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Vortical flows in a gas of rough spheres

V.D. Gordevskyy

Kharkov National University, Ukraine

The nonlinear Boltzmann equation for the model of rough spheres is
considered. It describes the evolution of a rarefied gas of rotating rigid
molecules. Explicit approximate solutions of this equation are constructed
in a form of the linear combinations of two non-stationary inhomogeneous
distributions. Such the distributions correspond to the vortical flows which
can rotate about their axes and move translationally in any direction.
The asymptotic behavior of the uniform-integral discrepancy between the
sides of the equation is studied. In some cases this discrepancy can be
done arbitrary small, so the correspondent solutions give the approximate
description of the process of interaction between two vortical flows.

2000 Mathematics Subject Classification 7T6P05.

I. Introduction

The famous Boltzmann equation (BE) is the main equation in the kinetic theory
used for the description of the evolution of a rarefied gas [1-3]. Its concrete form
depends on the model of interaction between the molecules, but the BE for all
cases is rather complex integro-differential nonlinear equation. Therefore, despite
of the 130-year history of the BE, the single class of its sxact solutions which is
known up to now form Maxwellians [1-3] (some new solutions were found only
for the special model of interaction — the Maxwell molecules [4-7]).

In general, the Maxwellian can depend in a special way [2] on the time ¢t € R!,
the position x € R3, and the velocity v € R? of the molecule — in this case
it calls the local one (LM). The simplest form of the Maxwellian (independent
of ¢t and x) is called global (GM); it describes the equilibrium states of a gas.
That’s why, the attempts of the non-equilibrium phenomena in a gas description
stimulates the interest to the construction of some approximate explicit solutions
of the BE. In [8,9] such the solutions was found for the model of hard spheres (HS)
in a bimodal form, i.e. as a linear combination of two GM with some coefficient
functions depending on ¢ and x, and in [10] — of two LM of the spiral-type, which
describe the flows rotating about the immovable axes — in this case each of the
LM does not depend on t but only on x [1,3] (so, it corresponds to stationary,
inhomogeneous equilibrium state of a gas). For the physically significant model
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4 : V.D. Gordevskyy

of rough spheres (RS) [1] such the solutions was built yet only in the case of GM
[11].

This model was proposed in [12] and later investigated in [13-16]. It
successfully combines comparative simplicity and sufficiemt physical verisimilitude
[1,16]. Unlike the HS, which can move only translationally and change their linear
velocities in a moment of the absolutely elastic collision, the RS can also rotate
about their axes with arbitrary angular velocity w € R3. The linear and the
‘angular velocities of two RS before the collision v*,v},w*,w] are expressed in
terms of accordant values v,vy,w,w; after the collision by the formulae:

v = v = e {blv = va) + a(v — vi,a) + Sbdla x (w+ w)l)

s R S A Prigs - BT Y

LT )
LAt TR Z(%;{[a x (v — v1)] + -;—d[a(a,w +wy) —w—w]},
wi =wy + Wbi-ﬁ{[a x (v —vi)] + %d[a(a,w twi)) —w=-wl}, (1)

‘where the constant b € [0;2/3] depends on the inside structure of the molecule
and is connected with its diameter d and moment of inertia I by the relation:

2
= EZ— (2)
The BE for the case of RS has a form:
D(f)=Q(f, f), (3)
p(H)=F v, @

Q(f,f)=d2/}?3dvl /Rs dwl/zdah((vl ool

'[f(t7x> V*7w*)f(tax7 vi,w{) 3 f(t7 x,v,w)f(t,x, V1,CU1)]- (5)
Here f(t,x,v,w) — the distribution function describing the evolution of a gas; g;é

— its spatial gradient; the vector « lies on the unit sphere ¥ C R?; the function
h is of the form:

h(u) = 3 (u + Ju) ()

The aim of the present paper is the construction of the bimodal distributions
(BD) with non-stationary modes for the case of RS and searching for the situations
when they give the approximate description of the process of interaction between
two vortical flows (VF) in a gas of RS (i.e. such the flows, which can both rotate
and move translationally, t0o).
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Let us seek these approximate solutions of the BE in a form of the BD with
VF- modes: ‘
' [ = p1M) + oMo, (M

where

§ ' 4 3 3 -~ -
M = Mt 3, ,0) = A L) -alwrsito-a,

Vi = Vi(t,x) = Vi + @ x (x - 0st)], )
xoi = —5[wi xvi], i=1,2. (10)

i
Here xp; is some point on the axis of rotation of the i-th flow in the moment
t = 0; the hydrodynamical patameters p; (the densities on the axes); 8; = 1/2T;
(the inverse temperatures); v; € R® (the mass linear velocities for ¢ and x such,
that x — st || wj;); &; € R3 (linear velocities of the axes) and ; (the mass angular
velocities of the flows) are arbitrary constants, and

Riizp (Pi(t,X), i=1,2 (11)

are some non-negative coefficient functions from C'(R*).
Let us also suppose at once, that

[‘*_)i X ﬁi] 7£ 0, 1= 1,2, . (12)

because if &; || 1, then from (8), (9) we see, that the distributions M; turn into the
stationary ones, i.e. the spirals but not the VF. Besides, it is necessary to remark,
that the VF of a form (8) are not the Maxwellians (i.e. the exact solutions of the
BE), because it can be directly checked, that

Q(M;, M;) =0, (13)

but
D(M;) = “2Mjﬂi(vawi,ﬁi), i=1,2, (14)

and the mixed product of the vectors in the expression (14) cannot be equal to
zero identically because of (12). That’s why let us call the distributions (8) as
"quasi-Maxwellians" (QM).

Next, consider the uniform-integral discrepancy between the sides of the BE
from [11]: :

a= sw [ av | awiD(-Qu.s). (15)
(tx)eRt JR3 R3

The problem is: to study the behavior of the value A in dependence on the choice
of the functions (11) and all the parameters described above.

In the Section II some sufficient conditions for the infinitesimality of the value
A are obtained. They correspond to the situations when the BD (7) rather well
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approximately describes the interaction between two VF of the form (8) in a gas

of RS.
The discussion on the results and their physical sense we will put into the

Section III.

- II. Main results

First of all, let us formulate some suppositions which will be common for all results
obtained below. Namely, let the coefficient functions be of a form:

@i(t, x) = i(t, x) exp{—B;[w; x (x — Wit — x01)]*}, (16)

where ;(t, x) are independent of §;,7 = 1,2, and the angular velocities of the VF
are connected with their inverse temperatures as follous:

@i = woisif; T, i=1,2, (17)

where s;, m; > 0 are also arbitrary and fixed. Under the suppositions (16) (17)
the folloing results will be valid.

Theorem 1. Let v :
: Y = Ci(x = ‘-’-it)1 1=1,2, (18)

where C; > 0 are smooth and finite (or fast decreasing) functions on the indicated
vector arguments. Then: '

). 1f
m; > i, ier 1432, (19)
and “
—1 — —2 4 ﬁi b~ ‘2 (20)
or
Vi =1u; # V2 = Uz (21)
with
suppypy N suppipy = 0, (22)
then

A =0. : (23)

lim
Bi—+00,i=1,2
2). If (19) and (21) are fulfilled, then
Ve>0, 3dg>0, Vd, 0<d<dy, 3Poi>0, VBi>PBou (i=12),A<e
(24)
3). If

NG ==i=g ’i=1,2, (25)

S| =
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and (20) or (21) with (22) are true, then
Ve 0,.7 ) 380 210, 50 V845 2200<08;9< 80 (({d = 1,2);
3Boi >0, VB > Boi Bimils2), (0 AL E (26)
4). If (25) and (21) are valid, then
Ve >0, 3do >0, s >0, Vd, Vs, 0<d<do,

P <8 < 8p (¢ s 1.0), codiie >0, WHE - (1.2 A< (27)

Proof. At first, let us consider the integral in (15). The substitution of (7), (8)
into (4), (5) with taking into account of (9), (10), (13), (14), (16), (17) and the
use of the technique of the papers [10,11], after some evident estimations, changes
of variables and transformations, yields:

Jpo¥ [, 1P - @1 DI S 1 ““Zpﬂ‘m/ du [ o

=1

_6—1-12—.B:HI(“J"“?i)2 [Ai(u, t, x) - 61/), + A; (u)t x) + B; (u7t X)

| e

where

=1 ,
Ai(u;t x)= 1/)11/12de2%'% / dwe ™" uf; >+ Vi — Vi + 8 " woi X (x — u;t)]
RS ;

1

5

L,i=12, i#}j, (29)

=385 " luiog x (x ~ jt)] —

i
ox

Bz'(u7 T, x) (uﬂ + Vi + S‘UB - [WOl (x o ﬁit)])

Lom; A e = 2 T20me . - 2 o »
+2¢i{siﬁi2 (u, wm? N = ui) =~ .571- ﬂiz ([wOi X (x— uit)], [wOi X u])}, 1= 1, 2.
: : (30)
From (28) — (30) it can be easily seen, that the supposition (18) together with
(20) or even (21) ensures the boundness of the integral (28) on the variables ¢, x,
Le. the existence of the value A. Moreover, after the integration with respect to
w and passage to the supremum on ¢,x in (28), we will obtaine:

0<A<A, (31)
where 5
3
o p/ [ sup A;(u,t,x)
; " (t,x)ER* t'(
+ sup % + Ai(u,t,x) + B;(u, t,x) ]e'“zdu. (32)
(tx)ert| Ot
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Now, the Lemma 1 from the paper [10] and the smoothness of the functions
i, i = 1,2 (see (11), (16)) allow to pass to the limit in (32) under the signes of
integral and supremums when f; — 400, = 1,2. It is easy to see from (29), (30)
and (20) or (21), that if (19) is fulfilled, then

2

lim A= 3 p sup i Y
Bi—+00,i=1,2 3 et (t,x)eR4 ot ox
+pjmd*1tps [Vi — V|| + 2md2p1p2 V1 — Va| sup (199), ()
(t,x)eR4

and if (25) is true, then we will obtaine the additional summand in (33) which
can be estimated from above by the expression: :

2

4n3 Y pistlwil sup (|[uor x (x — Git)]| ). (34)
i=1 (tx)ER?

Next, the conditions (20) or (21), (22) together with (18), as one can see from

(33), give:

B =0 (35)

lim
Bi—+00,i=1,2
This with taking into account of (31) yields (23), so, the point 1) of the Theorem is
proved. In the case 2) the equality (35) does not fulfilled, thus, we cannot confirm
the existence of the limit (23) at all, but now from (33) and (18) we have:
lim A’ =drd’p1py |V1 — V| sup (¢1¢h2). (36)
Bi—+00,1=1,2 (t,x)ERA
It means, that the value A, nevertheless, can be done arbitrary small because
of (31), if 8,7 = 1,2 are sufficiently large, and, only after that, d is sufficiently
small, that is equivalent to (24).

The points 3), 4) of the Theorem can be proved in the same way, but now we
must use also the value (34), which is infinitesimal if s; — 0,7 = 1,2, and, in order
to obtaine (27), in addition to that, it is necessary to do the value d sufficiently
small once more.

The next theorem is connected with the situations when the suppositions (20)
or (21) do not fulfilled, i.e.

a; BV <tie=d.2. (37)

Theorem 2. Let the functions ¥;(t,x),i = 1,2 be either of the form (18) or
of such the form:

i = Ci([x x (vi —w)] = tfa x v4]), i=1,2, (38)
where the functions C; have the same properties as in (18), and

Woj ” (Vi A ﬁi)’ 1=1,2. (39)



Vortical flows in a gas of rough spheres 9

Then:
1). If (19) 1is fulfilled, and (22) is valid, or
Vi = Vg, " (40)

then (23) holds true.

2). If (19) is fulfilled only, then (24) takes place

3). If (25) and (40) are valid, then (26) holds true.

4). If (25) is fulfilled only, then (27) takes place.

- Proof. Let us use (28) — (30) once more, but now the existence of the value
A must be grounded in another way. If (18) is fulfilled, then the values 75"’-
and %‘ﬂf-,z = 1,2 will have the same structure of their arguments, as ¢; in (18)
itself (because of the linearity of these arguments on ¢ and x), and they will be
continuous and finite (or fast decreasing) with respect to x — v;t, too. So, all the
functions ;, -3'1;— —5'5 are bounded on R*. Next, if we denote x — Vit as y; € R®,
their products on the factors [wp; X (x — W;t)],7 = 1,2, which appear in (29), (30),
can be transformated in such a way (for example, for the functions ¥;,: = 1,2):

Ci(x—vit)[woi x (x— )] = Ci(y)[woi x (y+(Vi—3)t)] = Ci(y)[woixy), i=1,2
(41)
because of (39). The last products, evidently, are also bounded thanks to the
properties of the functions Cj,i = 1, 2. ‘
As for the case (38), let us remark, that

e (93— )] — s > Vi] = (o — it) x (Vi — )] = [(x - vit) x (Vi — )], (42)

s0, the functions v;,7 = 1,2 of the form (38) can be considered as the special case
of the functions on the argument x — v;t, consequently,

Oi  _ i .

: (-~ 0 = 1 2. 43
ot o 9x ; X (43)
On the other hand, (42) because of (39) gives the possibility to consider the same
functions ¢; as some finite functions on the other arguments, namely:

[woi x (x — wit)], - (44)

so, the products analogous to (41) will be bounded too. Thus, the value A exists
in both the cases considered above.

Next, the estimations like (31), (32) and the following limiting passage with
Bi = +00,i = 1,2, leads to (33) once more for the cases 1), 2) of the Theorem, and
to appearance of the additional summand (34) for the cases 3), 4). But because of
(43), the value (33) reduces to (36) or even to (35) (if (40) or (22) are true). The
end of the proof of this Theorem absolutely coincides with one from the proof of

\ the Theorem 1.

ITI. Discussion
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So, in the present paper the previous results obtained in [10] for the case of
stationary LM (the spirals) and for the model of HS was extended on more
complicated case of non-stationary VF and for the model of RS. We draw your
attention to the fact that even formally the models of RS and of HS are not
‘reduced to each other because of non-trivial structure of (1).

Now we will do a number of remarks on the mathematical aspects of the
results obtained above.

Remark 1. The existence of the limit with 8; — +00,% = 1, 2 of the discrepancy
A itself was proved only in the cases 1) of the both Theorems. In all other cases
the technical difficulties do not allow yet to prove this fact (it was of success in
[17] for the case of GM for HS when 3; = 5 and the functions ¢;,i = 1,2 in
(7) have some special form), and we can prove the existence of such the limit
only for some upper bounds like A’ in (32). That’s why, in order to do the value
A arbitrary small, we must consider such the repeated ("step-by-step") limiting
passages, as in (24), (26) or (27). Formally, they mean, that the values d or (and)
si,4 = 1,2 tend to zero, but only after the limiting passage on B;. The change of
the order of these passages leads to the trivial results: if s; = 0,7 = 1,2, then the
VF do not rotate at all, and if d = 0, then the interaction between the molecules
of a gas is completely absent (in addition to that, the expressions in (1) do not
endure the passage d — 0). '

Remark 2. The distribution f has not a limit with £;,% = 1,2 in the sense of
the space L; in the variables v,w for all the described situations, thus, it does
not tend to any known solution of BE for RS (neither to GM nor to LM), but the
integral on v,w in (28) has such the limit.

Remark 3. The Theorems 1,2 are similar, but independent. The matter is that
although the functions (38) because of (42) formally are the special case of the
functions of the form (18), and (39) is fulfilled if (20) or (21) are true, but the
finite function on the argument as in (38) is not a finite one with respect to such
argument as in (18). Really, for any fixed ¢ the expression (38) is constant along
any straight parallel to the vector ¥; — wj, so, its support is some cylinder but not
bounded domain in R?, as for (18). Besides, if 4; = v;,4 = 1,2, the functions (38)
are constant on R3, so, they cannot ensure the existence of finite supremum on
t,x in (15). And if (37) is fulfilled, the condition (39) is necessary for boundness
of 1); in the argument (44) and for validity of (41).

What about the physical sense of the obtained results, let us note once
more, that the distributions from the Theorems 1, 2 give only the approximate
description of the process of interaction between two VF in a gas of RS in the
sense of minimization of the discrepancy A. Nevertheless, they can be interpreted
rather reasonably.

All these distributions have the following common properties: the temperatures
of VF are decreasing (f; — +o00,i = 1,2); angular velocities of the rotation of VF
are decreasing too (but in different degree, in accordance with (17), (19) or (25);
in the cases 4) is also assumed that s;,7 = 1,2 are sufficiently small); the densities
of the VF do not depend on their temperatures due to (16) and are defined by
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(18) or (38). Besides, unlike the paper [10], which describe the spirals in a gas of
HS, here no stationar solutions are obtained, because of the structure of the VF
(8), (9).

As for the different variants of the possible behavior of the approximate
solutions , they can be classified in such a way:

1. Two VF, which are "coherent"in the following sense: the motion of their
particles is identical at the point x = 0 (and, consequently, is almost identical in
the neighbourhood of this point) in the moment ¢ = 0 due to (40) — in particular,
(20). These VF have a spatial configuration of clots (if (18)) or cylinders (if (38))
parallel to the axes of rotation (because of (39)). They fly or in parallel to the
vectors uj, or to the planes, in which the vectors vj, u; lie (this case corresponds
to the cases 1), 3) of both the Theorems, so, the value d > 0 is arbitrary).

2. Two VF (clots or cylinders) of the same form and flying in the same way
as in the first case, which are not "coherent", but or they are stratificated in R*
(if (22)), or a gas of RS is very rarefied, i.e. the value d is sufficiently small, as
in cases 2) and 4) of both the Theorems (it means that a gas is almost Knudsen
one; in other words, this case describe the near free molecular flows).

Remark 4. All the obtained VF are "self-concordant", i.e. the behavior of M;
does not contradict with one of v; for each i = 1,2. This is easily verified by the
comparison of (8), (9) and (18) or (38) (see (20) or (21) if (37) is not fulfilled, and
(39) if (37) is true). , :

Remark 5. From (8) — (10) one can see that if Uy = uy, the distance between
the axes of VF is constant, and if uy # ug, this distance tends to infinity when
t — 00. '

Remark 6. It is possible to increase essentially the number of the situations
of the interaction between the VF, if we consider the different behavior of the
distributions for ¢ = 1 and i = 2. For example, 1, can be of the form (18), and
3 — of the form (38); and (or) m; > 1/4 but my = 1/4 and so on.

So, in the present paper it is constructed the approximate description of the
process of interaction between two VF, i.e. non-stationary, inhomogeneous flows,
in a gas of RS. Perhaps, not all the possible variants of minimization of the
discrepancy A was found here, because in most cases the obtained results have
a form of the sufficient conditions only. It may be of interest to find some new
opportunities for the solution of this problem.
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1. Beeagenue

Paccmorpum 3ajady JOIyCTHMOrO CHHTE33a HHEPHUOHHBIX YIpaBJIeHHH Iid
TaK Ha3bIBaeMOW TPeyroJbHON CUCTEMBI

:i:l = fl(zil’z2), seey d"n—l = fn—l(a"l)'- -,zn), i'n = fn(xl,--- 3$mu)a (1)

33]aHHON B HEKOTOPO# okpecTHOocTH Hadasa koopauuar Q C R™, u € R. O6osna-
wm Qr = {(z1,...,26)* €R*: (z1,..., %%, Tt1,...,2Zn)* € QCR"} - mpo-
exnuioo obsactu Q Ha MOANPOCTPAHCTBO, HATSHYTOE HA IEPBbIE k KOOPAMHATHBIX
BeKTOpOB, k = 1,...,m, u Q,+1 = QxR (Bcrogy * — TpancoHEpOBaHHE).

