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u A. Kuezepom, B. Illtomnem, P. Kyronom u I1. Hosepazom misi dbynkumii
MHOT'MX KOMIUIEKCHBIX IIEPEMEHHBIX.
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1. Beryn. VY 1899 p. Iencen [1] orpumas TouHe chHiBBiAHOIIEHHS
MiX cepexHiM 3HadeHHsaM Ha koui {z € C : |z| = r} norapudma moxyns
rosiomopdHoi B kpy3i {z € C : |z| < R} dbyskuii f(f(0) = 1) i ycepeanenow
niynabHEO0 dyskuiero N(r,0, f) nocaigosrocTi Ti
{z€eC:|z| <r}:

1 2m .
N(r,0,f)= Y log ITJJ-I A ﬂ/o log|f(re®)|d, O0<r<R.

laj|<r

Ouesnano, mo ¢opmy:a Iencena — ne popmyiia ayist Hy/Ib0BOro Koedinienra @yp’e
dbynkuji log |f(re¥)|. ®opmymu pns yeix immmx xoedinienTin

1 2 hal ]
(rloglfl) = 5 [ e loglf(re®)| a6,  keZ

OPUPOJHO PO3IVISAATH, fK y3araibHeHHs i€l dopmymu. Taki ysaranbHeHHS,
Hacmpasi, BcraHoBuB mie caMm Iences [1].

B 1923 - 1925 p.p. ®pirreod i Ponsd Hepamninnu [2|, [3] (muB. Takox [4,
c. 15-16]) BcTaHOBWIM HH3KY iHTerpaJbHHX 300pakeHb Jiorapudma MepoMopdHOT
dynkuii (30kpema, i Bimomy dopmyuy Ilyaccona-Iencena), siki cTaim migBanHaAMH
CTBOPEHOI HHMM TeOpil PO3NOALTY 3HA4YEHb AHAJITHYHHX Ta MepoMOpdHHX
dyskui. 3 uux 306pakeHb MOXKHA OTPUMATH CIIiBBiJHOMEHHS 1Jis KoedilieHTin
ck(r,log|f]) (k € Z) mepomopdnoi dyskuii f, mo 306paxkarorTe ix uepe3
MOCJII0BHOCTI HYJIB, HOJIOCIB Ta KoediuieHTIB TeiopoBoro po3suneHHs log f B
nesixoMy okouti Hysns. Y 1927 p. ue 3po6us H. 1. Axiezep [5] (zuB. Takox [4, c. 85-
88]) i maB ix mepime NPHUHIMIIOBE 3aCTOCYBAHHS JO HOBOTO JOBEJEHHS TEOPEMH
Jlingenvoda mpo Ten uiioi ¢yHKuil nijgoro nopsaaky. IIpuHarinHO 3ayBaxuMmo,
mo sK cmiBBigHOmeHHs Ajasa ck(r,log|f]|), Tak i dopmyny Ilyaccoma-lencena,
HEOZHOPA30BO TepeBiKpuBaiu 6araTo MaTeMaTHKIB, 30kpema, M. Kaprpaiir (6],
I. Kuezep [7], A. IIdpmorep [8], A. Expeit i B. ®yxc [9]. Ilpore, ui poboru
HOCHJIA PO3DPi3HEHMM XapaKTep i He NMpU3BEM A0 MHMPOKHX 3aCTOCyBaHb METOZLY
paznis @yp’e. CBOro x CHCTEMAaTHYHOTO PO3BUTKY Ta INMPOKHX 3aCTOCYBaHb (IHB.
ornaau [10] - [12] Ta monorpadii [13], [14]) Merox paxnie @yp’e mns Jsorapudma
MOAy/asi IUMX Ta MepoMopdHHX GyHKIiMH HabyB Jume nicas JOCTiAXKeHb
JI. Py6ena i B. Te#tnopa, anoncosanux B 1963-66 p.p. [15] - [18] i Buksagennx B
pobori [19]. Meroz psiaie @yp’e Py6ena-Teitnopa icrorso gonosaumm 1. Maiins
ta JI. Ile#t (mus. ornszm [10] - [12] Ta Mororpadii [13], [14]).

B po6orax II. Hosepasa [20], [21] Buxizni momoxkenns Merony psazis ®yp’e
Py6ena-Teitnopa nommupeno Ha cybrapMoHiitai Ta §-cybrapmonifini B C, a Takox
mopicybrapmonittai B C* (n > 2) ¢yukuii. Jns cybrapmonifinux 8 R™ (m > 3)
dynkuil, 6mmuspkuit g0 merony Py6ena-Teitnopa, Meron chepudyHHMX TapMOHIK
(Meron psais @yp’e-Jlamnaca) sunepme pospobuB A. Komapariok [22] - [24].
IIuTaEHES MOXJIMBOCTI pO3POOKH TAKOrO METOAY IJIsi CyOrapMOHI#fHMX B IIPOCTOpI
dyukui#t 6yno mocrasnene JI. Pybemom B orasiai [10]. Ilomamsmoro csoro
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po3BuTKy Merox psaniB ®yp’e mna cybrapmonifiamx i J-cybrapmoniiinux B C
dysknitt HabyB B kKaHaUAATCHKiM aucepramnii 1. Bacuiabkisa [25].

Teopemy Jlinpenmvoda Ha BHUmMaOK Himmx Ta Mepomopdbuux B C" dynxmii
eKCIIOHeHIIi#fHoro Tumy y3aranabHeHo B pobori B. Illtosuis [26]. B ocmoy
niei poboTu mnokianaeHo onuH BapianT ¢opmymm Ilyaccona-lencena [27] pns
MepoMopdpHEX GYHKIiH 6araThOX KOMIUIEKCHMX 3MiHHMX 1 il eKkBiBajeHT -
po3BuHeHHs Jjorapudma 1iei MepoMopdHOi GYyHKUl B psn MO OXHOPIZHMX
nosiHOMaxX meBHOro BUrIAAy (merami gus. B [26]). P. Kyiona [28] pospobus
aHaJjior Teopii Py6ena-Teitnopa s mimx i Mepomopdrnx 8 C* (n > 2) dynxniit,
y3araJIbHUBIIK IPH IbOMY Ha GLIbII 3arajJbHHi BUIIAJOK OCHOBHI Pe3y/bTaTH 3
[26].

3azmaummo, sk i B pobori I1. Hoeepasa [21], Tax i B pobori P. Kyionu [28],
nust Bignosigaux 06’ekiB B C" (mmopicy6rapmoni#tunx dyHKi# Ta sorapudmis
MozyJiB MepoMOpdHEX (YHKIi#) BEUKOPHCTOBYETHCSI TEXHIKa 3pi3-DyHKIiM, Ka
JI03BOJIsI€ 3BOAUTH GaraToBHMIpHi 3a/ad4i 40 ogHOBHMipHOro Bumaaky. OcHoOBHa
Mera 1i€l po6OTH, Ha OCHOBI METOAIB rapMOHIMHOrO aHaii3y, pPo3pobJeHOro
A. Heitinpxxenom Ta Y. PynimuM pgns Teopii yHiTapHO iHBapianTHMX HpOCTOpIB
bynxuitt [29] (mus. Takox [30], [31]), o6’¢mmarm mimxomm, 3ampomonHOBaHi B
poborax JI. Pybena ta B. Teitmopa [19], A. Kresepa [7], B. Ilronnsa [26],
P. Kyromm [28] i II. Hosepasa [21]. A came, ans mwmopicybrapMoHiiHUX B
C" (n > 2) dysxuist BcranoBuTn axajor ¢opmyian Ilyaccona-Iencena-IllTomns
(nuB. Teopemy 1 Ta 3ayBakeHHs 1) i, Ha Iiit OCHOBI, 3AIXCHUTH PO3BUHEHHS TAKUX
dyrxmnilt B pag 00 OAHOPIAHKX rOJOMOPGHUX Ta AHTHrOJIOMOP(HMX moTiHOMAX
(muB. Teopemy 2 Ta 3ayBaxkenHs 3). KpiM Toro, y sixocTi 3acToCyBaHHS, 1aTH A5
wiopicyorapmosiliaux B C" dyHKOji# aHaIorn Ta yTOYHEHHS ASKUX Pe3yJ/IbTaTiB
. Maturza i 1. Illes 3 poGorur [32] (quB. Teopemy 3 Ta Hacmigok 4).

2. O3snauvenns ta ¢opmysmoBaHHd pe3yiabrariB. Haramaemo (mus.,
nanpukiaz, [30, c. 134]), mo aificHo3HauHa HamiBHeNepepBHa 3BepXy (yHKIls
u(¢), u({) # —oo, ¢ € C", HasuBaeThCa WiOpicybrapmonituow B C*, sxmo ans
JOBiIbHOI KOMIUTEKCHOI IpsiMoi ¢ = a+bz, a € C*, b€ C", z € C, 3pi3-dynkuis
uq p(2) := u(a + bz) € cybrapMmoniitHOI0 DYHKIIIEI0 OAHIET KOMIUIEKCHOI 3MIHHOI 2.

Oneparopu 30BHImELOrO audepenniopanas @ i 0 B C" BH3HAYAOTHCS
cuiBBigHOMEHHsMY (IUB., Hanpukiag, [33, [asa 1))

= 9 - ™
_kg-a—z;de, s =16_Ekd ks

Ae zp = Tk +4Yk, Zk = Tk — iUk, {Tk, Uk} CR, k=1,2,...,n,2

TR,
sz axk Byk ! sz 2 a.’L‘k ayk

— omneparopu ¢opmatbHEX noxiguaux. Ilokmamemo

n

0 17}
d:=0+0= (a_m;dzk+5ﬁll_kdyk),
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e At 00 0
= 1(3—6) =Z (a—w:dzk—'a—z—,;dyk) .

k=1
Hexaix
n—1 1 i 2 - n
W™ (n) = ( zd"d log|n| ,  neC\ {0},
— opHopigHa Merpu4Ha dopma Py6ini-ITyai,
1 K/
a(n) =— s d* log |n| Aw™'(n)

— merpuyHa ¢opma Ilyankape (Tob6ro HOpMOoBaHa ¢opma 06’emy Ha cdepax
S(r)={neC":|ng|=r}, 0<r < +00).

Hosinbhi#t mwmopicybrapmonifinitt B C" ¢yHknii © B3aEMHO-OLHO3HAYHO
BiJTOBija€ MOAATHHY 3aMKHEHHI NOTIK (AuB., Hanpukaaz, [34])

&u(n)
0n; om

P -dldu(n) = —aau(n) 5 ;
-

d"j A dﬁka

e Toximi %"%); BH3HaueHi sk posnoaim (dynkuis u € LL (C")).
3a3HauMMo, IO 3BYXeHHs TOTOKY t,({) Ha KOMIUIeKCHy mpamy 7 = az,
a €S :=8(1) cC" zeC, gopiBaioe

n=az =% [i %%%Z—aﬁk] dzANdZ =

] —dzAdZ = Au,(2) - dz/\d2=21rdpua(z),

8 ua(2)
0207
ne A - omeparop Jlannaca B C, a dpu,, — Mipa, acomifoBana 3a Picom 3
cybrapmoHi#iHOIO dYHKIIE Ug(2) = u(az).

TosopsaTs (aus. [29], abo [30, I'nasa 12, [31, I'nasa 1, §3]), mo mosirom M B C"
HA3MBAETBCS 00HOPioHUM cmenena k, sxkmo M (2¢) = 2 M(¢), z € C, ¢ € C™.
Hexatt Py (k € Z,) — npocTip BCiX OJHOPiJHMX KOMILUIEKCHO3HAYHAX MOJIHOMIB B
RN c'renenxk a My — mignpoctip Bcix h € Py, ana skux Ah =0, ge A = (%27+

1
44 —r oneparop Jlamtaca B RY. Yepes R[w;, ..., wn,) nosrauumo Kitsue

BCix xomn.nexcunx nojiHOMIB Bij 3MiHHHX wi,...,w, € C. Haragaemo, mpo

npocrip H(p,q) (p,q € Z4) — nie BekTOpHHiA ni,zmpoc'rlp 00HOPIOHUT 20PMOHITHUT
noainomie hpg(¢) € R[¢1,...,¢ni 1y - -+ Cp] bicmenena (p,q), Tobro:

a)Vz € C:  hpy(2¢) = 2279 hpe((), me ¢ = (C1)- .-, 6n) € C;

6) V¢ € CM: Ahyl(() = zamck

Ipu mpomy, mpoctip H(p,0) cknanaerscs i3 zoaomopdruz, a mpocrip H{0,p)
- i3 anmuzoaomopPHUT ONHOPIAHMX NOJIHOMIB CTeHeHs p. 3ayBaXKMMO, MIO
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k
= @ H(j,k — j). Taxkox maemo L%(S) = @ H(p,q), Tounime koxna
=0 9,420
byukuis h € L?(S) eaunuM 4MHOM DO3BHBAETHCA B Pafl h = 3. hpg, ze
P20
hpq € H(p,q), sixuit 36iraetscst g0 h B Tomosorii L?-mopm. Kpim Toro, mna

noBibHEX (p,q) i BCix { € S icHye eauue TBipHE 31p0 Kpe((,e) i3 H(p,q) Take,
110

Vheﬁ@ﬁﬂmMO=meKMde%

ne mpy — oprompoekropn 3 L?(S) ma H(p,q). Ilpm mpomy, ockimbku
Kpq(¢,®) € C(8), To ue 103B0IIsIE POMUPHTH 06IACTH BUSHAYEHHS Tpg 10 L1(S).

Hexait u(z) — wmopicybrapmonittaa B C" i mmopirapMoHiitHa B A€SIKOMY OKOJT
rouku 2z = 0 pyukuis, u(0) =0, i

bu(ri0) = s [ E(Gmot), >0, CeS,

— opronpoexuii dbyrxui#t u,(n) = u(rn) va H(p, g)-npocropu, se

pHaFn—-1

D(p, q, n) := dim H(p, Q) p+n—2 Ci q+n—2 AL

y n22,

212
Kpq(¢,m) = D(p,g,n) (¢, m)P(n,C) F (—p, e hadils __ll(ﬂ,lr;yp)

— TBipHi sapa B npocropax H(p,q), ((,n) = (s +... + (ully i

+oo [k—-1

k=0 \j=0 v + ]

- rinepreomerpu4Ha dyHKnia. BigmiTumo, mo Kpo(¢,n) = Cj, +p_1 (¢, n)P.
Hexait Taxox B(t) = {n € C" : |n| < t} i B(t) = {n € C" : |n| < ¢},
p,q€EZy, 0<t<+o00, ¢ €8S. Iloknanemo

1 n
vy Liiscekis o K’(,—)d : 1
pq( ¢) m™-1D(p,q,n) B) pa | € Il pu(n) (1)
ae dpy(n) = %tu(n) A w™l(n) i ty(n) - 3amxmeHuit momaTHMM mOTIK,

aconifioanut 3 u. 3aypaxmmo, mo n(t) := ngo(t;¢) = 7 "uy(B(t)). Yepes
supp iy CKpi3b Hazaji Gyzemo mo3nadaTw Hoci#t mipu Pica u, mmopicy6rapmo-
HiltHOI PyHKIT u.

Teopema 1 Hezati u(Q - naopicybzapmoniling @ﬂmia_y 610xpumiti 36 A3l
muoocuni G C C", B(r) C G, naropizapmoniting 6 B(s), de 0 < s < r
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i u(0) = 0. Hezati maxoowc, F({) — 2osomoppra 6 B(s) dynxuia maxa, wo
u(¢) = ReF(¢), ¢ € B(s). Axwo ¢ € B(s), mo

r =2 [t | (=) 1] o+
i /8 [;"ITI /a5|n|5t (1 Jr (?I—ﬁl—t—ln_(z_rﬁ)n) d"“(")} (‘?'Jf
B S e PR

de nepwuti i mpemiti inmezpaau € zosomopPrumu 6 B(r) dynxuiamu, a dpyeut
— 2onomopProro 6 B(s) dynxuiero.

Baznauumo, mo s ¢ysxuii F(¢) Takox npaBuibHE HACTYIHE 300parkeHHSsI
(ams. [30, c. 48])

O = [wom 2 (=) - 1], ceBlo

Ina w € C, |lw| <1in € N nosnauumo (gus. [26, c. 403], a6o [27, c. 165])

1 a1

D T =],

L(w) := Lp(w) :=

e cuMBOoJI Log 03Ha4a€ roJioBHE 3HAYEHHS JorapudmMa.
3ayBaxkenns 1. Hexa#t BukoHyroThcss ymoBH Teopemu 1. Toxi ans Bcix

¢ € B(s) A
r© =1 [[uen) | (=)~ o0

A rofen [ (2) - 2 (%2)] dumio. @)

IMoxaxkemo, mo 300paxkenHs (3), micis BiANOBIAHMX NEpeTBOpeHb, Habyze
purnsaay (2). Crpasai, cnodaTky nojamo ChiBBifHOmIEHHs (3) y HacTymHOMY
BUIJISLZ

PQ =2 [utn) [ (=7) —1] ot
vt fo £ () 2 (F)) bt
e ) (58]
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Toni (aus. 26, c. 405]), BpaxoBytoun, mo ans w € C, |w| <1 :

1 +00
L(w) = Z pin—1 e T p2=:00§’+n—1 w?,

i To#t paxT, mo uy(n) = 0 s n € B(s), maemo

o (£(5) -2(52) amio-
b$@@%%ﬁmn«
y _/0' | Inl<t (Z Cpon-1 «my) "(")] pHl

p=1

[ = / (1~ () ) o]

i, BigmOBiAHO,
o Ml
- '",rnl—l /ﬁ(r) (z Ohnit (Cz,mp) d pu(n) / =1 dt =
[ [ o (Bt ) anio] e

[ Lo, (- () ) | %

BpaxoByoun cka3aHe BHIIE, OJEPKyeMO (2).

[oni6ue ao (3) 3o6paxenns y Bumaaky u = log|f| (F = log f), xme
f — mepomopdua B C* ¢dynkuisi, sunepme Bcranosus B. Illtosns B 1949 pomi
(nus., nanpukax, Teopemy 1.7 3 [27]). HaBenemo ii dopmysmoBanss mume ajis
BunaaKy rosomopduoi B obiacti G C C* dynkuii.

Hexa#t f - ronomopdua B obnacti G C C* dynknia, Z; = f~1({0}) =
= {¢ € G: f(¢) = 0} —ii Hy;bOBa MOBEPXHH, a V§ — (DYHKIIis KPATHOCTi HYIHOBOI
nosepxsi Z¢, To6to mapa (Zy,vy) := Dy — musisop bysknii f (aus., Hanpukmaz,
[33, [naBa 1], [35, ['nasa 1]).
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Teopema A (®opmyna Ilyaccona-Iencena-Illronns, [27]). Hezati f #0
— 20n0mopPra y eidxpumitl 3e’asnit mroocuni G C C". Ilpunycmumo, wo
B(r) C G i Z;NB(s) = 0 npu deaxomy 0 < s < r < +00. Ipunycmu.uo maxoorc,
wo f(0) = 1. B xyai B(s) susnavumo dynxyiro log f({) ymosorw log f(0) = 0.
Sxwo ¢ € B(s), mo

2

og J(¢) =2 | s 1) [(‘W " 1] St

vz g @ (2 (5R) -2 (42)) e

3 ormsmy Ha no6pe Binomy dopmyny Ilyamkape-Jlenona (aus., Hanmpukiag,
[33, c. 71, [35, c. 161]), maemo: [Dy] = &Bglog \f], ze [Dy] - morix,
nopozkenut ausizopom Dy. Ane, dynkuis u = log |f|, me f — ronomopdna B
G C C", e wnopicy6rapmosiiiaoto B G. Orox, [Dy] = t,/(27) i cuiBsigHOmenHs
(3) (abo (2)) € ysarasbHeHHsM HaBezieHOi B TeopeMi A copmymu Ilyaccona-
Iencena-IllTomns.

