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Bectauk Xapbkosckoro yhusepcutera.— X.: Buma mik. I/Isn -BO mpH XapbK. YH-Te,
1986.— Ne 286. MatemaTuka, Mexanuka.-112 c.

B BecTHHKe onyGAHKOBAHBI CTaThH IO MaTeMaTHYeCKOii TeppHPl ONTHMAMBHBIX NPO-
1leCcOB, MATHHTHO! THAPOXUHAMHKE, HEKOTOPLIM BONPOCAM NPHK/aLHOf MaTeMaTHKH

M anre6pel.
HopmatiBHBIE MaTepuaibl TpHBeJeHBl MO COCTOSHHIO Ha | siuBaps 1986 r.

Jlas nayunbix paGOTHHKOB H ClILHaTHCTOB.

Pedakyuonnas xoarrecusn: W. E. Taganon (orB. pexp.), A. Il. Mapuuuu
(otB. cekp.), B. B. Bapanos, HU. Kopob6os, 0. HU. Jlwbuy,
B. A. MapueHko

[TeyaTaeTcsi MO pellieHHIO YYeHOro COBETAa MeXaHHKO-MaTeMaTHYeckoro GaxyJ/brera
XapbkoBckoro yuuBepcurera (mportokon Ne 4 ot 19 anpeJm 1985 r)

Wt | /]

Adpec pedaxyuonnoi xoaseeuu: 310077, XapbkoB-77, mna. J3epKuHCKOro, 4,
YHHBEDCHTET, MeXaHHKO-MaTeMaTHuecKHi ¢akyubrer, Tea. 40-14-40

TRV V)

Pegakuus JuTepaTyphl MO €CTECTBEHHBIM HayKaM H (HJIOJOTHH

1704020000-047 © XaprKOBCKHII rOCyAapCTBeHHBIH
M226(04)-86 . yHusepcuter, 1986

o \L,\,%Qx;&




YIK 532.546

H. K. BACAK, T. A. IOMBPOBCKHH

TOYHOE PEIUEHHUE OJHOM 3ANAYHU TEOPHHU
@UJIbTPALLUU C NMPEJEJbHBIM TPALUEHTOM

PaccmarpuBaeTcs miockas YCTaHOBHBILUASICS (DHJBTpALlHsi HECHKH-
MaeMo¥ JKHJAKOCTH C TnpejesbHbIM rpaaueHToM [1]. Ias cneumanbHo-
ro 3aKoHa ()UJIbTpPALUH, NMO3BOJAIOLIET0 NPUMEHATb NPH peIIeHHH 3a-
Jlay annapaT TeOpHH (YHKUHH KOMIVIEKCHOTO NEPEMEHHOro, MOJyYeHO
TOYHOE pelleHHe HEKOTOpoH OOOOLIeHHOH 3ajayd O TOYEYHOM CTOKE
B I0JIOCE.

I. Tlyctb X, y— NpAMOYroJbHbIE JEKapTOBBI KOOPAHHATHl TOYKH
TJIOCKOCTH JBHXKEHHs, z= X+ iy (i =V —1); v— Moxyb BEKTOpa
CKOpOCTH (huabTpaluH; 6 — yros Hak/IOHa BEKTOpa CKOPOCTH (PHJIbTpa-
UMK K ocH x; ¢ = —H + const, rae H — Hanop; ) — GyHKUHS TOKa;
@ (v) — dyHKUHSA, XapaKTepusymollas 3akoH (GuabTpauuu [2].

B cratbe npuMeHsieTCs HeJHHEHHBIIl 3aKOH (DHJIBTPALHH C Ipe 1eJlb-
HBIM TpajMeHTOM, KOTOphIH onpejensercsa ¢ynkuueii @ (v), 3ajaHHON
napameTpuuecku (napamerp o, o > 0) ¢opmysnamu

A o A o
D= oe_:pl a0 = oe:p ’ (l)

rae A, a— NpoH3BOJIbHBIE MOJIOMKHTE/IbHbIE MOCTOSAHHbIE.
B stom ciyyae HMmeeM cHCTeMy ypaBHeHHMi [3]

a9 a 0P ap a 0y

D0 - o o’ 96 o 00’

pemeHue KOTOpOIl JONYyCKaeT mnpejcTapieHue [4]
¢=ac'ReW (0); ¥=Im [S W (0) do — oW (m)] @)

| rae W (®) — npousBoabHasi aHajuTHuecKass (YHKLHS KOMIJIEKCHOTO
| mepemMeHHOro ® = o - i0.
Cesisb MeX]y KOOpAMHATAMH COOTBETCTBYIOUIMX TOYEK IJIOCKOCTH
® ¥ IJIOCKOCTH 2z yCTaHaBJHBaeTCs (opMyJsoii mepexoza

L e g W@+ T @+ (oW @do, @

{kotopyio noayyaeM c¢ nomoupio (1) u (2) u3 auddepeHuHanTbLHOrO
| COOTHOILE HUA
!

