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COOpHUK COIEPXKHUT HECKOJIBKO 0030pOB M cTaTred, B KOTOPBIX
3aTparuBarOTCs pa3IMYHbIe BOIPOCH KBAHTOBOM TEOpUH.

Bo BTOpy0 uacTe BXOAST oAWH 0030p M CTaTh, MOCBSIIEHHEIC
HOBBIM METOJIaM KBaHTOBOW TEOPHH CITMHOBBIX CHCTEM M TaK Ha3bIBAEMBIM
KBa3UTOYHOPEILIAEMBIM MOJEISAM, a TaKKe CBOMCTBAM IapaMarHeTUKOB B
MarHMTHOM I10JIE€ ¥ COJINTOHHBIM MTOTEHIIUAJIaM.

COOpHHK TPOAOIDKAET CEPHI0 HM3JIaHWW, NpUypoueHHylo k 200-
neTrro XapbKOBCKOTO YHUBEPCHUTETA U 65-11eTHIO Kaeapbl TeOpeTHIecKon
¢dbm3uky umenn akagemuka .M. JIudmmma.

[Mocsmaetca JIbBy OneasapoBuuy [lapramanuky — mpodeccopy
KadeaApsl TEOPETHYECKOM (U3UKH, M3BECTHOMY (DU3UKY-TCOPETHUKY,
BOCTIMTaBIIEMY MHOTHX BBIJIAIOIIMXCS CTIEIUAINACTOB.

IlpeanazHaueH Uil HaydyHbIX paOOTHHMKOB, IpeloOAaBaTesei,
CTYZCHTOB U aCHMPAHTOB (PU3NYECKUX CHELUAIBLHOCTEH BY30B.

M3maercs 1o penieHUIo Kaheapsl TEOPETHIECKON (HDHU3UKN TMEHH
akanemuka M.M.JIudmmna ot 17 mas 2011 roga (mpotokon Ne 11)
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NPEANUCIOBUE

B cO0pHUK BKIIIOYEHBI HEKOTOPBIE 0030pbl U 0030pHBIE CTAThHU,
a Take HeOoNbllNe CTaThH, MPEACTABIAIOIINE U aBTOpa 0COObII
HHTEpEC.

bonbmias wacte 3THMX mnyOJaMKanui HamucaHa COBMECTHO C
MOHMMH KOJIEraMH 10 Kadeape TeOpeTHIeCKON HU3HUKH.

Bropass wacte 4acth COAEpPKUT OAUH 0030p W crarbu. OHU
00001Iar0T pe3ynbTaThl Hamux padotr 1980-X rojoB Mo pa3BUTHIO
HOBBIX METOJIOB HMCCIICJIOBAHUSI TaK HA3BIBAEMBIX CITMHOBBIX CHUCTEM
U OOHapyXCHHI0O HOBBIX KIJIACCOB TOYHBIX PEIICHWH YpaBHEHUS
Hlpenunarepa, MOMYYMBIIMX  Ha3BaHHE  KBAa3UTOYHOPEIIAEMBIX
MOJIEJIE, C TOMONIBIO  Pa3BUTOTO .Mmemooa d¢ppexmuHbvlx
nomenyuanog. O0IIME TEOPETUUECKUE TIOJI0KEHUS COPOBOXKIAIOTCS
MPUIIOKESHUSIMHU K KOHKPETHBIM CIIMHOBBIM CHCTEMaM.

Co6opHuk mnocssimaerca JIbBy OneasapoBuuy I[lapramanuky —
npodeccopy kadeapsl TEOPETHUYECKOW  (U3UKHA, H3BECTHOMY
(U3NKY-TEOPETHKY,  BOCHHTABIIEMY  MHOTHX  BBIAAIOIIUXCS
CHEINAJIUCTOB.

[IpennasHaueH uisi Hay4yHBIX paOOTHUKOB, IpernojaBaTelieH,
CTYJIEHTOB U aCIUPAHTOB (PUINYECKUX CIIELUATBHOCTEH BY30B.

Ha mnocnenHeil cTpanuiie momemieHbl HM300pakeHHs O0JI0KEK
(u3MYECKUX >KYpHAJIOB, B KOTOpBHIX ITyOJMKOBAIMCh O030pbl U
CTaThH U3 JAHHOTO COOpPHUKA.

brnaromapto  Anekcangpa Muxainosuua EpmonaeBa  3a
BHHUMATeIbHOE OTHOIIEHHE K paboTam aBTOpa, 3a MOCTOSHHYIO

MIOMOIIIb COBETAMH M PEJIKON JTUTEPATYPOM.
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Hoeble TouHble pelueHus ypasHeHus LLpepuHrepa
C NOoTeHLuManaMm CMHOBOroO U CONUTOHHOro
NPOUCXOXAEHUS

B. B. YnbsiHoB, O. B. 3acnasckuin, HO. B. Bacunesckas

Xapvkoackuli zocydapcmeennsiii ynusepcument, Ykpauna, 310077, z. Xapokos, na. Ce0600ui, 4
CraThs NOCTYNWJIA B PENAKLMIO 24 mioHs 1996 r.

PaccMaTpUBAIOTCS HOBbIE KJIACChl TOUHBIX petuenmit ypasHenms IlIpenunrepa ¢ NPOCTHIMH SBHBIMU aHAJIMTHYE-
CKMMH BbIPAXXEHMSIMH JUTSl IOTEHLMAbHDIX T0JIEi4, yPOBHEH SHEPIHM U BOIHOBbIX (YHKLMI CTALMOHAPHBIX COCTO-

aHMit. OHM OGHAPYKEHBI C MOMOUIBIO OPUIMHAIBHBIX METOJI0B, Pa3pab0TaHHbIX B KBAHTOBOW TEOPHM CIIMHOBBIX

cucrem. CooTBeTcTByIOMmME 3D (DEKTUBHDBIE OTEHLIUAIbI CONOCTABSIOTCS € aHAJIOTUYHBIMU MOAEISIMU COTMTOHHOTO
npoucxosxuenus. OCHOBHOE BHUMAHHE Y/IE/IEHO HEOObIUHbIM SIBIEHNSM (KBAa3UTOUHOPEIIAeMOCTb, rMOKOCTb M MHO-
ronpodMIBLHOCT MOAEIEH MOTEHIUMANOB, SKCTPEMYMbI UETBEPTOTO MOPSAKA, KOHEYHO3OHHOCTb U CTPYKTYpPHbIE
NpeBpaIEeHus B 30HAX, CIIMH-COJIMTOHHAS HAJIOTHS) .

PO3rISAal0ThCs HOBI KJACHM TOYHMX PO3B’s3KiB piBHsiHHa IIIpesiHrepa 3 mpoCTMMM SBHMMM aHANiTUYHUMU
BHMPA3aMM VISl IOTEHUAILHUX MOJ1iB, PiRHIB eHEpril Ta XBUIBOBMX (PYHKLIM CTaLiOHAPHHX craHis. Bonm BusBJIEHi 32
JOMOMOrOI0 OPMTiHAJILHUX METORIB, PO3po6IeHNX y KBAHTOBI Teopil cniHoBux cucteM. BinnosinHi edextusHi no-
TEHL{aJIM 3iCTABJISIOTHCS 3 AHAJIOTIYHMMHM MOJIEJIIMM CONITOHHOTO MOXOAXKEHHS. OCHOBHY YBATY NPHUALIEHO HE3BU-
4aitHMM 9BMII@M (KBa3iTOYHOPO3B’ I3yBaHICTb, MHYUKICTh Ta 6araTonpodibHiCTh MOAENEH NOTEeHLiaiB, SKCTPEMY-

MM YETBEPTOrO MOPSAKY, CKIHUEHHO3OHHICTb Ta CTPYKTYPHi MEPETBOPEHHS y 30HAX, CMiH-COJIITOHHA aHAIOTis) .

PACS: 03.65.-w

1. Beenenue

Haiidenbl mouHble peuleHus 3mux ypaeHeHull ...
Ymobbt dabHeluue coodpaxenus oblau bonee
SICHbIMU, Mbl OCMAHOGUMCS HA IMOM Gonpoce

HeckobX0o nodpobHee ...
N. M. JIndmuig

B kBaHTOBOI TeopuH Ipo6IEMa TOYHBIX PEHICHHH
ypasHerus IlIpenuHrepa s CTaI{MOHAPHBIX COCTO-
SHUH YAacTHIB B ITOTEHIMAJBHOM IIOJIE MOCTOSHHO
NpUBJIEKAET BHUMAHKUE crenuaaucros. Eme cpaBHu-
TEJIbHO HEABHO HACUMTHIBAJIOCH BCETO HECKOJ/IBKO TP~
MEPOB MOTEHIMAJIOB, HOMYCKABIIMX IIPOCTOE TOUHOE
pemenne. CuTyanus M3MEHUIACH HOC/IE Pa3padOTKu
MeTona o6paTtHo# 3agaun paccesaus (O3P) B Teopun
cosmtoHoB [3]. HakoHen, cymecTBEHHBIN IPOPHIB B
npobaeMe TOUHBIX pemeHnii ypasHeHus penunrepa
CBS3aH C Pa3BUTHEM OPUTHMHAJIBHBIX METOIOB B TEO-
pHM CIIMHOBHIX cHCTEeM [4 ], xorma ynaaoch OTKDPBITh
Cpa3y MHOTO HOBBIX KJIACCOB TOUHBIX PEIIEHUH, & TaK-
XK€ yKa3aTh TyTH NOMUCKOB TAKKMX pemeHuit. Jlo6aBum
TaKXe, UTO TOUHbIE peieHns ypasaenus [lpenunre-

pa, 0OCOOEHHO C IIPOCTHMH SBHEIMH BEIPAXXEHUSIMH [T
TIOTEHIMAJIOB, YPOBHEN SHEPru#M M BOJHOBHIX (DYHK-
U CTAIMOHAPHBIX COCTOSHHE, BoOGmE 00pa3yioT
HE3BI01EMBIHA «3010TOM» (bomx KBAaHTOBOM TEOpHH.

CoBepLIEHHO €CTECTBEHHO, UTO OOpAIIEHHe K BOTI-
pocaM TOYHBIX PEIICHWI BHI3BIBAET MMOCTOSHHBIN HMH-
Tepec. MOXHO BHIEIUTH TPH MEPHOAA MHTCHCABHOTO
MOSIBJIEHHS HOBBIX MOZEJIEH C TOUHBIMU PEIICHUSMH.

A HauMHAJIOCH BCE BO BpeMs CTAHOBJICHHS KBAHTO-
BOM MEXAHWKH, KOTIa B cepeauue u KoHIe 20-x roxos
MOSIBUJIMCH TIEPBBIE MOLE/IN C TOYHBIMM PEIIECHUSIMH C
NPOCTHIMH BBIPAXKCHUAMHU I IIOTECHIIXAJIOB, ypOB-
HEW SHEPTrMU W BOJHOBHIX (DYHKUMH CTALMOHAPHBIX
COCTOSIHUY — rapMOHHYECKUN OCIHA/UISTOD, KYJIOHOB-
cKoe moJie, noreHumats Mopca, Jkkapra, ITemas—
Tenepa, 6eCKOHEUHAS MPIMOYTOJbHAS IMA, AETbTA-
sMa.

3aTeM HACTYNHJIO BpeMs pa3JMuYHBIX 06oGmeHni,
YCJIOXHEHHMM, KOMIO3MLMIA U3 PasHbIX Moxesteit [J, 6.
ITpouecc MOMCKOB HOBBIX MOAEJIEH C TOUHBIMHU peme-
HUSIMH ITPOXOJIXKAJICS, HO €r0 TUIOXbI OKA3bIBAJIMCh JIH-
60 CAMIIKOM CJAOXHBIMM, TPOMO3IKHMMH, JUOO OUEHB
a6CTpaK THBIMH.

*  Dnurpadbl K paszzesnam cTatby B3sTsl u3 pabor M. M. Jludumma [1,2].
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Hogbie mounvie pewenus ypasuenus Llpedunzepa

TlepBHlii MPOPHIB B 00J14CTh HOBBIX MPOCTHIX MOAEIEN
C TOUHBIMHM PELIEHHSIMH CBS3aH C PA3BUTHEM TEOPUHU
COJIMTOHOB, MOCKO/IbKY B cutyauuu O3P conuToHHBIE
(pOpMHUPOBAHUS MIPAIOT POJIb MIOTCHIMAIBHEIX MOJIECH
B CTanMOHapHOM ypasHeHuM Illpenunarepa njs HEKO-
TOPOM KBAHTOBOM YaCTHIBI (TICEBAOYACTHILH). Ocoben-
HOCTb TAKMX COJITATOHHBIX TOYHBIX PEIIEHUM COCTOUT B
TOM, YTO yPOBHH SHEPIMH OKA3hIBAIOTCH (pMKCHpO-
BaHHBIMHA (OHM SBJISIIOTCS WHTETPAJIAMU ABUXCHHS
HEJIMHEWHOTO 3BOJIIOLMOHHOrO ypasHeHus Koprese-
ra—ne ®pusza [3]) npm goctarouso Gospmoi ru6Ko-
CTH MOTEHIMAAJIOB, @ COCTOSIHUSI HETIPEPBIBHOTO CIIEKT-
pa COOTBETCTBYIOT MOJHOH IPO3PAYHOCTH IIpH
paccestHUU YacTHIl.

Jlpyroe HampaBJ€HHE CBA3aHO C OOHAPYXEHHEM
NPHHIMIAAIBHO HOBOTO 00bEKTA B KBAHTOBOH M€Xa-
HUKE — KBA3MTOUYHOPELIAEMBIX MozeJseil. 30ech MO-
MEHTOM IIPO3PEHMS CTAJ0 HAXOXACHHUE LE/IBIX Kaac-
COB HOBBIX MOJIEJIEM C TOUHBIMA PEIICHUSIMU B CBSI3H C
pa3paboTKOil HOBBIX METO/IOB B TEOPHH CIIMHOBBHIX CH-
crem [7]. JI1s CHUHOBBIX CUCTEM B COOTBETCTBYIOIITHAX
3(p¢eKTUBHBIX OTEHIUAIbHBIX ITOJISX C TOUHBIMH pE-
menusamu ypasaenud [lIpequHrepa B 3aBUCUMOCTH OT
BHIOOPa CIMHOBOIO MAapaMeTpa W 3HAUEHUH MArHMT-
HOTO TOJIS TIOJIy Yar0TCs pa3HOoOOpa3Hbie IpoduIm mo-
TEHI[MAJIOB ¥ MMEIOTCS IPOCThie (DOPMYJIBI I/ SHEP-
FeTHYECKOTO CIEKTPA M COOTBETCTBYIOMMX BOJHOBBIX
dynkumii [4]. '

OTH 1Ba HOBHIX HAMPABJICHUS BHECIU BECOMBIM
BKJI4Jl B COKPOBHILHHMILY 3aa4, JOIYCKAOMMUX TOUHOE
petieHme.

B nanpHeiimeM wm3yueHHWE KBAa3HTOYHOPEMAEMBIX
MoOJEeJIeH passﬁnow B HOBYIO 00J1aCTh MATEMATHKH U
MaTematudeckoit pusukm (cM. [8,9] M ykasaHHYIO
TaM JIITEPATYPY) , OMHAKO B JAHHOM CTAThE MBI COCpPe-
JAOTOUMMCS TOJIPKO Ha (PM3HUYECKHMX acCmeKTax (mpH-
YEM JIMIOb HEKOTOPHIX) .

B ueM Xe KOHKPETHO 3aK/JII0UaeTcd BaXHOCTh TOY-
HBIX PEINEHUH PACCMATPUBAEMOTO THIA?

Bo-nepshix, CIeIyeT NOQYEPKHYTh, UTO 3TO OCHOBA
CTALMOHAPHBIX COCTOSIHMM B KBAHTOBOM MEXAHMKE
(cM., Hanpumep, [10—-14]). Janee Hy>XHO OTMETHUTB,
YTO TOYHBHIC PEIICHHS SBJSIOTCH (DyHAAMEHTOM HO-
BBIX 3a7a4. 3aTEM HeJIb3d HE YIOMSIHYTb O 3HAYCHHH
TOYHBIX pEIEHUH KaK 6a3bl MPUOTMXEHHEIX METOROB.
JlobaBuM, UTO MOIEJM C TOUHBIMU PEIICHUSIMH YACTO
HCIIOIB3YIOTCS TIPH M3yYEHHWM CIOXHBIX SBJIEHHH,
KOTJa TOYHBIE 3AKOHOMEPHOCTH HE M3BECTHBI JIN KOT-
Jia MOXHO HM3YuYMTh OCHOBHBIC CBOMCTBA, HE 3aBH-
CAIIME OT KOHKPETHOIO BHAA NMOTEHIMAIA, OTBJIEKa-
4Ch OT YCJAOXHEHWH, BHOCHMBIX €ro meraiamu. Tak,
. M. JIndmum B paboTax 10 TEOPHHA JIOKATBHEIX BO3-
mymeHui [1] yacto HCIOIB30Ba TaK HA3BIBAEMYIO
cenapaGesibHy0 MOJE/Ib BO3MYIIEHHI. YKaXeM TaK-

®uanka HU3KnX Temnepatyp, 1997, 1. 23, Ne 1

Xe€, YTO IIPOBEPKA HOBHIX TEOPHil OOBIYHO OCYIIECTB-
JISETCS Ha OCHOBE M3BECTHHX UACTHHIX CJIyYaeB 3a/ay
¢ TOuHbIMM pemeHusmn. Eme ogHa BakHas pojib —
3alaud C TOUHBIMH DEINEHUAMH CJIYXaT TECTOBBIMH
IpMMEpPaMH [IPU IPUMEHEHUM YACIEHHBIX METONIOB.
MOoXHO HAOEATHCSA, YTO TEMA TOYHBIX PEIIEHHH CO-
XPAHMT XHUBOM MHTEPEC U U1 OyAyIIMX BPEMEH.

2. CriuHoBble 3(PPeKTHBHDBIE MOTEHLHAIbI

Kak npasuno, uzyname oudgdepenyuanvreole
YPAGHEHUSL 3HAUUMENIbHO Nlegye, HeM UX Ouck-

pemHble aHanou. ..
H. M. JIndpmm

CnuHOBHIE CHCTEMB — OCOOHIA KJIACC KBAHTOBBIX
CHCTEM, TAMIJIPTOHMAH KOTOPHIX CONEPXHT ONEpaTo-
poi coumHAa (3¢h¢heKTHBHOTO CNMHA, NCEBAOCNHHA H
1.11.). OHM BCTPEYAIOTCS BO MHOTHX 00/1aCTSIX (PH3HKH
(MarHeTU3M U CBEPXNPOBOAUMOCTD, SACPHAs (PU3NKA
¥ B3aUMOJEMCTBHE CBETA U BemecTBa) . JIyig onucanus
JTHX CHCTEM HEOOXOMMMEI CIIELMAIbHBIE METOXBI TE-
opeTHyecKoi (pU3NKH, HOCKOJIBKY COOTHOLIEHHS KOM-
MyTalMK I KOMIOHEHT CIIMHA OT/IMYAIOTCS OT 60-
3eBckux u pepmueBckux. [[lnpokoe pacnpocTpaHeHue
MOJYUMIM METOAB! AJiS MHOTOYACTHYHBIX CHCTEM, a
CHCTEMH C OAHOCIIMHOBBHIM FaMIIBTOHUAHOM OCTaBa-
auck 6e3 BHMMaHMda. B KauecTBe mpumepa MOXHO
yKa3aTh TaK Ha3HIBAEMbIC AHN30TPOIHBIE TApaMarHe-
TUKH. DTO KacaeTcd U MHOTOYACTHYHBIX CHCTEM, TaK
Kak B HEKOTOPHIX CJIy4asiX KOJUIEKTUBHBIE CTEICHH
cBOGOABI OTHOYACTMYHOTO BUAA OMMCHIBAIOT ABHXE-
HME CHCTEMBI KakK Lesoro [4].

Coue npencrasiser coboil KBAHTOBOMEXaHUYEC-
KMl 00BEKT CYHIECTBEHHO AUCKPETHOM npuponsl. I1o-
9TOMY, HANpMMEp, ypaBHEHWE, BO3HHKAIOUICE IIPH
HM3YUEHUH SHEPreTUYECKOTO CIEKTPA CIMHOBHIX CHC-
TeM, MMeET MATpHuHyIo (popmy. [pu Gospmmx 3Haue-
HMSX CIIMHA 5TO 3aTPYOHSIET aHAJIA3 CBOVCTB CHCTEMBI
CTAHJAPTHBIMA KBAHTOBOMEXAHMYECKIMHI MCTORAMU.
OxasniBaeTcs, OAHAKO, YTO A1 JOCTATOYHO IIMPOKO-
r0 KJAacca CMMMHOBBIX CHCTEM MOXHO BBECTH CTPOroe
MOTEHUHMAJIBHOE ONMCAHUE, TAK YTO SHEPreTHUECKHH
CIEKTP CIIMHOBOM CHCTEMBI COBIIANAET C HEKOTOPBIMHU
YPOBHSIMH 3HEPTUH IJIF IICEBAOYACTUIIBI, ABMXKYIICH-
CS B IOTEHIIHAIBHOM TI0JI€ JOCTATOYHO MPOCTOM (POPMBEI.
Takoe TOUHOE CIIMH-KOOPAWHATHOE COOTBETCTBHE CJIY-
XHUT TAaKX€ OCHOBOM Da3BUTHUS PA3JMUHBIX MPHOJIH-
XEHHBKIX METONOB ONMUCAHMS CIHHOBBIX CHCTEM, Ha-
NpUMEDP TEOPHH BO3MYINEHMI M KBA3UKJIACCHYECKOTO
npubamxenns. OcoOEHHO BaXHO, YTO JJIS COOTBETCT-
BYIOIIEH KOOPAMHATHON CHCTEMBI 3TO IPUBOAMT K Ha-
XOXIECHUIO HOBHIX TOUHBIX pemenuid ypaBHerus lpe-
ouHrepa [4].
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IpennoXxeHHs HaMuU MOAXO0M 3aKJIIOUYAETCI B TOM,
YTO pacCMATPHBAIOTCS TAMUJIBTOHHUAHBI, MOCTPOEH-
HBIE U3 TEHEPAaTOPOB HEKOTOPOU rpymmsl Jlu (B yacr-
HOCTH, COMHOBBIX OIIEPATOPOB) , ¥ DY PEIIECHUN 3a1a-
yn 06 MX COOCTBEHHBIX 3HAUEHMIX M COOCTBEHHBIX
BEKTOPAX MCIO/Ib3YETCS MPEACTABIEHHE 0O00MEHHBIX
[15] (B yacTHOCTH, CIMHOBHIX) KOTE€PEHTHHIX COCTOSI-
Huit. B nomyyaromeMcs KOOpAHHATHOM IPEICTABICHAN
TAKOW TraMIIbTOHUAH CTAHORMUTCS AUPPEpeHInaIb-
HBIM OIIEPATOPOM, B YACTHOCTH orepaTopom Ilpennn-
repa ¢ HEKOTOpo#H 3(GPEeKTHBHON MOTEHIMATIbHOM
sHeprued. HaiineHHbIE MOTEHUMABI IJIS TPOCTHIX
CIHHOBHIX CHCTEM JIMOO UMEIT (JOPMY HEJOKAIH30-
BAHHBIX 5IM, TMOO OKA3bIBAIOTCS NEPHOAMYECKHMH. Bo
BCEX CJAyYasiXx MMEIOTCS KAaK CUMMETPHUYHBIE, TAK U
HECHUMMETPHUHBIE PA3HOOOpA3HbIE MHOTOIIAPAMETPH-
YECKHME MOTEHLIMATBHBIE MOJIEIIH.

ITepexoxst K KOHKPETHBIM MIPUMEPAM, PACCMOTPUM
npexjae BCEro ONMH M3 HamboJiee MPOCTHIX CHMH-
raMIJIBTOHHAHOB (34eCh M fajee 0e3 OorpaHHuycHHS
OOIIHOCTH MBI OJIb3YEMCH Ge3pa3MEPHBIME BETNYH-
HaMM), COOTBETCTBYIOINMII TAK HA3BIBAEMOMY JIETKO-
OCHOMY NAapaMarHeTWKy B MEPIECHANKYJISIPHOM Mar-
HuTHOM nosie [7 ]

H=-82_BS_. )

y X

3necs S ; — OIEpaTOpHI MPOCKIMIA CIMHA; B 1pomop-
OMOBAJIbHO BHEIIHEMY MATHUTHOMY No0. Ecau Mbl
pemaeM 3a7ayy HaXOXACHHS CTAIMOHAPHBIX COCTOS-
HUH TAKOM CHCTEMBI C MOMOIIBIO YKA3AHHOTO METOAA,
TO MPHUXOANUM K CTAHAAPTHOMY OXHOMEPHOMY ypaBHE-
Huro Hlpennarepa

d2
d—g‘g +[E-vg@]v=0 @)
IU1S ICEBAOYACTHIBI C KBAAPATUYHHIM 3aKOHOM IHC-
nepcuu (CIMHOHA) , ABHXYIIEHCS B 9(pEeKTHBHOM IO~
TEHIHAJbHOM IT0JIE, MOCTPOCHHOM M3 TUIepOoJnye-
ckuX (pyHKImIA

2
Ue(8) = BTShZE - B(S+1/2)ché, 3

rAe S — BEeJMYMHA CIIMHA, 4 £ MOXHO CUMTATH HEKOTO-
poit 6e3pasMepHOl KOOPOMHATOM. IIpym 5TOM OKAa3bI-
Baercd [4], yto coGcTBeHHBIE 3HAUEHHS SHEprun E
cnuHOBOM cucTeMbl (1) COBMAZAIOT C HWXHUMH
2S + 1 ypoBHSMM 3HEPrUM COMHOHA B IOTCHIMAJIb-
HOM mosie (3).

Ha ocHOoBaHMY Takoro mopxona K OMUCAHMIO CIMHO-
BBIX CHCTEM OBUIM H3y4Y€Hbl HU3KOTEMIIEPATYpPHBIE
(usnueckue CBOMCTBA (IHEPrETUUECKUIA CIEKTD, HA-
MarHMYE€HHOCTH, BOCIPMHMMYHMBOCTH, CIIMHOBOE TYH-
' HEJIMPOBAHKE) AHU30TPOIHBIX TApAMArHeTukos [4, 7.
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Puc. I. Tunuunbie 3¢dekTmBHbIE noTeHuMansl (3) npu § = 2:
aMa C AByMSl MMHMMyMaMu s B << Bo (a); sMa c 4yeTBEpPHBIM

MUHUMYMOM 1151 B = BO ).

g 3HAUEHWI MAarHATHOTO mojs B > By=25+1

HAUACHHBIA HEJIOKAJHU30BAHHHM moreHouana (3)
uMeeT (GopMy OTMHOUYHOM SIMBI, TOTAA KakK s B < B,

OH TNpEBpAIAETCs B MY C ABYMS MHHUMYMAaMH
(puc. 1,a). Baxuo, uro g B = B, sra Mopen» npu-

HEAMAET (hOpMYy SIMBI C MUHHMYMOM YETBEPTOTO IO-
psnka (puc. 1,6).

Ecom npu 6opmux 3HaueHusx cnmua (S >> 1) yc-
TAHOBJIEHHOE CIIMH-KOOPIWHATHOE COOTBETCTBHE YH00-
HO NpM HM3YYECHWH CBOMCTB CIIMHOBOW CHCTEMBI [4 ]
CTaHIAPTHBIMA KBAHTOBOMEXAHHYECKUMH METONAMU
nas ypasHeHus [llpenunrepa (2), To, ¢ Apyro# cropo-
HBI, U1 HeOOJIBIINX 3HAYEHMIA CIIHHA BO3MOXHO Ha-
XOXIeHWE COOCTBEHHBIX 3HAUECHHH CIIMH-TaMIUIBTO-
HuaHa (1) HETIOCPEACTBEHHO B IHCKPETHOM CITHHOBOM
MPENCTABJICHAN KAaK KOPHEH XapaKTEPUCTHYECKOTO
ypaBHeHHS. C yuyeToM CBOMCTB CHMMETDHM 3afaud
HOJTYyYarOTCS MIPOCTHIE SIBHBIE AHAJINTHYECKHE (POpMY-
JIBI JUISI YPOBHEH SHEPrMH M BOJHOBHIX (DyHKIHIA CTa-
IHOHAPHBIX COCTOSIHMI. Pas/munble KOHKpETHBIE CITy-
yam pacCMOTPEHH B Hamux paborax [4,17,18]. B
HACTOSIIEH paboTEe COCPENOTOUMMCS HA 0COBOM CaIy-
yae TOUHHIX peNIeHHMI A1 Mopean (3) pH KpUTHYE-
CKOM 3HAYECHWHM napameTpa B = Bo = 2§ + 1, xoraa

NOTEHIMA UMEET (POPMY SIMBI C MUHUMYMOM YETBEP-
TOrO HOPSIAKA:
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Hoagble mounvie pewerus ypasHenus Llpedunzepa

By
Up(§) = — 5 + Bysh*&/2. )

Jlna manpHeHmero yRoOHO BBECTH HOBYIO KOOPAHM-
HaTy x = £/2 ¥ OTCYUMTHIBATD SHEPTHIO OT MUHUMYMA
morennmana (4). Torga B HOBBIX MEPEMEHHBIX ypaB-
Henue (1) npuHUMAET BUA

Z—zﬁ+ [¢ - uw]w =0, 5)
X

rne € = 4E + 285; u(x) = Qsh“x,Q = 4B5. 6)
Takum 06pa3oM, TOUHBIE PEIIECHUS IJIsl MOTEHIHAb-
HOIO [OJIS C YETBEPHBIM MEHUMYMOM (6) CYIECTBYIOT
npu sHauennsx Q = 4(2S + 1)%, rne S =0, 1/2, 1,
3/2, 2, ... IIpu aToM, KaK yXe OTMEYAIOCh, /I He-
60JIBIIMX 3HAUCHHMH TapaMeTpa S AOJIXKHEI IOy YaTh-
sl IPOCThIE IBHBIE (DOPMYJIBL /ISl YPOBHEH SHEPrUM 1
BOJIHOBHIX (DYHKIIMii CTALIMOHAPHBIX cocTosHui. Omy-
CKad pacueTHHIE AETaju, NMPUBEAEM HEKOTOPHIE M3
HUX (ImEpBbie MHACKCH JHEPrMM OTBEYAIOT BEPXHUM
3HaKaMm B popmynax). Ecimu S = 0, To 7151 OCHOBHOrO
COCTOSIHUS

1
g =2; zpo(x)=A0exp(—5ch2x) :

Ecau S = 1/2, T0 K OCHOBHOMY COCTOSIHHIO IIPHCOEIHU-
HSETCS MEPBOE BO30yKAEHHOE:

gg=3; o(x) = Ay exp (—ch Zx) chx;
e, =11; y,(x) = A exp (—ch 2x) shx.

Ecim S

1, T0 B popMyIax MOSBJISIOTCS PATUKAJIbL;
g0 = 16 F 2 V3T ;
Yo,2(X) = Ag 5 €xp (—% ch Zx) (ch 2x = ——:S—%Ll) $
3
e, =145 y (x) = A exp —Ecth sh 2x .

Ecmu S = 3/2, T0o 1 YETHPEX COCTOSTHUM C HU3KOJIE-
XaIIMMH yPOBHIMY SHEPTUH

2 =19F 4V I35  yg,(x) =

= Ay, exp (—2 ch Zx) (ch 3x —\/I_%-t—l ch x) :
e 3=35F4 V2l; oy 4=

= A| 3 exp (—2 ch Zx) (sh 3x £ lei?i sh x) :

Ecau S = 2, TO OTpAaHAYMMCS TOJIBKO YPOBHIMU JHEP-
run. OHM COIEPXAT HE TOJHKO PAXUKAJIBL:
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130 , 8 = 1 1765
b= +3 V313 cos 3 arccos (W) + (p"] '

W

Gun St = s = D, =AQE D000

HopMupPOBOUHBIE BETMYMHBI CBSI3aHbI C MOTM(HUIIM-
poanHbIMHU DyHKUMsME Beccens (bynkmusamn Mak-
moHasbAa): Tak, Ay = [Ky(1) 1“1/2 B cayyae S = 0.

IMonuepkHEM, UTO B PAacCMaTPUBAEMBIX MOIEAX
YMCJAO TOUYHBIX PEIICHWI OKA3BIBAETCH KOHEUHBIM.
DTO CBOMCTBO MOJIyYHJIO Ha3BAHUE «KBA3UTOUYHOpE-
waemoctr» [8 |. [Ipu 3TOM cTallMOHAPHBIE COCTOSHUS
C TOUHBIMM pemeHusmu (MyJasTuivier 25 + 1 ypos-
HEW JHEPrMM) pacroJIOXKEHbl B HUXHEHN HacTH JHEP-
FeTHYECKOro CIEKTPa, HAUYMHAS C OCHOBHOIO COCTOSI-
HUS, TOTOA KaK OCTAJIbHbIE CTALMOHAPHBIE COCTOSHHS
(«HAACMUHOBHIE») HE UMEIOT TOYHBIX PEIICHUM.

Kak u3BeCTHO, CTENEHHON MOTEHUHAN u(x) = Qx4
(UeTBEPHOU OCHMJIJISTOP) HE OOMYCKAET TOUHBIX pe-
LICHUM, IBJSSCh BaXXHBIM 3JIEMEHTOM MHOTHX Cylle-
CTBEHHO aHrapMonmueckux cucrem [19]. Taknm o6-
pa3oM, BO3HMKAE€T HECKOJbKO MapaaokcaiabHas
cuTyauus, Korga 6osiee mpocras Moae/b 4-CTENEHHO-
0 NOTEHLMA/IA HE NMEET TOUHBIX PELIeHuii, a Goaee
caoxHas (1 6JM3Kadg K Heil Kak KaueCTBEHHO, TaK M
KOJIMYECTBEHHO) 4-rmnepboamnueckas moxeab (6) ta-
KoBHIMH OOsiamaer. ConocTaBjIeHNE yPOBHEH SHEPrum
3THX JBYX MOZEJIEH OKA3BIBAET, YTO OHM COJIMXKAIOT-
cda ¢ yBeanueHueM napameTpa S B (6), a OTHOCHTE b~
Hasg omuOKa OKa3bIBAETCS MOPSIAKA S s2s

BaxHo, UTO TeM CaMbIM MbI MOJYYAaEM CEIIEC OOUH
cnoco6 HAXOXICHUS YPOBHEH 3IHEPrHMM UYETBEPHOIro
OCUMJJISTOpPA C MOMOLIBIO MOAE/IU C TOUHBIMU peule-
gusimu  (0). B Gosiee obiieM cayuyae TO Xe Kacaercs
CMEIMAHHOrO KBAaAPATHYHO-YETBEPHOTO OCLU/LIATOPA
¥ MOJIEJIM C TOUHBIMM pemeHusMu (3).

Ilns pacCMOTPEHHOM CHCTEMBI CO CMH-TAMMJIBTO-
HHAHOM (1) MOXHO TaKXe€ BBECTH OIUCAHUE HA OCHO-
BE HEKOTOPOM NMEpPHOAMYECKOM MOAEJH NMOTEHIHAA.
OnHAaKo Mbl IPOMJITIIOCTPUPYEM TAKYIO BO3MOXHOCTb
HAa TpMEpe CIUHOBOW CHCTEMBI C TaMUJIbTOHMAHOM
GoJiee 00LIETO BUAA:

H = aS? - S - BS, , @)

OMMCBHIBAIOLIMM, HATIPUMEDP, ABYXOCHBIA MapamarHe-
THK B MarHMTHOM T0Jie B, mepneHauKYISIPHOM OCIM
AHM30TPONMM C KOHCTaHTaMu «, § = 0. B atom ciy-
yae MOXHO TaKX€ NPUUTH K CTAHOAPTHOMY ypaBHe-
amo [ pequnrepa Tuna (2) ¢ nepuoanueckuM A dek-
THBHBIM NNOTCHINAJIOM
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W, sn2§— W,cn§
a + B cn’

Ug§) = - ®

2
Wl =%—aﬂS(S + l), W2 S (a +ﬂ)B(S+ 1/2)’

NOCTPOEHHBIM U3 S/UTHNTHYECKUX byHKImi dxobu ¢
monyaeM k = Vf3/(a + f).

IMockoneky comroBas cuctema (7) npu HeGOIBIIMX
§ IOmycKaeT TOYHOE PEHmICHHE B BUAE MPOCTHIX SIBHBIX
c¢opMyJsT 1S ypOBHE#H SHEPrHM M BEKTOPOB CTALIMO-
‘HapHHIX COCTOSHUM, TO M ypaBHeHue IllpexmHrepa
HMMEET COOTBETCTBYIOIUME TOUHbIe pemeHus. Co0-
CTBCHHHIC 3HAYEHHMS CHUH-TaMWiIbTOHHAHA (7) COB-
najzaloT Ha 3TOT pa3 ¢ 25 + | kpaiiHuMKU ypOBHSMH
SHEPrHM HHU3MHMX JHEPreTHYECKHX 30H (Uepemyio-
IAMHCS JHOM M MOTOJKOM 30HBI) B MOTEHIMAIBHOM
nose (8).

C pocTOM MarHMTHOIO 1O/ B MHUHMMYMBI SM B
AYEHKax NEPHONMYECKOTO MOTEHIMAJA MpPETEPNEBa-
10T U3MEHEHHUS OT ABOMHBIX IO OTMHOYHBIX UEpe3 YeT-
BEpHHIE, a PopMa MaKCHMYMOB GapbepOB H3MEHSAETCS
B o6paTHOM mopsiake. MHTEpecHO, uTo npu a = B cy-
IIECTBYET HEKOTOPOE KPUTUYECKOE 3HAYECHHE MAarHwT-

Horo nong B = 2a VS(S + 1), npu KoTOPOM NOTEH-

LUMAJT HMEET OMHOBPEMEHHO KaK YETBEPHON MUHUMYM,
TaK M YETBEPHOH MaKcUMyM (puc. 2). 3mech MbI orpa-
HHYHMCSA KOHKPETHBIMH IIPUMEPAMH KMEHHO JI/1 3TO-
ro ciyvas, nojarasie = 1.

He ocranaBmBasich Ha BOIPOCE O BOJTHOBBIX (DYHK-
UHSIX, NTPUBEAEM PE3Y/IbTATHI A HEKOTOPHIX YPOB-
He# 3Heprum E. VIX Hymepauus OTBEUAeT CIHMHOBOM
cucTeMe (MEPBBIA MHAEKC COOTBETCTBYET BEPXHEMY
3HaKy B chopmyaax). ODHOBPEMEHHO yKaXeM, KAKoe
NOJIOKCHHUE OHH 3aHMMAIOT B 30HAX 3HEprum 3dex-
THBHOIO NOTEHLMAJA.

Ecu S = 0, T0 E;; = 0 (10 ocHOBHO# 30Hb1) . Ecin

S=1/2, 1o E,
wemn). Ecm S =1, 10 £, = + 3 (GZHO OCHOBHOW

= ¥ V3/2 (okaiiMaeHne nepeoi

30HBI M THO BTOPO¥ 30HKBI), 4 E = 0 (mortos10k nepBoi
3oub). Ecm S = 3/2, 10 Ey, = -3v2 ¥ V15/2
(3TH ypOBHM 3HEPrHH OKAaMMJISIOT MEPBYIO INEAb) H
E);=3V2 + V15/2 (okaiimnenne TpeTbeil weam).
EcmS=2,1E,= ¥+ 6V3 (1HO OCHOBHOW M AHO
YETBEPTOM 30HHI), E, 3= ¥+ V33 (moronku nepeoi u
TpeTheit 30H), E, = 0 (1HO BTOpOI 30HbI) .

Kak ykasaHo Bbilie, B Kaxnoi u3 2S5 + | Husmux
30H OAMH M3 KPaHUX YPOBHEH SHEPIUM SIBJAKCTCS
CMIHUHOBLIM, YTO JAE€T OCHOBAHME HA3BIBATh 3TH 30HHI
Takxe cnuHOBbIMH. OCo60ro BHUMAaHMsI, OOHAKO, 3d-
C/Y>XKHMBAIOT 00/1€€ BHICOKME 30HBI — «HAACITHHOBBIES.
Okazanoch, UTO B MX DACMOJOXEHMM BCTPCUAIOTCS
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Puc. 2. Dneprernueckue 30Hb 3¢dekTMBHOMO noteHumana (8) c
UETBEPHBIMU IKCTPEMYMAMHU U TOUHBIMM peeHusmu (S = 3/2).

UHTepecHble ocobeHHoCcTH. Ecnm cumrats S Hempe-
PBIBHO U3MEHSIIOIMMCS, TO MIPH LEJIBIX ¥ MOJYHENBIX
S BCe HaJCIHMHOBHIE 30HBI MOMAPHO CTHIKYIOTCS, TaK
YTO TIOJIOBMHA HAJCIHMHOBBEIX INEJEH 3aKpPHIBAETC.
Kpome Toro, onHa 13 HAXCIIMHOBBIX 30H NPEBPAIIAETCS
B CIIMHOBYIO, & TAKXKE MOSBJISIOTCS TOYHBIE PEHICHAS
IJIsl CIMHOBBIX 30H. OTH NMPEBPALICHHUS SJHEPreTHYEC-
KHMX 30H MOXHO Ha3BaTh MEPHUOAMYECKIM CIIHHOBBIM
CTPYKTYPHBIM MEPEXOAOM.

Ionaras B dopmynax (8) a = 0u B = 1 1 yuurh-
Basi Npefe/IbHbIE CBOMCTBA J/LTMNTAYECKUX (DYHKIHIA,
noJty4aeM 3¢hek TUBHBIN MOTEHI[AA/I OXHOOCHOM CITH-
HOBOI cuctemsl (3).

Ecan B = 0, To npu uensix S norenuman (8) cso-
ANTCS K BCTPEUAIOLIEMYCS B TEOPUU COJIMTOHOB KO-
HCUHO30HHOMY KHOMIAJBHOMY moTeHuuany Jlame—
AiHca, KOrma BCE HAACIUHOBBIE 30HBI CMBIKAIOTCH,
00pa3yst 0aHy GeCKOHEUHYIO 30HY.

Ha paccMOTpeHHBIX NpMMEpAxX CIIMHOBBIX CHCTEM
MBl W/UTIOCTPUPYEM OOHY 3aMEUATENbHYIO OCOGEH-
HOCTb 3(D(DEKTUBHBIX MOTEHLMAIOB — HAJHYHE TOYU-
HBIX PCLICHMH TOJBKO IS YACTH CTALMOHAPHBIX COC-
TOSTHUM. ;

ITpu 3TOM, KPOME MMEIOLIMX TOUHOE PEILIEHNE, eCTh
OCCKOHEUHOE MHOKECTBO PACIONIOXEHHBIX HAA HAMH
(Mo wWKaJie SHEPruit) CTAUOHAPHBIX COCTOSIHMHM, IS
KOTUPSiX TAKOE CBOMCTBO, BOOOIIE rOBOPSI, OTCYTCTBY-
er. K ToMy Xe 310 CBOMCTBO mposiBASIETCS B YKa3aH-
HBIX MOJEJISIX MOTEHIMAJIOB HE MPH BCEX BO3MOXKHBIX
3HAUYECHHUAX BXONMIIMX B HUX MApaMETPOB, a JIMIIb
NpU HEKOTOPBIX 3HAUYEHMSIX, CBI3AHHBIX C LICJIBIMH
unciamu  (MyJaprunietHocts 28 + 1). OcTanbHBM
XK€ 3HAUEHUSM NAPAMETPOB COOTBETCTBYIOT «BHECTIH-
HOBBIC» MOTEHUMAIbI C «BHECTIMHOBBIMM» CTALIMOHAP-
HBIMM COCTOSIHUSIMH (YPOBHSIMH SHEPTUH, BOJTHOBBIMU
(byHKUMSIME, JHEPreTHUECKMMHU 30HAMM)
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Hogble mourbole pewieHus ypasHenus IlIpedunzepa

Wtak, 00HAPYXKUJIOCh HOBOE, COBEPLICHHO HEOOBIU-
HOE, CBOWCTBO KBAHTOBOMEXAHWUYECKHX CHCTEM, IO-
JIyuMBINEE HA3BAHME KBA3UTOUHOpewmaemocTu. [1pu-
pona MOHOOHBIX MOXEAEH MOTEHLMAJIOB OOBIYHO
CB434dHa C TCOpCTHKO—I‘pyHHOBbIMI/I CBOMCTBAMHU CHC-
TEM. B YACTHOCTH, B CITMHOBBIX CHUCTEMAX OCHOBOM B~
JISETCS CIUH-KOOPAUHATHOE COOTBETCTBHE.

Ecsim roBopuTh 0 (p¥3HUECKMX 00bEKTAX, TO KBA3HU-
TOUYHOPEWIAEMOCTh MTPOSBIJIACH, IIO-BHOUMOMY, BIIEp-
BbIC UMCHHO IPA U3YyUYCHUHU CITHHOBBIX CUCTEM.

lo cux mop peus maa o0 OMHOMEPHBIX 3amauax.
Mexny TeM 3aMeuyaTeIbHBIM CBOMCTBOM KBA3UTOUHO-
pemaeMbIX MOE/IEH SIBASETCS TO, YTO TOYHBIE pele-
HUS yOAETCA HAWTH W B ABYMEPHBIX CIyuasix, MpuueM
0e3 pasne/eHHMs MEPEMEHHBIX. Brmepssle 3T0 ObLIO
npopeMoncrpupoBano B [21]. Ormerum 3mech, Ha-
npumep, pabotsl [22,23 ], B KOTOPBHIX KBA3UTOUHOPE-
maeMble MOLE/IM ObLIU MOCTPOEHBI IPU HAJTMUNHU Mar-
HUTHOTO NIOJ1d.

3. ComMTOHHbBIE JIOKAJIUM30BAHHbBIE MOTEHLUAJIbI

... Mot paccmompum 30ece odun cayuail, oony-

CKArOuUI MOYHOE Peudenie U NPUBOISUUIl K

Hauboiee NPOCMbLM BbLPAXCHIUSIM. ..

... B kauecmae npumepa u300paxena KapmuHa

deghopmalyuil, GOZHUKAFOULUX G IMOL MOOENU. ..
U. M. JIudmn

YcraHoB/ieHHAsS B TEOpMHM COTMTOHOB [3] TecHas
CBS3b HETMHEHHOTO 3BOJIIOIMOHHOTO ypaBHeHus Kop-
teBera—ae @puza (Ka®) c omHOMEPHBIM CTaLIIOHAP-
HpIM ypaBHeHueM IllpenmHrepa mo3BOJISIET yKa3aTh
HOBBIE THITBI TOYHBIX PEeHui ocienHero. Uccmemo-
BATEJIEH COIMTOHOB MHTEPECOBAJI JIMIIb METOX pemie-
Hus 3agauu Komm pyis ypasaenus Kn®, a ypasaenune
HIpexmHrepa mpu 3TOM HMrpajo BCOOMOraTEJbHYIO
posab. Mexnay TeM, eci paccMaTpuBaTh 9TY B3aMMO-
CBSI3b C YHMCTO KBAHTOBOM TOUKHM 3PEHHS, TO BBISC-
HSIETCs, uTO A5 ypaBHeHus lllpemunrepa smech 00-
HApyXHUBAETCS MHOTOMNAPAMETPHUECKOE CEMEHCTBO
MOTCHLHAIOB, [ KOTOPBIX HMEIOTCS AOCTATOUYHO
OpOCThIC TOUHbIE SIBHBIC BHIPAXKEHMSA KaK IS MOTEH-
LHMAJTbHBIX MOJAEJEH, TAK M A YPOBHEN SHEPTUH U
BOJIHOBBIX (DYHKILIMH CTALMOHAPHBIX COCTOsTHMIA. Han-
6o/IbIIMIA MHTEPEC MPEACTABISIET OUCKPETHAS YACTh
9HEPreTUUYECKOro CIEeKTpa (AJis JIOKAJIU30BAHHBIX MO~
TCHLMAJIOB), @ B HEMNPEPbIBHOM UACTU MMEETCsI, CO-
MMIACHO CTALMOHAPHOM TEOPMHM paccesiHus, Oesorpa-
XKATEJbHOCTb, CBEPXIPO3PAUHOCTb, T.€. KO3u-
LMEHT OTPAXCHUSI PABEH HYJIIO.

CyluecTBEeHHO, UTO B KBAHTOBOM MECXAHUKE B OT/IN-
YKE OT APYTUX MOAEJNEH C TOUHBIMU PEUICHUSIMH, IS
KOTOPBIX 3aJAETCSl MOTCHLUUAA M PELIAeTCs ypaBHE-
nue lpenuurepa (3amaua 0 COOCTBEHHBIX 3HAUCHM-
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sIX) , B PE3yJIbTAaTE UEro MOy YalOTCsl y POBHHU SHEPTHUH,
B MOJAEJSX COJIMTOHHOTO NPOUCXOXIAEHHUS Cpasy Xe
3a1ak0TCsl YPOBHH JHEPIMH M VIS KaXAoro HaGopa
yPOBHEH CYIIECTBYIOT MOTEHIMAJIBI C TOUHBIMH pellie-
HusiMA. [IpyruMu CJIOBaMH, Mbl IMEEM AENO ¢ 00paT-
HOM 3a1auyell — AaHbl YPOBHHU SHEPruHU (IPOU3BOJIbHO
pacrnosIoXeHHbIe!) M WIS HUX cpasy Xe CTPOATC IMo-
teHuuanbl. [Ipy aTOM 119 KaXH0ro Habopa ypoBHEH
SHEpPruM HAXOOUTCS HE ONMH (PMKCHPOBAHHHIM MpPO-
(uas moreHnmana, a 6eCKOHEYHOE MHOTONIAPAMETPH-
YECKO€E CEMEHCTBO MOTEHIIAATIbHBIX MOJEIEH.

3mech HA MEpBbI IUTAH BHIXOAMT CBHA3b YPOBHEM
SHEPrUd ¥ MOTEHIMAJIOB, 3 BOIIPOC O BOJHOBBIX (DYHK-
LIUSIX CBSI3aHHBIX COCTOSIHMM OKAa3BIBAETCS BTOPHY-
HbIM. 910 — Hacsenne metona O3P, roe camu BoHO-
BBIE (DYHKIMIY CBSI3aHHBIX COCTOSIHUI He (DUTy pHDPYIOT
MOJIHOCTHIO, a TMPENCTABJICHbI JIUIIb CBOUMH ACHMIITO-
TAYECKUMHM IApaAMETPAMH (BXOAAT B TAK HA3BIBAEMBIE
naHHbIe paccesiHns) . OQHAKO U UTSl BOJTHOBBIX (DyHK-
OMH# TaKXe MOXHO MOJIyYHTh SIBHbIE TOUYHBIE PeElIe-
HUS.

ITpoun3sBosibHO BHIOMpPast N MOCAEA0BATEIbHBIX CBSI-
3aHHBIX CTAIMOHAPHBIX COCTOSIHMI C TMapaMeTpaMu
0<k 1 < k2 Crr ik N (coIMTOHHASI HyMepauus) ," BCer-

Ia MOXHO IIOCTPOUTH 10 hopmyiam

62
ux)=-2—InF,
9x

_ 2Vkk,
F = det 6lm + m exp (2)/[) > (V]

= 3
v =k x— 4kt + A+ 6,

Lm=1,2,..,N (6lm — cumBos Kponekepa), or-

BeyalomuM N-COJUTOHHOMY PEIIEHUI0 ypPABHEHHS
Ka®, uesoe ceMeicTBO MPOCTPAHCTBEHHO JIOKAIHA30~
BAHHBIX MOTCHIMAJIOB C YPOBHSMH SHepruMm E, =

= - %,_n ,n=0,1, .., N-1 u cooTBeTCTBYIOIUMH

BOJIHOBHIMM (DYHKIMSIMH, KOTOpHIE yHXOBJIETBOPSIOT
YPABHEHHMIO BAAA (5) M TAKXE HMEIOT HOCTATOYHO
TIPOCTOM Bnil (MBI MX He npuBOoOMM). BenmuuHa f,
MIMEIOIAs VTSl COJTUTOHOB (DUSMUECKMH CMEICTT BpeMe-
HH, 30€Ch (PUrypUPYET B KAUECTBE MOCTOSTHHOTO Napa-
METpa, KOTOpbiii GyAeM HAa3BIBATh «KBA3MBPEMEHEM»,
BEJIMUMHBL A, ONIPEAENAIOTCS JHEPTETHUECCKUMH T1apa~

MeTpamn &, , a asosbie nobarku S, B ciyyae f = 0

BJIMSIIOT HA CBOMCTBA CUMMeETpuUM Mozesei (9).
[Norenuumaner (9) UMEOT OTPULATENBHBIMA 3HAK, a
ux AeopMauyvE NpM M3MEHEHHM KBAa3WBPEMEHM [
NPONCYOAAT C COXpAaHEHHEM TLIOMIAMH.
B 061acTH HEIPEPHIBHOTO CHEKTPA SHEPTHH MOJEJTH
(9) obnamaroT CBOMCTBOM 0€30TPaXkaTEJBHOCTH NPU
paccestnnm yacrur, [20 ].
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Mpu t » oo moreHuuan (9) cocrour us N yenu-
HEHHBIX HEOTMHAKOBHIX GE30TpaxkaTeabHbIX IM OK-
Kapra, Koropeie npu ! = 0 00beIuMHSIOTCS B COC-
TABHYIO SIMy, MPHOOPETAIONIYI0 Pa3HOOOpa3HbIE KaK
cummerpuuBbie (ecmu Bee 6, = 0), Tak U HECMMMET-

puuHbie (OPMBI.