[Tox 3a7aueii JOMyCTAMOrO CMHTE3a WHEPIMOHHOIO YIIPABJICHUS ISt CHCTEMBI
= f(z,u), x € Q C R", u € R, 6yzem noHuMaTh 337a4y NOCTPOEHHs yIIpaBJe-
Hus u = u(Z), KOTOPOE MePeBOAUT INPOU3BOJIBLHYIO HAYAILHYIO TOYKY Zo U3 HEKO-
Topo#t okpecTHOCTH Q C Q Havasa KOOPAMHAT B HAYaJJ0 KOOPAUHAT 110 TPAEKTO-
puu z(t) € Q cucrems! £ = f(z,u(z)) 3a koneynoe spemst T'(zg), # TAKOrO, YTO

[b®(z)| S dk, k=0,1,...,I, z€Q, (2)

rze u®)(z) - npomsBonmas k-ro mopsiaka B cuny cucremst & = f(x,u(z)).

13
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Kuace TpeyronbabIX cucrem 6o BBeneH u Brepsbie paccmoTper B.JM. Kopo-
60BbIM B 1973 rogy B CBS3M C HCCIAEIOBAHHEM YIPABJISEMOCTH M CTAOHIM3ALAN
HEJIMHEHHBIX CUCTEM [1] B sToit pabore npemioKeH KOHCTPYKTUBHEIN MeTOJ 0TO-
OpakeHHsl TPeyroJLHON CHCTEMbl HA JMHEHHYIO IPH MOMOIIM 33aMEHbI IepeMeH-
HBIX ¥ 3aMEHBI YIPABJIEHHSI, YTO BIOCIEICTBUHU CTAJIO IIPEAMETOM MHOTOYUCIIEH-
HBIX 00001enuit. Tax, Hampumep, A.M. KoBaJjieB aToT pe3ysbrar pacipoCTpaHul
Ha TpeyrojbHbe HecranuoHapHsle cucremsl (2], B.M. Kynuesna u M.M. JIergax
TIOJTY9HUIH TIOZOGHBIH pe3y/IbTaT JJid PA3HOCTHBIX CHCTeM [3], nanbHelmme uccie-
nosarus nposesu S. Celikovsky u H. Nijmeijer [4] u apyrue. Basxxnoit ocobes-
HOCTBIO HCXOQHOIO mofxoia (1] ABIAIOTCA MUHMMAIBHBIE TPEOOBAHUA K IVIAIKO-
CTH IPABBIX 4YacTell 0ToOparkaeMbIX CHCTEM, B TO BPeMsS KaK B CYIIECTBYIOLIEH B
HacTosllIee BpeMsl TEOPHM HEJMHENHBIX CHCTeM OOILEro BMAa 3ajada 0Tobparkae-
MOCTH, KaK ¥ MHOI'Me IPyrue BOIPOCHI, TPAAULMOHHO U3Y4AIOTCs B GECKOHEYHO-
nuddepeRIIPyeMoM Cirydae.

JlabHeliniee pa3BUTHE TEODUH TPEYIOJBHBIX CHCTEM, & TaKXKe IPUMEHEHHS
uaefl 1 TeXHUKH TPEYTOJILHBIX CHCTEM K HCCIEJOBAHUIO 0TOOPa’kaeMOCTH WX Ha
ymHeliHble cucrems! noaydeno E.B. Ckusp. Tak B paborax [5, 6] mist TpeyrossHbIx
CHCTeM C 3aJaHHON MUHHMAJILHON CTENeHbIO IVIAJKOCTH [IPABBIX YacTell Imokaza-
HO, YTO JJIs1 TOro 4Tobbl cucreMa (1) B mpeamosioxkennu, 410 (PyHKIMHU fi KJacca
C’“_k"‘l(Qk.,.l), k =1,...,n, orobpaxanack jokaapH0 B obsactu Q Ha iuHed-
HYIO CHCTEMY C NOMOLIBIO 3aMeHsl nepemerHbX (kiaacca C2(Q) ¢ HeBBIDOXKIeH-
HBIM SIKOOMAHOM) ¥ aJUTHBHON 3aMeHs! ynpassenus (kaacca C') Heobxommmo u
J0CTaTO4YHO, 4T00bI B 06siactu Q41 BBIIOIHANIOCH YCIOBHE

afn(wla ¢ sl ,:zn,u)/@u-afn_l(zl, o ,xn)/amn el 'afl(ml)x2)/6$2 e C($1), (3)

rzae ¢(z1) — n pa3 HenpephiBHO AuddepeHuupyemMas, OTIMIHAS OT HyJIs B 06/1aCTH
Q1 dyukuus. Ilpu srom mokazaso, 9To

falz,w) = fP @)+ [P (), @), 1P() e CHQ). (4)

B cnyuae xe orobpakaemocTd cucreMbl (1) Ha JUHEHHYIO CHCTEMY TOJIBKO C
IOMOIIBIO 3aMenbl nepemeHHbIX (kiacca C?(Q) ¢ HeBBIPOXKIEHHBIM TKOGHAHOM)
He0OX0ANMO M JOCTATOYHO, YTOOB! BHIIOIHSIACD YCIOBUS:

1. Ofi(z1, . Tht1) /02K 41 # 0, (T1,...; Tp41)* € Qpt1y k=1,...,n-1; (5)

2. CymecrBoBana ' (n+1) pa3 HenpepsiBEO-aAuddepernupyemas B Q; dpyHk-
muss Ly(z1), Li(z1)# 0 maxas, uro B o6iactu Qpqq

U+ EZ:I o g R (zl)—P,%_an_z A PoLl(wl)

Ofn-1/0%n * Ofn—2/0%n-1- ... 0f1/0x3 - Li(x1) ’

rae Py = I, Pk > fl(xl,:L.Z)a/axl . ""‘fk(xlv' . ,.’L']c+1)6/a$k, k= | RPRER L
ITpu sTom nokazano, uro Li(z1) = 1/¢(z1), a otobpaxkenne z = L(z) umeer Bug

(6)

fn(:c,u)=

L(:L‘) = (PoLl(ivl),...,Pn_l ...P()Ll(:rl))*. (7)
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9TO HO3BOJISET COXPAHUTH OIPAHUYEHHs] HA yIpPaBJEHHE, YTO, KaK [IPABUJIO,
ABJIAETCS BAXKHBIM IIPU PEIIEHUH 3324 YIIPABJICHUS.

B pafore paccmoTpeHo pelienye 3ajadyl JOIYCTHMOTO CHHTE3a YIIPABJIEHUS
715 TPEYTOJIbHOM CHCTEMBI C Hy/IEBOH TOYKOM II0KOSI C TeOMETPHYECKIMU OrPAHH-
9eHHSMH Ha yIPaBJIEHUE U ero npousBoansie. Vcenenosanus npoBogsaTCs Ha OCHO-
Be MeToza GyHKIMH ympasisemocts [7]. B ciydae, Korma TpeyroibHas CHCTEMA
oTobpakaeTcs Ha KAHOHWYECKYIO CUCTEMY C IIOMOIIBIO 3aMEHbI EPEMEHHBIX U ajl-
AUTHBHOI 3aMEHBI yHIPAB/IEHHS MOCTPOEHB! YIPABJICHHS, PEIIAIONHE YKAAHHYIO
3a/1a9y U YI0BJIETBOPSAIOIIAE BMECTE C IEPBOi IPOM3BOAHON 33, JaHHBIM OrPAHUYE-
HEaM. B ciydae oTo6pakaeMoCTH TPEYrobHON CHCTEMbl Ha JIMHEHHYIO CHCTeMY
TOJIBKO C IOMOUIBIO 3aMEHb! IIEPEMEHHBIX YKa3aHO CeMeHCTBO YIpaB/IeHMil, KaK-
JI0€ U3 KOTODBIX PElaeT 3a71ady CUHTE3a yNpaBJeHHil ¥ BMECTe CO CBOMMHU IIpO-
H3BOHBIMU MTPOM3BOMLHONO HOPSIKA YAOBIETBODPAET 33JAHHBIM OIPAHHYCHHSIM.
IIpu sTOM BRIYMC/ISIETCSH BpeMs ABUXKEHUS, HAXOAATCS TPAEKTOPUH, IO KOTOPHIM
NPOHMCXOUT 9TO JBUXKeHHE. Pe3y/IbTaTsl IpOM/IIIOCTPHPOBAHB! MOAEIbHBIM [IPH-
MEpOoM.

2. Pemenne 3aga4u CUHTEe3a WHEPIUOHHBLIX yIIPaBeHNHi

PaccMoTpuM cemetcTBO {Fa" 1©)}

o TIOJIOZKMTEJBbHO ONPEAE/IEHHBIX MaTPUIL

a@l/a
Fo'(8) = /0 (1= t/(0Y/2))" e atbypie4itas,

rae Ag — (nxn)-marpuna, y KOTOPOH 3/1€MEHTHI MEPBOH HAIUATOHATM DaBHbI
e/[UHUIIe, 2 BCe OCTAIbHBIE 3JIEMEHTH! paBHbI Hy0, by = (0,...,0,1)* — n-mepubIii

BekTop. B pabore [8] nokaszano, uro marpuna Fy,(©) npejacrasuma B BuIe
Fa(©) = D(E)FD(©), D(6) = diag (O~ Cn2+1/))" = (5)

npudem Marpuiia F, = F,(1) yaosiersopaer paBeHCTBY

rie Ay =Ag — 1/2bobg Fy, ‘Hy = diag (—(2n — 2k + 1)/ (200)))—; -
ITycs ap > 0 — moxa MPOU3BOILHOE YHUCIO, KOTOPOE GyAeT onpeeseHo naJee.
Pacemorpum byHKIHIO |

®,(0,7) = 2090 — (Fo(O©)L(2),L(z)), z€Q, a>1. (10)

Bribepem uucmo © > 0 takmm; uTobnl HepaBeHcTBO B4 (0,z) > 0 BE-
nomusiock st Beex ¢ € Q. Iomoxmm Ry = 4 (2a90/ ||Fa((_§)||)1/ ? | rae wmcno
- 0€(0,1) TaxoBo, uto {z = L(z) : ||z|| < Ra} C L(Q), u paccMOTPHM MHOXKECTBO
Qa ={z € Q: |L(z)|| £ Ra}. inat duxcuposanmoro a > 1 onpezesmm ynk-
uIo ynpasjsieMocTd O, (z) u3 ypaBHeHuS

®4(0,2) =0, =z €Qg)\{0}. (11)
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VYrepxknenne 1. Jas waocdozo a > 1 ypasnenue (11) u pasencmso
©4(0) = 0 onpedeantom neompuyamesvryio Gynryuro © = O4(x), HenpepvieHyO
6 obaacmu Q, u nenpepusno duddepenyupyemyro 6 QL \ {0}, npuvem cywecmsy-
€M NOAOAHCUNEALHOE HUCAO Co TAKOE, “MO MH0diCeCmeo Qq = {2 : Oq(z) < ca}
asaaemca oeparuserhoim u Qq C int Qtlx.

Aoxasameavcmeo. I3 coornomenws (10) B cusiy HepaBeHCTBaA

(F&(G)I_J(w), L(z)) 2 |Z@IP/NF @), = € Qq\ {0}, (12)
1 mpezcTaBieHus (8) umeem elirﬂl-o 9,(0,z)=— 00, z € QL \ {0}. Torna, Tax xax

®, (0, z) siBgerca Bospacratoueit o © ¢yskumeit 114 scex z € QL \ {0}, npuuem
®,(0,z) > 0, To ypapuenue (11) uMeeT eQUHCTBEHHOE MOIOXKUTENBHOE PEILEHHE
© = 04(z), = € Q'\ {0}. ITockonsky @,(0, z) HenpepsiBHO AHpDeEpeHIMpyeMast
dbyskiusa mo © u no z u, Tak Kak 09,(0,2)/90 # 0, To no Teopeme 0 HEABHOM
dynxuun O, (z) sABISETCA HENPEPHIBHOW M HENpepuiBHO auddepeHmupyeMoii B
obnacru QL \ {0} dyukumetr. Hempeprisrocts O4(z) B Hy/Ie BBITEKaeT u3 Hepa-

encrsa Oa(®) < (Luaxl Falllzl*/(220)) "™, tne Lunax = max [ILa(a)]

B cuy mepasencrBa (12) u Toro, uto (Fo(©)L(z),L(z)) sBuasercs y6riBa-
romedt mo © dymximent, nmeem QL O {z € Q: O4(z) < R%/(2a0l|F71(O)]])} .
Otciona ciemyer cupaBeAnuBoCTh BKodeHns Q, C intQl s

ca = 00%8/ (|IFa(@O)IFT @), o€@©1. O  (13)

Paccmorpum cucremy (1) ¢ dyrkmuamu fr, € C* ¥ Q) k = 1,...,n,
yaosjersopsomumu yenosuio (3). Torga npoussoguas orobparkenus (7) B caiy
3TON CHCTeMbI UMeeT Buf [5]

L(z) = AoL(z) + bo(g(e) +u), (14)
rae byHKIus :
: 9(z) = Pac1La(z) + P (2)/ £ (). (1)

Yreepxnaenne 2. ITycmo 6 QL dynmyua g(zx) ydossemsopsaem ycaosuio
lg(z)| < ClIL(=z)|°, C>0, s>1 (16)
Tozda npouseodnas dynxyuu Oq(z) 6 cuay cucmemw (1) ¢ ynpasaeruem

ua(z) = —1/2 biFa(Ou(z))L(z), =€ QL\{0}. (17)

ydosaemeopaem Hepasencmey O4(z) < —B.05" Y a(x), € Qq= {z : Oqlz) <
Cat, Ba >0, ¢, > 0, u npu onpedeserrom 6m6ope ag ynpasaenue (17) ydoere-
maeopaem ogparusenuam (2) npul = 1.

Aoxazameavcmeo. Yupasnerue (17) sBAs€TCA IANIIANEBBIM B KasKJOM MHO-
xecrse K(p1,p2) = {z € Q:0 < p1 < |L(z)|| £ p2 < Ry} c mocrosmHOM
Jlunmmna Ly (p1, p2) — +00 upu p; — 0.

PR d e ad bl
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Monoxum y(©,z)=D(0)L(z). Ha ocroBanum paseHcTBa (8) M3 paBeHCTBa
160
o (11) npu © = O4(z) u u3 bopmysr (17) umeem
:y}— : 20004(z) = (Fay(Oa(z), z),y(Oa(z), z)), (18)
a.
ua(2) = 071/ (2)roy(Ba(a),2); 7o = ~1/2 by Fa. (19)
Byzaem cumrare, uto O4 = O4(z), y = Y(Oa(z),z), D = D(O4(z)). B cury pa-
12) BeHcTs (14), DAyD~1+05" “boro=A104 i IIPOM3BOJHASA Y B CHIIy cucTeMsl (1)
"™ ¢ ynpasnesnem (19) mmeer Bux = (@a8;1H0‘+A16;1/a) y+03®pog(z).
' Torga, yunreiBas pasenctso (9), u3 coornomenus (18) umeem ‘
eM |
e O = — (1~ 20/ g(a) (Fabo, 1) /(F°y, 1)) OL Y/ (20)
1ast
;Ion u 13 (19) ¢ yuerom pasencrsa (20) mosyuaem |
B
L | tale) = O3/ ry +4031 /% (B/(20) - Ha)y% + 07 robog(a), (21)
Ba- rae r1 =19 (E/(2a)—Hy+ A1) .
b Hockonsxy L(z) = D~1(©)y(©,z), T0 u3 (16) BeITeKaeT HePaBEHCTBO
)’ 9(@)] < COYPIyl’, ce{zeQl:0a<1}, C>0, 521  (22)
13
Torma na ocHoBanum Hepasercts (22), (F%,y) > |lyll?/|[(F*)~Ll,
) n?
o 1/2
ny lyll < (2a0llF21€) %, 2 € Qd, (23)
) “bns (20), (19), (21), coorBercrBerno, ans Beex 7 € {z € QL : ©, < 1} nonyuaem
14 ' ' )
8. & (1 Iy ua(()s—l)ﬂ@g—1)/2+(s+1)/(2a)) QL1
15
) |ua(z)] < Moa(l)/2@‘11/2—1/(2a)’ lta(z)| < ,ula(l,ﬂ@é/z_s/@a)+u2a3/2@3/2+(3_2)/(2°‘),
£ ) S & 2
6) e p = 2(1321)/20|1Fa||||(F°‘) HINESHC2,  po = (2 Yol
m=CIET) 2 rill, w2 = CRIES2 (4nlirol2I(FS) /e + fan/2) -
Ilycrs 4mcn0 ag yAOBNETBOpSET HEpABEHCTBAM
7) 0 < ap <d3/ul, ulaé/z + u2a3/2 <d;. (24)
< Honoxnm  f,(0)=1 — ,ua(()s_l)/ 2Q(s=1)/2H(s+1)/(20) BriGepem nosoxuTesns-
re- HYI0 TIOCTOAHHYIO Cq < 1 Tak, urober mpu 0 < O, < &, 6BLIO BHIIOIHEHO
HepaBeHCTBO [, (Ey) > 0. Ionoxknm &, = min{cy,éq} u PaccMoTpEM 00JTaCTh
10~ Qo = {z : Oa(z) < T3}. OueBngno, umeer mecro Brmouerne Q, C Qq. Onpene-
ot maM Bo = By (Cy). Torma pu o > 3 nmeem Oqy(z) < —fa cl,,_l/ *(z), yupasriesue
IenaTpam-na naykona Gifriorexa
Xapkincekoio anionansuoro
yuisepcascry im.  H. Kapazina

ium. Ne
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ug(7) pemaer B o6macti Q, 3a7ady CHHTE3a M YHOBJETBODSET B HEl OTpAHMYe-
HuSIM |ug(7)| < do, |ta(z)] < di. O.

Takum 06pa3om, Ha ocHOBaHMH TeopeMsl 1 (7] B cuiy yTBepxaennit 1, 2 1o-
Ka3aHa CJIe/yIomas TeopeMa.

Teopema 1. Paccmompum cucmemy (1) ¢ pynxyusmu fr € CPF1(Qpy1),
k =1,...,n, ydosremeoparowumu ycioeuro (3), u maxumuy, wmo gyrxyua g(x)
euda (15) ydosaemeopaem nepasencmey (16), ¢ 02paHUNEHUAMU HA YNPABAEHUE
euda (2) npu l = 1. ITyemv a > 3, wucao ay ydosaemeopaem ycaosuro (24),
pynxyus O4(z) onpedeasemes ypasnenuem (11) u ycrosuem Oq(0) = 0, Qq =
{z:8alz) £C}. o

Tozda 6 obaacmu Qq \ {0} ynpasaenue uq(z) suda (17) pewaem 3adavwy cun-
me3a unepyuoHnux ynpasaenuti, npuvem Ty (zo) < (af E,,)eé/ *(20).

PaccMoTpuM pelieHne 3aJa4d CMHTE3a WHEPLUOHHBIX YIPABJIEHUH JJIs Tpe-

YTOJIBHBIX CHCTEM, 0TOOParKalOIMXCS TOJBKO 3aMEHON NePeMEeHHBIX Ha JIMHeHHbIe
cucremsl. O603HaATEM

min{k,n}
M= Y I|pn-iralc*lre—ill + ocllpA§|| max{ck+m/e, (F/ey, - (25)
=0 "
rae |pas1|=1, p=(p1,...,Pn), Ca Onpeaenena cootnouerueM (13), ro = —1/2 b5 Fy,,

ri = ri_1((2i = 1)E/(2a) —Ho+ A1), i =1,...,l, 0 = 1npu 0 < k < n,
0'=0npa’k Zn:

Teopema 2. Pacemompum cucmemy (1) ¢ gymxuusmu fr, € C*F1(Qpyr),
k = 1,...,n, ydoeaemsoparowumu ycaosuam (5) u pasencmsy (6), ¢ ozparu-
YEHUAMYU HG YNPasaeHUuEe 6uda (2) 0asn npouseosvrozo namypasvrozo l. Iycme
a 2> 2+ 1, ag ydosaemsopaem ycaosuro

0 < ag < 1/(2I1F; ) min, di/(nico*H*D/®), (26)

u pynxyua ynpasasemocmu Oy (z) onpedesena ypaenernuem (11) u ycaosuem
©4(0) =0, obaacmv Qu = {z : ©n(z) < ca}, 2de nocmoannas cq us (13).
Toz0a ynpasaerue.

