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Bicauk XapkiBCbKOro HalliOHAJBLHOrO yHiBEpCHTETY
Cepia "Maremaruka, MPUKJIa HA MATEMATHKA i MexaHika"
YIIK 533.72 Ne 749, 2006, c¢.3-12

BzanmozeiicTBie cMepYeBBIX IOTOKOB B Cily4ae MOJen
TBEPAbIX chep

B.J. Topaesckuit, FO.A. Ceicoesa

Xapvroscruti Hoyuonarvnot Ynueepcumem umenu B. H. Kapasuna, Yxpaura
Xapovkoscrutli Hayuorarvuull axonomuneckuti ynueepcumem, Yxpoura

IMomy4eno npubinKeHHOE ONUCAHKE IPOLECCA B3aUMOAEHCTBHA MEK LY IBY-
M5 CMepYeoGPa3HbIMU TIOTOKAMH B JOCTATOYHO Pa3PEKEHHOM ra3e u3 TBep-
ae1x cep. Takue IOTOKKM BPAIAIOTCS U JBUZKYTCSA MOCTYHATEIBHO, IPHIEM
COOTBETCTBYIOIIUE UM MAKCBEJJIOBCKHE PACIIPEIENEHUS ABIAIOTCS TOTHBIMU
pelneHHAMHU ypaBHeHusi BosmbumMana. Karkaplit u3 moTokoB 06/1aaeT JByMst
PA3IUYHBIMU OCSMU — IUIOTHOCTH M CKOPOCTEH, B3aMMHOE PACIOJIOXKEHUE
KOTOPBIX OTIPe/IeIEHHBIM 00Pa30M CBA3aHO CO CTEMNEHbI0 TOYHOCTH NpUbIu-
JKEHHOr0 OMMOJAJIBLHOrO PEIICHHUS.

2000 Mathematics Subject Classification 76P05, 45K05, 82C40, 35Q55.

1. Beeaeunne

B xuneruyeckoil Teopuu COCTOSIHHE JOCTATOYHO PA3PEXKEHHOro Ia3a OIUCHI-
BaeTcs ¢ MOMOIIBbIO (DYHKIMH pacmpenesrenus wactuy f(t,v,z), rae t € R —
spems; v = (v!;v%;0%) € R® — ckopocrs Mosekyasr; z = (z!;22%;2%) € R3 — ee
IPOCTpPAaHCTBEHHAs KoopauHaTa. OYHKIUA f JOKHA YAOBIETBOPATH HEJIUHEHHO-
My mHTerpo- auddepenimanbHOMy ypaBHenuio Bonbsumana [1-3):

D() = QU ), ()
p(f) =L 10, )

2
Q(faf) — %’/};3 dv1/2daB(vl,v,a)[f(t,v'l,:z:)f(t,v’,x)—

—f(t, vl,z)f(tvvaz)L (3)

rae %ﬁ — IIPOCTPAHCTBEHHBIN I'PajJUeHT pacnpeseienus f; mapamerp d upu GUK-
CUPOBAaHHOM JJjHe CBOOOIHOrO mpobera MOJIEKYJI MOXKHO TPAKTOBATh IPOCTO KaK
MaMeTp KazKJO# MOJIEKyJbl; v,vy,v’,v] — CKOPOCTH ABYX MOJIEKYJ [0 H IOCe




4 B./I. Topaesckuit, FO.A. Cricoesa

COYI@pPeHHs COOTBETCTBEHHO; BEKTOP @ JIEXUT Ha eaurudHOi cepe ¥ B R3 u Ha-
NpaBJIeH BJOJb JIMHAN IIEHTPOB YaCTHI, — NAPTHEPOB 110 COYAApPEeHHI0 B MOMEHT
CTOJIKHOBEHWSI MEXKJy HHMH.

Bui6op Toit wiu MHOM MOJEIM CTONKHOBEHWI MEXIY MOJIEKYJaMH IPHBOLUT
K pas3iu4HbiM opMaM I BeJMYMH U',v], & TaKKe CTONKHOBHTETHHOTO HJje-
Ha B(v1,v,a). B ciyuae, xorjga 9acTHIB DPEANONarajoTcsa abCoMIOTHO IIIaIKIMU
¥ XKeCTKEMH (YIPYruMH), a B3aUMOJEHCTBHE MEeXKJy HUMHM IPOMCXOAHUT JIMIUb B
MOMEHT COY/IapeHHsl, IIPHYeM IIOIHBIK UMILYJIbC W [IOJIHASL SHEPTHUs COXPAHAIOTCS
(Monens TBepapIX miM ynpyrux cdep), umeem [1-3):

B(v1,v,0) = |(v - v1,0)], (4)
vi=v1+a-v,a); v =v-av-v,a), (5)

EnnscTBeHHBIM KJIACCOM TOYHBIX pelleHuit ypasHeHusi BojbuMmana s TBep-
AbIX cdep, ABHbIA BUJ KOTOPHIX H3BECTEH K HACTOAIIEMY BpPEMEHH, SIBJISIFOTCS

MaKCBEJIJIOBCKHE DACIpe/esenus (MaKCBe/UIMaHb!), oOMMi BUJ KOTOPBIX TAKOB
[1-6]:

3/2 ;
M= p(g) e Al (6)

rje TUAPOAUHAMUYECKHEe apaMeTphl p (IWIoTHOCTS ras3a), f = % (ero obparnas
TemnepaTypa) u ¢ (MaccoBast WM CPeHsIs CKOPOCTh IIOTOKA), BOOGIIE roBOps,
3aBUCAT OT t U — (B 9TOM (JIy4ae MaKCBE/IMAH HA3BLIBAIOT JIOKAJIBHBIM; €CIIH K€
p, B u ¥ mocTostHHEEI — rI06aJIbHBEIM). BO3MOXKHBI! XapaKTep Takoi 3aBUCUMOCTH,
obecrnevrBaOMIAi BHINOTHEHNE PABEHCTB

D(M) = Q(M,M) = 0, (7)

6bu1 necenoBan B paborax [5,6] (Hanbosee mosHOE €ro OMUCAHKE, & TAKXKE YACTHY-
HBIH aHAIN3 (PU3UIECKOTO CMBIC/IA YKA3AHHBIX PEIIEHUH MOXKHO HAlTH, HAIIPUMED,
B MoHOrpadusx [1-4]). Bornee feTaibHbIi aHAIN3 F€OMETPHYECKON CTPYKTYPHI U
dusruecknx 0cOGEHHOCTEH JIOKAIbHBIX MaKCBEJIHAHOB ObLI MpoBeAeH B paboTe
[15]. Tam ke BBIAEJEHBI HEKOTOPHIE OCHOBHBIE YACTHBIE CIIy4YaH, ONUCHIBAOIIIE
HECKOJIBKO THUIIOB BO3MOYKHOI'O JBUXKEHHSI IIOTOKOB ra3a M3 TBEpABIX cdep, cpenu
KOTOPBIX HauboabIIKi WHTEPEC IPEACTABISIOT TaK Ha3bIBaeMbIe CMEPY€eBbIe OTO-
Ku (KOPOTKO B AajibHememM — cMepun). Tak Ha3bIBAIOTCS IOTOKH, BPAIAIOLIAECs
Kak nesoe (Hamogobue TBEPHOTO Teja) BOKPYI' CBOEH OCH C MOCTOSIHHON yIJIOBOM
CKOPOCTBIO W € R3 1 0ZHOBpEMEHHO JBMIKYIMeECs IOCTYIATETHHO C NOCTOSHHOM
JHHERHON CKOpOCTBIO % € R® B, MPOM3BOMBLHOM HANPABJIEHWH, TEPIEHIUKYJIAD-
HOM ocu BpameHus (% L w), mpuyeM Temmeparypa rasa Tak¥Ke NOCTOAHHA (T. €.
B = const), a NJIOTHOCTH P OAMHAKOBA BJOJIb KaykKJI0OM NPsAMOl, TapaJlieabEo ocu
spamenus. Kak noxasauo B [15], B 9TOM cirydae rHApoJuHaMUYECKHE IapaMeTPhI
pacipeseserus (6) 3amaorcsa popMyIaMu:

p = py exp{Bw’r?}, (8)
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20 é[w YOS NAI } ©)
s ;15[‘" (s (10)
D=0+ [w X (av—.il'ot)], (11)

rae pg — MUHUMaJbHAs ILIOTHOCTB ra3a; "CKopocTh CHOca'tuy BBeaeHa JJist y106-
CTBA 3AITMCH U YJOBJIETBOPSIET YCIOBUIM:

4 = [w X 1p), (12)

(do,w) =0, (13)

a? € R® — Hexasi BEKTODHAst KOHCTAHTA, NMEIOMIAs (PUBHUECKHH CMBICI MACCOBO
CKOpPOCTH ra3a B HavaJse koopauHar (z = 0) B momenT Bpemenu t = 0.
[ToguepkHeM OJIHy HETPHUBHAJIBHYIO 0COOEHHOCTH TOT0O PACIPE/IeJIeHNUsI, BHISAB-
nexnyio B [15]. Kak moxuo Bugers u3 (8) — (13), cmepu (B omimume 0T mOKosIILEe-
rocs BUXps, T. e. "BuHTa— TepmuHOnorus [11,12]) umeer gBe pasnuunsle ocu: o6e
OHM IapaJijieJibHbl BEKTOPY W , HO OJHA U3 HUX npu ¢t = ( IPOXOAMUT Yepe3 TOUKY
Zp (cM. (10)) u cOOTBETCTBYET PACIPEAEIIEHUIO IIOTHOCTH (OCh TJIOTHOCTH — Kak
pa3 Ha Hell U JOCTUraeTCss 3HaYeHHe p = py), & Apyrasi — Yepe3 TaKyio TOUKY:

70 = 5l x 3, (14)

¥ OTBEYAET PACHPEIEJIEHUIO CKOPOCTel ra3a (0Ch BpalleHUsl MM OChb CKOPOCTeit).
TakuM 06pa30M, BeTUYHHA T2, 3a1aBaeMasi COoTHomIeRueM (9), eCTh KBaparT pac-
CTOSIHUSI TOYKU T MMEHHO JO OCH IIOTHOCTU B MOMeHT t. C TeueHWeM BpeMeHU
obe ocu, Oyayun Ha HPUKCUPOBAHHOM PACCTOSIHMM APYT OT APYyra, & BMECTE C HUMH
1 BECh CMepY B LIEJIOM, JABHXKYTCS TOCTYNATEIbHO, IPHYEM

“ 1 b
To — T = :,5["" X 1), (15)

T. €. HallpaBJIEHUE ITOTO JBHKEHUS NEPHEHIUKYJISPHO IIJIOCKOCTH, MPOXOISIEi
Jepe3 yKa3aHHbIE OCH. 3HAYMT, cMepd fABjsiercs "aedopMupoBaHHBIM BuUXpeM',
npudeM ero aedopMallis TaKOBa, YTO B HEKOTODPOM HAINPABJIEHWH OT OCH BpAlle-
HUsL IVIOTHOCTB ObICTPO Bo3pacraer ("30Ha ymioTHeHus"), a B IPOTHUBOIIOIOXKHOM
— cHavasia yobiBaeT ("30Ha paspexxenusa'), W JAUIIbL 3aT€M CHOBA BO3PACTAET, HO
y’Ke ¢ HeKOTOpbIM "orcTaBanueM"oT 30HBI YIUIOTHEHUS.

Bosbuioit wHTEpPEC IpeacTaBiIsieT BONPOC 006 ONUCAHUHU MIPOLECCA B3aMMOIEH-
cTBUs ABYX (miin Goslee) MAaKCBEJIOBCKHX NOTOKOB rasa [3,8-10]. 9ro moxer 6bIThH
JOCTUTHYTO TPU MOMOIIM OCTPOEHUs GUMOJAIBHBIX (COOTBETCTBEHHO, MHOTOMO-
NAJIbHBIX ) PACIIPEIEJIEHUH, T. €. CIIeIUAJIbHOrO BU/Ia JIMHEHHBIX KOMOMHAINI MaK-
CBEJUTHAHOB PA3JIMYHOrO THIA, MUHUMU3UPYIOLIUX Ty WIX UHYIO HEBSA3KY (KaKyio-
b0 HOpPMY Pa3HOCTH MeX/ly JIeBOH M MpaBoil yacTaMu ypasHenus BonbiMana)
[7,11-15].
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Hannas paboTa IOCBANEHA N3y YEHUIO TOBEACHN ""IUCTO HHTErPAIbHON "HEBI3K Y
s GMMOZAIbHBIX PACIpPeJeseHril CO CMePYEeBLIMU MOJAMH.

B paszese 2 npuBesena ToYHAA MOCTAHOBKA 33Ja4H.

OcnoBuble pe3ysnbraTsl ¥ X 00CYXKIEHHE TOMEIIEHB! B Pa3tes 3.

2. Ilocranoska 3amaun

Bynem uckare npubnmxeHroe pemenue ypapHenus Bomsumana (1) - (5) B
BuJle GUMOJATBLHOrO pacupejenenus [11-15]:

[ =1 My + o2 My, (16)

rae ¢; = @;(t,z) € CY(R*), i=*1,2 — HeoTpUIATE/NbHbIE OrPAHUIEHHBIE KOI(-
dunueHTHBIe QYHKINN, 8 MAKCBEJUIOBCKHE Moasl M;, 4 = 1,2 TakoBbI:

M;(t,v,z) = Pieﬂ"“’"zr"z(%)3/26_/3‘(”—6‘)2, i=12, (17) T
G = 0 + [wi % (z - upit)], i=1,2, (18)
(tos,w3) =0, i=1,2, (19) 7
il 3 ) ; ’
'ri2 T J[wi X (.’I; =00 — 'U'Oit)]2v = 1, 2, (20)
;
o 1 i = : L

(]

) (B masibHeWIIeM MOTYT Tak)ke NOHAJOOHTHCS TOUKH Zoj, ¢ = 1,2, BBeJeHHbIE
| B coorBercrBuu ¢ (14), rie w ¥ U NPUHUMAIOT 3HAYEHUS w; U T;, ¢ = 1,2).
31€ech BCe CKaJIIpHBIE M BEKTOPHBIE KOHCTAHTHI JJIsl KarXKJ0I0 U3 JBYX CMEPYEBBIX
[OTOKOB HMEIOT TOT K€ CMBIC/I, KOTOPBIH GBI OIICAH BO BBEJEHAN (BMeCTO po MBI
Tenepp uMeeM p;, i =1,2).

B kauecTBe BEJUUNHBI, XapaKTEPUYIOWEH CTEIeHb TOYHOCTH STOTO IPUO/IN-
YKEHHOT'O DelueHus!, BbibepeM CIeayomyto HeBsi3ky [7, 12, 14]:

o

ti= [ @[ asf avip()-atsni 22)

Tpebyerca maiiTm kaxue-mubo yclIoBus, BbIpaXkaeMble B TePMHMHAX IIOBEJe-
HUsl THAPOAMHAMHUYECKUX [1apaMeTPOB U KO3 uiumeHTHHIX PyHKIMHA, 10CTaTOY- 9
Hble i TPOM3BOIBHON MajocT yskuumoHana A; (cxogHas 3agada B ClIy-
gae "cmentaHHoi " HeBA3KY PABHOMEPHO-UHTEIPAJILHOrO THIIA PACCMATPUBAJIACH B
[15]). IIpu srom, pasymeercsi, HCKJIIOYAIOTCS TPUBHAJbHEIE CATYALUH Haomobue
pi — 0, 1= 1,2, KoTopble NPUBOIAT K "BrIpOXkKAeHWIO"OuMoganbHON GyHKIMAN
(16) u . m..

Huke Haliiensl HEKOTOPHIE BO3MOXKHBIE PENIeHUs yKA3AHHON 3aJa4M.

b il Wl !