B cyuae N = 1 dopma mopesm (9) dukcuposana —
3TO ONHOYpOBHEBas GesoTpakaresbHast IMa DKKapTa,
AJIs. KOTOPOii BCETAa MOXHO BHIODATh HAYAJIO OTCUETA
KOODAMHATHL X Tak, uToOBl u(x) = —Zkf/ ch? kyx.

AHanornysbli npoduas moayuaercsa u npu N > 1, ec-
am 8, =0,k=1l ,l=1.,Nn t=0 ux)=
= —N(N + 1)kZ/ch* (k,x).

B cayuae N = 2 monenu (9) uMeroT pasHoobpas-
Hy10 popMy, KOTOpasi 3aBHCHT OT ABYX IIapaMETpOB:
KBA3MBPEMEHH { M OTHOLIEHUS SHEPTETHUECKUX BEJIH-
UMH k2/ k, (dasosbie nobasku &, u 8, MOXHO CAe1aTh

paBHBIMH HY.JIIO BHIOOPOM Hauasa orcuera x 4 f). Ilpu
t=0 B cuny u(—x) = u(x) MMeeM CHMMETPUYHBIE
moneau (9), 0 KOHKPETHOM BHAE KOTOPHIX MOXHO
CyAMTb MO moBeneHHo u(x) BOm3u x = 0, rme npu

kz/ kl < V3 umMeeTcs MakCHMMyM, T.€. OBOMHAS IMa;
npu k2/kl > V3 — MMHMMYM, T.e. OfMHApHAs sMa (B
yacTHOCTH, TipH k,/k, = 2 sma Dkkapra). Ilpu k,/k, =
= V3 noayuaeTcs IMa C YIUIOWEHHBIM JHOM, T.€. MHA-
HAMYM 4-10 nopsaka:

u(x) = —4k> + %k?x“ -
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= Kx® + 0(:b) .

IIpu ¢ # 0 moay4yaroTCs HECHMMETPUYHBIE MOXEJIA.
Ecam opHo- 1 AByXypOBHEBBIE MOTEHIMAIBL (9) no-
CTATOYHO XOPOLIO 3HAKOMBI ITO COOTBETCTBYIOIIAM CO-
JIMTOHHBIM TIPOMIIISIM, TO 3TOTO HEMB3S CKA3aTh yXE
O TPEXYPOBHEBBIX MONEJSIX, KOTIA MMEETCS YETHIPE
HE3aBUCHMBIX apamertpa: k3/k, , k,/k, , t n onna u3

(azoBbix 106aBoOK, Hanpumep 8, (HBE APYTHE BIUSIOT
JIAIOb HA HAYAJIO OTCYETA X W f, TAK YTO UX MOXHO

CunTaTh paBHBIMM HYJ10). Ecim npm stom t=0 u
é; = 0, To umeeM CUMMETPHYHBIE (HOPMBI IOTEHIMA-
7108 (9), BUI KOTOPHIX 3aBUCHT MPEXIE BCETO OT MOBE-
neans B6an3u x = 0. HecioXxHbie BHIMUC/IEHAS TOKa-
3BIBAIOT, UTO

2 2 2 4 Deovis pie 2 92 2 2. 5
u() = 2K~ 4 + g) + 2[k3 - (4 4) (4k3 32 + kl)]x

3

TakumM 06pa3oM, IpH YCJIOBAA
4 2 2\ ;2 2 2 2 2\ _
i 4(k2 = kl)k3 + (k2 = kl) (3k2 = kl) =0
BO3HHMKAIOT 3KCTpeMyMsl 4-1o nopsiaka. Ha miaockoc-

™ (k%/ K2, k%/ k%) 5TO COOTBETCTBYET BETBU TUIEp-

60181, YACTh KOTOPOH OTHOCHTCS K UETBEPHBIM MUHH-
mymaM (puc. 3,0), a Apyras 4acTb — K YETBEPHBIM
Makcumymam (puc. 3,e). Ha cTeike MUHMMYMOB U
MaKCHMYMOB €CTh MUHUMYM 0-T0 mopsiaka (puc. 3,)
npu sHaueHmsx k,/k, =V2+V2 wu k3/k =

= V3 + 2V2, m1s KOTOpHIX pasJOXEeHHE MOTEHIU-
aJIa MMeeT BUX
ux) = =2(2+ ﬁ)k}" + % (17 + 12\/5)k§x6 -

8

TN ﬁ)k{"xB PR

Ha puc. 3 npuseneHs HEKOTOpbIE THIMYHBIE CHM-

METPHYHBIE TIPOGHIIN, COOTBETCTBYIOILHAE PA3TUUHBIM
COOTHOLIEHUAM SHepreTuueckux Beauuud. [pn 1 # 0
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4,6 2 _ 2 4 2 2\ ;2 4 2,2, .4]|.4 6
— 2 k8~ (kz—kl) [6k3—2(5k2—3kl)k3+5k2—5k2kl +k1] X+ 0(8).

u(wm) 6; # 0 mony4anoTcs HECAMMETPUYHBIC MpPO-

.

TaxuMm 00pa3oM, MHOXECTBO ITOTEHLMAJIOB C MPO-
CTHIMH SBHBIMH TOYHBIMH PCHICHHUSIMH B KBAHTOBOH
MEXAHUKE CYLIECTBEHHO 06Oramaercs JIOKaIu30BaH=
HBIMJ MHOTONApAMETPUYECKMMH MOJIESIMH PAa3HO00-
pasHoro Buna. KpoMe JIokam30BaHHBIX NOTEHINAIOB
CyIIECTBYIOT TAKXX€ NEPHOANYECKUE (M MOYTH MEPHO-
JUUECKHE) KOHEUHO30HHBIE TMOTECHIMAJIbHBIE MONC/IH
CoMMTOHHOM mpuponsl [3], KoTopeie MBI He GymeM
paccMaTpUBATh.

IToBOpOT B CTOPOHY KBAaHTOBOMEXAHMYECKOH CHATYya-
Iu¥ W MOCTAHOBKA BOMPOCA O TOYHBIX PEMIEHHSAX
ypasHenus LlpenuHrepa COJMTOHHOIO MPOMCXOXAE-
HMY B KHUIAX MO KBAHTOBOM MEXAHHUKE, 33 UCKJIIOUEC-
Huem [16 |, mo-BHAMMOMY, B 3TOM ACHEKTE CHEIAAb-
HO e1e He 00Cy XA nCh.
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Puc. 3. XapakrepHbie npodum TOUHO PelIaemMbix TPEXypPOBHEBBIX CHMMETPHUHBIX NOTEHLMAJILHBIX MOIEJIEH CONMUTOHHOM NPUPOLIbL.

4. Cn1H-COMTOHHASA aHAJIOTHS

Hecmomps na eudumoe ghusuneckoe pasauiue
amux 3adai, oHu OBHapyXusarom zayboKoe

cxo0cmao.
U. M. JIndumm

Mexay COMHOBHIMHM M COJTUTOHHBIMH MOZE/ISIMH T10-
TEHIHAJbHBIX MOJIEH MIMEETCS MHOIO 00mero.

Tak, cIMH-KOOPAMHATHOE COOTBETCTBHME B TEOPHHM
CIIMHOBBIX CHCTEM SIBJISIETCSI AHAJIONOM TaK HA3BIBAEMOIH
«napnl JIakca» TEOPHHA COJIUTOHOB, T.€. COTUTOH-KOOP-
OMHATHOTO COOTBETCTBUA. B 06oux ciayuasx mmeercs
HEKOTOpOE acconuMupoBaHHOe ypasHenue llpenunre-
pa, ¢ MOMOMIBIO KOTOPOTO PEINAIOTCS TJIABHBIE 3a0aUH
— npobsieMa SHEPreTHYECKOro cnekrpa (uam Gosree
001110 — CTALMOHAPHBIX COCTOSHMIA) B CITUHOBHIX CHC-
TeMax M 3afavua Komwu B Teopuu COJTMTOHOB 1151 HEMU-
HEHHOTO 3BOIIOLMOHHOrO ypasHenus Kopresera—ne
®pusa. B cnuH-KOOPANHATHOM COOTBETCTBHH CBS3Y-
IOIIYI0 POJIb UrpatT MPEACTABJCHHE CIMHOBHIX KO-
FEPEHTHBIX COCTOSIHMM, TOTAA KAaK B COJMTOH-KOOp-
AVHATHOM COOTBETCTBHH AHAJIOTHYHYI) POJIb HUTPAET
UHTEerpajbHOe npeobpasosanme Ienndanna—JleBu-
TaHa—Mapuenko B merone O3P.

B 060nx cIyyasix HCXORHBIE JIEMEHTH — JUCKPET-
Hbl€ (CITMH ¥ COJIMTOH) , 3 UM CTABSATCS B COOTBETCTBHE

®uanka HU3Kkux Temnepartyp, 1997, 1. 23, Ne 1

HETMPEPHIBHBIE KOOPAWHATHBIE NPEACTABJIEHMS C OAHO-
MEPHBIMM MOTCHUMAJIBHBIMHE TMOJSIMH U HEKOTOPHIM
3HEPreTHYCCKMM COOTBETCTBHEM. B cimHOBOM ciiyuae
HMEEM CIHMHOBBIA CHEKTP M HAACOHHOBHIE yPOBHH
SHEPruM I/ HEJOKAJIM30BAHHBIX MOTEHIUAJIOB, a B
COJIUTOHHOM CJIyYae MMEEM y JIOKAJIU30BAHHBIX MO-
TCHLUMAJIOB JUCKPETHBIM COJIMTOHHBIA CIEKTP M He-
NPEPHIBHABIA «HANXCOTUTOHHBIN» C TIOJIHOM ITPO3PAUHO-
creio. Eme ogmu o6mmit acnekT — LieJOUYMCIEHHAS
AHAJIOTHS: B CIIMHOBOM CJIyYae OCHOBHBIM ITapaMeT-
POM NMOTEHUMAJBHBIX MOAEJIEH ABJISETCS LEJA0E YUCIO
2S + 1, Torna Kak 3KBUBAJIEHTHHIM JIEMEHTOM B CO-
JIMTOHHOM CJIy4ae CJIy KUT YHUCJIO COJTUTOHOB N.

TunuuyHas oIS COMMTOHHBIX NEPUOAMYECKHX (M
MOUTH MNEPHOAHUYECKMX) MOIEJEH KOHEUHO30HHOCTD
BCTPEYAETCS U B CIIMHOBBIX MOIEJISX.

O6weil CIMH-COTUTOHHON 0COOEHHOCTHIO SIBJISIETCS
yeTKoe pa3bMeHne SHEPreTHUECKOro CIEKTPa Ha ABE
YACTH: B CIIMHOBBIX CHCTEMAX 3TO BHIPAXAETCS B KBa-
3UTOYHOPEMAEMOCTH, a B COJITMTOHHbIX — B G€30Tpa-
>KaTeJbHOCTH (M KOHEYHO30HHOCTH) .

[Tpu 3TOM MOXHO CUMTATh, YTO COOTBETCTRYIOMIEE
ypaBHeHue [llpenuHrepa onucrBAET COCTOSHUS HEKO-
TOPbIX MCEBAOYACTHIL, — «CHUHOHA» B CIydyae CIHu-
HOBBIX CHCTEM M «(PU20HA» B CIyuyde COJUTOHHBIX
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B. B. Yassinos, O. b. 3acnasckuiil, FO. B. Bacuaesckast

cucreM. OcoOEHHOCTh CITMHOHA — CIIMHOBOH CHCTEME
MOTyT COOTBETCTBOBATH KAK HEJIOKAJU30BAHHBIE, TAK
¥ IEpHOAMYECKHE MoTeHuabl. OcoO6eHHOCTD (hpr30-
HA — COJIATOHHOM CHCTEME MOTYT COOTBETCTBOBATH
KaK JIOKAJTM30BAHHBIE, TAK W NEPUOAUYECKHAE TTOTEH-
HaJIbL.

Kpome Toro, B 060ux CIyyasx MOTSHIMAIbHBIM MO-
neasM TpUCYIM pasHooOpasue (opMm, HaaMume He-
CKOJIBKHMX MAapaMeTpPoB, MOMHMO OTMEUEHHBIX AWCK-
PETHHIX, MOSBJICHUE AHAJIOTUYHBIX OCOOBIX TIpoduIei
MOTEHLMAJIOB: ¢ MHUHAMYMOM YETBEPTOrO MOPSAKA,
OBYXBAMHBIX C BO3MOXHBIM IIONAJAaHHEM YPOBHEH
SHEPrUH B KPUTHUYECKUI AMATIA30H BOIM3H MAKCAMY-
Ma, pasfeasiomero sMel 6apsepa, u T.. I B ToM, u B

ApYTOM CJiyuae Hapsay C CAMMETPHUHBIMH MOIE/ISIMA

CYILECTBYIOT DPAa3HOOOpa3sHble HECMMMETPHUYHBHIE, a
TAKXE NEPUOTTUYECKHE TOTCHLUAIBI.

AHanorus MoXeT MPOC/IEXKMBATbCI BO MHOTHX aC-
NeKTax, CPeAM KOTOPHIX BAXHOE MECTO 3aHHMAET
BBOZ B OOMXOJ HOBBIX MOHATHH (KBa3UTOUHOpEIIAe-
MOCTb, accoimupoBaHHoe ypaHeHue lllpenunrepa,
CNUH-KOOPAMHATHOE COOTBETCTBHE, 0E€30TPAXKaTE/b-
HOCTb, KOHEUHO30HHOCTb, TICEBOOYACTHUIII U IIP.)

Ilanee, B 000UX CAydyasix OTKPHITHE TOYHBIX pelie-
HUH SIBHJOCH MOOOYHBIM PE3Y/IBTATOM OCHOBHBIX HC-
CIEAOBAHMN — pa3pabOTKH HOBBIX METONOB B TEOPUU
CNMHOBBIX ¥ COMUTOHHBIX cucteM. COJMTOHHBIN OyM B
3HAUMTEBHOM CTETNEHU SKCILIyaTUPOBAJ KBAHTOBYIO
TEOPHIO, HO €r0 JOCTHXKEHUS OCTAJINCh B OCHOBHOM B
TPYAAX MO COJIMTOHUKE U HE ITEPEIIIN €IIe B MOHOTPA-
(v MO KBAHTOBOM MEXAHUKE M €€ NPUJIOKEHUIM
(cM., omHako, [16]). Ta xe cuTyanus CJIOXHIACH U B
OTHOIIEHMH MPOOJEMBl KBA3UTOUHOPCUIAEMBIX 3aXau
¥ HOBBIX TIOAXOIOB B TEOPHH CIIMHOBBIX CHCTEM, XOTS
30€Ch PEub MAET IJIABHBIM 00pa3oM O CBS3H MEXAY
OBYMs pasfejaMH CaMOi KBAHTOBOM MexaHUKU. B
nmpobseMe KBA3WTOUHOPELIAEMbIX 3amay Bce 00Jib-
Y0 KOJTKO 3a0upaeT cebe maremMaTnueckas pusuka u
uyucras matemaTuka [8,9], kak OblI0 M B TEOPHM CO-
JINTOHOB.

Takum 00pa3oM, MeXIy ABYMs COBEPLIEHHO pas-
JIMYHBIMHU CHCTEMAMHU, TIOCTABJISIIOIIAMH B KBAHTOBYIO
TEOPHIO MOZIEJIH C TOUHBIMH PEMIEHUIMHI, UMEETCS 1~
JIbIi psi cooTBeTCcTBHMA. [l0-BHANMOMY, €1e MpencTo-

KT BBIICHUTH BOIIPOC O TOM, SBJACTCA JIK ITO YMCTO

BHEIUHEN aHAJIOTHEN, MM 33 9TUM CKPHITO I1y0oKoe
CTPYKTYPHOE CXOLCTBO.
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5. 3akoyeHue

Leab cmamou 6y0em docmuzHyma, ecau Ham
y0anocs, xomst Gbl HACMUUHO, PA3ZBSICHUMS ...
HOgble U HeAoCmamo1HO NPUBbLUHbLE UOEU. ..

N. M. JIudmur,

Takum 06pa3oM, MBI KPATKO MPOCIEOWIN 33 OB~
JICHWEM HOBBIX KBAHTOBHIX 3aJay C TOUHBIMM pemie-
HUSIMH, MICTOUYHIKOM KOTOPBIX SIBUJIKCh CHCTEMBI pa3-
JIMYHOU TIPUPONBI — CIIMHOBHIE U conuToHHBIE. OHHU
CYLIECTBEHHO 00OTaTH/IM MHOXECTBO MOJE/IEN TIOTEH-
LUAJIOB C MPOCTHIMHU SBHBIMH AHAJIATHYECKHMH ¢hop-
MyJIaMH JUTS. yPOBHEH JHEPTHUY U BOJHOBBIX (hyHKIRMA
CTaIlMOHAPHBIX COCTOSIHMY B KBAHTOBOW MEXaHHKE.
Crenucguka HOBBIX KJACCOB TOUHBIX PELICHUI COCTO-
UT MpEeXae BCero B pazHooOpasuu npoduiieit moTeH-
L MAaJOB. :

Eme mpencTout oco3HaTh MHOTHE ACIEKTHI HOBOM
CHTyalyu B MPoGJIeMe TOUHBIX PELIEHHI (KBA3UTOU-
HOPEIIAEMOCTh, CIIMH-COMMTOHHAS AHAJIOTHSI, CTPYK-
TYPHBIE TIPEBPAIIEHUS B 30HAX CTMHOBBIX MOAE/IEH H
Ip.) ¥ 0600IIKTH MOJIyYEHHBIE PE3YJIbTATHl, B UACTHO-
CTH HAa OCHOBE 00.J1€€ CIOXKHBIX CIMHOBBIX M COJTMTOH-
HBIX CUCTEM.

OrauunTtebHAs OCOGEHHOCTh PACCMATPHUBAEMBIX
Mozeael — (PU3UUECKHUI CMBIC YK€ IIPYU CBOEM TIOSIB-
JICHWH, TIOCKOJIBKY OHU SBWJINCH HE IUIONOM MAaTeMa-
THUYECKHMX TPEOOPA30BAHMMI, 4 PE3YJIBTATOM HCCIEHO0-
BAHMS KOHKPETHBIX CUCTEM, B UACTHOCTH CITMHOBBIX ¥
COJINTOHHBIX.

B 3ak/0ueHHE OTMETHM, UTO B HACTOSIIEE BPEMS
KBAHTOBBIE 3a{AUM C TOUHBIMHU PEHICHUSIMU — AKTHB-
HOe, OypHO pa3sBHBAOIIEECS HAIPABJICHHE.

ABTOpHI UpPE3BHIYATHO NMPU3HATEIHHBI 38 BO3MOX-
HOCTB OITyOJIIKOBATH OTOT MATEPHAJT B BBIITYCKE Xyp-
HA4JIa, IOCBSINIEHHOM BBIAAIOIIEMYCS yYCHOMY M IIpe-
kpacHoMy ucsoBeky Y. M. Jlupumny. Jannas paGora
BBINOJIHEHA TPEACTABUTEASIMHI TPEX TIOKOJEHUH u-
3UKOB-TEOPETHKOB €T0 IIKOJIBL.

Bripaxaem ry6okyio 6naronaprocts B. M. Iykep-
HHUKY, BMECTE C KOTOPHIM OBUIM CHEJAHBI HAIIHM MEP-
BBl LIATH B Pa3pabOTKE HOBHIX METONOB TEOPHHM CITH-
HOBBIX CUCTEM.
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quantum theory of spin systems. Corresponding effec-
_tive potentials are compared with similar models of a
soliton origin. The most attention is given to new unusual
phenomena (quasi-exact solvability, potentials with fle-
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New classes of exact solutions of the Schrodinger equation with simple explicit analytic
expressions for potential fields, energy levels, and wave functions of stationary states are
considered. The solutions are discovered with the help of new original methods

claborated in the quantum theory of spin systems. The corresponding effective potentials are
compared to similar models of soliton origin. The main attention is paid to peculiar phenomena
such as quasi-exact solvability, potentials with multiple and flexible profiles, fourth-order
extrema, finite-band spectra and structural transformations in energy bands, and the spin—soliton
analogy. © 1997 American Institute of Physics. [S1063-777X(97)01201-2]

1. INTRODUCTION

Exact solutions of these equations have been obtained.

In order to clarify the following considerations, we consider
this question in greater detail . . . H

I. M. Lifshits

The quantum-mechanical problem of exact solutions of
the Schrodinger equation for stationary states of a particle in
a potential field remains the object of interest for specialists.
The number of potentials permitting a simple exact solution
was scarce until recently. The situation has changed after the
development of the method of inverse scattering problem
(ISP) in soliton theory.? Finally, a noticeable breakthrough in
the problem of exact solutions of the Schrodinger equation
has been made* of when original methods in the theory of
spin systems were elaborated, and several new classes of
exact solutions were indicated, together with the directions
of a search for such solutions. Moreover, exact solutions of
the Schrodinger equation with simple explicit expressions for
potentials, energy levels, and wave functions of stationary
states form a solid ‘‘golden’ foundation of the quantum
theory.

The problem of exact solution naturally attracts persis-
tent attention. We can single out three periods in which new
models with exact solutions were created.

The first models with exact solutions with simple expres-
sions for potentials, energy levels and wave functions of sta-
tionary states (harmonic oscillator, Morse, Eckart, and
Peschel-Teller potentials, infinitely deep rectangular well,
and delta-well) appeared at the early stage of evolution of
quantum mechanics at the end of the twenties.

This stage was followed by a period of various generali-
zations, complications, and compositions of different
models.>® The search for new models with exact solutions
continued, but the results were either too complicated and
cumbersome, or too abstract.

The first breakthrough into the region of new simple
models with exact solutions is associated with the evolution
of soliton theory, since in the case of ISP, soliton formations
play the role of potential fields in the time-independent
Schrodinger equation for a certain quantum particle
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(pseudopatrticle). Such soliton-type exact solutions are char-
acterized by fixed energy levels (which are integrals of mo-
tion of the Korteweg-de Vries nonlinear evolution
e:quation)3 for potentials with flexible profiles, and the states
of the continuous spectrum correspond to complete transpar-
ency for scattered particles.

Another trend is associated with the discovery of a basi-
cally new object in quantum mechanics, viz., quasi-exactly
solvable models. The insight moment was the discovery of a
whole class of new models with exact solutions in connec-
tion with the development of new methods in the theory of
spin systems.” Spin systems in relevant effective potential
fields with exact solutions of the Schrodinger equation are
characterized by various potential profiles depending on the
choice of the spin parameter and the values of magnetic
fields and by simple formulas for the energy spectrum and
corresponding wave functions.*

These two new trends have made a sound contribution to
the depository of problems with exact solutions.

The subsequent evolution of quasi-exactly solvable mod-
els resulted in the development of a new branch of math-
ematics and mathematical physics (see Refs. 8 and 9 and the
literature cited therein), but here we shall confine the analysis
to only a few physical aspects of the problem.

Why are exact solutions of the type under investigation
so important?

It should be emphasized above all that they form the
basis of stationary states in quantum mechanics (see, for ex-
ample, Refs. 10-14). It should also be noted that exact so-
lutions are foundations of new problems. The significance of
exact solutions as the basis of approximate methods is also
worth noting. The models with exact solutions are often used
in the analysis of complex phenomena for which exact regu-
larities are unknown or in the case when basic properties are
independent of the form of the potential and can be studied
by disregarding complications introduced by the potential
details. For example, 1. M. Lifshits' often used the so-called
separable model of perturbation. It should also be noted that
new theories are usually verified on the basis of well-known
special cases with exact solutions. In addition, the problems
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with exact solutions serve as test examples in numerical
methods.

In all probability, the problem of exact solutions will
remain important in the future.

2. EFFECTIVE SPIN POTENTIALS

As a rule, it is easier to study differential equations than

their discrete analogs . . .
I. M. Lifshits

Spin systems form a special class of quantum systems
whose Hamiltonian contains spin operators (effective spin,
pseudospin, etc.). Such systems are encountered in many
fields of physics (magnetism and superconductivity, nuclear
physics, and interaction between light and a substance). The
description of such systems involves special methods of
theoretical physics since the commutation relations for spin
components differ from the Bose- and Fermi-type relations.
The methods for many-particle systems have received wide
application, while systems with one-spin Hamiltonian re-
mained unnoticed. Anisotropic paramagnets can be men-
tioned in this connection by way of an example. This also
applies to many-particle systems since collective degrees of
freedom of the one-particle type can describe in some cases
the motion of the system as a whole.*

Spin is a quantum-mechanical concept of essentially dis-
crete origin. For this reason, the equation required for an
analysis of the energy spectrum of spin systems has a matrix
form. For large values of spin, this complicates the analysis
of the properties of the system with the help of standard
quantum-mechanical methods. It turned out, however, that
we can introduce a rigorous potential description for a wide
class of spin systems such that the energy spectrum of the
spin system coincides with certain energy levels of a
pseudoparticle moving in a potential field of a simple shape.
Such an exact spin—coordinate correspondence also forms
the basis for the development of various approximate meth-
ods for describing spin systems, e.g., the perturbation theory
and the semiclassical approximation. It is especially impor-
tant that this leads to new exact solutions of the Schrodinger
equation in an appropriate coordinate system.4

In the approach proposed by us, the Hamiltonians con-
structed from generators of a certain Lie group (in particular,
spin operators) are considered, and the eigenvalue and eigen-
vector problem is solved by using the concept of
generalized'® coherent states (including spin states). In the
obtained coordinate representation, such a Hamiltonian be-
comes a differential operator, e.g., the Schrodinger operator
with a certain effective potential energy. The potentials ob-
tained for simple spin systems either have the form of non-
localized wells, or are periodic. In all cases, various multi-
parametric  potential models (both symmetric and
asymmetric) exist.

Going over to specific examples, we first consider one of
the simplest spin-Hamiltonians (here and below, we use di-
mensionless quantities without loss of generality), corre-
sponding to the so-called easy-axis paramagnet in a trans-
verse magnetic field:’
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FIG. 1. Typical effective potentials (3) for S=2: a well with two minima
for B<B, (a) and a well with a fourth-order minimum for B= B, (b).

H=-52-BS,. (1)

Here S; are operators of spin components and B is propor-
tional to the applied magnetic field. If we are dealing with
the problem of determination of stationary states of such a
system with the help of the above method, we arrive at the
standard one-dimensional Schrodinger equation

d*y

22 TE-Ua©)]4=0 @
for a pseudoparticle with a quadratic energy—momentum re-
lation (spinon) moving in the effective potential field con-
structed from hyperbolic functions:

B2
U )= sinh?¢—B(S+ 1/2)cosh &, (3)

where § is the magnitude of spin and £ can be regarded as a
certain dimensionless coordinate. It turns out* that the energy
eigenvalues E of the spin system (1) coincide with the lower
2S+1 energy levels of a spinon in the potential field (3).

Such an approach to the description of spin systems was
used for studying the low-temperature physical properties
(such as energy spectrum, magnetization, susceptibility, and
spin tunneling) of anisotropic paramagnets.*’

For a magnetic field B>B;=25+ 1, the obtained non-
localized potential (3) has the form of a solitary well, while
for B<B, it is transformed into a well with two minima
(Fig. 1a). It is important that for B=B this model has the
form of a well with a fourth-order minimum (Fig. 1b).

For large values of spin (S>1), the spin—coordinate
correspondence established above is convenient for studying
the properties of a spin system* by using the standard
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quantum-mechanical methods for the Schrodinger equation
(2); however, for small values of spin, the eigenvalues of the
spin-Hamiltonian (1) can be determined directly in the dis-
crete spin representation as the roots of the characteristic
equation. Taking into account the symmetry properties of the
problem, we can obtain simple analytic expressions for en-
ergy levels and wave functions of stationary states. Various
specific problems were considered in our earlier
publications.“'”’18 Here we shall concentrate attention on a
special case of exact solutions for model (3) with the critical
value of the parameter B=B;,=2S+ 1, when the potential
has the form of a well with a fourth-order minimum:

Bg
Uel == +B} sinh* £/2. (4)

It is convenient for subsequent analysis to introduce the
new coordinate x= £/2 and to measure energy from the mini-
mum of potential (4). In the new variables, Eq. (1) assumes
the form

2

da°y

Zp’"‘[ﬁ—u(x)]lﬁ:o, (5)
where

e=4E+2B2; u(x)=Q sinh* x, Q=48] (6)

Thus, exact solutions for a potential field with a fourth-order
minimum (6) exist for the values of Q=4(2S5+1)2, where
$=0,1/2,1,3/2,2, ... . It was noted above that in this case
simple explicit expressions for energy levels and wave func-
tions of stationary states are obtained for small values of
parameter S. Omitting computational details, we shall write
some of these expressions (the first indices on energy corre-
spond to the upper signs in the formulas). If S=0, for the
ground state we have

1
g0=2; Yo(x)=A¢ exp( 3 cosh 2x).

If S=1/2, the ground state is supplemented with the first
excited state:

£0=3; to(x)=Aq exp(—cosh 2x)cosh x;
g,=11; ¢ (x)=A, exp(— cosh 2x)sinh x.
For S=1, the formulas acquire radicals:

€02= 1612@;

’

\[37:1)

3
Pox)=Ag, exp( 3 cosh Zx) ( cosh 2x=+ 3

3
g,=14; ¢ (x)=A, exp( 3 cosh 2x)sinh 2x.

If S=3/2, we have the following expressions for four states
with low-lying energy levels:

£02= 197 4\13; o (x)=A0, exp(—2 cosh 2x)

J13+1
2

X ( cosh 3x=+ cosh x) "
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8|’3=3SI4\/5; 1,01,3()6):14 13 exp(—2 cosh 2x)

V2153
2

X | sinh 3x*

sinh x).

For § = 2, we confine ourselves to only two energy levels.
These expressions contain not only radicals:

130 8 1 1765
82n=T+§‘ 313 cos| 7 Arccos| 37z + o,
n=0,1,2;

2
<PO,l=i§' , (Pz:O; 81,2240;2 Vv 109.

Normalization quantities are connected with modified
Bessel’s functions (Macdonald functions); for example,
Ao=[Ky(1)]" "2 for S=0.

It should be emphasized that the number of exact solu-
tions in the model under investigation is finite. This property
is known as ‘‘quasi-exact solvability.”’ 8 In this case, station-
ary states with exact solutions (the multiplet 2S+1 of en-
ergy levels) lie in the lower part of the energy spectrum
(starting from the ground state), while the remaining station-
ary (‘‘superspin’’) states have no exact solutions.

It is well known that the power potential u(x)=0x*
(quadruple oscillator) has no exact solutions, being an impor-
tant element of many essentially anharmonic systems. "’
Thus, a paradoxical situation takes place: a simpler model of
the fourth-degree potential has no exact solutions, while a
more complex 4-hyperbolic model (6), which is close to the
former model both qualitatively and quantitatively, has such
solutions. A comparison of the energy levels of these two
models shows that they become closer upon an increase in
the parameter S in (6), and the relative error is of the order of
§=23.

It is important to note that we have thus obtained another
method of determining the energy levels of a quadruple os-
cillator with the help of model (6) with exact solutions. In a
more general case, this applies to a mixed quadratic—
quadruple oscillator in the exactly solvable model (3).

For the system with the spin-Hamiltonian (1) under in-
vestigation, we can also introduce a description on the basis
of a certain periodic model of potential. However, we shall
illustrate such a possibility for a spin system with the Hamil-
tonian of a more general type:

H=aS2—BS3—BS,, (7

describing, for example, a biaxial paramagnet in a magnetic
field B perpendicular to anisotropy axes with the constants
a,B=0. In this case, we can also arrive at the standard
Schrodinger equation of type (2) with the periodic effective
potential

w 1 Sn2§_ chnf

Ueff(§)= a+BCﬂ § s

2 ‘
W\=o—apS(S+1), Wo=(atBB(SH1R),  (®)
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FIG. 2. Energy bands of the effective potential (8) with fourth-order ex-
trema and exact solutions (S=3/2).

constructed from Jacobi elliptic functions with the modulus
k=~Bl(a+pB).

Since the spin system (7) has an exact solution in the
form of simple explicit formulas for energy levels and vec-
tors of stationary states for small S, the Schrodinger equation
also has corresponding exact solutions. The eigenvalues of
the spin-Hamiltonian (7) coincide in this case with 25+1
extreme energy levels for the lower energy bands (alternating
bottom and top of the energy band) in the potential field (8).

With increasing magnetic field B, the minima of the
wells in the cells of the periodic potential are transformed
from binary to solitary minima through quadruple minima,
while the shape of barrier peaks changes in the reverse order.
It is interesting to note that for a= B there exists a critical
value of magnetic field Bo=2a+/S(S+ 1) for which the po-
tential has a quadruple minimum and a quadruple maximum
simultaneously (Fig. 2). We shall confine our analysis to
specific examples for this case putting a=1.

We will not consider here wave functions but describe
the results for some energy levels E. Energy levels are la-
beled according to the spin system (the first index corre-
sponds to the upper sign in the formulas). Their positions in
the energy bands of effective potentials will be indicated
simultaneously.

If S=0, E,=0 (the bottom of the ground-state band).
For S=1/2, Eq =% J3/2 (extreme levels of the first gap).
For S=1, Ey5=*3 (the bottom of the ground-state band
and the bottom of the second band), while E,=0 (the top of
the first band). If S=3/2, Eq,= —3 25 y/15/2 (extreme en-
ergy levels of the first gap) and E, ;=3 V27 \/15/2 (extreme
energy levels of the third gap). For S=2, E, 4= F64/3 (the
bottom of the ground-state band and the bottom of the first
band), E, ;= \/33 (the tops of the first and third bands), and
E,=0 (the bottom of the second band).

It was mentioned above that one of extreme energy lev-
els in each of 25+ 1 lower bands is a spin level, which
allows us to refer to these bands as spin bands. However,
higher (‘‘superspin’’) bands deserve special attention. It was
found that their arrangement has interesting peculiarities. If
we assume that the value of S varies continuously, all the
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superspin bands match pairwise so that half the superspin
gaps are closed. In addition, one of the superspin bands is
converted into a spin band, and exact solutions for spin
bands appear. These transformations of energy bands can be
called a periodic structural spin transition.

Putting «=0 and B=1 in formulas (8) and taking into
account the limiting properties of elliptic functions, we ob-
tain the effective potential of a uniaxial spin system (3).

If B=0, potential (8) for integral S can be reduced to the
Lamé—Eines finite-band conoidal potential for which all su-
perspin bands are interlocked to form a single infinitely large
band.

The above examples of spin systems illustrate a remark-
able feature of effective potentials, viz., the existence of ex-
act solutions only for a part of stationary states.

In addition to stationary states having exact solutions,
there exists an infinite set of stationary states lying above
them (on the energy scale), for which this property is absent
in general. Also, this property is manifested in the above
models of potentials not for all possible values of parameters
appearing in them, but only for certain values associated
with integers (of multiplicity 25+ 1). The remaining values
of parameters correspond to ‘‘extraspin’’ potentials with
“‘extraspin’’ stationary states (energy levels, wave functions,
and energy bands).

Thus, we have discovered a new peculiar property of
quantum-mechanical systems known as quasi-exact solvabil-
ity. The origin of such models of potentials usually lies in the
group-theoretical properties of systems. Among other things,
the basis of spin systems is the spin—coordinate correspon-
dence.

As regards physical. objects, quasi-exact solvability was
apparently manifested for the first time for spin systems.

Until now, we considered only one-dimensional prob-
lems. However, a remarkable property of models with quasi-
exact solutions is that exact solutions can be also obtained in
two-dimensional cases even without separating the variables.
This was demonstrated for the first time in Ref. 21. It is
appropriate to mention here the publications**** in which
models with quasi-exact solutions were constructed in the
presence of a magnetic field.

3. LOCALIZED SOLITON POTENTIALS

... We consider here a special case permitting an exact
solution and leading to the simplest expressions . . .
... By way of an example, we depict the pattern of defor-
mations emerging in this model . . .
I. M. Lifshits

The close relation between the nonlinear evolution
Korteweg—de Vries (KdV) equation and the one-dimensional
time-independent Schrodinger equation established in soliton
theory® makes it possible to indicate new types of exact so-
lutions of the latter equation. The authors studying solitons
were interested only in the method of solution of the Cauchy
problem for the KdV equation, and the Schrodinger equation
played only an auxiliary role. If, however, we consider this
dependence only from a purely quantum-mechanical point of
view, we find that the Schrodinger equation has a multipara-
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metric family of potentials for which simple exact explicit
expressions exist for potential models as well as for energy
levels and wave functions of stationary states. The discrete
part of energy spectrum (for localized potentials) is most
interesting, while the continuous part is characterized, in ac-
cordance with the steady-state theory of scattering, by zero
reflection (supertransparency), i.e., its reflection coefficient is
equal to zero.

It is important that, in contrast to other models with ex-
act solutions in quantum mechanics, for which the potential
is specified, and the Schrodinger equation (the eigenvalue
problem) is solved (as a result, energy levels are obtained), in
models of soliton origin the energy levels are defined
straightaway, and each set of the levels is characterized by
potentials with exact solutions. In other words, we are deal-
ing with an inverse problem: energy levels (arranged arbi-
trarily) are given, and potentials are constructed for them
directly. In this case, each set of energy levels is character-
ized not by a single fixed potential profile, but by an infinite
multiparametric family of potential models.

The relation between energy levels and potentials be-
comes of primary importance, while wave functions of
bound states play an insignificant role. This was inherited
from the ISP method in which the wave functions of bound
states ‘do not appear in a complete form, but are represented
only through their asymptotic parameters (they appear as so-
called scattering data). However, explicit exact solutions can
be obtained for wave functions also.

Choosing N successive bound stationary states arbi-
trarily with parameters 0<k,;<k,< ... <ky (soliton num-
bering), we can always use the formulas

2

J
u(x)=—2—=MmF,
F=det| 8§ b 2
=detl ot G = exp(27))|»
yi=kx—4kit+ A+ 5, )
I,m=1.2,,...,N {8, is the Kronecker delta) corresponding

to the N-soliton solution of the KdV equation, to construct a
family of spatially localized potentials with energy levels
E,=—kiy_,, n = 0,,...,.N—1 and corresponding wave
functions which satisfy an equation of the type (5) and at the
same time have a simpler form (we do not write them here).
The quantity ¢ having the physical meaning of time for soli-
tons, appears here as a constant parameter which will be
referred to as ‘‘quasi-time,”” the quantities A, are determined
by energy parameters k,,, while phase corrections &; for
t=0 affect the symmetry properties of models (9).

Potentials (9) are negative, and their deformations upon
the variation of quasi-time ¢ occur with area conservation.

In the region of continuous energy spectrum, models (9)
are reflectionless in the case of particle scattering.”’

For t— * oo, potential (9) consists of N different solitary
reflectionless Eckart wells which are combined for t=0 into
a composite well acquiring various symmetric properties (if
all §,=0) as well as asymmetric forms.
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In the case when N=1, the shape of model (9) is fixed;
it is a one-level reflectionless Eckart well for which we can
always choose the origin of the coordinate x so that
u(x)=-— 2k2/ cosh? kyx. A similar profile is also obtained for
N>11f5,—0 kj=1lk, l=1,...,N and t=0: ulx) =
—N(N+1)k3/cosh?(k,x).

For N=2, models (9) have various forms determined by
two parameters: quasi-time ¢ and the ratio of energy param-
eters k,/k, (the phase corrections &; and 6, can be made
equal to zero by an appropriate choice of the parameters x
and ¢). In view of the equality u(—x)=u(x), for t=0 we
have symmetric models (9) whose specific forms can be de-
termined from the behavior of u(x) near x=0, where a peak,
i.e., double well, exists for k,/k; < \/-3_ and a minimum, i.e.,
a solitary well (in particular, an Eckart well for k,/k,=2)
exists for k, / k> V3. For kylky= 3, we have a well with a
flat bottom, i.e., a fourth-order minimum:

8 32
u(x)=—4k*+ = = kx4 — — K8x0+ 0(x%).

15
For ¢ # 0, we have asymmetric models.

While one- and two-level potentials (9) are well known
from the corresponding soliton profiles, it is not possible to
speak of three-level models with four independent param-
eters k3/k, ,ky/k,,t and one of the phase corrections (say,
8, ; the other two corrections affect only the origin of x and
t and can be disregarded). If =0 and &,=0, we have sym-
metric forms of potentials (9) which are determined above all
by the behavior near x=0. Simple calculations show that

w(x)=— 202 — 2+ k2) +2[ k3~ (k2 — k2)(4k2— 3 k2
4
+kD1x* = 3 {kS— (K3~ kDI6K5—2(5K3

— 3k} k2 +5k3— SKAK3+ k{]}x*+ O(x).
Thus, under the condition
k3 —4(k3— kDK + (K3~ k) (3k3— k1) =0

we have fourth-order extrema. On the plane (k3/k%,k3/k?}),
this corresponds to a branch of a hyperbola whose one part
corresponds to fourth-order minima (Fig. 3e), and the other
part to fourth-order maxima (Fig. 3f). A sixth-order mini-
mum appears at the junction of minima and maxima (Fig.

3g) for the values ky/k;=V2+2 and ky/k,=V3+22

for which the expansion of the potential has the form

u(x)=—2(2+2 \/—)k2+ (l7+12\/—)k

— — (58+412)k %3+ 0(x"9).

315

Figure 3 shows some typical symmetric profiles corre-
sponding to various relations between energy parameters.
For t # 0 and/or 8, # 0, we obtain asymmetric profiles.

Thus, a set of potentials with simple explicit exact solu-
tions in quantum mechanics is considerably enriched with
localized multiparametric models of various types. Apart
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FIG. 3. Characteristic profiles of exactly solvable three-level symmetric potential models of soliton origin.

from localized potentials, periodic (or nearly periodic) finite-
band potential models of soliton origin also exist,3_but we
shall not consider them here.

A transition to the quantum-mechanical situation and the
formulation of the problem on exact solutions of the Schro-
dinger equation of the soliton origin have not been discussed
in monographs on quantum mechanics from this point of
view (to our knowledge, the only exception is Ref. 16).

4. SPIN-SOLITON ANALOGY

In spite of the apparent physical difference between
these problems, a deep-rooted similarity can be observed.
I. M. Lifshits

The spin and soliton models of potential fields have
many features in common.

For example, the spin—coordinate correspondence in the
theory of spin systems is an analog of so-called Lax pair in
the soliton theory, i.e., the soliton—coordinate correspon-
dence. In both cases, there exists a certain associated Schro-
dinger equation which can be used for solution of the main
problems, viz., the problem of energy spectrum (or stationary
states in general) in spin systems and the Cauchy problem in
soliton theory for nonlinear evolutionary Korteweg—de Vries
equation. The role of a link in the spin—coordinate corre-
spondence is played by the representation by coherent spin
states, while a similar role in the soliton—coordinate corre-
spondence is played by the Gelfand—Levitan—Marchenko in-
tegral transformation in the ISP method.

In both cases, the initial elements are discrete (spin and
soliton), while the coordinate representations with one-
dimensional potential fields and a certain energy matching
which are put in correspondence to them are continuous. In
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the spin case, we have the spin spectrum and superspin en-
ergy levels for nonlocalized potentials, while in the soliton
case we have a discrete soliton spectrum for localized poten-
tials and a continuous ‘‘supersoliton’’ spectrum with com-
plete transparency. Another object in common is the integral
analogy: the basic parameter of potential models in the spin
case is the integer 2S5+ 1, while an equivalent element in the
soliton case is the number of solitons N.

Finite-band potentials typical of soliton periodic (and
nearly periodic) models are encountered in spin models also.

The clear-cut splitting of the energy spectrum into two
parts is a common feature for spin and soliton systems: in
spin systems, this is manifested in the quasi-exact solvability
of the models, while in soliton systems, in reflectionless (and
finite-band) potentials.

We can assume that the corresponding Schrodinger
equation describes the states of some pseudo-particles, viz.,
““spinon’’ in the case of spin systems and ‘‘vrieson’’ in the
case of soliton systems. A peculiar feature of the spinon is
that a spin system can be characterized by nonlocalized as
well as periodic potentials. The vrieson is distinguished by
the fact that both localized and periodic potentials can cor-
respond to a soliton system.

Furthermore, potential models in both cases are charac-
terized by a variety of forms, several parameters, and the
emergence (in addition to discrete profiles mentioned above)
of analogous special potential profiles: with a fourth-order
minimum, with two wells and possible location of energy
levels in the critical region near the peak of the barrier sepa-
rating the wells, etc. In both cases, various asymmetric mod-
els as well as periodic potentials exist along with symmetric
models.
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The analogy can be traced in many aspects including the
introduction of new concepts (quasi-exact solvability, asso-
ciated Schrodinger equation, spin—coordinate correspon-
dence, reflectionless and finite-band potentials, pseudopar-
ticles, etc.) which play a significant role.

In both cases, the discovery of exact solutions was an
auxiliary result in basic investigations aimed at the develop-
ment of new methods in the theory of spin and soliton sys-
tems. The soliton boom exploited the quantum theory to a
considerable extent, but advances in soliton theory have not
been reflected yet in the monographs on quantum mechanics
and its applications (except Ref. 16). The same situation is
observed for the problem of quasi-exact solutions and new
approaches to the theory of spin systems, although we are
mainly dealing with a relation between two branches of
quantum mechanics. Mathematical physics and pure math-
ematics play an increasingly large role in quasi-exactly solv-
able problcms,&9 as was also the case with the soliton theory.

Thus, the two completely different systems supplying
models with exact solutions to the quantum theory have a
number of analogous properties. It would be interesting to
find out whether these are purely formal analogies or a deep-
rooted structural similarity.

5. CONCLUSIONS

The goal of this article will be reached if we have man-
aged to clarify...new and unusual ideas at least par-
tially . . .

I. M. Lifshits

Thus, we have traced briefly the emergence of new
quantum-mechanical problems with exact solutions emerg-
ing in connection with systems of different origins (spin and
soliton systems). The problems have enriched the family of
potential models with simple explicit analytical expressions
for energy levels and wave functions of stationary states in
quantum mechanics. The new class of exact solutions is dis-
tinguished above all by a variety of .potential profiles.

Tt 'is. necessary to grasp many aspects of the new state-
of-the-art in the problem of exact solutions (such as quasi-
exact solvability, spin—soliton analogy, and structural trans-
formations in the energy bands of spin models) and to
generalize the obtained results, for example, on the basis of
more complex spin and soliton systems. :

The models under consideration have a clear physical
meaning even at the stage of their creation since these mod-
els appeared not as a result of mathematical transformations, ,
but as a result of analysis of specific systems (such as spin
and soliton systems).

It should be noted in conclusion that quantum-
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mechanical problems with exact solutions form a new ac-
tively developing trend. »

The authors are extremely grateful for the opportunity to
publish this material in the journal issue dedicated to I. M.
Lifshits, who was both an outstanding scientist and an excel-
lent person. This research was made by the representatives of
three generations of theorists belonging to his physics
school.

We are deeply indebted to V. M. Tsukernik with whom
we made the first steps in the development of new methods
in the theory of spin systems.
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K Teopun HU3KoTEMIEPATYPHbLIX CBONCTB CMUHOBLIX
CUCTEM C MarHUTHOW aHn3oTponuen

O. B. 3acnasckuit, B. B. YnbsiHos, 0. B. Bacunesckas
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Cratbsi noctynuia B peakumio 28 uons 1997 r.

PaccMOTpEHO NOBEJEHHE JIErKOOCHBIX NapaMarHEeTHKOB B MOMEPEeYHOM MarHMTHOM MOJE B 3aBHCHMOCTH
oT Temneparypbl. IlokasaHo, 4TO MPH HHM3KHX TeMNepaTypax BOCNPUHMYHBOCTL Kak ¢yHKuua noas
o6najaeT MaKCMMYMOM MpH BCeX 3HaueHuax cnuHa S. TIpu TOBbIEHMH TEMNEPATYpbl OT Hyas JTOT
MaKCUMyM CHayaJia He Pa3MbIBAETCsl, @ 320CTPSIETCS, IPHYEM €rO MOJIOXKEHHE MEHAETCH HEMOHOTOHHO. Ecan
cnud S <3, TO NpK HEKOTOPOil TeMriepaType NMpodu/ib BOCNIPUUMYHBOCTH CTaHOBHUTCH AByrop6biM; Ans
S 23 nosyuaercs MaKCHMYM C YIUIOUIEHHOH BEPUIMHOH. AHANOTHYHbIE SBJIEHMA XapaKTepHbl H AAs
ABYXOCHBIX MapaMarHeTHKOB. DHEPreTHYECKHil CNEKTP CHCTEMbl COBNajaer c 25 + 1 HHMSKOJEXKAIMMH
YPOBHAMM SHEPIMM [ HaCTHUbI, ABHXYIUIEHCs B MOTEHUMaJbHOM MoOj€ MPOCTOro BHAA, KOTOpOE A/
JOCTATOYHO MaJbiX MAarHMUTHBIX TOJeidl WMeeT BHA [BOHHOH AMbI. DTO AAET BO3MOXHOCTb BBIYHC/IHTDL
CKOPOCTb TyHHEJIMPOBAaHHs METONAMH KBAHTOBOH MEXaHHMKH.

PO3rIsiHYTO NMOBEAiHKY JIErKOBICHMX NMapaMarHeTHKiB y monepeyHoMy MarHiTHOMY MoJii B 3a/€XHOCTi
Bia TeMmmeparypu. I[lokasaHo, WO NP HH3bKMX TEMNEpPaTypax CNPHAHATAMBICTD AK dyHkuUis nona Mae
MaKCMMyM NpH BCiX 3HaYeHHSX cmina S. [Ipu miABuiueHH] TeMIlepaTypH Bia HyJs e MaKCHMYM CIOYaTKy
He PO3MMBAETbCS, a 3arOCTPIOETHCS, A0 TOTO X HOro MoJOXeHHs 3MiHIOETbCA HEMOHOTOHHO. Akwo cnin
S <3, 1o npu geskiii Temnepatypi npodisb CIPUAHATIHBOCTI CTae asorop6uM; s S 23 3’ABAAETbCA
MaKCMMyM 3 ILIOCKOI0 BEpUIMHO. AHAJOTiYHi fABMINA XapakTepHi i AMS ABOBICHHX TNapaMarHeTHKis.
EHepreTHdHuUii CIEKTP CHCTEMHU 36iraeTbcs 3 25 + 1 HM3bKOPO3TAIIOBAHHMH PiBHAMH eHeprii A YaCTUHKH,
AIKa PYXa€TbCs B NOTEHIIANbHOMY MOJi MPOCTOrO BHAY, IO MA€ JUIA AOCHTb HEBEJMKHX MarHiTHMX noJsis
BUrAAA mojsiiiHOl smu. e Aae MOXMBICTL OGUHUC/AUTH WBHAKICTD TYHENOBAHHS MeTo/iaMH KBaHTOBOI

"MeXaHiKH.

PACS: 75.10.—b, 75.10.Dg, 75.30.Gw

1. Beenenue

B nauane 80-x ronos cosmectHo ¢ B. M.Ilykepun-
KOM HaMH Oblja BbINOJHEHa PaboTa MO HU3YYEHUIO
KBAaHTOBBIX CBOMCTB OAHOOCHBIX IapaMarHeTH-
koB [1]. /To aToro mogo6Hble CHCTEMbI PacCMaTpPHBa-
JIMCh HAa OCHOBE IOJYKJACCHYECKMX METOJOB, 4TO
IIPMBOJMJIO K TIPOTHBOPEYMBBIM pesynbTataM. Toraa
e yIaJoCh He TOJbKO PElINTb MOCTaBJIEHHYIO 3a/a-
yy, HO ¥ BbIpaGoTath N1 HCCaefoBaHMs Gouee
O6IIMX CITMHOBBIX CHUCTEM PSAX OPHIMHANBHBIX MMPH-
€MOB, KOTOpble GbLIM Pa3sBUTbl B HALUKX MOCJEAYIO-
mux pa6orax [2]. [pyruM HEOXHJAHHBIM BaXKHBIM
M06OYHBIM PE3yJbTaTOM GbLIO O6HAPYXKEHHE HOBBIX
KJIACCOB TIOTEHLMAJIbHBIX MOJeJel C TOYHBIMH pelie-
nuamu ypasHenus Ilpeaunrepa [3-5].

B o630ope 1992 rozxa [2] HaMu GbLIM MOABITOXKEHBI
ycunus JeCATHNETHMX uccnenosanuit. C rex mop

© O.B. 3acnasckuii, B. B. YnesiHoB, 10. B. Bacunesckas, 1997

TOSBUJINCh HOBBIE pE3yJbTaTbl M HOBbIE HampabJe-
aus. Ciofla Hy>KHO OTHECTH B IEpPBYIO o4epelb pac-
IIMpeHHe MHOXKECTBA KBa3WTOYHOPEIIAaeMbIX MoJe-
neit [3], a Takxke oOGHapyxxeHHe MOHOGHBIX
ABYMEPHBIX Mozeeit u 060611eHye Ha MHOTOMEPHbIE
cnyqau [6-7].

B maHHOM COOGIIEHWH MBI MPHUBOANUM PAA HOBBIX
Pe3yJIbTAaTOB, MOJYYEHHDbIX IPH HCCIENOBAHHM aHM-
30TPONHBIX NapaMarHeTukoB. IIpudyeM mpeamMeToM
o6CyxaeHust 6YAYT TOJIbKO MarHMTHas BOCIIPUMMYM-
BOCTb M CIIMHOBOE TyHHe/JnpoBaHue. [{ys1 onpeseneH-
HOCTH OrDaHMYMMCS CJy4YaeM CIIMHOBBIX CHCTEM C
raMUJIbTOHHAHOM

= 2 2
H=as?-ps2- BS, , (1)

ONKCBHIBAIOUIMM TaK Ha3bIBaeMblii JBYXOCHBIH mapa-
MarHeTMK ¢ KOHCTaHTaMu aHu3oTpomuu o, B =0 B
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NEpNeHUKYIAPHOM MarHUTHOM II0Jie, IpPONOPIHO-
HasneHOM B (S j — Omeparopbl NPOEKLUH CUHA).