Ua(z) = = (1/2 byFa(Oa(z)) + p) L(z) (27)

pewaem 3a0a4y CUNMEIa UREPUUOHHUT ynpasieruli 6 obaacmu Qq \ {0}, npuvem
spema deuorcenun Tp(zo) pasno aOy *(zo).

Hoxasameavcmeo. o Teopeme 1 [7] B cumy yrsepxkienns 1 Jyuis mosHOro
JI0KA3aTeIbCTBA 3TOH TeOpeMbl HaM OCTAIOCh MOKa3aTh, uTo B obiacTu Q) mpo-
n3BOMHA (PYHKIME ynpapiaseMocTd ©,(z) B cumy cucrems! (1) ¢ ynpasierneM
(27) yaosnersopsier mepasencrBy O4(z) < —-ﬂ@};l/ *(z) n ynpassenue Buna
(27) BMecTe CO CBOMMHE NPOU3BOAHBIMU [0 33JAHHOTO IOPAJKa | yZAOBIETBODHET
orpanuyenuaM (2) B obiacta Qq. Ilepenmmem ynpasienue (27) B Buge

ua(z) = 07" (2)roy — pL(z). (28)




Cunre3 MHEPUMOHHBIX YIIPABJIEHWI JJIs TPEYTOJIbHBIX CHCTEM 19

U3 pasercrsa (15) Ha ocHOBaHMM DaBeHCTBa (4) B CHJIY NPEACTABIIECHHUA
(6) mmeem g(z)=pL(z). U3 pasencrsa (14) c¢ ympabienueM u=uqy(z) BH-
ga (28) nomygaem L(m)=A0L(x)+®;1/ (2a)boroy. ITosromy B cuily paBeHCTBa
DAyD 1 +0Ypyri=A4,0"1/% mueem 'yz(@a@;1Ha+A1 @;1/0‘)1/. Toraa ¢ yue-
toM (9) u3 pasBercTsa (18) nonydaem Oy (z) = —@,1,—1/0‘(:1:), z € QL.

IIpousBoanas k-ro mopsixa yupasieHus B cuily cuctems! (1) ¢ ynpasienuem
(27) 3amaerca dopmyoit uP (z] = G2 (1) (2a)§k(®a)y, z € QL, rme

€(0)= — S maten) 1101/ —6, @k +D/p Ak D-1(0), k=0,...,1.
Orcropa B cuity HepaBencTBa (23) mmeem
[ (@)] < OF -/ g (0,)]| (a0l F )2, z€Qh  (29)
Mockomeky ||€x(Oa(z))|| < ik upm z € Qq, rae Mk 33maercs BhpaxkenueM (25),
10 aia Kaxgoro k = 0,1,...,] npu a > 2/ + 1 u3 nepasercrsa (29) momyya-
eM |uf,k)(a:)| e (2aoHF51”)1/2 Mk 0.411/2"(%4-1)/(2&), z € Qu. Torma, Buibpar ag
CODTACHO yCIoBHIO (26), mMeeM |u(ak) ()£ 26 Qas: k= Dedy. gl

3. Haxoxxaeune TpaekTopuii

Haitnem Tpaexropmio z(t) cucremsl (1) ¢ dyukumamu fi, ..., fn, yaoBje-
TBOPAIOMMMH YCJIOBUSIM TeOPEMBI 2, OTBEYAIOINYI0 YOPABICHHIO Uq(z) Buma (27),
KOTOpasl HA49MHAETCH B MIPOU3BOJBHON Touke Tog € Q, U OKAaHYMBAETCA B HYJIE.
IIycre o > 2i+1. Beibepem ap u3 ywiosus (26) u HaiieM MOMOXKHUTEILHBIH KO-
perb ©Y ypasnenns (11) npu = = . O603HaunM 04 (t) = O4(z(t)). Pacemorpum
3ajady Kommm

& = a(z) - b(z) (1/2 byFa(0a) +9) L(z), 2(0) = 20, (30)
o = 61712, 6,(0) = O, (31)
rae a(z)=(f1,. .., fn-1, PL(2) = Po-1Ln(2))/(0fn-1/02n - - - 0f1/Ox2 - Li(21)))"
b(z)=(0,...,0,1/(8fn-1/0%y - 8f1/0z, - L’l(zl)))* . Pemus 3agaqy Koum (31),
umeeM 0o (t)= ((Ta—t)/)*, tae To=a(6Y) Ve Torma TpaexTopus z(t) aB-
agerca perreHueM coorBercrByiomed (30) saxaun Komm

& = a(z) —b(z) (1/2 bFa (Ta—1)/2)*) +p) L(z), 2(0) = zo.

Honoxus z = L(x), nomyuaem
n —k+1

%1 = 29y AL “pey =2n, En=—j g )
2 = (Ta e t)n k+1
21(0f=Li(z0l =20 ...0 z(0k=Lalgl. t20) =2t

-~ 1he f{; — snemenTsl MaTpunel Fy. Orcioma mMeem

n

2T n(n) = k+1 fa n—k—1,(n—k-1) _
( QT t) zl "I" kgoa fn _k(Ta gt t) Zl - 0,

29(0) = 241(0), §=0,...,n—1.
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Puc, 1: O6nacre u ¢azosast TpaekTopus.

Ora 3amaya Komu a1 gquddepenunanbHoro ypasHenus Tumna Dijepa 3aMeHoH
Bpemenn t=T—¢e" cBoguTca K 3anade Kowmn ans quddepeHunanbHOro ypaBHEeHHs
C OCTOSIHHBIME KO3 duuuenTamu oTHOCHTENbHO byHKumn Y(T)=2 (TH—e")

. n~-1
28, y(T)+ 3 ak+l ek On-k-1¥(7T) = 0, ‘
k=0 g : (32)
y(m) =28 ..., (Aw)(m)=Tizt"(0)=Tielyy i=1,...,n-1, '

rae Ao=1, A= — d/dr, Agp=(—d/dT+k-1) - (=d/dT), k=2,...,n, To=1n(Ty).
f Tax kax 21 (t)=y(In(Tp~t)), To dyukuun 23(t), ..., 2,(t) HaxomsiTCst mMyTem mud-
depenuuposanus yskuun zi(t), T.e. zj(t)=z§7'1) (t), 3=2,...,n. Tpaekropus -
z(t) onpenensiercs u3 pasencrsa L(z(t))=z(t). Jns ee naxoxaenus norpe6osa-
JIOCh JIAIIb OJMH pa3 pelnTh ypasaenue (11).

4. MopnenbHbI# IpUMeEp

P aCCMOTPUM 3aJa4vy CHHTE3a MHEPLUHUOHHBIX pr&BJ'IeHHﬁ IJIs1 CHCTeMBbI
iy = —x9/(1 +z3), &y = 3z; — 229 + 23 — u, (33)

¢ orpanuyeHusME Ha ynpapieuue (2) upu | = 2, rae do = 17, dy = 28, dp = 30. ‘
Hanst cucremsl (33) Beimosero yciosre (3), npuuem c(zq)=1/(1+13%), cnefo-

BaTeNLHO, 3aMeHa uMeeT Buj z=L(z)= (z1+23/3, —z3)". Ilockombky BbITO-

- nenst ycnosust (5), (6) n umeior mecro [5] coornomenus |Lj(z1)] = 1+ 22 > 1,
|Li(z1) - 8f1(z1,29)/Ox2| = 1 pnst z1,22 € R, TO ¢ momompio 3TOH 3aMEHEI

- mepeMeHHbIX cucTeMa (33) rnoGasbHO OTOGPAXkaeTcsi Ha CHCTEMY 2] = 23;
29 = =371 — 229 + u ¥ ABASETCS IMI0OANLHO YIIPABJISAEMON IPY OrPaHUYeHUsIX Ha,
ynpasnenne |u| < dp. :

: CornacHO mpeANIONOXKeHUsIM TeopeMbl 2 BbibepeM o = 5 u manee B obosHa-

| YEeHHSIX ITOT-MHJEKC yKasbiBaTh He OyaeM. U3 pasencrsa (13) npu © = 8.6 u
6IM3KUX K EIMHUIE 3HAYEHHSX o u 6 mojy4daeM ¢ = 1. COrIACHO YCIOBHIO (26)
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i, U, d

-6 - t
0 1 2 3 4 - 4

Puc. 2: Ynpasienue u ero npoussominie na TPaeKTOPUH.

nosoxnm ag = 4.5. Onpegenum byuxnuio ynpasisemocrn ©(z) upu = # 0 kak
2 NOJIO’KUTENLHLIA KOPEeHb YPaBHEHHUS
& 8 392 ‘
905 — ——(—)5 24 —-@5(z1+x1/3)x2 - 1-2-5(:1;1+:1c§'/3)2 =0 (34)
%) u ycinosuem ©(0) = 0. Pacemorpum obmacts Q = {z : ©(z) < 1}, rpannua
KOTOpOif u3006pazkeHa Ha puc. 1.

Cornacio ¢opmyne (27) yupasnenne u(z), koropoe ans cucremnl (33) pewaer

3aja4y CHHTE3a MHEPLHOHHLIX yipasienui B obaacth Q, umeeT By

)
b- u(z) = (3 - 28/(260%5(z)))(z1 + 23/3) - (2 - 7/(560%(z))) z
::f . H BMECTe C MpOM3BOAHbIMH (3aech © = O(x))
. 28 — 5601/5 3 14 — 7001/% 4 7502/5
U(IE) s W(xl +1:1/3) - 25@2/5 Zza,
i(z) = 28(14+5001/5-750%/5) 3)- 14 + 2801/5-10502/5
9 6250%/5 (Bt 25035 i
, yAoBJieTBOpsieT B Heit orpannyenusm |u(z)| < 17, |u(z)| < 28, |u(z)| < 30.
3) ‘Hattzem TpaexTopuio cucrems (33), naunnalontyiocs B Totike zg = (1.3,2.7)" €
Ak Q. Joat aroro BurumcanM rosoxuTebubi kopens Oy ypasnenns (34) upn z = .
- | Hmeem © ~ 0.98 u Bpemst apmwxenns T(zg) = 4.98. Pewenue sagaun Kown (32)
0- | 3amaercst bopmysiolt y(7) = €7 (ky cos(2v/37) + ko sin(2v/37)), rae
-
1, ky = T~*(z10(cos(2v/3InT) + %sin@\/ﬁln 7)) + —&-2207‘ sin(2v31nT)),
z’: ky = T"“(zm(——\% cos(2v3InT) +sin(2v/3In7T)) - 2\/-220Tcos (2v/3InT)).
Ha 3uecs 219 = z19 + 235/3, 220 = —20. Torma
TR a(t) = (T — t)*(k cos y(t) + ke sin(2)),
L at) = (T - t)* (- (4k + 2V/3ks) cosy(t) + (2v/3ky — 4ks) siny(t))

6)
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rae ¥(t)=2v3In(T—t). U3 cucrems 7 (t) +z3(t)/3 = 21 (t), —z2(t) = 2(t), naxo-
oum TpaekTopuio z(t), KoTopas uMmeer cieayronmi Buj z1(t) = —w(t) + 1/w(t),
To(t) = —z(t), rae w(t) = 3(2/(81x () + \/2916+6561zf(t)))1/3. ®azoBas
TpaeKTopus, HauuHarouascs B Touke (1.3,2.7)* m okawumBamoulascs B Hyje B
MomeHT Bpemenu 1, m3obpakena Ha puc. 1. Ha pmc. 2 uzobparkens! rpacduku
ynpaBjeHusi (caMasl TOJICTas JIMHHS), €ro 11epBo# (CpejHel TONUIMHbI JUHUAA) K
BTOpPO¥ (TOHKast JIMHYsI) IPOU3BOAHBIX Ha TpaeKTopuu. OYeBUIHO, yIPABIEHHE U
ero IPOM3BOJHbIE HA TPAEKTOPHH YIOBJIETBOPHAIOT 33JaHHBIM OIPAHUYEHUAM.

Taxum 06pa3om, IpHMeHsIEMBIH B pafoTe MOAXO0/, CBA3AHHBIA ¢ 0TOOparkaeMo-
CTBIO HeJTUHEIHOM CHCTeMBl Ha IMHENHYIO0, A2eT PElleHne 3a0a4i CUHTE3a OrPaHU-
9YEeHHOTO YNPABJIEHUs JJIsi CucTeMbl (33) BO BCEM NMPOCTPAHCTBE; 3a4a9a CHHTE3a
UHEePIUOHHBIX YIIPABJICHUH JIIs 9TOM CUCTEMBI PEIIAeTCA TAKXKE B LIMPOKOH 0bJia-
cru. Bmecre ¢ Tem, pemeHre yKa3aHHBIX 33784 A cucreMsl (33) mo mepsomy
IpUOJIVKEHUIO JAaeTCs TOMBKO B HEKOTOPOW MaJiol OKPECTHOCTH Hadasa KOOPIH-
HaT. -
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O6 omHOM cBOMCTBE CyOrapMOHMYECKUX IOYTH
HePUOAUIECKUX (DYHKITHH

A.B. Paxnun

Xapvroscxuti nayuonarvhod yrnusepcumem um. B.H. Kapasuna, ¥Yxpauna

JokazaHno, 94T0 ecau cyOGrapMOHUYECKas (DYHKUMS ABISIETCA IOYTH [EPHO-
JIHYecKoll B mosioce u ee norapudm sBserca cybrapMoHnIecKoi dyHKIueH,
TO ITOT JIOrAPU(M ABJIACTCA 000OIIEHHOM IOUTH NEPUOINIECKON DyHKIMEH.
2000 Mathematics Subject Classification 42A75, 31A05.

[Ipu u3yueHwn pacnpenesieHusi Hyse# ronoMOPMHOM MOYTH IIEePHOANIECKO
dyskuun f(z) B momoce Sgp = {z =2z +1iy : ¢ € R,a < y < b} Baxknyio pons
urpaer sBejennas B.Meccenom [1, cTp.356] dynkuus Js(y), KoTOpas sBIfETCA
CpeJHMM 3HAYEHUeM 1o mepeMeHHOH z ¢yHkuuu log|f(z)| (mocneguss, Boobuie

' FOBOp#, y»Ke He SBJISeTCH IMOYTH MEPHOLUIECKON (DYHKIMEH, I03TOMY CYIIeCTBO-

BaHHE CPEJHEr0 3HAYEeHHs He CIEAYET U3 OOLIUX TEOpeM).

B pa6ote [2] JT.Porkun pacnpocrpasus pesyasraTsl B. Meccena ua roaomopcb
HblE [IOYTH IeproanyecKre GpyHKuuu B TpybuaTeix obiactax. B wacrHOoCTH, OH
NOKa3aJ1, 9TO JJIsi TosioMopdHOH mouTu nepuordeckoit dynxkuuu f(z) B mosnoce
ee pynkmuio eccena J #(y) MOXHO onpeziesIUTh KaK MpeJest Mpu ¢ — o0 B CMbl-
e pacpeenesnit yukumit log | f (tz + iy)|. Ilocnennee yreepxierue nomtyuao
passuTie B padore (3], rae JI.PoHKHH, B 9aCTHOCTH, AOKa3aJ IOYTH MEPHUOAMAY-
HOCTh B CMBICiIe pacupenenennit yuakuuu log | f(z)| ana romomopdHoit oty me-

puommdeckoit byuxmun f(z); Takum obpasom, cymectoBanue dyrknun Neccena

BBITEKaJIO U3 TeopeM O CyHieCTBOBAaHMHU CPEIHEro 3HAYEHUd Y IIOYTH INEPpHUOArNHe-

. CKHX pacrpejeyeHui.

C apyroit cropossl, B pabore [4] paccMaTpUBaIUCh MOYTH EPHOAMYECKHE B

~ CMBICTE pacmpejesieHuii cybrapMoHuYecKye QYHKIUY B HOJIOCe, I OHU HCIOIb-

30BAINCH JIJIsi U3YYEHNUs] PACIpeeseHnst Hyiell ToioMOpMHBIX QYHKIUA ¢ 10YTH
NEPUOAMYECKUM MOAyJieM. B CBs3M C 9THM NpEICTaBIAETCS eCTECTBEHHBIM pac-
npocrparuTh Teopemy J1.Porkuna o dynkuun log | f(z)| Ha norapudmuyeckn cy6-

- rapMoHHYecKHe (DYHKIUH, TO €CTh TaKue HEOTPHIATESbHBEIE CyOrapMOHHYECKue

byHKuEY, 9TO UX JorapudM TaKIKe ABIAETCS CyOrapMOHMYECKOH DyHKIHel.
Hrobpl cchopMyMpOBaTH OCHOBHBIE Pe3YJbTaThl paboThl, BBEAeM HeoOXoau-
Mble ompenesieHust. IIpu 9ToM MOYTH TepUOIUIHOCTE (DyHKIHK OyHeM OIlpeleaTsh

23 v
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no BoxHepy, HCIIO/IB3ysl NOHATHE KOMIAKTHBIX CEMEHCTB CABHIOB. DKBHUBAJIEHT-
HOCTH 9TOr0 ONpEJesIeHHsI Kjaccuyeckomy onpezesenuio B.Bopa, ucnonssyrouye
| NOHSITHE € - TOYTH NEPUOAA, CM., Hanp., [1, cTp.23].

Onpenenenue 1. Henpepwsnas gynxyua f(z), z = z + iy, onpedesennas
6 samxnymoti ncaoce R + 1K, K - xomnaxmmoe nodmmooicecmeo R (eoamoorcro
K = {0}) nasweaemca nowmu nepuoduvecxol, ecau u3 awoboti nocaedosamens-
nocmu {tp} C R wmoorcno ewdesumsd nodnocaedosameavrocms {t,} max, wmo
pynryuu f(z + ty) pasnomepro crodames na mruoscecmee R + 1K .

Omnpenenenne 2. Henpepwenas gynxyus f(2) 6 omxpwmoti noaoce S, p),
—o00 < a < b< +00, Ha3vIBAEMCA NOYMU NEPUOOUNECKOT, ECAU €€ CYICEHUE HA
moboe muooicecmeo euda R + i, B], a < o < B < b, asasemea nowmu nepuodu-
vyecxot Ppynrxyued. '

Onpegnenenne 3. Obobwennasn Pynsyus f(z) 6 noaoce Sy, ;) Hasvieaem-
ca 0bobusernoti nowmu nepuoduveckoli gynryueti, ecau 0 4060t HenpepveHot
gpunumnot gynxuuu p(z) 6 S p) Pynryus

/ o(z — 1) f (=)dady

{ ABAAEMCA NOYMU nepuoduseckoli pynryueti nepemennozo t € R.
i OCHOBHBIM pe3ynbTaTOM PabOTHI SBJASETCS CICAYIONAsa TEOPEMA.

Teopema 1. ITycmo u(z) - nocapudmunecku cyb2apMOHUNECKaA NOYMU ne-
puoduseckan pynxyus 6 nosoce S. Toeda Pynxyus logu(z) ecmov obobwennasn
nowmu nepuodudeckas Pynxyua 6 S.

OTa Teopema MoJIy4aeTCs C HOMOIIBIO CIEAYIOMIEr0 yTBEPKIeHHs:

Teopema 2. ITycms uy(2) Henpepviensie aozapudmuvecku cybzapmonuveckue
pynxyuu 8 obaacmu G C C, pasnomepro cxodauguecs na xomnaxmaz 6 G ¥
pynryuu ug(z) # 0. Tozda ynxyuu log u,(z) crodamea 6 cmoicae pacnpedeaenudi
x pynxyuu log ug(z). -

Hoxka3zaresascrBo Teopembl 2. [Tonoxum [ (t) = log max{e, t}. ITo ycrosuio,
bynkiuu le(un)(2z) = maz{logun(z),loge} cybrapmonndeckue 8 G u pasHOMEp-
HO cxoaATcs Ha KoMnakTax B G K dbyHkuun l(ug)(z), nosromy u srtu pysKum,
u pyrkuus log ug(z), kax upegesn npu € — 0 MOHOTOHHO yObIBalOIIEH TIOCIEI0BA-
respHOCTH byHKUEH [ (up)(2), ecth cybrapmoundeckne dpyrkmun B G.