\

‘dz —-[ 10N +i— ]exp (10),

|Buipakatomero cmbica gynkunit Y n @ (v). 3asucumocts ®/A oT av/A
\usobpaxena corjacio ¢opmyaam (1) ma puc. 1. Ilpu av/A =0 umeem
'i 3
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accmarpHBaeMoil (pyHKIHH NpH av/A = 0 paBHa

pyJo.Touka ¢ KOOpAHHATAMH av/h=Ve/2, /)= 2V e/3 sBasercs

Toukoil neperu6a rpapuka.

@/A=1. Ilponseoanas p

2. [punoxum 3akoH (1) K perueHHio 0060011eHHON 3aayu O TOYey-
HOM CTOKEe B moJioce, KoTopas OblIa NocTaB/leHa M peuieHa B paGote
[5] Ans NpejsoXKeHHOro B padore [6] 3akoHa GuIBTPALHUH C MpE/eb-

HBIM TpajJlHeHTOM %
O =V v®+A, A=const. (4)

3akon (1) cyllecTBeHHO OTJHYaeTcs OT 3aKoHa (4), cJieloBaTeJb-
HO, HOBOE PEILEHHE MOXKeT MpeJCTaBHTb ONpejieJIeHHbI HHTepec.

[lycte mosioca wupHHOH 2/, B KOTOpO# paccMaTpHBAeTCs (PHILTPA-
IHOHHOE JBHXKEHHe, orpaHHyeHa npsmbivu y = -+ u y = —I. Orpas

#A

a : 25 Vi avyr
Puc. 1

HHUYMBAIOIIHE NMOTOK CTEHKH — HempoHuuaemele. Moaynb BekTOpa CKo-
pocTH B GECKOHEYHOCTH CJieBa NpHHHMaeT 3HauYeHue v, = ¢,/l, B Gec-
KOHEYHOCTH ClpaBa — 3HAYEHHe Uy =¢,/l. CTOK MHTEHCHBHOCTH
2(q, + g,) HaxouuTcsi B Hauane KoopAuHaT. Ecam v, =v;, To nMeeM
oObIYHYIO 3ajjayy O CTOKe B MOJOCe, KOTopas s 3aKOHa

®=v-+ A, A=const (5)

6bwta pemtena B [7] (cMm. takxke [1]), ana sakona (4) —B [6] u aas
sakoHa (1) —B [8]. Hnsa sakona (5) paccmaTpHBasCcsi Takke 4YaCTHBIH
cayuait v,= 0 [1].

[Tocko/bKy KapTHHAa PaccMaTpHBAE€MOrO JBHIKEHHUSl CHMMETDHUYHA
OTHOCHTEJIBHO OCH X, TO JOCTATOYHO HCC/IEN0BaTh 4yacTb IOTOKA, Or-
paHuyeHHyio npsiMbIMH Yy = 0 u y = —I[. BblaeneHHoll yacTH nOTOKa
B IIOCKOCTH ® cooTBetcTByeT mnosynonoca 0<O<m, 0>0, Ha
rpaHulle KOTOpPOil HMeeM cJjelyiollee ycaoBHe s ¢dyHKuuH (o, 0):

w(0,0)=(]1(0>01), ¥ (o, 0)=O (O\<0<01)’ ‘P(O, 6)=0

O<b<m), P, 1)=00<0<0,), V(o 1) =—q, (0>>0,),]

rae o,, 0, — 3Haue€Hus o, COOTBETCTBYIOLHE U, U,.
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HerpyznHo y6eauTbesi, 4TO 3alHCAHHOE I'PAHHYHOE YCJIOBHE IS P
peinosiHsercs, ecan ¢ynkuus W (©) yaoBieTBOpsieT yC/IOBHIO
ImW=00=0, 6>0,), ImW=g¢,/0,(0=0, 0<0<0,),
ReW=0(0=0,0<0<n), ImW=—g,/0,0=n, 0<0<o0,),
ImW=0 0 ==, 0>o0,). : .

