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The paper concerns the contact interaction of the opposite faces of a penny-
shaped crack under oblique incidence of a harmonic tension-compression
wave. The problem is solved by the method of boundary integral equations
using an iterative algorithm. The dependence of stress intensity factors on
the wave frequency and the friction coefficient is studied.
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The achievements of the material science such as the new high-tech materials
make it possible to significantly increase the strength and stiffness of designed
structures. On the other hand, the level of the safety requirements increases
consequently because the cost of the unpredictable fracture is always enormously
high. Apart from the economic value it is necessary to remember that in the
extreme cases the material or structural fracture can put human health at risk.
Therefore the ultimate milestone of the modern engineering fracture mechanics is
the fracture control in order to predict the construction behaviour and avoid the
sudden collapse.

The presence of defects (cracks, delaminations, etc.), which always appear in
real-life materials during the fabrication or in-service, considerably decreases the
strength and the lifetime of structures as well as significantly increases the cost
of exploitation. A crack acts as a local stress concentrator, which can lead to
a sudden fracture under unexpectedly small loading. Unfortunately, the micro-
defects cannot be fully avoided. Therefore it is necessary to ensure the residual
strength of the structure will not fall below an acceptable level over the required
service life [1, 2].

Let us consider a three-dimensional homogeneous, isotropic and linear elastic
unbounded solid which contains a flat penny-shaped crack. We suppose that only
small deformations occur, therefore the crack can be described by the middle
surface Q@ = {2? + 23 < a?, z3 =0}, where a is the radius of the crack.

The incident time-harmonic wave is defined by the scalar potential function

<I>(x, t) = Qoei(h (21 cos a+z3 sin a)-—wt),
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which generates the displacement field u(x,t) = gradx®(x,1).

Here w = 2n/T is the frequency, T is the period of oscillation; ®; is the
amplitude; k; = w/c; is the wave number; ¢; = /(A + 2u)/p is the velocity of
the longitudinal wave; A and p are the Lamé constants; p is the density of the
material; and « is the angle of incidence of the wave (see Figure 1).
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Figure 1: A crack under harmonic wave

Inside the solid the behaviour of the material is governed by the linear Lamé
equations of elastodynamics for the displacement field subject to some initial and
boundary conditions

When the material is subjected to an incident wave, the movement of crack
faces results in the contact interaction on the crack surface. The opposite faces
of the existing cracks interact with each other under external loading, altering
significantly the stress fields néar the crack tips. The nature of the contact
interaction between two crack surfaces is very complex. However, the direct
observation and measurement of the contact characteristics is impossible since
the area of interest is hidden in the solid. Under deformation of the material, the
contact region changes in time, its shape is unknown beforehand and must be
determined as a part of solution. The allowance for friction in the contact domain
leads to the appearance of adherence and sliding subdomains. The complexity of
the problem is further compounded by the fact that the contact behaviour is very
sensitive to the material properties of two contacting surfaces and the type of
the external loading. Such dependences make the contact crack problem highly
non-linear [2, 3, 4, 5].

The vector of contact forces on the crack faces during the interaction is denoted
by q(x,1), and the displacement discontinuity vector across the crack is denoted
by [u(x,t)] = u*(x,t) — u~(x,t), where superscripts "*” and "~ refer to the
upper and the lower crack faces. }

We assume that the contact interaction satisfies the following Signorini

constraints: |
[un(%, 5] 2 0, ga(x,8) 20, [un(x, Blgn(x,t) =0, M
and the Coulomb friction law with the friction coefficient k;: |
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herex € @, t € T = [0,T].

The constraints (1) mean there is no interpenetration of the opposite crack
faces and the contact force is unilateral. The physical sense of constraints (2) is
that the opposite crack faces remain immovable with respect to each other in the
tangential direction until they are held by the friction force, however, as soon as
the modulus of the contact forces reaches a certain limit depending on the friction
coefficient, the crack faces begin to move: the sliding occurs.

The traction on the crack faces has the form

p(x,t) = p*(x,t) + q(x,t) for x€Q, t € T,
where p*(x, t) is the load caused by the incident tension-compression wave [6]:

—k}®ou sin 2aRe (ei(kx 37lcosa—wt))

p* (X, t) 3 :
’k%‘bo()\ +2u sin? a)Re (e'(klzxcosa—wt))

—k?®ou sin 2a(cos (k12 cosa) cos(wt) — sin(k; x;cosa) sin(wt))
= 0 N
—k3®o(\ + 2u sin® o) (cos (k121 cosa) cos(wt) — sin(kyz1cosa) sin(wt))

Due to the contact interaction the resulting process is a steady-state periodic,
but not a harmonic one. Therefore, according to [2], we expand the components of
the displacement discontinuity and traction vectors into the exponential Fourier
series

B +00
Pi(x,?) =Re{ 2 pf(x)e"“’“}, [u(x, 2)] =Re{ > {u,*(x)]e"wkt},

k=—00 k=—00

where wy = 27k /T and

4 :
E(x) = = ~ s Ky)) = 22 : —iwgt
Pi(x) = o0n / pi(x, t)e™ e, [uf(x)] = o / [ (x, £)]e™*"dt,
» 0

j=1,2,3; k€Z (the integers).

The Fourier coefficients p;? (x) and [uf(x)] are related to each other by the
following system of boundary integral equations:

3
P ==Y / Frj(t,y,w)lb(0)ldy, x€®m=1,23keZ, (3)
i=1lgq

which was obtained in [2, 6] for the considered 3-D case.




R ———

|
| !

60 0.V. Menshykov, L.A. Guz

The kernels F; (X, y,wy) are the fundamental solutions of the elastodynamic
problems in the frequency domain. For a flat crack we can present them in the
following form [4, 5]:

Fi3(x,y,wk) = Fa1(x,y,wi) = Fas(x,y,wi) = Fsa(x,y,wi) =0,

: 7 2 20y
m,j =1,2 ij(x’y’wk) o= = [‘smj (—X" ;"a';) ot

r2

(m =)y —35) (0% 10y 30x 6
. r2 8r2+r3r+r6r raX )l
1 [, D0+ ox,
F33(x,y,wk) s 4‘”_# [)\ 67‘2 = " 6’[‘
2()\2 + 4 p + 4u2) 62¢ 2(A% + 20 + 2p%) Oy B
72 6r2 r or |’ !

where d,,,; is the Kronecker delta and
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=g R gl oy oy B g g g :
X (l%+12+1> r & l%+ll+ r
Iy = dwgr/c1, lp = dwgr/ez; ca = \/pu/p is the velocity of the transversal wave;
and r is the distance between the observation point x and the load point y.

For computational convenience we rewrite the complex-valued boundary
integral system (3) in the form

= 1 2,3; k € Ny (the naturals and zero) PEy c0s(X) — iDF, oin(X) =
: 4
=- Z [ (BB ) +iF2 ey, 00)) ([ (0] = i) iy, (4
Jj= 1Q

where FRE(x,y,ws

and FI"‘( ,¥,wy) are the real and imaginary parts of the
kernel Fp,;(x,y,wx) and
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The physical values of p;(x,t) and [u;(x,t) ] are given by the following Fourier
trigonometric series:

P9 c0s (%)

+00
Pi(x, 1) = 5 + Z (pf,cos(x) cos(wit) + pf,,,-n(x) sin(wkt)) e
k=1

[u_(},cos (x)] iR k k -
[uj(x,2)] = i oA T + Z ([uj,cos(x)] cos(wit) + [uj,sin(x)] Sln(wkt)) -
=1

Thus the considered problem has been transformed into the infinite system
of boundary integral equations (4), which is solved by taking into account the
contact constraints (1) and (2).

We approximate the surface of the crack €2 by a set of plane rectangular
elements Ql", | =1, N; and use a piecewise constant approximation.

Note, that the normal and tangential components of the traction and the
displacement discontinuity vectors are related only by the Coulomb friction law
(2). Therefore, the system (4) can be divided into two mutually independent
systems for normal and tangential components. In a short matrix form the
foregoing systems read as

FFUE = PF for k e Ny, (5)
FEUr = PE for k € Ny, (6)
where
b m 3 » m ¥
F} = Fl}c Re _Féllm Fli Re —Fﬁm )
.3 b y y b
s g i oroglome
Jdam yae y »
F21 —"F21 F22 —F22
Uk Pk
llc,cos P}:,cos
{ DL .
Uk ot 1,sin ! Pk 23 1,sin y
s Ug,cos -4 P’2c,cos
UZ,sin P2 sin
k,Re kI :
Fr = —F33 _F33 v Uk a3 [ U3,cos ] Pt = [ Pg,cos ]
T k,Im k,Re ’ ¥ 5% k ’ ne e k ’
F33 F33 3,sin 3,sin
where
i Re(I Re(I q
/ Fmi( ™ (x1,y, wk)dy f Fm,-( ™ (%1, ¥, wk)dy
af
Fk Re(I m)

mj : fa : z

/Fyf;(lm)(xN1Ya wk)dy /FRe(Im)(xN7y)wk)dy
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[u_l;,cos(ain) (YI )] p.,;,cos(sin) (X1 )

Pk

j,cos(sin) =

Uk

j,cos(sin) = ¢ ) s
k
[uj,cos(sin) (YN)] p;,cos(sin) (xN)

One of the major difficulties of the treatment of contact elastodynamics
problem with boundary integral equations is the evaluation of divergent integrals
with different types of singularity. The order of the singularity and the structure
of integrals depend on the type of weight functions. These integrals are often
hyper-singular and should be treated in the sense of the Hadamard finite part.
For example, in the considered case, in order to assemble the coefficients of the
systems (5) and (6), the following integrals were evaluated

2s . Nopaahaes v
J,;”ﬂ(x, Q;z) ol / (z1 = y1)*(z2 — ¥2) 'rdy’
A V(@1 = y1)? + (z2 — y2)?
j
where
a,=0,1,2; a+8=0,2; y=13,5; y—a—-8=13.

In [7] the second Green theorem was used for the regularization of the
divergent integrals and explicit formulas were given for polygonal elements.

To solve the problem we use the iteration algorithm presented in [3, 8].
During the iterative process, the Fourier coefficients change from one iteration
to the next until the distribution of physical values satisfying the constraints
(1) and (2) is found. Due to the independence of normal components of the
solution on the tangential components, the normal components of contact forces
and displacement discontinuity vectors were calculated first and afterwards the
tangential components were calculated by using the already corrected values of
the normal components.

As an example, let us consider a crack located in the material with the
following mechanical properties: the Young modulus F = 200G Pa, the Poisson
ratio v = 0.25, the mass density p = 7800kg/m3. The crack is subjected to the
tension-compression wave of unit amplitude, the angle of incidence of the wave
a=mn/4

At that the unilateral constraints (1) and (2) are valid for normal and
tangential components of the displacement discontinuity and the contact forces
vectors on the crack surface during the oscillation period [6].

The results for the stress intensity factors (SIFs) (opening, sliding and tearing
modes) are given in Figures 2-4. The dynamic SIFs are normalised by the maximal
static SIFs obtained for the normal wave incidence [1]. The results confirms that
the crack faces contact interaction significantly influences the stress-strain state in
the vicinity of the crack tips, and affects the distribution of the SIFs. The maximal
values of the comparable quantities do not coincide (in some cases, especially for
the opening mode, see Figure 2, the difference can reach 30-50%) and are achieved
at different wave frequencies. The shear SIFs (Figures 3 and 4) diminish when
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Figure 2: SIF (transverse shear mode): 1 - without contact interaction (k, = 0),
2 - with contact interaction (k, = 0.1), 3 - with contact interaction (k; = 0.2)
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Figure 3: SIF (longitudinal shear mode): 1 - without contact interaction (k, = 0),
2 - with contact interaction (k; = 0.1), 3 - with contact interaction (k, = 0.2)

the friction coefficient increases. And, the most importantly, the "real"maximal
values of SIFs evaluated taking into account the contact of crack faces is much
smaller, than previously predicted (i.e. disregarding the contact interaction). In
the same time, for structures working within certain ranges of the external loading
the values of the SIFs can be higher than previously predicted.

Hence, extra extensive investigations are necessary to ensure safety of the
exploited structures. 4

Acknowledgement. Authors thank Prof. V.V. Zozulya for helpful discussions.
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Figure 4: SIF (opening mode): 1 - without contact interaction, 2 - with contact
interaction
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IMomy4ens! KpuTepuu 0TOOPAXKAEMOCTH HETMHEHHBIX CUCTEM C OJHOMEDHBIM
yupasyienuem Ha feedforward-cucrems: kimacca C! ¢ 3amenolt ynpasienus u
6e3 3aMEeHBI yIIPABJIEHUS.
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1. Beegenue

B Teopuu ynpasiienus BaxxHOU 3a1avell sIBISETCS Bbl/E/IEHIE ¥ UCCIIEIOBAHUE CITe-
UHAJIbHBIX KJJACCOB CUCTEM, KOTOPHIE B TOM MJIM MHOM CMBICTIE SIBJISIOTCS Hauboiee
“mpocThiMu”, yA0OHBIMY J1JIsI pElIeHUs] KOHKPETHBIX 3a4a4. [IpuMepom moryT city-
JKUTH JINHEMHbIE CHCTEMBI, JJIs KOTOPBIX Psf 3aJa4 TEOPUHU YIIPABJIEHUS yAAETCS
TIOJIHOCTBIO UCCIIE0BATh. 1109TOMY BaskKHO ONMUCATH CHCTEMBI, KOTOPbIE 0TOOpaXKa-
I0TCs Ha JIUHEHHBbIe, T.e. CBOAATCH K JIMHEHHBIM C IIOMOIIBIO HOAXO/AIIEH 3aMEHBI
MePeMEeHHBIX W, OBITh MOXKeT, 3aMeHbl yNpaBJIeHHd. YKa3aHHas ‘3aJata JHHea-
pu3yeMocTH” aKTHBHO mMccienoBasiach B 70-80-e roxel, HaunHas ¢ paborsi [1]. Ei
noCBsillleHa OOIIMPHAs JIMTePaTypa; yKaXkeM, Hanpumep, [2, 3, 4, 5].
B naunoit pa6ore Mbr paccMaTpuBaeM Kiacc feedforward-cucrem Buzga

Qk=¢k(yla---,yk~1au), k=1,°"7n' (1)

3ameuarenbHbiM cBoicTBOM feedforward-cucrem sBJsIeTCS BO3MOXKHOCTD IIPU 3a-
JaHHOM yrpaBieHuu u = u(t) HaliTH TPAEKTOPHIO, MOCIEA0BATEIHHO BBIIOJHSIS
uETerpupoBanue: eciau yi(t),...,yi—1(t) yxe matimens:, To y;(t) maxommrcs 10
dbopmyane yi(t) = yi(0) + f(f Yi(y1(7),...,%i-1(7), u(r))dr. Feedforward-cucrems
AKTHBHO HCCJIEAYIOTCS B MaTeMaTH4ecKoil sureparype (cM., Hanpumep, [6, 7, 8]),
a TaK»Ke 4aCTO UCMOJIB3YIOTC B IMPUIOKeHusX. ‘B yacTHOCTH, 3aMeTHM, YTO OLHO-
POZIHBIE CHCTEMBI, KOTOPBIE ANMIPOKCUMHUPYIOT HeHHEHbIe adhdUHHbIE CHCTEMBI
B 33ja4e GpicTponeiicTus (9], Takke siBasmorcs feedforward-cucremamu. O606-
IEHIEeM YKa3aHHOTO Kjacca ciryxar “Hecrporue” feedforward-cucremsr Buga

yk‘_"‘/)k(yl,"'aykau)) k=17"'1n' (2)
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s takmx cucreM npm 33JaHHOM ynpasiemwn u = u(t) MOXHO HaiiTH
TPAEKTOPHMIO, IIOCJIEJ0BATENLHO pemas guddepeHnyuaabyble YPAaBHEHUs: eCId
y1(t), ..., yi-1(t) yxe Hatinenst, To 11 HAXOXK (EHUA ;(t) JOCTATOYHO PEIIUTH 00-
no muddepennuantaoe ypasuenue ¥; = ¥;(y1(t),. .., vi-1(t), yi, u(t)) = ¥i(t, v:)
OTHOCHTENHHO Hem3BecTHON yHKImy y; = y;(t).

ITpu sroMm ecTecTBeHHBIM TPEOOBAHMEM K IVIZJKOCTH MPABONW YaCTH CHCTEM
Buza (1) u (2) ssnsierca TpeboBanue odnoxpammoti HenpepbIBHON auddepeHiu-
pyemocty bysKuE# Y1, . .., Yy, aHAIOIMYHOE IPUHATOMY B paborax [1, 5].

B maparpade 2 Mbl ucciegyeM CHeAylOmylo 3aJady: HalTH HeoOXoauMble U
JOCTATOYHBIE yCJIOBHSI TOTO, YTO HeJUHEHHAas CHCTEMa C OAHOMEPHBIM YIIPaBJe-

HUEeM
&= f(z,u), z€QCR" ueRl, (3)

orobpakaerca Ha feedforward-cucremy wmam necrporyioo feedforward-cucremy
kmacca C! ¢ mOMOIIBIO 3aMeHb! mepeMeHHBIX § = F(z) xmacca C?. B maparpa-
de 3 paccmoTpera 3aa4a orobpakaemoctu Ha (mecrpory) feedforward-cucremy
knacca C! ¢ OMOIIBIO 3aMeHB! mepeMeHHBIX Kiacca C? u 3aMeHbl yIpaBJTeHus
v = g(z,u) xracca C1. B Taxoit o6uielf mOCTAHOBKE KPUTEPHH OTOODPA’KaeMOCTH,
KaK ¥ KPUTEPHH JMHeapu3yeMocTu [5], CBsi3aHBI C TPeOOBaHHMEM CYIIECTBOBAHHS
BEKTODHBIX Hoseit knacca Cl, y10BIeTBOPAIONIAX ONPEAEICHHBIM YCIOBHSIM.

2. OrobpazkaemocTh 6€3 3aMeHBI yIpaBJIeHANA

Hanee [Qx obosnauaer npoekmuio obsactn @ C R™ nHa k-mepHOe nof-

IPOCTPAHCTBO, HATSHYTOE Ha TepBble k KOODAMHATHBIX BEKTOPOB, T.e. [Qly =
(21,5 (e =T8Ty« ¥n) 6 Q}.

Onpepnenenue 1 Mu zo6opum, wmo Heaunelnas cucmema euda (3) aoxarvno
omobpasicaemea wa feedforward-cucmemy xaacca C' e obaacmu Q, ecau cyuse-
CMBYEM 3AMEHA NEPEMEHHOIT

y=F(z) e C¥Q), detFy(z) #0, z€Q, )

xomopas céodum cucmemy (3) x eudy (1), 20e Yr € CH[F(Q)lk-1 X R), k =
156w,

Bamevariue 1. Tepmun “10oKanbHas 0TOOpaxkaeMocTh B obsactu (7 03Hayaer,
yTo oTobpaxkenue y = F(z) obparumo, BoobIIe roBopsi, JIOKAIbHO, B HEKOTOPOH
OKPEeCTHOCTH KaxKmoi Touku obsacta Q.

Bamevanue 2. Ecmm cucrema (3) moxansHo orobpaxaercss Ha feedforward-
cucremy kiacca C' B obmacTu @ B cMbicie onpezesieHnus 1, To

¢k(Fl($), % "a Fk—l(w)’u) = Fal:(x)f(m,u)7

rae Yp(Fi(z),..., Fr-1(z),u) € CY(Q x R). Tax xak F(z) € C?*(Q) u detF;(z) #
0, To f(z,u) € CY{Q x R), To ectp cucrema (3) TakiKe NPUHAATIEIKAT KIACCY ck
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Hanee [X(z),Y (z)] obosnagaer ckobky Jlu BekrTopubix monest X (z),Y (z) €
CYQ), re. [X(2),Y(2)] = Yi(z)X(z) — XL (z)Y (z).

Teopema 1 Heaunetinaa cucmema euda (3) aoxaavro omobpasicaemca Ha
feedforward-cucmemy xaacca C' & obaacmu Q mozda u moavko mozda, xo2da 3
fz,u) € CHQXR) u cywecmeyrom sexmoprne noas Z'(z), ..., 2" (z) € CHQ), '
maxue, 4mo

i) 0as nexomopwxr dpynxyutt py;(z,u) € C(Q X R) evinoaneno

n
Z(), fz )] = 3 mile,w)Zi(@), k=1,...,n;
i=k+1
i) dar mobozo k =1,...,n cucmema
po(2)Z*(z) = 1,
. (Sk)
W@)Zi(@) = 0, j=k+1,...,n,

umeem pewenue 6 xaacce C%(Q).