Teopema 2 Hezati u(z) — nawopicybzapmoniting 6 C* pynxuyia, naropizapmonitina
+00

6 B(rg), u(0) =0 i u(z) = Re Y ap(z) e B(rg) , de op(z) - odnopioni
p=1

20a0mopPHi noainomu cmenena p, apo(() = ap(()/C: in-1, 7o = inf{r > 0:

supp py N B(r) # 0}. Todi

u(r() = Y hpe(ri¢)y  r>0, (€S,
9,420

i " n(t)
hoo(1”;C)=/o ant;

(i) = Jaml©+ 5 [ [G)+ ()] 25 ar
hop(r;¢) = hpo(r3C);  hpe(r;() =0 npu pg #0.

Tlpu 0 < r < 400 moknagemo (auB., Hanpukax, [21])

N(riu) = /S u(rn) o(n) = /0 W )

Tri) = [[wnot),  mariv) = ( [ 0(n)>1/2,
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ae ut = max{u;0}. ayBaxumo, mo npu 0 < r < +00 MpaBWIBHI HACTYIHi
CITiBBiJHOIIIEHHS

T(r;u) < 2T(r;u) - N(ryu) = /s fu(rm)| o(n) < ma(rsu),

a Takox (muB. [30, TBepmxenus 1.4.7])

ma(r;u) = ( /; 9% 02”u2(re‘07])d0)1/2.

Teopema 3 Hezati u(z) — nawopicybeapmoniting 6 C* i naropizapmoniting e
deaxomy oxoai mouxu z = 0 dynxyiz, u(0) = 0. Todi das dosiavroi nenepeperoi
dymnxyii v : (0;+00) — (1;2] i dasnscizp €N, ( € S, 0 < r < 400,
BUKOHYIOMBCA HEPIBHOCTE

p — r)) 2
It 01 < @T e = M) [ (579) + 55 meay |

V2loga(r) |

Hacainok 1 Hezati y(r) = /1 + e(log T'(r;u)), de e(t) - nenepepsna dodamma
nespocmama Pynxyis, eusnavena na [to; +00) maxa, wo e(t) = 0 nput — +o0
i [[T®e(t)dt < +o0o. Todi dan eciz T > ry (to = log T(ro;u)) 306mi, moocauso,
Mno:ucuuu crinyennoi nozapudmiunoi mipu, das eciz p € N i ( € S euxonyromoca
HEPIBHOCME

ma(riu) < (2T(v*(r)r;u) — N(r;u)) [1 4 AR0E 2 V“gﬁ}

® =
|hp0("'§ Q)| < (2eT(r;u) — N(r;u)) [(7(1,‘))? ™ 12p(11g’)7)(7')p]

ma(r;u) < (2eT(r;u) — N(r;u)) [1+ s T(r;u))] r

3. osenenns pe3yabrariB. Ilpu gosemenni Teopemm 1 icrorHO
BHKOPHCTOBYIOThCSI HACTYIIHI JBa ONEPATOPH:
1°. inTerpanpuuit oneparop —

1
519)(¢) = (n—1) /0 (1 - )2 g(t¢) dt,

20, mudepennianbEHi onepaTop —

-1
dnls) = gy gt 00
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a TaKOX Taki ix Biacrusocti (gus. [26]-[28]).

Tsepaxenns 1 Hezati g 2onomoppra 6 B(r) C C* (n > 2) dynxuia, ( € B(r),
0 <r < +oo. Tooi

a) 0"™[g] 2onomoppna 6 B(r);
b) a"[g](¢) =s{ 9({¢;mn) a(n);

c) axwo g(0) =0, mo 6,[g](0) =
d) dnlg] 20a0mopdra 6 B(r);

e) Onodg]=0d"odnlg] =g
3aysaxkenns 2 (H. Kneser [7]). fAkmo P - ogHopignuit mosiHOM creneHs
qg€ZyBC*, n2>2 10

P(¢) = Clyns /s P((¢,myma(n).

Jlosedenns meopemu 1. Tlpu nosenenni 306paxenns (3) 6yaemo, B OCHOBHOMY,
JIOTPUMYBATHCS CXeMH J0BefieHHs Teopemu 1.7 3 poboru [27].

Hexat z € C, |z| < ria € S. 3a dopmynoro Ilyaccona-lencena (aus. [37,
c. 139] ans 3piz-yHkuii ue(2) = u(za) orpumyemo

w@) = [ " va(re®) Re 0%

r(z b)

ret? +

dé — lo
re¥ — z per o

d o, (b),  (4)

ne pyu, — Mipa Pica cybrapmonifinoi dyHkuii u,(z). Haragmaemo, mo 3ByxeHHs
noToky t,({) Ha xommekcHy npamy ( = a z, z € C, a € S, nopiBHioe t,,({ )| e ™
= 2m d Py, (2)-

Miacrasnsoun z = 0 B (4), oTpEMyEMO

2 —_1- 27 i F L
0=ua(0) = o / ua(re®) d6 /Ib 108 [ ) (5)

retf
+z  CRAT .
e"a e =1+ s Y, (5), 306pasumo (4) y Burisiai

BpaxoByioun, mo

2 27 0 2
Re F(az) = _2-1_r/(; ug(re*”) Re ot dé+

+/ logll— —l dpiy, (b) — / log |1 —
|b|<r |b|<r

Boanouac, i3 (6) BummBae, mo

2 2m 0
F(az2) = 5 /(; ug(re )re""

;
b ®), 1zl <s.  (6)

—zd“/mgr Log (1— 3) d pru, (b)—
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[, e (1- ) 4. 1< (7

Bizememo ( € B(s) i @ € S. 3amiaumo B (7) 2z na ((,a) i 3ayBaxumo, mo
(¢, @)| < s. Toni

2m ' 19
F({¢,a)a) = %/0 u(rea) é%&—?za—)dm-

+ / S (1 o éf;bb"z)) dpta, (b) - / fie (1 2 “r—’;“)) d g, (ByEr(8)
Ibi<r : i<
IMoknanemo (beC, a €8S, (€B(s), 0<s<r)

n(ria)= [ Log (1 L “—,’;i’) 0]

Baysaxxumo, mo Y0 € [0, 27]:

(¢, bae®)

s radO) . i s USRS S o .
Jl(r’ ae ) e Ibl<r Log (1 (bae“’,bae")) dl‘ua,io (b)

,bae® :
¥ /",eso|<,. e (1 - (bffew:zbea e)“’)) d pu, (b€®®) = Ji(r;a), (9)
: i0
Jo(r;ae) = -/|b|<r Log (1 _.b b,‘;e )) dptu_o (b) =
i0 ]
= flbei°|<f < (1 e b:;e )) d pu, (be”) = Jo(rs a).
Kpim Toro,

Ji(r;a) = Ji(};ra),  Ja(r;a) = Jo(1;7a). (10)
Copasai, maeMo

AT =/|b|5r T (1_ (¢, ba) ) tu(ba) _

(baaba) 27
— ((;zra) \ tu(zra) .
s s (1_ (zra,zra)) o = Jillira)

Jo(r;a) = Log (1 = (¢, ba)) tu(ba) e

bl<r

r2 2w
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E /IZISI Log (1 - ((,zra)) bizra) Ja(Lira).

r2 27

Tenep ycepenuemMo Bci ckiazosi piBHocti (8) 3a mapamerpom a € S.
Bpaxosyioun 1. b) TBepmxenHs 5, MagMo

Anmmww=rmm.

Kpim Toro, mozask merpuuna ¢opma Ilyankape o(e) imBapianTH2 BiHOCHO
obepraHb, TO

w o soa (C’e a) C,ﬂ)
L5 [ wrea) =y = stz oo

Haui, 3 ornsay Ha cnieigsomenss (10), maemo

[aemoa= [ ( [ e (1-fezld) &z 5’) o(6).

Inrerpysanns 1o S(r) MOXKHa 3AiHCHATH CIIOYATKY 1O nepeTuHy S(r) 3 KOMILIEKC-
Hoto mpamoio I, := {€ = Aa}, A € C, a € S, o610 10 K01y {|A| = 7}, a moTiM
no cykynsocti {l,} Takux npsimux (auB., Hanpukiaan, [35, [nasa 3|, [36, c. 254-

1
255]). Ockinbkn Ha KOMILIEKCHi# mpsimilt [, dopma oy dt log |¢] = 5 Ae

1
6 = arg\, To BpaxoBywouu, mo o(f) = 3 dt log [€| A W™ 1(€) i i d)a.x'm,
mo merpuyna dopmMa w" !(£) imBapianTHa BiZHOCHO pO3TAriB Ta OGEpTAHD i

dpy(§) = ——t,,({) A w™1(€), a Takox cnisBigHomenns (9) i (10), omepxxumo

/S(r) (/1451 s (1 s (|Cz,2|§)) tuézg)) o(§) =

27 A A
& / Log (1 (62are®)) tu(zar &) | d | w™'() _
2 oy |zareif|? 27 27 | an-1
0

{la} zeif|<r

L 1r”1‘1 -/"B_(r) Ie ( (|C7;|2>) diul)

tog (1~ (o) i)

TOOTO,

7""— B ()

3 Tux caMuX MipKyBaHb

Jo(r;a) o(a) = nl_ _ ((,ﬂ) d py(n)-
s T
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Orxe,
Q) =2 f[uten) 5P ot + o [ vog (1=Kl -
e [, s (1-E2) di,  weme  ap
3acrocoByioun Tenep onepatop Jy Ao cuissianomenns (11) i Bpaxopyioun, mo
nedFI=F [ B0 -

b i)
el ol o).

orpumMyemo (3), mo, 3 orIsAAy Ha 3ayBaxKeHHs 1, 3aBepIIye JI0BeIeHHs Teopemu 1.
Hexait

1
C(C,'l)=(—1j(<’_n))n

- anpo Komi gns B := B(1). Koporko Haranaemo neobxiqni HaM B moAaIbmomy
dbakru (qus., Hanpukiaz, [30, [nasa 12)):

. C(¢,m) ZC’+,._1 (¢, EK,o(c,n), ¢, ml < 1;
p=0 p=0
2. Omeparop (Cf)(() = s{ f()C(¢,m) o(n) e opronpoexropom 3 L%(S) Ha

H%*(B), ne H%(B) - xnac Tlapai, To6ro mpocrip Bcix romomopdrux dyHKmi#
f(€), ¢ € B rakux, mo

2 2
11 = sup. /s Frm)2 o(n) < +oo.

_ Hosedenns meopemu 2. Hexait 0 < s < ro, ge ro = inf{r > 0 : suppp, N
B(r) # 0}. dosememo, mo s Beix ( € B(s) mpaBunbae 306paxenHs

PO =3 G 20 (i 77) -

p=1

_/0’((§)P+ (r) ) npo(t; ¢/I¢1) C/ICI) dt] (ICI) BrORE TRt

zenpo(t; ¢ /|¢|) o3naveni cuieBignomennsimu (1). IIpu oMy, psaa (12) pisaomipHO
3biraeThcst Ha KoMmakTax 3 B(s).
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Cupaszi, 3rigHo 3 TeopeMo0 1 Maemo

O =2 ) [(7g) -] o+
A [* L = (7)) ““"‘"’] O
+/,r [w"l-l /asmst (1 1 (ﬁ?ﬁ)n) d“"(n)] gti

BpaxoByrouu To#t dakt, mo

yan o m)?
T 17 e S

p=1

i pan 36iraerbea pisroMipHO npH ({,7) € K x S(r), ne K — noBinbHE# KOMIAKT 3
B(s), orpumyeMo

1‘2"
. S(r) u(n) [(r2 — (¢ 1] a =

400

P
= 220",’“_1 hpo (r; -é—l-) (I—ﬁ—l) , C€B(s), s<r<+oo. (13)

Basmaunmo, mo Kpo((,n) = C, CP a1 (¢, m)? i Tomy

too (1 |<|)‘ —p:—_- [tutea [Ego (7)o <

< [ 1utra)lotn) = 2(riv) = N(riw) < 2203
S

nns Beix ¢ € B(s), p €N, s <r < +o00. Orxe, pag (13) piBHomipHO 36iraeTses
na kommnakTax K C B(s).
Hapasi BBaxkaTuMemo, mo 79 < 7 < +00, OCKiJIbKA

/0"' (g)ﬂ npO(t,tC/Kl) dt =0, /or (;)p Mdt=0

npu r < 1.
Maemo

L ) 17 S (¢;m)
L@ =G Z e t’lnl"

p=1
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i paz pisroMipHO 36iraeTscst mpu (¢,¢, 1) € [ro,7] X K X {supp py N R(ro,7)}, ne
K - xomnakTHa nmigmuoXxuHa 3 B(s), R(rg,r) := B(r) \ B(rg). Toai

i [—- e (= (le)) amn] % -

Goncs [ (£) 2elD 4y (1) i

mero <1 < 400, C € B(S) IIpu upomy, ockinbku |ngo(t; ¢/|C])| < n(t), To

/0’ (;)" npo(t;tC/ICI) dt‘ » /ro (t)" n(t) dt < (;r;) Nir;u)

s Beix rg < r < 400, €N, ¢ € B(3), To psiz (14) Takox piBHOMipHO 36iraeThcs
Ha KomnakTax K € B(s).
Jaui, ockinpku

e LT Z #(¢,n)?
EREEL pn=1 S2glp

i psz piBHOMIpHO 36iraersest npu (8,¢,n) € [ro,r] X K X {supp py N R(ro,7)), TO

[ [—— o (1= G e) ) o] ¥ -
7o [ (8) ettt o, (1Y, ik

p=
nerg <r < +oo, ( € B(s). Toai, BpaxoByioun, o

£ () =t e

s Beix p € N, rg <r < 400, € B(8), orpumyemMo piBHOMIpHY 36iKHICTb psify
(15) ma xommnakTax K C B(s).

Tenep, monatoun cnisBigaomenns (13),(14) i (15), orpumyemo (12). 3aznayn-
Mo, mo a5 nosinbHoro { € B(s), 0 < s < g

Flo) = [[uton) [2 (7=2=) =1] oto

OxpiM TOrO, MaEMO

( /s |F(T<)|2a(<)) M A e o

14
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Topi, BpaxoByioun cmiBBigsomeHnHsi (12) i pesyssraru poboru [29] (zmB. Takox
[30, T'naBa 12]), orpumyemo

om (i1) = [ (i) = £ (G ()') 2257

a TaKOX

hpq (r;%) =0 mpu p-qaéO-

o (1) =™ ()

6e3nocepeaHbO BHILIABAE 3 TOro, mO Uy (¢) = u(r() € aificroro dyHkuieo.
I, mapemri, ockinbku Kogo((,7) = 1, To cniBBigHOmeHHHs aus hgy — 1e
dopmyna lencena mis wnopicybrapMosifaux GyHKuil (guB., Hanpukaaz, [21]).
3aysakeHHs 3. Hexa#t mmopicybrapMoHifiHa ¢yHKIiA 3aJ0BOJIbHSIE YMOBH
reopemu 2. Toxi mias goBimeanx 0 < r < +00, ( € S C C*, 6 € R maemo

CriBBigHOIMEHHS

u(re’¢) = N(r,u)+2hpo(r <)e'P"+Zh0p(r g

=1

TOOTO

co(r; ug) = hoo(r;¢),  cp(rsuc) = hpo(r;€),  c—p(r;uc) = hop(r; (),

1 AW Ay ’
5 i —ip6 6
cp(r;u¢) o /0‘ e 'Pluc(re)do
- koegpinientn Pyp’e 3piz-pyuknis u¢(z) = w(2¢), z € C, ( € S (nopisn. 3 [21]
Ta [22]).

Jlosedenra meopemu 3. llpup €N, (€ SCC*, 0<r < 400, 1 <7(r) <2,
MaEMO

i)~ a0 = =3 [ |5+ (rg ) ] 22 ar

2 (1= () ) /; (2) iy

oy < @i QL | i) +n(ry(r) :
Ihpa(r )] < =22 5 DO

Topai, BpaxoByI04YH HEPiBHOCTI

|hpo(r(r); )| < 2T(ry(r); w) — N(r;u) < 2T(ry*(r);u) — N(r;u),
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N(ry*(r);u) = N(riu) _ 2T(ry*(r);u) — N(r;u)
log 7(r) e log ¥(r) /

n(r) + n(ry(r)) <

OTPUMYEMO

= r))~2
Ihso(r; )] < QT (r)riw) = N(r; w)) [(7(1r))p s 12,,(11; 2r)(r)p] '

3Bijcu, 3 origay Ha piBHicTH IlapceBasist
1

2 ; +00
= w(reé’¢) d8 = |hoo(r; Q)12 +2°3 Ihpo(r; ¢) 2
=1

i HepiBHOCTI
N(r;u) < 2T(r;u) — N(r;u) < 2T(rv*(r); u) — N(r;u),

K i npu goBezenHi semu 2.1 3 [32] micraemo

ma(r) < RTOX)r ) — Niryw) |1+ —LE2 |
V2 log 7(r)
IO 3aBepINy€e AOBEJEHHS TeOpeMH J.
Haranaemo, mo Muoxuna E C [1,400) Ha3WBAaETbCS MHOXHHOKI CKiHYEHHOT
norapudmiunoi Mipn, sikmo inrerpan [ d(logt) 36iraeTscs. IIpn noBenenHi emu
2 3 [38], mo cyTi cpaBH, BCTAHOBJIEHO HACTYIIHE TBED/XKEHHSI.

Jlema 6 Hezati £(t) — nenepepena, dodamua Pynxuyia, 3adana Ha [tg,+00),
nespocmaroua, £(t) = 0 npu t — +00, npuvomy f{:m e(t)dt < +oo. Todi,
0AR 6CIT T > T§, KPIM, MOJCAUBO, MHONCUNY CKIHYENHOT A02aPpUPMINHOT Mipu

T ((1+¢e(log T(r,u)))r, u) < eT(r,u).

Jlosedenna nacaioxy 4. IlokiamemMo B TBepIKeHHsiXx Teopemu 3 y(r) =
= /1 + g(log T'(r;u)) i 3acrocyemo semy 6. Toni mnst BCix 7 > ro 30BHi, MOXKJIUBO,
MHOXHHM CKiHYEHHOI JIorapu(MiYHO] MipH IPABHAJIbHE HACTYIIHE CIIiBBiHOIIEHHS

2T (rv*(r);u) — N(r;u) < 2eT(r;u) — N(r;u).

Baaxkatoun, mo 0 < £(t) < 1, 3Biacu i TBepAXKeHb TeopeMu 3, 3 ypaxyBaHHAM
enemenTaproi Hepisaocti log(l + z) > z/2, 0 < z < 1, orpumyemo Bci
TBEP>KEHHSI 1[bOT0 HACJIAKY.

Ionska. Aemopu 8UCA06A1010MY WUPY NOOAKY DEUEHIEHMY 3G UIAY HUSKY
ICMOMHUT 3ayeadcend Ma nopad, Axi 00360AUAU YCYHYMU 3 HAwoi cmammi
donyweni 6 nepulomy ii 6aPIGHME HEMOYHOCTI, HEJ02AATYU TG ONUCKU.
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mation for some classes of the infinitely differentiable functions is estimated.

