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1 Ilomepenni BigomMocTi

1.1 Marpumi. O3Ha4YeHHs Ta OKPEMi TUIN

Marpuiiero Ha3uBarOTh HPSIMOKYTHY Ta0/uIio. EjgemMeHTn maTpuilil HajekaTb
neBHiit Mmuoxkuni M, Ha gKiii Bu3HaYeH] ABI omeparil — J0/JaBaHHs Ta MHOXKEHHs,
10 MJIKOPSATOTHCS TUM Ke aKCloMaM, 10 1 9MCJIa, K1 BUBYAJNUCH B IMKLJILHOMY KypCl
MareMaTuku. Hafipaxxnusimn BunaJiKu MHOXKUHU M — 11e moJie JificHIX YHUCe, T0Je
pallioHaJIbHIX YUCEJI, KIJbIE IIJIMX YUCeJI, KiJbIle MHOTOWIeHIB. EjieMenTr MHOXKHI
M, yuukalouu yTOUHEHb, OyJIeMO HAa3UBATU YUCIAMMU.

ITpuknamm marpulib:

5 =70

A=(570), B= (5)_1;2 ,C=[0 11 3

1 12
-5 -5 0 a1l
D = 7 ,E: 7 11 ,F: (CLH ai19 &13), G = a1
0 0 3 a3y

Marpuii A, F mMaoTh 110 OJHOMY psjiKy — 1e MaTpuli-psijaku. Marpumi D, G
MAalOTh 110 OJJHOMY CTOBITIHKY — Iie MaTpuii-ctopnanku. Marpursg C' Mae 0lHAKOBY
KIJIbKICT PsJIKIB 1 cToBIUMKIB (X TpH) — 1€ KBaJpaTHa MaTpHIIs.

HeBusnaueni ejiemeHT MaTpuilh 3BUYANHO 1M03HAYAIOTHCS CUMBOJIAMU 3 JIBOMA
1HIeKCaMT: TIePIIHii iIHIeKC TOKa3ye HOMeD psIJIKa, B AKOMY CTOITDH €JIEMEeNT, a JpPYyTHil
— HOMEp CTOBITUMKA, B SIKOMY Ieil eJIeMeHT CTOITh. laK, AKIO eJeMeHT MaTpHIll
3allMCAHUI Yy BUIJISJI (o3, TO IIeil €JIeMeHT CTOITh B 2 PsijiKy 1 3 croBrnumky. B
3araJlbHOMY BUIAJIKY, SIKIIO Marpuiis A Mae n psiJIKiB 1 M CTOBIYUKIB:

aj;p; aig ... Aim
21 A922 ... A9m
Anxm — . . . . — (aij) i=1...n — (aij)nxm-
: : ‘. : j=1...m
an1 Ap2 ... Qpm

Jlamo jiekijibKa BU3HAYEHb.

1. Oei marpuii A = (aij)nxm 1 B = (bij)nxm HA3WBAIOTHCS DPi6HUMU, SKIIO
eJIEMEHTH Ha OJJHAKOBHMX MiCIsX criBnajaiors, todbro A = B, gkimo a;; =
bz’j \V/’L, 7.

2. AKio n = m, To MaTpuUIld HA3UBAETbCA K6aIPATNHO NOPAIKY 1.

3. dxio BCi ejieMeH T MaTPUILl JOPIBHIOIOTH HYJIIO, TO TaKy MaTPHUII0 HA3UBAIOThH
Hyav06010. Opxm = (0)nxm. HymboBa Marpuist Moxke OyTH TMPSMOKYTHOIO,
MOzKe OyTH KBaJIpaTHOIO.



4. Y xkBaJipaTHIil MaTPHUIN €JeMEHTH MaTpPHUIll, AKi CTOATb Ha IEpPeTHHl PSJIKiB i
CTOBITIMKIB 3 OJIHAKOBUMI HOMEPAMU, HABUBAIOTHCST ia20HANDHUMU. YC1 TIAaro-
HaJIbHI €JIEMEHTH yTBOPIOIOTH 20406HY 01a20MaAb. SIKINO BCl jllaroHaJIbHI ejie-
MEHTH JOPIBHIOIOTH OJINHUII, & HeJllaroHaJJbHI JOPIBHIOIOTDH HYJIIO, TO TaKy MaT-
PUIIO HABUBAIOTH 00unu4Ho10 (OPIIKY N).

10 ...0

0 1.0 1, i=j
En = Do e :(5ij)nxn7 ne 05 = 0,it] "

00 ...1

5. Ao Bcl HellaroHa bHI €JIEeMeHTH KBaJIpATHOI MATPUIIl JIOPIBHIOIOTDH HYJIIO, a
JiaroHaJibHi — Oy/ib-51K1, TO TaKy KBaJAPATHY MAaTPUIO HA3WBAIOTH 01a20HANDHOIO.

6. ZK1o BuIe roJIOBHOI JiaroHaJi BCl €JIeMEHTH KBaJ paTHOI MATPUIIl JIOPIBHIOTH
HYJII0, TO TaKy MaTPHUIIO0 HA3UBAIOTH HUNCHHO-MPUKYMHOIO.

7. fxImo X y MaTpuIii JIOpiBHIOIOTH HYJIIO BC1 €JIeMEHTH HUKUe TOJJOBHOI JIIarOHaJTI,
TO TaKy MaTPHII0 HA3WUBAIOTH GEPTHHO-MPUKYMHOIO.

8. dAxuio psaxu mMarpuni Ay, 3alUcaTh 10 CTOBIYMKAX, TO OJEPKUTLCS HOBA
MaTpulisd By, Ky Ha3uBaioTh mpancnonosanoto 1o A: B = AT, by = aj;.

9. KBajipaTHa MaTpuIs Ha3UBa€ThCA cumempuynoto, axkmo A = AT, Tobro ajj =

aji. KBajipatna MaTpuila Ha3uBaeThest Kococumempuunoto, skimo A = —A'
TOOTO Ajj = —Ajj.
IIpuknanu.
10 00 100 aj; a2 a3
E2: 0 1 5 O3X2: 00 s D = 05 0 , B = 0 99 Q93 ,
00 006 0 0 ass
apr 0 0 1 2 —1 0 2 -3
C = 21 092 0 , S = 2 3 0 s A= —2 0 4
as; Qs ass —1 0 =5 3 —4 0

Ey — omunnuna marpuns, Osyxo — HysnboBa, D — miaronajbHa, B — BepXHBO-
rpukyTHa, C' — HUXKHBO-TPUKYTHA, S — CUMETpUUHa, & MaTpullsd A — KococuMmerpudna.

1.2 J1ii 3 maTpungmun

[Tozuauumo R, — MHOXKKMHY ycix MaTpuilb HaJ nojeMm R,



1. Muoxenns marpurii A Ha \ € R. Byap-sky MmaTpuiiio A MoxKHa, TOMHOXKHATH
Ha ejgement A\ € R:

A = B, bij = >\CLZ'J'.

[Ticist MHOXKEHHSI MaTPUIl HA YHUCJIO MU OJEPKYEMO MATPHUIIO TAKOTO K CaMOI'0
po3mipy. [Ipu MHOXKEeHH] MaTpuIll Ha YKCJI0 BCl 11 €JIEeMEHTH MHOXKAThCs Ha, 1€ YUCJIO.

e VA ueRVAER i A+p)A=XA+puA
e VA n e RVAER, v (M)A = AuA)
e VAcRVA BeR,x;y AMA+B)=MA+ B

2. JlogpaBauus marpuilb. CyMma JBOX MaTpPHUIb BU3HAUEHA TLILKUA Yy BUIAJIKY,
KOJIX PO3MIPHU JIOJIAHKIB 30iraloThes.

A+B=C, cj=ai+b;.
Cywma JIBOX MaTpPHUIb Ma€ TO# »Ke PO3Mip, 110 1 JTOJaHKH.
e VA BeR,x,, A+B=B+A
e VA B,CEeRyyy (A+B)+C=A+(B+C)
e IOeR,y, VAER vy A+O0O=0+A=A

3. Muoxkennsi marpunb. fKiio Kijibkicrs cropuuukis y marpuni A (1o6To
JIOBXKUHA PSIJIKA) TOPIBHIOE KITBKOCTI PSAJIKIB y MaTpuiii B (To6TO TOBXKUHI CTOBITUHKA),
Toi BusHadenuit 100yTok AB. fAkmo A = (aij)mxn, B = (bij)nxp, 10 AB = C =

(Cij)mxp
n
Cij = g Qigebrj-
k=1

IIpuknan. g maTpuin

1 23
(L) s

no00yTkoM AB Oyne maTpuiis

AB — —2—-6-3 240415 \ [ —-11 17
S\ 4240—-4 240420 \ —2 18 /-

Hobyrkom BA nmx marpuils Oye

—2 2 L9 3 —2-2 —4+0 —6+8
BA=| -3 0 (_1 ; 4): ~34+0 —6+0 —9+0 | =
15 ~1-5 =240 —3+20



—4 -4 2
—| =3 =6 —9
—6 —2 17

e B zarampuomy Bumagky AB # BA, HaBiThL SKIO OOMIIBI MATPHUINl KBaJIpaTHi
OJIHOrO po3Mipy (n>1)

o VAR, un, BER, ), CERy, (A-B)-C=A-(B-C)

e VA, B,C eR,yx, AB+C)=AB+ AC, (A+ B)C=AC+ BC

e VAeRVAER, «n, BER,x, AAB)=(AA)B = A(\B)

e VAR, v, A-E,=A FE,-A=A

4. TpaHncnoHyBaHHS MAaTPUIL. By/ib-sKy MaTpUIIO MOXKHA TPAHCIIOHYBATH:
A— A" =B, bj=aj.

e VAER i (AT)T =A

e VA BeER,x, (A+B)' =A"+B'

e VAERVAER, ,, (AA)T =XAT

e VAE R, ,un, BER,x, (AB)T =BTAT

1.3 O6epHeHa MaTpuIisd

st nedKuxX KBaJIpaTHUX MaTPHIL ICHYEe oOepHeHa MaTpPHIIS.

Busnagenns 1.1 Mampuus B nasusacmuces obeprernoto do mampuui A, axuo
sukonyromuvea dsi pienocmi AB = BA = FE, de E — odunuuna mampuusa. Qbeprena
do A mampuua nosnavaemoca wepes AL,

Mampuusa, axa mae obepHeny, Ha3UBGEMBCA 000POMHON.

st mpuKaa y Bi3bMEeMO MaTPHIT

-7 3 5 3
A_<12 —5>’ B_(12 7>’

Ockinbku AB = BA = E (mepesipre camocTiiino), To marpuiig B obeprena o A,
a marpuiist A e obeprernoio 10 B.

Ao obeprena MaTpuils iICHY€E, TO BOHA €JIMHA.

JobyTOoK 000POTHUX MATPHUIL € 0O0POTHOI MATPHUIIEIO.

(AB) ' =pB1tA"

6



1.4  JliHiiitHKUi IpOCTIp

Busnauenus 1.2 Henopooicna muosicuna Vo nasueaemoea aiicanm minifinum (abo
BEKTOPHUM ) TIPOCTOPOM (@ i1 eremenmu 6eKmMopamu,), Axuo na witl 3adana onepais
dodasanma esemenmic (KoscHuMm CT,Z; e V cmasumvca y sidnosidnicms eexmop
i+b e V'), a makooc onepayis muosicenna esemenmic i3 Voona diticni wucaa
(Koorcnomy eexmopy @ € V' i koorcnomy A € R emasumoca y 6idnosidnicmo éexmop
Ad € V). Kpim mozo, 6ukonyomvca nacmynni akciomu:

1)a+b=b+a (romymamusuicmy);

2)(@+b)+c=da+ (b+7) (acouiamuenicmn );

3) icnye sexmop 0 €V marud, wo daa xootcnozo a € Vo a + 0=0+ad=a:

4) 0aa wootcnozo @ €'V oicnye —a € Vomakud, wo d+ (—ad) = 0;

5) M) = (Apu)a;

6) (A4 p)a = \a + pd;

7) M@+ b) = A@ + \b;

8)l1-d=d

s Oydo-axux ditichux N, (b ma 6ydv-axux d, be V.

IIpuknanu.

1. Muoxkuna pgiiiciux marpuih R, x,, € giiicHuM JiHITHUM TPOCTOPOM.

2. Teomerpuuni BekTOpH, BJIKJaJI€H]I BiJ| OJIHIE] TOYKU, yTBOPIOIOTH JIHIAHMI
(BekTOpHUIT) TPOCTIp.

3. Psiiku @ = (ay,as,...,a,), O CKIQJAIOTHCS 3 YUCEJ, MOYKHA, SK 1 MATPUIL
poamipy 1 Ha n, jojaaBaTn

a+a = (a,ady,....ad)+ (a,ay,...,d) = (a} +a],ay+ad5,...,a, +a),
MHOXKHUTHU Ha YHUCJIO A:
Aa = Naq,ag, ... a,) = (Aay, Aag, ..., Aay),
1, BIJIIIOBIJTHO, CTBOPIOBATH JIIHIHI KOMOIHAIIT PsIJIKiB:
A +pa’ = Nal,ay, ... al)+p(al,ay, ... an) = (Aaj+uai, \ay+pal, ... Aal+pal).

Tobro psijiku a = (a1, as, ..., a,) a; € R yrBopiotoors jiniitauii npocrip.,

1.5 ®yHkKIioHaJA

Busnauenusa 1.3 Bidoopasicenns f @V — R, axe cmasumo y s6idnosidnicmo
Kootcromy eexmopy a € V. owucao f(a) is R nasusaemoca dynruionanrom.

Qynruyionan f(a) nazusaemves adumueHum, Ko o 0ydo-AKuxr 6exmopie a, b
f@+0o) = f(a) + f(b).

7



Dynruitonas Ha3UBLEMBCA 00HOPIOHUM, AKUL0 Oaf OYdv-Akoz0 eexkmopa @ 1 OAA
O6Yb-AK020 YUCAA N MOHCHA HANUCAMU

f(xa) = Af(a).

Hrxwo dpynryionan i adumuenut i 00HOPIOHUT, MO 1020 HA3UBAIOMY NHITHUM.
Mootcna crazamu, wo Gynuionas MHiGHUT, Axuo Os 0Yydv-aKkux eexmopieé a, b
ma wuces \, b GUKOHYEMBCA PLEHICTND

fAa + pb) = Af(@) + pf(b). (1)

Dynxuyionanr 6id n aminnuxr — ue eidobpascenna [V xV x ... xV — R, axe

n
CIMABUMb N 6EKMOPAM G, G2, .. ., Gy Y 610n06I0HIcML wucio f(a1,dg,. .., ay).

Ao neit pyHkIionas € JHIHHUM 10 KOXKHI 13 CBOIX 3MIHHUX, TO BIH HA3WBAETHCsI
NOMAIHITHUM.

K110 MOMIHATH MicIsIMuU Oyib-5IK1 JIBl 3MiHHI 1 3HAUEHHsT (DYHKIIIOHAJIY HE 3MIHUTHC,
TO (DYHKIIIOHAJ HA3UBAETHCA CUMEMPULHUM.

AKio nmomingTH MicisgMu OyIb-s1Ki JIBl 3MiHHI 1 3HaYeHHs (PYHKIIOHAJY TOMIHSIE
3HAK Ha IPOTUJIEXKHUM, TO (PYHKIIIOHAJ HAZUBAETHCH KOCOCUMEMPUYHUM.

ByBaoTh GpyHKITIOHAIN CUMETPUYHI 110 OJHOMY HAOOPY 3MIHHUX, Ta KOCOCUMETPUIHI
110 iHIIOMY HaOOpy 3MIHHHUX.

2 BuszaayeHHd Ta BJIACTUBOCTI BU3HAYHUKIB

Bu3HaYHUK CTaBUTH Y BIJMOBIAHICTH KOXKHIM KBaJpaTHI MaTpHUIll HaJl TEBHUM
KLJIbIIEM OJIMH €JIEMEHT 13 IOT0 Kiabllsgd. OTKe BU3HAYHUK MATPHI 3 IIJIUMU eJjie-
MEHTaMM € I[lJIe YUCJIO, BU3HAYHUK MaTPUIl, €JleMEeHTaMU KOl € MHOT'OYJIEHU €
MHOTOUWIEH. Jlaml 3aMiCThb eaemenm Kiabua, Had AKUM BU3HAYEHA MAMPULUL TOBO-
PUMO KOPOTIIIE — YUCAO.

