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O BECKOHEYHO! AJITEBPE TPEYT'OJIbHbIX MATPHLL
A. K. Cymmeaqu

XapbxoB

§ 1. Mu paccmarpuBaeM G€CKOHEUHBIE , TpeyroJbHbE  MaTpPHIL (aqg}
¢ 3/eMEeHTaMH M3 J@HHOrO YHMC/JIOBOTO moss P. ,TpeyrolbHEIMH® MaTpu-
maMH s Ha3bIBAI0 TaKHE MATpHIE, Y KOTOPHX BCE B/JIeMeHTH KHH3Y OT
TIaBHOI AHATOHATH PABHBL HYJIIO, T. €. dyg == 0 npu « > . Cymma, pasHocTs
3@ NpPOU3BeJeHWe TAKHX MATPHI[ BCETJa CYHIECTBYIOT W ABAAIOTCA TOKE
.TPEYro/JBbHBIME “ MaTpHIAMH.

Ecmu A==(a,3) u B=(b,g) IBe naHHbe (TPEYro.IbHBIE) MATPHIE, a

C = AB = (c,g) — ux npoussejenue, TO:
Ca{'}:aaa ba@ _.L“ aa, a1 ba+ i, .3—!— v + aaﬁ bﬁ{i; (”é@) (1)

K aTuM MaTpuuam OTHOCSATCH BCE JHATOHAJbHBIE MATPHILB, B YacT-
HOCTH ,efuHMYHaA“ Marpuua E ¥ ,Hynesas“ MaTpuia, KOTOPYIO ML IPOCTO
0003HaYaeM HYJIEM.

[Tycrs A =(a,g) — 1aHHAs MATPHIUA; NOCMOTPHM, B KAaKAX CAydasx

cymecTByeT o6paTHas K Helt Marpala X = (X,g), T. €. Takas, uro AX =E,
st OmpeeNiennsl 9MEMEHTOB X, g, Xy8,. .. Xgg B-ro croanbua B X uMeeMm
 mo (1) cucTeMy ypaBHEHHH:

|
| a11X1§+a12X2§+"'_"‘alf)x,ﬁﬁ:‘o
853 X, + a3 Xp3 =0 ©

e 5 e e © e s 3 e e e

Orciona NOCTENEHHO, HAYUHAA C IOCACTHEro ypaBHEHHS, ONHO3HAUHO
orpenesisaeM Xx%’ Xﬁ—l, Broee Xj‘g, €CJMIH TONBKO HH OJHH H3 JHArOHaAb-

seIx 271eMeHTOB B A He paBed 0. Taxmm ofGpasom, ecnim Bce a,, 7# 0, To

—_ 1 N
cyurectsyer ,o0parHas‘ marpuma X=A L' Takue MATPHIEL A aB-
AAIOTCA TAK HA3HIBAGMEIME ,anre0pandecKuMy e IMHAIIAME ; HA30BEM HX ,He-
ocobeHHnMu®. Tax kax u3 (1) CiaeAYeT, UTO Cuy = 84y Dyy TO OUEBHAHO,

9TO NPOHM3BEJEKHE HEOCOOEHHEIX MaTPHIl — TOKE HEOCOGEHHass MaTpHila.

Tax kax Hamwm TpeyroJbHbLIE MATPHIE, OueBHAHO, 00pasyiorT abeseBy
IPYyNNy CTHOCHTEALHO CJA0XKEHHSd, a I8 YMHOMEHHUS BepeH acCOIHATUBHBIH
3aKOH, TO COBOKYIHOCTH BCEX TPEYTOJbHHIX MaTpHI, HAA TMoJjeM P —
OeCKOHeYHasa acCconuatuBHas ajArebpa HJAH HEKOMMYTATHBHOE KO/IbIO.

1 Jlerxo y6enutnes, yto 1 XA =E.
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O6osuauum ero yepes A. Bce HeocoOeHHble MaTpHUB H3 A COCTaBJs
O0OBIUHYIO (6@CKOHEUHYIO) TPYNIy B OTHOCHTENBHO YMHOMEHHS.

§ 2. Marpuny (TpeyroapHVIO), B KOTOPOH XOTh OLHH JHdTOHAIbLHBE
aJeMeHT: a,, =0, nasosem ,0co6eHHOI".

Teopema. Besikas ocob6erHass MaTpulla A mnpencrasaser COOOH Jepmi
HYJIEeBOH JeJUTe/b,
Joxasareapctso. Ilyctb B A a,,— 0 c HAHMEHBIIHUM ; BOSbMEML

ypasHenne AX =0, rae X = (X,g) — Heuspectnas marpuna. ITo (1) umeexn|
{opu A=a):
[
455 X+ 8y, X, e i e Ay, a—1 Xa—1, 2T 210 Xa) wakh LS o - % X, =0
Byg X oo —{_ 32,a;1 Xa—I,}.+aza XgpF '+a17\X7\?\ =0
aa——l, a—1 Xa—1, A + Agme1, 0 Xah —x[‘ te + Qg X0 = 0 (3)

Ay le_u!— o '+aa7xx)\)\=O

T I }

ap X =0.

