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TTokasano, 9T0 ABIDKCHHE YACTUUE! B LUEHTPAIBHOM nojie (3afaua Kernuepa) gBisiercd CynepriosMuMell IByX ABIKEHUH —
OXHOMEDHOTO ABMKCHUS YaCTHUUbI ¢ NOTCHOMAILHON CKOPOCTBIO BAOJE PAJMyC-BEKTOpA MOX NCHCTBHEM LICHTPAITLHON H
neHTpoOEKHOM CHITLL ¥ YT/IOBOTO ABAXXCHUA (BpaleHMA) C BUXPEBOH CKOPOCTBIO MOA AekicTBHeM CiiIbl KopHonuca.
KJIFOYEBBIE CJIOBA: nBHXCHUE YaCTUIIB! B UIEHTPATHHOM [1071€, KOHLEITUMA TO0JIS BO3MOXHBIX CKOPOCTEH,

- HECTALMOHAPHAS IIPELIECCHS. ' -

W3BeCTHO, 9TO TPaeKTOpWel NBIKEHMA ABYMEPHOTO HM3OTPOIHOTO OCHIILIATOp2 B O0mEM cCiydqae ABIAETCA
3JuTEnC (HOMyCTHM, B IUtockocTd OX;X; ) ¢ LEHTPOM B Havasie KOOpAMHAT. JIETko BUNETH, 9TO NPH PEIICHAM 3a]139H O
JBIDKCHHM [BYMEPHOTO OCLMUIATOPa MeToAOM ['aMMiIbTOHa-SkoGH HEKapTOBHI KOOPOMHATHI pPasfesIoTCA.
Pa3eneHue NEPEMEHEEIX B JAaHHOM ClIydae MMEST NMPOCTOM GH3MYECKUM CMBICT — OBIKEHHME YacTHIBl ABJIACTCA
CYTIePIO3AIMEH IBYX He3d8uCUMbIX OTHOMEDPHBIX IBYOKEHWH BIOJS €)- H &, - HanpaBneHu# ( €;— OpTHI JeKapTOBBIX

KOOPAMHAT).

_ a
Ilpn NBIWXEHWM HacTvilkl B meHTpansHoM mome U =-—— , a> 0 (B mansHeimeM GymeM paccMaTpuBaTh
r

HEHTPAIbHOE MOJIe TONBKO TAKOTO BHAR) C MONHON 3Hepruei E < tpaexropueii Takoke ABIAETCA 3SJLIMIIC C OJHUM
m3 ¢okycoB B Hagane KOOpHHMHAT. [IpH pemeHMM NaHHOH 3aJa9l METOHOM INamuneTOH2-AK00H HEXapTOBBI
KOOpPIHHATHI, Kak W3BECTHO, HE pa3HelmroTCA .

He crefyeT alpHOPH YTBEPKIATh, 9TO B TAHHOM CIIy4ae Xapakmep OBudCeHusi YacTHIIBI TAKOH XKe, Kak M IUid
IBYMEPHOIO OCHIULIATOpa. [IeHCTBUTENBHO, KHHEMAaTHKa NO3BOJIAET NPEACTABATh ABMKCHHE JaCTHLB! B LICHTPAILHOM
TONe KaK CyMNEpHO3HIMIO ABYX ONHOMEPHBIX MEPHONMYECKUX IBIDKEHWHA. OIHAKO NaHHBIC IBIDKCHUA HE AGLANOMCA
He3aBuUCUMbIMY B TOM CMBICIIE, 9TO OHHE B3aMMHO CBA3aHBI, B YaCTHOCTH, Uepe3 SKCIEHTPHCHTET uimnca [1, c.54] .

B CBM3H ¢ BEIIEH3IOXKESHHBIM IeNib HacTosmed paboThl — ycmawogumv u OOBACHUMb XAPAKMeED OBUNCEHUS

yacmuywi (£ <) B nenTpamsHOM mone.

KOHIEININA MTOJIAA BO3MOXHbBIX CKOPOCTEH
JIns ZOCTYDKEHHs MOCTARICHHOM Le/IM BBEAEM IIPY OMACAHMM CTALMOHAPHOTO (QHHHUTHOIO IBIDKEHWSA YacTHLBI MO

BIIOJIHE ONPENCIEHHOM TPASKTOPHH IIONIE €€ B03MONCHLIX CKOPOCTEH v (x1,%5,x3) - OGOCHYeM BBECHHE TAKOTO MOJIA
IS ABYX Cy9aeB, CYMIECTBEHHBIX JJIA OCAECIYIOMEro aHanms3a.

Cuayqaii 1. PaccMoTprM CTamHMOHapHOE ABIDKEHHE JaCTHIILI, SBJIOLIECCS CyNepno3nLMel TpeX OAHOMEPHBIX
IepHONMUECKHAX IBIDKEHHH BIONS Kakaoh w3 OX; ocell NIeKapTOBOH CHCTEMBI KOOPIMHAT C COOTBETCTBYIOIEH KaXKIOH
OCH MOTeHIMaTLHOM sHeprueit [/, (x,;) B momHo¥ sHepruedt E, .