2. MarHuTHasi BOCIIPHUMMHBOCTD OJHO- M
JBYXOCHBIX NapaMarHETHKOB

Haunem c 6osiee feTalbHOTO MCCAEAOBAHHMS BJIHS-
HMS TEMIIEPaTypbl Ha BOCIPUMMYHMBOCTD OXHOOCHOTO
napamarsetika (00 = 0) NpU pasTMYHBIX 3HAYECHHAX
cnua S (6e3 orpaHnyenus o6wHocTH GyzeM moJja-
ratb Takxe B = 1) Mbl OCHOBbIBaeMCS Ha pe3y.IbTa-
Tax MCXOXHOH pabotel [1], B xoTOpO#t 06CYyXKAAOTCA
KOHKpeTHble (pu3nyecKre 06 beKThl U PasMEPHBIE Be-
JMYMHBI, a TaKxXe BBeJEHbl COOTBETCTByIOIIME 6e3-
pa3MepHbIe XapaKTEDUCTHKH, KOTOPbIMM ¥ G6yaem
TI0JTb30BaTbCSA B AaHHOM coobmenun. B atoii pabore
(cm. Takxe [2]) noapo6HO HcCaEOBaHO IOBENEHHUE
MarHUTHOM BOCHPHMMYMBOCTH OXHOOCHOTO MapaMar-
HETHKa B OCHOBHOM COCTOSIHMH, T.€. IIPU TEMIIEPaTy-
pe T = 0. Pe3aysbraT cOCTOSIJI B TOM, 9TO MarHHUTHas
BOCIIPUMMYHBOCTD Xqo = —232E0/832 OCHOBHOTO CO-
CTOSIHHMSL B 3aBHCHMOCTH OT MarHHTHOTO IOJIsI B CJIy-
qae cruHa S > 2 MMeeT XapaKTepHbIl XO4: C POCTOM
MarHHTHOTO MOJI1 B TocTeneHHOe yBelNYeHHE CMe-
HSIETCS1 Pe3KUM BO3PACTaHUEM C 06Pa30BAHMEM YETKO
JOKATH30BAHHOTO, SIPKO BBIPAXXEHHOTO BO3BBIILEHHS
B BufAe <«rop6a», MOCJIE 4erc HACTynaer ObICTpbIH
Cilajl K MaJbIM 3HAYEHHAM B OGNACTE ¥RPUTHYECKO-
ro» MarHMTHOrO noJs Bj = 25 + 1 (cm-puc. 1, rae
J14 CPaBHEHUS TIOKA3aHA TaKXKe BOCIPUUMYUBOCTD
NEPBOTo BO3OYKACHHOTO COCTOSHIS).

B 10il ke pabote Hnino 1

soe 0614

cCHE-

HHE TaKOro ABJCHMA Ha OCk

LHAJE

pabotariiorc metojaa ahGexTHBHOTO MOTeHiana,
KOTOPbIf COCTOUT B ciexyiomeM. [lockonbky crnue
JTIpeACTaBIsAeT co60# KBaHTOBCMEXaHUYeCKUH 06beKT
CYILECTBEHHO AUCKPETHON NMPUPOADbI, YPaBHEHUs, pe-
IIeHNe KOTOPBIX ONKCBIBAET SHEPreTUYeCKHH CIEKTD
CIIMHOBBIX CHUCTEM, MMEIT MaTpHuHyl ¢opMy. ITO

X

1,5
1,0

0,5

Puc. 1. TunuyHas 3aBUCHMOCTb BOCIPMMMYMBOCTM OJHOOCHOTO
1lapaMarHeTMKa OT MarHUTHOrO MOJIi B OCHOBHOM COCTOSIHUH
(Bepxnisisi KpuBasi) v NepBoM BO36y>kaeHHOM (HMXKHSSI KpHMBasi).
[peacrasnen cayyaii S = 6.
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3aTpy/IHSAET aHaJM3 CBOMCTB CHUCTEMBI CTAaHAAPTHBIMU
KBaHTOBOMeXaHuyeckumu MetojaMu. OkasbIBaercs,
OJHAKO, 4TO JJIA AOCTATOYHO UIMPOKOr0 KJacca CHu-
HOBBIX CHCTEM MOXXHO BBECTH CTPOTO€ IOTEHIMAJb-
HOE OIMCaHMe, TaK YTO IHEPIeTHYECKUH CIEKTP CIu-’
HOBOM CHCTEMBbI COBHAJAeT C HEKOTOPBIMU YPOBHAMHU
SHEPIMM JJIA YaCTHIBl, ABIKYUIEHCSs B IOTEHLH-
aJbHOM IIOJIe [AOoCTato4yHo mpoctoit ¢opmelr. Takoe
TOYHOE CHUH-KOODAMHATHOE COOTBETCTBUE CJIYXKUT
TaKXe OCHOBOH Da3BMTHA DPa3JMYHBIX HPUOIHXKEH-
HBIX METOJOB OIMCAHMS CIUHOBBIX CHCTEM, HAIPU-
MEp TEeOpMM BO3MYLIEHHII ¥ KBa3UKJACCHYECKOIO
npubiwkerust, Oco6eHHO BaXXHO, YTO /sl COOTBET-
CTBYIOIIEH KOODJAMHATHOH CHCT:MDLI 3TO NPUBOAMT K
HaXOX/IEHMIO HOBBIX TOYHBIX DEUIEHUH YpaBHEHHs
Illpenusnrepa [3—5].

IlpennoxeHHbIit HaMu NOAXO/ 3aKJIIOYAETCA B TOM,
YTO JJ/151 TaMHJIBTOHWAHOB, NMOCTPOEHHBIX M3 CIIMHO-
BBIX ONEPATOPOB, [PU PellleHuH 3a4auu 06 ux cobeT-
BEHHBIX 3HAYEHMAX U COCCTBEHHBIX BEKTOpAax WC-
NOJIb3YETCsA NPeJCTaBIeHUE CIIMHOBBIX KOTEPEHTHBIX
cocrostiuit [8]. B moayuwamomemcs KOOpAMHATHOM
MPEACTAaBJEHUH TaKOW TaMUJIBTOHMAH CTAaHOBUTCA
muddepentmanpabiM  oneparopom Ilpegunrepa c
HeKoTopoli aPeKTHBHOI MOTEHIHAaIbHOH SHEPTHEH.
Haiinennsle moTeHUHANBI [JI1 NPOCTBIX CIIHHOBBIX
cucreM J160 MMEIOT (POPMY HEJOKAAM3OBAHHBIX 5M,
7M60 OKA3BIBAIOTCS MepUOMIecKnMU. Bo Beex cay-
9asiX UMEIOTCA KaK CUMMETPUYHbBIE, TaK U HECHMMET-
pUYHBIE Pa3HOO6Pa3HbIe MHOTONAPAMETPUYECKUE 110

. TEHIIMaJbHbIC MOJEJIH.

Tax, ccam Mbl pemaeM 3a/ady HaXOXIAEHHs CTa-

_EI_i’xG?:{athEX.' .COC'I_’.OHHIH‘;[ JIETKOOCHOTO nMapaMarhHe-

THK2 B [EPHEHANKYISAPHOM MATHUTHOM TIOJe, T.e.
CUCTeMB! C FaMHJbTOHHAHOM H = —Si - BS, ¢ mo-
MOLIbI0 YKA3aHHOTO METOAa, TO NPUXOAWUM K CTaH-
JAapTHoMYy oOJHOMepHoMy ypaBHeHuio lllpeamnrepa
(d*y)/(dx?) + [E - U@y =0 ans ncespoyactuiinl
C KBaJPaTHYHBIM 3aKOHOM jucrnepcuyn (CnuHOHA),
ABWXYIIEHCA B 9P (DEKTUBHOM NOTEHINANBHOM II0JE,
TIOCTPOEHHOM M3 rHnep6onndeckux QyHKuuii

B 1
U(x=—4—shx-B(S+7)chx, (2)

TZIe X MOXXHO CYMTATb HEKOTOPOM 6e3pa3MepHOM KO-
opaunaroii. TIpu 5TOM COGCTBEHHbIE 3HAYEHUS DHEP-
ruv E CIMHOBOH CHCTEMB! COBNAZAIOT C HUXKHUMMU
258 + 1 ypoBHAMM 3HEPTHH CIHHOHA B IOTEHLIHAMD-
HOM moJte (2).

Oxa3anoch, YTO IHEPTETHYECKHUIH CIIEKTD OHOOCHO-
ro MapaMarHETHKa MMEET XapaKTEPHYIO <«BEEPHYIO»
CTDYKTYDY, COOTBETCTByoUIyl0 AedopMauusm 3¢-
dexrusHoro morenuuana (puc. 2): oT ABYKpaTHOTO
BbIpOX/ieHus npy B = () ¢ monapHo 61M3KMMHU yPOB-

®Dusuka HM3KUX Temnepatyp, 1997, 7. 23, Ne 12
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N |
Vo

Puc. 2. Xapakreptble ¢opMbi 3pPEeKTHBHOro NoTeHiumana OAHO-
OCHOIO NapaMarHeTuka.

a 8

HamMu npu B << B, (TyHHe/JBHOE pacilernyieHne B
[BOIHOH TNOTEHI[MANbHOM AiMe — pHC. 2,4) K THIHY-
HOMy [ YeTBepHOro ocuujisaTopa U ~ x4 pacmono-
enuto sHepruii npu B = B, (puc. 2,6) u nanee npu
B >> B) K 9KBUMCTaHTHO! CTPYKType CHIeKTpa rap-
MoHuYeckoro ocuusstopa U ~ x2 (puc. 2,8). Tlpu
3TOM caMasi CyLIeCTBEHHas MepecTPOHKa IHEPreTH-
4eCKOro CMeKTpa NMPUXOAMUTCA KaK pa3 Ha o67acTb
«NpeIKpUTHYECKUX» nojed B < B, , rae u pac-
rosIoxeHa OCOGEHHOCTb BOCIIPMHMYMBOCTH B BHAE
«rop6a».

[IpencraBisercss HHTEPECHBIM M3YYMTb BJIHAHHE
TeMIepaTypbl Ha IIOBefleHHe BOCIPHUHMYMBOCTH.
Oka3bIBaeTcsl, YTO BMECTO OXKMAAEMOIO Pa3MbITHSA
0COGEHHOCTH MOsBJIAETCS JI060oNnbITHAsA TpaHcdopMa-
uusi «rop6a», rpy6o roBopsi, CBOAAIIASCA K TOMY,
YTO OH BHAYaJe JaXke «3a0CTPSETCSA» ¥ YBEJHIMBAECT-
Cs ¥ JIMIIb IOTOM HOCTENEHHO HaYMHAEeT Pa3MbIBaTh-
csi, Ucye3sas IpH HEKOTOPO#H KPUTHYECKOH TeMiepa-
type T, ~ S. Kpome Toro, npu He 0YeHb GOJbIIMX
sHauennsx cnuna (S < 3) Ha HavanbHOM CTaguH
o6pasyetca mByrop6biit nmpoduap (cM. puc. 3), a
npu 60JbIUX 3HaYeHusx cnuHa (S 2 3) moayuyaercs
yIIOmeHHas BepmmHa rop6a (pyAMMeHT pasjBoe-
Hus). IlomoxeHue MakCUMyMa M3MEHSETCA HEMOHO-
TOHHO: BHauaje OH CMellaercs B 06JacTb 60JbIIMX
3HaueHW#i MarHUTHOrO moJs B, a 3aTeM cosepiuaer
«o6patHblit xoa» 10 B=0mpu T, .

HexoTopble TUMMYHBIE CTaJUM STHX MeTamMopdo3
BOCIIPUMMYHMBOCTH MPEACTABJIEHbl Ha pUC. 4 Hapsay

X

2,0t

1,5

1,0

02 04 06 08 10 12 1.4
B

0,5

Puc. 3. [syrop6biii npoduib MarHATHOH BOCHPHUMYMBOCTH
(5=3/2,T=0,0028).
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X T=0,004 X T=0,009 X T7=0,012

17 17 17

1,0 e v W oy

B B

X XT=o018 | X[ T=07

1.7} 1,7 1.7}

105575 5T WeETs
B B B

Puc. 4. Hexoropbie CTagnWi HU3KOTEMIIEPATYPHbIX 11peobpasosa-
Huit BocnpuuMunBocTk (S = 2).

C 9TaJIOHHOH BOCIIPHMMYHMBOCTbIO OCHOBHOIO COCTOSI-
HKs, 0603HAUEHHOH MYHKTHPOM.

OrMeyeHHBIE  3aKOHOMEPHOCTH  OMPEAEJAITCA
CTPYKTYPO#l 3HEpreTHYecKoro CHeKTpa OAHOOCHOTO
napaMarHeTHKa B TOH 06/MaCTM MarHMTHBIX MOJ€i,
rfe pacrnoyoxeH rop6: 6JM3KOe pacnoJioXKeHHe oc-
HOBHOIO YPOBHS 3HEPTMU U NEPBOro BO36YKAEHHOrO
NpY 3HAYMTEJBHOM YAAJEHHH CJERYIOLIUX BO36YxK-
nenHbix yposHeii. Tak, ans § =3 mpu B, = 2,34
wenb E, — Ey = 0,16, Torma kak E, - E; = 3,34.

Takum o6pasoM, B ob6nactu Temnepatyp 0 <7 < T,
paccMaTpHBaeMasl CIMHOBasi CHCTeMa BeJieT ce6s Kak
JAByXypoBHeBasi. MarHuTHyI0 BOCIIPMMMYHBOCTb ) B
JBYXyDOBHEBOH anIpOKCHMAalMM MOXHO 3amucaThb,
BBIIEJIMB TEMIIEPATYPHYIO NONPaBKy Ay

X =%Xo+ Ax - 3)

YuuThiBasi, YTO YPOBHM SHEPTHMHM 3aBUCAT OT Mar-
HMTHOTO MNOJIs, MOCJe HECJOXXHBIX Npeo6pa3oBaHuit
CTaTUCTHYECKON CyMMBI ToJIy4aeM ciaenyiomyio ¢op-
MyJay AJs BOCTPMMMYMBOCTH, COAEPXALIyld oOC-
HOBHOM BKJIaJl B BHJE BOCIIPHMMYHBOCTH OCHOBHOIO
COCTOSHHS Xy M ABYX KOHKYPHPYIOWIUX TEMIEpaTyp-
HBIX IONPABOYHBIX YJIEHOB!

+ @H? = 28"
2T ch? (A/2T) 1 +exp (A/T)’

X =%Xo

rae A= E, - E;, a wrpuxu 0603Ha4YaloT MPOH3BOA-
Hble o B.

Ilpu T — 0, Kak ¥ ROKHO OBITH, ¥ — Xo - Ilpu
mo6oM koHedHoM T B o6jactT Maiablx B, rae
A <<T, umeemM X = (X4 + Xo)/2 (X; — BOCTpHMMYn-
BOCTb NEPBOTO BO36Y>KAEHHOTO COCTOSIHUA), T.€. OC-
HOBHOM BKJIaJ JaeT BTOPOH OTpHLATEeJbHbIA Nompa-
BOYHBIH 4YJieH, a C BO3pacTaHHeM B B0O3MOXHO
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Tnpeo61aziaHie MepBoro MOJOXKUTENbHOTO NOMpPaBOY-
HOTO 4JieHa, Tak 4YTO X > X, . HByXypoBHeBas an-
npokcumanus (4) B MOMHOH Mepe ONMHCHIBAaeT MOBe-
J€HUE BOCIPUMMYMBOCTH B HauGoJiee MHTEPECHOH
o6nacTu HU3KuX Temnepatyp 0 <T < T, .

Janee MOXHO BOCIIOJIb30BAaTbCA CTEMEHHBIM MO
MarHUTHOMY IIOJI0 B npHOIMXeHMeM /s menn A
MEX/ly OCHOBHBIM yDOBHEM 3HEPIHH W II€DBBIM BO3-
6y IEHHBIM, 'KOTOpOe GbLJIO HoJy4eHo B pabote [2]:

2
AwclPS, os—btbod, )
25585

4TO Aaet caeayiouyo GopMyLy /s TeMIepaTypHOi
nonpasku (3) Ha ocHose (4):

(S-1)/S . (cB*
=1 | (6)
C YHUBEpPCaJIbHO# (pyHKIMe

- _ \el/S
fglx) = 2528 - 1)c b &/2) X

" Sx
2S - 1) ch (x/2)

—exp (-x/2)]. @)

CpaBHeHHe TaKoro NPUGIMKEHUS [/ TEMIlepa-
TypHOii nonpasky K Bocnpuumuusocta (6) u (7) ¢
pe3y/ibTaTaMH, OCHOBAaHHBIMH Ha TOYHBIX (OpMyJax
ms Ey m E; (a Takxe X;) B caydae S=
=3/2; 2, 5/2; 3; 7/2, noka3bIBaeT, 4YTO 3THM IIpH-
6JKEHUEM JOCTUraeTcs BeCbMa XOpOllasi TOYHOCTb
B HauboJiee MHTEPeCHOH o6JacTH TeMieparyp, TAe
Ha6JIoNaloTCAd ONHCaHHBIE BBINIE TPaHC(HOPMAaLUU

npoduns MarHWTHOM BoCpUMMYMBOCTH (mpHyeM

JUIST BCEX MarHUTHBIX TOJIeH B)
Ecusu no ocam KOOPAUHAT OTKJIaAbIBAaTh IIOJIOKEHHE
Bmax 1 BEJIUYHUHY Han60JIbIIETO MaKCHUMyMa MarHuT-

2,5
2
2,0t T . 3
% 0
£
= .
1,5+
5 4
1,0 L 1 1
0,5 1,0 1,5 2,0
Bmax

Puc. 5. TUNNYHbIA BUTOK CIIMPAJH, H306PaXKAIOLIKii MOJIOXKEHHE
M BEJAMYMHY HaMGOJIbLIEr0 MaKCUMyMa BOCIIPHUMYMBOCTH B 06-
JIacTH HU3Kux Temneparyp 0 <T <T s S = 2.
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0 10 20 30 40 50

Puc. 6. Tpabuxy 32BUCHMOCTH BOCHIPHHMYMBOCTH [BYXOCHORG
napaMarHeTHKa OT MarHWTHOTO MOJIs st 4eTHbix S ot 4 go 20.

HO# BOCNIPMMMYHMBOCTH X, , TO NPU H3MEHEHHH
Temneparypsl 0 < T < T, nosryyaercss Kpusasi B BUJe
BUTKa CIMpald C OTAEJbHONH TOYKOH BHYTpH, Ha-
[JIHO MJLIIOCTPHPYIONIAs OTMEYEHHbIE BBILIE <«aHO-
MajMK» MNOBEJEHMs MaKCUMyMa BOCIPUMMYMBOCTH
— CTajuM €ro TeMIlepaTypHoro «zapeiida» (cm.
puc. 5). B pesysibrate Ha mKane TeMiepaTyp MOKHO
BBIAEJNTD CJIEAYIOUIME XapakTepHble 06JacTH u
ONODHbIE TOYKM IO OTHOIIEHHIO K IIPEBPALEHMSM
npodusa MarHUTHOH BocrpummuusoctH: Ty =0 —
O6bI4HbIH  OAHOrOpObI  npoduas  (3TanoHHBIH);
TysT<T; — nebonpmue nepOpMALNK JIEBOTO
CKJIoHa rop6a ¢ mosBieHxeM BTOPOro (JieBoro) Max-
cumyMa; Ty — AByrop6biit poduIb ¢ 011HAKOBBIMU
3HaYeHMAMHU MakcumyMoB; Ty < T < T, — napacra-
HHE JIEBOTO rop6a, NMPEeBOCXOMSINErO 3TaCHHbIR, C
«320CTPeHHeM» W IepeMelenueM ero srpaso; T, —
MaKCHMaJjibHas BbiCOTa ropfa ¢ IOJI0XKEHHEM INpu-
MEPHO Ha MecTe 3TaloHHOro; I'y < 7 < T3 — panp-
Heiflee cMelleHHe MAKCHMyMa BIIPaBO C ITOCTENEH-
HBIM €T0 yMEHbUIEHHEM; T3 — BBICOT2 yMEHbUIAETCS
JI0 3TaJIOHHOH C MAKCHMAaJbHBIM CMELIEHUEM BIIPABO;
T3<T <T; — nepeMeHa HampaBJeHUs CMELIEHUS
(BneBo) u pasmpitne; T, — OueHb Pa3MbITBIH MaKcu-
MyM Ha MecTe sTajsonHoro; T, <T <Tg — cnabo
PasJMYMMBI MaKCHMyM TIPOLOJIKAeT CMEeWwaThCs
BeBO; Ts =T, — KpuUTHYecKas TeMIepaTypa, [pH
KOTOPOH COBCEM €/1260 BBIPAXKEHHBIH MAKCUMYM J10-
cruraer Toukn B =0 (XpuBas BOCHPUMMYHBOCTH
IIaBHO cnagaeT 6e3 ocobenHocreit); T > I,
yYMEHbIIEHME % TIpH BceX B 3a CYeT MOAKIIOYEHU:A
OCTaJbHBIX  BO3OYKZEHHBIX  YDOBHEH  SHEpruu
(BBIXOZ 32 PaMKM JBYXYDPOBHEBOI aNMPOKCHMALN).
Ha puc. 5 uudpamu y crivpaiy noKasanbl OCHOBHbIE
TEMIIEPATYPHBIE ONOPHBIE TOUKH.

C pocroM S cnupasieBHAHAs KPUBasg CMEINAETCHA B
o6.1acTb 6OBIINX 3HAYeHHH B, HO BCe KauecTBeHHbIe
0CO6eHHOCTH MeTaMOp(d03 COXPaHSIOTCA, KpoMe 06-
pasoBaHHa ABYrop6oro npoduis.

3ameTuM, YTO BCe pacyeThl Beauch (MOMMMO yKa-
3aHHBIX JByXYPOBHEBOM ANNPOKCHMAIMH M CTENEH-
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HOTO NMPUOIMMAKEHHsI) HA OCHOBE TOYHBIX SIBHBIX pop-
MyJ [Js ypoBHeH sHepruu B ciyyae S <4, a B
cnyyae S 2 4 — Ha CCHOBE TOUHBIX aJre6panYecKux
ypaBHeHU# [ COOCTBEHHBIX 3HaueHWu# TaMUJIBTO-
uuana (1). Kpome Toro, aHaJMTHYECKHE W HHCJIEH-
Hble MEeTOALI B3aMMHO KOHTPOJIMPOBAJMCh M IOA-
KPeIJIsLINCh TPadpuueCKUMH IIOCTPOEHHSMH.

JIpyroil LUMKJ MCCJIEAOBaHUi MOCBAILEH H3YYEHHIO
[OBENEHHSI MAarHUTHOH BOCIPUMMYMBOCTH [JBYXOC-
HBIX MapaMarHeTnkos. OGHapy)KeHO, 4TO BCE OTMe-
YyeHHble BbIlIE OCOGEHHOCTH BOCIIPMHMYHBOCTH CO-
XPaHAITCA W B 9THX CHMHOBBIX cucremax. Tak, Ha
puc. 6 mpuBeieHa cepus TUIHYHBIX NMpoduieil Boc-
MPUUMYUBOCTU [Jisi Pa3HbIX 3HaYeHud crnuHa S B
Clyae PaBHBIX KOHCTaHT aHM30Tpommyu o = B mpu
T =0.

Kpome TOro, -0TZ€ibHO M3ydera obmias 3aBHCH-
MOCTb pasjuyHbIX 3(pGeKTOB OT BEJIMYMUHBI OTHOLIe-
HUSI KOHCTAHT AHM30TPOIMH.

TakuMm o6pasoM, oGHapyXeHHbIe paHee 0CO6EHHOC~
TH MarHUTHOM BOCIPHMMYMBOCTH aHH3OTPOIHBIX
MapaMarHeTUKOB OKa3bIBAIOTCS BEChMA yCTOHYMBbIMU
10 OTHOUIEHMIO K BJIMSIHHIO Pa3JM4HbIX (aKTOpoOB,
o6oramasch JIOGONBITHBIMA JOMOJMHUTEIbHBIMU Jie-
TaAsAMM, KaK NpU BO3DACTaHMM TeMmmeparypol I H
cnuHa S, TaKk ¥ TPU PasJMYHBIX COOTHOIIEHHAX
MEX/ly KOHCTaHTaMH aHM30TPOmuH o,/B.

Haxkosel, B ciy4ae NMPOM3BOJbHO HAIPaBLEHHOTO
MarHUTHOTO II0JIsI HEOOXOAYM YYET TEH30DHOTro Xa-
paKTepa MarHHTHOH BOCIPUMMYMBOCTH, T.€. JE€Talb-
HOE M3yYeHUe Kax/0ii ee KOMIOHEHTH. Tak, B ofHO-
OCHOM CJIy4yae B CHJIy CBOHCTB CUMMETPHH HMEETCS
paKTHYECKN TPH BENMYMHBL X0 » Xyy ¥ Xy » KOTO-
pble CledyeT PacCMaTPHBaTb B 3aBUCHMMOCTH OT CO-
CTaBJIAIOLMX MarHuTHOro nous B, u B .

3. KBaHTOBO€E TyHHEJHPOBaHHE B CIIMHOBBIX
cHcTeMax

B nocnenHee necsTuieTHe BeCbMa MHTEHCHBHO MC-
CleI0BAINCh TYHHeJbHbie 2(PQeKTh B PasJHYHBIX
obnactax ¢usuxu tBepaoro teaa (cm. o63op [9]).
Flpu sTOM GoJibluast YacTb TAKMX MCCNEAOBaHMA HC-
XO[MJIa U3 KapTUHbI ABYXYPOBHEBOH CHCTEMBbI, B3aH-
MOJIEACTBYIOIE! CO CBOMM OKDY)KEHHEM, KOTOpOE
BBLITIOJIHAJIO POJb TepPMOCTaTa. BO3MOXXHOCTb IpH-
6JIMKEHHO 3aMEHHUTb peasIbHyI0 KBAaHTOBYIO CHCTEMY
C BecbMa CJIOKHBIM 3HEPreTMYeCKMM CIIEKTPOM Ha
JByXyPOBHEBYIO, OTODOCHB BKJa/J JIEXKAIUMX BbIlle
ypoBHell, 03HauaeT yHaue BBefeHHE 5(HEKTUBHOrO
cnuHa S = 1/2. B Hameii pa6oTe, 04HAKO, Mbl XOT€-
au 6bl yKasaTb Ha LieJyio o61acTb B (QU3HKE TyH-
HeJIbHBIX SBJIEHUH, B KOTOPOH NOSIBJIEHUE CIIMHA CJIy-
JKUT HE BCIIOMOTATEJbHBIM CPEACTBOM, a OTPakaer
peasbHyio GM3UKYy 3a4auMl — TYHHEJIMPOBaHHE B
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cruHOBBIX cucTeMax (B KauecTBe KOHKDETHOTO NpH-
Mepa MOXHO yKa3aTb TYHHEJHMDOBaHME B MalbIX
deppoMaruutHbix wactuuax [10]). ITpuyem nanGo-
Jiee MHTEPECHBIM 3/IEChb SIBJIAETCA CJHy4al He MasbixX,
a GoabiMx cnuHOB S >> 1.

HecMoTps Ha TO 4TO NepBble YKa3aHMsA Ha IKCNepu-
MEHTaJbHblE MPOSIBJEHHS CIMUHOBOTC TYHHEJHMpOBa-
Hua aKTHYECKU COAEpKaiuch eule B o63ope [11],
TeopeTHYecKHil annapar I U3yYeHHUsl pacCMaTpHBa-
€MOro sIBJIEHHs1 6blJI Pa3sBAT TOJBKO B cepeanHe 80-x
rogos. JTo He ciydvaiiHo. fABjeHue TyHHEIMPOBaHHA
JUIS 4aCTHLBI, ABIXKYIneiics B NMOTEHUMasbHOH sMe,
6b1710 MOHATO AABHO M BOLLIO B YYeGHMKH MO KBAHTO-
BOi MexaHHuKe. B TO e BpeMs CIIMH ABJAETCs Cylle-
CTBEHHO JMCKPETHOI, YUCTO KBAaHTOBOH NepeMeHHOM
K caM 1o ce6e CTOJIb HarJIsAAHOIO NMpeACTaB/leHMs He
nonyckaer. TeMm GoJiee 3aMeqaTeIbHO, YTO 9TO OKa3a-
JIOCh BO3MOXKHBIM [JIi CIIHHOBOH CHCTEMBbI B LIEJIOM,
ONMHUCHIBAEMOM TaMUJIHTOHUAHOM, KBAJAPATHYHBIM WJIH
KBaJIpPaTUYHO-JIMHENHBIM 10 KOMIOHEHTaM CIHHA.
Takoe CIMH-KOOPAMHATHOE COOTBETCTBHE, OTMEYEH-
HOe B MpEeABIAYIMX pasfejax CTaTbH, MO3BOJAET
NepeBeCTH PacCMaTpUBaeMyio 3aJaqy Ha s3bIK 0ObI4-
HON KBAaHTOBOM MEXAaHHUKK M BOCIOJIb30BaTbCA YyXKe
paspaGOTaHHBEIMH METOJAMH -- TAKMMH, KaK MHCTaH-
TOHHOE MCYMCJIEHHE, KBAa3UKJIACCHYCCKOe NpHubJinxke-
HHE ¥ T.O.

PaccMoTpuM cHavasla OJHOOCHBIH CJydail ¢ aHM30-
TpONMeEN THIA JIETKas OCb, 06CYKAABIIMACA BbIlle B
apyroM kourekcre. Ilocko/bKy —3HepreTMyeckue
YPOBHU CIIMHOBOH CHCTEMbl COBNAJalOT, Kak ObL1o
o6bsicHeHo, ¢ 2S5 + 1 Hu3KOJIEXalUMMH YPOBHSIMHU
JUISL YACTKI[BI, ABHXKYIIEHCS B IIOTEHLHAJbHOM MOJie
suga (2), TO COBNAAaOT M BEJMYMHBI TYHHEJIbHOrO
pacmenienus A = E; — E, 5HepruM OCHOBHOTO CO-
crosaHusi. EcauM MHTepecoBaTbCsl BBIYMCJIEHMEM 3TOMH
BEJMYMHBI C SKCIOHEHIIMAJbHOH TOYHOCTbIO, TO
OTBET MOKET GbITh HalieH nmpakTHYecKH cpa3y. Kak
ussectHo [12], ata BenuuuHa onpenenseTcs MHOXH-
tenem exp (-W), rne W — BeanynHa eBKJMAOBA
JEACTBUSA Ha TPAEeKTOPUU MEXAY BbIPOXKASHHBIMU
MMHHUMYMaMH :

X,

W=Idx«/2m(U— 7y,
x_

rne m — 3ddexruBHas Macca dactuupl (A = 1);
U_= U, — 3HaueHUE NOTEHUHAA B TOYKE MUHUMY-
Ma. Takum o6pa3oM, ecjiy He HHTEPeCOBaTbCA NMpea-
3KCIOHEHTOH, MOXXHO He HaXOAWTb ypPaBHEHHME HH-
CTaHTOHHOM TpaeKTopuM B ABHOM Buze. OnHako 310
HEOOXOAUMO /1T BbIYHUCIIEHUS NMPEASKCIIOHEHTDI:
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= ((o/n)VZA exp (-W) .

3mech @ — 4acToTa, OTBEYaloLlasi MaJbIM KoJieGaHHU-
AM BOJIN3YN TOYKU MHUHMMYMa, a KOHCTaHTa A onpene-
JAE€TCA U3 COOTHOUIEHUA

2 1/2
jdx :
2(U - U+)J

A
) =x, - o SXP (-or),

T—> o0,

rae x,, = 0 cooTBETCTBYET cpeaHell TOYKe MOTEHIHA-
Jla MeXIy ABYyMs MHUHMMyMaMH; T — eBKJIMZOBO
Bpems. [lisi paccMaTpMBaeMOro OAHOOCHOTO CJIydast
¢ norerunanom (1) u coorsercrByromuMu Ge3pas-
MEDHBIMH BE/IMYMHAMH MHCTAHTOHHAs TDPAaeKTOPHs
HAXOAMTCS B SIBHOM BHJE:

1 B/B'V2
* i 0 T
he=|—on>~ th i m=\/1—BBi.
2711+ B/B, 2 e

Wcnonb3ys npenpiaymue GpopMyisl, HaXoLuM

8(S + 1,23 2w5/2(1 - w?)S
V(1 + @)2SH

A= exp [(2S + o] .

(8).

B cayuae B << B dopmyna (8) npu S 5> 1 aaet
Pe3yJIbTaT CTENEHHOrO NPHO/IMKEHHS A/ SHEPreTH-
yeckoit meau (6).

Ioo6HpIM ke 06pa3om MOXKeT GbITb PacCMOTpeH U
asyxocublil ciyqait. C oblueil TOYKM 3peHMS OH MH-
TEPECEH TeM, YTO IHEPTeTHYECKHIl CIIEKTD CIIMHOBOTO
3¢ (EKTUBHOrO NOTEHLHMANa SBAAETCA 30HHBIM [5].
Ilyctb cHavana B =0, a S ABiseTcs LeabIM (nipu
MOJYLEJIbIX 3HAYEHUAX CIIHHA BBIPOXKAEHHE HE CHHU-
maercs1). Torma crnuHOBblE ypoBHM COOTBETCTBYIOT
KpasiM CJMBIIMXCSA 30H, a PacCIIelJeHHEe OCHOBHOTO
YPOBHS DaBHO 1HMpHHE 30HBI. Ecan xe B ~ § >> 1,
TO IIMPHHbLI SHEPreTUYECKUX 30H, KOTOPHIM MPHHAL-
aexar Eq u E| , OKa3pIBAaIOTCS MHOTO MeHbllle, YeM
PaCCTOSHUSI MEX/Y YPOBHSAMH, TaK YTO paclieneHue
MOXXHO BBIYMC/IMTb, UTHOPUDYS IEPHOAMYECKHH Xa-
PaKTep MOTeHUMaNa U 30HHYI0 CTPyKTypy (moapo6-
HOCTH CM. B 0630pe [2], Tam e paccMoTpeno TYH-
HEJMpOBaHME B OCOGBIX CHy4asdX, KOIAa YPOBHH
SHEPrUM HaXOAATCs BOIM3M MAKCUMyMa MOTEHIMAIb-
HOro 6apbepa).

Kpome Toro, B psizie ciryuaeB MHOrOYacTHYHAs CHC-
TeMa MPUOIMKEHHO CBOAMTCA K OJHOYACTHYHOH —
NIPUMEPOM SIBJISIETCA Tel3eHOEProBCKUM MarHETHK CO
cnaboii anusorponueit [2], u ansa TYHHEJIbHOTO pac-
LeTVIEHHsT TPUMEHUMBI (POPMYJIBI, TIONy4EHHBIE s
NapaMarHeTHKOB.

1294

Haxonen, npu B << B, moxHO BOCTONB30BaTHCH
TeopHeit BoaMymeruii. B nanHoM cayuae HUHTEPECHO
TO, YTO BBIPOXK/EHHE CHUMaeTCs B 2S5-M nopszke.

3akmovenue

Taxum o6pa3oM, ans usydenus xax HU3KOTEMIlepa-
TYPHOTO TMOBEJEHHS BOCHPUUMYHBOCTH AHU30TPOI-
HbIX CHMHOBBIX CHCTEM, T2K H TYHHE/bHBIX Mepe-
XOJ0B YPEe3BbIYaliHO Pe3yJIbTATUBHBIM M HATJIAAHBIM
OKasazcs MeTol 3¢pPEKTHBHOTO NOTEHLHMana, mpes-
JoxeHHeld B. M. IlykepHnkoM u monyumsmmit
3aTeM JlaJbHeliliee pasBuTHE.

HonuepkueM, 4T0, B TO BpeMst Kak KJacCHYecKHi
CIIUH NapaMeTPU3YEeTCa ABYMs MEPEMEHHBIMH, B Me-
ToZe 3(P(PEKTHBHOTO MOTEHIMaNa CHCTEMA SABJIAETCS
O/THOMEPHOH.

Ha nepsbiii B3risia, cnuHOBbIE CHCTEMBI ¢ raMuJib-
ToHMaHamu Tna (1) xaszamuch AOCTATOYHO 3MEeMeH-
TapHbIMU, OXHAKO JaJibHellee HX U3ydeHHe oKa3a-
JIo, 4T0 U3 3ajaym, IPefI0KEHHOH
B. M. llyxepunkom B Havase 80-x rozos, POAMIOCH
¢axTiyecku HOBoe Hanpasienue. Hama craths, Kak
MBI HajleeMCs, €Ille OHO TOMY IOATBEPKAEHHUeE.

ABTODDBI BBIPAXAOT IIY6OKYIO 61arogapHoCTh 1
TOCBALIAIOT JaHHYIO PaGOTy 3aMeyaTe/IbHOMY yYeHO-
My W MEArory, YyTKOMY M 06asATeNbHOMY YeN0BeKy
BHKTOpy Mouceesnuy Ilykepnuky, BMecte ¢ KOTO-
* PbIM GBI CZieaHbl HALIY TIEPBBIE MWArY B paspabort-
Ke HOBBIX METOJIOB TEODUH CIIMHOBBIX CHCTEM.
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On the theory of low-temperature properties of
spin systems with magnetic anisotropy

O. B. Zaslavskii, V. V. Ulyanov,
and Yu. V. Vasilevskaya

The temperature behaviour of easy-axis paramag-
nets in a transverse magnetic field is considered. It is
shown that for low temperature the susceptibility as
a function of field features a maximum for all values
of spin S. When the temperature is increased this

duaunka HU3kux Temnepatyp, 1997, T. 23, Ne 12

maximum at first sharpens (is not smoothed out), its
position changing nonmonotonically. If § <3 it be-
comes double-humped at some temperature; for
S 23 a maximum with a flat top is obtained. Simi-
lar phenomena occur also for two-axis paramagnets.
The energy spectrum of the spin system coincides
with 2S5 + 1 low-lying levels for a particle moving in
the potential of a rather simple form. It reprc .nts a
double well for a magnetic field small enough. It
enables one to calculate tunneling rates using meth-
ods of quantum mechanics.
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LOW-TEMPERATURE MAGNETISM

On the theory of low-temperature properties of spin systems with magnetic anisotropy
O. B. Zaslavskii, V. V. Ulyanov, and Yu. V. Vasilevskaya

Kharkov State University, 310077 Kharkov, Ukraine*
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Fiz. Nizk. Temp. 23, 1289-1295 (December 1997)

Temperature behavior of easy-axis paramagnets in a transverse magnetic field is considered. It is
shown that the low-temperature susceptibility as a function of the field has a peak for all

values of spin S. As the temperature increases from zero, this peak is first sharpened (and not
blurred), its position changing nonmonotonically. For spins $<3, the peak becomes
double-humped at a certain temperature, while for S=3, a flat-top peak is observed. Similar
phenomena are also typical of biaxial paramagnets. The energy spectrum of the system coincides
with 25+ 1 low-lying energy levels for a particle moving in a potential field of a simple

form, which has the shape of a double well for low magnetic fields. This makes it possible to

calculate the tunneling velocity by using quantum-mechanical methods.

© 1997

American Institute of Physics. [S1063-777X(97)00412-X]

1. INTRODUCTION

Quantum properties of uniaxial paramagnets were stud-
ied by us together with Tsukernik at the beginning of the
eighties.' Earlier, such systems were analyzed by using semi-
classical methods which led to contradictory results. We
managed not only to solve the formulated problem, but also
work out a number of original approaches for studying more
general spin systems, which were developed in our subse-
quent publicalions.2 Another unexpected and important sec-
ondary result was the discovery of a new class of potential
models with exact solutions of the Schrodinger equation.’~

In a review published in 1992,> we summarized the re-
sults obtained during ten years of research. Subsequently,
new results and a new trend appeared. In the first place, we
must mention the extension of the manifold of quasi-exactly
solvable models® as well as the discovery of similar two-
dimensional models and their generalization to multidimen-
sional cases.®’

In this paper, we report on some new results obtained
from the study of anisotropic paramagnets. We shall consider
here only magnetic susceptibility and spin tunneling. For
definiteness, we confine our analysis to spin systems with the
Hamiltonian

H=aS2-BS’-BS,, (1

describing a so-called biaxial paramagnet with anisotropy
constants a, =0 in a transverse magnetic field proportional
to B (S; are spin projections operators).

2. MAGNETIC SUSCEPTIBILITY OF UNIAXIAL AND BIAXIAL
PARAMAGNETS

We begin with a more detailed analysis of the effect of
temperature on the susceptibility of a uniaxial paramagnet
(a=0) for various values of spin S (without loss of gener-
ality, we also assume that B=1). We proceed from the re-
sults reported in our initial publication' in which specific
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physical objects and dimensional quantities are considered,
and the corresponding dimensionless parameters are intro-
duced; we shall use these characteristics in the present re-
search. In Ref. 1 (see also Ref. 2), the behavior of magnetic
susceptibility of a uniaxial paramagnet in the ground state
(ie., at T=0) was studied in detail. It was found that the
magnetic susceptibility xo=—2d*E,/dB* of the ground
state as a function of magnetic field has a specific behavior
for spin S=2: the gradual increase in susceptibility with the
magnetic field B gives way to a sharp increase with the for-
mation of a well-localized clearly manifested peak having
the shape of a ‘‘hump,” followed by a rapid decrease to
small values in the range of ‘‘critical”” magnetic field
By=2S+1 (see Fig. 1, where the susceptibility of the first
excited state is also shown for comparison).

In the same publication, graphic explanation of such a
phenomenon is given on the basis of a specially developed
method of effective potential, which can be described as fol-
lows. Since spin is a quantum-mechanical object of essen-
tially discrete nature, equations whose solutions describes
the energy spectrum of spin systems have a matrix form.
This complicates the analysis of properties of the system by
the standard quantum-mechanical methods. It was found,
however, that we can introduce a rigorous potential descrip-
tion for a wide class of spin systems, such that the energy
spectrum of the spin system coincides with certain energy
levels for a particle moving in a potential field of a simple
form. Such an exact spin—coordinate correspondence also
served as the basis for various approximate methods of de-
scription of spin systems, e.g., the perturbation theory and
the semiclassical approximation. It is especially important
that this leads to new exact solutions of the Schrodinger
equation in the corresponding coordinate system.’~>

The approach proposed by us lies in the application of
the concept of coherent spin states for Hamiltonians con-
structed from spin operators used in the solution of the prob-
lem on their eigenvalues and eigenvectors.® In the obtained

© 1997 American Institute of Physics 968
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FIG. 1. Typical magnetic-field dependence of susceptibility of a uniaxial
paramagnet in the ground state (upper curve) and in the first excited state
(lower curve) for S=6.

coordinate representation, such a Hamiltonian becomes a
Schrodinger differential operator with a certain effective po-
tential energy. The potentials obtained for simple spin sys-
tems either have the shape of nonlocalized wells, or are pe-
riodic. In all cases, there exist various symmetric and
nonsymmetric multiparametric potential models.

For example, if we are solving the problem on determin-
ing stationary states of an easy-axis paramagnet in a trans-
verse magnetic field, i.e., a system with the Hamiltonian
H=— Si—BSx , by using the above method, we arrive at the
standard one-dimensional Schrodinger equation d?uy/dx?
+[E—U(x)]¢y=0 for a pseudoparticle with a quadratic
energy—momentum relation (spinon), moving in an effective
potential field constructed from hyperbolic functions:

B? 1
U(x)= T sinh? x—B( S+ f) cosh x, 2

where x is a certain dimensionless coordinate. In this case,
the eigenvalues of energy E of the spin system coincide with
the lower 25+ 1 energy levels of a spinon in the potential
field (2).

It was found that the energy spectrum of uniaxial para-
magnet has a typical “‘fan’’ structure corresponding to defor-
mations of effective potential (Fig. 2): from double degen-
eracy for B=0 with pairwise close energy levels for B<B,,
(tunnel splitting in a double potential well; Fig. 2a) to the
energy distribution for B= B, which is typical of a fourth-
degree oscillator U~x* (Fig. 2b), and then to an equidistant
structure of the harmonic oscillator spectrum ~x? (Fig. 2c).
In this case, the most significant rearrangement of the energy

/\
R

a

C

FIG. 2. Typical shapes of the effective potential of a uniaxial paramagnet.
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FIG. 3. Two-hump profile of magnetic susceptibility (S=3/2, T=0.0028).

spectrum is observed in the ‘‘precritical’’ field region
B=B, in which the ‘‘hump’’-type peculiarity of suscepti-
bility is located.

It would be interesting to study the effect of temperature
on the behavior of susceptibility. It turns out that, instead of
expected blurring of the singularity, an interesting transfor-
mation of the ‘‘hump’’ takes place, which can be reduced,
roughly speaking, to its ‘‘sharpening’’ and increase at the
beginning followed by gradual blurring and vanishing at a
certain critical temperature 7.~ S. In addition, a two-hump
profile is formed at the initial stage for not very high values
of spin (§<3) (Fig. 3), while for large values of spin (§=3)
the top of the hump becomes flat (rudiment doubling). The
position of the peak changes nonmonotonically: at first, it is
displaced towards higher values of magnetic field B, and
then ‘‘starts returning’’ down to B=0 at T,.

Some typical stages of these transformations of suscep-
tibility are presented in Fig. 4 along with the standard sus-
ceptibility of the ground state, which is described by the
dashed curve.

The above-mentioned regularities are determined by the
structure of the energy spectrum of a uniaxial paramagnet in

4 T7=0.004 X T=0.009 x T7=0.012

1.7}

105575
B

Xr—v=om

17} A

105535 05555 %05 7%
B B B

FIG. 4. Some stages of low-temperature transformations of susceptibility
($=2).
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the region of magnetic fields containing the hump, ie., a
small separation between the ground energy level and the
first excited level and a large distance to next excited levels.
For example, for S=3, the gap E;—E;=0.16, while
E,—E,=3.34 for B, =2.34.

Thus, the spin system under investigation in the tem-
perature range 0<7<T, behaves as a two-level system. The
magnetic susceptibility y in the two-level approximation can
be written by singling out the temperature correction Ay:

X=XotAx. (3)

Considering that energy levels depend on the magnetic
field and carrying out simple transformation of the partition
function, we obtain the following formula for susceptibility,
which contains the main contribution in the form of the sus-
ceptibility y, of the ground state and two competing tem-
perature corrections:

(AI)Z ZA"
X=Xot 7 ,
2T cosh®*(A/2T) 1+exp(A/T)

(4)

where A=E,—E,, and primes denote derivatives with re-
spect to B.

As T—0,x— X, as expected. For any finite 7 and in the
region of small B, where A<T, we have x=(x+ X0)/2 (x1
is the susceptibility of the first excited state), i.e., the main
contribution comes from the second negative correction,
while for higher values of B the first positive correction can
dominate so that x> x,. The two-level approximation (4)
completely describes the behavior of susceptibility in the
most interesting region of low temperatures 0<T<T,.

We can now use the power approximation in the mag-
netic field B for the gap A between the ground energy level
and the first excited level, which was obtained in Ref. 2:

28 s*
A=cB*, ¢= 333059 @S )

which leads to the following expression for the temperature
correction in (3) obtained on the basis of (4):

CB2S
Ax=T<S‘”’5fs( T ) ©)
with the universal function
x(S— 1)/§ Sx
_ 1 s
fs(0)=28(28=1)e™ TGy | (25— 1cosh(x/2)

—exp(—x/2)|. )

A comparison of such an approximation for the tempera-
ture correction to susceptibility (6) and (7) with the results
based on exact formulas for E and E, (as well as for y,) in
the case when S=3/2, 2, 5/2, 3, and 7/2 shows that this
approximation is fairly accurate in the most interesting tem-
perature region, in which the transformations of the magnetic
susceptibility profile described above are observed (for all
magnetic fields B).

If we lay the position of B ,,, and the magnetic suscep-
tibility peak Xmax On the coordinate axes, the variation of
temperature in the range 0<T<T, leads to a curve in the
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FIG. 5. A typical spiral loop describing the position and magnitude of the
maximum susceptibility peak in the low-temperature region 0<7<T, for
§=2.

form of a spiral loop with an isolated point inside it, which
graphically illustrates the above ‘‘anomalies’” in the behav-
jor of the susceptibility peak, i.e., its temperature °‘drift’”’
stage (see Fig. 5). The following characteristic regions and
reference points relative to transformations of the magnetic
susceptibility profile can be singled out on the temperature
scale: To=0 corresponds to conventional one-hump (stan-
dard) profile; the region To<T<T), is characterized by small
deformations of the left slope of the hump followed by the
formation of the second (left) peak; T, corresponds to a two-
hump profile with the same height of the peaks; in the region
T,<T<T,, the left hump, which is higher than the standard
one, increases, becomes sharper, and is shifted to the right;
T, corresponds to the maximum height of the hump located
approximately in the same region as the standard hump;
T,<T<Tj; corresponds to further displacement of the peak
to the right and its gradual decrease; at T3 the height of the
hump decreases to the standard value with the maximum
displacement to the right; in the region T3;<T<T), the dis-
placement changes direction (to the left), and the peak is
blurred; T, corresponds to a highly blurred peak in the re-
gion of the standard hump; T,<T<Ts corresponds to a
weakly distinguishable peak, which continues its shift to the
left; Ts=T, is the critical temperature at which the weakly
manifested peak reaches the point B=0 (the susceptibility
curve descends smoothly without any singularities), and at
T>T, the value of x decreases for any B due to activation of
the remaining excited energy levels (the two-level approxi-
mation becomes inapplicable). Number on the spiral in Fig. 5
indicate the main temperature reference points.

As the value of S increases, the spiral curve is shifted
towards higher values of B, but all qualitative singularities of
transformations are preserved (except the formation of a two-
hump profile).

It should be noted that all calculations (apart from the
two-level approximation and the power approximation men-
tioned above) were made.on the basis of exact, explicit for-
mulas for the energy levels for S<4 and by using exact
algebraic equations for the eigenvalues of Hamiltonian (1)
for S=4. Moreover, analytic and numerical methods were
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FIG. 6. Magnetic-field dependences of the susceptibility of a biaxial para-
magnet for even values of S from 4 to 20.

mutually controlled and verified by plotting graphs.

Another cycle of investigations was devoted to an analy-
sis of the behavior of the magnetic susceptibility of biaxial
paramagnets. It was found that all the peculiarities of suscep-
tibility mentioned above are observed for such systems also.
For example, Fig. 6 shows a series of typical susceptibility
profiles for different values of spin S in the case of equal
anisotropy constants o= at T=0.

In addition, the general dependence of various effects on
the ratio of anisotropy constants was studied separately.

Thus, the peculiarities in the magnetic susceptibility of
anisotropic paramagnets observed earlier proved to be stable
to the effect of various factors and demonstrated some addi-
tional interesting details of the behavior under an increase in
temperature T and spin S as well as for different ratios a/f
of anisotropy constants.

Finally, in the case of an arbitrarily directed magnetic
field, the tensor nature of magnetic susceptibility must be
taken into account, i.e., each of its components must be stud-
ied in detail. For example, in the uniaxial case we are actu-
ally dealing (in view of the symmetry properties) with the
three quantities X, Xy, and x,,, which should be consid-
ered as functions of the magnetic field components B, and
B,.
3. QUANTUM TUNNELING IN SPIN SYSTEMS

Tunnel effects in various fields of solid state physics
have been studied intensely during the last decade (see the
review in Ref. 9). Most of such investigations proceeded
from the model of a two-level system interacting with the
ambient which served as a thermostat. The possibility of re-
placing a real quantum-mechanical system with a complex
energy spectrum by a two-level system by disregarding the
contribution from higher energy levels is equivalent to the
introduction of effective spin S=1/2. In this publication,
however, we indicate a field in the physics of tunnel phe-
nomena, in which the spin is not an auxiliary concept, but
reflects the real physics of the problem, i.e., tunneling in spin
systems (by way of an example, we can mention tunneling in
small ferromagnetic particles).'® The most interesting case is
that of large spins S>1 rather than the case of small spins.

In spite of the fact that first indications of experimental
manifestations of spin tunneling were actually described long
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ago in the review by Bean and Livingston,'! the theoretical
apparatus for studying this effect was worked out only by the
middle of the eighties. This is not accidental. The tunneling
of a particle moving in a potential well was explained long
ago and is described in textbooks on quantum mechanics. At
the same time, spin is an essentially discrete, purely
quantum-mechanical variable and cannot be represented in
such a visual form. It is remarkable that this has become
possible for the spin system as a whole, that is described by
a Hamiltonian which is quadratic or quadratic—linear in spin
components. Such a spin—coordinate correspondence, which
was mentioned in the previous sections of this paper, allows
us to translate the problem under consideration into the lan-
guage of ordinary quantum mechanics and to apply the meth-
ods developed earlier, including instanton calculus and semi-
classical approximation.

Let us first consider first a uniaxial paramagnet with an
easy-axis type anisotropy, which was discussed above for
another purpose. Since the energy levels in the spin system
coincide (see above) with 25+ 1 low-lying energy levels for
a particle moving in a potential field of the form (2), the
magnitudes of the tunnel splitting A=FE, — E of the ground-
state energy also coincide. If we calculate this quantity to the
exponential accuracy, the result can be obtained almost im-
mediately. It is well known'? that this value is determined by
the factor exp(—W), where W is the Euclidean action on a
trajectory between two degenerate minima:

W= fx+dx\/2m(U—U_).