Ecan Q54 1,041 #0,... ajp #+0, To nocaenoBaTeIbHO HaHJEM:
X)J\:O: p— 1, )\:O"“ Xa 41, -L:O:

HO X,) MOXHO B3siTh IIPOU3BOJBHLIM, OTJIHUYHHIM OT HYJ g, H60 a,, =0.
Ilyerp x,=1); Torma us (3):
dqq Xl}\+a1§xg}\+ "'+aj, a—1Xqg—1, ) =344 I

322X2?\+"'+a2,a—1xa—1,}.=_agal}\» (4)

e ° e ¢+ o s o e e & o .

aa—1,a~—1Xa——w?\:_—az—;al)\‘
Ora cucreMa (upu JaHHOM l)) HMEET e/IMHCTBEHHOE peIleHHe, KOTopoe
(uMee T BHI:
=k, I, xa=k,h... Xog—1, r=Kg 3 s
HaKOHeN, Xq = I, Ho mpu k<o Haiimem:
X=X ="+ =3X3=0.
Taxum o6pasom, moaydHM:
00...0k, 1, B Ty 0 s \
G 0eua Ol L kol s
X=§ 00...0Ky—,lgky slgyy... ©®)
| 00...0 1, logs  oeo
\ 00...0 O 0
\ . - > . L
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3mecs 1y, 1,445 loy s, ... mpoH3BOMBHEL, A Kk, k,,... k,__, —pe-
HE CHCTEMBL:

a11k1+aizk2+"'+a1, a—1ka—1 =-—1a,,,
a12k2+.”+a2,a—-1ka—1=_’aaar (4a)

e e o &« e = s & & e e o o @

dg — 1, a—-1ka—1:"aa—1, o

, uro X B3aBHCHT TOJBKO OT B3/JIEMEHTOB II€PBHIX ¢ CTOJOIOB
aus A.
Fcrn B A, kKpoMe a,,, HE OJHH JHArOHAJIbHEIA agement He paseH O,

MaTpHIBL BHAA (D) — eIHHCTBEHHEl, AJA KOTOpex AX =0.
Tlycrs Teneps, KPOMe a,,, eme i agg = 0(B > ), npuuém Qgd1, at1 #0,
- #0; rorna no (1):
aaaxaﬁ_l—aa, a1 Xa_|_1,g+ cee aagX%: 0,
8 41, a1 Xads, g * T 844, g Xgg=0, (6)

ags Xgp =0
Tak xak agg=0, T0 MOKHO B2ATH Xgg # 0; TOrZa MpeIHAyIHE YPas-
mus (6) OnpenexsT OJIEO3HAYHO Xg_ 4 B,.-- Xqi;,8, & I€PBOE YpaBHe-
e (6) mact:
Ao, 01 xa—]—i,B_,"aa,a—{—z o} 2,B+ v '_I_'aaﬁxﬁﬁzo (160 a,, =0);

3TO BO3MOKHO, €CJHH PAHr MaTpPHIE §— o HOpsAKa:

aa,a+1 Aoy o} » "'aaﬁ
Qa+1, a1 41, a2 daf 1,8
0 aa+2,a—{~2"'aa—i—2,ﬁ

™ §—o— 1.1 A 39TO 03Hawaer, YTO B 00 Il eM caydae MaTpuus (9)
diorcs o6mum pemrennem ypasHeHus AX=0. dtu marpuun X o6pa-
0T JeBHiI uueasn, pbo, ecan X; m X,— pewenus ypasHenus AX =0,
Z — npousBosbHasg (TpeyroJapHas) marpuua, 1o u X;+X, n X, Z—
)K€ pELICHHS TOTO K& ypaBHEHHd.

§ 3. Ilycrs B marpuue A TOJMBKO ONUH AHATOHAJNBHHIE 2/JE€MEHT, HMEH-
0, a,,=0. Bosbmem ypapHesue ¥A=0 ¢ HeH3BeCTHOH MaTpHuIeil
= (Yop). TTo (1) mmeeM A1g 9IEMEHTOB x -# CTPOKH B ¥ (x=a):
y,ma*/x:O

Youor, A, x—}—1 —I—Y’X x—|—1 Aty x—]-1 =0

. ’ .

Y*m va T Yx %A1 a%—{—l a_l" J"Yxa =0 - (7
Your Ay, a1 + Y, *1 %—}—1, o1 + » + Yon Qg, a1 +ym, a1 aa+1, o1 = 0

. . . . . 3 . . . . o ® .