2000 Mathematics Subject Classification: 41A58.

1. Beenenmne.

IIycrs H(M) — xnacc dynkuu#t ¢ € C*®[a, b] Takux, uro

™ (@)l cfa,5) < C(9)Mn,n €N,
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rae M = {M,}.

Knacc ¢yukumit H(M) HaspiBaeTcs KBa3HAHAIUTHYECKUM KJIACCOM, €CJIH
Beskas ynkuus ¢ € H(M) onpenensiercss eJMHCTBEHHBIM 06pa30M 110 OCJIEI0-
Barensaoctn uncen {p(™(x0)}8°, Tme To — TPOM3BONBHO 3aJaHHAS TOYKA H3
[a, b]. B nporuBHOM ciyuae H (M) Ha3bIBaeTCs HEKBa3HAHATMTHYECKUM KJIACCOM
(em. [1, 2)).

Eciu xiacc KBa3MaHAJWTHYEH, TO OH HE MOXET COJEPXaTh (DUHHUTHBIX
dbysxnuit, TO ecTh PyHKUHMM, HOCHTEIb KOTOPHIX CTPOr0 COAEPXKUTCS B [a, b].

C apyro#t ctoponsl, B pabore Xbio3 [3] moka3aHo, 9TO eC/M K/I1acC HEKBa3HAHAJIH-
THYeH, TO OH COAEPXUT (PHUHATHEIE (PYHKIMHA CO CKOJIb YIOJHO MAJIBIM HOCHTEJIEM.

B. A. Ppaues B 1982 r. npeioxxu u ucciiezioBas 06o6mennsie paapl Teitiopa

JUIsl KJIACCOB

k(k+1)
={f€C®-1,1): |f® g,y S C(HP*27 7 , k=0,1,2,...}.

B ero paborax [4, 5] noka3an cienyrompmit daxT: eciu

f€H, raepel,2), (1)
TO f pacKJIaAbIBaeTCsA B DAL
F@)= 000 ook Tk Pnpl); (2)
n=0k€eN,

rae

Np={-2""1 =21 41,..., 2" -1, 2"} n #0; No = {1, 0, 1};

xn,k={2nk1} n#0, k € Np; $0k—{k}, k € Ny,

a byHKIMK Pnk(z) € Hy — Tak HasmiBaeMble Gasuchble GyHKIME 0606meHHOro
pana Teftiopa — OAHO3HAYHO ONPEAEJSIOTCS U3 YCJIOBHI

(@ (@m,e))™ = 505

Onm npezcTasasioT cob0# KOHEYHBIE JHHEHHBIe KOMOMHAIMA CIBUIOB (DYHK-
uit up(z): i
Gnp(z) =Y g™ up(z —127")
l

M UrpaloT posb GyHKum# " B 06b14HbIX pagax Teitnopa.
OyHKIUA

k
10 1o gite sint2™
wio) =5 [ II e
ABJISIETCS PelleHreM C KOMNAaKTHhIM HocaTeseM @Y

v (z) =2y(2z + 1) — 2y(2z — 1).
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Psin (2) cxogurcs Ha npoMexyTke [—1, 1] paBHOMEpHO.

B paborax [6, 7] aBropom 6blIa HCCIEA0BaHA CBSI3b MEXAY K03 dunuesTaMu
U cyMmMmoit 0606merHoro psaa Teiiopa.

Hacrosimasa paboTa nOCBANEHA NOJYyYEHUIO DPE3YJbTATOB O NPHUOIHKEHHH

6eckoHe4yHO auddepeHIEpyeMbIX PYHKIUN JACTHIHBIMA CyMMaMu 0606IEHHOr0
pana Teitnopa.

2. Teopemsl 0 npuGIKIKEeHUHN.

JJ1s noKa3aTebCTBa TEOpEM O IPUO/IMKEHNH YaCTUYHBIME CyMMaMu 06061men-

Horo psisa Teisopa chopmynupyeM CIEAyIOUYI0 JI€MMY, NPHHAJIEXKAILYIO
B. A. Psauesy (nemma 6 u3 [5]):

Jlemma 1 Ilycmo

(P(z) = Z ck‘;’n,k(z),

kEN,
ede x| < M grgil
Tozda
74 r(r+1)
W lame b e
AT RO TR e g,

20e C — abcoaromuas xoxHcmanma.

ABTOpPOM MOJIy4YeHB! CJEAYIOIEE TEOPeMBI O NPUOIMXEHUH OecKOHeYHO

muddepeHnupyeMbix PyHKIHM JaCTHIHBIME CyMMaMmu 0606mensHoro psaa Teit-
Jiopa:

Teopema 1 ITycmo f(z) ydoeaemeopsem (1) u
3C: |f™(z,x)] < Cr*n®™ VneN, Vk€ N, (3)

dan nexomopozo v > 0, a > 1. Tozda cnpasedsusa caedyrowas OueHxa OAR
cxopocmu npubaudicenus f(x) vacmuyunot cymmoti pada (2):

C(r,a)
"an(z)"c[_l,l] -3 z—u 2+l —amlogy(m+1)—mlogyr’
2de =
Ru(@) = f(@) =Y Y f™(@nk)Pni(2)- (4)

n=0keN,

Joxasameavcmeo. Ilockossky f(z) ynoBaersopsier (1),

Ry (x) o J(z) - E Z f(")(xn,k)¢n,k(z) o Z Py(z),

n=0k€EN, n=m+1
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g

Pa(z) = Z f(")(xn,k)¢n,k(x)'

kE€ENn
ITo nemme 1, cdhopmyupoBanHO# Beime, ¢ yueroM (3) nmeem:

A n(n+1
| Pa(2)]l < Cfnna"2_‘s'g—22—n.
CrnenoBaTebHO,
o0 = o 1
Ry (z)| < P,(z)|<C - “
Fniol < 3 [Pata) Do o e
= n
5 1
= Cn=§,.:+1 (2%_01032 n—log, ,.+g_2;) .

OueBuHO, 9TO IPH M, GOJBIIEX HEKOTOPOro Mg ()

b 1 :
|Rm(z)| < C E (2E2-1'—1—alogg(m+1)—l°82") .

n=m+1

Q

1 m 00 1 n—m
(2ﬂ2’—1—alog,(M+1)—1082 r) Z (2&2’—‘—01 logy(m+1)—logy r )

n=m+1

Q2

1 00 1 l
(2—(-—-)-"' ";'H —amlog,(m+l)—mlog2r) Z; (2&#‘01082(”‘*‘1)-1082') .

Ilns m, 6osbmmx HEKoTOpOro my (7, )

1
% —alogy(m+1) —loggr > B >0,
H, CJIIOBATENIBHO, IS TAKUX M
1 1
-1 2-'1(";—“)--amlogz(m+1)—mlog,r
1

2 ﬂ('%—“l —amlogy(m+1)—mlogy T 3

|Bm(2)] < Cop

I
o

ITonoxwuB Tenepn
ﬁ‘l(r, a) = m&x(mo (a)1 my(r, a))

4 BBIOpaB

C(ria) =, max (G, |Ry(z)]| 25 ~okoma(kt)klosar)
g k=0,...m(r,a) . J
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MOJTy4YnM, 4TO AJis Jiroboro m = 0,1, 2, .

0("’ Q)
—amlogy(m+1)—mlog, r y

“Rm(x)"c[_1,1] = 2m(n2|+12

Teopema 2 ITycmv f(z) ydossemeopsem (1) u
3C : |f™(z,4)| < CA(n) VneEN, Vk € N,,,

a n+1 < 2"+2
Toe&a

20e

?:l’sl o8

| Rem(@)ll o, 1) <

20e Ry, (z) onpedeaeno 6 (4).

Hoxasameavcmeo. Ry (z) = 3 02 ) Pa(z), rae

Pp(z) = Z f(ﬂ)(zn,k)‘ﬁn,k(z)'

kENy,

13 nemmsl 1 ¢ y4eToM ycJIOBH# TEOPEMBI, HMEEM:

|Pa(2)] < CA(m)2~ "5,
Orcroma
~ kel _1("_'*'1')._” = = A(n) n(n+1 s
|Ba@)| <C Y Am)2"7 "=CA(m) ¥ 3 s .
n=m+l1 n=m+1 ( )
~ TY R WY T A1), s,
Sl Z ) ) U T I
A Tmtjpsulagy) ~A(m) 1"
< CA(m) 23(n*-m%)g n_ ( ) i
n—zm:-l-l 2 2 n—%}-l \/§
7 _ 1\om—1+1%
=C—74(?m;)"_S01A(m, 13)2 g
25 +3(m+1) 9%5-+3(m+1)

_ 9\om—2+1 om-1+1 L(m2-1)
A(m —2)2 y-2 . g A(1)22 > C

27+§(m+1) ooy R 2%?—+%(m+l) . 2%m'

<G
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Adding an integrator and uniform ISS stabilization for
switched MIMO triangular systems with unknown
switched signal and right invertible input-output maps
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dsn@math.uni-bremen.de, svyatoslav_ paviichkov@rambler.ru,

We extend some recent (2009,2010) results devoted to the Lyapunov
stabilization for the switched systems in the strict-feedback form. More
specifically, we prove that a multi-input and multi-output triangular
switched system with an unknown switching signal, with right-invertible
input-output links, and with dynamics, which is affine in external distur-
bances is globally uniformly input-to-state stabilizable with respect to the
disturbances.

Jamxoscekuit C., [Tasmuukos C.C., O6xix inTerpaTropa i piBHOMipHa
crabijizanis BXiZ-cTaH TPHKYTHHX CHCTEeM 3 NepeMiKAHHIMH 3
GaraTbMa BXOJaMH i BAXOJaMH, 3 HEBiJOMHAMHE IePEeMUKAHHIMH i 3
npaBooGOpOTHUMHE BiloGpakeHHEMH BXig-BEXiA. VY pobori y3arasb-
1010ThCs Aesiki HOBi (2009,2010) pe3ynbTaTH, sSIKi DpUCBsAYeH] crabirizanii 3a
JIsnyHOBMM CHCTEM 3 NEPEeMHKAHHAMH TPHKYTHOrO BHIIsAAy. To4mime, Mu
JOBOAMMO, [0 TPHKYTHI CHCTEMH 3 NPaBOOOOPOTHHMH BiZOOpa’keHHAMM
BXiA-BHXiZ 1 3 npaBUMH 4YacTHHaM¥M adiHHMMH OAO 30BHIIIHIX 30ypeHb
PIBHOMIPHO CTabLII3yI0ThCSA 33 BXOLOM-CTAaHOM BiXHOCHO 30ypeHsb.
Hamxoscku#i C., ITasmuukoB C.C., O6xox umHTerparopa u paBHO-
MepHas crabmiamM3anMs BXOZ-COCTOSHHE TPEYrOJbHBIX CHCTEM C
nepeKJI09eHASMHA CO MHOTMMHM BXOJAaMM M BHIXOJAMH, C HEM3BeCT-
HBIMH NEPeKJIIOYeHHEMH M ¢ IpaBooGpaTEMBIME oTOGparkeHHIMH
BXOA-BbIXoA. B pabore o6oGwaiorcs Hekorophie HoBuie (2009,2010)
pe3yabTaThl, MOCBAIEHHbE cTabuwnmsamuu no JIamyHoOBy cucreM c me-
PEKJIIOYEHUSIME TPEYrOJILHOrO BHAA. Bojiee TOYHO, MBI [IOKA3BIBAEM, YTO
TpPEeyroJibHble CHCTEMbl C HEM3BECTHBHIMM MEPEKJIIOYEHMSIMH, C MHOIMMH
BXOJAMH M BBIXOJAMH, C IPABOOOPATUMBIMH OTOOpPa’K€HHSAMH BXOZ-BBIXOZ,
U C NPaBbIMH 9acTAMH a(UHHBIME OTHOCHTEIHHO BHEIIHHX BO3MYIIEHHMMH
PABHOMEDHO CTaOWIM3HDYEMBI 10 BXOAY-COCTOSIHHIO OTHOCHTEJIBHO
BO3MYILIEHHUH.

2000 Mathematics Subject Classification 93C10, 93B10, 93B11, 93B05,
93B52.
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1. Introduction

In 90th and 2000th various backstepping algorithms (which were originally
motivated by earlier (1973) work [5]) were designed and become very fruitful
in solving many problems of robust and adaptive nonlinear control. Originally
‘ developed for ODE systems [8], this technique was extended to other types of

systems (as examples we can mention Volterra systems [6], discrete-time systems
[17, 19], or delay systems [2]). On the other hand, during the last decade, switched
systems (with or without control) have received a lot of attention. Therefore it is
natural to extend well-known recursive designs to the switched systems case.
Some authors made their efforts along this research line during the last years
[11, 3, 18, 16, 13]. However, it should be noted that most backstepping designs
for switched systems presume that some information about the switching signal
| is available [3, 18]. Furthermore, sometimes the switching signal is treated as a
component of the control input to be designed [11]. The problem of asymptotic
stabilization with unknown switched signal was investigated in work [16]. More
specifically, in this work it was proven that the classical backstepping design is
possible for this class under the so-called “simultaneous domination assumption”,
which means the existence of a common virtual control and common Lyapunov
function at each step of the recursive design. On the other hand, no construc-
tive conditions for verification of the “simultaneous domination assumption” were
proposed in [16].

In the most recent work [12] it was proved that the class of strict-feedback
form single-input and signle-output (SISO) switched systems considered in [16]
indeed does satisfy the “simultaneous domination assumption” and the Lyapunov
stabilization is possible (indepenendtly this result was announced in [1]). Thus,
in order to stabilize these systems by means of a smooth feedback, one does not
need to impose any additional assumptions on this class.

The goal of the current paper is to extend this above-mentioned result to the
case of ISS uniform stabilization for the multi-input and multi-output triangular
switched system with an unknown switching signal and with right-invertible input-
output links.

2. Preliminaries

Throughout the paper, by (-,-) we denote the scalar product in R? (for any
g € N and from the context it will be clear which g is considered); for A C R by
A we denote the closure of A. For a vector £ERY, by |£| we denote its quadratic
norm, i.e., [€=(¢,€)%.

Also we use the following standard abbreviations: ODE for “ordinary differen-
tial equations”, MIMO for “multi-input and multi-output”, SISO for “single-input
and single-output”, GAS for “global asymptotic stability/globally asymptotically
stable”, GES for “global exponential stability/globally exponentially stable”, (and
respectively LAS and LES for the corresponding local asymptotic or exponential
stability), ISS for “input-to-state stability /input-to-state stable”.

We say that function a of [0, +00) to [0, +00) is of class X iff it is continuous,




Bicaux Xapkiscbkoro HaujoHasusHOro yHiBepcurery im. B.H. Kapasina, 931 (2010) 101

positive definite and strictly increasing, and « is of class X, if it is of class X
and unbounded. A function 8 of Ry X R4 to R is said to be of class X4 iff for
each fixed ¢ > 0 the function B(-,%) is of class K and for each fixed s > 0, we
have B(s,t) = 0 as t = +o0 and t — (s, t) is decreasing.

Consider the nonlinear switched system

z= Fd(t)(taxv A) (1)

where [0, +00) 3 ¢t = o(t) € {1,..., M} is the piecewise constant switching signal,
z € R" is the state, A(t) € RV is the input, which is treated as an external
disturbance. Suppose that each F, is continuous w.r.t (¢,z,A) and satisfies the
local Lipschitz condition w.r.t. (z,A).

Given any A(-) in Loo([0,+00); RY) by ||A(-)|| denote its Lo, - norm on
[0,+00[, and for each z% € R™ and each t; > 0 and each piecewise constant
o(-) by z(t,z° to, A(-),o(-)) denote solution of the Cauchy problem z(¢p) = z°,
of system (1) with these A = A(t) and o = o(t).

Definition 1 System (1) is said to be uniformly input-to-state stable (ISS) iff
there are B € XL, and v € X such that for each 1y, each z° € R™ and each
A(-) € Loo([to, +00); RN) and each piece-wise constant t — o(t) € {1,..., M} we
obtain for allt > ty

l2(t, 2%, to, A(-), 3 (D)ISB(2, t—t0) +7 (Il A £y fto,+00p) (2)
Definition 2 In the special case, if system (1) has the form
z= Fa(t)(:’:’ A)

it is said to be uniformly input-to-state stable (ISS) iff there are B € XL, and
v € X such that for each z° € R", each A(-) € Loo([0,+00);RN) and each
piecewise constant t — o(t) € {1,..., M} we obtain

|z(t,2°,0,A(-),0(-))I<B(1°], ) +¥(l AC)IL,,), ¢20. 3)

Remark 1. It is clear that in the special case A(t) = 0 the uniform ISS
property implies that, whatever piecewise constant o(-) is, z(t) = 0 is a GAS
solution of the obtained ODE system (1).

Remark 2. Note that this definition is coordinate-free in the following sense:
if 2 = F(z) is a global diffeomorphism of the state space then the definition of
the uniform ISS property of system (1) is invatriant w.r.t. all such state transfor-
mations. The proof is the same as for the classical ISS concept introduced in [15]
and is based on the properties of ¥ € X and 8 € XL functions.

Definition 8 Similarly to the ODE case, given a differentiable function V (t,z),

define its derivative w.r.t. system (1) as

avit,z) aV(tzx)
e st

d
av(ta z)l(l) i (ta Z, A)
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for all o € {1,...,M} and all (t,z,A) (in the special case V = V(z) the first
term vanishes). If we deal with a control switched system

o= Fd(t)(t, z,u,A), (4)
with controls u € R™ then we define

v (t,z) 3 v (t,z)
ot oz

forallo € {1,...,M} and all (t,z,u, D), and, for a certain controller u = u(t, z),
we denote

d
EV(Lxs u, A)I(4) = Fd(t’ Z, U, A)

d ov(t,z) OV(tx)
'd_tV(ta 27) I(4),u=u(t,z) 5 ot 2 oz Fa(t, z, u'(t’ z)’ A)

forallo € {1,...,M} and all (t,z,A) (the same holds true for the special cases
u = u(z) and u = u(t)).
3. Main result.
We consider the following switched system

X = A(X,u) + By()(X) + Gy (X)d(2), t20, ()

where o(t) € {1,...,M} is the piecewise constant unknown swithcling signal,
X'= [zl,...,z,,]T, is the state with z; € R™, i=1,...,v, u = [ul,...,um,+1]T in
R™+1 is the control, and d(t) = [di(t),...,dn(t)]” is the external input signal
considered as some external disturbances.

We assume that A(X,u), B,(X) and C,(X) have the following form

a1(z1,72) bg,1(x1)
A(X,u) = | 2@0L233) . By(X)=| be2(@172)
;1.,,.(371, SN ey By ) ;J,.,:,,(:zl,zg, S il ]
¢o,1(21)
PN ST el (6)
.c,,,,(a:l,:cg, e )

for all 0 = 1,..., M and satisfy the following conditions:

(a) functions A(:,-), Bs(-), and C,(-) are of class C**!, and A(0,0) = 0,
B,(0) =0, and C;(0) =0forallo=1,...,M;

(b) for each fixed ¢ = 1,...,v function a;(z1,29,...,%;,) is right invertible in
the following sense: there exists a function [z, ..., z;, £] — xi(Z1, ..., 2;, &) of
class CVt1(R(m1+..mi)+mi. Rmi+1) guch that x;(0, ...,0,0) = 0 and

ai(xla ooy Ty Xi(xla ey Ty {)) i g for all (xl’ ooy ziyf) in ]R(m1+...m,')+m,~_
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Remark 3 Assumption (b) holds true for instance if following [5] we as-
sume that z; € R! and there is a > 0 such that |M§B‘Z’T’f'+—lz| > a > 0 for all
(z1,...,Tip1) in R 4 =1,...,v. Of course, in the general MIMO case m; > 1,
if m; <myyq for all s =1,...,v, then there are many systems which satisfy con-
dition (b) as well (while, if m; > m;y1, then by the well-known Sard theorem,
Condition (b) becomes impossible). It is also clear that condition (b) is more
restrictive than the case of the generalized triangular forms (GTF) introduced
(for ODE systems) in [7, 14]. Currently as open challenging problem is that of
extension of the result from [14] (as well as those of the current paper) to the
GTF switched systems.