Here m is the effective mass of the particle (A=1), and
U_=U, is the value of the potential at the point of mini-
mum. Thus, if we are not interested in the preexponential
factor, we can forget about the equation of the instanton
trajectory in explicit form. However, this is essential for cal-
culating the preexponential factor in

A=(w/m)?A exp(—W).

Here w is the frequency corresponding to small oscillations
near the point of minimum, and the constant A can be deter-
mined from the relation

X
T= J dx
xm

A
x(1)=x,— ——=exp(—w7), T,
2o

m 12

2(U_U+)

’

where x,,=0 corresponds to the midpoint of the potential
between two minima, and 7 is the Euclidean time. For the
uniaxial case under consideration with potential (1) and cor-
responding dimensionless quantities, the instanton trajectory
can be found in explicit form:

w=+1—(B/By)>.

X 1—-B/By\ " T
tanh —= ta

2 \1+B/B, 27
Using previous formulas, we obtain
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8(S+1/2)"w”*(1 - w?)*

\/’7_T(1+(1))2S+1

For B<B,,, formula (8) for $>1 gives the result in the
power approximation for the energy gap (6).

The biaxial case can be considered similarly. It is inter-
esting from the general point of view since the energy spec-
trum of the effective spin potential is a band spectrum.’ Let
us first assume that B=0, and S is integral (for half-integral
values of spin, degeneracy is not removed). In this case, spin
levels correspond to the edges of merged bands, and the
splitting of the ground level is equal to the band width. If,
however, B~ S>1, the widths of the energy bands contain-
ing E, and E are much smaller than the separation between
the energy levels, so that the splitting can be calculated dis-
regarding the periodic nature of the potential and the band
structure (see for details the review in Ref. 2, in which tun-
neling is considered in special cases when energy levels are
near the potential barrier peak).

Moreover, a many-particle system can be approximately
reduced in some cases to a one-particle system (as in the case
of a Heisenberg magnet with weak anisotropy),” and the for-
mulas obtained for paramagnets are applicable for calculat-
ing the tunnel splitting.

Finally, for B> B, we can use perturbation theory. It is
interesting that degeneracy is removed in the 2Sth order in
this case.

exp[(2S+1) w]. 8)

CONCLUSION

Thus, the method of effective potential proposed by
Tsukernik and developed further by other authors proved to
be extremely productive and powerful for studying the low-
temperature behavior of susceptibility of anisotropic spin
systems as well as for tunnel junctions.

It should be emphasized that, while the classical spin can
be parametrized by two variables, in the effective potential
method the system is one-dimensional.

972 Low Temp. Phys. 23 (12), December 1997

At first glance, spin systems with a Hamiltonian of the
type (1) appeared as very simple, but further analysis has
proved that the problem proposed by Tsukernik at the begin-
ning of the eighties gave rise to a new trend in physics. We
believe that this publication is another confirmation of this
fact.

The authors are deeply indebted and devote this research
to Viktor Moiseevich Tsukernik, remarkable scientist and
teacher, considerate and cordial person with whom they
made first steps in the development of new methods in the
theory of spin systems.
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PaccMOTpeHO MoBeJeHHe OAHOOCHBIX NTapaMarHEeTUKOB B HAKJOHHOM MarHHTHOM IIOJIe B 3aBUCMMOCTH OT
TeMrnepaTypbl. HaiiileHbl CTPYKTypa dHEpreTH4eCKOro CNeKTpa, a TaKXe KOMIIOHEHTbl HaMarHWYCHHOCTU U
BocnpuuM4KHBOCTH. ITosydyeHsl TouHble POPMyJibl assd cnuHa S = 1/2. Jlns Npou3BOJbHBIX 3Ha4YeHHH S B
JIETKOOCHOM M JIETKOIJIOCKOCTHOM CJy4YasiX W3y4YeHbl TepMOJWHAMHUYeCKHe XapaKTEPHCTHKM CHUCTeMbl B
pasIMYHbIX MpU6IMKeHUsX (Majsble W 6OJbIIME MAarHUTHbIE T0JISI, HU3KME M CBEPXHHU3KHE TEMIIEPATyPbl U
1.1.). IlokasdaHo, YTO B “JIEFKOILIOCKOCTHOM CJy4ae IpH HMU3KUX TeMIIEPaTypax IonmepeyHas HaMarHHYeH-
HOCTb ¥ MPOAOJIbHAS BOCHPUUMYMBOCTD Kak (YHKLHM MarHMTHOrO MoJsA 06JafaloT 0COGEHHOCTSIMU B BH/E
CepuM pE3KUX BCILIECKOB, TOT[a KaK B JIETKOOCHOM CJy4ae TNpPO/AOJbHbIE KOMIIOHEHTbI 3THX BEJIMYHMH
06J1a1a10T OAUHOYHBIM BCILJIECKOM.

PosrnsiHyTo MOBEAiHKY OJHOBiCHMX MapaMarHeT¥KiB y MOXHJIOMY MarHiTHOMY TOJi B 3aJieXKHOCTi Bia
TeMIepaTypu. 3HalIeHO CTPYKTYpy eHEepreTHYHOrO CIEKTPA, a TAKOX KOMIOHEHTH HaMarHiuyeHocTi Ta
cnpuitHaTauBocTi. 3HaiizeHo TouHi dopmyan mas cminy S= 1/2. Jlna AOBiIbHUX 3HaYeHb CHiHy S y
JIETKOBiCHOMY Ta JIETKOIJIOIIMHHOMY BMMaJiKaX BMBYEHO TEPMOAMHAMi4Hi XapaKTEPUCTHKH IPH Pi3HHX
HabamwxenHax (Mani Ta BeJMKi MarHiTHi NMoJIs, HU3bKI Ta HAIHK3bKiI TeMmrepaTypH i Take inume). [TokasaHo,
10 B JIETKOIUIOLIMHHOMY BHIIaJIKy NPV HU3bKKX TeMIlepaTypaXx MomepeyHa HaMarHi4eHiCTb i NMO3A0BXHS
CPUAHATAMBICTD K QYHKIT MarHiTHOrO MOJs MalOTb OCOGIMBOCTI y BUIJISAL cepii Pi3KMX CILiecKiB, Toai

AK Yy JIel‘KOBiCHOMy BUIIAAKY MO3J0BXHI KOMIIOHEHTY ilMX BEJMYUH MalTh MOOAMHOKU K CﬂﬂéCK.

PACS: 75.10.-b, 75.10.Dg, 75.30.Gw

1. Beeaenue

B pasmuunbix obnactsax ¢usuku [1,2] mossisior-
CA CMCTEMbl, TaMHJIbTOHMAH KOTOPBIX IHOCTPOEH U3
ONepaToOpoOB CIIUHA, B CBSI3M YEM OHM IIOJIYYHJIU Ha-
3BaHUE «CIMHOBbIX». MBI PACCMOTPUM KOHKDPETHBIH
THUIT TaKUX CUCTEM CO CIIMH-TAaMUJIbTOHMAHOM BUIA

H=0S?-BS -B,S,, €}

BCTPEYAIOIUMCSI B TEOPUM MarHETH3Ma U OIYCHIBAIO-
MM OJHOOCHBbIM IIApaMarHeTHK B IIPOU3BOJIBHO Ha-
NPaB/IEHHOM MArHMTHOM TIOJE, TAe S; — MPOEKUHH
cnuHa; B; — COCTaB/IAIONIME MATHUTHOTO MOIA; O —
KOHCTaHTa aHM30Tponuu. Ilpu U3yyeHNH TaKWX CHUC-
TeM B OGBIYHO HCIOJb3YeMbIX 6e3pasMepHbIX mepe-
mennbix [1,2] (B kavectBe 6e3pasMepHOM SHEpruu
BBOJMICS OTHOUIEHWE 3SHEPr¥d K abCOJIOTHOH Be-
JINYMHE KOHCTAHTBI AaHU3OTPOIKM, YTO TIPUBOAUT U K
COOTBETCTBYiOIIEN . Geapa3MepHON XapaKTepHCTHKE

© O. b. 3acnasckui, B. B. YnbsiHos, |0. B. Bacunesckasi, 1298

MarHUTHOTO IIOJIS B]-) (akTHUECKH CYIIECTBEH JIUIIb
3HaK O, TaK 4TO GyZieM B JasbHelUleM CYUTaTb, YTO
O IPMHUMAET TOJIBKO JIBAa 3HaYeHUs: O = —1 oTBeyaeT
AHM3O0TPOIMH THIA «JIETKAs OCb», a 0L = +1 — «Jer-
Kasl IIJIOCKOCTb». 3

B mukisie pador [1—3] yxe u3ydyeHbI HEKOTOpbIE
CBOMCTBA CHCTEM ¢ TamMuiabToHMaHoM Buza (1). Ilpu
3TOM ' oco60e BHHUMaHHE YAEJSAI0Ch ClIydaro, KOTAa
MarHUTHOE II0Jie NMEepHEeHIMKYJISPHO OCH aHHU30TPO-
03707} (BZ =0 u oo=-1). [pyro# ciyyail ¢ mpoOROJB-
HbIM MarHWTHBIM mosieM (B, = 0 u 0. = +1) yactuuHo
paccMaTpuBaics B paborax [4,5]. 3mecp obcyanm
o6mui ciyyal HaKJIOHHOTO MAarHWTHOTO MOJISL [Jist
oboux Tunos anusorponuu (o =*1), a Takxke cocpe-
JOTOYMM BHAMAaHUE Ha TEPMOAUHAMHMYECKHX CBOMCT-
BaX aHM30TPONMHLIX UapaMaTHETHKOB IIPH HU3KUX
TeMIIepaTypax.

O6paiasch K HCTOKaM, HayHEM C YIOMUHAHUS
pa6otbl [1], B xoTOpOil BHEpBhie OBLIM JETAJBHO
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MPOaHaJM3UPOBAHbI C IMO3UIUIT YHCTO KBAHTOBOMH Te-
opuu ¢u3nYECcKre CBOMCTBA OJHCOCHBIX IapaMarHe-
THKOB, NpaB/Ja, TOJIbKO B IONEPEYHOM MarHUTHOM
TN0Jie ¥ NP CBEPXHHU3KHUX TemirepaTypax. B [1] 6bin
pa3spa6oTaH BaxkHbI MeToJ 3(pPEKTUBHBIX MOTEHIH-
aJIOB, [aBLIMA B JaJIbHEHIIEM BO3MOXKHOCTb MCCJE-
JI0BaTh pasjuyHble (pU3NYEeCKHe CBOHCTBA OJHO- H
JBYXOCHBIX NapaMarHETHKOB, a TaKKe OGHApyXHTb
HOBBIE KJIacChl TOYHbIX peureHuii ypaBHenus [lpe-
nqunrepa [2,3,6].

JlanuM HeKOTOpble NpeaBapUTeIbHbIE TIOCHEHHS.
O6DbeKTOM HAIero MCCae0BaHUs OyAyT MATb OCHOB-
HBIX XapaKTEPUCTHK CHCTEMBI: [BE€ COCTaBJIAIOLIME
BEKTOpa HaMarHWYeHHocTd M, u M, u TpH KoMIo-
HEHTbI TEH30pa MArHUTHOH BOCIPUUMYHBOCTH X,
Xy, ¥ X, B CTalMOHAPHBIX COCTOSHHAX, 0603Ha-
yaeMmbIx uHgekcomM n =0, 1, ..., 25, 3TH BeJUYHHBI
CBs13aHbI C COOTBETCTBYIOIIMMHM NTPOM3BOJHBIMM SHED-
reTH4ecKuX ypoBHed E 1O COCTaBJIAIOIIAM MarHHT-
Horo noas B, u B, :

oE,
M = (S, == (O /3By, == ===, (2
k
oM™ ’E
(n) k n
X =2 ==2 (k,l=x,z). 3
ki 3B, dB,9B,

3necp MHOXMTENb 2, BBEIAEHHbIH AJA yno6CTBa B
pa6ore [1], MbI coxpaHseM AJA TIPEEMCTBEHHOCTH
pe3yJIbTaToB.

TepMoaMHAMUYECKUE BEJWYHUHBI, KaK HETPYAHO
[I0Ka3aTh, BHIPAXKAIOTCS 4Yepe3 COOTBETCTBYIOIIME
CpeJHHe 3HaYeHHs

B RS =t e s - T
T L
My =My ; x4= X+ o7 (MM, - M,M)) , (4)

IZle YepTa CBepXy HaJ HEKOTOPO! BEJTHYMHOH [ 03Ha-
YaeT yCpeJHeHHe BUA

2§ 28
F=3 " exp (-E,/T/ Y, exp(-E,/T). (5)
n=0 n=J

Ecnu y4ecTh, YTO MMEIOTCS TPH BHELIHHX Ilapa-
merpa (B, , B, , T) u mBa BHYTpeHHHX (S, 00), TO
ACHO, YTO HEOGXOAMMO OCHOBHOE BHUMaHUE YEIHTb
KaKHM-TO U36paHHbIM BeJUYMHAM, HauboJiee APKO M
MOJIHO TlepefaloliuM OCOGEHHOCTH, TPHCYIIME BCEM
JAPYTMM XapaKTePHCTUKaM.

2. Toynble pe3yabTaThl B cay4ae cnuHa S = 1/2

ITO YHUKAJbHBIH ciydail, Koraa GakTHIECKH Co-
BIIA[IAlOT [Ba THMIIa AHW30TPOINHBIX MapaMarHeTHKOB
— JIETKOOCHBIH M JIETKOILIOCKOCTHOH (3HepreTHyec-
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KHil CIIEKTP OTJIMYAeTCs NMIb Ha KOHCTAaHTY, He WI-
DPAIOLITYIO POJIM B H3y4aeMbIX XapaKTepucTuKax M u ).

Ecnu cniuH paBeH MOJIOBHHE, TO /I ABYX HMeIO-
IMMXCsl YPOBHEH SHEPrUM MOJydYaeM sBHbIe (POPMYJIbI

VB2 +B?,

TaK 4YTO ITPOEKIHH HaMarHu4€eHHOCTH paBHb!

(=0/45 B/2, B=

B
MEO) = —Mg) = -23{!- =HI-€E. MO.D || B,

a KOMIIOHEHTbI TEH3Cpa MarHUTHO#M BOCIIPHMMYHKBOC-
TH UMEIOT BUJ

xgg)— (1)-32/33 (0)- (1)__313/33

X® = 1) = B2/B3

OTcroZla BHITEKAIOT (bOpMy.llbI IJi1 TepMOAUHaAMH4YecC-
KHX BEJIHYVH

g 2 B, o B _Bish(B/T)+ BXB/T)
#TIB M X T o8 B2y
sh (B/T) - (B/T)

=B, Bl B,2n)

B2 sh (B/T) + BXB/T)
Xxx= 283 ch? (B,2T)

B wacrroctu, npu B, =0

1

s s
22" 2T ch? (B,/2T)

npu B, =0
1 1
R R XSRTE R
%2:=1g [th (BJ/2T) * ***~ 2T o2 (B,/21)

(Torzma Kak x(o) 0), a npu B, = B, =0 ornuynble
OT HyJid KOMIIOHEHTbI PaBHbI xzz = xxx =1/2T.
Tounsle opMyJIbI A1 YPOBHEH IHEPTrHH, HaMar-
HHUYEHHOCTH U BOCIIPMHMYMBOCTH MOJYYaIOTCS TaKxKe
u B caydasx S =1n S =3/2, oqHako OHM OKa3biBa-
10oTCa 60Jiee TPOMO3AKUMHM, IIOITOMY MBI MX 3/€Chb
SIBHO He NPHUBOJIMM, HO HCIOJb3yeM B rpapuyecKkux
WJUIIOCTPALUSAX U B KaYecTBe TECTOBBIX NTPUMEPOB.

3. TepMoauHaMHYeCKHE BeJMIHHbI JETKOOCHBIX
napaMarHeTHKOB

B cayuyae o = —1 rnaBHbIE XapaKTEPUCTUKH B OC-
HOBHOM COCTOSIHUM MOTYT GBITh TOJIYy4YeHBI C IIOMO-
b0 (POPMyJBI LJIA OCHOBHOTO YDOBHS 3HEDIHH.
Xon peleHusi 3afaudM pa36uBaeTcs Ha ABa JTamna.

®dusunka HU3kux Temnepatyp, 1998, . 24, Ne 7



Husxomemnepamypnsie ceoticmea 6OHOOCHBIX RAPAMAZHEMUKCE 8 HAKIOHHOM MEZHUMHOM noJe

BHavane paccmaTpyuBsaeTcs CHCTeMa B 4HCTO IIOTIe-
pedtom cra6om MarauTHOM noste (B, =0, |B,| < 1).
B 5TOM ciydae CTPyKTypa SHEPreTUdecKoro CreKTpa
apaMarHeTHKa TaKoBa, YTO YPOBHHM SHEPIyM PACIIO-
NOXeHbl NMapaMu (KPOME OZMHOYHOTO HaMGOIbIIEro
npy uesbix S) BCAEACTBUE PaCHICIUIEHUs 3a cdeT B,
IIpH JBYKDATHOM BBIPOXIEHUU B OTCYTCTBUE MarHUT-
HOro mous. [[ns MHTepecylowell Hac mapbl ypoBHeit
— OCHOBHOTO H IIEPBOTO BO36YXIEHHOTO — HMEIOT
MecTo cleayiomue GOpMynbl, KArOUME O6mME 1A
9TOM NMapbl CABUT ¥ SHEPTETHYECKYIO LIE/Ib:

Ed =-8-—— _B24+0O(BP), $S>1;
0.1 2251 B:+ O(B,P) , ‘
(6)
E},=-1-B2+O(BY, S=1,
AQQ) = Ay o= EY ~ Eq =
____5_'2_ ___] |25+ O(IBxIZS+2) %)
225-3(25)1 :

Eciu nepseiit U3 5THX pe3y/bLTaTOB HENOCPEACTBEHHO
BBITEKAET H3 OOBIYHOM TEOpUM BO3MyUIEHUN, TO BTO-
poit okaspiBaercs 6ojiee TOHKUM 9(dEKTOM U MOJy-
YeH C MOMOIIBIO CTENHANbHON MOaU(HUKAIMK TeopUH
BO3MYIIEHMH, YYMTBhIBaIOIlel KOHKPETHBIA BUJ Olle-
patopa Bosmymenus V =-B S, (cm. [2]). IIpupe-
JIeM TaK)Xe YTOYHEHHOEe BbipaXKeHHWe [/ INeJIH:

-if—!—ile. (®)
225 - 1)2 77

Takan Q)opmyna ofecrieynBaeT OYEHDb BBICOKYIO TCU-
HOCTh BIIOTH J0 |B,| ~ VS VS. Tak, npu |B = =NS/2
OTHOCHTeJIbHast onm6xa He 1peBbimaer 1%.

BTopbIM 1IaroM. SBJASETCA y4YeT NPOJOJIBHON CO-
CTaBJISIOMEH MArHWUTHOrO mojs B, , ycmiausaromei
pacllerieHye ypoBHeil. DT0 JOCTUraeTcsi C IIOMOLIbIO
NPMMEHEHHUS ClIeHATHHOTO BAPHAHTa TEODHH BO3MY-
HmeHait s 6iuskux yporHed aHeprum [7]. Ecam
ramunbTonman cuctemsl H = HO + V, 1o

S2 5
0)=—————IB !*Sr
225-3(28)!

4
1

1 : .
= (B} + ED 3 5 V(ED - ED? + 4|V

&

)
TAe yYyTeHO, 4TO B HallleM CJydYae BO3MyuleHue V =
=-B,S, uMeeT CTPOTo DaBHbIE HYJIO JAMATOHAJIbHbiE
MaTpHYHblE JJEMEHTb B HDCACTABIEHHH HEBO3MY-
IleHHOro TamuibroHnana HO = —Sf — B 5= —a He
AMaroHanbHble nementol Vi, =-B, (0l5,[1) moryr
ObITh HaMl(eHbl TaKXe C IIOMOIBI0 TEOPHH BO3MY-
UIEHUH:

Kols i1 = s

: et
A S (10)
[1 @S- 17 J ket o
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Puc. 1. CTpyKTypa sHEpreTM4ecKoro CreKTpa JIErKOOCHOTO Mapa-
MarHeThka npu B, = 0,1 B cryyac S = 1 (Ei — YPOBHM JHEPTUM).

Taxum o6pasom, 1is |B,| << 1 npuxoeanm Ha oc-
HoBe (8), (9) u (10) k BaxcHOMY Ans nambHeiIIero
PE3YIbTATy «CHMMETPHYHOTO OTTaKuBanua»> (puc. 1)
OCHOBHOTO W IEPBOIO BO36YXAECHHOTO YPOBHEIL:

S

B il o i
0.1 2025 ~ 1)

B2z %, S>1, (11)

.v||>

I7le OTOPOIIEHBI HJIEHLI 60Jiee BBICOKOTO MOPALKA
Majoctd mo B, n B,, a sHepreruyeckas Ieab E
HEePBOM NMPHOIKEHUH qaeTcsa HopMyJIoi

A =A0)? + 452B2 (12)

¢ A(0) us (7). Boaee TouHoe BbIpaxeHMe At A
nojiy4aeM Ha ocHoBe (8) u ¢ 3ameuoit 8 (12) MHOXE-
TeJls IpH 432 Ha S2 - S"Bz/(2S — 1)" B COOTBETCT-
Bum ¢ (10). 3aMe'mM 4TO B JaJibHEHIIMX pacHerax
ans xpatkoct ¢opmyna (12) 6yner durypupopath
ABHO, XOTS HYXHO HMETb E BHIY, YTO OHAa MOXKET
6bIT> YTOUHEHA YKa3aHHEIM Bbille 06pa3om. Ilepexo-
ISl X MarHMTHBIM XapaxTePHCTHKaM OCHOBHOTO CO-
crosHusi, moxydaem u3 (11) u (12) nHamarBuyeH-
HOCTb

= 252B,
s (13)
2z 2 —_—
VA0) + 45282

U BOCIIPUUMYKBOCTD

4S2A(0)2

xOB
s [A0)? + 45°B2 /2

(14)

(apyrue KOMIOHeHTh! MEI He BBITHCbIBaeM). OTciona
BBITEKAIOT CJIEAYIOUIME BBIBOABI. Bo-NMepBbIX, [OpHU
S = 1/2 3TH pesyJbTaTHl COBNZTAT C TOYHBHIMH.
Bo-BTOpBIX, KOMIIOHEHTA BOCIIPUMMYUBOCTH x(zg) ume-
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y

20

1 1

-0,2 0 0,2

Puc. 2. MaruutHasi BOCIIPMMMYHBOCTD xig) B 3aBHCUMOCTH OT B,
B cayyae S = 1 (cM. Tekct).

er Kak ¢yrkuua B, npu Bcex S ¢opMy Tak Hasbl-
BaeMoOro AByMepHoro pacnpezenenus CTbIOJeHTa.
B-tperbux, npu B, — 0 ¢ y4erom 110mpaBok

225-125)! 51

x20) = +
20 = B, 2(2S - 1)?

Bty Sat/2.

Tunuyubiii npoduab 3TOH KOMIIOHEHTHI BOCIIPHUM-
YMBOCTM TpHBEJEH Ha puc. 2 npu B, = 0,5 B ciyyae
S = 1, rae HaHeCeHB! TPAKTUYECKH CJIMBAIOIIHECH
TouHas kpuBast (>KupHas), upu6IMXKeHHas no dop-
myse (14) (nmyHKTHpHasA) ¥ yTOYHEHHOe MpPHGJIKKe-
Hue (ToHKas), MJLTIOCTPUPYIOIKE 3(DPEKTUBHOCTD
HCIIOJIb3YEMBIX TPUOTHKEHHI.

ITepexonas K TEDMOAMHAMHYECKUM BEIMYMHAM, OT-
METHM, YTO II0JIyYeHHbIE PE3yJIbTATHI A/t OCHORHOTO
COCTOSIHMSI OTBEYAIOT CBEPXHU3KUM TeMIlepaTypaM
T << A, up¥ KOTOpBIX BKJaZ BO30YXIEHHBIX COCTO-
SIHMIl BO BCE TEPMOJMHAMHMYECKHE BEJIMYUHBI 3KCIIO-
HeHuuanbHO Man. OQHAKO poJb 3THX DPe3yIbTaToB
He WCYEPNBbIBACTCA CKA3aHHBIM, I[OCKOJbBKY IpH
T << 2§ - 1 yxe mapa HH3KOJEKAIUX YPOBHEIl OT-
JeJIeHa OT OCTAJIbHBIX, TaK 4TO BKJAJ BO BCE TEPMO-
AMHAMUYeCKHe BeJIMYMHbI BHOCSIT TOJIBKO OCHOBHOE M
nepBoe BO36YXKIEHHOE COCTOSIHHSA, a y»Ke BTOpPOE U
nocjenyolye Bo36GyxKAeHHbIE COCTOSSHUSA JIAIOT JKC-
TIOHEHIMaJbHO MaJjible nonpasxu. Takue Temmepary-
pbl Oy/eM HasbIBaTb HM3KHMHM, 2 COOTBETCTBYIOLIEE
Npu6InXKeHHe — IBYXyPOBHEBBIM.

Bocnosb3oBaBumch GOpMyJIaMH «CHMMETPUYHO-
ro orrankuBauus» (11) [ OCHOBHOro M mepBoro
BO36Y>XIEHHOTO YPOBHEH, 3aMeyaeM, YTO B IEPBOM
BO36YXIEHHOM COCTOSHHH Mg” u ng) " chlz) oT/IN4a-
I0TCS TOJIBKO 3HaKOM OT COOTBETCTBYIOIUMX BEeJIHMYMH
ocHOBHOTO cocTostHus. CrnemoBarensHo, u3 (2)—(4)
BBITEKAET, 410

= MO T
o !

630

A (M(O))Z
=+ th = :
xzz Xzz 2T M/ 27) P

I'I;modnxge (b‘OpMYJlbI MOJIyYaIOTCS n bif &t Mf : xgz "
Xxx » 1PHYEM BIMSHHE TEMIIEPATyphl AHAJIOTHYHO
ssHnio B, . Kak B nepsoM, Tak U BO BTOpOM
CJIy4asiX OCTpbI€ BCIUIECKH X, CTJIXKHBAIOTCA, yLIH-
pAACh ¥ YMEHbIIASCh B LIEHTPeE.

YToO6n! NpencTaBUTh cebe MOJHYI0 KapTUHY H3Me-
HEeHUs xgg) B 3aBHCUMOCTM OT MAarHMTHOTC IIOJA,
HeOOXONUMC pPaCcCMaTPHBaTh 3Ty BENIKYHHY KAk
¢ynkuuio nepemesHsix B, u B, , T.e. Kak 1noBepx-
HOCTb Haj Iuiockocteio (B, , B,). Ham Gyner yno6-
Hee, OJHaKO, PacCMaTpPHMBATb CEYEHUS 3TOH IOBEpX-
HOCTH x(o)(Bz) OPM HEKOTOPbIX (DUKCHPOBAHHBIX
3HaueHusX B, . JIpyrumu cJI0BaMH, MIPH MOCTOSAHHOM
nonepevHod coctaBisiomeir B, 6patb u3MeHeHUA
NPOJOIBHOM COCTaBsiiomeR B,

HaiinenHnsle popMy bl 4 COOTBETCTBYOLIHE HJLJIIO-
CTpal¥M JAIOT MOJHOE IpeACTaBJIeHHE O MOBEACHAN
H3y4aeMbIX XapaKTEPUCTHK B MaJIbIX MarHUTHBIX IIO-
Jax. B 601X ke HOMAX HAMAarHUYeHHOCTD JOCTH-
TaeT HACHIUIEHUs ¥ BOCIPUMMYUBOCTH GbICTPO YG6bI-
BafoT. IIpuBeneM pe3yibraTel pacueToB U B 3TOM
ciay4ae, CYMTass B TramuiabToHMane H =-B.S.

o S SZ IepBble [Ba 4J€Ha OCHOBHBIMH, a YJIEH
MarHUTHOH aHM30TPOIMHU YYHTHIBAEM KaK IOMP2aBKY.
Ilpu 3TOM ymo6HO BbIGpaTh OCH KOOPAMHAT TaKUM
o6pasoM, 4YTO6Bl OJHA M3 HHUX G6bLIa Hampab/eHa
B/I0Jb MarHMTHOro nojs. B TakoMm ciyuae raMHJIb-
TOHWAH TpukuMaer Bun H =-BS, - cos (pS’2
+cos @ sin (S, S, + 5,5, ) — sin? (pS’2 rae
cos 9=B,/B; sin¢= B 7 B (32 +BH1/2,
IlepBoIit unen ABNAETCA OCHOBHBIM, OCTAJIbHbIE CIIy-
XaT BO3MYIIAIOIMMHU NonpaBxamu. IIpuMeHeHune Te-
OpUM BO3MYIIEHHMH [aeT C y4eToOM KBaJpaTHYHbBIX
TIOIIPABOK /IJII OCHOBHOTO YPOBHS 3HEPIUH

S ,
E,=-BS - 52 cos? -3 sin? ¢+ OBy =
NBZ1 B2 - §2 1y B 1
==SVB: + Bs-— §54-§ 5—7 32 B‘+O(B )i
Orciofa, BRIYKCJISAA MarHUTEBIM MOMEHT
SB BB 1
Moo of S gBY oy : O(——
e T@eEy 2 e Ve (85
SB B’B i
M=t spc.pnt o T 8 ;
T2 S TV T OB
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NoJsy4aeM KOMIIOHEHTY Marl HUTHOM BOCIIPHUMMYUBOCTH

25B
X(O) 234 -
( + By)
B%(B2 - 3B
£ 25028 1) it 2

¥ 1
(B2 + BY? : B3|’
B YaCTHOCTH,

o) 25 25(25 -1) O( 1
X2 B=0~TB] xl B2 Lle|3

Ipyrasi KOMIIOHEHTa TEH30pa BOCIPUMMYMBOCTH
paBHa

25B?2
(O) S R EE
xLX (Bi + 33)3/2

BX(B: - 3B%) 1
-2525-1) W [—5] )

BJ
TaK 4TO
Xy =0 e
#or4 o
Kpome Toro,
2S5 2528 -1) 1
(0) =
XeaB =0 =To7 -
it B: B} J
Haxoseir,
o 2SB B,
Xyz = (B2 + 33)3/2
B - B 1
- 4525 - 1)B,B, Ry +0 EJ

AHasorinyHbie pe3ynbTaThl IMOJIYYaloTCs B 60Jb-
IIMX MaTEMTHBIX NOJIAX ¥ B JIETKOIUIOCKOCTHOM CIIY-
dae (cM. Jasiee), OTAMYAsACh TOJIbKO 3HAKOM IIOM-
PaBOK.

4. TepMoauHaMUYeCKHe BeTHYMHEI
JIETKOILIOCKOCTHBIX NapaMarHETHKOB

Kak ¥ 1ipu pacCMOTPEHHH JIETKOOCHOTO CIy4asd, B
OCHOBE DPe3YJIbTaTOB [JIsl JIETKOIUIOCKOCTHBIX Tapa-
Marsetukos (o =+1) Takxe mexur dopmyna iis
CHMMETPHYHOTO PaCIUENVIEHUS] YPOBHEH 3Heprau oc-
HOBHOIO COCTOSIHHS, OJIHAKO TEINeph MMEETCS Cepus
TOYeK Ha ocu B, , fns kotopeix npu B, = 0 o6pasy-

1CSl «CTBIKH» B SHEPIETHYECKCM CIIEKTDE.

®uaunka HU3kux Temnepatyp, 1998, 1. 24, Ne 7
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Puc. 3. Tunuunas CTPYKTypa IHEPreTHYECKOro CMEKTPa JIErko-
TIJIOCKOCTHOFO TapaMar{eTMka B HAKJOHHOM MAarHMTHOM [cJe
(5=2).

Co6cTBenHble 2HaYeHHA raMHJIbTOHHAHA HEBO3MY-
IIEHHOM 3afay¥ B YUCTO IIPOAOJBHOM MarHMUTHOM
none Hj= Sg —B,S, MOryT KraccupuUMpPOBaTHCA
TI0 MPEACTABJIEHUIC S, , YTO MPUBOAUT K M3JIOMHOMY
XapakTepy sHepretudeckoro crektpa [4]. Ilpu ne-
60JbIIMX 3HAYEHUAX IIONEPEYHON COCTABJIAIOIIEH
MarHKTHOTO IOJIS IBxl << 1 ceTka ypOBHeH cCjerka
AedOpPMUDYETCs, TaK YTO B MECTaX CTBHIKOB C JBY-
KDaTHBIM BbIDOXE€HUEM BO3HUKAIOT TPOCBeTHI (3TO
HJLTIOCTPUPYeT rpaduK, IpUBeJeHHbIH Ha puc. 3 aas
crysas S= 2 u |B,|= 0,1), xopowo onucbiBaembie
Teopueil BO3MYIUIEHMH [Js1 ABYKPATHOTO BbIPOXKE-
Hus (B TOYKAX CTBIKOB) WJM AJIA GJM3KUX ypOBHEH
aHepruu (B OXPECTHOCTAX ITHX TOYEK).

15 CCHOBHOTO U NEpBOTO BO36Y>KAEHHOIO YPOB-
Hell SHEPTUU TOYKAM CTHIKA COOTBETCTBYIOT 3HAUEHHUS!
B,=B,, , rae B cliyyae S ueabIx

B, =2m-1, Cp=E+m(S-m+1),
(16)
m=-S+1,-S+2,...,5-1,5,
a B cIy4ae S TOIyLebIX
= = 2 2
B,=2m, ¢, =(S+1/2)*-m*, (47

=-S+1/2,-5+3/2,...,8-3/2,5-1/2.

B6ny3u xaxnoi Touku B,, , MOJIb3YACh Pe3y/IbTaTOM
TEOPHMH BO3MYIIEHHH B ClyYae ABYKPATHOTO BBIPOXK-
JeHHA WM GIM3KUX YDOBHEN SHEpPruu, MOJydYaem
JIOKasibHEIE POPMYJIBL: B Ciyuae S LeNbIX HMeeM

Eg,=m*-m+1/2-(m-1/2)B, 3

1
F 5 Ve, B2+ (B, - B,)? (18)

a B CJy4ae S NOJYyHENBIX

1
Ey,=m?-1/4-mB, % 5 V¢,,B2 + (B, - B,)* .
19)
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Puc. 4. TloBenenne HaMarHMYEHHOCTH JIETKOIUIOCKOCTHOIO Iapa-
MarHeTHKka B 3aBUCMMOCTH OT MarHMTHOTO MNOJisi B ciy4ae S = 1.

BaxxHO MOAYEPKHYTH, YTO OCHOBHYIO POJIb B Jalb-
HeiIIeM IPUMEHEHHH TIOTYYEHHBIX (POPMYJI /I HU3-
KOJIEXAIUX yPOBHEH 3Hepruu 6yJeT Mrpath KOpHe-
Boit uren B (18) u (19), B cBsaAsu c uyem Gymem
roBoputs o pesynbrarax (18) u (19) xak o cummer-
puyHOM pacmeniennu. J{o6aBuM Takxe, YTO Pe3yib-
taTel (18) u (19) mpPeACTaB/SIOT CaMOCTOATENbHBIH
MHTEPEC B CBA3M C NPOGJIEMOH CIIMHOBOTO TYHHe-
qupoBanus [8, 9], rae OCHOBHBIM IpeaMETOM HCCJie-
[OBaHHUs ABJAETCS MMEHHO DaClielVIEHHEe YDOBHei
SHEPTHH.

PaccMOTpUM HaMarHWYEHHOCTb B OCHOBHOM COCTO-
s M) kak QyHKLMIO TIPOZOTBHOTO MArHUTHOTO
nons B, NpH Da3NMYHBIX 3HAYEHUSX MONEPEYHON
cocrassiomedt B, . B coorserctsun ¢ dopmynamu
cummerpuyHoro pacmenienus (18) u (19) ana oc-
HOBHOTO YDOBHS SHEPIMM IpH MaJblX 3HAYEHHAX
IB,| << 1 B oxpectHocTn 3Hauenmii B, = B,, co ctbl-
KaMH 3TOr0 YPOBHs SHEPTHH C MEPBbIM BO3GYXK/IeH-
HbIM nckomast Bemauna M) = - 9E /3B, pasna

1 CmBy
2 (c,B>+(B,-B,)H?’

0 -
MOB) = IB,-B,| <1

(20)

rie B,, v c,, onpenensiorcs Bripaxerusamu (16) u (17).

KonuyecTso BCneckos M&o) Ha Bcelt ocu B, pas-
Ho 2S. Kaxknplit MUK MMeeT XapaKTEPHYIO 3a0CTPEH-
Hyio opMy ¢ MaKCHMyMOM \/c: /2 B TOUKax B, = B,
¥ LIMPUHOH ~ ﬁ IB,|, Tak 40 uEHTpabHDBIE BerLIeC-
KM HECKOJIbKO BbIlle W mupe nepudepuiinbix. B
YaCTHOCTH, B CJIydYae IOJYUE/bIX S BhICOTa Hau60JIb-
mero (LeHTPaJIbHOrO) MHUKa cocTaBister /2 (S + 1/2),
a HauMmenbllero pasHa VS,/2 (B cayuae ueapix S
cootsercteento /2 VS(S + 1) u VS/2 ). Tlockombky
PACCTOAHHME MeXIy MaKCHUMyMaMH Ha ocd B, pasHo
2, ¢ ysemnyenueMm |B,| oHM IpeIpacIONOXKeHB K

€32

HaJIOXKEHHIO M CJIMSHMIO C O6pa30BaHMEM BHayaJe
¢dopMBI B BUAE <«KOPOHBI», KOTOpas IIPH JalbHeM-
IIeM yBEJIMYEHUH IBxI IPHOGPETAET KOJOKOJI006Dpa3-
HbIil IpoduIb. ITO XOPOWIO BUIHO Ha cepun rpadu-
KOB, IIpE/ICTaBJIEHHbIX Ha pUC. 4 a1a ciuHa S = 2.

BTopriM npuMepoM CIyXKUT KOMIIOHEHTa MarHHT-
HO¥ BOCHPUUMYHMBOCTH x(zg) B 3aBHCHMOCTH OT B, npu
Pa3/MYHBIX 3HAYeHUsX B, . AHaJOruyHO Mgco) aTa
BEJMYHHA TaKXe IOJyvIaeTcs Ha OCHOBe (hOPMY.JIbI
CUMMETDUYHOTO PaCIIeNnJeHus U, OyAy4H CBA3AHHOM
C 3Heprueil COOTHOIEHHEM ng) =-20’E 0/8B§ , B OK-
PECTHOCTH U3JIOMOB DaBHa

2
CmB x

2 2
[cme + (Bz ~B_)

ng)(Bz) = ]3/2 2 le = BmI b

(21)
rie BenwduHsl B, v k0o duLMeHTSI ¢, Te XKe, YTO U
B dopmye (20).

Bo MHOrHX OTHOUIEHMSX CBOMCTBAa MAarHMTHOM
BOCIIPMMMYMBOCTH IOZOGHBI TAKOBBIM JIJiss HaMarHu-
YEHHOCTH, OJHAKO €CTb M CYINECTBEHHbIE OT/IHYMS.
Tak, B cumy 6osee 6bICTPOrO yGBIBAaHUSA TIpH yaase-
HUM OT To4YeK usnoma B, (mo 3akoHy AByMepHOro
pacnpezesnenusi CTbIOJIEHTa) BCIIECKU OKa3bIBAIOTCA
ocTpee, a annpokcuManus (21) xopoino nepexpsIBa-
€T He TOJIbKO OKPECTHOCTM M3JIOMOB B, , HO M mpo-
MEXYTKH MEXAY 3THMM TOYKAMH, r[e NPOHUCXOTUT
HaJIo)KeHHUe BCIJIECKOB. IIpH 3TOM MOXKHO HCIIOJIb30-
BaTh <«IJIOGAJIBHOE» IPEACTaB/EHHE /IS ng) B BH/E
¢opMyIbI CyMMUDPOBaHUS

m, 2

c Bz

(O)B = m-x
xll( Z) 2 [C 32 + (Bz 25 Bm)2]3/2 A
m=m1

m-x

rae B caydae S uembix mg=-S+ 1i; m,=S, a B
ciay4dae S noayueasx my = =S+ 1,2, my =8 -1/2.
Ons ng) BBICOTa BCIJIECKOB 1/ (\q |B xi) YMEeHbIIaeT-
cs ¢ poctom |B,| (pu Toit xe mmpuue Ve, |B.]), u
6oJiee BBICOKHE IMKHM PACHOJIOXKEHBI B LEHTPE, a He
Ha nepudepuu. CoOTBETCTBYIOI(ME WJLIIOCTPALMU
TpUBE/IEHB! Ha pHUC. 5. BimsHMe TeMmepaTypsl B oc-
HOBHOM TaKOe )€, KaK M B JIETKOOCHOM CJIyuyae,
onuceiBaerca opmysamu tana (15) u unmocTpu-
pyercst rpaHKaMH, IIPUBEAEHHbIMH Ha puc. 6 u 7.

3. 3akmouenue

PasHoo6pasne BeIMYMH M YaCTHBIX CIy4aesB BCe
e MO03BOJIAET CAe/NaTh HEKOTOPhIE OGLIXE BHIBOABI O
NOBEAEHNH PacCMaTpPUBAeMbIX CUCTEM B IiesioM. IJias-
HOEe COCTOMT B TOM, YTO BCe OTMeYeHHbIe OCOGEH-
HOCTH (DU3UYECKUX XapaKTEPUCTHK HaGJIOAAIOTCA B
06JacTH HeGOJIbIINX 3HAYEHW IIONMEPEYHOM COCTaB-
JISIOiieH MarHUTHOTO IIOJIA, KOTZAa NPOMCXOMUT CY-
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x(O)

Puc. 5. 3aBUCUMOCTb BOCIPMMMHMMBOCTH JIETKOTJIOCKOCTHOIO I1a-
paMarHeTMka OT TOMEPeYHOH COCTaBJIIIOUIEN MarHUTHOTO TOJISA
B, B cnyyae S=5/2 (MyHKTMpHAs JHMHMA -- NDHGIHKEHUE
CUMMETPHYHOTO PACLIENUIEHHS).

IECTBEHHAS [IEPECTPOMKA SHEPIeTHYECKOTO CIIEKTDA.
IIpu Gosmpmmx ke 3HAYEHUSIX MATHUTHOTO MOJS Ha-
MarHH4YeHHOCTb JOCTUTAET HACBIIIEHHUS, 8 BOCIIPHHUM-
YUBOCTb CTAHOBUTCS HMYTOXHO MaJIOH.

IIpu 3TOM CyIecTBEHHYIO pOJIb UTPAaeT THN Mar-
HUTHOI aHU30TPONHUM, T.e. 3HAK KOHCTaHTHI o. Ha
sI3bIKe BOCIIPHMMYMBOCTH HMeeM B ciydae o =—1
OAMHOYHbBIE BCILJIECKH, a B claydyae o = +1 — cucremy
2S BcrmreckoB. Bce MHoroo6pasue o0benMHSIETCS
YHUBEPCAJIbHOCTBIO (OpM, HampUMep B BH/IE IBY-
MepHoro pacnipenenenus CTpiofieHTa s x,, .

BimsHue TeMmepaTypnl CBOAMTCS K HEKOTODOMY
CTJT2)XKMBAaHMIO MJM Da3sMbIBAaHUIO IMKOB. B ciyuae
YUCTO MPOJOJBbHOIO IIOJIS TOYEYHbIe OCOOEHHOCTH
BOCIIPUUMYUBOCTH B BHJE O-QYHKIMH CMEHSIOTCS
BCILJIECKAMH KOHEYHO! BBICOTBI M UIMPHHBI. AHaJIO-
TMYHBIM 06pa3oM B ciyvae ciuHa S = 1,/2 Bocmnpu-
MMYMBOCTD X, B NONEPEYHOM MarHMTHOM II0JIE TIpH

Puc. 6. Bausiivie TemriepaTypb! Ha 1OBeJleHHe HaMarHHYEeHHOCTH
JIETKOMJIOCKOCTHOrO  llapaMartetka npu B =0,1 B ciyuae
S=2.

du3nka HU3Kux Temnepatyp, 1998, 1. 24, Ne 7

Puc. 7. BivsHHe TeMIepaTypbl Ha BCIJIECKH MAarkUTHOH BOCHPH-
MMYMBOCTH JIETKOILIOCKOCTHOTO MapaMarseturka npu B, =0,2 s
cayyae S =5/2.

KOHEYHOH TeMIlepaType CTAaHOBHTCA OTJIMYHOM OT Hy-
J. 3aMeTHM TaKXKe, YTO HaKJIOH MAarHUTHOTO MGIs,
T.e. IOSABJEHHEe MNONEPeYHOH CcocTaBusiomel B,
BJIMsAET Ha ¢opMy X,, MOLOGHO TeMiepaType.

Eme pa3 nmoguepxHeM, 4TO [4JIsi OMMCAHUSA HU3KO-
TeMIEPaTyPHbIX CBOMCTB DPAacCMOTPEHHBIX aHU30-
TPONHBbIX NapaMarHeTUKOB B HauboJiee MHTEPECHOM
06JIaCTH MarHATHBIX MOJieH (PaKTHYECKH JOCTATOYHO
3HaTb NOBEJEHWE OCHOBHOTO YDOBHSI SHEPTHH.

Jlns KpaTKOCTH NPHUBOAMM JIMUIb OCHOBHbiE pe-
3yJIbTaTbl M OIYCKaeM JOCTaTOYHO rpoMo3zakue ¢op-
MyJIbl, CTapasiCh KOMIIEHCUPOBATh 3TO rpaduyecKuMH
HJLIIOCTPALUAMHU.

Jlo6aBUM HECKOJIbKO 3aMeYaHH# 0 MEeTOJUKe pac-
yeroB. M3yyenue ¢u3MUecKuX CBOMCTB OAHOOCHDBIX
IlapaMarHETHKOB ONMPAJiOCh, BO-NEPBBIX, Ha aHAJIM-
THYECKHE TOYHbBIE M Pa3HOIO DOLa HPHOIHMKEHHbIE
BBIYMCJIEHHUS, BO-BTODBIX, Ha KOMIIBIOTEDHbIE AHAJIM-
THYECKHE U YHCJIEHHbIE pacyeThl, a Takxe rpaduyec-
Kye NOCTPOeHusl. TH MOAXOABI B3aUMHO KOHTDOJIH-
PYIOT ¥ JONOJHSIOT Apyr apyra. Ilpm atom wacto
HMEHHO rpadUYecKuit METO/ CIYXXHT CTHMYJIOM aHa-
JUTHYECKHX PaCyeToB, ABJAACH aHANOroM (puamyec-
KOTO 3KCIIEDUMEHTA.

ABTOpBI BBIpAXAIOT I'My6OKyI0 6J1arofapHOCTb
B. M. llykepHuky, BMecTe C KOTOPBIM ObLJIM CleJia-
Hbl Hallli NEPBbIE IUaTH B TEODUH CITHHOBRbIX CHUCTEM.
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The behavior of uniaxial paramagnets in a tilted magnetic field is considered as a function of
temperature. The structure of the energy spectrum as well as magnetization and

susceptibility components are determined. Exact formulas for the spin S=1/2 are obtained.
Thermodynamic parameters of the system are studied for arbitrary values of S in an easy-axis and
easy-plane cases in different approximations (weak and strong magnetic fields, low and

ultralow temperatures, etc.). It is shown that in the easy-plane case, the transverse magnetization
and longitudinal susceptibility as functions of magnetic field at low temperatures exhibit
peculiarities in the form of a series of sharp spikes, while the longitudinal components of these
quantities in the easy-axis case display only a single spike. © 1998 American Institute

of Physics. [S1063-777X(98)00407-1]

1. INTRODUCTION

In various branches of physics,'? one frequently encoun-
ters systems whose Hamiltonian is constructed from spin op-
erators and which are therefore called ‘‘spin systems.”” We
shall consider a specific type of such systems with a spin
Hamiltonian of the form

H=aS?-B,S,—B.,S,, (1)

appearing in the theory of magnetism and describing a
uniaxial paramagnet in an arbitrarily directed magnetic field,
where §; is the spin component, B; the magnetic field com-
ponents, and « the anisotropy constant. When such systems
are studied in conventional dimensionless variables (the di-
mensionless energy is introduced as the ratio of energy to the
magnitude of anisotropy constant, which also leads to the
corresponding dimensionless characteristic of the magnetic
field B j),1‘2 only the sign of a is actually important. For this
reason, we shall henceforth consider that a assumes only
two values: @=—1 corresponds to the easy-axis type of
anisotropy, while @=+1 corresponds to the easy-plane
anisotropy.

Some properties of the systems of the type (1) have al-
ready been investigated.'~ Special attention was paid to the
case when the magnetic field is perpendicular to the anisot-
ropy axis (B,=0 and a= —1). The other case with a longi-
tudinal magnetic field (B,=0 and o= +1) was partly con-
sidered in Refs. 4 and 5. We shall consider here the general
case of a tilted magnetic field for both types of anisotropy
(a==1) and pay special attention to the thermodynamic
properties of anisotropic paramagnets at low temperatures.

Turning to the origin of the problem, we must refer the
reader to our earlier publication' in which the physical prop-
erties of uniaxial paramagnets were analyzed in detail purely
from the standpoint of the quantum theory, though only in a

1063-777X/98/24(7)/6/$15.00

transverse magnetic field at ultralow temperatures. In Ref. 1,
an important method of effective potentials was developed.
This method was subsequently used for studying various
physical properties of uniaxial and biaxial paramagnets and
to discover new classes of exact solutions of the Schrodinger
equation. 2>

Some preliminary remarks are appropriate here. We
shall study five main parameters of the system: two compo-
nents of the magnetization vector (M, and M,) and three
components of the magnetic susceptibility tensor X, Xx;»
and x,,. In stationary states marked by the subscript
n=0,1,...,2S, these quantities are connected with the rel-
evant derivatives of energy levels E, with respect to the
magnetic field components B, and B, :

) o] ) JE,
Mk =<Sk>n—_<(19H)/aBk>n——_aBk, (2)
(n)_zaMi")_ ) 6’E, oy 3)
Xk1'= ‘?Bl = (9Bk(931 ( > —X,Z). (

The factor 2 introduced for convenience in Ref. 1 will be
preserved for matching the results.

It can be easily proved that thermodynamic quantities
can be expressed in terms of corresponding mean values:

= T T T
Mi=M,, X{l:Xkl+§_f(Mle—Mle)’ (4)

where the bar over a certain quantity f indicates averaging of
the type

28 25

f=2 " exp(=E,/T) [ 2 exp(=E,/T).  (5)

Taking into account the fact that we are dealing with
three extrinsic parameters (B,,B,,7) and two intrinsic

© 1998 American Institute of Physics
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parameters (S,a), we must clearly pay special attention to
certain selected quantities that reflect peculiarities typical of
all other parameters most clearly and comprehensively.

2. EXACT RESULTS FOR SPIN §=1/2

This is a unique case, when two types of anisotropic
paramagnets (easy-axis and easy plane) actually coincide
(the energy spectra differ only by a constant that does not

play any role in the characteristics M and x under investiga-
tion).
If the spin is equal to 1/2, we obtain two simple explicit

formulas for the two available energy levels,
Eo = al4TB2, B=\Bl+B,

so that the magnetization components are given by
ie. MOD|B,
while the magnetic susceptibility tensor components have the
form
XO=—XW=BYB’, xJ=—xs=—B:B./B,
X =Ny =B
This leads to the following expressions for thermodynamic
quantities:
B? sinh(B/T)+BX(B/T)
2B3 cosh®(BI2T) °

1 By B
M= 3B tanh— xr=

s sinh(B/T)— (B/T)
Xz =" BxP2 5 BT Coh2(BI2T) °

. B sinh(B/T)+B%(B/T)
Xxx="""2B3 cosh(B/2T)

For example, we have

Xz SR S—
227 )T cosh?(B,/2T)
for B,=0,
1 r 1

Xz2=B Jtanh(|B,|/2T)> ** 2T cosh’(B,/2T)
X X X

for B, O while for B,=B,=0, the nonzero components are
Xb=X1=12T).

The exact formulas for energy levels, magnetization, and
susceptibility can also be obtained for S=1 and §=3/2, but
these formulas are more cumbersome and will not be given
in explicit form. We shall use them in graphic illustrations
and as test examples.

3. THERMODYNAMIC PARAMETERS OF EASY-AXIS
PARAMAGNETS

For &= — 1, the main parameters in the ground state can
be obtained by using the formula for the ground energy level.
The algorithm of the solution is split into two stages. First
we consider a system in a purely transverse weak magnetic
field (B,=0, |B,|<1). In this case, the structure of energy
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spectrum of a paramagnet is such that the energy levels are
arranged in pairs (except the highest solitary energy level for
integral S) as a result of splitting due to B, in the case of
double degeneracy in zero magnetic field. For the pair of
energy levels under investigation, viz., the ground level and
the first excited level, the following formulas hold for the
shift that is common for this pair and the energy gap:

Eg,=—§"~ 2(2; [y Bat OB, s>1,
E},=—1-B}+O0(B}), S=1, (6)
2
A(0)=A|B2=0=E?_E8='22ST(2'S_)! |B.*
+O(|B***?). )

The first of these results follows directly from the conven-
tional perturbation theory, while the second is a finer effect
which was obtained by using a special modification of per-
turbation theory, taking into account the specific form of the
perturbation operator V= —B,S, (see Ref. 2). We shall also
write a more exact expression for the gap:

2

S S+1
P23 SN

S0} 2(25—1)2

|Bx|25[ 1- Bi. (8
Such a formula ensures a very high accuracy up to |B,|
~+/S. For example, for |B,|= \JS/2, the relative error does
not exceed 1%.