~e
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) 3. OcHOBHBIE pe3yabTaThI

Teopema 1. ITycmb 6vinosreHb, COOMHOWEHUR:
e
wi = weiB; T, 1=1,2, (23)

[woi % (05— ugi)} =0, §&=1,2, (24)

2de mj > ,i—, u wo; € R3 npouseoavum u puxcuposans. ITycmv ynxyuu p;, i =
1,2 6 pacnpedeaeruu (16) ne saeucam om B;, 1 = 1,2 u maxoew, wmo npous-
sedenus 6vipasceruli

. Oei |94
) ¥ii oty oz |
0p;

@i |[woi x (z — ug;t)]|; [woi % (z — Ggit)]|, i=1,2 (25)

oz
Ha mnooicumeau exp{Biw?r?} npunadaescam Li(R*) npu ecez B; >0, i=1,2.
Toz0a cywecmeyem maxoe A}, wmo

’ . npuvem:
1). Ecau
' mi=-;-, PR 27)
l e 2
Opi | _Opi
lim Vi s p‘/ dt/ d:z:l(——+v-—— s, @)
; Bi—+00,i=1,2 ; i,j:—;,i;éj I Rl R3 ot Oz :
. +orpap (t, o) pa(t, )wd? p; |5 — U5
[
e L aeed / L / daf(t, Da(t, D)pral (28)
R R
2de
pi(t, z) = exp{lwo; x (z —ug;t)]?}, i=1,2 (29)
2).Ecau
m; > % i=1,2 (30)

mo cnpasedauso (28) npu

il k=1, 3=i120 (31)

Joxaszameavcmeo. Tloce noacranosku (16) — (21) B ypassenue (1) — (5),
a 3arem sesmuns D(f) u Q(f, f) B Bbipakenme (22), ¢ y4erom TOro, 4TO JJis
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cMepueit (B oTane ot Buxpei [14]) Boinonsero (7), B pe3ysbTaTe OEHOK CBEDXY,
3aMeH IIepeMEHHBIX U npeo0pa3oBaHmit, aHANOTHYHEIX IPOBEJEHHBIM B [14, 15],

DOy IUM:
Op; 90i | _piwzr?
[ { i (\/F+ )aw}

,J—l ]

-/3 Fij(u, t, x| w)e""zdw pjw‘s/ge‘“zdu
R

d?
+p100 exp{Brw?r? + ﬂngrz}plm /6 e_'”z""zdwduFij (u,t, z, w)] At
R
rae
u w
F-~('u,,t,a:,w)=' + 0~V — ——=|, 1#£] 33
17 \/B: J \/B; # d ( )

(cxommMOCTh BCEX HMHTErpajioB, O4eBHAHO, obecreumsaerca Gmaromapa (18) m
(25)). Hdanee, sxcnorents B (32) ¢ yuerom (20), (21), (23), (24) npuobperator
i BHJ; )

P! = exp{lwoi X (z — upit)PB 2™}, i=1,2, (34)

OTKY/a BBITEKAET, YTO OHH UMeloT npenenst (29) mibo (31) opu f; — +o00,i = 1,2
B coorsercreu ¢ (27) mmu (30). Bemuunnn (33) crpemsrcst K |7; — 5,4 # j B
cuiny (18), (23). Ilocre nepexoga K mpefesy Imoj 3HakoM uHTerpasa B (32) (Bos-
MOKHOCTH TaKOTO IIEPEX0Ja BBITEKAET W3 MpPeArnoJoxkeHus (25) ¥ paBHOMEPHON
oTHOCATENEHO fi,t = 1,2 CXOAMMOCTH BCeX MMEIOLIMXCSI MHTErpajoB Ha MPOH3-
BOJIBHOM OKpecTHOCTH GeckoHedHOCTH 6J1arofapsi NpUCYTCTBHIO OBLICTPO yObIBaio-
MIUX [0 IEePEMEHHBIM % M W SKCIOHEHT) U MOCIAEAYIOIEro MHTErPHPOBAHUS IO
u ¥ w, nonygaem (28) ¢ dyrkumamu u;,i = 1,2 suga (29) subo (31). Teopema
JIOKA3aHa.
Teopema 2. [Tycmv 6Ho6v 6wnoaneno (23), u, kpome mozo,

@ilt, z) = Pi(t,z)e Piirl | i=12, (35)

2de ;,1 = 1,2 ne sasucum om i, i = 1,2, npuvem ewpasicenus (25) ¢ nodema-
nosxoti 1; emecmo ;i = 1,2 npunadaescam Ly(R*). Tozda 6 npednoroviceruu
(30) umerom mecmo ymeepoicdenus (26), (28) ¢ samenott @; na ;1 = 1,2 u
pyrxyuamu i, i = 1,2 euda (31), a 6 cayuae (27) 6 npasoti wacmu (28) noasan-
emcs donoanumenvhoe caazaemoe (npu smom (31) coxrpansemes,):

2
% Zpi [[wos % (7; — u‘mH /Rl dt /RS dxip;. (36)
g=1 .
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oxasamesvcmeo BHOBL onmpaercss Ha dhopmyast (32), (33), onnako 3aTeM B
(32) cneayer noxcraButs (35). B pesymprare nomyunm:

2
Ty N;
A’ 5 3/ / z/ —1 . .
1= 3 ot dt G d:niz:;p i + Ai(u,t,z) + Bi(u,t,z)
+Ai(u, t, w)] e~ du, (37)
P e .d_2/ A o R R (38)
i\U, 1, 2) = Y1 2PJ\/7—T e g\u, L, Z,w), 1F ],

Bifwit;m)= % (——’lf— = '5,‘)
oz \VBi
+205i /B { (wi, ) (wi, ) — wE (u, T — wiit) + (u, w5, T — i) } (39)
(3mecp mpu auddepeHuUpoBaHUM MO ¢ U T U NOWIEAYIOWIAX IPeoOpa3oBaHUSIX
yurensl paBercTsa (18) — (21), a Tak:ke ucnons30BaHa TeXHUKa, passurtas B [13]).
Janseeiimmit yder (23) B Boipaxkenusix (37) — (39) u (33) nossonsier nepeiitu
K mpegeny mpu f3; — +o0o,t = 1,2 (obocHOBaHHE AHAJIOTUYHO MPOBEIEHHOMY
IpH JOKa3aTebCTBE MPEAbIAYINeil TeOpeMbl ¥ OMUPAETCH HA YCJIOBUS JAHHOU Te-
opemsr). IIpu 9TOM HasMYMe WM OTCYTCTBHE JONOJHHUTENLHOrO dieHa (36), kak
JIETKO BHU/JETh, 3aBUCHT JIMIIb OT MOBEJEHNs MOCIeHero ciaraemoro B (39), koro-
poe, 0YeBUIHO, MMEeT HeHyJIEBOIt Ipeies1 TONIBKO B ipeanosioxkeruu (27). Teopema
J0Ka3aHa.
3amevanue 1. CpaBuenue yciosusi (24) c (23) u (21) mokasbiBaer, YTO IPH
BBIIIOJTHEHUHU 3TOTO YCJIOBHS OCH IUIOTHOCTEH oboux cmepueit npu ¢ = () mpoxoasr
depe3 HagaJsio KOOPAMHAT, T. €. Zo; = 0,7 = 1,2 (ocu cKopocTeit Ipu 9TOM OCTAIOTCS
npousBosibHbIME). B pabore [15] ormedeno, 4To sToT haKT MOKET TPAKTOBATHCS
Kax ''caMoCcoryiacoBaHHOCTB'"KaxI0ro u3 AByx cmepueit. OrcyrcrBue nmomobHOro
IPE/IIONIOKEeHH B TeOpeMe 2 B M3BECTHON CTENeHH KOMIIEHCHPYeTCs HAJIUYHeM
yciaoBust (35), KOTOpPOE, OYEBUHO, O3HAYAET, YTO IVIOTHOCTH CJIaraeMblX B OHMO-
naabHOM pacnpenesenun (16) me sasucar or Bi,4 = 1,2, T. e. or Temmeparyp
CMEPYEBHIX ITIOTOKOB.
3amevanue 2. PopmaypHO npeanonokerne (35) BBIVIAAUT TaK Ke, KaK aHa-
normaHoe TpeboBanne B paborax [11-14], onnako Ha caMOM Jesie OHO 3I€Ch yIKe
nHOE, 0O BBIPAXKEHUS rf,i = 1,2 B TaHHOM CjIy4yae BBIYHUCIAIOTCS B COOTBETCTBUHU
¢ (20), (21), 94TO XapaKTEePHO UMEHHO JJI CMEpPYeil, HO He [IJIs BAHTOB MJIA BUXDEH.

CaencrBue 1. ITycmo swnoanaromes mpebosanua (24) u (23) npu
1
m; > '2'a 1=1,2, (40)

a pyrxyuu @i, 1 = 1,2 umerom 6ud gunumnnz "naamo’(7,14], maxuz, wmo

V[(suppw,')m] -0, i=1,2, (41)
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va[<supp<p,~) k] -0, i=1,2 k=1,23, (42)

2de nod Gy u G,k = 1,2,3 nonumaromes npoexyuu mmoocecmea G C - R*
na eunepniocxkocmu t = 0 u z¥ = 0,k = 1,2,3 coomeemcmeenno, a nod V. —
obsem yxazannuir npoexyull. Ilyems, xpome mozo, 6vNOAHEHO TOMA bbi 0OHO U3

mpebosaruti:

—1 = 1)-2) (43)
suppp N supppz = 0. A e
d—0. : (45)
Toz0a
lim A =10 (46)
Bi—+00,i=1,2

Aoxasameavcmeo. Brmonuenue (24), (23) u (40), B cuny Teopems! 1 (yciosue
(25) Takke BBIIOJHEHO BBUAY (PUHHTHOCTH @;, ¢ = 1,2), o3Ha4aer, 4TO cupaBen-
el cooTrowenus: (26) u (28) ¢ bysxumamu p;, i = 1,2 Buga (29) aubo (31),
npuueM B o6onx ciydasix Bce Bxogsmue B (28) mHTerpasbl cxoqarca 6iarogaps
yxazagsoit purnTHOCTH. [anee, npu Bummoanennu (41), (42), kak mokasano B [7),

HHTEerpaJbl OT Bpra.}KeHHﬁ

Opi | _ Opi
o + ; %% (47)

cTpeMsTCa K Hy/MI0 (OPUCYTCTBHE MHOXKHTeaeH p;,i = 1,2 31ech Takxke Cyre-
CTBEHHO He CKa3biBaercs). HakoHem, Kak JIErKO BHAETH, jioboe u3 yciaosuit (43)
— (45) npusoguT K GECKOHEYHON MaJOCTH BCEX OCTABIUMXCS B IpaBoi gacty (28)
craraeMblX, OTKyAa ¢ yuerom (26) momygaem (46). Ciencrsue foka3aHo.

Canencrsue 2. ITycmb 6binoaHenv 6Ce YCAOBUA MeoPeMbt 2, npunem GYHKYUY
Yi, i = 1,2 ydosaemeoparom mem dice mpebOBAHUAM, KOMOPHIE HANGZAIOMCA HA
pynxyuu ;1 = 1,2 6 caedemeuu 1. Tozda, ecau cnpasedauso (30), aubo (27)
emecme ¢ (24), mo npu evinoaneruy romsa 6v 00nozo u3 mpebosanudl (43) - (45)
umeem mecmo pasencmeo (46).

Jlokaszamenbcmeo NPOBOJUTCA TI0 CXEME, AHAJOIHYHOU CXeMe JOKa3aTeJbCTBa
crencTBus 1, ¢ 3aMeHON DyHKUMI (o; Ha i, = 1,2, ¢ TOil MuUIb pazHULEN, 4TO
Tenephb, KaK BUAHO U3 yTBEpXKJIECHHWS TeopeMbl 2, B juoboM ciydae BepHO (31), a
JOTIOHATeIbHOE ciaraemoe Buja (36), BozHuKaroiee B npeanonoxenvu (27), as-
TOMATHYECKH aHHYJUPYETCs 6.1arofaps TpeOOBAHMIO CAMOCOIVIACOBAHHOCTH CMEp-
veit (24) (cm. Bamevanue 1).

3amenarue 3. CpaBHeHHEe Pe3yIbTaToOB JaHHOI paGoTs! u crarbu [14] moxassi-
BaeT, YTO [/1s CMepYeoOpa3HBIX OTOKOB MOXKHO J00UTHCS MUHUMH3ALHUNA HEBSI3-
ki A Bosiee ecTeCTBEHHBIM 00Pa30M, YeM JJisi BUXPEOOpa3HbIX, Ie B HEKOTOPBIX
CTy9asix IPHXONAIOCH BBOAWTH JOIONHATEbHbIE TpeBOBaHNS BPOJAE KOJLTHHEAD-
HOCTH BEKTOpPOB wj ¥ U, ¢ = 1,2, n1ub0 yBeIwyuBaTh KOJIMYECTBO ITapaMeTpOB,
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crpemanuxca K Hymo. C apyroit cTopoHsl, B oingne or paborsi [15], rae ucnonsb-
3oBaHa '"cMemaHHasA "HeBsI3Ka A, 3/1eCh YA2€TCA PELIATh IOCTABJICHHYIO B pasiee
2 3a7a4y 3a CUeT COBEPIIEHHO MHBIX (bAKTOPOB. VIMEHHO, MBI He TpebyeM Ternepb
HaJIMIUs CIeIMaJbHONR CTPYKTYpPBI apryMeHTOB KoadduuueHTHbix dyHKIuH (p;
ambo P, i = 1,2), uTo u36aBAsET U OT HEOOXOAUMOCTH IPEANOIaraTh ONpe/eIeH-
HYIO CBA3b MEX/Y CKODOCTSMH ¥U; W Upi,1 = 1,2, ONHAKO BBIHYXKJEHbl paccMa-
TPUBATH JHIIbL PUHUTHBIE DYHKIUHU, IPUYEM UMEIoIue CTPYKTypy "miaro", T. e.
CIVIa’KEHHBIX CIEIHAJbHBIM 00pa30M XapaKTEePUCTUIECKUX (DYHKIUNA HEKOTOPBIX
orpanuyeHHbIX obmacreit B R [7,14]. ;

3amevanue 4. PU3NIECKUN CMBICII IOy YEHHBIX PE3YJILTATOB B HEKOTOPBIX OT-
HOUIEHUSIX aHAJIOIMYeH (PU3UUECKOMY CMBICJY BUXPEBBIX ¥ BHHTOBBIX pacIpeje-
nennit pabor [12,14]. Tax, npeamonoxkenue (45) oTBe4aeT OKOJIOKHYACEHOBCKOMY
razy [3], a (44) o3HavaeT HPOCTPAHCTBEHHO-BPEMEHHYIO CTPATH(MUKAIMIO CMEp-
weit. Yro kacaercs mosegenusi dpuauTHBIX "miaaro"(41), (42), To oHO omuCHIBa-
er 00beKThl (CryCTKH) ra3a HENOJHON MPOCTPAHCTBEHHON Pa3MEPHOCTH, KOTOPBIE
10Apo6HO KiIacCHUIMPOBAHbl U MpOaHaIu3upoBasbl B [7,12]. B 1o e Bpems
CTPYKTYpa CMepdueii, paCCMOTPEHHBIX B J@HHOM paboTe, UMeeT W CyIIeCTBEHHBIE
OTAMYMs OT U3BECTHBIX paHee pacnpegesenuit. Umenno, npeanonoxenue (43) B
couyeranun ¢ (24) o3HaYaeT, YTO OCH IVIOTHOCTH 000MX B3aUMOJEHCTBYIONMX CMep-
ueif mepecekaiorcs mpu Beex t u f;,1 = 1,2 (cM. takxe 3ameganue 1), B T0 BpeMst
KaK UX OCH CKOpOCTeil, Boobuie roBops (T. e. JJisl IPOU3BOJIBHBIX Woj, § = 1,2), mpu
Bi = +00,i = 1,2 ymaadioTcss Ha GeCKOHETHOe paccrosiHue Kak Jpyr OT Apyra,
TaK ¥ OT COOTBETCTBYIOIIUX Ocel mioTHoctu Beiegcrsue (23) u (14). Takum 06-
pasoM, 06a cMepua, ocTaBasch "KorepeHTHbIMU'"B cMmbicie BhinosHenus (43) (3To
03HA4YaeT, YTO OHW COBIAJAIOT NPH HYJEBBIX t U I), BCe CHIbHee AedopMuUpY-
10TCs B mpouecce ux ocreiBanus (B; — +00,1 = 1,2) U 3aMeAeHUsT BPAIEHUS
(w,- oy O,i = 1,2).
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Asymptotic properties of global attractors for nonlinear
Mindlin-Timoshenko model of thermoelastic plate
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We consider a Mindlin-Timoshenko thermoelastic plate model with
nonlinear feedback forces. We prove the existence of a compact global
attractor and study its properties when the shear modulus tends to infinity
or zero. 2000 Mathematics Subject Classification 35B25.

i Introductipn

We consider the nonlinear Mindlin-Timoshenko model of a thermoelastic plate.
Assume that the plate has uniform thickness h and when in equilibrium its middle
surface lies in the bounded domain 2 C (z1,z2,0) with boundary 9%2.