Our main result devoted to the switched systems of the form (5) is as follows.

Theorem 1 Suppose that system (5) with A(-,-), By(-), Cs(-) of form (6) satisfies
(a),(b). Then there ezists a feedback u = u(X) of class C* such that the closed-
loop system (5) with this u = u(X) is uniformly ISS with respect to the disturbance
d(t).

The proof of Theorem 1 is reduced to the recursive design given in the next
section.
4. Adding an integrator and backstepping design.

Consider a switched control system
2= f(2, 2k41) + Yo(2)(2) + 0oy (2)A(t), t€ER (7)

where z;,1 € R™ is the control, z € R", is the state, A(t) € Loo([0,+00); RY) is
some external disturbance and [0,+00) 3 ¢t — o(t) € {1,..., M} is the unknown
piecewise constant switching signal which takes values from some finite set of
indices {1,...,M}.

In addition, we consider its dynamical extension of the form

{ z = f(2,2k41) + Vo) (2) + @o(r) (2)A(2)
Zer1=Fr41(25 2k41, ¥) + Yra1,0(8) (25 Zk4+1) + Prr1,00) (25 2k4+1) A(2)

(8)

with states [z, zk+1]T, controls u € R™ (and with the same external disturbance
A(t) and unknown switching signal o(t)).
Next we suppose that systems (7)-(8) satisfy the following conditions

(i) functions f, %s, s and fr+1, Yr+1,00 Pr+1,0 are of class CP
and f(oa O) = “ptr(o) T Ov ‘paf(O) = 0 and fk+1(0, Oa 0) = ¢k+1,0(07 0) e 0,
©k+1,0(0,0) =0 for all 0 € {1,..., M}

(i) fes1(z,2k+1,°) is right invertible for every [z, zk.H]T in R® x R™ in the
following sense: there exists the map R™ x R™ x R™ 3 [z,2k4+1,€] —
u(z, zk+l7§) € R™ of class C? such that fk+l(z’ zk+1,u(z? zk+la£)) - 6 for
all [z, zk4+1,&] in R® x R™ x R™ and u(0,0,0) = 0.
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Our main Theorem 1 can be reduced to the following statement on adding an
integrator.

Theorem 2 Assume that Conditions (i),(ii) hold true and, for system (7) with
the Lyapunov function V(z) := %(z, z) and for every X\ > 0 there exists
() € Koo U {0} such that the following inequality holds

Ly iryransm = (22,0 + 8o 2) + 0o()A) S ~AV(2) + (/4]

forall zeR", AeRY, c€{1,...,M} 9)
Then, for system (8) with the Lyapunov function

1 1
Vi+1(25 zk41) = 5(2,2) + = (2415 2k41),
2 2

for every € >0, for every § >0 and for vi41(-) € Koo given by yii1(|A]) =
= 4(|A|) + 8|A|?, there ezists a feedback u(z,2k+1) of class CP~! such that
u(0,0) = 0 and such that the following Lyapunov inequality holds true

d
5 Vk+1(2, 2k+1)|(8)u=u(z,241) < — (A — €)Viet1(2, 2k41) + Me+1(|A])

forall zeR", z, €eR™, AeR", o€{l,...,M} (10)
Ifn=0 (and k = 0) and system (7) is empty, then the extension (8) becomes

#21=f1(21,u) + ¥1,0(1)(21) + P1,0(1) (21) A(2).

In this case, if Conditions (i),(ii) hold, we say by definition that the conditions of
the current theorem are satisfied with y(|JA|) = 0 and the current theorem states
the ezistence of the corresponding feedback u(z1) (u(0) = 0) which satisfies (10)
with ye41(|A]) = m(|A]) = o|A[%

Let us note that (10) implies the uniform ISS of the system (8),if 0<e <
< . Indeed, take any piecewise constant [0,+00) 3 t — o(t) € {1,...,M},
any disturbance A(-) € Lo and define Viii1(t) := Viy1(2(t), 2k41(t)). Define
Ao := A — € > 0. Then mulipying

d
EVIHI(t) < =XoVi41(t) + e+1(|A(2)]) forallt >0
by et we obtain

3 Ven(1M") < Wi (AEI* forall 720

and then integrating we have

t
0 < Vit1(t) € Viga (0)e™" + f Ye+1(|A(T))e™¢=dr  for all ¢ >0,
0
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i.e.,
0 < |[2(2), zk+1 ()] < |[2(0), 2k41(0)][Pe ™20 + Xlg’"‘“(“ AQ)|ly,) forallt>0,

which yields Definition 1.
Let us assume for a moment that Theorem 2 is proved and prove that Theo-
rem 2 implies Theorem 1. The proof of Theorem 2 is given in the next section.
Proof of Theorem 1. The proof is by induction over 1 = 1,...,v.
(The base case i = 1) Fix an arbitrary A > 0. For ¢ = 1, consider the system

&1 = a1(21,22) + bo(),1(Z1) + Cop)a(z1)d(t), 20 (11)

with states z; € R™, controls £ € R™2, external disturbances d € R" and
an unknown switching signal o(t) € {1,...,M}. Take the Lyapunov function
Vi(z1) = %(xl,zl), and any d > 0. Applying Theorem 2, we obtain the existence
of a feedback zo = a;(z;) of class C¥ such that

d
'(Evl(xl)l(ll),zgzm(zl) < =AVi(z1) + é(d,d) (12)

for all o € {1,...,M}, z; € R™ and all d € R¥. At this first step, we consider
the (identical) state transformation z = z; 1= z1—ap = 1 —Gp with ap = ap = 0,
which brings the dynamics of (11) to the form

2= f(2,2i01) + Yo (2) + Por) (2D, ie., z= f(2,22) + Po(z)(2) + Gor) (2) A
(13)
with

z=2=1a1; f(2,22) = a1(2,22); Po(2) =bs1(2), A=d, Po=cs1(2)

Then from (12), we obtain
d . 1
7 V1(@lag)ea=ar(x) = —AV1(2) +6(A, A) with Vi(2) = 3(z,2).  (14)

(The inductive step i — (i+1)) Suppose that for any A > 0, and an arbitrarily
small § > 0 there exist functions ag = 0, a;(21), ..., a@i(21, ..., 2;), @p = 0, @1 (z1),
..., @i(z1,...,z;) of classes C¥*1, CY, ..., CV~**+!  respectively such that the
following conditions hold:

1. @;(0) = 0 and @;(0) = 0 and the coordinate transformation

21 =21 = 21 =21 — 0
z3 = 12 — a1(21) Lk 2 = T3 — @1(21) (15)
2 = T — (21, -y Zi-1) % = T — C(T1, .y Ti-1)
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brings the dynamics of the system

&1 = a1(Z1,%2) + be(e),1(T1) + Co(p),1(21)d(2)
z9 = az(z1,22,23) + ba(t),z(wl,z‘z) " Ca(t),2(zlvz2)d(t)

T; = ai($1,22, ...,$i+1) -+ ba(t),i(zli L2y eeey .’Bi) * ca(t),i(zl’ L2y eeey :L‘,‘)d(t)

(16)
with states [z1, ..., :c.-]T, controls z;41 and external disturbances d to the form
2= f(2,%i11) + Po(e) (2) + Po) (2)A(R) (17)

where z = [z1,...,2;] is the state defined by the transformation (15), zi; is
the control, A(-) = d(-) is the disturbance, o(t) € {1,...,M} is the unknown
(piecewise constant) switching signal.

2. For the Lyapunov function Vj(z) = %(z, z) we obtain

d
Et'(Vi(z))'(17),zi+1=a,-(z1,...,z;) = _AW(z) 8 6<d,d) (18)

for all 2z, d and all 0 € {1,..., M}.
Let the system

{ &= f(2,3i01) + o) (2) + Go(e)(2)AE)

. % 19
Eiy1 = fir1(2, Tig1, W) + Vig1,0() (2, Tit1) + Pig1,0(0) (2 Tit1) A(2) 19

(with states [z,z;+1], controls w € R™+2 and disturbances A = d) be the corre-
sponding dynamical extension obtained by the state transformation

21=T1 — Qg 21=T1—0Q
29 =29 — a1(21) 29 = T9 — @1(11)
by e Sl
% = z; — ai(21, ..., %-1) % = =i — @i(z1, ..., Ti-1)
Tiy1 = Tit1 Tiy1 = Tigl

of the system

(&1 = a1(21,T2) + be),1(21) + Co(r),1(21)d(2)
&g = ag(21, T2, T3) + bo(t),2(T1, T2) + Co(1),2(21, T2)d(?)

W Z; = ai(T1, 22,y -y Tit1) + b,,(t),,-(a:l,xz, ey Tj) + c,(t),,-(zl, Z9, ..., Ti)d(t)
Tiy1 = Gig1(T1, 2, ooy Tit1, W) + bo(e),i41(T1, T2, ooy Ti1) +
L +ca(t),i+1($la T2 ey $i+l)d(t)

(with states [z1, ..., Zi+1], controls w € R™+2 and disturbances d). Then the state
transformation z = 2, 2;41 = Ti4+1 — @4+1(2) brings the system (19) to the form

{ z = f(2,2i41) + Vo) (2) + @or) (2) A(2) (20)
Zig1 = fir1(2, 2i1, W) + Yo(e),i41(2, Zit1) + Po(r),iv1(2, zit1) A(2)
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(with states [z, 2zi+1], controls w € R™+2 and disturbances A(t) = d(t)) By the
induction hypothesis (more specifically by the definition of o; and by (18)), system
(20) satisfies all the assumptions of Theorem 2. Applying Theorem 2, for each
A>0, each ¢ >0 and each § > 0, we obtain the existence of a feedback
w = ajp1(2,2i41) of class CY~* with @;41(0,0) = 0 such that the Lyapunov
function V;41(2) = Vi(2) + 5(2i41, zi+1) satisfies the inequality

d
Et'(vri'f'l (Z, zi+1))|(20),w=a¢+1(z1,...,z,~,z.~+1) = _(A N E)v"i'f'l(za Zi+1) ar 6(di d) (21)

Thus, using the induction over ¢ = 1,...,v, we obtain for ¢ = v and for
every A > 0 and § > 0 that there exist 2(v + 1) functions a9 = 0, a;(z), ...,
| a,,(zl,...,;,,), and @y = 0, @;(z41), -.., @(z1,...,2,), such that o; and @; are of
| class C*~**! and ¢;(0) = @;(0) = 0 and such that the following two properties
hold
1. The state transformation
21 =T —Qg 21 =& — 0y
2y =z — a1(21) Sk 72 = T2 — 01(71) (22)
2y = 2y — ay-1(21, ..y zu—l) 2y =Ty — au—l(:l"l, il Ty1)
or in vector form
Z=X-0a(2), & Z=X-aX) (23)
brings the dynamics of the system (5) to the form
Z= F(Z,u) + Qtr(t) (2) + Ra’(t)(z)d(t)7 (24)

with states Z € R™*+™v_ controls u € R™+! and external disturbances d(t),
where F(Z,u), Qs(Z), and Ry(Z) are defined by the transformation (22) as fol-
lows

F(Z,u) = A(Z + o(Z),u) — ai(z%@lf;(z +a(Z),u), (25)
Qu(2) = Bo(z +a(2) - B g 71 a(z),  (29)
R,(Z) = Co(Z + a(2)) - T‘%’%@C,(z +a(2)). 27)

2. For the Lyapunov function V;{Z) := 1(Z, Z) with Z=[z,...,2,] given by
(22) we have

2 VD)2 umar (1) = ~2VilZ) +5(d, 0 (28)

Thus, the control u=a,(Z) uniformly ISS stabilizes (24). Taking the state trans-
formation Z — X which is inverse to (22), we obtain the statement of our Theo-
rem 1.
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5. Proof of Theorem 2
Next we use the following straightforward equality

1
(2,2 41) = £, 0) = [ (e (2105000 = (2, 2,2k 5k1)
0

where

1
I, 2u01) = [ 5o Oausa)d (29
0

Therefore
d
&Vk+1(za zk+1)|(8),u i (Z, f(z’ zk+1) + 1/’«(2) o <pa(z)A)+

+(2k41s fet1(2) 2k41,8) + Yit1,0(2, 2k41) + Prt1,0(2, 2641) D) =
= (2, f(2,0) + Yo (2) + 0o (2)A) + (2, I (2, 2k+1) 2k+1)
H(2k41s fre+1(25 2k41,8) + Yit1,0(2, 2641) + Prt1,0(2, 2641)A) <
< =AV(2) + Y(|A]) + (2k41, Frr(2 zk41,0) + IT (2, 2041)2 + Yht1,0(2, 2041)+
+Pk+1,0(2, 2Zk+1)A). (30)

Our next goal is to find a controller u = u(2, 2x+1) such that the last term in (30)
will provide (10) with the new gain -+, mentioned in the statement of Theorem 2
to be proved.

By definition we denote the components of z and zx4; as follows:

1 ]T ﬂk+1]T'

n 1
gaiet .. % and  Zk41 = [Zgg1r- oo r Zpgd

Using the well-known Hadamard lemma we obtain the existence of miatrix func-
tions W41,0(2, zk+1) and ®k41,6(2, 2k+1) of class CP~! such that

V4
Yr+1,0(2 2k+1) = Yit1,0(2, 2k41) [ 2 ] and
k+1

z
Phoraeomit) = Bestalmaen) | 2] foral o=1, 0. (31)

Next we estimate (30) by using (31). To make the estimates shorter, we omit the

arguments (z, zx+1) of Wr41,0(2, 2k+1) and Pr41,0(2, 2k+1)-
Take an arbitrary ¢ > 0. From the first equality of (31) it follows that for
every z € R, every zx4+1 € R™ and every o € {1,..., M} we obtain

2
<Zk+1,‘1’k+1,a(2, Zk41) [ s ]> =
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1

. . __"’j .
¥ Z Zk+1‘1’k+1 €% + Z Ze1%R 41,02k 41 <
1<i<ng4 1<i<ng4
1<j<n 1<j<ng41
1 L RS S
<3 X (F6ha) (v e6) +
1<i<ng
1<j<n
1 : 2% .
+3 Z ((Z;c+1) (‘I’k+1,a) (4+1)2) -4
1<i<ng4y
1<j<nk 1
1 B ii )21 2(,5\2
52 Z 22 Zk+1%k+1 (‘I’k+1,a) +3 Z e(#)"+
o=l 1<i<nen 1<i<ng41
1<j<n 1<j<n
1 1 M N4 N1 o
+5Mk+1 > (zhe1)* + 5 2 p ot gy, o T ( k+1 a) Zhyy =
1<i<ng41 o=1 j=1 i=1

= §€2nk+1(z, 2) + (2k41, H(z, 2k41)),  where H'(2,2541) =

1 M n y 1 Nhet1
% EZ:g Zk41 ( kil a') 4 2"k+1zk+1 he 2 E Z (‘I’i+l,a) Zien (32)

o=1 j=1

where \Ilk 41,0 and ﬂ’iw denote the corresponding components of ¥ o

Similarly, from the second equality of (31), for every § > 0 and for ea.ch’ z € R",
| each zx41 € R™ and each o € {1,..., M} we obtain

<zk+1,‘1>k+1,a(z, Zk41) [ z:H ] A> =

P Ay exel 1 ppiiqmy
= 5o 0L 7 + > 5100 oy <

1<i<ngq 1<i<ng4
1<I<KN 1<IKN
1<j<n 1<j<ng4
. : e A 2
< % E (6°Af+ +z;e+16i22;=+1 ( ;:11,0,17']) ) +
].Sisnk.i.l
1<IKN
1<j<n

B ——
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+§ z: (52A‘2 +z},+132-z7c+1( k+1,a,lzi ) ) =

1<i<ng
1<IKN
1<j<ng41
< 2% 3 1R 1 irj )2
< g (n+ne)8® Y AT + zzk+l b i 22K+ (‘I’k+1,a,zz1) +
=1 i=1 ISISN
1<j<n
1<o<M
"k+1 §iD oy’ . 2
+3 Z Zhr E ﬁzl'eﬂ (Ec’il,a,tzfcﬂ) ) (33)
s 1<IKN
1<j<ng+1
1<o<M

where <I>k +1,0, and <I>,,+1 o, denote the corresponding components of ®k11,4.
Summing up (30)- (33), we obtain

d 1,
dth+1(z 241)|(8)u < —(A = 3¢ k1) V(2) + Y(A]) + npa (n + i) 82 AP+

+(zhr1s for1 (2 2e41,w) + JT (2, 2k41)2 + H(2, 2641) + G(2, 2641)), Where

: ; L N2
G'(2, zk41) ==% Z 313’7:+1 (‘I’;:'il,a,z’") *
1<IKN
1<j<n
1<o<M
1 VAR - i’
+3 Z ﬁz;cﬂ (6;:,1-1,0,!2}:+1) :
1<I<KN
1<j<ng+1
1<o<M

By Assumption (i), there is u(z, zx4+1) of class CP~! such that u(0,0) = 0 and
Fr1(2, 2641, (2, 2641)) + I (2, 2641) 2 + H(2,2k41) + G2, 2k41) =

1
&= —()\ e Eeznk+1)zk+1 for all [z, Zk+1] € R™ x R,

(Note that J, H, G are of class CP~! in general (due to the proof of the Hadamrd
lemma); therefore the feedback u(z, zx+1) obtained is of class CP~! as a composi-
tion of functions of class CP (see Assumption (ii)) and those of class CP~1).

Since € > 0 and § > 0 are chosen a.rbltra.nly small, this completes the proof
of Theorem 2.
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Pacripocrpanenue BOJIH B 3alIOJTHEHHBIX XKUIAKOCTHIO
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IIpencraBieHsl NOCTAHOBKH ¥ peNIeHHss OJHOMEDHON HeiuHe#HON U
ABYMEDHOM JIMHEeapH30BaHHOM 3a/a4, OIHCHIBAIONIMX PpacHpOCTPaHEHHE
OyJbCOBHIX BOJH B aprepusax. Jlas Mozenelf apTepHalbHBIX pyceln,
[peJCTaBJEHHBIX CHCTEMaMH TPYOOK C pa3HOM TOmoJIoruel, BHINOJHEHBI
CPaBHUTEJIbHBIE pacdeTbl Ha OJHOMEPHOX W JBYMEDHOM MOZIEIAX.
IIpoBeneHo MoAeIMpOBaHWE NMATOJOTHH, CBA3aHHBIX C HAJIMYHEM CTEHO3a
¥ HapyIIEHUsIMM MUKDOLMDKyJsnuu. IIOKa3aHO, 4YTO METOJ aHaJIu3a
MHTEHCHBHOCTE! BOJIH NMO3BOJIAET ONPENENATh JIOKAJIH3AIKIO IaTOJIOTHH.

