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The Fokker-Planck description of collisional ripple transport processes of fast ions is extended for tokamaks with strong toroidal
field (TF) ripples. The topology of superbanana orbits generated by the TF ripple drift of banana “guiding” centers is analyzed in
terms of the adiabatic invariant. The transport coefficients of a 4D Fokker-Planck equation are derived for the case of strong TF
ripples. This study aims at a generalization of the kinetic simulation of fast ions in plasmas of present-day and next generation
tokamaks.
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OmnncaHne CTONKHOBUTENBHOTO TO(PHUPOBOYHOrO IIepeHoca OBICTPHIX HOHOB IpH mHomomu ypaBHeHHs Pokkepa-Ilmanka,
pacnpocTpaHeHo Ha o0nacTe CHIbHOW rogpupoBkd TopoupansHoro moist (TII) Tokamaka. IIpoaHamu3upoBaHa TOIOJIOTHS
cynepOaHaHOBBIX OpOHT, 0Opa30BaHHBIX BCIEACTBHE nApeiida Bemymmx HeHTpoB OaHaHoB B rodpax TII, ¢ wcnonb3oBaHHEM
annabatuyeckoro wHBapuaHrta. [lomydeHsl TpaHcnopTHble Koddduumentsl ypaBHenuss dokkepa-Ilnanka B 4eThIpEX MepHOM
($a3oBOM NpOCTpaHCTBe NpH Hamumyuu cwibHOM rodpupoBku TII. MccnemoBanue BBIMOJHEHO B paMKax OOOOLICHHsS MeTona
KHHETHYECKOTO MOJIETMPOBaHHs OBICTPHIX HOHOB, B IJIa3Me COBPEMEHHBIX U OYIyIIHX TOKaMaKOB.

KJIFOYEBBIE CJIOBA: 3-x mepHoe ypaBHeHue Dokkepa-Ilnanka, ro¢ppbl TOPOHTAIFHOIO MAarHUTHOTO IIOJIS, MPOCTPAHCTBO
WHBapUAHTOB JIBIDKEHHS, CyllepOaHaHOBBIE OPOHTHI, TOTEPH alb(da JacTHil.
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OnwucaHHs ro()poOBAaHOTO IMEPEHOCY MIBUAKHX 10HIB, OOYMOBIEHOTO 3iTKHEHHSIMH, 32 JOMOMOTroro piBHsSHHA Doxkepa-Ilnanka,
HOIIMpPeHe Ha obnacth CHIbHOrO rodpysanHs TopoinaibHoro moist (TIT) Tokamaka. IIpoaHanizoBaHa TOIOJOTIS cynepOaHaHOBHUX
OpOIT YaCTHHOK, SKi YTBOPEHI BHACHITOK Apeidy Bexydnx neHTpiB OaHaHiB y rodpax TII, 3 BHKOpHCTaHHAIM aaiabaTHYIHOTO
igBapianty. OTpuMaHi TpaHcHOpTHI KoediumieHTH piBHSAHHSA Dokkepa-IlnaHka y 4OTHpbOX BUMIpHOMY (ha30BOMY IPOCTOpi 3a
HasBHOCTI cuibHoro rogpysanus TII. JlocmipkeHHs HPOBENEHO B paMKax y3arajJbHEHHS METOJY KIHETHYHOTO MOJEIIOBAHHSI
LIBU/IKUX 10HIB B IU1a3Mi Cy4acHUX Ta MailOyTHIX TOKaMakiB.

KJIFOYOBI CJIOBA: 3-BumipHe piBasinas Dokkepa-Ilnanka, rodppu TOpoigalbHOr0 MarHiTHOTO MOJIs, MPOCTIp iHBapiaHTIB PyXY,
cynepOaHaHOBi OpOiTH, BTpaTH aib(a YaCTHHOK.