PaccmoTpum cemeiictBo yHKIumit

{log un(2)}n=0,1... (1)

ITokaxkem, uTo 910 cemeifcTBo KomMuakTHO B D'(G).

na sroro mocrarouno mokasars (cM. [5, crp.52]), uro cemeticrso (1) pasHO-
MEpHO OIPaHMYEeHO CBEPXy HAa KaxKJOM KOMHakTe B G M CyLIeCTBYIOT KOMIAKT
K; € Gu C > —0o0 Takme, 4T0

sup (logu,(2)) > C, Vn =0, 1..
Z€EK)
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Tak xax ugp(z) orpanuuena xa mobom xomnakte K € G u byHkmun uy,(z)
cxomsres K ug(2) # 0 pasuomepro Ha K, T loguy(z) paBHOMEDPHO OrpaHMYeHbI
cBepxy Ha K.

- [anee, paccMOTpUM 3aMKHYTBI KDPYr C IEHTPOM B TOYKE zg Pajuyca T
B(zg,r) C G. Tlokaxkem, 9TO BhIparkeHHe

sup  (log un(2))
2&B(zo,r)
PaBHOMEPHO orpaHmyeHo cHu3y. Tak kak ¢dyukums logug(z) cybrapmonuyeckas
U HE PaBHA TOXKIECTBEHHO —00, ;

sup (logug(2)) > Cy,
2€B(zq,r)

TO €CTh

sup . (ug(2)) > €.

2€B(zq,r)
Hanee, byHkumy u,(2) cxousires K dysxnun ug(z), Tpu n — 00 PaBHOMEPHO
B kpyre B(zp,r). IlosTomy mas Bcex n > ng

sup (un(2)) 2 @,
2€B(z0,r)

Taxum obpazom, Haitgercs: Takass KoHcranTa C, 4TO

sup (logu,(2)) > C, Yn=0,1..
2€B(20,r)

CremoBaTebHO, HAMLETCs IOAIOC/IeI0BATEIbHOCTD dbysxuumit log uy (), cxo-
asmascs B D'(G) x Hekoropoit cybrapmonmdeckoit 8 G bynkmun v(z).

Kax msBectHO, cxommmocTs cyGrapmonmueckux dbynkuumit 8 D'(G) sksusa-
1o(G), To ecrs cxommmocTu B L (K) Ha KaxmoM KoM-
makre K C G (cm. [6, crp.120]).

3amerum, 9To aust jroboro komnakra K C G u ang moboro € > 0 uMeeT MecTo

HEPABEHCTBO

: /lmam{log up (2), log €} — maz{v(z),log e}|dzdy < /llog U/ (2) — v(2)|dzdy.
K K

CrnenosarensHo, dyukmun maz{logu, (2),loge} cxonarcs x dbynxmma
maz{v(z),loge} B L} (G), ana nwoboro € > 0.

C npyroit cTOpOHBI, TaK Kak MOCIEA0BATEIbHOCTh QYHKIUE Un(2) cxoamuTcs
paBHOMEPHO Ha JiH0OoM KommakTe B (f, TO, Kak OblIO cKazaHO Bblmie l.(up)(z)
PaBHOMEDHO CXOAATCA Ha KomnakTax B G K dyukimu [, (up)(z), a 3HaguT, umeer
mecro cxogmmocts B LY, (G). '

Homyuaem, uro mociegoBarenbHOCT lo(un)(z) mpu mwobom € > 0 ¢ on-
HOlt cTOpOHBI cxomurest K le(ug)(2) B L}, (G), ¢ npyro#t cxomurca x byHKIuY

max{v(z),log e} B L}, (G), 3HaunT NOYTH BCIONY UMEEM DABEHCTBO
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max{v(z),log e} = max{loguy(z), loge}. (2)

OTO PaBEHCTBO MMEET MECTO BCIOAY, TaK KaK M3 PaBEHCTBA JABYX Cybrapmo-
HMYeCKMX (DYHKIMI IOYTH BCIOAY CJIeAyeT UX PaBeHCTBO BCIOAY, CM. HAmp. [5,
crp.43].

Yerpemum B pasercrse (1) € k myimo. Tak kak mes({z € G : v(z) < loge}) —
0 u mes({z € G : logug(z) < loge}) —= 0, mpu ¢ — 0, To mmeem v(z) = log up(z)
IOYTH BCIOAY, & 3HAYUT — BCIOAY.

Taxum 06pazom, mocIe0BaTEIbHOCTb QYHKIMH log Uy (2) cxomurca x dyHK-
muu logug(z) 8 D'(Q).

IToxaskem, 4To s0bas NOANOCAENOBATENBHOCTE (hyHKIuE cemeicTBa (1) cxo-
aurca X dysxkuuu logug(z) 8 D'(G). IlpeamonoxkuM, 970 3TO HEe Tak, TO €CTh
CYIIECTBYeT NOANOCIeN0BATebHOCTs DyHKIm# logun,(2), €90 > 0 um xommakT
Ky € G takue, 9yTo

[ 1108 un () ~ log o) ldady > <o, 3)
Ky

IUIS BCEX 1.

3amerum, 910 cemeticTBo {10g up;} KOMIAKTHO, MOSTOMY H3 ITOr0 CeMEHCTBa
MOXHO BbIZeAuTS cxousuyoca 8 D'(G) noamocnenoparensrocrs. Kak u Beime,
Oy MM, YTO 3Ta TMOANOCIEN0BATEIBHOCTS cxoaures K log ug(z) B L, (G), uro
IpOTHBOPeYHT Ipejnooxkennto (3). Teopema 2 mokasana.

Hokazareancrso Teopembr 1. Ilycrs {h,} € R - npoussonsuas nocieno-
BaTeabHOCTh. Tak Kak ©(2) mouru nepwoaudeckas QYHKIHUSA, TO, NEPEXOAd NIPU
HEeoOXOAMMOCTH K TIOAIOC/IEJOBATEIBHOCTH U UCIIONIL3Ysl AUarOHabHBLA Ipolece,
MOXHO CYHTaTh, 4T0 dbyHKimyu u(z + h,) cxoparca x HekoTopo#t dyHkuuE ug(2)
PaBHOMEPHO B Ji000# mopmnosoce S(q ), rae a < a < f < b. Herpyamo Takxe
BHJETH, YTO ug(2) jorapudMudeckn cybrapMOHHYECKas W MOYTH ITePHOIUYECKAd
bynxuusa B (g p). A1 10Ka32TEBCTBA TEOPEMBI HEOOXOAMMO IOKA3ATH, Y4TO IS
Ka K J10i1 HenpepsIBHOM duHuTHON DyHKumu ¢(z) B S(a,b)

lim /log w(z + hp)p(z + t)dzdy = /log ug(2)p(z + t)dzdy,

n—oo
paBHOMEpPHO 1O t € R.
[Tpeamnonoxum, 9T0 3T0 HE TAaK, TO €CTh AJIA HEKOTOPOro & > () u HEeKOTOpOit
NOCJIeOBATENbHOCTH &y — OO

> & (4)

/logu(z + hyp, — tn)(z)dzdy — /log up(2z — tn)p(2)dzdy

ITepexosa K TOAMOCIEOBATENPHOCTH M HCIONb3Ysl IHOYTH NEPUOAAIHOCTE
byHKIMU ug(2), MOXKHO CYHTATh, 9T0 DyHKIMA (2 —1ty,) cxomurca K v(z) paBHO-
MEPHO B KaxKZJol noamosoce Sy g), U, C1€J0BATEIHHO, BBHAY PABHOMEDHOH CXO-
mamocta u(z+ hp) X ug(2), ToT e npexen umeror dysxmun u(z+ hy, —t,). Toraa
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no Teopeme 2 oba uHTErpaja B (4) UMEIOT IPH N — 0O OJMH U TOT YK€ TIPEeAe
[logv(2)p(2)dzdy, uro nesozmoxuo. Teopema 1 noxasana.
3ameuanue 1. B pabore [4] 6b110 mOKazano, 4ro ecnmu f(z) - romomopdras
byrxups B nosoce u log |f(z)| oGobmennas mourn nepuoguyeckas byHKIHS, TO
|f(2)| aBasiercs nouTH nepuoxMIECKOl B CMBIC/IE ONpeeeH s 2.
[Toxazkewm, uro o6paTHOE yTBEpKAeHNE K Teopeme 1 B obmieM ciiyyae He BEPHO.
ITonoxxum

Ap= | BN TE R Ty =1y 2.
keZ
rje, Kak u Beime, B(zp; R) o6o3Hauaer orkpeiTeiit map B C ¢ uenTpom B 2y u
pamuyca R. Otmernm, uto A,, N A,, =0 npu ny # ny.
@yukuun [sinm(37 "z — 371)| mmeror wepmox 3", mosTOMY UISi HEKOTOPBIX
an >0, B < o0 5 (%)

inf sint(3"2-3"Y|>a, n=1,2..
gl L, 807G 3] 2 o, m=1,

tiél}fk / log |sin7(37 "2z — 37!)|dzdy > —fB,, n = K2
|Re z—t|<3", |Im z|<3"8

[Monoxkum

M := sup |sin7w|
|Im w|<1

sinm(3~"z—-3"1H)|™

fn(z) "R M )

rae vn > 0 BeIOpanHO Tak, 4TOGH!

(79 48
1 —-|<2 n
711 OgM iy

> YulBn + 4 - 32" log M]
n

CXOIHIICS.
Ormernm, uTo |f(2)| < 1 mpu [Imz| < 3" u-

Itz 2 e~ npu |Imz| < 3", z ¢ Ay (5)

E-!(pome TOro, /1 J11060# UHUTHON HeoTpHUIATEbHON MYHKIMH ¢(2) ¢ HOCHTeeM
B mape B u3 nosocsl |Im z| < 3 u mo6oro ¢ € R nveem

P o> / log | fu(2)|0(z ~ £)dady > supip / log |fu(2)ldzdy >
|Re z—t{<3" {Imz|<3n
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28 A.B. Paxuun
> Yo sup p[—B, — 4 - 32" log M] (6)
Tonoxnam
F(2) =[] fa(2).
, neN
Tax xak 9acTHBIE CYMMBI DS
> log fa(2)

00pa3yioT HEBO3POCTAIOIILYI) MOC/AEH0BATEILHOCTD B JII000# (DUKCUPOBAHHON I0-
PHU30HTATBHON 1osI0Cce, npuyeM, BBugy (5), i

> log fa(z) # —o, %

to dynkuuu log f u f ssnsmorcs cybrapmonuyeckumu B C. Jasee, u3 (6) u oibopa
Yn CHEHYeT, 4TO (pyHKIuS

- e e

/ log f (2)p(z — t)dzdy

€CTb PaBHOMEDHBIH Ipejes nepuoguyeckux GyHKumit nepemennoit ¢ € R m, cne- g
JIOBATEJIBHO, ABJISETCS TOYTH Ieproandeckoit bynkuumelt, o ects log f(z) - 0606-
[IeHHAs [OYTH NeprogudecKkasd OyHKIUs. ,

IIposepum nenpepsiBHOCTE f(2). Baduxcupyem € > 0, zp € C u BrGepem 1
KaKyr0-HUOYIb OrpaHMYeHHYI0 OKpecTHOCTs U(2g). Ilycrs |Im z| < 3N. Bribepem &q
ng > N croms Gosmmm, utobsr U(zg) N A, = 0, U(z) C {2z : [Im 2| < 3°} upu
n > ng 1, KPOMe TOro,

-~

(1 - 6—?}6) lI—vI fa(20) <
na=l

DN ™

toraa ana z € U (z0) mmeem

o)~ f@ < [ a2

o no
H fn(2) - H fn(20)| +
n=ng+1 n=1 o=l
+ [ snzo) | JI- a2 = J]  fnz0)
a=s] n=ng+1 n=ng-+1

Ocrasioch 3aMeTUTH, 4TO

no - N ‘.
[1 #atz0) < I #a20), :
n=3 n=1 .
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1zl ey o
] n=ng+1
‘mpu moboM z € U(zp) u ymenbmuTh okpectHOCTh U(2g) Tak, 4T06bl A1 BCEX Z
U3 YMEHBUIEHHON OKPECTHOCTH BHIIIOIHAIOCH HEPABEHCTBO

an<z> an %) sg

£ o'
Jlasiee, 3aMeTHM, YTO TOUKA Ty = 37 + 5w HE JIXKUT HU B OJHOM U3 MHO-
~ xKecTB Ap, mosromy, Beuny (5), f(zm) > e} TaK kak f(3™71) = 0, ro bynkuus
f(z) Be sBNsETCS PAaBHOMEPHO HEMpPEpLIBHOM, a MO3TOMY He MOMKeT OBITH IIOYTH
HePUOJNYECKON B CMBICJIE OIPEIEICHUs 2. ;

3ameuanue 2. 13 paborsl 4] cnenyer, uro f(z) apasercs 06061ieHHON T0YTH
NEePUOSUIECKON (DYHKITHEH.

3ameuanne 3. Onpenenenue 1 oueBugHBIM 06pa3om 06061Ia€TCA HA TTOYTH
nepuoanveckue GyHkuyn Ha MEOXKecTBe R™+i K, K - KOMIAKTHOE HOJAMHOMXKECTBO
R™, onpenenenus 2 n 3 — na tpybuaroit obsacta R™ + G, G - obiacts 8 R™,
caBury Temepb Hajo 6parh Ha BekTOphl ¢ € R™ u BMecTo cermenTa [a, 8] Ham0
6pars komnakTel B G. Teopemsbl 1 u 2 Takike NEpeHOCATCS HA 9TOT CIydaif.

ABrop Giarogapur HaydyHOro pykosogutens npod. ®asoposa C.IO. 3a mo-
CTAaHOBKY 3aja4u ¥ peuensenta npod. [pummuna A.Q. 3a neHHBIE 3aMeyanusd,
I03BO/IMBIIHE CYIIECTBEHHO YIPOCTHTH JI0KA3aTe]bCTBO TEOPEMBI 2.

JIMTEPATYPA
. Jleruran B.M. ITourn nepnonnqecmed)ynxunn. =M.:-T'MITTJI, 1953.

. Ponxun JL.J1., Teopemsr Weccena ajsi TOJIOMOPMHBIX MOYTH NEPHOAMYECKHX
bysxuuit B Tpy6uaTsix obaacrsax. // Cub. mar. x. 28 — No8 —1987.

. Ponxmn JI.U. ITourm nepumojmyueckue obobuiennwe QyHKIMU ¥ JUBH30PHI B
Tpybyarnx obsacrsix. // amucku Hayq CeMUHAPOB HOMI/I - 247. - 1997.
- C. 210-236.

. Favorov S.Yu.,Rashkovskii A.Yu. and Ronkin A.L.: Almost periodic divizors
in a strip. // J. Anal. Math. — 74. — 1998 — p. 325-345;

. Azapun B.C. Teopus pocra cybrapmonmdeckux dbyuximit: TeKCThI JeKIuA. —
Xapwkos: XI'VY, 1978.

. Xépmangep JI. Amamus smuneitsbix AucbepeHIuaIbHbIX OIEPATOPOB C YacT-
HBIME Npou3BOAHbIME. Teopusa pacnpenenenus u anaaus Oypee, Tom 1. — M.:
Mup, 1986.

. . Hayman W .K., Kennedy P.B. Subharmonic functions, vol. 1, Academic Press,
New York, 1976.




Bicuuk XapKiBCHKOro HaliOHAJBHOTO YHIBEPCUTETY
Cepis "MaremaTuKa, IpUKJIaJHa MareMaTHKa i MexaHika"
YIK 517.5 Ne 602, 2003, ¢.30-34

MHoro4ieHHbIe aCUMIITOTUYECKHE IIPeCTaBIeHNs
cybrapMoHMYeCKHX (DYHKLHU C BbIJEJEHHON IIepeMeHHO’

I1.3. ArpanoBuy

Qusuko-mernuneckuts uncmumym nuskux memnepamyp um.B.H. Bepxuna, Yxpauna

B pabore paccmarpuBaiTcs mwopucybrapmonnyeckue ¢pyukimu 8 D x C,
rae D obnacts B npocrpascrse C”,n > 1, Mepa KOTOPBIX COCPENOTOYEHA Ha
muokectse D x {w : Sw = 0}. [lna raxux GyHKuui B TEDMHHAX MHOTOYJICH-
HBIX ACHMITOTUYECKHX [PEJCTaBJEHHH YCTAHOBJIEHA 3aBUCHMOCTDH MEXKIY
noBeAeHreM caMmoil (pyHKIMN Ha GECKOHEYHOCTH M0 BBIAEJIEHHOH ImepeMeH-
HOM U (PYHKIUY PacCUpPeeIeHus e MEPHL.

2000 Mathematics Subject Classification 32U05, 31C10.

Dta paboral mpomOMKAET CEPHIO MCCIEIOBAHME TI0 U3YYEHHIO 3aBMCUMOCTH
MeX/ly TOBeJieHueM CybrapMoHnYIecKuX QyHKumi Ha GeCKOHeYHOCTH U (DyHKINUS-
MH pacmpejesenus ux Mep Pucca B TepMHHAX MHOIOYIEHHBIX ACHMITOTHK.

[Iycts D - HexoTopas obnacts B npocrpanctee C",n > 1. Yepes PSH(D xC)
0603Ha4YMM KJIacC IUTIOpUCybrapMonndeckux Ha MHOXecTse D x C dynknuit.

Onpeaenenne 1.2 Bydem zosopums, wmo u(z, w) € PSH(D x C) asasemca
Pynxyuets He boaee wem HOPMAABHOZO TMUNG NPU NOPAJKE P NO Nepemernot w,
ecau _ ‘

u(z,w) < Ci(2)|w|” + Ca(2) Vze D,

2de Ci,1 = 1,2 - ozpanunennvie Gynxyuu 6 arboti nodobaacmu D' CC D.

MsuoxecTBo mmopucybrapmorryeckux Ha MHOXKecTBe D X C dyskimit e 60-
Jlee YeM HOPMAaJIbHOI'O THUIIa MIPH HOPSAKE P 0 nepeMeHHol w Oynem obo3HavaTh
B pasieHetimem PSH(D x C)[p].

Hnsa knacca dyskuuit PSH(D x C)[p], ucnons3ys nosiy4eHHble paHee B pa-
Gorax [1, 2, 3] pe3ysbTaThl, yAaeTCs MONYUMThH ONMCAHHE CBA3M MEXKIY CaMOi
dbyHKUMEH ¥ HEKOTOPO CBA3AHHOM C HEell MEPON B TEPMUHAX MHOI'OWIEHHBIX aCUM-
OTOTHYECKUX IPEe/CTaB/ICHUMN.

