHIIIOJHEHNS IIEPBBIX ABYX KOMMYTAIWOHHBIX COOTHOIIEHWH
IS KajK IO M3 MCCaeyeMbIX aJmebp, 6a3ucHbIE onepaTopsl e;, €3 OyIyT puHa-
JIeXKATh KJIACCYy ONepaTopoB

a10; + 20, + (7(z)u + p(t, z))0y,
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riue oq,09 € R, v u p —raankmne GpyHKIIMA CBOUX apryMeHToB. Ho Torma oueBma-
HBIM CTaHOBHTCS HEBBITOJHEHNE TPEThero KOMMYTAIIMOHHOI'O COOTHOUIEHWS IS
axrebp sl(2, R) u so(3).

Teopema noka3aHa.

Caencrsue 2. He cywecmeyiom neaunetinbie ypasuenus euda (1), areebpor
UNBAPUAHIMHOCTIY KOMOPHLT U30MOpPHBL noaynpocmuim arzebpam Jlu onepa-
MOPO6 CUMMEMPUY UAU COJEPACAM UT KaK nodanzebpbi.

Kak crenyer u3 Teopembl 2 u usBectHoll Teopems! JIesu—-Maasuesa [22], ecin
ypasrenue (1) 6yzer nomyckars aJjredpy MHBaPHaHTHOCTH Pa3MepPHOCTH JABa H
BhIIfe, TO OHa BymeT paspenmmMort ajirebpoii JIun oneparopos cuMMeTpum.

3. VlHBapuaHTHOCTEL OTHOCUTEJNBLHO AByMepHEIX aiarebp Jiu
OIIepaToOpoB CUMMETPUH

B Teopnmm abcTpakTibix anredp JIn pasmualor [22] nBe AByMepHSbIe aJreGpni
Jn:
Az = (e1,€2) @ [e1,€3] = 0;
A2.2 = (61,62) = [61,62] = €3.
Peasnmsanmy 3THX aare6p MOryT GbITh OCTPOEHBI IPOCTHIM JOIIONHEHUEM M3BeCT-
HBIX peaJu3alliii oJHOMEePHBIX aaredp Jin emé oqHuM 6a3sUCHBIM OIIePaTOPOM BU A
(4). lpn a1oM, mOCKOJNBKY airebpa Az sBisercs abenesoil, To BhIOOp €€ oxHO-
MepHOI1 1oaJjrebps! He UrpaeT HUKAKOM poad. B caygae anrebpni Az BHy:xHO
HCCIeIoBaTh 0b6a BOZMOMKHBIX ciydas. PaccMoTpum noapobHo ciydall peajnsaiyi
A} u3 caencrens 1.
Cayuait anrebpsi A, . Ilycts omepatop e; umeer Buz (8), a onepaTop e; MMeeT
i (4). Tora u3 BBINOJHEHMS KOMMYTAIMOHHOIO COOTHOWIEHNS e, ez] = 0 cie-
JyeT, 4To

/\1:/\2:27h,20, tTt+$7‘x=0,

a 1oToMy 6a3mc peasu3aliil MOXKeT ObITh BbIOpaH TaKMM:
(t0; + 20z, (mu + r(1))0y),

rmem € R, ¢ = tz”!. Ecim m = 0, 10 e = r(¢)0, #, KaKk IOKAa3aHO BhIIE,
NoJlyueHHas peajn3aliys He GyLeT yJIOBIETBOPATH yCIOBHAM C(HOPMyIHpOBaHHOIL
sagaun. CaepoBarensHo, m # 0. Ho 3amena nepemMeHHBIX

i=t, z=2z, v=u+m 'r(y)

¢BOAT GA3VCHBIC OIEPATOPH! NOJYUYCHHON peannsalin K oneparopam td; + Iz,
mvd,. lloatoMy nanee MoxkeM pacMaTpuBarh peaimzanmo (t0; + 0z, udy).
Bropoe m3 onpepensioiaux ypasHenmit (5) aius omeparopa ud, uMeeT BUJ
ug, = 0, OTKy/a cllejyer, UTO 3Ta PeaJu3alis He yJOBIeTBOPAeT yCIOBHIM COp-
MYJIHpPOBaHHON 3a2atH. ;
(1e10BaTEIbHO, B PAMKAX TIOCTABJIEHHOI 3a1aun peasusamys A] He Hormyckaer
paCUIMpeHus K peajin3aliaM aireopn Az .
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Curyuait anre6psl Ag 2. Ecam oneparop e; umeer Buz (8), T0 U3 BHINOIHEHNA
KOMMYTallIOHHBIX COOTHOILEHUII (€1, €3] = ez cremyer, uto A = A\ = Ay = 0, zh/ =
h, try +ar, = r. Ecan xe e nmeer Buz (8), To u3 [e1, €3] = e, cienyer paseHcTBO
1 = 0, xoTopoe sBisieTcst J03KHbIM. ClleIoBaTeNbHO, JalbHeIeMy HCCIeI0BAHII0
MOAIeKHT caydait e; = (mzu+ z7(¥))dy, m #0, ¢ = tz~!, T.e. c TouHOCTHIO IO
3KBUBAJEHTHOCTU MIMEeT MECTO TaKas peajii3allisi:

(t0; + 20y, xudy).