OGnacThi0 NPOCTPAHCTBA, B KOTOPOM MOXKET HBHTAThCA YacTHL@, SBIAETCA B JAHHOM CIydac o0BpeM
napaiefienanesa, OrpaHMHeH bl IUIOCKOCTAMY, NEPNEHIUKYIPHBIME K OCAM KOOPIHMHAT U MPOXOIALIMMH Yepe3
TOYKH, SBILTONMecs kopHamu ypasreru#t U(x;) = E;.

Kaxgoli Todke, BKIO49ad IpaHMYHbLE, B JaHHOM o00OnacTd INpPOCTPAHCTBA MOXKHO COMOCTABATh BIIOJIHE
OTPEAC/ICHHYIO 803MOJNCHYI0 CKOPOCT

- . 2 ”
V(x1=x2=x3)=zi\/;;[Ef ‘“Uf(xf)]ei ’ (1)

KOTOpYIO GyNeT HMeTh JacTHIR, HAXOWICh B JaHHOH TOUKE.
' ATHHBIX YPABHEHWH BEKTODHBIX JMHMY MOJIA BOIMOKHBIX CKODOCTEH “aCTHLIbI
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dx) dx, 93 .. @)
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| _ : —
i\[z[Er—Ul(xl)] i\/%[Ez”Uz(xz)] i\f*[Es—Us(xaﬂ

m m
. . _ | >CTH epxar
JRIAIOTCH MHOXECTBO €€ BO3MOMHBIX H303HEPreTHIECKUX TpaekTopHi. [laHHBIE pemmeHns, KaK H3BECTHO, Con

[IBE TOCTOSHHBIE WHTerpupoBaHysi. COOTBETCTBYIOMINM BHIGOPOM TIOCTOSHHBIX MOXHO BBIETTHTD emmcmemrylz
TPAEKTOPHIO, MPOXOAMIYI0 B HAYAIBHBIH MOMEHT BpPEMEHH gepes mo0ylo Hamepel 3a1aHHyIo TOYKY

paccMmaTpHBaeMoil 061acTi MPOCTPaHCTRA. ” |
HeTtpynHo BHIETh, 9TO B 00mEM CIydae MHOTOKPATHO-IEPHOIMIECKOT0 ABIKCHIA TpaeKTOpUsA JACTUIH! (PHrypa

Jlucaxy) mpoiineT gepe3 KaXIylo TOYKy 00JacTH Mo cKopocTeil (ACKmodad rpaHHIHEC H nekamme Ha JUaroHamix
napasUieenuneaa) 9eThipe pasa ¢ OBYMsA BOSMOXKHBIMH HarpaB/IeHmAMU 06x0/2 0 Hel.

Ciryqaii 2. PaccMOTpHM TONIe BO3MOXHBIX CKOPOCTEH HaCTAI, copepmaiomiell IBIKEHNAE B HEHTPATHHOM
none. PemennsMu muddepeHIHaTbHEIX YPaBHECHHH BO3MOXHBIX TpaekTOpHil JaCTHLbl ABJOTCA, Kak lumse-CTHO,
MHOECTBO CO(MOKYCHBIX JJUTHIICOB. [TapameTpsl KaXAOTo U3 SJLTHIICOB ompeNesIOTCS TONHON JHEPrHeH JacTHLIb]
(6onbinas MONYOCh) W €€ BEKTOPOM MOMEHTA MMITyJIbCa (Manas noayoch, OpUCHTALH B NPOCTPAHCTBE). Y IPOCTHM
paccMaTpuBaeMoe Moje CKOpocTei, CBEAs €ro k IUIOCKOMY ciygalo. A HUMEHHO: BbIOEpeM HOIMHOXECTBO M3
MHOMKECTBA HM309HEPTETHUECKHX IJUTANCOB, TUIOCKOCTH KOTOPBIX Ie€Xarl B wiockocTd : O0X X, a OoibimiAe OCH
COPHEHTHPOBAHbI BAOML ocH (OX; Tak, 9T0 NEPHUresik BCEX SJLIAICOB nexar ciesa ot Touku O. [IpH TakuX yCIOBHAX,
KaK HETPYIOHO BUAETh, OONACTBIO MOJA BO3MOXKHBIX CKOpOCTEH ABNAETCA FaCTh IUIOCKOCTH (3a MCKIIFOUYECHHEM TOYCK,
nexamux Ba ocu OX; B uaTepBaie 0<X;<r,), OrpaHM4ICHHasd Crpasa OT OCH Ox,, orubaromei ceMeWcTBa JIUIHIICOB, a
cleBa — MOMYOKPYKHOCTBIO paiyCcoM

o
s— 3
> E 3

conpsvkerHO# ¢ orubaromei. OKpY>XHOCTH J3HHOrO pajanyca CONOCTaBIACTCA TpaeKTOpHU JaCTHILI ¢ MAaKCHMAIBHO
BO3MOYKHBIM ITPH 33IaHHOM ITOJTHOM 3HEPTHY MOMEHTOM UMITYJIbCA

L. =a e
we =0V TOF @)

B o6nacTy, OrpaHAYeHHON OKPYKHOCTBIO paiHycoM 7y, TPACKTOpHH HE MEPECEKatOTCA. B ocranbHoO# 001aCTH
IO/ BO3MOXHBIX CKOPOCTEH, KaKk W B Clydae NBYMEPHOTO M3OTPOIHOIO OCHWUIATOPa, HEPE3 KKIYI0 TOUKY
(MCKITouas FpaHMYHbIE U JieXamue Ha ocd OX; ) IPOXOJAT IBE TPaCKTOPHH.