The second step involves taking into account the longi-
tudinal component B, of the magnetic field, which enhances
the splitting of energy levels. This is done by using a special
versmn of the perturbation theory for closely spaced energy

levels.” If the Hamiltonian of the system is H=H°+V, we
have
Lo g gl 0_ 0\2 2
01=75 (EoTE)F7 V(EG—ED)*+4|Vol?, )

where we have taken into account the fact that the perturba-
tion V=—B,S, in our case has strictly zero diagonal matrix
elements in the representation of the unperturbed Hamil-
tonian H°= —S?—BXSX, and the nondiagonal elements V¢,
=—B,0|S,|1) can also be obtained with the help of the
perturbation theory:

2
-1 Bx}, s>12.  (10)

Thus, for |B,|<1, relations (8), (9), and (10) lead to
*‘symmetric repulsion’’ (Fig. 1) between the ground and first
excited energy levels, which is important for further analysis:

S BZ-A
381 5 2

|<0|sz|1>|2~s2[1—

Egy=—82— s=1, (11)

where the terms of higher order of smallness in B, and B,
have been omitted, and the energy gap in the first approxi-
mation is given by

A(0)2+4S’B? (12)
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FIG. 1. Structure of energy spectrum of an easy-axis paramagnet for
B,=0.1 and S=1 (E; are energy levels).

with A(0) from (7). A more exact equation for A can be
obtained on the basis of (8) and by replacing the coefficient
of 4B% in (12) by 52— §2B%/(28—1)? in accordance with
(10). It should be noted that in subsequent calculations we
shall use explicitly for the sake of brevity formula (12), al-
though it should be borne in mind that it can be refined by
the above method. Going over to the magnetic parameters of
the ground state, we obtain from (11) and (12) the magneti-
zation

MO(B,)= il (13)
Y JA(0)*+4S°B;
and the susceptibility

45%A(0)?
[A(0)*+45*B2]"?

X (B,)=

(14)

(other components are not written here). This leads to the
following conclusions. First, for S=1/2 these results coin-
cide with exact formulas. Second, the susceptibility compo-
nent X(O) has, like the function B, the form of the so-called
two-dimensional Student dlstrlbutlon for all S. Third, for
B,—0, we can write, taking into account corrections,

22517 )1 . S—1
|B.|* 2251

A typical profile of this susceptibility component is shown in
Fig. 2 for B,=0.5 and S=1, where the exact solid curve, the
approximate dashed curve obtained by formula (14), and the
refined approximate thin curve illustrating the efficiency of
the used approximation virtually coincide.

Going over to thermodynamic parameters, we note that
the results obtained for the ground state correspond to
ultralow temperatures T<<A at which the contribution of ex-
cited states to all thermodynamic parameters is exponentially
small. However, the role of these results is not exhausted by
what has been said above since for 7<<2S5—1 a pair of lower
energy levels is separated from the remaining levels, so that
the contribution to all the thermodynamic parameters comes

B%|, s>1/2.

x2(0)=
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1 1
-0.2 0 0.2

FIG. 2. Magnetic susceptibility Xi?) as a function of B, for B,=0.5 and

S=1.

only from the ground and first excited states, while the sec-
ond and next excited stated states give exponentially small
corrections. Such temperatures will be referred to as low, and
the corresponding approximation is called the two-level ap-
proximation.

Using formulas (11) for ‘‘symmetric repulsion’’ between
the ground and first excited energy levels, we note that the
quantities M 21) ; Xgi) , and ch? in the first excited state differ
from the corresponding quantities in the ground state only in
sign. Consequently, it follows from formulas (2)—(4) that

A
M;=M tanh —,

A (M)?
PR, . —
2T 2T cosh“(A/2T)

X=Xy tanh o= (15)
Similar formulas can also be obtained for MmT i sz , and X§x7
the effect of temperature being similar to the effect of B,. In
both cases, sharp spikes of y,, are smoothed, becoming
broader and lower at the center.

In order to have a comprehensive pattern of variation of
ng) as a function of magnetic field, we must consider this
quantity to be a function of the variables of B, and B_, i.e.,
as a surface over the plane (B, ,B,). It will be more conve-
nient, however, to consider the cross section Xﬁg)(B .) of this
surface for certain fixed values of B, . In other words, we
must consider variations of the longitudinal component B,
for a fixed transverse component B .

The obtained formulas and corresponding illustrations
give a full idea of the behavior of the parameters under in-
vestigation in weak magnetic fields. In strong fields, how-
ever, the magnetization attains saturation, and susceptibilities
decrease rapidly. Nevertheless, we consider the results of
calculations in this case also, assuming that the first two
terms in the Hamiltonian H=—B,S,—B ZSZ—SZ are princi-
pal and taking into account the magnetic anisotropy term as
a correction. It is convenient in this case to choose the coor-
dinate axes so that one of them is directed along the mag-
netic field. In thls case, the Hamiltonian assumes the form
H=—BS,—cos 2 pS!*+cos ¢ sin @(S,S, +S 7Sy)—sin 2 ¢S'?,
where cos ¢=B,/B; sin ¢=B,/B; B= (B +B Y2, The first
term is pr1nc1pal while the remaining terms are perturba-
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tions. Taking into account quadratic corrections for the
ground energy level in perturbation theory, we obtain

S
Ey=—BS—S? cos® p— 5 siny @+O0(B—1)

2
=—S\/Bx+Bz—SZ+S S_E) —Tm +0(B~ l)

Using these expressions for calculating the magnetic moment

SB,
MO =——% - +5(25-1)

B (1
z (BZ_+_B2)1/2 (BZ+BZ)2 BZ ’

M<°’——f—2—SB" —5(25—1)—7—2—g *_1o|-
* (BZ+BH” (B2+B2)? ' “\B?)’

we obtain the magnetic susceptibility component

©_ SB? BX(B2-3B2)

1
X = (gl gy 2525 —Gripy O(F)’
X Z

in particular,

25 25(25-1) 1
Koo g1t 57 TO\B)

The other susceptibility tensor component is given by

() —7—SBZ —-28(28—1 ——2—2—( s )+0(1
Xer ~(grrprym 2SR5 Tprpy Bl

so that

1
x2ls, 0—0(|_B_1')-

X

Moreover,
28 28(28—-1) 1
Xxx |Bx=0_ m BZ IBz|3 s
Finally,
(©) 2588 4s(25-1)B,B i
XXZ (Bz+B§)3/2 ( ) ¥4 (B2+B2)3
1
+0 ? '

Similar results can also be obtained for easy-plane para-
magnets in a strong magnetic field (see below), the only
difference being the sign of the corrections.

4. THERMODYNAMIC PARAMETERS IN EASY-PLANE
PARAMAGNETS

As in the case of easy-axis paramagnets, the results ob-
tained for easy-plane paramagnetic (o= + 1) are also based
on the formula for symmetric splitting of energy levels of the
ground state. However, we now have a sequence of points on
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E, E44E
E2 Bx=0 1
-3 0 3 lBz
EI
Eo #

FIG. 3. Typical structure of the energy spectrum of an easy-plane para-
magnet in a tilted magnetic field (S=2).

the B, axis, for which junctions in the energy spectrum are
formed, for B,=0.

The eigenvalues of the Hamiltonian for the unperturbed
problem in a purely longitudinal magnetic field Hy= 52

—B,S, can be classified according to the representation of

S,, which leads to a broken—reticular form of the energy
spectrum.* For small values of the transverse magnetic field
component |B,| <1, the network of energy levels is slightly
deformed so that gaps are formed in regions of broken junc-
tions with double degeneracy (this is illustrated by Fig. 3 for
S§=2 and |B,|=0.1). These gaps are correctly described by
perturbation theory for double degeneracy (at the points of
junctions) or for closely spaced energy levels (in the neigh-
borhood of these points).

The junction points for the ground and first excited en-
ergy levels correspond to values of B,=B,,, for which

B,=2m—1, c,=(S+m)(S—m+1),

m=—S+1,—-S+2,..,8—1,S (16)
for integral S and

B,=2m, =(S+1/2)2—m?,
m=-=S+1/2, —S+3/2,...,5—-3/2,S—1/2 (17)

for half-integral S. Using the result obtained in the perturba-
tion theory for double degeneracy or close energy levels, we
obtain the following local formulas in the vicinity of each
point B,,:

Eg =m?—m+1/2—(m—1/2)B,

1
2

VeuBi+(B,—B,)> (18)

¥

for integer S and

_1 2 2
Eoy=m’=1/4—mB, %> VenB2+(B,—B,,) (19)
for half-integer S.

It is important to emphasize that the root term in (18)
and (19) plays a leading role in the subsequent application of
the obtained formulas to lower-lying energy levels. In this
connection, we shall refer to results (18) and (19) as sym-
metric splitting. It should also be added that results (18) and



Low Temp. Phys. 24 (7), July 1998

B, 1.05
0.5
0.05
2
My 1
0
-5
0
B, 5

FIG. 4. Magnetization of an easy-plane paramagnet as a function of mag-
netic field for S=1.

(19) are of independent interest in connection with the prob-
lem of spin tunneling,®® where the splitting of energy levels
forms the main subject of investigation.

Let us consider the magnetization M‘” in the ground
state as a function of the longitudinal magnetic field B, for
various values of the transverse component B,. In accor-
dance with formulas (18) and (19) of symmetric splitting, the
required quantity M§°)= —JE,/dB, for the ground energy
level for small values of |B,|<<1 in the vicinity of values
B,=B,, with junctions between this energy level and the first
excited level given by

MOB)=> s

, |B,7B,|<l,
2 [enB Tt (B, B 15 B

(20)

where B,, and c,, are defined by (16) and (17).

The number of spikes of M‘” on the entire B, axis is
equal to 2S. Each peak has a typical sharpened shape with a
maximum value of vc,,/2 at the points B,=B,, and a width
~ \/a|Bx] so that the central spikes are slightly higher and
wider than the peripheral spikes. For example, in the case of
half-integral S, the height of the tallest (central) peak is (S
+1/2)/2, while the height of the lowest peak is JS/2 (in the
case if integral S, we accordingly have 1/2yS(S+1) and
M). Since the separation between the peaks on the B, axis
is equal to 2, these peaks have a tendency (with increasing
|B,|) to overlapping and merging into one to form a
““‘crown’’ which acquires the shape of a bell upon a further
increase in |B,|. This is illustrated clearly by a series of
curves presented in Fig. 4 for the spin S=2.

The second example is the magnetic susceptibility com-
ponent Xf,g) as a function of B, for various values of B, . In
analogy with Mio), this quantity can also be obtained from
the formula for symmetric splitting. Being connected with
the energy through the formula y'» = —2(92E0/¢9Bf, the sus-

Z
ceptibility in the vicinity of broken junctions is given by

2
cuB;

2 b
[Cme+(Bz_Bm)2]3/2

X(Z(Z))(BZ): le_Bm|<1’

21)
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a0 4

1 1
4 0 4
FIG. 5. Susceptibility of an easy-plane paramagnet as a function of the

transverse magnetic field component B, for S=5/2 (the dashed curve cor-
responds to the symmetric splitting approximation).

where the quantities B, and the coefficients c,, are the same
as in formula (20).

In many respects, the properties of magnetic susceptibil-
ity are similar to those of magnetization, although in some
respects they differ significantly. For example, the spikes are
sharper in view of a more rapid decrease with increasing
distance from the kink points B,, (following the two-
dimensional Student’s distribution), and the approximation
(21) covers successfully not only the neighborhoods of kinks
B,,, but also the regions between these points in which the
spikes overlap. In this case, we can use a ‘‘global’’ represen-

tation of x!?’ in the form of the summation formula
my 2

c,B
0) By m® x
Xz (B2) m2=m1 [c.B2+(B,—B,)" 1%

where m;=—S+1, m,=S for integer S and m;=—S
+1/2, my=S—1/2 for half-integer S. For x', the height
l/(\/a|Bx|) of spikes decreases with increasing |B,| (the
width \/a|BX| remaining unchanged), and higher peaks are
located at the center and not at the periphery. The corre-
sponding illustrations are presented in Fig. 5. The effect of
temperature is the same as in the easy-axis case, and is’de-
scribed by formulas of the type (15) and illustrated by the

curves in Figs. 6 and 7.

5. CONCLUSION

The variety of quantities and special cases still allows us
to draw some generalizing conclusions concerning the be-
havior of the systems under investigation on the whole. The
main thing is that all peculiarities in the physical parameters
mentioned above are observed in the range of small values of
transverse magnetic field component, where the energy spec-
trum experiences a considerable rearrangement. Conversely,
for large values of magnetic field, the magnetization attains
saturation, while the susceptibility becomes negligibly small.

The type of magnetic anisotropy, i.e., the sign of the
constant «, plays a significant role. In the language of sus-
ceptibility, we have solitary spikes for = —1 and a system
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FIG. 6. Effect of temperature on the behavior of magnetization of an easy-
plane paramagnet for B,=0.1 and S=2.

of 28 spikes for a= + 1. This variety is generalized by uni-
versal formulas, e.g., in the form of the two-dimensional
Student’s distribution for x,,.

The effect of temperature is reduced to a certain smooth-
ing or blurring of peaks. In the case of purely longitudinal
field, point-like singularities of susceptibility in the form of
S-function are replaced by spikes of finite height and width.
Similarly, the susceptibility x,, in a transverse magnetic

T
Xz T=02

1 1

-4 0 4

FIG. 7. Effect of temperature on magnetic susceptibility spikes for an easy-
plane paramagnet for B,=0.2 and S=5/2.

Zaslavskii et al.

field for S=1/2 becomes nonzero at a finite temperature. It
should also be noted that a tilted magnetic field, i.e., the field
with a B, component, affects the shape of x,, in the same
way as temperature.

It should be emphasized once again that, in order to
describe low-temperature properties of anisotropic paramag-
nets under investigation in the most interesting range of mag-
netic fields, it is sufficient to know the behavior of the
ground energy level.

For brevity, only main results are given, and cumber-
some formulas are omitted. Whenever it is possible, we com-
pensate this omission by graphic illustrations.

It is also appropriate to make certain remarks concerning
the method of calculations. The analysis of physical proper-
ties of uniaxial paramagnets was based, first, on exact ana-
lytic and various approximate calculations, and second, on
analytic and numerical computations as well as on graphic
illustrations. These approaches are mutually controlled and
supplemented. It is the graphical method, which is an analog
of a physical experiment, that often stimulates analytic cal-
culations.

The authors express their deep gratitude to V. M. Tsuk-
emik with whom they made their first calculations in the
theory of spin systems.

This research is dedicated to A. M. Kosevich who is held
as an example of devotion to science by us.
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K TEOPMH HHU3KOTEMIIEPATYPHOH BOCIIPUMMYHUBOCTHA CIUHOBBIX
CUCTEM C MATHHUTHOHW AHU3OTPOIHUEN

HccaenoBanel sHeprernueckuit COEKTP, a4 TaKXKe HAMarHHYEHHOCTb H BOCUPHHMYH-
BOCTb B OCHOBHOM COCTOSIHHHM JJIS CIHHOBOH CHCTEMBI, ONHCHIBAaIOIeil napaMariuTHHIH
HOH, TMOMEIEHHbIH B HEMarHUTHBIH KPHCTAJI C aHH30TPONHEH THMA «JIerkKasi oCb», KOTHAa
MarHuTHOE MoJIe MEeprneHinKyNsIpHO K 3ToH ocu. [JIIsi HEKOTOPHIX 3HAYeHHH cnuHa S ~I
BBIUHCJ/IEHHSI TpOBefieHbl TouHO. [lokasaHo, uTo npu M060M S COGCTBeHHbIe 3HAUSHUS Ta-
MHJIbTOHHAHA CIHHOBOH CHCTEMBbI COBNAZAIOT C nepBLIMH 28 - | YPOBHSIMH 3HEPTHH, HEKO-
TOPOr0 3((peKTHBHOTO OJHOMEPHOTO ypaBHEHHS [lpenunrepa, MOTEHLHA1 KOTOPOTO MO-
CTPOeH U3 runepGouyecknx dynkuui. Jas S > 1 sddeKTHBHBIA NOTeHIHAN COOTBETCTBYET
CYIECTBEHHO aHFaDMOHHYECKOMY OCLHJIATOPY, NMPeBPaUlAOMeMyCs NpH HEKOTOPOM Mar-
HHTHOM moJsie B uerBepHoil. [IpuMeHenHe pasnuyHbIX BapHAHTOB TEOPHHU BO3MYILIEHU, KBa-
SUKJIACCHKH H YHCJACHHBIX METOJOB NO3BOJHMJO MOJNYUHTh PE3yJabTaThl 5 BCEeX 3HAYCHHI
MarHMTHOTO MOJIA H CHHHA. YCTaHOBJEHO, YTO HpH S > 3/, BOCHPHHMYHUBOCTb B OCHOBHOM
COCTOSTHHH KaK (YHKUHS NOJS HMeeT MAKCHMYM, 4TO SIBJASIETCS YUCTO KBAaHTOBbIM sddek-
TOM, OCYCJNuBJIEHHBIM MEPeCTPOHKO SHepTreTHUeCKOro CIIeKTpa.

Ilpn usyuenun HH3KOTEMNEpaTYpHBIX CBOHCTB MAarHHTHBIX CHCTEM, OMKCHI-
BAEMLIX KBAHTOBBHIMH CNIHHOBBIMH MOJEJISIMH, 9aCTO HCHOJB3YeTCs MOJIYKAACCH-
4ecKHii N0AX0A. OH COCTOHT B TOM, UTO Ha (OHe HaHIEHHON KJAaCCHUeCKHU paBHo-
BeCHOH KOH(UIypauMu pacCMaTPUBAIOTCH KBAHTOBAHHBIE Majbie KO/eGaHHs
HAMarHH4€HHOCTH, T.€. raMU/bTOHHAH COHHOBOH CHCTEMBl 3aMEHSETCS] TaMHJIb-
TOHHAHOM CHCTEMbl TapPMOHHYECKHX KBAHTOBHIX OCIHJIISITOPOB MYTEM Nepexofa
K GO3eBCKHM ONepaTopaM POXkKIEHHS H YHUUTOMKEHHSI.

Takas npouenypa nossonser uccaenoBaTh MHPOKHH KPYr (PHSHUECKUX
ABJCHHH, NPOUCXOASLMX B MATHHTOYNOPSIAOYEHHBIX CHCTEMAX, KAK /15 PaBHO-
BECHBIX, TAaK U [l HepaBHOBecHBIX ycsoBuil [']. B wactHoCTH, ecnm  BHemuee
MarstuTHOE [OJIe HANpaB/ieHO BHOJb JIETKOH OCH aHH30TPOINHM OAHOOCHOTO
KpUCTanna, T0 SHEPTHS OCHOBHOTO COCTOSIHHS H CMEKTD CHMHOEBLIX BOJIH, Hafi-
ACHHBIE MOJYKJIACCHYECKH, TGUHO COBNANAIOT C MCTHHHBIMH KBAHTOBBIMU MpPH
JM1000M 3Hauennyu cnuHa atoma [*]. Eciu ke BHemmee mnose NIePNeHAUKY IS PHO
K OCH aHH30TPONHH, TO 3HAYEHMH 3HEPTHHU, BOOOIIE TOBOPS, HE MOLYT OBITh
HakIeHbl TOYHO, & YKA3aHHOE BBIILE N0JYKJIACCHUECKOe PACCMOTPEHHe NPHBOIUT
K psiiy nporuBopeunii. OAHO U3 HHX COCTOHT B TOM, YTO B OO/JACTH HH3KHX
TEMIIEpATyp OpPH NONAX, HECKOJIbKO MEHBIIMX KPHTHUYECKOTO, T.e. TAKOLO, Ha-
YHHAsl C KOTOPOTO KJIAaCCHYECKHH CIHH CTAHOBHTCS HANpaBJeHHLIM BJOJb IOJS,
lonepeyHass HaMarHHYeHHOCTb B paMKaX 3TOTO PacCMOTPEHHSl OKAa3bIBAeTCs
Gosibie MakcHMaabHO gonyertumoii [3]. [laHHoe MPOTHBOpeuHe He CBA3AHO He-
NOCPEACTBEHHO C TeM, YTO CHCTEMa $IBJISIETCS MarHUTOYNOPSIOYEHHOH: B OTCYT-
CTBHE OOMEHHOTO B3aHMMOJEHCTBUS MOJYKJIACCHUYECKUH DPacueT NPHBOZUT HaKe
K GECKOHeUHO! HaMarHHYeHHOCTH NpPH TNoJe, PAaBHOM KpnThueckomy [4].

OkasbiBaeTcsi, 9T0 B Moc/iefiHeM C/yuyae MPUUYMHA BOSHHKAIOMIEX IIPOTHEBO-
peunii 3aKJiOuaeTCs B TOM, YTO B JeHCTBUTENLHOCTH NPH 3HAYCHHAX MO/, JO-
CTaTouHO GJM3KHX K KPHTHYECKOMY, NPOHCXOJHMT CYIIECTBEHHAs MepecTpoiika
SHEPTETHYECKOTO CNeKTpa, He OMHChiBaeMas B PaMKaX OTMEUEHHOTO BHIINE TPH-
Gimxkenus. [lostomy Heo6xomium GoJee KOPPEKTHBIH yYeT crenupHIecKHX
KBAHTOBBIX 3((eKTOB.

Hacrosmas pa6ora mocesmena MOCJIEIOBATEIbHOMY KBaHTOBOMEXaHHYe-
<KOMy pPacCMOTPEHHIO H30JIHPOBAHHOTO CIIMHA, HAXOASUIErocs B KPHCTaJle
C aHH3OTPOTHEH THNA «/lerkas OCb» B MarHHTHOM MOJie, NepreHmHKYJIsPHOM
K 3T0i ocu. COOTBETCTBYIOWNM (HM3HUYCCKUM OOBEKTOM SIBASETCS MarHuTopas-
GaB/IeHHDIl KPHCTA/, HANPHMEP HOHbI NEPEXOIHOMN TPYNNBL B MapamMarduTHRIX
conax. CTpyKTypa 4acTH 5HEpreTHUYeCKOTO CNEKTPa TAKOH CHCTEMEI, OTBEUA0-
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meH paclIeNeHHio OCHOBHOTO SHEPTeTHYECKOro ypOBHS MapaMarHUTHOIO HOHA

KPHCTAJIJIHYECKHM [I0JIEM, XOPOLIO OMMCHIBAETCS 3(P(HEKTHBHEIM CNMHOBBIM ra-

musbTonnanoM [°]. Bennunna sdekTHBHOrO cnuHa (B AajbHedleM /s 0Opo-

cTOTE 6yjieM TOBOPUTh MPOCTO O CIMHE), OTpefessiomas 9ucao COOTBETCTBYIO-

tlgnx ypOBHell, MOXKeT ObITh Kak Majoll (S ~ 1), Tak u CPaBHUTENbHO GOMBLIOH
~ 10).

1. O6wue cBoiicTBa MccaeayemMoil CMHOBOH cucTembl. Ciyuadi Masibix CNHMHOB

I'amuabToHHaH paCCManI/IBaeMOﬁ CHCTEeMBl UMEET BUJ
2
o= SE==hb ) (1)

rae S; — omeparop i-il npoekuuu cnusa S (i = X, y, 2); & > 0 — KOHCTauTa
MArHAUTHOH aHM30TPONHH; BeJHYHHA A C TOYHOCTBIO JO MHOXKHTE/f, PaBHOIO
NPOM3BEJICHHI0 MarHeTOHAa Ha TUPOMAarHMTHBIA (aKTOp, NPEACTABJSET coboi
MarHuTHoe mnoJsie (BCIOAy B JajbHeHueM Oynem FOBOPHTb AJs KPATKOCTH 06 h
NPOCTO KaK O MAarHATHOM IIOJIE).

3ajaya COCTOUT B M3YYEHHH CIEKTPA TaKOTO raMHJIbTOHHAHA, B YACTHOCTH
B HAaXOXKJEHHH SHEPTHH OCHOBHOTO COCTOSIHHMS, @ TaKke HaMarHW4YeHHOCTH
(Sy) 1 BOCTIPHUMUYHBOCTH % = 2ad (S.)Ydh B 3TOM COCTOSHMM (MHOKHTEIb 20
BBelleH /1S yI0OCTBa).

‘HaroMuuM BHauaje pesyJbTaThl Kjaccuueckoro noxxoxa [°], mpu koro-
POM S; CUHTAIOTCS C-UHCJIOBEIMH KOMIOHEHTaMH BeKTOpa JuHO# S. [lna nosei,
He NMPeBOCXOJAIMX KPHTHUECKOE 3HaueHne hy = 2a.S, CyUIeCTBYIOT ABa PaBHO-
BECHBIX HAamnpaBJeHHsl, CHMMETPHUHBIX OTHOCHTEJbHO OCH X, a HaMarHH4YeH-
HOCTb BIOJIb 3TOH OCH JHHEHHO BospacraeT ¢ moJseM. HaunHas co anavenus
h = h, CIMH OKa3biBaeTCs HaNpaBJeHHbLIM BJIOJb OCH X, T.€. HACTyNaeT HAChI-
menne. Takum o6pasoMm, KOT[a IOJe CTaHOBMTCsI PaBHBIM KPHUTHYECKOMY, Ha-
MarHHYeHHOCTb TMPH KJACCHYECKOM PacCMOTPEHHH HCHBITBIBAET H3JIOM, a BOC-
NIPHUMYHBOCTL MMeeT cKauok. OnHako, COraacHO KBAaHTOBOH MeXaHHKE, (S:)
HH NIPH KAKOM KOHEYHOM MarHHTHOM [OJe JJisi CHCTeMBI C TaMUJ/IbTOHHaHOM ()
B caydyae o = 0 He MOKET JOCTHTHYTb BENHUYHHBI CIIHHA S, MOCKOJIBbKY (S,) He
UMeeT ONpEJeIEHHOT0 3HaUeHHsl B CTalMOHAPHOM COCTOSTHHH. H3meneHue
CBOMCTB CHCTEMBI MPOHCXOINUT JOCTATOYHO MJIABHO.

ITepefiieM K NOCJ€AOBATEJ]bHOMY KBAHTOBOMEXaHHYECKOMY PacCMOTPEHHIO.
B S.-mpencraB/jeHud BOJIHOBas (PyHKUMS C; CTALUHOHAPHOTO COCTOAHMSA, MPH-
HajJie;Kallero 3HaYeHUI0 Hepruu E, yIOB/IETBOPSiET PASHOCTHOMY YypaBHEHHIO

h 1/2
(E+ao2)ca—l—»§<{[(8+0)(3—0—{—1)} Core i
4 (S —0)(S 40+ 1 cc+1} —0 )

IJle 3HAUEHNS] Z-IPOEKIHH CuHa ofosHauens 0 = —S, —S + 1, ..., S—1,8S.

U3 (2) BEITEKaeT, YTO €_, = =+ Cs, M, CJIEJIOBATE/ILHO, pacnpee/ienue Bepo-
SITHOCTefl IJIsi BeJIMYMHBL S, siBAsieTcs yeTHO#H QyHKuued o. [losromy B cTamuo-
HapHBIX cocTosiHusAX (S,) = 0. M3 coobpaxkeHHH CHMMETPUH C/IEAYET TAKKE,
YTO B 3THX COCTOSHHSX H (S,) = 0. Takum 06pa3oM, OTJIMYHO OT HYJA Cpe-
Hee 3H1UEHHE NPOEKIUH CIHHA TONBKO Ha 0cb X. OHO MOXKET GhITh HafijeHo aud-
depeHMpOBaHeM SHEPTHH 10 napametpy h: (S,) = —O0E/dh. 3ameTum, 4TO
CHCTeMa JUHeHHBIX ypaBHenuii (2) pacnajaerca Ha jipe CoJee MPOCTHIE: UCTHLIE
MO O COCTOSIHMS OTIEJSIIOTCS OT HEYETHBIX, YTO 3HAYMTENbHO YNpPOMAET BbIYHC-
JIeHH$i, B YACTHOCTH IO3BOJISIET JIETKO HAHTH TOYHBIE PEILEHHS JJisi MaJbIX CIIH-
HoB. Hanpumep, Ijs 1esoro CiMHA U YETHBIX cocTosiHull umeeM S + 1 ypaBre-
Hue Bmecto 28 + 1.

3nauenis ypoBHeH SHEPTUH HAXONATCH KaK KOPHH XapaKTEPHCTHUCCKHX
YPABHEHHIT, 3aTHCAHHBIX,, HAIIPHMEP, C HTHO0/b30BaHHEM KOHEUHOH LenHOo¥ ApOobH.
Tak, B c/yyae LeJOr0 GiMHA AJIA HEUETHE:X COCTOSIHME ypanHEHHe B COOTBET-
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CTBYIOWIMX CTaHIaPTHBIX 0003HAueHMAX /sl Takux npobeit [*] momer GbiTh
NpEeJICTABIEHO B BHJE

2 1:28(h2a)2|  n(@S—A1) (1/2)]
Elo+8 —pprE=—1p E R
(S=D(S+2) (h/20)%]
— BTl = 0. 3)

AuanorHunble ypapHeHHs MOJYUYAloTCsa H B APYTHX CAydasix.

st suavenuit cnuua S = Y, 1; 3/, ypoBHM SHEprHH, a Tak:Ke HaMarHu-
YeHHOCTh H BOCHPUMMUYHBOCTb BBHIUMCJAIOTCS TOUHO H UMEIOT mpoctoit Bui. Ha-
npuMep, Aas cnuHa S = 3/, sHepTHsi OCcHOBHOTO cocTosiHHsI E, = —ba/4d —
— h/2 — (a® — ah + h®)Y2. las counos xe S = 2; %/,; 3 3T BeJMUMHBI 110-
JyUeHp HAMH C [IOMOLIBIO YHCJIEHHOTO pacyeTa Ha OCHOBe yparHeHHi THna (3).

'/L X

{$2)/S

L bk 1
Puc. 1. Puc. 2.

Ha puc. 1 mpejcTaB/ieH THNHYHBIH CTJIaXKEHHBIH «KOJEHOOOpasHbId» XOZA Ha-
MarHMYeHHOCTH B CPaBHEHMH C M3JIOMHBIM KJacCHUeCKHM (BbiOpaH ciydai
S = 3). H3zobpaxeHHble Ha pHC. 2 XapaKTepHble 3aBHCHMOCTH BOCIPHHMYH-
BOCTH OT MOJIS CYIIECTBEHHO OTJMYAIOTCS OT KJAaCCHUECKOH CTyNeHYaTod 3aBu-
CHMOCTH.

B ofnacty oueHb MajblX W TPEJENbHO CHJbHBIX MOJEH Pe3yJ/bTaThl MOJY-
YaroTCsl JJIsi MPOU3BOJILHOIO CIIHHA C NOMOILBIO CTaHAAPTHOH TeOpHH BO3MYIlle-
HMH HJH HerocpelCTBEHHO M3 ypaBHeku# tuna (3). IlpuBeneM COOTBETCTBYIO-
[ye BBIPAXKEHHS JJIs BOCTIPUUMUYHBOCTH B OCHOBHOM COCTOSTHHH:

: S 8.8\ S 3 :
1= 52+ 15l e) smrm=y W A<hIS, S @)
3
x=(9,;) S(S—1/,) npu h>h,. (5)

Corsiacno dopmyse (4), BOCIPHUMMUMBOCTL NPH MaJHIX MOJAX BO3PACTAET,
a B ofsacTy GoJbIIMX IOJIeH, Kak BUAHO U3 (D), Gweictpo yObiBaer. Orcioza
C YYeTOM pe3yJbTaToB sl cnHHOB S = 1;%,; 2 npuxofuM K clepyiomemy 3a-
KJIIOUEHHIO O MOBeJIeHHH EOCIPHHMYMBOCTH B OCHOBHOM COCTOSIHHM. Ecau S = 1,
TO BOCIPHHUMYKMBOCTD SIBJISIETCS] MOHOTOHHO yOBIBalolleH (yHKuUMeH moJjis; Hayu-
Has ¢ S = ¥/, BOCHPHUMUHBOCTb NIPH MaJBIX NOJSX BO3pAcTaeT, NPOXOAsA 3aTeM
yepes MakCHMyM, KOTOPHIH COXpaHseTcs AJs CKOJb YroAHO OOJBIIMX CHHHOB.
[ToCKOJIBKY CYIIECTBOBAHHE STOTO MaKCHMyMa SIBJSIETCS] YHCTO KBAaHTOBBIM 3(-
(eKTOM, Bcerja umeercsi o6acTb MoJieH, A5 KOTOPOH KJAacCHUYeCKOE PaccMoT-
peHue HempuMmeHHMO. EC/M CnHH He sBJASETICS MaJblM, TO XapakTepHOe H3Me-
HeHHe BOCNPHUMUYHMBOCTH MPOMCXOJUT HPH NOJAAX, OIH3KHX K KPUTHUYECKOMY
(TouHBI KpuTepui OyLeT yCTaHOBJAEH B pasjene 3), B KOTOPBHIX H CJENyeT
OXKHJATh CYIIECTBEHHOTO OTJIHYHSI KBaHTOBOMEXaHHUYECKHX pe3yJ/bTAaTOB OT
KJaccuiueckuX. B wacTHocTH, cama Touka A = fi, AJs KBaHTOBOH CHCTEMBl HE

5 3-83



514 0. B. 3acrasexuil, B. B. Yavanos, B. M. Hykeprur

SIBJIsIeTCsl 0CO00M. PesyJbTaTel TeOPHH BO3MYIIEHHI He OXBATHIBAIOT 3Ty HaH60-
Jlee HHTEPECHYI0 (U3HUYeCKH o6aacTb mosed h ~ h, XapakTepHCTHUECKHE xKe
ypaBHeHHs THNA (3), XOTH M MO3BOJAIOT NPOBOJHTH UHCJEHHBIE PACYeThl NpH
KOHKDETHBIX 3HA4YEHHAX CIHHHA, SBJAIOTCA HEYAOOHBIMH M1 HCCJIENOBAHH 5
2HAJIMTHYECKOH 3aBHCHMOCTH HHTEPECYIOIMX HAC BeJHMYHH OT MOJS H COHHA.
[losTomy L1 MCC/eflOBaHMSA CHCTeMbl B CJydae moJieH, OJU3KMX K KPHTHUe-
CKOMY, B CJIENyIOLIeM pasjiesie Pa3BUT BeCbMa HATJSiHBbIA METOJ, Ha3BaHHBI
HaMH MEeTOJOM 3(P(eKTHBHOIO MOTeHIHaJa.

2. Meton 2ddekTHBHOTO NMoTeHLMAJA

OxasbiBaetcsi, 4T0 paccmMaTpuBaeMas 3ajiaua MOKET ObITb CBEJIEHA K pellie:
HUIO ypaBHEHHs THmna ypaeHenHs Ilpemunrepa B HeKOTOPOM 3¢deKTHBHOM
npeJCcTaBJIeHUH.

M3 pexyppeHTHbIX COOTHOWIEHHH (2), KOTOPbIM NOJYHHSAIOTCS BEJIHUHHBI
Cs, BBITEKAET, 4TO mpousBojdamas ¢yHkuua @ (§), nocTpoeHnas ¢ HX MOMOLILbIO

1o npaBuay
S

(D(E) =) % ek
i G:S VSF+oiS=o! ’

yIoBJeTBOpsieT audpepeHHalbHOMY YPaBHEHHIO *°
a®” — hshED' + (E + AS chg) ® = 0.

Hcxaiouas usieH ¢ nepBo#l NpoH3BORHON BBEeIEHHEM (YHKIHMH
: h
W(E) = D (E)exp(— o chE),
NpUXOJAUM K oOblYHOMY ypapreHuio [lpennnrepa
a‘P’”—}—[E—%shzg + h(S +1/,)ch g] v =0, (6)

B KOTOPOM & MOXKHO pAaccMaTpUBaTh Kak HEKOTOPYIO 6e3pasMepHYI0 KOOpiH-
HaTy, a yGbiBaiomee Ha OeckoHedHocTH pemenne Y (E) — Kak BOJHOBYIO

pyHKUHIO*,
Takum o6pasoM, 3anada o0 COOCTBEHHBIX 3HAUEHHSX H COGCTBEHHBIX BEKTO-
2
pax CNHHOBOTO ramMuabronnana # = —aS; — hS, UPUBOAMT K KOOpIHHAT-

HOH KapTHHE OAHOMEPHOI'O ABH2KE€HHU A YaCTHIIBI B SCPQZQKTHBHOM NOTE€HIH aJIbHOM
rnoJie

Us(®) = sh?E—h(S 415 ch g (7

(370 cmpaBejsHBO M B OOIEM cJydae MarHHTHOTO TOJIsl, HampaBJeHHOLO INOX
NPOU3BOJIBHBIM YTJIOM K OCH @HH30TPONHH, HO 3(GMeKTHBHbLIN NMOTeHUHaA OyaeT
MMeTb NDH 3TOM HECKOJbKO Oosiee CJOXKHBIA BHA). Takoe onHcanHe CIHHOBOH
CHCTEMBl Ha OCHOE€ KOODIMHATHOH KapTHHBl C 3(QheKTUBHEIM NOTEHIHAJOM
IaeT elle OJUH NPUMED NpuUMeHeHHs MeTona 3ddexkTHBHOTO noss [8].

Ha ocnHoBanuu ociu//IsSiiMONHON TEOPEMBI IJ5i CBSI3aHHBIX CTALMOHAPHBIX
cocTosiHHE oaHoMepHOTO ypaBHenusi Illpejunrepa u Gmarogapsi OTCYTCTBHIO
BBIDOXK/IEHHSI YPOBHEH SHEPIHH B 3TOM CJlyuae, a Take YUHTbIBas CTPYKTYpy
¢dyukuun ¥ (§), MOXKHO NPHHTH K 3aKJIOUEHHIO, UTO HHTEPeCYIClHe HAaC 3Haue-
HHS HEPTHH CIIHHOBOH CHCTEMbl COBMAJAIOT C HayaJbHBIMH 2S + | ypoBHAMH
SHEPTHH YacTHIbl, JBHXKYILEHCs B moje ¢ noreHnuastoMm (5). Boaee Bmicokue

* Tlpowasojsiias GYHKIHMA, NOCTPOEHHAs H3 3KcrmoHeHT e'®%, mpHBOAHT K ypaBHeHuic
C TPHTOHOMETPHUYECKHMH (YHKIHSMH H TPAHHUHBIMH YCHOBHSMH NEPHORMUHOCTH. OJHAKO mIp
3TOM HMCCJIeJOBAHHE OCHOBHOTO COCTOSTHMS CNIHMHOBONH CHCTEMbI OKA3LIEAETCH GOJIEe CIIOMKHEM.
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SHepreTHYeCKHe YPOBHH HE HMEIOT OTHOLICHHS K HCCAELyEMOH 31eCh CIHHOBOM
cHucTeMe.

Jlna nosyyeHHusi HAMarHMYEHHOCTH MOXKHO, KaK M BBILIE, BOCIOJb30BATHCS
JuddepeHPOBAHHEM N0 BEJHYHHE MArHUTHOLO MOJIS.

Hafinennnlit abdexTHBHbIH nOTeHIHAN .
(7) ncneITEIBaeT JIOGONBITHYIO TPaHc(hopMa- g 8
LHIO [P HM3MEHEHHH MAaTHUTHOTO MNOJS.
Jns  3HaueHH i MarHUTHOTO H0JIs1
h > 20 (S 4 '/,) on uMeer BuJ 01uHAPHO#
siMelL (puc. 3,6) a aa h < 20 (S + Y,)
npeBpamaeTcss B fMy C ABYMS MHHHMY-
mamu*(puc. 3, a). OcoGeHHO HHTepecHO,
YTO MOTEHIHas] NPUHHMaeT (OpPMYy SIMBI
C MHHHMYMOM 4Y€TBepTOrO MNOPsiAKa (pHUC. Puc. 3.
3, 6) IpH KPHTHYECKOH BeJMYUHE MATHHUT-
HOro moJs i, = 2a (S + !/,) (370 3HaueHHe oT/AMUAETCS OT COOTBETCTBYIOIIETO
KJaccHyeckoro no6aekoit !/, K cnumy).

Metox spekTHBHOTO TOTEHIMANA OKAsBIBAETCH OCOGEHHO MOJIE3HBIM, eCIH
CIHH AOCTATOYHO BeJHK.

3. Cnyyaii GosbliMX 3HAYeHMH CnMHA

s cnmuoB S 3> 1 xapakTepHoe NOBe/eHHE HAMATHHYCHHOCTH (puc. 1)

M BOCHPHMMYHBOCTH (pHC. 2, 4) 0GYC/IOB/IEHO CYLIECTBEHHOM NepPeCTPOHKOH
SHEPTETHUECKOIO CNEKTPA B 06/1acTH noJelt |h — ho| ~ hoS~2/% npu nepexoge
3(QheKTHBHOTO NOTEHIHANA OT OJHOH ¢opmer K Apyrofi. B TakMx no/isix mose-
Jenne noteHuuana (7) Xopomo annpoKCUMHPYeTCs A5 OCHOBHOTO H HH3KOBO3-
OYXKJEHHBIX COCTOSHHH CTENEHHBIM TNPHOIHIKEHHEM, KOTOpOe  3aKJIouaeTcs
B Pa3JIOKeHHH THIEPOOJNUECKHX ¢ yHKUME B DS [0 CTENEHAM & BO/mmsu £ = 0.
CoBepuas MmacmrabHoe npeoGpasoBanue KOOp-

x JuHaThl § = (8 + /,)~'/3g u orpasnuuBasch B
KO3(Q(UIHEHTAaX PA3/I0KEHH A TJIABHEIMH 4/IeHAMH

/\ mo h—h,, mnoJyYaeM TaMHJIBTOHHAH, COOTBET-
\ 7 CTBYIOIIMY ypaBHeHHIO (6), B BHze

Ho= —h(S+s) + a (S + 1,8 [p>+

+: e 0 A+ OS], (8)
rjie p = —i0/0q, a Takke BBeleH napamerp
i , ™~ Y = (S + ,)*° (h — ho)/h,, npurHMaomui B
YKa3aHHOH Bblle (U3HUYECKH HaubOsee HHTEpeC-
HOM obsiacTu sHauennus |y| ~ 1. Ilaa okpecTHo-
CTH KPHTHYECKOTO MarHMWTHOro nous (|y| < 1)
npoduab noreHuuana (7) onpexpessiercs 4eTBep-
HbIM H4/IEHOM, @ KBaJpaTHYHOE C/laraeMoe HIPaer posib MONPaBKH.

B cayuae KpuTHYECKOrO MarHMTHOTO mOASI, KOTxa y = 0, nonyuaem uncro
4eTBEpHO# ocuu/IATOp. CBOKCTBA TAKOTO OCHMJLIATOPA H3yUeHBl BO MHOTHX
pa6orax (cM., Hanpumep, [ 10]). Pacuer naer CJEYICIHE De3YybTaTh. JHep-
THsl OCHOBHOTO cocTosiHust E, = —2a (S + 1/,)2 4 0,668« (S + R e
[IEPBOE CJIAraeMoe COOTBETCTBYET MHHHMYMY TNOTEHIHA/la — KJAACCHUECKOMY
PESyJIbTaTy, a BTOPO€ — KBAaHTOBOH J06aBKe, OGYCJOBJIEHHOH BKAAAOM SHep-
THH HyJeBbIX KoneGaHu#**. HamaruuuennocTs paBHa (Sy) — S e
— 0,287 (S + '/,)'/%. Kak u cnefioBano oxunath, oHa He NPEBOCXOJUT MAaK-

Puc. 4.

* O6paTHM BHUMA4HHE HAa COOTBETCTBHE OTMEYEHHOH BO BBEIEHHHM KAACCHUECKON Kap-

THHE, COTJIACHO KOTOPOH npH A > 20.S HMeeTcst OJHO MOJIOKEHHe paBHGBECHS, a Npu h <
< 2aS — ppa.

** 3nech M B jajibHelillleM B COOTBETCTBHH e pasnoxenneM (8) oT6packiBaeM YjieHbl

—2/3
~ 8723 1o ornowennio x NOCAENHHM YACDIKUBAEMEIM, & BCE YHCJICHHbE 3HAUEHHS NPHBOLHM
C OKPYIVIEHHEM 1O TPeX 3Havalux mudp.

5*
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CHMaJbHO - IONYyCTHMOE 3HaueHHe S 6Jarofaps OTPULATEIbHOMY 4YIEHY, IO
CPaBHEHHUIO C KOTOPHIM fo6GaBka '/, mana. O6paTuM BHHMaHHE HA TO, YTO 3aBH-
CHMOCTb SHEPTUH OCHOBHOTO COCTOSIHHS M COOTBETCTBYIOIEH HaMarHHYEHHOCTH
OT BEJHMUMHBI CIIMHA He SIBJIsIETCS aHaJUTHUecKoH. BocnpuuMuMBOCTD OKa3biBa-
etcsl BecbMa Majsoii: y = 0,138.

YueT KBaJpaTHUHBLIX MO KOODIMHATE MONpPaBok B ¢opmyJe (6) NpoBOAMTCS
¢ TOMOILbIO TEOPUH BO3MYIIEHUH (HEBO3MYIIEHHO¥ CHCTEMON SIBJISIETCST 4YeTBep-
Ho#t ocuuasiaTop). Has monell ¢ y < 0, KOTJa NOTEHUKAJ] WMeeT BHL MBI
C JABYMS MHHMUMYMaMH, 5TO TO3BOJISieT H3YUMTh NOBEJEHME MarHHTHLIX Xapak-
TePUCTHK BILIOTH JO moJisi «kacauus» (y = —0,881), Korja occHOBHO# ypOBekib
COBMAJ2eT C MaKkCUMyMOM Oapbepa, pasfensiouiero aMel. IIpd 3ToM aHepTus
Ey= —20 (S 4 /,)* + 1,76a (S + /,)*/°, namarHmuennocts (Sz) = S +
+ 1/, — 0,518 (S 4 1/,)*/3, BocnpunmuuBocth ¥ = 0,469.

OmHako Ads MEHBbIUMX 3HaueHHi MarsuTHOro mnoJs (y < —1) B6ausu
0ZKH@eMOr0 MAaKCHMyMa BOCHIPHHMYHBOCTH HYJEBble KOJEeOAaHHS CYIIECTBEHHO
OTJIMYAIOTCSl OT XapaKTepHBIX [Jisi YeTBEPHOro ocuuaaaropa. B obmaacru jo-
CTaTOYHO Ma/JuX nosed A, — h >» heS~22 (Jy| > 1) cnpaBenius apyroi Ba-
DHAHT TEOPUH BO3MylieHHit. TIpH 3TOM HEBO3MYIUEHHOH CHCTEMOH SIBJISIETCS
rapMOHUUYECKHI OCIUJ/IISITOP, OTBEYAIOIHH JIOKAJbHEIM KOJ€OaHUSIM B OTJE/b-
HOM sive. B cooTBeTCTBYIOWIEH BOCIPHHMYHBOCTH

oh®

S e ROV 9
¥ +(h§_}12)3,2 )

eIMHHIIA €CTh KJAaCCUUECKHHA PE3yJ/bTaT, a BTOpofl useH 06yCJOBJEH HYJEBBIMH
KosebaHusiMM. B KadyecTBe BO3MYIHEHHSI MOXKHO yUeCTb BJIHAHHE aHTaPMOHH3MOB
W TYHHEJIHPOBaHHs. TeM He MeHee OKa3blBaeTCsi, YTO TaKOH NOAXOJ B paiioHe
MaKcuMyMa BocnpuumuuBoctH (—3 < y < —1) siBisleTcs CIHIIKOM TpyObM
npHONNIKERHEM.

3ameTHM, KCTaTH, UTO K cJa60 aHrapMOHHUECKMM KOJ/1€0aHHSM IPHBOJUT
TaKKe pAcCMOTpPeHHe JIs GOMbIIMX MAarHUTHBIX ToJed A — kg > hoS7?7°
(y > 1), Koria noteHuuaJ UMeeT BHJ OJMHAPHOH AMBI. 3/ieChb BOCIPHHMYHBOCTD
B OCHOBHOM COCTOSIHHHM $IBJISIETCSI MaJiOH BeJHYHHOH:

hy
T 4@S ) [h(h— o)’

% (10)

TOrla Kak, COTJIACHO KJaCCHUYECKHM IpeJCTaBIeHHAM, BOCTPHUMUYHBOCTD INIPH
h > h, cTporo paBHa Hy.IO.

YrnoMunaBmMics BO BBEJEHHH MOJYKJIACCHUECKHH MOAXOJ JaeT Kak pas
pesyabratel THna (9), (10). ®@opmanbHOe NpHMEHEHHE TaKMX BHIPAXKEHHH NPH
h — h, IPUBOJHT K PACXOIAMOCTSIM, YTO HENOCPELCTBEHHO CBA3aHO C OTMEYaB-
IUMMHCH BO BBEJEHHH MNPOTHBOpEUHsIMH. B JeficTBHTEIbHOCTH, OJHAKO, 3TH
dopMyJibl CIpaBeJIMBE JHUIIb BIasu OT KPHTHYECKOro mojs. Kak MOXKHO ro-
Ka3aTb, NpU OJM3KUX K KPHTHYECKOMY IOJISIX ONYIIEHHBIE B MOJYKJIACCHYECKOM
NOJXOJe UJEHBl Pa3JioXKeHUs] TaMUJIbTOHMAHA IO 603e-omeparopaMm SBJSHOTCS
IJ1aBHBIMH .

B oxosnoxkputnueckoil obsactu KosiebaHUS CTAHOBATCHA CYLIECTBEHHO He-
JIMHeHHBIMU B CBSI3H C MEPecTPOMKOH SHEpreTH4ecKoro CIeKTpa: eCju JJisi TO-
Jeit ¢ y > 1 pacnosoxkeHue HH3KOJEXKAIUX YPOBHEH siBJsieTcs NPUOIMKEHHO
5KBHIHCTAHTHBIM, TO IUisl OKPECTHOCTH KPHTHYECKOTO moJs |y| ~ 1 oHo coor-
BETCTBYET YETBEPHOMY OCLHJLIATOPY, a B o6mact y << —1 mepBbiil BO3OYKIeH-
HBEIl YPOBEHb COJIMKAeTCs C OCHOBHBIM B COOTBETCTBHM C TYyHHEJBHBIM PaCIlen-
JIEHHEM B JIOCTAaTOUHO TJyGOKOH siMe.

C 1esblo MEPEeKPLITHS «OCTPOBKA» MPOMEXKYTOUHBIX 3HAUYEHMH MarHHTHOTO
noas (—3 < y < —1), rne pacnosoxkeH MakCHMyM BOCHPHHMYHBOCTH, HpHMe-
HEHO KBasHKJaccHyecKoe NPHOMMKEHHE ¢ yYeToM OCOOEHHOCTH 3((eKTHBHOIO
noTeHuuasa B Buje Gapbepa mexny amamu (puc. 3, a) [**]. C ero nowmomuipio
yZaeTcs MONYUYHTh BCE MHTEpPECYIOIME HAC JETAJNH MOBEJEHHS BOCIPHUMUYMBOCTH
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B HHTEPBajle MalHUTHBIX ToJell ¢ —3 < y < —I1, BKJ/0Yasi OKPECTHOCTh ee
MaKCHMyMa, TJe OTHOCHTeJbHAs MOTPElHOCTb Jaxe JJisi BOCIPHHMYHBOCTH He
npeBbimaer 2 %.

To, 4TO C MOMOIIBIO KBAa3MKJIACCHUECKHX METOZOB M yuyeTa OCOGEHHOCTH
MoTeHIHana yAaeTcsi NepeiaTbh TOHKHE JeTajld CTPYKTYpbl 3HEPreTHYECKOro
CIIeKTPa, €llle pa3 CBHAETEJNBCTBYET O LIMPOKHX BO3MOXKHOCTSIX KBasHKJaccHye-
CKOTO METOJa fiazke NPH HCCJ/e0BAHHH OCHOBHOTO COCTOSIHHS CHCTeMBI [8].

Jlist GOMBIIMX MAarHUTHBHIX mosel (y > —1), KOTAa OCHOBHOH YypOBEHB
SHepPTHHM DACIOJIOXKEH Bhille MaKCHMyMad NOTEHHHana, BBICOKYIO TOYHOCTB,
KaK OTMEUEHO Bhlille, 06ecIeunBaeT Te0pysl BOSMYIIEHHH € 6asucoM YeTBepHOro
ocuuaasTopa. Pe3ysibTaThl KBa3HKJIACCHKH H TEOPHM BO3MYILEEHH XOpOLIO
CLIUBAIOTCS.