The differential equations for the vector of angles of deflection of the filaments
v(z,t) = (vi(z,t),v2(x,t)) € R? the transverse displacement of the middle
surface w(z,t) € R, and the temperature variation averaged with respect to the
thickness 6(z,t) € R, where x = (z1,z2) € Q and ¢ > 0 are the following

aguy + Bovs — Av + p(v + Vw) + VO + V,@(v) =0 (1)
arwy + Brwg — pdiv(v + Vw) + g(w) =0 (2)
v0; — nA0 + fdivyy =0 (3)

Here the vector function V,®(v) = (8,, ®(v1,v2), 0y, ®(v1,v2)) and the scalar
function g(w) represent external forcing terms. The parameters ayg, a1, 3, Bo, f1,
1,7 are positive constants. The parameter u > 0 is the shear modulus. Operator
A has the following structure

% +3%0;,  H0unxn
k== ,
R
'1:'21’690112 Tuaazn % 332
where 0 < v < 1 is the Poisson ratio.
We impose initial conditions on the variables of the problem

o(@0) =w(), w(z,0)=w(), z€Q @
w(e,0) = wo(@), wi(z,0) =w(z), 0(z,0)=06o(z), z€Q

13
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and suppose that they are subject to Dirichlet boundary conditions
vi@,ty=0, w(z,t)=0 6(z,t)=0 z€dN, t>0 (5)

The Mindlin-Timoshenko model describes dynamics of a plate in view of (
_ transverse shear effects (see, e.g., [10, 11] and references therein).

i The long-time dynamics of some problems similar to (1)-(5) has been studied
i3 in previous works. In the paper [5] the existence of a compact global attractor for

it the Mindlin-Timoshenko elasticity and its upper semicontinuity in case g — oo

i are shown. The existence of a compact global attractor for problem (1)-(5) was (
’ proved in [7].

Our goal in the paper is to study the limiting properties of the dynamical

system generated by problem (1)-(5) when g — oo and g — 0. From mechanical
point of view the limit case 4 — oo corresponds to the absence of transverse shear,
while the limit situation g — 0 conforms to the plane strain [10]. Our first main
result lies in the fact that in limit case u — oo the long-time behavior of system (
(1)-(5) can be described by the problem

(a1 — pA)wy + (By — BoA)w + Aw + BAG+
div[V®(-Vw)] + g(w) =0,
v6: — nA6 — BAw; =0, (6)
wiz. =0, Ywlz.1) =1 Bzil=10 . 20 >0
w(:z,O) i wO(x)a wt(z, O) = 'u'l(x)’ 0(-'370) o 90(1') z €.

where w(z,1) is a scalar function on Q x R*. Problem (6) describes the dynamics
of a Kirchhoff thermoelastic plate, i.e. transverse shear effects are neglected (see,
e.g., [10]).

The second result consists in the fact that in the limit case 4 — 0 the long-time
behavior of problem (1)-(5) is partially described by the problem

apuy + Bovy — Av + VO + V, ®(v) = 0,
'70t - ’I]A0 & ﬂdiV‘Ut = O, (7)
v(z,t) =0 6(z,t)=0 z€0Qt>0
‘U(l‘,O) = 'UO('T)’ ‘Ut(:l,', 0) = ’01(18), 9(93, 0) == GO(Z)a z €,

which corresponds to the plane oscillation of a thermoelastic thin plate.

The paper is organized as follows. In Section 2 we introduce necessary
notations and formulate the assumptions on the nonlinearities. Section 3 is
devoted to the existence of compact global attractors for problems (1)-(5), (6),
and (7). Finally, in Section 4 and Section 5 we investigate the limit situations
4 — oo and u — 0 respectively.

2. Notations and preliminaries

Throughout the paper we will keep to the following notational convention. The
norm and the inner product in [L2(Q)]*, where k = 1,2 or 3, will always be
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indicated by || - || and (-,:), while for any other classical Sobolev space X of

functions acting on {2 we use the notations || - ||x and (-,)x.
Concerning the functions ¢ and g we assume the following:

(A1) g € CY(R),® € C%(R?) and there exist q; > 0, g2 > 0 and C' > 0 such that

19| < CQL+]2n);
1020 (2)| + 1030 (2)| + 10,028(2)] < C(1 +|I)

(A2) There exist by > 0 and b; € R, ¢ = 1,2 such that

D(z1,22) > —by,
G(z) = ofg(C)dC > —by + bolz|2.

(A3) There exist a; > 0,4 = 1,4 such that

—-a19(2) + V,2(2) z > —ay;
—a3G(2) + g9(2) z > —ay.

Problem (1)-(5) can be rewritten as follows

Puy + Mu, + Ayu + RO = F(u)
¥0r — A0 — Que = 0
wlemo = ug € D(AY?), ugls=o = u1 € [LA(Q)P Ols=0 = b € L),

where
—A+pl pv

Ay ( —updiv. —pA )

with the domain
D(Ay) = {u = (v1,v2,w) € [(H> N H) ()P}
It is clear that A, is a positive self-adjoint operator and
D(4,?) = [Hs (@)
Introduce also the operators
{R: Hy(Q) — [L*(Q)), RO = B(910,,0,0)}

and

{Q > [H&(Q)]S — Lz(Q), Qu = -ﬂ(31u1 + 32112), u= (ul,U2,U3)}.

It is easy to see that
(R,u) = (0, Qu)

(8)
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for any 6 € Hj(2) and u € [H}(R)]>. The operators P and M, defined by the

formulas
_afreglct pod Pekois
P—< 0 Ol][)’ M_( 0 ﬂlI)’

are bounded operators in [L%(2)]%. The nonlinear term is given by

_avj_@(vl, ?)2)

F(u) = [ —0y, @(v1,v2) :| . %= (v, 2, w). (9)
-g(w) _ sogd

Let us introduce the space
H, = D(AY?) x [L3(Q)]® x L*(Q)
with the inner product
([u1, w1, 61, [uz, u2,62]) &, = (A *uy, AY%uz)+ (P ?uy, P/ ?u3)+(61,62). (10)
Define the operator A, : H, D D(A,) — H, to be
0 I 0
Ay=| -PYA,+N) -P'M -PlR
1 1
0 5@ Z4
with the domain
D(A,) = D(4,) x D(AY?) x H? N HY(Q).
Here Nu = (0,w), where u = (v, w).
We set Z(t) = (u(t), u(t),0(t)) and Zy = (ug,u1,60) € Hy. Then, problem
(8) can be rewritten as follows

LZ(t) — AuZ(t) = f(Z(t))
@t Z((ﬁ)‘) ey (11)

where f(Z) = [0, P~Y(F(u) + Nu),0].
We also define the operator T : D(T) — L?(Q)

T =011 — apA

with D(T) = H? N H}(). Due to the H}(Q)-ellipticity of T we have by Lax-
Milgram theorem that T is boundedly invertible, i.e. T~ € £(H~1(Q), H}(Q)).
The operator T being strictly positive and self-adjoint, the square root T/2 is
well-defined with D(7Y/2) = H}(R). We also denote

B =1~ BA
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with D(B) = H? N H}(). Introduce an operator
D*w={A%w:we H‘{n H:(0)}

with a square root D, D(D) = HZ(f2). Note that D # —A on D(D). The problem
(6) then becomes

TJwy + Bwy + D?w + BAO = F(w)
0y — nAG > BRv, = (12)
wli=0 = wo € D(D), wilt=0 = w1 € D(TV2) li=0 = 6o € L*(Q),

where

F(w) = —=div[V®(-Vw)] — g(w). (13)
For problem (12) we introduce the space
Heo = D(D) x D(T?) x L3(Q)
equipped with the inner product
([wo, w1, 8], [Wo, 1, )3, = (Dwo, Diiig) + (T %wy, T?4,) + (6, 0)
and define the operator -
0 I 0
Apo=| -7-1D? -7-'B -p77'A
( 0 Ea 1A )
with the domain
D(As) = D(D?) x D(D) x H> N HY(NQ).
Now we can give an abstract formulation of problem (12)

4y (1) - ALY (t) = f(Y(2))

Y(0) = Yo. (14)

Here f(Z) = [0, T 1F (u),0], Y(t) = (w(t),w:(t),0(t)) and Yy = (wo,w1,0) €
e
Introducing the space

5o = [H? 0 HY(@Q)]? x [HY Q) x L*(®)
with the inner product
([vo, v1, 8], [0, 1, 6)) 3¢, = ((—A)?v0, (—A) %) + o (v1,v1) + (6, 0)

we also rewrite problem (7) in the abstract form

4X(t) - AoX(0) = f(X() (1)
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& where
& O 5 uta0
j 1 Ay = al—o-A —g%f —-C%V
i 0 Bdiv ZA

D(Ao) = [H? N Hy ()] x [H5 ()] x H? N H;(Q).

In (15) we have denoted f(X) = [0,-1/agV,®(v),0], X(t) = (v(t),ve(t),0(t))
and Xo = (vo,v1,6p) € Ho. ;

3. Global attractors and their properties

In this section we give results on the existence of a compact global attractors of
the dynamical systems generated by problems (7), (8), and (12). By definition
(see, e.g. [1, 3]) a global attractor of a dynamical system (S(t), H) is a bounded
closed subset 2 in the phase space H such that S(¢)2 =2 for all ¢ > 0 and

t_l_)linoo :gg dist(S(t)y,™A) =0

for any bounded set B C H .

We begin with an accurate description of solutions to problems (7), (8), (12)
and some preliminary results.
Definition 1 The function Z = (u,us,0) € L*>(0,T; H,) is said to be a weak
solution on the interval [0,T) to problem (8) with initial conditions Z(0) = Zy =
(uo,u1,60) € Hy if € L*(0,T; H}(Q)) and the relations

Ly I N :
— [(Pug,s)dt + [(AJ “u, A “p)dt + [(Muy + RO, 2p)dt
0 0 0

" of(Fm), W)dt + (Pus, $(0), (16)
= 0fT v(0, 7e)dt +n ({T (V6,Vr)dt - Of(Qut, 7)dt = v(6p, 7(0))

hold for any function ¥ = (v,44,7) € L*°(0,T; H,) such that ¥(T) =0, 7 €
L2(0,T; H}(Q)) and 7: € L2(0,T; H1(Q2)).

Definition 2 The function Y = (w,w;,0) € L®(0,T;H) is said to be a weak
solution on the interval [0,T) to problem (12) with initial conditions Y (0) =Yy =
(wo, w1, 00) € Hoo if 0 € L2(0,T; HE(Q)) and the relations

- T(trl/?wt, T2, )dt + f(Dw, Dy)dt + f(Bwt, ) dt
0 0 0

B [(8,Vy)dt = [(F(w), p)dt + (TV2wy, TH2(0)), ()
0 0

-y f(ﬂ, Te)dt + 1 f(VG, Vr)dt+ B f(th, Vr)dt = (6, 7(0))
0 0 0
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hold for any function ¥ = (¢, ¢, 7) € L*(0,T;Hs) such that ¥(T) =0, 7 €
L2(0,T; HL(Q)) and 7, € L2(0,T; H-1(R)).

Definition 3 The function X = (v,v,0) € L°(0,T;Ho) is said to be a weak
solution on the interval [0,T] to problem (7) with initial conditions X (0) = Xy =
(vo,v1,00) € Ho if 0 € L?(0,T; HY () and the relations

B T T,
—Og f(vh "/)t)dt & f(‘Aw, w)dt + f(ﬂO’Ut 5 /Bvea'(/))dt
6(t)) 0 b 0 0
= [(=Vu@(v),9)dt + ao(v1,%(0)), (18)
T ¥ 1 1 i
— [ (8, 7)dt +n [(VO,VT)dt + B [(divvg, T)dt = (6o, 7(0))
rs of 4 < g
ition hold for any function ¥ = (¢, ¢y, 7) € L*®(0,T;Ho) such that ¥(T) =0, 7 €
nded L?(0,T; H} () and 7 € L?(0,T; H~1(Q)).
Lemma 1 The operator A, (the operator A, or Ag) is the infinitesimal
operator of a Cy-semigroup of contractions Uy(t) (Ux(t) or Up(t) respectively) on
H, (Ko or Hp). Moreover, there exist independent of u constants My, My, Mo >
0 and €g, €1,€2 > 0 such that
(12)
1Uu() 2], < Moe™*||Z||n,, Z € Hy,
e 1Uso(D)Y s < Mie=[¥ 130, ¥ € Hoo, (19)
T IUo(t)X llato < M2e™%|| X|l3,, X € Ho.

Proof. We prove the assertion for the operator A,. The proof for A, and Ap
1s analogous. By the Lumer-Phillips theorem one can prove the existence of the
Co-semigroup of contractions generated by the operator A, (for details see, for
instance, [7]).

(16) : To obtain (19) it is sufficient (by the density argument) to prove that

NUL(t) Zo| 1, < Moe Y| Zo]|m,,

for any Zp € D(A,).
Tols Observe that if initial data belong to the domain of the infinitesimal operator
Ay, then Z(t) = U,(t)Zy € D(A,) and satisfies

veak d
— = . 2
e S2(t) = AuZ() (20)
By taking the inner product in (20) with Z in H,, we get
1d
5 =121, < ~IMY2u)? ~ | VO? — | Nul?, (21)
(17) Consider the functional

1
Vi(2) = 51121, + 6L(2),

_



20 “T.B. Fastovska

where i
L(Z) = (Put,u) + 5(Mu,u) (22)

and the parameter § > 0 will be chosen later. It is clear that there exists dg > 0
such that
d||Z|y, < Vi(2) < do|| 2|3, (23)

for all 0 < § < Jp, where the constants dj,d> > 0 do not depend on § and u.
Therefore,

dL(Z Ao
L) < /2w — AL ul? + 2670007 + gheivol®. (20

It is easy to see that
L(Z) < 1/2| PV 2uy)|? + 1/2| P 2ull? + 1/2)| MY ?u| 2. (25)
A simple computation yields

3(5 — D) | AY u)l? - Efdivo|l? = 3(6 — @) 15| V|2

k : (26)
+(3(6 — )52 — Dlldivoll + 3p(5 - P)llv + V| %

Collecting relations given by (21), (24)-(26) we get that the constants § and €
can be chosen for

ZVi(2) +eoV3(2) < 0 @)
to hold. As a consequence of (27) we deduce

Vs(Z(t)) < Vs(Zo)e™™*
for t > 0 and by virtue of (23) obtain the statement of the lemma.