7’0-"-*

AHAJIA3 IBHOKEHHWS YACTHUILIBI B HEHTPAJIBHOM IIOJIE
1. Beenenue mojis BO3MOXHBIX CKOPOCTEH MO3BOJIAET MPEACTABHTh OCHOBHOC YPAaBHEHHC MEXAHWKM YaCTULIBI
(BTOpO# 3aK0H HEIOTOHA ) B HEPENATUBHACTCKOM CTy9ac B BUIC

if = ﬁ?. v+ ‘?‘7 . - 5)
m or ot ' |
PaccMOTpHM CTALIMOHAPHOE ABIDKEHUE JaCTHIIbI -E-g; =),
PassioxuM adUHHBIN OPTOrOHAIBHBIN TEH30P
av _|ov;|
&F .I'é’xk , (6)

Ha CHMMETPHIHBIN "S;k“ ¥ aHTHCUMMETPUIHBIN I'IIA,.,‘r “ - Tenzop (6) ABMsieTcs CHMMETPHYHBIM TOIBKO TOFIA, KOTAA

BEKTOP CKOPOCTH YACTHITH —~ TOTeHLMATbHbIA Bektop V¥, mockomsky,eciu

VP = gradd
- VP = grad® | -
s |2 | 2% |
Hoox,  ax, |oxiom| ®
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AHTHCHMMETPHYHON e 49acTé TeH3opa (6) comocraBisercs, Kak M3BECTHO, HEKHH AaKCHAIbHBIA BEKTOD
b, . Mr
W= —rotv Cre , 5 — o _

) . CnenoparenbHO, B OOMIEM Cilydae ypaBHEHHE (S) OMMCBHIBAET NBWIKEHHE YaCTULBI CO CKOPOCTHIO,
PaBHOM CyMMe IOTEHUHMAILHOIO H BUXPEBOTO BEKTOPOB.

Jlerko BHMJETH, YTO MBIDKEHHWE YaCTHLBI B PacCMAaTPUBACMBIX ITOTEHLMANBHBIX TOJAX ONUCHIBAETCS CHM-
METPUYHBIM TeH30pOM (8).

2. Beenenue 1onsd BO3MOXHBIX CKOPOCTEH TO3BOJAET TAakKe YCTAHOBHTh OCOOEHHOCTH IBIDKEHHS JaCTHIBI B
AQHHBIX [TOTCHIMATILHBIX MOIIX.

JleMCTRATEIBHO, OPHEHTAIMA TIIABHBIX OCEd TeH30pa BOIMOXHBIX ckopocrei (8) wactwmuel B Cayuae 1, kax
HETPYHAHO BHJIETH, OCTAETCS ITOCTOSHHOM IS BCEX TOYEK TPAeKTOPUM — BIOMb ocedt OX; JIekapTOBEI KOODIMHATEI,
KaK cleIcTBue, B MeTone I'aMIIbTOHA-SAK00H pa3ae/smoTes. -

Ilpn onvicarmy NBIDKCHMA YaCTHIL! B LEHTPAIBHOM IOJI€ B IUIOCKUX IOJIAPHBIX KOOpAMHATAX (7, (P ) OpHEHTALMA
B MPOCTPAHCTBE IIABHBIX OCEH TEH30pa BO3MOXHBIX CKOPOCTEH, Kak 3TO OYEBHIHO, M3MEHAETCS OT TOYKH K TOUKE
TPaeKTOPHH.

M3BecTHO, YTO NMpH peIICHHM NaHHON 3ana4yy METOAOM [ 'aMIIbTOHa-SKOOH NEPEMEHHBIE 7 K () pa3felAIoTCs.
HMeHHO 3TO OOCTOATENBCTBO 3aCTABINCT MPEANOJQKUTh, 9TO OSUJICEHUE YaCmuybl 8 YEeHMPATbHOM NONe AGNAemcs
cynepnosuyuen 08yx O8udiceHuu: BIOIb é',. -ue " HaTlpaBJICHUH.

3. C nensio jJanbHeMIIEro pa3BUTHA BHICKA3aHHOTO BBIIIE INPEATIONOXEHMS PAcCMOTPHM IPENECCHPYIONIYIO
opOuty. [IpyriMM CIOBaMH — MOJBIDKHAS CHCTEMa OTCYeTa, B KOTOPOM opbHTa 9YacTHILI COXPAHAET CBOKO Gopmy,
BpaIiaeTcs OTHOCUTENBHO HEMOIBIDKHOM CHCTeMBI, MMeromel obmee Hagano ¢ MONBIDKHOM, ¢ YITIOBOHW CKOPOCTHIO

—

Q(t) [Ipy HecTamWOHApHOW MpPeLeCCHN (f):(t) # 0) abcomorHbie CKOPOCTh V, ¥ YCKOpEHHE 4YacTHIlbl, Kak
H3BECTHO, PaBHEI

V, =V + V" = grad® + (Qx7) ©)
Do __ 1. L (@x(OxF))+2AQx57)+(QxF) . (10)
dt m OFr
HeTtpyaHo noka3sars, ojaaras, 41o
oV, _0OV =(ﬁx?) o an
ot ot