JlanprelimiT aHaJ M3 MOKa3aJ, YTO OHa YIOBJAETBOPSET YCJIOBHSIM MOCTaBJIEH-
HOII 33,1441, a B COOTBETCTBYIOIIEM HHBAPHAHTHOM yPaBHEHUN 3HAYEHUS (OYHKIIN
f u g Takue:

g=—2z"'In|u| + z71§(¥),
f = e~ uln? u] - 2=2g(Y)uln u] + 2~ 2uf(y), ¥ = tz~*

ITpoBe/si aHaJIOrHUHbIE DACCY M IEHUSA NI OCTAJbHBIX H3BECTHBIX peaJu3alni
OIHOMEpHEIX aaredp JIu onepaTopoB CUMMETPUU, MbI IIOJIYYHIN NeCAThH HEIKBIBaA-
JEeHTHHIX Ag1— 1 Ay o—~MHBAPHAHTHBIX YPaBHEHHI, I KOTOPBIX COOTBETCTBYOIIHE
peai3alii SBAIOTCA MAKCUMAJIbHBIMA aJredpaMy HHBapHaHTHOCTU. CBeleHHbIM
pe3yJbTaT KiacCH(pUKAIMY TOJaH B CAeAYIOMIX ABYX IIPeII0KeHHIX.

Teopema 3. Ay 1-uneapuanmmubie ypasnenus suda (1) ucuepnvieaiomca ve-
MbLPLMA HEIKEUBAAEHMHBLMYU Ypasrenuamu. Coomeememeywujue ux arzebpbl
UNBAPUAHMHOCTNU U 3HaNeHUA Pynxyul f u g maxue:

1) (0;,0(z)udy,) : g = —20'07 In |ul,
f=(c'o)?uln?|u| — o7 o'uln |u| + uf(z), o' #0;

2) (0, 02) : 9 = §(u), f= f(u), §u #0;

3) (0,0 + udy) 1 g = §(w), [ = €' f(w), w=e7", Gu #0;

4) (0(2)udy, 0, — sko(z)P(z)udy,) : g = =200 In |u| + kt + §(z),
f= (oo )Yuln?|u| — o~ ¢"uln |u| - o~ 1o’(kt + §(z))uln ju|+
41 [%ka’a"lt + 1622 + 1kg(z) + f(x)] :
k#0, oi# 0, 9= [olds:

Teopema 4. Ay -uneapuanmuble ypasnenus euda (1) ucuepnwvieaiomcs wec-
mbI0 HeINSUBANEHMULLMU YpasHenuamu. Coomeememeylou,ue ux aazebpol uH-
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sapuanmuocmu u 3navenus pynxyuld f u g maxue:

1) (t0; + zﬁz,k"llﬂkuau) 19 =z (=2kn |u| + §(v)),
f =27 2u(—k?10? |u| + k() In |u] + k(k — 1) In |u| + f(¥)),
k#£0, v =tz™;

- 2) (B¢ + B0z, €7 '7ud,) 1 g = —28" In|ul + §(n),

f=B"uln?u| — (872 4 71g(n))uln |u] + uf(n),
B>0 g2«

3) (—tdy — 205,0: + BOz) : g = n7'G(u), f=n"2f(u), B20,
n=z -0t §u#0;

4) (—tdy — 0y, 8¢ + mz~'ud,) : g = 271 (2my + §(w)),
f =z =2mpu - 2m1p - 2 - §(w) + e™¥§(w)],
mi5:0)w=ue"™ "Paiz t, g, #0;

5) (Oz,€udy) : g = =210 [u| + §(t), f = uln® |u| — uln|u|(1 + §(2)) + wf(1);

6) (~t0; — 20, 05) : g = t71§(u), f=172f(u), §u #0.

4. 3aBepluieHVe IPYNNOBOM KJacCuUdpuxammm

Kak Gbl10 MOAUEPKHYTO BhIIIe, Bce ypaBHeHus Buja (1), MMelouue HeTPHBHAJD-
Hble CUMMeTpPHITHbIe CBOMICTBA, MOT'YT OBITh HHBAPUAHTHHIMU OTHOCHTEILHO pa3pe-
umMbix aarebp Jlu oneparopos cummerpun. C TOUHOCTBIO A0 M30MOpdU3Ma pas-
amgaior (21, 22] meBsATh TpeXMepHBIX pazpemmMBIX aarebp Jim Az = (e, ez, €3)
HAJ TI0JIeM JeffCTBHTENHLHbIX THCeN:

Asi1 = A21® A :[ei,ei] =0 (4,5 = 1,2,3);

A3z = A22 @ Ar i [er,e2] = €2, [e1, 3] = [e2, €3] = 0;
Az3:[eg,e3] = e1, [e1,e3] = [e1, €3] = 0;

Az 4 :[e1,e3] = e1, [e2,€3] = €1 + €3, [e1,€2] = 0;

A3z :[e1,e3] = €1, [ez, €3] = €3, [e1,€2] = 05

Aze : [e1,€3] = €1, [ea, €3] = —e2, [e1,€] = 0;

Azz:ler,e3] = e, [ez,€3] = qeg, [e1,e9] =0 (0 < |g] < 1);

Azg :[e1, €3] = —e3, [e2,€3] = €1, [e1,e2] = 0;

Asg:[e1,e3] = qe; — eg, [eg,e3] = €3 + geq, [e,e2] =0 (g > 0).