Jlokazarenscro. HeobxogumocTs. IIpeamosnoxkuM, 910 yCIoBUsi TeopeMsbl 1
soinosaensl. Ilycts ¢k (z) € C?(Q) — pemenue cucremsr (S), k = 1,...,n. Pac-
CMOTPUM 3aMeHy mepeMeHHbIX Y = Fi(z) = @x(z), k = 1,...,n, B cucreme (3).
U3 yciosus ii) ciemyer, 4ro

ol v 0
HCIEADNEACIEY I ®)
# prokcHo Basmgail

rje CMMBOJIOM * 0003HaYeHBl HEKOTOPBIE (BoOGLIE IrOBOPsi, pa3/iuyHble) OyHKIHHI
kracca C!. B wactHoctu, pasenctso (5) osmauaer, uro detF,(z) # 0, z € Q.
Torna

Uk = ¢z (@) f(z,u), k=1,...,n
Iokasxkem, uTo @k 4 (z)f(z,u) asasercs bynkumedr or Fy(z),...,Fr_1(z) n u.
Tockomsky @i (z) € C4HQ) u f(z,u) € CHQ x R), ZI(z) € CH(Q), T0

(pra(2)f (2,1))5 27 (2) = pra (2)[Z7 (2), f (2, 0)] + (P2 (2) 27 (2)) f (2, u). (6)
Tak Kax @y (z) sBasercs pemennem cucreMsi (S), TO @k 4 (x)Z7 (z) = const npu

j > k, cneposarensHo, (g4 ()27 (), = 0, j > k. Ucnons3ys ycopue i), mosy-
qaeM u3 (6), gro

(ers (@) f(z,0)), 27 () = ora (@)[ 27 (2), f(z,0)] = wjil@, w)ers (€) 2 (z) =0
i=j+1

| | _
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npu j 2> k. 9T0 03HAYAET, YTO NPH KaxKA0M puKCHpoBaHHOM u dyHKUHA @(T) =
k2 () f(z,u) aBasgeTca pemenweM CHCTEMBI

(,0;(93)Z'7(.'L‘) =0, j=k,...,n (7)
Cucrema (7) umeer k — 1 He3aBUCHMBIX pemenuit ¢;(z),. .., ¢r—1(z). U3 (5) cie-
nyer, uro rank{Z*(z),...,Z™z)} =n -k +1, z € Q, Tak ur0 ;MOGOE pemenue

cucremsl (7) (kmacca C!) snsercs dbymxume (kiaacca Cl) or sTuX pemenwmii.
Urak, cymecrsyer dynkmus ¢ € CH([F(Q)]k-1 x R), Taxas, 4ro

iz (@) f (2, u) = (o1 (2),- ., Pr-1(2), ).

TakuMm 06pa3om, 3amMeHa nmepeMeHHBIX ¥ = Fi(z) = ¢i(z), kK = 1,...,n, npuso-
mut cucremy (3) x feedforward-cucreme (1) xmacca C!.

Hocrarounocts. IIpeanonoxum, 4to cucrema (3) 10KaIbsHO 0TOOpAKAETCS HA
feedforward-cucremy (1) xmacca C! B 06macTi @ C IOMONILIO 3AMEHBI ITEPEMEH-
HBIX (4). DTO0 03HAYAET, YTO

Fk:::(a')f(xau) = "/)k(Fl(z),---’Fk—l(I))u): k= 1" cey Ty

rae f(z,u) u ¢, ...,¥, npuHamTexar knaccy C (cm. sameqanme 2). ITosoxum
Z5(z) = (Flz)) e € CHQ), k= 1,..00,m4 :
or(z) = Fi(z) € C*(Q), % o N 1L ®) :

I [OKAKeM, YTO 3TH BeKTOpHBIE nois Z1,...,Z" u GyHaKuun @1, . .. , On yAOBIE- |

TBOPSIIOT yCI0BHaAM i) u ii) Teopems! 1. Brayase paccmorpum ycenosue ii). Mimeem

ok 1 (2) 27 () = Fi b (z) (FL(z)) ej = 61,

oTKyna caexyer ii). Paccmorpum Temeps yoaosue i). Tak xak F(z) € C?*(Q), To

Fy(@)[2%(2), f(z,u)] = (F(2)f (#,4)): 2" (2) — (F(2)Z*(2))o f (2, 0).  (9)

Io onpenesenmnio (8), Fi(z)Z*(z) = ek, cneposarensro, (Fi(z)Z*(z)), f(z,u) =
0. PaccmoTpuM nanee

(Fi(2)f (2, u)): 2" (2) Ze](FJz (2,u)); Z* ().

Tax xak .sz'(l‘)f(x,u) = 1/Jj(l;‘l("‘l:)’ L5 aFj—l(x)au)a TO

Lt 8 W .
(L)), = 3, i)y pl i),
=1 ki

O6o3Ha9UM

0Y;i(y1, .- - Yj-1,u
(o) = Pl Uizt e 0@ xR),

—
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TOrAa
(Fjz(z)f(z,u)); ng(-’t w)Fiz (2)(Fp(z)) ek =
0, ecmn  j <K,
T Zu,,(:c )i = { prj(z,u), ecm j>k+1.
Urax,

(F3(2)f (2, 1)), 2% (z) Ze, ja (@) f(2,u); 25z ch,(w u)ej.

j=k+1

OxonvaresbHo, nosydaeM u3 (9)

(2% (2), f(z,u)] = (Fa(z)) " (Fp(z) f (z,u))5 2" (z) =
= > iz w)(Fi@) e = D iz, w)Z(z),

j=k+1 j=k+1
4To coBmajgaer ¢ i). O
Bamevanue 3. B yciosunm ii) Teopemsr 1 Bmecto pasencts ¢ (z)Z*(z) = 1
J0CTATOYHO TPeBOBATH, YTOOLI ‘

¢y (2) 2" (2) = cr(p(2)), ' (10)

rae cx(7) € C(p(Q)) ~ nexoropsle dynkuuu, Takue, 9ro ¢k (7) # 0, 7 € 9(Q). B
caMoM gese, mycTh pyHKuus ¢(Z) yAOBIETBOpsieT ypa.BHe}sz ol (z)Z (z) = 0,
3 = k+1 ,n, u yerosmo (10). Torpa bysxmus §(z) = Px(p(z)) € C*(Q), rae
Dy (t) f ——(—5 dr € C%*(p(Q)), oueBuano, ynossersopser cucreme (Sk).
3ameuarue 4. B Teopeme 1 cucremsl (Sk) MOXKHO 3aMEHUTH HA CUCTEMBI

Qofz(x)zj(x) T 5kj’ Jj=1...,n

JleficTBHTEIbHO, IyCTh BEKTODHBIE TOAst Z1,..., Z™ yJOBJIETBOPSIOT YCJIOBHSAM
reopeMsl 1 u mycTb @k (x) € CZLQ), k =1,...,n, - pemenus cucrem (Sk). Ilo-
CTPOMM TaKue BEKTODHbIE NoNist Z', ..., Z™, KOTOpble YOBJETBOPSIOT YCIOBHIO i)
Teopemsr 1 u paBencTBam @ 4 (z)Z%(z) = &; npu k,j = 1,...,n. s sroro
nonoxny Z*(z) = Z¥(z) + S 441 @ki(z)Z(z) u noabepem cooTsercrByromm
obpazoM ayi(z) € CH(Q). Yenosue i) ansa BekTopHbIX HONEH Z!, Z! 2", O4eBUJl-
HO, BhiIONHEHO. Jlasnee, mna kaxzaoro k = 1,...,n umeem gpkz(z)Zk(z) =Sy
pis(z)Z¥(z) = 0 npu j < k — 1. Hakonen, st j = k + 1,...,n norpebyem,
9T00BI

§t
ia ()25 (x) = 91 (2)25(@) + ) oni(e)pjz ()2 (2) + axj(z) =0,
i=k+1

0TKy/ia T0C/Ien0BaTebHo HaxomuM akj(z) € CH(Q), j=k+1,...,n
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Ounpenenenne 2 Muvi 2080pum, umo Heaunelinaa cucmema euda (3) aokarvro
omobpasicaemca na necmpozyio feedforward-cucmemy xaacca C' & obaacmu Q,
eCAU CYWECTNBYEM 3aMEHA NEPeEMERNNT (4), xomopasa ceodum cucmemy (3) x
eudy (2), 20e ¥, € CH{{F(Q))x xR), k=1,...,n.

Kax u B ciygae orobpaxkaemocrs Ha feedforward-cucremy, cucrema (3), xo-
Topas JoKaaEHO orofpazaercsa Ha Hecrporyko feedforward-cucremy kmacca CP,
TaKKe IpuHaAIexuT Kinaccy C!.

Teopema 2 Heaunetinas cucmema 6uda (3) aoxaavio omobpascaemcs Ha
necmpozyio feedforward-cucmemy xaacca Ct 6 obaacmu Q mozda u moavko mo-
2da, xozda f(z,u) € CHQ x R) u cywecmeyiom eexmopnvie noas Z'(z),...,
Z™(z) € CY(Q), maxue, wmo

i) das nexomopwz Pynxyutl pri(z,u) € C(Q x R) evnosneno

[Zk(x)’f($7u)] =Zﬂ'ki($au)zi(z)v k= 1,.5 ,m;
=k

ii) dan awbozo k= 1,...,n cuemema (Sk) umeem pewenue 6 xaacce C*(Q).

JloKa3aTeLCTBO MOBTOPSIET LOKA3ATELCTBO TEOPeMbl 1 ¢ OYeBHAHBIMU U3Me-
HEHUSIMHU.

Bameuanue 5. B ycaoenn ii) TeopeMsi 2 BMecTo paBencTBa ¢ (z)Z*%(z) = 1
(B cucreme (Sk)) mocrarouno TpeGoBaTh, uTobm ¢ (z)Z*(z) # 0 mpu z € Q.
TleHCTBUTENBHO, IYCTH BeKTOPHBIE Mons Z(x), ..., Z™(Z) TaKOBBI, 9TO CHCTEMBI

PLE) 2 (2) =10, =R 1,9 5,

umeror pemenns gi(z) € C%(Q), Takme, uro @i i(z)Z*(z) # 0 npu z € Q.
Beenem dbynkmmn ai(r) = (pk L(x)Z*%(z))"! € CYQ) u paccMoTpEM BEKTOp-
uble nons Z5(z) = ox(z)Z*(z) € CYQ). Dtu BexropHBIE Mot u pyHKUEHA
01(z),...,¢n(z), oueBuano, ynosrersopsior cucremam (Si), k= 1,...,n, Te.

ops(0)ZMz) =1, opa(@)Z€) =0, j=Fk+1,...,n.
Haunee,

(@), £(2,0)] = a4 (@)[Z(2). £ (@, )] - o (2)F )2 ) =
= (el - 2492 Zr) 4 3 e, 0)Z ),

OTKY/3 CJIelyeT BBLINOTHEHWE YCJIOBHsl 1) TEOpeMbI 2 JJisi BEKTOPHBIX IIOJIeH
B3 N 2 (2).

Jlna BeIMHEHHBIX aPOUHHLLT CACTEM TIONYYaeM TaKHue CJeICTBUL.
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Caencreue 1 Adpunnas cucmema euda
z = a(z) + ub(z), z€QCR" ueR!, (11)

A0KaabHo omobpasicaemesa na feedforward-cucmemy xaacca C' 6 obracmu Q mo-

206 u moavko mozda, xozda a(z),b(z) € CY(Q) u cywecmeyrom 8EKTNOPHDBIE TLOAR
Z\(z),...,2"(z) € CYQ), maxue, ymo

i) dan nexomopwiz dynxyuti pk.(z), pi;(z) € C(Q) evinoaneno

(Z%(z), a(z)] = Z pri(z)Z4z), k=1,...,n,
i=k+1

n
[Z%(2),b(e)] = 3 wii(@)Z'(z), k=1,...,n;
i=k+1
1) daa mobozo k = 1,...,n cucmema (Si) umeem pewenue 6 xaacce C2(Q).
B amom cayuae feedforward-cucmema maxorce agpunna, m.e. umeem 6ud

Uk =YW, Yk-1) U (Y- k1), k=1,...,7.

Hoxazaremscrro. JlocTaToMHO J0KAa3aTh, YTO YCIOBHE i) CIIEACTBHS CIEAYeT U3
yenosuit reopembr 1. 13 ycnosus i) Teopemst 1 gis cucremsr (11) momygaem

n

[2*(2), a()] + u[2*(2),b(z)] = > wrilz,u)Zi(z), k=1,...,n.
i=k+1

Paccmorpum marprunosnaunyio byukmuo M(z) = (Z(z),..., 2" (z)) € Q’I(Q).
13 yenosus ii) Teopemsr 1 cneayer, uro detM(z) # 0. Umeem (M (z))"! Zi(z) =
€;, TaK 9TO

(M(2))" (25 (), a(2)] + u(M () [25 (@), b@)] = ) wri(z,w)ei,
i=k+1

' 3 1 2
oTkyza momydaen pgi(z,u) = pki(z) + upii(@), e pi;(2), pi;(e) € C(Q), uro
naet yciosue 1) creacrsusa 1. O

Cnencrue 2 Adpunnas cucmema euda (11) aoxanvho omobpaoicaemcs Ha
necmpozyro feedforward-cucmemy xaacca C' 6 obaacmu Q mozda ul MOABKO
mozda, xo2da a(z),b(z) € CHQ) u cywecmeyrom eexmophvie noas Z .,
Z"(z) € CY(Q), maxue, wmo

i) dnn nexomopwz Pynsyud pi(z), pi.(z) € C(Q) svinoaneno

(Z¥(2),a(2)] = Y uki(@)Z'(2), k=1,...,m,
i=k
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[Zk ]"‘Zﬂ’kz(w)zz ) k=1,...,’n;
i=k

i) das awbozo k = 1,...,n cucmema (Sk) umeem pewenue 6 xaacce C*(Q).
B amom cayuae necmpozan feedforward-cucmema maxoice appurna, m.e.

?Jk=¢1};(y1,---,yk)+U1/)1%(y1,~--,yk)a k':la"'an'

IIpumep 1. Paccmorpum adbduunyio cucremy knacca C*

:b=a(a:)+ub(:z)=( ’ ))+u((1)) A

T1 + ¢(x2

e Q C R? — mekoropas obnacTs. DTa cucrema sBisierca necrporoi feedforward-
cucremoii. ITokaxkem, yro oHa He orobpaxkaerca Ha feedforward-cucremy HE B Ka-
koit obnacru. [TpeanonoKuM MpOTHBHOE, TOT/IA YCJIOBUA CIeACTBUS 1 BBITIOIHEHEI.

Nmeem
2 " oy Z1 xl (x) Zl m2 (m) 1 il
12(2),b(a)] = ( 2w 2@ ) ( A ) =0,

OTKy/a mojydaeM, 910 Z2(z) He 3aBUCHT OT T, T.e. Z2(z) = Z%(z2). Hasee,

o= (1 gten) (i )=(0 Ao ) (2 ten) =0

OTKYJda IoJy4YaeM PaBEHCTBA

~-7; (mz)(fﬂl + ¢(z2)) =0, (12)
Z}(zg) + ¢’(z2>Z§(_xz) — 22" (z2) (21 + d(z2)) = O, (13)

10 TIPeNOI0XKEeHU0, uMeronue MecTo B obiacta (. 3aduKcHpyeM IPOU3BOILHOE
z = (z1,72)* € Q u paccMoTpuM TOUKM T = (1 + €,%2)* € Q, rme € > 0
JIOCTATOUHO MaJIbi. Tak kak pasencTso (12) uMeeT MECTO JIsl TOUEK T¢, IIOIYIaeM,
uro Z2'(z2)(z1 +e+ ¢(z3)) = 0 mus moboro ,ZLOCT&TO‘IHO mastoro € > 0. Orcrozna
caenyer, uto Z%'(z9) = 0, Te. Z3(z2) mocrosmuo, Z3(z2) = Z3. AHa.noquo,
paBeHCTBO (13) HMEeT MECTO AJs TOYEK T., OTKY/a MOoIydaeM 22 (wg) =il e

Z3(xq) = Z3. Toncrasnas Z3(z) u Z2(z) B (13), nomyqaem 27 + ¢'(z2)ZZ = 0,
orkyzaa ¢'(z2) = ¢, npuuem Z§ = —c Z3. Ilo ycnosuio ¢(z2) # 0, mostomy Ge3
OTpaHMYeHHs OBIIHOCTH HOIOXMM ¢(T3) = cTg, Z7 = —¢, Z3 = 1, tme ¢ # 0
(1 Tora PacCMOTPHM Takyio o6acTb, B KOTOpo# T # 0). Hasee, mo yciosmio i)
creacTeys 1,

1 Ly 1z1(37) Zi 12(1’) 19= i§ N 72(z) = —cuiy(z)
[Z (z),b(:z:)] == ( 2zl($) Z% ( ) ) (0 ) = MIZ( )Z (x)-( u%2(m) ),

'ﬁ
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otkyna Zi ;1 (z) = —cZ} ;1(:1:) Dro ozmauaer, aro (Z1(z) + ¢ Z3(z)),, =0, re.
byskuusa Zi(z) + ¢ Z3(z) ne 3aBucur ot z;. Tak kak ¢(z3) = cza, TO

gy aeno (0 0) ([ A\ _( 2@ Zi,@) 0
[Z°(x),a(z)] = < ave ) ( Z%(:E) ) ( Zzl;l(:z;) Z%;z(:z:) ) (:El +c:1:2)

—'Zl;z( (z1 + il
=<Z11(:1:) ottty >= %z(x)Zz(w)=( cflz(x)>-

+cZ3(x) = Z3 4, (2) (21 + c2)

Ciie1oBaTEIBHO,
o ;2 (z) (z1 +cx2) =c (le(m) +cZ(z) - 23 ;2(:1:) (z1 + cxz)) .

um, 970 TO 3XKe camoe, (Z1(z) + ¢ Z3(z))L, (z1 + cz2) = ¢ (Z}(z) + ¢ Z3(z)). Tlo-
ckonbKy Zi (x)+c Z3(x) ne 3aBucuT OT 71, TO, MOACTABJISAA B OC/IEAHEE PABEHCTBO
TouKM T, = (21 + €, T2)* € Q, noxy4aem, uto (Z1(z) + ¢ Z3(z)),, = 0, a 3uauwur,
Z1(z) + ¢ Z3(z) = 0. Urax, BekTopnbie nonst Z'(z) u Z2(z) JuHEHHO 3aBACAMBI,
YTO IPOTHBOPEYHUT yCJIOBHIO ii).

[Ipumep 2. Paccmorpum adbdunryo cucremy

:ic=a(:1:)+ub(-.z:)=(ml()x2)+u((1)).

[Tokarkem, yro oHa orobpaxkaerca Ha feedforward-cucremy B Hekoropoit ob.a-
ctn Q. PaccmaTpuBasi, Kak M B IpeAbIAyIEM IpUMEpe, yeaoBus i) ciaeacTsud 1,
nosyyaeM, 4To MOXKHO BhIGpaTh Z(z) = (1, 0)* u Z2%(z) = (0, z2)*. Hauee, pe-
menus cucreM (S1) u (S2) umeror Bug ¢1(z) =21, w2(z) = In|zz|. UTak, B Taxoi
obnactu, B KoTopolt o # 0, 3amena y; = 71, y2 = In|zz| opusoauT cucremy K
feedforward-Buny 91 = u, Y2 = y1.

3. OTobparkaeMOCTh C 3aMEeHO ynpaBJieHUs

B srom maparpade [Q]) o6o3nadaer npoekuuio n +- 1-meproit obactn Q Ha
k+1-MepHOE HOANPOCTPAHCTBO, HATSHYTOE Ha NepBble k U Moc/eIHi KOOpAUHAT-

npie BekTopsl, Te. [Ql}, = {(z1,..., %k, Tnt1) 1 T = (T1,...,Tn41) € @}

Onpenenenuie 3 Muv 2060pum, wmo neauHelinas cucmema euda (3) A0KaALHO
omobpasicaemeca na feedforward-cucmemy xaacca C' 6 obaacmu Q ¢ 3amenod
YNPABAEHUA, ECAU CYULECTNEYETN 3AMEHA NEPEMENHVIT (4) U 3G.MEHA YNPAGAECHUR

v = g(z,u) € C1(Q x R), g (z,u) #0, z€Q, ueR, (14)
xomopwie ceodam cucmemy (3) K eudy
ykz"pk(yh---,yk—lav), ’k=1,...,n, (15)

20e Y € CY[F(Q x R)l;_1), k = 1,...,n, a omobpasicenue F umeem eud
F(z,u) = (F(z),9(z,u)).
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Kax u B citygae orobpaxkaemocTs 6e3 3aMeHE! yIIPaBierus, cucreMa (3), Koro-
pas joKaIbHO oTobpakaercsa Ha feedforward-cucremy xiracca C! B cmsbicse ompe-
nesenus 3, TakKe OpEHaIIexuT Kiaaccy C1.