Kizinosa H.M., Po3noBciofkeHHS XBHJ/Ib B 3aI0BHEHHX pPiIMHOIO
B’S3KONPY>XHHEX TPybOKax: NopiBHEHHS OJHOBMMIpHOI Ta
aBoBuMipHOT Mogese HaseneHi mocTaHOBKH Ta PO3B’SI3KHM OZHOBMMIPHOL
HeJIHi#HOI 1 ABOBHMIPHO] JiHEAPH30BaHOI 33424, IKi ONUCYIOTh NOIMIUPEHHSA
OyJIbCOBUX XBWIb B aprepiax. [lna Mopemeit aprepiajbHHX pycedn,
AKi [peACTaBJieHI CHCTeMaMH TPYOOK 3 Ppi3HOIO TONOJIOri€l0, BHKOHAHI
NOpiBHsAJIbHI PO3PaxXyHKM Ha ONHOBHMIpDHi#t i JBoBuMIipHilE Monensx.
IIpoBeneHo MOAETIOBAHHS MATOJOriH, fKi NMOB’A3aHi 3 HAABHICTIO CTEHO3Y
i NOpymeHHSMH MiKPOLMPKYJIAIi. ITokazano, MmO MeTon aHAII3Y
iHTEeHCHBHOCTEM XBHJIb JI03BOJIsA€ BU3HAYATH JIOKAJII3Alil0 AaTOJIOrI.

N.N. Kizilova, Wave propagation in fluid-filled viscoelastic tubes: a
comparative study of 1D and 2D models Formulations and solutions
of the one-dimensional nonlinear and two-dimensional linearized problems
describing the pulse wave propagation in arteries are presented. For several
models of arterial beds that are presented by the systems of tubes with
different topology, the comparative study of the one-dimensional and two-
dimensional models is carried out. The modeling of pathologies, related to
the stenosis and microcirculatory problems is conducted. It is shown that
the wave-intensity analysis method allows determination of localization of
the pathology.
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BBenenue. PacnpocTpaHeHne BOJIH JaBJEHHsS ¥ CKOPOCTH B 3aIlOJHEHHBIX
JKHUJKOCTBIO BSI3KOYNPYTHX TpPyOKax HCCHIEAyeTcsi B MEXaHHWKE, IpeXe BCEro,
B CBS3M C 33J43a4YaMM THAPOMeXaHWKH KpoBooOpamenus. CobcTBeHHO, BCs
TeopeTuYecKasi THAPOMEXaHMWKa, Hadajlo KOTOpOo# 6buto mosioxkeHo JI.9#iepom,
HAYaJIach C €ro HHTEPECa K 3a/a4e O ABMXKEHHH KPOBH 110 APTEPHUsIM, B PE3y/IbTATE
peleHusi KOTOpo#t GBlJIa MOJIyYeHa CHCTeMa YPaBHEHMH: [UIsi HEBA3KOM XXHIKOCTH
(ypaBuenusi Diinepa) [1).

Bonnsl gasnennsi P(t) u ckopoctu xpoBoroka U(t) B aprepusix uesoBeka u
JKMBOTHBIX JIETKO DETHCTPHPYIOTCH C IOMOLIBI0 COBPEMEHHON YJILTPAa3BYKOBOM
anmapaTypbl WM MarHATO-pe30HaHCHOX Ttomorpacdmu. IIpsivbie Mmeroaml ¢
NOMOIIBI0 MHKDPOAATYMKOB, BBEAEHHLIX C KATETEPOM, MO3BOJISIOT MIPOBOAUTH
JIATEbHYI0 HENPEPHIBHYIO 3alMCh IYJIbCOBBIX KPHBBIX. Takum o6pa3oM, K
HACTOAIIEMY BPEMEHH B MEIHMIMHE HAKOIUIEH JOCTATOYHO GOJIBINON SKCIIepuMEH-
TaJIbHBIM MATEPHAaJ, H HAJIN3 KPUBHIX TOKA3HIBAET, 9T0 (POPMa MYJILCOBBIX KPUBBIX
U PsiJi MHTErPAJIbHBIX IAPAMETPOB MOT'YT OBITH HCIIOIb30BAHBI /IJIsi CBOEBPEMEHHOIM
JIMArHOCTHKH CEPJeYHO-COCYAMCTHIX IATOJIOTH M HapyIIeHu# KpoBooOpameHus
BO BHYTPEHHHX OpraHaX. OMIMPHYECKHe JaHHbIe MEJUIMHBI ¥ KIMHUYECKUe
HabJIIOIeHUsT HYXKAal0TCA B 6HOMEXaHW4YeCKOM 06OCHOBaHMH, OCKOJIBKY pa3bpoc
U OTHOCHTEJIbHBIX NAapaMeTpoB, M 0Ge3pa3MepHBIX NMapaMeTPOB BOJIH AOBOJILHO
60J1b1I0H, YTO BOOOImIE-TO CBONCTBEHHO GHOJIOTHYECKHAM JAHHBIM.

BaxxHbIM [1j19 OHOMEXaHWKH SIBISETCS NPEACTABJIEHUE O TOM, YTO IIy/IbCOBBIE
BOJIHBI, PETHCTPUPYEMBIE B Pa3HbIX AapPTEPUSAX, MPEACTABISIOT cob00#M pe3ysnbTaT
HAJIOXKEHUs majaiomelt Bosab P+ (t), remepupyeMot COKPAIAIOIIUMCS CEPLIEM,
u orpaxennsix BoiH P~ (t) [2]. OrpakeHHBIe BOIHBI PAaCIPOCTPAHSIOTCS BBEPX
1O TEYEHHIO M CBSI3aHBI C HAJWYIMEM COCYOMCTHIX OmcypKamuit M JIOKAJIBbHBIX
HeOHOPOJHOCTEH (CTEHO30B, aHEBPH3M), BHI3BIBAIOIIMX HECOIVIACOBAHWE BOJIHO-
BBIX IIPOBOZMMOCTEH I10CJIe0BaTebHBIX YYaCTKOB cocyaucroro pycia [3]. Torpa
perucrpupyeMbie B aprepun kpusbie P(t) GyayT npeacrasiaste coboit pe3ysibrar
CyTepnosuIuu majalomelt u orpaxenHo# BomH: P (t) = Pt (t)+ P~ (t). Ilo-
CKOJIbKY BOJHBI gasnenust Pt (t) u P~ (t) cnocoGCTBYIOT nEpeMeIesnio KpoBu
B COOTBeTCTBYyIomeM Hanpasyenun, To U (t) = Ut (t) — U~ (¢). Takum obpasom,
OpH JOCTATOYHO GOJILIIOM BOJHOBOM CONPOTHBIIEHMM CHCTEM CPEJHHX M MaJIbIX
apTepHif MOrYT MOSIBASITHCS NEPHOABI BPEMEHH, KOTAAa KPOBOTOK OTPHIATEJIEH
(manpasien or nepudepruueckux cocyznoB K cepauy). Ilomo6ubie mepaoapr garme
BCEro CBOMCTBEHHBI PA3JIMYHBIM NATOJOTHSIM, HO MOTYT NOSBJIATHCS B HEKOTOPBIX
apTepusiX U y 3J0POBHIX AIMEHTOB [4].

JluneltHasi TeOpHs IyILCOBLIX BOJIH B apTepusix Obuia pa3paborana k. Jlaiir-
XWJLJIOM JJisl HEBSA3KOM XXKUIKOCTH, KaK [IJIs CXKMMaeMOH’, Tak U JJIs1 HeCXKHUMaeMoH
[5]. Oxmmum w3 HamGosee MHTEPECHBIX METOJIOB AaHAIW3a BOJH B apTepUSX,
KOTOPBI# BHIFAB/IAET JETAJbHYI0 KapTHHY MHOTOKDATHBIX OTPaXXE€HHWM BOJIH BO
BPEMeHH, SIBJISETCS METOJ aHAJIW3a BOJHOBHIX MHTEHCHBHOCTel (wave-intensity
analysis, WIA), 3aumcTBOBaHHBIN U3 ra3oBolt quramuki [6]. s ucnonb3oBanus
3TOro MeTona HeobX0auMO OHOBPEMEHHO 3apeructpuposarh kKpussle P(t) u U(t)
Ha OTHOM M TOM XK€ y4aCTKe apTepPHH, YTO BO3MOXXHO C IIOMOIIBIO COBPEMEHHOH!
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TeXHUKH. IIpOBOAS CHHXPOHHBLIM aHAJN3 KPHUBBIX, MOXXHO yOEIHTHCH, 4YTO
HMHTEpBaJIbl BDEMEHH, KOT/Ia JaBJIEHHE B COCYAE ¥ CKOPOCTh KPOBOTOKA BO3PACTAlOT
wm y6wiBaloT, He Bceraa copmagaior [2,6,7]. Ha ompesenenHbix ywacTkax
JaBJIeHHe W CKOPOCTh BO3PAacTAal0T WM yOBIBAIOT CHHXPOHHO, a Ha JAPYrHX
- OgHa W3 BEJIMYMH BO3PAacTaeT, a JApyras yOwBaer. Ecim cumrars, 4TO
uHTepBaJs BpeMenu, Koraa dU > 0, coorsercryer yciosmo dUt > dU ™, 1o ectsb
npeobsialaHuio Majalomelt BOJIHBI, W Hao60pOT, a TakXe 4ro ciaydait dP >0
COOTBETCTBYET BOJIHE CKaTusi, a dP < 0 - pa3pexenns (dpopManbHas aHAIOTUs
CO CXXKMMaeMbIM ra3oM), To, conocTassis Kpusbie dP(t) u dU(t), MoxHO BhIgEIATE
Ha HUX cjeayiomue yJacTka [6]:

dU > 0, dP > 0 — magaiomasi BOJIHa CXKATHS;

dU > 0, dP < 0 — najaomas BOJIHA Pa3peXKEHHS;

dU < 0, dP > 0 — oTpaxkeHHasl BOJIHA C>XKATHH;

dU < 0, dP < 0 — oTpaxkeHHasi BOJIHa Pa3peXKEeHUd.

EcrecTBenno, TepMunbl "BosiHa cxaTusA" U "BoHA pa3pekeHrs" B IPUMEHEHUH
K HECXKMMaeMOH >XHIKOCTH, He(PH3HYHBI, HO 33 JECATH JIET NOCJIE€ MX BBEJEHHS
B AHIVIOA3BIYHOM JIATEPATYpe, OHM NPHXXWUIMCh M IIMPOKO HCIIOJBL3YIOTCS B
NpUMEHEHHM K TEOPHHM IyJbCOBHIX BOJH B aprepusx. Jlns Heckumaemoin
KHMIKOCTH (HU3MYECKHH CMBIC BOJIH CXKATHSl W PA3pPEXKEHHsi CBA3aH HE CTOJBLKO
CO CBOMCTBaMM YKHIKOCTH, CKOJIBKO C Aedopmanmeit creHKH TpyOku: mpu dP > 0
TpybKa pacImupsiercs ¥ IUIOMaJb €€ MONEPEYHOro CeYeHHs S yBEIMYMBAETCH, a
npu dP < 0 S ymenbmaercs. IIpsiMble m3MepeHHusi OKa3ajM, 4TO Kpusbie P(t)
u S(t), nmepecynTaHHbIE B OAHH M Te Xe 6e3pa3MepHbIe BeJIMYMHBI, IIPAKTHIECKH
cosnajaior [8]. Ha 3T0M OCHOBAH IIHPOKO HCIOJIB3yeMBIi B COBDEMEHHO! MeIHuIi-
He MEeTOJ HeMHBa3UBHOM (6eCKpoBHOMR) perucTpalmu KpuBbix P(t) B mpousBossHON
apTepuy IIyTeM BOCCTAHOBJICHUS UX U3 KPUBHIX S(t), pEruCTpUpYeMBIX YiILTPas3By-
KoBoit anmapatypoii. Merog WIA xopomo 3apekoMeHzoBajl cefsi B mocienHue
rogbl KakK BaXXHbIM JUArHOCTHYECKUN NPUEM I aHAJIW3a He TOJIBKO [EHTPaJIbHOHN
reMOJMHAMHAKH, HO ¥ KPOBOOOPAIEHHs] BO BHYTPEHHUX OPraHaX X B KOPOHAPHBIX
apTepusiXx, B KOTOPbIX MHOTOKDATHBIE OTDa)KEHHS BOJH HMMEIOT MECTO IpH
COKpallleHWH MBIIIEYHEIX BOJIOKOH B OTHENbHBIX Kamepax cepaua [6,7,9,10].
CymecrBytor u apyrue 3hdeKTUBHBIE METOAb! AMATHOCTHKH, OCHOBaHHBIE Ha
anammse kpusbix P(U) u ¢a30Bix KpEBBIX Pt/ (P), U,/ (U) [11].

Jlns aHasM3a BOJH B apTEPUSX OLHH aBTOPHI HCIOJIB3YIOT HEJIHHEHHBIE
OJHOMEpPHBIE MO/, OCHOBAHHBIE Ha ypaBHEHHsX Jiiepa (IJIOCKME BOJIHBI), &
JpyTHe — JIAHeapH30BaHHbIE AByMEpPHbIE ypaBHeHUs (0CECHMMETPHYHBIN CiIy4ail).
B nanHo#t pabore IpeACTaB/IEHBl DE3YIbTATHl CPABHUTEILHOTO HCCJICOBAHUS
napaMeTpOB BOJIH JAaBJIEHHSI ¥ CKOPOCTH B TPyOKe M cHcTeMax TpPyOOK Ha OCHOBe
YHUCJIEHHBIX PAaCcYeTOB IO YKa3aHHBIM OAHOMEDHOHN ¥ ABYMEPHOH MOJEJIAM.

1. OaHomepHas MoOZAeJb. 3aKOHBI COXPAHEHWS] MACChl M MMITYJIbCA JIst
cpenneit mo cedennio S TpyOku ckopoctu KpoBoroka U=Q/S, rae Q — obbemubit
pacxoj; yepe3 ceyeHue, Obuim BeIUCAHHI B [1] u cTporo BeiBeseHH B [5] mst ciydast
HEBSI3KOM HECXKMMaeMON >KHAKOCTH B BHJIE:
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2

93 Ligupes g5 S pullilin g LB

ot Oz Ot 0825, pO%
re p — IUIOTHOCTh XKHUAKOCTH, X — aKCHaJIbHAsi KOOPAMHATA, OTCYMTHIBAEMAst OT
BxogHoro cedenusi Tpybku, U = U (¢,z), S = S (t,z).

s 3ambikanus cucreMsl (1) B [1] 6bu1# ncnonb30BaHb! ABE, KAK BBISICHAIOCH
BIIOCJIEJCTBUH, HECBOUCTBEHHBIX apTepusaM 3aBucumoct P(S). Muorouucienssie
SKCIIEpUMEHTHl TOKa3anM, 4ro KpuBas P(S) umeer aBe HenuneiiHble BeTBH,
KOTOpble pa3iMyHel musi ciydaeB P < Py (cxyoneiBanue aprepun) u P > Py
(pasmyBanme aprepum), rae Py - Tak Ha3bIBaeMOEe HEPACTSAIMBAIOIIEE JABJIEHHE,
IpH KOTOPOM apTepHsi MOJIHOCTHIO PACHpPAaBJEHA, HO HANPSIXKEHHS B €€ CTEHKe
paBubl Hymo. IIpu aTtoM Py cCOOTBETCTBYeT JaB/IEHHIO B OKPY2KAIOIUX APTEPHIO
TKaHsax. B ciydae P < Py 0ceCHMMETPUYHOCTH CXJIONBIBAIOIENCs: TPyOKH He
COXpaHSIeTCsl, ¥ TAaKHe 337349 Pe[aloT B TPEXMEPHOH IOCTAHOBKE METOZIOM
KOHe4HBbIX 3jieMenToB. Ilpm P > P 3asucumocts P(S) xopomo omnmchiBaercs
COOTHOLIEHHEM [2]:

0, (1)

P=Po+k(\/._S'_—\/STo), 2)

rae So = S (Pp) — HEeBO3MYILeHHAs IUIOMaAb CEYeHHs cocyaa, k — koadduuuent.
B ¢dusuyeckn THHEHHBIX MOAEIAX HUCIOJIL3YIOT ANIPOKCHMALMIO HEJIMHEHHOro
yuactka P(S) jmuetino#t 3aBucumocTsio B Buze [12]

P =P +k(S-50), ®3)

rae k = ag)\, A — OKpy>XHasl >XeCTKOCTb CTE€HKH TPYyOKH, i3 — SMIHMpPHYECKHN
K03dduuEeHT, obecneunBaromuil 6;IM30CTh JIMHEHHON ANNPOKCHMANMN HeJIMHel-
HOM 3KCIIEPMMEHTAJILHON 3aBMCHMOCTH [JIfi JAHHOTO THIA COCYJOB (KpYIHBIE,
CpeJHHE, MaJjble, 3JIaCTUYECKOro, MBIEYHOro Win cMemanHoro tumos) [2]. Ha
ocrose cucrembl (1), (3) GbuIE mccaeAOBaHBI PasHBIE CIy4aH PacIpPOCTPaHEHHS
BOJIH B APTEPHSX U CHCTEMAX apTepHil ¥ MOy Y€Hbl Pe3y/IbTaThl, COOTBETCTBYIOIIHE
pe3y/bTaTaM KIMHHYECKHX uccienoBanuit [13-15).

O606menue cucremsl (1) Ha cirydalt BA3KOM XKHIKOCTH NOTyYaioT Jo6aBieHreM
B IIPaBYIO 9aCTh yPABHEHHS HMIIYJILCOB CJIATa€MOr0, COOTBETCTBYIOIIETO OCPEJHEH-
HOTO 0 MEPUMETPY TPEHHUs Ha CTeHKe Ha eJUHHMILY JJMHBI TPYyOK: 27aty, /pS, rae
Tw — CPeJHee 110 IEPUMETPY HAIPSDKEHHE TPEHUs Ha CTeHKe. B KadecTBe Ty, vdale
BCEro BLIOMPAIOT HANPSIXKEHWE TPeHHsl B cTanuoHapHoM [Iya3seiineBckoM TedeHHM
[2] mm B nynscupylomem Tedenunm Yomepcam [16]. Ilpm srom st omHOMepHO#
3a]]a4M BO3HMKaeT npobieMa rpaHMYHBIX ycJIoBui Ha crenke [10].

s ogHOpOAHO# H30TpOmHON ympyroaedOpMHUpyeMol CTEHKKH C KOHEYHOM
HEBO3MYILIEHHON ToMmuHOM ho BhIpakeHWe st k MoXeT OBITH IOJydYeHO U3
M3BECTHBIX COOTHOMIEHU# Teopuu ynpyroctd [12]:

VThoE

k?m, (4)
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rae E u v — moayis FOura n koadpdunuent Ilyaccona marepuana creHku.

2. Yucaensbi#i MeTos pelieHns ogHOMepHOi 3amaun. 3azaun (1), (2)
u (1), (3) cBomsaTcs K runepbOIHIECKHM CHCTEMaM ypaBHEHHH JUIs OnpeeJieHus
Hen3BecTHBIX U, S 1 MOTYyT GBITH PEIMIEHH METOAOM XapaKTEPUCTHK. PaccMOTpuM
ciyualt HeJIMHEHHOro 3aKOHAa yNpyrocTw creHk# (2) m OyzeMm cuuTaTh, YTO
k =k (z) u So = Sp (z) (Tpybka nmepeMeHHOr0 HEBO3MYIIEHHOTO CEYEHHs ), TOTa

.a_P=_a.£a_S+£a_k+£% (5)
oz 985S0z Okdxr 9Sp 8z’
IJle YaCTHBIE IIPOU3BOJHbIE 0T P GepyTCsi P IIOCTOSIHCTBE OCTAJIBHBIX IIAPAMETPOB.
W3 (1) creayer, ato dP/dS = k/ (2¢§)
Bamumem 3amagy (1), (2) ¢ yserom (5) B BHIe KBa3sWIMHEHHON CHCTEMBI

YPaBHEHU:
v av .
rae VT = (8,0), FT = (0, ), f——(‘”’%—+§{;8§)% @ =S98 b5,
U S
M= |
35 |3

Marpuna | M| umeer 1Ba JefCTBUTEIbHBIX COOCTBEHHBIX 3Haqemm A2 =
= U + ¢ u ee MoxHo npejicrasats B Buze |M| = |G| |A| |G|}, rze

. 1S -S
m=y wl e=|7 7|
Toraa (6) MOXXHO mepenucaTh B BHIE
N 4 6V ot
G| 5 TIAIIGI L= =|G|"'F

ITocKoIbKY B apTepHsiX CKOPOCTh PacIpocTpaHeHusi BoJaH ¢=8-20 M/c npesbi-
maeT JuHeHHYI0 cKopocTh KpoBoroka max{U}=0.6-0.8 m/c, To A; >0, Az <O0.