[Topoxkui marpwuili, T0OTO MaTpHUIll, B SKUX HEMaE Hi PsiJIKIiB HI CTOBIYUKIB, HE
PO3IJISIIAIOTHCA. A MaTpHILl, 1[0 MAOTh JIHUIIE OJMH CTOBIYUK 1 OJUH PsiJIOK, PO3-
IIAAI0ThCI. TOMy, KOJIM TOBOPUMO PO KBaJpaTHI MATPHUIIO PO3MIPY T X N, TO
Ma€eThesd Ha yBasi, mo 1 <n < oo, n €N,
po3MIpy 1 X n,

fAxmo maemo marpunio A = (a;j); ;15

ailr a2 ... Qip

as21 A99 ... QA9p
A=

an1 Ap2 ... dpp



TO BU3HAYHUK d 11i€] MaTpUIll HO03HAYAETHC OJHUM 13 JIBOX crocobiB: abo d = det A,
abo

ai; a1 ... Qip
az1 a2 ... Ay
d=
ap1 Ap2 ... App
Busnaunuk Bij marpuni A 3 psjkamu ai, as,...,0, MOXKHa PO3IVISLATH K

¢ yHKIIOHAJ BiJl PSJKIB 1 IUCATH
det A = det(ay, as, ..., ay,).
Busnaunuk marpuri Ajx; = (a), € THM 9UCTIOM, 3 IKOTO CKJIaJIA€ThCS MATPHIIS:
det(a) = a. (2)

Omrxke, sikio Marpuils mae surisiyy A = (7), ro det(7) = 7. Bignosijguo, det(0) =
0, det(—3) = —3, det(2x — 6) = 2z — 6.

Busnaunuk mMaTpuri Asyo MiIpaxoByeThest 3a (DOPMYJION0
det = ad — bc. (3)

Ilpuknamu. 3rijHO 3 1i€10 HGOPMYJIOI0

2 3 2 -3

L 5| = 10-12=-2 4 g |=12-12=0
0 3 10
40| =0-12=-12 0 1|=1-0=1L

Konn mpaiooTs 3 BU3HAYHUKAME, TO BUKOPUCTOBYIOTH HEe KOPEKTHE, aje JIy>Ke
3pydHE CKOPOUEHHSI — 3aMiCTh CJIOBOCIIOJIYUEHHS eACMEHIN MAMPUuyl, 610 AKoi nio-
PATOBYEMBCA BUSHAYHUK KAXKYTh EACMENI, BUSHAYHUKA, 3AMICTH PAJOK MAMPUL,
610 AKOI NIOPATOBYEMBCA BU3HAYHUK KAXKYTh PAJOK GU3HAYHUKE TA TOIIOH].

TepwMmin demepminanm € TOBHUM CUHOHIMOM TepMiHYy susnaunuk. MoBHMIT cMakK
mijIKake, B AKOMY MOBHOMY OTOYEHHI 3PYUHIIIE BXKUBATU GU3HAYHUK, 8 B TKOMY
demepMiHaHm.

2.1 Miunopu
Busnagenns 2.1 V mampuui A, xpy, 6ubpasu r padkie iy, 1o, ..., 10, MmarT CMOGNYUKIG
J1s J25 - - Jr- Ha nepemuni yux r padkie ma r cmosnuukie 00epicumves keadpamma

MAMPUYA T-20 NOPAOKY. Busnavwnur uiei mampuyi Ha3usaroms MIHOPOM T-20 NOPAIKY

. 11,8250
1 noanavaromo M2
J15J255]r



Akmmo maTpurg A KBajapaTHa HOPSLIKY 7, TOI

Buznavuennsa 2.2 /J[onosniosasvhum MIiHOPOM 00 MIHOPY T-20 NOPAJKY HA3UGA-
EMBCA GUSHALHUK MATPULT, OMPUMAHOT NPU SUKPECAIOEANHT 6UOPANUT T PAJKIS 2'7"

y { aZ I8
cmosnuukie, mobmo eudnaunuk (n — r)-20 NOPAIKY, NOZHANAEMBCA GIH MJ;J; i

T T
. > ikt X i
Busnadenns 2.3 A2 = (—1)i5 i M“’ZQ’ Hir

J1,J25-- ;.77“ i J15J25+5)r

. Z 77/ I
dONOBHEHHAM MIHOPY Mﬁl jj o

Ha3Uu6aNMDB a/L2€6pU"tHUM

OTske, Ko fifieTbea mpo Minop M3, To MoBa ifjle PO BUHAUHUK MATPHII,
IO CTOITH Ha IEPEeTHHI JBOX PAJKIB — IIEPIIOro Ta TPEThOTO, 1 JBOX CTOBIYUKIB —
TPETHOTO Ta T sitoro. s marpuil

ail ai2 a1z a4 ais
Q21 G22 @23 A24 A25
Asxs = | a3 asp asz ass ass
41 Q42 Q43 Q44 Q45
as1 as2 a53 As54 As5

MO>KHa 3alluCaTn

G a a9l Q92 Q24 az1 a2 G24

13 | 13 Q15 13 1434345 _ i3

My = G ass | Mss = | agn asp ag A35 = (—1) ag a4 a4q | = Mss.
as1 Aas52 Q54 as1 Aas52 G54

Ao Bubpasu TIIBKH OJMH PSZIOK (i-i) Ta OMWH CTOBMYUK (j-it), TOJI MIiHOD
CIIIBIIAJIAE 3 JICMEHTOM ;.
by — M.
Mj e (IZ] — sz
B npomy BHIIaJIKy iHAEKCH CTaBUMO BHU3Y, BIJAIOUN JTAHUHY TPaJIUIli.

2.2 O3zHadyeHHd PO3KJIAJAHHAM 33 €JIEMEHTAaMMU MEPIIOro PSaKa

Lle o3nadenns BUMarae JIuine 3HaHHs MIOBHOI MaTeMaTUIHOl 1HyKIlil. BBarkaemo,
10 MOBHA MaTeMaTUIHa 1HYKI[S TTeBHUM YMHOM BijloMa. A Ti, XTO 3 HE[0 He 3yCTpi-
4aBCs, MOBUHHI caMOCTiiHO 3 Heto osHaiomurtucs (aus. [1]). [loBra maremarudana
1HJIYKIIisl 3YCTPIYAEThCA YU MPSIMO UK OIIOCEPEKOBAHO Ha KOXKHOMY KPOIl PoOOTH
MaTeMaTUKA.

Busnauenns 2.4 Busnuaunukx mampuyi nopadky 3 1 euue ¢ cymoro dodymuxis ene-
MEHIMIE NEPUO20 CMOBNYUKA HaA iT ar2edpuvhi donosHeHHA, MoOmo

n

det A = Z ClliAlz' = Z(—l)”lauﬂu. (4)

Busnawnur mampuuyi 1-20 i 2-20 nopadky susnavaemuvca gopmysamu (2), (3).

10



O06YnCINMO, KOPUCTYIOUHUCH JIMIIIE BUSHAUCHHSIM, BUSHAYHUK MATPUIIL 3-I'0 TIOPSJIKY.

a1l G2 a3
_ 141
asr a9y azz | = (—1)""ay

a22 Qa23 as1 Qa23 as1 Q22
azz asz3 az1 ass asr as2
asp azz as3

= a11(a22a33 - a23a32) - a12(a21a33 - CL23CL31) + a13(a12a23 - a31a22) =

= 11422033 + Q12023031 + Q13021032 — 13022013 — A11G23032 — A12A12433.

Busnauenns 2.5 IIpasu.no o6uucienti 6usHaunuka mpemvozo nopaoky 3a gop-
myaoto (5)

ailr aiz2 a13
o1 Q22 Q23 | = 11022033+ 012G23031 1+ 113021032 —A13A22G13—A11G23032 — A12012033.

(5)

as; azz as3
Hazusaroms npasusom Capproca abo npasusom MPUKYMHUYKILS.

Ocranas Ha3Ba MOB’d3aHa 13 FEOMETPUIHUM CIIOCOOOM 3altaM’ sITOBYBaHHS BCIX
JeB’siTy JIoIatKiB B 1iii dbopmysi (quB puc.1, 2)

Puc. 1: JlobyTok ejieMeHTIB T0JIOBHOT
JiiaroHaJii 6epeThcs i3 3HAKOM +, TAKOXK i3
3HAKOM -+ OepyThcsd HOOYTKHU eJIeMEeHTIB,
IO CTOSATDH Y BepPIINHAX JIBOX TPUKYTHHUKIB,
y dKHX OJTHA CTOPOHA TapaJie/ibHa TOJTOBHI

Puc. 2: JlobyTok eneMenTiB 6i4HOI /iaronaJi
Oepernbcs i3 3HAKOM -, TAKOXK 13 3HAKOM -
0epyThcs JTOOYTKU eJIEeMEeHTIB, M0 CTOATH Y
BEPIINHAX JIBOX TPUKYTHUKIB, Y SKUX OJHA

. . CTOpOHA TapaJiesbHa OiuHiil giaronaJi
JiaroHaJi

ITpukmaa. Ob6urcinMo, BAKOPUCTOBYIOUN O3HAUEHHST, BUSHATHUK D-T'0 TIOPSIIKY

0 0030

QL
I
Ot
_ g O O
[\

_— o o O
[\ S
DN O
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HYJThOBI JIOJIAHKY HE BUITHCYEMO)

~

3a dbopwmyioro (4) Mmaemo
5 0
6] -1 7
—4 1

0
5
-1
—4

d= -3

—_ - o o

—_ o o o

NN O N
I

Ob6uncI00Yr 33 O3HAUYEHHSM BU3HAUHUK OJUHUYHOI MATPUIN JJIA OJUHUTHUX
MaTpulb po3Mmipy 1,2,3. ... bauumo, 110 BiH jopiBHIOE ojuHumi. i Oyiab-sikoro
n € N 11e TBepji2KeHHs:

10...0
01 0
- =1,
10...0

JIOBOJINTHCST METOJOM 1HIYKIIII.

BukopucroByroun Jiniine 03HAYEHHS, METOOM 1HJIYKI] JIOBOJUTHC, 110 6U3HAY-
HUK MAMPUYL, AKG MAE HYAbOBUT PAJOK b0 HYALOBUT cMOoSNYUK, JOPIGHIOE HIYAIO.
3okpeMa, BU3HAYHUK HYJIHOBOI MATPHUIIl JIOPIBHIOE HYJII0. TaKoyK METOJIOM 1HJIYKIIT
epeBipsieThest, 110 BUSHAYHUK BEPXHbO-TPUKYTHHOT MATPUILl (11iji TOJOBHOIO Jiaro-
HAJLTIO CTOSITH HYyJ) Ta HUYKHBO-TPUKYTHOI MATPHIN (HAJ TOJIOBHOI JATOHAJLIIO
CTOSITH HYJI1) JIOPIBHIOE JIOOYTKY JIIATOHAJBHUX €JIEMEHTIB.

2.3 AHTUCMMETPUYHICTH BU3HAYHUKA

CrouaTky MOsICHUMO, IO TaKe aHTHCUMETPUUYHICTh BU3HAUHUKA.
Hexait € marpuns A, B 1iif MaTpuii HOMIHSIIM MICHSIMU J(Ba PSJKKA 1 OJeprKajIm
marpuiio B. Toji
det A = —det B. (6)

Busuauenns 2.6 Koau 2060pambv npo aHmMucuMempuyHicms 6USHAYHUKE, MO
maromy na yeasi gopmyay (6).

Teopema 2.1 Busnaunuk € aHMUCUMEMPUSHUM GYHKULOHAAOM 610 C80ILT PAIKIS.

Hosenennsa. Hexait B marpuni A = (a;); j_15; TOMIHAIN MIiCHsIMI DsJIKHA 3
nomepamu i, j (1 < i < j < mn)irakum uunom oxepxkasn marpunio B. Jlosejgemo
piBaicTh (6). JoBeenHs TPOBOANMO METOIOM IHITYKITII.

Basa indyxyii: TepeKoHyeMoCcst B TOMY, 1[0 KOJIA B MATPHUII PO3MIPY 2 X 2 TOMIHATH
MICISIMU PSIJIKK, TO BU3HAUYHUK HOBOI MaTpuIll Oyjie BIJIPI3BHATUCS BiJ BUBHAUHUKA,
crapol MaTpuri 3HakoM (ymie 3uakoM). Crpasii, KOpHCTYIOUNCh (hopmysiown (3)
MaeMO
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aip ai12 as1 Q22
det = Q11022 — A12a91 = —(A12a91 — a11a9) = — det

(21 Q22 aip a2
Indyxmuene npunywenns: akmo n € N, n > 31 marpuig Mmae n — 1 psajxiB, TO
HepecTaBIsSHHS JIBOX PSAJAKIB I1€] MaTPHUIN PU3BOAUTH JI0 3MIHM 3HAKY BIJIITOBIIHOTO
BU3HAUYHUKA HA TPOTUJICKHUIA.
Indyxmuenut nepexid nonsrae B nosejenti (6) y Bumajky, koiu marpuis A
Mae n pafkiB (n > 2). 3a ymoBowo, Jyist efeMenTa by, Marpuii B, skuil ¢ToiTh Ha
HepeTrHl p—ro psijika 1 ¢—Io CTOBIYMKA, MU MOXKEMO HalllCcaTu

apg, Ko p & {4, j},
bpg = { @jq, KO P = 1,

Qjg, AKIIO P = J.

JomoBHIOBAILHUI MIHOD, SIKHil OIEPXKYETHCsT MCAs BUKPECTIOBaHHsT B MaTpuili A
PsIJIKIB 3 HOMEpaMHU T, S Ta, CTOBIIYHMKIB 3 HOMEpaMu P, ¢ OyJ1eMo, 5K 1 paHilie, 1o3HadaT

yepes MP9

P4 a MiHOD, KM O1epXKYEThCS TMiC/Isd BUKPECTIOBaHHA B MaTpulll B psjiKiB

3 HOMepaMHU 7', § Ta CTOBITYUKIB 3 HOMepaMu P, ¢ OyaeMo nosnadatu depes NP,
3a O3HAYEHHSIM MU MOXKEMO HaIllUCATH

det A = Z(—l)p+1a1pM1p, det B = Z(_l)p+1b1p]\_]1p-
p=1

p=1

Posrnsinemo tpu Bunajiku: ¢ > 1,1 =1,7 =21 =1,5 > 2.
B nepmomy Bunajiky by, = aip, 1 32 injgykrusaum npuinyiienaaM My, = —Ny,.
Tomy det A = —det B.
B sipyromy Bumnajiky poskiajemo minopn Mi,, Nj, 3a enementamu neprioro
psijiKa:
My = > (=1)"™layM)2+ Y (=1)%az,M,;,

I<g<p=n 1<p<gs<n
V., — E: _1\a+1z Ar12 2: _1\4p. AT12
Nlp e ( 1) b2quq + ( 1) b2quq7
1<g<p<n 1<p<q<n

OcKiIbKM BCl psIKK [IOYMHAIOYM 3 TPeThoro B Marpuisx A, B ojHakoBi, TO npu
OyJIb-FIKHX P 7# ¢ MOXKHa HAIIUCATH

12 A712
M, = N,,.
A OCKIIbKY MU TOMIHSIIM MICISIME TEPIINii 1 APyl PsSAKK, TO
blp = A2p, b2q = Q1q-

13



Terep Mu MOXKeMO 3amIucaTH

n

det B — (_1)p+1a2’p Z (_1)q+1 M12 Z p+1a2’p Z (_1)qa1q]\_4;q2,

p=1 1<g<p<n 1<p<g<n
(8)

Bumnucytoun noganku B (7), (8), fki MicTaTh TOOYTOK G1,Ggs, OAUTNMO, IO MTPU TIPH
r > s B (7) me Oyme

(_ 1)r+8+2a1ra25Mr1327

a B (8) me Oyze
(_1)r+s+1 ra2sM12

[Ipu r < s B (7) 1e Oye
(_1)7’+5+1 ra/2sM12

rso

a B (8) 1e Gyue

(_ 1)r+s+2a1ra28MT182

3Bijcu BuimBae, 1mo det A = —det B.

B rperromy BuUnaIKy, KOJIU MiHAIOTHCA MICIIIMHA 1-# psIJIOK 1 psiJIOK 3 HOMEPOM j >
2, OyyeMo JiBi jonomizkui marpuii By, By. By ojepxkyemo i3 marpuii A noMinssiim
MmicisiMu 2-i Ta j-i psijiku, B OJIepXKYyEMO TOMIHSBINKM B MaTpull By nepiuii Ta
Ipyruil paaku. TakuM 9UHOM, B MaTpPHIll By Ha MICIi j-TO psJKa CTOITh JPYTIHii
PSAOK MaTpulil A, Ha MICIi APYyroro psiika CTOIThL HMEpIIHi psiIoK Marpuil A, a
Ha MICI[l TepIIoro psijKa CTOIThest j-it psigok marpuii A. Orxke, marpuiio B vu
OJIEPXKUMO, TOMIHSIBIIN MICHsIME 2-i1 Ta, J-il psijiky Marpuill By. 3a yKe j10BeIeHIM
MaEMO

det A = —det By = det B, = — det B.