1 B cayuae, ecn®E f§ - a1, MOXHO B3STh Xa41, a1 7~ 0 IpPOH3BOIBHBEIM TOJBKO
mpH 2y, oL, = 0.
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Orcioma moayuaeM :
Y-mc:O’ Yo, %41 =0,... Ya,a— 1 =0,
HO Y,, MOXHO B3fATb HEPABHEIM HYJ, HOO a,,=0; B pa/jbHefieM
C/IEIOBATRIBHO ONPENEJSCM : Yy o 1 55 Yo, o s - - -0 inf,
HyCTb yxa:kx; TOrZa Yt,at 1= kx la+ 10 Y, a2 :kxia_{_,} 5 05
rae ly4 4, la+ 9+ + + — DEIICHHE (eHHCTBEHHOE) CHCTEMHl YDaBHEHHMIf:
la—1— 181,041 = "8, a4
1a—}-1 aa-—)—1,a—]—-2+la——}—2 Qg adq 2™ —8g g4,

Oxnako npu x >a Bce y,, =0. Urak :

1 00...0k k1o, L PR RPN \
00...0 Kk, k21a+1 kgla+2... \\
3 e e e o ow o ol TRESEEREEEL , . |
\ 00...0k, Kelyr s Koloy, ... |
\00...00 0 0 /
3zech ky, K, ...k, NIPOU3BOJBHEL, TOrAAa KaK lois oy oo indnf

PEIICHHE CHCTEMEL (8). Marprua ¥ 3aBHCHT TOJBKO OT CTPOK MATPHIIH
HAYHHAS C &- i,
[Tycts Tereps B A xpome a,, eme u 8, =0="a) H0 2,__, ,__,, .8
4yt 1,741 Bee #£ 0. Torxa mo (1):
Yoy =0
Yy g+ T Y1341, 142 =0 o
ywa*{, a—1+Y~{, T4 1 a*{—[— 1, ¢ — 1 + . '+y~{, a—18—1, g—1 =0
}’waya ‘1"3’7, 1+ 87+ 1 a1 s '+y7‘ a—18g—7, a"]“yyaaaazo-
Ecnu B3ath Yoy # 0 (sexw a,,=0), 10 ypasuenus (10), xpome nocres
HEro, ONMpPENeNAT OfHOBHAUHO Yy 41 ir+-.Yy q— 4 @ MNOCAETHEE YDARH
gue (10) macr:
Vo8 T ¥y, g4 18y 41, ot ootV a—18—4, =0 (60 a,,=0).
9T0 BO3MOXHO TOJbKO, €CHH PaHT MAaTPHIE & — 7§ MOPAIKA
aY,Y+1aY+1’.{+1O... 0 \\

s e . e e e & o o o

aYsa—la'T-i‘ 1, a—la"{+2, a—laa—l,a—-1 1 Sag d.———’r«—l,l
Ay Ay 1, a dydo, o 44—, a

CrefoBaTe/bHO, B OOIIeM c/ayyae MaTpUOEl T2 (9) eNHHCTBEHHHE
pemenuss ypaBHenus YA =0. 3TH MarTpuubl COCTAB/AIOT NpaBbil mHIeal.
Taxum 0Gpa3oMm, MBI JOKA3aId TEOPEMY :

Teopema. Ecin B 0COOCHHOH MATPHUIE TOJBKO KOHEUHOE UHC/IO QHATO-
HaJbHHIX 3/JEMEHTOB PaBHO HYJIO, TO TaKas MAaTPUIA eCTh IPaBHH Hy/IeBOMk
JEeJUTE/Ib. -

Bosnukaer BONpPOC: €CId B OCOGEHHOU MaTpHle OECUHCIEHHOEe MHO-
JECTBO JUArOHAJBHBIX 39JEMEHTOB pAaBHO HYMI, TO ABAACTCS JH TaKasd
MAaTpHILA HEIPEMEHHO NPABBIM HyJeBblM AequresieM ? Crexyomuii mpumep
JIOKAa3pBaeT, 4To 370 He Tak. Ilycrs:

1) Ecam y=a—1, 10 5T0 yCJOBHE NPHHAMACT BHL: ay 1 Hu =0,
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o>

i
(@o)ie) K o) fie ]
O O N —
O O
N =SS
Len e S ol <
oD

o
BA 2, skt =0 At sk poe=1 8opps,skps=1(k=0,1,2,...)>
Ak, ok — 2, Ayk, kb1 = 1 (k =212, 3 .),
OCTaJbHEE 3IeMEHTH B A paBHH HYJIO.
Mycrs Y =(y,g) — KaKoe - HUOYAb pelleHHe YpPaBHEHHSA YA = 0..
em no (1):
yaaaaﬁ_l—Ya,a—{—i aa—}—i,ﬁ"i"' "+Ya,B--2aﬁ——2,ﬁ_|—
+ Yo, 8—138— 1,8 TVopagg =0
P — uernoe, To agg=2, ag._, g= 1, 85,0, p==" ==y =0, T. e.c
Ya,ﬁ—1 + 2yaB =0.

menuB B Ha B 1 (B~ 1 — neuerHOR), HMEEM:

2% 4a,p =0 g .= B—sp+:=1
OBATEJBHO:
Ya,8—1 +Yaf3:O'

Orciona noxyyaercst: ¥, 3, =y,3=0, T. €. Y =0, T.e. marpuma A
€CTh MpaBbli HYJEBOH HE/JIHTEJb.