The confinement of energetic ions such as fusion produced a-particles is essential to sustain burning plasma
conditions. Tokamak experiments on charged fusion product confinement and direct loss measurements [2, 3] gave rise
to intensive theoretical investigations on alpha particle behavior in tokamak plasmas [1, 4-10].

While in many studies the tokamak has been associated with an axisymmetric configuration, the real toroidal
magnetic field lines will exhibit undulations, referred to as ripples. There will be two main sources for forming TF
ripples in ITER. First, the toroidal magnetic field is created by the finite number (N=18) of toroidal field coils with
spaces between them large enough to accommodate ports. The magnetic field ripples generated by the discrete coil
assembly will have toroidal mode numbers nN with »=1,2,... , where »=1 is the dominant mode. Placing ferritic inserts
underneath the toroidal field coils can mitigate the amplitude of these ripples to a reasonable magnitude of magnetic
perturbations. Second, when the test blanket modules (TBM) will be installed, their ferromagnetic materials are
expected to significantly perturb the local toroidal field.

TF ripples can enhance particle losses, most consequential for energetic ion confinement [1, 9, 11-17], commonly
referred to as ‘ripple losses’. Obviously, the resulting heat load on the first wall limits the allowable TF ripple amplitude
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in a tokamak fusion reactor, thereby setting a lower limit on the number of toroidal coils. Usually, the TF ripple
amplitude is defined as 6 = (B, = Byuin )/ (B + Bimin ) » Where B, and B

ax — Bimin | max min are the magnitudes of toroidal
magnetic fields calculated at two points having the same radial and vertical coordinates but different toroidal position —
one (B, ) in the center of a TF coil and the other ( B, ;, ) right in the middle between two neighboring coils.

Ripple losses are numerically predictable as confirmed by experiments e.g. in JET [18, 19], TFTR [3, 6, 8] and
Tore Supra [12]. As enhanced alpha particle losses can constitute a critical problem in future tokamak reactors,
significant effort has been dedicated to reducing the TF ripple magnitude also in ITER [20-22]. The development of
operational scenarios for next-generation tokamaks demands for reliable description of TF ripple induced transport of
charged fusion products as well as of ions generated by neutral beam injection.

The effect of the ripple collisional transport on the fast ions in tokamaks can be adequately described by the
Fokker-Planck equation in 3D constant of motion (COM) space [1, 4-7, 23]. The transport coefficients of this equation
in the case of weak ripples, § << O, = 8/ (Nq)3/ ? where £ is the flux surface toroidicity and g the safety factor, were
derived in [1]. For moderate-energy ions at the plasma periphery and for high-energy ions in the plasma core, where
usually & does not exceed the Goldston-White-Boozer stohasticity threshold O, [12], TF ripples may result in a
substantial enlargement of collisional radial transport of toroidally trapped particles if they resonate with the ripple
perturbations. 3D Fokker-Planck confinement modeling of MeV charged fusion products has shown that collisional

ripple transport of resonant bananas, which are called superbananas and satisfy /ey — Nw, =0, [=0,£1,£2,...0
where @), is the particle bounce frequency and @), the toroidal precession frequency, may be responsible for the

delayed loss of partially thermalized charged fusion products observed in TFTR [6, 8].

In the present paper we are primarily interested in the kinetic description of classical transport processes (induced
by collisions and ripple orbital effects) of fast ions in tokamak plasmas. The consideration of ripples makes the bounce-
averaged kinetic equation 4-dimensional. Here we use a 4D phase space spanned by 3 constants of motion plus an
angular coordinate determining the position on a superbanana orbit. First of all, the transport coefficients of this 4D
Fokker-Planck equation are quantitatively derived for the general case of arbitrary ripple magnitudes, i.e. including
strong TF ripples.

The outline of this paper is as follows. In section SUPERBANANA ORBITS, we investigate superbanana orbits.
The COM space variables suitable for superbanana averaging of the kinetic equation are defined in section COM
SPACE VARIABLES. The explicit form of the superbanana Fokker-Planck kinetic equation in the case of strong TF
ripples is obtained in section SUPERBANANA FOKKER-PLANCK EQUATION. Finally, conclusions are drawn in
section SUMMARY AND DISCUSSION.