Cxexyer oT™mernth, uto aarépnt Az ; (j = 1,3,4,...,9) Takue, uyro (e;,e;) =
Az, a Azg = Ao @ A;. 9T0 Ia€T BO3MOXKHOCTH IPOBECTH KJIACCH(DPUKAIIIO
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ypaBHeHHI1, ajreGphl HHBAPHAHTHOCTH KOTOPBIX SBISIOTCS TPEXMEPHBIMHI paspe-
IMMBIMI aJreGpamit JIU OlepaTopoB CHMMETPYH, HCIOIb3Ys Pe3ybTaThl TeOpeM
3 m4.

C apyroil CTOpPOHEI BCe TOJNYYeHHbIE B 3THX TEOPEMaX YPaBHEHUs COIEPIKAT
MIPON3BOJIbHbIE (PYHKIMN OMHOIO apryMeHTa. ITO JaET BO3MOXKHOCTH OCYUIECTBUTE
JaTbHelyio TpyNnoByio Kiaccudukammio ypasHerus (1), ncnoassyst meron Jlu—
OBCSAHHUKOBa, UeM MBI B JaJbHeflllieM U BOCIIOIb30Bauch. [lockoabKy mporenypa
KJaccuUKAIMN 1 KajKJOr0 ypaBHEHMs [IPOBOJUTCS aHAJOTMYHO, MBI OCTAHA-
BIIBAEeMCS 10ApoBHO TONLKO Ha CIydae TepBOro u3 Az j—MHBAPHAHTHBIX ypaBHe-
HHIL.

3neck g = =20’ Injul,f = (oo Vuln®|u| — o~ ¢"uln |u| + uf(z),
o = o(z), o' # 0. [loaroMy mepBoe ompeensiomee ypapHenue (5) umeer B

~2h' + 2Xd'c  In |u| = =2(Az + Ag)(0'0 ™), In|u| — 2ha’0™! — 2ro’o T uTl.

Mockonsky h = f(z),0 = a(z), r = r(t,z),A\,A2 € R, T0 BHIIOIHEHHE 3TOTO
paBeHCTBA PABHOCHJIBHO BBIIIOJHEHWIO TAKUX PABEHCTB:

M =oleT b r= 0;
Aolo™! = —(Az + A)(0'o 1)L

Ecnn o—npoussonbHas GyHKmust, 0 A = A =7 =0, h = Co, C € R, re.
HMeer MecTo ciayuail aarebpnl (0, o(z)ud,). CremoBaTelbHO, pacIIUpeRHe CHM-
MeTpUH BO3MOKHO, KOraa (byHKIHS ¢ = o'c~! sgBisiercs HeHyJeBbIM pelieHneM
ypaBHEHUs

(az + B)¥' + o =0, a,B€ R, |aj+ || #0.

Ecmm o # 0, 1o capuru mo z mno3BoisioT noxoxnte f = 0 u monydaem
¥ = mz~!, m # 0. [IpoBenss sanpHefnime BBIYHCIEHIS, TOJyYaeM, 9TO B 3TOM
cjlydyae B HHBAPHAHTHOM ypPaBHEHHU

g = —2mz"11n|u|,
f=mz % muln?|u| — (m - Duln|u| + nu), m#0, m,n€ R,

a asrebpa MHBaPUAHTHOCTH YPaBHEHUS SBIsSeTCs TpexMepHoll aarebpoit Jiu ome-
PaTOPOB CHUMMETDHH

(0, |z| " udy, t0: + 0z),

KoTopasi usoMopdHa airedpe Ag 7.
Ecma=0,0 8 #0u V¥ =m, m # 0. B aromM cayuae B ypapHeHUN

1 1
g =ln lul, f& Zuln2 |u| — Zuln{u| + nu, n € R,
a aJrebpa NHBaPHAHTHOCTH yPaBHEHUS SBIAseTCS TpexmepHoll aiarebpoilt Jiu ore-
PaTOpOB CHMMETPUH

(B, Bz, €™ 7% ud,),



I'pynnosas kraccudukalmsi 01HOTO Kiacca 189

KoTopas n3oMopdHa aiaredpe As ;.

Jlaisrefinme nccieJ0BaHIs HOKa3aJd, YT0 cpean ypassermit (1) Bricuie cum-
MeTpHifHbEIe CBOFICTBA FIMEIOT BOCEMb YDaBHEHUI, MAaKCHUMAJIbHbIME ajireGpaMu 1H-
BapHAHTHOCTH KOTOPBIX SABJAIOTCA TPEXMEPHBIE pa3pelrnMblie aarebpsl Jlu omepa-
TopoB cuMmMerpuu. Huske npuBeseH MX MOJHBIA CIIUCOK, B KOTOPOM YKa3aH U THII
COOTBETCTBYIOIIMX MaKCHMAJBHBIX aJrebp HHBapHAHTHOCTH.