KpoMme TOro, Mbl IPOBEJH PacueT, HCL0/b3Ysi BapHAHHOHEHIH MeTOA. B co-
OTBETCTBHH € «ABYropChiM» 1pu y < 0 BMACM BOJHOBOH (YHKLHH OCHOBHOTO
COCTOSIHM S EbIOHpanich Npo6rble GYHKIHK THIA «IBOHHOTO Tayccuana» ¥ ()=
= exp [— (E — a)? /%] 4+ exp [— (E + )*/b’], nosBOAsOKE  [OJNYYHTDH
CPAaBHHTEJBEO NPCCTOE M yJoOHOe JJisi BapbHPOBAaHHs EbIpaz<eHye JJisi SHep-
rud. [IpH 3T0M YAaJI0Ch JOCTZTOYHO TOYHO EBIYMCJHTDL SHEPIHIO H HeMarHHYeH-
HOCTb (C OTHOCHTEJIBHOH TOTPEIHOCTBIO NOPSKA HECKOJbKHX NPOLEHTOR). Xo-
pOIIO EOCTIPOH3BOAMTCS H OCUIMEA XOJ BOCHPHHMYHBOCTH, HO TOHKHE JETaJiH
B OKPECTHOCTH MaKCHMyMa BOCIIPHHMUYHBOCTH MepeaioTCsi orpy6/ieHHO (nanpu-
Mep, BeIMUHHA MAKCHMYMa HAaXOJUTCH C OTHOCHTEJBHOH MOTPENIHOCTDIO 15 %).

Jliisi MPOBEPKH BCEX NPHMEHSIEMBIX aHAJTHTHUECKHX aNNPOKCHMALHF OblIH
K CHOJNB30BAHBl YMCJEeHELE MeTonbl. OKaspBaeTcs, BOCTIPHHMYHBOCTD JOCTHTAET
MAKCUMyMa Ymax = 1,31 TpH 3HaYeHWH NOJs, COOTBETCIBYKINEeM y = —1,87.
DHepreTHUeCKas Iie/b Mexky OCHOBHBIM M TIepBbIM BO36Y2K/I€ HHBIM COCTO THH IMH
npu stoM pasnHa AE = 0,14la (S + 1/,)* /°.

Jlns oueHKH 3(G(EeKTHBHCCTH CTENEHHOro MNPUOJHIKEHHS, OTBEYaIoLIero
cayuao S 3> 1, pesy/bTaThl AJ1s EOCIPHHMYHBOCTH, IPEJICTABJICHHbIE HA PHC. 4,
CPaBHUMBAJNCH C MOJYYeHHBIMH it S = 10 uHCJIeHHO. B o6nactu Makcumyma
BOCTIPHHMUYHBOCTH OTHOCHTE/IbHAsl MOTPELIHOCTh JUISl Hee He MPEEbIliaeT 10 %.
Yuer mepBHIX OTOpachiBaeMBIX 9/€HOB B BbipaxkeHHH (8) yMeHbUIaeT OTHOCH-
TeJIbHYIO MOTPELIHOCTh CTENeHHOTO MPHO/HKEeHHs NPHMEPHO Ha NOPSJOK Aaxe
B cayuae S ~ 1. :

[lomuepKHeM, YTO Pe3y/bTaThl, OTHOCSIHECH K CTENEHHOMY npUGIHIKEHUIO
(8) st 2hheKTHBHOTO TOTEHLHAA, NPEACTABSIOT CaMOCTOSITEJbHBIN HHTEPEC,
NOCKOJIbKY KBAHTOBAs 3a/a4a O JBHIKEHWH YAaCTHIBI B MOJOOHBIX MOTEHIHAJb-
HBIX TIOJISIX YaCTO BCTPEUaeTcsl B PA3JIHUHBIX pasjiesaX KBAaHTOBOH TEOPHH.

3aMeTHM, UTO IOBeJeHHE HAMATHHUEHHOCTH B OCHOBHOM COCTOSIHHM [IpH
M3MEHEHHH TI0JIS CYIECTBEHHO 3aBHCHT OT THIIA AHH3OTPONHH, T.€. OT 3HAKA Q.
Tak, ecid B PacCMOTPeHHOH HaMu cHcTeme ¢ o > 0 HAMArHMYEHHOCTb H3Me-
HseTCS HenpepuiBHO, TO mpH a < 0 B moJje, Nepneniuky/IspHOM K «JIETKO¥
IJIOCKOCTH» H MEHDBIIIEM COOTBETCTBYICIIEr0 KPHTHYECKOTO 3HAaYeHHsl,— CKa4Ko-
o6pasno [12 *]. D10 pasnuumMe KBAaHTOBBIX CBOHCTB NMPHBOAHT K HEOMHAKOBOH
DOJIH HH3KOTeMIepPATYPHBIX N00ABOK: B MEpPBOM CJyyae OHH IKCNOHEHIMANLHO
MaJBl, TOTJA KaK BO BTOPOM OGYCJIOBJHBAKOT XapaKTepPHOE PasMBITHE CKauKoB
HaMarHHYeHHOCTH .

Ilns Habmioenusi HaHJeHHOH 3aBHCHMOCTH BOCIPUMMHYHEOCTH OT MAarHuT-
HOTO T0JIsl TEMTIEpPaTypa CHCTEMBI JONkHa ObiTh MEHbINE, YeM AE. Tlo 3kcnepu-
MEHTaJbHBIM JAHEBLIM JJ15i KOHCT2H1bl aHHSOTPONHH MNapaMarHuTHBIX HOHOP
[*], s1o Gyjier cooTBeTcTEOBaTh Temnepatypam ~1 K. XapakTepHble 3HAUEHE?
HATIP A2KEHHOCTH KPHTHYECKOrO MAarHMTHOTO MOJA ~10° 5.

3akJoueHue

B pesyJabrate NocJe0BaTeNbHOT0 KBaHTOBOMEXaHHYECKOTO pelieHus 3a-
ayyl BLISICHUJIOCH, UTO B OKPECTHOCTH KPHUTHYECKOTO MarHuTHOTO noJsd npouc-
XOJIUT JOCTAaTOYHO IJIaBHCE «K0J1eHO0Opa3Hoe» H3MEHEHHE qamamn‘iﬁﬂHOC’rPl
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JUTSi OCHOBHOTO COCTOSIHM Sl TIPH BCEX 3HAUEHHsX cnuHa, Kpome S = Y/, u S = 1
(cM. puc. 1, Ha KOTOPOM IUTPHXOBAsi JIHHHS OTBEYAET KJIAaCCHYECKOMY H3JIOM-
Homy xony). Okasajoch TaKxke, 4TO CTyINEeHYaThli XapakKTep KJacCHYeCKOH
KapTHHBL /Il BOCIIPHHMUHBOCTH SaMEHsIETCsl CI/IaKeHHBIM X0JIOM, OJIHAKO Cria-
JKUBAHHE CONMPOBOXK/JAeTCs NosiBleHneM Makcumyma (puc. 2). Ilpu sTom makcu-
MyM COXpaHsieTcsi B Npejiesie CKOJb yTofiHo GOJIbIIMX SHAaueHH# CIHHA (PHC. 4)
U TIOSIBJISIETCS] M3-3a MEePEeCTPOHKH SHEPIeTHUeCKOro CIeKTpa, KoTopasi B ciydae
S > 1 NpoMCXOAMT B OKOJIOKPHTHUECKOH O0/aCTH MarHHTHBIX NOJIeH C OTHOCH-
TeNAbHBIMH pasmepamu |h— ho|/hy ~ S722.

UccienoBanue BceX 3THX TOHKHX 3((heKToB HOTPeGOBAaNO Pa3BUTHUSA CIie-
LHAJbHBIX MeTos0B. Hanbosiee HArIsHBIM H JeACTBEHHBIM, C HaIllEH TOYKH 3pe-
pus, SBUJICA nepexol K 5QdeKTHBHOMY KOODAMHATHOMY ONHCAHHIO C TOMOLIbIO
HEKOTOPOTO KJacca MoJiell, NOCTPOEHHBIX W3 THNEPOONHUECKHX QYHKIMI. ITOT
pe3yJIbTaT MOXKeT MPEeJCTaBJATh CAMOCTOSITENbHBIH HHTEPEC.

Jnst Goabmux 3Havenuit cruHa (S > 1) B ykasanHOH HauboJ/iee BaxkHOM
OKOJIOKPHTHUECKOH 06/1aCTH MarHHTHBIX NOJIEH 3(peKTHBHBIA MOTEHIHA] aMIpo-
KCHMHpYeTCs CTeNeHHOH GyHKuue# koopaunar. 3ajaya CBOAMTCS K HCC/eNoBa-
HHIO CYIIECTBEHHO aHTapMOHHYECKOTO OCHHMJISATOPA, B KOTOPOM IJIaBHYIO POJib
UrpaeT useH 4eTBEPTOro Mopsajika Mo koopAuHaram. Eine pas noauepkueMm, uto
NpH KPUTHUECKOM 3HAUCHHM MATHHTHOIO 1OJIsl /1o HMEEM YHCTO 4eTBEePHOH OCIH JI-
astop. Jaa nonelt |h— hy| & hoS™/® KBaipaTHUHBIA UIEH CIYKHT MOMNpa-
BOUHBIM, H IPHMEHHMA TeOPU S BO3MYLIeHH T, B o6nacth xe noneft ho—h<ChoS 22
JIBHKEHHEe HOCHT XapakTep JOKAaJbHbIX KOJeOaHHH B  OTHEJbHOH siMe
(puc. 3, a), BO3MyLIaeMbIX TYHHEJIHPOBaHHEM. 3/1€Ch BeCbMa BBHICOKYIO TOYHOCTD
obecreunBaeT KBa3uK/1accHueckoe MpuO/IHKEeHHe C YyYeToM OCOOEHHOCTH TOTeH-
nMana B Buje 6aphbepa, pasjiesiiollero MBI, YTo elle Pas NOATBEpPKAAeT (pdek-
THBHOCTb KBA3HWKJIACCHUECKHX METOJIOB Jaxe B C/ydae OCHOBHOTO COCTOSIHH S
¥ IOTeHIMana ¢ 0cobeHHocTsMI. Ofe anmpoOKCHMAiiH A0CTaTOYHO XOPOIIO CIIH-
BAIOTCS1 U TIepeNaloT BCE TOHKOCTH IOBEJIeHHsI HAMAarHHYEHHOCTH M BOCIPHHM-
YHBOCTH.

Tlisi Goslee JAETAJBHOTO HCC/ENOBAHHS OKPECTHOCTH MAKCHMYyMa BOCHDHHM-
YHBOCTH U KOHTDOJISi. TOUHOCTH NPHMEHseMbIX aHAJTHTHYECKHX METOJOB NpOBe-
JeHO uHCJeHHOe pemenue s(bdexTuBHOro cranmonapHoro ypasuenusi Illpe-
JIMHrepa. :

Tlo/siyuennsie B paGoTe Pe3yJbTaThl ONHCHIBAIOT TOBEJEHHE PACCMOTPEHHOM
CIMHOBOH CHCTEMBI B 06J1aCTH JIOCTATOYHO HU3KHX TeMIepaTyp NpaKTHYECKH A/
BceX 3HAUYEHHMH MATHHUTHOTO IIOJISI H CIHHA.

0. B. ZASLAVSKII, V. V. UL’YANOV, and V. M. TSUKERNIK

ON THE THEORY OF LOW TEMPERATURE SUSCEPTIBILITY OF
SPIN SYSTEMS WITH MAGNETIC ANISOTROPY

¥ This is an investigation of the energy spectrum, magnetization and susceptibility
of the ground state of a spin system describing the paramagnetic ion implanted in a non-
magnetic crystal with the «easy axis» anisotropy for the case of the magnetic field per-
pendicular to the axis. For some of the spin values S ~ 1 the calculations were carried
out precisely. It is shown that for any S, the spin system Hamiltonian eigenvalues coin-
cide with the first 28 -~ 1 energy levels a certain effective one-dimensional Schrédinger
equation whose potential is consiructed from hyperbolic functions. For S > 1 the effec-
tive potential corresponds to an essentially anharmonic oscillator which converts at a cer-
tain magnetic field into quartic oscillator. By using various variants of the pertur-
bation theory, quasi-classical and numerical methods, results were obtained for all
magnetic field and spin velues. For S > 3/, the ground state susceptibility as a func-
tion of the field was found to have a maximum which is a purely quantum effect due to
rearrangement of the energy srectrum.

LIST OF SYMBOLS

&, Hamiltonian; S, spin; &, magnetic anisotropy constant; &, quantity proportional
to the magnetic field; E, energy level; x, susceptibility.
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HOBBIE KJIACCHI TOUHBIX PEIIEHUN YPABHEHUA IMPENUHI'EPA
1 OIINCAHME CIINTHOBBLIX CHCTEM
C IIOMOIIHIO MOTEHIIMAJBHBIX MOJEN

0. B. Bacaasckuii, B. B. Y a1vano6

OGHApy/KeHB HOBble KIACCHI TOYHBIX PEIIEHUI CTAIMOHAPHOTO OIIOMEPHOro ypaB-
menus Illpegumarepa [uiA mojefl THTA TOTEHNHANBHON AMBI U TEPHOJUICCKUX IOTEIL-
1UaI0B. DT pelTenus OTHOCATCA K 2S+1 HHSIIMM dHEPreTHYCCKHM YDOBHAM (S — meaoe
WM TOJNYLeI0e UHCH0, BXOfAImee B TOTEHIUANBI), KOTOPHIE OTBEYAIOT CcOOCTBEHHBIM
JHAYCHUSM CIITHOBOTO TaMIIBTOHMAHA, ONUCHIBAIONIEr0 AaHM30TPOIHBIA NapaMarseTHK
co cnmHOM S BO BHeIMHeM MarmuTHOM mnoje. Haliemmeie IOTEHIMANBI ABIAIOTCA OLHO-
W jBynapaMeTpuaecKuME (His (QUECHpoBaHHOIO S), a UX dopma m CTPYKTypa JHepre-
THYECKOr0 CIEKTPA CYNIECTBEHHO HBMEHAIOTCS B 3aBHCUMOCTH OT 3HAYEHU MapamMeTpos.
B wacTHOCTH, IOIy9YaloTCA CUMMETPHIHAA W HECHMMETPHYHAS AMBI C JBYMA MHHHMY-
MAMZ W SMa C YeTBEeDHHIM MUHUMYMOM. IIpocThie TOYHbIE aHANUTHICCKAE BBIPAFREHUS
Ui BOMHOBHIX (DYHKIWii M SHAUEHM{ OHeprud, HaAmpUMep, B OJHONApaMETPAIECKOM
caydae, umeiorcs mpu S=0, /5, 1, 3/5, 2. CooTBETCTBHE MEKLY KOOPAMHATHOW ¥ CITHHO-
BOII CHCTEMAaMy CBS3aHO C TEM, 9TO KOOD[MHATHBI IaMIUIbTOHHAH MOKET OBITH Mpef-
cTaBjieH B BAJe KOMOMHANWE JWHEHHBIX Au(@epeHnuaibHbX OHepaTopoB, YHIOBIETBO-
PAOMIAX COOTHONIEHWAM KOMMYTAIUU MV KOMIOHEHT CIIWHA.

B Teopmm MarHeTm3Ma IIHPOKO HMCIOJB3YeTCs ONHMCAHHE NNHAMHEIECKOTO
BBAMMOJIEliCTBIA, 3aTPArMBAIOINEr0 TOIBKO KOOPAUHATHEIE CTeleHd CBOGOMHL,
Ha A3BIKe CIIMHOBBIX MEPEMEHHBIX, UTO SIBJIAETCH, KAK IPABUIO, TPUOIUIKEH-
HBIM ¢ CBA3AHO C TeMW HNIW HHBEIME (DE3WIECKEME [OLYINCHUAMM: BO3MOK-
HOCTBI0 YCPefHEeHus 10 OPOUTAIBHEIM TMEePeMEHHBIM, IPHMEHIMOCTHI0 Teopnu
posMmymienmii u T. A. (xapakrtepubli mnpmmep — rammibronman [I'eitsenGepra
[1—3]). OxaswiBaercs, OAHNAKO, 9TO €CTh CJydYal CIMH-KOOPAMHATHOLO COOT-
BETCTBUSA, MMEIOIIET0 CTPOTUH CMBICT, KOT/Ia KOOP/MHATHBIA TaMIIbTOHHAH
MOJKHO HEIOCPeJCTBeHHO BHIPAsUTh depe3 Au@epeHNUATbHBIE OIEPATOPHI,
arTHYecKn Hrpaioijme Pojib OTepPaTopos 3(hPeKTHBHOrO CIHHA (mompoGmee
cM. § 4).

B paGore [4] moxasamo, 9T0 SHEPTeTHYECKU CIEKTD CIXHOBOTO TaMHUJILTO-
HEAHA, OIMCHIBAIONIEro NapaMarHeTHK ¢ aHW30TPONMEN THUIA «IerKas 0Ch» BO
BHeIIHEeM MATHUTHOM I0oJe, MePIeHIunKYIAPHOM 3TOM 0CH, COBIANaeT ¢ MePBHI-
Mu 2S+1 ypoBHAME DHEPTUH FACTHII, ABIRYIIEUCH B HMOTeHIUAILHOM IIOJe
onpenenentoro Buga (S — senmumua crmma). B arom caydae MEl mMeeM /o
¢ 06paTHBIM TIePeXOf[OM — OT CIMHOBOTO, JMCKPETHOTO MPOCTPAHCTBA K KOOP-
JAUHATHOMY, UTO TpeficTaBisger co0oil BechbMa HeOOBIYHBI HpHMEP MeTona
sppextuproro moss [5] (okasasuierocst 3mech IIOJNE3HBIM HPH H3yTeHUN
HU3KOTEMIEePATyPHBIX CBOWCTB IIapaMarHeTHKa IpH S >1). [ng xoopauHATHOR
CHCTEMEI HTO 03HAYAET HAXOK[eHHMe HOBOTO KIacCa TOYHBIX pelleHmi ypas-
nenns [peguurepa. Ilpm sToM 0coGBlil mHTEPEC MPEICTABIAIOT COOON CIyIam,
KOIJIa CIUH He 04YeHb BEJHK, TaK YTO XapaKTepHCTHYeCKHe YPABHEHUA B CIH-
HOBOM IIPOCTPAmCTBe JI0ITycKalT mpocTeie ABHEe permenns. [lomo6moe crumu-
KOODAMHATHOE COOTBETCTBHE CYIIECTBYeT TaKike ¥ JUIs aHHB0TPOMHOr0 mapa-
. MarTHeTWKA B IPOU3BOJHHO HAIPABIEHHOM MArHUTHOM IIOJE.

IlepeiijeM K KOHKDETHOMY pacCMOTPEHHIO TOYHBIX peIleHUH, KOTOpEIe,
KaK MBI YBH[IUM, €CTECTBEHHO IPyIIUPYIOTCA B TPH Kiacca.

§ 1. Kaacc TouHBIX pemieHuii A cHMMETPHYHBIX MOTEHIINAIOB

Paccmorpum crammonapuoe ypasumenme lllpenmmrepa juis d4acTHinst, [BHU-
JKyIIeHca B OJ{HOMEPHOM IIOTeHIHAIBLHOM MOJIe,

¥+ [e-U(E) 1¥=0 (1)
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(asA IpOCTOTH HepreTHYeCKHe BeJIMYMHBI M KoopAmHaTa £ BHIOpaHEI Gespaz-
MepHBIMI), Ifi¢ IOTeHIHAJ IOCTPOeH U3 TUIMEePOOINIecKIX (PYHKIUA U Cofep-
sxuT fBa mapamerpa (B m S):

Ue)= %shz t_B (S 4 %) hE 2)

B o0meM cayvae HaxojKeHHe TOUYHBIX PeIleHUil TAaKOr0 ypaBHEHHA HEBO3-
Mo:xno. Ilyers, oxmaro, S=0 — memoe man moxyueroe, a B>0. Torma memo-
CPeJCTBEHHON TIPOBEPKOIl MORHO YOeAUTHCA, UTO CYI[eCTBYIOT PerleHus ypas-
menusa (1) suma

4

B C 5
W (E)=exp (—2—011 E) G;S((S_G)!(SJFG) E exp (%), (3)

Te Kod(PUIUEHTHI ¢; YIOBIETBOPAIOT CHCTeMe JMHEHHBIX yPaBHEHWN KOHEd-
HOTO TIOPAIKA

(e+0?) s+ _]; [ ((S—0) (S+0+1)) "copst ((S+0) (S—0+1) ) "co-1]1=0,

Cop—Cosn=0; - 0==8, =S 1.0 .8, )
A 3HAUEHUSA YPOBHEH DHEPIHH HAXOMATCA U3 COOTBETCTBYIONETo XapaKTepu-
CTHIECKOTO ypaBHeHnms. Ia ocHOBAHEN OCHMIIANUOHHON TEOPEMBI MOKHO 3a-
KIIOYATH, 9T0 TAKUe PelIeHHs O0TBEYAl0T TOJIBKO mepBeIM 2S—+1 ypoBHAM dHEp-
run s ypasuenus Illpeguarepa (1).

MosKkHO BHIETh, 4TO penienue cucTeMbl (4) DKBHBATEHTHO HAXOKTEHHIO
cOGCTBEHHBIX 3HAYCHHI Ge3pasMepHOTO CIIMHOBOTO TaMHIbTOHHaHa H=
—=—8,2—BS., e S., S, — omepatopsl COOTBETCTBYIINX HPOEKNWii crmHa S;
¢, TpejcTaBiIsgeT co0oii BOMAHOBYI0 QYHRIUIO B S.-TmpejcTasienum, B mpomop-
NUOHAIBHO MATHETHOMY Tomio ». (BosHukaiolmume Ipy 5TOM BOIIPOCH aiarebpan-
geCKOTO XapakTepa obeysgaorcsa B § 4.)

Jlast KayKIoro (PMKCHPOBAHIOTO IJIOT0 MK IOMyIHesoro S Beipaskenne (2)
ompefie/ifieT CeMENCTBO IHOTEHI[MANBHEIX MOJeil, 3aBUCAIIAX OT OJHOTO Hapa-
MeTpa B, m3MeHeHHWe KOTOPOTO HPUBOJAMT K BechMa CyIlecTBeHHOW medopma-
mun mpoduna mortenmmana. Ecanm B>B,=2S5+1, motennman mmeer BHJ OJH-
HAPHOH AMBI C MPOCTHIM MUHHMYMOM, npum B<B, oH cTaHOBHUTCS AMOil € JBY-
MA MEHEMyMamu, a npu B=DB, Bo3HHKaeT fMa ¢ MUHMMYMOM YeTBEPTOTO
TMopAIKA.

B paccmarpuBaeMoM Kiacce 3aJad TOYHBEIE PEINeHHA, KAK OTMEYEHO BEHINIE,
HAXOIATCH A OTPAHMYEHHOTO UHMCJIA HU3KOBO3OYKIeHHBIX YPOBHEN JHEPIHH.
Ecau S me cINOIKOM BeIWKO, BOJIHOBbE (DYHKIUE W 3HAYEHUA DHEPTUH HMEIOT
HpOCTHIe SBHBIE BEIPAYKEHUs, YTO IIPEJCTABIACT 0COOBI WMHTEPEC, MOCKOIBKY
0GBI9HO WMEHHO HUBKOBO30OYIeHHBIE COCTOSHES SBIAIOTCA 00HEKTOM YHCTO
KBAaHTOBOTO McCienoBanuA (B TO BpeMs Kak IS BBICOKOBO3OYEIEHHBIX CO-
CTOSIHEIT XOpOIIZe Pe3yIbTaTH JlaeT KBA3HKIACCHIECCKUIl IOJXON).

Cucrema nTEHeiHBIX ypaBHenmii (4) pacmagaercss Ha JBe 06ojiee MPOCTHIE:
qeTHBIe 110 G COCTOSHUA OTHEISIOTCS OT HEYeTHBIX, UYTO 3HAYMTENBHO YIIPO-
maer seramciennsd. Hampumep, Ui Ieloro CIEHA W YeTHHIX COCTOAHUI UMe-
em S+1 ypasmemme Bmecto 2S+1. Paccmorpmm mpmMepsl MOXyYAIOUUXCH
TPOCTHIX ABHBIX AHANUTHYECKUX BBHIPAKeHHUA i YPOBHEH DHEPIHH W BOJHO-
BHIX (DyHKIMIA CTAMTOHAPHBIX COCTOSHUMA.

Eciz S=0 (s cumHOBOM CHCTeMbBI JAHHBINA CAydYall ABIAETCA TPUBUAIB-
HBIM, OJJHAKO B KOOD/MHATHOI KapTHHe IOTEHINAJ IpeTepueBaeT H3MeHEeHH
OpMBI, THIMYHBE U JJIA APYTHX S), TO DHEPrUs OCHOBHOTO COCTOAHUA £,=0

1) YraskeM, 94TO IIpH TIepexofi¢ OT CIMHOBON CHCTeMBI K KOODAWHATHON IpHEM BBe-
JieHHs mpomsBofAmeii ¢ymknmu BEAa (3) aHaIOTWYeH, HaUpuMep, mpeobpasosaHmio [6],
TPEMEHABIIEMYCS IPH UCCIe0BaHNE Mojenn [TuKKe.
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He 3aBucHur or B, a
B
IP.O (g) =A0 eXp( o= —2—Ch g) .

B cayuae S='/, coorBeTCTBYI0IME BEIUYNHEI PABHEL

—_-—i——' — — — i’ 11
€0 7 o W, (5)=A4, exp( 5 ch?;)ch 5 By
— 1 A : —_ —— E
e o = 5 Ti(g)—Aiexp( = ch§)sh—2 :

IIpu S=1, 00begUHEAA COCTOAHUA ¢ OJUHAKOBOI YETHOCTHIO, MMEEM

B ;
80;2=_1/2¢ (BZ__*_i/A) llz; 11“‘0;2 (E)=Ao’2 eXp (-‘ "‘2—ch g) ( 1 i 8;2 ch E\ )

()
ei=—1; W,(§)=4, exp(——f—ch&) shg

(smecs u B fanpHelleM BePXHUIT 3HAK OTHOCHTCH K JEBOMY HHIEKCY).
Cayuqait S=°/, mpegcrasiser oco0blii mHTepec, MOCKOIBKY €My OTBEIAET
MaKCHMAJIbHOE YMCIO TOYHBIX DEIIeHWH AJA DHEPIHH, MMEIOIUX IIPOCTOH SB—

HBI BUJ| U IepeflaloluX JOCTATOTHO IOJHO XapaKTepHBIE 0COOEHHOCTH dHep-
rermieckoro cuekrpa. Ilpu sTom

b} B s B
€02 = —Z—7¢(BZ_B+1) ke W, (E)=Aesexp (——Z—Ch g) -
%2 9\  ET.
-[(‘, ? ?(So;z_i' 4)ch 2], (7\
— 2 BBy w.@)=a i) )
813 = 4 9 ’ 1;8 e i;SeXp( 9 Y )
38 2 By - f
'[Sh?'—?(ei;a‘l"z) Sh'?] %

Ecam S=2, mpoctbie pesyiabTATH yHaeTcsA IOIYYNTH AJA HEUETHBIX CTAI[I0-
HAapPHBIX COCTOAHHHN, TaK KaK XapaKTEePHCTHYECKOe YPaBHEHHe B DTOM CiIydae:
AIBIAETCSA KBAJPATHBIM (@ [JIA YeTHRIX — KyOMIeCKHM) :

£15 = —%¢(BZ+—2)%; W, (8) =
=A,;exp (—— g— chE ) [sh 28 — %(81;3+4) sh g] ; (8)

OTrMerEM HeKOTOpHIe OOILEe CBOMCTBA SHEPreTHIECKOTO CHEKTPa, XapaKTep-
HEIe HE TOJNBKO JJI MeJbIX WIH HONYHeNbIx S. Ymomsamyras Bbime Hedopma-
nuad nOpodHUiIs IOTEHOWAJZA COIPOBOJKIAETCHA . CYINeCTBeHHBIM HM3MEHEHIIEM:
cTpyKTyphl cekrpa. Tak, mpu B=B, coextp mpemcrasiser co0oil Beep ypoB-
Hell, B IePBOM IPHOIMIKeHNY JUHEHHO 3aBucAIuX oT B, a nna B=DB, coorBer-
CTBYeT OCHUIATOPY € CHIbHON HeJwHeAHOCTHIO (derBepHOro Tmma). Jl6o--
TBITHO, 970, XOTA MiA morennuana suma U (L) =PE* Tounble pemmenmsA, Kax u3--
BECTHO, OTCYTCTBYIOT, IX yJAl0Ch HAWTH B ciIydae 00jlee CIOMKHON (yHKIWH
By?sh* (8/2) (mns musKoIe;KAIIAX COCTOSHMIL).

IIpm Maxsix B cOEKTP COCTONT W3 COBOKYITHOCTH MOMAPHO COMMAKATOIMIUXCA
YpOBHe# cHmHOBOTO (s S IEJBIX WIH IOXYHEeNbIX) HIPOMCXOMKICHHES, OTBE--
YalIuX JByM CHMMETDHYHO DPACIOJIOKEHHBIM yenmuenHusiM (B mpepmene B=0)
moreHnuaNbHEIM AMaM Mopca, a TaxiKe <«HAICHWHOBBIX» YPOBHEH, KOTOPHIE:

06pa3y10T KBa3MHENPEPBIBHYIO YaCTh CIEKTPA M CIyIailoTCA K HYyJIeBOMY 3Ha-—
YeHHI0.
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YrazaHnHble n3MeHeHUA (POPMELI MOTEHIMAA W XapaKTepa SHEPTeTHIeCKOro
«CIIEKTPA IPHWBOAAT IS COOTBETCTBYIOINEil CIUHOBOM CHCTEMBI K TAaKOMY (Pu-
BHYECKOMY CIEeJCTBHIO, KaK, HaNpWMep, CYIIeCTBOBAHWE MAaKCEMyMa HHU3KO-
“TeMHe[pZirypHoﬁ MAarHUTHOM BOCHPHMMYWBOCTA KAaK (YHRIUE MarHATHOTO
B 1ol 4 .

§ 2. Riace HecuMMeTPHYHBIX IOTEHIHAIOB

Pesynprarsr, momyuennbie B § 1, 0000manTes Ha CIydYail MOTeHIUAIBHBIX
doJiel BUIA

U(g)_=§ (sh £ —%)Z—B( S+ ;_) he 9)

®OTOpEIE, B oTam4ue oT (2), ABIAITCA HECHMMETPUYHBIME ¥ COMEPIKAT IIpU
sprKcupoBanHoM S aBa ma3MeHsomuxca mapamerpa: B=>0 u C>0. Ilpu srom
BonHOBEIE yHEmum mepBeix 2S+1 ypoBHeil EMEIOT BHJ, OTINIAIOIMHAHACA OT
(3) mmosxmrenmem exp (CE/2), a BeaWYHHBI C, YAOBIETBOPAIT YDPaBHEHHUIO,
amamormanoMy (4), ¢ TOH JMIIL pasHuUileil, 970 Ko3(QPUIUEHT OPH C; COTep-
SKUT JTOUOJHATENLHoe ciaaraemoe oC.

B mammoM ciaydae mpoumib IOTeHIMANA CYIIECTBEHHO PA3JIMIEH B 3aBH-
CHEMOCTH OT TOTO, JIGKUT JIK COOTBETCTBYIOI[Aas CHCTEME TOIKA HA IIOCKOCTH
napameTpoB B, C BHYTpH, cHapysu man Ha actpomue B*+C"=B,*. B mepsom
caydae TMOTEHIHAN IIPeACTaBiAeT COOOHM AMY C IBYMA MUHUMYMAaM#d, BO BTO-
POM — ¢ OlHUM, B TPeTheM CIydYae MAaKCHMYyM ¥ ONIRAUINNE MUTHAMYM CIIH-
BaioTcA, o0pasyda TouKy mepermba ¢ TOPW3OHTAJAbHOX KacarenbHoil. Touka
C=0, B=B, Ha acTpomjic COOTBETCTBYeT KPUTHIECKOMY IIOJI0 I CHMMeET-
PUIHOTO CIIy9as.

Murepecuo, uro oTMevYeHHAA BhIIe AepopMamua OpoQUIA IIOTeHIHAIA
ABJAETCA ONHUM W3 XAPaKTePHBIX HPUMEPOB IPeo0pa3oBaHUil, M3ydaeMbIX
Teopumell KaTacTpod, a MMEHHO — KaTacTpodoil THOA COOPKM, IpoCcTeHdmas
peasmsarma KOTOPOil BCTpedaercs B TAK HaspBaeMoil Mmammee 3mmana [7].

Ilorenmmary (9) orBedaer GespasMepHBIN CIMHOBBIA raMumiIbTOHHAH H=
=—8,2—BS,—CS,, ouMCHBAIONUI AaHU30TPOIHBIN JErKOOCHBIH IIapaMarHe-
“THK, rfge B m C Ipomopuuonaibusl COOTBETCTBEHHO IOMEePeYHON M IPOXOIbHON
KOMIOHEHTAM MATCHHTHOIO IOJSA. YKa3aHHOe ypaBHEHWe ACTPOHAHI ABIAETCA
KBAHTOBEIM 0000lI[eHMeM YpPaBHEHHA, BBIIEIAIONEr0 001acTh MeTacTabmiIb-
HBIX COCTOSHWE IS TaKOT0 HapaMarHeTHKA B KIACCHIeCKOM ciydae [8].

B oramume ot (4), Temeps B XapaKTePUCTHISCKOM YPABHEHUN UeTHEIE CO-
.CTOSHAA He OTHEIHITCS OT HeYeTHBIX, TAK YTO MOPAMOK YPABHEHHs pPaBeH
2S+1. IlpuBegem mpocThie Toumble pemenus ausa S=0 (mpm sToM moTEHIHA-
Jer (6) m (2) mMeoT BUM, CBSA3aHHBIN C CyHepCHMMETDHYHON KBAHTOBOM Me-
xagmKoi — cm. [9]) m S=/,.

B nepBom cayuae

: B C
8=0; Wo(t)=Aoexp(—S-chE+=-t),

2 BO BTOPOM e
\ 1 1,
s L

: 4 2
B Cc CF (B*+C?) "
=A,, exp (— Ech E +?§) ( e¥? —.—(B_)-e—a/z) :

3ameTnM, 9To K paccmarpmBaeMbim permeHmaM npun C=0 m3 coenmmaib-
apx pynrnmit Hanbomee Gimaku KyinoHoBckme cdepompansusie [10]. Crywaii
sie C==0 maer ogHO W3 0600IMEHNH HTOTO KiIacca crendyHRIHA.

DHepreTMUeCKUil CIEKTP 00IajaeT pAJOM BeChMa WHTEPECHBIX CBOWUCTB,
OTCYTCTBYIOINIIX Y CHMMeTpPHYHOTo moreHnmana (2), KoTopsle Hambosiee SPKO
mpoasasiotea B mpepene B=0. O6parum, mampumep, BHEMaHme Ha CBOE0O-
PasHBI xapakTep MOBeleHHsA ypoBHeil &€,(C) B sasmcmmoctm or C. B obuma-
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crn C<2S, Korja TOTeHNIHAT WMeEeT BUJ ABYX yeaumueHHbIx nM Mopca pas-
AWYHOI TIYOMHBI, NPH HEKOTOPHIX LeJdBIX 3HadeHuAX C yPOBHU JHEPIWH OKa-
3BIBAIOTCS ABYKPATHO BHIPOKIEHHBIMI. JTO IIPUBOJUT K H3JTOMHOMY IIOBee-
HUI0 BCeX ypoBHe#r &,(C), 3a HCKIOYEHHEM OCHOBHOTO, YHEPIHs KOTOPOIO
MOHOTOHHO yOBIBaer ¢ poctom C: €,=—8*—CS. IlockombKy H3ITOMBI e, (C)
OTHOCATCA K BO30YIKIeHHBIM COCTOSHHAM, CKAYKOB HAMATHAYEHHOCTH P
HESKAX TeMIIepaTypax He MPOUCXofuT (B TO BpeMsa Kak B CIyYae CIHHOBOTO
raMEUIBTOHMAHA THIA JErKas IUIOCKOCThY CcKadkm cymecrtsyior [11], rar
KaK M3JOMHBIM OKA3bIBAETCH TIOBeJeHe 0CHOBHOTO YPOBHA) .

IIpz B+0 BHIpOJK[eHNE CHEMAETCH, W COOTBETCTBYION[ME YDOBHE «OTTAN-
KHABAIOTCA» IPYT OT ApyTa.

Jlis moBefleHUs CIIEKTPA B CHJILHBIX (IIOJAX» XaPaKTePHOH ABIACTCHA JIH-
HefiHAs 3aBUCHMOCThL YPOBHEl DHEPIHH OT (HAMPAKEHHOCTHY (B*+C?)"™.

IMofuepkueM Temephb CIHEAYIONMTe PA3IUYAA MEMKIY PACCMOTPEHMHBIMI
BEIIIIe KJIACCAMHI TOTeHOHANBHBIX II0Je M CTAHAAPTHBIMA KBAHTOBOMEXAHUTe-
cKuME TOUHO permmaembiMm Mojpensmu [12, 13]. Bo-mepsrix, mocnepHne ABJA-
joTcsa (akTHUecKHm ofHomapamerpmieckumu. VX MoKHO 3ammcath B BHJE
U(z)=U,f(z/a). lpu msmenenun napamerpa U, MeHAETCA (MHTEHCHBHOCTEY,
HO He (opma ToTeHmmaza. K dmCIy TaRMX MOJeseil OTHOCATCA, HAIpumep,
morennuaasl JOxkapra u Mopca

—U,/ch? zla, Us[exp (—2x/a)—2 exp (—z/a)].

CremenHbIe sKe MOMean (TapMOHMYECKUI OCHHIIATOP, YeTBEPHOM OCHUILIATOD,
JITHeHHBIN MOTEHINAN) II0 CyIIecTBy BoOOIIe He COfep:KkaT IapaMerpa, Tar
Kak B OespasMepHbix mepeMenHbix ypasmenwe lllpemmnrepa wumeer BHT
Y+ (e—g™) W =0.

B To ke BpeMs MOJeiHm CIMHOBOTO IPOHUCXOAIEHUs, pPacCMAaTPHBaeMBbIe
B mamHoil paGorte, Topasfgo Gorade BosMozkHOcTAMHA. Tak, gopma moreHnmana
MOJKeT CyI[eCTBEHHO W3MEHATHCA [aske B OJHOTIAPAMEeTPUIECKOM clydae,
1. e. xorna C=0. Momenn sxe ¢ C+#0, mpmBopAIEe K [ByIapaMeTPEIECKOMY
(upz sagmamHOM S) NOTEHNHALY, IO-BHNMMOMY, B0oOOIle He MMEIOT aHAJIOTOB
cpef; HpOCTHIX Mojiefiefi TOTEHIMANLHBIX MHOmel. 3aMerHM, dro B paGore
[14] maiifeHs! TOYHble pEINEHWs [IA HECHMMETDPUYHBIX NBOWHBIX AM, OJlHAKO
MOTeHIIAT TP HTOM BHIPAFKAETCSA CHOKHBIM 00paszoM depes BHIPOJICHHYIO
rUIepreoMeTpUIecKy (QYHKIUIO, XOTA CINEKTp IPU 3TOM AHATOTHYIEH YPOB-
HAM HHEPIHH FapMOHIIECKOTO OCUMILIATOPA.

Bo-BTOPHIX, B paccMaTpuBaeMoM HAMH Clyvae CIEKTD IeJTHKOM ABJIAETCA
[UCKPETHBIM, a TIOTeHIHABl HEe HMEIOT CHHETyiaspHocTeil. B sToM orHOmIeHuHn
o6Hapy/ReHHEe CHMMeTPHYHbIe TOTEHINATE MOMKHO OBLIO OBl COMOCTABUTEL U3
CTAHJAPTHEIX TOYHO PEIIaeMBIX Mojeleil 0Td4acTd TONBKO ¢ OJHOH — rapMOmHM-
gecknM ocmmuaTopoM. OfHAKO, KAk yike MOAYEPKABANOCH, TPOPUIL HOCIEN-
Hero (JUKCHPOBAH, CTPYKTYPa SHEPreTHUeCcKOTO CIEKTPa OfHO0Gpasma.

§ 3. llepmonmueckne MOTEHIMAINBI ¢ TOYHBIMH PeIIeHIAMMI

Tlo cux mop MbI pacemarpumsain ypasHerme IlIpenmnrepa mms morTenmma-
JIOB THOA SIMBI, NHCKPeTHBI CIEKTD IIPH BTOM IONYYayCs KaK CJIelCTBUE
yGeIBaHms BOMTHOBOH QyHENUE Ha OGecKomedmocTH. OKasbIBAaeTCA, 9TO CYTIECT-
ByeT Tak/Ke KIAcC MEPUHOANYECKHX MOTEHNHUAJOB, JOIMYCKAIOMMUX TOYHBIE pe-
HIeHHA ¥ WMEIOIMH HEeIOCPeJCTBeHHY0 CBA8L €O CIHMHOBOM cmcTemoil. Coot-
BercTBYyIoIIee ypasuenne llIpenuarepa numeer Bum

a B? 1
———II—I+ [u————sin(p—B(S-i-——-)coqu] ¥=0. (10)
do® 4 2

Ono Mosker ObiTh moiydeno m3 (1), (2) dopmambroit samenoir E—-i¢p. Bomuo-
Bble (DYHKIUN JJIA 3HAYCHNI DHEPIWW, MPUHAJJIEKAINAX CIEKTPY COOTBETCT-
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pylomeii CIHHOBOW CHCTeMBI, IMEIOT BHJ,

Co

B c _
¥ () =exp»(——2—coscp)6;5 ((5—o) 1 STo))" exp(iop)

(cm. § 1), rhe ¢, yAoBIeTBOPAIOT cooTHOMEHUAM (4). ITH peIeHHs MoIu-
HAIOTCS TePUOIHYeCKIM AN aHTHIIePHOAMIECKNM YCIOBHAM *) B 3aBHCHMOCTH

0T BeJIUYUHEL S:
¥ (¢+2n) =(—1)*¥ (¢). (11)

SHaueHns DHEPIWH & CIMHOBOH CHCTeMBbI, paccMoTpeHHOH B § 2 (IeTkoocHO-
ro TlapaMarHeTHKA) OTINYAOTCH TOJIBKO 3HAKOM OT COOTBETCTBYMOIIMX
coGcrBennblx sHauenmii ypasmenma (10): e=—x. T. e. mopagxum ux ciemo-
BaHOA B CIeKTpax B3ammuo obpartusl. [lua S=0, /s, 1, °/, n 2 saBHEBIE BRIpaKe-
HES IS COOCTBeHHBIX 3HAUeHHH % m BoiHOBEIX Qymknmi ¥ (¢) mogobmsr
npuBefeHHbIM B § 1 ¢ M3MeHeHHEM HOMepA W 3HAKa dHePruM, a TaKiKe 3aMe-
HOit Tmmepbonmdecknx QyHROUNA ma Tpuronomerpmueckme. G apyroii cropo-
HBIL, 5TH COOCTBEHHBIE 3HAYEHHUSA COBIIAMAIOT KAK II0 BeIWYNHE, TaK K IO 3Ha-
Ky €O CHEKTPOM CIMHOBOTO TaMWJIbTOHHAHA TUIA <«JeTKasg INIOCKOCThy H=
=S.>—BS..

Buaromaps CBOficTBY CHMMeTPHH IOTeHOHama Moskmo mnepeittm or (11)
fojiee IPUBHIYHBIM TPAHHYHBIM yciouaM. Hampummep, B ciyYae HEYETHBIX
COCTOSHWIT W IeJOTO CIMHA IONy4aeM 3a1ady O [IBIKEHHN YaCTHOBL IIPH
0<¢<un B moTeHmmampHON AMe ¢ rpammumbiMu ycaosuamu W (0) =W (n)=0.
(ARamormuAy0 TPOIeAYPYy MOKHO HPOJeNaTh W B OCTAIBHBIX ciydasx.) Ta-
Kag mepeOpMyJMpOBKA TPAHHIHBIX YCIOBHI TOBBOISAET KIACCHPHUIUPOBATEH
YPOBHU DHEPTHU ¢ [HOMOILII0 OCHWIIANMOHHON TEOpeMbl, W3 KOTOPOil HA OC-
HOBAHIY BHUJA BOJHOBOH (YHKIHHE CiefyeT, 9TO CIMHOBOH CHCTeMe OTBEYaloT
mepsbie 2S+1 3mageHusa .

Ionydennble pemIeHUs [OMYCKAT TPOCTYI0 WHTEPIpeTAalni0 Ha A3BIKe
30HHOHl KapPTHHBI: OHE COOTBETCTBYIOT 3HAYCHUAM KBasmmMIiyisca k=0 B ciay-
gae mesoro cumHA W k=!/, B CciIy4ae MOJYIeNOro; B KapTHHe HIPHBEIEHHBIX
30H 3HAUEHWAM (DHEPIHH» OTBEUAIOT UepPeAyIOIm[mecs [HO M KPHIIA Pa3IHd-
meix 30H. llpm B=0 momyuaerca oObdHas 3amaga 0 CBOOOIHOM IJIOCKOM PO-
TaTope JUIA IeJoro S W poTaTope ¢ IPAHMYHBIMU YCJIOBHAMH AHTUHOEPHOAUY-
HOCTH JIIS TIOJYI[EI0TO.

Crmexrp ypasuenusi llpenunrepa (1) comep:EuT GeCKOHETHOE YMCIO YPOB-
Heli, mpuUeM JUIIHEE 110 OTHOMIEHWIO K COMHOBOW CHCTeMe 3HAYEHUS HHEPIUiL
€ pACIOJNOKeHBl BHIIe &€,s. Crextp ypasmenmsa (10) ¢ ykasanHbIME TpaHUY-
HBIME YCIOBHAMHE TaKke COJNEP/KHT OeCKOHEYHOe YHCIO0 YPOBHEHl JHEPIUi,
OIHAKO B CWJIy &=—% KX MOPANOK HHBEPTHPOBAH. SHAUEHNIO &, DHEPIHH OC-
HOBHOTO COCTOSHWS CIMHOBOH cmcTeMbl (MMeeTcsa B BUAY HapaMarHeTHK THILA
«JIeTKasi 0Cb») COOTBETCTBYET X5, A JIHWIMHUE 3HAUYCHNA DHEPIUM PACIOINOIKe-
HBI HmKe &, ComHOBO# cmeTeMe oTsedaior 2S+1 ypoBmeH, gBiAINEecd Ie-
pecedenuemM 000MX MHOFKECTB.

CoumnoBoii cucreme ¢ HakitommbiM moixem (C#0) orsedaer ypaBHeHHE
¢ ROMILIEKCHBIM IepPHOAYeCKAM IOTEeHIMAIOM, & yCIOBUe

Y (p+2n) =exp [i(C/2—8) 2]V ()

BBIIENSAET B 30HHOM PeIIeHWH BellecTBeHHbe 3HaUeHma smeprum. Ilpm S==0
u S='/, mosydaTca 0COGEHHO MPOCTHe TOYHBIE DEINeHHsA, aHAJIOTHIHBIE IPIT-
BeJleHHEIM B § 2.

2) B pambmeiimem g KpaTKOCTH OyZeM TOBOPUTH MPOCTO O MEPUOJUIECKOM IIOTEH-
Iuase, He YIOMEHAS KOHKPETHBIN BEJ TPAHNYHBIX YCHOBHH. 3aMETHM, 4TO IPH S=—1/2
ypasmenme (10) cBopuTes K ypasHenmio Matse.
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§ 4. AareGpanueckas CTPYKTypa paccMaTpHBaeMBIX
raMujIbTOHHAHOB

Tounrle pemenus ypasuenus Illpenmurepa mia moTeHENEAloB, PaccMaTpPn-
BaeMbIX B NaHHOH paboTe, 00OHADPYKEHBI HA OCHOBE COOTBETCTBHS MEKILY KO-
OPAMHATHOH W cOMHOBOII cmcreMamu. OHO HCIIOIB30BANOCH [0 CHX IOP JIWOIBL
B IUIaHe COOTHOIIEHHSA MeR[Ay CHEeKTPaMH; HePreTMYecKme yPOBHE CHHHOBOMN
CHCTeMHBl OKa3aJliCh BIOKEHHBIME B IIOJYOrDAHMYEHHOe MHOFKECTBO ypPOBHe
KoopmumHaTHO# cumcteMbl. llpemcraBisier mmTepec, omHAKO, BHIACHATEL Aaireo-
Pau9ecKH# CMBICJA YKA3aHHOTO COOTBETCTBUSA, CBA3BIBAIOIMET0 MEKLY CO0OIT
OPOCTPAHCTBA CYIECTBEHHO PA3IUIHON HPHEPOJEI, OHO U3 KOTOPHIX ABIAETCH
KOHEYHO-, a Apyroe OecKoHeYHOMepHHIM. Hak MEI ceiiuac yBHIUM, 3TO COOT-
BeTCTBHe CyIIeCTBYeT (Grarogaps ToMy, 9T0 KOOPAWHATHELA raMUILTOHAAH eCTh
KoMOmHanua auddepeEIEATLHEIX OIEPATOPOB, YHOBICTBOPAIINNX KOMMYTA-
OUOHHEIM COOTHOIIEHWAM JIIA KOMIIOHEHT CIMHA.

JleficTBUTEIPHO, KAK IIOKABBIBAET HEIOCPEJCTBEHHAS IIPOBEPKA, TaMUIb-
Tonmay ypasHenms lllpenumurepa ¢ morennmamzoMm (2) MoskeT GBITH IpefCTaB-
JIeH B BHJE

H——8.2—BS.,
e
i B d
8,=8,+i8,— (S ~=~sh g) =
e B s
S-=8.~i8,— (S +5sh§ )ette-t =
B d (12)
Fo o e + e
S 3 shg 7
mpmueM

[S., S.]1==%8., [S., §-1=28, u =S (S+1).

M=osrectBo yorBaomux Ha GeckoHeurnocTm PymEKmmit Buga (3) obpasyer moj-
IPOCTPAHCTBO, HHBAPHAHTHOE OTHOCHTENLHO HeiicTeua omeparopoB (12). Ama-
JOTMYHEIM 00pa3oM OOCTOMT [eN0 WM IPH HAIMYHAK «IIPOIOILHOrO moiasay CF0.

Omepatopnr (12), BHIIAAAMZEE HECKOJIBKO HEOOBIYHBIM 00pPa30M, MOTYT
ObITH TOJyYeHH (C TOYHOCTHIO [0 IPeo0pPa30BaHUA MOHOOWA) M3 BHIPAFKEHMST
IJIsi TeHePATOPOB CIMHOPHOTO NPEMICTABIeHUA rpynmbl Bpamenmi [15]

d d d
=287—2% — _=— S;=z2—-—8
S,=282—2 e S L zdz (13)

8amenoit z=exp E. Moskuo moxrasath, uro (opmyast (12), (13) orsewalor
TIPEeJICTABIEHAI0 COMHOBEIX KOTePEHTHBIX cocrosamii [16], mua xoroporo mpi-
MeHeHHe 5THX Nu(PPepeHnmATHHEIX OMEepPATOPOB B COOTBETCTBYIOIIEM CIHHO-
BOM IIOJIIPOCTPAHCTBE SKBUBAIEHTHO NEHCTBUI0 OGBIYHEIX KOHETHOMEDHBIX
COUHOBEIX Marpui, BommoBbie ke pyurumm (3) apuaaorcs (¢ TOYHOCTBIO [0
BECOBOTO MHOSKHTENA) COOCTBeHHEIME BCGKTODAME CIIHHOBOTO IaMIJIBTOHHANA
B IPeJCTaBJIeHAN CIIMHOBLIX KOTEPEHTHHIX COCTOSHMTIA.

Ecam B gopmynax (13) eribpars z=exp (i) (rme ¢ BemecTBenno), T. e.
MEHAKIIEMCSA BIOIL OKPY’KHOCTH eJHHUYHOTO pagmyca, TO IPHXOAAM K Ie-
puonmaeckmm morenmuamaM (10). Taxmm oOpasoM, W3 eAWHOX KapTHHE
¢ KOMILIEKCHBIM 7 W HOTeHOHAJNbHAA AMa, W NePHOAWYECKHil MOTeHmHmaj Io-
Ay4aroTCs KAK JBA PA3IUYHEIX, TONOJOTHYECKA HEHKBUBAJNEHTHHIX CJIydas.
HamoMuum, 4To miA Kak[ooro M3 HUX IPH COOTBETCTBYIONIMX TPAHHYHBIX yC-
JIOBUSX WMEETCH IMOJYOTPAHWIEHHOE MHOJKECTBO JUCKPETHHIX YPOBHel, Iepe-
CeueHMe KOTOPHIX [aeT DHEPreTHIeCKUH CIeKTP CIMHOBOW CHCTEMBI, OIUCHI-
BAOMIel JerKOOCHLIA apaMarHeTuK.

C anrebpamueckoit TOYKEM 3PEHHA CIy9ad, PACCMOTPEHHBIE B HAHHOK paGo-
Te, OTIMIAIOTCA OT W3BECTHBIX PaHee TOYHO PEIMaeMBIX MOMEeNIed B IBYX OTBO-




menuax. Bo-mepsrix, pons amreGpEl, HA OCHOBe KOTOPOH YIAETCA IOLYIHTD.
CIeKTp, BHINOXHseT anrebpa JIm, orBeuaromas xommaktHoil rtpymme SU (2)
(Torma Kak pusa GONBINMHCTBA M3BECTHHIX TOYHO PEMIAEMBIX MOJENel (TeHo-
pupyer cumextp» aurebpa Jlm mewommaxrmoir rpymmet SU(1,1) [17]). Bo-
BTODBIX, CaM TaMUIbTOHHAH, OJarofaps HANIWYAI0 KBAAPATHIHOTO IO TeHe-
paTopam cJIaraeMoro, B 3Ty aiare0py He BXOAUT, & BO3MOKHOCTH HAXOKTCHUT
TOYHBIX 3HAYEHWH dHEPruHm o0ycIOBIeHA KOHETHOMEDHOCTHIO COOTBETCTBYIO-
Iero MHBAPMAHTHOTO mojmpocrpancTsa. HaGop remeparopos cBA3BIBaeT B OJHO
HeIIPEBOJUMOE TIpe[CTaBJeHHe TOJIBKO Teé COCTOSHUSA, KOTOPBIE OTBEYAIOT HTO-
My COHHOBOMY IOANPOCTPAHCTBY.