JloBejilenHsa aHTUCHMETPUIHOCT] BUBHATHUKA 3aBepIIIeHe.

Hacuijikom aHTHCUMETPUYHOCT €
Hacaigok 2.1 Busnauhukx mampuui, axa mae d6a 00narosi padku, dopieHIoe Hyalo.

Crpas/ii, sIKIIO MOMIHATH MICISIMU OJIHAKOBI PSIJIKK, TO BUSHATHUK 3 OJHOTO OOKY
HE 3MIHUTHCA & 3 1HIIOIO — 3MIHUTHL 3HAK Ha, HPOTUJICKHUA. Hucjiom, ke JJopiBHIOE
CBOEMY TIPOTHUJIE2KHOMY, € JIUIIE HYJIb.

Teopema 2.2 Busnaunux mampuui A posamipy n X n MOHCHG 00%UCAUMU, PO3KAA-
darouu 3a eaemenmam 6ydo-arxozo padka. Ocmanmna cA0B0CIOAYKG 03HAYAE, ULO KO
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subpanut k-t padox, 1 < k < n, mo eusnawnux mampuuyi A mootcua 06uucao6amu

30 (Hopmy.n010
n

det A = Z akiAki = Z(—l)k—’—lakaz (9)

Hosenennsi. [locrapumo k-it psijlok Ha mepiine wmicie, 30epirim mopsijioK Ha
perrri psiyikis. Juist nporo k-it psijiok nominsiemo micigivmu 3 (K — 1)-m, (k — 2)-m,
(k—3)-M, i T.j1. HapemnTi 3 mepmuM. 3HAK BUSHATHUKA TIPH 1[bOMY 3MiHnBest k— 1 pas.
OieprkaHuit BUBHATHIK OOYUCTIOEMO 32 O3HAUCHHAM. BUKpPEC/II00Un epiinii psijIoK
B HOBIil MaTpPHIL MU OJEPXKYEMO TOM K€ PE3YJILTAT, 10 1 MIC/IsT BAKPECIIOBAHHS Kk-TO
psiJiKa B 3aJiaHiil MaTpuill. TaKuM YMHOM OJEPIKYEMO

n n
det A= (—1)F 1Y (=1)apiMy; = Y (—1)"Fag My,
i=1 1=1
]

Y3arajgbHeHHSIM I[LOTO pe3yabTary € Teopema Jlamnaca, gKy Mu HaBOJIuMO 06e3

JIOBEJICHHS.

Teopema 2.3 (Teopema Jlanmaca) YV mampuuyi Ay, 6ubpasu r padkie 3 nome-
PAMU 11, 12, ..., Lp, TOOL

detA == E Mi1’i27~'~7i7’ . Ailai%...,ir

jl?j?v"'vj?" j17j2a"'ajr'
1§j1<j2<...<j7~§n

ITpuknamx. O6uucaumo 3a Teopemoro Jlamnaca BUSHAYHUK MaTPHUILL

N — W Ut
S w o
O =~ O N
W ot DN

Badikcyemo Jpyriit Ta YeTBEPTUH PAIKH.
a24 424 24 424 24 424 24 424 24 424 24 424
H Gye Ti inop M7,
eHyJIboBMM OyJie Tibku MiHop M7y, oTKe

32 e |12 o oy
detA—|2 3‘ (—1) 5 4| =5 (D (=2)=10.

15



2.4 BwusHavYHUK MaTPHUIIi-IIiACTAHOBKU

Buznavennsa 2.7 biexmueni 61000pascenna CKIHYEHHUT MHOHCUN 1Y cebe Ha3U-
6a10Mb NIICMAMOBKAMU.

OCKIJIbKY eJIEeMEHTH CKIHYeHHOI MHOXKWHM MOYKHA TIePEHYMepyBaTH HaTypPaJib-
HAMU YUCJIAMU MOYMHAIOUM 3 OJIMHUIIL, TO MOXKHA BBaXKaTH 13 CaMOT'O MMOYaTKY, 110
ckinvyenna Muoxkuna — e {1,2,3,...,n} g geskoro zarypajabHoro n > 1.

IligcranoBku, ik Ol€KTUBHI BijoOparkKeHHs, MOXKHA MHOXKUTHU, 1CHYE OJMHUIHA,
nijicraHoBka id, sika 1EpPeBOJAUTH KOXKEH eJIeMeHT B cebe, KOXKHa I1iJICTAHOBKA Mag€
obepHeny mijicTaHoBKY. OT»Ke BCl MiJICTAHOBKYM Ha 3aJaHiii MHOXKHHI YTBOPIOIOTH
rpy1y. [i HA3UBAIOTH CUMETPUYHOIO IPYIIO0. Bl YBAasKHO 3 i [CTAHOBKAMU MOXKHA
osHafiomuTrcs 3a [4], [6].

[TiicranoBKY Ha N-esileMeHTHIN MHOXKHUHI (200 N-eJ1eMEHTHOT MHOXKUHH ) 3BUYAHHO
3aJ1aI0Thb TAOJUYHO, Y JIBa PAJIKH: Y BEPXHBOMY PsIJIKY BUIIUCYIOTH IPO0OOpas3u, a B
HUKHBbOMY 0o0Opasu. OTKe MU MUIIEMO

1 2 3 ...n
o=1\{. . . )
11 12 13 ... 1p
samicts 0(1) =iy, 0(2) =19, 0(3) =13,...,0(n) = iy,. Ao npuitHITH JTOMOBJIE-

HICTb IIPO T€, 0 YNUCIa Y BEPXHBOMY PsAJIKY MUY ThCS Yy CTaHAaPTHOMY HOPSJIKY, TO
BEpXHII PSJOK CTA€ 3aiiBUM 1 IIJICTAHOBKY 3aJIal0Th OJHUM HUXKHIM PsJIKOM. 3aIluc
eJICMEHTIB MHOXKUHHU y TEBHOMY JIIHIHHOMY TOPSJIKY (OJMH 3a JIDYTUM) HA3UBAIOThH
nepectaHoBKo0. OTKe MiJICTAaHOBKY MOXKHA, 384T [IePECTaHOBKOO unces 1,2, ..., n.

3a KOXKHOIO MiJICTAHOBKOIO 0 OYAYEThLCST MaTpulsd A,, B gKiii Ha mepeTudi k-ro
psijika i 0(k)-ro CcTOBIUMKA CTOITH OJMHUIIS, & peliTa ejeMeHTiB — Hysi. Tak, Koin
Ma€EMO I1JICTAHOBKHA

12 3 12 3 12 3
P=\231) 77 , T= : (10)

TO 1M BIIIOBLIAIOTH MaTPUIIL

p =

010 100 001
A, =100 1|, A, =101 0 |, A-=1 010

100 001 100
Busnauauk MmaTpuIli-1iicTaHOBKHU J0PpiBHIOE a00 +1 abo —1, (popmasibHo 11e MOXKHa

JIOBECTW METOJ0M TTOBHOI MaTeMaTHIHOI 1HYKIII.

Busnagenns 2.8 Busnaunux mampuuyi nidcmanosku Ay, wo 6idnosidae nidcma-
HOBUI O HA3UBAEMBCA CULHAMYPOIO NIICAK06KY | No3dnauaemvea sign(o) (6id aa-
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MUNCOLK020 cAro6a signum, ake oznavwac "snax’). Hrxwo eusnawnur mampuiyi-nio-
cmanosku dopienioe +1, mo xascemo, U0 NIOCMAKOBKA NAPHA, AKULO HC BUSHAYHUK
dopisrioe —1, mo Kaostcemo, wo NIdCMan06ka HENAPHA.

Tak jyist migcTanoBoOK p, o, T, mo 3aaaui (10), Oyme
sign(p) = det A, = 1, i nijcranoska p napua;
sign(o) = det A, = 1, i nijicranoBka o napHa;
sign(7) = det A, = —1, i mizicranoBKa T HemapHa.

2.5 TIuBepcii i TpaHco3uIiii. Y MOBU MAapPHOCTI i ICTAHOBKH.

Busznauauk MaTpUI-TiICTAHOBKE MOXKHa, IiIPaxXyBaTh, IEPeCTaBIdIOUN B Hiit
psijiku. MipKyBaHHSI CylIPOBOJMMO HPHUKJIAIOM, IIPUITYCTUMO, 110 MU XOYEeMO ITijpa-
XyBaTH BU3HAUHUK MaTPUILL

001000\
010000
L _looo0100 _(123456>
»“l100000]|° "7 \324166%6
000001
\0 00010/

[ToMiHSIEMO MICIISIME JIBA PSIJIKH TaK, M[00 IEPIITNM eJIEMEHTOM IIEPIIIOr0 CTOBITUNKA,
CTOsIIa OIMHNUIIA. B HAITOMY TIPUKJIa 1l MOTPIOHO MOMIHATHA MICIISIMU TIEPIN 1 YeTBep-
it psijiku. OJepKUMO HOBY MaTPUIIIO-II1[CTAHOBKY

(100000
010000
L _looo100 02(123456)
*“loo1000 | 124366
000001
\0 00010/

Hosa, npyra mijicraHoBKa 0ep2KYy€ThCsl 13 IePIO] 111 [CTaHOBKH, IIEPECTABJISIHHSM
JIBOX €JIEMEHTIB — B HAIIIOMY TPHUKJIAJI THX, 10 ¢ToATh mij 1 i mig 4 (tobro 31 1).
Bukopucrosytoun 1006yTOK BiIOOpayKeHb MU MOXKEMO 3aIlliCaTH (HArQJIaeMo, 10 B
700y TKY BiJJOOpayKeHb MepIM Ji€ Te, M0 CTOITh CIPaBa)

1 23456
o=p-
P*\4 23166
JlaJti moMiHsIEMO MICLSIMU JIBA PSIJIKK TaK, 100 JPYIUM €JIEMEHTOM JIPYI'Or0 PsijiKa,

cTaJia OJMHUIA — B HAIIOMY IIPHUKJAJIl HIYOro poOUTH He Tpeda, OCKIILKU TaM YKe
CTOITH OJIMHUIIS.
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Taxum yuHOM AaJii My 3a0e31edyeMO OJIMHUIN 110 TOJIOBHIH JiilaroHaJl, Iepecran-
JIATIOYW PSJAKU 1, BIJIMOBLIHO, JOMHOXKAIOUM IJICTAHOBKY CIIpaBa Ha IM1JCTaHOBKY,
O MiHS€ MICHSMM JIBA €JIEMEHTH, a PelTy JuIlae Ha Micii. Taki 1iJicTaHOBKY
HA3WBAIOTH TPAHCIO3UIIAMU. B pemniTi pemT oep:KuMo OMUHUYHY MATPUIl, BU3HA-
HUKOM {KOI € OJIMHUIIS.

B namowmy npukiazi Bijg A, nepexogumo J1o

(100000

010000
L _|oo1o000 __(123456)_ (123456
"“looo0100]| 123465 124356
000001
\0 00010/

[omimsBimu MiciisiMu 5 Ta, 6-1it psaKu MaTpuIll A, o1epKyeMo OIUHIIHY MATPHITIO.
OMHUYHY MATPUITIO MU OJIepPXKaJju TepeCcTaBIdioun 3 pasu PSIKH, OTXKe TPUUl
amimo0un 3nak. 3Bijcu BummBae, mo det A, = —1 i, Bianosiano, sign(p) = —1.

B zarajbHOMy BuIIaJIKY I1ijICTaHOBKa Oyjie 1MapHOIO, SKIO MU MIiHSIJIUM MICHSAMU
PSJIKU TTapHy KIJbKICTD Pa3iB, 1 HEMApHOIO B MPOTUJIEXKHOMY BITAJIKY.

BuKOpHCTOBYIOUM TPAHCIO3UIT MOXKHA CKa3aTH, MO MiJICTAHOBKa OyjIe MmapHoIo,
SIKITO JIOMHOXKUBIIY 11 Ha MapHy KUIBKICTH TPAHCHO3UINNH MU OJEPKUMO TOTOXKHE
BijIoOpaXkeHHs1, abo, K KayKyTh, OJIMHUIHY MiJICTAHOBKY.

3ayBaKnUMO, 110 KOYKHa TPAHCIO3UIIis TOMHOYXKEHa, caMa Ha cebe TacTb OJMHIIHY
micTaHoBKY — id, TOOTO TMICTAHOBKY, IO MEPEBOINTH KOYXKEH eJIeMeHT B cebe. 3Biacu
BUILJIMBAE, 10 KOJIM JIJIS MIJACTAHOBKU O 1 TPAHCIO3UIIN vy, Qa, ..., X BUKOHYETHCS
PIBHICTD

p'(OqOéQ...Oék) :ld,

TO
p=QpQap_1...01,
-1
P = 1o ... 0.

CxazaHuM OOT'PYHTOBYIOTHCS JIBl TE3M:

® I[Ii/ICTAHOBKA IIapHa TOJI 1 TIJILKU TOJII, KOJK 11 MOXKHA PO3KJIACTU B JIOOYTOK
MapHol KIJILKOCT1 TPAHCIIO3UIIIH;

® I[i/ICTAHOBKA ITApHA TOJl 1 TWILKKA TOJI, KOJU oDepHeHa J0 Hel MiJCTaHOBKa
napHa.

[le oguuM crocoboM OOYHMCIEHHs MapHOCTI MiJCTAHOBKU € BUKOPHUCTAHHS TaK
3BaHUX IHBEPCIl B TIEPECTAHOBIII.
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Buznavennsa 2.9 Posmawysanta wuces 6 nesHy nocaidoericms Ha3ueaoms ne-
pecmarnoskoto. [sa eaemenmu © > k ymeoproomov tHEEPCIO 6 nepecmanosii o,
AKWO OLADWUT eAeMEHM CMOIMYL PanitLe MEHUL020.

IIpukman. Hexait 3ajiana 1ijicranoBKa,

1234567
3257614

[Ta migcranoska Mae 10 insepciit {3, 1}, {3,2}, {2,1}, {5, 1}, {5,4}, {7,6}, {7,1},
(7,4}, {6,1}, {6,4}.

Teopema 2.4 Koau 6 nepecmano6uyi nomMiHAMU MICUAMU 064 eAeMEHMU, MO NAP-
HICTD KIADKOCNL THBEPCIT 3BMIHUMDBCA — AKULO KIALKICMD OYAG NAPHOI0, MO CMAHE
HENAPHOM0, G KOAU OYAG HENAPHON, O CMAHE NAPHOIN.

HHosenenuns. Hexait (i1,19,13,...,1,) IeBHA HepecTaHoBKa. lloMminseMo B Hiii
MICIIIMI €JIEMEHTH iy, ig, p < ¢. Bei mapw {i;,4,}, © < y posib’emo Ha Kinbka
I'pyIl.

[lo mep1iiol rpymnu BiJiHECEMO Ti TapH, B AKUX OJWH 13 €JIEMEHTIB CTOITB JI0 %), TOOTO
x < p, abO OJWMH 13 €JeMEHTIB CTOITH IicadA ¢y, TOOTO ¢ < Y, abo 0OUABa eJICMEHTH
CTOATDb MIXK 1) 1 14, TOOTO p < o < y < ¢. fKI110 0O/1Ha T1apa i3 1iel rpynn yTBOpIoBaJIa
iHBepCiIo B crapiil 1epecTaHoBlll, TO BOHA 3HOBY Oyl yTBOPIOBATH 1HBEPCIIO B HOBI
IIEPECTAaHOBII, a SKIIO HE yTBOpIOBaJa, TO 1 yTBoptoBaTu He Oyme. OrxKe Il mapu
Oparu J10 yBaru He OyjieMo.

Ho apyroi rpynu Bignecemo napu {ip, iy}, p <y < ¢, Hexail i3 HUX Ny Hapa
YTBOPIOE 1HBEPCIIO, & No Tapu HEe YTBOPIOIOTH, N1 + Mo = q — p — 1.

Ho tpersoi rpymnu Bimmecemo {iy, i}, p < & < ¢, Hexail 13 HuX My Hapa
YTBOPIOE 1HBEPCIIO, a Mg Mapu He yTBOPIOIOTH, My + Mo = q — p — 1.

Yersepra rpyna cKIaaeTbes 13 ouiel napu {iy, i,}.

[Ipocaigkyemo 3a 3MIHOIO KIJTBKOCTI 1HBepCiit B mapax i3 JApyroi, TPeThol Ta deT-
BEPTOI T'PYIL.