A3 o-MHBapHaHTHbIE YPABHEHHS

1) Ust = Ugg + ugln [u] + Fuln? [u| - Juln|u + nu, n € R;
(B, 0z, €™ 37ud,);

2) 1t = tpe + mllnu] = fJu; + Z2ul(In [u] = O)In |u] - ¢ = 1)] + nu,m > 0,
n € R;
(0, 0 + u(’)u,e”%mxuf)u).

A3 4~VHBaPUMAHTHLIE YpaBHEHNS

1) ugg = gz + 27210 |u| + mz 7 + n)u, + 27 %uln |u]+
+(mz~ 1 +n —2)z %uln |u| + %mzm“"ﬂu s %m(n - 3)z73tu + pz~?u,
m#0, n,p € R; '
(t0; + 0z, 7 udy, 0y — Fa~ ! In |z|ud,).

Aj s-VMHBapHAHTHbIE ¥PABHEHNUS

1) vy = tgz + |u|™uz + n|ul*t?™, m £0, n € R;
(04, 0, 10, + 20y — m™ I udy,);

2) uy = Ugz + €uy + ne?, n € R;

(84, 0z, 10; + 28y — Ou);

3) uy = Ugy — 2210 |u| — mz't — nju, + z~%uln? ju|-
—z"2(mz" Y + n)uln |u| + w2 (22722 + Z(n— Dzt + p],
m,n,p € R;

(0 + 70z, zudy, O + Fr ™ ud,).
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A3 7-MHBapHAaHTHEIE YpPaBHEHNUSA

1) Ut = Ugy — 2mz " U In [u| + mz~2[muln® [u| — (m — 1)uln |u| + nu],
m #0,1;n € R;
(8, |2|™udy, 10, + 28,); "
2) Uy = Ugz — 2712k + In |u| — mz~t — nlu; + k22 2uln? |u|-
~kz?[mtz~' + k +n — Huln|u| + m(k — 2 + n)tz3u+
+%m2t2x‘4u +pz%u, |k|#0,1;m#0,n,p€ R;
(t0; + 0y, |z|*udy, 8, + ﬂﬁk—)z’luf)ﬂ).

5. BeiBoOnl

ITocKkoabKy CylecTBeHHOII 0COGEHHOCTHIO paspelmMbIx ajrebp Jlm ssisercs
HaJIuie y HIX KOMIIO3MIMOHHOTO psifa [22], To mpoBeseHHAs TPYNIOBas KIACCH-
duranmst ypaBuenus (1) siBisiercs noxHoll. B garsHefmeM HeTPUBUAJLHBIE CHM-
MeTPHIHBIE CBOMCTBA ITOJYYCHHBIX yYPaBHEHMI MOT'YT OBITh HCIOJNL30BAHE! IS MX
CHMMeTPHITHON pefyKIUH W HOCTPOSHHs TOYHBIX (MHBAPMAHTHBIX ) PEIIeHUIT.
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AHOTAIIII
YIIK 533.72

Hecramionapsi cranu rasy ans mozaeai Bpiana-ITiznaxa.

FopaescorrumiB. ., Bby3ninsxal. M. - Bica. Xapk. nan. yu-ry.,
2003, Ne 582. MaTemaTHKa, IPHKJIaIHA MaTeMaTUKa i MeXaHika, ¢. 3-9 .

Jns ormmcaHHs eBOJIOLIl rasy BukopucraHo mozenb Bpiana-Ilimmaxa. B wif
MoJeli KO3KHa 3 MOJeKyJl Ma€ He TLIHKM JiHIHY, a i KyTOBY NIBHJIKICTh, i obepTa-
€ThCA HABKOJIO CBOEI 0Ci. 3allPOITOHOBOHO HECTAIIOHAPHI PO3NOAINH CHeliaJbHOI'0
BHIVIsi/Ly, SKi Bi/JOBial0Th BUXPONOAIOHMM CTaHaM ra3y, T0DTO IOTOKAM 3 MOCTY-
naJabHOI0 Ta obepTalbHolo crenensamu cBoboan. IlobynoBano 6iMozarbHi po3roniiu
3 BUXPOBYMME MOJaMI [ HADAMAKEHOTO OIINCaHHA B3a€MOi1 IBOX TaKHX TIOTOKIB.
BuBuaeThcs NoBeiHKa IHTErpaJhHOTO BIAXUIY MiXK YaCTHHAMH PiBHSHHS DBoabu-
MaHa 3a PI3HUX NPUITYIIeHb MO0 TiApoJHHaMIiYHUX IIapaMeTpiB.

Bi6aiorp.: 11 Haiim.

YAK 617.95

IIpo KopeKTHicTh MHOTOTOYKOBOI IHTerpajbHOI KpanoBol 3amadi
Ha cMy3i.

K enue E., Talo Cimo Jx. — Bica. Xapk. nam. yu-1y., 2003, Ne 582. Mare-
MaTHKa, IPHKJIaJHa MaTeMaTHKa 1 MexaHika, c. 10-14 .