§ 4. O6parHo, ecam k,, k,,... k,__, MPOM3BOJILHO JaHHBIE YHCTA,
MOXHO no (4a) momoGpars jmjsi A mepBEE a CTOJIONOB (B3fB a,, = 0),
3aTeM B35Thb OCTaJbHBIE CTOJNGHOE B A IPOH3BOJMBHO, TaK 4YTO Oyper:
=0, rze X omnpegesero 1o ¢opmyae (8) ¢ NPOU3BOJbHEIME

‘la+1, 1a—|—29"'

b NPOM3BOJbBHO, Tak uto O6yzer YA=0, rae Y ompexereso mo (9)
IPOU3BOIBHEIX K., k,,... k,.

Crpoenue Matpun (5) u (9) ozunakoso. 3amenuB B (9) ki, k,,... k,
K,y Ky 1y oo Ko 1, B, MeHsist 0003HaUeHHA, HAMACAB l, 4 4, Ip o, ...
TO ]ala+17 1a1a+2,..., MOJIYYUM MaTPHIY:

0:0%.. 0 Ly Sholiar espS
B0 0 il o, | e

Z= ............. 3 - 114
TSR e e N (1)
5 G, 8BS0 - 0

Hble anBcKu, T. XXXiV.
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YpasHeHus (4a) ocraioTci B CHJE M IS HOBHX HAUIMX OGO3HAUEHE
€CcM K HX TpaBBIM 4YaCTAM [PUINCATh MHOXKHTEI1 K,; amaaoruaus
OCTAIOTCs BepHBIMH M ypaBHeHus (8), €CIH K HX NPaBbHIM YacTsIM NPHE
carb MHOXMTENb l,.

CosoxynHocTh Bcex marpun BHaa (1) —o6o6imendas rpymnna oTHog
TeJbHO YMHOXeHHA. VMeHHO, ecinm 0003HAUAM:

Z=(KeKpovr Ko/ oy lyparene)y Z/=(kesKuyevn Ko/ Ly lug 1y v ),

TO
22" = (kK K Ko e Kok L1y oy ,en), @

T. e. # ZZ' — roxe tuna (11). Jlerko BHZeTs, uTO, eciu Z — tuna (3
TO U ZZ' Toxe; eciu Z' —tEna (9), T0 B ZZ —Toxke (KAaK M JTOJIKE
ORITD).

[Tycte Temepb mist MarpuOs Z OJHOBDPEMEHHO BEPHH YPABHEHHUS (4
u8), T.e. u AZ=0 u ZA=0. B 3TOM cayuae, €cJH Mbl IOMHOXE
ki, Ky, ... k, Ha Kaxoe-HuOGyAb 4uci0 SF£0, a Bce 1, ly4 g, ly o,
paszenuM Ha S, TO Z He H3MEHHTCs, M ypasHemus (4a), (8) ocramym
BepHBIMHA. [Toaromy moOxHO 0603HaunTh: Kk I, =x€P u paccmarpusats .
(npn nagHOM A) Kak OYHKOHIO OT X. B Takom ciyuae ZyZ, =Z.

Zx+ Zx’ = Zx+x'a

u60:

°

’ ’ ’ ’ \
/0... R A
. s e s+ 8 o ® & a2 o 4 * o i
f

(S 5‘ roy g !
ZHZ'= 1 0... 0 kylyd-ko by KoLyt s+ Ko loyy .o X
1 0...0 0 0 /
Y
t . t e ° . e o e o o o o . - . H
HO IIpH AaHHOM A umcaa k ... kK, IPONOPHHOHANLHEL YHC/IAM k: L‘
aly lg4 1, ... MPONOPIHOHANBHEL YHCAAM Iy loiq ...

Otciona crenyer, 4To Takue MaTpullbl Z, 06pasylT MOJE€, Hpocy
usomopdroe noaro P (u6o mpu x £ x" u Zy £ Zy). B atoM none em
HHIEH YMHOXEHHS 9IBJIAETCA MaTpHUa:

;00 0k kg ko, \
[00..0k,  lly,  kly, o \
[ 00 ...0 ke s Ko lat i ko ylutgunn |
1\00...01 Lot 4 loparee |
100...00 0 0 /
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1 Ky, oot Ky, — penrenne ypasHenui (4a), a 1,4, s e
=re ypaBHeHMil (8). DTH BeJHUHHH HpPH JAaHHOM A, BIOJHE OmIpeje-
H0 BOOOIIEe OHM -— IPOH3BOJIbHHL.

00603HaYUM COKDALIEHHO:

ZI — (k'x./l)\)‘
cag X — Jaoboe yuc1o u3 P, TO, Kak JIerKO BHIETH:
. Zy=xZ,.

‘ e UMEeeM:
Zi=2Z,; aZ,+bZ,==(a+b)Z,; aZ, - bZ, =abZ,.