COOTBETCTBYIOMINE COCTABNISIOMNE YCKOPEHMs, aHAJIOTWYHbIe BXOIAMMM B MPaBylo 9acTh paBeHcTBa (10), cneayroT u3
OCHOBHOTO ypaBHeHHs MeXaHuky (5). JIeHCTBHTENEHO,

% = 1'15"‘ l_l{;p +HS"" HW * “Afk |-|{’:p +HAik ”‘—”r + (éx r) . (12)
B mpaBoli 4acTH NAHHOTO YPaBHEHMA TPETUHM M HETBEPTHIH TEPMBI PABHEI COOTBETCTBEHHO (ﬁ xVP) n

(Qx ((—2 x 7)) . TlpaBEMas BO BHMMARUE, 41O

N - w

v =(QxVP) , (14)

Sl

nofy4aeM ypasHeHue (10).
ECTeCTBEHHO, 9T0 pacCMaTpEBacMas TpPEHecCHs — HICATM3MPOBAaHHBIA Ciydaif, NOCKONbKY B MEXaHHKe
HeH3BECTHE AHATOTH JBIDKCHMS YaCTHILI B CHIOBBIX NOJAX, 00ECTedMBAlOmMVX BCE COCTAB/MIOLIME abCOmMOTHOTO
yekopeans (10), HeOGXOMMMBIX I ¢ peanusalny. B 9acTHOCTH, ONWMCARHE CTALMOHAPHOH NPELECCHH dACKTPORHBIX

OpGHT B MArEETHOM mozie pemiozaraer, to {27 << V¥ [2, c.145].

4. PaccMOTpIM qacmﬂﬁ cnyqaﬁ HACATU3UPOBAHHON NPENECCUH, KOTOPhI MOXET PEATH30BRIBATECA B MEXAHHKE
Np¥ HATAYWH OJHOH EHTPATbHON CHITEL |
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Ecniu sexrop €)(f) wampaBreH BHO/b OCH Ox; W npeueccus II0CKas (QF =0), T0 OCECTPEMHUTENBHOC

— — oy —-hp - . g ] ; TE

YCKOpPEHHUE (QX(QX?‘)) ABNIseTC panMaibHbiM,. [IpeamonoxuM, 9TO0 pekTop V© WMEET TOJBKO JHILb OOHY
—r 1 i 3 3 |

KOMIIOHEHTY CKOPOCTH — BIO/Nb €,-HanpasneHus. IIpH JaHHBIX yCOBUAX YPaBHEHHE (10) B mWIOCKMX MOJAPHBIX

KOOpAMHATaX 3allAIIeTCs B BUAC

—_—

il =(—l-ég-+Q2r)é} +(2Q7 +Qr)es . (15)
dt m or
[IpennonoKIM Jaliee, 4TO CyMMa BHEIIHUX CHJI, JEACTBYIOIIHMX H2 YacTHIy B € ¢ - HalpaBJIeHAY, PaBHA HYIIO.
CnenoBatenbHo, a6COMOTHOE YCKODEHHME HANpaBACHO MO Ppaauycy. B 3ToM ciydae BEKTOPHOE YpaBHCHUC (15)
pasfiensieTcs Ha [BA CKATADHBIX YPABHEHUA LA €, - H & ¢ - rampaperwii. [Tonaras B HUX () =¢, npuxonmm K
M3BECTHBIM B JIATEpAType ypaBHeHnﬂM JBIDKEHUS] YaCTHIIBI B iIEHTPATBLHOM I10JIE [3, c. 75]

. ., 1 oU |
Y. SN i N (16)
rere m Or

2rp+rp=0. - - (17

OIHAKO TPAaKTOBKa NAHHBIX YPaBHEHHWI B pacCMaTpHBAcMOM Ciydae MMECT HHOC du3paeckoe conpepxanue. A
UMEHHO ~ CPIAyUOHAPHOE OBUINICEHUE YACTIUYbL 6 YEHMPANLHOM NOJIE MONCHO PACCMAmpueanmbd u Kaxk HeCMmayUoHapHy0
npeyeccuio ee 00HOMepHOU opOuUMbL.

Kak HeTpyIHO BHAETH, MPEACTABICHNE YIIOBOK KOMIOHEHTEI CKODOCTH HaCTHIIBI B BUAC BHXPEBOM CKOPOCTH HE
IPOTHUBOPEYHT €€ NPEACTABNCHMIO B BUIE KOMIIOHEHTHI MNOTCHIMATBHOTO BEKTOPA.

BBIBObI
Hrak, nBa MaTeMaTHHECKMX MPEACTABICHHA CHMMETPAYHOIO TECH30pa BO3IMOXKHBIX CKOpOCTENW HacTHIbi — C
MOCTOSHHOM M MEPEMEHHON OpHEHTaluuel ITIaBHBIX OCe# — MO3BOJIET YCMAHO8UMb ocobenrocmuy NBYKEHWA 9aCTHLIbI
B MOTEHIMATLHEIX TIOJAX ¢ Pa3Ae/IOUIAMHACH K He pa3JeTAIOMUMUCS NEKAPTOBBIMU KOOPIUHATAMH.
PaccmoTtpenue TpereccHpyomelt OpOUTHl  MO3BOMAET HOHAMb Xapakmep MBIKEHHA YaCTHIILI B HEHTPAILHOM
HoJe.

