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The measurement of the complex impedance response accompanied by power absorption P(w) in
the radiofrequency and microwave ranges represents a most popular experimental method for the
investigation of pinning mechanisms and vortex dynamics in type-II superconductors. In the
theory, the pinning potential (PP) well for a vortex must be a priori specified in order to subse-
quently analyze the measured data. We have theoretically solved the inverse problem at 7=0K

and exemplify how the coordinate dependence of a PP can be determined from a set of experi-
mental curves P(m|jo) measured at subcritical dc currents 0 < jo < j. under a small microwave
excitation j; < j. with frequency w. We furthermore elucidate how and why the depinning fre-
quency w,,, which separates the non-dissipative (quasi-adiabatic) and the dissipative (high-fre-
quency) regimes of small vortex oscillations in the PP, is reduced with increasing jo. The results
can be directly applied to a wide range of conventional superconductors with a PP subjected to
superimposed dc and small microwave ac currents at T < T,.. © 2013 American Institute of

Physics. [http://dx.doi.org/10.1063/1.4791773]

1. Introduction

One of the most popular experimental methods for the
investigation of vortex dynamics in type-II superconductors
is the measurement of the complex ac response in the radio-
frequency and microwave ranges.' The reason for this is that
at frequencies substantially smaller than those invoking the
breakdown of the energy gap, the high-frequency and micro-
wave impedance measurements of a mixed state contain
information about flux pinning mechanisms and vortex dy-
namics accompanied by dissipative processes in a supercon-
ductor. It should be noted that this information cannot be
extracted from the dc resistivity data obtained in the steady
state regime when pinning in the sample is strong. In fact, in
the latter, when the critical current densities j. are rather
large, the realization of the dissipative mode, in which the
flux-flow resistivity pscan be measured, requires that jo = j..
This is commonly accompanied by non-negligible electron
overheating in the sample, which changes the desired
value of ps At the same time, measurements of power
absorbed by the vortices from an ac current with the ampli-
tude j; < j. allow one to determine pyat a dissipative power
Py~ pfj%, which can be many orders of magnitude less than
Po ~ pfj%. Consequently, measurements of the complex ac
response versus frequency o practically probe the pinning
forces in the absence of overheating effects, otherwise
unavoidable at overcritical steady-state dc current densities.

The appearance of experimental works utilizing the
usual four-point scheme,® strip-line coplanar waveguides
(CPWs),” Corbino geometry,®’ or the cavity method®
to investigate the microwave vortex response in as-grown
thin-film superconductors (or in those containing some

1063-777X/2013/39(2)/5/$32.00

nano-tailored pinning potential (PP) landscape) in the recent
years reflects the explosively growing interest in the subject.
In fact, such artificially fabricated pinning nanostructures
provide a PP of unknown shape that requires certain assump-
tions concerning its coordinate dependence in order to fit the
measured data. At the same time, in a real sample a certain
amount of disorder is always present, acting as pinning sites
for vortices as well. Therefore, an approach to experimen-
tally reconstructing the form of the PP ensued in the sample
is of great demand for both application-related and funda-
mental reasons. An early scheme to reconstructing the coor-
dinate dependence of the pinning force from measurements
implying a small ripple magnetic field superposed on a larger
dc magnetic field was reported in Ref. 9. Similar problems in
the reconstruction of a specific form of the potential sub-
jected to a superimposed constant and small alternating sig-
nals arise not only in vortex physics, but also in a number of
other fields. Mainly as the closest mathematical analogy,
we would like to mention the Josephson junction problem,
wherein plenty of non-sine forms of the current-phase rela-
tion are known to occur,'! and which could in turn benefit
from the results reported here.

Turning back to the development of the theory of our
problem, the very early model describing the power
absorbed by vortices refers to the work of Gittleman and
Rosenblum (GR),'? where a small ac excitation of vortices
in the absence of dc current is considered. The GR results
were obtained at 7=0K in the linear approximation for the
pinning force. We will briefly present their results in the
present work since subsequent description of our new results
requires these as essential background. The theory, account-
ing also for the vortex creep at non-zero temperature in a