3ameruym, YTO DAHHOE ONpexesieHue He mpejmonaraer, 4ro g(z,R) = R. Do
O3HAYAeT, YTO 3aJada C HEOTPAHMYEHHLIM YIpPaBJIEHHEM MJisd WCXONHON cucTe- |
Mbl (3), BoOOILIE rOBOPsSI, MOXKET CBOJUTHCH K 33/Ja4e C OTPAHUYEHHBIM yTpaB- |
nerueM yis feedforward-cucremser (15). '

Teopema 3 Heaunetlnas cucmema euda (3) aokaavHo omobpasicaemesa ha
feedforward-cucmemy xaacca C' 6 obaacmu Q ¢ samerotli ynpasaenus mozda
u moavko mozda, xozda f(z,u) € CH{Q x R) u cywecmeyrom sexmoprvie noas
ZNz),...,Z2"(z) € CHQ) u pynxyuu Z}(z,u),..., 23 (z,u) € C(Q xR), maxue,
Ymo i ‘

i) das nexomopux Pynxyul pi(z,u) € C(Q x R) evnoaneno

(2% (z), f(z,w)] + fu(@, W) Z§(z,u) = D ilz,u)Z'(z), k=1,...,n;

i=k+1 :
i) dan mobozo k = 1,...,n cucmema (Si) umeem pewenue 6 xaacce C*(Q), |
4 MAKINCE CUCTIEMA
oL (z,u) 2% (z) + ol (z,u) ZE(z,u) =0, k=1,...,n, (So)

umeem wempueuassroe pewenue 6 xaacce C1(Q x R).

JokazaTenncro. HeobxomumocTs. Ilpeanosoxuam, 9TO YCJIOBHSA TEOPEMBI 3
sbinosEessl. Ilyers @ (z) € C?(Q) - pemenue cucremsr (Sg), k = 1,...,n, u
nycts g(z,u) € C*(Q x R) — merpusuanpHoe pemenne cucremsl (Sp). Pacemo-
TpHUM 3aMeHy mepeMeHHBIX Y = Fi(z) = @r(z), £k = 1,...,n, B cucreme (3).
U3 ycnosud ii) cremyer pasencrso (5), orkyna momydaem, 4to detFy(z) # 0 u
rank{Z(z),...,2"(z)} = n, z € Q. B wacTHOCTH, /151 HETPHBHAJLHOTO pelIe-
aust cucremsbl (Sp) nmeem gy, (z,u) # 0 npu z € Q, u € R. Torza

Qk=(pké(x)f($,u), k:l,...,n

ITokaxxeM, uTo @kg(z)f(z,u) sBaserca dymxvumerr or Fy(z),...,Fr-1(z) u
g(z,u). Paccmorpum npoussosbHble byakiun ZE (z,u,€), HenpepuisHO mudde-
DeHIIpyeMbIe 10 T, U, Takue, uTo Z&(z,u,e) = Z§(z,u) npu £ — 0. O6oznaunm
z = (z,u) € @ X R u paccMorpuM “pacmupenHrle” BEKTOPHBIE HOJIA

o= (1), 2551, Zea-(2,)

u byskumn Pi(z) = @g(z), k = ,n. Ouesnguo, umeeM Pz (z)f(z) =
ora(x)f(z,u) u P 1(2)27(2,€) = (,okx(x)ZJ (z). Beemem B paccMoOTpeHme CKOG-
xu JIn [X(2),Y(2)] = Y (z X(z) X! (2)Y (). Tak xak Pr(2z) € C*(Q x R),
f(z) e CHQ xR) u Z"(z e) € CY(Q x R) (upu mocraTodso Mambix € > 0), To

(Bt () F(2)). 2 (2,€) = Bt (22 (2,€), F(2)] + (Ph s (2)Z%(2,€)). f(2).  (16)
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[lockoneky @i (z) — pemenue cucremst (Sk), TO Py, ,(z)Z’ (2,€) = pra(x) 27 (z) =
const nipu j > k, mostomy (B 4 (2) 2 (z, €)), f(2) =0 npu j > k. Hasee,

[Z1(2), £ (z,w)] + fi(z,u) Z}(z, u,€) )

[Z7(2,¢), f(2)] = ( :
). fle 23} @, ,6)f z,)

Tak kak @k (z) HE 3aBUCHUT OT U, UMEEM

P11 ()2 (2,6), F2)] = oud () (127 @), f (2, 0)] + Fula, ) 2 (0, u,6))
Takum ofpasom, u3 (16) momyyaem
(Br s (2) f(2)). 27 (2,€) = pra(2) ([Z]( ), f(z,u)] + FL(z,u) 2} (x,u, s)) gl g5 2
Yerpemasas € K HyJUO M 3aTeM NPUMEHsA yCJIOBHE 1) TeopeMbl 3, NoydaeM, 4To

(Bk2 () (), 2(2) = it (2) (127(2), f @, w)] + fulzsw) Zh (2, w)) =

n
= S wilz, w)eri(@)Zi(@) =0  mupn j 2 k.
i=j+1

Utax, bysxuus ok 2 (z) f(z,u) = @ L(2)f f(2) siBsieTcsi pelIeHHeM CHCTEMBI
W;(z)zj(z) =0, j=k...,n

910 — cucrema u3 n— k+ 1 ypaBHeHUS OTHOCHTEIHHO MYHKIUH OT 1+ 1 HEenm3BecT-

noro. Kax 6bu10 110Ka3aHO BhIIe, rank{Z*(z),...,2"(z)} =n — k + 1, crenosa-
remsro, rank{Z*(z),...,Z"(2)} = n — k + 1. ITo ycnosuio ii), 91a cucrema nmeer
k HesaBuCHMBIX pemennit p1(z),...,pr-1(z), g(x,u) xmacca C!, a smaumT, mo-

6oe ee pemenne (kaacca Cl) sBasiercs dyuxmuett (kmacca C!) or aTux pemrenuii.
Takum obpasom, Hatiaercs dyuxmus ¥ € CH[F(Q x R)]}_,), Takas, uro

e (2)f (2, u) = Pr(pr(2), - ., Pr-1(2), 9(7, 1))

Urax, npu v = g(z,u) cucrema (3) B nepemennnix y = F(z) nmeer Bux (15).
Jlocrarounocts. [Ipeanonoxum, ato cucrema (3) J0KaIbHO 0TOOpAKaLTCA Ha

feedforward-cucremy (15) xmacca C! ¢ momompio 3aMeHbl epeMeHHbIX (4) u 3a-

vens! yrnpasienns (14). Torga, kak 6su10 oTMedero sbie, f(z,u) € C1(Q xR) n

Fké(l')f(.'t,u) = "/’k(Fl(x)v siele ,Fk_l(fl?),g(w,u)), k= 1,.

[Tonoxxum

Zk(z) = (Fi(z))lex € CHQ), ¢r(z) = Fi(z) € C*(Q), k=1,...,n,

Z(’f(:c,u) — —m g;(w,u)Zk(a:) € C(Q x R).
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O4eBUIHO, YTO BBEIEHHBIE BEKTOPHBIE HOJIA ¥ (DYHKIUA YAOBJIETBOPAIOT YCIIO-
Buto ii) Teopemer 3. Tax xax F(z) € C?%(Q), 10, ¢ yuerom (17), momyuaem

Fy(x)[2*(2), f (z,0)] = (Fy(x)f (2, ), 2" (2). (18)
Vmeem (Fy(z)f(z,u));25(z) = L5, €i(Fj (2)f (%,u))3 2" (z). Tax xax
EJQ': ((D)f(d:,’lb) = "/)j(Fl(w)’ vee )Fj—l(w)’g(wau))’ (19)

T0, 0603HAYA

Oiyts oy Yi-1,9(2,u . :
(o) = 2o B IEN)| e Q¥ R), i1

/"OJ'(IE,'U:) a¢](F1($), B'U J 1( U) |v—g(z u)e C(Q X R)

u yuuteiBas (17), nonydaem

. 1 Fa
(Fja(2)f(z,u));25z) = Zu”(z U (2)24(2) + piog (2, ), (@, 4) 2 (2) =

1=1
31

= pij(@, u)dix — poj(z, w)gy (z,u)Z§ (2, u).
i=1

Kpowme Toro, u3 (19) crenyer, uro Fj 4 (z)f1(z,u) = poj(z,u)g,(z, ), mosromy

Fj1(@)f (2,u)); 2%(z) =
(Fyz (2)f (2,u)):Z"(2) { pkj(z,u) — Fjg (2) folz, u) 2§ (z,u), j2k+1.

Urtak, u3 (18) monydaem

(2*(2), f (z, u)] = (Fz(2))~ ( > e ukjla,u)— Zea Fjz(2) fulz,u) 2§ (2, U)>

j=k+1 Jj=1

= 3 uilzu) 2 (z) - fi(@,u) 2 (2, u),

j=k+1

YTO coxana.;:aeT ¢ i) B
3amevarnue 6. HeTpyaHO BHIETH, YTO €C/IM BEIIOJHEHB! YCJIOBUS TEOPEMBI 1,
TO BHINIOJIHEHBI ¥ YCJIOBUA TeopeMbl 3. [lefcTBUTENBHO, B 3TOM CIydae B Teopeme 3
JOCTATOYHO TOOXHTh Zg(z,u) = -+ = Z(z,u) = 0 ¥ B KadeCTBe HETPUBUAb-
Horo pemrenus cuctemsl (Sp) BrOpaTH g(Z,U) = U. -
PaccMoTpuM, HAKOHEL, orobpaxaemocTs Ha mectporyio feedforward-cucremy
C 3aMEHOH ynpaBJIeHHd.

| i
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Onpenenenue 4 My 2ogopum, wmo neaunetinas cucmema euda (3) aoxarvo
omobpasicaemca na necmpozyro feedforward-cucmemy xaacca C! e obracmu Q
¢ 3amenoll YnpasaeHus, ecAu CYUECMEYIom 3aMeHa NEPEMEHHNT (4) U 3amena
ynpasaerua (14), xomopue ceodam cucmemy (3) x eudy

ykzwk(yl,”wykvv)a k=11""na (20)

2de Py, € Cl([ﬁ’(Qx]R)];c), k=1,...,n, a omobpascenue I umeem eud F(z,u) =
(F(z),9(z,u)).

Teopema 4 Heaunetinaa cucmema euda (3) aoxaavro omobpasicaemcs Ha
necmpozyro feedforward-cucmemy xaacca C! 6 obaacmu Q ¢ 3ameroti ynpasaenus
mozda u moavko mozda, xozda f(z,u) € C1(Q x R) u cywecmeyrom sexmophuvie
noas Z(z),...,Z2"(z) € CHQ) u pynxyuu Z(z,u),..., 28 (z,u) € C(Q x R),
maxue, ¥mo

i) das nexomopwz dyrxyut pri(z,u) € C(Q x R) sunosnero

[ZF(2), f(z,u)] + f.(z,u) ZE(z,u) = Euk,(:cuZ’ ()} =K==y 4 Ly

i) das aobozo k = 1,...,n cucmema (Si) umeem pewenue 6 xaacce C*(Q)
u cucmema (Sp) umeem nempusuaavroe pewenue 6 xaacce CH(Q x R).

Sameuarue 7. YcnoBusi 0TOOParKaeMOCTH, IOJIyIEHHBIE BBIIIE, HATOMHHAIOT
YCJIOBUS JIMHEAPU3YeMOCTH IIsi cucTeM Kiacca Cl, KOTOpbIe Tak:ke CBS3aHBI C
CYyLIECTBOBAHHEM BEKTOPHBIX ITOJIEi, Y{OBJIETBOPSIOMIUX OMPEJEIEeHHBIM YCJIOBHU-
sM. Kak u3BecTHO, yCI0BUS JIMHEAPH3YEMOCTH JJIsi CHCTEM C JOCTATOYHO [IaKOM
IPaBOil YaCcThIO MOTYT OBITH CHOPMY/IMPOBAHBI B TEPMHHAX CKOOOK Jlu BeKTOp-
HBIX IIOJIEH, ONpeesIsSIONMX IPABYI0 4acTh cucremsi (2, 3, 4]. st muneapusyempix
cucrem kimacca C! TexHmka “cko6ok JIn” MOXeT GbITh IIPUMEHEHA B HECKOIBKO
vomucuiuposansom Bapuante [5]. Oxnako nns feedforward-cucrem xnacca C!
IpUMeHEeHue MOJO00HBIX KOHCTPYKIUI BCTPEYAET OIpPEJEe/IeHEbIE TPYAHOCTH.

Ipumep 3. Paccmorpum adduunyio feedforward-cucremy kmacca C!

:i:za(x)+ub(x)=(mll(;ll )m(é) (21)

@01 = (). —— fie S0}

[[a(z),b(z)],a(z)] = 0. Takum obpasoMm, B Toukax z .= (Z1,Z2)*, AJad Ko-
Topbix 1 # (0, HEeTPUBHAJILHBIMM BEKTOPHBIMH MOIAMH siBAsitoTca b(z) u
[[a(z),b(z)], b(z)]. Oanaxo npu z; = 0 BexTopHOe n01€ [[a(z), b(z)], b(z)] paspsis-
HO, a CIeayromue CKOOKU JIu TOXKIeCTBEHHO PABHBI HYJIIO UM HE ONPEAEJIEHb] IPH

Nmeem
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z1 = 0. ATak, gaxke ©3BECTHHIH B TEOPUH IVIAAKHMX CHCTEM “DaHTOBBIH KpnTepHﬁ”
HENIPUMEHHM JJIS UCC/ICIOBAHUS YIIPABJISEMOCTH CHCTEMBI.

OpxHako Jierko nmokasaTh, 4TO cucreMa (21) siBjisiercss BIOMHE yIPABISEMOH.
Bosnee Toro, HeTPyAHO MOJIYYUTH PELIEHUE 3a4a49U OBICTPOAEHCTBUS JJIsi 9TOH CH-
crempl. [1Jis onpegesieHHOCTH PacCMOTPUM HON3/JaHie B Hadaso Koopausat. [Ipu-
MeHss npuHIAN Makcumyma [lonrparuna, umeem H(z,p,u) = piu + pozi|z1],
rae p1 = —2polzi|, p2 = 0, a omTMMasbHOE YIpaBIEHHE 33JAETCS YCIOBHEM
u(t) = signp;(t). IIpn sarom Ha omrumasbHOM Tpaekropuu pi(t) # 0, Tak uTo
ONTHMAJILHOE yTpaBJIeHNe INPHUHUMaeT 3HadyeHus +1. Bosee Toro, p; He MeHser
3HAK, I03TOMY ONITHMAJILHOE yIIPaBJeHHe UMeeT He Gosiee OJHOTO MEePeKJIIOYeHHS.
Paccmorpes Takue ynpaBiieHHs, MOJIy9aeM, 9T0 ONTHMAJbHOE yIPaB/IeHue UMeeT
TOT K€ XapaKTep, YTO U B c.nyqa:e JIHHEHHON KAHOHMYECKON CHCTeMBl. A HWMEHHO,

u(z) = —sign (z2 + $3) npu 2o + 322 # 0 u u(z) = —signz npu z5 + 323 = 0.

IIpumep 4. Pacemorpum adbdumnyio feedforward-cucremy xiacca C*

cf opa 21 > 0,

gy npa 2 <0

2
; 0 1 1
z = a(z) + ub(z) = ( h(z1) ) +u( 0 ) , rae h(z;) = { :
Kak u B IpeablaylieM OpUMEpe, ONTHUMAJbHOe IO OhICTPOJEHCTBHIO yIIpaBiie-
HMe NpUHAMaeT 3Hauenuss +1 u umeer He 6Gosee OJHOrO MEPeKIIOYeRHs: u(z) =
—sign (2o — £(1)) npu z3 — €(z1) # 0 u u(z) = —signz; npu zg — (1) = 0, re
&(z1) = —323 upn 21 > 0 1 &(z1) = §21 npu 7, < 0.

JIUTEPATYPA

1. Kopobtos B.1. YupaBnaeMoCcTh, yCTONYNBOCTD HEKOTOPHIX HEJIMHEHHBIX CH-
crem // Huddepennuambusie ypasuenusa. — 1973. - T. 9, 4. - C. 614-619.

2. Krener A. On the equivalence of control systems and the linearization of |
non-linear systems // SIAM J. Control. — 1973. — V. 11. — P. 670-676.

3. Brockett R.W. Feedback invariance for nonlinear systems // Proc. 7 World
Cngress IFAC, Helsinki. - 1978. - P. 1115-1120.

4. Jakubczyk B., Respondek W. On linearization of control systems // Bull.
Acad. Sci. Polonaise Ser. Sci. Math. — 1980. — V. 28. — P. 517-522.

5. Sklyar G.M., Sklyar K.V., Ignatovich S.Yu. On the extension of the Korobov’s
class of linearizable triangular systems by nonlinear control systems of the
class C' // Systems and Control Letters. — 2005. — V. 54. — P. 1097-1108.

6. Arcak M., Teel A., Kokotovi¢ P. Robust nonlinear control of feedforward
systems with unmodeled dypamics // Automatica. — 2001. - V. 37, 2.
- P. 265-272.

T me——




06 oro6paxaemoctu Ha feedforward-cucremsr B ximacce C*

Angeli D., Chitour Y., Marconi L. New results on robust stabilization via
saturated feedback// Proceedings of the 42nd IEEE Conference on Decision
and Control, USA, 2003. — P. 4445-4450.

Krstic M. Feedback linearizability and explicit integrator forwarding
controllers for classes of feedforward systems // IEEE Trans. on Automatic
Control. — 2004. - V. 49, 10. - P. 1668-1682.

Sklyar G.M., Ignatovich S.Yu. Approximation of time-optimal control
problems via nonlinear power moment min-problems // SIAM J. on Control
and Optimiz. — 2003. - V. 42. - P. 1325-1346.




R .

Bicuuk XapkiBChbXOro HANIOHAIBHOIO YHIBEPCUTETY
Cepis "Maremaruka, NpUKIagHa MATEMATHKA 1 MexaHika"
YK 517.574 Ne 749, 2006, ¢.80-85

Cybrapmonunyeckas GYHKIUS ¢ KpaliHe HeperyJasirHbIM
pocToM '

A. llyurn

Xapvrosckuth HayuonasvHuti ynueepcumem um.B.H. Kapasuria, Yxpauna

Bonee ToHKOH XapaKTepHCTHKOM pocTa CyOrapMOHUYeCKOH GYHKIUMH UeM
HHIAKATOD U HUKHUY WHINKATOD SBJIAETCSH PEJEIBHOE MHOXKECTBO A3apu-
Ha 3TOi yrKuun. IIppBonuTca mpuMmep KpaliHe HeperyssApHO# pacryei
cybrapMOHUYECKOH (DyHKUMM W HAXOMUTCS IPEebHOe MHOXKECTBO A3apH-
Ha 310 pyHKuuu. Kpalinss HeperyIsipHOCTh POCTa BHIPAXKALTCH B TOM, YTO
MephI U3 IPEeAEIbHOr0 MHOXKECTBa, A3apHHa PUCCOBCKON Mepbl 3Tol dyHK-
WY UMEIOT ONHOTOYEYHBINH HOCHUTENb.

2000 Mathematics Subject Classification 31A05.

OB6EI9HO BCTPEYAIONINECS B IUTEPATY e NeJbie U cybrapMormyecKue (hyHKINHT
C XOpOILIO ONMCAHHBIM ACHMITOTHYECKHAM IOBEJIEHMEM 3TO (DYHKIIMM BIIOJIHE pe-
rysisipgoro pocra B cMeiciie JleBuna-Ilhmorepa. B Tex penkux ciywasx, xorga
paccMaTpPUBAIOTCA HEPEryaspHO pacTymue (QyHKuuH, OOBIYHO OrPaHHYHMBAIOTCA
OLIEHKAMH UHIHKATOPA.

B 3aMeTke npuBOANTCS MPUMED ABHO 3a4aBAaEMOM HEPEryJIAPHO pacTyuiei cyo-
rapMOHMYecKoil PYHKIMHM, A1 KOTOPOH NpeiesbHOe MHOXKECTBO A3apHHa TOXe
SIBHO BhIYHCagercs. [Ipennaraemaa GhyHKUMA OpeTeHAyeT Ha POJIb CaMOt Hepery-
JAspHO pactyuedt dyHKunn. DTO BEIpaXKaeTcs B TOM, YTO IPEJeIbHOe MHOXKECTBO
Azapuna Fry puccoBckoit Mepbl 4 3T0H GYHKIMM COCTOUT U3 MEP C OAHOTOYEYHBIM
nocureseM. Vimeerca o63opras cratba B.C. Asapuna [1] mo npeaessHbM MHOXKE-
cream. Tam MOxHO HaliTu HezocTaromue onpejenenns. Ormernm, uro pabora [1]
SIBJISETCA PACIINPEHHBIM BapUaHTOM PYCCKOrO OparuHasa [2].

Ilycrs p € (0,1),

4
: et
R

o0
v(z) = Z R} ln
* k=1

ITocnenoBarenbrOCTh Ry I0JKHA OBITH Tak GBICTPO BO3PACTAOLIEH, YTO
Ry,
k+1

Hanb6osee HpOCTOﬁ IIOC/IEJ0BATE/ILHOCTBIO TAKOT'O BHAa ABJIACTCH IIOC/IENOBa~

k
rempEOCTs R = a® ¢ a > ——. Kak 6yJer noka3aHo HU)Ke, H3 YKA3aHHBIX
1-p )

80
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OrpaHHYeHUH Ha MMOC/Ie0BATENIbHOCTE Ry, ciieyeT, 4To 4uciIo p ABAsSeTCa NOpa-
KoM cyBrapmoumyeckoit dpyukuuu v(z).
Hanee, oboznaunm K(a,b) = {z:a < |2| < b}.