Ecnu cymecTsyer BeKTOpHast DyHKIHMS W=w (17) Takas, 4TO 6W/3V' &3

=|G |—1, To ee kommoHenTsl Wy, Wy - ueBapuanTsl Pumana:

& ow, oW, c 1
W _| 9S8 U |_| S ! ;
2 | OWacncOWaid s oS _— (M)
aS U S

3mece Wi cooTBercTByOT BOJIHE, Geryme#l BOpaBo (BHH3 IO TEYEHHIO), a
W, — Boame, berymeit BieBo (BBepX mo Tedenuio). Hurerpupys (7), momyuum
BBIPasKEHUS
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) c(S) k (c17a _ 1/
Wia=U Uo:i:/ SShdS=U - U¢4\/-2—p(s oy ) ®)

So
Otkyna

S W L L

Teneps cucrema (6) MoxeT GBITH 3aIMCaHa B BHIE

W oy e
—+|AI——|GI )

nmpuYeM B Clydae F=0 mpaBasi 4acTh OOpalmaercs B HOJIb M MOXeT ObITh
npuMeHeHa OObIYHAS CXeMa YHCJIEHHBIX pacdeTos {17).

3. TI'panuyHBIEe YCJIOBUS. B xagecTBe rpaHMYHBIX YCJIOBH# IJIs1
runepbommgeckott cucremnl (6) nocraTrouno 3azars 3nHadenuss U(t) mwmm S(t) Bo
BXOZHOM cedeHuH TpyOku. B cwiy mammumsi 3aBucuMoct: Buza (2), (3) aro
osnadaer 3ananwe U(t) wmu P(t), a 3Tu xpuBble MOryT OBITH M3MEpEHHI IS
KOHKPETHON apTepud KOHKDPETHOI'O MaIlieHTa.

Ha BBIXOAHOM KOHIIE TPYOKH CilefyeT 3aJaTh yCJIOBHE OTParkeHHs INaJaromei
BOJIHBI OT HMDKEJIEXKAIIEr0 Y4aCTKa COCYAMUCTOrO Pyc/ia, IpeJCTaBIeHHOTO CI0OXHON
CHCTeMO# apTepuil, ¥ HA3LIBAEMOro OOLIYHO TEPMHUHAJILHBIM 3jeMeHTOM. Jlis
Clyyasi TOC/IE[JOBATEJLHOIO COEAMHEHHs IByX TpyGok (1 m 2) c pa3HBIMH
IUIOIIAASAMH CedYeHHs M CBOMCTBaMHM CTEHKHM (HAIpUMep, HOPMAaJIbHBIA COCYJ H
Yy4aCTOK CTEHO3a WM ATEPOCKJIEPOTHIECKON GJISMIKM) yCJIOBHS HENPEphIBHOCTH
06'beMHOr0 Pacxoja M /IABJICHHS JAIOT CJIeAYIOIIYe YCJIOBUS B CEYEHHMH, pa3fens-
I0IIEM JBe TPyOKu:

-g-Uf + ks (\/E-— vV Slo) = §U22 + ko (\/u_S';-— vV Szo) , U181 =U382. (10)

U3 (10) cuemyer, 9TO B CEYEHHH, Pa3ZeJAIOMIEM JABe TPYOKH, BCTpPEYAIOTCS
BOJIHA, PACIPOCTPAHSIOMASICS [0 IEPBO# TPYOKe B IOJI0XKHATEILHOM HAIPABJICHUH,
1 BOJIHA, OTPajkeHHasi BO BTOPO# TpyOKe, TaK 4TO

Wi =U1 - Ui +4/5 (81 - sifY),
W2—U2—U20+4\/_ ( g1/4 51/4)_ (11)

Buipaxenus (10), (11) mo3BoasiOT 3aJaBaTh TIDaHWYHBIE YCJIOBHS ISt
sbruuciienus Bemume Uj (¢,2), Sj(t,2) B cucTeme C NPOM3BOJIBHBIM HHCIIOM
Tpy6oK j=1,...,N, 3Has BXOJAHbIE YCJIOBHS B IEPBOR TPYOKe M YCIIOBUS OTPAXKEHUs!
BOJIH B IOC/IeHe# U3 TPYGOK MOC/IEAOBATEIHHOIO COEAMHEHNS MM B TEPMUHAITb-
HBIX TpyOKaX BETBANIMXCS CHCTEM, HalpuMmep, OMHAPHBIX JEPEBbEB, JOCTATOYHO
XOPOIIO MOZEJIHPYIOIIMX apTePHAIbHbIE PYCIIa.

,ﬁ
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Jlns TepMunanbHOR TPyOku (8) mpumer Buz

/k 4 ,k
Wy =U;+4 %Stl/, Wy=U;—4 2_p'St1/47 (12)

rae Uy u S;— CKOpOCTh M ILIOMIAAb CEYEHHsS] B TEPMHUHAJIBLHOM JIEMEHTE.

Beoasi ko3ddunmenT orpakeHuss BoaH [ Ha TEpMHMHAIBLHOM 3JieMEHTe
= —W, /W1, u3 (12) nonyunm

wuelale &,
A 2pSt 1+T°

IIpupaBuuBas cooTBercTByiome Bhipaxkeruss u3 (11) u (12), mosyumm
rpaHUYHOE YCJIOBHME Ha IPABOM KOHIE TPYOKH [Uisi APYTO# mepeMeHHOH

4

k
S VAL (g pappEL
s (1 (U1 - Uy) 8

Kosdpdumuent I' Moxer npuHUMATh 3HAYEHHs] OT HyJAsl (OPOBOAEMOCTH
Tpy6OK COrJIacOBaHbl M OTPa’KEHHAsl BOJIHA OTCYTCTBYET) [0 €AMHHIBI (IIOJHOE
OTpaXkeHWe, B TEDMUHAJIbHLIA 3JIEMEHT XXUJKOCTh He mocTynaer) [5].

4. TlocranoBKa AByMepHO 3ana4yn 1 MeTox pemenus. ViccienoBanue
MyJIbCOBBIX BOJIH B aPTEPHSIX Yallle BCET0 OCHOBAHO Ha 3ajJade 00 ocecuMMeTpHdy-
HOM TEYEHHH BSI3KOM HEC)KMMAeMOM >XKHIKOCTH B TOJICTOCTEHHO# TpyOke u3
HECXKMMAaeMOro BS3KOYIPYroro Marepuaja. JIBW>KeHHe >XUIKOCTH OIHMCHIBAETCS
ypaBHenusimu Haswe-Crokca:

-

; d £
div (7) = 0, pfdf: = —Vp+ uld, (13)

rae ¥ = (vr,0,v;), P, Py ¥ [ — CKOPOCTb, I'MAPOCTATHYECKOE JIaBJICHHE,
IUIOTHOCTh M BSI3KOCTb XKHJKOCTH.
Cucrema ypaBHeHHH il TPYOKM HMeeT BHL;

S i pew ¥ S 3\
div (@) =0, Pspm = —Vp, + dive, 6 = 2G (I+7'1§) (I+T2E) £, (14)

rne @ = (ur,0,u;) — BEKTOp IEpeMEINeHHs, P, ¥ P, — ILUIOTHOCTH MaTepHasa
W TIHApOCTaTHYeCKoe naBjieHHe B creHke. Ilocuiensee coorHomenwe B (14)
COOTBETCTBYET TPEX3JIEMEHTHOM MOJENHM BSI3KOYNPYro# CTEHKH, rae £ — TeH30p
Jedopmanuii, 712 — BPEMEHA DEJIAKCAllMM HANDPSKEHHH H nedopmanumit, G -
MOJY/Ib CIABHIA.

Ha rpanmuie pa3/esa i JKOCTb-CTEHKa BBIIIOJHSIOTCS YCJIOBHSI HEPEPHIBHOCTH
PaJIMABLHON U AKCHAIBLHOM KOMIIOHEHT CKOPOCTH, HOPMAJIbHBIX A TAHT€HIIHATbHBIX
HaIIPSI2KEHUMN.
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Bagauu (13) u (14) cBa3aHbl Yepe3 rPaHUYHBIE YCJIOBHSI Ha CTEHKE, [103TOMY
UX PpEIIeHAsT MOXHO HAalTH HE3aBHCHMO, a 3aTeM M3 TIPAHWYHBIX YCJIOBHH
NOJY4ATh CHCTEMY YPABHEHHM JJIsi ONPEAEJIEHHs IIOCTOSIHHBIX WHTErPAPOBAHHUS.
B coorBercTBHHE C mOaX0A0M Jla#TXWiUIa, My/JBCOBBIE BOJIHBI PACCMATPHBAIOTCH
KaK MaJjibleé BO3MYINEHHsl, HAaKJIaJbIBa€Mble Ha CTAIMOHAPHYIO KOMIOHEHTY |[5].
JlaTXWL1 BIIEPBHIE MCCJIEA0BAJ PACIIPOCTPAHEHHE U OTPaXKEHHE BOJIH HA OCHOBA-
aun cucremsl (1), (3), JsmMHeapu30BaHHOK OTHOCHTENIBHO COCTOSIHHSI MOKOS
Uy=0, P=PF, S=S[5]. Jdrsa qBymepHOro ciydas pemnieHHe JHHEAPH30BaH-
Hott cucremnl (13) 6uut0 mosyyeno B [18] u [19] coorBercTBenHO st GecKOHEYHO
JJIMHHOM 4HCTO ympyro# TpyOKHM W3 H30TPOIHOIO X OPTOTPONHOIO MaTEpHUAJIa.
B [20] 6bi10 mOKa3aHO, YTO NPH ydeTe BA3KOCTH CTEHKHM TPYOKHM IOJy4aloTcs
Pe3yJIbTATHI, JIy4dIlle COOTBETCTBYIOIIME JAHHBIM KJIHHHIECKAX u3MepeHuit. Peme-
HEe JMHeapu30BaHHOK 3aa4n (13)-(14) moxer 6uiTh HalzeHo B Buze f (t,7,z) =
= f*(r,z)e*t |, tme f = {u,,u,,Y,,9;,P,P,} , & 3BE3HOUKOH 0GO3HATEHHI
aMIUIATYZbl COOTBETCTBYIOIMX BejaW4eH. [IpH 3TOM BhIpaXKeHHsl IJis BCEX
koMmrnoHeHT f mosywaiorcs B SBHOM BHie. Jlna TpyOKM KOHEYHOM JJIMHBI, TO
€CTh C y4eTOM OTpakKeHHsl BOJIH, pemeHue BoimucaHo B [21]. Omimume cocrout
B yueTe majaiomedl W OTPAXKEHHOM BOJIH, KOTOPBIE MEPEHOCAT KUAKOCTH BHH3
M BBepX MO TEYEHHIO COOTBETCTBEHHO. IIpWM 3TOM BOJIHBI JABJIEHHSI U CKOPOCTH
XKHUKOCTH 3AMHUCHIBAIOTCH B BHIE

p(t,z) = et (pre—iwe/c 4 p=eiw(@-2L)/c) |

vy (t,7) = et (p+e—iwa/c — p=ewl@-2D)/c) /g, (15)

rae pT M pT — aMILIATYABI NAAAKOMEN U OTPAXKEHHOH BOJIH.

Pemenue (15) MOXXHO Tak>Ke 3aIHCaTh, HCIOJIB3YH KOIDODUIMEHT OTPaXKEHUS
BoJIH Ha KoHne Tpy6ku I' = p~ /p™, kak 910 66110 CA1E/IAHO BBIIIE IS OJHOMEPHOK
MOZIEJIH.

Pemenne cps3anHo# 3agaun (13)-(14) B HesmHe#HOM mOCTaHOBKE OBLIO
nosyyeHo B [22] B BHAe pa3noXeHM#t IO cTemeHsM MaJioro mapamerpa. Ilpm
9TOM MOJIyYEHHOE PElleHHe AJIsi HYJIEBOrO MPHOJ/IMKEHNs COOTBETCTBYET PElIeHHIO
[21] iureapu3oBanHOM 3anauMH.

5. I'panuyHble ycaoBusa Ajis AByMepHoO# 3agmaun. Ha Bxoze B Tpybky
z = ( 3ajaercs BoJHA AasjieHus B Buje @ypbe-pasioxkeHus:

(o o)
P =Y Pl (16)

k=0
B cooTBercTBHM C pe3y/ibTaTaMH aHAJIH33 ITyJIbCOBHIX BOJIH B apTepusx, 4-6
rapMOHMK JOCTATOYHO TOYHO ONMCHIBAIOT GOJIBIIMHCTBO M3 3aperuCTPUPOBAHHBIX
KPHBBIX, COOTBETCTBYIOIIUX KaK HOPME, TaK ¥ CEepAEeYHO-COCYUCTHIM NATOJIOTHAM
[2,12]. Ha Beixome m3 TpyOkuM T = L 3aNHCHIBAIOTCA YCJIOBHS HENPEPLIBHOCTH

06bEMHOT0 PacxXo[a ¥ CPEJHErO 10 CeYEeHHIO MMAPOCTATHYECKOrO JaBJICHHUS

Q (t9 L) =Q: P (t’ L) =F. (17)

‘—




S —————
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W3 onpenenenus BXOAHOM IPOBOAMMOCTY TEPMHHAJIBHOIO 3j1eMeHTa Y; = Qi/P;
c yuerom (17) mosmyuum rparugnoe yciosue Y: P (t, L) = Q (¢, L) ansa 3anaqn (13).
ITpensioxxeHHbll MOAX0J MOXXHO HCIOJB30BATh M JJIsi CHCTEM C IIPOM3BOJILHBIM
yucjioM TpyOok. Ilpum sToM mas Kaxkao#t u3 TpPyOOK MOryT OBITH 3aIUCAHBI
ycnosusi (17), rme TepMHHAJBHBIM 3JIEMEHT INPEACTABJIEH BXOAHOW BOJIHOBOM
IPOBOAUMOCTBIO BCEH COBOKYIHOCTH TPYOOK, PaCIIOJIOXKEHHBIX OT JaHHOM BHU3
no redenuto. CoorHomenus: Buga (15) MoryT GLITH 3aIMCaHBl TAKKE IS KaXK 10
u3 TpyboK ¢ HomepoMm j=1,...,N:

I)j (t, :EJ) = P;’ei“'t (e_i“m.‘i/cj L L Fjeiw(z_,- —2Lj)/c;

Q; (t,z;) = Y/ Pje"" (e““”i/ % — Ije(@i—2L;)/ °") 3 e
rae KOODAWHATA T; OTCUMTHIBAETCS B KaXJ0# TPyOKe OT ee BXOZHOrO CedeHws,
S;-’ " on = pS;-’ /cj — HEBO3MyIIEHHAs IUIOM@AAb CEYEHUs W XAPAKTEPHCTHYECKAS
IIPOBOAMMOCTD j-# Tpybkm, I'; = (on - Ytj) / (on + Ytj), Y;; — TepmuBanbHBIN
aneMeHT Ansi j-# Tpybku. OOmee pemenue 3amaum (13) moxer 6wiTh HameHO
IyTeM CyMMHPOBaHMs BbiparkeHu#t (18), BHIYMC/IEHHBIX AJIst KaXKA0M U3 TaPMOHHMK
B (15).

6. OTauunsi oOHOMEPHOW M JAByMepHO# Mogeneli nyabCOBBIX
BOJIH. JINsi HEBSI3KOM >XHUAKOCTH OTCYTCTBYeT AMCIEPCHsl BOJIH, IOSTOMY CKO-
POCTb BOJIHBI, XapaKT€PHUCTHYECKas BOJIHOBAsI IIPOBOAMMOCTH TPYOOK M BXOAHAS
OPOBOAMMOCTh TEPMHUHAJIBHBIX 3JIEMEHTOB HE 3aBHCAT OT 4YacTOTH. B Mojesn
(13) aucnepcusi IPUCYTCTBYET KaK 3a CY€T BA3KOCTH XKUAKOCTH, TaK W 33 CYET
BSI3KOYNPYT'OCTH CTE€HKH.

B 3agauax (1), (2) u (1), (3) paguasbHas KOOpAMHATA OTCYTCTBYET, HOITOMY
TOJIMHA CTEHKH BXOJAWT HesBHO, HAaNpHMep, B Buje cooTHomenus (4). B
mozenb (14) TONIMHA CTEHKH BXOAMT SIBHO M Ha HEM MOryT OBITH 3aJaHBI
pa3jM4YHble TPAHHYHbIE YCJIOBHS: OTCYTCTBHE NPOAOJILHEIX WM NOJIHBIX IEpe-
MEIIEHu, OTCYTCTBHE HANPSDKEHUM, 3aKPEIUIEHHEe K OKPYXKAIOIUM BSI3KOYIpPY-
I'MM TKaHSM, 49TO 3HAYHTEJIbHO PACILMpsieT AMANa30H IPUMEHUMOCTH MOJIETH K
KOHKDETHBIM CJIy4asiM.

B omsomepHO# Monenn yciosusi Ha KoHue TpyOku (10)-(12) coorsercTByroT
caygaio Im (T') =0, TO eCTb YHCTO PE3UCTHBHOMY TEPMHHAJIBHOMY 3JIEMEHTY.
Boobme rosopsi, /000e apTepHaJbHOE PYyCI0 00/1aJaeT KaK PE3UCTHBHBIMH
CBORCTBAMH, CBSI3aHHBIMH CO CIIOCOOHOCTBIO OKA3bIBATH COMPOTHBJIEHHE CTALMO-
HapHOMY IOTOKY (AMIeJaHC Zgy) ¥ PACIPOCTPAHEHHUIO BOJIH (BOJIHOBOE COIPOTHB-
nenne Z,), TaK B €MKOCTHBIMH CBOHCTBaMH, CBSI3aHHBIMH CO CIOCOGHOCTBIO
apTepuii paCTArHBAaThCS M AKKyMYJIHDOBaTh HEKOTOpHI o6beM kpoeu. B
CHJIy YCJIOBHSI HENPEPHIBHOCTH OOBLEMHOro pacxoja KpoBH B Oudypxammsax
cocynop cramuonapras (IlyasefineBckas)) HpOBOAMMOCTb Yi) TEPMHHAJIBLHOTO
3JIeMEeHTa IIOCTOsSHHA Yz = (Zo)_l, a ero BOJIHOBasl NPOBOJUMOCTH Yy, HMeer
JeHCTBATETLHYIO M MEHAMYIO 9acTH Yy, = (Z,)”! = Y{¢ + i¥;™ | xoropsie xapak-
TepH3YIOT COOTBETCTBEHHO DE3HUCTHBHBIE W €MKOCTHBHIE CBOMCTBA TEPMHHAJIBHOIO
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asieMeHTa. [l YMCTO PE3UCTHUBHOrO TepMmuHaJbHOro 3jeMenta Im (Yy,) =0
OTpa)KeHHasi BOJIHA COBNaJaeT ¢ mnajaiomed no ¢ase, QI YUCTO MHHMOrO
Re (Y3) = 0 — nporuBonosioxkHa mo ¢aze [5]. B obmem ciysae Gyger umersb
MECTO HEKOTODHIM (pa30oBbIf CABHUI, YTO NPHUBOAUT K IIOSIBJIEHHIO B aPTEPHUSAX
CJIOXKHBIX BOJHOBBIX (POPM C OZHMM OCHOBHBIM ¥ HECKOJIbKMMH JOTOTHUTEIbHBIMHA
MakcumyMamu [2].