—p

Jlis 0GBACHEHUA e JAHHOrO pe3yabTaTa HeoGXOMUMO PaccMaTPUBATh LEHTPOOEKHYIO CHITY mr(bze » H CHIY

Kopuomaca f; = 2m(V?P x Q) =-2mr¢ €9 KaKk peaNbHBIE CHJIBI NPH ABIKEHHH YaCTHI B HEHTPAIbHOM
moJe.

JlelicTBUTENBHO, B pe3yNbIaTe IBOHHOro mupQepeHIMpoBaHUs MO BPEMEHH PajMyc-BEKTOpa 7 (t ) = ré,.
JaCTHLIBI, ABIDKYIIENCA B ICHTPAJILHOM II0JIe, HMMEEM

d’* 1 8U. .. .- e e
';;2— . ,..=(r—r(02)e,+(2rq0+r¢))e¢; : (18)

Vpaererue (18), 10 CymecTBY, sSBIsSETCA BEKTOPHOH cymmoit ypasHeHu# (16) 1 (17) co cneayiomeit uX HpocToi
duaeckol TpaKTOBKOM: |

HenTpoGexHas CWia COBMECTHO C LEHTPATbHOW CANION ONMpENeNsioT pajuanbHOe ypaBHEHHe (16) mBIDKeHUA
vacTHIBl. B YacTHOCTH, COCTOSHHE HEBECOMOCTH — 3TO COCTOSHHME, IPH KOTOPOM uem‘paﬂbm .clma
YPaBHOBEIIMBACTCS NEHTPOOEKHOM CHIIOMN. -- | -

YpapHerue ke (17) cnemyeT TpakToBaTh HE TONBKO Kak NMPOM3BOAHYIO MO BPEMEHH OT MOMEHTA HMMYJIBCa

2 . - .
yacTHIRl MY @ = Const , HO ¥ KaK ypaBHEHME IS €€ YITIOBOIO JBUKEHHS (Bpamen®s) mox AelCTBHEM BUXDEBOI

(di\ff i =0), 3nakonepemernon ( f r = 0) cwms Kopronmca,

| MmeHHo Takas TpakTOBKa ypasrerwit (16) # (17) N03BONAET PaCCMATPHBATS ABIDKEHNE YACTALL B IEHTDAILHOM
mone B 0BmeM CIlydae KaK HeCmayuoHApHYIO npeyecculo 0OWoMepHol opbumbi. B 9acTHOCTH, CTAIEOHAD
NPe11eCCHs PEATH3YeTCs IS KPYroBoi OpGrTSL. . S
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PRECESSION OF ONE-DIMENSIONAL ORBIT IN THE CENTRAL FIELD
LS. Petrenko-Starkov
Department of physics and technology,
Kharkov national university,
31 Kurchatov Ave.
61108, Kharkov, Ukraine

It is shown that the motion of a particle in the central field (Kepler's problem) is the superposition of two motions, that of the one-
dimensional motion along the radius vector with potential velosity due to central and centrifugal forces and the angular motion (of
rotation) with vortex velocity due to Coriolis force.

KEY WORDS: particle moves in the central field, the concept of possible velocity field, nonstationary precession.
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OB OJIHOM KJIACCE CTATHYECKH PABHOBECHbIX MAIHATHBIX CUCTEM

C.C. 3y6
T'ocyoapcmeennbtii A3pOKOCMUHECK UL YHUBEPCUME
um. H.E. XKyxoeckozo "XAH”,
61070, Vxkpauna, 2. Xapwros, yn. Yxkanosa 17.
TToctymmna B pepakipzo 10 Mast 2000 T.

[lonyueHHOEe B TIpEIBIAYNMX paboTax BhIpaskeHWe IS MarHUTHOH [IOTCHIMAJILHOM SHEpPrHuM IIPUBEJICHO K dopMe,
o3BOJIsTONIEH chopMynTUpoBaTh OONMY METO TIOHCKE 1 UCCIE0BAHI COCTOSIHMIX PABHOBECHS B CUCTEMAX, COCTOAIMX M3
CBEPXITPOBOJISIIMX KATYIIEK U TOCTOSHHOro MaruuTa. HeoGXoUMBIE B JOCTATOUHBIC YCIOBHA CYIECTBOBAHNA PaBHOBECHA
CBeJIEHBI K PEIlIeHIIO CUCTEME] YpaBHEHMIT cBsi3el Ha 060CIIEHHbIE KOOPAUHATEI “TeBUTUPYIOIEro~ Tela, YTO MO3BOIIET
YCTAHOBHTH TpeSyeMOe HYHMCTO CBEPXIIPOBOAMIMAX STE€MEHTOB Ui MOTY4YeHWA HM30IMPOBAHHBIX TOHEK paBHOBecus. B
BAYKHOM CITy4Yae JUTIONBHOrO NMPHOIMKEHUS JIA B3aMMHBIX HHIYKTHBHOCTEH S7I€MEHTOB CHCTEMBI {HC/ICHHO HalIeHb!
H30/MPOBAHHbIE TOYKU PABHOBECHS, KOOPIMHATHI KOTODEIX JU(QepeHIMpyEMbIM o0pa3oM 3aBHCAT OT I1apaMeTpoB
MATHWTHOM CHCTEMBL DTO NOKA3bIBAET YCTONUMBOCTL PABHOBECHS IO IIApaMeTpaM MATHUTHOM CHCTEMBI M CO3JACT
IIpeNOCKUIKY (15 YITPaBIIeHS MarHATHEIMU PaBHOBECHBIMI KOHQUIYPAIIIMHU.