Jlemma 1 Ilpu z € K(Ry—1, Rk41) cnpasedauso coomnouieriue

-

z z

EY s

v(z) = Rf_;In|l - 7 + R{In +

k-1

-!-RZ_,_1 In

z
l1— ——|+O0()R?_,In|z|, k— oo.
| + 0w,

I[JIH YKa3aHHBIX 2 CIIpaBeJinBO COOTHOULIEHHE

In l—ﬁz_n:H < (1+o(1))1n|zl, -k -—>00, m<k-—2.
ITosromy
k-2 k-2
S R In 1—5;;‘ < (1+o(1)) (lnlz]) S RS = (1+o(1)) RC_,In|z|,
m=1 m=1
k — .
Kpowme Toro,
iR"l | onrandfogn, icpein, ggul S50 omugyen, i
m=k-+2 Gk R’"’ . 'Z|m=21c+2 e St k+lm=zk:+2 Bhasa

R4y
=(2+0(1)) == = o(1), k = .
RT8
k+2 :
1l

Jlist 060CHOBAHMS ITOCJEHEr0 3aMETHM, UTO MOCIeI0BATEIBHOCTE R, Tak 6BI-
cTpo yOBIBAET, YTO HANKCAHHBIA Psij SKBUBaJeHTeH (kK — 00) IepBOMY CBOEMY
qIEHY.

W3 yka3aHHOTO CIeayeT yTBEPKIECHUE JIEMMBI.

Paccmorpum TpaekTopuio A3apuHa

v(tz)
tP

vt(z) = N LE (O, OO)

dyukuun v(z). IIpenensroe MuO)KecTBO A3apuna Frv cybrapmonndeckoit ¢yHK-
LUK U 3TO MHOXKECTBO (DYHKUIHN BAIA

u(z) = lim v, (2),

—
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rae t, — 400 (n — 00), a Opeaes MOHUMAETCH Kak npeies o60bmeERHbIX DyHK-
nuit, To ects Ayia moboi duHUTHONK GeckoneuHo auddepeHmupyemMot dyHKIHHT
¢(z) BbImONHSIETCS PABEHCTBO

Jim [[ o Ge@ima) = [[ w@edm ),

rae mgy — Mepa Jlebera B IJIOCKOCTH.

Haitnem Fru. ITyers ¢, — +00, u(z) = limw, (2) (n = 00).

Hna moboro n Hahiaércs uucio k Taxoe, 4ro t, € [Rg_i1,Ry]. Ilepexons
ecIM HY’KHO K TIOC/IeJOBATETbHOCTH MOXHO CYHTATBH, UTO KaXKJAOMY CEIMEHTY
[Rg—1, Rx] nupunajmexn He Goee 4eM OQHA TOUKA ty.

ITycts Ry, Guvkaitmas (oHa U3 GauKafmuX) K &y, B JorapudMIIecKoi ImKa-

JIe TOYKa TOCJIe0BaTeIbHOCTH Ry, (| In ;{fﬂ <|In fzﬂk-l) . 3ameTnM, 9TO eciu t, <

Ry, , 10 ty € (\/Rk,-1Rk,, Rk, ), @ ecint tp > Ry, T0 ty € [Ry,, / Rk, Rk, +1)-
Bosmoxken wiy4ait korga kn = kp1.
Opnmako, nepexoiss B CIydyae HeOOXOOUMOCTH K HOANOCIENOBATEIHOCTH eIle
pa3, MOXKHO CYUTATH, YTO K, CTPOr0 BO3PACTAIOMIAS ITOCIEA0BATEILHOCTE.
Beenem nocne0BaTeIEHOCTD Y, COOTHOIIEHUEM f, = Y, Ry, . Ilepexons B oue-
peaHOl pa3 K MOAIOCIeA0BATEIbHOCTH, MOXKHO CYHTATh, ITO NOCTEAOBATELHOCTE
Yn CXOASINASACS (CXOAMMOCTH K 00 He uckouaercs). Kpome Toro JAomosHuTes-
HO MOXXHO CYHTATh, YTO BBIIOJIHAETCSA OAHO U3 COOTHOLIEHUH 7, > 1 aust moboro n
wia ¥, < 1 gos moboro n. Me1 6yaem paccMarpuBaTh 00a 3THX CIIydast OTAEIbHO.
IIycts v, > 1. Tlokaxkem, yro ewm vy, — +oo, To u(z) = 0. Vmeem
tn € [Rk,,Rk,+1)- IIycTb 2z IpHHAIIEXKUT HEKOTOPOMY (DHKCHPOBAHHOMY KOM-
nakty K, Takomy, uro 0EK. Torma mis Bcex mocraTouHo Gosmbuinx n Gyner BbI-
MOHATHCS COOTHONIEHHE tnz € [Ry,,Rk,+1). Jns 9T0r0 Hy»KHO 3aMeTHTb, UTO
tn = 0o(1)Rj, 41 B cuty TOro, 4To TOuKa t, Gmuxkaitiuas K Ry, B norapudpmmye-
ckoit mxaJse. lanee Haxomum

thz ’
Bplnll -t = OQ) By, Ints (1)
thz
Rp lnll - é‘ = Rp In|l — 2|, (2)
th2 -
Rf |l = 5= < (10(0)) tal#] RES (3)

U3 npupeneHHBIX COOTHOIIEHUH, JIEMMBl M YK€ OTMEYaBIIEroCs DaBEHCTBA
tn = 0(1) R, +1 cneayer, aro

v,(2) =20 (n— oo, z€ K).

IIosTomy

Jin [[ v @p(edmaz) =0 @

R —————
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Jus 060l pUHUTHON GECKOHEYHO ,ancb(bepeﬁnnpyeMoﬁ dyukun (z) Taxoii,

OEsupp .
Iycrs B(0,R) = {2 : |z| < R} u nycts supp ¢ C B(0,¢). Torga

‘// v, (2)(2)dma(2) // (tn2)p(2)dzdy| =
JEG ( )dﬁd" 5 ”ﬁl / [v(C)|dédn.

B(0,etn)
Hna cybrapmonndeckodt (hbyHKUUH MOPsijKa p W KOHEYHOro tuma mpu R > 1 u
HeKoTopoM M crpaBejiuBa OLEHKA

tp+2

J[ w)idedn < marer>.
B(O.R)

[[ v @re@rama(z)

13 sroro u (4) cnenyer, uro (4) cupasepmso mis 060 ocHOBHOM dyHKIUM (.
Tem cambiM cHOpMyIHPOBAHHOE YTBEPXKAECHUE O TOM, YTO B CIIy4ae Yy, — 00 (n —
00) BBINOTHSIETCSE paBeHCTBO u(z) = 0 JoKa3aHo.

ITycrs Teneps v, — v (v > 1).

N3 siemmer u coornomennit (1)-(3) creayer, uro

[Tosromy
< Mllplle?*2. (5)

1
v, (2) = ,y—ﬁlnll — Mnz| + ¥n(2)

rzie Y (2) pABHOMEPHO CTPEMUTCS y HyJIK Ha Ji060M KomnakTe K He copepKaliem
0. ITosromy ecin ¢ — ocHoBHas dynkuus u 0 € supp @, T0

[[ v @e@amae) = = [[ 1 - valpte)dma ). (6)

Bwmecre ¢ onenxoii (5) mis dpynkunit ¢ takux, 910 suppy C B(0,¢€) ato paér, aro
(6) cpaBenmBo a1t 060# OCHOBHOM DYHKIHH (0. DTO MOKHO TaK2Ke 3aIHuCaTh
B BUge lim v, (2) = ——lnll —vz|.

n—00

Msr pacemoTpenn ciydait, Korga vy, > 1. Ecm v, < 1, To mosropenuem npe-
JBLLYIIAX PACCYKIEHUH ¢ OUeBUAHBIMEA H3MEHEHUAMH JOKA3bIBACTCS, YTO

limwv, (2) =0, e v, = 0 (n — o)

limwy, (2) = %,,ln|1 —vz|, ecmm v, =y (y<1) (n— 00).

Mper mokazamu, 4To Jobast GYHKIHS U 13 MHOXKecTBa Frv umeer Bug ;yl,; In|l1—
vz|, v € (0,00) mwiu paBra Hymo. C apyroif CTOpPoHSI, €ciu B3ATH t, = YR,, TO
[IPOBEJIeHHBIE PACCY XK AEHUs OKA3BIBAIOT, YTO vy, (2) — ,%,, In|1—~z|. Tem cambim
JI0Ka3aHO, 9TO

1
Fruv = {:y?lnll—'yz), vE [O,oo]}.
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(B koHueBbIe TOYKH 0, 00 (byHKumo = In|l — yz| Hy>KHO HpOAOMIKATE 1O HETIpe-
PBIBHOCTH).
Puccoeckast Mepa (byHKIHE 1 7 In|1 — vz| umeer Bug —61 (€), rme 0z, (C) —

mepa Jlupaka, COCpesoTOYeHHAs B TOUKE Z.
ITosTomy ecu pu — puccOBCKasi Mepa v{z), To o Teopeme Asapusa [1] umeer

mecto cooTHomenue Fry = {;}76 1(¢), 7 €[0,00] ¢, rze no onpeeIEHNIO TOYKAM
&
- 0 1 00 OTBEYaeT HyJeBas Mepa.

Paccmorpuym eme naaukarop h(9) n mmxsuit wrymkarop h(f) dymnkmum v. Ilo
reopeme Azapuna ([1], Teopema 4) <

h(6) = max ;Y-lgln|1 — e : vy €0,00

h(6) = min ;1;,- In|l —~e?|: 4 €[0,00]
Ofa uRIMKATOpa ABJIAIOTCA YeTHEIME DyHKUOUAME Ha cermenTe [—, 7). PyHkuus
h(#) sBnserca crporo Bospacraromieit, a pyuxnus h(f) asiasercs Bozpacraomei
dbynkuelt va cermenre [0, 7.

Jlerko Bugers, uto h(0) = —oo, h(0) = 0 npu @ € [§,n]. Unguxarop h(f) me
BBIPAXKAETCS 4epe3 cTapaapTHble (yHKkumd. [losToMy 3aMeTuM, 9TO

1
h(0) = Wln(v - 1),
rje 7y — €JIUHCTBEHHbI! KOPEHb YPABHEHUS

(z—1)In(z-1) =

'bll—‘

P
Ha mosyocu (e#  + 1,00),

Bt %m(»f +1),

me 'y — eJMHCTBEHHBIH Koperb ypapuenus (z + 1)In(z + 1) = ; T Ha TOIYOCH
(eP —1,00).
I (5) —In(1 +12),
5 2 > In T 0,

TRE Epes eJ.IHHCTBeHHbIﬁ KOpeHb YpaBHEHUS

(1+2?)In(1 +22) = % 22

2
Ha [OJIYOCH ( oh ™ 1,00) |
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1. BBenenue

ITeperopoaxu, ycTaHaBIMBaeMble BHYTPH OAaKOB, UCIIOIb3YeMBIX A/ TPAHC-
MOPTUPOBKHU WJIH JJINTEJIHHONO XpaHeHUs O0IbIINX 06bEMOB XKUAKOCTH, SBJIAIOT-
cst Haubosiee TPOCTLIM ¥ 3PhEKTUBHBIM CPEICTBOM JeMIdupoBaHus Kosebanuit u
HeATPaJH3aIMH JUHAMIYECKOro BO3IEHCTBHS KUIKOCTH Ha cTeHku Gakos [1]-[4].
Hanwgwe neperopofiok NPUBOAUT K JOMOJHUTEIBHBIM TPYAHOCTAM NP PeIleHun
KPaeBBIX 3a/1a4, ONUCHIBAIOIIUX JABMXKEHUE XKUAKOCTH. DTH TPYAHOCTH OCOOEHHO
BEJIUKH, €CJIH IEPErOPOAKY BBIMOJHEHBI C OIPEAEJIEHHBIM YHCJIOM OTBEPCTHi, U
OBICTPO CTAHOBATCS HEMPEOJOJUMBIMHU C POCTOM YHCJIA OTBEPCTUM U YCIOKHEHUEM
ux popmel. OHAKO B TOM ClIy4ae, KOTJa YHCI0 OTBEPCTUI BEJIUKO, & HX Pa3Mepbl
MaJibl, IPUOJIMXKEHHOE PelIeHne 330349l O KOJIeOaHUAX »KUJIKOCTH MOXKHO TOJIY-
YUTh KaK pelleHue Oosiee MpoCTOd 3aJaduu, MOIydaeMOil IyTeM 3aMeHbl TOYHBIX
rPAaHUYHBIX YCJIOBHI Ha IEPErOpPOAKaX HEKOTOPBIMH yCPEJHEHHBIMM YCJIOBUSIME
corpsikerns. Takoi MOAX0, CBOASIIMI HCXOAHYIO 33424y K Gojlee MpOCTOMH 3a/1a-
ye, peIIeHne KOTOPOH npubirKaeT TOYHOE PelleHue U MOXKeT ObITh 3D HEeKTUBHO
HaiIeHO, YaCTO MCIOJb3YeTCsi B NMPHUKJIAJAHBIX MCCIefoBaHMAX. Meromsl ycpen-
HEHWsI, UX CTPOTrOe MaTeMaTH4yeckoe 0O0CHOBaHUE NPHMEHMUTEJIbHO K KPAEBBIM X
HAYaJIbHO-KPAEBbIM 33/1a4aM B IepMOPUPOBAHHBIX 00/1ACTAX MOAPOOHO H3/I0XKEHBI
B MoHOrpadusx [5], [6] 1 ykasaHHBIX B HUX MyO/IMKAIUSIX.

B manuoit pafore jaHa MareMaTHYecKasl (POPMYIMPOBKa 381491 O MaJibIX I10-
TEHIMAIbHBIX JBUXKEHUSX UIeAJbHON XKUIKOCTH BOJIN3H PABHOBECHOI'O COCTOSIHUS

86
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C yCpeJHeHHBIMH YCJIOBUSIMU Ha meperopokax. JlokazaHa pas3pemuMoCThb 3BOJIIO-
LHOHHOM YCPEJHEHHOH 2aJavu. YCTAaHOBJIEHBI HEKOTOPhIE OOIye CBOMCTBA CIIEK-
TPa YaCTOT COOCTBEHHBIX KOJEOAHUN YKUJIKOCTH.

2. IlocranoBka 3azaun

Paccmarpusatorcst Masibie (JIMHEHHbIE) IBUXKEHUA UALAJIHLHON KHUJKOCTH B Ya-
CTHYHO 3aII0JTHEHHOM HENOABMKHOM cocyze. Ilpeamonaraercs;, 970 BHYTPH HOJIO-
CTH COCYy/{a YCTAHOBJIEHBI TOHKHE Hele(OpMUpPYEMbIE IIEPErOPOAKH.

Beenem mpsiMmoyronsHyio cucremy koopguHar Ox1Zox3, CBIBAHHYIO C COCY-
oM, HampasJsisi och Or3 BepTHKaJbHO BBepx. IlycTh ) o3mavgaer o6siacTh, 3a-
HEMAEMYI0 JKUIKOCTBIO, I'-CBOOOAHYIO IOBEPXHOCTh XKUIAKOCTH, S— IOBEPXHOCTD
IOJIOCTH COCYyJja. B paBHOBECHOM COCTOSIHMH ypaBHEHHE CBOOOIHON MOBEPXHOCTH
JKUJKOCTH UMEET BHUI: Z3 = const. Byaem cuuTaTh, YTO ImEperopogkul pas3jelid-
10T cBoGonmyio mosepxsocTs ' Ha n wacreit I'x, k € I,n, a obnacts Q — va N
(mon)obacreit U, k € 1, N, nupuyem Hymepanus BBeJieHa TaK, 9TO IEpBbIE 7
obmacreit , k € 1,n IpUMBIKAIOT K CBOGOIHOI MOBEPXHOCTH YKHUAKOCTH, T.€.
Iy € 00 V k € 1,n. Ileperopoaku co cBoGosHBIM KpaeM B obsactu () MCK/I0Ya-
HOTCST U3 PACCMOTPEHUS.

ITycrs § —TonupHa Neperopoiok, L —xapakTepHbiit JUHEHHBIA pasMep Cocyaa.
Cymrast 6 < L, OyseM OTOXAECTBJIATH MEPErOPOJKY MEXAY JByMs CMEXKHBIMU
obnacrsivu £, € ee cpeauHHON TOBEpPXHOCTBIO Sjk. Bhigenum Ha moBepxHO-

ety Sk HerlepeceKaroIyecs CBS3HbIe KyCKH (OTBEPCTHS) o™ C Six, m=T,m,
jk P 10 Yy P ik ik = 1,Mjg-

Muoxecrso Pji := jk\(uzf_'_fl aj(.;c") ) IpuHUMAaETCs B JaJIbHEHIIEM B KauecTBe nep-
dbopupoBanHO# neperopoaxu Mexay obnacramu §2j, .

IToBEpPXHOCTh KOHTAKTa KUAKOCTH, 3alojHSOmEd obsactb (g, ¢ BHEMIHeH
crenkoit onoct cocyna Gyzem obosuadars Si. Ormerum, 4ro Sji, Sk Jia HEKO-
TOpBIX HOMepOB j, k € 1, N MOryT 6bITh IIyCTBIME MHOXKeCTBaMu. MHOXeCTBO map
IeJIOYHUCIIeHHbIX UHAEKCOB (jk) Takux, uro j < k u Sji nemycro (Sjx # @), obo-
3Ha9uM Yepe3 Z. AHAJIOTHYHO, MHOXKECTBO HOMEPOB obJtacTeit {2, IPUMBIKAIOIIUX
K 1mosepxHocTH S, Oyaem obosnauars Ly, Tak uto Sk # O Vk € Iy.

Hopmaun 71 K IOBEPXHOCTAM IEPeropofiok Sjk yCIOBUMCS HANPABJIATH B CTO-
pony obsractu ¢ 60abIIMM HOMEPOM; HOpMaJK K moBepxHocTsM [' u S Gynem cuu-
TaTh BHEINIHUMU [0 OTHOILIEHUIO K objactu ().

IMycrs k(t, z1,22) 0O3HAYAET OTKJIOHEHHE ABUKYyIIeiica CBOOOAHON MOBEPXHO-
ctu xuakocTy [y oT paBHOBecHOro nosoxenus I, ¢y (¢, Z)— morenuan ckopocrei
suaxocTn B obmactu Q. Mcnons3ys pesyasrarst [7] (cm. Takxke [5], ri1.3), MoxkHO
I10Ka3aTh, YTO IPH HEOrPAHUYEHHOM YBeJIMIeHUH YHC/Ia OTBEPCTUH Ha Ieperopos-
Kax ¥ PABHOMEPHOM CTPEMJICHHH K HYJIO JUAMETPOB OTBEDCTHI PelleHue 3a1a4u
0 MaJIbiX MOTEHIUAJIbHBIX JBHUMKEHUSIX XKUIKOCTH BOJIM3U PABHOBECHOI'O COCTOS-
HUA CTPEMUTCS K PEIICHUIO CJeAYIOMmEeH 33 aun:

Aokt,8) =0 B, keTL,N; (1)

—_—“
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Wk _ 9 TR
- Ez& maly, kelnm; (2)
A % = o
Y i +9Ck = fx(t,Z) +c(t) valy, kel n; (3)
Op; _ Opg : ;
5 = 5, = Piklor— ;) maSi, (k) €T (4)
0
§%=o na Sy, k € To; (5)
a i
Ckle=o = CR(z1, 72), '%lt:o = (i(21,22), keTn. (6)

3aecs g — yckopenme cuibl TskectH, fi(t, £) — Bo3MyleEne CHIoBOH dyHKIHM
BHEITHErO HOJIst MACCOBBIX CAT, Pjk = Pjk(&)—pyHKImHA, XapaKTepusyiomye npo-
HUI[2EMOCTH TIePeropoaok, (2 (z1, 2), (i (1, z2) — 3anannbie pyHKIuu, onpenens-
IOLMe HaYaJbHbIE OTKJIOHEHUS] ¥ CKOPOCTH TOYEK CBOOOJHOM MOBEPXHOCTH XKMl-
KoCTH, c(t)-npor3BonbHasA (MYHKIHUS BpeMeHH t.

OrmunTensHOM 0cobeHHOCTHIO 3a4a4u (1)—(6) ABAAIOTCS yCIOBHA CONMpsixKe-
uus (4), monygenssle 8 7] ycpeanenuem "To4HbIX"I'DaHUYHBIX YCJIOBUE Ha Hepe-

TOPOIKAX:
Op; _ Opy Op; _ Oy TT a7
‘Bﬁzg’n—:o}lapjk; (Pj=(,0k,—a';f‘=‘a%HaO'§;n),mel,mjk, (Jjk) € .