Ecnn morenmmman Mano OTIHIAETCA OT PACCMOTPEHHEIX B paboTe, TO, XOTA
B o0mem ciydae HHBapHaHTHOe KOHEYHOMEPHOE MOANPOCTPAHCTBO OTCYTCT-
ByeT, I BO3MOJKHOCTh HAXOJKIEHMSI TOYHBIX pPeIEeHHWd Tepsercs, HA OCHOBE
TIONYyIeHHBIX Pe3yJbTATOB MOKET CTPOHTHCA Teopus BoaMmymenmit. Hecmorps
Ha TO, 9YTO IPH 3TOM TOYHEIE PEINeHWsA HEBO3MYINEHHOH 3a1auy W3BECTHHI
TONBKO A TepBBIX 2S5-1 cTamumOHAPHBIX COCTOSHMUIL, COOTBETCTBYIOIINE TO-
OpaBKE [aeT TaKOW BapWMaHT TeOpHH BO3MymieHm: (cM., mampummep, [18]),
IpA KOTOPOM [[OCTATOYHO 3HATH MH(POPMANHIO, OTHOCAILYIOCA B HEBO3MYIIEH—
HOH cHmCTeMe TOJBKO K PACCMATPHBAEMOMY YPOBHIO.

Mo cmx mop mpm MBydYeHWH COOTBETCTBHS CIMHOBOH I KOOPAWHATHON CIi-
CTeM HCIIOIB30BANIOCH IIPefICTaBIeHNEe, B KOTOPOM [UHATOHAILHO S,, T. . KBaJ-
PATHYHBIA WieH B CIMHOBOM ramwibronmane. OTIpaBisdacek OT TOH Ke COHHO-
BOA CHCTEMBI, HO IePeX0ofiA K IPEe/CTABIEHUI0, B KOTOPOM [UATOHAIBHO S,
unm Sy, MO;KHO TPHHATH K [ADYCAM, MeHee HATIAAHEIM uddepeHnraTbHbIM
YDaBHEHHAM.

3ariaogenne

Tounste pemenus ypasmenus Illpepmnrepa mssecTHEI 1A Kpaiime orpa-
HO9eHHOro Yucia 3afad. IlosroMy HaxoskImeHHe HOBBIX TOYHO peNIaeMBIX CIy-
9aeB camo [0 cefe IpeAcTaBisfeT NPUHNANMAILHBIA WHTepec. Kpome TOTrO,
HalifleHHEIe IIPEMEPHl IOTEHNUAN0B 00JafaloT PAJOM BAJKHBIX U BECHMA He-
OOBIYHBIX CBOWCTB, OTIMYAIOIAX MX OT DaHee M3BECTHEIX TOYHO pEIIAeMBIX
MoOJIeJei.

1) Jlna Bcex Tpex Kiaccos opMa IOTeHIHATIOB MOMKET CYMIECTBEHHO Me-
HATBCA B 3aBHCHMOCTH OT HapameTpoB. Oco0eHHO MHTEPECHO, 4TO IPH 3TOM
MOIyT IONy9YaThCA [BOHHEIE fMBI — CHMMETDHYHAsA H HECHMMETPHYHAsA,
a TaK:Ke AMAa C YeTBEPHBIM MUHIMYMOM.

2) Jlamee, mMeeTcsi HEIOCPEJCTBEHHAS CBA3bL MERIY 3a[aYaMm O IBUIKS-
HUM B MOJIAX THIIA HOTEHIWANBHBIX AM U TOJAX ¢ IEPHONHICCKEMHI IOTel-
nuanamu. Ilpm sroM gwerBepHOMy MumHEMyMYy B E-TIpeficTaBIeHHH COOTBETCT-
ByeT 9YeTBEPHOU MaKCHMyM B @-IpefcTaBieHmu. llogdepkHeM, 4To cpegm m3-
BECTHBIX paHee IEPHOAMYECKHX WOJel, ImO-BUAAMOMY, BOBCE HET MoJeJeil
C TOYHBIM AHAIMTHYECKEM BEIDAKeHMEM [ YDPOBHEH 5HEPrud, KpoMe TpH-
BHAJILHOTO cJIy4as cBoOogHOro poraTtopa (mampmmep, B Momenam Hpomura —
Ilennn sBHEIN BUJ i 3HAYEHWUI YPHEPIHH OTCYTCTBYET).

3) Haiinenmsle Kiacchl MOTeHOUATHLHBIX IOJEH MMEIOT KOHKPeTHBIN (puam-
YeCKMI CMBICJI, OIMCHIBAA IIOBEfeHHE AHU30TPOIHOr0 ILAapaMarHETHRA BO
BHEIIHEM MAaTrHATHOM Iojde. AHAIOTWYHBIA IICeBJOCHIHHOBBI TaMEUIbTOHHAM
BOBHUKAeT TaKe B OJHOI HM3 Mofeleil B3aWMOMENCTBYIOIMUAX (HEPMHUOHOB
[19], ncmonsayromeiicst & samepuoii Gusuke. OcobeHHO HHTEPECHO, YTO TeM Ca-
MBIM O0HADY/KEHBI CIy9aW, KOIJa HeMOCPe[[CTBEHHBIE NPHIOMKEeHIS HAXOIAT
MOTeHINATE ¢ YeTBEDHBIM MUHUMYMOM M YEIBEPHBIM MAaKCHMYMOM.

4) B paccMOTpPeHHBIX 3aJavax OUpeeJeHHBIH HHTepec NPeICTABIAIT He
TOJILKO CaMd TOYHBIE PelIeHN:A, Ho W ainre0pamdecKas OpUPoOma raMUIBTOHMA-
HOB, & TaK/Ke COOTBETCTBYIONWT il MeTOJl OTHICKAHUA JTUX PemIeHHA HAa 0C-
HOBe ammapara 0000ImeHHbIX KOTePEHTHBIX COCTOSHIIA.

HKpowme Toro, 3acny)kmBaer BHUMaHMA caM CIIOCOD MCCIENOBAHUS CIMHOBBIX
cHCTeM IIPY HOMOITH 3(O(PeRTHBHBIX MOTeHIIHATLHEIX IOIe.
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TonydeHnsle pesyIbTaThl MOTYT OKA3aThCsA MOJE3HBIME B Pa3HOOGDA3HBIX
(PUBMIECKUX CUTYALMUSAX, ITe 337a49a CBOJAMUTCA K M3YICHHUIO NBAKEHUA TaCTUIIBI
B IOTEHIMAIBHEIX IMONAX, IHOJOOHBIX PAacCMOTDEHHBIM B JaHHOH pabore, 0Co-
GeHHO, KOrja mpouib MOJSA WMeeT BUJ [IBOMHOH IOTEHIWANLHON mAMBL 910
oTHOCHTCsL (KPOMe YIIOMWHABINErocsi Bbille IpuMepa [4]) K HCTIONB30BAHHIO
5PeKTHBHBIX MOTEHNUANIOB B KBAHTOBOI TEOPHH KOJEOAHUH MOJEKYI (cka-
sKeM, IpU OIMCAHWN MHBEPCHOHHOTo paciieiniennms B ammmaxe [20]), B Teo-
pum Mmeramios (pW HCCIEOBAHME TPAeKTODHiT ¢ caMomepecedenmeM u Oms-
KUX K HOM B $aszoBOM MPOCTPAHCTBE NI HPOU3BCILHOTO 33KOHA [AMCIICPCHH
B MaramTHOM Toile [21], B Teopum moid, rje aHTAPMOHHYECKHN OCHHIIATOD
CIIYKUT mpocTefimmM MofexbHBIM mpumepom [22] (8 wacrmoctm, mpm pac-
CMOTPEHHH CHCTEM CO CIOHTAHHO HapymleHHOH cumMerpmei) m 1. ;. (cMm.,
mpampmmep, [23, 24]).

Hakomer, To4nble peINeHUS IMO3BOJIAIOT MPOBEPATH 3PPEKTUBHOCTL Pas-
NUYABIX AHAJUTAYECKUX IPHOIAMKEHHBIX ¥ YHCICHHBIX METO[0B WCCJIeI0Ba-
vusa ypasuenusa Illpenmarepa.

TlogBogss mTOTH, MOAYEPKHEM, YTO OTPAHMYEHHe HU3KOJIEHKAIUME COCTOH-
HUSMHA IS PACCMOTPEHHBIX KJIACCOB MOTEHNMANbHBIX TOJeil ¢ TOYHBIMU pe-
MeHusAME TOJHOCTHI0 OKyHmaetcs GOraTcTBOM CBOMCTB, KOTOPBIMU OHU
00Ja1a10T.

BosruKaeT BOIPOC O BO3MOJKHOCTH O00OOINEHHS pesyIbTaToB MW MeTOAOB
nauHoit PaboTH, B YACTHOCTH, HA MHOTOMEPHbIE CIyYal, C HCHIOIb30BAHIEM
anre6p Jlm, orBewamolfux Godee CIO/KHBIM KOMIAKTHBIM TpymnaM, dYem
SU(2).

ABTOpHI BEIpaaioT McKpenHoio npusnarerbrocts B. M. Ilykepamky, cru-
MyJIHpOBABIIEMY BHINIOJNHEHHE NAHHON DaboTHI, 3a 00CY:K[|eHNE PesyJIbTaToB,
a ramme JI. 1. T'masmamy m IO. Il. CrenanoBcKoMy 3a IOJe3HBIE 3aMEYAHHII.
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NEW CLASSES OF EXACT SOLUTIONS OF THE SCHROEDINGER
EQUATION AND A DESCRIPTION OF SPIN SYSTEMS BY MEANS
OF POTENTIAL FIELDS

0. B. Zaslavsky, V. V. Ulyanov

New classes of exact solutions of the stationary one-dimensional Schroedinger equa-
tion are found for fields of the potential well or periodic potential types. The solu-
tions refer to the 25+1 lower energy levels (S is an integer or half-integer entering
the potential) which correspond to the eigen values of the spin hamiltonian describing
an anisotropic paramagnet of spin S in an external magnetic field. The potentials
found are one- and two-parametric (for a fixed value of S) and their shape and the
structure of the energy spectrum vary pronouncedly depending on the values of the
parameters. In particular, a symmetric and asymmetric wells with two minima and
a well with a fourfold minimum are obtained. Simple exact analytic expressions for
the wave functions and energy values in the one-parameter case, for example, obtain
for =0, 1/2, 1, 3/2, 2. The correspondence between the coordinate and spin systems
is due to the fact that the coordinate hamiltonian may be represented as a combina-
tion of linear differential operators satisfying the commutation rules for the spin
gomponents.
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New classes of exact solutions of the Schrédinger equation and potential-field

description of spin systems

O.B. Zaslavskiiand V. V. Ul'yanov

A. M. Gor’kit Khar’kov State University
(Submitted 14 March 1984)
Zh. Eksp. Teor. Fiz. 87, 1724-1733 (November 1984)

New classes of exact solutions of the steady-state, one-dimensional Schrédinger equation are
found for fields corresponding to potential wells or periodic potentials. These solutions refer to
the 25 + 1 lowest energy levels (S is an integer or half-integer which appears in the potentials)
which correspond to the eigenvalues of the spin Hamiltonian describing an anisotropic paramag-
net of spin S in an external magnetic field. The potentials found are one- and two-parameter
potentials (at a fixed value of ). Their form and the structure of the energy spectrum vary
substantially with the parameter values. In particular, a symmetric well and an asymmetric one
with two minima are found, as is a well with a fourfold minimum. There are simple and exact
analytic expressions for the wave functions and the energies in, for example, the single-parameter
case with S =0, 1/2, 1, 3/2, and 2. The coordinate and spin systems are related because the
coordinate Hamiltonian can be written as a combination of linear differential operators which
satisfy commutation relations for the spin components.

A description of the dynamic interaction which is wide-
ly used in the theory of magnetism involves only the coordi-
nate degrees of freedom in terms of spin variables. This de-
scription' is generally only approximate and involves
physical assumptions of some sort: that an average can be
taken over the orbital variables, that perturbation theory is
applicable, etc. (a good example is the Heisenberg Hamilton-
ian'~3). There are, on the other hand, cases of a spin-coordi-
nate correspondence with a rigorous meaning, in which the
coordinate Hamiltonian can be expressed directly in terms
of differential operators which actually serve as effective-
spin operators (§4 of this paper).

It was shown in Ref. 4 that the energy spectrum of the
spin Hamiltonian describing a paramagnet with an easy-axis
anisotropy in an external magnetic field directed perpendic-
ular to the easy axis reproduces the first 25 + 1 energy levels
of a particle moving in a potential well of a certain type (S is
the spin). In this case we are dealing with the inverse trans-
formation—from a discrete spin space to coordinate space—
and an extremely unusual example of the effective-field
method® (which proves useful here in a study of the low-
temperature properties of a paramagnet with S»1). For the
coordinate system we therefore find a new class of exact so-
lutions of the Schrodinger equation. Of particular interest
are cases in which the spin is not very large, so that the char-
acteristic equations in spin space have simple explicit solu-
tions. There is a similar spin-coordinate correspondence for
an anisotropic paramagnet in a magnetic field in an arbitrary
direction.

We proceed to a specific analysis of the exact solutions,
which, as we will see, fall naturally into three classes.

§1. CLASS OF EXACT SOLUTIONS FOR SYMMETRIC
POTENTIALS

We consider the steady-state Schrodinger equation for
a particle which is moving in a one-dimensional potential
field:
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¥+[e—U(E) ]¥=0 (1)
(for simplicity, we use dimensionless energies and a dimen-
sionless coordinate &), where the potential is constructed
from hyperbolic functions and has two parameters (Band S ),

2 1

U(§)=—IZ—sh2 g—B(s+7) chE. 2)

Exact solutions of this equation cannot in general be
found. However, let us assume that we have an integer or
half-integer value S>>0, and let us assume B > 0. Direct sub-
stitution then shows that Eq. (1) has solutions of the form

B d Co
¥ (§)=exp(—5-eh) ;s((S—o)!(S+o)l)"' exp (4), o

where the coefficients c, satisfy the system of finite-order
linear equations

(e+0%) co + % [((S—0) (S+0+1))"cors

+((8+0) (S—0+1)) sy ] =0,
o=—8, —S+1,..., S, (4)

Cs41=C—5-1=0;

and the energy levels are found from the corresponding char-
acteristic equation. We can conclude from the oscillation
theorem that such solutions correspond to only the first
2S + 1 energy levels for Schrodinger equation (1).

It can be seen that the problem of solving system (4) is
equivalent to that of finding the eigenvalues of the dimen-
sionless spin Hamiltonian H = — S2 — BS,, where the op-
erators S, and S, represent the corresponding projections of
the spin S, ¢, is the wave function in the S, representation,
and B is proportional to the magnetic field.! (The questions
of an algebraic nature which arise here are discussed in §4.)

For each fixed integer or half-integer value of S, expres-
sion (2) determines a family of potential fields which depend
on the one parameter B; a variation of this parameter leads to
an extremely important deformation of the potential profile.
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If B> B,=2S + 1, the potential is a single well with a simple
minimum,; if B < B,, the potential becomes a well with two
minima; and at B = B, we find a well with a fourfold mini-
mum.

We mentioned above that in problems of this case there
are exact solutions for only a limited number of low-lying
energy levels. If S is not too large, the wave functions and the
energies can be described by simple explicit expressions.
These cases are of particular interest, since it is usually the
low-lying states which are the subject of a purely quantum
analysis (while good results on high-lying states can be found
by a semiclassical approach).

System of linear equations (4) can be split up into two
simpler systems: The states which are of even parity in o
separate from those of odd parity. For an integer spin and
even states, for example, there are S + 1 instead of 2S5 + 1
equations. We will discuss some examples of the simple, ex-
plicit analytic expressions which can be found for the energy
levels and wave functions of the stationary states.

If § = 0 (a trivial case for a spin system, but in the coor-
dinate picture the potential undergoes changes in shape
which are also typical of other values of '), the ground-state
energy £, = 0 is independent of B, and

¥, (E)=4, exp( —-g-ch §) .

In the case S = 1/2 the corresponding quantities are

1 B B
Q=" ‘Fo(§)=Aoexp(——§ch§)ch%;
B B 13 Gl
8’=—T+_2_; IIf,(‘g)=A,exp(——2chg)sh—z-.

For S = 1 we find, combining states with the same parity,

So;z-_—"’/z; (B*+/) v’;
_ _B B o).
Yoa(8)=Aoa eXP( 2 °h§) (1 B °h§)’ (6)

e=—1; W¥,(§)=4, exp( —-g—ch ig) sh§

(here and below, the upper sign corresponds to the index at
the left).

The case S = 3/2 is of particular interest since it corre-
sponds to the maximum number of exact solutions for the
energy which are simple, explicit expressions and which
comprehensively convey the characteristic features of the

energy spectrum. In this case we have
5 B

€02 = — —4— - —2‘ F (BZ—B+1.) xl’;

W2 (8) =4, exp (_ '%‘ ch E)

3 2 9\ . E71. .
X[Ch—z——-§'(80;2+—4)0h_2], ( )
5 B . )
= ——— —_— + 2.0
€43 4 <+ 2 :F(B +B 1) 5

¥ys(B) =4y exp(— %Ch 3 )
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3 2 9 13
X[ Sh? - —B( €43 +'Z) Sh—z'] .
If S = 2, simple results can be found for the odd-parity sta-
tionary states, since the characteristic equation in this case is
quadratic (cubic for the states of even partiy):
9\'a

813 = ——52—=F(B2+-—4-) i Wis(B)

—A,,exp (—%chg) [sh 2% ——2B—(8,;3+4)Sh g] .

(8)

The energy spectrum has some general properties which are
not restricted to integer or half-integer values of S. The de-
formation of the potential profile which we mentioned ear-
lier is accompanied by a substantial change in the spectral
structure. At B X B, the spectrum is a fan of levels which, ina
first approximation, depend linearly on B, while at B = B,
the spectrum is that of an oscillator with a pronounced (four-
fold) nonlinearity. Curiously, although we know that there
are no exact solutions for a potential U (£ ) = BE 4, exact solu-
tions can be found for the more complicated function B}
sinh*(£ /2) (for the low-lying states).

At small values of B the spectrum consists of a set of
levels of spin origin (for integer of half-integer values of .S)
which move closer together in pairs and which correspond to
two symmetrically positioned solitary (in the limit B = 0)
Morse potential wells and “superspin” levels which form a
quasicontinuous part of the spectrum and which become
more closely spaced toward a zero energy.

These changes in the shape of the potential and in the
nature of the energy spectrum have such physical conse-
quences for the corresponding spin system as the existence of
a maximum in the low-temperature magnetic susceptibility
as a function of the magnetic field.*

§2. CLASS OF ASYMMETRIC POTENTIALS

The results derived in §1 are generalized to the case of

potentials of the form
B* C\*

U(§)=-4—(sh§—§) —B(S+%-) chE, (9)
which, in contrast with (2), are asymmetric and contain two
varying parameters B> 0 and C > 0, at a fixed value of S. The
wave functions of the first 25 + 1 levels differ from (3) by a
factor of exp(C¢ /2), and the quantities c,, satisfy an equation
similar to (4), differing only by an additional term oC in the
coefficient of c,,.

In this case the potential profile differs substantially,
depending on whether the point on the B,C plane corre-
sponding to the system lies inside, outside, or on the astroid
B?? 4 C?3 4 = B2 Inthefirst of these cases, the poten-
tial is a well with two minima; in the second, it is a well with a
single minimum; and in the third the maximum and the
nearest minimum merge, forming an inflection point with a
horizontal slope. The point C =0, B = B, on the astroid
corresponds to the critical field for the symmetric case.

Interestingly, the deformation of the potential profile
which we mentioned above is a typical example of the trans-
formations which are analyzed in catastrophe theory, name-

0. B. Zaslavskirand V. V. Ul'yanov 992



ly a cusp catastrophe, the simplest realization of whichisin a
so-called Ziman’s machine.’

Potential (9) corresponds to the dimensionless spin Ha-
miltonain H = —S? — BS, — CS,, which describes an an-
isotropic easy-axis paramagnet, where B and C are propor-
tional to the transverse and longitudinal components of the
magnetic field, respectively. This astroid equation is a quan-
tum generalization of the equation which separates the re-
gion of metastable stables for a paramagnet of this type in the
classical case.®

The even states do not separate from the odd states in
the characteristic equation now, in contrast with (4), since
the order of the equation is 25 + 1. We can give some simple
exact solutions for the cases S = 0 [in which the potentials in
(6) and (2) take a form associated with a supersymmetric
quantum mechanics®] and S = 1/2.

In the former case, the solution is

5 )
e,=0; W,(§)=A4,exp (— ?ch £+ gz_g) ’

and in the latter it is

2+2'/1
1_ BHCY"

Bon= """ D) 7 Wou(8)
B c CF(BHC)*
=Ao;1 exp (—'—2—Ch§ +——2—§) ( et? —-——B——e E/Z) .

Among the special functions, the spheroidal Coulomb
functions'® are the closest approximations of these solutions
with C = 0. The case C #0 gives us one generalization of this
class of special functions.

The energy spectrum has several extremely interesting
properties, not found in the case of symmetric potential (2),
which can be seen best in the limit B = 0. For example, there
is the unusual behavior of the levels ¢, (C ) as a function of C.
In the region C<2S, where the potential takes the form of
two solitary Morse wells of different depths, the energy lev-
els turn out to be doubly degenerate for certain integer values
of C. As aresult, we find a discontinuous behavior for all the
levels €,,(C ) except the ground level, whose energy falls off
monotonically with increasing C: ¢, = —S? — CS. Since
the points of discontinuity, €,(C ), pertain to excited states,
there are no discontinuities in the magnetization at low tem-
peratures (in the case of an easy-plane spin Hamiltonian, in
contrast, there are discontinuities, ! since the behavior of the
ground level is discontinuous).

If B #0 the degeneracy is lifted, and the corresponding
levels “‘repel each other.” »

Typical of the behavior of the spectrum in strong
“fields” is a linear dependence of the energy levels on the
“intensity” (B2 + C?)"/2

We wish to emphasize the following distinctions
between the classes of potential fields discussed above and
the standard, exactly solvable quantum-mechanical mod-
els.'>' In the first place, the latter are actually one-param-
eter models and can be written in the form U (x) = Uyf(x/a).
As the parameter U, is varied there is a change in the “inten-
sity” but not the shape of the potential. Examples of these
models are the Eckart and Morse potentials
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—Uo/ch® zfa, Us[exp (—2x/a) —2 exp (—z/a)].

The power-law models (the simple harmonic oscillator, the
quaternary oscillator, and a linear potential), in contrast,
contain essentially no parameter, since the Schrddinger
equation in dimensionless variables is of the form
V" +Ee—-&mMP=0.

On the other hand, the models of spin origin in which
we are interested in the present paper are far richer in possi-
bilities. The shape of the potential, for example, can change
substantially even in the one-parameter case, i.e., with
C = 0. The models with C #0, in contrast, which give rise to
atwo-parameter potential (for a given value of S ), apparently
have no analogs of any sort among simple models of poten-
tial fields. Exact solutions for asymmetric double wells were
found in Ref. 14, but the potential was expressed in a compli-
cated way in terms of the confluent hypergeometric func-
tion, although the spectrum is analogous to the energy levels
of a simple harmonic oscillator.

Second, in the case at hand the spectrum is completely
discrete, and the potentials have no singularities. In this re-
gard the symmetric potentials which have been found could
be compared with only one of the standard, exactly solvable
models: the simple harmonic oscillator. As we have already
emphasized, however, the profile of the simple harmonic os-
cillator is fixed, and the energy spectrum has an unambigu-
ous structure.

§3. PERIODIC POTENTIALS WITH EXACT SOLUTIONS

Up to this point we have studied the Schrodinger equa-
tion for well potentials; the discrete spectrum has been found
as a consequence of the decay of the wave function at infin-
ity. It turns out that there also exists a class of periodic po-
tentials which allow exact solutions and which have a direct
relationship with a spin system. The corresponding Schro-
dinger equation is

>

“do*
This equation can be derived from (1) and (2) through the
formal substitution £—i@. The wave functions for the ener-
gies which belong to the spectrum of the corresponding spin
system are

B . Ca .
¥ (@) =exp (——Z—cosq)) ;,S ((5—0)1 (511" exp (iog)

+ [u —4—stin cp—B(S+ _;—) cos (p] w=0. (10)

(see §1), where the c, satisfy relations (4). These solutions
obey periodic or antiperiodic conditions,” depending on S:

¥ (@+2n)=(—1)*¥ (). (11)

The energies € of the spin system studied in §2 (an easy-axis
paramagnet) differ only in sign from the corresponding
eigenvalues of Eq. (10): £ = — x. In other words, they ap-
pear in exactly the opposite order in the spectra. For .S = 0,
1/2, 1, 3/2, and 2 the explicit expressions for the eigenvalues
» and the wave functions ¥ (@) are similar to thosein §1, with
changes in the index and the sign of the energy, and with the
replacement of the hyperbolic functions by trigonometric
functions. On the other hand, these eigenvalues agree in both
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magnitude and sign with the spectrum of an easy-plane spin
Hamiltonian H = S — BS, .

By virtue of the symmetry of the potential we can trans-
form from (11) to more-customary boundary conditions. For
example, for odd states and integer spin we find the problem
of the motion of a particle with 0<@< in a potential well
with the boundary conditions ¥ (0) = ¥ (7) = 0 (an analo-
gous procedure can be followed in the other cases). This re-
formulation of the boundary conditions allows us to classify
the energy levels on the basis of an oscillation theorem, from
which it follows that the form of the wave function implies
that the spin system corresponds to the first 25 + 1 values of
x.

The solutions found here can be interpreted quite sim-
ply in terms of an energy-band diagram: They correspond to
quasimomentum values £ = 0 in the case of an integer spin
and k = 1/2 in the case of a semi-integer spin; in the re-
duced-band diagram, the “energies” correspond to the alter-
nating bottom and top of different bands. For B = 0 we find
the usual problem of a free plane rotator for integer S or a
rotator with antiperiodic boundary conditions for semi-in-
teger S.

The spectrum of Schrédinger equation (1) contains an
infinite number of levels; the energies £ which are not perti-
nent to the spin system lie above €,5. The spectrum of Eq.
(10) with these boundary conditions also contains an infinite
number of energy levels, but in the opposite order because of
the relation € = — x. The ground-state energy (g,) of the
spin system (for an easy-axis paramagnet) corresponds to
%,s, and the “extra” energies lie below ,. The 25 + 1 levels
which are the intersection of the two sets correspond to the
spin system.

An equation with a complex periodic potential corre-
sponds to a system with an oblique field (C #0), and the con-
dition

¥ (p+2n) =exp [i(C/2—S8)2n] ¥ ()
singles out real values of the energy in the band solution.
With § =0 and S = 1/2 we find particularly simple exact
solutions, similar to those in §2.

4. ALGEBRAIC STRUCTURE OF THESE HAMILTONIANS

The exact solutions of the Schrodinger equation for the
potentials considered here have been found on the basis of
the correspondence between the coordinate and spin sys-
tems. Up to this point, this correspondence has been used
only in terms of the correspondence between spectra; the
energy levels of the spin system have been embedded in a
semi-infinite set of levels of the coordinate system. It is also
interesting to determine the algebraic meaning of this corre-
spondence between spaces of quite different natures, one fin-
ite-dimensional and the other infinite-dimensional. As we
will now see, this correspondence exists because the coordi-
nate Hamiltonian is a combination of differential operators
which satisfy commutation relations for the spin compo-
nents.

A direct check shows that the Hamiltonian of the
Schrodinger equation with potential (2) can be written in the
form
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H=-3,-BS,,

where
. B d
8,=8.+iS,= (S — 2——sh f;) et—et g,

——. 3 ._..B - - d
8_=8,—il, (S+ 3 shg)e ‘e EE,
d (12)

and where
[Sza S:i:]==|:‘giv [S+1 S—]=zgz and Sz=S(‘S+1)~

The set of functions of the type in (3) which decay at infinity
forms a subspace which is invariant under the action of oper-
ators (12). There is a similar situation when a “longitudinal
field” is present (C #0).

The operators in (12), which look slightly unusual, can
be found (within a similarity transformation) from the ex-
presison for the generators of the spinor representation of
the rotation group,'’

S, =28z—72* d—dz' , S-= g; , S;=z :—z -8
through the substitution z = expé&. It can be shown that Eqs.
(12) and (13) correspond to the representation of coherent
spin states, '® for which the use of these differential operators
in the corresponding spin subspace is equivalent to the use of
ordinary finite-dimensional spin matrices. The wave func-
tionsin (3), on the other hand, are (within a weight factor) the
eigenvectors of the spin Hamiltonian in the representation of
coherent spin states.

If we choose z = exp(ip ) (Where @ is real) in (13), i.e., if
we choose z to vary along a circle of unit radius, we arrive at
periodic potentials (10). Accordingly, from a single picture
with a complex z, both a potential well and a periodic poten-
tial emergy as two different, topologically nonequivalent
cases. We recall that for each of these cases there is a semi-
infinite set of discrete levels, and the intersection of these sets
gives us the energy spectrum of the spin system describing an
easy-axis paramagnet.

From the algebraic standpoint, the cases we have con-
sidered here differ from the known exactly solvable models
in two regards. First, the role of the algebra on whose basis
the spectrum is found is played by a Lie algebra on whose
basis the spectrum is found is played by a Lie algebra corre-
sponding to the compact group SU (2) [while for most of the
known exactly solvable models, it is the Lie algebra of the
noncompact group SU(1,1) which “generates the spec-
trum”’'’]. Second, the Hamiltonian itself does not enter this
algebra because of the term which is quadratic in the opera-
tors, and the possibility of finding the exact energies stems
from the finite dimensionality of the corresponding invar-
iant subspace. The set of generators relates in a single irredu-
cible representation only those states which correspond to
this spin subspace.

If a potential differs only slightly from those considered
here, a perturbation theory can be constructed from these
results, even though there will generally be no invariant, fin-

(13)
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ite-dimensional subspace, and it will not be possible to find
exact solutions. Although exact solutions of the unperturbed
problem are known for only the first 25 + 1 stationary states,
the appropriate corrections will produce a perturbation the-
ory (see ref. 18, for example) in which it is sufficient to have
information on only the particular level of the unperturbed
system which is under consideration.

Up to this point in our study of the correspondence
between the spin and coordinate systems we have used a
representation in which S, is diagonal, i.e., the quadratic
term in the spin Hamiltonian. By working from the same
spin system, but transforming to a representation in which
S, or S, is diagonal, we can find other, less graphic differen-
tial equations.

CONCLUSION

Exact solutions of the Schrodinger equation are known
for only an extremely few problems, so that finding new ex-
actly solvable cases is of fundamental interest in its own
right. Furthermore, the illustrative potential found here
have several important and extremely unusual problems
which distinguish them from other known exactly solvable
models.

1) For all three classes, the shape of the potential can
vary substantially with the parameter values. A particularly
interesting result is that double wells—symmetric and asym-
metric—and a well with a fourfold minimum can be found.

2) Furthermore, there is a direct relationship between
problems involving motion in potential-well fields and in
fields with periodic potentials. The fourfold minimum in the
£ representation corresponds to a fourth maximum in the @
representation. We wish to emphasize that among all of the
previously known periodic fields there are apparently none
with an exact analytic expresison for the energy levels except
the trivial case of a free rotator (e.q., there is no explicit
expression for the energies in the Kronig-Penney model).

3) The classes of potential fields found here have a spe-
cific physical meaning, describing the behavior of an aniso-
tropic paramagnet in an external magnetic field. A similar
pseudospin Hamiltonian arises in one of the models of inter-
acting fermions'® which is used in nuclear physics. It is par-
ticularly interesting to note that in this manner we find cases
in which potentials with a fourth minimum and a fourth
maximum have direct applications.

4) In these problems there is definite interest in not only
the exact solutions themselves but also in the algebraic na-
ture of the Hamiltonians and in the particular method (cor-
responding to this algebraic nature) which is used to seek
these solutions with the apparatus of generalized coherent
states.

Another point which deserves attention is the very
method used to study spin systems with the help of effective
potential fields.

The results derived here may also prove useful in a va-
riety of physical situations in which the problem reduces to
studying the motion of a particle in potential fields similar to
those discussed here, especially if the field profile is a double
potential well. This comment applies not only to the example
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mentioned above* but also to use of effective potentials in the
quantum theory of molecular vibrations (in, say, a descrip-
tion of the inversion splitting in ammonia®®), in the theory of
metals (in a study of self-intersecting trajectories and nearby
trajectories in phase space for an arbitrary dispersion law in
a magnetic field>'), in field theory, where the anharmonic
oscillator is a simple model case?” (in particular, in the study
of systems with spontaneous symmetry breaking), etc. (see
Refs. 23 and 24, for example).

Finally, the exact solutions can be used to test the effec-
tiveness of various analytic approximations and numerical
methods for studying the Schrodinger equation.

We wish to emphasize that the restriction to low-lying
states for these classes of potential fields with exact solutions
is completely justified by the rich set of properties of these
solutions.

These is the question of whether the results and meth-
ods of this study can be generalized, in particular, to multidi-
mensional cases by using Lie algebras corresponding to com-
pact groups more complex than SU (2).

We wish to thank V. M. Tsukernik, who stimulated this
study, for a discussion of its results. We also thank L. L.
Glazman and Yu. P. Stepanovskii for useful comments.
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NEPHOIUYECKHNE 39OOEKRTUBHBIE HOTEHIIMAJBI
JJIA CIIMHOBBIX CUCTEM 1 HOBLIE TOUYHBIE PEIIEHNA
OJHOMEPHOI'O YPABHEHWA INPEJUHTEPA
JUIA QHEPTETHIYECKUX 30H

3acaasckuii 0. B., Yasanos B. B.

C DOMOINBI0 TeXHMKW, PasBUTOil B IpeAbIAyIIeil paboTe aBTOPOB U HC-
moNb3yIomeii IpencraBleHne OGOOHIEHHBIX KOTePEHTHBIX COCTOAHWM, Hail-
JieHbl HOBBIe 3(P(eKTHBHBIE MEPHOAMYECKHE IIOTeHIMAJbHbIE TIIOJA, CTPOro
ONKCHIBAIOIINE CTAIMOHAPHBIE COCTOAHUs (IICEBMO)CIMHOBBIX CHCTEM THIIA
ABYXOCHOTO HapaMarHeTHKa B MArHHTHOM Ioje. I[OTEHIMAIBI CYI[ECTBEHIIO
M3MEHAIOTCA B 3aBHCHMOCTH OT HECKOJBKUX IIapaMeTpPOB, MX IIPOQHUIA H30-
Omayior oco0bIMuM ¢opMaMu THIA ABOMHON fAMBI, Apyropboro dapmepa, der-
BEeDHBIX MHHUMYMOB M MaKCHMYMOB, a B 30HaX IIPOMCXOMNAT HHTEPECHBIE
CTPYKTYpHBIe IpeBpalfeHus (KOHEYHO30HHOCTb, CIIADMBAHME 30H M T. IL).
Ilokasano, 4T0 COUHOBO{I CHCTeME€ OTBEYAIOT (AHTH)IIEPUOAUYIECKUE DeIlre-
HEA ¢ KpalHuMu dHepreTmdecKuMu ypoBuamMm B 2S+1 Hmsmmx somax (S —
comi). Ha ocHOBe YCTAaHOBIEHHOIO CHUH-KOODAMHATHOLO COOTBETCTBUS 00-
HApY/KeHbl HOBBIE KJIACCHl TOUYHBIX pemenmii ypaBHemus Illpepunrepa mis
9HEPreTUYeCKUX 30H ¢ IPOCTHIMU ABHHIME BBIPQKEHUAME JJIs yPOBHEH dHep-
TEHE ¥ BONHOBHIX Qyurnmmi mpm S=O0, 1/s, 1, 3/s, 2, 3/2, 3, 7/2, 4, °/2, 5. lloTen-
IUaIsl BHIPKAIOTCA depe3 ILIMOTHICCKHe (PYHKIUE M COIEPIKAT KaK pas-
JIMYHBIEe JaCTHBIE CAyday KOHEYHO30HHBIH morennuat Jlame — Aiinca, moren-
nuaisl Ixkapra m Mopca. 9pdeKTHBHbIe HOTEHIUANBL IOCTPOEHBI TAKKe A
FaMHEIbTOHHAHOB rpynmsl SU (1,1).

BBEJIEHUE

B mocnenmee BpeMmsa CyIeCTBEHHO BO3POC WHTEPEC K TOYHBIM PeIIeHUAM
ypasuenms Illpegunrepa. C omgHO# CTOPOHBI, 3TO CBA3AHO C 3aIPOCAME BHIYUC~
IATENbHON (DUBHKH, ThAe OHH CIy:KaT TectoBeiMu mupumepamu. G mpyroir,—
¢ OypHBIM pa3sBUTHEM TEOPETHKO-TPYNIOBHIX W aNre0pamvecKuX METOIOB WC-
caefgosannsa. Coofa MOMKHO OTHECTH, HAIpuMep, MeToj cymepcummerpuu [1],
npumernenune npeobpasosanua [{apby [2] m meroma daxtopuzanmm [3], meroq
KOHEYHO30HHKX moTeHnuanos [4]. B cepum pabor [59—8] mumamuuecras cum-
MEeTpHUA psAfia HOTeHIAJ0B M3ydYaJach ¢ MCIOJb30BAHMEM ammapara yIrIoBOTO
MoMeHTa. B pesymprate ymamoch Kak Gosee TIIyOOKO HOHATH anrebpamdecKyio
OPHEPOALY H3BECTHBIX TOYHO pemraeMbix Mopeneit [9—11], rak m oGHApY:RUTH
HoBBle (cM. Tawske [12, 13], rme HoBBIE TOuHBIE pelleHMsT OBLIN HAEHBI Tpa-
IUIMOHHBIM 00pa3oM).

WNsnaraemsiil monxoq ABISAETCS eIle OfHWM HOBBIM METOJOM OTHICKAHUA
Tounbx pemennit. OH COCTOUT B PACCMOTPEHUHU TaMUIBTOHHAHOB, SBJISONINXCI
(PYHKIUAME TeHepaTopoB COOTBETCTBYIOINEil Tpymmsl JIu, W ucHonbp30BaHAN
npefcTaBieHua 000OMEHHBIX KOTepeHTHHIX cocromumit [14]. Ilpm sTom ra-
MIJIBTOHMAH CTAHOBHTCA NUPPepeHInaibHbBIM 0MepaTopoM, B JaCTHOCTH OIle-
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paropom Illpesuurepa ¢ seKTUBHBIM NOTEHLMATIOM. XapaKTepHOH ocobeH-
HOCTBHI0O METOJia fABIAETCA TO, YTO OH MMeeT IPAMOH (PU3WYECKUI CMBICH, IIO-
CKOJILKY JIe)Kal[ue B ero0 0CHOBE BCIIOMOTATENbHBIE MaTeMaTHiecKne KOHCTPYK-
MY — TPYIIOBEE TAMIIBTOHMAHBI — CAaMA 10 ce0e OIMCHIBAIOT PA3HOOOPA3HEIE
(usrYecKre CHCTeMBI — IAPAMATHETUKY, ICEBJOCINHOBbIE CHCTEMEI THIIA MO-
mennm B3amMmofelicTByomux (epmuonoB Jlunkmma — Memkosa — Immka [15]
M T. .

Pamee mamu GBLI pacemoTpen ciydail [16] cnmHoBOrO ramMmibTOHHAHA, OT-
BEYaIero OJHOOCHOMY IIapaMarHeTHKy. B macrogmmeir paboTe ucciemoBaHa
CUTyaIus, COOTBETCTBYIO[AS O/HOYACTUYHON COHHOBOH CHCTEME C TaMUIbTO-
HHAHOM CaMOTo O0Iero KBaJpaTHYHO-IUHEHHOTO BUA, OMUCHIBAKINEM (eciu
TOBOPUTH O IPIJIOKEHHAX K MAarHeTH3MYy) MBYXOCHBI TapaMarHETHK BO BHEIII-
neM MarmuTHOM mone. Taroe 0000IIeHne OCYIIECTBIAAETCH IS CIUHOBOTO Ia-
MIJIBTOHHAHA HeII0CPeCTBeHHO, OJHAKO B KOOPAMHATHOH KapTHHE OHO NpH-
BOJUT K KA9eCTBEHHO HOBHIM Pe3yJIbTAaTaM.

Bee spderTHBHEIE HMOTEHIMANBI OKA3BIBAIOTCH HePHOJWIECKAMH, TAK UTO
TOUHBIE PEIeHus ABIATCA 30HHBIMU, JTO 0COOEHHO WHTEPECHO B CBA3H C TEM,
UYTO XOTH 3aJja4a 0 KBAHTOBOMEXAHHYECKOM [IBUKEHHH JACTHUIBI B OJHOMEPHOM
IepuogUYecKOM IIOTEHIMAILIOM I10Jie 4aCTO BCTPEUYAETCSA B PA3IMYHBIX pPasjie-
Jax (QU3MKHA TBEPAOrO Tejia, TEOPHH KOJe0aHUA MOJEeKYJ, TeOPUU COIUTOHOB
U T.J., ToYHble perrenus (moneab Kpoumra — Ilennm, fupakoBcKkas rpebeHka
[10], KomeuHO30HHBIe MOTeHUHANBI [4]) ABIAITCA 3M€CH PEAKOCTHIO, & MOJE-
JM ¢ MPOCTHIMU SBHBIMU BBIPQ/REHUSMHI IS XapPaKTEPUCTHK JHEPreTUIeCKUX
30H HalieHsl coBceM Hemasmo [4, 12, 16].

Ilo cpaBHenumio ¢ MOTeHIHAIAME, OTBEUAIIIUME OJHOOCHOH AHHW30TPOINH,
YIanoch HAUTH CYI[ECTBEHHO GOJIBIIE CIy4aeB € IPOCTHIMA ABHBIMHI pellle-
nusamu. Kpome Toro, HOBHIe IMOTEHNUANBI eIie pasHoobpasuee Mo gopMe B 3a-
BHCHMOCTH OT 3HAYEHUII BXOJAMUX B HUX mapamMeTpoB. TaK, OHI MOTYT AMeTH
OJHOBPEMEHHO YeTBEPHON MUHUMYM ¥ YETBEPHOI MAaKCHMYM.

B smeprernueckoM clieKTpe Npu M3MeHEHWH ITapaMeTpPOB IOTEHIHAIOB IPO-
HCXOJUT MHOTO HHTEPECUBIX CTPYKTYPHBIX IPeBpallieHUil — cnapwBaHUe B30H,
BO3HUKHOBEHHE HOBBIX «CIUHOBBIX» 30H, YBeJIHYEHUE THUCIA TOIHBIX PeIIeHmi.

O0napysxennbe MOTEHINAJB BHIPAKAIOTCA Yepes dILIUITHIeCKe (Y HKIIIN.
W3 mux 3a c4eT pasmUUHBIX IPEJIeAbHBIX II€PEX0[[0B MOTYT OBITH IIOXYJeHSHI
KOHEYHO30HHLIA MOTeHIHa] JlamMe, KOTOPHIA WTpaeT BaJKHYIO POJNb B TEOPHH
coNMuTOHOB [4], M meABId PAN APYTEX U3BECTHHIX PAHEE TOYHO PEIIaeMbIX MO~
Jeseil (B TOM YmCiie M He TMEPHOJUYECKUX, BKIIOUASA KaK JIOKANN30BAHHBIE, TAK
¥ pacrymue Ha GECKOMEeYHOCTH MOTEHI[HAJbI), yiKe HAIIe[IIAX NIMPOKAE IPU-
menenusa. Cioga MOKHO OTHeCTH ToTemmuanbl Mopca, Jxrapra (mpuuem He-
cummerpuunslit), llennna — Tennepa w cOnHOBEIN TMOTEHIWAN OJHOOCHOTO IIA-
pamarmeTuka. B 910M cMbIcie o0HApYKeHHbIe MOTEHIUANB ABIAIOTCA UX 0000-
HeHUAME, O0BeIUHAIINMI B eJUHYI0 KAapTHHY OTH CTOJbL pasindHble, Ka-
3aJ10Ch OBI, CJIyYad; OTBEYAIOIINE WM BONHOBHIE (DYHKIINE MOJKHO PacCMATpH-
BaTE KaK 0000IIeHNS COOTBETCTBYOIINX CIen(yHKIMIL.
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1. IOTEHNAAJBI JJIAA JBYXOCHBIX ITAPAMATHETHKOB B IIOIIEPEYIIOM
MATHUTHOM ITIOJIE HA OCHOBE CIIMHOBBIX KOTEPEHTHbBIX
COCTOAHIN

TaMuiabTOHMAaH COMHOBOM CUCTeMbl, KOTOpPasd OOUCHIBAET I(BYXOCHLIﬁ mapa-
Mar"HeTHK B MAarHMTHOM IIOJie B, HePpHeHAUKYIAPHOM OCAM aHU30TpOUUM, MO-
sKeT OBITH 3aMUCAH B 6e3pasmepHHx BeJINYMHAX CHIeayInuM 06pa30M:

(1) H=0S.>—pS,*+BS.,,

rie S;— omeparop i-it mpoeruun cuuua S (i=z, y, z), a a=0 u =0 — Kon-
CTaHTHI AHA30TPONNH. JIerKo BU/IETH, YTO KBAApPaTHYHAS 1aCTh FAMUJILTOHHAHA
COOTBETCTBYeT HauboJee 0OIEMY BHMAY CHHHOBOH KBajparmaHoil opmsbl. Pe-
nieHue 3a/aYM HA COOCTBEHHBIE 3HAYEHHMS TAKOr0 TaMIIBTOHHAHA

(2) H|p>=e|p>

TPUBOJUT K HuPepeHHaTbHOMY YPaBHEHNIO BTOPOro IMOPAAKA THNA ypaBHE-
1w Hlpenuurepa ¢ sderTuBupiM morennuanoM, ecan (cuaenys [16]) mepeit-
TH K IPEICTABICHHUI0 COMHOBEIX KOT€PEHTHBIX COCTOSHMIA.

Orpanndumcs OKPYKHOCTHIO eJUHAYHOIO PAJUyCa B IIOCKOCTH KOMIUIEKC-
HOIl TepeMeHHOU §, mapaMeTpusyomieil (HEHOPMHUPOBAHHOE) CIHHOBOE KOTe-
peutnoe cocroaume [14, 17], T.e. monomum {=e*. Torga cuuHOBHE OIEPaTO-
ps cBogATCA K quddepennuanbubim (cp. ¢ [18]):

d d
(3) S.=Scosp—sing—, §,=Ssingp+cosqp—,
de dg
d
S.=—i—,
de

A COOTBETCTBYOI[UEe BOJIHOBBIE (i)YHKIIHI/I HMEeIOT BH]

Co .
4 O(p)= 2~ o,
@ @ Z‘ V(S—G)!(S+0)!e

0=—-8

Y€ C; — OOBIYHASA COUHOBAA (DYHKIUA S,-TIpe[CTaBICHUA.
Ilocne mopcranosku Bhipaskenuil (3) B omepartop (1) U HecHORHBIX mpe-
obpasoBanuii ypasuenue (2) npmodperaeT BUS
: do

- [ . ( : ) . ]
: + +als— —+
(5) (e 1B cos® @) P Bsing+3\ S 5 sin 2¢ do

+(e—BS cos ¢+p%S* sin® ¢ +pS cos® @) D=0.
CrpeMsich yOpaTh MepBy0 IPOM3BOJHYI0 M OJHOBPEMEHHO CIENATh IOCTOAH-
HBIM KO?(HUIMeNT IPH BTODOH IPOUBBOJHOMN, flelaeM 3aMeHY IIePeMeHHBIX
B S
(6) Pp==0 () (atp cos® @)~ exp [— — arctg ( Vi cos @ )] ,
2Vap a :

_‘P d , [
(7) z=Yotp jm{f’——é——;ﬁ&=F(@7 Va—ib—)’
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rae F(@, k) — snnunTudecKuit maTErpajs mepBoro poja ¢ moayiaem 2. [Ipmsrom
ypaBHeHUE (O) MPHBOAUTCA K HOPMAJHHOMY BULY

)

(8) (o+p) ——

+[e—U(z) ]y=0.

TaxkuM o6pasom, IPEXOAUM K cTaHgapTHOMY ypasuHenuio lllpexmarepa mmsa
BOJHOBOH (PYHRIUE 1 B KOOPAIUHATHOM IIPE/ICTABIEHUN L, OIMCHBAIOIEMY [BH-
JHeHNe KBasMIaCTHI[bl ¢ KBAJIPATHYHEIM 3aKOHOM Aucnepcun (obparHam sddex-
TuBHag Macca m'=2(a+f)) B 3peKTHBHOM NOTEHIHMAILHOM I0JE

[B*/4—afBS (S+1) lsn®* z+ (a+B) B(S+'/,)cn

©  U@-= iois

mocTpoennoM u3 dinmunrudecknx gymrnuit Akobm [19]: smaunruueckoro cu-
Hyca SN Z=sin @ U JLINNTHYECKOTO KocwHyca cnz=cos ¢. [lorennman asis-
erTcs 9eTHOH mepuojgmueckoidl QyHruumeir z ¢ mepuomoM 4K, tne K=K(k) —
MONHBIA BIIMITHICCKUA HHTETPAJ IEPBOTO POia.

Caxenyer sameTuTh, yTo ypasueuue (8) c¢ morennmamom (9) ssiserca 0600-
menueM ypasueHusa Jlame. dT0 MOKHO YBUIETh, BBOJS B YPaBHEHHE BMECTO
o7 B Momyap snmunTmuecKunx Qyurumit. Bymem, omHako, ymorpebasaTh mMOKa
samuch (8), (9), Koropas Gomee ymo6HA ¢ TOYKH 3peHUs IIPHUIOKEHUM, T. K. Ia-
PaMeTpHl oo B  IMEIT HermocpeJCTBeHHBIN (uaudeckmii cmbica. OOcysxmeHue
TpeJeNbHBIX MEePeX00B K YiKe U3BECTHHIM TOYHO PeImaeMbIM MOMENSAM COMep-
JKUTCA B pasfeine 4.

CouHOBEIM COCTOSHHAM OTBe4aloT pelneHus ypasmenus (8) smma (6),
ynopunerBopaiomue ua ocHosaununm (6), (7) ycmoBuam

(10) P(z+4K) = (—1)*¢(z).

Ilockoabky BommoBBIe PyHKIUE (6) mMeloT cornacuo (4) me Goxee 2S5 ysmos,
Ha OCHOBAHUH OCHWIIANMOHHON TeopeMBI [JiA YPAaBHEHUI ¢ IePHOJMIeCKIM
morennuagoM [20] MOMHO 3aKIOYATEH, YTO CIMHOBHIE COCTOAHHS OTBEYAIOT
nomepam n<<2S. Tak Kar rpymnma CEMMEeTPHH CIUHOBOTO TaMUJIbTOHMAana abe-
nesa (ocolwriit ciyuaii B=0 Gymer paccMoTpeH B pasfelie 3) W BHIPOIKICHHS
HET, TO BCe YPOBHH DHEPTHH CIHUHOBOI cucTeMsl apiagiorca 25+1 musmummm
YpOBHAMY pHepTHEH (aHTH)MEpHOAUIecKuX cocTogumit ypasuenus I[Ipemunre-
pa (8).

Ilonygenmsie permeHns OMyCKAOT OPOCTYI0 MHTEPIPETAUIO HA S3BIKEe 30H-
HOIT Kaptaasl (cp. ¢ [16]); oHm oTBeUaOT HYJIEBOMY KBA3HUMIIYJIBCY B CIydae
nemoro S m n/4K B ciydae IOJYIENOro W OTBEYANT UePeAYIONMMCA HHY W1
moToaKy sHeprermueckunx 30H. Coraacmo obmeit Teopuu [20] mepmopmueckume
PellleHns OMUCHIBAIOTCA BOJHOBBIME (ynRUmAMHE ¢ gucioMm uyneir 0, 2, 2, 4,
4,..., a agrunepuoguueckue —c 1, 1,3, 3,....

2, CBOMICTBA 9®PEKTUBHOI'O MOTEHIUAJA W IIPOCTHIE TOYHLIE PEIIEHHA

Ilpu samammom S morennuman (9) sBiseTcs, Mo CYIIeCTBY, AByMapaMeTpu-
YeCKUM, 3aBHCAIIM OoT B/oo m B/o, Torna Kak moreHmmarn, oTBEYAOIUHA O[O0~
ocuoMmy mapamaruernry [16] B momepeunom moue, GBLI OHOTAPAMETPHTIECKUM.
Ilpuaem Hapsgy ¢ ABHON 3aBHCHMOCTHIO OT P/o. MMeeTcs W HesABHAs — depes
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Uy VWY
VUV WWhy

Pumc. 1 Puc. 2

MOAYJIb SIUNTHYecKoro muterpaia k=VpB/(a+p). dTo nmpuBoguT K GOIHLLIOMY
Pasuoobpasuio opM NETEHIMANa B 3aBHCHMOCTH OT COOTHOIIEHUS MexRpy B
¥ XapaKTepHBIMH KDHUTAYECKAMM 3HAYEHHAMU MATHATHOTO Modsa By ,=
=VS(S+1) (e +B)*+(a—p)*/4F(S+!/2) |a—B|, a Tarxe mexay a u B. C po-
CTOM MATHHTHOTO IIOJIS IIPOUCXOAUT IIEPEXO 0T NBONHOTO MEHAMYMA K IpPOCTO-
My depe3 dYeTBEPHOW; M3MEHEHME )Ke CTPYKTYpPHl MaKcuMyMa 3(@eKTHBHOIO
IOTEHNHANIa TPOUCXOMUT B IIPOTHBOMOIOMHOM TMopaAake — cM. puc. la (a<<B,
B=B,), puc. 16 (B=B,) u puc. 18 (B=B,). Ocobenno uHTEpPECHO, UTO B CIY-
4ae =P MOTEHIMAJ] MOKET MMeTh OJHOBPEMEHHO YeTBEPHON MAKCUMyM U 9deT-

BepHO#t MuEEMYM npu By=20VS(S+1) (puc. 2a).