C nowmopio GpyHKIHH § = ch ® 0TO6pa3uM pacCMOTPEHHYIO B IJIOCKO=
CTH © NOJYNONOCY HAa BEPXHIOK MOMYMJIOCKOCTb KOMIJIEKCHOTO repe-
menuoro ¢ =& -+ in. Ha rpanune n =0 6yaem umeth

ImW=0 (¢>cho); ImW =g¢q,/0, (1 <Ei<choy);
ReW=0 (—1<§i<l) ImW=-—g/o, (—cho,<ti<-—I)
ImW =0 (§<<—cho,).

[Tpumenus dopmyny Kenappima — Cenosa [9, 10], noayuum

5 Okchuk
1 t) dt
ts ﬂf(C)[ L ft%‘g‘““"w(“)]»
f& = % 8, = (—1)4+1, .

Nocne BbLIYMC/IEHHS HHTErpaioB H ONpelesieHusi nocTosHHol W (oo)
u3 ycjoBuA orpaHuuyeHHOCTH ¢yHKuMH W () npu =1 (W (o0) =
= — (g, + q,)/T) NPHXOJAHM K CJEAYIOLIEMy pe3yJbTaTy:

AR, sh [(© —0,)/2] 9a ch [(0 —0,)/2] -
V) =N feFoya T 7o M Eie Tonr

Hanee c nomowbio GhopMysast repexoaa (3) ompenessieM CBsi3b
MeX ]y KOOpAHHATaMH COOTBETCTBYIOUIHX TOYEK IIOCKOCTH ® H IJIOC-
KocTH 2. Mmeem

2
1 g
£ Gt V' Z,(0, 0)expoy;
k=1

__exp(—0o-i0), ch (o o) F cosbd

Zylo,; B)= 20 In ch (0 — 0g) F cos 0 ks
+exp(oy) In[l F exp(—o0,— 0 + i0)] F
Fexp(—o,) In[l Fexp (0, — o + i0)].

Bepxuuit snHak Gepem npu k=1, HmwkHui —npn k= 2. Tlpn
0 = 00, KaKk H TpebyeTcs 1Mo yCJaOBHIO 3ajaun, z = 0. ,

Ocymectsnssi B dopmyse ans z/l mpejenbHblii Nepexon npu
0 —0, nonyyaem ypaBHeHHEe TpaHHIIbI 3aCTOHHON 30HBI

0 1 A
20— LV (X, (0) + Y, (O expoy;
1

Iyt

T



shopcos

X (0)=

ST ReET 4+ sho,In(2ch ok/:F 2 cos 9)9? o,choy;
e sh 0 sin 0 sin
Ye(0) = G, Feoso P (ON AR o= +
sin
- exp (—' O'k) [a,, - arctg me] ’
rie a,=0 npu exp(—oy)+(—1)fcos6>0 u a,=n mpn
exp (—o,) + (—1)* cosO<Q. YcnoBue O 3HaKax IpexHee.
' y‘ 2
54
£ v
( e
» K\
/o aq 77 X
Puc. 2
7 B kauecTBe mnapameTpoB, OT
KOTOPBIX 3aBHCHT BHJ 3aCTOHHOM
30HbI, ObLIM NPUHSTH BEJHYHHBI
by, = av,/\, b, = av,/\, cBA3aHHbIE
paBeHcTBaMu b, = 0, exp oy, b, =
g5 =0, €eXp 0, C BeIHUHHAMH O, Oy,
4 / 2| 714 BXOJSLIUMH B ypaBHEHHE TpaHH-
1bl 3aCTOMHON 30HHI.
B koopaunatax x* = mx/(100)
1 y* = y/l npexcrapieHbl TpaHHu-
7| bl 3acTOMHBIX 30H mpu b, = 0,5
£ 45 7  (puc. 2)ub,=0 (puc. 3). Kpu-
g . Bble | — 4 Ha STHX DHCYHKax Io-
Puc. 3 JIyueHb! NPH 3HAYEHHAX Napamer-

pa by, paBHBIX COOTBETCTBEHHO
0,5; 10; 40; 120.
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YIK 538.3:532:538.4
B. H. EPMAKOB

AHATPAMMA ®PHJPHUXCA IJisl PA3PbIBOB
B MOJIAPU3YIOIUENCA U HAMATHUYHBAIOWENCSA
HENPOBOOSIIEN CPEINE

Ecnu Q(r) — ¢ = 0 — nosepxHoCcTh c1a60ro paspeiBa NPOH3BOJIb-
Hoit BesuuuHbl @ (r, ), TO STOT pa3pbiB NOJHOCTBIO OIpeAENSAETCS
onHOH ¢yHKIUEH Ao [1], mpHuem

VO =hom; [ 22| =1aG, (1)

Te n — eJMHHYHbIi BEKTOp HOPMalH K NOBEPXHOCTH Da3pbiBa, KBaj-
paTHple CKOOKH 0003HAyaloT 'paspblB 3aK/IOYEHHBIX B HHUX BEJIHUHH
NpH nepexojie uyepe3 STy I[OBEPXHOCTb 1o Hopmamu n, G = n/q
(9 = Q) — ckopocTb nepemelieHHs paspbiBa. Bpoaures Takme

0=G—on 2)

— CKOPOCTb PaclpOCTPaHEHHS] MOBEPXHOCTH pa3pbiBA OTHOCHTEJBLHO
cpe abl.