Lemma 2 Let g = ma.x{ql,qg}.‘ Provided that F(u) is given by (9), there exists
a positive constant C such that for any 0 < o0 < 1

“P_]‘(F(Ul) - F(UZ))” S é’(l - ||u1 "?H&(Q)P h ”U2“EJH&(Q)]3)

(28)
llur ~ wa2llge (o3

1T~ (F (1) = Fw)llgee) < O+ lorlianmyey + Welipamy@) (g9
”wl P ’U)2||H1+a(9). _

This implies that f : H, — H,, fiHeo = Hoo and f : Ho = Ho are locally
Lipschitz mappings.

Proof. The proof is rather standard. For details we refer, for instance, to [8].
We have the following results concerning well-posedness of problems (7), (8),
and (12).
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Theorem 1 o Well-posedness Let assumptions (A1) and (A2) hold.
Then there exists a unique weak solution to problem (8) Z(t) = (u(t), w(t),
6(t))e C([0,T],H,) on any interval [0,T].

e Dissipativity Furthermore, problem (8) generates a dynamical system on
the phase space H, with nonlinear evolution operator SI'. If, moreover,
(A3) holds, then the dynamical system (H,,Si') possesses an absorbing
ball B with the radius R.

The analogous statements hold true also for problems (7) and (12).

o Uniform dissipativity The dissipativity radius R of the dynamical system
(Sy',H,) does not depend on p provided that there exists oo > 0, such
that u > peo or bg > 0. In case by > 0, there exists a constant C > 0,
independent of p, such that

lwllz29) < C. (30)

Proof. The proof of the existence of solutions is rather standard (see, e.g. [7]),
therefore we will not place it here. To prove the existence of the absorbing ball
consider the functional

Vs(Z(t)) = E(Z(t)) + 6L(Z(1)),

where

B(2(t)) = 1/22(0)1f, + [ 2(o(®)dz + [ Glu()ds.
Q

Q

Applying the same arguments as in Lemma 1 we acquire
Vel 2
1Z(@)I%, < e *M||Zo|l3" + Co,

where Cp, e, M > 0. ;
We will denote a ball of radius C' in the space H, centered at zero by B(C).
If [ Zo|lg, < R: there exists a positive constant R > Cj independent of R; such

that S¥Zy C B(R) for any t > 1/eIn(M Rf"'q /(R? —Cj)) . The proof is complete.
Relying on the Ceron-Lopes method [2] in the form presented in [4, 6] one can

infer the following result

Theorem 2 Under assumptions (A1)-(A3) the dynamical system generated by
problem (8) ((7), (12)) possesses a compact global attractor 2, (AKX or AP
respectively) whose fractal dimension is finite.

For details see also [7, 8].
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4. The limit case y — oo

In this section we investigate the properties of the attractors for problem (8) when
the parameter u tends to infinity, i.e. we will assume throughout this section that
there exists i > 0 such that p > pe. In order to prove the upper semicontinuity
we need auxiliary results on the uniform boundedness of the family of attractors
A, in higher-order spaces. From this point on C denotes a positive constant not
depending on the parameter p. First, we note that if 4 > pe > 0, it follows from
the estimate

4y %ull < C (31)

that there exists 6’1 > 0 not depending on u such that

“‘U”[Hl(g)]z 8 “w“HI(Q) Chr. (32)
By dissipativity and (32) we get that estimates
Sup{llv( Wima ez + M@l ) + lvell + llwel® + 1617} <C - (33)
’ L
sup|lv + V|| < —C 34
sup o+ Vol < (34)

hold true for any full trajectory Z(t) = {u(t), u(¢),0(t)} from A,,.

Lemma 3 Let assumptions (A1) - (A8) hold and there exists pioo > 0 such that
Moo < W, then the estimates

Sup{llvttll2 + [Jwaelf? + [lvell? mi@p + l6:l1%} < C, (35)
P:lel]g “'wtnyé(n) <C, » (36)
Syp 101l zr2nmy 0y < C, (37)
o lwll g2nmy @) < O, (38)
1
sup ||v; + Vuyl| < —C 39
ltellI{Il t ¢l v (39)

hold for any full trajectory Z(t) = {u(t),us(t),0(t)} from A,, where u(t) =
{v(t),w(t)} and C does not depend on p.

Proof. We introduce the function X" (t) = (uh(t), ul(t),0"(t)) = $[Z(t+h) —
Z(t)], where uh(t) = (v"(t), w"(t)), which solves the problem

d 522 ol
72" — AuZ" = fM(2())

xM0) = %[Z(h) 4

f
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Here f"(Z(t)) = (0, P~Y(:[F(u(t+h)) — F(u(t))] + Nuh), 0). Since the trajectory
belongs to the attractor we have that

X"(t) = j Un(t = &) fa(€)de.
Then, by Lemma 1 )
IX* @), < C j e-f°“-f>(||%[F(u(£ +h)) = Fu@)]]l + llw"|)dé  (40)
By Lemma 2 and (3;())°we obtain

t "
IX* @), < C / €406 |y (€) | o o
—00

for any 0 < o < 1. Since there exists poo > 0 such that pe < u, we get using the
interpolation inequality and (33) that

: h
X0l <€ [ e 02 [ ule+Olldgde +ersup IXa(r)lm,, (41
—00 0 £

where £, > 0 can be chosen arbitrarily small. Selecting an appropriate £; we get

IX*@®)a, <C. (42)

Passing to the limit A — 0 in (42) we obtain (35), (36), and (39). It is easy to
infer from (3), (33), and (35) that

A8 < CIBI2 + llvelgg oy < ©

and we obtain estimate (37).
Provided g > poo >0

lawl? < C(lldivoll* + llg(w)II? + lwel®) < C. (43)

This proves the lemma.
Now we can state the main result of the section.

Theorem 3 Let the assumptions (A1)-(A3) hold. Then for any 0 <o <1

sup distyco (y,Aoe) = 0, p — 00,
yEA,

uhere 3¢ = ([E}~* (VP x [H*~* 0 HY(@)]) x [HI~7 (@) x HX1=) and
Ao = {y = (_VwOaw()’ —VU)1,UJ1,00) : (wo,wlveo) € 2lK} ;

Here AK is the compact global attractor of the dynamical system generated by the
problem (12) in the space Hoo.
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Proof. We base the proof on the idea presented in [9]. Assume that the
statement of the theorem is not true. Then there exists a sequence {u"} — oo
such that u" > peo for any n € N and a sequence Z™ € 2= such that

disty, (2", %) 2 €, n=12,... (44)

for some ¢ > 0. Let Z"(t) = {u”(t),uf(t),0™(t)} be a full trajectory in 2yn
passing through Z" (Z"(0) = Z"). The functions Z™ satisfy equations (16). It
follows from (35)-(38) that the sequence {w™(t),6™(¢)} is uniformly with respect
to n bounded in the space

= (Cona(®; (H? 0 H3)() 0 O (B; HY(©)) 1 Cg(Rs LA()) x
(Cbnd(R; H?Nn H} Q)N C,md(lR L‘(Q)))

Hence, by Aubin’s compactness theorem [12] {w"™(t),8"(¢)} is a compact sequence
in the space

Wi = (C-T.TH >~ n HY(@)) n (=T, T} By~ ()
x ([T, T}; H*( =)

for every T' > 0. Estimates (33) and (35) yield that the sequence {v"} is uniformly
with respect to n bounded in the space

€2 = (Cona(R; [Hy ()]?) N Cpng (R; [Hg (D]) N Cora(R; [L2(2))?).
Thus, we deduce that there exists a function {w(t), ©(t)} € €; such that

w* = w weak-* in L®(R, [H? N H}]())
= wy weak-* in L®(R, H3(Q))

wi* - wy  weak-* in  L®(R, L?(9))

0™ 56  weak-*in L®(R, H?N HL(Q)).

(45)

and

n . 2
dim mas ([l (8) = W i-rye) + I0F () = welOlFa-e )
+ 1167 (t) — Ot 320-0y =0 (46)

for any 0 < o < 1. Analogously, the sequence {v™} is compact in the space
C(-T,T);[Hy~ 7(Q))2) N CM([~T,T); [Hy~°(2)}?). Moreover, by (34), (39) we
get that

lim max {”’Un,c G VW” Hl—a-(n)lz e ”U?k - VWt"[Hé—o(Q)]z} =) (47)

k—oc [-T,T)

for every T' > 0. By the trace theorem we infer from (47) that

Jim [[o™ -+ Vwllizzaay2 =0,
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therefore,
Vw|sn = 0.

We can choose functions 9 and 7 in (16) of the following form: ¥(t) =
(=02, h, =0, h, h) - p(t) and 7(t) = 7-p(t), where h € HZ(Q), 7 € H}(R) and p(t)
is a scalar continuously differentiable function such that p(7') = 0. By (34) one
can deduce (see [4]) that

(Agu™,¢) = [—v(divo™, Ah) — (1 — V)S{[lev{"‘ - 02 h+ Ogyvp* - 82,0 b
+ (2, v5* + O2,v7*) 0z, 2, hldz]p(t).
Therefore,.passing to the limit k — oo we get
YA &
lim [ (Auu™,p)dt = / (Aw, Ah)p(t)dt.
0

k—o00
0

By (47) and Lemma 2 we pass to the limit in the nonlinear items
T T
lim [ (div[V,®(w™)], h)p(t)dt = / (div]V, (—Vw)], R)p(t)de
0

k—o0
0

and

7 5 T
Jim / (g(v™), h)p(t)dt = / (g(w), W)p(t)dt.
0 0
Observing (45) and (47) we get

. f(:rlﬂwt, TY2h)p!(t)dt + f(Dw, Dh)p (t)dt
0 0
- }(Bwt + BAG, h)p (t)dt = f(?'(w), h)p (t)dt + (‘Tl/zwl, ‘J’l/zh)p (0), (49)
0 0
- [2(0,mp ()it + 190+ Tw,, 9r)p (9t =7(00, )p 0.

One can deduce from (49) that {w(t),©(t)} is a weak solution to the problem
(12) possessing the properties

sup{ () 32y ey + IOl ) + 10O sy} < O

and

Vwlaq = 0.
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Consequently, {w(t), w(t),O(t)} is a full trajectory to (6) which belongs to the
attractor A%, Thus, it follows from (46) and (47) that

nlkiglo{“’vnk (0) ” VW(O)"[ZHg—o(Q)]z + ”wnk (0) T w(o)”%ﬂ—anf_{é Q)

IO 0) + POy g+ 197410) ~ WO
: +”0nk (0) ™ 9(0)“}12(1-6)} =0

and we obtain a contradiction to (44).

5. The limit case y — 0

In this section we investigate the properties of the attractors of problem (8) when
the parameter u tends to zero. Throughout this section we assume that there
exists pp > 0 such that g < pp. -

Lemia 4 Let assumptions (A1)-(A8) hold. If g3 =0, by > 0, and there ezists
wo > 0, such that p < o, then estimates (35), (87), and

sup |[v[l g2nmz ) £ C (50)
teR

hold true.

We apply the same arguments as in Lemma 3. Then, from (40) we infer

t
IX*®) s, < C / e~ (Jlv™(€)llge @y + ™ (O)dE,

which leads to (42). Thus, we obtain estimates (35) and (37). In case p < pg
estimate (50) is obvious. :

Theorem 4 Let g =0, by > 0, and assumptions (A1)-(A3) hold. Then for any
i< o<l

sup distsg(y,%7) =0, p—0, (51)
yeuy®

where H§ = [H2=7 N HY(Q))2 x [H} ™ (Q)]? x HX1~°) and

mz,ﬂ T {3! & (v01v1)60) : (’U(),'U)(),'U],’wl,eo) € m#} 2

Here AP is the compact global attractor of the dynamical system generated by the
problem (7) in the space Hp.
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Proof. We assume again that the statement of the theorem is not true. Then
there exists a sequence {1} — 0 such that u™ < g for any n € N and a sequence
Z" € Uyn such that

distag, ((v™,v},0"),%4F) >, n=1,2,.. (52)

for some € > 0. Let Z™(t) = {u™(t),ul(t),0™(t)} be a full trajectory in 2 n
passing through Z™ (Z"(0) = Z™). The functions Z"(t) satisfy the equation (16).
It follows from Lemma 4 that the sequence {v"(t),8"(t)} is uniformly with respect
to n bounded in the space

€3 = (Cona(R; [(H? N HY)(Q)]?) N Gy (R; [HG (A)]%) N CFy(R; [L2(Q))%))

(Cona(R; H2 N HE () N C4(R; L2(R))).
Hence, by Aubin’s compactness theorem {v"(t),"(t)} is a compact sequence in
the space

W, = (C([-T,T); [H*~° n Hy () N C([-T, T); [Hy~° ()]?))
x C([-T,T); H*1=))

for every T' > 0. Thus, we deduce that there exists a subsequence {v"*(t), 6™ (t)}
a function {v(t),©(t)} € €3 such that

v — v weak-* in L®(R, [H2 N H}2(Q))
vk = vy weak-* in  L®(R, [H}(Q)]?)

vt = v weak-* in L®(R, [L2(2)]?)

0% - O  weak-*in L®(R, H2 N Hi(Q)).

(53)

and
Jimmas (o™ () = V() Paormyays + I0E*(0) = e y-e oy

+ ||0"*(t) - Q(t)"?cfz(x—a)} =0. (54)
for every T > 0. Notice also that owing to (34) for any ¢ € [H}(2)]?
ut (" + Vu,¢) - 0, n— oo.

Therefore, choosing in (16) 9 = (¢, 0) and using the arguments analogous to those
given in Theorem 5 we get that {v(t),©(t)} is a weak solution to the problem
(7) possessing the property

ig]g{”v(t)”?ga(n)]? + Ve @ Iz + 1072 ()} < C.

Consequently, {v(t),v:(t),O(t)} is a full trajectory to (7) which belongs to the
attractor 2AF. Thus it follows from (54) that

nlkigo {”'Umc (0) - V(O)”[ZHZ-anH‘;(Q)]z + ”'U?k (0) - vt(o)”[ZHé—v'(n)]z
+ (16" (0) — 9(0)||§{2(1-v) =4
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and we obtain a contradiction to (51).

The lack of the uniform regularity for the displacement w with respect to the
parameter y does not allow to trace the asymptotic dynamics of this variable in
general case. However, if the g(w) is a linear function the following statement
holds true.

Proposition 1 Let all conditions of Theorem 4 be satisfied. Let, moreover, g =
Kw, where K > 0. Then for any o > 0

sup |lyllig-oyz =0, w©—0, (55)
yey

where A} = {y = (wo, w1) : (vo, wo,v1,w1,0) € A}
Proof. Let there exists a sequence {u"} — 0 such that u™ < yg for any n € N
and a sequence Z" € Ay~ such that
lwi' | - ) + lw" || -0 () > €. (56)

We infer from (33) that there exists a subsequence w™ and a function w such

that
wy* — wy;  weak-* in  L®(R, L2(2))

w™ — w; weak-* in L®(R, L%(Q2)) (57)
and, consequently,
wiRw™ — 0; weak-* in  L%°(R, L2(Q)). (58)
Moreover, by the Aubin’s compactness theorem
lw™ —wllg-o@) =0, [wi* —Wellg-c (@) =0, k— o0 (59)

for any o > 0.
Consider a functional

Ws(w, we) —lelg T4 ”w”H—l + 8[(we, w) -1 + —HwHH 1]-
It is easy to see that
Cr(|lwllf-s + llwllg-1) < Wa(w, wr) < Co(lwlf-1 + [wliF-1)
and where exists € > 0 such that
SWau™, wit) + eWa(w™, wi*) < u o™ + V|
(i -1 ) + W™ -1()) < VE™C
Passing to the limit ¥ — oo and denoting u = (w, w;) we obtain

lu) -1y < e P uls) -1y

Letting s — —o0, we get u(t) = 0. Therefore, by (59) we obtain a contradiction
to (56). This proves the proposition.
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Xapvroscxuti Hoyuonarvnwd Ynusepcumem umenu B. H. Kapasuna, Yxpaura

IocTpoena GyHKIMOHAIbHAS MOIENb JJIs HPOU3BOJIBHOINO OraHWYEHHOTO
HEeCaMGCONPSKEHHOTO OIepaTopa, JeHCTBYIOLIEr0 B CHJILOEPTOBOM IIPO-
crpaicree H. JluccunaTHBHOCTL ONEpaToOpa HE MPEANONaraeTcd. ITa MOo-
Jeiib apisAoniercs obobmenneM dbyskuuonansnoi mMoxenu B. C. Ilasnosa u
peaIu3yeTcsi ONIepaTOpPOM YMHOXKEHMs Ha He3aBUCHMYIO IEPEeMEHHYIO B Be-
COBOM IPOCTPAHCTBE XapIy B IIOJIOCE.