Bcei napu i3 jipyroi Ta TpeTbol IpyIiu, 110 YTBOPIOBaJIM IHBEPCIIO, NepecTasin 11
YTBOPIOBATH, & Ti HapH, IO HE YTBOPIOBAJM, cTaju yTBopioBaTH. OTKe KIIHKICTH
iHBepcCiit Oy/1a B IUX JIBOX IPyIax a = mj + ny, a crajga b = mgy + ny. OCKIIbKH

a+b=mi+me+n+n=2(q—p—1),

TO IApHICTb Ynces a 1 b ojiHa 1 Ta XK.

Axmo napa {iy, i,} yTBOpIOBasa iHBEPCiO, TO MCIA MEPECTABISHHS TTEPECTAA
yTBOPIOBATHU, & $IKIIO HE YyTBOPIOBaJa, TO IICJsl lepecTaBiisHHs Oyje yTBOpIOBaTH
inBepcito. OT oIg iHBepcid, AojaHa UM BIIKMHYTA, 1 3MIHUTH MMapHICTH KIJIHKOCTI
1HBEPCIi.
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Teopemy j0BeieHO.
]
Hacuiijikom J1oBej1eHO0T BJacTUBOCTI iHBEpCiii Oy/ie Te, 1110 3HAI0Y1 K1JIbKICTh IHBEpCiii
MOKHa CKa3aTH, TapHa MiJCTaHOBKA UM Hi:

Hacaimok 2.2 Ilidemanoska napra modi i miavku modi, KoAu 6 cmandapmHomy
3anuct 060Ma PAJKAMU, HUNCHA NEPECTNANOBKA MAE NAPHY KIALKICD THEEPCIT.

2.6 Ilo/ijaiHilHICT, BU3HAYHUKA

BusnayHuk € pyHKIIOHAJIOM BiJi CTIIBKOX 3MIHHUX, CKIJIbKK PsAJIKIB B MATPHII,
1 BIH Ma€ BaxKJIUBY BJIACTUBICTb

Teopema 2.5 Busnaunur € AMHIGHUM GYHKULOHAAOM NO KOHCHOMY DPAIKY.

3aMICTb CJIB MHITHUT N0 KOHCHIT 3MIHHIT BYKUBAIOTH TEPMIH N0ALATHITHUT.
JoBenennsi. CriouaTKy JIOBEJIEMO JIHIAHICTD 3a HEPIIUM apl'yMEHTOM.
[Tputycrumo, 1o nepiiuit psijiok a1 € JiHIHHOI KOMOIHAIIEIO TEBHUX JBOX PsIJIKIB
ay, aj
a; = \ay + pay.
Toi
n n
det(dl, C_LQ7 ce ,C_Ln) = Z(—l)”laul\%i = Z(—1)2+1(>\&/11 + ,UCLIIIZ)MM =

i=1 =1

=2\ (1) ey My + Y (1)l My, =
=1 )

=1
= Adet(a), as, ..., a,) + pdet(al, as, ..., a,).

JIiHIfiHICTh BU3HAYHMKA 110 1IEPIIOMY apryMeHTY JIOBeJIeHa.

[I10o6 mepekoHATUCS B JIIHIKHOCTI BUSHAYHUKA 32 Oy/Ib-SIKUM 1HIITUM apryMeHTOM,
MOTPIOHO PSAJIOK 3 BIIMOBITHUM HOMEDPOM TIOMIHATH MICISIMU 3 TIEPIIUM (BU3HATHUK
SMIHUTH 3HAK HA TTPOTUIIEKHUIT ), CKODUCTATHCS JIHIIHICTIO 32 TIEPITIM apryMeHTOM,
a 110TIM IIOCTaBUTH PsAJIOK Ha CBOE Micle (3HAK BU3HAYHUKA BIHOBUTHCS ).

OT:ke, TOMIIHIAHICT BU3HATHUKA JIOBEEHO.

2.7 EnemeHTapHi mepeTBOpeHHs pAaKiB marpuili. O64uncjaeHHdS BU3HAY-
HUKa MeTosioM 'ayca

€ Tpu TUIIK eJIeMEHTapHUX MePeTBOPEHb PSIAKIB MaTPHII:
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® TIepEeCTABJIAHHS JIBOX PSJIKIB;
® MHOXKEHHS PAJKA Ha HEHYJIbOBE YUCJIO;
® Ji0JlaBaHHs JIO OJIHOI'O PsiJiKa, 1HIIOI'O, IOMHOXKEHOI'O Ha Oyjib-siKe YUCJIO.

BigmMiTMmo, SIK 3MIHUTHCsI BU3HAUHUK MaTPUIL, SIKIIO /10 11 PsIiJIKIB 3aCTOCOBAHE
OJIHE 13 eJIeMeHTapHUX [1ePETBOPEHbD.

Teopema 2.6 fHxwo dsa padku 3adanoi mampuyi NOMIHAMU MICUAMU, MO GU3-
HauHuK odepocanoi mampuuyi byde 610pI3HAMUCA 610 BU3HAYHUKA 3604HO0T MAMPULL
AUWLE BHAKOM:

det(...,di,...,dj,...):—det(...,ai,...,dj,...). (11)

}Z’}CWO p,}laO?ﬁ Mampuuz nomMuodcumu Ha 4YuUcao, Mo 6U3SHAYHUK TNMOMHOHCUIMBCA
Ha ye Yucno, mobmo

det(..., \as,...) = Adet(....,a,...). (12)

Hrxwo do odnozo padka mampuui dodamu 0ydo-axuti 1HwUt, NOMHOACEHUT Ha
0Ydv-AKe YUCA0, MO BUSHAYHUK MAMPULL HE 3MINUMBCA, MOOMO

det(...,a; + Aaj,...,a;,...) =det(...,a;,...,a;,...). (13)

HoBenenns. Biacrusicrs (11) o3navtae aHTUCUMETPUIHICTD, siKa, BXKe JIOBEJICHA.
Buiacrusicrs (12) o3Hadae 0J{HOPIJIHICTD, K& € CKJIAJ0BOI0 YAaCTUHOIO JiiHifiHOCT], i
TeXK BKe JIOBEJICHA.

Jlutmmsocs nepesiputu Bukonanns (13). st 115010 cKOprucTaEMOCs aJIMTHBHICTIO
1 OJIHOPIJIHICTIO BU3HAYHNKA, 38 KOYKHUM PSIKOM:

det(...,a;,+Aaj,...,a;,...)=det(...,a;,...,a;,...)+det(...,Aa;,...,a;,...) =

=det(...,a;,...,a;5,...)+ Adet(...,a;,...,a;,...).

[ 3aBepIMMO JIOBe/ICHHST IOCUTAHHSM Ha Te, 110 BusHadnuk det(...,a;,...,a;,...)
3 JIBOMa OJIHAKOBUMU PsAJIKAMU JIOPIBHIOE HYJIIO.
]

Metona TI'ayca obuuc/ieHHs BUSHAUHUKIB 110JISIFA€ B TOMY, IO €JIEMEHTapHUMU
MEePEeTBOPEHHSAMU PSJIKIB MaTPUIlS MPOBOJUTHCS JIO BEPXHBO-TPUKYTHOT'O BUTJISLY,
YU JI0 BUTJISTY, Jie MATPUTIT Ma€ HYJIbOBUHN PAJOK. B mepIinoMy BUMaJIKy BU3HATHUK
0JIepyKaHOl MaTpHUIll JIOPIBHIOE JIOOYTKY JllarOHAJbHUX €JIEMEHTIB, a B JIPYIOMY —
nyJifo. [IpociiijikyBaBiiim, sik 3MIHIOBaBCs JIETEPMIHAHT MaTpUIlb 111 4ac eJieMeH-
TapHUX MEePEeTBOPEHDb, 3HaXONMO BU3HAUHUK MATPUIII.
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IIpuknan. Hexait norpibno obunciauru det A, ne

1 5 5 2

3 -1 =20
A pr—

2 6 6 1

-3 0 0 5

BigniMaroun Biji JApyroro psijika IMepiinii, TOMHOXKEHUN Ha 3, BIJHIMAlOUYM Bij
TPETHOTO PsiJIKa MEePITUil, TOMHOXKEHUN Ha 2 1 JI0/IAI09H JIO Y€TBEPTOTO PsijIKa EPIINii,
moMHOXKeHHi Ha (-3) (TOOTO BigHIMAIOYM TEpITHil, MTOMHOXKEHA Ha 3), 0JICPKYEMO
MaTPUITIO

1 5 5 2
0 —-16 —17 —6
Al = s det A = det Al.
0O 4 —-4 -3
0 15 15 11

B marpumi A; BiJg Apyroro psiika BiHIMEMO TpPeTiil, IMOMHOXKeHUi Ha 4, a J10
4eTBEepTOro JI0JaMo Tperiit nomuoxkenuit na 4. Onep:xkumo marpuio As:

15 5 2
0O 0 -1 6
AQZ , detAgzdetAl.
0 -4 —4 -3
0 -1 -1 -1

AKImo Bij Tperboro psijika mMarpuii Ao BIIHSITH deTBepTHii, TOMHOXKEHUI Ha 4,
TO OJEPKUMO MATPHUINO As:

I 5 5 2
0 0 -1
Ag = , det A2 = det Ag.
0 0 0 1
0 -1 -1 -1

[TepecraBumo Tenep B MaTpuili Ag psijiKu, CIIOYATKY ITOMIHSIEMO JIPYTUAN PsIOK 3
YeTBEPTHUM, a TOTIM deTBepTnii 3 TperiM. O1epKUMo MaTpPHILo

15 5 2
0 -1 —1 —1
Ay =
00 —1 6
00 0 1
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OCKIIbKY MU JIBIYl MOMIHSIJIA PSIIKKA MICISIME 1, BIJIIIOBIJIHO, JBIUl 3MIHHJINA 3HAK
BU3HAYHUKA, TO BU3HAYHUK He 3MiHUBCs. OTKe

det A3 = det As.

Marpuns A3 BepXHBO-TPUKYTHA, TOMY 11 BU3HAYHUK JIOPIBHIOE TOOYTKY Jiaro-
HaJIbHUX ejieMeHTiB, To06TO 1. 3BijicH 0/IePKYEMO

det A = 1.

st aucyioBux marpuiib BijloMmoro posmipy mero); [ayca dpopmaJiizoBanuit, itoro
MOYKHA PO3IVISIATH K YITKHI aJTOPUTM, B SKOMY MOXKHa 00iIiTHCS Oe3 BraJlyBaHb,
3710ra 10K Ta 1moj1iororo. OiHaK BUSHATHUK MaTPUII, eJIeMeHTaMu SKOI € IIeBHI BUpa3n
(MHOTOUJIEHH, APOOH,...) 1 PO3MIP MaTpHIl € MapaMeTpoM 3aJadi, CKaxKeMo 1, T/l
dbopmasizoBanmii METO He Mpalioe. AJie PUBEIEHHS MATPHIIL 0 BEPXHBO-TPUKYT-
HOTO YU JI0 HMKHBO-TPUKYTHOTO BHUJLy €JeMEHTAPHUMU IMEePETBOPEHHSIMU PsJIKIB
MOKJIVBE.

ITpukaama. Hexait 1norpiOHO 0OYMC/UTH BU3HAUHUK, SKUH Ma€ 1 PsIKiB 1 n

CTOBIIUYUKIB:
111 . 1
1 01 . 1
d=111 0 . 1
111 ...0

BignimMaroun mepmuii psAgoK BiJi PEIITH PAJIKIB MU OJEPXKUMO BEPXHLO-TPUKYTHY
MAaTPHITIO 3 TUM K€ BU3HAYHUKOM:

1 1 1 1
0 -1 0 ... 0

d=10 0 -1 ... 0 |=(=1)""
00 0 ~1

2.8 4dBra dopmyna aasa obunciieHHS BU3HAYHUKA

Hexaii 3agana Matpuiisgs A posMipy 1 X n, sika, CKJIAJaeThes 3 PsIKIB

dl = (CLH, aio, ..., aln)
a; = (ag,am,...,an)
an, = (anln Ap2,y - . aann)-

[Toznatuumo vepes S, MHOXKHUHY BCiX IiJICTAHOBOK 1. €JIEMEHTIB.

23



Teopema 2.7 fsnoro popmyroro s obuwucienna eusnaunura mampuyi A e

det A = Z SigD(U)alila%Qagig ce Qg (14)
0:( 12 ...n )GSn

1102 ... 0n

Hoseneuns. losegemo dhopmyiy (14).
BsejiemMo nosnadennst st psijIKiB JIOBXKUHM 7, 110 MAIOTh OJHY OJMHUIIO, & PeIlTa
eJIEMEHTIB — HYJI1:

BI/IKOpI/ICTOByIO‘{I/I Hi IIOBHAQYEHHA MKW MOXKEMO 3alliCaTu
n
C_LZ' = E Clijé]’.
J=1

Kopucrtyiounch moMTiHIAHICTIO BUBHATHIKA MU MOXKEMO 3aINCATN

n n n
det A = det(dl, as, ..., C_Ln) = Z Z . Z a15,A2j, - - - Anj, det(éjl, éj2, ceey éjn)
1=1j2=1 Jn=1
(15)

Axio cepes pAaKiB €, , €5y, - . - , €j, € OMHAKOBI, TO det(€j,, €j,, ..., €; ) = 0. dxmro
»K BOHH BCl PI3HI, TO
det(é;,, €j,, ..., €, ) =signo,

(1 2 ... n)
oc=1. . .
Ju J2 -+ In

Omke, micast BiIKHgaHHs HyJIbOBUX J0J@HKIB (opmysa (15) neperBopioerhest y

dbopmyary (14).
Teopemy m0BeIeHO.

Je

m
IIpukaazna. Hexait € marpuns Agyg. Bijgomo, 1110 106yTok

A150274320,905,061A73086094

BXOJIUTH JIOJIAHKOM Y BU3HAUYHUK I1i€1 MaTpulll. BusHauuru, YoMy JIOPIiBHIOIOTH T, Y 1
3 dKWM 3HAKOM Ieit JOOYTOK BXOJAUTH Y BUZHAYHUK — 13 CBOIM UM 3 TTPOTHUJICKHUM.
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st po3B’sI3yBaHHs MUINEMO MiJICTAHOBKY, sIKa BiJIOBIIaE TOOYTKY

123256789
57294y 136 4)

OCKiNbKY TiIcTaHoBKA € 6ieKTUBHUM Bijobpaxkenusam muoxkunu {1,2,3,4,5,6,7,8,9}
B cebe, TO 1 y BEPXHLOMY PSIJKY 1 B HI2KHBOMY PsiJIKY IIOBHHHI OyTH IPUCYTHIMU BCI
eJIEMEHTH I[I€1 MHOXKHUHW 1 JIMIIE 110 OJHOMY pa3dy. ¥ BEPXHbOMY PsJIKY BiJICYTHE
qucyo 4, a B HmkHbOMY 8. OTIKE

1 IMJICTAHOBKA Ma€ BUTJIA]

(1234567589

T \5h 72981364
[nBepcisimu B HUzKHBMO Dsijiky OyayTh {5,2}, {5,1}, {7,2}, {7,1}, {7,3}, {7,6},
{7,4}, {2,1}, {9,8}, {9,1}, {9,3}, {9,6}, {8,1}, {8,3}, {8,6}, {6,4}. Bevoro

maemo 16 imBepciit. OTke, mijicTAHOBKA IapHa 1 JOOYTOK BXOJHUTHb y BU3HAUHUK 13
CBOIM 3HAKOM, sign o = 1.