(7)
Oynxuun pji(£), £ € Sjr B ycrosusax (4) GyaeM Ha3HIBATH NPOHHIAEMOCTSAMH
neperopoAoK. B nanbuehuieM pjx(F) npeanonaraoTca 3aJaHHbIME DYHKIHAMHU.
OTMmeTHM, Y4TO Ha HENPOHWUAEMOM ydacTke meperopoaku S’ C Sjr Heobxoammo
npunsaTe p;jp(Z) = 0 V& € S'; B sTom ciyuae yciosue (4) ma S’ B rounOCTH
cosnagaet ¢ (7). Ecqm S” siBisiercst ofHuM B3 OTBEPCTHIA MM CHCTEMO# OTBepCTHit
B neperopoake Sj, T0 ycaosusM (7) Ha S” sKkBuBaeHTeH APYroil MpeesbHbIHA
cry4ait yeosait (4) npu pjx(Z) = oo VZ € 8" C Sji.
B cuny HecxxmmaeMmocTH xuakoctu yuxuun (k(t, 1, %2) HONKHBI yAOBIIE-
TBOPATH YCJIOBUIO:

i/(k(t,wl,wz)dl"=0 Ve~ (8)

’C=1I\k

ITpagsie wactu & (6) Takxe HEOBGXOAUMO IOAYMHUTD YCIOBHSAM, AHAJOTHIHEIM (8).

IIpuBenerHast MOCTAHOBKA 334a4y (PU3HIECKH KOPPEKTHA, eCIH Ko duiues-
ThI TPOHHUIIAEMOCTH NEPEropOOK, IEPECEKAONINX CBOOOJHYIO MOBEPXHOCTDL YKH-
KOCTH, B HEKOTOPOH OKPECTHOCTH JIMHNMN TePecedeHus! PaBHbI HYJIO. DTO CBA3AHO
¢ TeMm, 9TO KojebaHus XHUAKOCTH B 00IIeM ClIydae COIPOBOXKIAIOTCH PasphIBAMM
cBOBOHON MTOBEPXHOCTH Ha MEPEropoJKax, He YYUTBIBAEMBIMHU IIPH yCPeJHeHHH
FPaHUYHBIX yCJIOBUM.

B nanbzefituem Bce paccMoTpeHus 6y1eM IPOBOJUTS B PaMKaX IMPHOIHIKEHHON
maremarudeckoit mogesu (1)—(6). Croboxuble HOpMaIbHBIE KOTe6aHNS XKUJAKOCTH
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OyaeM ommuCBIBATE, B YACTHOCTH, pentenusMu 3anauu (1)-(5) mpu fx = 0,k € 1,7,
3aBHCAIINME OT BPEMEHH 10 SKCIOHEHIMATLHOMY 3aKOHY:

( bl ) = exp (iwt).( “(;;;;;2’ ) (9)

31ech w — Kpyropas 4acTora COOGCTBEHHBIX KOJIeGaHuH KUAKOCTH, u(T1, T2), ¢(F) —
aMILTUTY/IHbIe MHOXKHUTeIH (MO/bI), onpeenstonwe dhopMbl Konebannit cBO60 HOM
nosepxnocru. [Toacrabisas (29) B (1)-(5), nocre orenenus SKCIOHEHIMAIBLHOTO
MHOXKHTEJIS MOy YUM CHEKTPAJIBHYIO KPAeBYIO 33434y (OTHOCHTENILHO CIIEKTPAJIb-
HOTO TapaMeTpa f U OTBEYAIOIUX eMy COOCTBEeHHBIX dMyHKuuM ¢(F)):

Agp(¥) =0 B, kel,N; (10)
a : N s
pdr = —aq%k {(p= w2/g) maly, k€l,n; (11)
op; O i
L T ey, (13)
on

Mozpr kostebanuit cBO60IHOM TOBEPXHOCTH JKUIKOCTH OIPEIeJIIOTCA IO COOCTBEH-
HBIM 3HAYEHHSIM [, U OTBEYAIOIAM UM COOCTBEHHBIM (DYHKUUAM ¢ CIEKTPAIbHOU
sazadn (10)—(13) corsiacHO paBeHCTBY:

i O

_ 1 0% P et
Uk = 3 Ha Ly (w=(gp) ), keln (14)

DyHKIUA Uk, k = 1,7 JOMKHBI YIOBJIETBOPATH yCIOBHIO:
W / by (15)

Jerko Beitekatomemy u3 (10)—(14).

3. Oneparopuo-audPpeperuuanbaas GopMyIUPOBKA
9BOJIIOIMOHHOMN 3a4a4n

[Ipucrynas K UCCIeA0BAHUIO BOIONMOnHON 3anaun (1)—(6), mpexcraBum ee
B BHuje 3amaun Komn g auddepeHnpatbHOr0 ypaBHEHHs BTOPOTO MOPsifKa B
HEKOTOPOM IMJIbOEPTOBOM NPOCTPAHCTBE.

Beenem n—kxoMnoueHTHbie QYHKIME U = (U1, ..., Uy ), TI€ Kaxaas u3 GyHK-
ouit ug = ug(21,72) ompesenena Ha mopepxmocTH 'y, k € 1,n. @ynxuum u,

T r—————
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onpezenennele Ha MHOXKecTBe ['g := UJ_;T'x, 6yaem cunraTs smemenTaMu npsmo-
ro npoussenenns: rusbeprosbix npoctpalcTs Lo(Lg) := Lo(1';) X ... X Lo(T',) co
CKAJISIDHBIM [IPOM3BEAECHUEM

u Hopmoit [lullp = (u, u)(lj/ 2. ObosnaunM 4epe3 H. MOAIPOCTPAHCTBO yHKIm

B L3([g), yaosaersopstomux yciaosusiv Buga (15), te. H:=Ly(Ty) © {1r} rue
1r == (1,...,1)~dyskuus, ToxxaecrBenso pasHasti 1 Ha I'.
BameruMm, uro B cuiy (8) OTK/IOHEHHS CBOOOJHOM MOBEPXHOCTH OT IOPHU30H-

tasbHOro ypoBHs ¢ := ((1,...,(p) s Vi > 0 ZomKHBI HIPUHALJIEKATH TPOCTPAH-
ctBy H.
PaccMOTpHM BCIIOMOraTesIbHYIO KPaeByo 3a/a4y:
AP, =0 BQk, k€L1,N; (16)
P s
% =P T, " EEL, ns (17)
0®; 0% .
— = —— = pip(Pp — P, ; k) € Z; 18
an an p]k( k ¢]) Ha SJ’C’ (J ) e ) ( )
0]
< gy S ke 1o (19)
on

Byaem cumTaTh, 9TO CPEAMHHBIE OBEPXHOCTH MEPErOPOZAOK Sk U NOBEPXHOCTb
cocysa S ABAAIOTCA AOCTATOYHO IVIAJAKHUMH M IE€PECeKaroTCs APYT C APYTOM H CO
cBOGOHON MOBEPXHOCTHIO YKUAKOCTH 1oj yriamu, omm4asiMa ot (. OyHKuuu
pjk(F) nomuusmM yenosmio: 0 < pjk(Z) < p° V(jk) € I, rae p’~mexoropas mnojo-
JKUTesIbHadA nocrosinHast. Kpome Toro, 6yaem cautars, 9ro 1uist oboit obactu 25
MMeercs, 110 KpaitHeil Mepe, OqHa 11ePeropoaka Sjk, At KoTopoi pjx (%) # 0. Uuel-
MH CI0BaM#, 06/1aCTH, IIOJIHOCTHIO M30JIMPOBAHHBIE OT APYIUx obJacTeit HEePOHH-
[[aeMBbIMU I1€PEropPOAKAMM, UCKIIIOYAIOTCS U3 PACCMOTPEHU.

Baenem rumsbeproso mpocrpanctso H(Qp) = H () X ... x H'(Qn), tzme
HY(%), k = 1, N-npocrpancrso Cobonesa dbyrkuuit, npunasnexamux Lo ()
BMecTe ¢ 060BIIEHHBIMA IPOM3BOAHBIME HepBoro nopsgka. Ilox p morumaercs
muoxecTBO Qg 1= UN_ Q.

O6o3uaunm uepe3 Yk, k € 1, N omepatop ciefa, CONOCTABJSIOLIUN IPOM3-
BonpHOM bynkmun ®; € H!(Qx) ee 3mavenwe ma mosepxmocTH [x: 1@ =
®klr,,k € I,n. Kax mspectHo [8], omeparopsl <y; OrpaHWYEHHO JEHCTBYIOT
w3z H(Q) 8B H/?(Ty), tne HY/?(T}) -npocrpancrso Cobonepa—Cio60aenkoro.
Omnpenemmam omepaTop ¥ := (V1,...,Yn), CONOCTABISAIOWIAH TPOU3BOILHON PYyHK-
mmn & € HY(Qp) ee 3uauenne ua Iy : @ := ®|r,. Oneparop v, B cuny orpasu-
YEeHHOCTH Yk, k € 1,7, Takke ABIsAETCA JHHEHHLIM OPPAHWYEHHBIM OIEPATOPOM,
mefictBytonmym u3 H(Q) B HY2(Tg) := HY2(T}) x ... x HY2(Ty,).

R T
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Bsenem rumsGeproso mpocrpancro Hi(Q) = {@: @ € H'(Q),7® € H}.
MoKHO 1I0Ka3aTh, YTO B MPUHATHIX PEIIOJOXKEHUAX CYIECTBYeT €MHCTBEH-
Hoe oGoGmieHHOe pemnende Kpaesoit 3amaum (16)- (19) @ € HL(Q) ans
VF := (Fy,..,F,) € ’Hf:l/z, rze ’H;l/z— IPOCTPAHCTBO CONPSKEHHOE K ’H%-ﬂ =
H/2(Tg) N H. Tox 0606IeHHBIM pelTeHneM 3Tof 3a4a9H NOHUMAETCS dyHKIHA

P = (D,..., ) € H}(), yAOBIETBOPAIOMAS HHTEIPATLHOMY TOXAECTBY:

N n
Z/ﬂ VO, VdQ + Y /S Pik(®k — @i)(mk — ni)dl = (Fyym)e  (20)
s ik

k=1

1
vn = (M, ..., nN) € Hp()-
3mech (-, )¢ O3HAYAET, KAK OOBIYHO, IPOJIOJIKEHHUE CKAJISPHOTO IIPOU3BeIeHUs B H

HA JBOUCTBEHHBIE MPOCTPAHCTBA M 12 » '}-[111/ 2

O6o3naunm yepe3 7 paspemraromuii oneparop Kpaesoi 3ana4du (16)—(19), tax
uyro ¢ = TF. Oneparop 7 — jnuHeNRHbI! OrpaHHYEHHBINH ONEPATOP, AEHCTBYOIMM
U3 mpocTpaHcTBa Hp sy TIPOCTPAHCTBO ?{111(90). Bseugem oneparop C := T,
OTPaHMYEHHO JeficTByromuil u3 Hp 12 g 'HII/ o Cyxenue C Ha H — KOMIIAKTHBIN
onepatop B H (B culy KoMmakTHOCTH BioXkeHusi H/2 B H [8]).

ITokaxkeMm, uro C' — caMOCONPS2KEHHbIH MOJIOXKUTEIbHBINA onieparop B H. O6o-
3HaunM vepe3 P’, ®” pemenus BcnomorarenbHO#t Kpaesoit 3amauu (16)-(19), or-
sevaronue pyukuuam F', F”, coorsercrsenno. Ucnons3ys ¢opmyny 'puna (s
omeparopa Jlammaca) u ycroBusi (17)-(19), nocie HecnoXHBIX npeobpasoBaHuMii
HOJIY9UM CJIEAYIONIee PABEHCTBO:

N
(GELF )= Y A VoLV + ) /S pik(®} — ®}) (Y — ®})dS. (21)
k=176 (ik)eT * Vik

Orcroza J1erko CIeayT CaMOCONPSIKEHHOCTh U MOJIOXKHUTENBHOCTH oneparopa C.

Comnocrasisist sBosronuorHyio (1)—(6), u Bcnomorarensuyio (16)—(19) 3anaun,
HETPY/JHO yCTAHOBHTBH, YTO MOTEHIMAJ CKOPOCTeR ¢ W oTKjoHeHue ( CBOGOAHOM
MOBEPXHOCTH KHUJKOCTH OT PABHOBECHOI'O MOJIOYKEHUsI CBS3AHbBI COOTHOLICHUSIMM:

_ 7% it 2 0%
SO—TE, @ lr="7 ot ot (22)

Ucnons3ys mpoussost B Beibope dyHKUuY c(t), HepenuiiemM JUHAMAYECKOe YCIOBHE
(3) B Buge:

¥roa=htd (AeH=7ed-—= [feHd) mr

Orciona, yunTeiBasi Bropoe u3 cooTHomenui (22), 6yaeM uMers:

d2¢
Coe

+9¢=hH (¢>0). (23)
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Hauansusie ycnoBus (6) nepenumem B Buje:

(i) Zpnes Bogya e

Banagya Kowmn (23), (24) sxBuBaienTHa Haga sHO-KpaeBoit 3ana4e (1)—(6).
Ormerum, urto (23) B ToYHOCTH coBmagaer ¢ 3aaadedt Komm o Manbix asuxe-
HUSIX WEAJIbHOM XKHUIKOCTH B YaCTHYHO 3aII0THEHHOM cocye 6e3 neperopoiox [9].

Kax ussecrro [9},[10], ecm (0 € H, ¢t e Hf M0 i f1(t) — menpepriBras Gynknus
CO 3HAYEHUAMU B ’HI{ 2, TO CYIIECTBYET eAMHCTBEHHOE 0006IIEHHOE peleHre 33,13~
qu (23), (24) HenpepsiBHOE 10 ¢ B HOpMe H, C HEIPEPHIBHOMN NIEPBOi IPOU3BOAHOM
o ¢ B HopMe 'Hr_\l o

¢ € (0,71, 1), d( € C((0, 7], 1 1?).

[ns 3TOrc pemeHHsi BBIMOJHSETCS ypaBHeHwe OasiaHca MOJHOW (KmHeTHYe-
CKOM-+OTEHIINAIbHON ) SHEPIUH YKHAKOCTH:

2 (52 E8) + L =

d¢(7)
5 )047. (25)

t
= 2ec o+ 2+ [ (10,
0

Pasercrso (25) HETPYJHO HOIYy4YHTh, YMHOXKasi 00e gacTu ypasHeHus (23) Ha
pd(/dt u uarerpupys o spemenu t. Ilepsoe crnaraemoe B JIEBOH 4acTH PABEHCTBA
(25) mMeeT CMBIC KHHETHYECKOH 3Heprun K moTeHIMaIbHBIX KOdebaHui KU IKO-
cru. JelicreurenbHo, yunTsiBag (22), (21), npeobpasyem aTo caraeMoe K BAIY:

K:Zg( dtt’dfitt))o Z / &pk

- Z / |wk|2dn+ T / pin(es — r)?dl | . (26)

(jk)eZ

[MosiBIeHMe JTONOJHUTENbHON CyMMBI (0 CPaBHEHWIO C OOBIYHBIM BBIPasKEHHEM
JUTA KMHETHYeCKO} 9Hepruu) B IpaBoil JaCTH [OCIEAHEr0 PaBEeHCTBa, 06yCiIoBIIe-
HO TeM, 4TO Beau4yuHa K BBIpakKeHa 4Yepe3 yCpejBEHHbIN DOTEHIHA CKOpOCTei
. Bropoe ciaraemoe B J1eBO#t YacTH paBeHCTBa (25) sBiIsfercs, OYEBUHO, OTEH-
muaibHo sHeprueit I paccmMarpuBaeMoil CHCTEMEI:

pg ~ pg
= GicenE =3 . tcpar. (21)
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ITepsoe u BTOpOE CrTaraeMble B IPABOI YacTH paBeHCTBA (25) mpeACTABASIOT CO-
foit KHHETHYECKYIO U INOTEeHIMAIbHYIO SHEPTHUIO YKHUKOCTH B HAYaJIbHbIA MOMEHT
Bpemenu t = 0, Torga Kak TpeTbe CIaraeMoe OonpezessieT paboTy BHEIIHUX CHJI:

Bi= p/t (f(r),fl—(%)o Ar = p/t (i/ﬂ ViV dQ) dr. (28)
0 N e MR

Takum obpa3zom, pasercrcrso (25) mpejcrasiaser coboit ypasHeHue GajaHca
sHepruu, nepexogsiee npu f = (0 B 3aKOH COXPAHEHUSI SHEPIHH.

4. Cob6cTBEHHBIE HOpMAJIbHBIE KOJIeOaHUS >KUIKOCTU

CobcrBeHHBIE HOPMAJIBHBIE KOJIEOAHUS YKUJKOCTA OIMCHIBAIOTCA PeIIEeHUAMU
suga ( = exp(iwt)u ommopoxsoro (f; = 0) ypasmenus (23). Iloxcrasisis sTu
pemtenus B (23), IPUXOAUM K CIEKTPAJIbHOM 3ajade:

pCu=u, p=w?lg, ueH, (29)

ABJIAIOMmelicss onepaTopHOl hOPMYJIMPOBKOM CrieKTpayibHOi 3ana4uu (10)—-(13).

Tak xax C — caMOCONPS2KEHHBIN IMOJIOXKUTEJbHbIH W KOMIIAKTHBIA omepa-
TOp, TO B CHJIy XOPOMIO WM3BECTHBIX TeopeM, 3azada (29) mMeeT AMCKpETHBIHA
criekTp {4p}pey, COCTOAMA U3 XapPaKTEPACTUIECKUX YHCEN OllepaTopa C, npu-
gem 0 < py < p2 < ..., pp — 00 1pu p — 00. Cucrema cobCTBeHHBIX DYyHKIAH
{ul }pe-1, OTBEYAIOIINX XaPAKTEPHCTHIECKAM 3HAYEHUSAM [lp, IPOHYMEPOBAHHBIM
C y9eToM uX KpaTHoOCTei, 06pa3yeT OpTOHOPMHUPOBAHHBIH 6a31C B rMILOEPTOBOM
npocrpancrse H,

W®,u@)g =g, (CuP,uD)o = iy, Pa=1,2,..  (30)
YacToThl wy COBCTBEHHBIX KOIEOaHHil YKUIKOCTH OIPEeNsIOTCs 110 popMyJIam:
w;)t o :I:(g /"'P)l/2a r=12... (31)

Kak u3BecTHO, COGCTBEHHbIE 3HAYEHUH [ip 3a4a4u (29) 06/a1a10T 9KCTPeMalb-
HBIMH CBOMCTBaMH, MO3BOJISIONMIMMI OTHICKMBATH UX KaK DeIleHHs BapHalmOHHON
3a/1a49H: .

-1
4p=  min ittt Wit (32)
ul(w®,.  ue-1)  (u,u)o
rie MUHEMYM Gepercst Ha OPTOTOHAJILHOM JONOJHEHHH B NPOCTPaHCTBE H K mep-
BbIM (p — 1) cobcTBeHHBIM (DYyHKIMAM u®, qge1,(p—1). Oyukus, Ha KOTOPOI
peanu3yerca MUHUMYM BapUALMOHHOrO oTHowenus (32) aBnsercs p—it cobcTBeH-
noit pyukumedt uP) cnexrpansnoit 3amaun (29).
Hapany ¢ (32) gacTo mcnosnb3yercs MaKCHMATbHO-MUHUMAJIbHEIA IPUHIHMIL,
COTJIACHO KOTOPOMY

. (C_I’U',U)o
7 A2 20,101 gy 2000 33
i U T b (33)
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3necs MakcumyM Gepercs mo moxmpocTpancTBam M,y C H pasmeprocTH p — 1.
Herpynso mokasars, 4To 3aja4a (32) paBHOCH/IbHA, CiIeLyIOmIeit:

4y = min b=t Joy [VORPAD + Baer fs, pit | 66— 9 [ dS

o Skt Jr, (92T
¢ €HI (), (14,76D)o=0 Vgel,(p-1), p=12,....
MakcruMaTbHO-MIHAMAIBHBIN ITPHHIHIT (33) TAaK7Ke IPHBEIEM B HECKOJIbKO WHOM

dopwme, bonee ymobsoit /s aHAIM3a CHEKTPA YACTOT COOCTBEHHBIX Kojebanmii
KUIKOCTH:

(34)

N 2 2
SN V2R + S e [ pin | b — o |2 dS
4 e Toin Yk=1Jo, IVl Ynyez Js, Pie | i — &% | (35)

Mp—1 ¢LMp_1 ZZ=1 fpk |¢k‘2dr
p=1,2v ",

34ech MEHIMYM ONPEJIEIISETCS Ha OPTOrOHAJILHOM JOMONHEHAH] K (p—1)—-MeprOMY
HOANPOCTPAHCTBY M1 B ruib6eproBOM NMPOCTPaHCTBE HE(Q), a Makcumym
Gepercst o BceM MOAUPOCTPAHCTBAM My_1.