2000 Mathematics Subject Classification 47A45.

Kax mzsecTsO [1], CHEKTPaJIbHBIM Pa3IOKEHHEM AUCCHIIATUBHOIO OTPAHIYEH-
HOTO 0omeparopa A NPHHATO CYMTATh ero (PyHKIMOHANBHYIO Mogeab. IlocTpoenne
bYHKIMOHAILHOR MGIETH OCHOBAHO HA M3ydYeHMU YHUTADHON mutaramuu Uy [7]
IUIsT TONyrpynnel cxatwit Z; = exp{itA}, npu stom Z; = PgUi|y nna Bcex
t € Ry. OyHKIUOHAJBHAA MOJENb, KOTOPasi Peaji3yercsl OepaTopoOM yMHOMXKe-
HUS Ha HE3aBUCHMYIO IIEPEMEHHYIO B CHELUaIbHOM IIPOCTPAaHCTBE (byHKIHUM, 6a3nu-
pyeTcst Ha MCCJIEJOBAHUYM M3BECTHOH cxembl pacceanus . Jlakca u P. @ummnca
[5]. Pazmaunble GyHKIUOHAIBHBIE pEAIM3ANUY TAKOM MOe U ObLIH TTOTy4eHsl B.
C. Masaosev [12], B. Cexedanssu-Hagem n Y. @oautem [3] u JI. ne Bpamxewm -
x. Pousikom [11] n nsomopduel ApyT ApyTY.

ITonbiTKM HOCTpOeHHA (DYHKIMOHAJIBHBIX MOJesefl JJjis TPOU3BOJbHBIX PaB-
HOMEPHO HENPEPBIBHBIX HOMyrpymn Z; (IOpoXKAaeMBIX OTPAHUYEHHBIM HECAMOCO-
IPSIKEHHBIM OIepaToOpoM A) HATAJIKUBAJIKCH Ha CYIIECTBEHHbIE TPYAHOCTH, OJHA
73 KOTOPBIX COCTOMT B TOM, 4TO mmnartauus U siBiasercs reneps J-yHUTAPHBIM
oneparopoM, U JUy = Uy JUY = J (J — unBosmonus ), a jis Takux U coekTpass-
Hble Pa3JIOyKeHUsi, BOOOLIe roBOpsi, OTCYTCTBYIOT. B maHHO# paboTe, OCHOBHIBAACH
Ha pesyabratax [l], monydena dyskumonansHas Momgens s A060# paBHOMED-
HO HENPePHIBHON HOMYTPYHNbl Z; (CKUMAEMOCTh KOTOPOH HE IPEJIIIOIaraercs),
obobmaromas dyskuuonaapayio Mmogens bB. C. ITasiosa.

VHTepecHo OTMETHTH, YTO B ITOM CJIy49ae BMECTO TPAJMUIMOHHOIO IPOCTPAH-
crBa L? BO3HUKAET MOJIEILHOE POCTPAHCTBO, KOTOPOE IIPeICTABIAET COBOM Kiace
Xapau H? B mosoce ¢ OnepaToOpHBIM BECOM.
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I. HaniomuuyM, uro yepes [H, G| npunaTo 0603Ha49aTh MHOKECTBO OTPaHUYEH-
HBIX JIMHEHHBIX OIIepaTOpOB, AeHCTBYIOUMX U3 ruibbeproBa mpocrpancrsa H B
rus0epToBo nmpocTpancTso G.

CoBokynHocTh ruiibbeproBeix npocrpancrs H, E, u oneparopos A € [H, H],
¢ € [H,E], J € [E,E], tne J — uusomonusa, J = J* = J~!, nazeisaerca [1]
JIOKJIBHBIM y3JIOM

A=(AaH9‘P’EaJ)’ (1)

€CJIN BBITIOJITHAETCA ycnonne
A— A* =ip*Jo. (2)

Kax ussecrno [1], moboit oneparop A € [H, H] moxer GbITh BKIIOYEH B y3ea A
(1), (2).

PaccmorpuM JmHeitHOe MHOroo6pasue BekTop-pynkuuit f(t) co 3HaueHMAMH
B runsbeproBom npocrpanctse G mpu t € [0,7]. O6o3naunM depes L%o T)(G)
ruab0epTOBO IPOCTPAHCTBO, MOIYYEHHOE B Pe3y/bTaTe 3aMbIKAHHS JAHHOIO MHO-
roobpasusi BeKTOp-yHKIHIA 0 HOpMe

5
1717 = / 17 (8)]12:dt < oo.
0

Orkpoitas cucrema Fa = {Ra, Sa} HaspiBaercs [1] accomuupoBaHHON OTKPHITOH
cucremoit yaimom A (1), eciu Ra u Sa 3amaiorcs popMyiamu

[ Ba (ho,u(®) = h(0)
ot { Sa (ho,u(t)) = (hT,'U(t)); te [0, T]. (3)

IIpu stom h(t) asasierca pemenneM 3amaun Komm
.d i
3 { iZh(t) + AR = ' Jul) o <i<T) @
(0)

a orobpakenue S 3amaercs hpopMysIaMu

s s g

rae h(t) — pemenue 3azaun (4).

Teopema 1. ITpednorooicum, wmo h¥(t) u (h,’},v" (t)) — obpasv. omobpasice-
nuti Ra (4) u Sa (5), accoyuuposannoti ¢ yaaom A (1) omxpwmoti cucrnemvi Fa,
K0206 8LOJAMU ABAAOMCA (h’g,uk(t)) , k = 1,2. Tozda cnpasedrueo pasencmeso

N T
(b, K) it + / 1)) pdt = (hb, h3) + / (Jol(t), 0% () pdt.  (6)
0 0
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JoxazaTeIbCTBO 9TOM TEOpeMbl IpuBeLeHO B [1].
B tom ciyvae, korma hg = h} = h2 u u(t) = ul(t) = w?(t), Mb momyuum
CIeyIOUHH BasKHbIA 3aKOH COXPAHEHUS SHEPreTHYECKOro bajanca
T 7 i

1ol + / (Ju(t), u(t)) dt = [|hr||* + / (Ju(t), v(t)) dt. (6")
0 0
JloxkampHbIN y3eu
At= (_A*vHv(p7E1 J)

Ha3oBeM [1] JBOMCTBEHHBIM JIOKATBLHBIM y3j0M 1m0 orHOmeruo K A (1). Accomn-
upyem ¢ At orkpeityio cacremy FF = {R},S1}, xoropyio MBI HazoBem aBoOit-
CTBEHHOM OTKPBITON cucTeMoi mo orHomenuio K Fa = {Ra, Sa}, (3);

[ RE(, () = At |
T { i onity 2 ol &
IPH 3TOM :
Ry { iZh(l) + AB(®) = ¢ IO (o < 4 < 1. |
g+ . { u(t) = () +iph(t);
Al ho = h(0).
Hns orkpeiroit cucremst (7) Takxke cnpasegussl hopmysisl (6), (6').

Ecma H, = span{A"yp*f;f € E,n € Z.} cosnagaer ¢ H, H = H,, 10 y3en
A mp1 GyzeM Ha3bIBaTh IPOCTHIM y3J10M [8].

II. Oneparop-dynxuus Z; € [H, H] aprymenta t € R., Ry = {t e R: ¢ > 0}
Ha3bIBAETCs NOIyrpynmnoi [2], econ
Z0=I, Zt+s=Zt‘Z3.

Ecnu Z; menpepsisHa B paBHOMepHO# Tonosioruu H, 1o Z; = exp(itA), rae A €
[(H, H] — urduanTe3nManbHbIH onepaTop noayrpynns: Z; (2] 3agaerca dpopmyioit

e sOnmlaed,
t—0 t

[onyrpynma Uy, geficTByiomas B OPOCTPAHCTBE H, HA3BIBACTCS JUJIATAIAEH IIO-
ayrpynnst Z; B H [3], eci

HDH; Zi= PgUlyg (t>0), (9)

rae Py — opronpoexkrop Ha H. Jdunaranms U; HasbiBaeTca yHuTapHOU [3], ecym
U; yuurapua mpu kaxzaoMm t € Ry. Jwraramus Uy 8 ‘H nonyrpynnsr Z; B H
Ha3bIBAETCS MUHUMAJIBbHOMN [3], equn

H = span{U;h : h € H,t € R}.
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O6o3naunm yepes M suHeitHy0 060/109Ky BeKTOP-DYHKIHI BUIA

f(E) = (u+(£)’h’ 'U.._(f)), (10)

rie ut(§) — BekrTop-pynkuun u3 E rtakue, uyro suppus(f) € Ry, a h € H.
Bagagum Ha M HOpMY :

0 oo
IFI? = / Ilu+(£)II%d§+||h||2+/llu-(£)||%d€ < oo. (11)
) 0

3ampikanne MEHOroo6pa3ust M B 3T0#t MeTpuKe U 06pa3yeT ruIb6epTOBO MPOCTPAH-
CTBO, KOTOpOe MBI 0603HauuM depe3 H. Hepe3 Pps obosuaunm [1] omeparop cy-
XKEHHs Ha MHOXKeCTBO M, a MMEHHO:

(Par£)(€) = F(€)xa (£)s

rae X, (§) — xapakrepucrudeckast bynkuus mHoxkectsa M (M C R) (x,,(¢) =1
npu £ € M, u x,,(§) =0 upu £ ¢ M). Onpenenum B H J—wmerpuxy, (J.,.), rae

Jf(&) = (Jus(§), h, Ju_(£))- (12)

Bagazanu [1] B mpocrpancree H nomyrpynmy Uy, -

(Utf)(g) = ft(é.) = (u+(t7§)1h’t5u—(t’ g))a (t . 0)

Bexrop-byukuums u_(t, &) umeer Bua:

u_(t,€) = Br,u—(€ +).

Pacemorpum 3amauy Kommu

{ i) + An(E) = ¢ TPCaou-E+ 05 ¢ (L, o
ye(—t) = h;

u mostoxxum hy = y4(0). Haxowrer,
uy(t,€) = uy (€ +t) + Pyoy{u-(€ + 1) — iy (€)},

rae yi(§) — pemenue 3amaun Komu (15). Beegem merpuxy

O = [ (Tur(©),ur (@) p e+ AP + / (Ju_(€), u_(€)) .
R

Ry

[TpoBepum uzomeTpuunocTh U; B 3TOH MeETpHKE:

0
(Uf)? = (ful€)? = / (T (8, €), wa (8, £)) d€ + [hell? +
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(Jlu—(€ +1) = ipye(E)], u- (€ + 1) — iy (€)) d€ + [|e]® +

—£

: / (b (7 ) eckbuiiielns / (Jug (€ + ), ug (€ + 1)) dE+
0
0
4k

- / (Ju_ (€ + ), u_(€ +0)) dt = / (Jus€), up (6)) dé+
0

00 t

+ [ (Fu(©)u-@)de + / (Ju_(€),u-(€)) de + |I12 = ()3

t

ITpu 3TOM MBI BOCIIONBE30BAIHCH 3aKOHOM COXpaHeHus (6) A/ OTKPBITOH CHCTEME
(15), (16)

(Tl (€ + 1) — io(E)], u_ (€ + 1) — ipne(€)) d€ + |2 =

‘L\o

i

= / (Ju_ (&), u_(€)) dé + K12,
0
KOTOpasi acCOLMUPOBAHA C Y3JI0M

A= (A, H,p E,J).

Honyrpynna U; massiBaercs J-yrurapHoit |1, ecm U yuurapsa B J-mMeTpuke
(17), To ects
UL JU = J, W ) V. (18)

Hoxkaxewm, uro U; (13) sBasercs J-yHuTapHON AmiaTanyeii nosyrpynnsi Z; =
exp(itA). To, uro U; siBnsierca momyrpymmoit mpu ¢t > 0, — oveBmano. Kpowme
Toro, uro U; gBasieTca guiaTanueit Zy, Tak Kak CJIeAyeT U3 TOr0, YTO

PrU(0,h,0) = (0, he,0) = Zh,

noromy uro hy = exp(itA)h, B cuny 3azagu Komm (15). Ocranocsk mokazare J-
yaurapraocts U (13). das sroro Beraucaum Uy u npoBepuM uzomeTpudHOCTh Uy
B Merpuke (17).

(wn©,F©), = (10.7/©), =

0

(Fu-(6+8,a-©)de + (i h) + [ (Jus(t,0), 54(0)) de =

-00
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00 0
= [ u-@a-6 -0y ae+ (k) + [ Tur(@)anle - o) det
t 00

0

+ [ lun (1) = i (@), 5 (€) de.
Le
Jlerko BuneTs, aro y;(§), pemenne 3amadn Koum (15), umeer Bug
£
w(€) = expfi(€ + ) ATk — i [ expliA(€ - 0))¢"Tu (6 + t)ds,
ot

£ € (—t,0). C ygerom 3TOr0 yrnpoCTUM CJIELYIOUIEe BhIPAYKEHHE:

(he,B) / (7 [u— (€ +1) — ipue(©)], 4 (6)) de

0
= < l:exp(z'tA)h - i/exp(—iAH)cp*Ju_ (6 + t)d0:| ,7z> .

-t

+/ )2 (€ — 1)) ds—z/um —8), ¢t (€ — 1)dE
0

= (nz;R)+ / (Tu_(), (i€ —1) + i0Zf,_ohY) de—

0

t 4
—i/ <J {Zgh —-'l:/Zg_g(p*J’u,_(e)de} ,90*’(7.4.(6 ol t)> dé' =
0 0

a I1oCjIe 3aMEHbI OPAJKOB HHTEIMPUPOBAHUA IIOJYyYUM, 9TO
t
= (hhe) + [ (u_@) L€~ &)+ ipm(e) de
0

Mpu srom hy = §:(0), a BekTOp-byHKIMs: §4(€) UMeeT Buy,

t
1(6) = exp[iA*(€ ~ O]+ [ Zp_y" Tus(6 - 010, (19)
r i
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rae ¢ € (0,t). Takum o6pasom,

0

(©D©.F©), = [ Gus©,are-t)de+ (nhc)+

—00

o
+ [ (T (@), (-6~ ) + P {86 - ) + isin(©}]) de.
0
Cnenosarensro, Uy onepenengercs B H ciexymonmm o6pa3om:

U 1)€) = Fu) = (2 (,6), hs, 8- (1,6)), (20)

rmae

iy (t,€) = Pr_iiy (€ — 1),

a hy = §:(0), bynxmus xe §,(¢) (19) sBasercs pemrennem 3amaun Ko

{ "Ez%ﬂt(ﬁ)j A = " TPous = o g ).
Gi(t) = h;

1 HaKOHeEIL
i-(t,§) = 4 (€ — t) + Py (G- (€ — 1) +ip5:(E)] -

OrmerumM, yTo KOHCTPYKIHA U OcHOBaHA Ha OTOOPa’keHHMAX ABOMCTBEHHOU
orkpsiroit cucremer FY (7),(8), a ans Hee mMeer MecTo 3akoH coxpanenus (6'),
KOTOpbIH u obecrieunBaer J-uzomerpudnocts Uy (20). Takum o6pasom, gokazana
TEeoOpeMa.