B obaacti, AKa € JAeKapTOBHM JOOYTKOM CerMeHTa Ta MICHOI IpIMOl, J0CTil-
JKYETHCS KOPEKTHICTh MHOTOTOYKOBOI KPafoBOI 3ajadi Ha CMy3i 3 iHTerpajoM y
KpaiToBifi yMOBi 11 AudepenIiiaJbHiuX PIBHIHD 3 YACTHHHUMHI TOXiTHUMIL. YcTa-
HOBJIEHO YMOBHM KOPEKTHOCTI 3a,1adi, U0 PO3TIALAETLCH, ¥ KIaci ODMeKeHIX Ial-
KHUX (DYHKIIM.

Bibmiorp.: 13 HafM.

YK 517.948

IIpo xapakTepuCTHYHY BJIACTHBICTH MHOIOYIEHIB, 33 J0BOJIbLHIIO-
YHUX PI3HUIIEBOMY CIIIBBIIHOUIEHHIO 4-TO TIOPSIKY.

3aropoguiok C. M. — Bicu. Xapk. Ham. yH-1y., 2003, Ne 582. Maremaruxa,
MPUKJIaIHa MaTeMaTKa 1 MexaHika, ¢. 15-25 .

B nmamift poBori Mm BEBYaEMO cHCTeMH MHOTOWICHIB {p,(A)}52,, mwo 3alo-
BOMBHAIOTH chiBBimHomenmio: Jsp(A) = A2p(A), ne Js - marmaiaronanbi, ep-
MiToBi, HamipEeckigueni Marpumi i p(A) = (po(A), pr(A), pa(A), ...)T, a Takosx Bix-
NOBIIHY CHUMMeTpHuHy 1ipobieMy MomeH1iB. /loBemeHi yToumeHi BapiaHTH Kpu-
Tepis poss’s3HOCTI MpobieMn MOMeHTIB i adaJjora Teopemn (Pasapa s Takux
cucteM MHOrouneHiB. [lokasaHo, MO HAABHICTD CIIBBIAHONIEHH OPTOHOPMAILHOCTI
CHEIaJbHOTO BHTASALY € XapaKTePHCTHYHOI BAACTUBICTIO TaKUX CICTeM MHOIO-
uieniB. [lokasaHO 3B’S30K 3 OPTOrOHAJHHIME MATPWIIEBIMU MHOIOYJEHaMH Ha
OICHIT ocl.

Bibmiorp.: 10 maiiM.
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YK 517.2

Ob6uucnenHs nokasuuka JlanyHosa JigiliHOro 3BMyamtHoro aude-
PEHILIAILHOrO piBHEHHI, KOedIIEHTA SKOTr0 WIBUIAKO OCLHAIIOIOTE.

Jwbapcsrrui M. I. —Bica. Xapk. Hai. yH-TY., 2003, Ne 582. Maremarnka,
NMPUKJIATHA MaTeMaTHKA i MeXaHiKa, c. 26-48 .

PosrasmaeThcs obypeHa cucTeMa [IudepeHUIiaJlbHUX PIiBHAHb 3 €KCIIOHEHT-
HIM PO3IUEIIEHHSAM IIPOCTOPY BHUPpilieHb y NPHUMYLIeHHi, U0 iHTerpaJbHa HOPMa
{B} = sup,,|[/** B(t)dt‘ (0 £t < 00,0 <s < 1) 3byproBanus B(t) mana.
Ocranns ymoBa MOYKe BHKOHYBATHCA i Juis He Mauux B(t), Sxmo us MaTpuus
MBHIKO ociwnioe. Ilpn nesikux obMerkeHHAX 3HAMIEHO iTepalifiHuil MeTos obun-
CJeHHSI CTApIIOro i TeHepaJbHOTO NOKAa3HUKIB 0OypeHol cucreMbl. PilieHHS i€l
npobieMn Mae Garato IOZATKIB y i3mKy. Y SKOCTI NPHKJIaJa IPUBOIUTHCA 00-
YNCJHeHHsS IHKPeMeHTa IIyYKOBO-TLIA3MOBOI HECTIIKOCTI B YMOBaX HEOZHOPOIHOI
nrasmi. e ogamm NpuKIaIoM € TeopeMa ycepeIHeHHS IS XiHIHOro mudepeH-
iaJRHOTO PIBHSAHHS 3 MAJIM IIapaMeTpPOM.

Bibuiorp.: 10 rarimM.

YK 517.948

®dyuxmnionanbHa monens Haas — Posmra gns obMerikeHHUX orrepa-
TOPIB.

PosymenkoO.B. - Bicu. Xapk. Han. yB-TY., 2003, N 582. MaremMaruka,
NPUKJIaHA MaTeMaTHKa 1 MeXaHika, ¢. 49-61 .

3 nificHI0eThCsA 1106y 10Ba (hYHKIIIOHAIBHO! MO VIS JOBLIHHOT'0 0OMeXKeHOoro,
He 0D0B’A3KOBO CTHCKAIOUOro, onepatopy 1, gilouoro B rirsbeproBomy npocropi f .
I1s Monexn € anajorom gyrkuionassaol Mogeni B. Cexkedaunsi-Hans Ta Y. Qo-
SIITA.