SUPERBANANA ORBITS
This section is devoted to the investigation of the banana averaged motion in the vicinity of the /-th resonance.

This motion can be treated as the behavior of 1D system with canonical variables ( p,l//) and Hamiltonian /% in the
form

h=p*[2—Mcos(&+ p)cosy, (1)
where p is the generalized momentum representing the normalized toroidal momentum, ¥ is conjugate coordinate
characterizing the position in toroidal angle. M and & are considered as constant parameters of 1D system. The

explicit expression for p,w, M, & and their relationship with the parameters of particle and magnetic configuration are

defined in [1].
Assuming that M >>1 equation (1) for Hamiltonian /% can be present in the form

h=-M cos(&+ p)cosy . )

Let us start investigation of evolution 1D system with Hamiltonian /4 in the form (2) from defining the stagnation
points. The coordinates of these points are given by equations d,~2=0,9,h=0 i.e.

M sin(¢ + p)cosy =0, 3)
M cos(&+ p)siny =0. (4)
These equations have two groups of roots i-th and j-th

{V’n =7x/2+7i, ieZ

: 5
p,=7x/2=E+miy, el ©)
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Fig. 1. Contour plot of Hamiltonian #(M =10) given by Fig. 2. Contour plot of Hamiltonian /% given by Eq.(2) for
Eq.(1) and approximate orbit for M >>1 M>>1.
p=—&tarccos(—h/ M cos(w)) + 2wk, ke Z
Analyzing the determinant
_ &I ((Fh Y
D_al//2 op’ [apal//j (7

it is seen that i-th group of roots are X-points, because D, <0, and j-th group of roots are O-points, because D, >0 . It
should be pointed out that O-points with j, + j, =2k, where k =0,%1,..., correspond to minimum % (= -M ) and
O-points with j, + j, =2k +1 correspond respectively to maximum 4 (= M).

It is seen from Fig.1 and Fig.2 that at M >10 the reduced Hamiltonian % given by Eq.(2) % is in a good
accordance with the rigorous one (Eq.(1)) in the vicinity of the resonant level | p| <M. At | p| < 1there are two types

of domains with the closed orbits. These are domains with /<0 and domains with /2 >0 . It should be noted, that at

M >>1the reduced Hamiltonian equals zero on separatrix. Thus, analysis of the superbanana motion in the resonant
region is restricted to considering only orbits in these two domains.

COM SPACE VARIABLES
Following the procedure proposed in [1] one can introduce pair of new Variables( pﬂmax’l%) connected with
( D,V ) . According to [1] pg,.,, can be treated as the maximum radial coordinate along the superbanana orbit and (23

could be considered as the cyclic variable. The subscript ‘3’ indicates that ¢ corresponds to the third COM variable
D pmax and the rest two are V" and A the particle velocity and the normalized magnetic moment.

To determine the relationships between the old variables and new ones we use the following equations

.U -

2 pmax _pmin ,
p=g'(rp)(Ps—pj)- ©)

P =& (P )(Ppmax — P ) - (10)
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00S(& + Py )0, =08 (5 + p)cosy, (10
where pyand pg,.  are the toroidal angular momentum in the frame moving along the torus with precession velocity
in the axisymmetric toroidal field and it’s maximum value along the superbanana orbit, o =sign(p) and
0,, =Ccos(W (P, )) - The details of the transition to this frame one can find in [1].