Teopema 2. oayepynna Z; = exp(itA) e H, ede A — oeparuvernuii onepa-
mop ¢ H, obaadaem J-ynumaprot dusamayuet Uy (13) 6 H (12).

INI. ITopnpocrpancrea Dy u D_ B H BaswBaiorcs [5] yxoqaumuM U npuxois-
oM noanpocrpascTBamu rpynnsl Uy B H B cmeicie II. Jlakca u P. @uanmnca,
ecmD_ 1L Dyn

UuD,cD, (VteR,);

UtD_ CD- (Vt€Ry). (21)

OrMeruyM, Y4TO NOANPOCTPAHCTBA

Dy = {f(¢) = (u+(£),0,0) e H}; D_ ={f(£) = (0,0,u_(¢)) € H}

SABJSIIOTCS YXONAUIMM M IPUXOASIMM noanpocTpancTBaMu 1ist Ui, Kpome TOro
AMEET MEeCTO

H=D,0H®D_. (22)




OyHKIMOHAJIbHAA MOAedb I1aBioBa 37

3amaauM B rusib6epTOBOM MIPOCTPAHCTEE
o0
L4(E) = {g(e) e BreeR: [ lo(@)lbdg < oo (23)
—00

cBO6OAHYO [7] yHUTAPHYIO IPYTIy CIBUIOB

(Vig)(€) = g(£ +1). (24)

EcrecTBennoe 0TOXKIECTBIEHUE II03BOJIIET CYUTATh, uT0 Dy = Lﬁ; (B) C LE(B).
Onpeznemum [7] BonzoBbIe oneparopsl W,

W-"-F =8 - t—l)lf‘:noo UtPD;V_t. (25)

Herpyzauo Buzers [1], 4T0 UMEIOT MECTO cIeAYyIOMINE BaXKHbIE COOTHOIICHHUSI:
WiPp, = Pp,, UWi=WiV; (t€R). (26)

Hoxaxkem cymecrBoBarue W_ (mus W paccykaeHusi HOCAT aHAJOTAYHBIN
xapakTep). Paccmorpum nonpenensuoe seipaxenue W_(t) = UyPp_V_; (t > 0).
JokasaTenscTBo cymecrBoBaHust W_ OCHOBaHO Ha TOM, 4TO MOCIEN0BATEIHLHOCTD
byHkIMI

f(t,6) = W_(t)g(§) = UPp_V_49(¢) (27)

apigerca dynraMenTaabuol B H npu t — 0o. Paccmorpum
2
1AL =1l fr4a — £l = || (UeraPp_Vot-a — UsPp_V-4) g(&)||” =

= |U: (UaPp_V_a — Pp_) Vosg(©)||® = ||U: (UaPp_V-_a — Pp_) g(¢ — )|

Teopema 3. IIpednoaootcum, wmo J = I. Tozda eoanoswie onepamopv Wy
(25) cywecmeyrom u aeamomea usomempuamu us L (E) 6 H. npu amom umerom
mecmo coomuowenus (26).

Hoxazameavcmeo. IlokaxkeMm, aro nocienosarensHocts f(t,€) (27) ssasercs
dbynaamenTasbHOM B npocrpancTBe H. elicrBurensHo, B cuiy yHuTapHoctu Uy
3aKJII09aeM, YTO

IAFN < ||(UaPp_Vea — Pp_) g(€ = t)||*

Herpynso Bugers, 9To
(UAPD_ Ko o PD..) g(& % t) s (’U(A,&), hA,O) )

rpe

va(§) = Pa) {9(§ — 1) —iphe(€)}, (28)
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ha = h(0), a hy(¢) — pemenne 3agaau Komm

[ d
{ i@ + 4h() = 0"Pan9 — 1) ¢ ¢ (_n (). (29)
he(—4) = 0;
CrnenosaresnbHo,

0
|(UaPp_V-a - Pp_) g(¢ - t)||” = [ / lva(€)I1* dé + nhA||2] :
~A

Bocnonpsyemcst 3aKOHOM COXpaHEHHS JIsi OTKPHITON cuctemsl (28), (29),

0 0
[ lea@l? de + linal* = [ lgte - vlaz,
= —-A

HOTy YUM
0 —-A

IAFI? < / lg(é — £)]12de = [ lg€) 12de,
A LAt

Ilocennee Buipaskenue crpemurca k 0 mpu ¢, A — oo, Tak kak g(¢) € LE(E),
nosroMy nocaenosarensocts f(t,€) (27) asnserca bysgamentansaoi. U3omer-
puunocTs W_ BBITEKaeT U3 COOTHOLICHUS

IW-()g()1> = IUsPp_Vosg(©)I1* = | Pp_V-1g(&)II* = /Ilg(f — t)||%d¢ =
0

- / lo(€)l1Bde
-t

B pe3yJbTaTe Iepexoja K mpejeny, Korga t — co. Teopema qoka3aHa.

Ilycte J # I. VIsygum BOIIPOC CyLIECTBOBAHHS BOJIHOBBIX OIIEPATOPOB B 3TOM
cnyqae. Kax ussecrso [6], qnsa Uy umeer mecto onenka ||Ui]| < eft rne >0, u
3HAYUT

IAfI? < 2P ||(UaPp_Voa - Pp_) g(€ - 1)|*-

HerpyaHo BumeTs, 4T0
(UAPD_V—A = PD—) g(§—1t) = ('U(A,E)JlAaO) ’

rue

va(€) = P-a0) {9(§ — 1) — iphs(£)}, (30)
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ha = h(0), a ht(€) — pemenne 3agaun Komn

.d *
{ i (©) + Ah(E) = S TPCa09dE i s Cag).  (31)
ht(—A) = 0;
CrenoBaTenbHO,

0
¢! | (UaPp_V_a - Pp_) g(¢ - t)||” = €** [ / llva(€)I1? d¢ + ||hA||2} -
~A

OueBnzHO, 4TO

loa(@)lI® = (va(€),va(€)) = (Jva(€),va(€)) + (I — T)va(é),valf)) =

= (Jva,va) +2(Q-va,va);
rue 2Q+ = I & J — opronpoexkTops: B E, Torga

0
L onid [/ (Jua,va) d§+2/(Q UA:”A)‘if"‘“hA"z:l =

=—A

i .
: [/(Jg( —t),9(& — 1) d§+"/(Q vmm)lﬁ}

=A

(3,zxe01> MBI BOCITOJIb30BAJIUCH 3aK0H0M COXpaHeHHs JI/1 OTKpPhITOH cucrembt (30) —

(31) f (Jva,va) dé+|hall? = &(Jg,g)dﬁ)- Tax xax |(Jg, )| < |lgll?, nva(f) =

Po.Ua (0.0, Ps,09(6)), 10 Ioa(®ll < ¢ [Fang(@], # @ v <
lv)l? < €%#2||g]|?. TIosTomy

0 0
lAfI? < e [/ llg(€ — t)|>d¢ + 2¢*4 / llg(€ — t)l|2d€} =
SR -A

= & (1+26%2) / lo(€ — 1)l1%ds = / g€ IPds (9% 4 26280+)) =

-A-t

= 528D / lolde,

At
TaK KaK

; 2t z BEHD) _ 2B(t+9),
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rje 0 — HeKoTopoe yucio, Takoe 410 0 < § < A.
ITo Teopeme 0 cpemHem,

&3 -1
/ lgliPe2e6dg = e2et+) / lgl2de,

—~A-t -A—t

roe 0 <y < A. Bruibepem a > 3, Torga

t—ro0

-t = .
lim {3&"“*‘” / ||gnzd£} < lim [ae““*” / HgHQdﬁ} (0 <, < A),
o0
—t—4 —t—A

B CIeJ0BATEIHHO
tl_lfg | fe+a — fell =0,

eCIn

~t
lim [3' / ||g||2e_2°‘5d§jl =0. (32)

t—
-A~t

OnpejlenuM ruis6epToBO NPOCTPAHCTBO

0 o0
L (B,a”) = {g(é) €EE:{eR / e~ 27 ||g(e) 5 dé + / lg(&)lI%de < oo},
—00 0

(33-)
rae o~ > [3. Ouesnzno, uto w3 g € L} (E,a) caemyer (30). Taxum obpasom,
e ” > B > 0, o gna dynkumit g(€) u3 LE (E,a”) npegen W_g(£) (25)
CyLLECTBYET.

IIpumensisi aHAOTUYHBIE COOOPAXKEHHsI, OTHOCSLIMECH K CyIIECTBOBAHMIO OIe-
paropa W, (25), mbl momyumm, yro npegmen Wig(€) cymecrsyer, ecnu g(£) €
Li(E,a™), rme

00 0
14 (B,0*) = {y(&) cBigeR; [ gk + [ @)kt < oo};
0 —00

(334)
rae at > B’ > 0, npuuenm ||U_q|| < €'t
Uz ceoitcts J-ynuraprocru (19) munarammm U ansa mocrenosaTebHOCTH
f(t,€) (27) nomyaum, aro

(TF(,€), F(8,€)) = (JPp_Voeg(€), Veg(E)) = / (J9(€), g(6)) de.
.5

CreoBaTe/IbHO, UMEIOT MECTO

(JWiv, Wor')gy = (Jv,v") 12(E);
(JW_u, W_u')y = (Ju, u,>L2(E)
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s mobeix u, u' € LE (B,a™) (334) uv, v’ € L (E,at) (33.).

Taxum 06pa3oM, Mbl HPUXOAUM K CIEAYIONIEMY YTBEP:KIHHIO.

Teopema 4. ITycmv daa dusramayuu Uy umerom mecmo ouyenxu |Uyl| <
ePt, U_sll < €, 20e B, B > 0. Tozda CYWECMBYIOM BOAHOBVLE OTLEPATNOPDL
W_ u Wy (25), deticmeyiowue coomeemcmeenno us Lk (E,a*) (384+) u us
L (E,a™) (83-) (20e o~ > B, at > B') & npocmpancmeo H, W obaadaiom
J-usomempuunocmoio (34), npu amom umerom mecmo coommowenus (26).

Oneparop paccesrus S onpesenuM [5, 7| cneayromum o6pasom:

S=WiWw_ (L% (E,a”) - L} (E,a"). (35)
[nsa oneparopa paccestHus S BHIIOIHSETCS [1] COOTHOILIEHHE

SV; = ViS. (36)

IV. BaxubiM coiictBoMm oneparopos Wy (25) siBasiercs yenosue mosHOTSI [1].
Jlemma 1. Ecau ysea A (1) npocm, mo eoanoevie onepamopv. Wy (25) obaa-
darom ceoticmeom noaroms

H =span{W_L3 (E,a”) + W4 L§ (E, o)} (37)

JokazarenscTBo jemMsl npu J = I npusezseno B [1], a gust J # I HoCHT
AHAJIOTMYHBIHA XapaKTep.

Paccmorpum orobpaxenue By, us L} (E,a™)+ L (E, o) B npocrpancrso H,
3agasaembie POPMYJIO

Byf = By ( f;; ) =W_f-+Wifs, (38)

e f+ € L3 (E o), f- € L (E,a™). U3 nemms! 1 creayer, 9TO Jisi IIPOCTBIX
y3n0B A obpa3 omeparopa B, mmoren B H. Kpome rToro, mpoobpasnt moampo-
crpacts D_ u D (21) npu oro6paxenun By (38) umeror Bua

el - il bl e

B cury (25). OueBuHO, UTO

- [ ([ e (10)-(58) e @

—0o0
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I0O3TOMY €CTECTBEHHO OIIPeAe/IuTDb I‘I/IJIb6epTOBO IIDOCTPaHCTBO

zom={ro=(48) rocnEa),

f+(8)
¥ (41)
£+(6) € Ta(B.a%); [ (W1, ©mords < o0
rae W, B cuty (40), umeer Bug
W*w_. W:W.
W= [ A W:W: ] ! (42)

Boruncinm 6oxn oneparopa W (42), BocmonbzosaBmuch (34) u (35), a Taxxe
TeM 06CTOATETHCTBOM, 4TO HHBOIIOUMY J, JE IpeacTaBisioT cobol pasHOCTH Co-

I
oTBercTBYyIOmuX oprompoexTopos @Y — Q~ (QTQ™ = 0), rne Q* = 5(.7 7}

QOueBuaHO, YTO
WW_=W*JW_+W (I - J)W_=Jg+2WQ W_ =
=I+2W:Q " W_- - Qg).
ABajoru4HBIM 00pa30oM,
WEW_ = WiIW_ + 2WiQ W_ = JgS + 2WiQ W- =
=S+ 2WiQ W_ - QgS)-
IMostomy omeparop W (42) MoXXHO 3amucaTh B BHJIE

fx) S2 W2Q W.-Qp WIQW,-5Qg

W - + 2 * — —E * Sid _E I 43

[S I] [W+Q W_-QpS WiQ™W:-Qp v
KOTOpLIK B ciydae cxatus Z; (Q~ = Qp = 0) mmeer Tpanuuumonnsbiit [1] Buj

I .8

W= [ 1% ] |

13 coornomeruit UyWi = W1 V; (26) ciexyer, yro gunaranus Uy B npocTpaHCTBE
L2(W) (41) meficTByeT TPaHC/ISIMOHHBIM 00pa3OM—

Usf (&) = f(€+1). (44)

QueBuaHO, UTO B CHIAY CTPYKTYDBHI NPOCTPAHCTBA Juataimuu H (11) u suga
D_(E), D,(E) (38) B npocrpancrse L2 (W) (41) ucxoauoe npocrpancrso H u30-

H,=Li(W)eo ( Lz, () ) , (45)

MopdHO

L (E)
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a JefiCTBUE IOJYTPYIIBl Z; MPeobpa3yeTcs B MOIYyTPYIIy CABUIOB
2.1(6) = Py (€ +1), (44)

rae f(&) € Hp (45).

Taxum obpasom, mokazaHa TeOpeMa.

Teopema 5. Munumaavras J-yrnumapras duaamayus Uy (13) 8 H (11) no-
ayepynnu Zy = exp{itA} e H, 2de A — enoane-necamoconpasicénnoil onepamop,
yHumapro axeusasenmna zpynne mpancasyutt Uy (44) 6 npocmpancmee Lg(W{\)
(41), a noayepynna Zy IKBUGANENTNHA, COOMBEMCMEEHHO, NOAYZPYNNE cdeuz08 Zy
(46) 8 npocmpancmee Hy (45).

Ormerum, uro B ciiyuae cxkatus Zy (|| Zqh|| < ||h||) mbt npuxoxum K u3BecTHOU
MozenbHo# peanm3auuu B. C. ITassosa [10].