BiGaiorp.: 7 HalM.

YAK 517.5

Kanouiuni, N-ekcTpeManbHI Ta TOJOBHI PO3B’S3KH y3arajibHEHOI
iHTepIoNAMIITHOI 3aKaul NI CTLILTHECIBCHKUX (PYyHKIIIN.

JNwoxkapes). M. - Bica. Xapk. Han. yu-1y., 2003, Ne 582. Maremaruxa,
NpUKJIafHa MaTeMaTHKa | MeXxaHika, c. 62-70 .

Y wueft craTri BOpoBaJKeHI Ta HOCHMkeHI KaHOHiuHi, N-eKcTpeMaJbHI Ta
TOJIOBHI PO3B’SI3KM y3araJibHEHO! IHTEPIOJSMIINHOI 3aJadi AXA CTIABTHECIBCHKUX
omrepatop-dyskmifi. /lopeseno, o0 MHOMXIH4 KAHOHIYHAX DPO3B’A3KiB Nepmoro
(apyroro) pouy 36ixHa 3 MHO¥HHOI0 N-eKCTpeMaJbHAX PO3B’A3KiB IepIIOro (mpy-
roro) poay. JlocaikeHi TOIOBHI PO3B’S3KM y3aralbHeHO! iHTepHONAIIHO 3a aul
i IS HUX OTPHEMaHi sBHI hopMYyJIIL.

Bibaxiorp.: 5 Halm.
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YK 517.977.5, 519.7

IIpo onrruMisaminHuM Digxix B 3agadi Bubopy cxemu ximioreparrii.

MapunenwkB.IIl,Jangnuka PB,Kosaaxnsuyx O I -
Bicu. Xapk. Ham. yH-Ty., 2003, Ne 582. MaremaTuka, NpHKIalHa MaTeMaTHKa i
MexaHika, c. 71-80 . :

B pobori npencraBieno Moaenh XiMioTepali B X0l JIKYBaHHS OHKOJOTIYHIX
3aXBOPIOBaHb. 3aIIPOIIOHOBAHO METOIUKY NepeBipKH ONTHMAJIBHOCTI PEIKHMIB JIKY-
BaHHS, sSKa MOXke OyTH 3BeleHa MO 3aJadi iCHYBaHHS PO3B’S3KiB aJrebpaldnHmx
HepiBHOCTel. ONTUMANBHIIT IIpolleC CHCTEMH 30YIOBAaHO B SBHOMY BUTVISII 3 BUKO-
PUCTaHHAM CIlenjaJbHUX (DYHKII. '

bi6aiorp.: 11 HaiM.

YAK 532.528

SlkicHe mocainceHHSs IIPOIECIB CTPYKTYPYBaHHS MarHUTHOL
piouHM.

HanperouaM. ®.,llonmosalJl. M\,,CBupungenxkoC. 0. - Bicxu.
Xapk. Hall. yH-TY., 2003, Ne 582. MaremaTnka, IpUKIalHa MaTEMaTHKA | MeXaHiKa,
c. 81-89.

PosrasgnaloThcs TpolecH CTPYKTYPYBAaHHS MarHITHOI piIWHW, TOOTO BHHUK-
HEHHS 1 pO3Ia) arperaris 3 MarHITHOX YaCTOK, AKi BXOZATHb O CKJIAaJdy PiAMHM.
Y upumyuieHsi, 0 MOXKHa 3HeXTyBaTH Aidy3ifiHMMH IpolecaM# y piauHi, Io-
CJHIKYETHCS OJHONapaMeTpIyHa AUHAMIYHA CHCTEMA IPYIoro MOpSIKY, SKa Omi-
Cye 3MiHy MarHiTHOTO CTaHy PiMHM, IO 3HAXOAUTHCA Yy CIIOKOIO y CTAJOMY Ol-
HOpIIHOMY MarHiTHOMY noJi. 3HalleHi cCTaHM piBHOBAru piiuHm i 6idypxamifmi
3HayeHHs [TapaMeTpy, KOTPUM € HallpyKeHiCTh MarHiTHOro mnoJs. IIpu pisHux 3na-
YeHHSX ITapamerpy 1obynoBaHi (a3oBi HOPTPETH CHCTEMH Ha ILTOMIMHI.

Mau.: 3. Bibaiorp.: 6 HalM.

YK 517.518.6

TonomopdHi Matixke rnepioguyuHi GyKIil y pisHUX MeTpPHKaXx.

Y nonosaO.l - Bica. Xapk. Hanm. yu-Ty., 2003, N* 582. Maremaruka,
NpUKJIaIHa MaTeMaTHKa i MeXxaHika, c¢. 90-106 .

Y pobori kiracnusa reopeMa bopa rpo roxoMopdui Maitike nepiomrusi (yHKIl
y CMy3i pO3IOBCIOKYETHCA Ha ToJoMopdHi ¢yHKii B TpyOuaTifi 061acTi CKiHUeH-
HOBIMipHOI'O BeKTOpHOro mpoctopy. KpiM piBHOMIpHOI MeTPHKH PO3IJIfIal0ThCs
meTpukn CrenaHoBa, Beiurs, Besikopuya.