Mz cuynraem, uro k, m Lh(k=1,2,... a—1; A=c¢--1,... in inf)
= maM naHE. Ecam ke Mul 6GyneMm 6paTh pasHme k,, 1), To mo (12)

(i) 1) (i / 1) = (k0! 1)- (13)

Orcioma CJlIenyeT, 4TO BCE MaTPHIBLL BHJIA (k%/l;\) C pa3IHYHBIMH
I, COCTaBJSIOT OTHOCHTEJBHO YMHOXEHHS TaK HA3BBaeMyI0 €IHHHY-
00006IeHHYIO IpyNNy THNA AApa, TOrAa Kak Bce MaTpuunl Z Tuoa (11)
vioT BOOOIIE OGOGINEHHYI0 TPYNNY THOA A1pa (OTHOCHTEJIBHO YMHO-
).
S 5. PaccmoTpuM Tenepp BCe AMArOHaJbHLHIE MATpPHUB Hazx moJaeMm Pj
@IHO, UTO OHH 00pasylT KOMMYTAaTHBHYIO H aCCOIMATHBHYIO aare6py
. Ecim o6o3HauuTh dYepe3 e) MAaTPHIY, B KOTODOH Ha A-M Mecre
oHaJ ¥ CTOMT EJHHHIA, & BCE OCTaJbHEIE 3JEMEHTHl PaBHE HYJIIO, TO

opaspHasd Marpunma DEA ¢ guaroHafbHBIMH 9JEMEHTAMH 4a,, a,,
.. in inf. mpexCTaBHTCS B BHIE:

D=a,e, +a,e,+a,e,4...in inf.
feckoHeyHas ajare6pa C ,OCHOBHLIMH €JHHHIAMH®
&ik=1,2,..« in 1oi)

N 1 mpu x=AXA
EM: e%e)\:aﬁ\ew rne Ox)\z{o P x—T/—)\'
»

MoxHO cuuTath, 9yTo A — npsamas cyMMa Gecuuc/aeHHOro (CuéTHOro)
=ecTBa aare6p, MPOCTO H3OMOPGHEIX HOMI0 P. PeryaspHeiMu snemen-
B A gBJISIOTCS T€ MATPHIE, B KOTOPEIX BCE JHATOHANLHLIE MaTPHIEI
— 0; BCe 3TH MATpPHUIB — aIreOpaHnyeCKHe ,€IHMHHIbL,

§ 6. ITocTtaBuM Temepb BONPOC O ABYCTOPOHHHX HAealax HJIH 06 MH-
aHTHLIX CyOaireGpax B wmameii aiare6pe A. [lycts B — oxsa n3 um-
mauTHBHIX CyOanre6p B A m BEB, mpuuem B HeocoGenmas marpuia;
oraa cymecrsyer BEA u BB-'=E€B, a cregoparessHO W BCaKas
omma u3 A maxojurcsa B B, 7. e. B=A. Taxuwm o6pasom, Bcsikas uH-
aTHas cybanre6pa s A (3a HCK/IIOUEHHEM caMOil A) COCTOHT B3 0CO-
=X MATDHIL.

ce OCOOCHHEIE MATpHIB H3 A He COCTABJAIOT CyGaire6phl, HO CO-
3510T 0600IE Y0 rpynny (,aCCOMUATABHYIO CHCTEMY “) OTHOCHTE/NHHO
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yMHOKeHusi. Ho COBOKYIHOCTb MaTpHL, Yy KOTOPHX BCe€ JIHAroHaI:s
3J€MEHTH DaBHH HYJIO (Ha30BEM TaKHE MaTPHIEL ,CYyIIeCTBEHHO-0COH
HEIMH“), €CTh WHBApHaHTHas cybaiarebpa mis A; 0003HAYHM €e yepes

QueBuaHO:

BCskast MaTpunia A€A OTHO3HAa4YHO NPEACTaBAIETCA B BHIE:
A=D-+0, | |

rre DEA, O € R; anre6ps A © @ ,B3aHMHO-IPOCTHE", T. €. AMEIOT
CTBEHHYIO 00myl0 OOeHMM MAaTpHIy — HYJEBYIO; T.€. A eCTb nps
cymMMa anrebp A u .1

[Tycts Takxe:
A=D'4+0'EA, D €A O'EQ;
Torpa:
A‘}‘AIZ (D + D,)+ O”, AA/= DD’* O”/, rue Oll | O/// e 9'

D10 rOBOpHT, uTO (akrop - aareépa A/Q mpocTo u3oMopdEa anreGpe
[Tycts temeppr A u B —iBe matpums u3 2, u AB=C; :-memj

u3 A, B, C 0603HayuM COOTBETCTBEHHO YEPE3 a,) , by, Cy ; TOTAA IO

Cx,%+1=a~w.bx,x+1+ax,x+1 bx—}—1,x—{-—1=O
u6o
a%%=b%+1,x+1=0'

CuenoBarenbHo, B C He TOJBKO IJIaBHAs AHArOHAIb COCTOUT H3 HY.
HO M CJIenyIollas 3a Hel, chopasa IapajjelbHas €, AHATOHAIL T
COCTOUT H3 HYJIeH.