V. Pacemorpum 1ipeobpasoBanne Pypbe

o

FO) = / e f(6)de (46)

—00

U3 reopemsr Bunepa — Ilsnu [9] ciepyer, uto
I3,(B) = HX(B), L} (E)=H}(E),

ae H3(E) — npocrpancrsa Xapmu [1, 9] E-3naunbix BekTop-ynkuuit f(A) Ta-
KHX, 9TO

o0
L / 1F (2 + iy)ilde < co.
+y>0
— 00

O6parnMcs Temeps K ruibbeprosy mpocrpanctsy L% (E,a™) (33-) u pas-
NOKUM Kaxkaylo dyrkmuio u(k) w3 TOrO IPOCTPAHCTBA HA JIBEé OPTOrOHAJIb-
upte komnonenTol, g(&) = g—(&) + g+(&), upu sTom suppg+ C Ryi. Jlerxo su-
geth, uto §_(\) — @ypwe-o6pas g_(£) romomopdHO npojomkaem B obmacTy
{z =1z +iy: y < @™}, 9ro xe Kacaercs g4 (A), To 0ueBHIHO, 4TO G+ (A) € H2(E).
Takum o6pasom, byaknuu G4 () u §—(A) mmeroT 0b1uryo 061acTh ToI0MOPhHOCTH
—monocy {z=z+iy:0<y <o}

O6osnaunm [9] uepes H(Za’ﬂ)(E) — npocrpancTBo E-3naunbix GyHkuui f(A)
TAKUX, 4TO .

o0
sup / 1 (@ + )13 < oo.
a<y<ﬂ_°o

Takum obpasom,

L% (B,a”) = H} 0)(B) @ HY oy o-)(E) = H -y (E). (a7_)
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AnasoruuaeiM 06pazoM, nrm&rqaem
L§ (B,a*) = HE ,0)(B) ® H]_ 44 o) (E) = H{_ o+ 5(E). (474)

Yro6B!l MOMyYHTh (DYHKIMOHATIBHYI0 MOZEIb HONYTPYNNbl Z;, HE0OXOAMMO
ocymecTBuTh npeobpasopanne Pypne (46) Haa TPAHCIAUMOHHON MOJAENBIO, IO-
aydenHo#t B m. IV. JIna sTtoro BHavase CaeLyeT BHISCHHTH, BO YTO MEPEXOAUT
nocie npeobpazosanust Pypbe S-oneparop. Ilpexxae Bcero, naliaeMm sSIBHBIR BHI
onepatopa paccesiuust S = WIW_ (35) 8 L (F,a™). U3 onpexeserus BOTHO-
BBIX onepaTopos Wi (25) creayer, uro :

S=s— lim V_tPD+U2tPD_ V_.t. (48)
t—00

Iycrs g(€) € L (E,a™), Torma
V_tPp, UstPp_V_sg9(§) = V_+Pp, Ux(0,0, Fr, 9({ — 1)) =

= V—tPD.+ (vt(€)1 h’t,PR+g(§ i t)) = 'Ut(€ e t)7
rae vi(€) = P_ar0){9(€ + 1) —ipye(§)}; y(§) amnaerca pemennem 3anaun Komm

. d j )
{ ?y;if) FA0 = I ¢ oy
Yt\—4t) = U5

a P(_g4) - OTIEPATOp yMHOXKEHAS HA XaPaKTePUCTAIECKYIO dYHKIHIO MHTEPBaIa
(—2t,0). OueBngHO, 4TO

¢
ye(€) = —i / A= p* 7g(n + t)dn,
-2t

[I09TOMY
£

ve(€ — 1) = Py § 9(6) — / e D" 1g(z)dx
+t
Taxum o6pazoM, moCe NpeaeabHoro nepexosa t — 0o (48) okoHYATEIBHO TOTY-

YUM
3

S9(e) = 9(6) - / e A" To(z)dz. (49)

+—00
Jannas GopMmyia IOKa3bIBAET, YTO S ABJISIETCS HHTErPAIBHBIM OIEPATOPOM ¢
SIPOM, 3ABUCANIMM OT PA3HOCTH, YTO MOJHOCTBIO COTVIACYETCS C TPAHC/SI{AOHHO]
unBapuantHocteio V;S = SV; (36). Beraucium Temeps mnpeobpasoBanue Pypbe
(46) ot Sg — :

00 (3

7 = HA ) e [ Mg / A€ Tg(z)dz =
—00

-0

|

[
|
|
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0
BS0) - / P g / "Mt Tg(y+€)dy = §(0) - / e AN gy o* T ().

—00 —00

Ocraioch BEIYUCIUTE HUHTerpaJi

0
/ ey gy
“ 00

Ecm A € C- (Im A < 0), To oueBuHO, 9TO

0
/ e ey = (A — AL,
-0

Hcnonesyst nemmy Pary [3], mocte npeaesboro nepexoaa npu Im A — 0 nmonyunm
OKOHYATEIbHO, YTO

Sg = Sa(NF(N), (50)

e Sa(A) = I —ip(A — M) "1p*J — xapakrepuctuueckas dbynxmums [8] ysma A.

O6parumcs Teneps K nHaxoxaennio Pypse-06pazos 6aokos siapa W (43). Bei-
aucmm Wy = WXQ™W_ — Qp, A4 3T0ro, MCIonb3ys J0Npe/ieTbHOe BhIpaKe-
uue Uy Pp_V_; nst W_ | mosmydum, 910

Q™ f1(&) = (Qzu+(t,8),0,Qzu_(t,€))

rae fe(§) samana dopmymnoit (27), u—(t,£) = Pp_g(£); ut(t,§) = Pt 0){9(§) —
iy (€)}, a ye(§) — peruenne 3amaun Komm

{i%m@f+A%@%=WJﬁﬂmﬂ0;fep%ﬁ% (51)
ye(—t) = 0;

nputem g(¢) € L3 (E,a”). Herpyano Bugers, uro pemenue 3agaun Koum (51)
UMEeT BUJ

¢
m&=4/44¢@mw.
~t

&
u(t,€) = P_4,0) {9(5) —ip (i/ze—w*n]g(@)de) } ;
L3

Torma

0 3HA4YUT

0
Qpu+(t,€) = Qp / uy(t, e~ Mde =
~t




46 B. A. Bonorapes, O. B. Posymenxo

gy -t ~t o

0 0 I3 -
=Qf [ f e~ Mg(€)de — / e N / €044 75(8)dbde | |

ITocne mpenensHOro mepexona mpu ¢ — 0O MOMYYUM, 9TO

0 0 7
Qzu+ = Qg [L(x\)—so / bl / e Wt Jg(y + £)dE | =

0
=Qfg {m()\) 4 / e‘iAyei’\ydyw*J§+(>\)} = QpP+Sa(N)g+(N).

B panbreiinieM, 9To6nl HE 3arpOMOXKIATE UHIACKCALUIO, '{epes P, u P_ 6ynem o6o-
3HAYaTh OPTONPOEKTOPH! B IpoCcTpaHcTBax H, (20 A% )(E) u H? (—a+,0) (E) na noampo-
CTpaHCTBa Xapan (PYHKURH, aHATUTHYECKH NPOAOIKAEMBIX B BEPXHIO U HHXK-
HIOKO IIOJIYILJIOCKOCTH COOTBETCTBEHHO. TakuMm 06pa3oMm, IMOIydaeM, 9To

Wi19(€) = SA(NQpP+Sa(Ni+ (V) @ Qpd-(N) — Qpa(N) =

= {SAQN)QpP+Sa(A) — Qp} g+ (V),

¥ 3HAYUT B pe3yibrare npeobpasosanus @ypbe (46) 6iox Wi 1 mepexoaut B ome-
paTop YMHOXEHUS! Ha Oneparop-(PyHKIHIO

Wii9(€) = {SANQEPLSa(N) — Q5 } Prg(A). (52)

Ananorudnsle paccyxgenus auas 6moxa Woo = WiQpWy — Qf oneparopa W
(43) nmoka3bIBAIOT, YTO

Wasg(€) = {JeSa(NQEP-Sa(NJe — @5} P-§(N). - (89

BeraucimM, vakonen, @ypre-obpasd mna 6iaoka Woy = WIQzW_ — QpS. et
CTBUTEJIBHO, TaK Kak

Q-W_g(&) = Qpd-() ® QpP-Sa(Ng+(N)

U, COOTBETCTBEHHO,

Q~Wag(6) = QpP-JeSA(NTed-(A) ® Qpd+ (M),

TO MBI OyJeM HMETH

War9(8) = JeSa(NJIEQpd-() © QpPrSa(Nis (V) — QaSa(Ng(\) =

= {~JeSa(\)QpP- + QzP+Sa(N) Py — QgSa(N)} §(N).




—
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A ecnu yuects (36), TO moc/Ie HECIOXKHBIX MPeo6GPa30BaHUit MBI TOJIYYHM, YTO

W219(€) = Jp {QpP-Sa()) — SANP-Qp} §(N). (54)
Cymmupyst monyuenusie popmyssi (52) — (54), NpUXOAUM K CIeAyIOMEMY yTBEp-

XK JIEHUIO.
Teopema 6. IIpeobpaszosarue Pypve (46) deticmeue onepamopa W (48) ne-
pesodum 6 onepamop ymHodcenus na onepamop-pynxyuio W) :

Wa(€) = W(NF(N), (55)

20e (&) € LE(W), g(\) € H(20,a—)(,E) + H(Z_a+;0)(E). Onepamop-gynxyus W (\)
npu amom umeem 6ud

| wos ol WP Bl

2de
Wi = {SANQgP+Sa(N) — Qp} Py

le o {SZ()‘)P—QE S QEP—SZ()\)} JE;
War = Jg {QzP-Sa(\) — SANP-Qz};
Was = Jg {Sa(NQpP-SA(\) — Q5 } JeP-;

Sa(A) — zapaxmepucmuneckan dynxyua ysaa A, Py u P_ — opmonpoexmopoi
) na nodnpocmparcmea Xapdu, omeevaroujue eeprHeli u HudCHET NOAYNAOCKOCTIU

=

e 1
0MHOCUMENDHO COOMBEMCMEYIOWEtt NoAOCH, U, Haxoney, Qp = §(I - Jg) —
opmonpoexmop.

OueBuano, uro npeobpasosanue Pypoe (46) orobpazkaer ruis6epTOBO IPO-
crpancrso L2 (W) (41) B mpocTpascTBO

d mw) = {rm= (50 ) emp @),
2

o (57)
f+ () € H 4 o) (B); / (WONFON), F))dA < oo} ,

0

rae W(z\) nmeer Buj (56). Jdanee, oueBnao, uro auraranust U; B npocTpaHCTBe
H2(W) (57) 6yner umeTsb BUL

Uef(X) = eMf(N). (58)
[IpocrpancTso I?p (45) B arom ciy4ae OygeT UMETh BHJ

H?(E) ] ;

~

(59)

By =008 | it
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~

Hakoren, nonyrpynna Z; u onepatop A B MOJelbHOM HpOCTpaHcTBe H, (59)
OyayT 3a1aBaThbCs (popMyaaMu

Zef(N) = Py e™f () Af(N) = Pg Af(). (60)

Takum 06pazom, MBI HIPUXOAUM K CIEAYIOILEH Teopeme.

Teopema 7. Murumansvnas J-ynumapnas dusamayua Us noayepynnu Z; =
exp(itA), 2de A BMOAHE-HECAMOCONPAICEH, YHUMAPHO IKEUBANEHMHA PYHKYUO-
naavnoti modeau Uy (58) 6 npocmpancmee H2(W ), a Z; skeusarenmmua Z; (60) 6
npocmpancmee Hy (59) u, naxoney, A sxeusasenmen A (60), coomeemcmeenno,
6 Hy (59), 2de Sa()) = I —ip(A — MI)"tp*J — zapaxmepucmuseckas Gynryus
y3aa A.

‘B cayuae cxarna Z; (Q = 0) OTCYTCTBYET BTOpOE C/IAraeMoe y W(A) (56),
9YTO U NPHUBOJUT K XOPOIIO H3BeCTHO# dyHKnuonansHo# Mozenu B. C. ITasiosa
[10].
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Bicauk XapKiBCbKOro HamiOHAJILHOTO yHiBEPCHTETY
Cepia "Maremarnka, IpuKIa Ha MATEMATHKA i MexaHika"
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HrerpanbHoe ypaBHEHUE 380891 3JI€KTPOCTATUKY JJIST
cdepuyecKoro CerMeHTa U AUJIEKTPUIECKOrO 3aKPYIJICHUS
KOHYCa

B.A. Pesynenko

Xapvroscxuti Hayuonaavnet Ynueepcumem umernu B. H. Kapasuna, Yxpauna

MeTomOM peryJsisipu3aluuy BhIAeJeHa W OOpallieHa riiaBHas JacTh ONEepaTo-
pa 337a4K MEKTPOCTATHUKH JJIsi CPEPHYECKOrO CErMEHTA, TIOTPYKEHHOIO B
JIN3JIEKTPHYECKOe 3aKPYTIVIEHIE KOHYCa,. DTOT MeTo 6a3upyercsa Ha MCHOb-
30BAHHHM TEXHUKH KOHTYPHOIO MHTErPHPOBAHUS M MHTErPAJIbHOrO mnpebpa-
3oBanus Tuna AGena. B pesysnbrare nomydeno 3¢dpeKkTHBHO paspenmmmoe
uHTerpasibaoe ypasuenue ®pearomsma Il poga ¢ KOMIAKTHBIM OIIEPATOPOM
B runsbeproBoM npocrpascrse La (0, ). Pacemorpens: yacTubie ciiyyan mo-
CTAHOBKY 33a4H.

2000 Mathematics Subject Classification 65N12, 35A25,78A45.

1. Beenenme. B smrepaType mo MaremaTrnueckol ¢usmMKe, NIEKTPOHHA-
MHKe, 110 TeopuH AudPaKUUH U3BECTHO HEMHOIO PaboT, MOCBAMIECHHBIX PELICHHIO
‘ 3a/1a4 3/1eKTPOCTATHKH JUId C(hepAuecKoro CerMenTa B IPUCY TCTBUM GECKOHEYHOTO
konyca [1] - [4] . BmecTe ¢ TeM, aKTyaJbHOCTh TAKHX 3a7a4 CJIEAYeT, B YaCTHO-
CTH, W3 TOTO, YTO CepHUeCKHii CEIMEHT SBJSETCH XOPOIUEH MOJENBI) MHOIHX
YCTPOHCTB: aHTEHH, Pe30HATOPOB, Y3JIOB BOJHOBOJOB. JIM/IeKTPHIECKOe 3aKPyT-
JIEHHe KOHYCa MOXKeT GBITh MOZENBI0 KOXKyXa /IeKTPONPHOOPOB. 3a3eMJICHHBIH
KOHYC MOXKHO PACCMATPHUBATh KaK MOJCTHJIAIONLYIO [IOBEPXHOCTE C OCTPBIM BBICTY-
noM. MHOTOYHC/IEHHbBIE IPAMEHEHUsT ChepHYeCKuX W KOHHYECKUX [OBEPXHOCTEl
CTHMYJIUPYIOT Da3BUTHE METOMOB PEILIEHHs IPSMbIX ¥ OOPATHBIX 3334 MaTeMa-
THIEeCKOH (DU3MKH, 3MeKTPOAUHAMUKYA U Teopuu xudpakumu [5] - [10] va paccma-
' TPUBAEMBIX TTOBEPXHOCTHX. 1
IIpy amammuse 3aja4 SM€KTPOCTATHKH BHIOMPAIOT MOJENM CO CPABHHTENBHO
rebombImMM YucIoM mapaMerpos. IIpu 3ToM BhIOpaHHBIE HApaMeTPhl JOJIXKHBI
ONHCHIBATH OCHOBHBIE XapaKTEPUCTHUKA MOJEIMPYEMBIX OOBLEKTOB M XapaKTepH-
CTHKH MaTE€PUATBHBIX CPEJi, OKPY>KAIOUIUX OObEKTEL.
[enbio nanHO#M paboTH! SBIAETCS NPUMHHEHHE METOA PeryIpU3alyi 3a0a9K
SIEKTPOCTATHKH JIsi CCHEPHIECKOrO CErMEHTa, IIOTPYKEHHOTO0 B JUIEKTPHIECKOe
cepuueckoe 3aKpyryieHIe KOHyca. B pe3ynbrare peryispusanuy 3aa9a OThICKa-
HHUS PACIIPefeIeHHs IEKTPOCTATUYECKOr0 IOTEHIYAIA B TPEXMEPHOM IIPOCTPAH-
CTBE CBEJIeHAa K DPENIeHHI0 UHTEerpaisHOro ypasHenust ®pexronsma 11 poma mis
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BenoMoraresbHol gynkiun. OnepaTop HHTErpabHOTO yPaBHEHHS SIB/ISETCS KOM-
nakTHbIM B npocrpancTBe Lo(0,7),0 < v < . B pabore nokazana, B 4aCTHOCTH,
s dexTHBHAS PA3PEUIMMOCTD IOy YeHHOI0 MHTErPATLHOIO YPABHEHHs, a TAKIKe
PacCMOTPEHBI HEKOTOPBIE CIydYad MOCTAHOBKH 3aJa4H.