Bi6miorp.: 14 nafiM.

YK 532.135+581.14

JlocainxkeHHs HaAIpyeHo-1edOpMOBaHOIO CTaHy ABOBHMIipPHOIO
GiosoriuHoro Marepiaily, SKHUI 3pOCTAE, 3a yMOBaMM 0OMe >KeHHS 3po-
CcTaHHS.
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KamtopB. A.KisinonaH. M.

— Bicu. Xapk. Hail. ya-1y., 2003, Ne 582. MaTemaruka, NpuKIa Ha MaTeMaTHKa,
i MexaHika, c¢. 107-120 .

B poboti npeacrasieni pesyabTaTH AOCHIIKEHHS HaIpy:KeHO-AehOopMiBHOTO
CTaHy IJIaCTHHE 3 GioJoriuHoro MatTepiady, SIKHil 3pocTae, 33 yMOBaMHU ITOBHOIO Ui
YaCTKOBOIO 0OMe KeHHsT 3pOCTaH s 1o rlepnMerpy. Marepiax BBakaBcs B'S3K0NpYy-
JKHIM, a y SKOCTI ODMe:KeHHs pO3MVIAIAIacs THYYKa HEepO3TsiKHA IoJiMepHa
HUTKa. /1 BUmaKy MOBHOTO OOMeKeHHS PillleHHS 3aJadi OTpUMaHe y BUJII po3-
KJIaJIeHHs 10 CICTeMi OPTOrOHAJbHIX IoJAiHOMIB. Y1celbH] po3paxyHKH IpoBeIeHi
3a JOIOMOI'0I0 MeTOJy KiHleBux eiemedTiB. OTpuMaHi po3momiim HampyKeHOCTel
i mocaimkeni gecdopmalil IaCTUHE Ha PisHUX cTalisx 3pocranus. Iokasano, mwo
PO3IOMII HAIIPY KeHOCTell 1 HAaIIPsAMKIB TOJIOBHAX Ocefl TeH30pa HaIpy:iKeHocTeil
ICTOTHO 3MIHICIOTLCA 063y 0B6aacti 06MeKeHHS . 3aIPOIOHOBAHO METOIUKH eKC-
[epUMeHTAJILHOTO BH3HAUEHHS BILIIIBY TIOJSA MeXaHIYHIX HaIpy KeHOCTel Ha 3po-
cTaHHSA OiOJOTIYHIX MaTepiaJis.

Ma..: 2. bibmxiorp.: 18 HarM.

YK 517.9:535.4

IToBropHa peryaspu3aliis omeparopa 3azaui gudpaxiiil BicecumMe-
rpuunux TM xBuiIL Ha cdepl 3 OTBOPOM.

Pesyumen woB.O. - Bica. Xapk. nai. yu-1y., 2003, N* 582. Maremaruka,
[IpUKJIaIHa MaTeMaTnKa 1 MexaHika, ¢. 121-134 .

BiaokpemieHna i obepHeHa CTaTM4HA Ta IOJOBHA IJUHaMiUHa YaCTHHI Olle-
paTopa 3amaui gudpakiil Bicecmmerpuwurnx TM xBuab Ha cdepi 3 Kpyrosim
orsopoM. Jlasi IbOr0 BUKOPHCTaHO ODEpHEHHs iHTerpaJbHOro OlepaTopa THILY
Abens Ta po3s’sizok goriomizkHOl 3anadi Kowm. Omep:xana cucreMa JiRIfANX aJ-
reGpaiumix piBHass 11 pomy 3 kommakTHEM B mpoctopi £2 oueparopom. Crcrema
¢ eeKTHBHO PO3B’SI3HOI0 YHCEIbHO Ta aHadiTnuHo y (2.

Mauar.: 2. Bibmiorp.: 17 nafim.

YAK 271.23.17.19.33.17

JlBa iHTErpain.

F'pumua A Il.,lloeaxunneral B. - Bicu. Xapk. gan. ys-1y., 2003,
Ne 582. MatemaTnKa, IpHUKIaIHa MATEMATKA 1 MeXaHika, ¢. 135-142 .

Y pobori oOUMCIIOI0THCA JBa BH3HAYeH! iHTerpaims, sKi BHHWKalOTL y [O-
CJALIKeHHAX aBTOPiB. My He 3HafnuIM iX y BIAOMHX HaM TabIMIsHX iHTerpalis.
Y nopiBusaH# 3 igmmMm, B 3agaunnky M.A.€srpadosa Ta CIIBaBTOPIB MiCTHTLCH
Oliblla KiJIBKICT THINB iHTerpaJis. JlaHa cTaTrTs MoKe pO3LILIATUCH SK JOJATOK
JIO 1€l KHUTH.

bibmiorp.: 2 HafM.
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YK 513.88:517.948.3

llesaki pe3syabraTy NIpo IapHi piBHISHHE B KiIbOaXx 3 ¢axropu-
3aIiMHUMU [IapaMu.