[Ipu sapamnbix 0, ¥ coorHomenue (2) paccMartpuaercs [2] Kak
YPpaBHeHHE B YaCTHBHIX NPOM3BOJHBLIX TNEPBOTO MNOpsAAKa AJs onpeje-
Jenust Q(r). B npennonoxkeHnu, 4TO nmapaMeTpsl TEUYEHHs, MO KOTO-
POMy pacrpocTpaHsieTCs pa3pbliB, NMOCTOSIHHBL, B [2] NPHBOAHTCS COOT-
BETCTByIolAA (2) XapaKkTepuCTHuecKasi CHCTeMa ypaBHEHHl:

dr 0 00 d
9@l =1; =l —neag=s =0, 3)

U3 BHJA KOTOPOH siceH cnoco6 MOCTPOeHHs! MOBEPXHOCTH paspbiBa B
TIDOMSBOJIbHLI MOMEHT BpeMeHH f, KaK Oru6aioulyio IJIOCKOCTeH, Ka-
CaTeJbHBIX K Haya/lbHOH NMOBEPXHOCTH paspbiBa €2, M CMEIIEHHBIX B
HanpaB/leHun Hopmasnell Kk Q, Ha paccTosHue 0f. C NOMOMBIO 3TOro
rpauyeckoro meroza B [2] noctpoena amarpamma ®Ppuppuxca aus
MarHUTOrHAPOAHHAMHYECKHX DaspbiBOB, KOTJa CKOpOCTh pacnpocTpaHe-
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HUsl PaspbIBOB 3aBHCHT. OT OJHOTO NapameTpa— yIvia Mex]y Hanpas-
JeHUSIMH BHELIHEro MarHutHoro mnosisi A u Hopmaun n.
PaccmarpnBaeTcs caydail, Koraa 6 saBHCHT OT JBYX mNapaMeTpos.
[ToBepXHOCTb Pa3pbiBa MPH STOM MOKHO MOJNYYHTb AHATHTHYECKH.
OGo3HayMM uepe3 ¥y Yroll MexKJ]y HanpaB/JeHWeM BHEIUHHX IOCTO-
AHHBIX 3/JEKTPOMArHUTHBIX moseli B u D. JlekapToBy CHCTeMYy KOOp-
auHaT BhiOepeM TaK, 4ToObl B OblJIO HampaBJeHO BLOMb OCH 0X, &
sektop D — B mockoctn y = 0. O6osnaunm. uepes & yroa Mexnay
HOpMAJIbIO 7 K NIOBEPXHOCTH ¢/1a60ro paspbiBa U HalpaBleHHEM BEKTOpa
D, a Takxke uepe3 § — yroa Mexay n u B. Hopmaab n MOXHO BbIpa-
3uTh uepe3 yrisl B, 8, ¥ u npeacraButs 6 Kak (yHKUHIO ABYX %apa-

meTpoB b==sin’f u d=sin®6. YuntbiBas TOrjga, UTO —— =

949,
6 0 i ;
=7;"{§_n_b9ﬂ”k”“" b=1—n}, d=(ngsiny+ n,cosy)* us (3)
@

HHTETpHPOBaHHEM TIOJIyYaeM
r=Rt+r, (%(r,)=0), (4)
rie KOMIOHEeHTbl R GynyT:
) a0 Taed B —

Y=2{-§+(1—b)g—,‘:+.

+(1 __.d)gg}smzl’—2+d+b+2'cosyl =8 1=0,

siny
e B e 'a_e__'( VT—bsinty
z=2{z+ (-3 —(SH =TT ©)
0] Vi—d—"'1—bcosy
—Lr a2 = :

ByzeM cyutaTh, YTO pasMephl HayalbHOH MOBEPXHOCTH pa3pbiBa
npeHe6peKHMO MaJjibl M0 CPaBHEHHIO C PacCTOSIHHEM, KOTOpOe MpOoIlest
3JIeMEHT pa3pbiBa 3a Bpemd f, T. e. monoxuMm r, = 0. Toraa pase-
crBa (5) mpeAcCTaBASIOT NapaMeTpUuecKoe ypaBHeHHe (pOHTOB paspbl-
BOB B MOMEHT BpeMeHH {= |, pacnmpocTpaHSAIOUWHUXCA B HEOrpaHHYeH-
HOM TNpOCTPaHCTBE H BO3HMKIIHX OT jaeHctBua npu ¢ = 0 ToweyHoro
HCTOYHHKA, MIOMEIeHHOr0 B HayaJo KOOpAHHAT.