© 2013 American Institute of Physics
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one-dimensional cosine PP, was extended by Coffey and
Clem (CC) later."® However, this theory was developed for a
small microwave current in the absence of a dc current. We
have recently substantially generalized the CC results'*!?
for a two-dimensional cosine washboard pinning potential
(WPP). The washboard form of the PP enables exact theoret-
ical description of two-dimensional anisotropic nonlinear
vortex dynamics for any arbitrary values of ac and dc ampli-
tudes, temperature, the Hall constant, and the angle between
the direction of the transport current and the guiding direc-
tion of the WPP. Among other nontrivial results obtained, an
enhancement'* and a sign change'” in the power absorption
for j, = j. have been predicted. Whereas the general solution
of the problem in Refs. 14 and 15 has been obtained in terms
of a matrix continued fraction and is suitable for the analysis
mainly in the form of a data figure due to a large number of
variable parameters, an analytical implementation of the so-
lution at T=0K, j, <j., and j; — 0 has been performed in
Refs. 16 and 17, also taking into account the anisotropy of
the vortex viscosity and an arbitrary Hall constant.

In the present work, we report on the possibility of
reconstructing the coordinate dependence of a PP if a set of
Po(w) curves is measured at different dc current amplitudes
in the entire range 0 <j, =< j. at a small microwave ampli-
tude j; — 0. Whereas a preliminary communication on this
matter can be found in Ref. 18, here we provide a detailed
description of the PP reconstruction procedure. Geometry of
the problem implies a standard four-point thin-film super-
conductor microstrip bridge placed in a small perpendicular
magnetic field with a magnitude B < B, at T < T,. The
sample is assumed to have at least one pinning site, and dc
and ac currents are directed collinearly. Theoretical treat-
ment of the problem is described in detail below.

2. Dynamics of pinned vortices in a small microwave current

The GR model'? considers oscillations of damped vorti-
ces in a parabolic PP. Absorption of power by vortices in
PbIn and NbTa films was measured over a wide range of fre-
quencies w, and the data was successfully analyzed on the
basis of a simple equation for a vortex moving with velocity
v(t) along the x-axis

nx + kpx =1, ey

where x is vortex displacement, 1 is vortex viscosity, and k,
is the constant that characterizes the restoring force f, in
the PP well Up,(x) = (1/2)/([,)(2 and f, = —dU,/dx = —k,x. In
Eq. (1) f; = (®g/c) j1(¢) is the Lorentz force acting on the vor-
tex, @y is the magnetic flux quantum, c is the speed of light,
and j;(t) =j, exp (iomt) is the density of a small microwave
current with the amplitude j;. Looking for a solution of
Eq. (1) in the form x(¢) = x exp (iwf), where x is the complex
amplitude of vortex displacement, one immediately gets
x(f) = iwx(t) and

e (Do /nc)ji 7 @

1o+,

where w,, = k,/n is the depinning frequency. To calculate the
magnitude of the complex electric field arising due to the
vortex on the move, one takes £ = Bx/c. Then
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P
1 —iw,/o

E(w) =Z(w)ji- 3)

Here, py=B®y/nc” is the flux-flow resistivity, and Z(w) = p/
(1 —iwp/w) is the microwave impedance of the sample.

In order to calculate the power P absorbed per unit vol-
ume and averaged over a period of an ac cycle, the standard
relation P = (1/2)Re(EJ*) is used, where E and J are the
complex amplitudes of the ac electric field and the current
density, respectively. The asterisk denotes the complex con-
jugate. Then from Eq. (3) it follows that

/’fj%

1 , 1
21+ (p/0)*

P(0) = 5ReZ(w)f} = @)

For subsequent analysis, it is convenient to write out the real
and imaginary parts of the impedance Z=ReZ-+ilmZ,
namely

Pr

1+ (0,0 mz(w) = 21

ReZ(w) = (w/wp)2 .
The frequency dependences (5) are plotted in dimensionless
units Z/py and w/w,, in Fig. 1 (see the curve for j, = 0). From
Egs. (1), (2), and (4) it follows that pinning forces dominate
at low frequencies (v < w,,), where Z(w) is non-dissipative
with ReZ(w) =~ (w/cop)z, whereas at higher frequencies
(w > w),) frictional forces dominate, and Z(w) is dissipative
with ReZ(w) ~ py [1 — (co,,/w)z]. In other words, due to the
reduction of the amplitude of vortex displacement with
the increase in ac frequency, the pinning force does not
influence the vortex. This can be seen from Eq. (2), where
x~1/w for w > w,; however, this is accompanied by the
independence of vortex velocity of w in this regime, in
accordance with Eq. (3).