IMycTs 4ip p1,—-coberBennsie 3Havenns 33124 (29), oTBEYANONUE TPOHAIAEMO-
CTAM IIeperopoaok Pk (&), p;-k (£), (k) € Z, u nycTs wp, wj,~ nONMOKUTEIHHBIE COO-
CTBEHHBIE YACTOTHI KOJIEDaHNH YKUIKOCTH, ONPEIEIISeMBIE IO fip, [y, COTTAcHO (31).
Wcnons3ys BapuanuoHubie GopMyIMpoBKY 3aaa4u (29), HeTpyAHO MOKa3aTh, YTO
eciu pjx(E) < pgk(a':') VZ € Sjk,(jk) € T , 10 pp < pp Vp = 1,2,... n, creno-
BaTeJIbHO, Wy < ""1’2 Vp = 1,2,.... IubiMu cioBaMy, TIOBBIIMIEHHE IIPOHUIIAEMOCTH
[EePeropoJ0K BHI3LIBAET yBEJHYEHUE COOCTBEHHBIX YaCTOT KOMeOAHUH »KHUIKOCTH.

JIonoMHATEIBHOE CEKITAOHNPOBAHNE TIOJICCTH COCYa, T.€. BBEAEHNE HOBBIX Ie-
PEeropojioK, MPEBOJUT K NOHMIKEHME COGCTBEHHBIX YaCTOT KOJIeGaHMi JKHIKOCTH.
IlepBasi (MuEMMaTbHasi) cobCTBEHHAs YacToTa KojeGaHuit B cocyze ¢ mepdopu-
POBaHHBLIMH IEPEropoJKaMé He NPEBHILIACT MHUHUMAJIBHYIO JaCTOTy KouebGammit
YKUIKOCTH B cocy/e 6e3 nmeperopojiok. DT u psij JPYyrux CBOMCTB CHEKTPa JacTOT
KoTe6aHuit KUAKOCTH B COCYAaX € NepdOPHPOBAHHEIMY [IEPETOPOIKAMH HETPY/IHO
JIOK33aTh, ONUPAsiCh Ha BapHAIMOHHBIE (DOPMYIMPOBKY CHEKTPAJIBHOM 3a1a4M.

5. 3akJao4YeHue

VYepeaHerue rpaHUYHBIX YCIOBHN CYIIECTBEHHO YNPOHIAeT 3a[ady O JABHIKEHHHU
JKUJIKOCTH B COCYZ€, CEeKIHOHUPOBAHHOM Ie€P(OPHPOBAHHBIMU IEPEropOJKaMu.
B psine ciydaeB pelileHHe YCPeOHEHHON 3aJa49d MOXKHO IOIy4YUTh B aHAJIUTHYE-
ckoit popme. B pamkax ycpeIHEHHBIX MaTeMaTHYIeCKuX Mojeneit Haubosee TOIHC
ONpeAensaIoTCa WHTErpaJIbHble XapaKTEePHCTHKE HCCIeAyeMbIX npoueccos. B pac-
CMATPHBAEMOM CJIyHYae K YUCIY TaKUX XapaKTEePUCTUK CJIEAYeT OTHECTH JaCTOTHI
cobcTBeHHBIX KosebaHuit xKuaKoCTH. D¢ dheKTUBHbIe YUCISHHbIE METOIbl OUpe/e-
JeHns COGCTBEHHBIX YacTOT M MOJ KoyeDaHui XXMIKOCTH B COCyJax ¢ nepdopu-
POBAHHBEIMH TEPErOPOKAME MOT'YT OBITH OCHOBAHBI Ha BapUAIIMOHHBIX (DOpMYJIH-
POBKaXxX yCpeJHEeHHOH CHeKTpasbHOH 3aJa4H.
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1. Beenenne

B mocnesHee BpeMs MarHUTOTHIAPOAMHAMUYECKHE TEXHOJIOTMH IPUBJIEKAIOT BCE
Gonbiee BHEMaHNE. BObIION HHTEPEC NPOSBIISETCs, B YACTHOCTH, K TEXHOJIOTHAM
HOJIyYeHHs] CBEPXYUCTHIX MaTEPHA/IOB METOJaM1 30HHOM IIJIABKY, JIEBUTALIMOHHOIO
¥ TIOJTyJIeBATAIMOHHOTO neperuiasa [1] — [6] ¢ ncmonb3oBanneM 31eKTPOMarHUTHBIX
CHU AJiA YAEpKAHUS paciuiaBa BO B3BemeHHOM cocrossuu. B [7, 8, 9] u psne
Ipyrux pabor o6CyKAaeTCsi BO3MOXKHOCTD MCIOIL30BAHUSI MArHUTHOI'O IO [/
bOpPMOBKH PACIIABIEHHOTO METAJUIA C MOCIEAYIOMIEH ero KPUCTAIIA3AHE.
Onpa U3 OCHOBHBIX MPo6JsIeM, BO3HUKAIOMWIUX TPH OCYIIECTBIIEHUM YKA3aHHBIX
TeXHOJIOTHYEeCKUX TPOIECCOB, 3aKII049aeTcs B 06ecredeHny yCTONIHBOCTH CBODO-
HOI MOBEPXHOCTH PAcCIjIaBa, B3aMMOMAEHCTBYIOIIErO C JIeKTPOMArHUTHBIM HOJIEM.
B nanHOi paGore paccMaTpuBaercs Kjaccudeckas 33Jada 00 yCTONYMBOCTH paB-
HOBECHS KUKOH 30HBI TOPH30HTAIBHO PACIOJIOKEHHOI'O HPOBOJHHUKA C TOKOM B
HOIIePeYHOM MarHMTHOM moje. HecMOTpsi Ha JaBHHIT UHTEpeC, NPOSBJIAEMbIH K
3TOM 3aja4e, BOMPOC 06 YCTOHYMBOCTHM PaBHOBECUSI 30HBI [0 CHX [OP OCTaeTCs
oTkpbITEIM. B [1, 2] 6bumn mpeasoxens! npubimkennsie GopMysIsl g onpeae-
JIeHUs KPUTHYECKOH (MaKCHMAJIBHO BO3MOXHOM) JyuHbI 30HbL. B pabore (3] Gbut
IPOBEJIEH aHAJMU3 YCTONYMBOCTH GECKOHEYHOTO XKHUAKOTO IUIHHIPA OTHOCHTEIbHO
IepuoaMYecKuxX Bo3Mmymenutt. Huxke mpeijioxkeH YUCIEHHO-aHAJUTHYECKHH Me-
TOJ, UCCICOBAHMSl YCTONIMBOCTH KOHAYKIMOHHOTO [IOABECA IMIHHIPUYECKOR 30-
HBI TOKOHecymielt »kuakocTu. [IpoBesieHb! pacyeTsl KPATHYECKOH JJIHHB! 30HBI B
3aBHCHMOCTH OT OMNPEAEJISIONAX NapaMeTPOB PACCMATPUBAEMON CHCTEMBI.
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YCToiYuBOCTD IUIUHIPUYECKON 30HbI TOKOHECYIUEH XKUAKOCTH

2. ITocranoBka 3ana4u

PaccmoTpuM KOHIYKIHMOHHBIA NOABEC 3IEKTPOMPOBOJHOMN XKUAKOCTH, IIPH KO-
TOPOM CHJIa TSDXKECTH KOMIIEHCHPYETCS 3JIEKTPOMArHUTHOM CHJION, BO3HUKAIOIIEH
IPH B3aWMOJEHCTBUH IIOCTOSTHHOI'O MArHUTHOIO IOJS C NPOMYCKAaEMBIM 4Yepe3
YKUIKOCTb MOCTOSHHBIM 3eKTpudeckuM ToxkoM. Ilycrs §2; — obmacts, 3aHmMa-
eMas XKUAKOCTBIO, (o, (03 — NWIMHIAPWYECKWE 3JIeKTpoAnl paauyca R, y =
R3/ U2=1 {2 — obacTh BHE IPOBOJHUKOB C TOKOM (cM. puc.1). BokoByio nosepx-
HOCTBb KaxkIo# u3 obnacreit i,k = 1,3 obozHauum I'y, MOBEPXHOCTH KOHTAKTA
JKUJIKON 30HBI C TBEPABIMU MpoBOAHMKaMH — Sta, S13. KoHTYpPHEI, orpanuvuBaio-
e nosepxHoctu Sio u S13, 0603HAYUM Y12, Y13, COOTBETCTBEHHO. Byiem cuurtars,

Puc. 1: CxeMa KOHZYKIUOHHOTO IIOABECA

YTO MO MPOBOJHWKAM MPOIYCKAETCH MOCTOSIHHBIN 3JEKTPUYECKUil TOK ¢ 06nhem-
HOH IJIOTHOCTBIO jo, IPUYEM PACCMATPHBAEMAs CHCTEMA HAXOAUTCS B OAHOPOAHOM
BHEIIIHEM MarHUTHOM IIOJIe C MHAYKIIHe By = Byé,.

YcnoBusi paBHOBECHS KMIKOCTH B 3TOM Cyiydae OyayT UMeTh BUI:

~VP+pj+joxB=08Q, (1)
P —P° = 20K naly, (2)
B:= EJ +§0,

rae P - ruapocTaTHveckoe JaBJeHHE, p — IJIOTHOCTh XKUAKOCTH, § — YCKOpPeHHe
CHJIBI TSI2KECTH, & — K03 DUIMEHT MOBEPXHOCTHOTrO HaTsikeHus Ha I'1, K - cpen-
Hsisi KDUBU3HA CBOOOJHOM MOBEPXHOCTH KHUIKOCTH, B ~ MHAyKOUS MArHUTHOrO
110J1 COBCTBEHHBIX TOKOB, MPOTEKAIONIUX 110 IOIy0eCKOHEYHBIM HUIUHAPUYECKUM
areKkTpoiaM u xkuakoit 3oue. Jasnenne PO B obactu )y IpeAnonaraercs mocTo-
SHHBIM.

Herpynso ybeamThbesi, YTO LWIMHAPHAYECKAs >KHJAKas 30Ha paguyca r = R
OyJleT HaXOAUTHCH B COCTOSHUM PABHOBECHS, €CJIH BHEIIHee MAarHUTHOE I[ojie U
TOKH YIOBJIETBOPSAIOT YCJIOBUSIM

3)

pg = joBo, Jjo = const;
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I'UAPOCTATUYECKOE AAaBJICHUE IIPU 3TOM OIIPEJeseTCss PaBEeHCTBOM

Jhew P°+R+“‘f°(R ~r?), (4)

a MHAYKIUAA MAarHUTHOTO TIOJIsL COOCTBEHHBIX TOKOB BbIPpaXXXEHUAMHA

Byl HoJoT Qk, e T BpanBigos: MoJoR 1%,
2 alk

rae po — MarHuTHad IIPOHUIEMOCTD BaKyyMa.

3. Maremarudyeckasi (pOpMyJINPOBKA IBOJIIONMOHHON 3amaun

[Tpr wuccienoBaHWM yCTONYMBOCTH paBHOBecusi paccmarpusaemoit MIJI-
CHCTEMbI OPAHAYMMCS PACCMOTPEHMEM SBOJIIOIMH MAJIBIX BO3MYILEHMU, OIMCHI-
BaeMbIX JINHEAPU30BAHHLIMU YPABHEHUSIMU MArHuTHON rugpoguHamuku. Obo3Ha-
qum uepe3 ( (t,9,z) paguanbHOE OTKJIOHEHHE MOBEPXHOCTH pasjesia OT PaBHO-
BECHOT'O MOJIOXKeHusI, yepe3 ¥ (t, &) — mose ckopocreit x)ugkoctu. Pyukuuu ¢, U
Oy/ileM CUMTATh MAJIbIMU BEJIMYMHAMH [IEPBOTO HOPAAKA MAJIOCTH.
| [HAPOAMHAMUYECKOE JABJIEHHE P, IVIOTHOCTD SIEKTPHYECKOTO TOKA J, TIOTEH-
| [MAJT SUTEKTPHEECKOTO IO/ 1), MHAYKIHMIO MATHUTHOTO TIOJIst b IIPeCTABAM B BU/E
CYMMBI PaBHOBECHBIX 3HAYEHUH 3TUX BEJMYMH M UX MAJIbIX BO3MYIUEHMUIA:

p(t,%) = P(Z) +9/(t,8), j(t,%) =jo(@ +7(t3),
¥(t,) = $o(@) +¥/(4,8), B(t,F) = Bo(&) + By (&) + U (t, 7).

B panbHreitiiem mTpuxu, 0603HAYAIOMIME BO3MYIIEHNS BEIUYHH, OyZeM OIyCKaTh.

Brenem 6Ge3pasMepHbie epeMeHHbIe, BEHIOpaB B Ka4eCTBe XapaKTEPHBIX BeJH-
4uH pagnyc WAMMHApa R — Ans nuHeHHBIX pasmepos, (R/g)Y/? — nns spemenu,
jo — Ans moTHOCTH ToKa. s Gespasmepnsix koopauuar r/R, z/R coxpaHuMm
| npexxuue 0603HaYeHust r, 2. [IBHXKeHUe XKUAKOCTH BOJIU3H PaBHOBECHOT'O COCTOS-
| HUS ONWCHIBAIOTCS CIAEAYIOUIeH CHCTEeMOl ypaBHEHUN U IDAHUYHBIX yC/IOBUMA:

\ g’; ~Vp + E—Av+yxez+W(2Jxeﬂ+ezXb)BQh (5)
“ divi =08 Q, (6)
j %E— =3y HANEL (7)
| ot (A + Q) — STy, (®)
E‘ %+%2’—=0, aaig+%grg—vo=0HaF1, 9)

i 7 =0 ua S12 U Si3, (10)
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¢ =0 na 712 Ums, (11)
R2 3/2,1/2 2
Bor— _p_g___, Re := s —, W .= M.
«a v P9

3nece Bo - uncno Bouga, Re — gncio Petnonsaca, W — 6e3pasmepHrliii mapa-
MeTp, XapaKTePHU3YIOLIU OTHOIIEHUE 3JIEKTPOMAIHUTHBIX CHJI K CHJIE TSXKECTH,
Ar - oneparop Jlannaca — Beasrpamu. Juaamudeckoe ycinosue (8) nosmyyeHo Jjiu-
Heapu3alpell ycIoBUsA A/Id KaIlWIISPHOTO CKaYKa HOPMAJbHBIX HANpsKEHUH Ha
cB06OIHOM NOBEPXHOCTH KMAKOCTH. YctoBue (11) 06bIHO mpUHUMAETCst TIPU COB-
naJeHU KOHTYPOB 712, Y13 C pebpaMu (M3/10MaMu) TBEPAOH CTEHKM WU SIBJISETCS
dusnuecku Hanbonee onpasaanusM [10].

B manpmeitiieM, Ij1s IPOCTOTHI, YAEJbHBIE JIEKTPOIIPOBOJHOCTH 3JIEKTPOIOB
OyaeM CYUTATh OAUHAKOBBIMH, 09 = 3. BBeseM Ge3pa3sMepHbIi MOTEHIHA JIeK-
rpudeckoro nonst ¢ = o19/(joR). JluneapusosaHHbIe YPaBHEHHUS] W TPAHUIHBIE
yCJIOBHA JJ1st 0€3pa3MepHOro IOTEHIHAJIa BO3MYIIEHUH SJIEKTPUYECKOT0 0JIs UMe-
10T By (Tpuxu B 0603HAYEHUAX GE3PA3MEPHBIX BEJIUYUH ONYILIEHBI):

7O = —vyp®, J® = _syyp®) k=23 (12)
Ap®R) =08, k=1,3; (13)
1) (k)
3‘£T - _gg ma Ty, 6‘; =0maTy, k=23, (14)
v gu®
0 =90, X0 P e s, k=23, (15)
% — 0 npu |z| — oo, (16)

rae & = oy/01 = o3/o1 — 6e3pa3MepHbIit KOIDDUIMEHT IEKTPONPOBOAHOCTH
31eKTpooB. BepxHuil HHAEKC B KPyribix ckobkax B (12)-(16) u gasee o3nadaer
HOMep 06J1acTH, K KOTOPOH OTHOCUTCS Ta MJIA WHAsI BEJIAYMHA.

Ypasuenns (12) npexacrasisitor coboit 3akon Oma, (14) — iuHeapu3oBaHHBIE
YCJIOBHSI HEIIPOTEKAHMsI TOKA Yepe3 CBOOOJHYIO IOBEPXHOCTD XKUAKOCTH B GOKOBYIO
[OBEPXHOCTDH JIEKTPOJIOB.

Boamymienusi MEAYKIUE MArHUTHOTO IOJIsl JOJIXKHBI YOBJIETBOPATH CIIELYIO-
M yPaBHEHUSM ¥ FPAHUYHBLIM YCIOBHSIM:

i 0, k=0 - o
k) o ) : R s b
rotb()—{;(k),kzrg, dive® =0 B Q, k=0,3; (17)
b*) = 50 ma Dy b® = 51 ga Sik, k=12,3,
W 280 {15)
b =5, bV =5, 8 + -{’—g,%—c =8y + =L nalL.

Bynem cuuraTh, 4TO B Ha4YAJbHBIH MOMEHT BPEMEHM 3aJaHbI IIOJIE CKOPOCTEeH
n HopMa IMOBEPXHOCTH Pa3esa KUAKOCTeH

Cle=o =¢omaTy;  T|4=0 = U B Q. (19)
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Bexrop-byrkuus (%) go/mKHa yHOBIeTBOPATh ypaBaenuio (6) u ycioBusm (9),
(10), a bynkmus (o(9, 2) - yerosuo (11) u yenosuo [ Godl' = 0.

Bonpoc 06 ycTORYMBOCTH PABHOBECHOTO COCTOSIHHS JKMAKOCTEH CBOAMTCA K
UCCIeJ0BAHUIO YCTOMYHBOCTY TPUBHUAIBLHOIO PEIIeHNs SBOIIONUOHHOM 3a1a4n (5)-
(18) oTHOCHTENBHO HAYAILHBIX BO3MYyIIeHHH (o, Up.

4. CnexTpaabHblil IPU3HAK YCTOKYNBOCTH

Pemenne 3a1a4n (5)-(18) Gyzem oreickuBaTh ¢ oMompio MeToga lasepkuna.
st 3700 BHIOEpEM B Ka4ecTBe 0a3Mca MOHYI0 CUCTEMY COIEHOMIAIbHBIX BEKTOD-
byakmuit {4}, onpeneaeHHsX B {1, H cucreMy QyRKuuit {¢i}s2,, onpegenen-
Hpix Ba ['; pasencrBoM (; := 7i - 4; |, . Jonomanrensso byHKunn U, (; JOMXKHBI
yaoeaersopaTh ycrosusm (9)—(11).

Io orkioHEHHIO cBOGOAHON MOBEPXHOCTH ( = (; MOXKHO HAiTH OTBeYANOMmue
eMy BO3MYIIeHMsl MOTEHLHUANA JIEKTPUIECKOro MoMs ;(Z) ¥ MHAYKINH MarHuT-
Horo mosisi b;(#) xax pemenus 3agau (12)-(16), (17)~(18), coorsercrsenno. ITone
CKOpOCTel HUIKOCTH, OTKJIOHEHHE HOBEPXHOCTH Pa3JieJia 0T PABHOBECHOTI'O I10JI0-
JKeHWsI, BOBMYNICHUs! MOTEHIUAJIA TIEKTPUYIECKOro oM ¥ HHAYKIHY MarHATHOIO
nosist 6y1eM OTHICKUBATEH B BUJE:

ci(t)Ci('aa Z),

-

ci(t)bi(Z)

ot 8) = é S

"»()(t, 55) o é&(t)iﬁl(f), g(t, f) =

1

(20)

M=zLM=

i=1

nite ¢;(t) — moanexanye onpeaenennio byHKIHE BpemenH, N — 9ncio 6asucHbIX
dbyuxnuit (BeibupaeMoe U3 yCIOBHN IPAKTUYECKON CXOAMMOCTH BBIYHCTUTEIBHOIO
nporecca).