Pacemartpusaetcs pacnpoctparenne c/1abbiX pasphbiBoB B HENPOBOAS-
miei, HaMarHMYUBaloLIeHCsl U NoJIApH3YIolecs cpeie—BO BHEIIHUX O AHO-
poaubix snektpuyeckom E u marantHom H nousx. Ilpeanonaraetcs, uto
cpejla ujeaqbHa, He HMeeT OOLEMHOrO 3apsAia M B OTCYTCTBHE
3JIEKTPOMArHUTHOT O TOJISi ONHUCHLIBAETCS . YPABHEHHSMH COCTOSIHHSA: p =
=p(e,S), T=T(p,S), rne p, p, T, S— naBaeHue, MIOTHOCTb,
TEMIeparypa u SHTPONUS eAMHHlbI Macchl cpenbl. CyuTaloTCsi H3Be-
CTHBIMH HamarHuyeHHocTb cpeasl M ={u(p, T, H)— 1} H u mnons-
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o Bes o

pusanus P =¢g {e(p, T, E)— 1} E, cBSI3b KOTOPBIX C 3J€KTPHUECKOi D
H MarHUTHOH B MHAYKUHSMM OINpejesieHa COOTHOLIEHHUAMH
D=¢E+P(p,T,EYE/E; B=pn,{H+M(p, T, HH/H}, (6)
Tae & = 8,65 10 ¢/M, py=1,26-10"" ru/m — gusnekTpuyeckas
¥ MarHuTHasi INOCTOSHHBIE, €, | — OTHOCHTEJbHblE NM3JEKTpHUuecKas
H MarHuTHas NPOHHIIAEMOCTH CPeJbl.
Iponecchl B cpeje ONHCHLIBAIOTCS CHCTEMOH ypaBHeHHH [3]:

P tpdivo=0; pS=—V(p+L+¥)+e—)VE2+
d(S+8?) oB

F =D VY2, =g~ i orot By 7 ()
divB=0; 22 _roth; divD=0,
E e
rjie Xssog(e—-l—psp)EdE; lp_=__p,05(p—1—pp,p)HdH;
0 0

H E
So= Lo j prHdH 4 2o ( erEdE. (8)
0

0

3necb U nanee BBOAHTCS o6osHaueHue @y 1/s YacCTHOH NpOU3-
sopHoli Qynkuun O® (O =p, ¢, p, T, P, X, §° no nepemMeHHOH
(n=op,T,S, H, E) npu NOCTOSIHHbIX OCTaJbHBEIX NapaMeTpax.

Ha ocnopanuu (1) w3 (7) caepyloT AWHAMHYECKHE YCJIOBHs Ha
c1abblX paspbiBax:

B —p (o 1) =05 (Ry="hod + Doy + Ao K);
(As+1 0 =0; )
ohoB— (g + At ++ M) 1t — &y (e — 1) EAprt — piy ( — 1) HAum = 0;
_7:30—— (n x_xn) =0; 7:;,6 + (n_f”) =0.
U3 ypasuennit cocrosinus (6) u (8), ucnombays (1), MOXKHO MOJIyYHTb
TaKXKe BbIPaXKEHHA AN ,”T' Apy Ay, My, Ao, Am, Am, Az, Ap uepes A,

- —_
As, Ag, Ap, Ag U Ap u uckmouutb ux u3 (9). [Nocse 3Toro u sxKBu-
BaJe€HTHBIX NpeoOpa3oBaHMH, KOTOPbIE 3J4eChb HEe MPHBOAATCA H3-3a
IPOMOBAKOCTH, cucreMa (9) CBOAUTCS K JIMHEHHOI OJHOPOAHOH cHcTeMe .

“ATOTO NOPsi/JKa OTHOCHTEJBHO Ay, Ag, (nx;), (B_?:B), (D?:D) C MaTpuuei

0 0 PO 0

04,, B, 0. S04, =0AL ;
e A31 Asz 0 A34 Ass ’ (10)
Ay Ay 0 A, Ags

Asy Asy 0 A4, Asq