3. Influence of dc current on depinning frequency

When an arbitrary dc current is superimposed on a small
microwave signal, the GR model can be generalized for an
arbitrary PP. For definiteness we consider a subcritical dc
current with the density jj < j., where j. is the critical current

—_
(=}
T

S o
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Re Z(w)/p;
(e
()]
T

o o
T
L

=)

(b) 7

Im Z(w)/p;
(e

1 10
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FIG. 1. Frequency dependences of real (a) and imaginary (b) parts of the ac
impedance calculated for a cosine pinning potential U,(x) = (U,/2)(1 — cos kx)
at a series of dc current densities, as indicated. In the absence of a dc current,
the GR results are revealed in accordance with Egs. (5).

Downloaded 27 Feb 2013 to 141.2.253.163. Redistribution subject to AIP license or copyright; see http:/Itp.aip.org/about/rights_and_permissions



122  Low Temp. Phys. 39 (2), February 2013

density in the absence of a microwave current. Our goal now
is to determine the changes in PP parameters of the superim-
position of dc current leads. In the presence of j,#0, the
effective PP becomes U(x) =U »(X) — xfo, where U,(x) is the
x-coordinate dependence of the PP when j,=0. Note also
that f < f., where f, and f, are the Lorentz forces correspond-
ing to the current densities j, and j.., respectively.

In the presence of a dc current, the equation of motion
for a vortex has the form

no(t) = () +fp, (©)

where f(t) = (Dy/c) j(t) is the Lorentz force with j(z) =y
+j1(f), where j; () =j; exp(imt), and j, is the amplitude of a
small microwave current. Due to the fact that f(r) =f, + fi(?),
where fo=(Dg/c) jo and fi(t) = (Dy/c)j(¢) are the Lorentz
forces for the subcritical dc and microwave currents, respec-
tively, one can naturally assume that v(7) = vy + v1(f), where
vy does not depend on the time, whereas v;(f) = vy exp(iwt).
In Eq. (6) the pinning force is f, = —dU,, (x)/dx, where U ,(x)
is a PP of some form. Our goal is to determine v(¢) from Eq.
(6) which, taking into account the considerations above,
acquires the following form:

nlvo +v1(6)] = fo +fp +£i(2). (7

Let us consider the case when j; =0. If j, </, ie.,
Jo<f., where f. is the maximal value of the pinning force,
then vy =0, i.e., the vortex is at rest. As seen in Fig. 2, the
rest coordinate x, of the vortex in this case depends on f, and
is determined from the condition of equality to zero of the
effective pinning force f ()= —dU (x)/dx = Jp(x) +fo, which
reduces to the equation f,,(xo) +fo =0, or

_ dU,,(x)
T dx ’

X=X

Jo

®)

the solution of which is the function x(fy).

Now add a small oscillation of the vortex in the vicinity
of xy under the action of a small external alternating force
f1(6) with the frequency w. For this we expand the effective
pinning force f(x) in the vicinity of x=x, into a series of
small displacements u = x — x,, which gives

02 0 0.2 0.4 0.6
X, a

FIG. 2. Modification of the effective PP Ui x)=U (X) — foix, where
U,(x) = (Up,/2)(1 — cos kx) is the WPP, with the gradual increase of f; such
as 0 =7y <for <fo2 = fo3s =/, i.e., a vortex is oscillating in the gradually tilt-
ing pinning potential well in the vicinity of the rest coordinate xo;.

V. A. Shklovskij and O. V. Dobrovolskiy

flx—x0) = f(xo) +f (xo)u+- - ©9)

Then, taking into account that f (x0) =0 and f "(xo)=U * (Xo),
Eq. (7) takes on the form

nity + kpu = fi, (10)

where lg,,(xo) =U, (xo) is the effective constant characteriz-
ing the restoring force f(u) at small oscillations of the vortex
in the effective PP U(x) near xo(fo), and vy = u = iowu. Equa-
tion (10) used to determine v; is physically equivalent to the
GR Eq. (1) with the only distinction that the vortex depin-
ning frequency w, = lg,,/n now depends on f; through Eq. (8),
i.e., on the dc transport current density j,. Thereby, all the
results of the previous section [see Egs. (2)-(5)] can be
repeated here with the changes x — u and @, — ®,,.