KJIIOYEBBIE CJOBA: cBepXIIpOBOAUMOCTh, MATHUTHOE CTATUYECKOE PABHOBECHE, MATHUTHAS IIOTEHIMATbHAT AMA.

IIOCTAHOBKA 3ATAYH

Panee onyOmukoBamHble paGoTel [1-4] ObUIM NOCBAIICHB! AOKA3ATENBCTBY CYMICCTBOBAHMA YCTOHYUBOTO
CTATHYECKOTO MATHHUTHOTO PABHOBECHA, T.€. TaK HA3BIBAEMOM MAIHHTHOM norcHuuanpHot saMe (MIIH). Beuay
OTCYICTBMA B JUTEPAType KAKHX-THOO OOLIMX MOAXOAOB K PEIIEHMIO 3TOH 3agayd Hamu Obul BBIOpaH HYTh
KOHCTPYKTHBHOTO JI0KA3aTEIbCTBA (HAMEYEHHBI B paborax [5-6]), 3awmovalOmMiCs B HEMOCPEACTBCHHOM
MPEIBABICHMN MAKCAMATBHO MPOCTOM MoxemH, 00majaromeil BceMu HEOOXOAMMBIME CBOMCTBAMH. [IpeACTaBICHHBIC
Moaemm obnaaamy mubo BECHMa CNEMHANBHOM reoMeTpHe (i1 MHOroCBA3HBIX Tel) [1-5), mibo BBICOKOH CTENCHBIO
CHMMETPHH (IWIOJh BHYTPH CBEPXMIPOBOAAmEH Chepsl) [3], mpuyYeM BaXXKHBIM 3IEMCHTOM MOJETH BBICTYNAIO BHCITHES
MArHUTHOE mone [2-4]. IIpennoxkeHHbic MOASIH AOKA3ATU CyecTBOBaHUE MITH, HO OCTaBHIM OTKPBITEIMH BOIIPOCHEI O
CYIIECTBEHHOCTH TEX MJIM HMHBIX JJIEMEHTOB JAHHBIX MoAcncH. Jlmsa mpunoxeHmi MARHOTO 3PQeKxTa OYeHb BHKHBIMU
ABIMHOTCS. HE TOABKO [AOKA3aHHAA YCTOMYMBOCTh MO OOOOHICHHBIM KOOPAMHATAM “JIEBHTHPYIOINETO TEIa, HO U
YCTOWMHMBOCTE PAaBHOBECHS MO MapamMeTpaM MATrHHTHOM CHMCTEMBI, a TAKKE BO3SMOXKHOCTD YIPABICHHSI MArHMTHBIMH
PABHOBECHBIMH KOH(DUTYPAIMAMHY.

Paspaboranublii B Ipouecce u3ydenus npodnemsl MITS mareMarmyeckuii anmapaT No3BoseT cHOpMYIUPOBATH
obnniif METOZ TMOMCKA M MCCICIOBAHMA PABHOBECHBIX MATHUTHBIX KOH(UIYpauwi ¥ BBIAETHTH MG CYIICCTBEHHBIC
ama cymectsosarusa MITA ycrnosus.

Byzaem ucxomuts u3 Gopmyisr [4, ¢.(19), ¢.18] w1 MarHUTHOR MOTEHIMAILHOM SHEPTHH CHCTEMBI, COCTOAIIEH W3
n KOHTYPOB, KOTOpbIC Kak H paHee OyneM HymepoBaTh Oyksamu i,j,kyl=1,..n; U3 HAX V KOHTYPOB HACATHHO
MPOBOJAIINE, 3 17—V C 33JaHHOH BEMIMHOH TOKa. KOHTYpHI nepBoro Tuma GyaeM HyMepOBaTh MANbIMH IPEUECKEMH
Gyxsamm o,y =1,...v, 2 BTOPOrO THNA NEPBBIMM MATLIMH GyKBAMY JTATHHCKOrO anasuta a,b,c =(v+1),..n.