B nanereitmem s dyaxnun f(z), 3aganH0# Ha MHOXKecTBe (G, HCIIOJIB3Y€ETCS
crenymomee 0603HaYeHNEe

1(G) = / £(2)dA,
' (e

E

. *Dra pabora moxmepxkana rpaaroM XHTAC Ne 99-00089.
2970 u cremyiomee ompenenenus 6pum qaHsl B [1].
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TAe A, Mepa JleGera B npocrpascrse C™. b

Onpenenenne 2. Munoocecmso E nasweaemcs Zgq- mHoocecmsom 6 D x
C, ecau dan moboti nodobaacmu D' CC D cywecmeyem maxas Cucmema
"yuaundpos "Il = {z : |z — zj| < rj} x {w: |w — w;| < R;},j = 1,n, wmo

i)E[)(D' x C)" c | Jil;
g

i) lim — Y r2R¥ =0
i1i) paduycw. ar06oz0 "yusundpaTl;, noxpwearowezo mouxy (z,w) € E,z € D',
R:
—L < Cluwl,
T

2de nocmoannas C 3asucum om D' u ne sasucum om ewbopa I1;.
Byzaem rosopurs, uro dysxmus f(-,1),t > 0, nMeeT MEOTOWIEHHYIO ACHMIITOTH

Ky, /M OHa MOXKeT OBITH IIPeJICTaBJICHA CIeIyomuM 06pa3oMm:

Fot) = Ap()t? 4+ Ag()t?2 + ... + Ap ()P + K(-,t), t = 00,

rze Aj(+),j = 1,...,n,— semecrennse byrkuun; 0 < [ < pp <...<p1 m

TOCIEAHUN WICH CpaBa, T.e. QyHKIHS (-, t), MaJsia o IEpEMEHHOM ¢ B HEKOTOPOM

CMBICJIE 0 CPABHEHUIO C MPEIBLAYIAM YWIEHOM. AHAJIOrMYHO NOHMMAETCH BhIpa-
Jkenue "MHOrowieHHas acumuToTuka dysknum f(-,w),w — 0o”. B aToMm ciayuae
koahbunuenTsr A; sBisiorcs dyHKIuaMu or 0 = argw, a t = |w|.

- Paccmorpum mmopucy6rapMonudeckyo QyHKIu0O u(2z,w), IPOUHTErPUPYEM
ee o muoxkecrsy D', D' CC D. Kak merpyano sugers, u(D’, w) asnserca cybrap-
MOHIIecKoli B 1iockocTu ynknueit. O6osnaunm Jepes np, Mepy Pucca dyHk-
man u(D', w). Torga mMeeT MECTO CIEAYIOMIAS

Teopema 1. Iyemo u(z,w) € PSH(D x C)|p], 2de p - neuyenoe wucao, ece
macev, xomopoti cocpedomovenvi 60 myosicecmee D x {w : Imw = 0}. Tyemo dan
dynryuu n, (D', t) ewnoanaemcs coomnowenue

npu(t) = np ({{w] < t}) = A1(D')t* + Ay (D')t*? + (D', t), ¥YD' cc D, (1)

20e pr € Z;p = [p1] < p2 < p1;A1(D’) > 0; a daa Pynxyuu p(D',t) npu
HeKkomopom ¢ > 1 umeem mecmo oyerka

o
/ lp(D', 8)[9dt = o(T#+Y), T — 00, D' C D. @)

$Kak 06prano [a] 0603HaYAeT NETYIO qa.c'rb YuCIa a.
‘B pambmeiimen Gyzsem paccMATPHBATH JHINb CTy9all JBYHIEHHbIX ACHMITOTHIECKUX MDE-
FABJIEHNH, YTO HE YMEHBIIACT OOUIHOCTH.
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Tozda u(z,w) € PSH(D x C)[p1] u

R ol Tyt g & nrP2 Ao (D') pe I €
u(D',w) = R cos p1(0 — ) + i gl cos po (6 — ™)+ |
¥(D',re?), D' D, | (3)

npusem dan mobozo muooicecmea D' CC D dymxuua (D', re’?) = o(rP?),r — oo,
paenomepro no 0 € [0.7), ecau mouxa (z,re?) ne npunadaescum nexomopomy  ©
Eo,1- MHOOCECTNEY.

Ecau g > 1, mo n
/I sup (D', re )|qdr = o(T*9*!), T — 00, D' C D, (4)
0<6<2m )

Joxazameavcmeo. U3 coornomenutt (1 ) u ( 2 ) HECIOKHO BBHIBECTH, 9TO
npru(t) = A1 (D)7 + o(t”), VD' cC D.

Taxum obpazoM, u(z,w) € PSH(D' x C)[p1] u dyskuus u(D’,w) ne Gosee uem
HOPMAJILHOTO THIla, IIPH TIOPSIIKE P . ¥ %

Tax Kak p; sBIAETCS HENEJBIM YHUCIOM, TO A JAJbHEHIIEro J0CTATOMHO
npeanosiararsk, uro dyskuus (D', w) aBiseTcs KAHOHUYECKUM NIOTEHIUAIIOM, &
3HAYAT, AMEET CIEAYIOWMi BU

uDw) = [ byl Odna(0),
{|¢|>1}' :

roe

hp(w ¢)=ln cos ko

C
u « - yroa mexay w u ¢. Teneps Bocmons30BaBuMChL TeopeMoit 1 (2], ycranasmusa-
eM, YTO BO3HMKAIOIIEE HCKJIIOYHTEIBHOe MHOXKECTBO fBJISETCH Zp1 MHOXKECTBOM
¥ MMeeT MeCTO acHMOTOTHYecKoe mpeiacrasienne (3 ) - (4 ).

TeopeMma moka3aHa.

Teopema 2. ITycmov u(z,w) € PSH(D x C)[p;], 2de p1 neyeaoe wucao, u
nycms ece ee maccoi Pucca cocpedomosenn na mrooicecmse (D x {w:Imw =
0} \ (D x {w : |w| < 1}). IIpednoroscum, ¥mo Oas 4106020 NOOMHONCECTNEA
D' CC D umeem mecmo caedyrousee COOMHOWEHUE

1_._’ 4

u(D', z) = 7A1(D")z?* ctg oy + wA2(D")zP? ctg mps + (D', z), T > 0,

20e p1 U py YOOBAEMEOPAIOM OOHOMY U3 CACOYIOUUT YCAOBUT:

a) [p1]<pz<p1<[p1]+2,
6) [m] + 3 <m<pr<lpl+l,
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a 0an pynsyuu (D', z) npu nexomopom q > 1 cnpasediusa acumnmomuseckas

ouenxa
2T

/Iw(D’,az)lqda: = o(T"*!), T = 0.
;
Toeda dxm 2106020 nodmmnoocecmea D' CC D dywryus np u(t) npedemasuma
8 sude
nu(D',t) = A1 (D)t 4+ Ag(D")t?2 + (D', t),
- npusem ocmamounbil uaen .
i p(D',t) = o(t")
npu t — 00 GHE UCKAIOYUMEADHO20 MHONHCECTNBA HYAEBOU omHocumeAsHot MEPYL.
Ecaug > 1, mo

/ (D', t)]9dt = o(T?**1), T ~ co.

Mcnomp3ysa paccy»k/ieHus, NPOBEIEHHBIE NPH J0KA3ATEIbCTBAX TEOPeMEl 1 m
Teopembl 3 (2], ybexxnaemcss B CIIpaBeIMBOCTU TEOPEMBI 2.

OrmernM, 4To 9Ta Teopema MOXKeT ObITh 0600IIEHA Ha Ciy4ail KOHEIHOM CH-
CTeMBbI JIydeil OA0OHO TOMY, KaK 3TO OBLIO CHENAHO [Jis LeJblX (DYHKIMN OIHOMN
KOMILTEKCHO}! TIepeMeHHOM B [2].

Amajornuno 3axiodaeM, 4ro s Gynkumit us PSH(D x C)[p] ¢ npoussois-
HBIM pacnpe/ieIeHHeM Mephl 110 W MMeeT MecTo ciaeayiomas [4]

- Teopema 3. ITycmo u(z,w) € PSH(D x C)[p1], p1 - neyeaoe wucio, u nycmo
04 mo6ozo D' CC D npu ecex © € [0,27],0 € [O, 2r+ 0], xpome, 6vimv mooicem,
mmooicecmea D' x E, 2de E ne 6oaee wem cuemmoe, UMEETN MECTIO COOMHOUEHUE

npu({C:0<[(]<t,0 <arg( <6}) =

A1(D',0,0)t" + Ay(D',0,0)t°* + (D', t,0,0),

1] < p2 < p1 ITpednonodicum daaee, wmo ny(D',t,0,0) = 0 npu |t| <
5 5 dynryuu Aj,j = 1,2, 10Ka40HO CYMMUPYEMbL U OAA OCTRAMOYHOZO YAEHA
@(D',t,0,0) npu nexomopom q > 1 u arobom xonewnom T pasromepro no ©
;;Jaeed/wea ACUMNIMOMUNECKAA OUEHKG

Q+T 2R
- / (D', 4,0, a)|%dt = o(R%*1), R — co.
it R ;

Tozda nopador pynryuu u(z,w) no ewdesennoti nepemennoti pasen py u

[
- / cos p;(0 — a — m)dA;(D',0,a) + (D', re’
—27 '
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2de pynryus Y(D',re?) = o(rf?) npu r — oo pasromepro no 6 € [0,27] ene
HEKOMOP020 Epo - MHOHCECTEA.
Ecau wucao g > 1, mo

[%(D’, w)|%dAy = o( R, R — .
R<|w|<2R

3ameuyanune. OTMeruM, 4TO IJIf HOKA3aTeJbCTBA NPUBEIEHHBIX BBINIE TEO-
peM or ¢yskuyy u(z,w) AOCTATOYHO noTpeboBaTh, 4TOOLI OHA OblLTa DyHKUMER
[IOJTYHEIIPEPBIHOM CBEPXY ¥ CyOrapMOHUYECKO IO BBIJIEJIEHHON IepeMeHHOR w.

Opnako mambosiee MHTEPECEH, MO HAINEMY MHEHMIO, Ciaydadl ¢yHKimi u3
PSH(D x'Cj. '
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Munumanbuble moBepxHoctu B rpynmne [eiizenbepra
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Xapvrosckutl Hayuonasorot yrusepcumem, Yxpauna

Wccrenyorcs: nuueiivarsie u SO(2)-uHBAPUAHTHBIE MAHUMAJIBHbIE ITOBEDPX-

HOCTH B TpexmepHoit rpynne [eii3enbepra ¢ JIeBOMHBAPUAHTHON METPUKOM
~ ds? = dz? + dy® + (dz — xdy)?. JIoKa3aHO HeCYIeCTBOBAHHE BIIOIHE Teoe-

BUYECKHUX [MOBEPXHOCTEH.

2000 Mathematics Subject Classification 53C40,53C42.

Tpexmepras rpynma leftsentepra wim B Tepmunosornu (3, ri1.4) reomerpus Nil
mpeficTaBIgeT co60it TpeXMEepHY0 AeHCTBHTENbHYIO rpynny JIu ¢ yMHOXKEHHEM

LyZ = (a',6%,0%)(z,y,2) = (z + o',y + a°, 2 + a® + a'y),

¢ JeBOMHBApHAHTHOM MeTpukoit ds? = dz? +dy? + (dz — zdy)?. Tpymna Nil Bo3uu-
Kaer B usnke: ee anrebpa Jlu coBmagaer ¢ anre6poit JIu (co ckobkoit Ilyaccona)
- KOOpAMHATHBIX (bYHKIWMI raMUIBTOHOBOI MEXaHMKH, a Tak»ke ¢ ajaredpoit Jlu co-
OTBETCTBYIOMUX UM HabmomaeMeIx KBaHTOBO! Mexaruku([5]). I'pynna uzomerpuii
Nil omacana B [3]. Ona umeer pazmepHOCTS 4, COAEPKHUT MOAPYIIIY TPAHC/IANMI,
usomopduyo camoit Nil, 3aTeM 0JHOMEPHYIO OATPYIITY BPAILECHUN OTHOCHTEIHLHO
BEPTUKATBHBIX CJI0EB B OTpakeHua Tuna (z,y,z) — (z,—y, —2). B [2, Teopema 0]
OTMEYEHO, YTO Irpymna m3omeTpuit rpynus [eitsenbepra passiaraercs B NOJIyIpsi-
Moe npoussezesue rpynns!l Tpancasanmit 1 Aut(nil) N O(f) - rpynnsl aBToMOp-
dusmor asrebper JIu nil, coxpansiomux merpuky. Tenszop Pumana merpuku Nil
HMEET CIeyIoIIVe HeHyJIeBble KOMIOHEHTH : Rig10 = ﬁ{—%, Ri313 = Ra3o3 = i—,
Ryz3 = —%. Jaa Toro 9rTobbl OLEHUTH, B KAKUX NPEAENAX MEHAETCS CeKIH-
OHHasi KpuBu3Ha Nil, 09eBH/IHO, JOCTATOYHO TO CHEJAaTh B HaYase KOOPJMHAT.
Ecm seibpare B T, Nil nBa opTOHOpMEpOBaHHBIX BeKTOpa X = (C0Su,sinu,0)
u Y = (—sinucosv,cosucosv,sinv), To ceknuonHas Kpususaa K(X,Y) B Ha-
NPaBJIeHMH By MEPHOH TLII0CKOCTH, HargHyTo# Ha X,Y, Moxker ObITh HaiijjeHa 110

K(X,Y) = Ryg12 cos? v + Ri313 cos® usin? v + Rasas sin? usin® v+

~ +2R993 sinu cos v sin v +'2R1312 €08 u cos v Sinv + 2R393 cos u sinu sin? v =
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3 -2 1 3 )
= _ZCOS v+ Zsm V.

CurenoBaTessHO, —--2— <K(X,)Y)< % u nosromy Nil mpeacrasager coboit mpu-
Mep TpeXMepHO# OJHOCBA3HON pmmasoso#t rpymme! Jlu ( B Tepmunonormu (2] )
€O 3HAKOIIEpeMeHHOU CekiuoHHOM KpueusHol. [IpencraBiser mHTEpec omucanne
MHOXKeCTBa MHHUMAaJIbHEIX ToBepxHocreit B Nil. B nepsom pasiene Mbl u3ydaem
noBeneHne reogeandeckux Nil. OkazpiBaeTcs, YTO WX €CTECTBEHHO KIaCCH(pHUIIM-
4 poBaTh Ha “rOpU30OHTAILHBIE’, “BepTHKaNbHbIE” U “BuHTOBBIE”. Bo BTOpOM pas-
Jleie Mbl HaXOAWM BCE JIMHEHYaThle MUHUMAJIbHBIE TIOBEPXHOCTH , COCTOAIIME U3
“rOpU3OHTAIBHBIX M, OTAEIbHO, U3 “BEPTHKAILHBIX reojesmdeckux. B TperpeMm
paszesie mpuBeieHbl GOPMYJIbl [ KO3 (PHUIUEHTOB NepBoit U BTOopoit dyHIA~
MeHTa bHBIX (popmM nosepxHocTH B Nil, 3amanuoit B Buge (z,y, 2(z,y)), nomy4deHo
ypaBHeHMe SIBHO 3a/aHHOM MUHMMAJIBHON MOBEPXHOCTH H J0Ka3aHO HECYIIeCTBO-
BaHUe BIIOJIHe reojesndeckux nosepxuocredt B Nil.(B omimume or KOMIAKTHBIX
* rpynn JIu, rae BIOOJIHE Teofie3smdecKuM OyeT SKCIOHeHUuasbHBIN o6pa3 Jirobon
. TpOtHOM cucTeMb! JIu B coorBeTcTByIOmel anrebpe Jlu, B yacTHOCTH, J1I060# n0A-
| anrebpsi). B nmociennem paszene Mol npusoauM dopmysl g SO(2)- nEBapuaHT-

HBIX MHHUMAaJIBbHBIX mOBepxHOcTel B rpymme [eitzenbepra. 3amernM, yro SO(2)
- MHBAPUAHTHbIE [TOBEPXHOCTH MOCTOSIHHON HEHYJIEBOH CpejiHel KPUBH3HBI OblIH
ucciegosans I1. Tomtepom B [6]. IlepBbiM M3 aBTOPOB HamHCaHB! pas3jensl 1-3, a
BTOPBIM [OCTIEAHUN PA3Led. _ ‘i
1. Teone3uuyeckue B Nil .
B aToMm pazzesne MBI ONHUIIEM IOBELEHHE CBA3KY MeOJE3UIECKIX BHIXOAALUIUX U3
NPOW3BOJIBHON TOYKH MHOIo0Opasusa Nil. KoBapuaHTHBIN M KOHTpaBapHaHTHBIN
METPUYIECKHN TEH30p UMEIOT BHJ .

' 1 e < 10 0
‘; IR RS R e T ey g N | T 1
0 e A 0 z 1422

| Cumsounbr Kpucroddens: Beipaxkalores caegyonmM o6pa3om

B il B 0 z/2 —1/2 t
=10 =g 1@ 1LIe=1 =2 0 0},
0 1/2 0 -1/2 .. 0 0
i
% N 0 =1 —g/2
Iy =1 B9 naoql 0

| 2
} ~z /2 0 0

Kraccuueckue ypaBHeHus reomesmyeckot B Nil ciegyromue (murpuxom o603Hade-
HO auddepeHnIpoBanue 10 HATYPAJIBHOMY IIapaMeTpPy Ie0le3udecKoi)

| ' g — zy? + 42 =0,
: y" +zz'y — 3’2 =0, (1)
2"+ (22— 1)z'y — z2'2' = 0.
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- Yuuoxast nepnoe ypaBHeHHe Ha z', a BTOPOe Ha Y M CK/IajblBasd, MOJIYIUM

ﬂn . y” c1 YMHOXKasi BrOpOe YPaBHEHHE HA £ W BBIYMTAS U3 HEr0 TPeThe ,
2y’ — 2/ = ¢y. Tlockonmbky m’2 + y’2 + (2’ = z¢)? = 1, To mocToaHHbIE

€1,y CBSI3AHEL creayiomum 06pasoM ¢ + Sl

() Hoacrapnss 2’ = zy' —co B nepsoe u BTOpoe ypaBHenus cucteMs! (1), momydaum

$" i d C2yl - O,

b y" + ez’ = 0. (2)
HMurerpupyem 3Ty cucremy
LAl g’ — ey = c3,

Y + 2z = cq.

‘Otciona norywaeM ciiefyioniee ypaBHenue

a" + B3z —cpes =0

3)
3&&5 HaJI0 pa3IuyaTh jBa ciyvasi 1) ¢ = 0 u 2) ¢z # 0. B nepsom ciyvae umeem

b & : 82
T =38+ 05,y = €48 + 5, 2 = €304 + Cseas + €, (4)

NpHYeM TOCTOSHHBIE C3,C4 AOIKHBI GBITH CBA3AHBI YCIOBHEM &+l =1, pna
TOro 4To0Bl § OBLIO AJIMHON AYTH.

- Herpyano nposeputs, uro ckansipHoe npouwssenenue opta ocu z (0,0,1) na
KACATeJIbHbI! BEKTOD reofie3uyeckoii (4) paBHO Hymo B o6o# TOUKe 3TOH reo-
Wecxoﬁ ITpoexmmeti reogesudeckoii (4) Ha KOOpAMHATHYIO MIOCKOCTh Oy
AETCS NPAMasi, 03TOMY MBI 6y;xeM Ha3bIBATh reofe3nveckyio (4) “ropusos-
bHOM”.
"h“P&CCMOTpKM Ternepb CIIydYaii 2) ¢z # 0. B aToM ciiyyae uHTErpUpYys CHadaJja

paBHenue (3), a 3aTeM W OCTABUINECH yDABHEHHSA CUCTEMBbI, OJIYIHM
-H

: c
x = c¢5 co8(cy8) + cg sin(cs) + Ei,
2

) (i
Y = —cssin(cas) + cg cos(czs) — 6_3’ (5)
2

¥ 3

C5¢ ~eF . .

z= ——52—6 cos(2¢cas) + %Ei sin(2c¢ps) — 2—4(65 sin(cas) — cg cos(cas))—
2

(2 + ¢k +2)cas
3B 2 C7,

HpHYeM YCTIOBHE, UTO S SBJIATCH JJIMHON Ayru BaeueT ca(c + ¢ +1) = 1.
- Teonesuyeckasn (5) mpoekTupyercst Ha miockocTs £OY B OKPYKHOCTH pajiy-
AT = \/c5 + c§, KOTOpasi MOXET BBIPOAUTHCA B TOUKY. [I0CKOMBKY OpT ocH 2z
C KacaTeJIbHbIM BEKTOPOM reoje3ndeckolt (5) mocTogHHEI! yro, TO MBI
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6y/eM Ha3eBaTh Teoje3mdeckyro (5) “BuHTOBOR”, ecin i + ¢z > 0 u “BepTUKAIL-
Hoi”, ecn ¢; = cg = 0. Takum 06pa3oM, “BepTUKAIbHAS Teofe3WYecKasi UMeeT
CITeIYIOIIHE YPABHEHUS

T =c4,Y=1c3,2=8+cr. (6)

2. JInneiiyarbie MUHNMaJIbHbIE OBepxHOcTH B Nil. |

Jlunettyareie MUHEMaJBHBIE TOBepxHOCcTH B Nil ciiegyeT uckaTh B BHAE OI-
HOIAPAMETPHYECKUX CeMeHCTB reoJe3HvecKuX KaxKIOro M3 TpeX ONUCAHHHBIX B I
paszene 1 BUIOB, T.€. KaK KOJUIEKIUH “TrOPU3OHTAIBHBIX, “BepTHUKAILHEIX U “BUH- l
TOBBIX” T€0IE3BMYECKHX, IIPOXOAAIIHMX Jepe3 HeKOTOPYI0 (PHKCUPOBAHHYIO KPUBYIO
B Nil.