2.9 Bwu3HavyHUK TPaHCIIOHOBAHOI MaTPWUIIi

Teopema 2.8 [Ipu mpancnonysanmi BUSHAYHUK MAMPULL HE BMIHIOEMBCA, MOOMO
koau A — xeadpammna mampuus, 1 AT mpancnonosana do nei, mo

det A =det AT, (16)

Hosenaennsi. [losnaunmo rpancrnonoBany 10 A marpuiio upes B, Ha nepeTuti
i-TO PsAJiKa Ta J-T'O CTOBIYUKA MaTpuli B cToiTh enxeMent b;; = aj;. CkopucraeMocs
sIBHOIO (DOPMYJIOO JIjIsI OOUKMCJICHHSI BUSHAUHUKIB

det B = Z sign (o )b, b2iybsis - - - bpi, =
U:( 12 ..n )eSn

1192 .. .00

= E sign(a)aillamaigg e Qip =
a:( L2...n )ESn
1122 ...1n
= E sign(a)aillaiggaigg e Qyn = det A.
_( inig...in
U_( 12 ...n )ES"

Tyt Mu ckopucranuca Tum, mo sign(o) = sign(o1).
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Hacaigok 2.3 Busnaunuk mampuui A modcha 064ucAos8amu po3kAGOGHHAM 30
NeEPULUM CMOBNYUKOM, MOOMO

det A = (—1)i+1ai1]\_4i1. (17)
i=1
1 30 OYdb-AKUM CMOBNYUKOM, THOOMO

ITpuknamu. 1. Buznaunuk

2 5 7
d=1]-3 40
a b c

3PYYHO OOUKCIIOBATH PO3KJIAJIEHHSIM 32 TPETIM PSIIKOM:

5 7 2 7 2 5
_(_1\143 1243 C1\343 _ _
d=(—1) a|4 O‘Jr( 1) b‘ 3 0‘—1—( 1) c' 3 4‘ 28a—21b+23c.
2. A BuzHauHUK
2 a 7
-3 b 0
0 c 1

3PYyUYHO OOUKCIIOBATH PO3KJIAJIECHHSAM 38 JPYIUM CTOBITYUKOM:

-3 0
0 1

2 7
01

2 7

_ 2
d=(—1) a| “3 0

|+(—1)2+2-b-‘ ‘+(—1)3+2-c-‘ ‘ = 3a+2b+21c.
[iakosin O6yBae 3pydHO CIPOCTUTH BU3HAYHHUK, PO3KJIABIINA HOr0 3a CTOBITYUKOM,
sSIKMi Ma€ DaraTo HyJIbOBUX €JIEMEHTIB, a MOTIM y>Ke 00UMCJIIOBATH.

ITpukmang. Ob6qucauTn BUBHAUYHUK

711 3 0 5 0
29 7 5 1 7 9
31 7 40 2 1

=1 911 6 0 3 0
31 305 0
922 -1 0 -2 0
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B npoMy BU3HAYHUKY B 4-My CTOBIYUKY CTOITH JIUIE OJUH HEHYJIHOBUIN €JeMEeHT

— omHuIs B apyromy psaaky. Omxe nepeji 00UNUCIeHHSIM JIOPETHO PO3KIACTH et

BU3HAYHUK 38 eJIeMeHTaMi 5-10 ¢roBIauKa. O1epxKyeMo

-7 11
31 7
-2 11
3 1
-9 22

d = (_1)2+4

3
—4
6
3
—1

5 0
2 1
3 0
5 0
-2 0

B onepkanoMy BU3HAYHUKY O-§i CTOBIYUK Mae€ JIUIIE ONWH HEHYJbOBUI €JeMEHT,

oT2Ke ,ZLOH‘iJIbHO 3HOBY PO3KJIaCTH BU3HAYHUK 3a €JIEMEHTaMN D-TO CTOBITUYMKA.

—7 11
-2 11
3 1
-9 22

d

(_1)2+5

3

6

3
—1

o}

3

ot
—2

3BepTaeMo yBary Ha Te, MO B OJIEPXKAHOMY BHU3HAYHUKY B JPYTOMY CTOBITIHKY

crodaTh 11, 111 22, a 11e J03BOJISE IO CIPOCTUTHU JPYTUii CTOBIYKK. BigHiMaeMo Bi

JIDYTOT'O psiJIKa MEPIInii 1 BiJ| 4eTBEpTOro BiHIMaEMO 1oiBoeHm# nepiinii. O nep:Kumo

-7 11 3 5

5 0 3 =2
d= —

3 1 3 5

5 0 =7 —12

Tenep gpyruii CTOBITYMK BUBHAUHWKA MAE JIBA HEHYJILOBI €JIEMEHTH 1 MOXKHA PO3KJIACTH

BU3HAYHUK 3a APYI'UM CTOBIIMMKOM

~7 11 3 5
5 0 3 -2 o8 2
=(-D)"*.11-/3 3 5

3 1 3 5
5 —7 —12

5 0 —7 —12

-7 3 5
5 3 =2
5 —7 —12

+(_1)2—|—31

BusHnaduHuky TPETOro mopsiJiky MOXKHa IijpaxyBaTu 3a rnpasusiom Capproca

5 3 =2 -7 3 5
3 3 5 | =250, o 3 =2 | =250.
5 —7 —12 5 =7 —12
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Tenep Mu MOXKe€MO OOUYUCIUTH 3HAUYCHHS d:
d = —(—2750 — 250) = 3000.

Takoxk 3a JIOMOMOTOI0 3MEHIEHHST TOPSJIKY BU3HAUHUKA (3MEHIICHHST PO3MIpY
MaTPHIL, BiJ[ sIKOT MJIPAXOBYETHhCS BUSHAYHUK) MOYKHA OOUMCIIUTH BU3HAUHWUK 71-T'0
HOPSIJIKY.

ITpuknamx. O6uncIMMO BUSHAYHUK MATPUILL

x y 00 0
( )
0z y 0 ... 0
00 zy ... 00

o O

\y 000 ...0 z )

[Tpu poskJiajilanti BUBHAUHUKA 3& €JIEMEHTaMU HEPIIOro Psijika, MU OJIEPXKYEMO JIBa,

nxn

HEHYJIbOBI JIONOBHIOBaJIbHI MiHopu M1 Ta M. Ilepimmit M, € BUBHATHIKOM BEPXHBO-
TPUKYTHOI MaTPHIl, BIH JIOPIBHIOE JIOOYTKY JilarOHAJIbHUX €JIEeMEHTIB, TOOTO

xry 0 ... 00
Ozy ... 00
000 ... 2y
000 0 x

(n—1)x(n—1)

a Jpyruiu Mlg Ma€ B ILEPLUIOMY CTOBIYUKY €JUHUI HEHYJbOBUN €JI€eMEHT — Y B
OCTAaHHBLOMY psJIKy. Pozkiagatodn 1eit MiHOp 3a eJleMeHTaMy TePIIoro CTOBITYNKA,
OJIEPIKYEMO BU3HATHUK HUKHBO-TPUKYTHOI MATPHUILL (110 jiiaroHasii ¢ToiTh y), Mo Mae
n — 2 psagkn. Orxe,

My = P _
71000 ...y 0
000 ...2y
y 00 ... 0w (n—1)x (n—1)
y 0 ... 00
zy ... 00
00 ... y0
00 .. (n—2)x (n—2)
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TaKI/IM Y1MHOM, OTPUMYEMO
det A = xMyy — yMip = 2" —y(=1)"y" " = 2" + (=1)""y".

Hacainok 2.4 Hacaidkom mozo, wo 6u3HavHuK Mampui dopieHIOE BUSHAYHUKY
MPAHCNOHOBANOT MAMPUYL, € MONCAUBLCTD POOUMU EAEMENMAPHT NEPEMBOPEHH.A
CMOBNYUKIE MAMPUUL, 1+ NPU UbBOMY SUSHAYHUK 3MIHIOEMbCA Ak Hce, AK 1 NPu
CAEMEHTNAPHUT NePEeMBopennaT padxkie (dus. meop. 2.6)

Hacaigok 2.5 Hexatl mampuus A mae po3mip nXn i ay, s, . .., 0y, ¥i Crosnyuk.
Arugo dsa cmosnwuku 3a0a10i MAMPUYE NOMIHAMU MICUAMU, TO BUSHAYHUK 00ep-
otcanoi mampuii byde s10pI3HAMUCA 610 BUSHANHUKA 3A0AHOT MAMPULL NUULE 3HAKOM.:

detA:det(...,di,...,dj,...):—det(...,di,...,dj,...). (19)

ﬂ%’l@O cmosnviur .Mampuuz nomroANcumu Ha YUCA0, Mo BUSHAYHUK NOMHOHCUITNOCA
Ha Ue Yucro, mobmo

det(..., Aai,...) = Adet(....a,...). (20)

Hrxwo do 0dnozo cmosnuura mampuii dodamu 6ydv-Axutl THWUT, NOMHOHCEHUT
Ha bYydv-AKe YUCAO, O GUSHAUHUK MAMPUYL HE 3MIHUMBC, MOoOMOo

det(...,ELZ'—I—)\ELJ',...,dj,...):det(...,di,...,dj,...). (21)

Bxazanwnit Haci/TI0K TO3BOJISIE€ B METO/Il TPUBEJIEHHST MATPHUTIL 10 HUKHBO-TPUKY T-
HOTO YW BEPXHBO-TPUKYTHOTO BUTJISA/Y BUKOHYBATH K €JeMEHTApHI MepeTBOPEHHS
PSAJIKIB, TaK 1 eJleMeHTapHl MePeTBOPEHHS CTOBIYMKIB, CJJKYIOUH, 3BUYAWHO, 34
3MIHOIO BU3HAUHUKA.

ITpuknamx. O0UnCIUTU BUBHATHUK

a r T ... X
r ay <« x
d=|x* x az3 ... x
r T T ... Gy

Bignimemo nepimii psioK i3 pemTn psjIKiB, IPpH IbOMY BU3HAUHUK HE 3MIHUTHCS:

a x x T
r—a; ay—T 0 0

d=|x—ay 0 as—T ... 0
T — a 0 0 ce. Qp — T
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Hacrymaum KpoKoM Mu BUHECEMO 13 IIEPIIOTro CTOBITYNKA MHOYKHHUK (] —X, 13 JIPYTOTO
(s — T, 13 TPETHOro ag — T, 1 T.ji. B nijicyMKy oJ1ep>Krmo

a1—xr ax—xr az3—xr ' ap—T
—1 1 0 0
d= (a1 —z)(ag —z)(ag—x)...(ay—2z)| =1 0 1 0

-1 0 o ... 1

B ojep:kaHoMy BU3HAYHUKY JIO HEPINOrO CTOBITYUKA JOJIAEMO PEIITY, OJIEPXKYEMO
BEPXHBO-TPUKYTHY MATPHILIO, 110 JO3BOJISIE OOUUC/IUTH BU3HATHUK:

n n

aq i
St | ol e D

1=1 1=2

2.10 PekypeHTHi cHiBBiIHOIIIEHHHA

PosriisineMo Bunajok, KoJji 1oTpidHO OOUMC/IMTH BU3HAYHUK MATPHUIL 11€BHOI'O
30BHINIHBOTO BUJIY PO3MIPY N XN He IIPHU OJITHOMY 3HAUEHHI 71, a IPH BCIX HATYPAJbHUX
3HAUEHHSX, YW TPU BCIX JIOCUTh BEJIMKUX. B TakoMy BUNAJKy MOXXHa BIJIITOBIIH
(nmykaHuil BABHAYHUK ) MO3HAYUTH Yepe3 d,, CTBOPUTH MOCJIJIOBHICTD

di, do, d3,...,d,,... (22)
MIOTIM 3HAWTH 3aJIeXKHICTH

dy, = f(dy_1,dp_2,...), (23)
naui, obuncsusiy dy,dy,... TPU MaJUX 3HAYEHHsIX N, 1 BUKOpUCTOBYIOun (23),

3HAXO/ATE d,.
IMpuknazn. O6uncaurn BusHauHuK (n + 1)—mopsjky

ag a ag ... Qp—1 Qap
—Yy1 I 0 0 0
0 —y x 0 O
dn—|—1 = . ? :2
0 0O 0 ... z,1 O
0 0O 0 ... —y, x,

CriouaTky 00IMCIMMU BUSHATHUKY d,, 11 TIPU MAJINX 3HaUeHHsiX n, Tooton = 0, 1, 2.

dl = ayp, d2 = T1Qgp + aiyi, dg = X1T2Q0 + a1Y1xo + asy1Yys.
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Jani OyjemMo IIyKaTh peKypeHTHE CHiBBIIHONIEHHS — sIK 3HANTH BU3HAIHUK (1 +
1)—ro nopsijiky, $IKIO BUZHAYHUK N—I0 MU y>Ke BMieMo obuucioBaru. Jljist poro
PO3KJIaIEMO BU3HAUYHUK 3a €JIEMEHTaMU OCTAHHBLOI'O Psijika. B 1bOMY PsJIKY JiBa,
HEHYJIbOBl €JIEMEHTH TIePeJIOCTAHHIN Ay y1, = —Yp 1 OCTAHHIN Qpqqpp1 = Tp. OTKe

dn+1 — (_1>n+n+1(_yn)Mn+l,n + xn(_l)n+1+n+erL+1,n+1 — ynMn,n+1 + xndn

Minop Mn+1’n OOYUCITIOETHCS, OCKIJIBKA B OCTAHHBOMY CTOBITYUKY CTOITH €IMHUMN
HEHYJIbOBUM €JIeMeHT @, a MICJAd BUKPECJIOBaHH:A IepIIoro psjka 1 OCTaHHbOI'O
CTOBIYNKA OJIEPYKYETHCS BEPXHBO-TPUKYTHA MaTPUIls, Jie Ha TOJOBHIN JllaronaJsi
CTOSATH —Y1, —Y2, .-+, —Yn_1. LOMY

v _ 1+n rlnt+1l n+1 _
MTH—LTL - (_1) anMn,nJrl - (_1) an(_yl)(_y2) <. (_yn—l) = apY1Y2 - " Yn-1-
Terep Myu MOXKEMO BHUITHCATH PEKYPEHTHE CIIBBIIHOMIECHHS JIJis BUSHAYHUKA (1

dps1 = 1Y . . . Yp + Tpd,. (24)

Ko Bijiome pekypeHTHE CIiBBIJIHOIIEHHsI, TOJI MOXKHa, BraJaTu BiIIOBI/Ib

dpt1 = QpW1Y2 - - Yn + Qe 1Y1Y2 - - Yp—1Ty + ... + QOT1T2 . .. Ty =

n
- 5 agyiy2 - - - YenIp-1-- - Tn—k-
k=0

1 joBeCTH 11 METOIOM ITOBHOI MATEMATHIHOI IHAYKIHT. A MOXKHA BAITMCATH TOCI1JOBHICTH

PEKYPEHTHUX CHIBBLIHOIIEHD:

dn—|—1 = apY1yY2---Yn + xndn
dy = Qu1Y1Y2- .. Yn—1 + Tp_1dy—1
dp-1 = An-1Y1Y2 - .- Yn—2 + Tp_2dp_2
ds = asyrys + Tads

MOMHOYUTH JIPYTY PIBHICTH Ha Tp, TPETIO PIBHICTH HA TpTp—1 1 T.JI., 1 BC1 OepXKaHl
piBaocti jnogaru. Ilpu npomy ckoporsithest d; 371iBa 1 cripaBa npu ¢ = 3,4,5,...n.
Olep>KUMO TY 2K BiJITIOBIIb.

Buznavennsa 2.10 [locaidosricms, dis AKoi icHye pexkypenmme cni6eioHoULeHH.A,
HA3UBAEMBCA PEKYPEHMHO0I0 GO0 PEKYPCUBHONO0.

[3 MKITBHOrO KypCcy MaTeMaTHKH BiJIOMI JIBl peKYPEHTHI ITOCJIIOBHOCTI Qq, G1, A9, . . .
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e apudMeTHUHA IIOC/1I0BHICTD 3a/I0BOJIbHSAE PEKYPEHTHE CIIBBIIHOIICHHS Oy 11 =
ay, + d, Tuciao d Ha3WBAETHCs PIBHUICIO apU(DPMETHITHOI TTPOrPeciT;

® reoMeTpHUYHA IIPOrpecis 3aJI0BOJIbHSE PEKYPEHTHE CIIBBIIHOMIEHHS Qpy1 = ¢ -
Gy, YUCJIO ¢ HABWBAETHCS 3HAMEHHUKOM T'€OMETPHUIHOI TTOCI1IOBHOCTI.

[Ipu obunc/ieH] BU3HAYHUKIB YaCTO BUHUKAIOTD JICIIO CKJIa IHIII PeKyPEeHTHI TOCI1 0B~
HOCT1 — TaK 3BaHI AMHITHI PEKYPEHMHL CNIBEIIHOWEHHA 2AUOUHY K, BOHU 38J0BOJILHSIOTH
PEeKypeHTHe CIIBBIIHOIIEHH A

Aptk = O Ap4k—1 + QA2Qn4k—2 + ...+ arag,

Je i, gy ..., o — arcia i o 7 0. st Takiux pekypeHTHUX M0CJI1I0BHOCTER 1CHYy€E
dbopmysa 7Tt 3araabHOTO WieHa a, (muB. |2]). Haiiaxkimpinmmit 1is BUBHAYHUKIB
BUTIAOK k = 2 po3ryistieMo OLIbIT peresibHo. OTKe, MaeMo MOCJIiIOBHICT aq, A1, A9, - - -,
s1Ka, 3a/I0BOJILHSE CIIIBBIJIHOIIEHHSI

p+2 = Q10p11 + Q20y, a2 ?é 0. (25)

Bumnajiok ae = 0 He po3rJisiJIa€ThCsi TOMY, 110 TOJI1 TOCJIiJIOBHICTH € IPOCTO I€OMETPUIHOIO
TIPOTPECIEIO.