IIpeacrasmm 31y dopmyiry B Oosee ynobnom ma HaxoxacHua MI1S Bune:
R < 1
_—EZBLCLB lPG.—zLMIQ TB _ZLBb]b -EZLabIQJb 2 . (1)
o, a b ab

-5 v
rae Ly - oOpatHas MaTpulia B3AaHMHBIX HHIYKTHBHOCTEH CBEPXNPOBOAANIEX 3IEMEHTOB! L., =~ B3aHMHBIC
MHIyKTHBHOCTH CBEPXIPOBOJAINX JJICMCHTOB X MOCTOAHHBIX MaTHUTOB, ¥,/ , - IOTOKH H TOKH COOTBETCTBEHHO

PaccmoTpiM WHTEPCCHBIH ClyHal, KOTAa n—~y =1, T.e. BCe KOHTYDBI, KPOME OJHOTO, CBEPXIPOBOIAIIINE, A ONHE
KOHTYP C (PUKCAPOBAHHEIM TOKOM MOJCIHMPYET NOCTOAHHEIN MarHuT. B 31oM Cay4ac NOCNCOHUNA YNICH B @‘OPMYI’Ie (1) HE
3ABUCHT OT OOOOMCHHBIX KOOPAMHAT ¥ HOITOMY MOXET 6bITh Omymes. Taxun pason' el o b
NPEICTARNACTCA B BUAC NONOKUTEIBHO ONPEACHEHHOMN KBAAPATHYHON (GOPME OT MOTOKOB: ’ CHIMATbHASN pre

Yo ~M I, @)
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KOTOPBIE MPEACTABLIHOT COOOM MOTOKM, 3AMOPOIKCHHBIE B ¢¢ - KOHTYPE 32 BBIYETOM IOTOKA, HABELEHHOIO MOCTOAHHBIM
MArHuTOM. [ToNOXUTE/IbHAS ONPEACICHHOCT MATPHIIbI Lyg, @, CCAOBaTENbHO, W OOPATHOM K HEH L;lﬁ Cneayer w3
OrpaHHYCHHH HAKIAABIBACMBIX HA KO3((PHIUEHTHI CaMO M B3aUMHON MHAYKIHH [7, ¢.72].

MOJIEJb
Tak xak V' NONOKHTCABHO ONPEJENCHA, TO €€ MHHMMAIBHBIM 3HAYCHHEM SABIAECTCA HYJIb M ITO 3HAYCHAC
JOCTHIACTCA TIPH BHITIOTHEHUN YPABHCHHM:
M, (%)=",/I o=1..5. (3)
IToxoxue (HO NaneKO HE TOXKIECTBEHHBIC) COOTHOMICHMS BO3HUKATH KAaK HCOOXOAMMBIE YCIIOBHS YCTOMYHBOCTH
A CHCTEM, COCTOAIIMX HCKBOYHMTEIBHO H3 CBEPXNPOBOAALMX KOHTYPOB B padore [5]. Omnako, BO-mEPBHIX, B 3THX
padoTax HCCNCHOBAHME JAHHBIX COOTHOIICHHMI HE MPOBEACHO ¢ TPeOyeMOM MOIHOTOM [2], BO-BTOPBHIX. B HAINEM CIIy4ac
OHHM BBICTYIAKOT HE TOJNBKO KAK HEOOXOHAMMBIE, HO H KAK JOCTATOMHBIC YCJIOBHA PABHOBECHA, YTO ABIACTCA
OCOOCHHOCTBI0 MMEHHO BBCACHHONO HAMM BBONE Kjacca cucreM. Kpome TOro, B NpemplayimuX paboTax HEABHO
NPEANOIATaioCh, YTO BXOASIIME B YPABHCHHUSA CBA3CH (PYHKIUM B3aUMHOW MHIYKTHBHOCTH MOXKHO HAJCIHTh HATEPED
3aNaHHBIMH CBOHCTBaMH. BMmecte ¢ TéM CBOMCTBA 3THX (YHKUMI ONPEAC/BHOTCA HMX (PU3HYECKOW MPHPONOHM, HUTO
HauOO1ee ABHO MPOABIACTCS B TOM, YTO HA OOMBINHX PACCTOSHHSAX AIA HEX CIPABEATHBO HHIONBHOE MPHOMIDKEHHE,
HE3aBHUCHMO OT GOPMBI B3aUMOACHCTBYFOIMX 3JIEMEHTOB. [103TOMyY €CTECTBEHHO MPOBECTH HCCIEOBAHNE MOTYYESHHBIX
YPaBHEHHH (3) HMEHHO B JUIOTBHOM NMPROMDKEHAN. TOraa Kaxnas U3 B3aHMHBIX HHIYKTUBHOCTEH M , MMEET BHA:

2. 2
Xo Vo

5
4R}
TAe V, - PaZMyC MET.IH, MOJCIMPYIOMEH MOCTOAHHBIN MATHWTHBIA UNONb, 7 - CAUHWYHBIN BEKTOP, 33[AIOMIMH €ro

M =

[3 . (ﬁz,ﬁo ) (fi R, )- R2 (A, h’)], 4)

HAMpPAaBICHUE, X, - PATHYC CBEPXNPOBOALIIEH NETIH, /M - HOPMadb K HEH, ﬁo -~ BEKTOP M3 LEHTPA CBEPXIPOBOAAIEH
MET.IM B TOYKY PACHOJIOKEHHAS OCTOSHHOIO MATHUTHOTO JUIIOJIA.