Teopema 1 Junetivamoes munumasvraa noseprrocms 8 Nil, cocmoawas us “2o0-
pusormanvunz”’ zeodesuneckur (4) umeem odun u3 caedyrouwuzr 08yx 6udos

1)r(s,t) = (scost — agctgt + by, ssint,

2 2
54— sin 2t + s(—aqctgt + bg) sint + %ctgt + cot + do) : (7)

2de ag, by, ¢y, dy - NpoussosbHbE eUCMBUMENDHDBIE NOCTNOAHHDIE,

2)r(s,t) = (c3(t)s, ce(t), aocs(t) + bo)
2de c3, cg, C7 -NPOU3BOALHBIE Juppeperyupyemoie Pynryuy nepemernot t

Hoxazameavemeo. 1) Ilpeamonoxum, 4T0 UCKOMasi JTAHEHYATasi MUHUMAIIb-
Hasl TOBEPXHOCTh, COCTABIEHHAA U3 “TOPU30HTAJIBHBIX IeOAe3WYeCKHX, IepeceKa-
et “mnockocts” £Oz. Beibepem Torja B KadecTBe HalpaBJ/solieil ceMeicTBa “ro-
PU3OHTATBLHBIX Teofie3ndecKux KpuByw (cs(t),0, cz(t)), pacmonoxernyio B mwioc-
koctu £Oz. Kpome TOro Mbl MOXKeM MOJIOXKHUTh €3 = COS? M TOTJa B CHJIY TOTO,
9TO BCETHA c§ + cﬁ = 1 6yzem umeTh ¢4 = sint. Takum 0O6pa3oM, MOXKHO HCKATh 3
JIMHERIATYI0 MUHUMAJIBHYIO TIOBEPXHOCTh,COCTAB/IEHHYIO U3 CeMeiCTBa “TOPU30H-
TajbHbIX” reoge3udeckux (4) B Buge

2
: s
risit)= (s cost + c5(t), ssint, % sin 2t + scs(t) sint + C7(t))

KacaresbHble BEKTOPHI K Helt IMEIOT BU
rl = (cost,sint, (scost + c5)sint),
ry = (—ssint + ¢}, scost,scost(scost + cs) — A),

2 .
rae A = % —s(cs) sint—(c7)'. Bexrop mopmamu (n'!, n?,n?) x nopepxsoctn nmeer
C/IeAYIOIIe KOOPAUHATHI

—Asint, Acost, Acost(scost+ cs) + s — (cs) sint
VA% + (s — (c5) sint)?
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3aTeM HaxoaUM KO:—)(bd)nuneHTLI nepBoﬁ dysnamenTagbHOM (HOPMBI IOBEPX-
aJIb-

'HOCTH
SR g1l =< rsars - i xs .~ ys + (25— xyS) Gt
| G1g =< T4,y >= TeTy + Yse + (25 — 2Ys) (2 — 2y) = (c5)’ cost.
6 r
©) - 3Hauenne KO3DQUIHEHTA goy OKAXKETCA HECYINECTBEHHBIM U TOITOMY MBI €ro
He npuBoguM. Kosddunuenter Bropoit ¢yHaaMerTa bHON (HPOPMBI IOBEPXHOCTH
ol Mbl HaxoauM 1o dopmysaam [1, o5, ¢.119].
JIX B .
oy™
BUH- : bij = 9ap (_— +I@ y#yu) B
BYIO ' 0zi0z; & ads
Brruucnenusi maror ciegyoune pesysibTaTh:
- “20-

b =0,
$A2% — L(c5)?sin? ¢ — (c7)'
VA% + (s — (c5) sint)?
(7) E. A% cost + & smt A scg cost(s — ¢ sint) + s¢f + cicy sint — cycl sint.
VA% + (s — c sint)?

YenoBue MEHEMAIBLHOCTH Gooby1 — 2919012+ 911 b22 = 0 cBOsMTCS K ypaBHEHMIO
0 = by — 2¢; cos thy, KOTOPOE B CBOK OYepeab IPUBOIMTCS K BHIY

b1z =

i
oy 32(55 sint + ¢ cost) + s(cf — (c5)?sint cost) + (cich — chc) sint+
i » - 2 3 righ '
yo-y + costsin® t(ck)” + 2¢5¢; cost = 0 (8)

L10C- Otcioma ciemyer, 9To KoaduuuenTs upu s u s ILOJI)KHbI AHHYJIMPOBaTHCS,

toro, | | 4TO NPUBOJWUT K ABYM YDaBHEHUAM
KaTh

[30H-

CII ; 4 3
1)?5 sint + cscost = 0,
2)c — (ck)?sintcost = 0.
Pemenusivu 3101 cucrembl ypaBHeHUl SBISIOTCS byHKIUI
2

a,
cs(t) = —agctgt + by, oney = —z—o'ctgt + ¢cot + dp,

e g, by, ¢y, dp - TPOU3BOJILHLIE AEHCTBUTEIBHBIE IOCTOSTHHBIE.

- Jlerko mpoBepuTh, YTO MPH NOACTAHOBKE HAMAEHHBIX (DYHKIHE B ypaBHEHHe
MeeT | (8) amHynMpyeTcsi TakyKe U CBOGOIHBIH WjeH (3aBHCAIUN TOIBKO OT HEPEMEH-

HOIi 1), OTKy/Ia U CJIeTyeT yKa3aHHas B opMyTUPOBKE TEOPEMBI IIApAMETPU3alUs

1) mmreifaaToll MHHUMAIBHOH HOBEPXHOCTH, COCTABJIEHHON U3 “rOPH30HTAIbHBIX

TE0JE3UYECKUX HEePeCeKAOIIX “nrockoctn” £Oz.
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2) Ilpeanosoxum, Tenephb, YTO JUHEHYaTas MUHUMAJbHAS TIOBEPXHOCTh, CO-
CTaB/IeHHad U3 “FOPU30HTAJIbHBIX TIEONE3WYECKMX, He MepeceKaeT “ILIOCKOCTH’
xOz. Torma mpoeximsa 0608 “ropu3oHTAILHON” reome3mdeckoit Ha zOy Oyner
npsiMoi, napasutensHol ocu Ox. U3 (4) cnenyer, uro ¢4 = 0 U ypaBHeHUs IpOU3-
BOJIBHOH “TOPH30HTAJIBHON” Te01e3u4ecKOll TAKOBbI ‘

T =38 +C5,Y = C, % = C7,

rze c3, Cs, Cg, C7 - HEKOTOPbIe HEN3BeCTHBIE (DYHKINH, 3aBUCSINTE OT IapaMeTpa
t, KOTOpbIE HYKHO monobpars TakuM 06pa3oM, 4TOOBI IOBEPXHOCTH OBLIa MUHU-
MaJabHON. MBI MOKEM TakXKe IOMIOXKHUTE ¢ = 0, €CIM pacIosoXUM HalPaBJIsIO-
LIYIO KPUBYIO MMOBEPXHOCTH B myiockoctu yOz.

AnasoruanbiM 06pa3oM HAXOAUM:

i 4p ) CERCLSE S /
911 = €3, 912 = Catss.
Mszr1 He BBIYUCISIEM @99, TOTOMY 4TO b1; = 0. Hasee,

_ 3 (@ = (zcs — c7)?)
2v/(ch — zcf)? +cf

b12

7

/ 12 / 2 1" "1
chs (e — (wey — ¢7)?) + chef — clicg
/ 7\2 ) ; ,
V(ch — zcg)? + cf 1
Tenepb HETPYAHO NPOBEPHUTh, YTO YCIOBUE MUHHMAJILHOCTH JMHEHAYATOH MO-
BEPXHOCTH CBOJWTCA K PEIeHHIO YPaBHEHHs cjcg — chcg = 0, OTKyna cienyer,
aro c7(t) = ages(t) + by, 9T0 M JOKA3BIBAET CIPABEIIMBOCTD NAPAMETPH3AIAH 2),

yKa3aHHOH B (hOPMYJIMPOBKE TEOPEMBL.
Haiigem Tenepr MHHMMAJbHBIE JIMHEHYATHIE TOBEPXHOCTH, COCTABJICHHBIE U3

“BepTuKadbHBIX” reomesudeckux (6).

by =

4

Teopema 2 Jlurelinamas MUHUMAADHAA TLOBEPTHOCTNYL, COCMABAEHHAA U3 “Gep-
MUKAALHOL” 2e00e3uneckus, umeem eud M

’I'(S, t) x (3, ags + bO’ t) )
20e ag, by - npouseoabHbie deticeumenbHble NOCMOAHHDYIE.

Joxasameavcmeo. Ilycrs ucCKOMasi TOBEPXHOCTh INPOEKTUPYETCS B KPHUBYIO
(u(s),v(s),0) mrockoctn Oy U UMeeT CIeAYIONee NaPaMETPUYECKOE IIPEICTAB-
sernue B Nil :

T(S, t) ='(u(s)7 ’U(S), t) 3
KosddummenTs: nepsoii 1 BTopoit dyHIamMeHTanbHbIX HOPM €CcTh: gp; = u'? +
,Ui2 ¥ U2U,2, §12 &= —u’ulx §22 = 1a

—u"y + " + ur' (u? + 0"?)

b11 - )
A /ul2 L ,UI2
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gep-

BYIO
TaB-
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1
bis = —--2—\/ u'? + 02,
bos = 0.

CnejoBaresibHO, yC/IOBHE MUHUMAJBHOCTH G11b22 — 2G 12012 + Goob11 = 0 mpm-
BOJT K YPABHEHUIO
ullvl e ulvll = 0,

PEIeHreM KOTOPOro ABJIsieTcs JuHeiHas MyHKIys v = agu+by, 970 1 JOKa3bIBAET
TEopeMy. ‘

Cunencreue 1 B Nil ne cywecmsyem enoane 2e00e3useckoti noseprHocmu, co-
cmasaerHot u3 “eepmurasbHuT” 2e00e3unecKur.

J1a okazareabcTBa cieayeT o0paTUTh BHUMaHWe Ha KOo3ddurueHT bia, Ko-
TOPBII BCera OTIIMYeH OT HyJisd [l HeBBIPOXKJAeHHON kpusoi (u(s),v(s)) B mroc-
xocta zOy. :

3. HecymecTBoBaHue BriosiHe reoae3myveckKux nosepxHocreii B Nil.

Iycre nosepxuocts B Nil 3agana B Buzge (z, v, 2(z,y)). KacarensHele BEKTOPBI
K Beif ects (1,0, 23), (0,1, z,) u HOpMaITH

i (—2g, 2 — 25,1 + 2% — 22)
V1+ 22+ (zy — 7)2

Beruncienus, mogoGHbIe MPOBEJEHHBIM B pa3fele 2, JaloT CIeNyIONiie BhIpaske-
HUA 718 K09 DUIHeHTOB NePEoit ¥ BTOPOil (hyHIAMEHTAIBHBIX (DOPM MOBEPXHO-
CTH ‘

911 = 1+ 22,0105 2a(2— &), 002 = 1 +{2y =)
_ _~Faz = Z(zy — 1) e WE Wy PR Y
VI+22+ (2 — 2)? V1T 2+ (2 - 2)2
Sy rlay = )
V1+ 22+ (zy — x)?

YpaBHeHHe MuUHHMaJIbHOM moBepxHOcTH B Nil, 3aganHoil Haj “IIOCKOCTHIO”
2Oy uMeeT BU

; 9)

b1

bao

B (2 2)))20m 7 2%(7 T)zay + zyy(1 + 23) + ze(zy =€) =0, (10)

- Jamevarue. Ilonygennas B Teopeme 1 mapamerpusanys (2) muHeR9aTON MUHY-
MaJIbHOM MOBEPXHOCTH, COCTABJIEHHON U3 ‘“TOPHU3OHTAJIBHBIX TEOME3UYECKUX, Ia-
atenbHbIX oc O, OYEeBHIHO, MOXKeT ObITh IpeicTaBieHa B Buge z(z,y) =
oy + by u HeTpy(HO yBeauThCa B TOM, YTO JAHHAS MOBEPXHOCTH YAOBJIETBOPSET
srermio (10). Ecn ke monoxuts ag = by = 0 B dopmyite (7), To monydaercs
caefyiomee pemenne ypasgerus (10): 2 = Yy + coarctgl + dy

.

Teopema 3 B Nil ne cyuecmseyem enoane 2e00€3UMECKUT NOBEPTHOCTIEN.
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Hoxazameavcmeo. CHavaj1a MOKAXKeM, YTO HE CYLIECTBYeT BIIOJIHE I'e0Je3u-
9eCKOil IOBEPXHOCTH, 3aJaHHON B BHAe (Z,y,2(z,y)). Ecin Takasi moBepxHOCTH
CyLIECTBYeT, TO BCe KO3(duimeHTs! b;; ee BTopoif dyHIaMeHTaIbHOK (OPMBEI
JO/KHBI 0O6palaThCss B HYJIb B HEKOTOPOi obsractu miaockoctu zOy. Ucnonb3ys
UX BhIpaykeHus (9), MOIyduM CIEAYIOMYI0 CUCTEMY ypaBHEeHUM

0
2
—toy — 3y -2+ i+ % =0, (11)
0

CJ10KUB TIepBOe W TPeThe YPABHEHHS, OLYIHM Zggy + Zyy = 0. Ecu npoxud-
¢epennupoBaTh mEpPBOe ypaBHEHHE II0 Y, & BTOPOE II0 T M CJIOXKHUTb, TO IOJTy9UM
2z (222 + zyy) + zy — z = 0. CregoBaresbHO, JOMXKHO BBINOJHATHCS YPABHEHUE
zy = z. Torga u3 BToporo ypasHenus cucrems! (11) momyyaem, uro +z, = 1, 4To
HECOBMECTHO C yCI0BHeM 2y = x. [lomydyennoe nporuBopeyne JOKa3bIBaeT HECYTI{e-
CTBOBaHME ABHO 3aJaHHOM Haj 00sacThio WiockocTH (Y BIIOIHE Meoie3ndecKon
noBepxHOCTH. B xoMOuHaImy co caejcTBHeM, JOKa3aHHBIM B pasjese 2, Mbl I0-
JIyJaeM JOKa3aTeJbCTBO HECYIIECTBOBAHMS BIIOJIHE I'€0[e3UYeCKON TIOBEPXHOCTH B |
Nil.
3amevarue. MOXKHO IpPEIOKUTH MHOM CIOCOO J0KA3ATELCTBA TEOPEMBI 3,
OCHOBAaHHBIN Ha OIHO# Teopeme, npuHajiexamedt Puuau [4, rnd, c¢.218]. Ona
YTBEPXJAeT, YTO HOPMAaJ/IU K BIIOJIHE MeOZEe3UYECKON MTOBEPXHOCTH SBJISIOTCA COB-
CTBEHHBIMH BeKTOopaMu TeH3opa Puyum obbemunomero mpocrpancrsa. Ocraercs
OPOBEPHTh, YTO HE CYLIECTBYeT BITOJIHE I'e0Je3WYECKON IOBEPXHOCTH C JaHHBIM
HOPMAaJIBHEIM IIOJIEM. '
4. SO(2)-uHBapuaHTHBIE MUHUMAJIbHBLIE TTOBepXHOCTH B Nil. z
Paccmorpuym npeobpasosanus Nil Buga Ry (z,y, 2) = (z cosv—ysinv, z sinv+
ycosv, z + £ sinv(z? cosv — y? cosv — 2zysinv)); v € [0,27) (cm. [3, ¢.123)).

P

"

bk =it T

YrBepxxaenue 1 R, obpasyrom nodepynny 6 Iso(Nil), usomoppryro SO(2).

Aoxasameavcmeo. HerocpeicTBEHHBIM BEIYHCIEHAEM IPOBEPsIETCs, 4T0 Ry, 0 C
Ry, = Ry 4uy, (Ry) ™! = R_y, Ry = 1d. Orcrona cenyer, uTo gasHbIe TIPeobpaso- P
BaHUA COCTABJAIT rpynny, usomopduyio SO(2) (wm U(1)). Jlerko nposeputs,
i yro R, - uzomerpuu.
3ameuarue. ITockomexy R,(0,0,0) = (0,0,0), sro nogrpynna Iso.(Nil) - noa-
rpynnsl u3oMerpuit Nil, oCTaBIAIOMNX HENOABIKHON exunHuiy Nil.

s

Vreepxaenue 2 Ceasnan xomnonenma edunuys Iso.(Nil) cosnadaem ¢ nod- I
epynnot, obpazosartoti R, . {
: p

I

Aoxazameavcmeo. Paccmorpum anrebpy Jlu nil rpymmer Nil. KommyraTop
(ckobka JIu) B nil mmeer Bug [(p,¢,t), (?',¢’,t')] = (0,0,pq" — gp’). Paccmorpum
basuc X; = (1,0,0),X> = (0,1,0),X3 = (0,0,1) ¢ exunHCTBEHHBIM HETPUBHAIIDL-
HEIM cootHomenueM [X1, Xo] = —[X2, X;] = X;. JlesonnBapmanTHas MeTpHKa
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Nil uapynupyer na nil = T,Nil nexaproso ckansipoe npoussenenue f. Haigém

rpynmny Aut(nil) () O(f). Tyr O(f)=0(3). Paccmorpum nuneiinsii oneparop C Ha
- nil: 0(X;) = C}Xi.yCJIOBI/Ie C € Aut(nil):

[C(X1),C(X2)] = C(X3)
[C1X;, CiX;] = CE X,
(€16} - CRCH X = Cix;
Ozcioza, C3 = C2 = 0,C3 = C}C? — C¥C}. Coornomenns [C(X;),C(X3)] =

[C(X3),C(X3)] = 0 rorma BhmonmsroTcs apromarmyecku. Haimém pus C €
Aut(nil) ycnosue oproronansuoctr (C € O(3)):

CiCF =6}
(C1)? +(C3)* = (C})” + (C4)* = (C1) + (C)* +(C})* = 1,
CiCt + G303 = CiCl + €305 = Cict + Gict = 0.