3’s1cyemMo, siKi HenynboBi reomerpuani mporpecii C'q",n = 0,1, 2, . . . 3210BOJILHSIIOTDH
pekypenTHe criBigromenns (25). s mporo migcrasisiemo B (25) esieMenTH porpecii:

Cq""? = a,;Cq"™ 4 ayCq". (26)

OCKIJIbKM MW PO3IIIsIaEMo HeHy hoBi mporpecii, To C' # 0, ¢ # 01 (27) moxkna
CKOPOTHTH Ha cq" 1 IepeHecTr BCl JOAaHKN BJIIBO:

¢ —ong —as = 0. (27)

Mu jioBesin HacTyIHY Teopemy

Teopema 2.9 [eomempuuna npozpecia 3a006046HAEC PEKYPERIMHE CNIBELOHOWEHHA
(25) modi i miavku modi, Koau 3HaMEHNUK Uici Npoepecii € Kopernem max 3641020
TAPAKMEPUCNUYHO20 DIBHANMA

r? — a1z — ay = 0. (28)

Hajii 3’sBJSIIOTHCS JIBI MOMKJIMBOCTI — KOPEHI XapaKTePUCTUIHOI'O PIBHSHHS abo
OJIHaKOBi abo pisHi. Bumaiok, Ko/ PIBHIHHS HE Ma€ PO3B SI3KiB, HE PO3IVISIAEMO,
OCKUIBLKN OOUNCIEHHST MOXKHA MTPOBOAUTH B OLIBIIT MIUPOKOMY YMCJIOBOMY TIOJI (CKa-
JKEMO, B 110J11 KOMIIEKCHUX YHCEJT), IIPU [bOMY Pe3yJibrar Oyjie HajaexaT M04aTKo-
BOMY UHCJIOBOMY TIOJIO (CKaXKeMO, TOJTIO JIHACHIX THUCe).
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Poarisiaemo nepiiuii Butialok — KOpeHi g1, ¢ piBHstHHs (28) pisHi, ¢1 # ¢2. B
IIbOMY BHIIAJIKY PEKYDPEHTHE CIiBBiHOIIEeH ST (25) 3a/10BOJIBHSIOTH JIBI TeOMETPHYHI
nporpecii a, = C1qf i a, = Cyq}. Baranpauii 4jieH peKypeHTHOT MOCJIiJOBHOCTI
IIYKAEMO y BUIJISII CYMM 3arajbHUi 1IeHIB mux nocjiijgoBaocteil. Leit dpakr cdop-
MYJIIOEMO Y BULJISIJI TEOPEMU.

Teopema 2.10 Ilocaidosnicms
a1,a9,a3, ..., 0n, - .- (29)

3adosoabrAE perypenmue cniesidnowenna (25) 3 pisHumu KopeHamu ¢, qa Tapak-
mepucmuunozo pistanna (28) modi i miavku modi, koau das dearxux wucea Cy, Co
1 ona ecixn=20,1,2,3,...

a, = C1q} + Caq5. (30)

Hoseneuns. Te, mo mocninoricTs i3 3aranmbauM wieHoMm (30) 3a10BOJbHIE
PEKypeHTHe CIiBBigHOmeHHs (25), BUIHO 13 TonepeHix MipKyBamb. Jlummuiocs 1o
BECTH, IO 1HINKMX IOC/IJIOBHOCTENR HEMAE, TOOTO Jijist Oy/ib-SIKOI MOCJI1IOBHOCTI, II10
3a10BosibHsAE (25), moxkua mipibparu C1, Cy rak, 1mob BrukoHyBasach piBhictsb (30).

[Tigbupaemo auciaa C1, Cy Tax, 1mo aBi nocaigoBrocTi — 3ajana (29) i

b, = Ciqy + Cagy

MaJIii OJHAKOBI JIBa IEpIINuX wieHd, ToO0To ay = by, a1 = by. s 11bOro cKjagaemo
PIBHAHHA

Cy 4+ Cy = Qy,

Ciq1 + Cagz = ay,

B sakux Hepigomi € Ch, Cy. BaBiasgku ToMy, 10 ¢ # @9, IS CUCTEMAa Ma€ 1 JI0 TOro XK
€JIMHUI PO3B’A30K.

Maewmo JiBi peKypeHTHi 10csiiioBHoCcTl @y 1 b, (n=0,1,2,3,...). Ockijibku BoHU
3aJI0BOJIBHSIIOTH OJTHE 1 T€ YK PEKyPEHTHE CIIBBIIHOMIeHHsT (TOOTO KOXKEH HACTYITHUIL
eJIeMEeHT Oy/TyeThCsI 13 Moepe THIX 3a OJTHIEH0 1 TiE0 K (HOPMYIION0), 1 B HUX 36iraloThCst
JIBa, TEPIIUX UJICHN, M MOXKEMO CTBEp/>KyBaTH, 110 a, = b, npuBixn =0,1,2,3, ...

Teopema joBejieHa.

]

IlepeiiiemMo 0 APYroro BHIIAJIKY, TOOTO JIO BUIIAJIKY, KOJU KOpeHi qi, o 30ira-

I0ThCsl — ITO3HAYUMO 1Ieil €unnit Kopiab q. B nboMmy Bumnajky 3a reopemoio Biera

a1 = 2q, Qg = —q2.

[Tepesipumo, mo Kpim reomerpuunol nocsijgosuocri C1¢", (n = 0,1,2,3,4,...)
PEKYPEHTHE CIIBBIIHONICHHsT (25) 3a0BOJIbHSE TAKOXK MOCJIOBHICTD 13 3araJbHUM
qiaeaom Cong™.
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CrpaB/ii, micTaBIsIeMO eJIeMEHTH T€l MocsIiI0BHOCTI B (25)
Co(n +2)¢"™? = a1 Cy(n + 1)¢" ™ + auCyng™.
[Tigcrasisiemo oy = 2q, as = —q°, OJAEPKYEMO
Cy(n +2)¢""? = (2¢)Ca(n + 1)¢"™ + (—¢*)Cang™ = Co(2n + 2)¢"** — Cyng™ ™,
[Ilo i moTpibHO OYJIO JIOBECTH.

Teopema 2.11 [locaidosnicmo (29) sadosorvnac pexypernmue cniesidnowenna (25)

3 PIBHUMU KOPEHAMU §1 = (2 = ¢ TAPAKMEPUCTUYHO20 Piehanui (28) modi i
miavku modi, koau das desxur wucea Cr, Cy 1 das 6cizn =0,1,2,3,...
a, = (Cy + Cayn)q". (31)

JoBenennsi. [loBejenns 1iel TeopeMy NPaKTUUHO HE BIIPI3HSIETHCS Bl JOBE-
JIEHHSI [IO1IePeIHbOT TeOPEMU JIJIsl BUIIAJIKY PI3HUX KOPEHIB XapaKTePUCTUIHOI'O PiB-
HIHHS, OJTHaK IIPOBEJIEMO HOro.

Te, 110 MOCJIOBHICTD 13 3arajbHuM dieHoM (31) 3aJI0BOJIbHSIE PEKYPEHTHE CITiB-
BljHOMIEHHs (25), BUJHO i3 Honepe/Hix MipKyBaHb. JIMIIKIOCs JOBECTH, 10 1HIINUX
MOCJT TOBHOCTEH HEMAE, TOOTO JIJIst OY/Ib-sTKOI MOCJIIOBHOCTI, 1110 3a10BOJIbHSE (25),
moxHa migibpatu C1, Cy Tak, mob BUKOHYBaJach piBHICTH (31).

[Tigoupaemo uncia Cp, Cy Tax, 1mo jBi nocigosrocri — 3a1ana (29) i

b, = (C1 + Con)q"

MaJIi OJHAKOBI JIBa IEpPIINX wieHu, To0To ay = by, a1 = by. s 11b0ro cKjagaemo

PIBHSIHHS
Cl = Qy,
Ci+Cy =ay,

B sikux Hesigomu € C, Cy. L5 cucrema mage 1 10 TOro K €IMHNN PO3B T30K.

Maewmo JiBi peKypeHTHi 1ocsijoBHocTi @y, 1 b, (n=0,1,2,3,...). Ockijibku BoHu
3aJI0BOJIBHSIIOTH OJTHE 1 T€ YK PEKYPEHTHE CIIBBIIHOMIICHHsT (TOOTO KOXKEH HACTYITHUIL
eJIeMeHT Oy/TyeThCs 13 monepe THIX 3a OJTHIEH0 1 Tieto K (HOPMYIIOI0), 1 B HUX 36IraloThes
JIBa, TIEPIUX TJIEHU, MA MOXKEMO CTBEP/I>KyBaTH, 110 a,, = b, npuBixn = 0,1,2,3, .. ..

Teopema joBejieHa.

|
Hagejiemo nipukJiajiu BUKOPUCTAHHS JIBOX OCTAHHIX TEOPEM.
IIpukmasmg 1. O6uncanT BUBHATHUK MAaTPUIL, KA MA€ N PSIAKIB 1 1 CTOBITYMKIB

320...0
132 ..0
d, =013 ...0
000 ...3

nxn
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3a osnauenusam, d, = 3My; — 2Mqs. Baunmo, mo My, = d,,_1 Ta

1 2 0 . 0 3 9 0
03 2 . 0 1 3 0
Mp=|01 3 . 0 — ‘ =d,_9
AU 00 ..3
n—2)x(n—2
000 ...3] (n-2)x(n-2)

Otrxke s d,, MAEMO pEeKypeHTHEe CIIIBBITHOIICHHSI
dn = 3dn—1 - 2dn—2
3 XapaKTEePUCTUIHUM PIBHSTHHSIM
2 _
r°—3r+2=0,

KopeHsimu ikoro € 2 1 1. Orxe 3a dopmysowo (30) aist geskux craaux Cq, Co

d, = Cy 4+ Cy2".
Crami C1, Cy 3HaAX0AMMO, O0UNCTIOYN BUSHATHUKN d1, do 1 CKJIaIAI0UN BlITOBIIHI
PIBHSAHHS:
d1:3:Cl+202, do =7 = Cq + 4C,.
Posp’sizytoun cucremy pisasiab 3uaxomanmo C7 = —1, Cy = 2. 3Bijcu ogepKyemo
B1JIIIOB1/Ib

d, =—1+ 2"+

IMpukmaang 2. O6uncanTi BUBHATHUK MaTPWUIIl, KA MA€ N PSIAKIB 1 1 CTOBITUNKIB

-2 2 0 ... 0
1 -2 2 ... 0
d,=10 1 =2 ... 0
o o0 0 ... =2
3a Busnauennsm, d, = —2M;; — 2M;s. Batuwmo, mo M, = d,_1, a B TIEPIIOMY

croBuuky Mo € eTUHWI HEHYILOBUI eJleMenT. Po3K1aaeMo MiHoOp 3a eJleMeHTaMu
MepIoro CToBmvuka i ogepxkyemo Miy = d,—s. Ormxke jis d,, MaeMO peKypeHTHe
CIIIBBIJIHOLLIEHHSI

dn — _an—l - 2dn—2

3 XapaKTePUCTUIHUM PiBHSIHHSM
2 _
x4+ 2x+2=0,
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sKe, Ha BIIMIHY BiJ[ TOIIepeIHLOI0 BUIIAIKY, He Ma€ JIMCHIX KopeHiB. loro kopeasamun
B TI0J1i KOMTIJIEKCHUX uncen € 1 = —1+i i gg = —1 —i (naragaemo, i2 = —1). Oxke
3a dopmyJiomo (30) juist pesikux cranux Cp, Co

dy = Cy(—1 +14)" + Co(—1 — i)™

Crami C1, Cy 3HAXOAUMO, O0UUCTIOYN BUSHATHUKHN d1, do 1 CKJIaIAI09K BlJIITOBIIHI
PIBHSIHHSI:

di=—2=C(~140)+Cs(~1—1i), dp=2=Cy(=1+0)>+Co(—1—1i)>

Posp’si3yrouu cucreMy piBHSIHB 3HAXOJUMO

1+ i —1
C) = Cy = .
1 5 2 5
3BIJICH OJIEPKYEMO BIJITOBIIH
1+ , T —1 .
d, = (—1+0)"+ (=1 —4)"

2

Ockinbkn

(1+i)(—1414) = -2, (1—-9)(—1—14)=-2,
TO BIJIIIOBIJIb MOXKHA IepernucaTu B KparioMy BULJI]
dy = —(—1+0)"F — (=1 —-9)""

3BepHeMoO yBary, 1o 1npu oyjab-gaxkomy n € N d,, € IificCHIM UM YUCJIOM, aJjie foro
3alllCAJ 3 BUKOPUCTAHHIM KOMIIJIEKCHUX YHCEJ.
IMpukmang 3. O6uncanT BUBHATHUK MaTPUII, KA MA€ N PSIAKIB 1 1 CTOBITYMKIB

210 0
121 0
d,=|0 12 0
000 ...2

3a o3nauennsim, d, = 2My1—Ms. Baunmo, o My, = d,_1, a B EPIIOMY CTOBITYUKY
My € euunii HenyJIbOBHl eJleMeHT. PO3KIIaIa€M0 MIHOD 38 €JIeMeHTaMU [ePIIoro
croBunka i onep:kyeMo Mis = d,,_s. Orke nist dy, MAaEMO PEKypeHTHE CIiBBiIHO-
TTITEHHST

dn = 2dn—1 - dn—Q

3 XapaKTePUCTUIHUM PIBHSIHHSIM
2 _
- —2x+1=0,
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ske Mae equnnii Kopinb 1. Orke 3a dopmysown (31) misa neskux cramux Cp, Cy
d, = (Cl + Ogn)ln.

Craui C1, Cy 3HAXOAUMO, O0UUCIIOIYY BUSHATHUKHU d1, do 1 CKJIaIAI0UK BlITOBIIHI

PIBHSIHHSI:

di=2=C1+Cy, do = 3 = C1 + 2C%.
Posp’szytoun cucremy piBusinb 3uaxomnmo C7 = 1, Cy = 1. 3Bigcu ogepxKyemo
B1JIII0B1/Ib

d, =1-+n.

3 Okpemi BUBHAYHUKN

3.1 Bwusnaunuk BaamepmonHaa

Buznauennsa 3.1 Busuaunuxom Bandepmonda nasusaroms 6us3HaYHUK

1 1 1 ... 1
I ) XT3 I
W =W . $2 $2 $2 x?
— (Jfl, L2, ) xn) — 1 2 3 n
n—1 n—1 n—1 n—1
Ly Lo L3 Ln

Teopema 3.1 Busnaunur Bandepmonda obuucaroemves 3a Gopmyron

IT ==

1<i<j<n

Wz, x9,...,2,) (32)

Hrxwo n > 2, mo 6in dopieHioe ny.a10 modi i miabky modi, Kot ceped esemenmis

X1,T9,...,Ty € 00HAKOBI.

JoBenennsi. Popmyiia JIOBOJAUTHCS METOJOM 1HJAYKINT. [HAYKTUBHUII mepexis
320€311e1y€ThCsl BI[HIMAHHAM (IOYMHAIOYN 3 OCTAHHBOI'O PsIJIKA) 13 HACTYITHOIO PsiJIKa
MOTIEPETHHOTO, TTOMHOXKEHOTO Ha X1. [Ipn mboMy ojiepKyeThes piBHICTb:

1 1 1 1

0 To — T T3 — T T, — T
W(xy,x9,...,2,) = |0 x2(x2 —21)  23(23 —71) Ty (2, — 1)

0 xZ’Q(xg — 1) x§’2(a:3 — 1) 2" 2(x, — 11)

JaJjii moTpiOHO PO3KJIACTH 32 eJIeMEHTAMU IIePIIOro CTOBIIYHKA, 1 3 KOXKHOI'O CTOBIITTHKA,

BUHECTHU CIHIJIBHUI MHOXKHHUK
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ITpuknana. Hacrynuuit BuBHauHuK

1 1 1 1

1 2 22 on
d=11 3 32 3"

1 nt+l (n+1)%2 ... (n+1)"

€ TPACIIOHOBaHMM JI0 BM3HAUYHMKA, Banjepmonja nopsijaky n + 1, ge x; = ¢, ¢ =
1, (n+1). Tomy

n

II G-9=11Ia.