In order to discuss the changes in the dependences
ReZ(w) and ImZ(w) caused by the dc current, the PP must
be specified. As usual,”"15 we take a cosine WPP of the
form U,(x) = (U,/2)(1 — cos kx), where k = 2n/a, and a is the
period; though any other non-periodic PP can also be used.
Then, as it has been previously shown for the cosine WPP,16

Op(oljc) = wpr/ 1 = (jo/ j(.)2 and the appropriate series of

curves P(w|jo) are plotted in Fig. 1. As evident from the fig-
ure, the curves shift to the left with increasing j,. The reason
for this is that with the increase of j, the PP well broadens
while tilted, as is evident from Fig. 2. Thus, for the times
shorter than 1, = 1/w, (i.e., for » > w,) a vortex can no lon-
ger non-dissipatively oscillate in the PP well. As a conse-
quence, the enhancement of ReZ(w) occurs at lower
frequencies. At the same time, the curves in Fig. 1 maintain
their original shape. Thus, the only universal parameter to be
found experimentally is the depinning frequency w,. For a
fixed frequency and variable j,, the real part of Z(w) always
acquires larger values for larger j,, whereas the maximum in
the imaginary part of Z(w) corresponds precisely to the mid-
dle point of the nonlinear transition in ReZ(w). It should be
noted that even for T=0K the dissipation, though small, is
non-zero even at very low frequencies.

4. Reconstruction of a pinning potential from microwave
absorption data

We now turn to a detailed analytical description of the
process of reconstruction of the coordinate dependence of a
PP experimentally ensued in the sample, on the basis of
microwave power absorption data in the presence of a sub-
critical dc transport current. It will be shown that from the
dependence of the depinning frequency w,(jo) as a function
of dc transport current j, one can determine the coordinate
dependence of the PP U, (x). The physical basis for the possi-
bility of solving this problem is Eq. (8), which gives the ratio
of the vortex rest coordinate x, to the value of the static force
Jo acting on the vortex and arising due to the dc current jj,.

4.1. General scheme of the reconstruction

From Eq. (8) it follows that when increasing f, from
zero to its critical value f,. one in fact “probes” all the points
of the dependence U),(x). Taking the xo-coordinate derivative
in Eq. (8), one obtains
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de - 1 1

o _ - 11
dh " U00)  Kplo) (4o

where the relation U (xp) :1;1,()(0) is used [see Eq. (10) and
the text below]. By sub§tituting Xo=2xXo(fo), Eq. (11) can be
rewritten as dxo/dfy = 1/k,[xo(fo)], and thus,

dX() 1

—_— = 12
dfo  na,(fo) (12

If the dependence o (fy) has been deduced from the experi-
mental data, i.e., fitted by a known function, then Eq. (12)
allows one to derive x(f) by integrating

o
J f (13)

o) = 13,60

0

Then, having calculated the function fy(xy), inverse to xo(fo),
and using the relation fy(xg) = U,’, (xp), i.e., Eq. (8), one
finally obtains

X

Upto) = | ). (14)

0

4.2. Sample WPP reconstruction procedure

Here we would like to support the above-mentioned con-
siderations by giving an example of the reconstruction pro-
cedure for a WPP. Suppose that a series of power absorption
curves P(w) was measured for a set of subcritical dc currents
Jo- Then, to be specific, let’s say that each i-curve of P(wljop),
like those shown in Fig. 1, has been fitted with its fitting
parameter @, so that one could map the points [(@,/®),);,
(jolj~)i], as shown by triangles in Fig. 3.

We fit the data in Fig. 3 to the function @,/

w,=1/1—(jo/. jL.)2 and then substitute it into Eq. (13), from

which one can calculate x(fp). In this case, the function has a
simple analytical form, namely, xo(fo) = (f./k,) arcsin (fo/f.).