Beezém nepemensrie vy u ve: Cf = cosvy, Ca = sinvy, C2 = sinwvg, C2 = cosvs.
P 1 » Ly » U1 g
Torza 0 = C{Cf + C3C3 = cosvysinvy + sinvy cosvy = sin(v; + v3),C§ =

pCiC? - CEC} = cosvy cosvy — sinvy sinvy = cos(vy + v9), m ambo vy + vy =

2kn(k € Z), rorma obo3sHaumB v = vg, mMeeM | = % = cosv,C} = -Cj =

sinv,C§ = 1, b0 vy + vy = 7 + 2kn(k € Z), u Torga 0603HAYUB v = V1, IMEEM
A 3

1=—C3 = cosv,C? = C} = sinv,C§ = —1. B mobom cyuae, (C3)2 + (C3)2 =

1-(C3)? = 0,C% = C3 = 0, u Aut(nil) () O(3) obpasoBana omepaTopamu Bu-
cosv —sinv 0 cosv  sinwv 0

‘Ja | sinv cosv 0 | m sinv —cosv O . Kax Bugum, oHa cOCTOUT
0 0 (il e 0 0 -1

» cosv sinv 0
U3 IBYX CBAZHBIX KommoHeHT, n (Aut(nil)((O(3))o = {| sinv —cosv 0 |}.
' 0 0 1
Cormacro [2, Teopema 0], Iso.(Nil) usomopdua Aut(nil()O(3)), npu stom
H30METPHAM OTBeYalOT uX Auddepennnansl B eauaune. Ilockonbky dR,l. =
cosv —sinv 0
siny cosv 0 | ,(Iso.(Nil)) = {Ry}.
0 0 1
Jameuanue. VI3 nokazaTenscrBa IpeablayIIero yreepiK aeHus u [2, Teopema 0
caeyer, uro Iso.(Nil) usomopdua O(2), u Iso(Nil) = O(2) - Nil - nonynpsamoe
NPOU3BE/eHUE.
Paccmorpum B Nil moBepXHOCTH, MHBADUAHTHYIO OTHOCHTEIHLHO JEHCTBHS
{R,} (noBepxnocts Bpamenns). Eé mMoxHO 3a1aTh KpUBO# B IIOCKOCTH y=0.

§ Ilyers (z(u),0, z(u)) - Takas xpuBasi ¢ HaTypabHBIM HapamerpoM u: (z'(u))? +

(2(u))? = 1. Torma BO3MOXKHA CIEAYIOMIAs TAPAMETPH3ALIS [IOBEPXHOCTH:

r(u,v) = (z(u) cos v, z(u) sinv, z{u) + %sinfv cos v(z(u))?). (12)
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1]
Hanee Bmecro x(u),z(u) 6ygem nucare X,z coorBercrBeHHo.B [6] uzyuammcs mo- i
BepxHocTH Bpamenus B Nil nocrosuHON cpeiHeit KpuBu3HbI, He pasHoit 0. Pac-

CMOTPUM MHHHUMAJIbHbIE NIOBEPXHOCTU BPAIllEHWA.

y 4 .
Teopema 4 Munumanvnvie noseprrocmu epawenus 6uda (12) 6 Nil sadaromes f
KPUBHIMU ’

z(u) = ¢/Cu? — 4+i,

i v (C-Cu2+ 4 —4 %
= du,
#(u) /0 Cu?+4 -4 %

2de C' - xoncmanwma (C € (0,1]).
Hoxasameavcmso. Kosbdunuenrs: nepBOﬁ ¢>ynaamenfraﬂbﬂoﬁ dbopme! 10~
BEPXHOCTH cylefyomme: g3 = 1,g10 = ——lz 22, o9 = 22 + :1:4 KoadbdumenTs ;[ I

BTOpO#t (PyHIZAMEHTAIBHOU (HOPMBI CIIEAYIONIHE:

1
|

1
bll 1= Z(xrlzl+ lx( )2 ! Z".’E’),

2
Lad 1 1 2 1 37, .52 ‘
bz = €5 z(2') g% (=), 1
bao = ——(—a:z - lar:3z’)
22 2 Y.
Cpenusist KDHBH3HA TIOBEPXHOCTH HMEET BUA:
1 1 z 3
H= o™ 2 ;i
BN ok T BBk 1B

Orcroma, ycrnoBue MEHEMAILHOCTH NIPEACTABIAET cobolt ciemyromee auddepen-
OUAJIbHOE YPaBHEHUE: '

Z’

(:z:"z' II I)(1+ im )

Kpowme Toro, nmo ycosuio HarypaibsocT u, (z')2 + (2')? = 1. IlpeoBpasyem u
UCK/TIOUHM 2’

2514 %2) =0 i

Bamenum w(u) = 12?(u):

" (w )2 (w’)z _
Oise e )(1+2) 1-———————2w, b
\2
1+ (“fl) c(+ -’23)




mca

0=
HTbI

peH-

MuHuMasibHBIE TOBEPXHOCTH B rpymme eizenbepra 45

meC KOHCTaHTa. Peirag mosyqenHoe ypaBHEHHE C Pa3/IeNSIONIMMUCS epeMeH-

ﬂma HAXOIUM:

c, 2
00:‘»5‘ : w-—z—u —2+C’
S 4
‘ z(u) = /Cu? -4+ ok
‘ [ v [(C-C?u2+ 4 —4
¥ = 1— (a/)2d =/ A
E z(u) /0 (z') du - \/ % u

Pacemarpusas o6macTu opee/ieHns STHX BrIpakerutt, noyaaem, uro C' € (0, 1].
 Bamewanue. Bripaxkast u 4epe3 X, MOXKHO HalTH SBHOE 3aJaHue MPODUILHOMN

KDPHBOIL: ;
[ 2?44
(&) 7 i/zo T 4dx

rae K = 155, K € (0, 00).
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DyHKIHOHAIBHBIE MOJIEIM KOMMYTATUBHOM CHCTEMBI
JIMHEMHBIX OIIepaToOpOB
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Xapvrosckuli Hayuonarvhed yHusepcumem, Yxpauna

ITocrpoensl DyHKUMOHAIBHBIE MOJEIN [Jif KOMMYTATHBHON CHCTEMbI JIH-
HEeHBIX OIDAaHWYEHHLIX OneparopoB A;, As B Ciayyae, KOTJa 3Ta CHCTEMA
OIIEPaTOPOB HE COJEPKHUT AUCCUNIATHBHBLIX ONEPATOPOB, TO €cThb A;x; +
Aszy He sBAAETCA AMCCUIIATUBHBIM ONEPATOPOM 1 JI0ObIX T1,Ts € R,
npu sroM dim G = 2, rae G = span{(Ay — Af)h, k=1,2; h€ H}. .
Mathematics Subject Classification 2000: 47A45

Beenenune

PyHKIMOHAIbHBIE MOJEJIN CKUMAIOMUX (JAUCCUNATUBHBIX) ONEPATOPOB, KOTO-
pele Brepsele 6p1m nocrpoers! B.C. Hagam u Y. @osmewm (1], asastorcs oneparo-
paMi yMHOXEHHs Ha HE3aBUCHMYIO IIEPEMEHHYIO B CIIEIMaTbHBIX IIPOCTPAHCTBAX
dyukmuit. [Tocrpoerne sTux Mozeseit B JUCCHNIATUBHOM CIy4ae TE€CHO CBA3AHO C
npeobpazosanuem Oypre. g HeAMCCUNATHBHBIX ONEPATOPOB NOCTPOEHHE aHA-
JOTHYHBIX (DYHKIMOHATBHEIX MOJEJell OCHOBAHO Ha W3yYeHHH Npeobpa3OBaHUs
J1. ne Bpanxa [2,3].

JJ1si KOMMYTaTHBHON CHCTEMBI JIMHEHHBIX oneparopoB Aj, As mocTpoenue
dyHKIHOHAIBHBIX MOeIell, Korja oneparop A; (Hampumep), JUCCHNATUBEH, TaK-
JKe ommpaercs Ha npeobpasosanue Pypse [4]. B Tom ciryyae, Korga KOMMYyTaTHB-
Hagd cucTeMa oneparopos Aq, Ay He COAEPKUT AUCCUNIATUBHBIX OMEPATOPOB, TAKHE
byHKIMOHAILHBIE MOJE/H IOCTPOoeHs! He Obuin. JlanHas paboTa Kak pa3 U IHOCBHA-
HIeHA M3YYEHHIO 3TOro cjydad. A MMEHHO, B 9TO# pabore moaydeHbl (PYHKIHO-
HaJIbHbIE MOJEJIH JJisi IPOU3BOJIbHON KOMMYTATHUBHON CHCTEMbI JIMHEHHBIX OIepa-
Topos A1, A2 B ciiyyae, korga dim G = 2, rae G = span{(Ax — A;)h;k =1,2,h €
H}.

1. IIpeaBapurebHble CBENEHUS

Paccmorpum nueedHbIf OrpaHMYeHHbIH omepaTop A, AeHCTBYIOLMI B IM'Mlb-
6epToBoM mpocrpancree H.

46
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 Hamomunum (5], uTo cieayiomasi COBOKYIHOCTE

G 1)
‘ A= (A, H, o E,J), (1.1)

bIBAETCHA JIOKAJIbHBIM Y3JI0M, €CJIH BBIITOJHEHO COOTHOIIEHUE

A-A"= z'go*ac,b, (1.2}

%m“e E -~ pexoropoe ruibbepTOBO HPOCTPAHCTBO, @, J — OMEPaTOPbl TaKue, UTO
?HH—-)E, J:E— E,npuuem J = J* = J~L, :

}"‘ A’D“cnonnmm HMHCTPYMEHTOM JJIsi M3y94eHHs] HEeCaMOCOINPSIKEHHBIX OIEPATOPOB
ABJIAETCA XapakTepucTryeckas dyukuusa S(A) [5], koropas umeer Bun

s

S(\) =1 —ip(A—AI)"tp*J. (1.3)
2 )"Pa.CCMOTpIrIM ciy4ait, xorna dimF = 2, a J umeer BHJL
: reopesp. g A
: & ‘ J= ( el ) (1.4)
i

npuyem ciekTp oneparopa A mexxur Ha R. Torga ussecrso [5,6], uro S()\) umeer
| cenyioniee MyJbTHIIMKATUBHOE ITPEICTAB/ICHIE:

)

SO = 5% 500 = [ exp{
0

1JdFy }

St (1.5)

T7ie 0 — BelleCTBeHHAs, OrpaHuYeHHas, HeyObiBatomas Ha [0; 1] yukuus, a F; -
MarpuuHO3HauHasd (2 X 2) HeyObIBatoman PpyHKuMA Taxas, 9To trFy, = .

PaccmorpuM ciieayromee mHTErpasbHOE ypaBHEHHWE IS MaTPULbl-DYHKIAM

M,(z):

8

(1 - azz)My(z) + iz/Mt(z)dFtJ == T (1.6)
0

'Ic‘,-«- z € [0;1], z € C. Herpyano Bumers, 4o M, (2) MOXKHO NpeJCTABHTb B BHIE
M.(2) = JS 1)L (1.7)

ot S4(2) — bymxums Buaa (1.5). Onpenesy BekTop-cTpoky Ly (2) = [Az(2); Be(2)]
KAK DEIIeHNe UHTErPaIbHOrO yPaBHEHHS
l.

N z z
b (1 = azz)La(2) + iz / Li(2)dF,J = (1;0) = L,(0), (1.8)
ey 0

ipusem z € C'\ Qq, e

L

Qo ={y € R:3z €[0;l], yap = 1}. (1.9)

e
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OueBuaHO L:
Ly(z) = (1,0)My(2) = (1,0)J8; (271) J. (1.10)

Paccmorpum npocrpanctso L3 ;(F) :

l
L3,(F;) = {f(a:‘) = (f1(z), fo(z)) € E% / F)dF, f*(t) < oo} M
g 0

cumTas, 4TO HaJJIeXxalas (baKTOPH3AUMS MO APy METPHKM yXKe HpOBEIEHA.
Herpyzaro mokasare, uro ecim ompesiemuTh d)ymm;mo E.(z) u conpsiXeHHYIO K
Helt ynkmmo By (2) ;

| Ey(z) = Az(2) —iBg(2), = (1.12.1)
| Ey(2) = Ag(2) + iBy(2), (1.12.2)

TO HMeeT MECTO CiIeAyiolas Teopema [3]. _
Teopema 1.1. Bexmop-gynxyusa Lgz(z) = [Ay(2); Bz(2)], sasamowascs

nempueuaavroim (Lz(z) # (1,0)) pewenuem unmeeparvnozo ypasnenus (1.8)

maxosa, wmo: 1) Li(z) € L3 ,(F;) dan mobozo a € [0;1] u z € C \ Qa;

2) dan ecex z € C\ Qo Pynnyus Ey(z) (1.12.1) u Ey(2) (1.12.2) ne umerom
- xopweti 8 noaynaockocmaz {Imz > 0} u {Imz < 0} coomeemcmeenno, npuuem
BHNOAHENHO:

>05 » Ima >0
(1.12.3)

|Ez(2)| = |Bz(2)| ={ =0, Imz=0
ST Imz <
u E(0) = E,(0) = 1 npu ecez z € [0;1].
3ameuanue 1.1. AnasorudaeiM 06pa3oM onpeeaeTcs BeKTOp-(pyHKIus
N;(z) = [Cy(2); Dz(2)] kak pelienue MHTErpajbHOrO yPaBHEHHS

BRPR g / Ni(2)dF.J = (0;1) = N, (0), (1.13)

npudem z € C \ Qq, 1
Na(2) = (0;1)My(2) = (0;1)JSz(271)J. (1.14)
st byskumit Gy (2) u G4(2), KoTopbie HMEIOT BUA
| o Gal2) = Cy(2) — iDu(2), - (1.15.1)
Ga(z) = Calz) — iD,(2) (1.15.2)

Oyzer TakxKe CIIpaBe/JIMB aHAJION TeopeMs! 1.1.
Paccmorpum napy romomopdueix npu z € C'\ Qq dynkuuit A(z) u B(z) Ta
KYI0, 4TO [jist (DyHKIAK E(z) W CONPSIKEHHON K He# PyHKIMH E'( ) BBIIIOJIHEHO
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coorromerwe (1.12.3). Acconumpyem ¢ Taxoi# napol pyHKuuit ruab6epTOBO IPO-
10) | emaserso B(A(z), B(2)) [3].
 Omnpegenenne 1.1. [Ipocmpancmeom JI.0e Bpanoca B(A(z), B(z)) naswea-
emea auneiinoe mrozoobpasue 2oaomopdrns gynryud F(z) npu z € C'\ Qq ma-
KUT, ¥Mo: : '
o F2) [ F(2)
A 56 \ B
1020 cpednezo muna [3] e eepzneti noaynaockocmu ({Imz > 0}) (nuorcned
({Imz < 0})) noaynaocxocmu;
B) umeem mecmo:

11) ABAAEMCA PYHKUUET 02PAHUNENH020 UL HENOAOHCUMEAD-

CHa,.
0 K
R

oo
s . E
i s

- CopasezymiBa cegyomas TEOPEMa.

, Teopema 1.2. (JI.ne Bpaunxa) [2]. Paccmompum cemeticmeo zusvbepmo-

1.8) eviz npocmparcmes JI1.de Bpanowca B(Az(z), Bx(z)), 2de sexmop-cmpoka Ly (z) =
[Az(2); Bz (2)] asanemea pewenuem unmeepaavrozo ypasnenus (1.8) na unmep-

rom & gase [0,1] dan nexomopotl mampuunosnaunoti mepw Fy. Conocmasum xascdoti

wess | ampone h(t) = 11 (t);9(t)) € L3, () fyrssuo

a

F(t) !

~

2.1)
2.2)

dt = dt < oo. : (1.16)

b ACH

1
23 | Fle) == / AR LI(3), (1.17)
20e a enympennaa mouxka uwmepsasa [0,l], 0 < a < [ Tozda F(z) €
- B(Ay(2), B.(2)), npuvem cnpasedauso "pasencmeo Ilapcesans”
« in o0
FOP / @)
T t); g(t)|dF; 1.18
| iEaptt = [rsowmar | 21 (1.18)
13) n i
Jas aobo diyuxuuu G(z) € B(Aq(2), Ba(2) cywecmesyem eexmop-@dynxyua
() = [p(t); 6(2)] € L3 ,(Fy) ¢ nocumeaem na [0, a] maxas, wmo das G(z) umeem

0 npe&cmaenenue (1.17).

Onpenenenne 1.2. IlIpeobpasosanue F(z) (1.17) ¢pynxyuu h(t) € L%)l(Ft)
bydem nasvicamv nipeobpaszosanuem JI. ne Bpamxka mo mepe F; ¢pyHk-
wn h(t). Aranoruunsiv o6pazom paccmorpuM npocrpancTso JI. ge Bpamxa
B(C(2), D(2)), nocrpoerroro mo mape ronomopdusix mpu z € C'\ Q,, byskumit
C(2) u D(z), nns xoropeix dynxumu G(2) u G(z) umeror sux (1.15.1) u (1.15.2)
coorsercTBerHO. IIpeo6pasosanue JI. ne Bpamxa dyskmun h(t) € Lg’l(Ft) B IIPO-
crpaicrse ®(z) € B(C(z), D(z)) umeer Buz,

14)

5.1)

5.2) :

ae ?1{ 0/ h(t)dF;N} (%), (1.19)

[€HO
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; IPHYIEM E
} oo 9 2 )
| /’w PRGN 5. L1 R (1.20)
| S 7 G(t) 1

Ipocrpancrea B(A(z), B(z)) u B(C(z), D(z)) wu3omopdHEl, Tak Kak CyUeCTBYeT N

‘ m3omopdusm ¢ :  B(A(z), B(z)) = B(C(z),D(z)) , 3anaBaeMblii CieayOIIUM
| obpazoM: . i
(PF)(:) = 33 Fls) = 8(s) (I >0), (121)
(goF)( ) = ( B F(2) = ®(z) (Imz<0). (121.13 .

rae F(z) € B(A(z),B(2)), a ®(2) € B(C’(z),D(z)), puaem

1F (?)U%(A(;),B(z)) = U‘I’(Z)“fe(C(z),D(z))?

= H‘I’(Z)||B(C(z),p(z))-

TaK KakK

1F(2) 13 ace), Bz = / ’

Paccmorpum mzoMopduaM 9 = ¢~ | KOTOpIi AeficTeyer crepyromum o6pa- i

30M:
(¥®)(2) = -g—g—;(z)@(z) = F(z) (Imz>0) - (1220 @
(W®)(2) = gﬁ( 90(2) = B(2) (Imz < 0), (122

rae F(z) € B(A(2), B(z)). »

Takum obpasom, mo Teopeme 1.2 cymec'rByeT BEKTOP-yHKIS h(t) =
If 7o) g(t) € Lg (F¢) c nocurenem va [0, a] Takas, 9o s GyHKIHIMA F(z) nmeer
mecto npexcrasienue (1.17), T.e. ‘

F@) =1 [ WdRLiG). (1.23) &
0

" Onpeaenenue 1.3. Oynxywo h(t) = [f(t);(t)] € Lg,l(Ft) Ha306em JBOM-
| creennolt pynkumeit k. dynwyuu h(t) = [f(t); g(t) € L3 (F).
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[ =

, 2. TpeyronbHble MOJENH IAaPhl OIEPATOPOB
RS |
~ PaccmoTpuM KOMMYTATHBHYIO CHCTEMY JIMHEHHBIX OPPAHHYEHHBIX OIIEPATOPOB
Ay, Ay}, mefictByromux B ruabbepToBoM npocrpancrse H, To ecth ans Ap, As
BBITIOJTHEHO COOTHOLIEHUE :

[A1,Az) = A1 A2 — AgA; = 0. (2.1)
' Kax msecrHo [4], coBoxynroCTE -
A= (A'17A2aHv‘paE:UI,U%’Y:’?)) (22)

e E - HEKOTOPOE MMIbGEPTOBO MPOCTPAHCTBO, P, 01, 02,7,y — OEPAaTOPHI TAKHE,
M0 p: H - E,0,: E— E,00:= E,y: E— E,j: E - E, upudem
'k =0y, k=12, y=17% 4 = 4" Ha3biBaeTcs KOMMYTATHBHBIM Y3JIOM,
CJIM BBITIOJTHEHBI COOTHOILECHMS:
1. Ap— A4; =ip*orp, 'k =1,2;
2. yp = 01p4; — 020 A (TP = 01pAs — 020 A1); (2.3)
3 Y-y =1(o1pp oy — oapp*or).