1<i<j<n+1 i=1

d

[
=
\.[\D
=
_|_
=
[

['pynroBHa j00ipKa 3aja49 1 BripaB 3 Temu 'BusnHadnuk Banepmonja' napesena
B [3].
3.2 BwusmnauyHuk 06JI09HOI MaTPHUIII

Hexaii € marpuna M posmipy (n+m) x (n+m) n,m > 1. Buginupuu nepimi
N PJIKIB 1 OCTAHHI 1M PSJKIB, MepIIl 7 CTOBMYMWKIB 1 OCTaHHI 17 CTOBIYUKIB MU
OJIEPYKMMO Ha MEPeTHHI IHUX PSJIKIB 1 CTOBIYUKIB YOTUPH MATPHUIL Ap,xn, Bmxm,

M:(gg). (33)

Marpumi A, B xkBajaparhi nopsiaky n i m signosigno. Marpuni C, D MoxyTh OyTn

Crxny Dnxm Tax 1110

NPAMOKYTHUMHU, HE KBAJIPATHUMU.

Busnauenns 3.2 Hrxwo mampuus M npedcmasaena y eueaadi (33), mo ii nasu-
gatomv Oa0unoto0. Hdrxwo 6 npedcmasaenni (33) mampuyi D, C e nyavosumu, mo
mampuuro M naszusaromsv 6,404H0 dia20HANHOM0.

Teopema 3.2 (IIpo BuzHauHUK 6J104HOT MaTpuili) Sxwo 6 npedcmasaeni (33)
mampuuyi M odna 3 mampuuv D, C dopienroe nyaro, mo

det M = det A - det B,
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30KpEMQ

ai; a2 ... Qipn 0 0 ce 0
a1 A9y ... Q2pn 0 0 ce 0
an1 A2 [ 0 0 B
ci1 €12 ... Cip bun bia ... by
Coy1 Co2 ... Cop b21 622 ce bgm
Cml1 Cm2 ... Cmn bml bmg Ce bmm
aip aip ... QAip bn b12 Ce blm
. 21 A9292 ... QA9p b21 b22 e me
ap1 Qp2 ... Qpp bml bm2 s bmm

JoBenenHsi. [loBonuThcss TeopeMa METONOM 1HIYKINI 3a po3mipoM marpuii A.
[HayKkTUBHII Tepexin 3abe3MmedyeThess pO3KIaJaHHsgM JeTepMinanTa Marpuil A 3a
eJleMeHTaMU 11ePIIoro psijika. B po3kJ/iajieHHl 3a HepIiiuM PsiJIKOM 3a 1HJIYKTUBHUM
MPUIYITEHHSAM BCl JIOMAHKU OYIyTh MATU CIHLIBHANR MHOXKHUK — BU3HATHUK MAaTPHIIL
B. Bin BHHOCHTBCS 32 JYKKH, & B JIy?KKax JINIIAETHCsI BUSHAUHUK MATpHUI A.

]
IIpukna.
sinx cosw 0 0
—cosx sinzw 0 0 _ | sinz cosx | | cosy siny _
a b cosy siny —cosx sinx —sinyx cosy
c d —siny cosy

3.3 BwusHavyHuk go0yTKy JTBOX MaTPUIh

Teopema 3.3 (IIpo Bu3HauHMK J00yTKY ABOX Marpuub) Busnaunuk dobymrky
0601

Mampuyb dopieHoe doOYMKY 6USHAYHUKIE UUT MATNPUUD.

JloBenennsi. [Ipu 1oBe/ieHH] BUKOPUCTOBYETHCSI BUBHATHUK, SIKWiT, sIK BUSHATHUK
OJIOUHOI MATPHIL, JOPIBHIOE MOTPIOHOMY JIOOYTKY BU3HATHUKIB.
Hexait A1 B nBi marpuri posmipy n X n. Posrisaemo maTpuirio
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(0,11 aig ... QAip 0 0o ... 0 \

as1 g ... az, 0 0
| @ an2 ... ap, 00 ... 0
M = -1 0 ... 0 bll b12 ce bln
o -1 ... 0 b21 b22 . bgn
\ 0 0 ... =1 by by ... b/

3a reopemoro 3.2 det M = det A - det B.

[eit BU3BHAUHMK MOXKHA OOYMCIUTH IHIIKM CIOCOOOM. 3POOMMO eJleMeHTapH] 11e-
perBopenns psaakiB Marpuil M.

Ho i-ro psagka i = 1,2, ..., n gogamo (n+ 1)-it, noMmHoxkenuit Ha a;1. B nepmomy
CTOBITYMKY JIMITUTHCs OJIUH HeHyJIboBUi esiement: (—1) B (n 4 1)-y psijiky.

Hoi-ro pajka i = 1,2,. .., n gopamo (n+ 2)-if, nomHokenuit Ha a; 9. B qpyromy
CTOBITIUKY JIMIIUTHCS OJIUH HEHYJIbOBHI eseMenT: (—1) B (n 4 2)-y psijiky.

Ho i-ro psipika i = 1,2, ..., n gogamo (n+ 3)-it, nomuoxenuii va a;3. B rpersomy
CTOBITYMKY JIMIIUTHCs OJIUH HEeHYJIboBUi esiement: (—1) B (n 4 3)-y psijiky.

[ 7. 0. Ilicas n TaKuX KPOKiB MM OJEPKUMO MATPHUITIO

/ 0 0 0 Ci1 Ci12 ... Cln\
0 0 0 Co1 Coo ... Cop
0O 0 ... 0 cup ch2 ... Cun
Mi=1 20 0 0 0 ba b o b |
0 -1 ... 0 bgl b22 bgn
\ 0 0 -1 bnl bn? bnn )
Je
/ €11 C12 ... Cip
C21 C22 ... C2p
C = =A-B
Cn1 Cn2 Cnn

det My = det M = det A - det B.

IIepecraBumo B maTpuill M; CTOBIYUKU: ¢—i1 CTOBIIYUK IIOMIHSIEMO MICISIMHU 3
(n+i)-m (1 =1,2,3,...,n). OepkUMO MaTPUIIIO
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(Cll C12 ... Cin 0 0o ... 0 \

Co1 Co9 ... Cop 0 0 0
Chl Cn2 ... Cpp 0 0o ... 0
M:
2 biy big ... by —1 0 ... 0
b21 622 bgn 0 -1 ... 0
\ but buz oo by O O ... —1)

det M2 = (—l)n det Ml.

Matpurst My mae 6i09HIiE BUTIIST, 1 10 HEl MOXKHa, 3acTOCyBaTH TeopeMy (3.2),
3r1JIHO 3 SIKOIO

det My =det C' - (—1)".
Terep Mu MOXKeMO 3aIIMCATH PIBHOCTI
det A-det B =det M = det My = (—1)"det My = (—1)"(—1)"det(AB),

TOOTO

det A - det B = det(AB).

Teopewma mosejiena.
n

Hacaimok 3.1 Busnaunukx mampuuyi i udnaunuk obeprenoi mampuui — déa 63a-
EMHO 00EPHEHT YUCAA.

1
det A1 = .
© det A

Cupapii, 100yTOK MaTpHUIll Ha CBOIO OOEpHEHY JOPIBHIOE OMUHUUHIN MATPUII,
BUHAYHUK KOl JiopiBHIOE 1. OT:Ke, 10OYTOK BU3HAUYHMKA MaTPHUIN HA BU3HATHUK
obepHenol marTpul jgopiBaioe 1. A 1e 1 o3Havae, M0 /s BU3HAYHUKA MATPHUI €
YUCJIO, 10 0DEpPHEHE JI0 HHOT'O.

Hacaimok 3.2 Axwo susnaunur mampuuyi dopieHioe Hyat0, Mo s MAmpuus He
MAE 00EPHEHOT.

Cupas/ii, Juis BU3HATHKKA 00OPOTHOI MATpHUIll € ODEpHEHEe, a I HyJIsl HEMa€
obepreHoro unca. OTKe MATPUIS 3 HYJIbOBUM BUSHATHUKOM (TaK 3BaHa BUPOJZKEHA
MaTpuIilst) He 060pOTHA, JiJis Hel He icHye obepHeHa.
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Hacainok 3.3 Axwo mampuus posessdacmocs mwe wad nosem, ¢ Had Kiabuem,
mo HeoOTidH0 YMOB0 000POMHOCTE MAMPUYL € LCHYBAHHA 00EPHEH020 YUCAA
ors i1 susHawHUKaA. Bokpema, HeodxidHot0 ymoeoto obopommuocmi mampuui M wad
KIADUEM ULAUL YUCEN €

det M € {—1,1}.

A 1neobxidnoro ymosoro 0bopommocmi Mampuyi Had Kiabuem MHO20UACHIE 3 ITLCHUMU

Koediuyienmamu €
det M € R\ {0},

Moomo 6U3HAYHUK NOBUHEH OYMU HEHYALOBUM JLTCHUM YUCLOM.

[e BuIIMBAE 3 TOrO, 1110 OOOPOTHUMU UKUCJIaMU B KiJIbI IIJIKXX dnces1 € jume 1 Ta -1.
A B KUJIBII MHOTOWJIEHIB 3 JificHuMEU KoedilieHTaMn 0OOPOTHUMU € JIUITIE HEHYJIhOBI
JIIHCHI 9uCIAa.

IIpuksan. Hexaii

1—|—5L’1y1 1 +x1y2 1+$1yn
M 1+;wll+@m T'1+@%
l4z,0 142y ... 142Uy,

O6uucaumo det M.
Bigmitumo, 1mo npu n > 1 marpursg M poskiagaeTbes B 100yTOK JIBOX MATPHUILL
A ra B, ne

o Lo

1 1 Y2 Y3 - Un

I I I S VR SO

L 2 0.0 00 0 ...0

Komn >2,det M =det A-B=0-0=0. dxmo n = 2, To

11}1 1 1

detM: . = (Tro — X . — .

‘1 To '?Jl Y2 (2 = 21) - (32 = v1)

Axmon =1, rodet M =1+ x19;.

4 3acTrocyBaHHHI BU3HAYHUKIB

4.1 Ob6epHeHa MaTPUIA

B 1poMy po3/iii 3a J0I0MOTO BU3HATHUKIB 3HAKIeMO (DOPMYJTY IS eJIeMEHTIB
oOepHEHOI MAaTPHIIL.
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Hexait 3a1ana kBajgpaTHa ManI/IL[H_M pO3MIpy 1 X 1. 3 KOKHUM €JIEMEHTOM @
OB A3aHU JONOBHIOBAJILHII MiHOD M, — BU3HAYHUK MaTPHUIL, K& OJICPKYEThCH
HICJIsT BUKPECJIOBAHHS PsijiKa 1 CTOBIYUKA, B SIKMX CTOITH 1EH €JIeMEHT.

Busnadennsa 4.1 Aqcebpuunum — dONOGHENHAM — €AEMEHMG  Qjj  HA3UEAIOMD
(—1)"* M;;, i nosnauaromo Gozo A;j. Mampuuys, wo ckaadena i3 anrzebpurunuz do-
noeuens esemenmic mampuyi M naszusaemuves npueduaroro i noduawaemves M.

ITpuknama. Hexaii

2 3
M=(7:) (34)

Tomi

My =5, Mip =4, My =3, My =5, Aj1 =5, Aip=—4, Ay = -3, Ay =2,

. (5 —4
v (G

Teopema 4.1 (CniBBigHomieHHs opToroHaJgbHOCTi) Cyma dobymrie enemen-
mi6 padka wa ¥x ar2ebpuvni donoeHeHHA JOPIBHIOE GUSHANHUKY Mampuli. A cyma

Orxe,

dooymxki6 esemenmise padka Ha 610N06IOHT ar2edPUuUHL JONOBHEHHA EAEMEHIMIE TH-
wozo padka dopieuioe wyaro. Toomo

zn: A det A, saxwo p=q,
Qpi Agi =
P 0, AKULO P 7 (.

JloBenenHsi. JloBenenHst rpyHTYETbCSI HA TOMY, IO IIOTPIOHA cyMa IpU p = ¢
30iraeThCst 3 (OPMYIIOI0 PO3KJIAJIEHHS BU3HATHUKA 3a P-M PsJIKOM, a P P # ¢
1151 popMysa 3HOBY Oyze (bopMyJI0i0 PO3KJIaJIeHHST BU3HAUHMKA MaTPHUIN 3 JBOMa,
OJTHAKOBUMU PSAJKAMEI P-M Ta, ¢-M.

]

Teopema 4.2 (IIpo dopmysy ans obepHeHol MaTpuili) Hxwo  6U3HAYHUK
mampuyi M e obopommum wucaom, mo obepnena mampuua M1 do M icnye i
MOHCE DYMU 00MUCAEHA 34 POPMYAOIO

1
Mt =——(M")"
det M ’
mobmo w,0b Hatimu obepHeny mampuuyro, nompioro 3uatimu npuednany do Hei,
NOMIM NPUEIHAHY MPAHCTOHYEATU, G TLOMIM 6CL EAEMEHMU 00EPAHCAHOT MAMPULT

PO3ALAUMY HA GUSHAYHUK 340AHOT MATNDULL.
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JloBenenHs. TBep/rKeHHA TeOpeMH MPsMO BUILIMBAE 13 CIIBBIIHOMIEHHSA OPTO-

TOHAJBHOCTI.
]
IMpuknan. usg marpumi (34)
5 =3
*\T __ -
(M*)' = 49 | det M = —2.
Orxe,
5 3
M1 = 2 2
2 —1

4.2 Panr marpuiri

Haramaemo, 1Mo minopom MaTpUTl HA3UBAIOTH BU3HATHUK MaTPHIl, sIKa CKJIaJa-
€TbCs 3 €JIEMEHTIB, 1110 CTOATH Ha IepeTHHI BUOPAHUX PsIJIKIB 1 BHOpaHUX CTOBIIYUKIB.
Ha nepernni k psiikiB i kK CTOBITYUKIB 3HAXOAUTHCST MIHOD k-TO TTOPSIJIKY.

B TakoMy KOHTEKCTI Mg? O3HaYa€ BU3HAYHUK MATPUII 2 Ha 2, €JTEeMEHTH AKOI
CTOATH Ha MEePeTHHi b Ta 7 CTOBIYHUKIB 3 3 Ta 9 psajakamu.

Buznauenns 4.2 Pane nyavosoi mampuui dopisHioe nyato. Hdxuio 6 mampuyi €
Mminop k-20 nopadky, axuti we dopienioe nyato, a eci minopu (k + 1)-20 nopadky
AopIeHINIOMb HYAN, O Pare Mmakoi mampuuyi dopienioc k.

Teopema 4.3 (IIpo panr marpuiti) Eaemenmapni nepemeopenmns padkis wu
CMOBNYUKIE MAMPUYL HE 3MIHIOMb PAH2Y MAMPULL.

HoBenenus. fkio B Mmarpuri Bei Minopu (k+1)-ro mopsijiky JOPIBHIOIOTEH HYJTIO,
TO MG/ eJIeMeHTapHKUX [IepeTBOpeHb pAAKiB 3H0BY BCl Minopu (k + 1)-ro mopsjxy
JIOpiBHIOIOTH HyJf0. OCKIIbKKA BCl eJIeMeHTapHl MepeTBOPEHHs PsIJIKIB 000POTHI, TO
eJIeMEHTapH] [EPETBOPEHHS PsJIKIB HE 3MIHIOIOTH PAHI MATPUIL].

OcCKiIbKYM BU3HAYHUK TPAHCIIOHOBAHOI MATPWI JIOPIBHIOE BU3HATHWUKY 3aJIaHOI
MaTpPUIll, TO TIPU eJeMEeHTapHUX MePEeTBOPEHHAX CTOBITYMKIB PAHT MATPUIlN He 3Mi-
HIOETHCST TAKOXK.

5 Cucremu piBHIHb
Busnauyennsa 5.1 Pisnanns
a1T1 + asxo + ... + a,r, = b,
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de 1, Ta, ..., Ty — nesidomi, a ay, Qg,...,a,, b — napamempu (Pixcosani 6 danit
300041 YUCAG — EACMENNU NOAA YU KIADUA), HAZUBLEMBCA NIHITHUM AA2EOPUNHUM
PIBHAHHAM, A1, G2, . .., 0y — Koepruienmu pienasnma, b — npasa wacmuna preHAHHA.

OckiIbKY B JAHOMY BUKJIAJl 3yCTPIIAlOThCS JIAIIE JIHIHHI 1 jmrne ajredpudHi
piBHanHs, To cjaoBa muiamit" Ta "agreOpumunumit' Oymemo mpomyckaTi i 3aMicTh
JIOBI'OI'O CJIOBOCIOJIyUeHHsI " JTiHiiiHe ajareOpudHe piBHsSHHA" OyI1eMO FOBOPUTH ' pPiB-
astaas', abo "miHiitHe piBHsTHHS" .