Ilo ornomenuio K ypasuenmio lllpenunrepa ¢ morennmasnom (9) cumHOBHIE
PelIennsas MOKHO cuuTaTh TounbiMEH (cM. [16]). [aa smavenmit S=0, !/, 1,
/5, 2 momyyaTCA MPOCTHIE ABHBIE (HOPMYJNBI A YPORHEH OHEPIHH M BOJHO-
BBIX (DYHKIMA CHMHOBBIX COCTOAHHUN, a TeM CAMBIM U COOTBETCTBYIOIIHX COO-
CTBEHHBIX 3HAYEHHH M BOJHOBHIX (yHKIui ypaBHeHus (8).

ITepexons k mepedymcieHMI0 MPOCTHIX TOYHBIX PEUIEHWH, YCIOBHMCH IPHBO-
OuTh 1A BOMHOBBIX PyHKOui (6) Toabko mHokutenab @ (). B cayuae S=0
(KOTOPBIA ABIAETCA TPUBUAIBLHBIM ISl COIHHOBON CHCTEMbI, HO MOTEHIUAJ IPK
HTOM HpeTepreBaeT m3MeHeHWs POPMBI, XapaKTepHble u A Apyrux S) €,=0,
®,=1. Takum 06pasom, HO HYJEBON 30HBI HEPUOIUYECKOTO IIOTEHIHANA ¢ S=
=0 ocraercsi (UKCHPOBAHHBIM IpPH BCeX AeOPMALUAX HOTEHIHANA.

IIpa S='/, ypoBuu dHepru:m ABYX TOYHBIX pelIeHHA €, 1= (a—P)/4FB/2
OKAiMJAIOT IePBYIO IMeJab MeJ/y 30HAMH, BeJIHdIuHA Kotopoit pasHa B. Coor-
BeTCTBYIOL[Ue BOJHOBEIE (DYHKINU ONPEJENAI0TCA COCTABIAOIIUMEA

(I)0=sin—(p, (I),=cos—2(p—.
Huaa S=1
= E =) gy TR
80;2— 2 + B+—'T,
(I)o;z=coscp+fo;;;a, ei=a—B, O@,=sing.
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JI1060mbITHO, 9T0 DHEPrASd MEPBOro BO30YIKIEHHOTO COCTOAHUA He 3aBHUCHT OT B.
B o6mem ciygae HamGoubiuee 9UCIO MPOCTHIX ABHBIX pelleHHA (OpH IpoU3-
BOJBHBIX 3HAUEHUAX IApaMeTPOB IIOTEHIMAIOB) HOJydYaeTcs musa S=>/:

cwsmar ()= | (B+ 22 ) + 2 oy,

3¢ 2 ( 9o 3(5) . @
D, B A S i Rt -
= sin > " B_p €02 sin 57 .

8“3=_i (a—ﬁ)+§¢ V(B——°‘2;B)Z+% (a+p)3,

3¢ 2 ( 3&)
b= Py 2 __+
(I) COS 5 B [?) OS2

Ilpu S=2 B o0mem cayuae (0 APYTEX BO3MOKHOCTAX CM. HIJKe) IIPOCTHIE
TOYHBIE PEIleHUs MOIYIAI0TCA AJis TIEPBOTO M TPETHEI0 BO30OYKIEHHBIX COCTOS-

HHH:

813———(a s+VBz (+p)?,

_ 2[3 V 9 ]
(I)i;3=51n2(p——§[—2— (atB)=£= Bz+—4:—-(a+p,)2 sin @.

Paccmorpum Temeps 0cobyi0 06iacTh 3HAYEHWI TAapaMeTPOB, OTBEYAIOIYIO
TOBBIIIEHNI0 CHMMETPUHU B cucteme. lIpm 5TOM sHepreTHaecKui cmeKTp 1 Qopr-
Ma IOTeHNuaja o0JafalT PAJOM HHTEPECHBIX CBOWCTB, & C NPYTO# CTOPOHSL,
CYIIeCTBEHHO BO3PACTAeT IHCIO MPOCTHIX SBHBIX PellleHMit.

3. CBOIICTBA CAMMETPIH N JOIIOJHUTENBHBIE TOYHBIE PEIIEANA

B o6mem caywae rpynma cumMerpuu rammibronmana (1) Braowaer (mo-
MOMO eMHAYHOTO DIEMEHTA) TOBOPOT HA YIroll 5t BOKPYT oCH S. M ABIAETCHA
abeneBoif, TaK 9YTO CIWHOBBIE YPOBHU YHEPTUM He BHIPO;K[eHBI. VsmeneHume
3HaKa MarHmTHOTO Hoia B B rammibronuane (1) mpUBOJAT K SKBUBAJEHTHOMY
TaMIWIBTOHUAHY, HMEIOIEMY TOT jKe DHePreTUIeCKUuil cmeKTp. B KoopaumaTHOM
OIMCAHWE HTOMY IPeoGpPa30BAHUI0 OTBEYAET CABHI Hauala KOOPAUHAT Ha IIOJ-
nepuona 2K. Amamormumo sromy 3amena o<>p B ramuiasroHmane (1) mpmso-
JIUT ¢ YIETOM OTMEUEeHHOTO BEIIIE CBOWCTBA K HKBHBAIEHTHOMY TaMUJIbTOHHAHY
MPOTMBOTIONIOKHOTO 3HAKA, TAK YTO CIMHOBBIA CIHEKTP IIPH TAKOH 3aMeHe WH-
BEPTUPYET OTHOCHTENbHO HYJIEBOTO 3HAUCHHUA.

Ecnu oo=0, 10 yposau sHeprud BXONAT B cueKTp mapamu (e m —e). B wact-
HOCTH, B CIIyd4ae Heloro ciuHa mpu jwobom B ects yposens e¢=0. Tak, maa S=
=2 ¥ YeTHHIX COCTOAHMI (HeueTHBIe (BLIN HalijeHbl B pasfeine 2) uMeeM (AR
IPOCTOTHI {0 KOHIA pasjena canraeM o=03=1):

3(e—2)
et6

—_— 8B
eou=TF2VYB*+3, @,,=cos2¢p+——cosq+
e1+6
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4
e,=0, ®@,=cos2¢— B cos o—1.
Ecam S=3, o

ey = — Egn = — V 5B+ 33 L 41 B* - 6B° I 54,
e, ;—=F2VB 115, ,=0.

BoipaskeHus A BOJTHOBBIX (PYHRIWHE Ipm S=3 MBl He NPUBOMUM W3-32 AX
I'POMO3TKOCTH.

Jlas S=4 HenyseBble YPOBHH 3aIIUCHIBAEM KOMIIAKTHO B (popMe

evern = TV 1082 - 118 4+ 6 )/ B'— 65° 1 225,

enes = F )/ 5B? 4+ 113 - 4/ BT L 385" & 550.

Ecan S=5, anajorudmeiii pesyibTar il HEUETHHIX COCTOSHUA CJeyIOM[nii:

e=TV 10B* + 318 - VBB 1 385° 1 1225 .

IIycts Temeps B=0. B 310M mpefieapHoM ciyuae NOABJIAETCS HOBBIA 3JIeMEHT
cuMMeTpHE: raMunbToHUAH (1) mpm n00BIX o W  CTAHOBUTCA MHBAPUAHTHBIM
OTHOCHUTENHHO IOBOPOTOB HA YTOJ Ji HE TOJIBKO BOKPYr ocu Sy, Ho m S, (S.).
Ecnn cumn mosymenstii, To Takme mpeoGpasoBanus aHTHKOMMYTHPYIOT ApPYT €
JIPYTOM, 9TO 03HAUaeT BRIPOKAEHUE YpPOBHeH oHeprum (B cIydae IeNOT0 CHHU-
Ha TPyOIa CUMMETDHM ocTaeTcs abelieBOd W BHIPOKJeHUE He BO3HIKAET).

B pesyasrare nng a=0 u B=0 ynaercsa HaliTu ABHBIE BHIPAKEHHA NS Xa-
PAKTePHUCTHK COCTOSHUIA emre 0ojiee BHICOKUX 3HAUEHHIT S:

S=%/,, &, 1=—¢,, 5=—2V_7, €5, 3=0,

S=7/0 = —em—— ) 63+ 12} 7,
ens = — egp = — V 63 — 12 /21,

S=9, gy=—¢tg=— Vm,

8y = — &gy = — l/198 — 61561, e4;=0.
®opmyny misa @ (¢p) npusemeMm B IpocreiiieM caydae S=°/, A OCHOBHOTO
5] 1 — 3 —
cocrosEEA: @, = sin—2CE e (11+4Y7) sin—;- — 2(5+2V7)sin% .

Tosopsa o ceoiicTBax cummerpum morenmuana U(z), ykamem, aro mpm B=0
ITPOMCXOJUT yMEHBIIeHHE [MepPHO/a MOTeHI[MAjJa BJBOE M COOTBETCTBEHHO Y-
BamBAeTCA IepHOJ B IPOCTPAHCTBE KBA3MHMIYJIbCOB. B pesyibTate IPOHCXO-
JIAT TOHApHOE CIMSAHUE 30H ¢ NCIe3HOBEHHEM BceX HedeTHHIX meineil. [IpmaTom
IS MeJdbIX S CIMHOBEE YPOBHH DHEPTHU COOTBETCTBYIOT KPasgM BCEX CIHB-
mmxca 30H. K ToMy jKe cumcTeMa 06ajaeT B 9TOM CIyyae MHTEPECHBIM CBOMCT-
‘BOM KoHeuHo30HHOCTH (cM. pasmen 4). Ecam ke S — momymemoe, To yposHH
9Heprmy, OTBevalollue 3HAYCHUAM KBasuuMmmyiabca /4K u oxaimisomue He-
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ueTHBIE MIelN, OKA3BIBAIOTCA BHIPOKIEHHBIMY (HE3aBHCHMO OT TOTO, ABJIATCA
OHU CUHHOBBIMY HIIH HET).

HaoGopor, mpu B+0 mepumox yJBamBaeTcs, BO3HHKAeT CBePXPeINeTOTHbIM
adeKT pacmenieHnd 30H., Takue IpeBpalleHus 30H MOYKHO Ha3BaTh (Mar-
HATHBIMA» CTPYKTYPHBIME IIEPEXO0TaMHU.

C DOMOIIBI0 YHCIEHHBIX METO0B (TOYHBIE DeLueHHus IPH ITOM CIYKUII
TeCTOBBIMH IPUMEPAMH) YCTAHOBIEHBI TAK:Ke CJIeIyIOIue OCO0eHHOCTH Haj-
cnuHOBEX 30H. Ecim mapamerp S m3MeHseTcs HeHPePBIBHBIM 00pas3oM, TO IpH
KayKIOM IIeJoM 3HAYeHHM S HCYE3aI0T YeTHBIE HAJCIIHOBBIE INeNH, a IIPHE
KayKIOM TOAYIeaoM S — HedeTHBIE. DTO CHAPUBAHEE 30H COIIPOBOKIaeTCA 06-
MEHOM YeTHOCTHIO MEKAy YPOBHSIMH DHEPIHM, KOTOpPHIE 00pPaMIIAIOT 3aXJIOMbI-
BaloIumecsa INeln, a TaKKe IPeBPAI[eHMeM OYepejHOil HAJICINHOBOM 30HBI B
CHUHOBYI0 W IOSIBIeHHMEM TOYHBIX pertenmit. Takum o6pa3oM, MbI mMeeM [eJIC
C IEePHOJHIECKUMH «(CIHHOBHIMHY» CTPYKTYDHBIMH Nepexopamu. B oriuume or
«MarHATHHIX» OHU He BBIBBAHBI KAaROU-1u00 ABHOH CHMMeTpHeHd HOTeHIHaia
¥ KacaiTca TONbKO HAJCIWHOBHIX 30H. llpeicraBisior mHTEpec CTporoe Ma-
TeMaTHdecKoe [0KA3aTeIbCTBO W BHIABIEHHE COOTBETCTBYIONE# CKPBITOH CHUM-
meTpun. MoKHO CKasarh, 970 B CiIydae LEIHIX S CHApUBAHUE 30H SBIACTCH
cIefcTBHEM KOHeuHo3oHHOCTH: mpu B7( BeiencTBHe CBEpXpemIeTOIHOTO B3-
(exra BCe HedeTHBIE IEJU PACKPHIBAIOTCH, HO YeTHEIE HAJCIUHOBHIE eI
ocraforcsa 3aKkpeiThiMA. 1lpu momymeasix S cBepxpeineTodHbI dPEQERT mposs-
JIAETCA TOJABKO B CIIMHOBEIX 30HAX, & HAJCIHHOBBIE 30HBI OCTAITCA CIApEH-
HBIMU.

3amerum, 4T0 HAPALY C ABYMS KPUTHIECKAMY 3HAYeHUAMM mapamerpa B .
(cM. pasmexn 2) cymmecTByeT ellle OTHO XapaKTEPHOE IMPOMEKYTOYHOE 3HAYEHHE
B,=2VapS(S+1), mpu KOTOpOM NOTeHIHWAJ CTAHOBUTCA AHTHIEPHOJMICCKIM:
U(z+2K)=—U(z). Bosunkaer monnas cumMeTpus Gapbepa U AMHI (ecanm =
=0, To TPOMCXOANT CIMAHNE BCEX TPeX OLMOPHEIX Touek B).

4. KOHEYHO30HHBIN M JPYI'UE IPEJEJIBHBIE CAYIANT
QJUINIITUIECKUX ITIOTEHIIMAJIOB.
AHAJIOTH HA OCHOBE SU (1,1)

OngHEM U3 WHTEPECHBIX CBOMCTB OOHADYIKEHHBIX B HACTOAMeH paborTe Imo-
TeHIHAJIOB ABIAETCA TO, UTO OHK COJIEPKAT KAK TpeJelbHEIe CIyYau PAX M3-
BeCTHHIX IMHPOKO MCIOJAB3YEMBIX B (PMBHMYECKUX NPUIOMKEHUAX TOUHO peliae-
MBIX MoOfienell, ABnAAch ux obobmenueM. [{ua ymoGerpa pasmennM ypaBHeHHe
(8) ma otP, a B morennuane V=U/(a+p) rosddunuments BrIpasnm uepes Mo-
IyJa" auunTadeckux Qynknmit £ m £ =V 1—k2 Torma

2 2 1\ enz
1 V=[l‘-—k2k'2s S+1 ]Sn Z 4 ( _)—
(1) 4 S+ Jqug TS5 ) qms

uw=>B/(a+p).

Cootsercrytomuit cimroBSIl rammibronnan H=k'%S,*—k:S 2 4+uS,.

M5t orparmauMest paceMoTpenmeM TpaHC(HOpMANMir TOTERNHANA I CIEKTPA,
ONYCKas JI7TA KPATKOCTH BOIIPOC O TIOBEEHUU BOJHOBHIX (yHKITHIL.

W3 cpoiicts smnnnruaeckux ¢yfxmmi [19] sbitexaer, uro mpm k=0 mo-
Tennman uepexomur B V=(p’/4) sin® z+p(S+Y/,) cosz, a mpm k=1 (m p—~
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——n) —B V=(u’/4)sh*z—u(S+'/,)chz, T.e. mnoTemmmamsr, paccMaTpuBaB-
amecs B [16, 12].

Cresaem Temmeph 3aMeHy IepeMenHOii cormacno x=u—K m mpomsseiem me-
‘peHOpMHPOBKY MarmutHOro mois B=b(a+p)k. Torma morenmman (11) cra-
HOBUTCH PABHBIM

(12) V=[b*/4—k*S(S+1) Jen® u+b(S+!/,)sn u dn u,

a H=k"*S,*—Rk*S+0bk’'S..

dra ¢opma szanmcu yAoOHA TeM, 9TO M3 Hee HeMOCPEe[CTBEHHO IOJYYaeTCH
ypasuenue Jlame mpu mysesoM maruutHOM Tose (b=0). Ecau S — menoe, mo-
rennuan Jlame o6iamaeT BayKHBIM CBOWCTBOM KoHeWHO30HHOCTH [4, 21]: ocTa-
eTcAa TOJLKO S CIMHOBBIX Iesell, a Gojiee BBICOKME INENH HCUIE3aI0T BOOOIIE.
Taxoii MOTEHINAJ OTBEIaeT HEKOTOPOMY YaCTHOMY CIyYal0 IIePUOAYeCKUX pe-
menuit ypasuennsa HKopresera —me ®Opuza. Haupumep, S=1 coorBeTcTByer
OJTHOJIAKYHHBIA MOTeHIUAN JlaMe, He MEHSION[MHA CBOEr0 BUMIA IIPH JBONIOIAN
(amasor ogHOCOMNTOHHOTO permenns) [13].

Ecau k=0, uz (12) Buoss moaydaercsa (mpn NpouM3BOIbHOM b) Iepuoimde-
ckuit moremmuan V=(b*/4)cos® ut+b(S+!/,)sinu. Ecim we k=1, To mpuxo-
UM K 0600mennoMy morennuany dxrapra [1]

v b*/4—S (S+1) + b(S+'/,)shu
B ch’u ch’u
Ilpu srom H=-—S, a pgucKpeTHble YPOBHU OHEPIHH &€,=—(S—n)® (Npe=
=S—1 nua 1enoro S U Apm=S—"/; W1 momyueaoro). :

Berogy Bbille x CYMTANOCH BENIECTBEHHBIM. 3aMeHA ke I=Ii1] MPUBOJUT K
moTeHnuany, asajormanomy (11), ¢ Toit ammp pasHumeii, uro moayau k, K
JepexoiAT APYT B ApPYyra. 3HAK M HyMepanus CHUHOBBIX YPOBHEH DHEPIUH 3a-
MeHAITCA Ha o0paTHBIe (CM. pasger 3).

PaccmoTrpennbie moTennuaigsl ObUTH cBA3aHbI ¢ upencrapienuamMua SU(2)-
anreGpsl. AHAJTOTHIHBIM 00pPa30M MOKHO TOCTPOHTHL IIOTEHIHAJE HA OCHOBE
SU(1,1)-anre6psr. Ecnu ucxogurs us reneparopos Ko, K,, K, (K/—K,*—K,*=
=q(g—1), ¢ — rpyumoBoit MHAEKC) B IPEJCTABIEHUN COOTBETCTBYOIIHEX 00600~
LIEHHBIX KOTepeHTHBIX coctosuuil [14] (cp. ¢ paspenom 3), To MOIKHO IIOKa-
3aTh, YTO TAMWILTOHHAMHY

H=Fk *K?+k*K*+AkE' K,

oTBedaeT 3(PPEKTUBHBIN OTEHI{UAJ

=q(q—1)+7» /4_7»((1— /.)en _kz[h ]

(13) 4 : 2 ——ta(g—1)
sn® 1 sn’n 4

B npepenpuom ciydae k=0 om mepexoAuT B 0606IeHHBIH moTennman Ilemr-
a1 — Tennmepa [1]

V= 4(4—1)"'7»2/4_ A(g—"/2)cos
sin® sin® 1)

ampa k=1 B

_q(g—1)+r/4  A(g—"/z)chn
sh® sh*n

v
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ITockoasky 3mecs temeps H=K,*, ACHO, YTO Ipe/iedbHBIH IepexXof cOBepIIaeT-
CA B COCTOAHUA CILIOUIHOTO CIEKTPa.

CmenaeM HECKOJIBKO 3aMEYaHMII IT0 IOBOMY CIEKTPOB [BYX DPasiImYHBIX
rpynmnosbix ramumiabroruanos —SU(2) m SU(1,1) —8 mpocreitmeM caydae,
rorga B=0. Ecau g=S+1 — nenoe, To upu sTom moxyvaercsa ypaBaenue Jlame
C KOHEYHO30HHBIM IOTEHIIMAJIOM, IPHYEM HHBKOJEKAI[Ae YPOBHU DHEPIHH
(ompepiesisiione MMOJOKeHUe Ieseil) ABIAITCA II0 CBOEMY HPOMCXOKeHHIIO
comuosbiMa, SU(4, 1)-MyapTuiLIeTy ke OpUHAUIeIKAT HAJICIKHOBEIE (IBYKpaT-
HO BBHIPOJK/ICHHBIE B COOTBETCTBMH ¢ MCYE3HOBEHWEM 3ampelleHHBIX 30H). Ta-
KuM 00pasoM, [Be CYINeCTBEHHO Pa3judHbBIe COBOKYIIHOCTH YPOBHEH SHepTHu
OJTHOTO M TOTO jKe YPaBHEHHS C MEPHOMIECKUMY TPAHUYHBIMA YCIOBHAME
ONMUCHIBAIOTCA HBYMA PAa3IMYHBIME TPYIIOBBIMH TaMIJIbTOHHAHAMIL.

VraseM efe, 4To HOAOOHO TOMY, KaK 9T0 ObLIO C/eJIaHO JJs DOTEHINAI0B
CTIMHOBOM TpUpOnbl, 3amena m=if mpusogur K moteniumaxy SU(1,1)-ruma,
oramaanmemycs ot (13) samenoit k<&’

Wrak, ecam oXBATHTH IOJIy4YeHHBIE PEe3yALTATHI €IMHBIM 00pPa30M, MCIIOIb-
3yA KOMIUIEKCHYIO Z-IUIOCKOCTH, MONydYaeTcs chaefyiolmee. BemmecTBeHHadg
MHEMAas OCH OTBEYAIOT CIMHOBHIM 3(E@EKTHBHBEIM IIOTEHIHAJaM, OpHIEM B
KaKJ0M M3 9THX BAPHAHTOB COJIEPIKATCA KaK IMpefeJbHBIE CIydad U IOTeH-
nuajbHAsA AMa, U MePUOAMYeCcKUil IoTeHnuat, paccMorpennse B [12, 16] (ecan
OTHPABJIATECA OT OJHOOCHOTO HapaMarHeTHKa, TO BJOJhL BEIIECTBEHHOH OCH
UMeeM TONbKO HOTEHIUANBHYIO MY, & YUCTO MHUMOI — MEPUOUICCKHIA TOTEeH-
nman). Kpome Toro, momywaercsa Tarske m 0000IeHHBINA MOTeHIMAN JKKapTa.
HamoMuuM Takske, 4TO B Ipejesie MAJNbIX 3HAYEHUN MArHUTHOTO IOJS CIHHO-
BBIil ITOTEHI[MAJ OJHOOCHOTO IapaMarHeTHKa IpeBpaiiaeTcsa B moTeHIUAIX Mop-
ca (TouHee, B cymeprmosmuuio AByX yaaitenusix am Mopca [16]). Ilepmogmyae-
CKMM ’Ke IOTeHImalaM, cBA3amubM ¢ mpepcrasmenmamum SU(1,1)-anredpst,
O0TBEYAeT M3MEHeHHe L BIOJb MPAMBIX, OTCTOAIIAX OT BEIIeCTBEHHON MW MHU-
moit ocu Ha K unu K', cOOTBETCTBEHHO).

OTtMmeTuM, 9T0 HMHOM ajrebpamdyecKuil IIOAXOH HA OCHOBE IIPECTABIEHUIL
SU(2) u SU(1,1), nossonusiumii onmcarh cBoiicrBa moreHmuanos Mopca m
Oxkapra, Gpur passBuT B [7] ¢ umcmompsoBammeM Tpepcrasienua llIBwmrepa.
Cesasp ypapuenus Jlame co CIMHOBBIM TaMUILTOHUAHOM 00CYy’Rmajack B [6,
22, 23]. Bo Bcex »TuX Ciay4asx TIpyNOOOBOA TaMHJIBTOHHAH COMEPIRAI JIUIIND
claraemMbie, KBaJ[paTUYHEIE 0 TeHEPATOpPaM TPYIObL, 9TO O3HAYAET ¢ (pmamde-
CKOM TOUKM 3PEHUs y4eT TOJHKO aHU30TPONHU (eCium pevb HUAeT O ImapamarHe-
THKe). BRioovenme jKe MarHUTHOIrO IIOJIA, OHMUCHIBAEMOTO JUHEHHBIM WJICHOM,
¥ MCHONIb30BaHNe 0600I[eHHBIX KOTePEHTHBIX COCTOAHUA MO3BOJIMIN 3HATHTEIh-
HO YBEJIWYHUTH YHCIO TOYHBIX PEIIeHWH X MOAYYUTh dPPEeKTHBHEIE MOTeHIHANb
¢ ropasno Gomee pasHOOOPA3HEIME CBOHCTBAMM,

5. OBOBILEHUSA. PACHINPEHUE YMCJA TOYHLIX PENNIEHUA
" 9OOERTHNBHBIX ITIOTEHIINAJIOB
OTMeTHM, YTO IIONyYeHHBIE Pe3yJbTaThl 0600maloTcaA Ha ciaydail HAByXocC-
HOTO TIapaMarHeTHKa B IIPOM3BOJNIHLHO HANPABIEHHOM MATHUTHOM IIOJe.
B wacrmocTm, ecim MarHHTHOe IoJie JIE3KUT B INIOCKOCTH, IIPOXOMAIIEH depes
OHY W3 OCeil aHW30TPONWH, TO CHWH-TAMIIBTOHHAH OyJeT mMeTh BHJ

(14) H=aS*—pS,*+BS,4CS,.
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IToBropas mar 3a maroM paccy:kmeHUS paspmesna 1, TPUXoOAUM K aHATOTHIHBIM
pesyaprataM. J@dekrusubii morennuan B ypasHeumu lllpemmurepa (8)

(15) U(z)=[(Bsnz—C cnz)*/4—apS(S+1)sn®*z+(at+p)B(S+
+!/;)en z+a(S+/,)Csnz] (atpen®z)~?

¢ gobaBienmeM HOBOro mapamerpa C craHoBUTCA elie 6ojiee TUOKUM, U300UIysT

HeCMMMeTPHYHBIMY NPOQUIAMHE, OfUH M3 KOTOPHIX NpHUBEJeH HA puc. 20.
BorHOBEIE (DyHRIME CTanMOHADHBIX COCTOSHHIT (L) CBABAHBI C COCTAB-

JAIOIIAMA NPEJCTABIeHUS CIHHOBBIX KOrepeHTHBIX coctosuuit @ gopmyitoi

X

Voc——(g _ VEsn z )c/4/ﬂ(a+ﬁ)

VatB+Vpsnz

exp{ — 2% arctg ( Vg— cn x) }

(o tp en®z) 572

16)  u(e) =0

X

.

Coxpansgerca Bce CKadaHHOE OTHOCHTENIHHO COOTBETCTBHA CIHMHOBBIX ¥ 30H-
HBIX PeIIeHWH W HONYJIeHHA TOYHHBIX peluneHmil, OHAKO YMEHBHIIAETCH KOJIW-
9ecTBO TeX M3 HEX, /I KOTOPHIX MOJKHO TOJYYHTH IPOCTHle SBHBIE aHAJINTH-
YecKue BHIPAKeHUA IJIA yPOBHe# pHepraw.

IIpm S=0 enuwnCcTBeHHBIH CINHOBHIA YPOBEHD DHEPTUH, OIPeeISIOIA THO
OCHOBHOI 30HBI, OCTaeTcsd HYJIeBHIM €,=0, a B COOTBETCTByHOIIeH# BOJHOBOI
¢yrrquu (16) @®,=1. IIpm S='/, ypoBHE >HEPIAH OCHOBHOIO W MEPBOTO BO3-

a—pB __ VB*+C*
:F
4 2
30HHOM cIeKTpe motennuana (15), a

Oy/RIeHHOTO COCTOAHUIL g4 = OKaUMIAIT IEePBYIO IIeldb B

o= sin P~ Fo ) 1= COS (p;% )

@, = arctg T

Pasnuunbie mpepenbHble mepexofsl A morenmuaia (15) moryr ObITH pac-
CMOTPEHBI AHAIOTHMYHO TOMY, KaK 3TO OBLIO CHENaH0 B MPEbIIyINeM pasede.
B gacTHOCTH, OTCIOZIa MOKHO HOJYYATh HECHMMETDPHYHBIE IBYyXIapameTphye-
ckue (mpm purcmposamuHoM S) moTeHmumansl, obHapy:Kenusle B [16].

AmnanormaasiM 00pasoM MOKHO PAaCCMOTPETh CIMHOBBIA KBaApaTHIHO-JH-
HefHEIA raMUIBTOHNAH 00IIero Busa

H=0aS8.2—pS/+BS.+CS,+DS..

EMy cooTBeTCTBYeT KOMIIEKCHBI ITOTEHIIAAL.

IIpencrasasitor maTEpec manpHeimue 0000IIeHNs Pe3yIbTATOB HACTOSMIE
paGorel m [16] ma cayuait HekBagpaTWYHBIX IO TEHEPATOPAM TaMILIBTOHMA-
HOB, 6oJiee CIOKHBIX ajireOp JIm, MHOTrOYACTHYHHIX CHACTEM M T.II.

Asprops! Beipaskator 6marogapuocts B. M. Ilykepuury 3a mutepec k pabore
1 TOJIe3HbIe 3aMETaHUA.
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PERIODIC EFFECTIVE POTENTIALS FOR SPIN SYSTEMS AND NEW

EXACT SOLUTIONS OF ONE-DIMENSIONAL SCHRODINGER
EQUATION FOR ENERGY ZONES

Zaslavsky O.B., Ulianov V.V,

Using the technique developed in the previous paper by the authors and based on
the representation of generalized coherent states, new effective periodic potential fields
are found which describe rigorously stationary states of (pseudo)spin systems of the
type of two-axis paramagnet in a magnetic field. The potentials change considerably
depending on several parameters, in their profiles some peculiar shapes abound, of the
type of double wells, two-hump barriers, quartuc minima or maxima, and interesting
phenomena take place in the zones (finite-zoneness, pairing of zones, etc.). It is shown
that spin systems are connected with (anti)coherent states with extremal energy levels
in 2s+1 lower zones (s being the spin). On the basis of the spin-coordinate correspon-
dence obtained, new classes of exact solutions of the Schrodinger equation are found
for the energy zones with simple explicit expressions for energy levels and wave fun-
ctions at s=0, /2, 1, 3/2, 2, /s, 3, "/2, 4, °/5, 5. The potentials are expressed in terms of
elliptic functions and include, as particular cases, the finite-zone Lame — Eings potential,
Eckart and Morse potentials. Effective potentials for the Hamiltonians of the SU(1.1)
group are also constructed.
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Spin coherent states play a crucial role in defining QESM (quasi-exactly

solvable models) establishing a strict correspondence between energy spectra
of spin systems and low-lying quantum states for a particle moving in a poten-
tial field of a certain form. Spin coherent states are also used for finding the
Wigner-Kirkwood expansion and quantum corrections to energy quantization
rules. The closed equation which governs dynamics of a quantum system is

obtained in the spin coherent representation directly for observable quantities.

Spin coherent states play a crucial role in defining QESM (quasi-exactly solvable models)
establishing a strict correspondence between energy spectra of spin systems and low-lying
quantum states for a particle moving in a potential field of a certain form. Spin coherent
states are also used for finding the Wigner-Kirkwood expansion and quantum corrections
to energy quantization rules. The closed equation which governs dynamics of a quantum
system is obtained in the spin coherent representation directly for observable quantities.

In this paper we review three somewhat unusual applications of spin coherent states: 1)
quasi-exactly-solvable models (QESM) and effective potential description of spin systems;
2)dynamics of quantum spin systems in terms of observable quantities; 3) Wigner-Kirkwood
expansion and energy quantization rules (analogue of the Bohr-Sommerfeld rules) with quan-
tum corrections, derivation not using the path integral approach; the crucial point here that

the series for quantization rules turned out to be the direct consequence of the Wigner-


http://arXiv.org/abs/quant-ph/9902058v1

Kirkwood expansion, so the present approach establishes the connection between two quite
different expansions. It is essential that all three points under discussion which look so
different are based on the possibility to represent the spin operators as the differential ones.

Let us consider the standard expression for a spin coherent (not normalized) state:

_ _ ¢ 25 s
£) = exp(€50)18) = zd Soos o (1)

where |o) denotes the state with the S, projection equal to o, Sy = S5, £ iS,. Then using
the commutation relation for different projections of spin operators we obtain that for any

function f of spin operators S;:
(€1Sif1€) = Sif (2)

where f = (£[f]¢) and

(3)

Another version of the representation of spin operators in terms of differential ones arises
if one uses normalized spin coherent states |77) = (1 + ££*)79|€). Then, similarly to (f) we

have
(71| Si f|7i) = Sif (4)

where now f = (7i|f|r). Here 7 is the unit vector whose direction is parametrized by two
angles or a complex number ¢ according to £ = tan g exp(igp). The explicit expressions for

S; are the following:

S SE+E) 4 oo SE—€) o oo S-g)
T e T T e PO T ey T 8

These expressions can be rewritten in the form

. 1 . -
S:Sﬁ+§(d—ib),d:—ﬁxb,b:ﬁxv,V:% (6)

The formulas for S; and S; play the key role in what follows.
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I. QESM AND SPIN COHERENT STATES

Quasi-exactly solvable models is an rather unusual object in quantum mechanics which
occupies a position intermediate between exactly solvable models and models which cannot
be solved at all. At present, there are several reviews on QESM [, [Bl, [Bl, @, [A made
from different viewpoints where a reader can find references to original papers and history
of discovering QESM. In the present paper we outline briefly aspects of QESM connected
with their physical realization.

Usually, the typical situation in quantum mechanics with exact solutions of the
Schrodinger equation is the following. (1) The expressions for wave functions and energy
levels can be found for a whole spectrum; (2) a hidden underlying algebraic structure which
makes it possible to find exact solutions has the auxiliary character which in itself has no
direct physical meaning; (3) the possibility to describe some object by a potential field which
admits exact solutions is determined by comparison with an experiment but not by inner
structure of the problem. In contrary, for QESM (1) only the part of the spectrum can
be found explicitly or implicitly from the algebraic equation of finite degree; (2)-(3) the
underlying algebraic structure (spin Hamiltonian) has direct physical meaning, so potential
description of spin systems arises because of just the spin structure itself in a rigorous sense;
that leads to the notion of an essentially new type of quasi-particle which can be called
”spinon”.

Let us consider the spin Hamiltonian

The representation for spin operators in terms of differential ones ([f) enables one to obtain
for the eigenvalue problem the second order differential equation which after a simple substi-
tution and, in general, the change of variables, leads to the standard Schrodinger equation

with some potential. Below we discuss several examples. Let, first

H=-5%-BS, (8)
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that describes an uniaxial paramagnet in an transverse magnetic field. Then in the corre-
sponding Schrédinger equation the potential U = B?/4sinh?x - B(S + %) cosh x, the wave
function ¥ = @ exp[—(£ coshz)] where ® = 27=° a,e”® with some coefficients a,. It fol-
lows from the form of the wave function that it decays rapidly at infinity and, therefore,
describes bound states. On the basis of the oscillation theorem it follows from the form of
the wave function that the spin energy levels coincide with the initial 25 + 1 energy levels
of the particle ("spinon”) moving in the potential under discussion. The higher levels have
nothing to do with the spin system in question. The found effective potential undergoes a
curious transformation as the magnetic field changes. For B > By = 25 + 1 it has the form
of a single well, for B < By it changes into a double well, for B = B, it takes the form of a
well with a fourfold minimum.

Near the critical magnetic field B = B, the potential can be approximated by a power
expansion. and represents, in fact, a quartic ahnahrmonic oscillator. Using properties of
such a system, one can show that for the paramagnet at hand the magnetic susceptibility
has a maximum at B = B[l —7(S+1)72/%] where v ~ 1. This maximum does not disappear
in the limit S — oo and in this sense has a pure quantum origin. Another application of the
effective potential method consists in the possibility to calculate tunnelling rates for B < By
using well known methods of quantum mechanics (WKB, instantons, etc.). Even much more
important is that the effective potential description gives clear qualitative understanding of
what the phenomenon of spin tunnelling is and in what sense spin, which is a quantum
object of pure discrete nature, can tunnel through classically forbidden region.

It turns out that in general the effective potential describing spin systems is periodic,
spin levels corresponding to edges of energy bands. For instance, for H = a.5% — ﬁSj + BS,
the potential U is expressed in terms of elliptic functions, the condition which select spin
levels reads W(x + 4K) = (—1)*W(x) where K = K(k) is the complete elliptic integral of
the first kind, k = /8/(a + f).

Sometimes the infinite Hilbert space of a quantum system can be divided to a set of finite

subspaces with respect to the value of some integral of motion R.Then in each subspace

4



one can introduce its own effective potential. In this sense for the Dicke spin-boson model
with H = wata+¢S, — g(a™S_ + S,.a) we have U = r® — Ar* + Br? + Cr—2(we do not give
the values of constants for shortness). The similar potential with C' = 0 corresponds to two
interacting oscillators H = wa™a + QbTb + g(a*V? + ab™). In general, QESM demonstrate

a lot of nontrivial correspondences between spectra of quite different quantum systems.

II. DYNAMICS OF SPIN SYSTEMS

—,

Consider the Heisenberg equation for an arbitrary operator ¢(S) in the case of a time-

independent Hamiltonian H
g=(i/h)(Hg - gH) (9)
and average it over a spin coherent state. Then, using relations (f), (f) we obtain
g=(i/nKg, g = (flgli), K = H(S) - cc. (10)

This is the closed equation for an arbitrary quantum system. In the classical limit it turns
into the equation ¢ = {H,;, g} where {...} denote the Poisson bracket which contains deriva-
tives with respect to the component of a classical spin (magnetization) of the first order only.
The equation of motion has the same form for any quantity and the only point where the
distinction between different solution comes from is the initial condition: g(¢ = 0) should be
specified as a function of 77 (or £ and £*). As a matter of fact, variables which parametrize
a spin coherent state play the role of quantum generalization of Lagrange (but not Euler)
coordinates. It is remarkable that the equation under discussion is obtained directly in terms
of averages, i.e. observable quantities, so the stages of finding the wave function and the
subsequent averaging are avoided completely.

Consider the following example. Let the Hamiltonian have the form H = —BS, — DS?
and D < B/S. Then one can show that account for higher derivatives in the Schédinger
equation gives rise to a pure quantum modulation of a classical periodic dependence: (S,) =

S'sin @ exp|(i(¢ — wt)][cos T + isin T cos0)>°~ 7 = Dt/h, w = B/h.
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III. QUASICLASSICAL APPROXIMATION FOR SPIN SYSTEMS

Spin is essentially quantum object having a discrete nature. On the other hand, in the
classical limit a spin system is described by the classical Hamiltonian function in which the
role of natural variables is played by two angles (for each spin), e.g. variables which change
continuously. Therefore, if one is interested in constructing the analogue of the Wigner-
Kirkwood expansion in powers of S~! the following question immediately arises: how can
these two circumstances be reconciled? The ideal tool to handle this problem is the apparatus
of spin coherent states: (1) they ensure continuous representation of a spin; (2) they minimize
the Heisenberg uncertainty relation, so they are "the most classical states” and in this sense
are already adjusted for the description of the quasiclassical limit and finding quantum
corrections; (3) they form complete (even overcomplete set of states). Using spin coherent
states as a basis we can construct the expansion in question as the perturbation theory with
respect to derivatives according to (). In particular, the first correction for one-particle
Hamiltonian H = f(S) turns out to be §F = LS5 (8 — mamy) (fay — T~ f 1 f 1)) where
0x; is the Kronecker delta, f; = ;—rf;, angular brackets indicate averaging over the classical
Gibbs distribution with the corresponding classical Hamiltonian function f(S7), T is a
temperature.

It is remarkable that, knowing the Wigner-Kirkwood series, one may recover from it the
form of the energy quantization rules with quantum corrections without approximate solving
the Schrodinger equation. For the ”ordinary” quantum mechanics it was shown in [f] and
is extended now directly to spin systems.

To summarize, spin coherent states not only establish link between quantum and classical
spin systems - they even lead to such constructions which (like QESM) in themselves have
nothing to do with spin!

The work of O. Z. is supported by ISF, grant # QSU080268.

References




[1] M.A. Shifman, International Journal of Modern Physics A 4, 3311 (1988)
[2] V. V. Ulyanov and O. B. Zaslavskii, Physics Reports 216, 179 (1992).

[3] A. G. Ushveridze, Quasi-exactly solvable models in quantum mechanics (Institute of Physics

Publishing, Bristol, 1994).

[4] A.V. Turbiner,Lie-Algebras and linear operators with invariant subspaces, Contemporary Math-

ematics 160, 263 (1994).

[5] A.V. Turbiner, ‘Quasi-exactly solvable differential equations’, In: ” CRC Handbook of Lir group
analysis of differential equations”, vol. 3, Chapter 12. Ed. N.H. Ibragimov, CRC Press, Boca

Raton, Florida, 1996, p. 329-364.

[6] V.V. Ulyanov, Integral methods in quantum mechanics, (Vischa Schkola, Kharkov, 1982, in

Russian).



AMERICAN PHYSICAL SOCIETY
. twoughthe ©
‘American Institute of Physics




PHYSICAL REVIEW

B

CONMDENSED MATTER
AND MATERIALS PHYSICS

Phys. Rev. B 60, 62126214
(1999)

Tunneling series in terms of
perturbation theory for
guantum spin systems

Abstract

V. V. Ulyanov and O. B. Zaslavskii"
Department of Physics, Kharkov State University, Svobody Square
4, Kharkov 310077, Ukraine

Received 16 April 1999; published in the issue dated 1 September
1999

Considered is quantum tunneling in anisotropic spin systems in a
magnetic field perpendicular to the anisotropy axis. In the domain of
small field the problem of calculating tunneling splitting of energy
levels is reduced to constructing the perturbation series with
degeneracy, the order of degeneracy being proportional to a spin
value. Partial summation of this series taking into account terms with
small denominators is performed and the value of tunneling splitting
is calculated with allowance for the first correction with respect to a
magnetic field.
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Considered is quantum tunneling in anisotropic spin systems in a magnet\ic field perpendicular to the
anisotropy axis. In the domain of small field the problem of calculating tunneling splitting of energy levels is
reduced to constructing the perturbation series with degeneracy, the order of degeneracy being proportional to
a spin value. Partial summation of this series taking into account terms with small denominators is performed
and the value of tunneling splitting is calculated with allowance for the first correction with respect to a

magnetic field. [S0163-1829(99)04530-0]

Tunneling splitting of energy levels and the appearance of
gaps in the energy spectrum of a quantum system is con-
nected with breaking the symmetry of an unperturbed system
by perturbation removing degeneracy. Usually, this effect is
realized in quantum mechanics in two typical situations. The
first one consists in that the Hamiltonian can be represented
in the form H=H+ V, where H is the unperturbed Hamil-
tonian and V is perturbation, so correction to energy levels
can be calculated with the help of some version of the per-
turbation theory. Another situation is tunneling splitting of
energy levels for a particle moving in a symmetric double
well due to tunneling penetration into a classically forbidden
region. In that case the tunneling splitting can be found by
means of one of the quasiclassical methods (WKB, instanton
calculus, etc.). Although the physical reason—removing
degeneracy—is the same in both cases, it is described in
terms of essentially different languages, regions of applica-
bility of which, generally speaking, do not match.

It turns out, however, that there exists a whole class of
physically interesting systems for which both approaches can
be combined—anisotropic spin systems whose Hamiltonian
is a quadratic-linear combination of spin operators. Their en-
ergy spectrum admits rigorous description in terms of an
effective potential:' energy levels of a spin system coincide
with 25+ 1 low-lying levels for a particle moving in a po-
tential field of a certain form. If such a spin system is of the

“easy type, for a sufficiently small field the corresponding
potential has the form of a double well typical of tunneling
effects, so the energy splitting can be obtained, for example,
with the help of instanton formulas,"? the accuracy of which
grows as a magnetic field decreases and the spin value in-
creases. On the other hand, in the domain of small fields the
perturbation theory can be applied. Thus, for sufficiently
small magnetic fields and §> 1, both approaches match.

The nontrivial peculiarly of the perturbation theory in
such a situation consists in that the order of degeneracy is
proportional to the spin value.® As the quantity S plays the
role of the inverse Planck constant %, it turns out that the
degree of degeneracy tends to infinity in the quasiclassical
limit. In so doing, terms such as B2 appear in the perturba-
tion series which are nonanalytic with respect to S™! in the
limit §— o0, which in itself testifies that although calculations
are carried out on the basis of perturbation theory, the effect
in fact admits the tunnel interpretation.
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In the leading order of perturbation theory the result of the
calculation of tunneling splitting has been reported in Ref. 4
(without detailed derivation) and, independently in Ref. 1, in
which a consistent derivation of the formulas for energy
splitting was suggested. This derivation was not a direct ap-
plication of standard formulas of the perturbation theory
from textbooks and required careful singling out and sum-
ming of all such terms. In the present paper we perform the
next step and calculate the first nonvanishing correction to
the tunneling splitting for an arbitrary value of a spin. The
approach developed in Ref. 1 and the present paper is of a
systematic character that enables one to construct the series
with respect to a magnetic field value including high-order
corrections. In this sense the calculation of the tunneling rate
is reduced to summing up the perturbation theory series with
a given accuracy.

In recent years interest in the nature of quantum tunneling
in spin systems of different nature has sharply increased. It
concerns the crossover between quantum and thermal
domains,5 tunneling in small ferromagnet particles,6 many-
spin molecules,7 etc. Therefore, formulas for the tunneling
splitting obtained below can be of interest not only from a
viewpoint of general methods of quantum theory but for a
description of concrete physical systems observable in ex-
periments.

Let us consider the system described by the Hamiltonian

H=-S>-Bs,. 1)

Here S; is the operator of a corresponding spin component,
and B is a magnetic field. Since the first terms enters Eq. (1)
with a negative sign, the system has an easy axis z. In the
absence of a magnetic field all energy levels, except the one
with §,=0 in the case of an integer S, are twofold degener-
ate. A magnetic field removes this degeneracy. The problem
is to calculate the energy splitting due to quantum tunneling
with the first correction in B taken into account when B
—0.
Consider the Brillouin-Wigner perturbation series
2 V2
o,0—1 o,0+1 . (2)

E:80+ + — sy
Ay Ag+1

where &,=— o corresponds to the unperturbed level with a
z projection of spin equal to o, a,=E —¢,,, the perturbation
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y=—BS,; we took into account that diagonal matrix ele-
ments of perturbation are equal to zero. In order to determine
AE, correctly, one needs to take into account explicitly the
role of small denominators in terms of the perturbation series
by performing a partial summation of Eq. (2). Following
Ref. 1 we sketch this procedure below. Consider, for sim-
plicity, the splitting for the ground energy level AE,. The
leading terms f reads

2
(Vss-1Vs-1,5-2 " V_st1,-5)

= (E_S_ )_1'
S (E—es)(E—e50)--(E—s_sipP =~

©)

If we introduce a sequence of points on a number axis from
S to —S§ corresponding to different values of o, then this
term corresponds to a single sequential transition from § to
—S and back. Now take into account that some elements of
the number axis can be passed back and forward a few times
(after a transition from S to —S§ the system returns to the
intermediate point o, then to —S again and so on, passing
the intermediate values of o). This suggests that additional
factors appear in the perturbation series. Thus in the sum
over terms which contain f as a common factor one should
include higher orders of the perturbation. It is easy to guess
that this leads to the following form of the last retained term
in the perturbation series:

f=Ff=fQ+r+r*+.-)=f(1-r)"1,

V_ s —s+1V-s+1-
S=s+1V-s41-8 )

r=(E—85)_1X, X= E—E_S+1

The factor y has the same form as the initial perturbation
series (2) that allows one to construct a simple equation with
respect to E:

2 2 2
Eep — Vss-1 Vsst N D)
7 E-gg-; E—egy S
Vss~1Vs—t1s-2°"*V_gs+1,-s 3)

gSZ(E_Ss—O(E—Es—z)' - (E—Begpy)

Generalization to other levels is straightforward and the
result reads

2 2 2
E—g — Va',a-~1 _ Vo‘,0'+1 2
¥ Beee-: E-8.uy 8o
20-1
kHo Voko-k-1
8™ 20—1 . (6)

Aok
k=1
The differences of the signs correspond to the level splitting
(the remaining terms coincide, making no contribution to the
Splitting). Taking advantage of the explicit form of the ma-
trix elements Vsor We get
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B\¥  (g+5)!
) < @)

OF —9, =9l
B ~2gs 2(2 (S—o)(20—1)!

in accordance with*! where =5 — n, and » is the number of
the unperturbed level.

The first correction to Eq. (7) stems from three origins.
First, the value of g, in Eq. (6) acquires the correction due to
field dependence of levels E,. Second, the correction ap-
pears due to E, which enter denominators in terms contain-
ing V? in the left-hand side of Eq. (6). Third, the correction
arises because of the next order terms in the perturbation
series itself which change the structure of g, . Let us write
down the total fractional correction as é=AE,/AEQ=¢,
+ ¢, + &; and calculate each term separately.

The first term & =T1;2 ' [(EQ—e,_)V/[(E—e,_0)].
Substituting into this formula the explicit expression for un-
perturbed levels E{”’= — o2 and taking into account the sec-
ond order correction to E, which can be easily found from
the standard perturbation theory, we obtain (n=S5— o)

B[n?-2Sn+S(25+1)] ¥ 2! i

C@S-2n)[(25-2n)—1] & ®)

&=

The second type contribution to the correction can be
found directly from the Brillouin-Wigner perturbation series
by elementary methods:

n(2§—n+1)

_B_2 (n+1)(28—n)
(25—2n+1)%|

4| (285-2n—1)2 ©)

£5=

The calculation of &; is the nontrivial and rather cumber-
some part of the computations. This quantity is connected
with the correction to the perturbation theory itself, which is
to be now cut off at terms of the order B*S*2. According to
Ref. 1, a typical terim of the perturbation theory series arises
as follows. It is necessary to take the segment [ — o,o] and
allow for all possible paths of the transition between these
two points, provided that each intermediate point on each
path is being passed two times (to and from). The main cor-
rections to these terms arise if the transition from a given
point to a next one contains one extra jump to and one from
(delay and ‘‘marking time’’). Summing up over all possible
points—origins of extra jumps to and from—we obtain

25-1 12
o—k,o—k+1
=3 = (10)
s k=2 Qg &o—p+1
Summing up all three contributions we find, after direct but
somewhat lengthy calculations, the final expression which
proves to be surprisingly simple:

£=1-B%y,

_ (28+1)X(o+1) 40
Y 2e-1)2(20+ 1)

Thus, for an arbitrary energy gap (except the highest one
in the case of semi-integer S) we get
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25—n)! 25+1)3(S—n+1
AE, = : ( ) gl - ( ) ( ) 5 12)
225721128 -2n—1)! 2(28-2n—1)%(25—2n+1)

This formula is supplemented for semi-integer S by the ex-
pression for the highest gap:

1
S+ =

AEg_1p= 3

1
S— E)Bz}. (13)

S—+—3
2

Bl1-—
16

The obtained formulas, as was mentioned above, are valid
when B—0. However, the presence of the correction term in
Eqgs. (12) and (13) aids in making the area of applicability of
these formulas more precise. First of all, the correction gives
a qualitative notion about the approximation: it is seen that
without accounting for such a correction the result is over-
stated. Further, the quantitative role of the correction turns
out to be twofold.

First, it enables us to estimate the accuracy of the first
approximation. Let us restrict ourselves by remarks concern-
ing the ground gap (S>1/2),

2 +
AEOZ————— 28 __LS_I)_
22573(29)! 2(25—-1)2

It is seen from this formula that in the case S>1, with the
correction neglected, the fractional error is B%/8S. That
means that even for B=+/S the computation of the ground
gap gives the error approximately 10% while in the case B
=1 it proves to be very small, being of the order 0.1/S.
Second, the allowance for the correction essential in-
creases the accuracy of computations. Thus, even for so large
values of a magnetic field as /S can be thought of to be,

BZ} (14)

taking into account the correction enables one to make the
fractional error one order smaller.

It is worth noting that while computing energy gaps nu-
merically even for moderately large values of S one is led to
take into account a very large number of digits that can be
achieved only by modern computer computation systems.
For example, in the case B=1, S=10 the gap has the order
10~% while for §=50 it is of the order 10~ 2%,

Either the main term or the correction in Eq. (14) is in
agreement with the instanton approach! but for §51. Mean-
while, it is worth stressing that Egs. (12) and (13) are appli-
cable for all values of S and embrace all the gaps.

In the case of an easy-plane spin system, i.e., a system
with a Hamiltonian H= +S§—BSX, the energy spectrum
differs from that of the easy-axis type by the interchange of
the sign of energy. Therefore, formulas for gaps remain valid
provided they are renumbered, so that the lowest gap be-
comes the highest and vice versa. As far as the effective
potential is concerned, in this case we have the model of a
periodic potential energy in which the energy levels of a spin
system coincide with the corresponding edges of energy
bands.!

The elaborated approach describes quantum tunneling in
terms of the perturbation theory and enables one, in prin-
ciple, to construct the energy level splitting as a series with
respect to B with any given accuracy.
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