Onpeaenenue 2.1. Mampuya-gpynxyua S()1), Komopaa umeem eud

‘ S(A1) = I —ip(A; — M) ptoy (2.4)

6aemcA XapaKTepucTU4eckoil dyHkuuel ysina (2.2), orBedamiuei
neparopy A;. Ilpuuem, 6 cayuae, ecau dimE = 2, u xozda cnexmp onepa-
opa Ay sewecmeenen, mo dan S(A1) [5] umeem mecmo myavmunaukamusHoe
pedcmasenue (1.5).
- Dycrs 0y = J, rae J (1.4) u 0y = 0, Torga aas JaHHOW (DYyHKUMA
HINOJTHEHO YCJIOBHE cIteTaeMocTH [4]

(@A +7)IS() = SO) (oM + 7). o (28)

.
eanonoxkum, 9ro dF, = aydr, rme marpuna a, Takasi, 4TO a4y >
rag = 1, 1 mycTsb a, umeer BU

LR o

cnpaseiuBa TeopeMa [4].
eopema 2.1. /las mozo wmobvl das mampuyvi-pynxyuy Sz(A) swnoanasucsy
BUA CNACTNIAEMOCTIU

(A +72)ISz(A) = Se(X) (oA +4)J, (2.7)

0 U docmamoumo, wmobv.

d ¢ &
1) Zel= ilJag,0J]; v =7, (2.8)
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npuvem a
2) [Jag, (00g +72)J] = 0. 298

V3yymMm Temepb, Kakoi BHI OyJeT MMETH Gz, €CJIU ydeCTb YCJIOBMS TEOPEMBL

2.1, B ciyd4ae, Korga
P gpehic i g o e RRR (2.10) 11
1 y —ik a » Ve Pz —My ) - ;

W3 ypasuenus v, J = i(JayoJ — ca,) cienyer, 4ro

(% ) (Ga) =02 o) (850 ) (5 2)

!
Py —My

TR € v v

—1
—ipl iml, N (ks +a(l—Bs) adp+ik(1-B) ) _ L
imt, il ) NS g Ly 2 SR R T ;

npu y(0) = 4. Torga Mbl DOIYYAM yPaBHEHHUS:

{ p.{z =a(2B;—1), po=p
.my, = —2aReb;, my="mm

U3 1) (2.9) cnenyer, uro

x
Pz =po+2a [ Bdr —a
0 (2.11)

T
my = mg — 2a [ Red.dr,
0

a u3 2) (2.9) BeiTexaer, 4TO

agJazo + JagyJ — agoday — yza, =0,

o [ 19% + k(1 = Br) —kdy +ia(l - Bz) i
"\ —tafy — ki, kB, — iady

I ( p;cd_z = mg(l - B;) —Mgby —pz(1l — Baz) ) 5

—DaPz + Mzl Mz Pz + Prls
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2.9) B ( kBz +iad  kéy +ia(l — By) ) =

~iaf; + kb —iads + k(1 — Bs)

eMbl § % ( Mg P +p35— sz +P:c(1 = Bz) ) 2%

.10 Tlocite snemMenTapHBIX BLIYHCIEHHH TOTYYIHM
AN

mg = kag(l — 28;);
2mg — kg = mle)

L on

X Taxmm 06pa3oM, CrpaBei/UBa CIEAYIOMWAsT TEOPEMA.
‘ *TeopeMa 2.2. JTas moeo wmobv 0as Sy(A) BUNOAHAMUC YCAOBUA CNAEMA-
emocmu (2.7), 2de J (1.4), a 0,75 (2.10), neobrodumo u docmamouro, wmoboi
3o nq.anmoca yeaosue (2.11), npuuem
5 8 {&! mg = ko (1 — ?5.’0),’6 ) ( )
‘ o gt ~ Dy 2.12
il st Red,
PaccvorpuM kpuByio (), KoTopas uMeeT Buj [4]
RiFLE R@={A=(1X) € C? Qia(M, ) =0}, (2.13)
e ,Ql 2()\1,)\2) MIOJIAHOM
QI,Z()\I, )\2) = det}_a/\l — JAg + ’)’J. (2.14)
Hyc'rb kpuBas @ (2.13) sBigercs HeocoGOH (TO €CTh KOMIUIEKCHBIH BEKTOP
amuenta gradQ = (0Q1,2/0\1,8Q1,2/0)) ommyen or Hyna st Beex A € Q.
.11) 10BaTeNbHO, MEOTOWIEH Q1 ,2(A1, A2) (2.14) — HenpuBOAYM, T.€. KOPHH IIOJIHHO-

8 Q1,2(A1, A2) = 0 pasnu4Hbl, UCKTIOYAs TOUKH BeTBJIeHUs, 6oee Toro, A5 (A1) —
/Th BETBY /[BY3HAMHOM anrebpanmdeckoit dynkmmi. Taxum obpasom, Q1,2(A1, Az)
IesieT ABY3Ha4YHY0 (YHKUHMIO A2(A1), PUMAHOBON MOBEPXHOCTHIO, KOTOPOIi
ercst Q1,2(A1,A2) = 0. DT0 XKe COOTHOUIEHUE 33]a€T PAUMAHOBY TOBEPXHOCTD
ot anrebpanaeckoit dynxuum A\1(A2) (roe ! = ranko, 0 <1 < 2), n yauTsl-
HauHOCTh A1 = A1 (P) u gByssaunocts Ay = Ap(P), rme P = (A1, A\2) € Q,
qaeM, 4To A1 (P) mmeer 2 nomoca, a Ag(P) ~ | HoIocos ¢ y9erom mX Kpar-
1, (0<1<2).

{Hyc'rb h(P) [4] (tme P = (M\1,A2) € Q ) — coBCTBEHHEIN BEKTOD JIHHEHHOIO

qKa

N (031 — D + () =0, (2.15)

OTOpbIi MBI HOpMUDYeM ycriosmeM ha(P) = 1, rae ho(P) - "2-aa"xommonenTa
(P). OueBuzno, uro h(P) -panuonansHas BekTop-bynkuus va @ (2.13), mpuuem
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xomuaectso nomocos h(P) (¢ yuerom kparnocru) pasHo N =2+ g — 1, e g - o
pox, moeepxHOCTH @ (2.13). 3

Onpezenuy Ha PUMaHOBOH moBepxHOCTH @ (2.13) MpaBWJIbHBIE AHAJIOTH HO-
nymiockocreii Cy u BemiecTBeHHOM ocu R ciexyromum o6pasom:

Qe = {PeQ; £Imm(P)> 0}, Q=080 (216

Hasosem Qg paspezom moeepxuoctu Q (2.13). 3amerum, uro ocobennoctn h(P)
(2.15) mexar Ha Qp (2.16). ; '

Kaxzyo u3 Bekrop-ysxuuit f(A\) € L?*(R,E), A € R, pa3ioxuM 10
oproroHanbHOMY 6azucy cobcrseHHBIX BeKTOpoB h(FP%) (2.15) 3

F(0) = 3 A(BIAP 2 0(Pe), 23T
k E

rne Pr = (A, A5(\1)) € Qo, k = 1,2, a cransapusle dyrkuun ¢(P;) uMeor BUL
i

(Bi) = (F (M), h(Py)). (218)

- OnpenenuM ruib6epTOBO IPOCTPAHCTEO [4]
L2(h,d) = { £(P) = h(P)[A(P)]| (P / P}, (@195

e h(P) - coberBennsiit BekTop myuka (2.15), P € Q (2.13) ¢(P) ~ ckanspHas,
n3Mmepumas Ha Qo (2.16) pyHKIHMs, UMeromas TaKue ke 0coberHocTH, o H h(P)
(c yuerom KpaTHOCTH), IpHYEM

/ P ey < iy

3. @®yHKIUOHAJIBHBIE MOJEJHN ITaphbl OIIEepPaTOpPOB

Bagamum B L2 5.(F) (L. 11) TpeyroapHy0 MOAETBHYIO CUCTEMY KOMMY TATUBHBIX!
OIEepPaTOpOB {A1A2}, JeHCTBYIOMUX B L2,l (Fy) cnenyrommym o6pasoM [4]:

Aife=aufy+i [ B ER
0

Ao fe = fa:J(az.O' + Vz) +i/ftdFtU- (3.2)
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e °"f = [fi(2), f2(z)] € L2 5,(Ft), k = 1,2,7,; ynosnersopser ycmosusam (2.8),

953 9) Teopemsr 2.1, u mycTs '
mo- . o N S B }
. = (3 5)imm (3 1) o
B4 )
.16)  aRHOM ciydae kpuBas Q (2.13) mmeer crepyromul BUA:
"(P) | a)\l b)q 0 'i)\'z m p
R AP R B A FL R
[ 110 ; _
- Ilycte ¢ = a, ¢ = —m, Torga
.17) @A} — m? — (p + bAp — iAg) (P + DAL +id2) =0,
¥ B .
?Mu.qu p=p, b— ’Lk, TOoTrOa
11, 1
242 2l. 29 2 ‘
a’A] —m* —p° — (A2 —kA)* =0. :
.18) S _ } {
JIeI0BATETBHO, j,-
| a®Mf - (A — kX\)? =m? +p?, | (3.5) |
ea> 0.
.19) i‘!ch'rb
' w =~ kA, (3.6)
e ‘ :
el [Jia PaBEHCTBO (3.5) NepemuIeM ClIeIyIouEM 06pasoM:
)
W(P) .
( ) 02/\% n w2 i m2 +p2 (37)
: n obpasom, kpuBax @ (2.13) B ciyuae (3.3) mmeer Bug (3.7), ﬁpnqu
2'20)'_ qKaMu BeTBJIeHHs OyAyT w = iy/m? + p?. Kpusag Q (3.7) - aBysmcrmas
Bd NOBEPXHOCTb, IIOJIy4eHHAdA W3 ABYX W JACTOB C, CKJIEEHHBIX KDPecT-
BIONMb Pa3pEe30B (—z'oo; —iv/m2 + p?| «— |iy/m? +p2;z'oo), TaK Kak
' = %Im\/ w? + m2 + p? Menser 3HaK Ha paspesax, T0 Qi,(Q_ - mepBerit
o it w3 micToB @ (3.7), Qo — paspess! (amasor R, re. rae ImA; =0 ).
2
{ o ; a 2 X 9 |
f" mameM (3.7) B ciiegyromeM BHe: m)\l - mw = 1., Hycrs |
= /m? + p?, Torna , \x
3.1 : ; by AT e |
(3.1) | () M- zv*=1 (3.8)
= —ch@ w = 9shb, rae 0 erl,
(3:2) I'={0eC:Imbe€[-m;n]}, (3.9)
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rorga kpueasa @ (3.7) moxer 6uITh mapamerpusopana ynkmusmu A;(0) u w(6)
caeayroomuM o6pasom:

STl
A(0) = A VA it B 2N
Q: a (3.10)
w(f) = \/m? + p?shb,

roe 8 €T (3.9). ~
3ameuanue 3.1. Ilycts 8 = £ + in, Te. £ = Refl, n = Imb, Torma

L9 2 2 2 7
Ty = Im———"m:”cho - ——-—-—Vm:pzmche,

2 2
Terid e —vma-'_psh(ReG) sin(Imé), (3.11)

cinenoBarenbHo, 'y, g umeoT BIj,

Ti={0€eTl, £Imd >0}, To = {6 €T, Imb = 0}. (3.12)

Haitzem coberBernnsie BekTopa mydka (2.15). Ilyers h = (g,1), Toraa
gladi +m) +p—i(Ag — kX)) =0 (g(p +i(Ag — kA1) +ad —m = 0),

yunrsiBas 3ameny (3.5), momyuum g(ad; +m) =iw—p (g(p +iw) = m — aky),

TO €CTh ;
w—p m — a\
g= (e ; .
ai; +m \ P+ 1w

Ucnons3ys mapamerpusanuio (3.10), nomyuum, 4To
ol iy/m? + p?shf — p rs m — \/'m2+p2ch9 3 13)‘
Vm?2 + p?chf +m. p+i/m?+p2shb ) Bl
Takum 06pasom, cobcTBeHHbIE BeKTOpa My4dKa (2.15) MMeroT BHL

ot Al (ﬂ’_-_r’_.1> IR 40Pk [ (3.14)
4 aly +m’ Vm? + p2chf +m’

Haitzenm [[h(A, w)|® = [[h(8)]? :

2(p? + m? + am, — ipw)

||h()\1,w)||2 = (h(/\law)’h()\law)) = (a/\l +m)2

(3.15)

2(p% + m? + am); — ipw)

iy
40, w) P = SEZTT IR




3.10)

3.11)

3.12).

ZA1)1

3.13)

3.14)

3.15)
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p2

- 9 + mch6 — ipshé
A4 2558 =)
., IAE)I? = (h(o), h©) = 20 e =

i,

yurhiBas ¥ = \/m? + p2, nonyanm

1

g 2 2 h6 — ipshb
BNG)2 = 2,/m7 + p2 Yo T B AW — pee (3.15.1)
- (\/m2 + p%chf + m)

* Kax pasee 6b110 nokasano, Kaxyio 13 sextop-bynkumit f(\;) € LX(R, E),
1 € R pa3noxuM 1o OpTOroHaJEHOMY 6asucy COGCTBEHHBIX BEKTOPOB h(A1,w)

h(Pr)p(Fr)

3.16
m2 + am); — ipwy’ i

FM) = 2(ah +m)
1 a1 ka:pz+

2. .

e P = (A1, wr(A\1)) € Qo, k =1,2, ackanspHsle, uamMepuMble Ha Qo DyHKIME
P;) mveror Buz (2.18), npmyem uis HAX BEIIOHEHO coorHomenxe (2.20).
3ameuanue 3.2. Ecmm f(A1) = (fi(M), f2(M)), To

o(Pr) = f‘(Al)Kf; 1’; + fa(M1). . (3.17)

mbeproeo npocrpancrso L2(h,d);) (2.19) 6yxer uvers crexyromut Bi:

L2(h,d\) = {f (6) = h(O)IR(O)1~¢(6);

o0
2 2 2
B T 0 < ooy, (3.18)
J Vm? + p? + mch@ — ipshf

~ cobcreennslii BekTop mydka (2.15), 8 € T (3.9), ¢(f) - ckanapras,

rast Ha 'y (3.13) dbynkuma, npudem (0 + 27) = p(0). -

OTPHM, BO YTO MEPEXOJHT JelCTBHE KaXAoro u3 oneparopos A; (3.1) u
pu npeobpazosannu JI.ne Bpamxka (1.17)

: l ; —
A fy= / (atft‘l"i / f,dFsJ) dF,L}(7) = / ftdFt.ét_(z%m .
A 0 3 0 :
_ F@) - F(0)

i 2

?

F(z) —F(O); F(z) € B(Ai(2), Bi(2)). (3.19)

.14), 10 ecte f()1,) npe,ﬁCTaBnMa B Bujie (2.17) u, cie0BaTeIbHO, HMEET BHJ -
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Brerancnmum 7 As fi

Sl / (Aofi)dFLLL (2 / FAR(A3 ()" =

') t *
v / fidF, (atLt(z)Ja—!—Lt(z)J'yt—i / Ls(z)dFsJJo-) -
0 0

By o sy
0 ‘

=1 [ 7R3 - 1) 0 + L) Iwe) =

l
/ FdFy(Le(2) T (0 + wz) — L(0)J0)*
0

B cuny ypaBHeHus (1.8).
3ameuanune 3.3. OueBuIHO, YTO

ISR

L(0)Jo = Ly(2)(0 + 7:2)|2=0- (3.20)

3ameuanwue 3.4. I[lycrs mis -y, BhimosHeHs! yciaoeus (2.11) u (2.12), Torga
no reopeme 2.2 dbynkuusa Sz(A) yroBiaeTBopser ycnosuio cruieraemocti (2.7)

(0X +742)J8z(A) = Sz(A\) (oA +7)J, (2.7)
rge ¥ = yp. Ilepenuuiem JaHHOE yCIIOBUE, OJIOXKHUB \ = |
(0 +722)JS2(271) = Sp(27) (0 + 42)J. (3.21)

Takum 06pa3oM, yYATHIBAS npe,L:CTaBneHne st Ly(z) (1.9) u ycnoaue crie-
Taemocru (3.21), TOTy

Lz(2)J (0 + 7e2) = (1,0)JS5(Z71)JJ (0 + 1z2)Jd = (1,0)J (0 + 72)JSE(z~1)J
(3.22)
Ly (2)J (0 + 1z2) = (1,0)J (0 + 72)JSa(z71)J.

3ameyanue 3.5. ITycrs
(1,0)J(0 +72) = £(2)(1,0) + n(2)(0, 1), (3.23)

rorga (1,0)J (0 + 42)JSE(271)J = £(2)(1,0)JS%(271)J, u yuursBas npeacTas-
nenus (1.10) u (1.14) bynxmmit Ly(z) u Ng(z), nomyunm

(1,0)J (0 +72)J8;(2")J = &(2)(1,0)L3(2) + n(2)(0, 1) N3 (2). (3.24)
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v'_l.‘jws-: &(z) 1 n(z) B cnyqae (3.3) uMe0T BHJ
| £(z) = k + ipoz | (3.25.1)

n(z) = i(a — mpz2) (3.25.2)
"renbno, YUHTHIBAS 3aMedaHnd 3.3 — 3.5, momyduM

1

e - %
o wdaf= (ftJ(aa )+ [ f,dF,o) dRL;(2) =
..- l

0

= / FFy (LD (2) + Ne(2)(2) = L 0)E(0) = Ne(In(z)"
a

qanme 3.6. YuursiBas coo'momermﬂ (1.17) u (1.19), nomyuum

[ fariz (60 - Loy / FAR(ERILI(E) - FOILIO0) =

20) = %((k — ipoz) F(2) — kF(0)) = k-F—(zl-;—F@ — ipoF(2).

OFA; eIBHO, MBI HMeeM

| ! ; . s t

2.7) f FidFy(Le(2)€(2) — Li(0)€(0))" = kw —ipoF(z).  (3.26)
< i ’

.' M 06pasom
AF(Ny(2)(2) — N(0)(0))* = / FAFnEN (2) — nO)N;(0)) =

-"-_—'-‘-zl.(z'(moz —a)®(z) + ia<I>(O)) = —ia?ii);—(p(o-)- +1mo®(z2).

1 peacTasienue (1.22), momyunm

o |
%/ftdFt(Nt(z)’f](z) — Nt(o)'f)(O))* L
0

(3.26.1)
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CrneposareiibHO,

l

Az f1 =/ (ftJ(at0+’Yt +Z/fdea0) dFy(L¢(2) =

0
BEIEE LU

LeticrBue omeparopa As (3.2) nocyie npeobpaszosanua JI.ne Bpamxka (1.17)
Oyner uMers BHI

podtl O piad

A.2F(Z) M — ipgF(2)—
G(0
il _H E%%F(O) + img E(z; (2), (3.27)

rne F(z2) € B(A(z), B(z)), npuuem AzF(z) € B(A(z), B(z))

Takum 06pa3oM, CIpaBeAInBa CIEAYOWas TeopeMa.

Teopema 3.1 ITycmo Ay (3.1) u (3.2) — modeavnvie onepamopwi, deticmey-
oWUe 8 NPOCMPAHCMee Lg’l(Ft), npuvem J (1.4), 0 u v, umerom eud (3.3).
IIpednonooicum, wmo F(z) € B(A(z),B(z)), asasemcsa npeobpasosaruem JI.0de
Bpanoica (1.17) pynxyuu h(t) us npocmparcmsa Lg,,(Ft) , a F'(t) asasemca npe-
obpasosaruem JI.0e Bpanorca (1.23) dan deoticmeennoti h(t) dyrnxuyuu (6 cumeae
onpedeserus 1.4) & h(t). Tozda nocae npeobpasosaruem JI.de Bpawowca (1.17)
KOMMYMamueras cucmema onepamopoe Ai, Az umeem eud (3.19) u (8.27) co-
omeemcmeenno u deticmeyem 6 npocmpancmee B(A(z), B(z)).
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