It should be noted that Eq.(11) is obtained from Eq.(2) under the condition that Hamiltonian % conserves along
the orbit. It should be mentioned that definition of cyclic variable ¢% differs from that in [1] and is similar to the

definition introduced in [6, 7]. Note also that ¢} is not the canonical variable, however, it is more convenient for

envisaged averaging procedure along the orbit.
In order to find the maximum value of variable p along the orbit one should calculate derivative aw p assuming

h = const along the orbit. As a result the equation for p_,  is as follows

9

:0’
oy (12)

h=const

and can be rewritten in the explicate form as

9 cos(&+ p)sin
dp __c (E+p)siny _ a3
ov|, .., sSin(é+p)cosy
Eq. (13) has two groups of roots
Do =—§+%+7L‘ml, where ¥/, ¢%+ﬂ'm1', (14)
v,, =7m,,wherep , #—&+m), (15)

. ’ ’
with m,,m,,m, andm, € Z .
2

Analyzing the sign of it is possible to separate roots corresponding to minimum and to maximum

al//2 h=const
P V)
values of p .
As far as
9’p __cos(§+pm) 1
a l/lz h=const Sin(g + pm ) C052 l//m ’ (16)

P sWom)

the roots (14) are associated with the points of inflection, and correspond to maximum of p if
E+p,, € (mm); /2 + wm)) and correspond respectively to minimum of p if £+ p,, € (7/2+ wmy; 7+ 7wm;) .

SUPERBANANA FOKKER-PLANCK EQUATION
In variables c'=(V,/1, pﬂmax,z%), where ¥V and A are the magnitude of particle velocity and normalized

magnetic moment [1], the Fokker-Planck equation can be represented as
(9, +0, ) f=Cf+S(c). (17)
with collision term C in the form
C=.g’ { Z d, [ lg. (d;} -Dja, )} +9, { /g, (dj, - Dyaﬂ} - ZD;'?aC,A H} , (18)
i,j<3 i<3
where

71 ’i
d.=d’, Di=D', D;Z:D;‘kaLk it i,j=12; k=1,234; [=34 ad d. = faLk,
dc dc
oc” ac”’
ki

— if i,/ =3,4; k,/=1,2,3,4;

(19)

DCU» =DC _k
dc* dc
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and ¢ = (V, Ap ﬁ,l//) denotes the set of the reference axisymmetric coordinates.
Thus to obtain the explicit analytical expression for collision operator C one should calculate the derivatives
7

—— Which in the limit of strong toroidal field ripple are given by the following expressions

C
apﬂmax _ Sin(§+p)COSl//
apﬂ _O-mSin(f-'—pmax)

, (20)

apﬂmax :iCOS(§+p)Sinl/l (21)
oy go,sin(E+p.)

8193 — 2g,0- l_apﬂmax _p_pmax I_GmSin<§+pmax) apﬂmax

Py Acos | s A ol sin(E+po) ) Py | 22)
2
8193 — 20— _apﬁmax _ p_pmax 1_ O-m 81n(§+pm3x) apﬁmax
oy | 9 A ' si ) ow | (23)
l// COS*3 l// O-m Sln(§+pmm) W
2
) ) '
P pmax ~1= P B 1max /4 , 24
d(v,4) op; )o(v,A)
a !
9%, _ 08, 9py 5

A(v,4)  apy A(v,4)

Expressions (20)-(25) allow to construct the friction force d and the diffusion tensor D , describing correspondingly
the convective and diffusive collisional transport of fast ions in a tokamak with the strong TF ripples.

SUMMARY AND DISCUSSION

The transport coefficients of Fokker-Planck equation describing collisional transport of fast ions in tokamaks with
the strong TF ripples are derived.

Analysis of the superbanana orbits in the limit of the strong ripples is carried out. It is shown that analysis of orbits
in the phase space could be restricted to analysis of orbits in two domains with the different signs of the corresponding
adiabatic invariant.

Transition from the set of COM variables in axisymmetric case to the set of COM variables in ripple perturbed

case is done for the strong ripple limit. Expressions for friction force dand diffusion tensor D , describing
correspondingly the convective and diffusive collisional transport of fast ions in a tokamak with the strong TF ripples
are obtained.

These equations can be used for the kinetic modelling of confined and lost energetic ions in modern and future
tokamaks with rippled toroidal magnetic field.
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