Ecnmu png BCAKOro x NpH ONPEIeNEHHHIX &, B:

Qpy, =8y, 21 == "'=ax,x+a=0: bm:bx,x—{—lz"':bx,x—{hﬁ—‘w
TO H

Cz,x—}—1=axxbx,x—]—7\+ax,x+1bx+1,x+)\+"'+ax,x+?\bx+?\,x+},=
npa A Za-f41.
Takum o6pasom, ecau MH 0603Haumm: @ =2, a yepes &y, — air

BCeX MaTpHI H3 £, y KOTOpHX k XMaronasteil crnpapa OT IVIABHOH CO
u3 HyJe#, T1o:

22 > Qagﬁ c Qa—{-—[3+1 .
Ecit A€ 2, B € Qs u, cnepoparensbno, C=ABE€ L, L g, ,, ToH
Contatpts=8h xtat1 bx—-{—a—{—l, %ot B4

Cy, rta-LB+4s =4, z+a+1bx+a+1,x—f~a—f—ﬁ+3 +
—+ ax,*&+a+2bx+a+2,x+a—{—ﬁ—|—3;

! Onpenenende npsaMoH CyMmmbl cM., Hamp., B kuure H. I YeGoTapesa ,B
Hii¢ B TEOPHIO aareGp¢, crp. 35.
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Coxtaf Bt a=8natotiDetats,atatptrat
atatsDrpato atatdret q ndatsPadats, wfatpia

- Orcona BugHO, uto npu gaHHoM C € QG—HH— , MOXHO BCErJa IOoM0-
I AC2, uBE Qg Tak, uro Oymer: C=AB. T.e. dopmyan (15)
50 3aMEHHTH 00JIee TOYHBIMH:

9 =9; 2LP=2 5., (15a)

Jlerxo BuIeTh, yTO Q) mpH BcAkoM k==1, 2, 3, ...in inf. iuBapuanTHag
aareGpa mis A, aaa @ u BooOme A BCAkOTo Qp mpu h < k.

- Takum 006pasoM, umeem GecKOHEYHYI0 yOHIBAOINYIO IelNb HHBaDHAHT-
cybanrebp mas A:

QDQ,D9,D... in inf. (16)

Anre6py € MOXHO paccMaTpHBaTh KaK 00OOLIeHMe pajuKata ajas A
ESHIHO, BCAKAas HUJBLIOTEHTHAs MaTpuia u3 A BXOIHT B 2; HO He BCs-
MaTpHla H3 & HUJALIOTEHTHA B OOBIUHOM CMbicae; ecau A € Q, 10 no

Am+1€R; MoxuO cuynrath, yro lim A™=0. Taxum 06pa3on,
m— oo

20 CUUTATh, YTO L -— MaKCHMa/JbHas ,HMIb MOTEHTHAan* cyGaire6pa

TOPANOK €€ HHUJIBIOTEHTHOCTH = o0.

§ 7. Paccmorpum rtemepnr mHBapmautHylo cybaarebpy A,C A Bcex
OHIL M3 A, B KOTODHIX B3JEMEHT a,,=0 (IpH HEKOTOPOM OIpejeneH-
¥ o HO U JPYTHE 3/€MEHTH AHATOHAMH OTHENbHBEIX MaTPHIl U3 A, MOryT
233ThCSI PABHLIMH HYJIIO).

Ilycts A= (aaﬁ) € A; Torjaa:

A=a,e,+A,, rme A,€A,;
0 IpPEeICTaBJeHHMEe JJsi JaHHOro A ojxo3HayHO. Beam u
B=b,e,+B,EA, BEA,,

A+B=(au+bu)e,+Zs; AB=2ybue,+U,,
Z,u U,€A.

910 O03Hayaer, uto axrop-aaredpa AjA, mpocto msoMopdHa monwo P
i BCAKOTO &); CJICNOBATENBHO, aIreOpe A, — N pPOCTH € HIEAIH.
Anamoruuno 0603Haun yepes A,g anrebpy Bcex MaTpuIl u3 A, y KOTG-

§X VarOHA/NbHBIE 3/EMEeHTH, CTOSIIHE Ha o-M W Ha B-M MeCTax, DaBHH
; JIETKO BHJETH, 4YTO A,g — HHBapuaHTHas cyGanrebpa ia A. Ecim

A — npOH3BOJIbHAS MaTpHNa C SJAEMEHTaMH X, , TO:
X=2x,, e+ xpgeg+ Xpg, rHAE X €Ag,

aKoe NpeACTaB/JIeHHE OAHO3HAYHO.
daxTop - aaredpa A/A,g spec mpocto usomopdHa asnredpe 2-ro mo-
Zxa Haf P C OCHOBHBIMH CRHHHIAMH €,, €g IPH YCIOBHAX:

2 b) . o
e,=¢e eg=¢eg e,eg=¢ege, =0

o ?
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I10 Bce o6o6maercs Ha aare6py Tex MaTPHI H3 A, B KOTODH
ONpEENEHHBX MecTax TJIaBHOH AHarOHaMH CTOAT HyaH (IpH 9TOM
JKECTBO 9THX MECT MOXKET OHTb KGHEUHBIM H/Id OeCKOHEUHEIM).

OueBHjHO:
AaDAaBDAaBYD“' Qs

Ag=A0A;, Ag—A0ANA,

u T. X (37€Ch [} — 3HAK mepeceyeHHs).
Haxkosnem:

2—A,NA,NA,N...