B nanmnoit pabore mpumenen meros [1]-[5] u passuto ero o6obmenue na Gonee
CIOKHYIO 3339y TEKTPOCTATUKN C HEOJHOPOJHBIMY AUJIEKTPUYCCKUMH CPea-
MH, OKPYKAIOIUME CHEPAIECKUH CErMEHT U KOHYC.

2. ITocranoska 3amayu. Ilycrs menTp cdepuyeckoro cermenTta, cepude-
CKOTO 3aKpyIVIeHHsl KOHYCa ¥ BepIIHHA OECKOHEYHOr0 KOHYCa IIOMELIeHbl B Hada-
JI0 JIeKapToBOoif M cdepuyueckoii cucreM Koopaunar. Ilosaraem ap - paguyc cde-
PHYECKOrO CermMeHTa, fy - IMOSPHBIN yroj, U3Mepsomuil cermMeHT (Ha cermeHTe
0<6 <6 ), a- paguyc cepudeckoro 3akpyrieHuss kKonyca (a; < a), y - yrou
packpeiBa KoHyca ( fy < ). ITomaraem, aro norenuuman V cepudeckoro cermenta
sagad n V # 0, uro morennuan xonyca Vp pasen nyio (xonyc 3a3emiés). Ilycrs
JUAIEKTPUYeCKas IPOHUIAEMOCTh Cpesibl (Marepualia), u3 KOTOPOil U3rOTOBJIEHO
chepuueckoe 3aKpyriaeHusi KoHyca ecTb € # 1. Ilycrs BHe 3akpyrvieHusi W BHE
KOHyCa /IM3JIeKTpUYecKas NPOHUIAeMOCTh Cpebl paBHa €9 U €9 # 1. IlycTs cde-
PHYECKUI CEMMEHT SIBJISIETCH MA€AJIbHO NPOBOAAUM (€ro IpoBOJUMOCTE 0 = 00).
[losaraeM MaTepuanbHyIO Cpeay BHe cermenTa Henposogsamei (o = 0). Ilycrs B
npocrpancTBe R Boigenensl Tpu obmacti: 0 < r < @, a < r < aj, T > a;
ast Beex Tpéx obuacreit 6 € [0,7], ¢ € [0,27]. Bropuysble MOTEHIMAIbBI B 9TUX
obiacrax npeacraBuM psgamu Dypre:

1 o0
up = : ;Anr”"P,,n(COSO), 0Sr<ua, (1)
1 (o e]
ug = — ZBnr"”"‘lP,,n(cos 0), a1 <r<a, 2
£
n=1
1 o0
i 1; Carl® B, (c080), " ay'str <'g; (3)
1 oo
Ry L ;Dnr"”"‘lP,," (Cos@), T>a, (4)

[TosHbIe MOTEHIMABI JOMKHBI YI0BJIETBOPATH ypasHenuio Jlamraca Au = 0, rpa-
HIYHBIM YCJIOBHUSIM, B YACTHOCTH,

o lcosl) =N O=vy, NP3 ..., 98f < oo (5)

n

duy = ‘a[uz el u3_]_

be b g = < .
r e SR ay, 00 g Y (6)

usfug=u4, r=a, " 0<60<1. (7)




52 ‘ B.A. Pe3ynenxo.

[ToHbIe MOTEHIUAB] JOIXKHBI BCYe3aTh Ha Geckoreunoctu kax O(1/r), r — 0o, u
YIIOBJIETBOPATH YCIOBUIO KOHEYHOCTH HHTErpaJia SHEPruH B JII000H OrpaHndeHHOM
o6macty npocrpancTea R3. Tpebyerca Ha#fTH MoHbIE TOTEHIHUALI BHE KOHYCA B
TPex paccMaTpuBaeMbIx obiactsx. B rakoif mocranoske 3a.;1aqa 3J1eKTpoc'raTnKn
nMeeT eMHCTBeHHOe peruesne [11]. el

3. @yHKIMOHAJILHBIE YpaBHeHus. [na peurenus 3aJadYd HNOCTDOUM Iap-
HBIE CYyMMaTOPHBIE PYHKIMOHAIbHbBIE yPABHEHUA OTHOCUTEIBHO HEU3BECTHRIX KO-
sqduumentos By,n > 1 norennmana ug (2). Jis 570ro CHadaga MCHIOIL3yeM
rparugsbie yenoeusi(5)-(7). B pesynbraTe mosyyuM BCIIOMOTaTe/bHbIE YDABHEHUA

- Z Bia7™™ 1P,,n(cose) WY - Z 10 ol 2 (cos f), 0<6<8b. (8)

n~1 n-.l

[(=vp — l)Bn_al_”" ~2 iy a'{"‘l( Cn)] e (Cos6) =0, 6y <8<.

: : (9)
I/chmoan u3 ypaBHeHnn (8) 9) xoadbdunments Ay, Cn, =g ®, 3pav(1)-
(4). Jlns3T0ro ¥3 rpaHUYHBIX' YCIOBHI no.nyqaeM cHCTEMY 3-X yPaBHEHUI C TpeMs
uenssectabiMu Aj, Cp, Dp, n = 1,2,3,... .Cucremy 6yznem pemarh 110 IHPaBuy
KpaMepa Se :

e

n=1

1l

o] Az 8
A’ A’ A’

nas koroporo (10) cnpenemarem A, A;, 4 = 1,2, 3 BeruncauM Huxe, B (11)-(14):

Ap = Cn = D (10)

ai®  —ai" 0
A=| 0 wvpan! (p+1a»? | =aa eylvn +e (v +1)].  (11)
0 ‘o<l gtin—lgrd
Baai = onny arelf 0
A1 =| Ba(vn +1)a""2 ppa®~1 (vy 4+ 1)a™n 2
Bjia=srl —a¥n gl

Fabludts on o 2evn + (n + )]+ ara™ B +1)(e - 1)}, (12)

| a;" B,,al_”"'1 2 b
‘ As=| 0 Bpwp+1a 2 (vp+1)a»2
i 0 BaaTve! Y o
i = Bpa{*(vn + a3 —1). (13)
|

1 v
| ai* —ai* Biap*rl ,

As=]| 0 wvpa® ! Bu(vn+1)a"2 | = B,(2v; +1)aj"a™>. (14)

| 0 —a™ Baarl
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[loncrasnm xoapdunuentor Ay, Cp (10)-(14) B ypasrenus (8),(9). B nonyuesnnix
YPaBHEHHUSIX BBeJIeM 0003HAYEHHS

B2 o o M) puyo,

e , 15
garn t " evp+eo(vn+1) \a (15)

B wrore ycramaBnimBaem rpefyemble mapHble CyMMaTOpHBIE (DYHKIMOHATLHBIE
YPaBHEHHS OTHOCHTEIbHO HEM3BECTHBIX Koaddummentos X, (15):

o
n ooh A [1 ¢ ag“] P, (cos®) =V, 0<8 <6 (16)

=2l

Wk

(2vn +1) X, Py, (cos8) =0, 6p <0 <1. (17)

3
]
=

4. NurerpanbHoe ypaBaenue II poma. Cucrema (pyHKIMOHAIBHBIX YPaB-
nernuit (16),(17) siBnsiercst cucremoit I pona mo dynkuusam Jlexxauapa ¢ gpobHbIM
WHJIEKCOM Uy, 1 > 1. IIpsiMble YHCIeHHBIE METOABI PEIIIeHHs] TAKUX CUCTEM Hedd-
dexrusnbl. o cux 1mop obiero Meroja pelneHus: Takux ypasHeHuit Her. CpegeM
3aja4y orbicKaHust Koaddunuento X,, n > 1 (15) K pemenno uHTErpaIbLHO-
ro ypasaenns 11 poga ans Beromorarensrolt dyukuun. s sroro B (18),(19)
CHA9aJ1a, BHIIOJIHUM [TOACTAHOBKY

do

Ao =% bn (t) cos (V,, - %) tdt (18)

0

-1

Pn = -2 {si112'y (-(%Pyn (cos 0)) fo=ry * (-é-;?l;P,,(cos ’y)) 'V:Vn} .

(19)
[Tosaraem, uro 1(t) saBnsiercs HenpepbiBHO audpdepenuupyemMoit pyHKIUeH HA
[0,7]. B pesysabrare moacranosku (18),(19) B ypaBmenne (17) ybexxmaemcs, 4TO
(17) Buimonsiercsa Toxx gectBenHo. UTobwl ybenurcs B 3T0M, cHadasa ciienyer B (17)
NOMEHATH MOPsAJKH MHTEIPHPOBAHHUS U CYMMHPOBAHHS, TaK KaK IIOCJAEA0BATE b
HocTh Xp, n > 1 mpunagesxxnt [2. Tlocie 3TOr0 BBHIMOIHUM HHTETPHUPOBAHUE TIO
YaCTSAM U BOCIIOJIb3YEMCsl CyMMaMH Pa3PBIBHBIX PHAZIOB

o0

™ P, (cosy) = e"i%\/Z(cost —cosf), 0<t 0<m. (20)

n=0

- 1

Zﬁn cos (un + 5) tP,, (cos@) = I(0,t) + (2(cost — cosH))"% R TR L%,
Z2k

: (21)
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% P_1 1 (—c0s7) cosh(tr)
1(6,t) = — B ; : B
) 0 (=L Liir (cos7y) A %_,_"(cos 4 cosh(mr)

IIpassie wactu pasencts (20),(21) aBisAOTCS NPOM3BOAAIIMME (DYHKIUAME
JUIsl PSIIOB B JIEBBIX 4acTsax. i nosydeHus, B 4aCTHOCTH, paBeHcTsa (23) Heob- ‘
XOJIMMO PAcCMOTPETh (DYHKIHUIO KOMILIEKCHOI'O NEPEMEHHOr0 Z

2Q,(cos 8)

N(z;t,0, '7) o= ei(z+%)tpz (cos 9) [ P,(cosv)
z

—wcoth(zvr)] (22)
u napamerpos t,6 u3z (0,7) [1-4], rne P,(cosf),Q,(cosf) dyrxuun Jlexannpa i‘
COOTBETCTBEHHO NEPBOIO M BTOPOrO POJa KOMILIEKCHOTO MHJEKCa z. 3aTeM Heol-
XO/IMMO BBIIIOJIHATH KOHTypHOe unTerpuposanue dbyukuuu N(2;t,0,v) (22) n Boc-
[0JIb30BAThCS TEOPEMON O BBIYETAX B IIOJIOCAX 2 = Vp UM 2 = n,n = 1,2,3...,, 38
cuer obpalleHus: B HyJb COOTBETCTBEHHO (byHKumit P, (cosy) u coth(z7), a Takke
BoCnosb30BaThest emmoit 2Kopaana [12] . \

IIpeo6pazoBanue (yHKIHOHAIbHOrO ypasHeHusi (16) HauyHeM C IOACTAHOB-
ku BMecTo dynkuuit Jlexanapa P, (cosf) ux HHTErpasJbHOrO IpeACTaBJICHHS |
Menepa-dupuxie ,

0 1 ‘
P, (cos8) = __‘/_5_/ wdy. (23)
m Jo \/cosy — cosf _

Bocnosb30BaBMUX PaBHOMEPHOM CXOAMMOCTBIO paza B (16) momeHseM HoOpsaKu
HHTErpUpOBAaHUA M CyMMUDOBaHMsA. DTHM ypasrerue (16) mpeobpa3oBniBeTcs B
UHTerpajbHOe ypasHeHue Tuna AGesst co crnabolt ocobeHocTsio B sape. Pemms
9TO ypaBHEHKe, B PE3yJIbTaTe OJIy4aeM HCKOMOe HaTerpasbHoe ypasaenue Il poma
orsocurensuo dbyakuun Y(y) (18):

6o
v - [ K@OuOd ="l 0<y<th, (4
K(yvt) = K1(y, t) s K2(y,t)9 . (25) i
Ki(y,t) = zis(”ﬂ cos (u + 1) - €os (u + 1) { (26)
\y, 1rn=1 n Mn n 9 Y n 2 3

oo P_1_ . (—cos) - cosh(yr) - cosh(tr)
m@ﬁ=%/ Rl dr.  (27)

P_%_Hr(cos 7v) - cosh(ar)

3z1ech BBeIEHBI el s (15), a B, B (19).

5. Beisoabi. UrTerpansuoe ypasHeHue (24) uMmeeT eJIMHCTBEHHOE DellleHue
B Lo(0,7). Hetticreuresvao, aapo (25) ypasrnenus: (24) apisdercs HempepbIBHOM
byHKIHeH apryMenToB y,t, Tak Kak psaj (26) u mHTerpas (27) cXomsTCs paBHO-
MepHO 10 y,t Ha cermenta, [0,7]; npaBas 4acTh ypaBHEHHs TaK>Ke HenpephIBHA Ha




)
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[0,9]. dns ypasuenusa (24) cupasennusa ansrepuarusa ®pearomsma. OaHopos-
HOe ypaBHeHHe, cooTBercTByomiee (24), uMeeT eJMHCTBEHHOE TPUBUAJILHOE Pelre-
HHe.

Ypasrenne (24) pa3pemuMo Kak aHAJIMTHYECKH, TaK U duciaenHo|13-15]. eit-
CTBUTENBHO, npaBast JacTh (24) u dynkuua Ki(y,t) (26) ssastorcs GeckoHedHe
anddeperimpyembiMu byHKimamu o y,t u3 [0,7], a mogsiETerpanbaas GHKIUS
B Ko(y,t) (27) npu dukcuposanusix y,t u3 [0,7] yObiBaeT K HyJ0 GbiCTpee SKC-
MOHEHTHI [IPU T — 00.

6. YacTHble cay4dau nocraHoBKuU 3agadu. O00061mueHus.

A). Ilycts mapamMerp cpefbl € AJisl AU3JIEKTPUYECKOTO 3aKPYTIJIEHUsT KOHYCa U
napaMeTp €g Cpelbl A4S IIPOCTPAHCTBA BHE 9TOT'0 3aKPYIVIEHUSI PABHBI APYT JPYTY:
£ = €9, B arom cniygyae unTerpanbuoe ypasHenue (24) CymiecTBEHHO yNPOL@eTcs,
rak Kak B siape K (y,t) (25) dynkuus Ki(y,t) (26) obpamaercs: B HyIb B CBSI3U

¢ oOpaleHneM B HyJIb BeJUYUH 5511)(15).

B). PaccMoTpuM Takoit crydait MOCTAHOBKY 3aa49M, VI KOTOPOTO JAUJIEKTPHU-
YeCKOe 3aKpYIJIEHHE KOHYCa BHIOPAHO ABYXCIOWHBIM, OTPAHWYEHHBIM [0 PAJUYCY,
a cepuyeckuit cerMeHT (C 3aJ@HHBIM TIOTEHIMAJIOM V, HEPABHBIM HYJIO) pa3-
MelleH Ha rpaHuue cioéB. Takas 3agada Tpebyer MomudUKaUu NPUMEHSEMOro

MeTO/la, TaK KaK B HOBOM cucTeMe (PyHKIMOHA/IbHBIX ypaBHenui suzaa (16),(17)

4 1
HOBBIH mapamerp "Mmasoctu'" (aHaNOr BESTMYNH esl) (15)) 6ymer ybeiBaTh HemocTa-

1090 GbicTpO, Kak O(1/n), npu n — oo.
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