IMoncrasasas (20) B ypaguenue (5) u yMHOXasl CKAJISPHO 06e YaCTH IOJIy4eH-
HOTO DaBEeHCTBa Ha U; (3BE3/|0YKA 03HAYAET KOMILIEKCHOE CONpsIXKEHHE), TOCTe
WHTEerpupoBaHus no obactu )1 ¢ ucnons3oBanueM dhopmyiis 'pura s onepa-
ropa Croxca [10] u ycaosuit (9), (10) monyanm cucreMy JIMHEHHBIX OOLIKHOBEHHBIX
muddepeHnnaIbHbIX YPABHEHHH C IOCTOSHHBIMA K03(bMUIUEHTaMy OTHOCHTE b

Ho dbynkuuit ¢;(t):
Aé+Dé+ (P+M)e=0, c:=(cr(t),ca(t),...,en(t))r. (21)

3zecs A, P — MaTPUIBl KUHETHYECKOH U IIOTEHIMAJIbHON SHEPTHi, D — maTpu-
1a BA3KO# auccumanmu, M — marpuna MIJI-B3aumozneiicTBus.
DyieMeHTHI a;; MAaTPHIBI A HMET BU:

aa‘"’/ﬂ?ﬁjdﬂ, »j=1,...,N. {58
Q4
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DJIeMeHTHI p;j MATPUIbl P ONpeAensaoTCs PaBeHCTBAMM:
B 1 w -
3= Ci —B_O(AFCj+Cj)+'§_Cj dr, 2¥) =1,--'1N- (23)
| 3

Snements! mj; marpunsl MII-B3anmoneiicrsua M onpegensoTcs no dop-
MyJIam:

r e - * . .
mik=—/ (]kxe$+W(§ X €9 + €, X bg))dQ, 4,7 =1,...,N, (24)
Q1
Obuiee BhIpaKeHME /18 3JIEMEHTOB d;; MATPHILI AuccHnanuu D uMmeeT BUM:
dij =D(ﬁi,ﬁj), ,j=1,...,N, (25)

rae D(, ¥) bunuseitabiit GyHKUNOHAJ, ONpe/esieMblil B JeKapTOBOi CUCTEME KO-
OpAMHAT CJIEAYIOUIMM PAaBEHCTBOM:

s ou; 6u}: ov;  Oug
D(u U) _/ Z (3$k 31:,) (3wk * 69:,) dQ

ks 1
Takum obpaszom, meron lanepkuna nossonsier cBectu 3agady o MIJI-
YCTONYUBOCTH LUIMHIPUYECKONR 30HBI pacijiaBa K HCCIEJOBAHUIO YCTOMYHBOCTH
TPUBUAJIBHOIO PEIIeHHsI CUCTEMBI OOBIKHOBEHHBIX AU depeHnnalbHbIX ypaBHe-
uuit (21). Iocrexusisi 3a7a4da, B CBOIO OY€pe/b, CBOAUTCA K HCCIEJIOBAHUIO aJire-
OpanydecKoil CIIeKTPaJIbHON 3a1a4u

(NA+ID+ (P+M))a=0, (26)

cobOCTBeHHBIE 3HAYEHUsSI A ¥ COOCTBEHHBIE BEKTOPEI @ KOTOPO# ONPeAEIAiOT IKCIIO-
HeHIMasbHbIe pemrenus cucreMsl (21) ¢(t) = a exp(At). CnekTpanbHBIH NpU3HAK
yCTOMYHBOCTH (HEyCTOMYMBOCTM) TPHBHAJLHOTO pemeHus: cucremsl (21), a, cue-
| JoBaTesibHo, U paccmarpuBaeMoit MII - cucreMbr uMeeT BuL:

max Re(A\;) < 0 — ycnoBue yCTOMYHBOCTH
(m,?x Re(\g) > 0 — yciioBre HEYCTORIUBOCTH). b,

Jns nasbHeimero yao6HO nepeiTd K JBOHHON MHeKcanud 6a3uCHbIX DyHK-
uuii, nosarast

cosnd, n>0

sinnd, n<0 ’

Cmn (D, 2) = sin(@m2)na(9), Na(9) = {

#m=—p m=L2.., n=0%£L%2..
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rae L — 6e3pasMepHas AJIMHA XKUJKOH 30HBI.

B 3anagyax, NpeACTaBJASIOMAX NMPAKTUYECKUN HHTEPEeC, BA3KOCTb YKUIKOCTH
0ObIYHO MaJia, Tak 4yTo Re > 1. OrpannuynBasich pacCMOTPEHUEM 3TOTO CJIydas,
NPEACTABUM Uy B BHAE: Umn = V@mn + Wnp, 0O QYHKUUA QO ABISIOTCH
PeIIeHUsIMA KPaeBbIX 3a/a4:

Apmn =08 Qy,

0 o (28)
:;::" AR "%2 =0ma Sy, k =2,3.

a COJIEHOMZAJIbHBIE BEKTOP~(PYHKIUN W,y CIYXKAT sl KOMIIEHCAIMY HEBS30K B
rpanngnbix yoiosusx (9), (10). Ilpu Re > 1 B kadecTBe Wy, 1e1eC000Pa3HO
BbIOpaTh OYHKIMM TUIIA OTPAHUYHOrO CJI0st, OBICTPO yOBIBAIOIKE IIPH OTXOAE OT
TBEPABIX CTEHOK S1x # cBo6oAHOM moBepxHOCTH I'y. B6M3n TBEpAbIX CTEHOK /g
Wiy OyLEM UMETH:

Wmn = "‘VT(Pmnlsu, €xp ( (1 + 1) £) ( —1)’ k=1,2. (29)

3mecs w = I'm)\ — gacrora KojebaHuil KUAKOCTH; & — KOOPAUHATA, OTCYUTHIBA-
eMad II0 HOPMaJli K TBEPJAOH CTEHKE BIVIyOb >KHAKOCTH; V., — NOBEPXHOCTHbIH
IPaMEHT CKAJISIPHBIX DYHKIUH, 33 JaHHBIX Ha S1k. Beiparkenns mis Wy, BO6MM3u
¢cBOBOJHON MOBEPXHOCTH 3/€Ch He MPHBOASATCH, IIOCKOJIbKY B JaJIbHEHINEM OHM He
ITOHa, 1005 TCs.

Pemenwue 3agaun (28) umeer Bux:

I, (&mr)

o0
W L ) ) 7€ ,
@m1, (@) sin(@mz) + Y YamjJn(knir) Zgimi15(2) 0 My (30)

=1

Pmn =

Zmj(2) = ch(knj(l — 2)) + (—1)"ch(kn; 2),

Anmj sl 2a?mk121j17'1 (22mR)
M3 = T ) FngshOengl)” ™™ = 6 T @) (2, = 1) 0 (k)

rae Jn(-) — dyskuusa Beccens nmepBoro poja n-ro nopsaaka, kp; — j-i momoxu-
TesbHBIA Kopenb ypaBHeHus J,(z) = 0, Qpmj — K03DPUIHEHTH! Pa3IoKeHns Mo-
mudunuposanubix dyakuuit Beccens I, (a,r) B psag Pypbe 1o noaHoil cucreme
ynxmuit {Jn (knjr)}52,

I, (@nr) = Zanm,Jn(kn,r),
=

0603H29UM Ymn, Jmn BO3MYINEHHS MOTEHIHAJA IEKTPHYECKOIO IMOJA ¥ TO-
KOB, OTBEYAIOIIHe BO3MYIIEHUIO CBODOAHON MOBEPXHOCTH { = (mpn H OIPEIesIsi-
emble Kak pemrenns 3azaqu (12)—(16). Beipaxenust nyist GyHKIMi Y, UMEIOT

—
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BUI:

/5 d
() — {——IZ((%’"}))- cos(&mz) + z ,BnmiJn(knjr)mej(z)} Nns

j=1

¢%)1 {Z ﬁnmJSh knjl)'] ( nJ"‘) exP(kng)} Mns (31)

j=1

O {Z Bumsh (k1) T (knjr) exp (ks (1 — z))} s

§=1

—Qnmj

B3 = T o) (=17 + ch(kns0) + 5~ T8h g ]))

BoamymeHnne MarHuTHOrO NoJs an OyZeM OTHICKUBATH B BHJE:
gg:)z =3 I_’%ﬁ) = Vxmn(k) B, k= 1,3, 3522, = —Vxﬁﬂl, B (o,

rae b’ — BekTOP-bYHKIMSA, yAOBIETBOPSAIOIIAs yPABHEHUSM M TPAHUYHBIM YCJIO-
BUAM

rot B0%) = 7E) - div ) = 0 B Q, b%ﬁ)z =0mTy k=13
(32)
o(1 0(k
0D = G ma Ty, 625, = 0 ma Ty, B0F) = 60D wa Six, k=1,2,
B (32) 60,502, 5> b0 ; O3HAYEIOT hH3MUECKHE KOMIOHEHTHI BEKTOPA B, B mu-
JAVHIpUYecKoit cucTeme KoopauHar (r,9,z). Ilorennuan MBIYKIMH MArHUTHOTO
TIOJIS Xmp OTIPEJENISIETCS KaK pellleHne KpaeBoil 3aaaqu:

Ax(k) =08, k=1,3; Ax(o) =08 Qo,

k) _ o) Oximh _ OXinh _ ou 3
Xmn = Xmn> = by HA T, k=1,3, (33)
“or  or

ax(k) ax(l)
X(k) X%)w az = a’:n Ha Slk, k= 1,2.

Herpy/HO MPOBEPUTH, YTO YPABHEHHUSAM ¥ TPAHHYHBIM ycioBusaM (32) ymosie-
TBOPAIOT PYyHKIMN BUIA:

1) In(@mr) B
b%};)r g {a—e_m'—l—I—,’,(——-)_sm(mmz ¥ JZ; n;:] Jn(kﬂjr)znm+lj( 2) 2 s

1 r)ei
b(r)r(tib)ﬂ X {—'%%217) sin(zmz) Z BrmiJp(kn ir)Z m+1j(z)} T, b?r(nlw)z = 0;
n m i=1

—-————-‘
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i i ;
i" b(r)rsrzz)r = ps E :é;:: Sh(knjl)Jn(knjr) exp(knjz) 77;;:

o0
002 = = &S Bumgsh(kngl) o (knjr) exp(knjz) $ 1, 032, =0;  (34)
Jj=1

mnr r knj

0@ = D™ I~ Bomi g | . /
= — > = sh(knjl) Jn (kngr) expkni(l — 2)) 3 7},
j=1

! 00
by = (=)™ ¢ 3 Bumgsh(knjl) Iy, (knj7) explhini(l — 2)) 3 may B3, =0,
1 j=1
rge
Z3mj(2) 1= sh(knj(l — 2)) + (=1)"sh(kn;2).

JInst OTHICKAHHS MOTEHIMATIA Xmp BBHINOIHUM npeobpaszoBanue Pypre 1o Ko-
OpAMHATe z B yPABHEHHSX W I'DAHHYHBIX ycaoBusix 3ajaun (33). OrHOocHTENnbHO
obpaza Pypbe ¥mn OYHKINAN Xy DOMYYNM KPaeBYIO 3aady:

Afmn — E%mn =08 8, A%, - €230 =038 R?/S,
A-(0) (35)

r . ox o
an = ngzv gzn ¥ —2(6_,;?2 % b?nnr Ha aS)

rae S — IPOM3BOJILHOE TIONEPEYHOE CeYeHne NMIHHAPA,  — mapaMeTp npeobpaso-
Banus Pypne. Herpya#o nposepuTs, 4To pemerne 3agauu (35) umeer BH:

Smn = Kn(E)In(€r)0 ety X0 = In(€) Kn (67)00 - (36)

ITpumenssa k (36) obparHoe nmpeobpasopanue Pypre, HAUACM Xmn, xs,%.
OrmeruM, 9T0 mpuHSTHE B [2, 3| BHIpaXkesns A8 BO3MYMIEHHH HNOTEHIHA/IA
3JIeKTPHYIECKOTO MOJIS X MHAYKI[MA MArHHTHOIO NOJISt OTBEYAIOT CIydaio 6eckoHed-
;j HOM KUAKOW 30HBI NPH NEPHOAUYECKOM BO3MYILEHHH ee cBOGOIHON MOBEPXHOCTH
¢ = (mn. Ucnmonp3oBaHme 3THX BBIPaX<eHUH (PAKTHYECKH O3HAYAET, YTO IPOBe-
| JenHoe B [2, 3] HCcIenOBAHME YCTOMYMBOCTH TAK)Ke OTHOCHTCS K CJIYHaI0 XKMAKOH
" 30HBI OECKOHEHON AJIMHEL.

Ins dopmuposanus marpur A, D, P, M BepHeMCsl K OJHOMEDHO! HHJEKCa-
mun 6a3ucHbIX QyHKIUl, nonaras (i := (mn;, Ui := Um;n;, DA€ My, N; BeIOUpPaIOT-
cs 0 BO3pacTaHMIO mapameTpa n? + m?. Ilpu onpesesienny 3/1eMEHTOB MATDHI]
A, M moxBO npene6pedb MOrPAHCAOKHBIME CIAra€MBIMU W; = Wyy,p,, HOJArasd
@; ~ V;. Belpaxkenus Ajis 37leMeHTOB MaTpuns! A rmpeobpasyrorca K BHIY:

0p; 59,
w5 = [ Vo= [, ij=1,...N, (37)
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a ays anementoB Marpuubl MI'/I-s3aumopeiicrsust M — K BULY:

mi = [6fin =~ [div fran+ [ o (- A)dr ik =1,..,N, (3)

0 Q4 o0y

fr: '-kaez+W(2.7kxed+erbk)

ITocieHee BbIpaskeHue, B CBOIO OY€Pe/Ib, MOC/Ie HECIOXKHBIX Tpeobpa3oBanmit Ipu-

HUMaeT BUMI:
m;; = —2/ 61/}‘7 —2dQ — / ( ) dr’ S

L f,.9% _l (mitmy)) [, %
+2/tp, T 2(1+(--1) :)/ i pirdS § - (39)
16

S12

| - /cp, (,;pj sinddl’ + (1+( 1)(m‘+m1) / ad)’dS’
by S12

DeMenTsl MATpHIBl P jid BIOpaHHBIX 6a3ucHBIX QYHKIUH (; UMEIOT BUJ:

n?-1)+a2, W o
p,l]..—_ﬂ'l <( : BZ) m"'? Gniéij, 'L,J-:].,...,N. (40)

i 1, ni=0
T 12, m#0
Hoacrasass ij :=V; + W; B (25) u yanTeiBas npu 9ToM (29), € TOYHOCTHIO
1o wienos O(Re™%/2) momyunm:

1 [ w
dij = 3\ 7Re (1+( 1)(m’+m1) /VT‘Pz VrpidS+

S12
3 (41)
2 82<p,- 32(pj iy
— Q ==ylesncnidV.
+Re /k,lzzl 6.’1:;;3:1:1 3$kazzd 34 1’ ,N

Ioacrasnss B (41), (39), (37) npuBeseHHbIE BbIIIE BHIPAXKEHUs ISl OTEHIIHAIIA,
CKOPOCTEl »KHMAKOCTH, BO3MYIIEHAN JIEKTPUIECKOI0 ¥ MAarHUTHOIO I10JIEH MOXKHO
[OJYYUTh B SIBHOM BHJE pacdeTHble (GOPMYJIbl I/ 3JIEMEHTOB MaTPHL AUCCH-
nauun, MIJI-B3auMojeitcTBUS M KMHETHYECKOH SHeprud. 3aech 3TH OPMyJIbI,
BBUJY UX FPOMO3/KOCTH, HE IIPUBOAATCS.
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5. Pe3yabsTaThl BhIYuUCIE€HUAN

IToBeeHME XKUAKOCTU B PACCMATPUBAEMOM CIIydae ONpejessieTcs 6e3pa3MepHbl-
mu napamerpamu &, Bo, W, L, Re. Cobcreennnie uncia 3agaun (26) sBisiiorcs,
04eBHIHO, PYHKUUSAMHU ITHX mapameTpos, \x = Ax(d,Bo, W, L, Re). Cornacuo
CHEKTPAJILHOMY NpPU3HAKY ycroiyuBocTu (27) rpaHuna o6JacTé yCTOWYUBOCTH B
npocTpaHcTBe Ge3pa3MepHBIX apaMeTPOB 334l OMPEJesIsSeTCs PABEHCTBOM:

max Re (M\x(3,Bo,W,L,Re)) = 0.

CobcTBeHHOE 9MCI0 ¢ MAKCHMAJIBHOM BEIECTBEHHO! YacThio PaBHOH HyJI0 Oynem
Ha3bIBATh KPUTHYECKHM M 0003HAYATH Axkp.

Ananu3 cnekrpayibHO 3aaa4m (26), noAKpenIeHHbIH pe3y/IbTaTaMH BbIYuCIe-
HUil, TOKa3bIBAET, 9YTO B PACCMATPUBAEMOM CJIyJae UMEET MEeCTO TaK Ha3blBaeMblii
NPUHIUI U3MEHEHUsl yCTOMYHMBOCTH, T.e. Akp = 0. B srom ciaywuae mocrpoenue
rpaHuibl 06/1aCTH yCTORYUBOCTH CyINECTBEHHO ympoliaercs. JeficTBUTeIbHO, 110-
narasi B (26) A = 0, nmomyunm:

(P+M)a=0 (42)

IIpeacrasum marpuusl P u M B Buze:

1
P= E-(;'Pl + WPy, M= M+ WMy, o (43)

rae BeIpakeHus Ajs marpun Py, Mg, k = 1,2 nerxo cieayior u3 (40), (39),
coorsercrsenno. [loacrasnss (43) B (42), 6yaem uMerThb:

Bo

Taxum ob6pa3oM, BMecTO (26) ZOCTATOYHO PACCMOTPETH CIIEKTPAIbHYIO 3aa-
qy (44), rne W npuHMMAaercs B Ka4eCTBe CIEKTPAJBHOIO I1apaMerpa. DJIeMeHTbI
maTpul, Bxogamux B (44), me 3aBucar or Re, Tak uro cobcrBennbie yuciaa Wy

i 3agaqun (44) saBasorcs (PyHKOuSMHU napamerpoB &, Bo, L. Kpurnueckue 3nave-
| Hus napamerpa W, orBevaromue rpasnne ob6JIacTH yCTOMYMBOCTH, ONPEIeIAI0TCA
.\ PaBEHCTBOM:

(-l_Pl e Ml) a=-W (P2 + M3z)a (44)

Wyp = mkin (Wi(Bo, L,5)) . (45)

Ipu W < Wyp PaBHOBECHOE COCTOSTHHE YKUJKOM 30HBI ycToliuuso, ipu W > Wy,
— meycroityuso. Paspemas (45) orHocurensHo L, HalileM KPUTHYECKOE 3HAYCHHE
6e3pa3MepHON AMUHBI 30HBI Lyp := Lyp(F,Bo, W). Ananormynas nponeaypa ¢
HCIIOJIH30BAHMEM B KadeCTBe CIEeKTPaJIbHOro napamerpa B (44) amcra Bonna mo-
3BosigeT HaifTu Bogp C mocienyomuM onpeesieHueM Lyp.

Pemenne crnekrpasbHo#l 3aga9u (44) HETPYAHO OCYLIECTBUTH YUCICHHO C HC-
moas3oBanneM QR — anropurma. IIpakTHyeckas CXOAUMMOCTE IPEJIOKEHHOr0 Me-
TOJa JOCTHUTaJIach npu uucie 6a3ucHeIX OyHKIHMA nopsaaka 30. :
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Ha puc.2 a B xauecTe npumepa mpescTaB/ieHbl IPadUKA 3aBUCUMOCTH L
or W npu ¢pukcupoBaHHOM 3HAYEHUH IAPAMETpPa & AJis TPeX Pa3JMYHLIX 3Hade-
Huit ynciaa Bouga (06/1aCTh yCTONYMBOCTH PACOIOXKeHa HIXKEe COOTBETCTBY Il
KpuBoif). X0poIIo u3BECTHO, YTO B ycioBusxX HeBecomocTu (Bo = 0) B orcyTcTBHE
toka (W = 0) makcumasbHas Ge3pasMepHast JIMHA XKUIKOM 30HBI COCTABISET 27,
Kak BugHO M3 NpuBeNeHHBIX rpacUKOB, HAJIMIME TOKA W MATHUTHOTO IO/ BBI-
3bIBaeT yMeHbIIeHue Ly, nmpudeM Lgp — 0 mpu W — co. M310MbI KpuTHYIECKIX
KPUBBIX Ha NPUBEJEHHBIX rpaduKax 00bSCHAIOTCA CMEHOW MOJ| ONACHBIX BO3MY-
meHuii cBO6OIHON IOBEPXHOCTH XKUAKOCTH, IPUBOJSIIUX K IIOTEPE YCTONIHBOCTH.
J1ns HagaJIbHBIX y9aCTKOB KPUTHYECKUX KPUBBIX (10 M3/10Ma) OCHOBHOH BKJIaJ| B
OIaCHbI€ BO3MYIIEHUSI BHOCHT MoAa BuJa ( = sin(aez), a mocie u3ioMa — BUJA
¢ = sin(ee; z) cos 9.

L L
a) 6)
\ 3
4
\ :
\ R X 2
2 s ~—~
2 \\ 1 \ 2 \
T )
. T ——
; 0 20 40 w - 0 10 20 30 Bo
Puc. 2: Ppannna obnactu ycroiiunsocru. a) 6 =0,5;1-Bo=4;2-Bo=1;3 -
Bo=0,5.6) W=0,2,1-6=0,12-6=1;3-5=10.

Ha puc.2 6 nokasannl rpaduky 3aBHCHMOCTH Lyp 0T BO jy1s pa3nuyHbIX 3Ha-
yeHuit napamerpa &. Kax BHJHO W3 NpPUBEAEHHBIX Pe3yJbTaTOB, ¢ pocToM Bo
KPUTHYECKas JUIMHA 30HBI yObiBaer, nmpudeM Ly, — 0 mpu Bo — co. Ormerum
TakXke, 4YT0 Lyp BO3pacTaeT C yBeJlHYeHHeM O, mpuyeM 3T0T 3¢dekr B ompe-
JIeJIEHHOM [AMala30He 4Yuces BoHAa BeCbMa 3HAYUTETEH M MOXKET MPEACTAB/ISATH
NPakTUYECKHUl HHTEPEC.