§ 8. s ¢opmyan (1) Bmmso, uTO, eciH (IpH A=(a,), B=
C=AB=/(c,g)) mpu *>a Bce a, =0 mn Bce b, =0, To 1 Bce ¢,y
ClepoBaTeNbHO, BCE MATPHIH H3 A, CTPOKH KOTODHX, HaunHas ¢ (-
COCTOAT H3 HYyJ/eH, COCTaBJSIOT HHBAPHAHTHYIO Cybaare6py, KOTOPYH
o6o3rgunM Hepes K, .

Hanee, uz (1) saxaouaem: ecau npu h < @ Bce a,) = 0 uau Bce b,y
TO ¥ BCe C, =0. CiezoBare/bHO, BCe MaTpHOsl 43 A, B KOTOPHIX

Bole a-— 1 CTOIOIOB COCTOSIT M3 HyJel, 00pa3yioT MHBAPHUAHTHYIO
anrebpy, KOTOpPYIO MBI c0oOsHauuM uepes A, _ | .

s dopmy.sr (1) Takxe mosyuyaercs: ecam mpH x < & BCE &, =
H Bce ¢, =0. T.e. Bce marpuusl U3 A, B KOTOPHIX IepBbe o — 1
COCTOSIT U3 HyJIe#, o6pasyoT JeBH fi Hieand mias A, KOTODHIH MEI
3HaUUM uepes K;_I .

Haxosren, n3 dopmyssr (1) 3akiaouaem: ecam mpd h>a BCe by
TO M BCe C, =0; T.e. Bce Marpuulb H3 A, B KOTOPHX BCE CTOJI
HauuHad ¢ (« -+ 1)-rof cOCTOAT U3 Hy/IeH, 06pasyoT mpaBH i HAeal 1
KOTOpBIF MBI O0C3HAYMM 4Yepes A;.

QuesHIHO, YTO:

A=K, +K,=4,+4A,.

Bamernm, uro K, 1 K, HMEOT eIHHCTBeHHYIO OOLLYI0 MATDHIY

HyJeBy10; moJ00HO xe A u A; .
Ilaree i
KaKa=0; AaA’a=0'

ITycrs A u A; — mo6Geie MaTpunsl u3 A; torza no (17):
A=K+K, A, =K, +K,; KunK €K, K uK €K,

IpUYeM 3TH IPeACTaBJeHHss A u A,, OJHO3HAUHHL.
Hanee:

A+A, =(K+K,)+ (K +K));
AA,=KK,+KK +K'K, +K'K_;
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| KK, €K, KK, €K, u60 K, unpapuantias cyGamebpa, K K,=0
nepaoﬁ' tdopmyre (18); K K1 GK;.

O6osnauns: KK, KK, =K,,

IHM: AAI=K2+K' K'u rie K, €K,.

Orcropa caeayer, uto dakrop-anmreépa A/K, npocro usomopdra

_»T. €. ¢A,ub0 Jerko BUAETH, uTO anredpa K, npocre nsomopdaa c A.
Apasnorayno, no toit ke opmyae (17), umeem:

A=L'4L, Aj=L FL,rme L', L,€A,; L, LEA,,

eM 3TH IpejicTaBieHds A U A; OLHOSHAUHHL.
anee:

’

A4 A =(L+E )4 (L4L,); Ad =L/ L) 4 UL 4L HLLy;
L'L’, €4,; L'L_€A,; LL, =0 (m0 Bropoi dopuyae (18)); Lk, € A,
10BATEJBHO :

AA,=L'L. +1L, rme L, =L'L,4-LL, €A,

Taxum o6pasom, ¢daxTop-arreépa A/A, npocro usomopdua aaredpe

. a A, Kax JIeTKO BHJETb, NPOCTO H30MOpdHa aarebpe BCeX KOHEU-
TPEYTrOJBHLX MAaTpHI &~r0 HOopsika (Hag nmosem P).

§ 9. PaccmoTpuMm Temeph MaTrpHiEl M3 A, B KOTODHIX BCE CTPOKH,
‘0Me a-Oi, COCTOAT H3 HyJeH ; COBOKYIHOCTb TaKHX MaTpPHI, 0G03HAYHM
e3 Z,. Y3 To#i ke ocuosHo#l Qopmyas (1) caempyer, uro Z, — JEBHI#
a1 ana A (a caenoBaTesbHO, Cy6ajirebpa, HO HE HHBAPHAHTHASN).
fycre A=(a,)€A, B=(by)€Z,; C=AB=(cy); mo dop-
e (1):

| Cx?\=axxbxh+ax,x+1bx—}—1,}a_!"---+axhbll' (la)

Otcroza BUAHO, YTO IPH % > o MM IpH A <ac,y =0;
LEZAZ=N Cyy == 8y, by 5 TAKEM 00pasoM:

[ 0... 08y, by a4 Bay aodsg v e
O w0 855 Dyy g by, ats--- \

=1 0...0 80 Doy fax by aqyens |3 (11a)
0

—Ta ke marpuma, uro u (11) B § 4. Bamerum, uro w3 marpums A
HCIOJIB3YeTCS TOJBKO 0-H CTOJOEIL.