Takum 00pa30oM, pa3nu4Yusi OJHOMEPHON M JBYMEpDHON MoJesell JOBOJILHO
CyLIECTBEHHBI ¥ [JIsl HAMISAHOCTH cBeAeHbl B Tabmune (Taba.1).

Tabauya 1. Omauvus ooxomeproli u deymeproti modeset.

—Iﬁ

Ne | CsoticTBa OpuomepHas Mozens | JIBymepHasi MOJessb
1 | ®usuveckas Henw- | Henuneltnas Jluneapu3oBaHHas
HeHHOCTH 33JJa49H
2 | CsoticrBa xuakocrtu | Hesszkas Bsizkas
3 | Pemenne 3amaun Cynepnosunus 6ery- | Cynepnosunusi MaJibix
IO¥X BOJIH KOHEYHOH! | BO3MYILEHHUN
AMILTHTY b
4 | I'parnunbie yciuoBusi | HempepbsiBHOCTD HenpepoiBHOCTD
Ha KOHIe TPyOKH JAHAMHUYECKOTO THAPOCTATAYECKOTO
JIaBJIEHUS JaBJICHAS
5 | CeoiictBa  crerk: | Hucro yopyras, | Yopyras WIH BS3KO-
TpyOKH TOJIIIUHA HE YYHUTH- | ympyras, TOJILIMHA,
BaeTCs yuuThiBaerca. Ha Ha-
PYXHO! IIOBEPXHOCTH
MOXXHO 3a/]aBaTh
pa3Hble yCJIOBHS 3a-
KpeILUIeHHS.
6 | CmoiicTBa Yucro pesuctusHbift | Comepkur #  pe3uc-
TEPMHUHAJIBHOTO THBHYIO, H €MKOCTHYIO
3JIEMEHTA KOMIIOHEHTHI

7. Pe3ynbTaThl YMCJIEHHBIX PacyeToB I10 OJHOMEPHON M AByMepHOH’
mopensim. [lns Tecrmposanusi 3aga4d (1), (2), (4) m (13), (14) Gbum BeIGPa-
Hbl MOJEJIM apTEepPHAJbHHIX pycesl B BHAe OHMHADHBIX J€peBbEB, COJAEPXKaluX
4 remepauum (mopsaka BersieHus)) (puc.la). Jlnmmmer L; m aumamerpsl d;
TpyOOK IOC/eAOBaTENIbHBIX T'eHepamu# j =1,..,m CBA3aHbl CJeAYIOIIMMHA
3aKOHOMEPHOCTSIMH:

djy1 = dj+1 (dj), Li=1L; (dj) - (19)

Coorromenusi (19) Moryr 6GBITH 3aJaHBl B NPOM3BOJBHON ¢dopMe, a MOTYT
COOTBETCTBOBATh 3aBHCHMOCTSIM, OOHApDY>XEHHBIM NyTeM H3MEepPeHHil Ha mpemna-
paTax IPOBOASINMX CHCTEM >XHBOTHBIX U pacrenmit [9,23]. [imHBI M AuMaMeTphI
Tpy6OK B OIHON reHepald¥ NMPHUHSATH OJUHAKOBHIMH (CHMMETDHYHBIE J€PEBbs).
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Ecm djy, = \"/idj , TO TIOJy4YMM ONTHMAJIBHBIX C TOYKH 3PEHHS JIMHEHHOMN
TeopuH [5| BOIHOBOA, B KOTOPOM OTPaXkeHHe BOJIH OTCYTCTBYET Ha BceX 6udypka-
nusix [24]. Hekoropsie apTeprajibHEIE PYC/Ia COAEPXKAT LUKJIBI (IIETJIH), TIO3TOMY
B paboTe mcciienoBaloch Takxke 6MHapHOE JepeBo ¢ TPyOKo#, obpasyromelt UK
Ha ypoBHe Tpy6ok 2-ro (puc.16) u 3-ro (puc.18) nopsiakos rerepamuu. [TockoabKy
cooTHomeHne Mexny Y; u d, Takxe ompejensiercs ¢opmynamz Buaa (19),
TO BEJIMYMHBI Y; OTVIMYAIOTCA JUIS Pa3HBIX JepeBbeB. UT0Ob yHH(UIUPOBATH
MOAXOJ, K ONMCAHUI0 TEPMUHAJIBHBIX 3JIEMEHTOB, GyZieM pacCMaTpHBATL BMECTO Y;
kos3dunment orpaxenns I' € [0;1] (BBeseHbl Bhime W A8 OJHOMEPHOH, U IS
nsymepHo#t mozesnett). Ilpu momenupoBaHMM CTEHO3a MPOBOAMIOCH YMeHbIIIeHne
IuaMeTpa OTHeIbHbIX TPy6ok B Mozenu B 10 pa3. st onpeiesieHHOCTH BBeJeHa
Hymepaius Tpy6ok (puc.la), Tak 9T0 Tpy6KH 2-# reHepauuu umenm HOMepa 2,3,
3-it Homepa 4-7 u 3-#t Homepa 8-15. CooTBercTBeHHO TpyOKa, CO3JaOmAs UK,
umeer N17.

P@Y)

Puc.1. Mogens aprepuajbHOro pycia B Buie 6uHapHOro Aepesa (a) u Jepesa ¢
IMKJIOM Ha yPOBHE TPy6ok 2-# (6) u 3-# (B) remepamuii.

s 49ucneHHBIX pacyeToB ObuM BHIOpAHBI 3HAYEHWS, COOTBETCTBYIOIIUE
apTEpUAJIbHOHN CHCTEME YeJIOBEKa:
po=10* Mla, G =10°—10° ITa, ho=0.01 — 0.5 mm, E =5- (10° — 107) IIa,
0=02-04, p=(3-10)-10~3Ia-c, p = 1050 xr/m>, p; = 1000 — 1100 kr/m3,
by ’R'R%, Ry=0.1-5wmMm, L=0.02-0.16 M, 712 =0.05—0.1 ¢, ocHOBHas
gacrora w; = 27 fo B (16) coorBercTBOBaNA My/ILCY YesIOBeKa, Tae fo = 1 — 1.5 I'm.

B xauecrBe BxOAHO! BOIHBI JaBieHHs Aus 3amaqd (1), (2), (4) suibupascs
Tayccuan Pg (t) = Pampezp (— =t ) (2) , Tie Pomp - aMILIMTY 3, a mapaMer-
pol to ¥ ( ONpeNeNsioT IOJIOXKEHHE W IIUPHHY [UKa BOJHBL. 3aJaHhe BXOJHOH
BOJIHBI B TakKo# (popMe IPEeANOYTHTEIbHEE Iepe]i BBEAEHUEM DEasIbHBEIX KPHBBIX
KosiebaHuil aB/IeHUs] B aPTEPUsX, IOCKOJIbKY 3TH KPHUBBIE HMEIOT, KaK IIPaBHUIIO,
HECKOJIbKO MAaKCHMyMOB W MHHHMYMOB Da3HOM aMIUIMTYAbl, YTO IPUBOAHT K
cI0XKHOH (U3NYIECKON KapTHUHE 4YepefOBAHHS MHOTOYHC/IEHHBIX NaJaloIMX H
OTPa’keHHBIX BOJIH Pa3pPEXXEHHs U CXKaTHs. BXoaHas BOJHA, COAepXKalias OJUH
UK, IPUBELET K NOSIBJICHHUIO OHOM maphl ""BOJIHA CXKATHs — BOJIHA pa3pexkeHus",
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PacnpoCTPaHSIOMEACs 10 TeYEHHUIO, U eIle OJHOMI Naphl, CBA3aHHOU C OTPaXKeHHOM
BOJIHO# M DacHpOCTpaHsIOme#cs NpoTHB TedeHus. J[ns 3amaum (13), (14) B
ycaoBun (16) mcmoss3oBasioch @ypwe-pasnoxkenue Pg (), comepxkapmiee maTh
rapMOHHK, YTO 00€CIIeYuBajIO JOCTATOYHO BHICOKYIO TOYHOCTD.

PesynvraThl pac4eToB IO OZHOMEDHON MOZENIHM HAEAIBLHOrO BOJIHOBOAA 6e3
uukioB (puc.la) npuBeseHnl Ha puc.2. Bo Bcex ciydasx yis ompeieJIeHHOCTH
IPHUBEJEHbl Pe3yJbTaThl PacyeToB KosiebaHu#l [aB/IeHWS: W CKOPOCTH B CPeIHEM
ceuenun (z = L;/2) nepBo#t Tpybku. Ilpu OTCYTCTBMM OTpakeHWil Ha TepMH-
HAJIbHBIX 3JIeMeHTaX (popMa BOJHBI CKOPOCTH COOTBETCTBYET C TOYHOCTHIO [0
MacmTabHoro kosdduuuenTa U CABUra MO BPEMEHH BOJIHE JaBJieHUsl (KPHUBbIE
1 u 6 Ha puc.2a). Ilpu CHHIXKEHMH NPOBOJMMOCTH TEPMHHAJBLHBIX 3JIEMEHTOB
aMILIATY/a BOJHBI CKOPOCTH MOHOTOHHO YMEHBINAeTCs W OJHOBPEMEHHO YBEJIH-
YHBAETCH AaMIUIMTYJa BOJIHBI M JJIATEJBHOCTH (pa3bl 0OPATHOrO TOKA KHIAKOCTH
(kpussbie 2-5 Ha puc.2a). IIpu 3TOM NO/IOXKEHHE AMIUIMTY/(BI MAKCEMYMa CKOPOCTH
CMelIaeTcs BJIEBO M NPHA JOCTATOYHO 6O/IbIMX 3HaYeHUsX I' MAKCHMyM CKOpOCTH
OmepexaeT 10 BPEMEHH MAaKCHMYM JAaBJIEHHs, YTO HMEET MECTO B peabHBIX
apTepuaJbHBIX pyciax [2,12].

U

08
08
04

0.2

Puc.2. 3aBucumoctu U(t) (a) u P(U) (6), ozromeprasi Moaenb, Kpussie 1-5
coorBercTByIOT ciydasaM I' = 0;0.25;0.5;0.75; 1, a xpuBas 6 BxogHOMY
nasnenuio Pg (t).

3aBHCHMOCTD JaBJIEHUE-PACXO0, KOTOPYIO YAOGHO HCIO/Ib30BATh B AUATHOCTHKE
[25], umeer Bup BoiTaHyTOM merim. C yBenwdenueM K03(hPHUIMEHTA OTPAXKEHHS
[JJIAHHASL OCh IETJH [OBOPAYMBAETCS NPOTHB 4YacOBOM CTPEJIKHM, a IUIOMAAb
neriu yBesuyuBaercs (puc.26). 3TO COOTBETCTBYET KakK Pe3yJIbTaTaM YHCJIEHHBIX
pacueros 10 Apyro#t mozesu [25], Tax H 3KCIEpEMEHTaM Ha JIATEKCHBIX TPyGKax
[26] u na aopre cobaku [27).

Meron WIA npeanonaraer BEIYHCJIEHHE HWHTEHCHBHOCTEH majaromedl u oTpa-
JKEHHOH BOJIH 10 M3MEPEHHBIM 3JKCIEPHMEHTAIbHO WM PACCYATAHHBIM B XOZIE
pemenus 3aga4u kpusbiM P(t) u U(t) no dopmynam [6,7,10,11]:

dI* (t) = ﬂ:éc— (dP (£) £ pedU (2))?,
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rae 35aK d 0603HAYAET IpHpaIIEHHe.
TTajaromas 1 OTpaXkeHHasi KOMIOHEHTHI BOJIH JaBJICHUS B CKOPOCTH OIPe/Iesisi-
1orcst o dhopmyaam [6,7,10,11]:

P(t) = YoP(t)m-l;0 SU(t) . P(t) = YoP(t)z;osu(t) ;
Ut (t) = SU (t; ;ZI?P(t) L U-@) = SU(t) 2—SYOP(t) .

Ilpu srom P(t)=P*T(t)+ P (t), U(t)=U*t(t)—U"(t). Pesyasrar
BBIYHC/IEHHS Najalome#f W OTpaxKeHHo# BoaH gasnenuss Pt (t) u P~ (t) mo
PeIIeHNIO OJHOMEPHOH 3a/1a4H J/I HeH/IeaIbHOrO BOJIHOBO/Ia IPUBE/IEH HA PHC.3a.
Buguo, uro mpu I' =0 ectb HeHyneBas KommomenTa P~ (t), xoropas, Kak
6bu10 mOKa3aHO B [25], mpexcraBisier coGo#t KoneGaHHs AABJEHHS B CHCTEMe
TpyOOK Kak ynpyrom pesepByape (kommoHeHTa ®panka). Ilpm yBesmdenuu
K03 dunpenTa oTpaXkeHns: Ha TEPMUHAJIBHBIX JIEMEHTAX aMILIMTY/a HaJaiomel
BOJIHBI YMEHbINAETCs, & OTPakeHHO# Bo3pacTaeT. JlJis yMEeHbIIEeHHs TPOMO3AKOCTH
PHCYHKa Ha HEM IPOHyMEpOBaHBI TOJBKO KpHBBIE 1 U 5, a HEIPOHYMEpPOBaHHLIE
KPHBBIE€ PACIOJIOXKEHBI MEXAY HHUMH.

Kpusbie unrencuprocTe#t BomH dIT (t) 1eMOHCTPHUDYIOT IBa IHKa Ha KPHBOH
dI* (t), coorBercrBylomell najaiomelt BoJHE, W ABa NUKa Ha Kpusod dI (t),
CooTBeTCTBYOmEH oTpaxkeHHOH BosiHe (puc.36). IlepBbie muKE COOTBETCTBYIOT
BOJIHE CXKaTHs#, a BTOpbIe BOJIHE pa3pexkeHus. Takum 06pa3oM, pacrpocTpaHeHne
BOJIHBI COIIPOBOX/IAeTCH CJeAyIomuMH cobpiTuamu: mpu t; 0.1 B cpeiHeM cedyeHHn
TpyOKH mnOsiBiIsieTcss nepequu#t (POHT majaromiell BOJHBI CXKATHS, KOTOpas
nocruraer Makcumyma npu ¢ 0.25(8 3aBucumoctu or I'). Ilpu ¢5 0.15 nosBasierca
nepenHu# (PPOHT OTPaXK€HHO! BOJHBI CKATHSA, KOTOpas JOCTHIaET MaKCHMyMa
npu ¢t 0.28. 3areM mosBJIsieTCs MAJAIONIasi BOJIHA Pa3peXXEHHsi, KOTOpas BCEraa
COIIPOBOXK/IaeT BOJIHY CXKaTHs, X BCJIEJ 33 Helt OTpakeHHasl BOJIHA, pa3pexenus. C
yBesm4eHneM ' aMmnTya najalommx BOJIH MOHOTOHHO CHUXKAETCs, a aMILIATY/a
OTpa’keHHBIX BOJIH pacrer. Pa3Huma Bo Bpemenu At =ty —t;, yMHOXKEHHas Ha
CKOPOCThH BOJIHBI C, JaeT DACCTOSIHHE O MeCTa OTpaXkeHusi. Jlius ujeasbHOro
BOJIHOBOZ]a 3TO PAaCCTOSIHAE A0 T€PMHHAJIBHBIX 3JIEMEHTOB, HO M3 puc.36 BHAHO,
yro B Mogeiu (puc.la) mpucyrcrsyer HeGOJNbINAs O AMIUIMTYJE OTPaXKEeHHAs
BOJIHA, CBSI3aHHAsl C HEJIMHEMHOCTHIO CBOMCTB CTEHKH TPYOKH M 3ajaum. Takum
o6pa3oM, YCIOBHSI OTCYTCTBHS OTPa)XEHHsl BOJH /JIs HEJIMHEWHOM MOojeu
JOJDKHBI OBITH MOJIy9eHBl OTAEIbHO M, B cuiy (2), onu Gyayt 3aBucers ot P,
TaK Kak IpH Majbix Py IposiBASIOTCH JHHEWHBIE CBOXCTBA CTEHKH, a ¢ pocToM Py
CTAHOBUTCS CYIECTBEHHON HEJIMHEHHOCTD.

s cpaBHEHHSI pe3yJIbTaThl PAacdyeTOB IO MOAEIH HAECATHHOTO BOJIHOBOAA
6e3 meresir npusBeseHb! Ha puc.4. Ilpm yBesmuenum I' aMmuuTyza BOJHBI
JaBJIEHUS] MOHOTOHHO BO3DPAaCTaeT, MOCKOJIBKY MAJalomiasi BOJIHA HAKJIAIbIBAETCS
Ha OTPaXXEHHYI0 W, B CHJIy MAaJIOCTH JJIHHBI TPYOKHM II0 CPAaBHEHHIO C MIJIHHOK
BOJIHBI, OTpaXXeHHasl BOJIHAa OBICTpO JocTuraer cepeauHnl TpyOku. s obemx
MozeJie#t BbIpayKeHa TeHEHIHs K HeOO0JIbIIOMY CMEEHNI0 MAaKCUMyMa NaJaommed
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dl

2

Puc.3. 3asucumocta P (t) (a) u dI* (t) (6), onHOMepHas Mojesb, KpuBbie 1 u
5 coorBercTByIoT ciaydasM I' = 0;1, a kpuBble Mexay 1 u 5 - ciygasm
I' = 0.25; 0.5; 0.75.

BOJIHBI AaBjienus (puc.3a u puc.4a) BI€BO ¢ pocToM K03(hdHIMEHTa OTPaXKEHHs,
OpHYeM CABHUT BOJHBI CKOPOCTH 60JIbIe, 4eM BOJIHBI JABJIEHHSI, 9TO COOTBETCTBYET
puc.2a U JaHHBIM (PU3HOJIOTHH.

P P
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Puc.4. 3asucumocru U (t) (a) u P (U) (6), aBymepHast Moziesb, KpuBbie 1-5
coorBercTByloT ciydasMm I' = 0; 0.25; 0.5; 0.75; 1.