IToneraen I. C. — Bica. Xapk. Hai. yH-TY., 2003, Ne 582. Maremaruka,
NPHUKJIAIHA MaTeMaTHKa 1 MexaHika, ¢. 143-149 .

PosrisiriyTo abcTpakTHI mapHi PiBHAHHS 3araJbHOTO BUIVISAY 3 HEBiJIOMHMN
3 KUIBLS, IO BOJOJIE (PAKTOPU3ALINHO IAPOI0 IIIKiTeIh. Y IPUIIyUleHH] Ipa-
BIUILHOCTI (haKTOpM3alldl - IeSKIX eJeMeHTIB, IO OyAyIoThCs 3a KoedimieHTaMH,
BCTAHOBJEHO TeopeMy iCHYBaHHS M €IMHOCTI 3 (DOPMYyJaMU PO3B’SA3KY.

Bi6aiorp.: 15 HaiM.

YK 513.88

06 ommoMy y3arajbHeHi1 Teopemu Bboag-Bopa mus aGcrpakTHMX
dbynrrxiit 9ki 3axadi Ha rpymi.

HimirponaC. /I, Iimitpos /I B. —Bica. Xapk. Han. ys-1y., 2003,
Ne 582. Maremarnka, IpUKJIaJHa MaTeMaTHKa i MexaHika, ¢. 150-161 .

Posrasmyro pisHocrae piBusinas ®(hz) — ®(z) = Fp(z). Pimenns ®(z) Ta
npasi yacrtusn Fy(z) - dyskuil, gxi 3axani Ha JeKapToBoMy HOOYTKY I'pyn 3i 3Ha-
yeHHAMH y nipocTopi Ppele, mwo He MiCTHTH i AIIPOCTOPH, AKi i30MOpdHi ITpocTopy
co. 1lokasano, sikwo icaye pimenas ®(z) , sxe obMerxeHe Ha BiIHOCHO IIIBHOMY
MHOKCCTBI, TO BOHO € MaiiyKe ITepPioUUHON, MariKe nepioauyHow 3a JleBitaHOM,
Maitxke aBToMopdHOI0 (QYHKIIEW, SK TUIbKH iTpaBa yacTuHa € M.a.d (L-mo.d.,
m.a.d.).

Bi6aiorp.: 16 HaiM.

YK 517.94

IHeprianbHI MHOTOBUAM /IS PIBHIAHHS peakiii-udy3ii B TOHKHX
ABOLIAPOBHMX obJracTiaX.

PexauxoA. M. -~ Bicu. Xapk. Han. yH-TY., 2003, Ne 582. Maremartuxa,
[pUKJIalHa MaTeMaTHKa 1 MexaHika, ¢. 162-178 .

Pobora npucBsiyeHa JOCIHI AKEHHI0 aCHMIITOTHYHO]I IIOBEJiHKH PO3B A3KiB HaITiB-
JiHIHOro NapaboaiyHero PiBHAHHS B JBOBHMIPHMX TOHKHX JBOLIAPOBHX 06JaCTAX.
3aaui, DoxibHI g0 1el, BUHUKAIOTh IIPU MOJENIOBaHHI MpoIeciB peakmii-andys3ii
y TOHKHNX HaraTolapoBUX IJIIBKaX, WO € PO3MiJeHIMI IPOHNKHAMI MeMOpaHamu.
B poBori nokasaHo, O KOXKHUAI PO3B’SI30K 3aJadi IMIPUTATYETHCA 3 €KCIIOHEHITialb-
HOIO WUBHM/KICTIO 0O IeSKOTO iHBapiaHTHOro ckimdeHHoBMMipHOro C'l-MHorosmiy.
IHaKIe KasKydn, BIXi/[Ha HECKIHUCHHOBAMIDHA JUHaMiYHa CHCTEMa aCHUMIITOTIY-
HO Moe ByTH olmucaHa 3a JONIOMOT010 CKIHYEHHOI CUCTeMH 3BIYAHNX Judbepertli-
AJIbHUX PIBHSIHB.

Bibuaiorp.: 12 Haim.
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YK 517.95

I'pynoBa kracudikaliis 0ZHOro KJacy KBa3UIIHIMHHX XBHJILOBHX
PIBHSHS.

JJarsoB.I,Mar ga0O. B. - Bica. Xapk. Han. yu-1y., 2003, N* 582.
MaremaTuka, IpUKJIalHa MaTeMaTHKa 1 MexaHika, ¢. 179-191 .

Po3p’s3aHa 3azaya TpynoBol Kiacidikaiii KBasidiHITHWX PpIiBHSHb BUIVISLLY
U = Ugr + g(t, @, u)uy + f(t,z,u), g. # 0. OTpuMaHo mMoBHMA mepexik Tpen-
CTaBHUKIB HeeKBIBaJIeHTHUX KJACiB PIBHAHb, 1[0 MAIOTh HETPUBiaJbHI CHMeTpiltHi
practuBocti. Kinouosi ciaosa: rpynosa. kiacudikaiis, KBasiJdiHiiHI XBUJIbOBI piB-
HAHHS, OllepaTopH cuMerTpil, aaredpu JIi.

bibaiorp.: 22 HaiM.
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