Ecmm A€Z,, BEZy, B #a, C=AB, 10 no (la) mpu « > B BooGuie
Ca==0,7. e.n C=0, anpu o <P OPH x %0, WIH mpu x=a, A\>p
. =0, torma xaxk npu x=a, A\=8 ¢,y = A3 bgi; T. e, B C BCe crpox:
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COCTOSIT U3 HyJeH, KpoMe o-H CTPOKH, a 3JEMEHTH ¢-H CTPOKH IpPOI
IMOHAJLHEL 3/eMeHTaM B-i# CTpOKH B B, IpHUYeM MHOXHTE/JIb IIPONOPIHE
HaJBHOCTH = 8,g.
Taxum o6pasowm, npu a>f Z,Zg=0; npu a=0 Z,Zg Z,.
PaccMOTpHM Teleph COBOKYNHOCTb Zg -+ Zg(% # ) Tex MaTpmI H3

B KOTOPBIX BCE 3/JEMEHTH PAaBHH HYJIO, KPOME 3/1eMEBTOB o - H § - CTpo:
[ycrs A,, A,€Z,; B,, B,€7Zg, Torza:

(A1+B1)(A2+Bz)=A1A2+A1B2+B1A2+B1Bz§

HO
AlA:_,eZz, Bleezﬁ,

a n3 mpoussBenenuii A; B, u B; A, 0IHO paBHO HyJIIO, a APYroe — H3
wm ¥3 Zg; CIENOBATENbHO, BO BCAKOM caydae: (A;—B,)(A,~B,)
('IZa—{-ZB, u Z,Zg cybaarebpa 1ia A; HOHe TONBKO cyGaire6pa, a
seBrll nrean aas A, n6o npr X €A (A+B)X=A, X+B,X€Z,+Z;

OTO HENOCPEeJCTBEHHO 0000maercs Ha CAydYall KOHEUHOIO MHOMKECT
cy6amre6p Z,, Zg, Zy -.. B gaxe GECKOHEYHOTrO CYETHOIO MHONKECT

Zg, Zﬁ, ZY, . (a'< B<y<...in ini.); ux cymma—TOXe JeBHH HAe
Iass A. Me 0603HauuM :

Zo+ Zg+Zy o =Zgg,. ..

Ecim A,€Z, Ag€Zg A,€Z,..., XEA, TO A1 YMHOXEHHS
{(As+Ap+A,+...) X Beper JUCTPUOYTHBHBIH 3aK0OH, H00 OH Belb CB
JUTCS K OOBIUHOMY IPABUIY YMHOXeHHs MaTpull (u6o A, Ag, AY"‘
BeIb TOJBKO ,CTPOKH").

Hccaenyem, moxer Ju cybanrefpa Zygy- .. OBITb HHBADHAHTHO
B sTom ciayuae wu AZagY...cZalgT...; HO mpu X €A, AGZQIEY... XA
cymma marpun Buga (11); ciegosaTenbHO, AJAS TOTO, 4TOOBL Zaﬁy- .. OBLI
WHBAPHAHTHOH Cy6anre0poii, BO-NEDPBHX, MHOXECTBO HOMEPOB &, B, ,...
JIOJIXHO OBITh KOHEUHBIM ; BO -BTODHIX, 5TH HOMEpa MOJ/IKHBI COCTaBJAATE
YacTh HaTypa/lbHOI'O psifia YHCEN — OT 1 JO HEKOTOPOTO UHC/IA %} B 3TOM
cayyae Zocﬁ*{ ... ZeHCTBUTEIbHO OYHEeT HHBAPUAHTHOH cybalreb6pol ; TAKOBHL
Hanp., Zy, Z,, o, BOOOWE Z, , o Ho Z, ,  ,=K,—12 xe cybar
rebpa, KOTOPYIO MHl paccmarpuBatu B § 8.

§ 10. Tenepr paccmMoTpuMm COBOKYHHOCTb O, marpui u3 A, B KOTO-

PHIX ®-5 CTPOKa cocrouT u3 uyJaed. V3 ocwosmoii dopmyasr (1) wim
{la) crenyer, uro npu A€6O,, BEA nu ABEO, 1. e. O,—aarebpa &

JieBbili mnean pus A. Jlerko y6enuTsbes, 4TO H MHOMXeCTBa : 8,3= 0, [] O,

8‘,¢37=€3af]6§3£18Y ¥ T. JI.— TOXE JeBhle Hieatnl mjas A; Jaxe B CIy-

113€ OECKOHEYHOro (CUETHOTr0) MHOKECTBA HOMepoB &< P < v < ... ininf.:
B,p,...= 90,0165 1 0.,0...— xessfi wrean mis A.

’
Paccmotpernsiit B § 8 seswiit ngear K, — #e uro unoe, Kak O19. .

Iycers a<B<y<...— BO3pacTawuas MoCJeI0BaTEALHOCTD (KOHEY-
Hag MM OECKOHEUHAas) HATypasbHBIX uncelt, a o’ < B <7 <... ,/AOIOJHH-
TeJIbHAsA“ IIOCA€J0BATEIEHOCTh HATYPANbLHEIX YHCEJI, OGpa3oBaHHAs TEME
HaTypaJbHbBIMH YHCJaMH, KOTOpBIE HE BXOJIT B MEpPBYI0 IOC/IELOBa-
TEJBHOCTE.