JlaBHAjd CHCTEMA YPABHEHHI NPEACTABIACT COOOH CBA3H, HAKJIAAbIBACMBIC HA 00OOIICHHEIC KOOP/IMHATHI MATHHUTA.
TaxkuMm 00pa3soM, Z14 MOIYYCHHA TOYKH PABHOBECHS, KaK H3OJMPOBAHHOIO PEIICHHA JTOH CHCTEMBI, HEOOXOIUMO,
yTOOB! YHCTIO VpPAaBHEHHI COBNAJANO C YHCIOM 0000meHHBIX koopauHAT, (CnenoBareNsHO, €CHH i1 MarHuTa
IMPHUHEMAETCA MOJE b MATHHTHOIO MMMOONL, TO YMCIO YPABHCHUMM (T.€. YHCIO CBEPXMPOBOAIMMX KOHTYPOB) PAaBHO 5.
VickoMas TOYKA B IPOCTPAHCTBE OOOOIMEHHBIX KOOPAWHAT MATHWTHOTO JMITONA OyZET ABJATECA H30JMPOBAHHBIM
peHICHHEM CHCTEMBI (3), ecrmu sxobuaH |6M «/0q k| # 0. I'To TeupeMe 0 HeaBHOR QyHKuHH [8, ¢.454-456] B 3TOM Ciry4ac

0000 mIeHHERIE KOOPIMHATEI TOUKH PABHOBECHA HENMPEPBHIBHEIM U JH((HepeHumpyeMbiM 00pa3oM 3aBUCAT OT NapaMETPOB
CHCTEMBI (T.€. TIONOXKEHWA, OPHEHTALMHA, PA3MEPHL, 3aMOPOXKCHHBIC NMOTOKH CBEPXMPOBOMAIIMX 3]IEMEHTOB H T.1.).
TaxuMm 00pa3oM, €CIH CYIIECTBYET M3ONMPOBAHHOE PEHICHHE CHCTeMB! (3), TO OHO ABIAETCA YCTOHYMBBIM IO
OTHOMICHHMIO K U3MEHCHHAM NMapaMETPOB CHCTEMEI H YIIPABIIIEMBIM MO 3THM IMApAMETPaM.

Crcrema (3) MOXeT OBITh CBEICHA K 5 YPaBHEHHSM C 5 HEH3BECTHBIMH, MPEACTABICHHBIMA MHOTOWICHaMH 10-H
CTETCHH. AHATHTHYECKOS PEIICHHE 3TOH CHCTEMBI BPAI JIH BO3MOXKHO (B HECHMMETPHYHOM CITy4ae), MO3TOMY CHCTEMA
pEMIANACh YHCICHHO MeTogoM HerooToHa B cucteMe Maple V., 9r0 MO3BO/LLIO aHANM3MPOBATh AKOOHAH CHCTEMBI HA
OCHOBE €T0 AHATHTHYECKOTO BhiparkeHH. UHCIEHO NOKAKEM, YTO cucteMa (3) ¢ QyHKuMAMHE (4) HMEET H30HPOBAHHBIC
pemerud. 14 ya00CTBa PHBEAEM KKAOC YPABHEHHUE CHCTEMBI (3) K BHAY: |

[3-em-en——mn]/R§ =4, - (3)

rae Ezﬁg/lﬁoi .en=(e,7), em=( m), mn=(mn), az(xgyg‘}’a)'].

Pa3MecTAM CBCPXNPOBOAANING THIIONH B ILTOCKOCTH XY, @ MX MArHUTHBIC MOMCHTBI ODHCHTHPYEM BIOIbL OCH Z.
IMofpEbie KOODIMHATH mamodel cremyomme (p,.9,), i=L..3, tae p,=1+0.1-(i-1), o, =(2n/5)-(-1).
PaTHyChl METETb, MATHAUTHBIY MOMEHT NOCTOAHHOTO MATHHTA (ICBHTHPYIOMIETO 3JIEMEHTA) H 3aMOPOXKCHHBIC NOTOKH B
CBEPXITPOBOSIIAX HETIAX BHIOCPEM TAKWAMH, YTO OBl BCE NMPABKIC 4aCTH B (5) PaBHATHCEH 0.01.

Vi3 BHAA YpaBHEHHEIM (5) HETPYAHO OMPEAETUTh MAKCHMANBHOE YAAJCHHEC MATHUTHOrO JUIO/IA OT Ha49ala OTCHETa,
21 KOTOPOTO €IIe BO3MOJKHO YAOBICTBOPHTH 3TOMY ypasHeHwmro. KoMOummpys meTon HbioTOHA U1 HAXOXICHHA
OJTHOTO KODHA CHcTeMBI (5) ¢ MeTosoM MorTe-Kapno 114 r106a1sHOro OMCKA BCEX KOPHEH, HaXoauM cefyromue 16
pa3MYHEIX (H30THPOBAHHMIX) KOPHCH, |

Beero mmeeTcd 16 H30MPOBAHHBIX KODHEH, KaXIbMi M3 KOTOPBIX AaG€T BO3MOJKHOC MOJOKCHHC DPABHOBCCHA

B Tabauie KaKIOMY KODHIO COOTBETCTBYET 3¢PKATHHO CHMMETPHYHBIH KODEHb, YTO CBA3AHO C OCOOCHHOCTBIO
pame# kom(urypanyn. ECTH Clerka H3MCHWTh TOJIOKEHHE CBEPXNPOBOJAUIMX TUNONEH, TO OHCBHIHO, “ITO HUCIO
KOpHCH OCTAaHCTCA TEM XK€, HO CHMMCTPHA HX HADYHIHTCH. Takmm o00pa3oM JaHHAS CHMMCTPHA ABIACTUS















































































