Axio cucrema m JHHIRHUX PIBHSIHDB 3 M HEBIJIOMUMU 3aIIMCAHA Yy BUIJIS/I

a111 + a12x9 4 ... ATy — bl,
a2171 + a929T2 4+ ... AonLy = b2,

: (35)
Am1T1 + Qoo + ... Ty = b,
TO
ail aip ... Qip
asi a9o ... Q9n
A= -
Am1 Am2 ... Amn
OCHOBHa MaTpHuIllgd CUCTEeMHU,
a;r; aip ... QAip bl
~ 21 Q929 ... QA9n b2
A= A N
Al Gm2 . Qmp bm
posmupeHa MaTpulld CUCTEMH,
b1
_ b
b= ) —
b,

cTOBIMYUK (400 BEKTOD) MPaBUX YACTHH, a

T
Zo

Ln

CTOBITUHMK (BEKTOD) HEBIIOMUX.
B nux nosnaueHusx cucreMa JiHIHHUX PIBHSAHDL 3alIMCYE€THCA B HACTYIHOMY MaT-
PUYHOMY BUTJISII:

AT = b.
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Busnauenus 5.2 fxwo cmosnyuuk npasur wacmur HYAb06Ul, MO CUCTIEMY Ha-
3u6a0Mvb 00HoPIdHN0. HdKUW0 61H HEHYALOBUT, MO CUCTEMA HEOOHOPIOHA.

Hrwo b # 0, mo xascymo, wo odnopiona cucmema AT = 0 sidnosidae neodno-
pionit cucmemi AT = b.

5.1 ¥YmoBa cymicHOCTI

Buznauenns 5.3 Habip 13 n wucens € po3s’azkom cucmemu, Ko NicAfs nidcma-
HOBKU UUT YUCEN 3AMICTNG HEBLIOMUL DISHAHMHA CINAIOMb MOMOHCHOCTILAMU.

Buznadennsa 5.4 Cucmema pieHAHd HA3UBLEMbCA CYMICHOI0, KOAU 60HA MAE 60Dl
0dun po3s’a30%. 6l cucmemu Ha3uBaIOMbCA PL8HOCUNOHUMU, AKULO HGOOPU 3MINHUL
Y HUT 3012a10MDBCA T MHOHCUHA PO3E A3KILE 00HIET cucmem 3012aEMbCA 3 MHOACUHON
P036°A3K16 IPY20i CUCTNEMU.

Teopema 5.1 frxwo sukonamu esemeHmaphni Nepemeoperns PAOKIs Po3UUPEHOT
MAMPULL CUCTNEMU MHITHUL PIEHAHD, MO 00EPAHCUMO POSWUPEHY MAMPUUIO PLEHO-
CUNDHOT CUCTEMAU.

JdoBenenHs. [3 MKiJILHOrO Kypcy MaTeMaTUKH BiIOMO, IO KOJIM B CUCTEMI ITOMi-
HATH MICIAME J[Ba PIBHAHHA, TO OJIEP2KUMO PIBHOCUJIBHY cUCTeMy. ZIKIO B cucTeMi
JIO OJIHOI'O PIBHsIHHS JIOJIaTU 1HIIIE PIBHSAHHSI, NHOMHOXKEHE Ha, Oy/|b-siKe YHCJIO0, TO
OJIEP>KMMO PiBHOCUJIBHY CUCTEMY. ZIKINO OJiHe PIBHSIHHA B CHCTEMI MOMHOXKUTHU HA
Oy/Ib-siKe HEHYJIbOBE YHUCJIO, TO OJIEP:KUMO PIBHOCUJIBbHY cucteMy. Lli 3ayBarkeHHS 1
CIIYTYIOThH JIOBEJECHHSIM TEOPEMU.

|
IMpuknazn. Yucna © = 2,y = 3 yTBOPoOIOTH po3B’s130K (onuH!) cucremu

—or+ 7Ty = 11
20—y = 1

Y
TOMY IO JIBa PIBHAHHS

—5-24+7-3 = 11
2:2-3 = 1"

HaCIpaB/il € TOTOXKHOCTSAMHU.

Busunauenusa 5.5 Mampuus A mae cnpowenuti 6uzasd, AKULO HA NEPEMUHT GCIT
HEHYALOBUL PAJKIE | GIOMINEHUT CMOBNYUUKIE CMOIMYH 0OUHUNHA MATPUUI.

IIpukaan. Matpwui

70 2 —41
A:(l)(l)_;_g:l)), B=|-311 90
00 0 00
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MalOThb CIPOINEHUI BUTISI]], OCKIILKE B CTOBIYNKAX 1,2 MaTpuili A ¢TOITH OMUHUIHA
MaTpHIsl, & HEeHYJIhOBUMH DPsIAKAMU MaTpuill B € mnepiiuit Ta Jpyruii 1 B HUX, Ha
nepeTuHl 2-ro Ta, 5-ro CTOBIYMKIB CTOITH OJMHAYHA MaTPUII.

Teopema 5.2 frxwo mampuus mae cnpowenuti uznad, mo ii pane dopieHIOE Kiab-
KOCMIE HEHYALOBUT PAJKIE.

JoBenenns. Trep/pKeHHst TeOpeMU BUILIMBAE 3 TOIO, IO ICHYE MIHOP, PO3MIip
SIKOT'O JIOPIBHIOE K1JILKOCTI HEHYJILOBUX PSJIKIB, ICHYBAHHS SKOTO BUMATrae€ThCs O3Ha-
YEHHSIM, 1110 JT0piBHIOE 1. A Oyb-sIKuit MiHOp OLIBIIOro po3Mipy Oy/ie MaTh HYJIbOBHIA
PSIJIOK 1, TAKMM YMHOM, OyJie HYJbOBHM.

|

Teopema 5.3 Cucmema AiHItHUL aN2EOPUMHUT PIGHAHD CYMICHAG MOJL T MINGKU
modi, KoM PaH2 0CHOBHOT MAMPUYL CUCTEMU 3012AEMBCA 3 PAH20M POSULUPEHOT.

JloBeaeHHsi. 3ayBaXKUMO, 1110 KO>KEH MiHOP OCHOBHOI MaTPHIIl CUCTEMH € MIHOPOM
posmupenol marpuill. OTKe, paHr poO3IKUPEHOT MATPHUIIl HE MOXKe OyTH MEHIINM BiJ
pPaHI'y OCHOBHOI — BiH ab0 JIOPIBHIOE PaHr'y OCHOBHOI MaTpuIll, abo OlJIbIIUil Bij
IIOT'O PAHTYy.

Bukonyroun ejeMeHTapH] IEPeTBOPEHHSA PAIKIB PO3ITUPEHOI MATPHUIIL TTPUBEIEMO
i1 Tak, 1mo6 OCHOBHA MaTpHIlS MaJja CIpolleHuil Burysa. Toxai € jaBa BUIIaJIKKH, ado
pPaHT PO3MIUPEHOI MATPUIIL JIOPIBHIOE PAHTY OCHOBHOT, TOOTO KOJIM HEHYJIhOBUX PsIJIKIB
B PO3IIUPEHINl MaTPUIIl CTLJILKYU K, CKLJILKU 1 B OCHOBHI, ab0 B pO3IIUPEHI MaTpUIli
HEHYJIbOBUX PsIJIKIB OlJIbIlIe, TOOTO € PsIJIOK, SIKUil HYJIbOBUI B OCHOBHII 1 HEHYJIHLOBHIA
B PO3IINPEHIIi.

B sipyromy BunaJiky paHr po3iupeHol MaTpuill OlJ1bInii 3a paH OCHOBHOT, Ma€MO
piBugnns 0z +0xo4. ..+ 0x, = b # 0, gKe He Mae po3B’sI3Ky, 1 cUCcTeMa HECYMICHA.

B nepmomy Bumnajiky, Ko HYJBOBUX PsIJIKIB B OCHOBHINM MaTPHII 1 B pO3IINPEHiil
OJIHAKOBa KIJIbKICThH, JIJIMMO HEBLJOMI Ha BLILHI Ta OCHOBHI. OCHOBHI BiJIOBIIAIOTH
THM CTOBITYMKAM, B SIKUX CTOITb OJIMHUYHA MATPHIl, a peiira — BljibHI. BiabHuM
3MIHHUM HajJgaeMo 3HadenHs (, a OCHOBHMM BIJITIOBIAHI MpaBl YaCTUHU PIBHSHD.
OjepKyemo po3B’st30k. OTKe cucreMa cyMicHa.

Teopewma moBejieHa.

ITpuknan. Hexait maTputis

10 7 =31
A= 01 -3 12 9 )’

€ PO3IIMPEHOI0 MATPUIIEIO CUCTeMH piBHsAHb. OTXKe cucTreMa PiBHAHL MA€ BUIJIA

r1+ Txs —3xy =1,
ro —3r3 + 1224 =09.
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OCHOBHMMU HEBIJIOMUMH € L1, To, TOMY IO CAME B IIEPIIOMY Ta JPYTI'OMY CTOBIITHKAX
CTOITH OJINHUYIHA, MATPpUIs. BlibHUMM HEBIJOMUMU € pernra: 3, T4. Hajmaemo BlibHIM
HeBijioMmuM 3uadedds 0: x3 = xry = 0. Cucrema piBHsIHD HPUIMAE BUIJISI

rr = 1,

i) = 9.

Orxkex1 =1, 29=9, v3 =0, x4 =0 € Po3B’sI3KOM 1 crcTEMa CyMiCHA.

5.2 IIpaBuso Kpamepa

[Tpasusio Kpamepa 3acTocoByeThCs Jiuiie y BUIAJKY, KOJU KLIbKICTH PIBHSIHb
JIOPIBHIOE KITBKOCTI HEBIIOMUX 1 BUBHATHUK OCHOBHOI MATPHUIT cucTeMu (BOHa 060B’513-
KOBO KBAJ[PATHA) HE JIOPIBHIOE HYIIIO.

B npomy BHITQJIKY CHUCTEMY MOYKHA, 3allMCATH Y BULJIsI

Az = b,

ne marpuisg A mae obepreny. OTKe pO3B'I30K TaKOl CHCTEMU iCHYE 1 €IMHMN, BiH
O00UUCIIOETHCS 38, (POPMYJIOIO

T=A"b (36)

Mu 3HaEMO, IK OOUUCIIOIOTHLCA €JIEMEHTH OOEPHEHOT MATPHUIL, I MOXKEMO I1ePEIUCATH
(36) HacTymHUM YHHOM

I AH Agl NN Anl b1
i) o 1 Alg A22 Ce Ang b2

CdetA | o :
Tn Aln Agn Ce Ann bn

abo

> bAg
k=1

det A

Yucenbuuk apody jijisi o0UncIeHHsT x; 30Ira€ThCs 3 BU3HAYHUKOM MATPHUIL, IO

T; = iZl,Q,...,TL.

OJIEPXKYETHCsL 13 MaTpulll A 3aMiHOIO 4-I'0 CTOBIYMKA HA CTOBIYUK HPABUX YACTHUH.
[Tosnaummo 1eit Bu3sHaIamuK depes A;, a BA3HAYHUK OCHOBHOI MATPHIN CUCTEMHU Uepes
A. Tosi po3B’sI30K MOXKHA 3aIIUCATH Yy CTUCTIOMY BULJISII
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Ocranni ¢popmy/n HazuBaOThL popmyaamu Kpamepa, a X 3acTocyBaHHSI Ha3UBalOTh
npasusiom Kpamepa.

IIle pas nigkpecianmo: popmyin Kpamepa 3acToCOBYIOTH BUKJIIOUHO Y BHUIIAJIKY,
KOJIM BU3HAUHMK OCHOBHOI MATPUIIl HE JIOPIBHIOE HYJIIO. Y BUIIAJIKY, KOJU BU3HATHUK
OCHOBHOI MaTpHIll JOPIBHIOE HYJIIO, opMysn Kpamepa HIU0Oro He KaxKyThb IIPO PO3B’3KU
cucreMu. B 1iboMy BHITQ Ky CHCTEMa BUMATa€ J0JATKOBOTO JIOCIPKEHHSI.

Ilpukaana. Posp’s3atu cucremy

{ (a®> = 1)x + by = c(a + 1),
(B> —Dx+cy=(b+1)(c+1).

O064unC/II0EMO BU3HAYHUK OCHOBHOI MATPHUIll CUCTEMHU

| @=1) b e e
A=| ) b =@ = e-n -,
A, =| et = Ala+1)—bb+1)
v (b+1)(c+1) ¢ ’

(a2 =1) cla+1) ‘ (@ = Db+ 1)(c+1) —cla+ 1B = 1).

(*—1) (b+1)(c+1)
A= (a*>—1)c—bb*—1) #0,

10 3rijiHo 3 dopmynamu Kpamepa

A, Ala+1)—bb+1)

A (a2 —=1c—bb?—1)

(> =10+ 1D)(c+1)—cla+1)(b*—1)
(a> = 1)c —b(b? — 1)

Tr =

AZJ
y_K_

Y BUTIAJIKY, KOJIN

A= (a*—1c—b0b*—1)=0,

dopmynu Kpamepa 3acrocyBaT HEMOXKJIMBO 1 CUCTEMa, BUMAIrage JI0aTKOBOI'O JIOCJI2KCHHSI.

6 BwusHaYHUKUT i MakeTn KOMII'IOTEPHUX IIPOrpaM

6.1 OdopmiaerHa MaTpuIlb i BU3a4YHUKIB B HACTIJIbHUX BUJABHUYNX CHU-
cremMax

Yy He HAUMOIIMPEHIIIO KOMII IOTEPHOI BUJIABHUYOW crucTeMoio € Microsoft-
Word. Jlyisi cTBOpeHHsI MaTpPHIl BUKOPUCTOBYETHCS €JIeMEHT IaJliTpU IHCTPYMEHTIB
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"Tabsunsa". Creopena TabIuIs 00ISIMOBYETHCA YU TO KPYIJIUMHU 91 TO KB IPATHUMHI
JIY>KKAMK JIJIsT 33/IaHHsT MATPUII 1 BEPTUKAJLHUMU TPSIMUMU 9U [OJBIiHUMEU BEPTU-
KaJIbHUMU HPsIMUMHU 11100 3a/1aTH BU3BHATHUK.

JIJ1s1 cTBOpEHHSI JIOKYMEHTIB, 1K1 MICTATH BEJIUKY KIJIbKICTh MaTeMaTHIHUX (HPOop-
MyJI, BUJaTHui cydacauii maremaruk Jlonasn Knyr pospobus cucremy TEX. Cepes
nmiasektis TEX’a ocobsmBe miciist nocijgae Hagaodynona Jlecui Jlemmopra i Ha3Boo
Latex. Tak maTpuiis

[ 224+2 3 1 2 x—3
-3 -2 5 2z+1 -1

A= 0 2 11 7 0 (37)
0 8 —9 6 0
—1 4 4 -9 —r+7

crBopena B Latex 3a JI01oMOror KomaHi

A:=\left[ \begin {arrayt{ccccc} {x}~{2}+2&3&1&2&x-3\\\noalign{\medskip}-
3&-2&5&2\ ,x+1&-1\\\noalign{\medskip}0&2&11&7&0\\\noalign{\medskip}0&8&
-9%6&0\\\noalign{\medskip}-1&4&4&-9&-x+7\end {array} \right]

Homamo, mo cucrema Latex € BlIbHO MOMKUPIOBAHOIO, X0, 3BUYAIHO, € if KOMepIliiini
MPOJIYKTH.

6.2 QOO0OuncJeHHS BU3HAYHUKIB B ITaKETaX CUMBOJIbBHUX O0OYMCJIEHb

BukonyBaTu Jiil 3 MaTPUIsIMK 1 0OUMCIIOBATH BU3SHAYHUKNA MOXKHA, B OY/Ib-s1IKOMY
nakeri cumBoJibHUX obuncsienb — MatCad, Mathematica, Maple qu inmomy.
st mpukiiagy, matpurs (37) crBopena B makeri Maple 3a 10moMorow KoMaH i

matrix(5, 5, [x~2+2, 3, 1, 2, x-3, -3,
-2, 5, 2xx+1, -1, 0, 2, 11, 7, 0, O, 8, -9,
6, 0, -1, 4, 4, -9, -x+7]);

1106 crBopeny B Maple maTpuiiro moxkua 0yJ10 BukopucraTu B Latex, Oysia Bukopucrata
KOMAaH,1a,

latex( matrix(5, 5, [x~2+2, 3, 1, 2, x-3, -3,
-2, 5, 2xx+1, -1, 0, 2, 11, 7, 0, 0O, 8,
-9, 6, 0, -1, 4, 4, -9, -x+7]));

[11o6 obuncanTn Busnaunuk Marpuii A B Maple Oyna 3agana KoMmama
det (A);
PesynbraToM BUKOHAHHSI KOMAH/U CTaB BUPa3

—1340 2% + 850 2% + 212 2" — 7783 x + 21340
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