15 & supposed rf data II |
- ~ _ . . N\2q12 |

Lol fit wp/mp— [1-Gyi)] ,/ ’
| - == k)l by Eq. (13) ]

0.9

0.6

0.3F

okr

0

FIG. 3. The pinning potential reconstruction procedure: step 1. A set of
[(@,/®,), Golj):] points (A) has been deduced from the supposed measured

data and fitted as @,/w,=1/1 — (jo/. j()2 (solid line). Then according to Eq.
(13) xo(fo) = (f./k,) arcsin (fo/f..) (dashed line).
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T T T T T T
—— 2U,(x)/U, by Eq. (14)

- - |
0 0.2 0.4 0.6 0.8 1.0

x,a

FIG. 4. The pinning potential reconstruction procedure: step 2. The inverse
function to xo(fo) is fo(xo) =f. sin(xok,/f.) (dashed line). Then according to
Eq. (14) U,(x) = (U,/2)(1 — cos kx) is the PP sought (solid line).

Evidently, the inverse function is fo(xo) =/f. sin(xok,/f,) with
the period a = 2nf/k, (see also Fig. 4). Taking the integral of
Eq. (14) one finally gets U,(x) = (U,/2)(1 — cos kx), where
k=2n/a and U, =2 f.%/k,.

5. Conclusion

In this paper we show how coordinate dependence of the
PP in the sample can be determined from the data on micro-
wave power absorption by vortices in the presence of a sub-
critical dc transport current. The proposed procedure can be
used at 7 < T, and implies a small microwave current den-
sity j; < j.. In order to keep the transport current distribution
in the sample as homogeneous as possible, the pinning
potential is assumed to be not very “strong” in the sense that
vortex pinning is caused, for example, by the reduction of
vortex length rather than by suppression of the superconduct-
ing order parameter. Although the potential reconstruction
scheme has been exemplified for a cosine WPP, that is, for
the periodic and symmetric PP, the elucidated procedure in
general does not require periodicity of the potential and can
also account for an asymmetric potential. If this is the case,
one has to perform the reconstruction under dc current rever-
sal, i.e., two times: for +jy and —j,. The scheme of recon-
struction of the WPP U,(x) from the experimental data on
®, (jo) can be briefly summarized as follows: (a) from the
data on P(w/w,, (jo)) find ,(jo); (b) take the integral (13) to
calculate xo(fp); (c) then from xo(fo) find the inverse function
Jo(xp); and finally (d) integrate fj(xo), and by using Eq. (14)
recover the PP U, (x).

Theoretically, we have limited our analysis to T=0K,
Jo<Je and j; — 0, as this allowed us to provide a clear
reconstruction procedure in terms of elementary functions
accompanied by a simple physical interpretation. Experi-
mentally, adequate measurements can be performed at
T <« T, ie., on conventional thin-film superconductors
(e.g., Nb, NbN). These are suitable due to significantly lower
temperatures of the superconducting state, and relatively
strong pinning in these materials allows one to neglect
thermal fluctuations of the vortex due to the PP depth U,
~ 10005000 K."* It should be emphasized that due to the
universal form of the dependence P(w|jo), the depinning
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frequency @, plays a role of the only fitting parameter for
each of the curves P(wljp), thus fitting the measured data
seems simple. However, for the experiment it is crucial to
adequately superimpose the applied currents and then to
uncouple the picked-up dc and microwave signals maintain-
ing that the line and the sample impedances be matching.
Quantitatively, experimentally estimated values of the depin-
ning frequency in the absence of a dc current and at a tem-
perature of about 0.67,. are w,~7GHz for a 20 nm-thick’
and a 40 nm-thick® Nb films. This value is strongly sup-
pressed with the increase of both the field magnitude and the
film thickness.

Concerning the general validity of the results obtained,
three remarks should be given. First, though the data figure
has been provided here for a cosine WPP as for the most
commonly used potential, the coordinate dependence can be
reconstructed not only for periodic potentials. In fact, single
PP wells, like the one used in Ref. 5, can also be proven to
be in accordance with the provided approach. Secondly, it
should be noted that if a PP is periodic then the theoretical
consideration here has been performed in the single-vortex
approximation, i.e., is valid only at small magnetic fields B
< B.,, when the distance between two neighboring vortices,
i.e., the period of a PP, is larger than the effective magnetic
field penetration depth.

Finally, the results can be directly verified, for example,
in the microstrip geometry for combined microwave and dc
electrical transport measurements. While the experimental
work on the subject has begun to appear,* we hope to have
stimulated further developments in the field. Furthermore,
due to the mathematical analogy between the equation of
motion for a vortex used in this work and the equation for
the phase difference in the Josephson junction problem, we
believe that the proposed scheme of reconstruction can also
be adopted for that case.
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