3aBHCHMOCTb JaBJIEHHE-PACXOJ], PACCYATAHHAS IO JIMHEAPU3OBAHHOH JBY-
MEpHOM MOJeJIH, NPOSIBJISIET Te XKe CBoficTBa: ¢ pocroM I' mimHHAsS OCh meriu
NOBOPaYMBAETCs NMPOTHB YacOBOH CTPEJIKHM, a IUIOmQAJb NETIH yBeTHYHBAeTCs
(puc.26). Cneayer obpaTuTh BHMMaHWe Ha pasnuuuss Kpubix P (U). [na
JIMHeapu30BaHHOM Mozesu npu ' = 0 y9acTKM CHHXPOHHOIO BO3PAacTaHHUs JaB-
JIeHHS] ¥ CKOPOCTH NpPAKTHYeCKH JiMHedHbl (KpuBasi 1 Ha puc.46), 4TO CBA3aHO
C OTCYTCTBHE OTPaKEHHBIX BOJIH. JInsi HesMHeMHON! MOZeNM 3Ta 3aBHCHMOCTh
JMHeHHA TOJBKO B HAYAJIbHOM II€PHOJie PACIPOCTPAHEHHS BOJIHBI BIOJb TPYOKH.
TToCKOMIbKY CKOPOCTb BOJIHBEI IPONOpLMOHaJIbHA Besmuude dP/dU, xoropas
ompeessieT yroJ HAaKJOHA KacaTeJbHOM K KPHBO#, 3TO 3HAYMT, 4TO CKOPOCTb
IyJIbCOBOM BOJIHBI BO3PACTaeT CO BPEMEHEM, OYEBHJHO, B CBH3M C HEJIMHEHHBIM
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BO3PACTaHHEM >KECTKOCTH TPYOKH IO Mepe pocTa JaBjeHusi. Ilosromy B
JuBeapu3oBaHHOM Mmozenu kpusbie P (U) mns Bcero amanasona 3nadenuit I
OM3KH K IJJUIAICAM, a [JId HeJWHeHHOM Monmenu uX (opMa OTIMYAETCH OT
3JLIATICOMIAILHON ¥ NPUCYTCTBYeT TOYKA B HHDKHEH 4acTu Kpusoi, rue dP/dU
TepnuT pa3psiB (puc.26).

Pe3ynbTaThl MOAEIMPOBAHAS CT€HO3a IIyTEM YMEHbINEHHS AHAMEeTPa COOTBET-
creytome#t Tpybku B 10 pa3 mpuBeseHnl Ha puc.5-6 nns HesmHeMHON Mozmenw.
Ha puc.5 nokazanbl m3mepeHust kosebammit ckopoctn. Ha oboux pucynkax
KpuBasi 1 COOTBeTCTByeT HemomkaThiM TpyOkam. Ha puc.5a xpusbie 2,34
COOTBETCTBYIOT IIEPEXKATHIO ClIeyIomux Habopos Tpybok: {8}, {8,9}, {8,9,10,11}.
Takum 00pa3oM, MoAKaTHE KaXKAO# JONMOJHHUTENbHON U3 TpyOOK 4-# reHepaiyn
BbI3BIBAET HEOO/IbIIOE JONOJHATEIbHOE YMEHbIIEHWEe AMIUIMTYALI BOJHBI |
yBeJIMYeHNsi aMILTATYAbI 06paTHOro ToKa. 1o Mepe yBesueHus YHCIIa, IePeXaThIX
Tpy6OK MOMEHT BpEMEHH HadaJjia 00paTHOro TOKa CTAaHOBHUTCS Bce paHbime. Ha
puc.56 kpuBbie 2-4 COOTBETCTBYIOT nepexaruio 2-#, 3-# u 4-# Tpybok. B
OT/IMYHE OT NMPEeAbIAYIIEro CIydasi, 37ecb (POpMa BOJIHEI HECKOJBKO M3MEHSIETCS,
MOCKOJIbKY TPYOKH 2-3-# reHepaiuit uMeloT GoJbIIU# AUaMeTp M UX NepexkaTHe
GoJsiee CyIIECTBEHHO I TOKa XXHAkocTH. Tpybku N2 m N3 pacnosoxens B
JepeBe CHMMETPUYHO, IO3TOMY COOTBETCTBYIOIIME UM KPHBbIE 2 U 3 IPAKTUYECKH

COBIIAJAIOT.
U 1
2 U 1
o3 3 3%2
: ; 02 , .
0»1 0\1
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Puc.5. 3asucumoctu U (t), onHomepHasi Mozens, g I' = 0.25 u nepexarus
Tpybok 4-# (a) u 2-3-# (6) renepanuit. IlosicHeHus: B TEKCTE.

Basucumocru P (U) nyisi Tex ke ciiydaeB nepexkaTus TPyOOK NMpHBEEHBI HA
puc.6. 3akynopka TpyOOK IOCJTIeHel reHepaluy BeAeT K MOBOPOTY AJIHHHOM OCH
IIeTIH TPOTHB YacOBOM CTPEJKH M YBEJIMYEHHIO <IINDHHBI» METJIH, TO €CTh ee
MaKCHMAaJIbHOTO pa3Mepa B HAIPaBJIEHWH, OPTOrOHAJIBHOM JUIMHHON ocH. Takum
obpazom, xapakrep u3meHeHu#t nemm P (U) cxomeH ¢ TeM, 9TO MPOMCXOAUT IIPH
yBeJu4eHnH K03 dUINEHTa OTPaKeHUs, TO €CTh C yMEHbIIEHHEeM IIPOBOAMMOCTH
TepMMHAJLHBIX 371eMeHTOB (pHC.26, 46). DT0 HE yAUBUTEIBHO, IOCKOJIBKY TPYOKH
nocJefHell reHepalid TaK>K€ MrPAaloT POJIb TEPMHHAJIbHBIX, TO €CTh IO CYTH
cucTeMa, MpeJCTaBJIeHHAsl MOCIeJ0BaTEeIbHBIM COEJUHEHNEM TPYOKHM mociienHed
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reHepaluy ¥ ee TEPMHHAJIBHOTO JIEMEHTa Y;, CaMa MIPaeT Pojib TEPMHUHAJILHOIO
3JIEMEHTA, ¥ €r0 IPOBOAMMOCTh MOXKHO YMEHbIIUTh KaK NepexxuMasi TpyOKy, Tak U
ymenbmas Y;. B ommume ot neresb, npuBeIeHHBIX Ha Ha puc.26, netTsiu Ha puc.6a
HECHMMETPHYHBI, YTO MO3BOJISET OTJINYATh CJy4YaH yYMEHbIIEHHs] IPOBOAMUMOCTH
Y; u mepexaruss TpyOOK mOCjenHe# reHepaldy, 4YTO MOXHO HCIIOJIH30BaTh B
MeIUIMHCKOM guarHoctuke. CxofHble W3MEHEHHs NPOCIEXHUBAIOTCS W IIPU
nepexxarun TPy6ok 2-3-# remepauum (puc.66) c 3amerHO# acummerpuel nerin
BLED),

X 3)2) J1
/// ; Vi P Ak
)/ 7.
1Y /-
7

01 Q 0.1 02 03 S0 0 01 02 03 U

Puc.6. 3asucumoctuP (U), ogHomepHast mozens, qis I' = 0.25 u nepexxarust
Tpy6ok 4-i (a) u 2-3-# (6) renepauuit. O603HaYEHHS Te XKe, YTO U HA PHUC.5.

Ha ocHoBe OmHOMEpHO! u ABYMEPHON Mozesel ObUIM TaK>Ke€ pPaCCUUTAHBI
MHOTHE JpYyrue CJIy4Yad OJHOBPEMEHHOIO II€PeXKaTHUs HECKOJIbKHX TpPybok u
CHHMDKEHHS MPOBOAMMOCTH Y, NpHYeM KaK [ OMHapHBIX JepeBbeB, TaK H
ana cucreM ¢ mukigamu (puc.16,8). BBui0 mosydeHo, 9YTO NpH HAIMYUM
LMKJIOB BCE ONMCAHHbIE Bhimle w3Mmenenust kpuskix P (1), U (t), P (U), dI* (t)
COXPaHSIIOTCS, HO MEHee BBLIPAXKEHbI, IIOCKOJIbKY CYyIIECTBYIOT JOIOJHHTEIbHbIE
INyTH PAaCIpPOCTPAHEHWS BOJIH W TedeHHs xuakoctu. Hampumep, mepexxarue
Tpy6ku N2 B Momenu Ha puc.lB He npuBeAeT K OTCYTCTBHIO TE€YEHHs B
Tpybkax N8-11, mockosbKy XHAKOCTH Oymer mocrymarh uepe3 Tpybky NI17.
Hanuuue AONOJHUTENBHBIX IyTe# [JAs DPACHPOCTPAaHEHHs BOJIH INPUBOJUT K
YCJI0XKHEHHIO KADTHHBI OTPAXKeHHs! BOJIH, TIOITOMY Ha KpHBbIX dI* (t) mosasiercs
ropaszio 6oabmu# HAGOP OTPaXkeHHBIX BOJH pa3pexkeHus-ckarus. Ilo Bpemenam
3ama3/bIBaHUsA NepeAHnX (PPOHTOB COOTBETCTBYIOMMX MANAIOIIMX U OTPaKEHHbIX
BOJIH MOXXHO BBIYHMCJIATh PACCTOSIHHE JO COOTBETCTBYIOIIEr0 y4acCTKa OTPaKeHHUs.
Ipu HaTMYMH 3aKyTIOPKH AMIUIATY/a OTPAXKeHHO! BOJIHEI 60JIbIe, a IPY HAJTMYHUH
JIONOJTHUTE/IbHBIX OUKJIOB B CHCTeMe TPYOOK — MeHbIIe.

7. 3axJodeHue. Takum 00pa30oM, CpaBHUTE/ILHbIE PacdeThl IO
[peACTaBIECHHBIM HeJIMHEHHONW OJHOMEPHOM M JIMHEapU30BAHHOW JBYyMEpDHON
MOZEJISM I0Ka3ajM, 94TO 00e Jal0T Ka4eCTBEHHO CXOJHBIE Pe3y/IbTaThl KakK JJif
OGMHAPHBIX JEPEBbEB, TaK M JJI CHCTEM C LIMKJIaMH{, IpH HAJIAYMM NepexaTHit
Tpy6OK ¥ MHOTOYHCJIEHHBIX Y49aCTKOB OTPaXKEHHs BOJH. 3aBUCHMOCTH JIaBJIeHHe-
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pacxol M pacnpelejieHHe HHTEHCHMBHOCTEH Najaioned U OTPaXXEHHBIX BOJIH
HMEIOT XapaKTEpHble OTJIMYUs [PH HAJIWYMM IEePeXXaThiX TPyOOK, NMKJIOB U
6OJIBLIIMX TEPMHUHAJIBHBIX CONPOTHBIICHHH, MO3TOMY HX MOXHO HCIIO/Ib30BaTh
B MemumuHe s auddepeHnnabHOY AWArHOCTHKH HapyIIEHWH B CHCTEME
kpoBoobpamienusi. [Ipu 6GOMBIINX I'MAPOCTATHYECKUX JABJIEHHUSX INPOSIBIISIOTCH
HeJIMHEMHBIE CBOMCTBa CTEHKH TPYOOK, IOTOMY WMCIOJIBL30BAHHE OMHOMEPHOMR
MOJIEJIY [IPEAIIOYTHTEIbHEE.

Pa60Ta BBINOIHEHA IIPH YACTHIHON MOAAEPIKKE MEXIYHAPOAHOrO Y KPauHCKO-
Benopycckoro rpaara ©29.1/046 u Royal Society London (Royal Soceity Lon-
don fellowship). AsBTOp BhipakaeT mIyboKyio mpu3HaTesbHOCTH mpod. Kim
Parker u nmpod. Spenser Sherwin (Imperial College, London) 3a mioaoTsopHBIe
00CyKaeHusI Pe3yJIbTATOB.

JINTEPATYPA

1. Euler, L. Principia pro motu sanguinis per arterias determinando // Opera
Postuma. - 1862. v.2. - P. 814-823.

2. McDonald D.A. Blood flow in arteries. Baltimore:Williams & Wilkins. 1974.
480p.

3. Parker K.H., Jones J.H. Forward and backward running waves in arteries:
analysis using the method of characteristics. //ASME J.Mech.Eng. - 1990. -
v.112. - P.322-326.

4. Ottesen J.T., Olufsen M.S., Larsen J.K. Applied mathematical models in
human physiology. Roskilde University Press. - 2003. 234p.

5. Lighthill, M.J. Waves in Fluids. New York: Cambridge University Press, -
1978.

6. Sun Y.-H., Anderson T.J., Parker K.H., Tyberg J.V. Wave-intensity analysis:
a new approach to coronary hemodynamics. // J.Appl.Physiol. - 2000. - v.89.
- P.1636-1644.

7. Kusunosa H.H. HoBble HanpaB/ieHUs ¥ IEPCIIEKTUBBI TEOPUH ITYJIHCOBBIX BOJIH
B aprepusix // CoBpemenHsie npobieMbl 6uomexanuku. - M.: U3narenscTso
Mockosckoro yausepcarera, 2006. Bem. 11. - C. 44-63.

8. Belani K., Ozaki M., Hynson J., et al A new noninvasive method to measure
blood pressure. //Anesthesiology. - 1999. - v.91,N3. - P.686-692.

9. 3emun O.K. Kusunosa H.H., ®ummunmosa E.H. HWccnenosanue
3aKOHOMEDHOCTEH CTPOEHHsl pyCJa KOPDOHApPHBIX apTepuili 4YesIOBEKa.
//Burodusnka. - 2007. - 1.52,Ne5. - C.924-930.



130

H.H. Ku3uiosa

10.

11.

12.

13.

14.

15.

16.

17.
18.

19.

20.

21.

22.

Kusunosa H.H. Paznoxenme BOMH JaBiieHHsi, DPacCHpOCTPAHSIOMIAXCH B
NOAAT/IMBBIX TPyOKaxX, Ha NAJAONyI0 M OTPAXKEHHYI0 KOMIIOHEHTHI //
Bectuk XappKOBCKOro HalMOHAJIbHOrO yHuBepcurera. Cep."Maremaruka,
NpHUKJIaJHAasA MaTeMaTUKa U MexaHuka'. - 2004. - 1.645,N54. - C. 85-92.

Kuzmwioba H.H. MHMccnenoBanme 3aBucumocTedl  AaBieHWe-pacxof |
napaMeTpPOB NAaJAomEe#l M OTPaXXEHHOH BOJIH [AABJIEHUS B apI1epPHAJIbHBIX
pyciax //Akycruyeckm#t BectHuk. - 2004. - 1.7,N1. - C.50-61.

Pedley T.J. The Fluid Mechanics of Large Blood Vessels. Cambridge Univer-
sity Press. - 1980. - 246p.

MouceeBa WM.H., Permpep C.A. Hekoropbie 0COGEHHOCTH OTpakeHHs
Iy/I6COBBIX BOJH B aprepusx. //U3s.PAH. M2KT. - 1993. - N4. - C.134-139.

Kusmnosa H.H. Orpakenuwe mnyabCOBHIX BOJH M PE30HAHCHBIE CBOMCTBA
aprepuaibabix pycen //M3sectuss PAH. Cepus M2KT. - 2003. N5.- C.127-
137.

Matthys K.S., Alastruey J., Peiror J. et al Pulse wave propagation in a model
human arterial network: Assessment of 1-D numerical simulations against in
vitro measurements. // J. Biomech. - 2007. - v.40. - P. 3476-3486.

Womersley J.R. Oscillatory motion of a \.riscous liquid in a thin-walled elastic
tube. //Phil.Mag. - 1955. - v.46,N73. - P.199-221.

Jlotusackui#t JI.T. Mexanuka xugkocte u rasza. M.:Hayka. - 1970. - 904c.

Cox R.H. Wave propagation through the Newtonian fluid contained within
thick-walled viscoelastic tube. //Biophys.J. - 1968. - v.8 N2. - P.691-709.

Atabek H.B. Wave propagation through-a viscous fluid contained in a teth-
ered, initially stressed, orthotropic elastic tube. //Biophys.J. - 1968.- v.8, N2.
- P.626-649.

Taylor M.G. The input impedance of an assembly of randomly branching
elastic tubes. //Biophiys.J. - 1966. - Vol.6,N1. - P.29-51.

Kuszmwiosa H.H. PacopocrpaneHune BOJIH JaBje€HHsi B TOJICTOCTEHHOMH
TpyOKe KOHEYHOM [JMHBEI W3 BS3KOYNPYroro MaTepHaja: IPHJIOXKEHHEe
K PpacmpOCTPaHEHHIO MyJbCOBHIX BOJH B AapPTEPHAIBHBIX pyciax [/
Becrauk XapbKOBCKOro HauuoHaJbHOro yHuBepcurera. Cep."Maremaruka,
OpHUKJIaJHAas MaTeMaTHKa u MexaHuka'. - 2003. - .602,N53. - C.82-93.

Kuzumosa H.H. PacnpocTrpaneHwe BOJH JaBjeHHsI B  3all0JHEHHBIX
XXHIOKOCTbIO TpyOkax ®3 Bsi3Koynpyroro wmarepmasa. //M3secrus PAH.
M2KT. - 2006. - N3. - C.125-139.




TRRRREEEEEEERNNSNSNSNS—————

Bicaux Xapkiscbkoro HanjoHajbHOrO yHiBepcurery im. B.H. Kapasina, 931 (2010) 131

23.

24.

25.

26.

27.

28.

Kuzunosa H.H., [Tonosa H.A. Kputepun onTuMansHOro GyHKIMOHAPOBAHUS
BETBAINMXCS TPAHCHOPTHBHIX CHCTEM JKWBO# npupoasl //BecrHuk
Xapbkosckoro yausepcurera. Cep. MaremaTuka, NpUK/IaJHas MaTEeMaTHKA
u MexaHuka. - 1999. - N444. - C.148-156.

Kizilova N.N. Computational approach to optimal transport network con-
struction in biomechanics // Lecture Notes in Computer Science. - 2004. -
Vol.3044. - P.476-485.

Kuzunosa H.H. CnexTpasibHble XapaKTEPUCTHKHA M 3aBHCHMOCTH JaBJICHHE-
pacxoj, HpH BOJHOBBIX TEYEHHSIX >XKHIAKOCTH B CHCTEMAaX BA3KOYIPYTHX
TpyOOK. //AKycTudeckuit BecTHHK. - 2005. - T.8, N1-2. - C.54-63.

Ovadia-Blechman Z., Einav Sh., Zaretsky U. et al The area of the pressure
flow loop for assessment of arterial stenosis: A new indéx. // Technology and
Health Care. - 2002. V.10. - P.39-56.

Khir A.W., Zambanini A., Parker K.H. Local and regional wave speed in the
aorta: effects of arterial occlusion. // Medical Eng. Physics. - 2004. - V.26. -
P.23-29.

Tyberg J.V., Davies J.E., Wang Z. et al Wave intensity analysis and the
development of the reservoirwave approach. // Med. Biol. Eng. Comput. -
2009. - V.47. - P.221-232.

Crarbsa nosydena: 1.10.2010; okonuarenbubii BapuanT: 17.11.2010;
mpunsita: 19.11.2010.




1

Visit our Web-page
http://vestnik-math.univer.kharkov.ua/

to find

e Information for Manuscript Preparation

e Editorial Board
e Abstracts
e Full-texts available (PDF)

Hayxoee sudarns

Bicuuk XapkiBcpkoro HanjonasbHOro yHiBepcurery imeni B.H. Kapasina
Ne 931 Cepis “MaTeMaTnka, IPUKJIAAHA MATEMATHKa i MexaHika’

36ipHUK HAYKOBHX IIpallb
Pociickoio, yKpaiHCbKOIO, aHTJIICKOI0 MOBaMu

IMignucano mo apyky 01.12.2010 p.

®opmat 70 x 108/16. Ianip odcernnit. [Ipyk pusorpad.
YM. gpyk. apk. — 8,3

O6a.- Bun. apk. — 9,6

Tupax 100 np.

Iina morosipHa

£ Ras)

61077, m.XapkiB, wi. Cobogu, 4, XapKiBCbKult HAI[iOHAJILHEA yHIBEpCHTET
imeni B.H.Kapasina

HagpykoBano: XHY imeni B.H.Kapa3ina

61077, m.Xapkis, 1. Coboan, 4, Ten. 705-24-32

Csigourso cy6’ekre Bugasandoi cipasu JIK Ne 3367 sig 13.01.09




OBOB'SI3KOBHUM
| BEWMIPE Y