6. 3akJrogyeHue

[TpoBenennble pacyeThl MMOKA3AIA JOCTATOYHO BHICOKYIO 3P EKTHBHOCTH
NPE/IJIOKEHHOT0 METO/[d, TO3BOJISIONIEr0 ONPEeNesiTh T'PaHMIly 06JacTH yCTOM-
YUBOCTH PABHOBECHBIX COCTOAHHN B IPOCTPAHCTBE GE3pa3MEpHBEIX MapaMeTPOB
paccmarpusaemoit MIJI-cucremsl. ITokazaHo, 4TO KpUTHYECKas AJIUHA >KHJIKON
30HBI [IPU COXPAHEHUH yYCJIOBUSI PABHOBECHS jo By = pg yBEIMYHABAETCS C YMEHbIIIe-
HUEM IJIOTHOCTH jo IPOILYCKAeMOro TOKa. DTO 00bACHSETCS TeM, 4TO mpu jo —> 0
YMEHbIIAeTCs 3HaYeHe UHAYKIwH "cobcrBennoro” MarauTaoro nosist By, oTBeva-
IOIEro 33 BO3HUKHOBEHHE IMepeTsiKedHoil Heycroiuusoctu. [Ipu ysemnuernun W
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JUTMHA 30HBI CTPEeMHThCA K Hymo. Kpurnyeckasi JAJIMHA 30HBI BCET/Jla MEHBINE 27,
He3aBUCHMO OT 3HaveHut W. 3HauuTeIbHOE BINSHIE HA YCTONYMBOCTD 30HBI OKa-
3BIBAET OTHOIIEHWE YAENbHAIX IEKTPONPOBOAHOCTEH XKUIKOCTH 01 U aJleKTpo,ZIOB
09, IPUYEM KPUTHYECKAs JJIMHA 30Hbl BO3PACTAET C POCTOM 03/07.
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Big slice property in the spaces of Lipschitz functions

Y. Ivakhno
V.N. Karazin Kharkov National University, Ukraine

A Banach space is sald to have the big slice property if every slice of its unit
ball is of diameter 2. Let K be a metric space. We establish some necessary
and some sufficient conditions for the big slice property of the space Lip(K)
of all real-valued Lipschitz functions on K. In particular, Lip(K) has the
big slice property if K is an infinite compact space. In the case of finite set
K we find a characterization of extreme points of the unit ball of Lip(K).
2000 Mathematics Subject Classification 46B20.

1. Introduction

In this paper X stands for a Banach space, S(X) and B(X) are the sphere
and the closed unit ball of X. Every functional z* € S(X*) and € > 0 determine
a slice of B(X) by the formula

S(z*,¢e) = {& € B(X):3%z) >1-¢}.

Recall [2] that X is said to have the (diameter-) big slice property (X € BSP)
if every slice of B(X) is of diameter 2. In the other words, for every € > 0 and
every slice S of B(X) there are z and y in S such that ||z — y|| > 2 —«.

For example, cg € BSP. Every space with the Daugavet property [3] also has
the BSP. If X has the Radon-Nikodym property, then it fails to have the BSP.
In particular, finite dimensional spaces never enjoy the BSP.

Throughout, (K, p) stands for a metric space. For every pair of distinct points
t1,to € K we define the slope of a function f: K — R between ¢; and 3 as

f(t2) = f(t1)
p(ty,t2)

The space of all real-valued Lipschitz functions on K will be equipped with the
seminorm

f(t;t2) =

Il = sup{|f(t1; t2)|: t1 # t2 € K}.

If one quotients out the kernel of this seminorm, i.e., the constant functions, one
obtains the Banach space Lip(K), whose norm will also be denoted by I 1l
|

|
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It is known [4] that in the case of a compact space K the Daugavet property for
Lip(K) is equivalent to the locality condition on K. In this paper we investigate
the big slice property for spaces of Lipschitz functions.

In the following section, "Sufficient conditions for the big slice property of
Lip(K)", it turns out that on every (infinite) compact K Lip(K) satisfies the
big slice property. Moreover, this is also the case for every metric space which
contains arbitrarily close or arbitrarily distant points. In the last section we find
some necessary conditions for the big slice property of Lip(K).

An important tool to construct Lipschitz functions is McShane’s extension
theorem saying that if M C K and f: M — R is a Lipschitz function, then there
is an extension of f to a Lipschitz function F': X — R with the same Lipschitz
constant; see [1, p.\nobreakspace {}12/13]. This will be used several times.

Remark. For a completion K of a metric space K Lip(K) = Lip(K),
consequently, we may assume without any loss of generality that K is a complete
metric space.

We shall deal with the big slice property in the following equivalent form:

Lemma 1 X € BSP if and only if for every e > 0 B(X) is a subset of to{ %5 :
z,y € (L +¢€)-B(X),llz -yl >2—¢€}.

Proof. Necessity is easily seen by the Hahn-Banach theorem. Let us prove the
sufficiency. Fix an € > 0 and a slice S(z*,¢). Take a z € S(z*,d) with § €
(0,£/6). Applying the condition, we get zx and yx in (1 4+ §)-B(X) such that
lzx — ykll > 2 — d and z is approximated by a convex combination

En Tr +
=1

Then z*(3p_; M Z3¥) > 2*(2) — 6 > 1 — 26 and consequently for some
7 € {1 ,n} % (Eﬂ;) > 1 — 24. Hence, min{z*(z;),z*(y;)} > 2 — 46 —
max{z*(z;), z* (y;) }>2 46 — (1 +6) = 1 - 54. Letx-"ﬂ”,y—n%—” These
elements belong to S(z*, €) since min{z*(z),z*(y)} > —5- > 80 +5: > 1—¢. On the
other hand, llz—yl| = Iy~ iyl 2 las—ysll~lla (1~ o)l = g (1 )l >
2—06—2(1+46)(1 - 45) =2—36 > 2—¢, as needed. o

Observe that this lemma is still true even if the elements z, y are considered as
elements of B(X). Such pairs of elements will be used in the further conclusions
repeatedly. Let us fix a special notation for short:

Definition 1 For a pair of elements z,y € B(X) the expression ’”—;"—9 will be
called an e-arithmetic mean if ||z - y|| > 2 —e.
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2. Sufficient conditions for the big slice property
of Lip(K)

The following technical lemma will be used.in this section several times.

Lemma 2 Assume that for every € > 0 there are two systems of points {t,}22,,
{m}s2, C K (write p(tn, ™) = pn) and numbers R, > pp > rn > 0 with

2 2
Pn Hint Bet Tn

Ry —pn — Pn—Tn

and let the system of rings {B(tn, Rn)\B(tn,™n)}5%, be disjoint. Then Lip(K)
has the big slice property.

<e (1)

Proof. Let us show that the condition of lemma 1 is satisfied. Take any ¢ > 0 and
f € B(Lip(K)). For every k € N define

zr(t) = f(t) when t & B(ty, Rx)\B(tk, k)

Besides, take zx(7x) = f(tx) + pk. So, zx(-) is defined on a subset of K. Let
us estimate the norm ||zx|| = sup |zk(t; 7)|. There are three possibilities on the
disposal of ¢, 7.

If neither ¢ nor 7 equals 7%, then |zx(¢;7)] = |f(t;7)| < |||l £ 1. Let one of
the points, say 7, be 7 and assume t & B(ty, Rx). Then

|f (t) + ok = F@)] _ N7 1p(2stk) + pi

lze(t;7)] =

p(t; k) - pltme)
2

Sp(t,nc)+2pk PP N
p(t, 7k) Ry — p
In the last case let 7 = 7k, t € B(tg, 7%). Then again

fsl 2
[a;k(t;r)|<”f“p( M ELb o R 1 g 2Th: o
p(t, 7k) Pk — Tk Pk — Tk

So, |lzk]| € 1+¢€. Extend zx to a function on K preserving the Lipschitz constant,
still denoted by . Build yx(t) by the same scheme with yx(7x) = f(tx) —
This results in the following inequality:

(@ — i) (k) — (@ —yw)(t) _ 206 _
p(tkaTk) Pk :

lzx — yll =

Now take any n € N and observe that the last sum of

4 [ i) i e et
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is nonzero only in the rings B(tx, Rx)\B(tk, %), where it takes the values of the
corresponding summands. Therefore,

”f_i_:l_.xk‘;‘yklls ||f|l+27;(1+6) s%-——m
k=1

as n — 00. So, f is approximated by convex combinations of elements of the form
ZXU as we needed for lemma 1. Lip(K) € BSP. o

Now we are able to establish the sufficient conditions on K for the big slice
property of Lip(K) which were announced above.

Theorem 1 If inf{p(t,7): t# 7€ K} =0, then Lip(K) € BSP.

Proof. For every ¢ > 0 we shall construct a system of points satisfying the
condition of lemma 2. Take distinct points ¢, and 7, (write p(t,, 7,) = pn) such
that p, — 0. Define R, and r, by
2pn 2rp
—_— =,
Rp — pn Pn = Tn

and observe that these values also tend to zero.

Now in connection with the structural properties of the system of sets
B(tn, R,) we have to split two opposite cases. Let us consider the first one: assume
that for every subsequence {tx}xer C {tn} a ko € I can be found such that only
finite set of indices k € I give

P(tke, tk) < Riy + Ri.

Then the following inductive procedure provides us with the required subsequence.
Applying the assumption, take tg, € {¢,}52, and sufficiently large n; > k; such
that p(tk,,tk) > Rk, + Ry for any k > ny. Then take tx, € {tn}5%,, 1 and na > kg
such that p(tk,,tx) > Rg, + Rk for all k > ny. Continuing in this manner, we
build a subsequence {tk,,tk,, ... } satisfying for all % # j

p(tk;, tk;) > Ry, + Ry,

It obviously implies that the system of rings B(tk, , Rk, )\B(tk,,"k,) is disjoint.
The condition of lemma 2 is satisfied, hence, Lip(K) has the big slice property.

Consider the second case: let N C N be an infinite subsequence such that
every n € N defines an infinite N,, C N giving for all K € N,

p(tn,tk) < Rn + Ry. (2)

By the infinity of N and since R, — 0 we can find n; € N such that the condition
(2) for all k € N,, holds simultaneously with the inequality R, < 1/2. Since Ny,
is also infinite, it contains an ng also satisfying (2) for all k € Ny, simultaneously
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with R,, < 1/4. Further, by the infinity of N, it contains ng such that for all
k € Ny, (2) holds together with R,, < 1/8. Continuing in this manner, we find
an infinite sequence t,,. This sequence is fundamental because

p(tnk’tnp) < (B, + Rnk+1) + (Rnk+1 + R"k+2) i (R"p—l + R"p)

2 2 2 1

<§-E+W'f‘"'+é;‘_—i'<27_3—)0

as k — oo. Since K is a complete space, t,, converges to some ¢ € K. Thereby,
the simplest way to obtain a disjoint system of rings is to pass to a system
having a common center in the point ¢. Let 7{ be an arbitrary element ¢,,; write
Py = p(t,7{) and take R} and r}] such that the inequalities (1) for these values
hold. Define a ring B} = B(t, R})\B(t,r}). In order to define the next ring take
any positive Ry < 7} and k such that p(t,t,,) = ph satisfy (1) together with
sufficiently little r5. Write 74 = ¢, and Bj = B(t, Ry)\B(t,r3). Continuing this
process, we obtain a sequence of disjoint rings as needed in lemma 2. Lip(K) has
the big slice property. a

Corollary 1 For a compact space K Lip(K). has the BSP if and only if K is
infinite.

Theorem 2 If K is unbounded , i.e., sup{p(t,7): t # 7 € K} = oo, then
Lip(K) € BSP.

Proof. The unboundedness condition implies that for every ¢ € K and every 7 > 0
there is 7 € K such that p(t,7) > r.

Given an € > 0, we build again a system of rings in order to apply lemma
2. Take any ¢t € K and write t, = t; also take any r; > 0. Applying the
unboundedness of K, find 71 € K (write p(t1,71) = p1) and Ry > 0 such that the
inequalities (1) hold for n = 1. Then write ro = R; and find 72 € K (p(t2, 72) = p2)
and Ry > 0 such that the inequalities hold for n = 2. Continuing similarly, we
build a disjoint sequence of rings B(tn, Rn)\B(tn,n). Lemma 2 can be applied;
Lip(K') has the big slice property. O

Consequently, the cases when Lip(K) fails the BSP are contained in the
cases of spaces K such that the "limiting distances"sup p(t,7) and tigf p(t, ) are
tET %

bounded from both zero and infinity. But even in this case Lip(K) may have the
big slice property.

Ezample. Let K be an arbitrary infinite set. Introduce the metric p on K by
taking p(¢,7) = C > 0 for all t # 7. Then Lip(K) has the big slice property.
Proof. p(t,7) is constant for all ¢ # 7, so we may assume that C' = 1. Fix
an f € B(Lip(K)) and write ap = infg f(t). Now take any disjoint sequence
ty, 71,2, T2, - - € K and define for all indices k

zp(te) = o, xk(7k) = ao+1, and zx(t) = f(t) for t & {tx, 7}
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Correspondingly,
ye(te) = a0+ 1, yr(mk) = oo, and yi(t) = f(¢) for the rest of K.

Obviously, zp and yx lie in B(Lip(K)) and |lzx — yk|| = 2. Moreover, f is
approximated by convex combinations of elements ﬂiz"ﬂ:

T R I

as we needed to apply lemma 1. )

A less trivial example can be constructed by means of discrete subsets of /o
Define for a natural n

K = {(:1:1,:1:2, D €l al i € {1,...,n}}. ' (3)

If n =2, K is a discrete metric space like in the example above, so Lip(K) €
BSP.

If n = 3, the space Lip(K) again possesses the big slice property, but the proof
becomes much more complicated.

Question. Does Lip(K) have the big slice property for spaces K of the form
(3) with any n?

3. Necessary conditions for the big slice property of Lip(K)

Theorem 3 Under the following condition on K Lip(K) fails the BSP:

There is an f € S(Lip(K)), a sequence {t1,81,...,tm,Sm} € K with
f(ti;si) =1 fori=1,...,m, and an € > 0 such that every e-arithmetic mean
£XU satisfies for some i

z+Yy

(tisss) <l=e.

Proof. Assume to the contrary that Lip(K) € BSP. Then we can approximate f
by a convex combination of some = -arithmetic means:

¢ = Tk + Yk €
o~ A ‘___-——l[ m’
e X 55
: k=1
In particular,

> (f }:A ””’°+yk)<t.,sn—f(t,,s,> Z/\k T (1),

€
m

Consequently,

- Q;k + Yk €
> e 5 (i) > 1= (4)
k=1 i
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On the other hand, by assumption on {t;,s;}, for every k there is an ¢ such that

Tk + Yk
2

(ti;si) <1—e. (5)

For every i define A; as the set of all indices k for which (5) holds; write a; =
¥ 4; M- Observe that among the ;’s there is at most one o, > ;}-1- (otherwise
1= m-# > Y e > 3k 1 Ak = 1). Therefore,

Z,\ T (G s) < 30 (1= + 3 Al

k€Ai, kg Aiq

——Z)\k—&‘ Z )\k<1-——-

keAlo
which contradicts (4). (]

Remark. Observe that there is no need to define the function f on
the whole space K. All conditions on f, in fact, refer to the properties of

Lip({tl, Silyeeny tm, Sm}).
This idea is developed in the following theorem 4.

Theorem 4 Under the following condition on K Lip(K) fails the BSP:
There is an € > 0, a finite subset M C K, and an extreme point f of
B(Lip(M)) such that every e-arithmetic mean z—;’-u of Lip(K) satisfies

& 4y

= e
“f M”Lip(M)

In order to prove this theorem we establish a characterization of extreme
points of B(Lip(M)) at first.

Lemma 3 Let M be a finite metric space, f € B(Lip(M)). f is an ezireme point
of B(Lip(M)) if and only if for every pair of distinct points t,7 € M there is a
sequence Sg,...,8n € M with s = t, s, = 7 such that |f(si-1;8:;)] = 1 for all
w=xl any,n

Proof. We prove sufficiency at first. Assume that f = 942'—" for some g,h €
B(Lip(M)) and let us prove that g = f = h. It suffices to prove that g(t;7) =
f(t;7) for all t,7 € M. Let g(t;7) # f(¢;7) and find the corresponding sg, ..., Sn
Since
n
Y UF = 9)(s) = (F = 9)(si-1)] = (£ — 9)(7) = (f — 9)(®) #0,

=1

g(si—1;8;) # f(si—1;s;) = £1 for some i. Denote s;,—1 and s;, as s, s’ in such order
that f(s;s’) = +1. Then g(s;s’) < 1, since ||g|| < 1. Therefore, by the equality
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Jies 9';—h, h(s;s') > 1 and hence ||h|| > 1, which is not possible. Consequently,
g(t;7) = f(t;7). f is an extreme point.

In order to prove the necessity assume that for some t # 7 € M the condmon
is not satisfied. Consider the set

A = {7}U{s € M : there are s=sg, 51,...,Sp,=7 with |f(si-1;s;)| = 1 Vi}.
A # M, since t ¢ A. Define
oy =sup{a > 0: ||f + xa-af <1},

ap = inf{a < 0: ||f + xa-af < 1}.

Observe that a; # 0. Indeed, otherwise for every a > 0 ||f + xa-al > 1, ie,

|(f + xa-@)(u;s)] > 1 for some u &€ A, s € A. Passing to the limit as & — 0 and

applying the fact that M is finite, find u A and s € A such that |f(u;s)| = 1.

But it means that u € A, which is a contradiction. By the same argument ag # 0.
Then, for @ = min{|ag|,|a1|} > 0

If + xa-all <1and ||f - xaaf <1.

This implies that f is not am extreme point of B(Lip(M)), because f =
o o+ - Qo 0O
uﬁ—uﬁ—z L

Proof of theorem j. Denote r = infps p(t,7) > 0, R = supy, p(t 7) < 00. The
theorem will be proved by applying theorem 3. Let ’”—ﬂ be any 7 -arithmetic
mean. In particular, it is also an e-arithmetic mean, so by the condmon there are
3,8’ € M such that

die &4
(1- 53 - (£ - Z5E)(6) > el o) > eor (6)
Applying lemma 3 find in M so=s, s1,...,8,=s' such that |f(si-1;s;)] = 1 for
every i = 1,...,n. We may also assume that s; # s; when i # j, so n < |M|.
Let us show that for some i € {1,...,n}

|(f (8, $+y)(8io) o (,f Y w;y)(sio_l)l > 6—\’-’%
Otherwise

(= 52)r- (=l s L0 (-5

Er er
< < M) = e
| M| | |M|

which contradicts (6). Denote s;,—1 and s;; as t, 7 in such order that f(t;7) = +1.
Then

< |- 500 - (1- 1))
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= plt, 1|1 (ti7) - 52| < R - et m)|

And hence i s
—e( 1t ] S\l 7
Sl s ™
as we needed to apply theorem 3. Lip(K) fails the big slice property. a

Let us construct an example of a space Lip(K) ¢ BSP on the base of theorem
4.

At first we have to establish some general properties of e-arithmetic means.

Consider an e-arithmetic mean —”—;—'E Since ||z — y|| > 2 — ¢, there are a,b € K

such that »
2 —e < (z —y)(a; b) = z(a; b) — y(a;b).
Therefore, ;
z(a;b) > 2 —e+y(a;b) > 1 —¢; (8)
y(b;a) > 2 —e—z(a;b) > 1 —¢. 9)
Finally, ( (@:h) ( )
z+y z(a;b) + y(a; b 1-(1—¢ €
T Y(a:b) = =z, 10

Ezample. Define the sets M = {t,7}, K = M U {sy, 82,... } and the metric p
which takes the following values on K:
p(taT) = 2a P(sn,sk) = 1’ p(ta 3n) 7 p(T7 Sn) =1

for all numbers n, k. The function f will be defined on M as

Now, let %—y be an arbitrary e-arithmetic mean. Let us show that ¢ < [(f —
T (4 7)| = |1 — ZEE(t;7)| = 1 — ZfL(t;7), i.e:, that

LY
2

Take any of the elements a,b € K providing (z — y)(a;b) > 2 — €. There are tree
cases on their disposal.
In the first case assume that both a and b lie in {s1, s2,... }. Then

(- Fe <2(-e).

22V () - 228 (0) = 5 (ar) - 2(8) + y(r) — w(®)

= 5 (2(r) ~5()+2(0)~2(6) +2(6) - 2(6)+y(r)~y(D)+¥(D)~y(a) +¥(e) ~y(1)).

and due to the inequalities (8) and (9)

S—;--(1—1+e+1+1—1+e+1)=1+€<2—2€
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if ¢ < 1/3. In the second case let a € M, b € {s1, s2,...} (or contrariwise). Then
by the triangle inequality and equation (10)

‘”“’( Yies "’“’(t) £ 1+“x+y” I=1+2<2-2
if ¢ < 2/5. In the last case a = ¢, b = 7 (or contrariwise). Then by the equation
(10)
T+y
V(r) -
if e < 4/5. In any case we may apply Theorem 4 deducing that Lip(K) fails the
big slice property.

a:+y

(t)< <2-2
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